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Abstract

Convex transverse curvature effects in wall bounded turbulent flows are sig-
nificant if the boundary layer thickness is large compared to the radius of curvature.
The curvature affects the inner part of the flow if at, the cylinder radius in wall

units, is small. This flow regime is common in sonar devices towed by long cables.

Two direct numerical simulations of transversely curved flows were performed
and statistical and structural data were extracted from the computed flow fields.
The effects of the transverse curvature were identified by comparing the present
results with those of the plane channel simulation, performed at a similar Reynolds
number. As expected, the transversely curved turbulent flow exhibits many fea-
tures common to the planar flows: near-wall low speed streaks, near-wall inclined
shear layers, near-wall streamwise vortices, Reynolds shear stress dominated by sec-
ond and fourth quadrant events, etc. As the curvature increases, the skin friction
increases, the slope of the logarithmic region decreases and turbulence intensities
are reduced. Several turbulence statistics are found to scale with a curvature de-
pendent velocity scale derived from the mean momentum equation. Near the wall,
the flow is more anisotropic than in the plane channel with a larger percentage
of the turbulent kinetic energy resulting from the streamwise velocity fluctuations.
Near-wall streamwise vortices are the strongest sources of pressure fluctuations. As

the curvature increases, regions of strong normal vorticity develop near the wall.

As the curvature increases the wall pressure fluctuations are dominated by
smaller spanwise length scales. Fractional contributions from various layers in the
flow to the wall r.m.s. pressure are marginally affected by the curvature. The ratio
of the axial to azimuthal length scales of the wall pressure fluctuations increase with
increasing curvature. Curvature dependent time and length scales are identified
that collapse the high frequency range of the wall pressure temporal spectra and
the high wave number range of the wall pressure streamwise spectra of flows with
different curvatures. Taylor’s hypothesis holds for the wall pressure fluctuations

with a lower convection velocity than in the planar case.
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CHAPTER 1

Introduction

Turbulent flows that evolve over surfaces with convex curvature normal to the
mean flow are common in engineering applications. However, it is only for strong
curvatures that the curvature effects become noticeable. For this reason this flow
has received less attention than its planar counterpart, and the body of experimen-
tal data available is limited. Transversely curved turbulent flows with large curva-
ture effects occur over sonar devices towed by long cables. Of particular interest
is the characteristics of the wall pressure fluctuations underneath the transversely

curved boundary layers.

1.1 Transverse Curvature Effects

In turbulent flows with transverse curvature there is an additional length scale,
the cylinder radius, a. The added complexity introduced by the new length scale
is evident in the laminar flow regime. While in the planar case the absence of a
length scale leads to the self-similar Blasius velocity profile, in the axisymmetric

boundary layer there is no self-similar laminar solution (Seban & Bond [1951]).

The new length scale gives rise to several flow regimes that are characterized
by the ratios of the cylinder radius to the flow length scales: the boundary layer
thickness é, and the viscous length scale v/ur. The two resulting parameters, §/a
and .a+, define a two-dimensional parameter space in which three flow regimes can
be identified. If §/a is small the curved boundary layer is similar to the planar
boundary layer. In some applications the boundary layer may grow to be several
times thicker than the radius (large 6/a), in which case the transverse curvature
affects the flow differently depending on the magnitude of a*. If §/a is large, and

a* is also large, then the curvature only affects the outer part of the flow. If §/a
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Ficure 1.1 Experimental data available for the axial turbulent flow along a circular

cylinder given as a function of the parameters §/a and a* : a Luxton et al. (1984);

+ Lueptow et al. (1985) and Lueptow & Haritonidis (1987); x Willmarth & Yang
1970) and Willmarth et al. (1976); o Rao & Keshavan (1972); o Afzal & Narasimha
1976); v Richmond (1957); o Yu (1959); e present calculations.

is large and a* is small, the curvature affects both the inner and the outer parts of
the flow.

Some of the flow parameters §/a and a* that have been investigated experi-
mentally are summarized in Figure 1.1. Lueptow (1988) provides a comprehensive
review of the experimental investigations of this flow. With the exception of Afzal &
Narasimha (1976), whose boundary layers have characteristics very similar to those
of the flat plate, in most experiments the influence of curvature is predominantly
on the outer part of the flow. Some of the experiments of Luxton et al. (1984)
(9 < a* <47and 26 < §/a < 42) and of Willmarth et al. (1976) (2 < §/a < 42 and
a* > 33) are within the range where both the inner and outer parts of the flow are
affected. In the experiments of Rao & Keshavan (1972) (4 < §/a < 12 and a* > 23)



and Lueptow et al. (1985) and Lueptow & Haritonidis (1987) (4 < §/a < 8 and

a* > 38) the curvature primarily affects the outer layer.

One of the characteristics of flows with transverse curvature is larger skin friction
coefficients (Cy) than in planar flows of similar Reynolds number (see for example
Rao & Keshavan [1972] or Willmarth et al. [1976]). In the viscous sublayer of
transversely curved flows the momentum equilibrium is expressed by rr = ary
(Glauert & Lighthill [1955]). Reid & Wilson (1963) and Rao (1967) proposed a

curvature dependent law of the wall,
+ + yt \
UT=a"In 1+;; , (1.1.1)

which predicts curvature effects on the sublayer for sufficiently small a*.

To achieve large é/a, experiments are typically performed over long tubes or
wires of very small diameter (Luxton et al. [1984] and Lueptow et al. - [1985]
and Lueptow & Haritonidis [1987]). In such experimental facilities, the structural
isolation of the wires, the aeroelastic interaction between the flow and the wire,
the alignment of the cylinder with the mean flow, and the cylinder sag are major
concerns. In addition, if a* is small, the size of the measuring probe (e.g., hot
wire) relative to the cylinder diameter becomes an issue in near-wall measurements.
Finally, some of the measurement techniques used are based on the assumption that
close to the wall the mean velocity profile is the same as that of the flat plate (see
for example Richmond [1957] and Lueptow et al. [1985]). Attempts to address
some of these problems are described by Willmarth & Yang (1970) and Lueptow
& Haritonidis (1987).

If §/a is not large (Rao & Keshavan [1972] and Lueptow et al. [1985]), the
logarithmic region of the mean velocity profile has the same slope as the planar
case. This flow regime is described analytically by Afzal & Narasimha (1976)
with the method of matched asymptotic expansions. They conclude that when
§/a = O(1) and in the limit of a* — oo, the axisymmetric turbulent boundary
layer must have logarithmic and velocity defect profiles of the same form as in the
planar turbulent boundary layer. The two parameters in the logarithmic velocity
profile are found to depend on §/a (Afzal & Narasimha [1976]). As §/a increases

and a* decreases, the mean velocity profiles exhibit a logarithmic region with a
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decreasing slope (Lueptow et al. [1985]), and for sufficiently large §/a and small
a*, the logarithmic region deteriorates and becomes negatively curved (Willmarth
et al. [1976] and Luxton et al. [1984]). Some effort has been devoted to identifying
the curvature dependence of the logarithmic velocity profile, however, it is clear
from Leuptow’s (1988) review that no consensus exists on this issue. Nevertheless,
the available data suggests that when 6/a is small and a* is large the slope of the
logarithmic region tends to scale with §/a (Lueptow et al. [1985]). As é/a increases
and a* decreases, the logarithmic profile depends on both parameters (Willmarth
et al. [1976], Luxton et al. [1984]).

The Reynolds shear stress in the outer part of the transversely curved boundary
layer is lower than its planar counterpart (Lueptow et al. [1985]). Reynolds shear
stress quadrant contributions in the transversely curved turbulent boundary layers
are similar to those in the planar geometry (Lueptow & Haritonidis [1987]). At
yt = 39 Lueptow et al. [1987] measured higher fractional contributions from second
and forth quadrant events than in the planar case for weak events. Intense events

are found to have a lower contribution to the Reynolds shear stress.

The axial and normal turbulence intensities measured\by Luxton et al. (1984)
or Lueptow & Haritonidis (1987) are also lower than their flat plate counterparts
in the outer part of the boundary layer. Close to the wall (y* < 20), the measured
axial intensities have magnitudes similar to those of the planar case, with maxima
(v2'"? Jur =~ 3.2) also located at y* ~ 12.

In a visualization study of axial flow over a cylinder, Lueptow & Haritonidis
(1987) observed large scale structures moving across the cylinder. It is not clear
whether the observed transverse flow motions are the result of oscillations of the
wire (Lueptow [1989]). Since these large structures were linked to the azimuthal
velocity component (Lueptow & Haritonidis [1987]) they should significantly affect
the intensity of the azimuthal velocity fluctuations, which unfortunately were not
measured. Similar large scale structures were also observed by Luxton et al. (1984)
for larger curvatures (§/a > 20) only. Luxton et al. (1984) suggested that these

large scale structures are important for turbulence generation in this flow.



1.2 The Wall Pressure

Knowledge of the characteristics of the wall pressure fluctuations is important
for understanding flow-induced sound generation and the structural interaction
between the flow and the body. A comprehensive treatment of this subject is
given by Blake (1986). Since transversely curved turbulent flows occur over sonar
devices towed by long cables, it is important to understand the characteristics
of the wall pressure fluctuations in the flow regime where 6/a is large and a* is
small. Reviews of measured wall pressure fluctuations on a flat plate are given by
Willmarth (1975) and Eckelmann (1989). The effects of transverse curvature on the
space-time characteristics of the wall pressure were investigated experimentally by
Willmarth & Yang (1970) for §/a ~ 2 and by Willmarth et al. (1976) for é/a = 4.
Since in both studies a* = O(10?), the curvature effects were limited to the outer

part of the flow.

Many of the difficulties in the measurement of the wall pressure fluctuations can
be overcome by the use of direct numerical simulations (Handler et al. [1984] and
Choi & Moin [1990]). However, simulations are limited to low Reynolds numbers.
There is some evidence (Willmarth [1975]) that the root-mean-square (r.m.s.) pres-
sure normalized by the mean wall shear decreases with decreasing Reynolds number.
This was confirmed by Choi & Moin (1990), who also found that the spectrum of
the wall pressure fluctuations decreases with decreasing Reynolds number for low
frequencies when scaled with inner variables and for high frequencies when scaled
with the outer variables. In the two transversely curved turbulent boundary layer
studies of the wall pressure fluctuations no appreciable effect of curvature on the

r.m.s. wall pressure was found (Willmarth & Yang [1970]).

As had been found in previous experiments (Willmarth & Wooldridge [1962],
Wills [1964], Emmerling [1974]), the large scale pressure correlation contours of
Choi & Moin (1990) were more elongated in the spanwise direction than in the
streamwise direction. The curvature dependence of the wall pressure correlations
has not been established. Willmarth & Yang (1970) (§/a =~ 2) suggest that for large
separations the ratio of spanwise to streamwise length scales decreases. However,
their later study for §/a ~ 4 (Willmarth et al. [1976]) shows the opposite trend.
Nevertheless, the wall pressure (Willmarth et al. [1976]) is significantly correlated

around the cylinder and the azimuthal extent of the correlation increases with
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increasing curvature. Willmarth & Yang (1970) argued that the main effect of
the transverse curvature is to reduce the spanwise length scale of the large eddies,

located in the outer part of the boundary layer.

In the planar turbulent boundary layer (Willmarth & Wooldridge [1962]) as well
as in the transversely curved turbulent boundary layer (Willmarth & Yang [1970)
and Willmarth et al. [1976]), the space-time wall pressure correlations indicate that
the eddies decay after traveling a distance of the order of their size. Convection
velocities can be defined from the wall pressure space-time correlation contours
(Wills [1964]). In the planar geometry, there is a consensus among the experimen-
tal (Willmarth & Wooldridge [1962], Panton & Linebarger [1974]) and numerical
(Choi & Moin [1990]) values reported for the convection velocity, which is about
0.8U4. Using a definition of the convection velocity that is independent of tempo-
ral separation (Wills [1964]), Choi & Moin (1990) found a convection velocity of
0.72U,, for which Taylor’s hypothesis was more accurate for large structures than
for small ones. In the transversely curved turbulent flows of Willmarth & Yang
(1970) and Willmarth et al. (1976), convection veloeities identical to that of the

planar case were reported.

1.3 Motivation and Objectives

Direct numerical simulation of turbulence is the ideal tool for the study of turbu-
lent flows at low Reynolds numbers. This technique is also well suited for providing
spatially and temporally resolved data to study the characteristics of the wall pres-
sure fluctuations, as well as for identifying the structural features in the flow.

Since, as the curvature increases, the circumference of the cylinder decreases,
there will be fewer structures around the cylinder. In this sense the transversely
curved flow in the large 6/a and small a* regime is a better setting for the study
of the mechanisms of wall bounded flows. This is similar to the minimal channel
of Jimenez & Moin (91) with the added advantage that the periodic boundary

condition in the transverse direction are the natural boundary conditions.
The study described in the following chapters had the following objectives:

i) to develop a pseudo-spectral method for the incompressible Navier-

Stokes equations in cylindrical coordinates with a no-stress outer boundary;



i1) to generate a spatially resolved database for turbulent flow with
transverse curvature to study curvature effects on the turbulence statistics
as well as instantaneous flow structures;

i22) to identify scaling parameters that link the statistics of the trans-
versely curved flows with those of the planar case;

iv) to study the effects of the transverse curvature on the pressure
field; to genérate a temporally and spatially resolved database of the wall
pressure and wall shear stresses and to study the space-time characteristics

of the wall pressure fluctuations.




CHAPTER 2

The Model Problem

This chapter describes the numerical approach used to solve the incompressible
Navier-Stokes equations for the axial flow over a cylinder. The key features of
the method are the truncation of the semi-infinite domain in the radial direction,
the decoupling of the viscous operators of the radial and azimuthal momentum
equations, the calculation of the pressure through a variant of the method of Kleiser
& Schumann (1981) and the imposition of the far field boundary conditions. In
addition, a new dependent variable is defined (T), and the velocity is obtained
from the solution of two partial differential equations for V; and T and algebraic
equations for V, and V,. The validation of the numerical approach is discussed at
the end of the chapter with the calculation of the stability characteristics of several
two- and three-dimensional Taylor-Couette flows.

Throughout the chapter the velocity scale is the friction velocity, ur = \/1T/p,
where 7y is the mean wall shear stress. The thickness of the layer is §, and the
superscript * denotes the scaling with the viscous length, v/ur. Total fields are
indicated by upper case symbols and fluctuating fields are denoted by lower case
symbols. For example, V and ¥ are the total and fluctuating velocity vectors,

respectively.

2.1 Equations of Motion

To solve the Navier-Stokes equations for axial flow along a cylinder we use cylin-
drical coordinates (r,#, z), where r is the radial coordinate, 6 is the azimuthal co-
ordinate and z the axial coordinate. In cylindrical coordinates the incompressible

Navier-Stokes equations are (see for example Batchelor [1967)):

. (2.1.1 @)

oV, _ 0P 1 (9., Vo 20V,
ot +Hr——6r+Re,-(VVr—r2_7'286’)’
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v, 10P 1 [y, Vi 20V
ot ? r30+ReT(v K '~’+r2 060)’ (21.15)
_—at Hz —_62 + Re—rv VZ, (2‘11 C)

where H = (H;, Hr, Hy) are the convective terms and the density is absorbed into
the pressure. Note that, unlike their Cartesian counterparts, the viscous operators
of the radial and azimuthal momentum equations are coupled. The continuity

equation is given by

Ve 0% 10V, dV
Tttt a

Tt =0. (2.1.1 d)

The Laplacian operator is

0? 190 1 0?2 0?
Vi=gitia T aas T o (21.2)

and the convective terms (H;, Hy, Hy) are

oV, V0V VeV
Hr_Vr8r+r69 Vza 7
OV V0V 6Vo VeVr 213
Hg—Vr6r+r39 Vza r (2.1.3)
Hz—er+Vz

or r 06 0z

From the divergence of the momentum equations one obtains the Poisson equa-

tion for the pressure

vlp=-V.H (2.1.4)

The flow under consideration is naturally homogeneous in the azimuthal direction
and is assumed to be homogeneous in the axial direction. In the radial direction the
semi-infinite domain is truncated to a finite one, where r € [a,a+1]. At r = a+1,
model boundary conditions are imposed. The flow is driven by a mild streamwise

pressure gradient and reaches a statistically steady state. This model corresponds

10
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to a boundary layer with no spatial growth and is therefore an approximation to
the physical case. Apart from the numerical advantages, the lack of spatial growth

affords a better statistical sample for turbulence correlations.

Note that the domain truncation of this model prevents the occurrence of large
scale viscous/inviscid interactions. Experiments (Luxton et al. [1984], Lueptow
& Haritonidis [1987]) have reported that such structures periodically cross the
cylinder. As discussed in Chapter 1 the origin of these structures may be due to
vibrations of the cylinder and not purely a fluid dynamic phenomenon. In any case,

our model is incapable of capturing such structures.

2.1.1 Boundary Conditions
On the surface of the cylinder (r = a) no-slip boundary conditions are imposed,
vVl =o. (2.1.5 a)
r=a
In the axial direction, a finite domain of length L; is chosen and periodic boundary
conditions are imposed. In the azimuthal direction the flow is naturally periodic.
In a semi-infinite domain the far field (y — oo) velocity boundary conditions for
the axial flow along the cylinder are V; — U,, and (V;, V) — 0. In the truncated
domain in which the calculations are performed, we require that the radial compo-
nent of the velocity be zero at » = a + 1. The boundary conditions for the axial
and azimuthal velocity components are obtained by requiring that the surface shear
stress be zero at the outer edge of the domain, that is, 0,9|r=a+1 = Orz|r=a4+1 = 0.

Thus, we impose

_ 2 (Vi
e =% 5(7)

The computational domain is illustrated in Figure 2.1.

—o = 0. (2.1.5 b)

r=a+1 or r=a+l
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2.1.2 Radial Coordinate Stretching

In the radial direction Chebyshev polynomial expansions (see for example Got-
tlieb & Orszag [1967]) are used. These expansions promote a high grid resolution
at the edges of the domain (r = a and r = a +1). This is appropriate for the inner
boundary where no-slip boundary conditions are imposed. However, at the outer
edge of the domain fine resolution is not necessary because no sizable velocity gra-

dients are expected there. To avoid this waste of resolution, the radial coordinate

mapping

r=a-3(1-p) (;“L 2) (2.1.6)

is used, which increases the resolution close to the cylinder surface at the expense of
the resolution at the outer edge of the computational domain. In this expression,
the Chebyshev variable ¢ € [-1,1] & r € [a,a + 1] and the parameter § =

was used. Because the axial and azimuthal directions are periodic, we use Fourier

expansions in these directions.

2.2 Uncoupling of the Viscous Operators

In the discussion that follows, the solution procedure is discussed without refer-
ence to the radial coordinate mapping (Equation 2.1.6) because its inclusion would
only increase the algebraic complexity of the equations. Also in the remainder of

the chapter the Fourier transformed (in € and 2) equations will be considered.

In the solution of the incompressible Navier-Stokes equations it is computation-
ally convenient to eliminate the pressure. The fourth order formulation of (Kim
et al. 1987) or the use of divergence-free expansion functions for the velocity field
(Moser et al. 1983) are examples of how this can be achieved. In Cartesian coor-
dinates, after eliminating the pressure, the momentum equations are only coupled
through the nonlinear terms. In the cylindrical coordinate system the coupling is

.in both the convective terms and the viscous terms of the radial and azimuthal
momentum equations'. In order to decouple the radial and azimuthal momentum

equations we define T as ("denotes the Fourier transform)
T =ik, V, — imV;, o (2.21)
13




and recast the momentum equations in the following form:

2 _ 1 9
En + Hy = 5 T RGTV Vr, (22.2 a)
or = 1 21 age
5 + Hy = kzm(; —-r)P + Re,—v T (2.2.2'b)
where
2 1 (W, 2 -
HrzHr'*‘R—eT (72—+1'm-—2%) )
(2.2.3)
Ii‘r —_—ikzﬂo—imﬁz— Zkz (—E‘*'lmg—‘?r) )
RCT r? 2
and 19 9 )
52 _ 10 O m" .,
Ve = o (rar) = k2, (2.2.4)
is the Fourier transformed Laplacian operator. The axial wave-number is
27
ky = —k 2.2
z Lz ) ( 5)

and the azimuthal wave-number is m.

In the numerical approach adopted, we solve first for Vi, so it is convenient to
express the boundary conditions for T as a function of V;. At the surface of the
cylinder we have T(r = a) = 0. At the outer edge of the domain the boundary

conditions on the velocity (Equation 2.1.5 b) and continuity give

(m?+rk2) —?9% - ki'i‘] = —k,m (%Ir/r) . (2.2.6)
r=a+1 r=a+1
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The computational advantage of this approach is that in Fourier space the con-
tinuity equation (Equation 2.1.1 d) and the definition of T (Equation 2.2.1) deter-
mine an algebraic system of equations for Vs, and V; as a function of V; and T. The

solution of the system is

A ; [ (. oV .
I/'az—————z——— m(V,--{—rarr)—ker},

m? + rk?
(2.2.7)

. i |, (. oW -
Vz—m kz(Vr-{—r-g;—)—l—mT},
which is easier to solve than the partial differential equations that they replace.

2.3 Time Advancement

An implicit second order Crank-Nicholson scheme is used to time advance the
viscous terms in these equations. The convective-like terms, I?,- and H t, are ad-
vanced explicitly with a second order Adams-Bashforth scheme. Note that the
viscous contributions to H,- and H r do not involve radial derivatives, which could
lead to numerical stability problems. A von Neumann stability analysis of the cross-
terms in the viscous operators shows that they do not produce a severe stability
limitation and can be treated explicitly.

The time discretized equations for V; (Equation 2.2.2 a) and T (Equation 2.2.2 b)

at time step n + 1 are:

At
2Rer

At

- (SH" A= ) +(1+ v3ive, (23.1 a)

Vel =,

r=a

15




At - ALY B 1 Sn
(1- 2Re,—v )T = kzmAt(r r)P
At Frn frn—1 AL 2\
> (387 - A7 )+(1+2Rcrv )T,
R (2.3.1 b)
Tn+1 - O,
r=a
~n+l ~ n+l
(m® + rki)'a—r - kﬁ"“] AL ,
or r=a+1 Or r=a+1
P - o n s, n—1
VPP = —g. (gH - —;-H ) , (2.3.1 ¢)

where the boundary conditions for the pressure (Equation 2.3.1 ¢) enforce the

continuity equation at the boundaries (see Section 2.4).

In this formulation, two elliptic operators, (1 — AtV2/(2Re,)) and V2, need to

be inverted for each wave number pair (m, k) at each time step.

The flow variables are represented by the following expansions

- N, Ng/2-1 . N;/2-1 an .
(”“’“JFZTKO > oy ﬂ(?) ®), (232)
=0 m=—N, /2 k=-N,/2 Imk

where Tj(¢) are the Chebyshev polynomials and ‘:}Imk(t) and P, (t) are the com-
plex spectral coefficients for the velocity and pressure, respectively. (Ny, Ny, N;)
denote the number of modes in the radial, azimuthal and axial directions respec-
tively.

With the radial coordinate stretching, each elliptic operator results in a matrix
with 12 diagonals above the main diagonal and 8 below. In addition, the boundary
conditions fill the two bottom rows of each matrix. The high computational cost
of the inversion of matrices with this band structure was one of the reasons for
the adoption of a constant time step.. Substantial savings in computer time are
achieved by the precalculation and storage of the LU decompositions of the matrices
corresponding to the operators (1 — AtV2/ (2Rer)) and V2.

16



The constant time step was chosen in accordance with numerical stability con-
straints. The C F'L number

(2.3.3)

CFL = nAt ('V" O 'V"')

Ar  rA6 Az

mazx

was required to be less than 0.6 throughout the calculations.

2.4 Continuity at the Boundaries

The role of the pressure is to ensure a divergence free velocity field; thus the
appropriate boundary conditions for the pressure at r = a and r = a + 1 must
be chosen such that continuity is satisfied everywhere including at the boundaries.
Kleiser & Schumann’s (1981) algorithm for the enforcement of continuity is used

here.

We start by writing P and V; as
Pl =PrHl 4 o By, +af By,
(2.4.1)

~ Canl - -
Vrn+1 =Vri + a7ll+lv"h1 + a3+1VThza

where a?"’l and ag"'l are constants to be determined at each time step. 13,- and

I;'r:-Hl are the particular solutions and satisfy

~ ~ ~ aL,n
vpr=_V.H, P" =0, (2.4.2)
r=a,a+1
and
At wooni1 L ,OPP
- =+l = At
(1 2R¢=3rV WVr A or
At (afn _ fn—1 At 2ypm (2.4.3)
T2 (3Hr ~Hr ) 1+ 2R.«3TV v
vt =0, vt =0,
r=a r=a+1
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respectively.

15),1 and 15;,2 are obtained from:
25 _ : _
VP, =0, By, = 1, Py, I 0,
(2.4.4)
~ 2 ~ . A _ A~ _
v th =0, th —a s 0, th reatl 1.

In order to satisfy Equations 2.3.1 a and 2.4.3, Vrhl and V, h, are the solutions of

(1- 2227 VHVih, = —At-‘?—gri‘l,
Ve rea = O Ve rmat1 = O -
) (2.4.5)
(1~ 5m VAV, = —At22,
Vrhz —a 0, Vrhz r—atl 0.

With a constant time step At (used in the present calculations), Py , P,, Vrj, and
Vrh, need to be calculated once, stored and used throughout the calculations.

The constants a'l"*'l and a'2'+l are obtained at each time step from the the con-
straint imposed by the continuity equation at the boundaries. The radial derivative
of the continuity equation and the velocity boundary conditions, given by Equations
2.1.5 a and 2.1.5 b, lead to the following compatibility conditions at the boundaries

of the computational domain:

af/rn+l 9 af)rn+1
=0, —\r =0. 2.4.6
» 61' r=a v 31' < 37‘ r=a+1 ( )
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The expansion of V, according to Equation 2.4.1 and the above compatibility
conditions lead to the following system:

~n+l

OVr;

—or

r=a

~ n+tl
o (.0Vi
3;(1‘_—5:'_) r=a+l
s (2.4.7)
av:‘h 3‘;;-,,
O |r=a O |r=q a’l‘“"l
B +1
ay

9 (.9Ven,
r=a+1 E’:(r ")

r=a+1

o ( Ve
5 ()
which determines a;H'l and ag'*'l. With these constants, the pressure and radial
velocity fields that satisfy the continuity equation are uniquely determined.
2.5 The Mean Flow

The mean flow (corresponding to m = 0 and k = 0) in the axial direction is

governed by the axial mean momentum equation

WV, = 0P 1 [1d ( 0V,
ot tHz=—%; R—e,[m(’ or )]
(2.5.1)
- v,
1% =0, =0,
‘ r=a or r=a+1

where the overbar denotes average over # and z planes.

The flow is driven by a mild axial pressure gradient so that it can reach a
statistical steady state. In the cylindrical geometry the mass flux in the axial

direction is given by -

A a+1
M=2r / V .rdr. » o (25.2)
.
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Integration of the mean axial momentum equation in the radial direction gives

dP s “F % OV

— a >
£ -- H.rdr — :
dz  1+2a / T " Res(1+2a) Or |,_,

a

(2.5.3)

which determines the mean axial pressure gradient necessary to maintain a constant
mass flux.
The only solution for V;, that satisfies the mean continuity equation and the

boundary conditions is
Vr=0. (2.5.4)

Finally, the mean flow in the azimuthal direction (V,) satisfies

Vo g _ 1 [0 [0V Vi
at _Rer[ar\'ar} 7'2J,
(2.5.5)
- 9 (V. ~
Ve =0 57'-( r )r=a+l =0

2.6 Code Verification

The method described above was extensively tested. The eigenvalues of the
Stokes operator with homogeneous boundary conditions were computed. As ex-
pected, the eigenvalues are real and negative. Furthermore, they were verified
to be in close agreement with the eigenvalues computed by Moser (1988) using a

different numerical method.

In addition several Taylor Couette flow cases were computed. The extensive
experimental and computational data available on Taylor Couette flow makes it an
ideal test case for the code. First, the critical Reynolds number (Re,) for the onset
of Taylor vortices was computed and compared with the existing data. Comparisons
with analytical (DiPrima & Eagles [1977]) and computational (Moser et al. [1983])
results for two gap widths are shown in Table 2.1 a. In this table and the remainder
of the chapter R; and R, are the radii of the inner and outer cylinder, d = R,—R; is
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the gap width and ) is the axial wave-number of the vortices. The two-dimensional

Taylor Couette flow is also characterized by the torque

(2.6.1)

’
r=r;

G = 27Rey (rz% - rV,)

that must be applied to the inner cylinder to drive the flow. Calculated torque
values for gap widths and Reynolds numbers for which there are both experiments
(Donnelly & Simon [1960]) and computations (Moser et al. [1983]) are reported in
Table 2.1 b. In all cases the two-dimensional calculations of the present code are

in excellent agreement with both the experiments and previous calculations.

ri/ro=0.5 ri/ro = 0.95

A/d = 3.976 A/d = 4.018
DiPrima & Eagles (1977) T 184.99 68.19
Moser et al. (1983) 185.99 68.2
present 184 68.2

Table 2.1 e Critical Reynolds number (Re) for 2-D Taylor vortices

ri/To = 0.5, Reg =78.8  r;/ro = 0.95, Regq = 195

A/d = 3.976 A/d = 4.018

Donnelly & Simon (1960) 11.479 x 108 5.26 x 105
Moser et al. (1983) 1.487 x 103 5.42 x 10°
present 1.486 x 103 5.43 x 109

Table 2.1 b Torque for 2-D Taylor vortices

* Computations; t Stability analysis; } Experiments.
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ri/ro = 0.868 ri/ro = 0.875

Rey = 458.1 Rey = 243.5
King et ol. (1984)  0.3344; 1, 0.33470; " 0.3757¢;
present 0.334312; 0.3759Q2;

Table 2.1 ¢ Wave speed of 3-D Taylor vortices (A/d = 3.0, m = 6)

To test the full three-dimensional code, the wave speeds of wavy Taylor vortices
(Coles [1965]) were calculated for several gap Reynolds numbers (Rey), axial wave
lengthé (A/d) and wave numbers (m). The results of the present code are compared
in Table 2.1 ¢ to the data of King et al. (1984), which includes experiments and

computations.

2.6.1 Numerical Resolution

The spatial resolution parameters describing the two turbulent flow simulations
reported here are shown in Table 2.2.

Note that the effective azimuthal resolution, A = 27r/N,, depends on the radial
location, with the coarsest resolution at the outer edge of the domain (r = a + 1).
Because of this, the simulations are very well resolved in the azimuthal direction,
near the wall. At the outer edge, the resolution appears to be adequate as shown by
the velocity spectra in Figure 2.2. In Figure 2.3, the axial spectra of the velocity
fluctuations at two distances from the wall are shown. In both simulations the
axial resolution appears to be adequate with no energy accumulation at the high
wave-numbers.

The length of the computational domain is set to be sufficiently large to ensure
that the velocity is decorrelated for separations larger than half of the computa-
tional box, so that the imposed periodic boundary conditions will have minimal
effects on the turbulence. Axial two-point correlations (Figure 2.4) show that this

is roughly the case.

* Computations; t Stability analysis; } Experiments.
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§/a 5 11

L, 4 6w
L* 2676 4656
Ly, * = 2mwa* 268 141
Lg,* =2m(a* +6*) 1608 1692
A} = L,*/N; 14 14
A} = Lg* /N, 4 1
A = Lo * /N, 25 13
(Nz, Ny, Ny) (192,96,65) (320,96,129)

Table 2.2 Grid resolution parameters

oy S
. (a) =] (b)
) -
24 =}
] 5
o ) -
~ ‘o
ok a3 b
S 3 =
N
~ ] ?o
g. 79 ..‘_‘
3] o
]
B = \
— . \ +
¥y = 214.08 ?o y'= 238.76
. y/6= 1.00 \ - y/d: 1.00 \\
?91 | 1 ‘—’l’” - 1 T I-ITIII'[ 1 1] l.llllll Te | T'l_llll] T LI lrrn[ T 1 TTIHI[
471010 10 10° 41010 10 10
8kg 5ke

FIGURE 2.2 Azimuthal (spanwise, §Aky = §/r) spectra of the velocity fluctuations

normalized by § and ur for §/a = 5 (a) and for é/a = 11 (b):

23

Ev,v,; _ Evgvg-




E T
5 3
':—4 TDJ (b)
I9 ‘__‘?
I9 °|‘O-
] —H
1 3
%E 2 3
St ®
< 2 SE
g% 3
-~ — -
3] . o
o i
i
I9 -;o
(-] — +
= y'= 410 v'= 8596
o y/6= 0.02 3 o y/6= 040
lO |o
=l ¥ VFYIW[ T L] llml[ T 7 T 11711 i f l_lllll]‘ 1 !f‘ll’!l[ 1 | LEAA
210" 10 10 210"  10° 10
o) ©
- -
© -
= o (4
o =
— 3
) @ A
o 'O
. ~3
= - ]
abk 1 o
£k "3
< % .
s 2 ‘o
s -
R 9 .
R
69 2
IO ©
i . o] . Y
[=) y =458 y'= 96.08
s y/6= 002 I\ . y/6= 040
IO ' 1
o et L o Ty i oo
210" 10 10 240" 10 1
6k, 6k,

FIGURE 2.3 Axial spectra of the velocity fluctuations normalized by é§ and u, for
8/a =5 (a and b) and for §/a = 11 (c and d): Ey,v,; === Ey,v,;—-— Eyyu,-

24



Hadagr —-— ety - ¢fatay {(p pue 2) 9 = 9/*T Ysm (0’11 = p/g Iof pue
(9 pue D) 1y = 9/%7 YM (°g = D/¢ 10J suoIyenNIONY £3100[9A 9Y3 JO SUOIJR[21II0D jutod-om) [RIXY ' TdnOIg

9/z
08 09 o¥ 02 00

e " 1 " 3 . 1 1 w
| B
o
g
& 5
L &
o S
2
o
§
g

o.o o..v . ) o._N ) - o.cm W
R &
[=d . ©
g 2
B L
o o F
2 8
e "0 = o
3 Y 3

001

25



26



CHAPTER 3

The Velocity and Vorticity

This chapter describes the major statistical characteristics and time dependent
structure of the velocity field. All the statistics presented are obtained from a
sample collected after the calculations had reached the statistically steady state,
and are calculated using spatial averaging over the domain in the 6 and z directions
and temporal averaging that covers 2.5 §/ur time units in the §/a = 5 case and
2.1 §/ur time units in the §/a = 11 case. Throughout the chapter the results are
compared to those of the plane channel of Kim et al. (1987).

In Section 3.1 the properties of the mean flow are studied and compared with
the available experimental data. In Section 3.2 turbulence intensities and the
Reynolds shear stress are shown to decrease with increasing curvature. In addition,
a curvature dependent local velocity scale, which collapses several flow statistics,
is derived from the momentum equations. The structure of the Reynolds shear
stress is discussed in Section 3.3. Vorticity statistics are presented in Section 3.4.
Finally, the instantaneous structural characteristics of the flow are presented via

contour plots in Section 3.5.

3.1 Mean Velocity Statistics

Mean flow parameters for the present transversely curved flow simulations as well
as for the plane channel (§/a = 0) are reported in Table 3.1. Because the Reynolds
numbers of the three simulations are similar, the differences in Table 3.1 are due
to the transverse curvature. For comparison, Tables 3.2 @, 3.2 b and 3.2 ¢ contain
the mean flow parameters of the experiments of Willmarth et al. (1976), Luxton
et al. (1984) and Leuptow & Haritonidis (1987). In agreement with experimental

observations, the skin friction coefficient,

Cs= 2(%)2, o (3.1.)
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§/a 0 5

at -~ 43

Cy 6.04x1073 8.07x1073
Re; 3300 3368
Rer 180 214
Req - 674
8*/6 0.141 0.154
6* /6 0.087 0.123

H 1.62 1.25

Table 3.1 Mean flow parameters

11

21
9.87x10~3
3418
239
311
0.152
0.131
1.15

increases with increasing curvature (by as much as 63% for §/a = 11) when com-
pared with the plane channel flow with comparable Reynolds number. However,
in the simulations the magnitude of this increase is larger than has been observed
experimentally, probably because of the much higher experimental Reynolds num-
bers (Res = O(10%)). In Table 3.1 the boundary layer displacement and momentum

thicknesses reported for the present transversely curved flow simulations are defined

by (Luxton et al. [1984])

a