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Abstract 

Convex transverse curvature effects in wall bounded turbulent flows are sig­

nificant if the boundary layer thickness is large compared to the radius of curvature. 

The curvature affects the inner part of the flow if a+ , the cylinder radius in wall 

units, is small. This flow regime is common in sonar devices towed by long cables. 

Two direct numerical simulations of transversely curved flows were performed 

and statistical and structural data were extracted from the computed flow fields. 

The effects of the transverse curvature were identified by comparing the present 

results with those of the plane channel simulation, performed at a similar Reynolds 

number. As expected, the transversely curved turbulent flow exhibits many fea­

tures common to the planar flows: near-wall low speed streaks, near-wall inclined 

shear layers, near-wall streamwise vortices, Reynolds shear stress dominated-by sec­

ond and fourth quadrant events, etc. As the curvature increases, the skin friction 

increases, the slope of the logarithmic region decreases and turbulence intensities 

are reduced. Several turbulence statistics are found to scale with a curvature de­

pendent velocity scale derived from the mean momentum equation. Near the wall, 

the flow is more anisotropic than in the plane channel with a larger percentage 

of the turbulent kinetic energy resulting from the streamwise velocity fluctuations. 

Near-wall streamwise vortices are the strongest sources of pressure fluctuations. As 

the curvature increases, regions of strong normal vorticity develop near the wall. 

As the curvature increases the wall pressure fluctuations are dominated by 

smaller spanwise length scales. Fractional contributions from various layers in the 

flow to the wall r .m.s. pressure are marginally affected by the curvature. The ratio 

of the axial to azimuthal length scales of the wall pressure fluctuations increase with 

increasing curvature. Curvature dependent time and length scales are identified 

that collapse the high frequency range of the wall pressure temporal spectra and 

the high wave number range of the wall pressure streamwise spectra of flows with 

different curvatures. Taylor's hypothesis holds for the wall pressure fluctuations 

with a lower convection velocity than in the planar case. 

11 



Acknowledgments 

This work was supported by the Office of Naval Research under Contract 

number N00014-88-k-0145, and in cooperation with the Naval Underwater Systems 

Center in New London, CT. Dr. Jack Hanson of ONR got us interested in this 

problem. Dr. James Fein of ONR was the Technical Monitor, and brought to our 

attention the issues of interest to the Navy. We appreciate several useful technical 

discussions with Dr. David Hurdis of NUSC and are grateful for his continued 

interest in this project. Computer time was provided by the NASA Ames Research 

Center and the N AS Office. Their support is greatfully acknowledged. 

The authors are grateful to Mr. H. Choi for his help with the plane channel 

database. Thanks are also due to Professors S. K. Lele and P. Bradshaw for helpful 

com�ents on a draft of this report. 

11l 



Table of Contents 

Abstract . . . . . 

Acknowledgements 

Table of Contents 

List of Tables . 

List of Figures 

Nomenclature 

Chapter 

1. Introduction

2. 

3. 

1.1 Transverse Curvature Effects . 

1.2 The Wall Pressure . . . .

1.3 Motivation and Objectives . 

Model Problem 

2.1 Equations of Motion . 

2.1.1 Boundary Conditions . 

2.1.2 Radial Coordinate Stretching 

2.2 Uncoupling of the Viscous Operator . 

2.3 Time Advancement 

2.4 Continuity at the Boundaries 

2.5 The Mean Flow . 

2.6 Code Verification 

2.6.1 Numerical Resolution . 

The Velocity and Vorticity 

3.1 Mean Velocity Statistics 

3.1.1 The Mean Velocity Profile 

3.2 Turbulence Statistics 

3.2.1 Turbulence Intensities 

JV 

. 

Page 

• 11 

• 111

• JV

• VJ

Vll 

. . xviii 

. . . . 1 

1 

5 

6 

9 

9 

12 

13 

13 

15 

17 

19 

20 

22 

27 

27 

31 

33 

35 



3.2.2 Reynolds Shear Stress 

3.2.3 Velocity Scaling 

3.3 Quadrant Analysis 

3.4 The Vorticity . . . . 

3.5 Instantaneous Turbulent Flow Structures 

4. Pressure Fluctuations . . .

4.1 Pressure Source Terms . . 

4.2 Computational Considerations 

4.2.1 Spatial Spectra 

4.2.2 Temporal Spectra 

4.3 Spatial Spectra . . . . . 

4.4 Two-point Correlations 

4.5 Green's Function Representation 

4.6 Temporal Spectra . . . . .

4. 7 2-D Spectra and Correlations . .

4.8 Convection Velocity and Taylor's Hypothesis 

5. Summary and Conclusions .

Appendices 

A. Reynolds Stress Budgets . .

B. The Green's Function for Pressure . .

C. Flow Databases . . . . . . . 

C.l Velocity and Pressure Data .

C.2 Wall Data

References . . . . . 

V 

37 

39 

40 

48 

55 

79 

80 

84 

85 

85 

88 

91 

96 

103 

105 

105 

115 

119 

119 

133 

137 

137 

. . . . 138 

141 



List of Tables 

Tables 

2.1 a

2.1 b

Critical Reynolds number (Rec) for 2-D Taylor vortices 

Torque for 2-D Taylor vortices . . . . . . . . . . 

Wave speed of 3-D Taylor vortices (>..Jd == 3.0, m == 6) . 2.1 C 

2.2 

3.1 

3.2 a

3.2 b

3.2 C 

3.3 

4.1 

4.2 

Grid Resolution parameters . . . . 

Mean flow parameters 

Mean flow parameters (Willmarth et al. [1976]) 

Mean flow parameters (Luxton et al. [1984)) . 

Mean flow parameters (Lueptow & Haritonidis [1987]) . . 

Streamwise vortex parameters . 

Temporal resolution parameters . . . . . . . . . 

Wall pressure parameters . . . . . . . . 

vi 

Page 

21 

21 

22 

23 

28 

29 

29 

29 

50 

84 

88 



List of Figures 

Figures Page 

1.1 Experimental data available for the axial turbulent fl.ow along a circular cylin­
der: 6 Luxton et al. (198 4); + Lueptow et al. (198 5) and Lueptow & Hari­
tonidis (1987); x Willmarth & Yang (1970) and Willmarth et al. (1976); 
o Rao & Keshavan (1972); o Afzal & Narasimha (1976); v Richmond (19 57);
a Yu (19 59); • present calculations. . . . . . . . . . . . . . . . . 2 

2.1 Computational domain illustrated by the grid at the surface of the cylinder 
(r = a) and at the outer edge of the layer (r = a+ 1). The mean fl.ow is 

parallel to the axis of the cylinder. . . . . . . . . . . . . . . . . 11

2.2 Azimuthal (spanwise, 8�k8 = .i/r) spectra of the velocity fluctuations nor­
malized by .i and Ur for .i/a = 5 (a) and for .i/a = 11 (b): -- Evzvz

; 

--- Ev8v8 , • • • • • • • • • • • • • • • • •  -• • • • • • • • _ • 2 3

2.3 Axial {streamwise) spectra of the velocity fluctuations normalized by .i and Ur

for .i/a = 5 (a and b) and for .i/a = 11 (c and d): -- Evzvz
; ---- Evrvr ;---

Eveve · . . . . . .  -. . . . . . . . . . . . . . . . . . . . . . 24 

2.4 Axial ( stream wise) two-p�int correlations of the velocity fluctuations for 
8/a - 5.0 with Lz/.i = 41r (a and b) and for .i/a = 11.0 with Lz/.i = 61r (c 
and d): -- RvzVz

, ---- RvrVr
, --- Rv8v8• • • • • • • • , • • • • 2 5  

3.1 Mean-velocity profiles: --- plane channel (Kim et al. [1987]); cylinders with 
-- .i/a = 5 and---- .i/a = 11; ········ planar law of the wall, u+ == y+

, and 
log law, u+ == 2.5ln(y+) + 5.5. . . . . . . . . . . . . . . . . . . 30 

3.2 Total stress normalized by uT: analytical for cylinders with -- .i / a = 5 and 
--- .. .i/a = 11; symbols for computed results with o for .i/a = 5 and with 

6 for .i/a = 11. . . . . . . . . . . . . . . . . . . . . . . . . 3 2

3.3 Root-mean-square velocity fluctuations normalized by uT : (a) Axial ( stream­
wise) intensity, (b) Normal intensity, (c) Azimuthal (spanwise) intensity;--­
plane channel (Kim et al. [1987J);cylinders with--6/a = 5 and---- 8/a =

11. . ............................. 34 

3.4 The energy partition parameter K* = 2v2z/( v� + v;): --- plane channel (Lee 
et al. (199 0]); cylinders with -- 6/a = 5 and---- 15/a = 11. . � .. 35 

Vll 



3.5 Pressure strain term of the streamwise intensity ( Vz 2 ) budget equation nor­

malized l/ and ur: cylinders with -- 8 / a == 5 and---- 8 / a = 11; --- plane 

channel (Mansour et al. (1988]). . . . . . . . . . . . . . . . . . 36 

3.6 Reynolds shear stress normalized by ur: cylinders with -- 8 / a == 5 and 

---- 8 / a == 11; --- plane channel (Kim et al. [1987]). . . . . . . . 37 

3.7 Correlation coefficient: cylinders with -- 8/a = 5 and---- 8/a = 11; 

--- plane channel (Kim et al. [1987]). . . . . . . . . . . . . . . 3 8  

3.8 Velocity scaling function :F(y / 8; 8 /a): --- plane channel ( 8 / a = O); cylinders 

with -- 8/a = 5 and---- 8/a = 11. .............. 3 9  

3.9 Root-mean-square velocity fluctuations normalized by y_: (a) Axial ( stream­

wise) intensity, (b) Normal intensity, (c) Azimuthal (spanwise) intensity; --­

plane channel (Kim et al. [1987]); cylinders with-- 8/a = 5 and---- 8/a =

11. . ............................. 41 

3.10 Reynolds shear stress (a), Production (b) and dissipation (c) of turbulent 

kinetic energy normalized by v and y_: cylinders with -- 8 / a = 5 and 

---- 8 / a = 11; --- plane channel (Mansour et al. (1988]). . . . . . 42 

3.11 Reynolds shear stress for each quadrant normalized by the mean Reynolds 

shear stress: (a) 8/a = 5, (b) 8/a = 1 1: ........ first;---- second;-·- third; 
--- fourth quadrant. . . . . . . . . . . . . . . . . . . . . . 43 

3.12 Fractional contribution to -VzVr from each quadrant as a function of thresh-

old for 8 / a = 5; ---- first; -- second; -·- third; ........ fourth quadrants: 
(a) y+ 

= 8 (b) y+ = 13.1 (c) y+ = 51.1. . . . . . . . . . . . . . . 44 

3.13 Fractional contribution to -VzVr from each quadrant as a function of thresh­

old for 8 / a = 1 1:---- first; -- second; -·- third; ········ fourth quadrants: 

(a) y+ 
= 8.9 (b) y+ 

= 13.2 (c) y+ 
= 51.7. . . . . . . . . . . . . . 45 

3.14 Skewness profiles of the velocity fluctuations: (a) S(vz ), (b) S(vr), (c) S(v8 );

--- plane channel {Kim et al. (1987]); cylinders with -- 8/a = 5 and 

---- 8/a = 11. . . . . . . . . . . . . . . . . . . . . . . . . . 46 

3.1 5 Flatness profiles of the velocity fluctuations: (a) F(vz ), (b) F(vr), (c) F(v8 );

--- plane channel (Kim et al. [1987]); cylinders with -- 8 / a = 5 and 

---- 8/a = 11. . . . . . . . . . . . . . . . . . . . . . . . . . 47 

Vlll 



3.16 Root-mean-square vorticity fluctuations normalized by v and ur: (a) Axial 

(stream wise) intensity, ( b) Normal intensity, ( c) Azimuthal ( spanwise) inten­
sity; --- plane channel (Kim et al. [1987]); cylinders with -- 6 / a = 5 and 

---- 6/a = 11. . . . . . . . . . . . . . . . . . . . . . . . . . 49 

3.17 Root-mean-square vorticity fluctuations normalized by v and ur in global 

coordinates for (a) 6/a = 5 and (b) 6/a = 11: -· - Axial intensity;---- Az­
imuthal intensity; --- Normal intensity. . . . . . . . . . . . . . 52 

3.18 a Distribution of the inclination of the angle, 0rz, of the projection of 

the vorticity vectors in ( r, z )-planes for 6 / a = 5.0; data weighted with the 
magnitude of the projected vorticity. (a) y+ = 0.66; (b) y+ = 4.10; (c) 

y+ 
= 8.02; ( d) y+ 

= 16.31; ( e) y+ 
= 25.38; (f) y+ 

= 38. 76; (g) y+ 
= 51.85;

(h) y+ 
= 69.66; (i) y+ 

= 96.25. . . . . . . . . . . . . . . . . . . 53 

3.18 b Distribution of the inclination of the angle, 0rz, of the projection of 
the vorticity vectors in {r,z}-planes for 6/a = 11.0; data weighted with the 
magnitude of the projected vorticity. (a) y+ 

= 0.72; (b} y+ 
= 4.46; (c) 

y+ 
= 8.74; (d) y+ 

= 17.77; (e) y+ = 27.66; (f) y+ 
== 42.24; (g) y+ = 56.52;

( h) y+ 
= 75.96; ( i) y+ 

= 104.90. . . . . ·, . . . . . . . . . . . . 54 

3.19 Contours of axial velocity fluctuations ( Vz ), normalized by ur, on a plane 
(Iz) normal to the mean velocity: (a) 6/a = 5 with contour levels from 
-5.2 Ur to 3.55 ur; (b) 6/a = 11 with contour levels from -4.95 Ur to 4.05
Ur. The contour increments of 0.25 Ur, The solid contours denote the low­
speed fluctuations ( Vz < 0) and the dotted contours denote the high-speed

fluctuations ( Vz > 0). . . . . . . . . . . . . . . . . . . . . . . 56 

3.20 Contours of axial velocity fluctuations ( vz ), normalized by ur, on a plane (I lz ) 

normal to the mean velocity: (a) 6/a == 5 with contour levels from -5.2 Ur to 

3.3 ur; (b) 6/a = 11 with contour levels from -4.2 Ur to 3.3 Ur. The contour 
increment is· 0.25 Ur. The solid contours denote the low-speed fluctuations 
( Vz < 0) and the dotted contours denote the high-speed fluctuations { Vz > 0). 

57 

3 .. 21 Azimuthal two-point correlations of the velocity fluctuations for (a} 6 / a == 5.0 

and for ( b) 6 I a = 11: -- Rvz Vz ' ---- Rvr Vr ' --- Rv9V9. . . . . . . 58 

ix 



3.2 2 The mean spanwise streak spacing A+ estimated from the two-point correla­

tions of Vz: + plane channel (Kim et al. [19 87]); cylinders: o, for 6 / a == 5 and 

l:!. , for b / a = 11. . . . . . . . . . . . . . . . . . . . . . . . . 59 

3.2 3 Contours of radial (wall-normal) velocity fluctuations (vr ), normalized by ur, 

on a plane (Iz) normal to the mean velocity: (a) bf a= 5 with contour levels 

from -1.8 Ur to 1.3 ur; (b) f>/a = 11 with contour levels from -0.95 Ur to 

1.05 Ur, The contour increment is 0.25 Ur, The solid contours denote the 

negative radial velocity ( vr < 0) and the dotted contours denote the positive 

radial velocity ( vr > 0). . . . . . . . . . . . . . . . . . . . . . 6 0  

3.24 Contours of radial ( wall-normal) velocity fluctuations ( vr ), normalized by u,, 

on a plane (Ilz) normal to the mean velocity: (a) 6/a = 5 with contour levels 

from -1.05 Ur to 1.3 ur; (b) 6/a = 11 with contour levels from -0.95 Ur to 

1.29 Ur, The contour increment is 0.25 u,. The solid contours denote the 

negative radial velocity ( vr < 0) and the dotted contours denote the positive 

radial velocity { Vr > 0). . . . . . . . . . . . . . . . . . . . . . 61 

3.25 . The shear rate parameter S* = 2q2(dVz/dy)/€: ---plane channel (Lee et 

al. [199 0]); cylinder� with -- 6/a = 5 and---- 6/a = 11. . . . . . 6 2  

3.26 Contours of axial velocity fluctuations (vz), normalized by Ur and v, on an 

unwrapped cylindrical surface at y+ � 5: (a) 6/a = 5 with contour levels 

from - 2.2 Ur to 5.55 ur; (b) f>/a = 11 with contour levels from -2.2 Ur to 

4.85 ur. The axial length of the domain displayed is 31rf> and the contour 

increment is 0.25 Ur, The solid contours denote the low-speed fluctuations 

( Vz < 0) and the dotted contours denote the high-speed fluctuations ( Vz > 0). 

6 3  

3.27 The length scale parameter L* based on Vz : ---plane channel (Lee et al. 

[199 0]); cylinders with -- 6/a = 5 and---- 6/a = 11. ....... 65 

3.2 8 The length scale parameter: L* based on w9 for cylinders with---fl/a= 5 

and---- f>/a = 11; L* based on Wz for cylinders with-·-6/a = 5 and 

········ .i/a = 11. . . . . . . . . . . . . . . . . . . . . . . . . . 65 

· 3.29 · Contours of ax1al ( streaniwise) vorticity fluctuations ( Wz ), normalized by Ur

and v, on a plane (Iz) normal to the mean velocity: (a) .i/a = 5 with contour 

levels from -0.34 u�/v to 0.5 u�/v; (b) 6/a = 11 with contour levels from -0.3

u�/v to 0.38 u�/v. The contour increment is 0.04 u�/v. The solid contours 

X 



denote the negative vorticity (wz < 0) and the dotted contours denote the 

positive vorticity (wz > 0). . . . . . . . . . . . . . . . . . . . 66 

3.30 Contours of axial (streamwise) vorticity fluctuations (wz ), normalized by Ur 

and v, on a plane ( l lz) normal to the mean velocity: (a) 6 / a = 5 with 

contour levels from -0.34 u�/v to 0.5 u�/v; (b) 6/a = 11 with contour levels 

from -0.26 u�/v to 0.22 u�/v. The contour increment is 0.04 u�/v. The 

solid contours denote the negative vorticity (wz < 0) and the dotted contours 

denote the positive vorticity (wz > 0). . . . . . . . . . . . . . . 67 

3.31 Contours of azimuthal vorticity fluctuations (We), normalized by Ur and v, 
on an azimuthal plane (le) through the axis of the cylinder. The axial length 

of the domain displayed is 31r6: (a) 6/a = 5 with contour levels from -0.74 

u�/v to 0.56 u�/v; (b) 6/a = 11 with contour levels from -0.9 u�/v to 0.42 

u�/v. The contour increment is 0.04 u�/v. The solid contours denote the 

negative vorticity (w8 < 0) (aligned with the mean vorticity) and the dotted 

contours denote the positive vorticity (w8 > 0). . . . . . . . . ·. . 68 

3.32 ·Contours of azimuthal vorticity fluctuations (we), normalized by Ur and v, on 

an azimuthal plane (Ile) through the axis of the cylinder. The axial length 

of the domain displayed is 31r6: (a) 6/a = 5 with contour levels from -0.74 

u�/v to 0.56 u�/v; (b) 6/a = 11 with contour levels from -0.9 u�/v to 0.42 

u�/v. The contour increment is 0.04 u�/v. The solid contours denote the 
negative vorticity (w9 < 0) (aligned with the mean vorticity) and the dotted 

contours denote the positive vorticity (we > 0). . . . . . . . . . . 69 

3.33 Contours of azimuthal vorticity fluctuations (w9), normalized by Ur and v, 

on a plane (Iz) normal to the mean velocity: (a) 6/a = 5 with contour levels 

from -0.58 u�/v to 0.54 u�/v; (b) 6/a = 11 with contour levels from -0.66 

u�/v to 0.5 u�/v. The contour increment is 0.04 u�/v. The solid contours 

denote the negative vorticity ( We < 0) ( aligned with the mean vorticity) and 

the dotted contours denote the positive vorticity ( w9 > 0). . . . . . . 70 

3.34 Contours of azimuthal vorticity fluctuations ( w, ), normalized by Ur and v, on 

a plane·(llz) normal to the mean velocity: (a) 6/a = 5 with contour levels 

from -0.38 u�fv to 0.5 u�/v; (b) 6/a = 11 with contour levels from -0.9 

u�/v to 0.46 u�/v. The contour increment is 0.04 u�/v. The solid contours 

Xl 



denote the negative vorticity (w9 < 0) (aligned with the mean vorticity) and 
_ the dotted contours denote the positive vorticity (w8 > 0). . . . . . . 71 

3.35 Contours of azimuthal vorticity fluctuations (w8 ), normalized by ur and v, 
on an unwrapped cylindrical surface at y+ � 15. The axial length of the 
domain displayed is 3m5: (a) 8ja == 5 with contour levels from -0.58 u�/v to 
0.32 u�/v; (b) 8/a == 11 with contour levels from -0.73 u�/v to 0.62 u�/v. 
The contour increment is 0.05 u�/v. The solid contours denote the negative 
vorticity (w8 < 0) (aligned with the mean vorticity) and the dotted contours 
denote the positive vorticity (w8 > 0). . . . . . . . . . . . . . . . 72 

3.36 Contours of radial (wall-normal) vorticity fluctuations (wr), normalized by 
Ur and v, on a plane (Iz) normal to the mean velocity: (a) 8/a = 5 with 
contour levels from -0.38 u�/v to 0.46 u�/v; (b) 8/a = 11 with contour levels 
from -0.3 u�/v to 0.38 u�/v. The contour increment is 0.04 u�/v. The 
solid contours denote the negative vorticity (wr < 0) and the dott�d contours 
denote the positive vorticity (wr > 0). . . . . . . . . . . . . . . 74 

3.37 Contours of radial (wall-normal) vorticity fluctuations (wr ), normalized by 
Ur and v, on a plane ( I lz) normal to the mean velocity: (a) 8 / a = 5 with 
contour levels from ·-0.46 u�/v to 0.5 u�/v; (b) 8/a = 11 with contour levels 
from -0.26 u�/v to 0.22 u�/v. The contour increment is 0.04 u�/v. The 
solid contours denote the negative vorticity (wr < 0) and the dotted contours 
denote the positive vorticity (wr > 0). . . . . . . . . . . . . .· . 75 

3.38 Contours of the pressure fluctuations (p), normalized by p and ur, on a plane 
(Iz) normal to the mean velocity: (a) 8/a = 5 with contour levels from -4.1 
pu� to 2.1 pu�; (b) 8/a = 11 with contour levels from -2.5 pu� to 1.5 pu�. The 
contour increment is 0.2 pu�. The solid contours denote the negative pressure 
(p < 0) and the dotted contours denote the positive pressure (p > 0). . 76 

3.39 Contours of the pressure fluctuations (p ), normalized by p and ur, on a plane 
( I lz) normal to the mean velocity: (a) 8 / a = 5 with contour levels from -2.5 
pu� to 1.5 pu�; (b) 6/a = 11 with contour levels from -1.7 pu� to 0.5 pu�. The 
contour increment is 0.2 pu�� The solid contours denote the negative pressure 
(p < 0) and the dotted contours denote the positive pressure (p > 0). . 77 

3.40 Contours of radial vorticity fluctuations (wr ), normalized by Ur and v, on an 
unwrapped cylindrical surface at y+ � 15. The axial length of the domain 

Xll 



displayed is 3m5: (a) 6/a = 5 with contour levels from -0.79 u�/v to 0.66 

u�/v; (b) 6/a = 11 with contour levels from -0.49 u�/v to 0.5 6 u�/v. The 

contour increment is 0.0 5 u�/ v. The solid contours denote the negative vor­

ticity (wr < 0) and the dotted contours denote the positive vorticity (wr > 0). 

78 

4.1 Root-mean-square pressure normalized by ur: --- plane channel (Kim et al. 

(1987]); cylinders with -- S/a = 5 and---- S/a = 11. . . . . . . . 80 

4.2 Profiles of the root-mean-squares of the pressure source terms normalized by v 

and ur: (a) linear contribution: cylinders with -- S/a = 5 and---- 5/a =

11; (b) nonlinear contribution: cylinders with -- 6/a = 5 and---- 6/a =

11; total source terms: cylinders with-·- S/a = 5 and --- S/a = 11. 81 

4.3 Profiles of the root-mean-square value of the nonlinear contributions to the 

source terms normalized by v and ur: (a) 6/a = 5, (b) 6/a = 11; -­

(8vr/8r)2, ········ (2/r)(avr/89 -vs)(avof ar), -·- (1/r2)(8v9/89 + vr)2,-···­

(8vz/8z)2, ---- 2(8vz/8r)(8vr/8z), --- (2/r)(avz/ao)(avof az). . .. ·. 83 

4.4 Signal of the wall pressure fluctuations normalized by p2 �
2

: (a) plane channel;

cylinders with (b) S/a = 5 ; (c) S/a = 11. . ............ 87 

4.5 Spectra of the wall pressure fluctuations normalized by S and ur: (a) Az­

imuthal (spanwise) spectra, (b) Axial (streamwise) spectra; --- plane chan­

nel (Choi & Moin (1 990]); cylinders (6�k8 = 6/a) with -- 6/a = 5 and 

---- 6/a = 11; ········ -1 slope;-·- -5 slope. . .......... 89 

4.6 Axial ( stream wise) spectra of the wall pressure fluctuations normalized by 6 I
and Ur: --- plane channel ( Choi & Main [1 990]) ( 6 / a = 0, 6 I = 6); cylinders

with -- S/a = 5 and---- 6/a = 11. . ............. 90 

4. 7 Spectra of the wall pressure fluctuations normalized by 6 and p2 �
2

: (a) Az-

. imuthal (spanwise) spectra, (b) Axial (streamwise) spectra; --- plane chan­

nel (Choi & Moin [1990]); cylinders (6�k8 = 6/a) with -- 8/a = 5 and 

---- S/a = 11. . . . . . . . . . . . . . . . . . . . . . . . . . 92

4.8 Spectra of the wall pressure fluctuations normalized by Ur and S ( 6�k8 =

6/a): (a) 6/a = 5, (b) 6/a = 11 (the scale of the ordinate is twice that of 

the abscissa). The contour levels are logarithmically distributed from 1 0-6 to 

10-3 with exponent increments of 0.3. . . . . . . . . . . . . . . . 93 

Xlll 



4.9 Azimuthal ( spanwise) two-point correlations of the wall pressure fluctuations 

as a function of (a) 8 and of (b) 8a+ : -- 8/a = 5 (a+ � 43); ---- 8/a = 1 1  

(a+ � 21). . .......................... 94 

4.10 Axial ( streamwise) two-point correlations of the wall pressure fluctuations: 

-- 8/a = 5 and---- 8/a = 1 1. . . . . . . . . . . . . . . . . . 95 

4.1 1 Contour plot of two-point correlations of the wall pressure fluctuations for 

plane channel (Choi & Moin [1 9 90]) as a function of the streamwise (r;) 

and spanwise (rt) separations. The contour levels are from 0.1 to 0.9 with 

increments of 0.1. .................... 96 

4.1 2 Contour plot of two-point correlations of the wall pressure fluctuations as 

a function of the axial ( r! - stream wise) and azimuthal ( a+ 8 - span wise) 

separations. The contour levels are from 0.1 to 0.9 with increments of 0.1. 97 

4.13 Fractional contributions to the root-mean-square wall pressure fluctuations 

from sources located at Yo E [O, y5]: --- plane channel; cylinders with 

-- 8 / a == 5 and ---- 8 / a = ll (Ys == rs - a). The result is normalized 

by the total wall pressure intensity. . . . . . . . . . . . . . . . . 98 

4.14 Contour plot of two-point correlations of the contributions to the wall pressure 

fluctuations in the plane channel from flow perturbations in the interval (a) 

[O, Ys] and (b) [Ys, 1] (1 denotes the channel centerline) as a function of the 

streamwise ( r'f) and spanwise ( r!) separations. The contour levels are from 

0.1 to 0.9 with increments of 0.1 and Ys � 0.2 (y; � 36). . . . . . . 9 9  

4.15 Contour plot of two-point correlations of the contributions to the wall pressure 

fluctuations for 8 / a = 5 from flow perturbations in the interval (a) [a, rs] and 

(b) [rs, a+ 1] as a function of the axial (r! - streamwise) and azimuthal (a+ B -

spanwise) separations. The contour levels are from 0.1 to 0.9 with increments

of 0.1 and Ys � 0.2 (y; = rt - a+ � 46). . . . . . . . . . . . . 100 

4.16 Contour plot of two-point correlations of the contributions to the wall pressure 

fluctuations for 8/a = 1 1.from flow perturbations in the interval (a) [a,r5] 

and (b} [rs, a+ 1] as a function of the axial (r! - streamwise) and azimuthal 

(a+ B - spanwise) separations. The contour levels are from 0.1 to 0.9 with 

. increments of 0.1 and Ys � 0.2 (yt = rt - a+ � 4 9). . . . . . . . 10 1 

XIV 



4.17 Temporal spectra of the wall pressure fluctuations normalized by T � and (a) 

S /uT time scale; (a) S /u I time scale: --- plane channel ( Choi & Moin [1990])

(S/a = 0, uf = uT); cylinders with-- S/a = 5 and---- S/a = 11; ········ -1 

slope; -·- -5 slope. . . . . . . . . . . . . . . . . . . . . . 104 

4.18 Contour plot of the axial (streamwise) wave-number-frequency spectra of the 

wall pressure fluctuations normalized by uT and S: (a) S / a = 5 and the 

contour levels are from 0.00035 to 0.0070; (b) S/a = 11 and the contour levels 

are from 0.00035 to 0.0035. The contour increments are 0.00035. 106 

4.19 Contour plot of two-point correlations of the wall pressure fluctuations as a 

function of the axial ( stream wise) spatial ( r!) and temporal (rt) separations: 

(a) S/a = 5; (b) S/a = 11. The contours are from 0.1 to 0.9 with increments

of 0.1. . . . . . . . . . . . . . . . . . . . . . . . . . . . 107 

4.20 Convection velocity normalized by U 00 as a function of the (a) streamwise 

separation (rz/S*) and of the (b) temporal separation (rt): cylinders: o, for 

S/a = 5 and 6. , for S/a = 11. . . . . . . . . . . . . . . . . . 109 

4.21 Convection velocity normalized by U 00 as a function of the streamwise wave 

number: cylinders: o, for S/a = 5 and 6. , for S/a = 11. . . . . . . 110 

4.22 Convection velocity normalized by U 00 as a function of frequency: cylinders: 

o, for 8/a = 5 and 6. , for 8/a = 11. . . . . . . . . . . . . . . . 110 

4.23 Conversion of the Temporal spectrum to the axial ( streamwise) wave-number 

spectrum using Taylor's hypothesis for (a) 8/a = 5, and for (b) 8/a = 11: 

-- E
pp

(kz); ---- from </>pp
(w) using Taylor's hypothesis (Uc � 0.65U00). 

111 

4.24 Axial (streamwise) similarity function Fz(kzUc(w)/w). The frequency range 

of w8/uT is: (a) from 31.13 to 311.3 with increments of 31.13 for 8/a = 5 and 

(b) from 38.08 to 380.8 with increments of 38.08 for 8/a = 11. 113 

4.25 Azimuthal (spanwise) similarity function F8(k8Uc(w)/w). The frequency 

range of w8/uT is: ( a) from 31.13 to 311.3 with increments of 31.13 for 8/a = 5 

and (b) from 38.08 to 380.8 with increments of 38.08 for S/a = 11. 114 

A.1 Transport equation balance of the axial turbulence intensity normalized by v

�d uT for (a) 8/a = 5 and (b) 8/a = 11 : -- production,---- dissipation 

xv 



rate, ········ velocity-pressure (pressure diffusion), --- turbulent transport, 

-·- viscous diffusion. 124 

A.2 Transport equation balance of the normal turbulence intensity normalized by

v and uT for (a) 8/a = 5 and (b) 8/a = 11 : -- production,---- dissipation 

rate, ········ velocity-pressure (pressure diffusion), --- turbulent transport, 

-·- viscous diffusion. . . . . . . . . . . . . . . . . . . . . 125 

A.3 Transport equation balance of the azimuthal turbulence intensity normalized

by v and Ur for (a) /j / a = 5 and ( b) /j / a = 11 : -- production, ---- dissi­

pation rate,········ velocity-pressure (pressure diffusion), --- turbulent trans-

port, -· - viscous diffusion. 126 

A.4 Transport equation balance of the Reynolds shear stress normalized by v and

ur for (a) 8/a = 5 and (b) 8/a = 11 : -- production, ---- dissipation 

rate, ········ velocity-pressure {pressure diffusion), --- turbulent transport, 

-·- viscous diffusion. . . . . . . . . . . . . . . . . . . . . 127 

A.5 Transport equation balance of the turbulent kinetic energy normalized by v

and Ur for (a) 8/a = 5 and (b) 8/a = 11 : -- production,---- dissipation 

rate, ········ velocity-pressure (pressure diffusion), --- turbulent transport, 

-·- viscous diffusion. 128 

A.6 Velocity pressure gradient term of the turbulent kinetic energy equation nor­

malized by v and ur: --- plane channel (Mansour et al. [1988]); cylinders 

with-- 8/a = 5 and---- 8/a = 11. . . . . . . . . . . . . . 129 

A. 7 Dissipation of turbulent kinetic energy normalized by v and uT : --­

plane channel (Mansour et al. [1988]); cylinders with -- 8/a = 5 and 

---- S/a = 11. . . . . . . . . . . . . . . . . . . . . . 129 

A.8 Production of turbulent kinetic energy normalized by v and ur: --- plane

channel (Mansour et al. [1988]); cylinders with-- 8/a = 5 and---- 8/a =

11. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 130 

A.9 Turbulent transport of turbulent kinetic energy normalized by v and Ur:

--- plane channel (Mansour et al. [1988]); cylinders with -- 8/a = 5 and 

· ---- 8/a = 11. · . . . . . . . . . . . . . . . . . . . . . . . . 130 

XVI 



A.10 Viscous diffusion in turbulent kinetic energy equation normalized by v and

ur: --- plane channel (Mansour et al. [1988]); cylinders with -- fJ / a = 5 

and---- 6/a = 1 1. ..... ·. . . . . . . . . . . . . . . . . 131 

XVll 



Roman Symbols 

a 

a+ 

c, 

d=Ro-Ri 

Epp
(kz) 

EppcCkzc) 

Epp
(k,) 

Evv(kz) 

Evv(k,) 

f 

fw 

F( Vz, vr, Vg) 

Fz,Fe 

:F 

G 

g 

H 

Hz,Hr,He 

Hr,HT 

I,, II, 

Iz, IIz 

Nomenclature 

Cylinder radius. 

Cylinder radius in viscous units. 

Skin friction coefficient, 2rw/(pU!). 

Taylor-Couette flow cylinder gap. 

Axial ( stream wise) lD energy spectrum of the pressure. 

Streamwise lD energy spectrum of the pressure transformed 

from the power spectrum through Taylor's hypothesis. 

Azimuthal ( spanwise) lD energy spectrum of the pressure. 

Axial ( stream wise) lD energy spectrum of the velocity com­

ponent v.

Azimuthal ( spanwise) lD energy spectrum of the velocity 

component v.

Source terms of the pressure Poisson equation. 

Window function. 

Flatness factor of the velocity. 

Axial and azimuthal wall pressure similarity functions. 

Curvature dependent velocity scaling function. 

Inner cylinder torque in Taylor-Couette flow. 

Green's function of the Laplacian operator. 

Boundary layer shape factor. 

Convective term vector. 

Components of the convective term vector. 

Modified convective terms. 

Surfaces through the axis of the cylinder. 

Surfaces normal to the mean velocity. 

xvm 



kzc 

!{* 

£ 

M 

m,k 

p 

p 

p 

Pw 

Pw 

Azimuthal (spanwise) wave-number. 

Axial (streamwise) wave-number. 

Convection axial ( streamwise) wave-number. 

Energy partition parameter. 

Strum-Liouville operator. 

Perimeter of the circumference of the cylinder. 

Perimeter of the outer circumference of the computational 

domain. 

Temporal length of the wall pressure overlapping domains. 

Temporal length of the wall pressure record. 

Length of the computational domain in the axial direction. 

Length scale anisotropy parameter. 

Length scale based on the azimuthal (spanwise) two-point 

correlations of Vz.

Length scale based on the axial ( stream wise) two-point cor­

relations of Vz.

Axial mass flux. 

Wave-number index pair in the azimuthal and axial direc­

tions. 

Number of grid points m the axial, radial and azimuthal 

directions. 

Number of wall data samples. 

Pressure fluctuation. 

Wall pressure fraction due to sources at r0 E [a, r8]. 

Wall pressure fraction due to sources at r0 E (rs, a+ IJ. 

Pressure. 

Mean pressure. 

Homogeneous and inhomogeneous pressure. 

Wall pressure fluctuations. 

Filtered wall pressure fluctuations. 

XIX 



q2 

r 

re

ro

rs 

r
+ 

t 

r
+ 
X 

r
+ z 

Ri,Ro 

Rvv(z) 

Rvv(9) 

Rpp(z) 

Rpp(O) 

Rea 

Rec 

Red 

Re6 

Rer 

ReT 

s 

S( Vz, Vr, V9) 

Sey 

S* 

t 

T1 

Turbulent kinetic energy. 

Radial coordinate. 

Radius of Rankine vortex. 

Radial position of a source in axisymmteric coordinates. 

Radial wall pressure source position cutoff. 

Temporal separation in viscous units. 

Streamwise separation in viscous units in the plane channel. 

Axial separation in viscous units in the cylinders and span­

wise separation in viscous uni ts in the plane channel. 

Inner and outer radius of the computational domain. 

Axial ( stream wise) two-point correlation function of the ve­

locity component v.

Azimuthal (spanwise) two-point correlation function_ of the 

velocity component v.

Axial ( stream wise) two-point correlation function of the pres­

sure. 

Azimuthal ( spanwise) two-point correlation function of the 

pressure. 

Reynolds number based on U00 and a. 

Critical Reynolds number in Taylor-Couette flows. 

Gap Reynolds number in Taylor-Couette flows. 

Reynolds number based on U 00 and 6.

Rankine vortex circulation Reynolds number. 

Reynolds number based on uT and 6. 

Mean shear rate parameter. 

Skewness factor of the velocity. 

Cylinder surface area. 

Non-dimensional_ mean shear rate parameter. 

Time. 

Chebyshev polynomial of order 1. 

xx 



Vey 

v 

Ve 

Vrh, Vri 

Vz, Vr, Ve 

V z,V r,Ve 

Vz, Vr, V9 

y 

Yinax 
+ 

Ymin 

y+ 

Yo 

Ys 

z 

Greek Symbols 

01, 02 

/3 

8 

lJ 
f 

8(r - ro)

Convection velocity. 

Curvature dependent global velocity scale. 

Mean velocity at the outer edge of the domain. 

Mean velocity profile normalized by Ur.

Friction velocity. 

velocity scaling. 

Flow volume. 

Velocity vector. 

Rankine vortex edge velocity. 

Inhomogeneous and homogeneous radial velocity. 

Axial, radial and azimuthal components of the velocity field. 

Axial, radial and azimuthal mean velocity components. 

Axial, radial and azimuthal components of the fluctuating 

velocity field. 

Coordinate normal to the wall. 

Mean position of the center of the near-wall Rankine vortex. 

Mean position of the edge of the near-wall Rankine vortex. 

Distance from the wall in viscous units. 

Normal position of a source in cartesian coordinates. 

Wall pressure source position cutoff. 

Axial coordinate. 

Constants in the enforcement of the pressure boundary con­

ditions. 

Radial coordinate stretching parameter. 

Boundary layer thickness. 

Curvature dependent global length scale. 

Dirac delta 'function' with source at r = r0 • 

XXI 



6.k,, D..kz 

6* 

6.t 

D..ts 

6.8/' 6.80 +

6.w 

€ 

'Y 

r 

A 

A 

µ 

v2 

V 

w 

Wz,Wr,We 

ilz,ilr,ile 

ni 

</>pp

<J.lpp(kz,w) 

p 

T 

6 

Wave-number resolution in the azimuthal and axial direc­

tions. 

Boundary layer displacement thickness. 

Time step. 

Sampling frequency. 

Grid spacing in the azimuthal direction at r = a and r -

a+ 1. 

Frequency resolution. 

Viscous dissipation of turbulent kinetic energy. 

Strength of the near-wall Rankine vortex. 

Circulation of the near-wall Rankine vortex. 

Spanwise wavelength of Taylor vortices. 

Mean spanwise streak spacing. 

Molecular viscosity. 

Laplacian operator. 

Kinematic viscosity. 

Vorticity vector. 

Frequency. 

Axial, radial and azimuthal components of the fluctuating 

vorticity field. 

Axial, radial and azimuthal components of the vorticity field. 

Angular speed of inner cylinder. 

Wall pressure temporal spectrum. 

Two-dimensional wall pressure frequency/ stream wise wave 

number spectrum. 

Density. 

Components of the shear stress. 

Total stress. 

Wall shear stress. 

Azimuthal coordinate. 

XXll 



()* 

Tensor Notation 

yi 

yi 

(x1,X2,X3) 

,k 

Other Symbols 

+ 

< > 

Boundary layer momentum thickness. 

Angle of the projection of the vorticity in (r, z)-planes. 

Velocity field dependent variable. 

Chebyshev coordinate. 

Coordinate metric tensor. 

Contravariant velocity fluctuations. 

Contravariant velocity. 

Contravariant mean velocity. 

Tensorial coordinates. 

Contravariant derivative. 

Indicates normalization in wall coordinates. 

Indicates averaging in time and in the axial and azimuthal 

directions. 

Indicates averaging in the axial and azimuthal directions. 

Indicates temporal filtering. 

Indicates Fourier transform. 

xxm 



CHAPTER 1 

Introduction 

Turbulent flows that evolve over surfaces with convex curvature normal to the 

mean flow are common in engineering applications. However, it is only for strong 

curvatures that the curvature effects become noticeable. For this reason this flow 

has received less attention than its planar counterpart, and the body of experimen­

tal data available is limited. Transversely curved turbulent flows with large curva­

ture effects occur over sonar devices towed by long cables. Of particular interest 

is the characteristics of the wall pressure fluctuations underneath the transversely 

curved boundary layers. 

1.1 Transverse Curvature Effects 

In turbulent flows with transverse curvature there is an additional length scale, 

the cylinder radius, a. The added complexity introduced by the new length scale 

is evident in the laminar flow regime. While in the planar case the absence of a 

length scale leads to the self-similar Blasius velocity profile, in the axisymmetric 

boundary layer there is no self-similar laminar solution (Seban & Bond [1951]). 

The new length scale gives rise to several flow regimes that are characterized 

by the ratios of the cylinder radius to the flow length scales: the boundary layer 

thickness 6, and the viscous length scale v/ur . The two resulting parameters, 6/a 

and a+ , define a two-dimensional parameter space in which three flow regimes can 

be identified. If 6 / a is small the curved boundary layer is similar to the planar 

boundary layer. In some applications the boundary layer may grow to be several 

times thicker than the radius (large 6 /a), in which case the transverse curvature 

affects. the flow differently depending on the magnitude of a+ . If 6 / a is large, and 

a+ is also large, then the curvature only affects the outer part of the flow. If 6 / a

1 



0 

0 

V 

0 
0 

0-

V 

CJ C! t:. )( 
--- 0-

A 
<.,o ....,. )( 

� )( 

0 

0-

•oo
<> 

t + <>:O 
•+ 

0 

0 

0.0 

X 

X 

+ 

<> <> 0 

<> 

200.0 

0 0 

400.0 

a+ 

0 

600.0 

.... 
)( 

0 

800.0 

FIGURE 1.1 Experimental data available for the axial turbulent fl.ow along a circular 
cylinder given as a function of the parameters 8 / a and a+ : 6. Luxton et al. (1984 ); 
+ Lueptow et al. (1985) and Lueptow & Haritonidis (1987); x Willmarth & Yang
(1970) and Willmarth et al. (1976); <> Rao & Keshavan (1972); o Afzal & Narasimha
(1976); v Richmond (1957); a Yu (1959); • present calculations.

is large and a+ is small, the curvature affects both the inner and the outer parts of 

the flow. 

Some of the fl.ow parameters 8 / a and a+ that have been investigated experi­

mentally are summarized in Figure 1.1. Lueptow {1988) provides a comprehensive 

review of the experimental investigations of this fl.ow. With the exception of Afzal & 

Narasimha (1976), whose boundary layers have characteristics very similar to those 

of the fl.at plate, in most experiments the influence of curvature is predominantly 

on the outer part of the flow. Some of the experiments of Luxton et al. (1984) 

(9::; a+ ::; 47 and 26 � 8/a � 42) and of Willmarth et al. {1976) (2 � 8/a � 42 and 

a+ > 33) are within the range where both the inner and outer parts of the flow are

affected. In the experiments of Rao & Keshavan (1972) ( 4 � 8 / a � 12 and a+ > 23)
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and Lueptow et al. (1985) and Lueptow & Haritonidis (1987) ( 4 ::; 8 / a :s; 8 and 
a+ > 38) the curvature primarily affects the outer layer. 

One of the characteristics of flows with transverse curvature is larger skin friction 

coefficients (CI) than in planar flows of similar Reynolds number ( see for example 
Rao & Keshavan [1972] or Willmarth et al. [1976]). In the viscous sublayer of 

transversely curved flows the momentum equilibrium is expressed by rr = arw 

(Glauert & Lighthill [1955)). Reid & Wilson (1963) and Rao {1967) proposed a 
curvature dependent law of the wall, 

which predicts curvature effects on the sublayer for sufficiently small a+ . 

\ 

(1.1.1) 

To achieve large 8 / a, experiments are typically performed over long tubes or 
wires of very small diameter (Luxton et al. [1984] and Lueptow et al . . [1985] 
and Lueptow & Haritonidis [1987]). In such experimental facilities, the structural 

isolation of the wires, the aeroelastic interaction between the flow and the wire, 
the alignment of the cylinder with the mean flow, and the cylinder sag are major 
concerns. In addition, if a+ is small, the size of the measuring probe ( e.g., hot 
wire) relative to the cylinder diameter becomes an issue in near-wall measurements. 
Finally, some of the measurement techniques used are based on the assumption that 
close to the wall the mean velocity profile is the same as that of the flat plate ( see 
for example Richmond [1957] and Lueptow et al. [1985]). Attempts to address 
some of these problems are described by Willmarth & Yang (1970) and Lueptow 

& Haritonidis (1987). 

If 8 / a is not large (Rao & Keshavan [1972] and Lueptow et al. [1985]), the 
logarithmic region of the mean velocity profile has the same slope as the planar 
case. This fl.ow regime is described analytically by Afzal & Narasimha (1976) 

with the method of matched asymptotic expansions. They conclude that when 

8/a = 0(1) and in the limit of a+ -+ oo, the axisymmetric turbulent boundary 
layer must have logarithmic and velocity defect profiles of the same form as in the 
planar turbulent boundary layer. The two parameters in the logarithmic velocity 

profile are found to depend on 8/a {Afzal & Narasimha [1976]). As 8/a increases 
and a+ decreases, the mean velocity profiles exhibit a logarithmic region with a 
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decreasing slope (Lueptow et al. [1985]), and for sufficiently large 8 / a and small 
a+ , the logarithmic region deteriorates and becomes negatively curved (Willmarth 
et al. [1976] and Luxton et al. [1984]). Some effort has been devoted to identifying 
the curvature dependence of the logarithmic velocity profile, however, it is clear 
from Leuptow's (1988) review that no consensus exists on this issue. Nevertheless, 
the available data suggests that when 8 / a is small and a+ is large the slope of the 
logarithmic region tends to scale with 8 / a (Lueptow et al. (1985]). As 8 / a increases 
and a+ decreases, the logarithmic profile depends on both parameters (Willmarth 
et al. (1976], Luxton et al. [1984]). 

The Reynolds shear stress in the outer part of the transversely curved boundary 
layer is lower than its planar counterpart (Lueptow et al. (1985]). Reynolds shear 
stress quadrant contributions in the transversely curved turbulent boundary layers 
are similar to those in the planar geometry (Lueptow & Haritonidis [1987]). At 
y+ � 39 Lueptow et al. [1987] measured higher fractional contributions from second 
and forth quadrant events than in the planar case for weak events. Intense events 
are found to have a lower contribution to the Reynolds shear stress. 

The axial and normal turbulence intensities measured\by Luxton et al. (1984) 
or Lueptow & Haritonidis (1987) are also lower than their flat plate counterparts 
in the outer part of the boundary layer. Close to the wall (y+ < 20), the measured 
axial intensities have magnitudes similar to those of the planar case, with maxima 
( vf12 /ur � 3.2) also located at y+ � 12.

In a visualization study of axial flow over a cylinder, Lueptow & Haritonidis 
(1987) observed large scale structures moving across the cylinder. It is not clear 
whether the observed transverse flow motions are the result of oscillations of the 
wire (Lueptow [1989]). Since these large structures were linked to the azimuthal 
velocity component (Lueptow & Haritonidis [1987)) they should significantly affect 
the intensity of the azimuthal velocity fluctuations, which unfortunately were not 
measured. Similar large scale structures were also observed by Luxton et al. ( 1984) 
for larger curvatures ( 8 / a 2:'.: 20) only. Luxton et al. ( 1984) suggested that these 
large scale structures are important for turbulence generation in this flow. 
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1.2 The Wall Pressure 

Knowledge of the characteristics of the wall pressure fluctuations is important 

for understanding flow-induced sound generation and the structural interaction 

between the flow and the body. A comprehensive treatment of this subject is 
given by Blake (1986). Since transversely curved turbulent flows occur over sonar 

devices towed by long cables, it is important to understand the characteristics 

of the wall pressure fluctuations in the flow regime where 8 / a is large and a+ is 

small. Reviews of measured wall pressure fluctuations on a flat plate are given by 

Willmarth (1975) and Eckelmann (1989). The effects of transverse curvature on the 

space-time characteristics of the wall pressure were investigated experimentally by 

Willmarth & Yang (1970) for 8/a � 2 and by Willmarth et al. (1976) for 8/a 1;:::, 4. 

Since in both studies a+ 
= 0(103), the curvature effects were limited to the outer 

part of the flow. 

Many of the difficulties in the measurement of the wall pressure fluctuations can 

be overcome by the use of direct numerical simulations (Handler et al. [1984] and 

Choi & Moin [1990]). However, simulations are limited to low Reynolds numbers. 

There is some evidence (Will�arth [1975]) that the root-mean-square (r.m.s.) pres­

sure normalized by the mean wall shear decreases with decreasing Reynolds number. 

This was confirmed by Choi & Moin (1990), who also found that the spectrum of 

the wall pressure fluctuations decreases with decreasing Reynolds number for low 
frequencies when scaled with inner variables and for high frequencies when scaled 

with the outer variables. In the two transversely curved turbulent boundary layer 

studies of the wall pressure fluctuations no appreciable effect of curvature on the 

r.m.s. wall pressure was found (Willmarth & Yang [1970]).

As had been found in previous experiments (Willmarth & Wooldridge (1962],

Wills [1964], Emmerling [1974]), the large scale pressure correlation contours of 

Choi & Moin ( 1990) were more elongated in the span wise direction than in the 

streamwise direction. The curvature dependence of the wall pressure correlations 

has not been established. Willmarth & Yang ( 1970) ( 8 / a � 2) suggest that for large 

separations the ratio of spanwise to streamwise length scales decreases. However, 

their later study for 8 / a � 4 (Willmarth et al. [1976]) shows the opposite trend. 

Ne_veriheless, the wall pressure (Willmarth et al. [19761) is significantly correlated 

around the cylinder and the azimuthal extent of the correlation increases with 
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increasing curvature. Willmarth & Yang ( 1970) argued that the main effect of 

the transverse curvature is to reduce the spanwise length scale of the large eddies, 

located in the outer part of the boundary layer. 

In the planar turbulent boundary layer (Willmarth & Wooldridge [1962]) as well 

as in the transversely curved turbulent boundary layer (Willmarth & Yang [1970] 

and Willmarth et al. [1976]), the space-time wall pressure correlations indicate that 

the eddies decay after traveling a distance of the order of their size. Convection 

velocities can be defined from the wall pressure space-time correlation contours 

(Wills [1964]). In the planar geometry, there is a consensus among the experimen­

tal (Willmarth & Wooldridge [1962], Panton & Linebarger [1974]) and numerical 

(Choi & Moin [1990]) values reported for the convection velocity, which is about 

0.8U00 • Using a definition of the convection velocity that is independent of tempo­

ral separation (Wills [1964]), Choi & Moin (1990) found a convection velocity of 

0.72U00 , for which Taylor's hypothesis was more accurate for large structures than 

for small ones. In the transversely curved turbulent flows of Willmarth & Yang 

(1970) and Willmarth et al. (1976), convection velocities identical to that of the 

planar case were reported. 

1.3 Motivation and Objectives 

Direct numerical simulation of turbulence is the ideal tool for the study ofturbu­

lent flows at low Reynolds numbers. This technique is also well suited for providing 

spatially and temporally resolved data to study the characteristics of the wall pres­

sure fluctuations, as well as for identifying the structural features in the flow. 

Since, as the curvature increases, the circumference of the cylinder decreases, 

there will be fewer structures around the cylinder. In this sense the transversely 

curved flow in the large 6 / a and small a+ regime is a better setting for the study 

of the mechanisms of wall bounded flows. This is similar to the minimal channel 

of Jimenez & Moin (91) with the added advantage that the periodic boundary 

condition in the transverse direction are the natural boundary conditions. 

The study described in the following chapters had the following objectives: 

i) to develop a pseudo-spectral method for the incompressible Navier­

Stokes equations in cylindrical coordinates with a no-stress outer boundary; 
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ii) to generate a spatially resolved database for turbulent flow with

transverse curvature to study curvature effects on the turbulence statistics 

as well as instantaneous flow structures; 

iii) to identify scaling parameters that link the statistics of the trans­

versely curved flows with those of the planar case; 

iv) to study the effects of the transverse curvature on the pressure

field; to generate a temporally and spatially resolved database of the wall 

pressure and wall shear stresses and to study the space-time characteristics 

of the wall pressure fluctuations. 
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CHAPTER 2 

The Model Problem 

This chapter describes the numerical approach used to solve the incompressible 

Na vier-Stokes equations for the axial flow over a cylinder. The key features of 

the method are the truncation of the semi-infinite domain in the radial direction, 

the decoupling of the viscous operators of the radial and azimuthal momentum 

equations, the calculation of the pressure through a variant of the method of Kleiser 

& Schumann (1981) and the imposition of the far field boundary conditions. In 

addition, a new dependent variable is defined {T), and the velocity is obtained 

from the solution of two partial differential equations for Vr and T and algebraic 

equations for l";, and Vz. The validation of the numerical approach is discussed at 

the end of the chapter with the calculation of the stability characteristics of several 

two- and three-dimensional raylor-Couette flows. 

Throughout the chapter the velocity scale is the friction velocity, Ur = Fw"fp, 
where T w is the mean wall shear stress. The thickness of the layer is 6, and the 

superscript + denotes the scaling with the viscous length, v /ur. Total fields are 

indicated by upper case symbols and fluctuating fields are denoted by lower case 

symbols. For example, V and v are the total and fluctuating velocity vectors, 

respectively. 

2.1 Equations of Motion 

To solve the N avier-Stokes equations for axial flow along a cylinder we use cylin­

drical coordinates ( r, 8, z ), where r is the radial coordinate, 8 is the azimuthal co­

ordinate and z the axial coordinate. In cylindrical coordinates the incompressible 

Navier-Stokes equations are (see for example Batchelor (1967]): 

. (2.1.1 a) 
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8Vi H __ ! 8P _l_ (v2
v; 

_ Ve ! 8Vr ) at + 
8 

- r 88 + Rer 8 r2 

+ r2 88 '
8Vz 8P l 2 -8 + Hz == --8 + -R V Vz,t z e7 

(2.1.1 b) 

(2.1.1 c) 

where H == (Hz , Hr , H8 ) are the convective terms and the density is absorbed into
the pressure. Note that, unlike their Cartesian counterparts, the viscous operators
of the radial and azimuthal momentum equations are coupled. The continuity
equation is given by

The Laplacian operator is
Vr + 

8Vr + ! 8Vi + 
8Vz

== O.
r 8r r 88 az 

2 82 
1 a 1 a2 a2V --+--+--+­- 8r 2 
r 8r r2 882 8z2 ' 

and the convective terms (Hz , Hr, H9 ) are

Hr == Vr 

8Vr + Vi 8Vr + Vz 8Vr _ Vi2 ,8r r 88 8z r 
He == Vr 

8Vi + Ve 8Vi + Vz 

8Vi + Ve Vr,ar r 88 8z r 

H _ V, 8Vz Vi 8Vz V 8Vz z - r 8r 
+ 

r 88 + z az 
.

(2.1.1 d) 

(2.1.2)

(2.1.3)

From the divergence of the momentum equations one obtains the Poisson equa­
tion for the pressure

2 
-+ VP== -V · H. (2.1.4)

The fl.ow under consideration is naturally homogeneous in the azimuthal direction
and is assumed to be homogeneous in the axial direction. In the radial direction the
semi-infinite domain is truncated to a finite one, where r E [a, a+ 1]. At r = a+ 1,
model boundary conditions are imposed. The flow is driven by a mild streamwise
pressure gradient and reaches a statistically steady state. This model corresponds
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to a boundary layer with no spatial growth and is therefore an approximation to 
the physical case. Apart from the numerical advantages, the lack of spatial growth 
affords a better statistical sample for turbulence correlations. 

Note that the domain truncation of this model prevents the occurrence of large 
scale viscous/inviscid interactions. Experiments (Luxton et al. [1984], Lueptow 
& Haritonidis [1987]) have reported that such structures periodically cross the 
cylinder. As discussed in Chapter 1 the origin of these structures may be due to 
vibrations of the cylinder and not purely a fluid dynamic phenomenon. In any case, 
our model is incapable of capturing such structures. 

2.1.1 Boundary Conditions 

On the surface of the cylinder ( r = a) no-slip boundary conditions are imposed, 
vi =o. r=a (2.1.5 a) 

In the axial direction, a finite domain of length Lz is chosen and periodic boundary 
conditions are imposed. In the azimuthal direction the flow is naturally periodic. 
In a semi-infinite domain the far field (y --+ oo) velocity boundary conditions for 
the axial flow along the cylinder are Vz --+ U00 and ( Vr , V,) --+ 0. In the truncated
domain in which the calculations are performed, we require that the radial compo­
nent of the velocity be zero at r = a+ I. The boundary conditions for the axial 
and azimuthal velocity components are obtained by requiring that the surface shear 
stress be zero at the outer edge of the domain, that is, O'rolr=a+l = O'rzl

r=a+l = 0. 
Thus, we impose 

Vrl =0,r=a+l !_ (v,) I -0 8r r r=a+l - , 8Vz l _ 0
ar r=a+l -

The computational domain is illustrated in Figure 2.1. 
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2.1.2 Radial Coordinate Stretching 

In the radial direction Chebyshev polynomial expansions ( see for example Got­

tlieb & Orszag [1967]) are used. These expansions promote a high grid resolution 

at the edges of the domain (r = a and r = a+ 1). This is appropriate for the inner 

boundary where no-slip boundary conditions are imposed. However, at the outer 

edge of the domain fine resolution is not necessary because no sizable velocity gra­

dients are expected there. To avoid this waste of resolution, the radial coordinate 

mappmg 

{2.1.6) 

is used, which increases the resolution close to the cylinder surface at the expense of 

the resolution at the outer edge of the computational domain. In this expression, 

the Chebyshev variable e E (-1, 1] � r E [a, a+ 1] and the parameter /3 = 6 

was used. Because the axial and azimuthal directions are periodic, we use.Fourier 

expansions in these directions. 

2.2 Uncoupling of the Viscous Operators 

In the discussion that follows, the solution procedure is discussed without refer­

ence to the radial coordinate mapping (Equation 2.1.6) because its inclusion would 

only increase the algebraic complexity of the equations. Also in the remainder of 

the chapter the Fourier transformed {in 9 and z) equations will be considered. 

In the solution of the incompressible N avier-Stokes equations it is computation­

ally convenient to eliminate the pressure. The fourth order formulation of (Kim 

et· al. 1987) or the use of divergence-free expansion functions for the velocity field 

(Moser et al. 1983) are examples of how this can be achieved. In Cartesian coor­

dinates, after eliminating the pressure, the momentum equations are only coupled 

through the nonlinear terms. In the cylindrical coordinate system the coupling is 

. in both the· convective terms and the viscous terms of the radial and azimuthal 

momentum equations. In order to decouple the radial and azimuthal momentum 

equations we define i' as ( denotes the Fourier transform) 

(2.2.1) 
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and recast the momentum equations in the following form: 

where 

and 

ai1r � aP 1 " 2 " -+Hr=--+--V Vr, 
at ar Re,,. 

at _,. 1 ,. 1 -- 2,. -+H-r = kzm(- -r)P+-V T 
at r Re,,. 

� ,. 1 (vr 2 -- ) Hr=Hr+-
R 

-
2 

+im2l'8 
e,,. r r

-" • A • A ikz ( l'9 • 2 A ) H-r = ikzH, -imHz --- --+im-Vr , 
Re,,. r2 r2 

v2
= 

!� (r�)- m
2 

- k2 , 
r ar ar r

2 
Z 

is the Fourier transformed Laplacian operator. The axial wave-number is 

and the azimuthal wave-number ism. 

(2.2.2 a)

(2.2.2 b)

(2.2.3) 

(2.2.4) 

(2.2.5) 

In the numerical approach adopted, we solve first for Vr , so it is convenient to 
express the boundary conditions for t as a function of Yr . At the surface of the cylinder we have T(r = a) = 0. At the outer edge of the domain the boundary 
conditions on the velocity (Equation 2.1.5 b) and continuity give 

[( 2 2) at 2 ,. ] ( oVr)m + rkz 
ar -

kz T = -kzm or 
r=a+l r=a+l 
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The computational advantage of this approach is that in Fourier space the con­
tinuity equation (Equation 2.1.1 d) and the definition of Y (Equation 2.2.1) deter­
mine an algebraic system of equations for l'z and V, as a function of Vr and T. The 
solution of the system is 

"' i [ ( " 8Vr

) "' ]Vs = m2 + rk! m Vr + r o
r 

- kzrT , 

(2.2.7) 

which is easier to solve than the partial differential equations that they replace. 

2.3 Time Advancement 

An implicit second order Crank-Nicholson scheme is used t? time c:dvance the 
viscous terms in these equations. The convective-like terms, Hr and fI T, are ad­
vanced explicitly with a �etond ?rder Adams-Bashforth scheme. Note that the 
viscous contributions to Hr and fl T do not involve radial derivatives, which could 
lead to numerical stability problems. A von Neumann stability analysis of the cross­
terms in the viscous operators shows that they do not produce a severe stability 
limitation and can be treated explicitly. 

The time discretized equations for Vr (Equation 2.2.2 a) and T (Equation 2.2.2 b)
at time step n + 1 are: 

- D.t (3iin 
-

nn-1) + (1 + � v2)v.n2 r r 2Rer 

r 
' 

vrn+l' 
= 

0, 
r=a 
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- D.t (3iI" - iI"--1) + (1 + � V2)T"2 
T T 2Rer ' 

yn+ll =0, r=a 
[ 

,.. n+l 
] 

,.. n+l (m2 + rk;) 8T - k;fn+1 = -mkz 8Vr I ' Or r=a+1 8r r=a+I 
V pn 

= -n · -H - -H 
.... 2.... ,.. (3 :.n 1 :.n-1) 

V 2 2 

(2.3.I b) 

(2.3.1 C) 

where the boundary conditions for the pressure (Equation 2.3.1 c) enforce the continuity equation at the boundaries ( see Section 2.4 ). In this formulation, two elliptic operators, (1 - D.fe,2/(2Re-r)) and '¢'2, need tobe inverted for each wave number pair ( m, k) at each time step. The flow variables are represented by the following expansions 
Nr N,/2-1 Nz/2-1 ,.. 

(t) (e,11,z,t) = LT,(O L eimfJ L il;kz (l) (t), (2.3.2) 
l=O m=-N,/2 k=-N.,/2 lmk 

where 1}(e) are the Chebyshev polynomials and V1mk(t) and Plmk(t) are the com-plex spectral coefficients for the velocity and pressure, respectively. (Nr, N8 , Nz) denote the number of modes in the radial, azimuthal and axial directions respec­tively. With the radial coordinate stretching, each elliptic operator results in a matrix with 12 diagonals above the main diagonal and 8 below. In addition, the boundary conditions fill the two bottom rows of each matrix. The high computational cost of the inversion of matrices with this band structure was one of the reasons for the adoption of a constant time step.. Substantial savings in computer time are achieved by the precalculation and storage of the LU decompositions of the matrices corresponding to the operators ( 1 - D.t V2 / ( 2ReT)) and v2.
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The constant time step was chosen in accordance with numerical stability con­

straints. The CFL number

CFL = 1rD..t (IVrl + IV,I + fVzl) ID..r rD..8 D..z maz 

was required to be less than 0.6 throughout the calculations. 

2.4 Continuity at the Boundaries 

(2.3.3) 

The role of the pressure is to ensure a divergence free velocity field; thus the 

appropriate boundary conditions for the pressure at r = a and r = a+ 1 must

be chosen such that continuity is satisfied everywhere including at the boundaries. 

Kleiser & Schumann's (1981) algorithm for the enforcement of continuity is used 

here. 

We start by writing P and Vr as 

(2.4.1) 

where aj+1 and a2+
1 are constants to be determined at each time step. Pi and

Vr
f+l 

are the particular solutions and satisfy

and 

"2 "n 
" �n 

V p. =-V·H 
i ' prl =0, 

r=a,a+I 

D..t .... 2 .... +i aPri (1 - --V )V.� = -Da.t-1 

2Rer r, 
8r 

"n+l lVri = 0, 

.... n+l l Vri = 0,
r=a+l r=a 
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ii 

i, 

respectively. 
Phi 

and Ph2 
are obtained from: 

phi I = 
1, r=a Ph I =0,i r=a+l 

(2.4.4) 
ph2 I = o, r=a Ph I = 1. 

2 r=a+l 

In order to satisfy Equations 2.3.1 a and 2.4.3, Vrh
1 

and Vrh
2 

are the solutions of 

Yrh1 I = O, r=a Yrh1 1 = 0, 
r=a+l 

(2.4.5) 

Vrh2 1 = 0. 
r=a+l 

With a constant time step Dt.t ( used in the present calculations), Ph1
, Ph2

, V,. h� and 
Vr h2 

need to be calculated once, stored and used throughout the calculations. 
The constants ai+l and a2+1 are obtained at each time step from the the con-· 

straint imposed by the continuity equation at the boundaries. The radial derivative 
of the continuity equation and the velocity boundary conditions, given by Equations 
2.1.5 a and 2.1.5 b, lead to the following compatibility conditions at the boundaries 
of the computational domain: 

av.
. 
rn+l 

Ior 
r=a 

=0, - r r -0
a ( av.n+1) 

I or or r=a+l - .
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The expansion of Vr according to Equation 2.4.1 and the above compatibility 
conditions lead to the following system: 

a r r, ( av. �+I ) I or 8r r=a+l

a ( av,.h ) I Fr r� r=a+l

(2.4.7) 

which determines ai+l and a2+1. With these constants, the pressure and radial
velocity fields that satisfy the continuity equation are uniquely determined� 

2.5 The Mean Flow 

The mean flow ( corresponding to m = 0 and k = 0) in the axial direction is 
governed by the axial mean momentum equation 

oVz +Hz =_ oP + _1_ [!� (
r 

oVz)]at oz ReT r or or 

Vzl = 0,
r=a 

avzl _

O 

or r=a+l - ' 

where the overbar denotes average over 8 and z planes.

{2.5.1) 

The flow is driven by a mild axial pressure gradient so that it can reach a 
statistical steady state. In the cylindrical geometry the mass flux in the axial 
'direction is given by 

a+l 

M = 2,r J Vzrdr. (2.5.2) 
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Integration of the mean axial momentum equation in the radial direction gives 

a+l _ 

_dP = _ 2 
/ H 

z
rdr 

_ 2a - av 
z 

I dz 1 + 2a Rer(l + 2a) 8r r=a' 
(2.5.3) 

which determines the mean axial pressure gradient necessary to maintain a constant 
mass flux. 

The only solution for V r that satisfies the mean continuity equation and the 
boundary conditions is 

Vr =0. 

Finally, the mean flow in the azimuthal direction (V,) satisfies 

av, +H, = _1 [!_ (
r

av,)- v,],
at Rer 8r 8r r2 

v,I = 

o, 
r=a 

2.6 Code Verification 

!_(V') - 0
8r r r=a+l - · 

(2.5.4) 

(2.5.5) 

The method described above was extensively tested. The eigenvalues of the 
Stokes operator with homogeneous boundary conditions were computed. As ex­
pected, the eigenvalues are real and negative. Furthermore, they were verified 
to be in close agreement with the eigenvalues computed by Moser (1988) using a 
different numerical method. 

In addition several Taylor Couette flow cases were computed. The extensive 
experimental and computational data available on Taylor Couette flow makes it an 
ideal test case for the code. First, the critical Reynolds number (Rec) for the onset 
of Taylor vortices was computed and compared with the existing data. Comparisons 
with analytical (DiPrima & Eagles [19771) and computational (Moser et al. [1983]) 
results for two gap widths are shown in Table 2.1 a. In this table and the remainder 
of the chapter .llj and Ro are the radii of the inner and outer cylinder, d = Ro -Ri is 
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the gap width and .A is the axial wave-number of the vortices. The two-dimensional 

Taylor Couette flow is also characterized by the torque 

( 2 dV, -) I G = 211" Red r -
d 

- r Vs 
r

r=ri 

(2.6.1) 

that must be applied to the inner cylinder to drive the flow. Calculated torque 

values for gap widths and Reynolds numbers for which there are both experiments 

(Donnelly & Simon (1960]) and computations (Moser et al. [1983]) are reported in 

Table 2.1 b. In all cases the two-dimensional calculations of the present code are 

in excellent agreement with both the experiments and previous calculations. 

DiPrima & Eagles (1977) t

Moser et al. ( 1983) 
* 

present 

ri/ro = 0.5 

...X/d = 3.976 

184.99 

185.99 

184 

ri/r0 = 0.95. 

>../d = 4.018 

68.19 

68.2 

68.2 

Table 2.1 a Critical Reynolds number (Rec) for 2-D Taylor vortices 

Donnelly & Simon ( 1960) +

Moser et al. (1983) 
* 

present 

ri/ro = 0.5, Red = 78.8 

...X/d = 3.976 

1.479 X 103

1.487 X 103

1.486 X 103

ri/ro = 0.95, Red = 195 

>../d = 4.018 

5.26 X 105

5.42 X 105 

5.43 X 105

Table 2.1 b Torque for 2-D Taylor vortices 

* Computations; t Stability analysis; t Experiments.

21 



King et al. (1984) 

present 

ri/r0 · 0.868 

Red= 458.1 

0.33440i t , 0.33470i *

0.33430i 

ri/r0 = 0.875 

Red= 243.5 

*0.37570i 

0.37590i 

Table 2.1 c Wave speed of 3-D Taylor vortices (>,/d = 3.0, m = 6) 

To test the full three-dimensional code, the wave speeds of wavy Taylor vortices 

(Coles (1965]) were calculated for several gap Reynolds numbers (Red), axial wave 

lengths ( A/ d) and wave numbers ( m ). The results of the present code are compared 

in Table 2.1 c to the data of King et al. {1984), which includes experiments and 

computations. 

2.6.1 Numerical Resolution 

The spatial resolution parameters describing the two turbulent flow simulations 

reported here are shown in Table 2.2. 

Note that the effective azimuthal resolution, t18 = 21rr/N,, depends on the radial 

location, with the coarsest resolution at the outer edge of the domain ( r = a.+ 1 ). 

Because of this, the simulations are very well resolved in the azimuthal direction, 

near the wall. At the outer edge, the resolution appears to be adequate as shown by 

the velocity spectra in Figure 2.2. In Figure 2.3, the axial spectra of the velocity 

fluctuations at two distances from the wall are shown. In both simulations the 

axial resolution appears to be adequate with no energy accumulation at the high 

wave.:.numbers. 

The length of the computational domain is set to be sufficiently large to ensure 

that the velocity is decorrelated for separations larger than half of the computa­

tional box, so that the imposed periodic boundary conditions will have minimal 

effects on the turbulence. Axial two-point correlations (Figure 2.4) show that this 

is roughly the case. 

"' Computations; f Stability analysis; t Experiments. 
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CHAPTER 3 

The Velocity and Vorticity 

T his chapter describes the major statistical characteristics and time dependent 

structure of the velocity field. All the statistics presented are obtained from a 

sample collected after the calculations had reached the statistically steady state, 

and are calculated using spatial averaging over the domain in the 8 and z directions 

and temporal averaging that covers 2.5 6/uT time units in the 6/a = 5 case and 

2.1 6/uT time units in the 6/a = 11 case. Thro�ghout the chapter the results are 

compared to those of the plane channel of Kim et al. {1987). 

In Section 3.1 the properties of the mean flow are studied and compared with 

the available experimental data. In Section 3.2 turbulence intensities and the 

Reynolds shear stress are shown to decrease with increasing curvature. In addition, 

a curvature dependent local velocity scale, which collapses several flow statistics, 

is derived from the momentum equations. The structure of the Reynolds shear 

stress is discussed in Section 3.3. Vorticity statistics are presented in Section 3.4. 

Finally, the instantaneous structural characteristics of the flow are presented via 

contour plots in Section 3.5. 

3.1 Mean Velocity Statistics 

Mean flow parameters for the present transversely curved flow simulations as well 

as .for the plane channel (6/a = 0) are reported in Table 3.1. Because the Reynolds 

numbers of the three simulations are similar, the differences in Table 3.1 are due 

to the transverse curvature. For comparison, Tables 3.2 a, 3.2 b and 3.2 c contain 

the mean flow parameters of the experiments of Willmarth et al. {1976), Luxton 

et al. (1984) and Leuptow & Haritonidis (1987). In agreement with experimental 

observations, the skin "friction coefficient, 

· ( UT ) 2 

Ct =2
Uoo 
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S/a 

c1
Re6 
Rer 

Rea 
6*/6 

(J* /S 

H 

0 

6.04xlo-3

3300 
180 

0.141 
0.087 
1.62 

5 

43 
8.07x10-3

3368 
214 
674 

0.154 
0.123 
1.25 

Table 3. 1 Mean flow parameters 

11 

21 
9.87xio-3

3418 
239 
311 

0.152 
0.131 
1.15 

increases with increasing curvature (by as much as 63% for 6/a = 11) when com­

pared with the plane channel flow with comparable Reynolds number. However, 

in the simulations the magnitude of this increase is larger than has been observed 

experimentally, probably because of the much higher experimental Reynolds num­

bers (Re6 = 0(104)). In Table 3.1 the boundary layer displacement and momentum 

thicknesses reported for the present transversely curved flow simulations are defined 

by (Luxton et al. [1984]) 

and 

a/6+1 _ 

(a/SH* /S)2 - (a/S)2 
= 2 j ( 1 - ;�) rdr,

a/6 

a/6+1 _ _ 

(a/H6*/S}2 -(a/S}2 =2 j (;�)(1-��)rdr, 
a/6 

28 

(3.1.2 a) 

(3.1.2 b) 



6/a 4.7 16 37.5 

a+ 751 198 46 

c, 3.04 X 10-3 4.18 X 10-3 7.84 X 10-3

Re6 90380 69280 27600 

Rea 19230 4330 736 

Table 3.2 a Experimental mean flow parameters (Willmarth et al. [1976]). 

6/a 26 26.9 41.6 

a+ 47.4 32.1 13 

c, 7.3 X 10-3 0.01 0.017· 

Re6 20386 12252 5962 

Rea 785 455 140 

6*/6 0.184 0.185 0.187 

(J* /6 0.181 0.182 0.182 

H 1.014 1.02 1.03 

Table 3.2 b Experimental mean flow parameters {Luxton et al. (1984]). 

6/a 6.74 7.16 8.0 

a+ 288 144 72 

c, 3.5 X 10-3 3.8 X 10-3 4.1 X 10-3

Re6 46330 23700 12800 

Rea 6419 3209 1605 

Table 3. 2 c Experimental mean flow parameters {Lueptow & Haritonidis [1987]). 
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