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ABSTRACT

The backw ard-facing step is frequen tly  employed in  the  study o f tu rb u le n t rea t­

tachm ent fo r its  geom etrica l s im p lic ity . However, in  sp ite  o f the  large am ount o f 

experim enta l w ork, the physics o f the  reattachm ent is no t fu lly  understood. A  

c o n trib u tin g  reason is the  scarcity o f data in  the rec ircu la tion  and reattachm ent 

regions. The ob jective  o f th is  s tudy is to  conduct a d irect num erica l s im u la tion  o f 

tu rb u le n t backw ard-facing step flow  and to  provide data  in  the  fo rm  o f Reynolds 

stress budgets fo r Reynolds averaged m odeling. Basic s ta tis tica l da ta  were calcu­

la ted  and com pared w ith  experim enta l data, specifica lly the concurrent experim ent 

o f Jovic &  D rive r (1994).

B o th  2-D  and 3-D sim ula tions were perform ed. In  2-D sim u la tions, three d if­

fe ren t ve lo c ity  p ro files (parabo lic, fu lly  developed tu rb u le n t channel, and boundary 

layer p ro files) were app lied  a t the  step. The flow  is steady a t low  Reynolds num ­

bers. A t h igh  Reynolds num ber, the  flow  becomes unsteady and quasi pe riod ic  

eventhough no flu c tu a tio n s  were im posed a t the in le t. The c ritic a l Reynolds num ­

ber, Rec, beyond w hich the  flow  becomes osc illa to ry  varies w ith  the p ro file  shape: 

a fu lle r p ro file  (steep ve loc ity  g rad ien t a t separation) appears to  have a low er Rec. 

T he  o sc illa tio n  can also be resulted from  a poor g rid  reso lu tion . Im posed in le t 

ve lo c ity  flu c tu a tio n s  re su lt in  pe riod ic  solutions. The fundam enta l frequency o f os­

c illa tio n  is the  same in  a ll cases w ith  d iffe ren t Reynolds num bers o r in le t ve lo c ity  

pro files. The S trouha l num ber based on the step height and m axim um  in le t ve loc ity  

is  approxim ate ly  0.08. T h is  frequency thus appears to  be independent o f the  in p u t 

param eters.

The m a in  3-D s im u la tion  was conducted a t a Reynolds num ber o f 5100 based 

on the  step he ight h and in le t free-stream  ve locity, and an expansion ra tio  o f 1.20. 

Spanwise-averaged pressure flu c tu a tio n  contours and reattachm ent lengths show ev­

idence o f an approxim ate o sc illa to ry  behavio r o f the free shear layer w ith  a S trouha l 

num ber o f 0.06. The instantaneous ve loc ity  fie lds ind ica te  th a t the  reattachm ent
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lo ca tion  varies in  the  spanwise d irec tion , and oscillates abou t a m ean o f 6.2h. Sta­

tis tic a l resu lts show excellent agreement w ith  experim enta l da ta  by Jovic &; D rive r 

(1994). O f in te rest are tw o observations no t p reviously reported  fo r the  backward- 

facing step flow : (a) a t the  re la tiv e ly  low  Reynolds num ber considered, large neg­

a tive  sk in  fr ic tio n  is seen in  the  rec ircu la tio n  region; the peak | C f  \ is  about 2.5 

tim es the  value measured in  experim ents a t h igh  Reynolds num bers; (b ) the veloc­

ity  pro files in  the recovery region fa ll below the universa l log-law ; the  devia tion  o f 

the ve loc ity  p ro file  from  the  log-law  indicates th a t the tu rb u le n t boundary layer is 

no t fu lly  recovered a t 20 step heights behind the separation.

The budgets o f a ll Reynolds stress components have been com puted. The tu rb u ­

le n t k in e tic  energy budget in  the  rec ircu la tion  region is s im ila r to th a t o f a tu rb u le n t 

m ix in g  layer. The tu rb u le n t tra n sp o rt te rm  makes a s ign ifican t co n trib u tio n  to  the 

budget and the peak d iss ipa tion  is about 60% o f the peak p roduction . The ve loc ity  

pressure-gradient and viscous d iffus ion  are neglig ib le  in  the  shear layer, b u t b o th  are 

s ign ifican t in  the near-w a ll region. T h is  trend  is seen th rougho u t the  re c ircu la tio n  

and reattachm ent region. In  the  recovery region, the budgets show th a t effects o f 

the  free shear layer are s t ill present.

A  large database fro m  th is  s im u la tion  has been archived. I t  contains up to  

th ird -o rd e r s ta tis tics , and the  budgets o f the Reynolds stress tensor.
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ve loc ity : U /  |Z7jy| =  A [y /N  -  log ( y /N )  -  1] -  1.

Coefficients fo r viscous term s a t ve rtica l lo ca tion  j ,  using 

cen tra l difference (u  and w  com ponents).
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cen tra l difference.

C oefficients fo r viscous term s a t ve rtica l lo ca tion  j ,  using 

cen tra l difference (v com ponent on ly ).
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C oefficient o f fr ic tio n  in  the rec ircu la tio n  region, norm alized 
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2 1
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’ E R  E R
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N orm alized pressure coefficient: C*  =  ——̂ — —̂ mm .
'-'p,BC  CVmin
C — C

N orm alized pressure coefficient: Cp =  — —  ?,mm.
1 — Cpilnin
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Reynolds stress tensor.
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TP TP Tp TP CTJCjuut £J22 =  — -&WW*
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ky, kz Wave num bers associated w ith  y and z d irections, respec­
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k ’i, k'm M od ified  wave num bers in  x  and z d irections, respective ly

(F F T  m ethod in  so lving the Poisson equation).

L c D om ain leng th  beh ind the step.

L{  Length  o f the developm ent section before the step.
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L (u ,)  L inea r (viscous) operator in  the  Navier-S tokes equations; ap­

p lie d  to  the  i ih ve loc ity  com ponent.

C(<j>) Laplace opera to r on <j>.

m  T o ta l mass flow  rate.

M  T im e  averaged mass flow  ra te .

m '  F lu c tu a tin g  mass flow  ra te .

rhe Mass flow  ra te  com puted a t the e x it plane,

n  N o ta tio n  fo r spa tia l d ire c tio n  norm al to  the dom ain bound­

aries.

N  Loca tion  o f peak mean reverse flow  ve loc ity , measured from

the  bo tto m  w a ll.

N c T o ta l num ber o f ve loc ity  po in ts  adjacent to  the step corner

boundary.

N x , N y, N z N um ber o f cells in  the x, y  and z d irections, respectively.

lV (u ,) N on-linear (convective) opera to r in  the  Navier-Stokes equa­

tio n s ; applied to  the i th ve lo c ity  com ponent, 

p  Instantaneous pressure.

P  M ean pressure.

p' F lu c tu a tin g  pressure.

p t N on-dim ensionalized pressure, p* =  p/(pZ7o ).

P ij  P roduction  te rm  in  the budget fo r com ponent i j  o f the Rey­

nolds stress tensor.

Pk P roduction  te rm  in  the budget o f the tu rb u le n t k in e tic  en­

ergy.
1 d P

P +  Pressure grad ient param eter: P + = -------------- 5- — - .
Rehu \  dx

P q Reference pressure.
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Qi,j,k R igh t-hand  side o f the  Poisson equation evaluated a t ce ll

i , j ,  k  (divergence o f the in te rm ed ia te  ve loc ity  fie ld  a t the 3rd 

substep).

Ql,j,m F ourie r coefficient o f Q i j tk a t ve rtica l lo ca tion  j ,  a fte r Fourie r

transfo rm  in  the  z d ire c tio n  and Cosine transfo rm  in  the  x 

d irection .

r j  Scaling fa c to r at ve rtica l lo ca tion  j  fo r the  in le t tu rb u le n t

fluctua tions.

3? Real p a rt o f a com plex expression.

Reg* D isplacem ent-thickness Reynolds num ber, Res* =  UqS */v.

Rec C ritic a l step-height Reynolds num ber, Uoh/v, above w hich

the 2-D backw ard-facing step flow  becomes unsteady.

Reii S tep-height Reynolds num ber, Reh =  UqIi / v .

Rehc C hannel-height Reynolds num ber, Rehc =  UqIiJ v .

Reg M om entum -thickness Reynolds num ber, Reg =  Uq6 / v .

Ruu 1 Rvv ) Rww T w o-po in t corre lations fo r the stream wise, ve rtica l and span-

wise ve loc ity  com ponents, respectively.

R ii  General n o ta tio n  fo r tw o -p o in t corre la tions: f? n  =  R uu,

R 22 — Rvv •> R$Z -— Rww•

S t  S trouha l num ber, St =
Uq

S t f  S trouha l num ber based on the in le t segment pe riod  (F F T

m ethod to  generate tu rb u le n t in flo w ), S t f  =  — -.

t  T im e.

N on-dim ensionalized tim e , f t  =  tUo/h.

t  j  T im e scale fo r the generation o f in le t turbulence.

t a T im e a t s ta rt o f s ta tis tics  cum m ula tion .

T  Period o f oscilla tion .

T f  Segment period fo r in flo w  turbulence generation.
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o f the  Reynolds stress tensor.

Tfc Turbulence tra n sp o rt te rm  in  the  budget o f the  tu rb u le n t

k in e tic  energy.

Tr Selected tim e in te rva l du ring  w hich a phase angle <p o f the

F ourier coefficient is changing a t m ost once (F F T  m ethod to  

generate in flow  turbu lence). 

u, v, w  Stream wise, ve rtica l, and spanwise ve loc ity  com ponents, re­

spectively.

u i G eneral n o ta tio n  fo r ve loc ity  com ponents; u 1 =  u, u2 =  v,

and u3 =  w. 

u\ F lu c tu a tin g  velocities.

u'P  In term edia te  ve locities a t substep I (n o t divergence-free).

u A pprox im a tion  o f the divergence-free velocities a t substep I. 

u i Fourie r coefficient o f (F F T  m ethod to  generate in flo w  tu r ­

bulence).

u* Com plex conjugate o f u,-.

u f  V e locity  a t tim e step n.

u t N on-dim ensionalized ve locities, u,- =  uJUo.

u f  Velocities in  w a ll coordinates, u f  =  u i / u T.

u T W a ll shear velocity.

u t0  W all shear ve loc ity  a t the  in le t.

Uc Convection velocity.

Ue Boundary layer mean edge velocity.

Ui M ean velocities.

Um  Peak mean backflow  velocity.

Uq M axim um  o r free-stream  mean in le t ve loc ity  (reference ve­

lo c ity ).
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U', V '

x , y, z

X T

X , Y

y

Greek Sym bols

“ /> Pi, l b  ZI 

1

r h> r v

s, <̂99 

6*  

fa 

A t

F lu c tu a tin g  velocities in  p rin c ip a l coordinates (F F T  m ethod 

to  generate in flo w  turbu lence).

S pa tia l coordinates in  the stream wise, ve rtica l and spanwise 

d irections, respective ly (x  measured from  the  step, y  mea­

sured fro m  the bo tto m  w a ll).

G eneral n o ta tio n  fo r spa tia l coordinates; x 1 =  x, a?2 =  V, ^ d  

x3 =  2.

N on-dim ensionalized spa tia l coordinates, x \  =  x j h .

W all coordinates, x f  =  x iu r /v .

Stream wise distance norm alized by the  reattachm ent leng th , 

x* = ( x - X T) / X r .

R eattachm ent length.

P rin c ip a l coordinates in  w hich the Reynolds shear stress com­

ponent is zero (F F T  m ethod to  generate tu rb u le n t in flo w ). 

U n ifo rm  d is trib u tio n  o f the  ve rtica l g rid  spacing, m apped 

onto a non-un ifo rm  g rid  d is trib u tio n  y by a hype rbo lic  tan ­

gent func tio n .

C onstants fo r R unge-K u tta  substep I.

Param eter de te rm in ing  the steepness o f the  trans fo rm  func­

tio n  y =  f { y )  (degree o f g rid  compression near lo ca tio n  o f 

in te rest).

H o rizon ta l and ve rtica l boundaries adjacent to  the  step cor­

ner.

Boundary layer thickness.

D isplacem ent thickness.
U — U

V e locity  defect thickness: fa =  — I   -dy .
J0  u r

T im e step fo r the  advancement o f the Navier-S tokes equa­

tions (varied  according to  the  C F L  lim it,).
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A t f  T im e  step used in  the generation o f in le t tu rbu lence  (con­

s ta n t).

A t s T im e  in te rva l between s ta tis tica l samples.

A T ave A veraging tim e  o f turbu lence s ta tis tics .

A x ,  A y ,  A z  G rid  spacing in  x, y, and z d irections, respectively.

e,j V iscous d iss ipa tion  te rm  in  the budget fo r com ponent i j  o f

the  Reynolds stress tensor. 

ek V iscous d issipa tion  term  in  the budget o f the  tu rb u le n t k i­

ne tic  energy. 

k von K arm an ’s constant.

| A | m ax M axim um  C F L  num ber.

v D ynam ic viscosity.

u)z Instantaneous spanwise v o rtic ity .

Tol M ean spanwise v o rtic ity .

ui'z F lu c tu a tin g  spanwise vo rtic ity .

S tream  func tio n .

11,-j- V e loc ity  pressure grad ien t te rm  in  the  budget fo r com ponent

i j  o f the  Reynolds stress tensor.

II j.  V e loc ity  pressure gradient te rm  in  the  budget o f the  tu rb u le n t

k in e tic  energy.

u  Frequency num ber associated w ith  the  in flo w  tu rb u le n t flu c ­

tua tions .

tp Random  phase angle associated w ith  the  F ourie r coefficients

o f the  in le t tu rb u le n t fluc tua tions.

(j) F irs t-o rd e r approxim ation  o f the  pressure (so lu tio n  o f the

Poisson equation).

4> F ourie r coefficients o f <j>.

<f>* C om plex conjugate o f <f>.

p D ynam ic viscosity.

x x v

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



pt  Source te rm  placed a t lo ca tion  I  on the  step corner (capaci­

tance m a trix  m ethod)

0 M om entum  thickness.

0P Angle o f ro ta tio n  between the  flow  coordinates [x , y ] and the

p rin c ip a l coordinates [X ,Y ] ,  

t  T o ta l shear stress.

t w  W all to ta l shear stress.

A bbre viations

AP G Adverse pressure grad ient.

C F L C ourant-F riedrichs-Lew y num ber.

F F T Fast F ourie r Transform .

LES Laxge-eddy s im u la tion .

pdf P ro b a b ility  density function .

rms Root-m ean-square.

S ubscript /S  up erscript

0 „ V ariab le  evaluated a t tim e step n.

O i V ariab le  associated w ith  ve loc ity  com ponent i (i =  1 ,2 ,3 ).

On V ariab le  associated w ith  Reynolds stress com ponent i j  (i =

1 ,2 ,3 , j  =  1 ,2 ,3 ).

V ariab le  evaluated a t node [i , j ,k].

xxvi

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Chapter 1 
INTRODUCTION

1.1. M otivation

The separation and reattachm ent o f tu rb u le n t flow s occur in  m any p ra c tica l 

engineering app lica tions, b o th  in  in te rn a l flow  systems such as diffusers, combus­

to rs  and channels w ith  sudden expansions, and in  exte rna l flow s like  flow s around 

a irfo ils  and bu ild ing s. In  these situa tions, the flow  experiences an adverse pressure 

g rad ien t, i.e ., th e  pressure increases in  the d ire c tio n  o f the  flow , w hich causes the 

boundary layer to  separate from  the so lid  surface. The flow  subsequently reattaches 

dow nstream  fo rm in g  a rec ircu la tion  bubble.

In  some app lica tions such as com bustors, the  presence o f the  re c ircu la tio n  and 

turbu lence  due to  separation can help enhance the m ix in g  o f fu e l and a ir. O n the 

o the r hand, separation in  p ipe  and duct flow s causes loss o f available energy. Thus, 

understand ing th e  flow  separation and reattachm ent phenom ena is im p o rta n t in  

engineering design. Am ong the  flow  geom etries used fo r the  studies o f separated 

flow s, the m ost frequen tly  selected is the backw ard-facing step. C onsiderable w ork 

has been carried ou t on the flow  over a backw ard-facing step due to  its  geom etrical 

s im p lic ity . The separation p o in t is fixed a t the step; thus one can avoid the  d iffic u lty  

resu ltin g  from  th e  osc illa tion  o f the separation p o in t. Furtherm ore , un like  flow  over 

an obstacle, the  backw ard-facing step produces on ly  one separation bubble; and 

the  stream lines approaching the  step are nearly pa ra lle l to  the  w a ll. F in a lly , from  

the  com pu ta tion a l view  p o in t, the rectangular dom ain o f the backw ard-facing step 

allow s fo r sim ple g rid  s truc tu ring .

In  spite o f th e  large am ount o f experim enta l w ork on the backw ard-facing step 

flow s, the physics o f the reattachm ent is s t ill no t fu lly  understood. The reason, 

as po in ted  ou t b y  Eaton 8z Johnston (1981), lies p a rtia lly  on the  inadequacy o f 

cross-w ire h o t-w ire  probes in  h ig h ly  tu rb u le n t flows used in  ea rly  studies. Even
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w ith  the  advent o f the laser anem om eter and the  pulsed-w ire anem om eter, ve loc ity  

m easurem ents, p a rtic u la rly  in  the  separated flow  region where instantaneous flow  

reversal occurs, m ay s t ill be subject to  errors caused b y  ve lo c ity  bias (Adam s &  

E aton , 1988).

In  general, p red ictions o f separated flow s using the  R eynolds average equations 

have no t been p a rtic u la rly  successful. A  comprehensive da ta  base on the  budgets 

o f the  Reynolds stress tensor is o f considerable value fo r im provem ent o f tu rbu lence 

m odels. G eneration o f such a database is  the m ain  m o tiva tio n  fo r the present w ork.

M ost app lica tions o f d ire c t sim ula tions o f fu lly  developed tu rb u le n t flow s have 

been lim ite d  to  flow s w ith  pe riod ic  boundary cond itions in  the  stream wise d irec­

tio n  such as channel flow . A  new m ethodology is necessary to  inco rpo ra te  the 

tim e-dependent in flo w  and ou tflow  cond itions to  s im u la tion  techniques. T h is  is a 

secondary m o tiva tio n  fo r the  current research.

1.2. Survey o f  Previous Work

Since B radshaw  Sz W ong (1972) reviewed the experim enta l da ta  fo r rea ttach ing  

flow s, there have been m any new studies in  th is  area. E aton &  Johnston in  1981 

p rovided  an extensive review  o f available data fo r tu rb u le n t flow s over backw ard- 

fac ing  steps up to  1980. The fo llow ing  discussion w ill no t repeat th e ir sum m ary, b u t 

h ig h lig h ts  the  find ings from  some o f these studies th a t are the  focus o f the  present 

research.

A n  ea rly  s tudy o f A b b o tt &  K lin e  (1961) m easured the  ve loc ity  p ro files o f 

b o th  single and double-sided expansion flow s fo r the  Reynolds num ber range o f 

app rox im a te ly  2 x  104 <  Re <  5 x  104 based on the in le t channel he igh t. B y 

va ry ing  the  step he igh t, they established th a t the  reattachm ent leng th  increased 

w ith  the  expansion ra tio . Turbulence in tensities were also measured using h o t-film  

anem om eters.

The reattachm ent leng th  va ria tio n  at low  step-height R eynolds num bers (100 <  

R th  <  480) was also studied by G oldstein et al. (1970). They concluded th a t, in  th is

2
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R eynolds num ber range, the  reattachm ent leng th  increased lin e a rly  w ith  R eynolds 

num ber.

B radshaw  &  W ong (1972) stud ied  the  redeveloping boundary layer beh ind  the 

rea ttachm ent and found th a t the  ve lo c ity  p ro file  d id  no t fo llo w  the  log-law  and s t ill 

was no t fu lly  recovered even a t 52 step heights downstream  o f the  separation. The 

ve lo c ity  p ro files showed a d ip  below  the  low -law  o f the w all. T hey concluded th a t 

the  law  o f the  w a ll and law  o f the  wake were inapp licab le  beh ind the  tu rb u le n t 

reattachm ent.

The  s tudy by K im  et al. (1978, 1980) was an extensive inves tig a tio n  o f s ta tic  

pressure d is trib u tio n , mean ve locities, turbu lence in tensities, R eynolds stresses, and 

in te rm itte n c y  in  the  backw ard-facing step flow . U sing a “ zonal m e thod ,”  they 

also developed a com puta tiona l m odel fo r p red ic ting  the reattachm ent p o in t, shape 

fa c to r, etc.

E a ton  &  Johnston (1980) used th e rm a l tu fts  to  measure the  reattachm ent leng th  

and the  pu lsed-w all probe fo r ve lo c ity  m easurem ent. They p rovided  the  firs t mea­

surem ents o f skin  fr ic tio n  in  the  reattachm ent region and found th a t the  peak neg­

a tive  sk in  fr ic tio n  in  the  re c ircu la tio n  region was large {C f  ~  —1 x  10~3). Low - 

frequency m otions o f the  shear layer were detected in  th e ir s tu d y  fo r a ll R eynolds 

num bers, b u t the param eters co n tro llin g  these m otions were n o t determ ined. They 

also observed th a t the shear layer near the step behaved very m uch like  a plane- 

m ix in g  layer.

Since the sum m ary by  E aton &  Johnston (1981), more experim ents using ad­

vanced m easurem ent techniques have been perform ed. In  a d d itio n , a num ber o f 

num erica l s im ula tions have been conducted. The discussion below  sum m arizes re­

cent find ings.

In  1980, K uehn stud ied the  effect o f expansion ra tio  (E R ) on the  rea ttach ­

m ent leng th  (X T) o f the backw ard-facing step flow  and suggested th a t X r  increased 

lin e a rly  w ith  expansion ra tio . Ra &  Chang (1990) varied the  stream wise pressure 

g rad ien t by  deflecting the  upper w a ll and showed th a t an increase in  the stream w ise

3
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pressure g rad ien t o r E R  leads to  a longer reattachm ent leng th . D u rs t &  Tropea 

(1981) showed th a t, a lthough  X T increased w ith  E R ,  the  dependency was no t lin ­

ear. The steepest change occurred when 1.0 <  E R  <  1.3. They also found a 

strong Reynolds num ber dependence fo r Reynolds num ber up  to  6000 w h ich  was 

also confirm ed by S inha et al. (1981).

A rm a ly  et al. (1983) stud ied  in  deta ils the  effect o f R eynolds num ber on the 

reattachm ent leng th . U sing a fixed  expansion ra tio  o f 2.0, the  experim ents covered 

a Reynolds num ber range o f 70 <  Re <  8000. They found  th a t the  rea ttach ­

m ent length  increased m ono ton ica lly  w ith  Reynolds num ber up  to  Re ps 1200; then 

decreased in  the  tra n s itio n a l range 1200 <  Re <  6600; and rem ained re la tive ly  

constant when the  flow  becomes fu lly  tu rb u le n t a t Re >  6600 w h ich  agreed w e ll 

w ith  find ings by D u rs t &  Tropea (1981) and S inha et al. (1981). T h e ir s tudy 

also included tw o-d im ensional num erica l sim ula tions w hich p red icted  the rea ttach­

m ent length . However, the  s im ula tions underpredicted the reattachm ent leng th  fo r 

Re >  400. The discrepancy was a ttrib u te d  to  the th ree -d im ensiona lity  observed at 

Re >  400.

In  a recent experim ent, O tiigen  (1990) investiga ted the effects o f expansion ra tio  

on reattachm ent leng th  and turbulence in tensities. The reattachm ent leng th  was 

found to  decrease w ith  an increase in  expansion ra tio  w hich con trad icted  previous 

find ings. The Reynolds num ber in  th is  study was, however, kep t constant based on 

the in le t channel he ight, no t on the  step he igh t. Thus, Re^ varied  as w e ll as the 

expansion ra tio .

D u rs t h  S chm itt (1985) used laser D oppler anem om etry to  measure the  mean 

velocities and turbu lence  in tensities o f a h igh  Reynolds num ber flow  over a tw o- 

d im ensional backw ard-facing step. The Reynolds num ber range was 2 x  105 <  

Reh <  5 x 105. They found  no s ign ifican t differences in  mean ve lo c ity  and turbu lence 

in tensities in  th is  range.

Adam s et al. (1984) stud ied the effects o f expansion ra tio  E R  and the  upstream  

boundary layer 6 /h .  They found th a t the in it ia l boundary laye r sta te (la m in a r or

4
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tu rb u le n t) as w e ll as its  thickness influenced the  reattachm ent length . The rea t­

tachm ent lengths fo r the  cases w ith  an upstream  tu rb u le n t boundary layer p ro file  

were 30% la rge r than  those associated w ith  an upstream  la m in a r boundary layer 

p ro file  (Adam s &  Johnston, 1988). The mean fric tio n  coefficient C f  was also sen­

s itive  to  the  S/h (Adam s &  Johnston, 1985). They also investigated the  near-w all 

flow  s tru c tu re  beneath the  separation bubble. They concluded th a t the reverse flow  

mean ve loc ity  p ro file  is s im ila r to  a lam ina r boundary layer b u t w ith  h igh  level o f 

im posed unsteady flu c tua tion s .

E xperim ents o f W estphal et al. (1984) were s im ila r to  those o f Adam s et al.

(1984), b u t in  a d d itio n  to  the  norm al backw ard-facing step con figura tion , effects 

o f upstream  vortex generator and downstream  duct angle were also stud ied. The 

mean and flu c tu a tin g  ve loc ity  com ponents, and skin  fr ic tio n  were measured w ith  a 

new pu lsed-w all probe (W estphal et al.f 1981). S im ila r to  measurements by Eaton 

&  Johnston (1980) and Adam s et al. (1984), the re c ircu la tio n  region showed a h igh 

level o f negative sk in  fric tio n .

Vogel &  E aton (1985) included heat transfe r in  th e ir backw ard-facing step flow . 

They provided tem perature  and ve loc ity  profiles and observed th a t w h ile  the  bound­

a ry  layer p ro file  rem ained d is tu rbed  fo r a long distance dow nstream  o f the  step, the 

S tanton num ber re tu rned  qu ick ly  to  a fla t-p la te  p ro file .

D rive r &  Seegm iller (1982, 1985) stud ied the effect o f stream wise adverse pres­

sure grad ient on the rea ttach ing  shear layer by deflecting  the  w a ll opposite the step. 

T h e ir experim ent was the  firs t to  use the  o il-flo w  laser in te rfe rom ete r to  measure 

sk in  fr ic tio n . They also m easured the tu rb u le n t tr ip le  p roducts. They compared 

th e ir results w ith  the  p re d ic tio n  o f tw o k-e m odels. The k-e m odels were shown to  

overpredict the  d iss ipa tion  in  the  shear layer. From  the same m easurem ents, D rive r 

et al. (1983, 1987) investigated the unsteadiness o f the rea ttach ing  tu rb u le n t shear 

layer. Tw o types o f flu c tu a tio n s  were iden tified : a random  fla p p in g  m o tion  o f the 

shear layer, and a pe riod ic  vo rtica l m otion.

5
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The backw ard-facing step experim ents o f Isom oto &  H onam i (1989) concen­

tra te d  on the effect o f the  in le t turbu lence in te n s ity  on the  reattachm ent process. 

They found  th a t the  reattachm ent leng th  decreased w ith  an increase in  the m axi­

m um  tu rbu lence  in te n s ity  near the  w a ll a t separation. Furtherm ore , the turbu lence 

in  the  region im m ed ia te ly  downstream  o f the  step was im p o rta n t in  dete rm in ing  

the reattachm ent length.

R ecently, Kasagi et al. (1992) used a three-d im ensional p a rtic le  tra ck in g  ve- 

loc im e te r to  m easure instantaneous ve loc ity  com ponents in  the  flo w  over a back­

w ard-facing step. The step-height Reynolds num ber and expansion ra tio  were 5540 

and 1.50, respectively. They established a database o f the  turbu lence  s ta tis tics  

w hich covered a region —2 <  x / h  <  12. T h e ir m easurem ents ind ica te  th a t, near the 

reattachm ent p o in t, the  spanwise com ponent o f tu rbu lence  in te n s ity  is the  largest 

o f the three norm al stresses. T h is conclusion is no t supported by the  present com­

pu ta tions.

N um erica l s im ula tions o f the backw ard-facing step flo w  have been la rge ly  con­

fined  to  tw o-d im ensional calculations. A rm a ly  et al. (1983) and D u rs t &  Pereira 

(1988) b o th  used the  conservative fin ite  volum e approach to  d iscretize the  N avier- 

Stokes equations. T h e ir calculated results were com pared w ith  experim enta l results. 

T h e ir 2-D  com putations showed th a t the  reattachm ent lengths were underpredicted 

fo r Reynolds num bers la rge r than  650.

K a ik ts is  et al. (1991) applied a spectral-elem ent m ethod to  bo th  tw o and three- 

dim ensional sim u la tions o f flow  over a backw ard-facing step. T h e ir 2-D  s tudy 

showed th a t the  flow  sustained unsteadiness a t re la tive ly  low  Reynolds num ber; the 

o sc illa to ry  response occurred a t Re >  500 (R eynolds num ber based on upstream  

channel he ight and mean in le t ve loc ity ). However, there  was no g rid  refinem ent 

s tudy to  assure th a t the oscilla tions were no t due to  num erica l reso lu tion  effects. 

In  th e ir 3-D s im ula tions, an in itia l p e rtu rb a tio n  was im posed in  the  stream wise 

d ire c tio n  and the  flo w  response was subsequently measured in  tim e . They found 

sustained unsteady response a t Re >  700.
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F rie d rich  &  A rn a l (1990) perform ed a large eddy s im u la tion  (LE S ) o f a single­

sided backw ard-facing step flow  a t R th  =  1.65 x  10s and E R  =  2.0. A n  LES o f a fu lly  

developed channel flow  was firs t perform ed; and the  ve locities in  a selected v e rtica l 

p lane was used as in flo w  conditions fo r the  backw ard-facing step flow . T h e ir resu lts 

were com pared w ith  the  experim enta l data o f D u rs t &  S chm itt (1985). G ood overa ll 

agreem ent was obta ined fo r s ta tis tic a l quan titie s  b u t the  ca lculated reattachm ent 

le n g th  was underpredicted. They also observed a low -frequency tem pora l o sc illa tio n  

o f the  shear layer next to  the  step (A rn a l &  F ried rich , 1993).

1.3. O bjectives

The present research p ro jec t was conducted w ith  tw o m ain  objectives:

1. To develop a m ethodology fo r d ire c t num erica l s im u la tion  o f tu rb u le n t 

flow s w h ich  allows fo r “ tu rb u le n t” in flo w  and ou tflow  cond itions. The 

m ethod w ill be applicab le to  flo w  in  com plex geom etries.

2. To generate a w ell docum ented database fo r the  backw ard-facing step 

flo w  w hich can be used fo r tu rbu lence m odeling. The database conta ins 

up  to  th ird -o rd e r s ta tis tics  a t a ll loca tions in  the  flo w  fie ld , and contains 

a com prehensive ve rifica tio n  o f the  s im u la tion  resu lts by com parison 

w ith  the  experim enta l data.

7
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NUMERICAL METHOD

The tim e-dependent Navier-Stokes equations fo r an incom pressible flu id  were 

solved on a staggered g rid . T h is  chapter describes the  num erical m ethod used in  the 

tw o-d im ensiona l (2 -D ) and three-dim ensional (3 -D ) sim ulations o f the  backw ard- 

facing  step flow . Sections 2.1 and 2.2 describe the  non-dim ensional governing equa­

tions and the  flow  con figura tion . The spa tia l-d iscre tiza tion  and tim e-advancem ent 

schemes are presented in  Sections 2.3 and 2.4, respectively. The in it ia l cond itions 

are discussed in  Section 2.5, and boundary conditions in  Section 2.6. Section 2.7 

describes the m ethod fo r so lv ing  the  Poisson equation on a non-rectangu la r flow  

dom ain.

2.1. G overning Equations

The Navier-Stokes and c o n tin u ity  equations fo r incom pressible viscous flow s axe:

d d d2 1 d , .
(!U )

4 r i  = 0' (2-2)
where u ,’s are the ve loc ity  com ponents, p  the  pressure, v  the k inem atic  viscosity, and 

p the  density. The subscripts i , j ,  k take on values o f 1,2,3 to  denote the  stream wise 

(x ), ve rtica l (y ) and spanwise (z ) d irections, respectively. A ll variables are non- 

d im ensionalized by the m axim um  mean in le t free stream  ve loc ity  Uo and the  step 

he ight h as fo llow s:

i t  =  t E l  u \ =  J f i x \ _  f i  Dt -  J L .  (2 3)
h ’ “ • C V  ‘ “ A*  P ~  PU 2 ' { }

The R eynolds m nnber, Reh, is the  step-height Reynolds num ber, Re^ =  U oh/v .  U n­

less otherw ise ind ica ted , the superscrip t t  w ill be dropped from  subsequent analyses 

fo r s im p lic ity .
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2 .2 . F lo w  C o n fig u ra tio n

A  single-sided-expansion duct is used fo r a ll sim ulations. A  schem atic view  o f a 

3-D  flow  dom ain is shown in  F ig . 2.1. The com puta tiona l dom ain fo r 3-D  sim ula tions

Reh =  Uoh/u

F ig u re  2 .1 . Backw ard-facing step flow  con figu ra tion .

consists o f a stream wise leng th  L x , in c lu d in g  an in le t section L i  p rio r to  the sudden 

expansion, ve rtica l height L y and spanwise w id th  L z, a ll o f w h ich  are norm alized to  

the step height h. The coord inate system is placed a t the  low er step corner as shown 

in  F ig . 2.1. The mean in flo w  ve loc ity  p ro file , U(y),  im posed at the le ft boundary 

x  =  —L i,  is e ithe r a pa rabo lic  p ro file , a fu lly-developed tu rb u le n t channel p ro file  

(K im  et al., 1987), o r a fla t-p la te  tu rb u le n t boundary layer p ro file  (S pa la rt, 1988), 

w ith  Uq being the m axim um  mean in le t velocity. In  the  cases o f pa rabo lic  and 

tu rb u le n t channel flow  pro files, the to p  boundary is a so lid  w a ll (n o -s lip ). However, 

i f  a boundary layer is used as the in le t p ro file , a no-stress w a ll (§2 .6 ) is placed 

at y  =  L y. A  convective cond ition  is applied at the dom ain e x it, x  — L x — L i  

(§2.6.2). Tw o im p o rta n t param eters used fo r com parison w ith  o the r studies are the 

step-height Reynolds num ber, Re^, and the  expansion ra tio , E R  =  L yj { L y — h).

9
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2.3. Spatial D iscretization

A ll spa tia l derivatives are approxim ated w ith  second-order cen tra l differences. 

The g rid  selection and sp a tia l d iscre tiza tion  o f N avier-Stokes equations are described 

below.

2.3.1. C om putational Grid

A  staggered g rid  (H a rlow  &  W elch, 1965) is em ployed in  the  com putations. The 

com puta tiona l ce ll [z, j ]  fo r a 2-D  dom ain is illu s tra te d  in  F ig . 2.2 where the pressure 

is defined at the center o f the  cell and the  ve loc ity  com ponents on the ce ll surfaces.

u

F ig u re  2 .2 . Tw o-d im ensiona l rectangu la r cell on a staggered g rid , x  u 
locations; o v locations; □ p  loca tion .

K im  &  M o in  (1985) successfully app lied  the staggered g rid  in  th e ir 2-D sim ula­

tions o f flow s over a backw ard-facing step. A  3-D cell is shown in  F ig . 2.3. Here the 

indices i , j ,  k denote the noda l loca tion  o f the  cell center in  the  d iscretized dom ain; 

i  =  1 , . . . ,  N x , j  =  1 , . . . ,  N y, k  =  1 , . . . ,  N z, where N x , N y and N z are the num ber 

o f cells in  the  x-, y- and 2-d irections, respectively.

10
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»'+5.i>fc

F ig u re  2 .3 . Three-dim ensional cell on a staggered g rid , x  u  locations; o v 
locations; a w locations; □ p loca tion .

2 .3 .2 . G r id  S p a c in g

U n ifo rm  g rid  spacings are selected fo r the stream wise and spanwise d irections. 

For a dom ain size o f L x x  L y x  L z, the  corresponding ce ll dim ensions axe A x  =  

L x/N x ,  and A z  =  L z/ N z, where N x and N z axe the  n tnnber o f cells in  the stream wise 

and spanwise d irections, respectively. The  un ifo rm  mesh in  these d irections allows 

fo r the a p p lica tio n  o f Fast F ourie r T ransform  (F F T ) to  the  so lu tion  o f the  Poisson 

equation.

In  the v e rtic a l d irec tion , strong flow  gradients are expected near the  w a ll and in  

th e  free-shear layer, and g rid  clustering  is desired a t these locations. A  coord inate 

trans fo rm  fu n c tio n  y =  f ( y )  is needed to  m ap a u n ifo rm  g rid  d is trib u tio n  y on to  its  

n on -un ifo rm  coun te rpa rt, y. T h is  s tudy employs a m od ified  version o f the hyperbo lic  

tangent fu n c tio n  used by  Pauley et al. (1988). Presented below is a sim ple fo rm  o f

f(y)-
1 -

ta n h 7  (£ — y)
0 < y , y < L y. (2.4)

tanh  7 £

In  th is  fo rm u la , 7  is the  curvature o f the function  de te rm in ing the degree o f g rid  

com pression near the w a ll. The function  has an in fle c tio n  p o in t a t y =  £. The value 

o f £ can be selected between L y/2  and L y. The g rid  size w ill be fin e s t a t y =  y =  0,
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and la rgest a t y =  y  =  £. I f  £ =  L y/2 ,  the  mesh is  sym m etric about the  m id p o in t, 

p ro v id in g  fin e  g rids a t b o th  y  =  0 and y =  L y; th is  is  applicab le to  flow s w ith  

b o tto m  and to p  no -s lip  w alls. On the o the r hand, by selecting £ =  L y, a one-sided 

g rid  com pression is obta ined near the low er w all.

E qua tion  (2 .4) is  applicab le to  a channel flow  (£ =  L y/2 )  o r a flo w  over a fla t 

p la te  (£ =  L y). F or the  curren t backw ard-facing step s im u la tion , a m ore com plex 

coord inate  transfo rm  fu n c tio n  is necessary to  p rovide  a d d itio n a l g rid  com pression 

a t the step (y  =  h). Tw o hyperbo lic tangent functions s im ila r to  Eq. (2 .4) are 

com bined: yx =  / 2(y ) fo r 0 <  y <  h, and y2 =  f i i v )  fo r h <  y <  L y. In  a d d itio n  to  

the  constra in ts  a t the  bo tto m  and top  boundaries, / j  and / 2 m ust be selected such 

th a t the  firs t de riva tive  dy /dy  is continuous at the  in terface o f the tw o  functions. 

A ppend ix  A  presents the  deta iled developm ent o f th e  g rid  d is trib u tio n  fu n c tio n  used 

in  th is  study.

The selection o f the  param eters 7  and £ as w e ll as num ber o f com puta tiona l cells 

in  each d ire c tio n  w ill be based on the flow  dom ain and the  Reynolds num ber fo r 

each case stud ied. In  §3.3, a s tudy o f the  se n s itiv ity  to  g rid  refinem ent is presented 

using 2-D  s im ula tions.

2.3.3. Evaluation o f  Spatial D erivatives

Since d iffe ren t ve loc ity  com ponents are defined on d iffe ren t ce ll boundaries, 

the N avier-S tokes equation fo r each flow  com ponent is applied a t the correspond­

ing  loca tions. The Navier-Stokes equation fo r the stream wise ve loc ity  com ponent, 

fo r exam ple, is  app lied  at the  le ft-rig h t surfaces o f the cell; and equations fo r y 

and z com ponents are applied at to p -b o tto m  and fron t-back  surfaces, respective ly 

(F ig . 2.3).

Shown below  are examples o f the  fin ite  difference approxim ations to  the  firs t 

and second derivatives a t node [*'+£ , j ]  o f u w ith  respect to  the stream wise d irec tion :

8u

8x
* + 2 > i

12

A x

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Chapter 2 NUMERICAL M ETHO D

S2u 
6x2

II j - 2 u  ! + !1  l
»+2_____«+2.J »—2

i + i j  A:E2
where 8 /6x  and 62/S x2 are the  fin ite  difference operators. I f  the values o f u are 

requ ired  a t po in ts where they are n o t defined, e.g., a t the ce ll center, lin e a r in te rp o ­

la tio n  o f values a t tw o adjacent po in ts  w ill be taken. The same procedure is applied 

in  the  y- and ^-d irections. A  w eighted average is used in  the  {/-d irec tion  to  account 

fo r the  non-un ifo rm  g rid  spacing.

The fin ite  difference approxim ations to  each te rm  in  the  Navier-S tokes equations 

as w e ll as the  Poisson equation are presented in  A ppend ix B.

2.4. T im e Advancem ent

The governing equations are tim e-advanced using a se m i-im p lic it m ethod. The 

advancement scheme fo r the ve lo c ity  com ponents u i is a com pact-storage three- 

substep th ird -o rd e r R unge-K u tta  scheme (S pa la rt, 1987 and S palart et a l ,  1991) 

w h ich has an e xp lic it trea tm en t fo r the  convective term s and im p lic it fo r the  v is­

cous te rm . The three-substep R unge -K u tta  scheme is com bined w ith  the  fra c tio n a l 

step procedure (K im  &  M o in , 1985): the  m ethod o f Le &  M o in  (1991) is used 

w h ich  allow s fo r the  advancement o f the ve loc ity  fie ld  th rough  the  substeps w ith ­

ou t sa tis fy ing  the  co n tin u ity  equation at each R unge-K u tta  substep. The velocities 

are p ro jected  onto  the divergence-free fie ld  on ly a t the  las t substep. The convective 

term s were m odified  so th a t the  order o f accuracy o f the  scheme rem ains unaffected. 

Presented below  are the  resu lting  a lgo rithm .

- +  ( « ■ o n - ^  ( O + '^  ( « p  ■ -

-  1,N  (u*(' - 1))  -  (,JV (u*(,- 2))  , < =  1,2.3, (2.5)

n ' m  =  -  A ( Y ,  (“ m +  An) TT-
771=1

In  Eq. (2 .5 ), u i represents the  in te rm ed ia te  ve loc ity  com ponents (n o t sa tis fy ing  

the  co n tin u ity  equation); u* is the  m od ified  ve loc ity  in  the  convective term s to

13
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m a in ta in  the  order o f accuracy o f the  scheme; the superscrip t I =  1 ,2 ,3  iden tifies  

the  R unge-K u tta  substeps; Z (u -) and lV /u t ) represent second-order fin ite  difference 

approxim ations to  the viscous and convective term s, respective ly:

1 6^ 8 
L  (u ,) =  n  (u ,) =  J ^ UiUk' (2-6)

The coefficients a }, /3{, 7 ( and C / axe constants selected such th a t the  to ta l tim e  

advancement between t n and f n+1 is th ird -o rd e r accurate fo r the  convective term s 

and second-order fo r the  viscous term s (S pa la rt, 1987). These coefficients are:

7 i =  8 /15 , 72 =  5 /12 , 73 =  3 /4 ,

C l = 0 , C2 =  -1 7 /6 0 , C3 =  -5 /1 2 ,

“ l  =  Pi =  4 /15 , a 2 = /32 =  1/15, a 3 =  /?3 =  1 /6 ,

3 3

(a i + ^ )  =  J 2  = L
;= i j= i

A t the firs t substep (I =  1), is  ignored and =  u " . The d ive r­

gence-free ve loc ity  com ponents a t tim e  step n +  1 can be obta ined fro m

„ ! ” + -> =  s !5 )- A ( | £  (2 .7)

where </> is the firs t-o rd e r approxim ation  to  the pressure and satisfies the  Poisson 

equation,

62<f> _  1 6u^
6xu8xu A i  8xu

(2.8)

The tim e  step A t is determ ined by the C ourant-F riedrichs-Lew y (C F L ) num ber:

A t  =  L E E ,  (2 .9)
r l m a x

where |A |max is

1* 1- •  <*■«»
1 * /  max

The m axim um  C F L  lim it fo r s ta b ility  is y/Z fo r the th ird -o rd e r R unge -K u tta  

m ethod. A  C F L  num ber o f 1.15 was used in  the 3-D s im ula tions presented in

14
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th is  re p o rt. A t every tim e  step, A t  is adjusted according to  Eq. (2 .9) except when 

flo w  s ta tis tics  were being accum ulated a t w hich tim e  A t  was kep t constant (see 

C hapter 5).

2.5. Initial Condition

For 2-D com putations, the  desired mean ve loc ity  p ro file  U(y) is prescribed a t the  

in le t, and also d is trib u te d  u n ifo rm ly  in  the upper p o rtio n  o f the dom ain along the 

stream wise d ire c tio n . The stream wise ve loc ity  was prescribed to  be zero in  the  low er 

p o rtio n  (between the low er w a ll and the step). The ve rtica l ve lo c ity  com ponent is 

set to  zero over the en tire  dom ain. T h is  in it ia l cond ition , though n o t physica l, does 

sa tis fy  the  g loba l c o n tin u ity  requirem ent. A  m in im um  o f tw o “ flow -th ro u g h ”  tim es 

(2 (Lx —  Li)/Uc where Uc is  the mean convection speed) is usua lly  used to  remove 

the  in it ia l transien ts.

For 3-D sim u la tions, the  in it ia l flow  fie ld  is generated by firs t estab lish ing a cor­

responding 2-D fie ld  fo llo w in g  the  preceding m ethod. The 2-D ve lo c ity  components 

are then dup lica ted  fo r a ll Nz ve rtica l planes in  the com puta tiona l dom ain and a 

random  ve loc ity  p e rtu rb a tio n  is added to  the in it ia l flow . In  cases where a g rid  

refinem ent is desired fo r an existing  3-D flow  fie ld , a ll variables are in te rpo la te d  and 

the  s im u la tion  proceeds fro m  the  new fie ld . In  e ithe r case, a trans ien t pe riod  m ust 

pass th rough  the  dom ain before any flow  s ta tis tics  can be collected.

2.6. Boundary C onditions

A t the  upper boundary o f the  com puta tiona l dom ain, e ithe r a no-slip  o r no­

stress w a ll is considered. W hen a parabo lic p ro file  o r a fu lly  developed tu rb u le n t 

channel mean p ro file  (K im  et al., 1987) is im posed a t the  in le t, no -s lip  boundary 

cond ition  is app lied  a t y — Ly w ith  u =  v = w — 0. A  no-stress w a ll is used w ith  

a fla t-p la te  boundary layer mean p ro file  (S pa la rt, 1988) a t the  in le t. The velocities 

a t the  no-stress w a ll are:

du dw

” = 0 ' (2 -n )
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In  a ll 3-D  com puta tions, the flo w  is assumed to  be s ta tis tic a lly  homogeneous in  

the  spanwise d ire c tio n  where pe riod ic boundary cond itions are used.

D escribed below  is a m ethod o f generating in flo w  “ tu rb u le n t”  flu c tua tion s , u1, 

v1 and w ' . The app lica tio n  o f the  convective ou tflow  boundary con d itio n  w ill also 

be described.

2 .6 .1 . In f lo w  C o n d itio n

The tim e-dependent velocities prescribed a t the  in le t consist o f the  mean, U(y), 

and flu c tu a tio n s , u j(y , z , t ) .  Three d iffe ren t mean ve lo c ity  p ro files are considered: 

pa rabo lic  p ro file , fu lly  developed channel p ro file  from  K im  et al. (1987), and bound­

a ry  laye r p ro file  from  S palart (1988). In  2-D  sim u la tions, these m ean pro files are 

im posed a t the step; in  3-D , the in flo w  conditions axe a t a d istance upstream  from  

the step. T u rbu len t flu c tua tion s , u1, v1 and w',  are also added to  the  channel 

and boundary layer in le t pro files in  3-D sim ula tions. Lee et al. (1992) described 

a m ethod o f generating these in flo w  flu c tu a tio n s  a t the  in le t p lane, x =  0. T h e ir 

m ethod is m od ified  here fo r w all-bounded incom pressible flow s.

2 .6 .1 .1 . M e th o d

F or s im p lic ity , the  forgo ing developm ent on ly  considers the  ca lcu la tions o f the 

stream wise ve loc ity  flu c tu a tio n s  u ' . The a lg o rith m  o f Lee et al. (1992) is  firs t sum­

m arized below.

A t the  dom ain in le t (x =  0), the  energy spectrum  E uu o f the signal u ’ (y, z, t )  

is  prescribed in  term s o f frequency to and tw o transverse wave num bers ky and kz: 

E uu(ky,k z,u ) .  The F ourie r coefficients u (ky, k z, u , t ) o f u' is  re la ted  to  E uu by the 

equation

u ( ky, k z, u , t ) =  [E uu (&j,,fcz,w )p e x p  [iy> (ky, kz, u , t ) ]  , (2.12)

where i  =  y /—l  and ip is the phase angle. The steps in  generating u ' ( y ,z , t )  axe

(a) G iven an energy spectrum  E uu, ca lculate the  m agnitude o f the F ourie r 

coeffic ient \u(ky ,k z,w)\ =  [EUil(ky, k z, u ) ] i .

16
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(b ) C om pute the  Fourie r coefficient u in  Eq. (2.12) using a random  phase 

angle <p a t each frequency u> and wave num ber [ky, &*]. The phase angle 

is  varied w ith  tim e  by an am ount A<p only once over a selected tim e  

in te rv a l Tr . B o th  A  ip and the tim e  w ith in  Tr a t w h ich  <p is changed are 

determ ined random ly. Furtherm ore, |A<£>| is bounded by a prescribed 

value.

(c) The signal u'{y, z , t )  is  fin a lly  com puted by  inverse Fourie r transform s 

in  y- and 2-d irections, fo llow ed by an inverse F ou rie r transfo rm  from  

the  frequency dom ain to.

The inverse F ourie r transfo rm  from  the  frequency (w ) to  tim e  dom ain requires 

a prescribed segment pe riod  Tf. Therefore, a zero random  phase change (A <p =  0) 

w ill re su lt in  a pe riod ic  flu c tu a tio n  signal w ith  a pe riod  Tf. On the  o the r hand, 

a large A  ip destroys the  p e rio d ic ity  bu t causes fu rth e r dev ia tion  from  the ta rge t 

spectrum .

The above procedure is no t re a d ily  app licab le  to  the generation o f in le t tu r ­

bulence fo r the  backw ard-facing step flow  because o f the  inhom ogeneity in  the 

y -d ire c tio n . Presented below are m od ifica tions m ade to  app ly  th is  m ethod to  a 

w a ll-bounded flow .

For channel o r boundary layer flow  at the  in le t, the flu c tu a tio n  signals u1, v1 and 

w1 are generated to  conform  to  the corresponding prescribed turbu lence in tensities, 

u ' \  v12, w '2, and the Reynolds shear stress, u 'v1. A t a specific discrete j  node in  the 

ve rtica l d ire c tio n , the  prescribed stream wise tu rbu lence  in te n s ity  is u whereas the 

ca lcu la ted value, (u ' j ) ,  over a period  Tf is

N z -l Nt-1

(Uf )  =  E  E  j  =  1 , . . .  ,1V,, (2.13)
771=0 1=0

where:

Tf  is the  pe riod  o f the  flu c tu a tio n  signal;

N z, N t  are the num ber o f discrete po in ts in  spanwise d ire c tio n  and in  tim e 

period  Tf, respectively;
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u, u* axe the  Fourie r coefficient o f v! and its  com plex conjugate, respec­

tive ly .

Thus to  enforce Eq. (2.13) a t each ve rtica l lo ca tio n  j ,  the  ve loc ity  flu c tu a tio n s  a t 

in le t are scaled by a fac to r y / f j  where

u f  u f3 _____________3 _
' i  ~  /„ '2r,- =

< « ? )  £ m = o £ / = 0  V / l m /
(2.14)

T h is  in  effect leads to  a devia tion  from  the ta rge t spectrum  E uu(kx , ky1u )  in  the  

ve rtica l d irec tion .

The same procedure is repeated to  com pute v' and w '. However, since u', v ' and 

w' are com puted independently, the  results w ill be a set o f uncorre lated signals, i.e ., 

u 'v ' =  0. Thus, the  calculated flu c tua tion s  conform  to  the turbu lence in tens ities , 

u'2, v12 and w '2, b u t no t to  the Reynolds shear stress, u'v '. The rem edy is to  

ro ta te  the  flow  coordinates [x, y\ to  coincide w ith  the p rin c ip a l coordinates [X , Y ]

where the  corresponding velocities U' and V '  are uncorre lated, i.e ., U 'V '  =  0. The 

flu c tu a tio n  signals are thus calculated in  the  [X ,  F ] coordinates, then are ro ta te d  

back to  the  flow  coordinates. T h is  m ethod is described below.

The ve locities in  the tw o coordinate systems are re lated th rough  the angle o f 

ro ta tio n  8p as fo llow s:

u' — U ' cos6p +  V 's in flj,, (2.15a)

v1 =  — U 1 sin 0p +  V 1 cosdp. (2.15b)

M u ltip ly in g  Eqs. (2.15a) and (2.15b), then averaging gives:

=  ( V 12 -  W 2}  5m ^  +  W V '  cos (2Op) (2.16)

B y se tting  U 'V ’ =  0, fo r U' and V '  are in  the  p rin c ip a l coordinates, Eq. (2.16) 

becomes

7 7  =  ( y ®  -  W 2^  Sm ^ . (2.17)
2
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E quations (2.15a) and (2.15b) also p rovide  a re la tionsh ip  am ong the  turbu lence  

in tensities:

d 2 =  U i2 cos2 6p + W  s in2 0p,

V 2 =  W 2 s in2 Bp + W  cos2 Bp,

or,

— -  u '2 cos2 0V — v12 s in2 6
JJt2 _  ________ E__________£

cos2 6p — sin2 6p '

— -  v '2 cos2 0V — u'2 s in2 6y i  2  ________ p_________ £
cos2 6p — sin2 0p

The angle 0p is  found by com bining Eqs. (2.17) and (2.18):

0p =  -  tan  1
2 u 'v '

,,/2 _  o,/2

(2.18a)

(2.18b)

(2.19)

G iven a set o f u '2, v '2 and u'v', the  angle 6p can be determ ined; the  corresponding 

set o f U'2 and V '2 are then  calcu la ted from  Eq. (2.18).

The steps in  generating in flo w  turbu lence fo r a given set o f tu rbu lence  in tensities 

and R eynolds shear stress are sum m arized below.

O ne-tim e ca lculations:

(A ) A t every j  loca tion , ca lculate the  angle o f ro ta tio n  0p using Eq. (2.19).

(B ) O b ta in  U '2 and V '2 in  p rin c ip a l coordinates using Eq. (2.18).

(C ) C alcu la te the m agnitude o f the  F ourie r coefficients \un>m ;| fro m  the 

energy spectrum  E uu(ky ,k z,u>).

C alcu la tions at every tim e  step:

(D ) A t a random ly assigned in s ta n t, change the phase angle by a

random  am ount Atpn>mj  and app ly  to  \un m ;| to  o b ta in  un m

(E ) Inverse F ourie r transfo rm  in  the  ve rtica l d ire c tio n  to  o b ta in  u-  

C alcu la te Yhi E m  the mean-square ra tio  r y(F )

r,- =
U f

E r 1̂  a a
/ 12m  Uj,m ,lUi

*
j,m ,l
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(G ) Inverse F ou rie r transfo rm  in  kz d irec tion  and sum  over a ll frequencies 

to  o b ta in  U'-k{t).  Scale U j k(t)  w ith  y f f j  to  m atch y j u ' /  from  step

(B ).

(H ) Repeat steps (D ) th rough  (G ) fo r V j k( t)  and in'- k(t).

( I)  R ota te  U j k( t )  and V j k(t)  back to  v , jk( t )  and v'- k( t )  in  the  flow  coor­

d inates using Eq. (2.15).

The procedure described above gives a set o f stochastic signals th a t sa tis fy  

a prescribed set o f second-order s ta tis tics  a t the in le t. The use o f Lee et al.’s 

(1992) procedure ensures th a t the resu lting  signals do n o t con ta in  excessive sm all 

scale m otions w hich w ould  have resulted i f  s im p ly  random  num bers were used to  

generate it ',  v ' and to '. A n  exam ple o f a signal it '( t )  generated by th is  m ethod 

at a selected in le t lo ca tion  is shown in  F ig . 2.4. The R eynolds shear stress and

0.3

0.2

0.1

3
- 0.1

- 0.2

-0.3

20 30 40 50 60
tU o /h

F ig u re  2 .4 . In le t tu rb u le n t signal u '( t) .

tu rbu lence  in te n s ity  pro files from  the  channel s im u la tion  o f K im  et al. (1987) were 

used in  th is  case. The segment period  is Tf =  QAh/Uo (S trouha l num ber based on
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h and Uo is S t f  =  h /(U o T f ) =  0.156) using Nt  =  128 d iscrete in te rva ls  per period 

(tim e  step A  t f  =  0.05h/Z7o). A t any spectra l loca tion , the  random  phase change is 

allow ed o n ly  once over an in te rva l Tr  =  10A t f  =  Q.5h/Uo w ith  — 0.2n <  A <p <  0.27r. 

These prescribed param eters, w hich ensure an aperiod ic s igna l as shown in  F ig . 2.4, 

w ill be used in  subsequent 2-D and 3-D sim ulations (C hapters 3, 4 and 5).

W hen the  tu rb u le n t signals are im posed a t the in le t p lane, the  co m p a tib ility  

cond ition  requ ired  fo r the  so lu tion  o f the  Poisson equation m ust also be considered. 

T h is  cond ition  fo r a Poisson equation w ith  Neum ann boundary cond itions (§2.7) is 

equivalent to  a g loba l mass conservation:

m  =  /  /  u (y, z) dzdy =  I  u ( y , z )  dzdy. (2.20)
J j  inlet J 7  exit

Tw o m ethods are considered to  m a in ta in  a g lobal mass conservation. In  one 

m ethod, the  mass flu x  a t the in le t plane is kept constant, equal to  the  mean flow  

ra te , M ,  from  the mean ve loc ity  p ro file  U(y).  T h is  im plies th a t the  net mass in flo w  

resu ltin g  fro m  the  stream wise fluc tua tions m ust be zero. T h is  is accom plished in  

step (D ) above, se tting  to  zero the  value o f the Fourie r coefficients a t kz =  0 wave 

num ber: u(ky,0 ,u j)  =  0.

The to ta l mass in flo w  can also be allowed to  flu c tu a te  in  tim e , m  =  M  +  m ', 

where the mass flow  flu c tu a tio n  is

m '  =  j  j  u ' (y ,z )  dzdy. (2.21)
Jy Jz

The g loba l c o n tin u ity  cond ition  is then satisfied by ad jus ting  the e x it ve locities, at 

every tim e  step. C alcu la tions o f e x it ve locities are discussed in  §2.6.2.

S im ulations w ith  a variab le  mass flow  ra te  ind ica ted  th a t the flu c tu a tio n  m '  is 

less than  0.1% o f the  mean flow  rate. As a resu lt, neg lig ib le  differences are observed

in  the  s ta tis tic a l quan tities calculated from  these tw o m ethods. A ll 3-D  sim ula tions

in  th is  s tudy m a in ta in  a constant mass flow  rate.

2.6 .1 .2 . Validation

The above m ethod o f generating in flow  turbulence was used to  s im ula te  sp a tia lly  

evo lving p la in  channel flow . The in le t mean ve locity, R eynolds shear stress and
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tu rbu lence  in te n s ity  pro files were obtained from  the  channel s im u la tion  o f K im  et 

al. (1987). The Reynolds num ber was 6600 based on the peak in le t ve loc ity  Uo 

and channel he ight, hc. The firs t and second order s ta tis tics  were collected a t a ll 

po in ts  along the channel. The com parison between the  ca lcu la ted Reynolds stress 

com ponents a t the in le t and the ta rge t p ro files is presented in  F ig . 2.5.

0 0.2 0.4 0.6 0.8 1

y /h

Figure 2.5. V a lid a tio n  o f in flow  turbulence . \ fv P ‘ \ ------  com puted ;

o ta rge t. \Zv ^ : --------  com puted; a ta rge t. V w '2: ..........  com puted;
o ta rge t, u 'v1 x  1 0 :--------- com puted; •  ta rge t.

As expected, the turbulence in tensities and Reynolds shear stress are recovered 

at the in le t. However, the flow  qu ick ly  loses its  s ta tis tic a l characteristics w ith in  the 

firs t few  channel heights from  the in le t. F igure 2.6 shows the m ean ve loc ity  profiles, 

U, fo r the  distance x / h c <  3.0 in  w a ll coordinates. The p ro file  fo llow s the log-law  

a t the in le t, b u t deviates upw ard from  the log-law  downstream . The rise above the 

log-law  ind icates a drop in  the w a ll shear ve locity, u T. The evo lu tion  o f the  fric tio n  

coefficient C f  w ith  the streamwise distance is p lo tte d  in  F ig . 2.7. From  the  in le t 

value o f 6 x  10-3 , the fric tio n  coefficient loses approxim ate ly 33% o f its  channel flow
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F ig u re  2 .6 .  N ear-w all mean ve loc ity  p ro files; tu rb u le n t channel flow .
 u + =  y + ■ u+  =  ^ - lo g y + + 5 .5 ; •  x / h c =  0 (in le t); o x / h c =  1.0;
□ x / h c =  2.0; a x / h c =  3.0.
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F ig u re  2 .7 . Developm ent o f m ean fric tio n  coefficient; tu rb u le n t channel 
f lo w .  com puted C f \   ta rge t C f.
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value w ith in  the  firs t 3hc. T h is in it ia l tra n s itio n  and apparent la m in a riza tio n  is due 

to  the unphysica l in le t turbu lence w hich is a resu lt o f the  random ized phase angles. 

The tu rb u le n t characteristics are, however, recovered slow ly dow nstream  and the  

C f  stays w ith in  5% o f the ta rge t value as x  >  14hc.

The dom ain size used in  the above test was 20hc x  hc x  5hc in  x-, y-  and 

2-d irections, respectively. The corresponding g rid  was 256 x  40 x  64. To assure 

th a t the observed behavior is no t a resu lt o f g rid  reso lu tion  o r dom ain size, several 

sim u la tions w ith  varying  stream wise and spanwise dim ensions as w e ll as g rid  spacing 

were perform ed. The results ind ica te  th a t, a lthough the  recovering d istance is 

som ewhat reduced (<  10%) w ith  h ighe r reso lu tion , a substan tia l tra n s itio n  leng th  

is unavoidable.

The channel sim ulations dem onstrate th a t, a lthough the  tu rb u le n t signa l gen­

erated by the present m ethod has the correct firs t and second order flo w  s ta tis tics , 

its  tu rb u le n t structu res are m issing. The test also provides in fo rm a tio n  on the  nec­

essary developm ent leng th  to  recover the  ta rg e t flow . In  the  3-D  sim u la tions o f the  

backw ard-facing step flow , a tra n s itio n  distance o f lO /i is used. T h is  in le t section 

le n g th  w ith  a fin e  stream wise g rid  spacing brings the  flow  s ta tis tics  to  less th a n  6% 

o f the ta rge t values a fte r approxim ate ly  7 step heights (C hap te r 5).

2.6 .2 . Outflow Condition

Several e x it boundary conditions applied to  an unsteady separated boundary 

laye r were tested by Pauley et al. (1988). For unsteady problem s, the  convective 

boundary cond ition  was best su ited fo r m oving structures ou t o f the  com pu ta tiona l 

dom ain. The convective boundary co n d itio n  was used by Low ery &  R eynolds (1986) 

in  num erica l s im ulations o f sp a tia lly  evo lving m ix in g  layers. The tim e-dependent 

co n d itio n  o f any ve loc ity  com ponent u i a t the e x it plane (x  =  L x) is  taken as

dll: dll;

w + u ° - £ = 0’ <2 -22>

where Uc is the  convection ve locity. Pauley et al. (1988) showed th a t the inc lus ion  o f 

one o r more viscous term s in  Eq. (2.22) leads to  in s ta b ility . In  th is  w ork, Eq. (2.22)
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is  used, b u t tests were conducted to  determ ine the proper selection o f the  convection 

ve lo c ity  Uc-

A p p lica tio n  o f Eq. (2.22) to  the  stream wise ve loc ity  a t the  e x it (see F ig . 2.8) 

leads to

=  UN x + l j ,k  ~  { UNx+hj,k ~  UNx-^ , j ,k )  ’ (2 -23)

where, a firs t-o rd e r backw ard difference approxim ation  o f d /d x  is  em ployed.

U fj l • ) v uNx+^, j

Nx, j+ i

Nx,j—\

F ig u re  2 .8 . Cells adjacent to  the  flow  e x it.

H an et al. (1983) proposed a s im ila r boundary co n d itio n  fo r la m in a r wakes 

using the  instantaneous loca l speed as the  convection speed. In  th e ir fo rm a tio n , 

the  ve loc ity  Uc was the  stream wise ex it ve loc ity  at the cu rren t tim e  step w hich 

varies w ith  y. T h is  fo rm u la tio n  m ay v io la te  the  co m p a tib ility  co n d itio n  (Eq. (2.20)) 

discussed in  §2.6.1. A  Uc w h ich  is a fu n c tio n  o f space does no t guarantee the 

balance between the  mass in flo w  and ou tflow  a t each tim e  step. T h is  d iffic u lty  can 

be avoided, fo r exam ple, by m u ltip ly in g  the  stream wise e x it ve locities by the mass 

ra tio  r h /m e, where the e x it mass flo w  ra te  is

j = i  k= i
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and m  is the  in le t mass flow  ra te . Th is approach w orks w e ll i f  |m  — m e| is sm all. 

Tests showed th a t the mass flow  im balance m ay grow  unbounded, and leads to  nu­

m erica l in s ta b ility  i f  the  convective speed becomes negative; th is  was also observed 

by Han et al. (1983). Thus, i f  the  instantaneous ve lo c ity  u " . is negative, 

the  convective speed is set to  zero. The mass flow  difference, |m  — m e |, w ith  th is  

approach is m a in ta ined  w ith in  0.02%.

A  s im p le r m ethod to  m a in ta in  a g lobal mass conservation is to  use a constant 

mean e x it ve loc ity  as the  convection speed. Tests w ith  b o th  variab le  and constant 

Uc showed neg lig ib le  differences in  the s ta tis tic a l results. T h is  w ill be shown in  

the  p re lim in a ry  3-D  sim ula tions (§4.2). A  constant Uc was used in  a ll sim ulations 

presented in  th is  re p o rt.

Besides sa tis fy ing  the  g lobal conservation o f mass, the  upstream  influence o f 

the  convective boundary cond ition  was also stud ied in  2-D  sim u la tions o f unsteady 

flows. These sim u la tions are reported in  C hapter 3. The e x it boundary cond ition  

causes some d is to rtio n  o f structu res convecting ou t o f the  com puta tiona l dom ain; 

b u t the m ost severe d is to rtio n  is contained w ith in  one step he ight upstream  from  

the  e x it.

N um erica l errors due to  the  convective boundary con d itio n  are also apparent in

2-D steady flow s (P au ley et al., 1988), o r in  tim e-averaged flow  fie lds o f unsteady

flow s (2-D  o r 3 -D ). In  such cases, the tim e  deriva tive , d /d t ,  vanishes. E quation

(2.22), app lied  to  the  tim e-averaged stream wise ve loc ity  U, becomes

dU_ 
dx

I t  fo llow s fro m  the  co n tin u ity  equation th a t d V /d y  is also zero, w hich im plies, 

VN tJ + 1 =  VNx i =  0 fo r a ll j  =  1 , . . . ,  N y.

T h is  is shown in  F ig . 2.9 fo r 3-D  sim ulations where the  tim e-averaged ve loc ity  

com ponent V  is  forced to  zero a t a ll ve rtica l e x it locations a lthough  sm all ve rtica l 

m otions are s t ill expected (C hapter 5). E xam in ing a ll s ta tis tic a l quan tities from  3- 

D  sim u la tions ind ica te  th a t the  e x it convective boundary con d itio n  can have some
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0.025

^  -0.025

-0.05

-0.075
0 5 10 15 20

x /h

F ig u re  2 .9 . T im e-averaged ve loc ity  V  as a fu n c tio n  o f stream wise distance.
  y /h  =  0 .1 ; y /h  =  1 .0 ;........ y / h  -  1.5.

adverse effect on the  results a t locations several step heights upstream , b u t the  m ost 

severe effects are w ith in  one step he ight from  the  exit.

In  2-D  backw ard-facing step s im ulations, th is  cond ition  forced the e x it stream ­

lines to  be p a ra lle l to  the  z-axis. T h is  is seen in  the  stream lines o f steady flows w ith  

pa rabo lic  pro files a t the entrance in  the  Reynolds num ber range 500 <  Re* <  2000 

(see §3.1), where a to p -w a ll separation bubble is located near o r a t th e  e x it. A ll 

stream lines are p a ra lle l to  the  h o rizon ta l axis even though stream line curvatures are 

expected near the  bubble. The convective boundary cond ition  therefore m ust be 

app lied su ffic ie n tly  fa r from  any loca tion  w ith  stream line curvatures, e.g., separation 

bubbles.

2 .7 . S o lu tio n  to  P o isso n  E q u a tio n

2 .7 .1 . F o rm u la tio n  o f  E q u a tio n  a n d  B o u n d a ry  C o n d itio n

The discrete Poisson equation (Eq. (2 .8)) applied to  an in te rio r ce ll [ i , j ,  k] is

S2 62 S2 \ a 1 /  6 .  6 „  8 .

8x2 +  8y2 6z2)  ~  A t  \ 8 x U +  6 y V +  6zW i,j,k

27
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=  Qi,j,k, (2.24)

1 =  1, —  , N X, j  =  1,• • • , Ny, k =  l , . . . , N x.

K im  &  M o in  (1985) showed th a t the set o f equations aris ing  from  enforcing the  

co n tin u ity  equation  in  the  fra c tio n a l step m ethod is equivalent to  a Poisson equation  

w ith  Neum ann boundary conditions. The c o m p a tib ility  cond ition , o r so lva b ility , o f 

the  Neum ann prob lem  is

[  Q dxdydz  =  [  |^ d T ,  (2 .25)
Jn Jt °n

where f t  and T denote the dom ain volum e and its  boundary surface, respective ly; 

and 8 /8 n  is the  g rad ien t norm al to  T. T he co m p a tib ility  cond ition  is sa tisfied  o n ly  

i f  the g loba l c o n tin u ity  is preserved, i.e . a zero net mass flu x .

The boundary cond ition  on 8(f>/8u. a t each in d iv id u a l boundary node can be 

selected a rb itra r ily  as along as the g loba l c o n tin u ity  is m ain ta ined . In  the cu rren t 

study, 6<j>/8n  is selected to  be zero a t b o th  x  and y boundaries. I t  should be 

noted here th a t, by selecting 6<j>l8n =  0, the no-s lip  cond ition  also requires a zero 

boundary co n d itio n  on u and t), i.e ., v =  0 a t the lower w a ll, and u =  0 at th e  step 

ve rtica l w a ll ( x / h  =  0, 0 <  y /h  <  1.0).

2.7.2. Solution  on a Rectangular D om ain U sing Fourier Transform

A  F ourie r m ethod fo r the  so lu tion  o f the Poisson equation was developed by  

H ockney (1965) and D oor (1970) to  solve Eq. (2.24) d ire c tly  on a rectangu la r do­

m ain . D oor (1973) also in troduced  a d ire c t a lg o rith m  specifica lly fo r the so lu tio n  

o f the Poisson equation w ith  Neum ann cond itions on a staggered g rid . The basic 

so lu tion  scheme used in  the cu rren t s im ula tions was developed by K im  &  M o in

(1985) w h ich  is a m od ifica tio n  o f an a lg o rith m  by Schumann &  Sweet (1988). T h is  

m ethod com bines discrete Fourie r transfo rm  (Hockney, 1965) w ith  the  staggered 

g rid  (D oor, 1973). A  b rie f sum m ary is presented here.

The centra l-d iffe rence approxim ation  o f the  Laplace opera to r in  Eq. (2.24) using 

a 3 -p o in t s tenc il produces an (N xN yN z) x  (N xN yN z) b lock trid ia g o n a l m a trix . The
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F ou rie r m ethod uncouples the  stream wise and spanwise d irections and reduces th is  

m a trix  to  a set o f N XN Z independent trid ia g o n a l m atrices o f size N y x  N y. A  fu ll 

F ou rie r trans fo rm  is applicab le in  the  ^-d ire c tio n  fo r its  pe riod ic  boundary co n d itio n  

and u n ifo rm  g rid  spacing. In  the  ^-d ire c tio n , a half-range F ourie r expansion using 

o n ly  cosine functions is su itab le . The orthogonal p rope rty  o f cosine and exponentia l 

functions in  the  F ourie r expansion reduces Eq. (2.24) to  a set o f H e lm ho ltz  equations 

in  F ourie r space:

I -  0 , . . . , N x - 1 ,  m  =

k', and k ' are the m od ified  wave num bers defined as:

k ' —
h  ~  A x 2

k1 -  2
m ~  A z 2

cos
/  2 n m \

\ W J .

N ,
’ 2 ’ 
(2.26)

(2.27a)

(2.27b)

Q l,j,m  is the  Fourie r coefficient o f Q i,j,k  at  wave num ber [/, m] defined as: 

Q l,j,m  =  AT AT ^ 2  ^ ^ Q i , j , k  COS
>=1 k=l N t

exp
.271-m

- i- ^ ( k  -  ^)
N z

(2.28)

N  N
I =  0 , . . .  , N X — 1, m  =  ~ f + 1 , . . . , - ^ ,

where i is V —1. The F ourie r coefficient o f the so lu tion , ^  ■ m, is s im ila rly  defined.

E qua tion  (2.26) becomes a lin e a r system  o f equations in  y  fo r each set o f wave

num ber [I, m ],

=  Qj.ro, / =  0 , . . . ,  IV* - 1 ,  m  = - ^ +  1 , . . . ,  ^ . (2.29)

m is an N y x  N y trid ia g o n a l m a trix  o f the fo rm

C f > ] ,  (2.30)

where A * f  \  and are the  coefficients derived fo r the  Laplace ope ra to r 62/6 y 2 

a t the  pressure node p o in t j  (see A ppend ix  B ). The so lu tion  vector < l/iTO is solved at
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each wave num ber [Z, m ] by inversion o f m and the  fin a l so lu tion  $ i j tk obta ined 

by  inverse Fourie r transform s. A  special trea tm en t o f Eq. (2.29) is necessary when 

k'i =  k'm =  0, because M 0 0 is singu la r.

2 .7 .3 . S o lu tio n  o n  a 2 -D  L -S h a p e  D o m a in

In  th is  section, the  d ire c t so lu tion  m ethod fo r the Poisson equation w ith  Neu­

m ann boundary cond itions in  the  backw ard-facing step geom etry is described. Sev­

e ra l m ethods have been proposed fo r the so lu tion  o f the  Poisson and H elm holtz 

equations in  dom ains consisting o f connected rectangles. H ockney (1970), Buzbee et 

al. (1970, 1971), and D ry ja  (1978) a ll presented d iffe ren t va ria tions o f a tw o -ite ra tio n  

technique called the  capacitance m atr ix  m ethod. These a lgo rithm s, however, were 

derived p rim a rily  fo r problem s w ith  D iric h le t boundary cond itions. P roskurow ski 

k  W id lu n d  (1976), and la te r, Schumann k  Benner (1982) app lied  the  capacitance 

m a trix  m ethod to  Neum ann problem s. The capacitance m a trix  m ethod presented 

in  th is  section fo llow s th a t o f Schum ann k  Benner (1982), b u t is ta ilo re d  to  the 

specific con figu ra tio n  and boundary conditions o f the  backw ard-facing step. A lso 

fo r s im p lic ity , the  de riva tion  below  focuses on a 2-D  dom ain w ith  th e  governing 

equation,

2 .7 .3 .1 . C o n c e p t

F igure  2.10 shows a rectangu la r dom ain Cl th a t covers b o th  the  flow  fie ld  and 

th e  step corner. The boundary o f th is  region is dCl. The flow  reg ion and the  so lid  

corner share the com m on boundary T w hich consists o f a ve rtica l section T v 

and a ho rizo n ta l section r h. The Poisson equation (2.31) is o n ly  solved on the 

en tire  rectangu la r dom ain, Cl. D ifficu ltie s  arise when the  no-s lip  ve lo c ity  co nd ition  

is enforced a t the step boundary T, i.e ., v =  0 on Th and u =  0 on T v. T h is is 

shown by exam ining the cells adjacent to  T in  F ig . 2.11. Since the  trea tm en t o f the
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dQ,

F ig u re  2 .1 0 . F low  dom ain w ith  so lid  corner.

r  =  r,

r  =  r v

■  1  
§  
*

+
<f>t+

f  m\  H
dt  =  u

F ig u re  2 .1 1 . Cells adjacent to  step boundary.

velocities is the  same fo r v on as fo r u on Tv, the fo llow ing  com m on nom enclature 

is used in  the  subsequent developm ent.

i? V e lo c ity  com ponent on the  step boundary T: =  u on T v and i9 =  v

o n r b.

rj S pa tia l coordinates norm a l to  T: rj =  x  on  Tv and r\ =  y on r h).

S(j>/8i] G rad ien t o f norm a l to  T: 6<j>/8rj =  6<f>/6x on Tv and 8^>j8r\ =

8<f>/6y on I \ .

N c T o ta l num bers o f po in ts  on T.
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£+ , i~  Index denoting cells adjacent to  T a t loca tion  I  {£ =  1 , . . . ,  N c). £ *  

designates cells in  the flow  region; £~ designates cells in  the  solid 

corner.

The ve loc ity  at the step boundary is

de =  d£ - A t ^ -  .
or) t

£ =  1 , . . .  ,N C, are set to  zero which are the u and v boundary conditions in  

the in term ediate frac tiona l steps (see §2.7.1). The so lu tion  (j>, obta ined by solving 

the Poisson equation over the entire  dom ain f l ,  does no t guarantee zero gradients 

across T (d<f>/dr) ^  0). Therefore,

t i,  =  - A t 84 -  ^ 0 ,  £ =  1 , . . . , N C. (2.33)
^  i

which violates the no-slip  cond ition  on I \

In  the capacitance m a trix  m ethod, the Poisson equation is solved tw ice. The 

fin a l so lu tion  is the superposition o f the solutions fro m  these tw o passes. Th is 

superposition m ethod takes advantage o f the linear p rope rty  o f the Laplace operator: 

i f  <f>W and <j>^ are solutions o f Eq. (2.31), then ^ final =  <f>  ̂+  is also a solution. 

The two-pass procedure is shown schematically in  F ig . 2.12 and ou tlined  below.

( I)  In  the f irs t pass, Eq. (2.31) is solved w ith  (£ =  1 , . . . , JVC) pre­

scribed to  be zero (boundary conditions on u  and v, §2.7.1). Non-zero 

gradients 8(j>^ fSr) across T are obtained, and the no-slip  cond ition  on 

r  w il l  no t be satisfied,

W  =  - A t  .
1 or)

^ 0 ,  £ = l , . . . , N e. (2.34)

( I I )  In  the  second pass, a new set o f non-zero {£ =  1 , . . . ,  N c) is

calculated. The Poisson equation is then solved w ith  on ly  placed 

on T  and zero elsewhere. The non-zero set is obta ined such tha t, 

the  superposition o f the firs t and second pass velocities results in  a 

zero w a ll ve locity:

^final =  ^(1) +  0(11) =  0j e =  l t . . . , N e.
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(a) S t®
~  d {P  =  - A t  — -  
2? 6r)

(b )

?!

>«8P — 0—
nr"" :c ■""1c
_

%WM.
> r - >

■̂

■ # { ?

, or]

<^+ — <^+ +  ^

(c)
ifinal _  j j ( I )  _j_ ^(11) _ 0

F ig u re  2 .1 2 . Superposition o f tw o Poisson solutions, (a) F irs t pass ( I)  
w ith  •$£ =  0. (b ) Second pass ( I I )  w ith  ^  0. (c) F ina l solution.

Section 2.7.3.2 discusses the procedure to  obta in  fo r the  second 

pass based on the error in  Eq. (2.34).

2 .7 .3 .2 . C a p a c ita n c e  M a t r ix

I t  is desired to  calculate the set o f non-zero t? ®  fo r the second pass, given the 

e rro r on obtained from  the firs t pass (Eq. (2.34)). Th is  section describes the
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so-called capacitance m a trix  w h ich relates to . The velocities calculated 

from  the tw o passes axe

A t ^
Sr)

(2.35a)

(2.35b)

A  superposition o f the tw o solutions in  Eqs. (2.35a) and (2.35b) gives

+  i9̂ n) =  - A t Scf,®
Sr)

+  ^ n ) - A  t
S ^ 11)

Sr)
(2.36)

To satisfy the no-slip condition , the  righ t-hand side o f Eq. (2.36) is set to  zero,

- A t
6r)

+  * P - A  t
S<t>( n)

Sr)
=  0 .

E quation (2.37) is rearranged and discretized to  yield

A ^ - A 7 ) t^  =  - A ^ \
d

(2.37)

(2.38)

where A <f>t  =  <j>£+ — and A r){  is the  distance across T between the tw o cell centers 

(see Fig. 2.11).

A p f 1'1 in  Eq. (2.38) is the so lu tion  o f the Poisson equation w ith  (£ =

1 , . . . ,  N c) on r ,  and zero elsewhere. Using the  Green’s func tion , G (r), fo r the 

Neumann problem  (H ildebrand, 1976 and Proskurowski Si W id lund , 1976), A ^ (n ) 

can be expressed in  terms o f ??(11):

A<£(n) =  j  G { T ) d ^ d T ,

or, in  fin ite  difference form :

Nc

A $ 1] =  ' £ G i J in1\  £ =  ,N C. (2.39)
7 1 = 1

The discrete Green’s functions Gi n , n  =  1 , . . . ,  N c, is the Poisson solu tion, A<f>, at 

location  n  on T  i f  a value d =  1 is placed a t location  t  only, and zero elsewhere. 

The detailed procedure to  calculate Gl  n fo r a ll £’s is presented in  A ppend ix  C.
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S ubstitu ting  Eq. (2.39) in to  Eq. (2.38) yields a m a tr ix  equation:

C r W  =  [G  +  d] r<n) =  - A * ® ,  (2.40)

where:

is the error vector o f length N c: A t jfp , i  =  1 , . . . ,  N c, calculated 

from  the f irs t pass; 

r^11) is the desired so lu tion  vector f l f ^ / A t ,  £ =  1 , . . . , N c]

d is an N c x  N c diagonal m a tr ix  w ith  elements —Ar/e, 1 = 1 , . . . ,  N c]

G  is an N c x  N c m a tr ix , elements o f which are the discrete Green’s

functions Gt  n, Z, n  =  1 , . . . ,  N c.

The combined N c x N c m a tr ix  C  =  G  +  d is called the capacitance 

m atrix.

Since the capacitance m a tr ix  requires solving the Poisson equation N c times, the 

com putational cost o f C  is substantia l w ith  a large N c. However, C  on ly  needs to 

be calculated and stored once because elements o f C  depend on ly  on the  geometry 

and mesh spacing o f the domain.

2.7.4. Solution on a 3-D  L-Shape D om ain

In  3-D sim ulations, the com putational cost to  calculate C  is g rea tly  reduced by 

talcing advantage o f the Fourier transfo rm  method. The Poisson equation (2.24) is 

f irs t Fourier transform ed in  the 2-d irection  leading to  a H e lm holtz  equation in  the 

x -y  plane,

/  S2 82 . \  -

V&r2 +  Jy2 ~  k m J fo j,™  (2-41)

i  =  l , . . . , J V * ,  j  =  l , . . . , N y , 771 =  0 , . . . , ^ ,

where m  is the Fourier wave num ber. The system now has a set o f N z/2  +  1 

independent capacitance matrices, C m, each corresponding to  one wave number. 

A t each wave num ber m  the fo rm u la tion  o f C m is th a t o f a 2-D prob lem  presented 

in  §2.7.3. Each C 77J is an JVq x  IV^ m a tr ix  w ith  real elements. In  a 2-D domain, the
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capacitance m a tr ix  is always singular due to  the Neum ann boundary condition . In  

a 3-D domain, C m is non-singu lar i f  m  ^  0. A t the zeroeth wave num ber, k'm =  0, 

the H elm holtz equation (2.41) becomes a 2-D Poisson equation, and Co is a singular 

m a trix .
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Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Chapter 3 
TWO-DIMENSIONAL SIMULATIONS

A lthough  3-D s im u la tion  o f a tu rbu len t flow  over a backward-facing step is 

the focus o f the  curren t research, 2-D com putations can provide some ins ight in to  

the characteristics o f the flow  reattachm ent, and establish grid-selection guidelines 

fo r the 3-D sim ulations. The flow  response to  steady in le t ve loc ity  profiles are 

discussed in  §3.1. The flow  response to  an in le t ve loc ity  pro file  w ith  superimposed 

fluctua tions are reported in  §3.2. Studies o f flow  sens itiv ity  to  g rid  refinement are 

described in  §3.3. The 2-D sim ulations were also used to  s tudy the effect o f the 

convective boundary cond ition  at the exit; the results o f w h ich  are presented in  

§3.4. F ina lly , the  mechanics o f the unsteady reattachm ent axe discussed in  §3.5. In  

the 2-D sim ulations presented, the in flow  boundary was located at the  step, and an 

expansion ra tio  o f 2.0 was used. The Reynolds num ber is based on the step height h 

and the m axim um  mean in le t ve loc ity  Uq. The boundary conditions were e ither no­

slip  (parabolic and channel in le t profiles) o r no-stress (boundary layer in le t pro file ) 

a t the top  w a ll, and convective at the exit.

3.1. Tw o-D im ensional Sim ulations w ith  S teady Inflow

The behavior o f the reattachm ent length as a func tion  o f Reynolds num ber 

was established using a series o f 2-D sim ulations. B o th  steady and unsteady flow  

responses are observed.

3.1.1. Low R eynolds Num bers: Steady Flow R esponses

A t low  Reynolds numbers, an unperturbed in le t ve loc ity  pro file  results in  a 

steady flow  response. A  series o f s im ulations were conducted using flow  conditions 

from  A rm a ly  et al. (1983): parabolic ve loc ity  pro file  a t the in le t and expansion 

ra tio  E R  =  2.0. The reattachm ent length, X T, as a func tion  o f Reynolds num ber, is 

compared to  the  da ta  o f A rm a ly  et a l  (1983) in  F ig . 3.1. ( I t  should be noted th a t
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A rm a ly  et al. (1983) used a Reynolds num ber based on 2h and the averaged in le t 

ve locity, |[7o which corresponds to  T h e ir data was rescaled fo r th is  p lo t.)

17.5

12.5

7.5

2.5

0 500 1000 1500 2000
R th  =  Uoh/u

F ig u re  3 .1 . Reattachment length as a func tion  o f Reynolds num ber w ith  
lam ina r in le t flow: comparison between A rm a ly  et al. (1983) and 2-D sim ­
ulations. a A rm a ly  et al. (1983); o 2-D  com putation.

As expected the com putational results are identica l to  those o f K im  &  M o in  

(1985). The calculated X r ’s in  Fig. 3.1 are in  good agreement w ith  experim enta l 

da ta  on ly  up to  Re^ w 400. Beyond th is  po in t, the calculated reattachm ent lengths 

deviate from  the experimental values. As in  the study o f K im  &  M o in  (1985),
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vary ing  the streamwise dom ain length, CFL  num ber fo r tim e  advancement, o r g rid  

spacing d id  no t reduce th is  difference.

Typ ica l streamlines o f the steady flows are shown in  F ig. 3.2. Table 3.1 lists 

com puta tiona l parameters fo r a ll sim ulations w ith  an in le t parabolic ve loc ity  profile .

(a)

(b)

(c)

0 20 h

r F -  ------------

0 20h

0 20 h

F ig u re  3 .2 . Stream line contours o f steady backward-facing step flows, 
parabolic in le t profile, (a) Reh =  100; (b) Reh =  500; (c) Reh =  1000.

A t  Ref,. ~  300, a separation bubble a t the no-step w all is observed. Th is  bubble 

grows in  leng th  and moves downstream as Re/, and the corresponding step-side 

reattachm ent length  increase (F ig. 3.2(b) and 3.2(c)); th is  observation was also 

reported by A rm a ly  et al. (1983) and K im  &  M o in  (1985). As the Reynolds num ber 

increases to  about 1000, a sm all secondary vortex at the step corner becomes visible. 

These well known secondary corner bubbles are perhaps too sm all ( «  0.2h) to  

measure and were not observed by A rm a ly  et al. (1983).

Above Reh «  600, the top w a ll separation bubble moves across the ex it plane 

(F ig . 3.2(c)) creating reverse flow  a t the  exit. Furtherm ore, as discussed in  §2.6.2, 

the  convective outflow  boundary cond ition  is not applicable near a separation bub­

ble. Thus, the va lid ity  o f the results in  th is region is questionable, p a rticu la r ly
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2-D sim ulations a t low Reynolds num ber w ith  parabo lic  in le t

Case Reh G rid Lx X r

1 100 128 x 64 20A 3.98 h

2 200 128 x  64 20 h 6.60 h

3 300 128 x  64 20 h 8.69h

4 400 128 x  64 20 h 10.16/i

5 500 192 x  96 20 h 11.05/i

6 600 192 x  96 20 h 12.02/i

7 700 192 x  96 20 h 12.85/i

8 800 192 x  96 20 h 13.69/i

9 900 192 x  96 20 h 14.40/i

10 1000 256 x  128 20 h 15.18/i

11 1250 384 x  128 20 h 16.42/i

12 1500 400 x  128 20 h 17.37/i

13 2000 766 x  192 30 h 18.76/i

in  cases where the reattachm ent loca tion  is on ly a few step heights from  the ex it 

( Reh >  1250). Case 12 w ith  Reh =  1500 was recomputed w ith  a longer streamwise 

dom ain (L x =  40/i). The resu lting  reattachment length was increased to  18.42/i. 

However, at x /h  =  40, there is s t il l a sm all amount o f reverse flow  very close to  the 

top  wall.

A nother s im ulation at Reh =  1500 was also conducted w ith  an in le t section o f 

10h whereas the post-expansion length remains at 20h. The reattachm ent length

40
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in  th is  case is 18.63ft w h ich indicates th a t the in le t section has some influence on 

the down stream  development.

For comparison, 2-D  sim ulations were carried out w ith  the in le t mean ve locity  

p ro file  o f fu lly-developed tu rbu len t channel o f K im  et al. (1987). T h is  pro file  was 

a result o f th e ir  channel flow  s im ulation at Re =  3300 based on the channel h a lf­

height. Table 3.2 shows the parameters o f these sim ulations. The dependency

T a b le  3 .2 . 2-D sim ulations at low  Reynolds num ber w ith  mean channel 
p ro file  a t in le t

Case Reh G rid L x X T

1 300 128 x  64 20ft 7.38 ft

2 600 192 x  96 20 ft 10.05ft

3 900 192 x  96 20ft 11.60ft

4 1500 400 x  128 20ft 14.41ft

o f X T on Re/, is s im ila r to  th a t o f parabolic profiles. However, a t comparable 

Reynolds numbers, flows w ith  a mean tu rbu len t p ro file  a t in le t consistently possess 

shorter reattachm ent lengths than  w ith  the parabolic p ro file . On the o ther hand, 

the secondary corner vortex is larger (0.54ft fo r Re/, =  1500). K a ik ts is  et al. (1991) 

also found th a t a fu lle r in le t p ro file  results in  a shorter reattachm ent length.

3 .1 .2 . H ig h  R e y n o ld s  N u m b e rs : U n s te a d y  F lo w  R esponses

W hen the  Reynolds num ber is sufficiently h igh, the flow  becomes unsteady 

and osc illa to ry  even i f  the  in le t velocity profile  remains unpertu rbed. The c r it i­

cal Reynolds number, R ec, a t which the flow over a backward-facing step begins 

exh ib iting  th is  unsteady behavior depends on the in le t p ro file . Tests using bo th  

parabolic and fu lly-developed tu rbu len t channel profiles (K im  et al., 1987) show 

th a t a steeper ve loc ity  gradient at separation causes the flow  to  become oscilla tory
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at a lower Rec. For the mean tu rbu len t channel p ro file  a t the  in le t, Rec is found to  

be close to  2000, whereas the flow  remains steady w ith  a parabo lic  pro file  at th is  

Reynolds num ber (Table 3.1).

The focus o f th is  section is not to  iden tify  a specific Rec fo r each profile , bu t 

to  investigate the osc illa to ry  nature o f the flow  once i t  becomes unsteady. The 2-D 

s im ula tion  conducted fo r th is  purpose was at Reh =  3000 using a fu lly-developed 

tu rb u le n t channel p ro file  at the in le t. The tim e  h is to ry  o f the  streamwise ve locity 

component a t a po in t near the bo ttom  wall (x /h  =  5.0, y /h  =  0.01) fo r th is  case is 

shown in  F ig . 3.3. A  quasi-periodic response o f  the flow  is c learly discernible w ith  

a period o f approxim ate ly  T  «  12h/Uo.

0.3

0.2

£  °‘1

3

- 0.1

- 0.2

300 320 400340 360 380

tU o /h

F ig u re  3 .3 . T im e h is to ry  o f streamwise ve locity component a t x /h  =  5.0, 
y /h  =  0.01; Reh =  3000, steady tu rbu len t channel in le t profile .

However, the tim e  oscilla tion  o f the flow  response could be an a rtifa c t o f insuffi­

cient spatia l resolution. Th is  is illu s tra ted  by sim ulations at Reh =  1500 using tw o 

different g r id  resolutions: 128 x  32 and 400 x  128. W ith  400 x  128 com puta tiona l 

cells, the flow  at Reh =  1500 has a steady response. W hen the g rid  is reduced to

42

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Chapter 3 TW O-DIMENSIONAL SIM ULATIO NS

128 x 32, the flow  does exh ib it an oscilla tory behavior. Th is is shown in  a tim e  

h is to ry  p lo t o f the  streamwise ve loc ity  at x /h  =  5.0, y /h  =  0.01 in  F ig . 3.4. The 

p e rio d ic ity  is no t sharp ly defined, b u t a dom inant frequency s im ila r to  th a t seen 

in  Fig. 3.3 is discernible. Recent w ork by Gresho et al. (1993) have independently 

shown th a t insuffic ient resolution w il l  result in  an unsteady num erical solutions in  

backward-facing step simulations.

0.3

0.2

0.1

0

- 0.1

- 0.2

1700 1720 1740 1760 1780 1800

iU o /h

F ig u re  3 .4 . T im e h is to ry  o f streamwise velocity component at x /h  =  5.0, 
y /h  =  0.01; Re^ =  1500, steady tu rbu len t channel in le t p rofile  w ith  coarse 
g rid  (128 x  32).

To ensure th a t the oscilla tory behavior in  F ig. 3.3 was no t induced by a coarse 

reso lution, several sim ulations were perform ed fo r the case o f Reh =  3000 w ith  

increasing g r id  po ints in  bo th  directions. These sim ulations are tabu la ted  in  Ta­

ble 3.3. F igure  3.5 compares the tim e  h is to ry  p lo ts o f the streamwise ve loc ity  at the 

same loca tion  fo r 320 x  128 and 640 x  192 grids. A lthough there are sh ifts in  the 

num erica l results among these sim ulations (possibly due to  the presence o f sm all 

superimposed chaotic behavior), the period ic (tw o-torus) behavior, especially the
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T a b le  3 .3 . Sensitiv ity o f osc illa tion  to  g rid  refinement: R e =  3000, steady 
tu rbu len t channel in le t profile.

Case G rid A  x /h A j/m in /^

1 320 x  128 0.06250 0.006674

2 320 x  256 0.06250 0.003282

3 640 x  128 0.03125 0.006674

4 640 x  192 0.03125 0.004401

0.3

0.2

0.1

0

- 0.1

- 0.2

300 320 380340 360 400

tU 0/h

F ig u re  3 .5 . T im e h is to ry  o f streamwise velocity component at x /h  =  5.0,
y /h  =  0.01; Re^ =  3000, steady tu rbu len t channel in le t profile . -------  ,
640 x  192;------  320 x  128.

frequency, is essentially unchanged im p ly in g  th a t the unsteadiness is n o t a resu lt o f 

g r id  resolution. However, the s light increase o f regu la rity  in  the h igher reso lu tion  

calcu lation m ay be an ind ica tion  o f period ic (or even fixed p o in t) behavior w ith  

fu rth e r refinements. Thus, add itiona l g rid  refinements m ay prove to  be ins truc tive .
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The quasi-periodic response is a resu lt o f vortex shedding a t the  separation 

po in t. The instantaneous stream line contours fo r the  Re* =  3000 case are shown 

in  F ig. 3.6 illu s tra tin g  the movement o f the  vortices, bo th  at the b o tto m  and a t the 

top  walls. The mechanics o f th is  vortex shedding and how i t  affects the unsteady 

reattachm ent w ill be discussed in  deta il in  §3.5.

F ig u re  3 .6 . Stream line contours, Re^ =  3000, steady tu rb u le n t channel 
in le t profile.

3 .2 . T w o -D im e n s io n a l S im u la t io n s  w i th  U n s te a d y  In f lo w

In  a ll 2-D sim ulations presented in  §3.1, on ly an unpertu rbed  mean ve locity p ro ­

file  is prescribed at the in le t. The effects o f in le t “ turbulence”  is now investigated 

by superimposing flu c tua ting  components u '( y , t ) and v '( y , t ) onto the mean pro file  

fo llow ing the m ethod ou tlined  in  §2.6.1. For th is  purpose, the fu lly-developed tu r ­

bu lent channel ve locity p ro file  o f K im  et al. (1987) is used. The selected Reynolds 

num ber in  th is  study is 1500 where the flow  is known to  be steady i f  there are 

no in le t fluctuations (§3.1.1). The s im ula tion  was conducted w ith  a steady in flow  

u n t il a steady state was reached; the com putations were then continued w ith  veloc­

ity  fluctuations imposed a t the  in le t. The streamlines o f the flow  w ith  steady and 

unsteady in le t profiles are compared in  F ig . 3.7. In  bo th  cases the  streamwise box 

length  is 20h. The mean reattachm ent length  in  the unsteady case is approxim ate ly  

3.6h compared to  17A h  in  the steady case.

F igure 3.8 shows the corresponding tim e  h is to ry  o f the streamwise ve loc ity  com­

ponent a t po in t x /h  =  5.0, y /h  =  0.01. A  quasi-periodic response is discernible 

which is s im ila r to  the response in  the case w ith  a steady in le t p ro file  a t h igh 

Reynolds num ber (F ig . 3.3). I t  is also in teresting to  note th a t, a lthough the ve locity
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F ig u re  3 .7 . Stream line contours. iZe* =  1500, tu rb u le n t channel in le t 
profile, (a) M ean pro file  at in le t; (b) Mean pro file  w ith  imposed fluc tua tions 
at in le t.

fluctua tions at the  in le t are generated from  a prescribed broad-band energy spec­

trum , the flow  appears to  select the same frequency observed in  the  h igh  Reynolds 

num ber case (F ig . 3.3). F u rthe r discussion o f the flow  osc illa tion  frequencies w ill be 

presented in  §3.5 and §5.7.1.
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- 0.2

2500 2520 2540 2560 2580 2600
tU o lh

F ig u re  3 .8 . T im e  h is to ry  o f spanwise velocity component a t x /h  =  5.0, 
y jh  =  0.01. Reh =  1500, unsteady tu rbu len t channel in le t profile .
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3 .3 . E ffe c t o f  G r id  R e fin e m e n t o n  U n s te a d y  F lo w  S tru c tu re s

The objective o f the 2-D sim ulations in  th is section is to  establish, fo r the  range 

o f Reynolds num bers considered, an acceptable g rid  spacing in  the streamwise and 

vertica l directions. The Reynolds num ber fo r th is  study was set at 4000, and the 

in le t ve locity p ro file  was th a t o f a f ia t p late boundary layer (Spalart, 1988) w ith  

a re la tive ly  th in  boundary layer thickness, 8 =  0.20h. In  a ll o f the fo llow ing 2- 

D sim ulations, a no-stress boundary condition was applied at the top , and a g rid  

clustering at the bo ttom  wall. The sim ulations were perform ed w ith  five d ifferent 

g rid  sizes. The five cases stud ied are summarized in  Table 3.4 in  which the g rid  256 x

T a b le  3 .4 . G rid  refinement study: 2-D sim ulations at Reh =  4000, steady 
boundary layer in le t profile .

Case G rid A  x /h Aj/m in/^1

1 256 x  128 t 0.0781 0.004506

2 256 x  256 t 0.0781 0.002241

3 512 x  128 * 0.0391 0.004506

4 512 x  256 t 0.0391 0.002241

5 576 x  256 * 0.0260 0.002241

t Streamwise dom ain L x =  20h 

* Streamwise dom ain L x =  15h

128 is the base case. A ll five sim ulations were started from  an identica l in it ia l flow  

fie ld  and r im  th rough  the same non-dimensional tim e  period. The spanwise vo rtic ity  

contours a t one ins tan t in  tim e  were obtained fo r a ll five cases and compared in  

F ig. 3.9.

I t  is clear from  F ig. 3.9 th a t some improvement is observed when the num ber o f 

vertica l cells were doubled from  128 to  256 (the m in im um  A y /h  at the w a ll changes 

from  0.0045 to  0.0022). However, doubling the resolution in  the streamwise d irection
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F ig u re  3 .9 . G rid  refinement study: spanwise v o rtic ity  contours, steady 
boundary layer in le t profile, Re& =  4000. (a) 256 x  128; (b ) 256 x  256; 
(c) 512 x. 128; (d) 512 x  256.
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F ig u re  3 .9 . (C ont.) G rid  refinement study: spanwise v o rtic ity  contours, 
steady boundary layer in le t profile, Re/, =  4000. (e) 576 X 256, L x =  15h.

results in  a substantia l im provem ent (F ig . 3.9(c)). F ig. 3.9(d) shows the  v o rtic ity  

contours when the num ber o f cells are doubled in  b o th  d irections (512 x  256) from  

the base case; a fu rth e r 33% reduction  in  the streamwise g rid  size o n ly  gives a 

modest change in  the v o rtic ity  contours (F ig . 3.9(e)). Therefore, at Re^ m 4000, the 

recommended g rid  and dom ain sizes should fo llow  the fo llow ing guidelines: Aa; <  

0.039/i and A y wan <  0.0022h. These correspond to  A x + rs 8.5 and A y ^  r j  0.48 

using an in le t fr ic tio n  ve locity o f u t q =  5.4 X 10- 2 £/q (Spalart, 1988). T h is  is the 

basis fo r the p re lim ina ry  g rid  selections fo r com putations reported in  Chapters 4 

and 5.

3 .4 . E ffe c t o f  C o n v e c tiv e  B o u n d a ry  C o n d it io n

The convective boundary cond ition  a t the ex it was discussed in  §2.6.2. Pauley 

et al. (1988) documented the extent o f the upstream  influence o f th is  boundary 

condition . In  th is  section the effect o f the downstream boundary cond ition  on 

the flow  structures is examined in  the backward-facing step geometry. The base 

s im ula tion  is case 4 in  Table 3.4 in  w h ich the streamwise dom ain length  was L x\ =  

20h  w ith  the g rid  o f 512 x 256. The dom ain length was then reduced to  L x2 =  15h in  

the second s im ula tion  bu t m ain ta in ing  the  same g rid  resolution; hence the num ber 

o f cells in  the second s im ulation was 384 x  256. The flow  structures as well as 

num erical results near x /h  — 15 are compared to  th e ir  respective values in  the base 

s im ulation.
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The spanwise v o r t ic ity  contours a t the same instant fo r these two sim ulations 

are compared in  F ig. 3.10. As previously reported by Pauley et al. (1988), the con­

vective boundary cond ition  does a llow  vo rtica l structures to  e x it the  shorter dom ain 

(F ig . 3.10(b)) sm ooth ly w ith  a s ligh t d is to rtion  compared to  the same loca tion  in  

the longer dom ain (F ig . 3.10(a)). V isua l inspection o f Fig. 3.10, however, does not 

convey accurately the extent o f the  region affected by the convective boundary con­

d ition . Using the results o f the base case (L x\ =  20h) as a benchm ark, the errors 

in  ve locity components, as the dom ain is shortened to  15/i, are p lo tted  in  F ig. 3.11. 

Three ve rtica l locations are selected fo r  the comparison: y /h  =  0.0079, 0.9946, and 

1.9013. Compared to  the  results fro m  the base s im ula tion , the error in  u drops 

below 1% fo r x /h  <  13 (2h from  the ex it boundary). For the  ve rtica l component, 

large re la tive  errors are observed up to  5h from  the ex it boundary. The e rro r in  v 

appears to  be very large a t m any locations because the corresponding values o f v  in  

the  base s im u la tion  are very close to  zero. Nevertheless, the  existing vo rtex struc­

tu re  in  F ig . 3.10(b) remains unaffected since v is neglig ib le in  th is  region compared 

to  u.
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F ig u re  3 .1 1 . E rro r in  velocities ( in  %) fo r L x 
convective ou tflow  condition, (a) u (x ); (b) v(x). 
  y /h  =  0 .9946;........ y /h  =  1.9013.

15 due to  effect o f 
—  y /h  =  0.0079;
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3.5 . M echanics o f  U nsteady R eattachm ent

The va ria tion  o f the  backward-facing step flow  reattachm ent length as a func tion  

o f Reynolds num ber was documented in  details by A rm a ly  et al. (1983). F igure 3.12 

reproduces th e ir X r measurements fo r Re^ up to  5500. From  th is  curve, the lam ina r 

regime is iden tified  as Re^ <  900 where the reattachm ent length increases mono- 

ton ica lly  up to  17.5h. The reattachm ent length drops sharp ly in  the trans itiona l 

regime (900 <  Re^ <  4900), and remains re la tive ly  constant at approxim ate ly 8h 

fo r Reh >  5000.

20

W

o 1000 2000 3000 4000 5000

Re/t — Uoh/u

F ig u re  3 .1 2 . Reattachment length as a func tion  o f Reynolds num ber, 
A rm a ly  et al. (1983).

A lthough  the shorter reattachm ent length  in  the tu rb u le n t regime compared to  

those observed at lower Reynolds numbers has been confirmed by m any studies, e.g., 

D urs t &: Tropea (1981), there has not been an explanation fo r th is  phenomenon. 

Some ins igh t in to  the unsteady reattachm ent process can be gained by exam ining 

the quasi-periodic shedding o f the vortices a t the step in  a two-dim ensional unsteady

53

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Chapter 3 TW O-DIM ENSIONAL SIM ULATIONS

flow . F igure  3.13 presents a tim e  sequence o f span wise v o rtic ity  shed fro m  the 

step corner. For th is  case, a steady mean boundary layer ve loc ity  p ro file  (Spa lart, 

1988) is imposed at the in le t at a Reynolds num ber o f 4000. In  F ig . 3.13(a), a 

clockwise vortex (negative v o rtic ity ) is shedding a t the  step and grows as i t  travels 

downstream. As th is firs t vortex interacts w ith  the lower w all, the no-s lip  w a ll 

cond ition  induces a counter-clockwise ro ta ting  vo rtex  (positive v o r t ic ity )  trave ling  

upstream  (F ig . 3.13b); th is  vortex encounters a second negative vo rtex  th a t is shed 

from  the step. The in teraction  between the two counter-ro ta ting  vortices shown in  

Fig. 3.13(c) induces strong m otion  tow ard  the step comer. Th is  induced m o tion  

period ica lly  brings down the free shear layer and is probab ly responsible fo r  the 

shortening o f the  mean reattachm ent location.

The unsteady 2-D backward-facing step flows studied axe: (a) Re /, =  4000, 

steady in le t boundary layer pro file  (hereinafter referred to  as BL4000s), (b ) Re j, =  

3000, steady in le t tu rbu len t channel pro file  (CH3000s), and (c) Re^ =  1500, un ­

steady in le t channel pro file  (CH1500u). A ll o f these flows exh ib it a quasi-periodic 

oscilla tory behavior. Furtherm ore, the  su rpris ing ly  s im ila r period  o f osc illa tion  o f 

a ll flows suggests a correspondence to  a na tu ra l frequency independent o f the in le t 

profile . T h is  same period o f oscilla tion  is also observed in  the low  Reynolds num ber 

flow  w ith  coarse g rid  (CH1500c). Power spectra are computed fo r the streamwise 

ve loc ity  signal a t po in t x /h  =  5.0, y /h  =  0.01 in  a ll fou r cases and shown in  

F ig. 3.14. D is tin c t frequencies are presented in  the fo rm  o f S trouhal num ber based 

on Uq and h, S t =  fh /U o ,  in  Table 3.5. The most energetic frequency (fundam en­

ta l)  in  a ll cases is at St «  0.08, corresponding to  an oscilla tion  pe riod  o f 12.5Db//i. 

The five lowest frequencies in  BL4000s are w ith in  5% o f those in  CH3000s. W hen 

the in le t fluc tua tions are prescribed, on ly  the two lowest peaks axe d is tin c tly  v is ib le  

(F ig . 3.14(c)). The two lowest frequencies are again excited in  the s im u la tion  w ith  

coarse g rid  (F ig . 3.14(d)), b u t some add itiona l modes have also been excited. O the r 

po in ts in  the flow  fie ld also present s im ila r results. Comparison o f the  dom inant 

frequencies in  Table 3.5 indicates th a t these are the  na tu ra l frequencies o f the flow ,
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' i

\* l 'l

/
I
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(c)
h

0 5 h

F ig u re  3 .1 3 . Spanwise unsteady vortex shedding, steady in le t boundary 
layer p ro file , Reh =  4000. (a) t  =  20h/Uo\ (b) t  =  Z lh /U a ; (c) t  =  22h/Uo- 
  negative v o r t ic ity ;   positive vortic ity .
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and they are no t d irec tly  associated w ith  Reynolds numbers o r in le t profiles. In ­

troduc ing  tu rb u le n t fluctua tions at the in le t appears to  mask the h igher modes, 

b u t reduces the power density am plitude. The s tudy  also establishes th a t the os­

c illa tion  frequency is independent o f the in le t segment frequency o f the tu rbu len t 

fluc tua tions (see §2.6.1) in  CH1500t.

T a b le  3 .5 . Comparison o f frequencies w ith  d ifferent in le t conditions

BL4000s CH3000s CH1500t CH1500c

f i h / U 0 0.080 0.081 0.086 0.079

f2 h /U 0 0.160 0.168 0.165 0.162

foh /U o 0.240 0.250 - -

h h /U o 0.320 0.330 - -

f r h /U 0 0.400 0.412 - -

A lthough the dom inant frequencies appear to  be independent o f Reynolds num ­

ber and in le t boundary condition , the flow characteristics do depend on these pa­

rameters. For example, the time-average statistics show th a t the  mean reattachm ent 

lengths are d ifferent fo r d ifferent in le t profiles. Case BL4000s has a mean reattach­

m ent length o f 2.68/i, whereas X T =  3.62h in  case CH3000s. Th is  is consistent 

w ith  earlier findings showing a decrease in  reattachm ent length  w ith  an increase in  

ve locity grad ient at separation.

57

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Chapter 4 
PRELIMINARY 3-D SIMULATIONS

A  series o f p re lim ina ry  3-D sim ulations were conducted w ith  various g rid  res­

o lu tions, dom ain lengths, Reynolds numbers, in le t velocity profiles and expansion 

ratios. The parameters fo r the fina l s im ula tion  were selected based on the in fo rm a­

tio n  gained from  the p re lim ina ry  studies. Th is chapter describes the p re lim ina ry  

sim ulations and th e ir results.

The p re lim ina ry  s im ulations were carried out on ly  long enough to  ob ta in  a rea­

sonably steady mean velocity pro file  (approxim ate ly  two “ flow  th rough”  tim es). 

These sim ulations are divided in to  tw o categories according to  the in le t ve locity 

profiles -  fu lly  developed tu rbu len t channel o r tu rb u le n t boundary layer profile . 

I t  should be noted th a t in  the course o f the s im ulations, several m odifications o f 

the  com puter program  were incorporated to  accomplish the desired change in  pa­

rameters; e.g., the inclusion o f the in le t section p r io r  to  the step. Therefore, the 

grouping o f the  s im ulations in to  these tw o categories here is fo r convenience only, 

and the sim ulations presented are no t necessarily in  chronological order. S imula­

tions w ith  tu rb u le n t channel and boundary layer ve locity  profiles are described in  

§§4.1 and 4.2, respectively. Section 4.3 summarizes what has been learned from  the 

p re lim ina ry  sim ulations.

4.1. Sim ulations W ith  Fully D eveloped Turbulent Channel Profile

The fu lly  developed channel ve loc ity  profile  fro m  K im  et al. (1987) (hereinafter 

referred to  as K K M )  was used in  category CH. Table 4.1 summarizes the sim ulations 

in  th is  category. In  Table 4.1, E R  is the  expansion ra tio  and X T is the reattachm ent 

length. C H I d id  no t have an in le t section whereas the rem aining cases had an en try  

section length  o f 10h. The spanwise and post-expansion lengths fo r a ll cases are 4h 

and 20h, respectively. In  add ition , CH4 had a refined mesh at the step.
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T a b le  4 .1 . S im ulations w ith  fu lly  developed tu rbu len t channel in flow

Case Reh E R In le t section Post-expansion X T/h

C H I 5000 2.00 - 256 x  80 x  64 t 6.5

CH2 5000 2.00 128 x  40 x  64 t 256 x  80 x  64 t 9.2

CH3 6600 2.00 128 x  40 x  64 f 256 x  80 x  64 t 9.7

CH4 6600 2.00 128 x  40 x  64 * 256 x  80 x  64 * 9.3

t Refined mesh at the bo ttom  and top  walls.

* Refined mesh at the bo ttom  and top  walls and a t the step.

The lower w a ll skin fr ic tio n  coefficient, C f,  is selected fo r comparison among 

the CH cases and is shown in  F ig. 4.1. F irs t, the effect o f the  en try  section can be

0.01 l ------- 1------- 1------- 1-----

0.005

...
/*\ / /

O'

fl I /
-0.005

\ f  1 1 \ t
-------------- 1------- i---- !Z— i------- 1------- 1--------------
-10 -5 0 5 10 15 20

x /h

F ig u re  4 .1 . Step-wall sk in -fric tion  coefficient, channel p rofile  at in le t.
 case C H I ;   case C H 2 ; case C H 3 ;  case CH4. x /h  =  0
is the step location.
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evaluated by com paring C H I and CH2. W ith o u t the  en try  section, C H I shows a 

very h igh  |C /| in  the rec ircu la tion  region (the peak negative C f  is «  4.5 x  10-3 ; 

th is  is about 4 tim es larger than  values reported by previous experiments, e.g. 

W estphal et a l,  1984 and Adam s et a l,  1984). Th is can be explained in  pa rt 

by inadequate turbulence characteristics due to  the random  phase generation at 

the step (see §2.6.1). For cases w ith  a leading section, the  flow  q u ick ly  loses its 

prescribed s ta tis tica l characteristics w ith in  a few g rid  po in ts  fro m  the in le t; and 

the w a ll shear stress in  the leading section reduces to  th a t o f a l am inar flow  before 

recovering. The m agnitude o f the  rec ircu la tion  Cf in  C H I is com parable to  the  2-D 

s im ula tion  results in  Chapter 3 where no tu rbu len t fluc tua tions are imposed. W ith  

the add ition  o f the development section in  CH2, the flow  develops its  s truc tu re  as 

i t  approaches the separation; the  w a ll skin fr ic tio n  re turns to  the  level imposed at 

the in le t (the  dotted line  in  Fig. 4.1). The result is a reduction  in  the peak backflow 

Cf by approxim ate ly 40%. The rec ircu la tion  zone, measured by the reattachm ent 

length X T, is also expanded from  6.5h to  9.2h.

The peak negative Cf in  CH2, however, remains h igh compared to  earlier exper­

im enta l results. I t  was conjectured a t th is  po in t th a t th is  h igh  C f  peak was a result 

o f the incorrect app lica tion  o f Re^ =  5000 to  the K K M  ve locity  profile . The K K M  

profile  is o f a channel flow  w ith  Re =  3300 based on the channel half-height, thus 

fo r the expansion ra tio  E R  =  2 considered here, the correct step-height Reynolds 

num ber should be Re/, =  6600. The resu lt is a h igher Cf  value a t the  in le t fo r the 

same ve loc ity  pro file  (K K M : Cf =  6.04 x  10-3 ; C H I and CH2: Cf =  7.97 x  10-3 ). 

Therefore CH3 was conducted w ith  Re^ =  6600 to  provide the  correct in le t Cf. 

Nevertheless, a comparison o f the  Cf plots shows th a t the sk in  fr ic tio n  is the same 

in  the recircu la tion  zone fo r b o th  CH2 and CH3 as the flow  develops near the 

separation.

Since a no-slip  top  w a ll was used in  a ll CH sim ulations, the  mean flow  through 

the in le t channel was expected to  be sym m etrical. However, in  CH2 and CH3, Cf 

sym m etry was no t observed between the bo ttom  and top walls (y  =  h and 2h) in
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the development channel, a like ly  result o f an uneven mesh d is tr ib u tio n  between 

the two walls. T h is  was the reason fo r a fou rth  s im ulation, CH4, where a fine mesh 

was d is tribu ted  a t a ll ho rizon ta l walls. A n  improvement in  the sk in  fr ic tio n  in  the 

in le t section can be seen by  the solid line in  Fig. 4.1. Nevertheless, corrections in  

the in le t C /  and vertica l mesh refinement have no significant im pact on the skin 

fr ic tio n  a fter the expansion.

In  a ll three cases w ith  an entry section, the Cf plo ts show a sharp spike at 

the separation ( x /h  =  0) w hich is a singular po in t in  the  back-step com putations. 

S im ulations in  §4.2 and in  Chapter 5 indicate th a t th is  is due to  an insuffic ient 

streamwise g r id  refinem ent near the step.

A nother q u a n tity  o f in terest is the mean streamwise ve loc ity  p ro file , U , in  the 

recovery region. P lo tted  in  F ig . 4.2 are the velocities at x /h  =  19.0 fo r a ll four cases 

in  Table 4.1, norm alized by the local shear velocity u r . The near-w all profiles o f a ll

25

20

15

v*
10

5

0
10°

F ig u re  4 .2 . Mean streamwise velocity profiles in  w a ll coordinates at x /h  =
19.0, channel pro file  at in le t .   u+ =  y+ \  u + =  o o lo g y *  +  5.0;
  case C H I ;  case C H 2 ;  case C H 3 ;  case CH4.
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CH cases are well below the universal log-law, u+ =  ^ lo g y +  +  C, where k =  0.41 

and C  =  5.0. A l l  profiles appear to  have the correct slope, 1 / k ,  b u t a lower value o f 

the  in tercept (C <  3). S im ila r to  the Cf plots, th is  behavior in  the  recovery region 

is not s ign ifican tly  affected by the different conditions among the fou r C H  cases.

4 .2 . S im u la t io n s  W i t h  T u rb u le n t  B o u n d a ry  L a y e r  P ro f i le

In  the second category, B L , the  in le t ve locity profile  is th a t o f a tu rbu len t bound­

a ry  layer (Spa lart, 1988). The B L  simulations are lis ted in  Table 4.2. N ot lis ted in

T a b le  4 .2 . S im ulations w ith  tu rbu len t boundary layer in flow

Case Reh E R G rid 6 /h X T/ h

BL1 4000 2.00 512 x  128 x  64 t 0.20 7.44

BL2 4000 2.00 512 x  128 x  128 f 0.20 7.52

BL3 4000 1.54 512 x  160 x  64 f 0.20 6.74

B L4 5000 1.33 512 x  160 x  64 t 1.00 7.30

BL5 5100 1.20 480 x  128 x  32 * * 1.20 6.89

t Refined mesh a t the  b o ttom  wall.

* Refined mesh a t the step and bo ttom  wall.

* In le t section: 160 x  78 x  32, post-expansion section: 320 x  128 x  32

Table 4.2 is the fin a l s im ulation, B L 6 , which w ill be analyzed in  de ta il in  Chapter 5. 

The nomenclature in  Table 4.2 is the same as Table 4.1 w ith  the add ition  o f 6, the 

in le t boundary layer thickness (£99). A ll cases had spanwise and post-expansion 

lengths o f Ah and 20h, respectively. O n ly BL5 had an in le t section o f lO /i. The firs t 

two cases, BL1 and BL2, in  th is category investigated the effect o f resolution in  

the spanwise d irection; BL3 and BL4 provided different expansion ra tios and in le t
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boundary layer thicknesses; case BL5 had an en try  section and the same flow  con­

d itio n  as th a t o f the  fin a l s im ulation, b u t w ith  lower resolution. A ll B L  sim ulations 

except B L5  were conducted before an a lgo rithm  was developed fo r the inc lus ion o f 

an en try  section. Thus the backflow \C f  \ is expected to  be h igh as in  cases C H I 

and CH2 o f §4.1. Furtherm ore, as in  C H I and CH2, S pa la rt’s (1988) p ro file  was 

not correctly  applied in  conjunction w ith  the Reynolds num ber Reh and boundary 

layer thickness 6 fo r BL1 through BL4. In  the f irs t fou r B L  cases, S pa la rt’s (1988) 

pro file  w ith  Reg» =  500 was used, where 6* is the displacement thickness. The  cor­

rect Reynolds num ber corresponding to  th is  profile  and S/h =  0.2 is approxim ate ly 

Reh =  13500. A no the r profile  w ith  Reg• =  1000 was applied to  BL5 and the  fina l 

s im ulation, BL6. O n ly  in  BL5 and BL6 were the parameters Re/, and S/h  selected 

to  correctly  m atch S pa la rt’s (1988) profile . Despite these deficiencies, useful in fo r­

m ation  was learned from  the B L  sim ulations. The bo ttom -w a ll skin fr ic t io n  and 

the mean streamwise ve locity  profiles are again used to  compare the results o f the 

B L  p re lim in a ry  sim ulations in  Figs. 4.3 and 4.4.

The on ly  difference between BL1 and BL2 is the spanwise resolution; A z+ =  12 

in  BL1 and A z+  =  6 in  BL2 based on the  in le t u T. The dashed and do tted  lines 

in  Fig. 4.3 ind ica te  th a t, in  the rec ircu la tion  region, there is no change in  the skin 

fr ic tio n  by doub ling  the spanwise resolution from  64 to  128. I t  was also in it ia lly  

believed th a t the  spanwise resolution m igh t have been responsible fo r the devia tion 

from  the  s tandard  log-law o f U  in  the recovery region. However, the  near-wall 

profiles do no t appear to  be affected by the change in  reso lution (the do tted  and 

cha in-dot-dot lines in  F ig. 4.4). The calculated reattachm ent length also varies less 

than  1.5%.

Not presented in  Table 4.2 is a repeat o f case BL1 (referred to  as B L lx )  w ith  

a m odified ex it boundary condition. As discussed in  §2.6.2, the  convective outflow  

cond ition  can be applied w ith  an instantaneous convective speed Uc i f  the  global 

mass conservation is preserved. Th is m ethod would resu lt in  a flu c tua tion  o f the 

to ta l mass flow  rate. Case B L lx  was used as a test o f th is  m odified boundary
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o '

- 0.002

-0.004

0 5 10 15 20

x / h

F ig u re  4 .3 . Step-wall sk in -fric tion  coefficient, boundary layer p ro file  at 
in le t .   case B L 1 ;  case B L 2 ;  case B L 3 ;   case BL5.

25

,+

F ig u re  4 .4 . Mean streamwise ve locity  profiles in  w a ll coordinates a t x / h  =
19.0, boundary layer pro file  at in le t .  u+ =  y+ ;  u +  =  g^j-logj/+ +
5 .0 ;.......  case B L 1 ;-------- case B L 2 ;--------  case B L 3 ; -------  case BL5.
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condition . The s im ula tion  shows th a t the mass flow  flu c tu a tio n  is less th a t 2% o f 

the mean flow; and there is neglig ib le change in  the s ta tis tica l resu lts as compared 

to  BL1 w ith  a constant Uc (<0 .1% ).

In  BL3, the expansion ra tio  was reduced to 1.54 from  2.0 in  B L1  and BL2 by 

extending the top  boundary. A l l  o ther parameters remained the same as o f BL1. 

Again, ne ither the  bo ttom -w a ll Cf, nor the  near-wall U/uT in  the  recovery region 

is s ign ificantly affected by the difference in  ER. However, the  reattachm ent length, 

X T, is reduced from  7.44/i in  BL1 to  6.74/i in  BL3. Th is  concurs w ith  previous 

experim ental studies (Kuehn, 1980) s tipu la ting  th a t, fo r the low  Reynolds num ber 

range considered, X T decreases w ith  decreasing ER.

Asides from  the above observations, the  B L sim ulations also test the applica­

b il ity  o f the no-stress boundary cond ition  at the top w all. P lo ts o f the  turbu lence 

in tens ity  y / u f i  near the ex it (x / h  =  19.0) are presented in  F ig . 4.5. In  BL1 and

4

3

2

1

0
0 0.02 0.04 0.06 0.08 0.1 0.12

F ig u re  4 .5 . Effect o f no-stress w a ll on streamwise turbulence in tens ity

{ V ^ / U Q) at x / h  =  19.0. - —  E R  =  2 (B L 1 ) ; ........ ER  =  1.54 (B L3);
  E R  =  1.33 (BL4).

65

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Chapter 4 P R E LIM IN A R Y  3-D SIMULATIONS

BL3, the turbulence in te n s ity  decreases toward the outer edge o f the free shear 

layer, b u t increases again near the top  w all. The unphysica l behavior o f y / i f i  near 

the no-stress upper w a ll in  BL1 and BL3 indicates th a t the w id th  o f the free shear 

layer has spread to  the no-stress boundary. The no-stress boundary cond ition  (see 

§2.6) appears to  be a reasonable approxim ation fo r cases w ith  su ffic ien tly  low  ex­

pansion ra tio  where the upper boundary does not in terfere w ith  the flow  near the 

step wall. Case B L4  was thus conducted w ith  a fu r th e r reduced expansion ra tio  

( E R  =  1.33) by ra is ing the dom ain height to  L y/ h  =  4. A t y / h  >  3.5, the  no­

stress boundary appears suffic iently fa r from  the free shear layer (F ig . 4.5) to  allow 

the turbulence in tens ity  to  m onoton ica lly  decrease to  nearly a constant value. The 

Reynolds num ber and in le t boundary layer thickness were also a ltered in  BL4.

F ina lly , case B L5 was conducted as the firs t coordinated effort between nu­

m erical sim ulations and the concurrent experiment by  Jovic &  D rive r (1994) using 

the same flow  cond ition . The  flow parameters fo r BL5 (Table 4.2) were selected 

to  satisfy constraints in  b o th  experim ental apparatus and com puta tiona l resources. 

S pa lart’s (1988) pro file  w ith  Re$» =  1000 was used in  th is  s im u la tion . A  re la tive ly  

coarse g rid  in  a ll three d irections were employed. U nlike previous sim ulations, BL5 

was carried out to  more than  five “ flow  th rough” times. Selected results o f BL5  w ill 

be compared to  the  fin a l s im ula tion , BL6, in  Chapter 5, w hich had iden tica l in it ia l 

conditions b u t w ith  higher resolution.

4.3. C onclusions From T he Prelim inary 3-D  Sim ulations

In  summary, the p re lim ina ry  simulations CH and B L  led to  the fo llow ing  ob­

servations:

(a) The tu rb u le n t in flow  conditions, w ith  random  phase generation, im ­

posed at the step resu lt in  a large skin fr ic tio n  coefficient in  the rec ir­

cu la tion  region. A n  en try  section is thus essential fo r the  development 

o f turbulence p r io r  to  the step. The add ition  o f the e n try  section also 

increases the com puted reattachment length.
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(b) The near-waU mean ve locity profile in  the recovery region fa lls  be­

low  the universal log-law. Th is  behavior is not a resu lt o f resolution, 

boundary o r in it ia l conditions.

(c) Despite the inclusion o f the in le t section, the backflow  \Cf \  remains 

h igh  compared to  previous experim ental results.

(d ) The  ve rtica l g rid  refinem ent is necessary a t the step (y  =  h). T h is  is 

essential fo r the correct development o f the near-wall turbu lence in  the 

en try  section.

(e) The spanwise resolution o f 64 cells (A z+  &  12 based on the in le t u r ) 

appears to  be sufficient fo r the Reynolds numbers considered. D oub ling  

the spanwise g rid  po in ts d id  no t improve the firs t order statistics, e.g. 

U , C f .

( f)  There is no change in  sta tis tica l results i f  an instantaneous convective 

ve locity  p ro file  is used in  the convective ou tflow  cond ition .

(g) For the Reynolds num ber range considered, the reattachm ent length  

decreases w ith  decreasing expansion ra tio  w h ich is in  agreement w ith  

a conclusion by  Kuehn (1980).

(h) To app ly the no-stress cond ition  at the top  w all, the expansion ra tio  

m ust be suffic ien tly  low  ( E R  <  1.33) such tha t the  upper boundary 

does no t in terfere w ith  the tu rbu len t free shear layer.
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Chapter 5 
THREE-DIMENSIONAL SIMULATION -  RESULTS

T h is  chapter discusses the results o f the m a in  three-dim ensional s im u la tion  w ith  

an in le t tu rb u le n t boundary layer profile , referred to  as BL6. BL6 is the key sim ula­

tio n  in  th is  w ork and is centra l to  a ll flow  analyses presented in  th is  report. The  flow  

conditions o f BL6  are the same as BL5 (see §4.2) b u t w ith  h igher g rid  resolution in  

a ll three directions. Table 5.1 compares the conditions o f BL5 and BL6.

T a b le  5 .1 . 3-D sim ulations at Re^ =  5100

Case Reh E R G rid S/h L i / h X r / h

B L5 5100 1.20 480 x 128 x  32 1.20 10 h 6.89

B L6 5100 1.20 768 x  192 x  64 1.20 10 h 6.28

These conditions were selected to  match, as closely as possible, those o f a concur­

rent experim ent by  Jovic &  D rive r (1994) at N A S A  Ames Research Center (here­

ina fte r referred to  as “ JD ” experim ent). Long tim e  s ta tis tica l averages were ob­

ta ined fo r b o th  BL5 and BL6 and compared w ith  JD  data. A lthough  th is  chapter 

focuses on the analyses o f the BL6 results, selected s ta tis tica l quantities are also 

compared w ith  BL5 to  present the effect o f g rid  resolution.

The selection o f parameters fo r BL6, e.g., en try  section, expansion ra tio , bound­

ary layer thickness, etc., is discussed in  §5.1. Sections 5.2 and 5.3 describes the 

perform ance o f the  com puter program  and the statistics calculations, respectively. 

The configura tion  o f the JD  experiment is also described b rie fly  in  §5.4. Section 5.5 

discusses the energy spectra and tw o-po in t correlations. In  §5.6, the instantaneous 

ve locity  fields and oscilla to ry  behavior o f the flow  are presented. S ta tis tica l re­

sults are compared w ith  the JD  experiment and discussed in  §5.7 which includes: 

reattachm ent length  (§5.7.1), coefficient o f fr ic tio n  (§5.7.2), pressure d is tr ib u tio n
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(§5.7.3), ve locity profiles (§5.7.4), and turbulence intensities (§5.7.5). Section 5.8 

presents the budgets o f the m om entum  equations. F ina lly , the Reynolds stress and 

tu rb u le n t k ine tic  energy budgets are presented in  §5.9.

5.1. Flow Param eters for C om putations

The flow  conditions and parameters were selected based on in fo rm a tion  learned 

from  the p re lim ina ry  2-D and 3-D sim ulations (Chapters 3 and 4). Also taken in to  

consideration were the lim ita tions  o f com puta tiona l resources, and experim ental 

constraints in  velocity and skin fr ic tio n  measurements at low  Reynolds numbers. 

Discussed below are the flow  conditions selected fo r bo th  BL6 and JD  experiment.

5.1.1. Inlet Velocity Profiles

The mean in le t ve locity profile  fo r case BL6 was obtained from  S pa la rt’s (1988) 

boundary layer s im ula tion  at Reg =  670 (Reg* =  1000), where d and 8* are the 

m om entum  and displacement thicknesses, respectively. For th is  p a rticu la r profile , 

the  boundary layer thickness is 8 ss 6.15* (Spalart, 1988). The boundary layer 

thickness here is 5gg, and was selected to  be 1.2h. Th is  was also the 5gg used in  

the JD experim ent. Thus, the step-height Reynolds num ber corresponding to  th is 

p ro file  is

Reh =  Reg. ( J ^ j »  5100.

The in le t fluctuations were generated such th a t, a fte r long tim e  averaging, the 

Reynolds stress components o f the S pa la rt’s (1988) pro file  are recovered (see §2.6.1). 

The turbulence in tens ity  and Reynolds shear stress profiles at the in le t ( x / h  =  —10) 

a fte r an averaging tim e A T ave «  109h/Uo are compared to  the ta rget profiles in  

F ig . 5.1.

5.1.2. C om putational D om ain and Grid Spacing

A n in le t section length o f 10h was selected fo r BL6. According to  the m ethod 

va lida tion  discussed in  §2.6.1, the in le t section should idea lly  be approxim ate ly
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F ig u re  5 .1 . In le t turbulence in tens ity  and Reynolds shear stress profiles,

norm alized to  mean free-stream velocity Uq. o  target -------  calculated

a  target  calculated ° target \/u>/2; ....... calculated

V w'2; •  target — u'v'  x  1 0 ; calculated — u'v'  x  10.

20h. However, w ith  the  com puter resource restrictions, 10h  was the  affordable 

leng th  o f the  development section. Th is  section is |  o f the to ta l dom ain  length. 

The  num erical results show th a t, a fter an adjustm ent period, the  in le t ve loc ity  

pro file  and the fr ic tio n  coefficient are recovered in  a distance rs 7h from  the in le t 

boundary. F igure 5.2 compares the ve locity  profiles at x / h  =  —10, x / h  =  —7.5, 

and at x / h  =  —3. The streamwise d is tr ib u tio n  o f the fr ic tio n  coefficient in  the 

development section is shown in  F ig. 5.3. The rap id  departure fro m  the in le t Cf 

value (4.8 x  10-3 ) is due to  unphysical random  phase d is tribu tions  (see §2.6.1.2). 

Note also in  F ig. 5.3 th a t, compared to  the Cf data  in  §4.1, the  h igh  reso lu tion  in  

B L6  greatly  reduces the sharp spike in  Cf  near the singular p o in t ( x / h  =  0).

The post-expansion channel length  is 20h. The num ber o f g rid  po in ts  selected 

in  the section behind the step was 512. Thus inc lud ing  the development section,
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F ig u re  5 .2 . N ear-w all ve loc ity  profiles in  entry s e c t io n .   u + =  y + \
 m+ =  ^ O lo g (t/+ ) -f- 5.0; -------  x / h  =  —10 ( in le t ) ; ---------  x / h  =
—7 .5 ;........ , x / h  =  —3.
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F ig u re  5 .3 . Coefficient o f fr ic t io n  in  entry section, target Cf =  4.8 x  10-3 .
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768 com puta tiona l cells were selected fo r the x-d irection . Based on the in le t w a ll 

shear ve loc ity  u To =  4.9 x  10-2 t/o, where U$ is the  mean in le t free stream velocity, 

the g r id  spacing in  the  streamwise d irection  is A x + «  10 in  w a ll un its.

In  the  ve rtica l d irection , an expansion ra tio  o f 1.20 was chosen w hich corre­

sponds to  the dom ain height L y/ h  =  6. A  non-un ifo rm  mesh d is tr ib u tio n  was used 

w ith  fine  g rid  spacing near the lower w a ll and a t the loca tion  o f the step (see A p ­

pendix A ). The spacing a t these two locations is A y * in «  0.3; and the m axim um  

g rid  spacing is at the no-stress w a ll (y =  Ly),  A y * ^  «  31; bo th  axe norm alized by 

the in le t shear ve loc ity  u t q. The to ta l num ber o f com puta tiona l cells in  the vertica l 

d irection  is 192, o f w h ich 70 are placed w ith in  the step (y <  h ).

In  the  spanwise d irection , the size o f the com puta tiona l box is L z/ h  — 4 w ith  

64 cells. T h is  gives a spanwise g rid  spacing A z+ rs 15 in  w a ll un its  (norm alized 

by uTo a t the in le t). K im  et a V s (1987) d irect sim ulations o f channel flow  were 

perform ed w ith  A z+  sa 7. However, to  im prove the spanwise resolution in  th is 

study, an increase in  num ber o f com putational cells o r a reduction  in  L z is required, 

neither o f which was feasible. As discussed below, even a dim ension o f 4h  in  the z- 

d irection  is inadequate to  assure uncorrelated tu rbu len t fluc tua tions a t a separation 

o f L z/ 2. Thus, i t  w ou ld  be h igh ly  desirable to  increase the num ber o f g rid  points 

in  the ^-d irec tion  by a t least a facto r o f 2.

The to ta l num ber o f g rid  po ints used in  th is s tudy was 8,290,304.

5.2. Perform ance o f  C om puter Program

The com puter program  was firs t ru n  on the C R A Y  Y -M P , and la te r on the 

CRAY C-90 at N A S A  Ames Research Center. On the C R A Y  C-90, approxim ate ly 

450 tim e  steps were taken in  each 4-hour batch job . The ve loc ity  and pressure fields 

were saved a t the end o f each batch job  and used as the res ta rt fields fo r the next run. 

A lthough  the C F L  l im it  fo r the th ird -o rde r R unge-K u tta  scheme is \ /3 ,  C F L  =  1.15 

was selected fo r BL6. In  the early batch runs, the  tim e  step, A t ,  was allowed to 

vary according to  th is  C F L  l im it ,  and fluc tua ted  around 0.002/i/£/o- In  la te r runs
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when the  flow  has approached sta tis tica l equ ilib rium  and instantaneous m otions 

were recorded fo r an im ation purposes, the tim e step was fixed at A t  =  0.0018h/Uo-

The program  required approxim ate ly 13 mega-words o f memory. Each tim e  

step used 22 CPU seconds (C R A Y  C-90), about 10 seconds o f w hich was devoted 

to  solving the Poisson equation. The efficiency ra tin g  o f the program  was approx­

im a te ly  450 mega-flops on the C R A Y  C-90. The size o f the  ve locity  and pressure 

fields saved at the conclusion o f each batch job is approxim ate ly 364 mega-bytes.

5.3. S tatistica l Calculations

S ta tis tica l quantities axe averaged over the spanwise d irec tion  and tim e. On a 

staggered g rid , the pressure is defined at the cell center whereas velocities are at the 

cell surfaces. However, a ll variables are in terpo la ted to  the cell centers fo r s ta tis tica l 

calculations. S ta tis tica l data are sampled a t equal tim e  intervals, A t s =  0.018h/Uo, 

apart, o r  every 10 tim e  steps.

The to ta l s im u la tion  tim e fo r BL6 is <end =  382/i/Uo- The in it ia l tim e, t 3 =  

273/i/Z7o, o r approxim ate ly  11 “ flow -through” tim es, was discarded to  a llow  fo r 

the  passage o f in it ia l transients. The “ flow -through”  tim e  here is defined as the 

convection tim e  th rough the post-expansion section o f 20h a t the mean convective 

speed, Uc «  0.8l7o. The  necessity o f using a large in it ia l transient period is due to  the 

large residence tim e  o f flu id  particles in  the rec ircu la tion  zone. The s ta tis tica l data 

set accumulated over the rem aining tim e, A T ave =  tend ~ t s  =  109/i/Uo, was carefu lly 

examined to  determ ine the convergence o f turbulence statistics. The convergence 

is m on ito red  by the re la tive m agnitude o f the Navier-Stokes equations residues and 

the Reynolds-stress equations residues.

The residues axe the unsteady terms o f the mean Navier-Stokes and Reynolds- 

stress equations, denoted respectively by ei and e - :

dUi du' j i i1-

d t I ei j  —
dt
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The budget o f the  mean norm al m om entum  equation is shown in  Figs. 5.4 where 

a neglig ib le residue is evident. The residue o f the streamwise m om entum  equation 

is also negligible. The budget o f the norm al m om entum  equation was found to  be 

most sensitive to  the s ta tis tica l sample used.
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F ig u re  5.4. Vertica l m om entum  budget at x / h  =  18.0, A T ave =  109h/Uo.
  convection te r m ;   Reynolds stress t e r m ;  viscous te rm ;
  pressure gradient term ; o balance o f terms, e2. Terms are norm alized
by U l / h .

F igure 5.5 shows the v'v'  budget a t x / h  =  18.0, eventhough a good balance o f the 

equation was achieved after A T ave =  109h/Z7o, large scale fluc tua tions s t i l l  persist 

in  three terms (turbulence transport, ve locity pressure-gradient, and convection 

term s). The fluctuations are observed on ly in  the free shear layer region (y+  >  50). 

These fluctua tions are seen in  a ll budgets, bu t axe most pronounced in  the v'v'  

budget near the dom ain exit (F ig. 5.5). One possible cause o f these fluc tua tions 

is the lim ite d  num ber o f samples as the s ta rt tim e  o f s ta tis tica l calculations was
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F ig u re  5 .5 . Vertica l Reynolds-stress budgets at x / h  =  18.0, A T ave =
109/i/Z7o--------- convection ;-----  p ro d u c tio n ;------- turbulence transpo rt;
  viscous d iffu s io n ; viscous d iss ip a tio n ; ve loc ity  pressure-
gradient; o balance o f terms, e22- Terms are norm alized by U ^ /h .

delayed to  t s =  273h/Uo.  However, the reduction in  the m agnitude o f fluc tua tions 

was proven to  be very slow w ith  increasing averaging tim e.

B o th  the residues o f the equations and fluctuations decrease, a lbe it extrem ely 

slowly, as more samples are added to  the ensemble average, a lthough the overall 

shape o f a ll term s do no t change. I t  is not economical to  fu rth e r continue the 

sim u la tion  beyond t end =  382h/Z7o. Thus, largely fo r aesthetic reasons and fo r  use 

in  turbulence modeling, in  p lots o f budgets presented in  th is chapter, a piecewise 

least-square m ethod using the Savitzky-G olay f ilte r  (Press et al., 1992) is applied 

to  data  po in ts  away from  the wall. Figures 5.6 and 5.7 compare several budgets 

w ith  and w ith o u t curve fit t in g . The least-square f i t  is no t applied to  p lo ts o f firs t 

and second-order statistics, nor to  any budget terms near the w a ll (y+ <  50) or 

a t streamwise locations before the step ( x / h  <  0.0). In  subsequent sections, p lo ts 

using least-square f i t  w il l be so indicated.
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5.4. Jovic & D river’s Experim ent

The JD  experim ent configuration is b rie fly  discussed below. The reader is re­

ferred to  Jovic &  D rive r (1994) fo r a more detailed description.

A  low-speed w ind  tunne l at the N ASA Ames Research Center was used. A  

double-expansion channel was used to  produce sym m etry in  the mean flow , which 

was sim ulated by the no-stress upper w a ll in  BL6. The step height, h , was 9.65mm;  

and the expansion ra tio  was 1.20. The aspect ra tio  o f the t unnel was L z/ h  =  11, 

where L z is the  spanwise dimension. The boundary layer was tripped a t the end o f 

the w ind  tunne l contraction  to prom ote trans ition . The distance from  the tr ip  to  

the step loca tion  was 381mm. The mean in le t free stream  velocity, Uo, is 7.65m /sec, 

measured a t a reference po in t upstream  o f the step. The fu lly  developed tu rbu len t 

boundary layer thickness, 6 =  <5gg, at the reference po in t was 11.60mm w hich gives 

6 / h  «  1.20. The in le t free stream velocity and the step height corresponded to  a 

Reynolds num ber, Re/,, o f approxim ate ly 5000.

A  set o f constant-tem perature anemometers in  conjunction w ith  X -w ire  probes 

were used to  pe rfo rm  turbulence measurements. The skin fr ic tio n  was d irec tly  

measured w ith  a laser interferometer.

5.5. Energy Spectra and Two-Point Correlations

Figures 5.8-5.10 examine the one-dimensional energy spectra in  the spanwise 

d irection  a t fou r streamwise locations: x / h  =  —2.5 (before the step), 5.0 (recircu­

la tio n  region), 10.0 (reattachm ent region), and 18.0 (recovery region). Shown in  

F ig . 5.8 are the spectra fo r locations near the walls. The distance from  the  w all in  

w a ll coordinates axe y+ f s 9  { y / h  =  1.04) before the step, and y + «  4 ( y / h  =  0.017) 

behind the step. The shear velocities, ttr , used in  y + are based on local values. 

There is sufficient energy drop at h igh wavenumbers fo r E uu and E ww to  indicate 

adequate g rid  resolution. However, E vv shows th a t h igher spanwise resolution is 

needed near the walls to  resolve the small-scale structures at y + <  10. The spectra 

are presented fo r po in ts in  the free shear layer (y / h  ss 1) in  F ig . 5.9, and a t the edge

78

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Chapter 5 THREE-DIMENSIONAL S IM ULATIO N -  RESULTS

10*8 _1 J II 1 " 1 1................. . "  1 ' 1 » ' 1 10*

------ / X  (a)

s•, /

(b ) :. , / •  *\
> <  _ \ v

\  \
\  \

10*4 :

\
V L , /  v  *\. /  **■». >\  I 

\  \
10*4

\  V V v
\  \

\  \
V  '  \  \

\
\
\

\

V  '

\ v '
\  \

\  \
V \

10'5 :
\
V. 

v . -  \  - 10-5 : \  v" -

4«

V'»* H
^  v •

v»v

10-6 ..................t . i . .
10° 101

kz

10° 101

kz
1fl*3 10*3

(c) : (d ) :

10-4

-.-■ -" ‘" 'v  \  
v _ . \• " 'v \>N- \

\ ,  V  " 
V \N \

\  \
\  \

N V.
\  A 

\

10*4

\  \
A

\  V i
\  M 
\  \

'•  M.

KT5
\ \

\
\ .

10*5
\  \
\  '  _ 

\
V
\
H

V

10-®
.... ' x , . .

10* ....../ • *  »v

V  :

10° 101

kz

10° 101

k2

F ig u re  5 .8 . One-dimensional spanwise energy spectra near the walls. 
-2'uu! Efpn). (a) x / h  =  —2.5, y / h  =  1.04j (b )

x / h  =  5.0, y / h  =  0.017; (c) x / h  =  10.0, y / h  =  0.017; (d ) x / h  =  18.0, 
y / h  =  0.017.
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F ig u re  5 .9 . One-dimensional spanwise energy spectra at y / h  =  1.04.
  E u u ]   E vv;  E ww. (a) x / h  =  5.0; (b ) x / h  =  10.0; (c)
x / h  =  18.0.
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F ig u re  5 .10 . One-dimensional spanwise energy spectra a t y / h  =  2.03.
Ejuu] ^ w 5 Ewu), (a) x / h  — —2.5; (b ) x / h  — 5.0; (c)

x / h  =  10.0; (d ) x / h  =  18.0.
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o f the boundary layer (y / h  2) in  F ig. 5.10. B o th  figures ind ica te  the adequacy o f

the spanwise reso lu tion  fo r a ll po in ts away from  the wall.

The tw o-po in t correlations a t the same locations are illu s tra te d  in  Figs. 5 .11- 

5.13, and a t y / h  =  2.50 in  F ig. 5.14. Again, the lack o f reso lu tion  to  resolve 

the small-scale structures near the  w a ll is evident in  RvV p lots in  F ig . 5.11. The 

correlations drop o ff to  zero at large separations fo r a ll po in ts near the wall. Th is is 

not true, however, as one moves away from  the wall. In  F ig . 5.12, the  correlations 

rem ain at 10% a t the  largest separations for po in ts in  the  free shear layer. The 

increased corre la tion  lengths in  the free shear layer may be a ttr ib u te d  to  the presence 

o f the spanwise ro llers. The correlations a t L z/ 2  increase to  approxim ate ly  20% at 

y / h  =  2.03 (F ig. 5.13). I t  appears th a t a larger dom ain size m ay be desirable.

The corre lation lengths fo r a ll three velocity components grow  even larger as 

one moves well in to  the free stream  ( y /h  =  2.50) where the  tu rb u le n t fluc tua tions 

are expectedly neglig ib le (F ig . 5.14). The increasingly large corre lations seen from  

y / h  =  1.03 to  y / h  =  2.50 could be the effect o f irro ta tio n a l fluc tua tions  (see B rad­

shaw, 1967). To ve rify  whether o r not the flow  in  th is  region is dom inated by 

irro ta tio n a l fluctuations, the spanwise v o rtic ity  fluc tua tions, a t fou r stream-

wise locations are calculated and p lo tted  in  F ig. 5.15. N ote th a t the o rig in  o f the 

y -axis in  the leading section is at y / h  =  1. A t y / h  =  2.03, a t a ll x-locations 

is about 6% to  8% o f its  m axim um  value. A t y / h  =  2.50, the level o f flu c tua tion  

drops to  less than  0.5% o f \Z ^ F max- The tu rbu len t free shear layer extends beyond 

y / h  — 2.0, especially near the exit; b u t at y / h  =  2.50, the large correlations appear 

to  be due to  irro ta tio n a l fluctuations.
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F ig u re  5 .15 . Spanwise v o rtic ity  fluctuations, yJu^h /U o .  - 
- 2 . 5 ; -------- , x / h  =  5 .0 ;........ , x / h  =  10.0;----------, x / h  =  18.0.

5 .6 . In s ta n ta n e o u s  F lo w  F ie ld

, x / h  —

Presented in  th is  section are characteristics o f the instantaneous flow  fields, in ­

c luding the reverse flow  region, ve loc ity  contours, and the flow  three-dim ensionality. 

O f pa rticu la r in terest is the  oscilla tory behavior o f the  flow  beh ind the step.

5 .6 .1 . In s ta n ta n e o u s  C o e ff ic ie n t o f  F r ic t io n

Figure 5.16 shows instantaneous contours o f the fr ic tio n  coefficient Cf  at the 

bo ttom  wall. For c la rity , on ly  contours o f negative Cf  (reverse flow ) axe p lo tted . 

The heavy lines axe the zero-fric tion  lines separating the forw ard  and backward 

m oving flows near the w all. The instantaneous reattachm ent boundaries are a set 

o f contorted lines. The lines o f separation d iv ide the flow  dom ain near the w a ll 

in to  fou r general regions w ith  a lte rna ting  Cf  signs: fo rw ard  flow  region (positive 

Cf, x / h  >  7.0); reverse flow  region (negative Cf, 2.5 <  x / h  <  5.0); secondary 

bubble (positive Cf, 0.05 <  x / h  <  1.0); and very close to  the step, a weak second
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reverse flow  region extending to  on ly  about 0.05/i (approxim ate ly  one g rid  cell). 

These boundaries, o f course, are not sharp. For example, the va ria tion  in  the size 

o f the m a in  reverse flow  region is clearly seen i f  F ig . 5.16. In  fact these separation 

lines have a cyclical behavior w hich w ill be discussed in  details in  §5.6.3. There are 

patches o f positive C f  even in  the reverse flow  region w hich were also observed by 

F riedrich  &  A rn a l (1990) in  the ir LES results. Pockets o f loca lly  h igh Cf values are 

seen in  b o th  positive and negative regions w ith  m agnitudes up to  several tim es the 

mean values.

5.6.2. Instantaneous V elocity

The instantaneous contours o f the ve loc ity  components in  a typ ica l x-y  p lane 

are shown in  Fig. 5.17. A ll velocities are norm alized by the in le t free-stream veloc­

i ty  Uq. T he  negative contours are p lo tted  w ith  do tted  lines and positive contours 

w ith  solid lines. The streamwise ve loc ity  contours ind ica te  a shear layer em anating 

from  the step corner and reaching the b o tto m  w a ll near x / h  =  8.0 (F ig . 5.17(a)). 

In  F ig . 5.17(b), strong upward flow  patches are concentrated w ith in  the shear layer 

inside the rec ircu la tion  zone. The flow  is m ostly  downward behind the reattach­

m ent, b u t a lte rna ting  positive and negative v contours are observed ind ica ting  the 

presence o f spanwise vortices; the  m otion  o f spanwise vortices w ill be presented 

in  §5.6.3. H igh  gradients are seen in  bo th  ve loc ity  components in  the shear layer. 

Note th a t F ig . 5.17 is on ly representative o f one ve rtica l plane, and a lthough con­

tours o f extrem e values are om itted  from  the p lo ts, num erical results ind ica te  th a t 

the  magnitudes o f each velocity components can reach values m uch h igher than  

shown in  F ig . 5.17: |umax| ~  1.3Z7o, and |umax| ~  0.8Z7o- The m axim a o f v  occur 

near reattachm ent, where the downward m oving f lu id  in teracts w ith  the wall. The 

streamwise ve locity  also reaches its  m axim um  value near reattachm ent b u t in  the 

free shear layer.

F igure  5.18 shows the instantaneous ve locity fluc tua tions. Again, contours o f 

extreme values are om itted. A t the  instant shown, |u; |, and |u /| can reach as
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h igh as 0.4Z7o) O.6C/0 and l.O i/o, respectively, near reattachm ent. I t  appears th a t 

the fluctuations in  the backflow region are re la tive ly  sm all (the  m ax im um  value o f 

ve loc ity  fluctua tions in  th is  region is approxim ate ly O.O8 U0). However, considering 

th a t the  m axim um  mean streamwise velocity in  th is region is on ly  Z7/y «  0.18f7o, 

the  fluctuations can reach 40% o f £/jy, eventhough the mean flow  is lam inar-like  

near the w a ll (see §5.7.4.3). T h is  is in  accordance w ith  W estphal et aV s (1984) 

suggestion tha t the  reverse flow  is lam ila r-like  b u t w ith  h igh  unsteadiness imposed 

by the tu rbu len t shear layer.

The locations o f the m axim um  velocities from  Figs. 5.17 and 5.18 ind icate, as 

expected, th a t the m ost tu rb u le n t activ ities occur near reattachm ent. A  spanwise 

cu t th rough the flow  a t x / h  =  4.0 (before the reattachm ent loca tion ) in  F ig. 5.19 

illus tra tes the h igh three-d im ensionality o f the flow  w ith  several im bedded stream- 

wise vortices. The flow  is v ir tu a lly  quiet above y / h  =  2.

To examine the s tru c tu ra l recovery to  a norm al tu rb u le n t boundary layer after 

reattachm ent, F ig. 5.20 presents the streamwise ve loc ity  flu c tu a tio n  (u ')  contours 

in  an x-z  plane at y + «  5 (norm a liza tion  fo r y+ here uses the shear ve loc ity  u T =  

0.038I7o at the e x it). Near the ex it, elongated, a lte rna ting  positive  and negative 

contour lines begin to  appear. However, the w a ll streaks, characteristics o f an 

attached tu rbu len t boundary layer, are not yet present ind ica ting  th a t the flow  has 

no t fu lly  recovered a fte r 20  step heights.
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5.6 .3 . Large Scale Tem poral Oscillations

In  Chapter 3, a lim it  cycle behavior o f the backward-facing step flow  is clearly 

observed in  2-D sim ulations a t h igh  Reynolds numbers. The m o tion  o f vortices 

shedding from  the step and how th e ir in teraction  w ith  the w a ll induces the oscilla­

to ry  m otion  o f the reattachm ent length were elucidated w ith  the spanwise v o rtic ity  

contours (see §3.5). However, in  s im ila r p lo ts fo r 3-D sim ulations, large scale v o r t i­

cal structures are obscured by the h igh  in tens ity  sm all scale structures. F igure  5.21 

shows the instantaneous spanwise v o r tic ity  contours at a selected x-y  plane. S im ila r 

to  features seen in  2-D sim ulations (§3.5), there is an apparent large scale ro ll-u p  o f 

the shear layer extending to  the reattachm ent region. However, th is  large s tructu re  

is no t one large vortex b u t is composed o f many sm all counter-ro ta ting  vortices. 

From  th e ir LES results, F riedrich  &  A rn a l (1990) observed th a t the free-shear layer 

has a vertica l m o tion  causing the reattachm ent location to  oscillate. A  low  frequency 

“ flapp ing”  m otion  o f the flow  was also reported by Eaton &  Johnston (1980), and 

period ic vo rtica l m otions were observed by  D river et al. (1983, 1987). In  the cur­

ren t s im ulation, such oscilla tory behavior can not be seen clearly w ith  successive 

snapshots o f the spanwise v o rtic ity  contours.

One ind ica to r o f the oscilla tory behavior is the m otion  o f the  reattachm ent loca­

t io n ^ ) .  F igure 5.22 displays the tem pora l movement o f the reattachm ent locations 

w hich has a saw-tooth shape. Here, an instantaneous reattachm ent loca tion  is the 

loca tion  o f zero C f  o f the spanwise-averaged flow  fie ld. A  like ly  scenario fo r the 

saw-tooth shape o f the X r vs. t  p lo t is as follows. The shear layer ro lls  up fo rm ­

ing  a large-scale s tructure  behind the step. As the large-scale s truc tu re  grows, the 

reattachm ent location travels downstream at a constant speed, ind ica ted by the 

linear positive slopes in  F ig. 5.22. The large scale s tructu re  then collapses, causing 

a sudden drop o f the reattachm ent location. A t instances when the collapse o f the 

large scale structure  occurs, e.g., t  fa 282h/Uo or t  fa Z00h/Uo, a single reattach­

m ent “ p o in t”  is no t well defined; ra ther, small fragments o f fo rw ard  and reverse 

flow  regions are scattered between x / h  fa 5.0 and x / h  fa 7.5. Th is  cycle repeats
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F ig u re  5 .22 . M o tio n  o f the spanwise-averaged reattachm ent locations.

itse lf w ith  5h <  X T <  7.5h. The sudden decrease in  X r  fo llow ing  a slow increase 

was also speculated by E a ton  &; Johnston (1980), b u t th e ir  da ta  d id  no t show th is  

behavior.

The period ic behavior o f the flow  can be be tte r e lucidated by study ing  pres­

sure fluctuations; low  pressure regions have been shown to  correspond to  the center 

o f tu rbu len t vortices. The  pressure fluctuations p' as a func tion  o f tim e  a t a lo­

cation near the reattachm ent, x / h  — 6.0 and y /h  =  0.055 is shown in  F ig . 5.23. 

Again, presented here are the spanwise averaged p1 values. There is a very good 

correspondence between the p' m in im a  and the preaks in  F ig . 5.22. S im ila r os­

c illa to ry  responses are also detected at other po in ts in  the flow  fie ld  and in  bo th  

vertica l and streamwise ve locity  components (da ta  analysis using BL6 results was 

provided by M r. C. Pierce). The power density o f the  p' s ignal in  F ig. 5.23 is shown 

in  Fig. 5.24. The S trouhal num ber corresponding to  the dom inant frequency is 

S t  =  fh /U o  ~  0.06, corresponding to  period T  i=s 17h/Uo. As discussed in  Chap­

te r 2, there is a characteristic period associated w ith  the  m ethod o f generating
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F ig u re  5 .23 . Spanwise-averaged pressure fluc tua tions a t x / h  =  6.0, y /h  =  
0.055.
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F ig u re  5 .24 . Power spectra o f spanwise-averaged pressure fluctuations at 
x / h  =  6.0, y /h  =  0.055.
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in flow  turbulence. A lthough  the imposed random  phases destroy the pe riod ic ity  o f 

the  in flow  (§2.6.1), one m ust be certa in th a t there is no corre la tion  between the 

in flow  frequency and the oscilla tion frequency. Studies o f the flow  oscilla tion in  2-D 

sim ulations, w ith  and w ith o u t in flow  turbulence, have established the independence 

between the tw o frequencies (see §3.5). Nevertheless, in  BL6, the flow  oscilla tion pe­

r io d  o f l l h / U o  is several times larger than the in flow  segment period (Ty =  6Ah/Uo,  

S t f  =  0.15) ind ica ting  th a t i t  is not an a rtifa c t o f the in flow  condition . Compared 

to  the 2-D oscilla tion, the BL6 oscilla tion period  is approxim ate ly  30% longer. The 

difference is possibly due to  a much lower expansion ra tio  in  BL6. However, since 

on ly  five periods are examined (F ig. 5.23), the averaged period, 17h/Uo, should 

be considered as an approxim ation; more samples are needed to  determ ine the ex­

act frequency. In  th e ir experiment, Eaton &  Johnston (1980) measured the energy 

spectra o f the  streamwise velocity fluctuations (u ')  a t several locations and reported 

th a t the spectral peak occurs in  the S trouhal num ber range 0.066 <  fh /U o  <  0.08.

The m o tion  o f large scale vortices can be traced by the contour p lo ts o f the  

spanwise averaged pressure fluctuations in  F ig . 5.25. O n ly  the negative values are 

p lo tted  fo r c la rity . A n  an im ation o f the 3-D constant-p' surfaces and calculations 

o f the  average speed o f vortices (analysis was provided b y  M r. C. Pierce) ind icate 

th a t the vortices are generated at the step at approxim ate ly tw ice the frequency 

calculated above. These vortices slow down and e ither dissipate o r merge near the 

reattachm ent region. The resulting large vortex has a h igher convection speed a fte r 

the  reattachm ent. Evidence o f th is change in  speed is seen in  F ig . 5.25.
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(a)

x/h = 0 5.0

(b) - B ii fr t'T 50

rJ
/4
r ’ ° M

(d)
*  < t ,

(e) *-----G_a- ..if) ,

i----------- ..... _i ,. . i i 1
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F ig u re  5 .25 . Spanwise averaged pressure fluctua tions as a func tion  o f tim e; 
negative contours, (a) t  =  299Uo/h; (b ) t  =  303Uo/h; (c) t  =  306Z7o/fy (d) 
t  =  310C7oA; (e) t  =  3 U U 0/h .
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5 .7 . S ta t is t ic a l R e s u lts

5 .7 .1 . R e a tta c h m e n t L e n g th

Several methods were used to  determ ine the mean reattachm ent loca tion , X T: 

by  (a) the  location  a t w hich the mean velocity U  =  0 at the f irs t g r id  p o in t away 

from  the w a ll, (b ) the  location  o f zero wall-shear stress (tw =  0), and (c) the  location  

o f the mean d iv id in g  stream line (?/> =  0). A  pdf m ethod was also used in  w h ich  the 

mean reattachm ent p o in t is ind ica ted by the location  o f 50% fo rw ard  flow  fraction . 

T he  pdf m ethod was also used experim enta lly by  W estphal et al. (1984) and Adams 

et al. (1984). The results o f the  firs t three methods are w ith in  0.1% o f each other, 

and about 2% from  the pd f  result. The mean reattachm ent length  is 6.28h. (The 

reattachm ent leng th  was reported in  Le et a l ,  1993, as X r =  6.Oh. However, 

the to ta l s im u la tion  tim e at the tim e o f tha t pub lica tion  was on ly  t  ~  204/i/Z/q.) 

The X r measurements in  the JD  experiment vary between 6.Oh and 6.1h (Jovic &  

D rive r, 1994). Thus, there is a va ria tion  between 2 and 3% among a ll measured 

and com puted X r ’s. F igure 5.26 shows the average streamlines o f the  mean flow.

j_______________ i_______________ i--------------------------1

x!h = 0 5.0 10.0 15.0 20.0

F ig u re  5 .26 . Contours o f mean stream function  ij)\ reattachm ent leng th
X r =  6.28 h.

A  large secondary bubble is evident in  the step corner, extending to  1.76h in  

the r-d ire c tio n , and 0.8h in  the  y-d irection. The secondary bubble size seems long 

compared to  measurements ( «  0.9h) by D urst &  Schm itt (1985). However th e ir 

studies were conducted at a m uch higher Reynolds num ber {Ren =  1.13 x  10s) and
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expansion ra tio  ( E R  =  2). I t  is unclear how these factors affect the  secondary 

rec ircu la tion  region. F riedrich  &  A rn a l (1990) reported th a t the instantaneous 

secondary rec ircu la tion  regions are three-dim ensional bubbles, located in  the corner. 

In  the current com putations, the secondary rec ircu la tion  extends across the entire 

span as seen in  F ig . 5.16. N o t seen in  F ig. 5.26 is a th ird  com er vo rtex  (M o ffa tt, 

1964) o f 0.042h in  size.

E xperim enta l studies have shown th a t the reattachm ent length  is influenced by 

several parameters:

(a) Expansion ra tio , E R .  The reattachm ent length was dem onstrated by 

Kuehn (1980) to  increase as the expansion ra tio  increase. D u rs t Sc 

Tropea (1981) compiled data from  a num ber o f experim ents to  show 

th a t, a lthough the increase in  X r is almost linear at h igh expansion 

ra tio  (1.5 <  E R  <  2.0), the most dram atic  change is in  the range 

1.10 <  E R  <  1.30 where X r varies from  5h to  7h. The JTr ’s fro m  BL6 

and the JD  experim ent are in  th is  range. The effect o f E R  on the rea t­

tachm ent leng th  was also verified in  the p re lim ina ry  3-D sim ulations 

(see §4.2).

(b ) Reynolds num ber, Re/,. D urs t Sc Tropea (1981) and A rm a ly  et al.

(1983) dem onstrated th a t X r is strongly dependent on the Reynolds 

num ber at low  Re/, values (Re/, <  4500). B u t in  the  Reynolds num ber 

range o f the  JD  experim ent (Re* =  5000), and current s im u la tion  

(Re/, =  5100), X T on ly  increases s ligh tly  w ith  Re/,. T h is  is consistent 

w ith  the results from  the p re lim ina ry  3-D sim ulations.

(c) In le t turbulence intensities y / i f i /U o .  The in le t turbu lence is expected 

to  influence the reattachm ent length (Eaton Sc Johnston,1981). Iso- 

m oto  Sc Honam i (1989) found th a t an increase in  in le t turbu lence in ­

tensities causes a decrease in  X r . However, results o f a ll 3-D  sim ula­

tions are inconclusive because the in le t turbulence in tens ity  was not 

one o f the parameters varied in  the param etric s tudy in  C hapter 4.
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(d) In le t boundary layer thickness, 8/h . Adam s et al. (1984) studied the 

va ria tion  o f X T due to  bo th  the thickness o f the in le t 8 and its  state 

(lam ina r o r tu rb u le n t). For the same Reynolds num ber, they found 

X T to  increase w ith  8 /h  in  lam inar state. W hen 8 /h  increases a t a 

fixed Reynolds num ber, the flow  undergoes a tra n s itio n  from  lam inar 

to  tu rbu len t, and X r increases. However, once the boundary layer 

becomes tu rb u le n t, the reattachm ent length  decreases s ligh tly  as 8 /h  

increases. Again, although 3-D sim ulations have been performed w ith  

d ifferent boundary layer thicknesses, there is insuffic ient com putational 

data  to  e ither support o r negate Adams et a V s (1984) results.

5 .7 .2 . C o e ff ic ie n t o f  F r ic t io n

The w all skin fr ic tio n  coefficient is norm alized by  the in le t ve locity as follows:

F igure 5.27 compares the  mean fr ic tio n  coefficient fro m  BL5 and BL6. The reat­

tachm ent loca tion  is ind ica ted by the po in t Cf — 0. Increasing the resolution shifts 

the  Cf curve to  the le ft, hence a lower reattachm ent length. The higher resolution 

also increases the skin  fr ic tio n  in  the recovery region by 8%. The computed Cf 

(B L6) is p lo tte d  against the  JD data in  F ig . 5.28. Excellent agreement is obtained 

between com puta tiona l and experim ental results.

A  s tr ik in g  departure fro m  previous measurements is the  large peak negative 

sk in  fr ic tio n  in  the rec ircu la tion  region ( «  — 3 x  10“ 3), seen in  bo th  com puta tion  

and JD experim ent. As shown F ig. 5.29, where Cf o f B L6 and JD  experiment are 

compared w ith  data  from  previous experiments, the peak negative Cf is about 3 

tim es larger th a n  previously reported. I t  was established in  the p re lim ina ry  3-D 

sim ulations (C hapter 4) th a t th is h igh  negative C f is no t a result o f com putational 

resolution, boundary o r in it ia l conditions; i t  is now confirm ed by  JD data to  be a 

rea l characteristic o f the flow.
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F ig u re  5 .2 7 . Effect o f g rid  resolution on skin fr ic tio n  coefficient.  case
BL6 (768 x  192 x  6 4 ); case BL5 (480 x  128 x  32).
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F ig u re  5 .2 8 . Comparison between BL6 and JD  step-wall skin fr ic tio n  
coefficient.  case BL6; •  Jovic &  D rive r (1994).
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- 0.001
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-0.003

-0.004
0 2.5 5 7.5 10 12.5 15 17.5 20

x /h

F ig u re  5 .2 9 . Comparison o f B L6  and JD  coefficient o f fr ic t io n  w ith  pre­
vious experiments. -------  case BL6; •  Jovic &  D rive r (1994); □ D rive r &;
Seegmiller (1985); a Adam s et al. (1984); o W estphal et al. (1984) (C ASE 
A ).

Jovic &  D rive r (1995) also measured the skin fr ic tio n  in  the reverse flow  region 

fo r a w ide range o f Reynolds numbers. T he ir results show th a t the rec ircu la tion  

C f decreases w ith  increasing Reynolds number. Th is is shown in  F ig. 5.30. The 

peak negative Cf reaches a value o f approxim ate ly —1.0 x  10-3 a t Reh ~  20000 

w hich is the Reynolds num ber range used in  m any experiments. Thus the  large 

negative skin  fr ic tio n  in  the current s tudy and in  the JD  experim ent is due to  low  

Reynolds num ber effects. The low  Reynolds num ber not on ly decreases the absolute 

value o f the skin  fr ic tio n  in  the rec ircu la tion  region, b u t also increases C f in  the 

recovery region as seen in  F ig . 5.29. T h is  h igh  C f in  the recovery region resu lts in  a 

sh ift in  the  universal log-law o f the near-wall ve locity profiles w hich was previously 

observed in  the p re lim inary  3-D results (§4.2). The discussion o f the near-w all 

ve loc ity  profiles w ill be presented in  §5.7.4.2.
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0.003

0.0025

0.002

T 0.0015

0.001
Reh =  5100

0.0005

0
105

Reh

F ig u re  5 .30 . Peak negative Cf in  recircu la tion region, a  W estphal et al. 
(1984) (CASE A ); o D rive r &  Seegmiller (1985); a Jovic &  D rive r (1995); 
o Jovic &  D rive r (1994); •  BL6.

5 .7 .3 . P re s s u re  D is t r ib u t io n

The mean s ta tic  pressure d is tr ib u tio n  along the step w a ll is shown in  F ig . 5.31. 

A lso included in  th is  figure is the  pressure d is trib u tio n  from  the coarse-grid case 

(B L5). The pressure coefficient Cp is defined as

r  p ~ p° 
p ~  \pVl  ’

where Pq is the reference pressure taken a t 2.5h before the step. The sh ift in  Cp 

in  the rec ircu la tion  zone in  F ig . 5.31(a) is re lated to  the difference in  reattachm ent 

lengths, X r . Roshko &  Lau (1965) and W estphal et al. (1984) suggested a renorm al­

ized streamwise coordinate to  account fo r the difference in  X r : x*  =  (x  — X T) / X T. 

F igure  5.31(b) shows th a t the  Cv curves become much closer in  th is  norm alized 

coordinate. I t  is evident fro m  these figures th a t the g rid  reso lu tion  has very l i t ­

tle  effect on the pressure rise th rough  the reattachm ent. The to ta l pressure rise
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X* =  ( x - X r ) / X r

F ig u re  5 .31 . S tep-wall pressure coefficient, DNS results. --------  case BL6
(768 x  192 x  6 4 ) ;------- case BL5 (480 x  128 x  32). (a) Cp as a func tion  o f
x /h ;  (b ) Cp as a, func tion  o f x*  =  (x  — X r ) / X T.
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between the po in t o f m in im um  pressure, Pmin. a t x* =  —0.60 (x / h  =  2.52) and 

a:* =  0.59 ( x /h  =  10) is A P  =  0.26p?702.

The pressure coefficient is compared w ith  results o f several experiments in  

F ig . 5.32. A l l  curves have nearly the same characteristic rise in  pressure across

0.4

0.3

A □

0.2

0.1

-0.1
-1 -0.5 0 0.5 1 1.5 2 2.5

X*  =  ( x - X r ) / X r

F ig u re  5 .32 . S tep-wall pressure coefficient as a func tion  o f x*. -------  case
BL6; o D rive r and Seegmiller (1985); □ K im  et al. (1978) (STEP1); a West­
phal et al. (1984) (C ASE A ).

the rec ircu la tion  zone, b u t diverge in  the recovery region due to  the differences in  

expansion ra tio . As expected, the higher expansion ra tios  lead to  a h igher ex it Cv 

(D rive r &  Seegmiller (1985) had the lowest expansion ra tio  o f 1.125, and W estphal 

et al. (1984) had the highest, 1.67).

Several authors have suggested rescaling o f Cp to  collapse the pressure data 

from  various geometries and in flow  condition. Roshko and Lau (1965) used

f t  _  Cp ~  Cp,min
p ~  1 -  r  ~
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fo r incompressible flows. A nother scaling, used by K im  et al. (1978), normalizes 

the pressure rise w ith  the ideal pressure rise:

p *  _  Cp ~  ^p,min 
P Cp,BC  -  C p.m in ’

where Cp>b c  is the ideal Borda-Caxnot pressure recovery based on ly  on the expan­

sion ra tio :

Cp'BC =  ~ER (■*■ ~  F p )  ‘

P lots o f Cp using these tw o scalings are shown in  F ig . 5.33. The Cp scaling collapses 

the data well near the step (F ig. 5.33(a)); and the C *  scaling works on ly  in  the 

recovery region (F ig . 5.33(b)). N either m ethod successfully collapses the da ta  near 

and beyond the reattachm ent region.

Adams et al. (1984) examined the effect o f various parameters on the pressure 

coefficient and concluded th a t the on ly upstream  cond ition  having significant effects 

on the pressure rise at reattachm ent is the boundary layer thickness 8 /h .  They also 

suggested th a t, i f  8 /h  <  0.8, the Cp curve w ill reach a peak value after the rise 

th rough  the reattachm ent region, then decrease s lig h tly  in  the recovery zone (e.g. 

da ta  from  K im  et al., 1978); fo r larger 8 /h , Cp w il l m onoton ica lly  increase. However, 

th is  behavior does not ho ld  fo r the data from  D rive r &: Seegmiller (1985); a lthough 

8 /h  =  1.5, th e ir Cp curve has a peak at x*  «  0.4 (F ig . 5.33(b)).

In  F ig . 5.34, the  pressure coefficient o f BL6 is compared to  JD  data. Since the 

JD  experim ent has a double expansion configuration (see §5.4), Cp values a t bo th  

b o ttom  and top  walls are included in  F ig. 5.34, showing sym m etry in  th e ir experi­

m ent. The reference pressure Po is at x / h  =  —5.0 fo r b o th  BL6 and the JD  data. 

The agreement between com putational and experim ental results is excellent in  the 

rec ircu la tion  as well as reattachm ent regions. I t  should be noted th a t th is  agreement 

is achieved w ith o u t re ly ing  on any norm aliza tion  o f da ta  suggested earlier.

The rms  w a ll pressure fluctuations is shown in  F ig . 5.35. The w a ll pressure 

fluc tua tions peak near the reattachm ent location and decreases downstream, an 

observation made by Farabee &  Casarella (1988). The deficiency o f the  convective
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F ig u re  5 .3 3 . Norm alized step-wall pressure coefficient as a fu n c tio n  o f
x*.  -------  case BL6; o D rive r and Seegmiller (1985); □ K im  et al. (1978);
a W estphal et al. (1984). (a) C ,  =  ; (b ) C * =  .

v * l-C-p.m in ’ ^ > V Cp>BC - C p tmin
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F ig u re  5 .34 . Comparison between BL6 and JD experiment step-w all pres­
sure coefficient. -------  case BL6; o Jovic &  D river (1994) b o tto m  wall;
a  Jovic &  D rive r (1994), top  wall.
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F ig u re  5 .35 . Root-mean-square pressure fluc tua tion  at bo tto m  w all.
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outflow  cond ition  is evident in  the  behavior o f near the ex it. F igure  5.35 

indicates th a t p'~ w ith in  one step height from  the ex it is affected by the boundary 

condition .

The streamwise evolution and the contour p lots o f bo th  the mean pressure and 

root-mean-square (rms) pressure fluctuations are shown in  Figs. 5.36 th rough  5.39. 

The reference pressure Po is at x / h  =  —5.0 and y /h  =  1.0 fo r b o th  Figs. 5.36 and 

5.37. Note th a t in  the free stream (y / h  >  2.0), the flow  has a favorable pressure 

gradient up to x / h  »  2.5. S im ila r to the LES results o f F ried rich  &: A m a l (1990), 

the rms fluctuations are highest in  the free-shear layer near the  step.
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F ig u re  5 .3 6 . M ean pressure profiles, (P  — Po)/pUfj. (a) R ec ircu la tion  and 
reattachm ent regions; (b ) recovery region.
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F ig u re  5 .37 . Contours o f mean pressure, (P  — Pq) / p Uq.
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F ig u re  5 .3 8 . Profiles o f rms pressure fluctuations, (a) R ecircu la tion  and 
reattachm ent regions; (b) recovery region.

n.noi

0.010
O ]m -> 0 .0 1 9 Z >  0.016

x/h = 0 5.0 10.0 15.0 20.0

F ig u re  5 .39 . Contours o f rms pressure fluc tua tions , / pU^.
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5 .7 .4 . V e lo c ity  F ie ld

Th is section presents several aspects o f the mean ve loc ity  fie ld. Q uantities o f 

in terest are the mean streamwise ve loc ity  profiles and in tegra l parameters, the near­

w a ll behavior o f the mean ve locity p ro file  behind the reattachm ent po in t, and the 

mean ve loc ity  in  the rec ircu la tion  region.

5 .7 .4 . I .  M e a n  a n d  D e fe c t V e lo c ity  P ro file s

F igure 5.40 presents the comparison between BL6 results and JD  experim ent 

fo r the streamwise ve loc ity  profiles. The comparison is made at fou r representative 

locations in  rec ircu la tion , reattachm ent and recovery regions. Excellent agreement 

between com puta tiona l and experim enta l results is obta ined at a ll locations.

2.5

1.5

x/h»4.0
0.5

0.0 0.50.0 0.0 0.0 1.0

U/Uo

F ig u re  5 .4 0 . Com parison o f mean streamwise ve loc ity  profiles, BL6 and 
JD  experim ent. -------  case BL6; •  Jovic &  D rive r (1994).

The mean streamwise ve locity profiles at z-sta tions th roughout the  dom ain 

beh ind  the step are shown in  F ig. 5.41; and F ig . 5.42 presents the mean ve locity 

contours. In  the  recovery region, the ve locity a t x / h  =  19.0 has an in flec tion  

p o in t ind ica ting  th a t an equ ilib rium  boundary layer p ro file  is not yet recovered. 

Bradshaw &  W ong (1972) observed profiles w ith  an in flec tion  po in t a t 50 step
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F ig u re  5 .41 . Mean streamwise ve loc ity  profiles, (a) R ecircu la tion  and 
reattachm ent regions; (b ) recovery region.
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x/h = 0 5.0 10.0 15.0 20.0

F ig u re  5 .42 . Mean streamwise ve loc ity  con tou rs .  negative ; pos­
itive ; heavy line indicates contours o f U =  0.0.
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heights downstream from  the step. Farabee 8z Casarella (1988) also found th a t 

even at 72h downstream o f reattachm ent, the pressure fie ld  was no t fu lly  recovered.

The approach to  equ ilib rium  in  the recovery region can be seen in  F ig . 5.43, 

where U  is p lo tted  in  the defect coordinates (Kays &  C raw ford, 1980) a t three 

locations, x / h  =  10.0, 15.0, and 19.0. The velocity defect coordinates are defined 

as:

=  S3 =  ~ r ^ = ^ d y ,
U r  \ o 3 /  J o u t

w ith  Ue being the boundary layer edge velocity. In  these coordinates, the  outer- 

region s im ila r ity  is a tta ined independently o f the streamwise locations i f  the bound­

ary layer is in  equ ilib rium . I t  is clear in  F ig . 5.43 th a t the profiles are approaching

i-
3

-10

-15

-20
0 0.05 0.1 0.15 0.2 0.25 0.3

y/h

F ig u re  5 .43 . Velocity profiles in  defect coordinates. -------  x / h  =  10.0;
  x / h  =  15 .0 ; x / h  =  19.0.

b u t do not reach se lf-s im ila rity  a t the exit. Th is is also the characteristic o f bound­

ary  layer profiles in  an adverse pressure gradient (A P G ) (see fo r example, Schraub 

Sz K line , 1965, K lin e  et al., 1967). The equ ilib rium  cond ition  m ay be determ ined
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by the Clauser shape fac to r G, defined as:

The streamwise va ria tion  o f the Clauser shape facto r G  is shown in  F ig . 5.44. 

A lso shown is the shape facto r H  =  6*/8. The Clauser shape facto r is oo a t the 

reattachm ent p o in t because uT =  0, and decreases to  ss 10 near the dom ain exit. 

In  a study o f A P G  flows having pressure gradient parameters s im ila r to  the ex it 

conditions here, Andersen et al. (1972) measured values near G  ~  7.1.

30

25

20

15

10

5

0
2.5 17.5 200 5 7.5 10 12.5 15

x /h

F ig u re  5 .4 4 . Shape factors. Clauser shape facto r G: -------  BL6; •  Jovic
&  D rive r (1994). H : ------  BL6; o Jovic Sz D rive r (1994).

F ina lly , the displacement and m om entum  thicknesses from  bo th  BL6 and the 

JD  experiment are p lo tted  in  F ig. 5.45. The agreements w ith  the JD  experiment 

are very good.
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1.5

1.25

1

0.75

0.5

0.25

0
2.5 5 10 17.5 200 7.5 12.5 15

x /h

F ig u re  5 .4 5 . D isplacement ant m om entum  thicknesses. 6*: -------  BL6;
•  Jovic &  D rive r (1994). 9 : ------  BL6; o Jovic &  D rive r (1994).

5 .7 .4 .2 . W a ll-S h e a r  V e lo c ity  a n d  th e  L a w  o f  th e  W a ll

F igure 5.46 shows the progression o f the near w a ll ve loc ity  profiles in  the recov­

ery region. The profiles are below the universal log-law  even at 20h downstream  

o f the step. Previous experim ental studies reported a recovery o f the  log-law  p ro ­

file  even as early as 6 step heights a fter the reattachm ent, e.g., W estphal et al.

(1984), K im  et al. (1978), and Adams et al. (1984). The p re lim ina ry  3-D sim ula­

tions (C hapter 4) ind ica ted th a t, in  the range considered, the g rid  reso lu tion  as w ell 

as the upstream  conditions have no effect on the recovery profiles. The excellent 

agreement between the BL6 and JD  profiles a t x / h  =  19.0, shown in  F ig . 5.47, 

confirm s th a t the devia tion  fro m  the universal log-law  is a real behavior in  th is  

flow . The apparent discrepancy between the present near-wall profiles and previous 

experiments is a ttr ib u te d  to  the m ethod o f ob ta in ing  the wall-shear ve loc ity  u T. 

In  previous experim ents, the wall-shear ve locity  was calculated using the C lauser 

chart w ith  the inherent assumption th a t the log-law  o f the zero-pressure gradient
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25 

20 

15 

10 

5 

0

F ig u re  5 .46 . Progression o f mean streamwise ve loc ity  profiles in  w a ll co­
ordinates.

■ x/h=7.5 
• x/h=10.0 
-x/h=12.5
x/h=15.0 ,
•x/h=17.5
■ x/h=20.0 '
■ u+=y+u+=(1/0.41)log(y+)+5.0 '

25

20
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10
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10°

F ig u re  5 .47 . Mean streamwise velocity profiles in  w a ll coordinates at
x / h  =  1 9 .0 . u + =  y+ ;  u+ — g^-logy'*' +  5 .0 ;-------  com puta tion
(case BL6); •  Jovic &  D rive r (1994).

120

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Chapter 5 THREE-DIMENSIONAL SIM U LATIO N  -  RESULTS

tu rb u le n t boundary layer is applicable. The result was lower values o f u r , hence 

h igher u+  values. The JD  data  in  Fig. 5.47 were based on C f  d irec tly  measured 

b y  a laser in terferom eter, and not re ly ing  on the Clauser chart. D irect C f  mea­

surements using a pulsed w a ll probe by W estphal et al. (1984) confirm  th a t the 

correct shear ve loc ity  in  th is  flow  region is indeed higher than  th a t predicted by the 

C lauser chart. In  the present configuration, th is discrepancy is as h igh as 17%, i.e., 

UT/ u Tc «  1.17, where the subscript c denotes the value obtained using the Clauser 

chart. W estphal et aV s (1984) velocity profiles w ith  the ir d irec tly  measured u T are 

p lo tte d  in  F ig. 5.48. The ir profiles d id  fa ll below the log-law at x / h  =  12.0 and 

16.0 b u t recovered at x / h  =  20.0. A  much higher Reynolds num ber in  W estphal et 

al.’s (1984) experim ent (Re/, =  4.2 x  104) appears to  accelerate the recovery o f the 

log-law.

25

CL-*'

20

15

•  d a
10

5

0
10°

F ig u re  5 .48 . Mean streamwise ve locity  profiles in  w a ll coordinates, W est­
pha l et al. (1984). - —  =  y + ;  u+ =  ^ ^ + + 5 . 0 ;  a x / h  =  12.0;
n x / h  =  16.0; •  x /h  =  20.0.
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The dev ia tion  o f the  ve lo c ity  p ro file  fro m  the  log-law  appears to  be resu lted  from  

the  strong  stream wise adverse pressure g rad ien t (A P G ) w hich is experienced b y  the 

flow  fo llo w in g  the  sudden expansion. A lthough  the  effect o f A P G  on a boundary 

layer has been stud ied by m any authors, the un iversa l log-law  was s t ill considered 

applicab le  because o f the use o f C lauser chart as m entioned above. A  re -eva lua tion  

o f the a p p lic a b ility  o f the  log -law  in  non-zero pressure g rad ient flow s was recently 

conducted by  Nagano et al. (1991). T hey concluded th a t the  m ean ve lo c ity  p ro file  

does indeed s h ift dow nw ard fro m  the  standard log-law  in  an A P G . F igu re  5.49 shows 

the  ve loc ity  p ro file  from  Nagano et a l.'s (1991) da ta  a t P + — 2.5 x  10~2, w here P + 

is a non-dim ensional pressure g rad ien t param eter defined as:

dx  ’

The same devia tion  from  the  log-law  is observed in  F ig . 5.49. Studies b y  D rive r 

(1991) o f flows w ith  adverse pressure gradient also support th is  fin d in g .

25

20

15

10

5

0
10°

Figure 5.49. M ean stream wise ve lo c ity  pro files subject to  an A P G  in  w a ll
co o rd in a te s .  u + =  y + ;  u +  =  g ^ -lo g y * +  5.0; •  Nagano et al.
(1991), P +  =  2.5 x  IQ "2.
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Com pared to  the  pressure g rad ient param eter P +  in  Nagano et oZ.’s (1991) data, 

the  A P G  in  the recovery reg ion o f JD  experim ent and o f the  cu rren t s im u la tion  is 

m uch less severe (P + decreases fro m  1 x  10-2  to  5 x  10-3  in  th e  range 10.0 <  x / h  <  

19.0). O n the o the r hand, W estphal et al.’s (1984) experim ent, w ith  a pressure 

g rad ien t s im ila r to  B L6, shows a quicker recovery to  the  log-law . I t  should be noted 

th a t P + , w h ich represents the  ra tio  o f the  axia l pressure force to  w a ll shear force, 

is inversely p ro p o rtio n a l to  u3 o r CZJ 2. As shown in  §5.7.2, th e  ca lcu la ted Cf is 

h igh  due to  low  Reynolds num ber effects; th is  con tribu tes to  th e  low  P + values in  

the cu rren t s im u la tio n  and JD  experim ent com pared to  Nagano et aVs (1991) data. 

R ecall th a t the ve lo c ity  p ro files  in  W estphal et a l.’s (1984) experim ent approach the 

log-law  m ore q u ick ly  (F ig . 5.48) fo r a s im ila r pressure g rad ien t. Therefore, adverse 

pressure g rad ien t alone does no t fu lly  account fo r th e  departu re  from  the  log-law , 

b u t the  low  R eynolds num ber also appears to  have an effect on th e  ra te  o f approach 

to  recovery.

5.7 .4 .3 . R ecirculation R egion

In  the re c ircu la tio n , the  law  o f the  w a ll fo r a ttached flow s does no t ho ld . The 

back flow  appears to  behave m ore like  a lam ina r flow  (Adam s et al., 1984). Sim pson 

(1983) and Sim pson et al. (1990) p rovided scaling param eters th a t collapsed the 

ve loc ity  pro files in  a separated flow . Sim pson (1983) proposed th ree  layers fo r these 

pro files. The scaling d istance is N ,  the  distance fro m  the  w a ll to  the  m axim um  mean 

negative ve lo c ity  Upf. The three layers are (a) the  in n e r laye r, y / N  <  0.02, where 

viscous effects are im p o rta n t and u+ =  y+  holds; (b ) the  o u te r layer, y / N  >  1, 

w h ich  has a lin e a r p ro file ; and (c) the  overlap layer, 0.02 <  y / N  <  1. The proposed 

e m p irica l re la tio n  fo r the  overlap layer is:

W i f i = A  ~ lo s  ( w )  “ * ] “ (5-1)

where the constant A  was selected to  be 0.3 based on Sim pson et al.’s (1990) data. 

Adam s et al. (1984) app lied  th is  re la tio n  to  th e ir backw ard-facing step da ta  b u t 

Eq. (5.1) d id  no t p rov ide  a good representation o f th e ir data. F igu re  5.50 presents
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• y / N

Figure 5.50. N orm alized rec ircu la tion  mean ve loc ity  p ro files, U /U n  v s

y /N .  o x / h  =  2.0; □ x / h  =  3.0; & a :/ft =  4 .0 ;o  x / h  =  5 .0 ;-------  S im pson’s
(1983) m odel, Eq. (5 .1) w ith  A  =  0.3.

the  ve loc ity  p ro files a t three locations in  the  re c ircu la tio n , p lo tte d  in  the coordinates 

suggested by  Sim pson et al. (1990). A lso p lo tte d  fo r com parison is the  re la tio n  in  

Eq. (5 .1). S im pson’s (1983) co rre la tion  w ith  A  =  0.3 devia te from  the  com puted 

pro files by  as m uch as 45% in  the overlap layer (0.02 <  y / N  <  1). A n  adequate 

collapse is seen fo r locations in  the range 3 <  x / h  <  5. The s im ila rity  does no t 

ho ld  as one moves closer to  the zero-velocity po ints (rea ttachm ent, x / h  =  6.28, and 

secondary bubble , x / h  =  1.74).

Adam s et al. (1984) a ttem pted to  establish a skin  fr ic tio n  law  o f the  fo rm  

C f  =  F ( U ,N ) .  Assum ing a universal p ro file  does exist in  the  backflow  region, 

i.e ., U /U n  — f ( y / N ) ,  then one w ould obta in :

r  - f  (°)
}'Un ~  ReN ’

(5.2)

where C f y N is the fr ic tio n  coefficient norm alized by \ p U 2N , and Rep/ is the  R eynolds 

num ber based on U n  and N .  In  o the r words, C f tyN <x w hich is typ ic a l fo r
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la m in a r boundary layers. D ata  from  the  cu rren t s im u la tio n  are shown in  F ig . 5.51. 

The da ta  do no t qu ite  fo llow  the  —1 slope («  —0.92) b u t are m uch closer to  the  

la m in a r re la tio n  than  shown by Adam s et al. (1984). They speculated th a t the slope 

w ould be —j  instead o f —1 based on th e ir data. However, w ith  h igh  unce rta in ty  

leve l in  the  backflow  C f  measurements, and too few  available data  po in ts , clear 

conclusion could no t be reached. The C f tus  co rre la tion  from  the com puta tiona l 

resu lts is

Cf ,uN «  4.5R e / 92. (5 .3 )

I t  should be noted in  F ig . 5.51 th a t th is  re la tio n  also holds even fo r locations in  the 

secondary vortex.

£
O r

10°

10°

Repf

F ig u re  5 .5 1 . Skin fr ic tio n  in  rec ircu la tio n  region as a fu n c tio n  o f w a ll-laye r
Reynolds num ber, o p rim a ry  vortex; •  secondary v o rte x ;  C f u N =
4.5 R e / '92.
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5.7 .4 .4 . V ertical V elocity Profiles

The p ro files  o f mean ve rtica l com ponent o f the ve locity, V ,  and its  contours 

are p lo tte d  in  F igs. 5.52 and 5.53, respectively. Inside the  re c ircu la tio n  region, 

positive  V  (flo w  away from  the  w a ll) occurs in  the  region x / h  <  4.0. The m axim um  

positive  V  is  approxim ate ly 0.04f7o. The flow  experiences the  strongest dow nw ard 

tu rn  ju s t upstream  o f reattachm ent (x / h  «  5.0). The m axim um  (negative) mean 

ve rtica l ve lo c ity  a t th is  p o in t is V  =  —0.073Z7o. A fte r x / h  m 15.0, m ost o f the  

mean ve rtica l m o tion  has d im in ished. A t x / h  =  19.0, there  is s t ill a very s lig h t 

dow nw ard m o tio n  (Vmax ~  —2.8 x  10~3Ub). As m entioned in  §5.6.2, a lthough  the 

mean ve rtica l ve loc ity  is sm all, its  instantaneous values can be up to  60% o f in le t 

free stream  ve lo c ity  Uq occurring  a t 0.5 <  y /h  <  0.9 and 2.5 <  x / h  <  5.0.

5.7.5. Turbulence Intensities and R eynolds Shear Stresses

The rms  p ro files o f the lo n g itu d in a l and ve rtica l ve loc ity  flu c tu a tio n s  ( \ / P ,  

\ / P ) ,  and the  R eynolds shear stress com ponent ( t f ? )  are com pared w ith  JD  results 

a t fo u r stream wise locations in  Figs. 5.54 and 5.55. The agreement between B L6 

and JD  resu lts  are excellent fo r a ll Reynolds stress com ponents. Jus t a fte r the  

rea ttachm ent zone, the near w a ll peak in  the JD  stream wise tu rbu lence  in te n s ity  

appears to  develop ea rlie r than  B L6 ( x /h  =  10.0).

The stream wise evolutions and contours o f a ll fou r Reynolds stress com ponents, 

V P ,  V P ,  V w '2 and u'v1 are displayed in  Figs. 5.56-5.63. A ll rms values are 

norm alized to  the  in le t free-stream  ve lo c ity  J7o, and u'v1 to  U q . For x / h  <  1.5, the 

rms p ro files in  a ll three d irections show a sharp increase a t the step (F igs. 5 .56 - 

5.60). I t  w ill be shown la te r th a t, a lthough  these locations are very close to  the  

step, the  sharp rises are no t a m an ifesta tion  o f the  singu la r p o in t a t the  step corner. 

Inside the  re c ircu la tio n  region, the  lo n g itu d in a l tu rbu lence in te n s ity  ( \ / P )  rises 

from  zero a t the w a ll to  a firs t sm all peak a t y /h  «  0.1 (F ig . 5.56(a), x / h  =  2.5). 

T he distance fro m  the  w a ll to  the  firs t in te n s ity  peak is rough ly  the same distance 

N  fro m  the  w a ll to  the  m axim um  reverse flow  ve loc ity  U n  (see §5.7.4.3). The sm all
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F ig u re  5 .5 2 . M ean v e rtic a l ve lo c ity  pro files, (a) R ec ircu la tion  and re a t­
tachm ent regions; (b ) recovery region.

\-0 .0 4

j------------------------- 1_______________i_______________ i

x lh  =  0 5.0 10.0 15.0 20.0

F ig u re  5 .5 3 . Mean v e rtic a l ve lo c ity  c o n to u rs .  n e g a tive ;  posi­
tive ; heavy lines ind ica te  contours o f V  =  0.0.

127

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Chapter 5 THREE-DIMENSIONAL SIM U LATIO N  -  RESULTS

2.5
x/h-19.0

1.5

0.5 -

0.0 0.0 0.05 0.150.0 0.0 0.10

V ^ / U o

2.5

1.5

0.5

0.0 0.0 0.050.0 0.0 0.10

V v ^ /U o

F ig u re  5 .5 4 . C om parison o f B L6 and JD  tu rbu lence  in te n s ity  profiles. 

  BL6; •  Jov ic  &  D riv e r (1994). (a) \ / u^ / U q; (b ) \Z v^ / U q.
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F ig u re  5 .5 5 . C om parison o f BL6 and JD R eynolds shear stress profiles.
  B L6; •  Jovic &  D riv e r (1994).

peak near the w a ll, is dom inated by the m uch la rger peak in  the  free shear layer. 

A fte r reattachm ent, the near-w a ll yfW - peak re-emerges (F ig . 5 .56(b)) a t a distance 

y / h  ps 0.06; b u t th is  peak now is th a t o f a re-developing tu rb u le n t boundary layer. 

Near the  e x it the  near-w a ll peak grows to  approxim ate ly 12% o f the in le t free stream  

ve locity. The evolutions o f y /v ^ ,  y /w >2 and u 'v ' are shown in  F igs. 5.58, 5.60, and 

5.62.

The m axim a o f a ll R eynolds stress com ponents, a t any stream wise loca tion , 

occur in  the  free shear layer. The loca tion  o f y /u ^ max s ta rts  a t y / h  =  1 near the 

step, decreases to  y / h  ps 0.7 a t reattachm ent (x /h  ~  6), rises again to  near y /h  =  1.0 

a t x / h  ps 12.0 fo r the  rem ain ing  recovery region (F igs. 5 .56 (b )). The locations o f 

the stream wise in te n s ity  m axim a coincide w ith  the centerline  o f the free shear layer 

(the  free shear layer centerline is the locus o f the in fle c tio n  po in ts  o f the mean 

stream wise ve lo c ity  p ro files, F ig . 5.41). For the lo n g itu d in a l com ponent, Vn^m ax 

reaches 0.1817o a t about one step height before the rea ttachm ent, then  dim inishes 

to  approxim ate ly O.lOC/o a t the  ex it. For the other com ponents o f the  Reynolds 

stress tensor, the  m axim um  values are: y / v ^ max ps 0.12J7o, Vu>/2max ~  0.14i7o> and
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F ig u re  5 .5 6 . L o n g itu d in a l tu rbu lence in te n s ity  p ro files (y /v /^ /U o ).  (a ) 
R ec ircu la tion  and reattacbm ent regions; (b ) recovery region.

0.02

j___________________ i___________________ L

xlh =  0 5.0 10.0 15.0 20.0

F ig u re  5 .5 7 . Lo n g itu d in a l tu rbu lence in te n s ity  contours ( y /u ^ /U o ) .
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F ig u re  5 .5 8 . V e rtica l tu rbu lence  in te n s ity  pro files (V v ^ /U o ) .  (a ) R ecir­
cu la tio n  and reattachm ent regions; (b ) recovery region.
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F ig u re  5 .5 9 . V e rtica l tu rbu lence  in te n s ity  contours ( \Z v ^ /U o ) .
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F ig u re  5 .6 0 . Spanwise tu rbu lence  in te n s ity  p ro files  ( y / w i2/ U q). (a ) R ecir­
cu la tio n  and reattachm ent regions; (b ) recovery region.
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F ig u re  5 .6 1 . Spanwise tu rbu lence  in te n s ity  contours ( " \/w i2/ U q).
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F ig u re  5 .6 2 . Reynolds shear stress profiles ( —u ' v ' / U q ).  (a) R ecircu la tion  
and reattachm ent regions; (b ) recovery region.
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F ig u re  5 .6 3 . R eynolds shear stress contours ( — u ' v ' / U q ) .
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u 'v 'max «  —0.011C7q ; a ll occur in  the free shear layer ju s t before th e  reattachm ent, 

x / h  «  5.0 (F igs. 5.57, 5.59, 5.61 and 5.63).

The rise and fa ll in  m axim um  values o f a ll fo u r R eynolds stress com ponents w ith  

stream wise distance are shown in  F ig . 5.64. For c la rity , the  ( —u 'v ' )max values are 

m u ltip lie d  by  10. N ote also th a t the  near-w all peak o f is no t presented here, 

a lthough i t  is  a c tu a lly  la rge r than  the values in  the  free shear layer fo r x / h  >  15 

(see F ig . 5.56). A  com parison w ith  max from  the coarse g rid  case (B L5 , chain- 

do t-do t line  in  F ig . 5.64) ind icates th a t the m agnitude o f the  peak o f the stream wise 

in te n s ity  rem ains about the same w ith  g rid  refinem ent.

0.2

0.15

E

0.1
s“

0.05

0 2.5 5 17.5 207.5 10 12.5 15
x /h

F ig u re  5 .6 4 . M axim a o f Reynolds stress com ponents. -------  v V m jx;

  V w ^m ax; y/w^max', .......  ( - u 'v ' ) max X  1 0 ; V ^ ra a x , case
BL5.
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5.8. M om entum  B udgets

The mean m om entum  equation fo r incom pressible flow  is

=  -  W k \ t  -  W * j , t  +  j - U i M  -  P , i . (5 .4 )

oo (ii) I S T w

The fo u r te rm s in  the r ig h t hand side o f Eq. (5 .4) are id e n tifie d  below.

( I)  =  C onvection te rm ,

( I I )  =  R eynolds stress te rm ,

( I I I )  =  V iscous te rm ,

( IV ) =  Pressure g rad ien t te rm .

As described in  §5.3, the budgets were evaluated using 6070 samples over an 

averaging tim e  period  A T ave «  109/r/Uo. T h is represents about 4.3 flow -th rough  

tim es using a mean convective speed Uc =  0.8Z7o and a post-expansion leng th  o f 

20h. F igures 5.65-5.69 present the stream wise and norm a l m om entum  budgets a t 

five  representative locations in  the stream wise d irec tion : x / h  =  —2.0, 4.0, 7.0, 10.0

and 18.0. A ll quan titie s  are norm alized by U ^/h .  As described in  §5.3, a piecewise

least-square f i t  is app lied  to  budgets a t x / h  =  4.0, 7.0, 10.0 and 18.0.

Before the  step, there is a s ligh t favorable pressure g rad ien t in  the  region —3.0 <  

x / h  <  0.0. d P /d x  «  —2.1 x  10~3 pU$ a t x /h  =  —2.0 as shown in  F ig . 5.65(a). A t 

th e  w a ll, th e  decrease in  pressure is balanced by the  viscous te rm . In  the  ou te r 

reg ion, the viscous te rm  is neglig ib le , and the R eynolds shear stress is balanced by 

the  pressure g rad ien t and convection term s. In  the no rm a l m om entum  equation the 

pressure g rad ien t and R eynolds stress term s are dom inant.

In  the  backflow  reg ion, a severe adverse pressure g rad ien t exists w h ich is ba l­

anced a t the  w a ll by the  viscous te rm  (F ig . 5 .66(a)). U n like  the  zero pressure 

grad ien t boundary layer, b o th  d (U U ) /d x  and d ( U V ) /d y  have s ign ifican t co n trib u ­

tions  to  the  m om entum  balance. The stream wise pressure g rad ien t is no t u n ifo rm  

in  the ^-d ire c tio n ; d P / d x  «  0.04/jZ7g//i a t the w a ll and decreases to  approxim ate ly
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0.017 p U ^ /h .  The R eynolds stress te rm  is made up m a in ly  from  du 'v1 / d y  w h ich  

changes its  sign a t y / h  «  0.6.

Beyond the reattachm ent, the  stream wise pressure g rad ien t is  v ir tu a lly  u n i­

fo rm  in  y\ the  R eynolds stress te rm  increases s ig n ifica n tly  very close to  the  w a ll 

(F ig . 5 .67 (a )-5 .68 (a )). There is less dow nw ard flow  dow nstream  fro m  the  re a t­

tachm ent, thus in  a ro le  reversal, d (U U ) /d x  becomes s ig n ifica n tly  la rge r then 

d ( U V ) /d y .  T h is  tre n d  continues th rougho u t the  recovery region.

T he dom inant term s in  the V  m om entum  equation are the  pressure g rad ien t 

and the  Reynolds stress term s. The equation

d P  _  d P 3 
dy  ~  dy

is  a reasonable approxim ation  to  the  norm a l m ean m om entum  equation. The con­

vection  te rm  a tta ins a m ore s ign ifican t ro le  near and beyond the  reattachm ent p o in t. 

I t  also changes sign fro m  large ly pos itive  in  the re c ircu la tio n  zone to  negative in  the 

recovery region.

136

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Chapter 5 THREE-DIMENSIONAL S IM U LA TIO N  -  RESULTS

0.05

0.04

0.03

0.02

0.01

-0.01

-0.02

-0.03

-0.04

-0.05
0 0.2 0.4 0.6 0.8 1 1.2

(y  -  h ) /h

0.025 -------------------------- 1--------------------------- 1---------------------- “ i--------------------------- ---------------------------

-£S 0.02 7. 0 0  -

0.015 j-i -

& 0.01 i - • -

0)CS3

I

0.005

0

-0.005

-

— 1 ................
I

V
hO

-c
-0.01

$
1

r :
, 1

-

-D -0.015 i-; -

-0.02

-0.025

I!
---------------------------1--------------------------- 1— — j---------------------------

-

0 1 2 3 4 5
(■y - h ) / h

F ig u re  5 .6 5 . M om entum  budget a t x / h  =  —2.0, norm alized by  U ^ jh .
  convection te r m ;  Reynolds stress te r m ; viscous te rm ;
  pressure gradient te rm , (a ) U  m om entum  equation; (b ) V  m om entum
equation.
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F ig u re  5 .6 6 . M om entum  budget a t x / h  =  4.0, norm alized by Uq / h  (least-
square f it ) .  -------  convection te rm ;--------Reynolds stress te rm ;----------viscous
term ; ........ pressure g rad ien t te rm , (a) U  m om entum  equation ; (b ) V
m om entum  equation.
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F ig u re  5 .6 7 . M om entum  budget a t x / h  =  7.0, norm alized by U ^ /h  (least-
square f i t ) .   convection te rm ; Reynolds stress te rm ; viscous
term ; ........ pressure g rad ient te rm , (a ) U  m om entum  equation; (b ) V
m om entum  equation.
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s q u a re fit) .  convection te rm ; R eynolds stress te rm ; viscous
te rm ; ........ pressure g rad ien t te rm , (a) U  m om entum  equation; (b ) V
m om entum  equation.
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te rm ; ........ pressure gradient te rm , (a) U  m om entum  equation; (b ) V
m om entum  equation.
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5.9 . R eynolds Stress Budgets

5.9 .1 . Transport Equations and Averaging M ethod

Because m om entum  equations are num erica lly  solved on a staggered g rid , tw o 

form s o f the  Reynolds stress tra n sp o rt equation are considered. The firs t is m ore 

p rim itiv e  and is a s tra ig h t fo rw ard  m om ent o f the  flu c tu a tin g  m om entum  equation 

defined a t the appropria te  ve loc ity  g rid  po ints.

du';u
- y -  =  - u \  ( u jo i)  -  ( £ / ,< ) ,

' ---------------------------k -----------------------------' ' ----------------------------v---------------------------- -

Cij Pij

-  ( “ > 0 , * ( “ W) , ,

T -  D -

,kk

 uU1- u — u'-p/ ■ — u ' p1 ■. (5 .5 )R e hk J,k “ t r , ]  * W

T he  term s on the  rig h t hand side o f Eq. (5.5) are iden tified  as follow s: 

C -  =  C onvection,

P fj  =  P roduction ,

T -  =  Turbulence T ransport,

D -  =  V iscous D iffus ion ,

=  V iscous D issipa tion ,

I I "  =  V e loc ity  P ressure-G radient.

The relevant non-zero stresses are u'^u^, u^u^, u'3u'3, and u^ui^.

The co n tin u ity  equations Uk k =  u'kk  =  0 can be applied to  Eq. (5.5) to  o b ta in  

a m ore com pact fo rm :

d u '-u 1-u,i u i  / \  ____  ____  7  7
d T = ~  Uk{ ui u'j) k -  u'iu'kUi,k -  W k U it  ~  U u 'ju 'A

v—— V  I-■ ’«,S’ V v  ^
Cij Pij Tij
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+ We (“W ) - WeU'**U'i* ~ UWi ~ ’ (56)
 5  3 — '

In  Eq. (5 .5 ), each te rm  is  com puted a t the node po in ts  corresponding to  each 

ve loc ity  com ponent. For exam ple, in  the  du^u^ /d t  equation, a ll term s are evaluated 

a t the East and W est surfaces o f the  cells; s im ila r procedure is app lied  a t o the r 

ce ll surfaces fo r the  rem ain ing  com ponents. E qua tion  (5 .5) requires 71 s ta tis tica l 

variables fo r every x-y  lo ca tion . O n the  other hand, a ll variables in  Eq. (5.6) are 

in te rpo la te d  to  the ce ll centers before s ta tis tics  are com puted; w h ich  reduces the 

num ber o f variables per x-y  node to  24. The budget resu lted  fro m  Eq. (5 .5) is 

m ore accurate because th is  is the p rim itiv e  fo rm  em ployed in  the  com putations. 

Nevertheless, there is  less th a t 5% difference between the results o f Eqs. (5.5) and 

(5 .6 ). B o th  da ta  sets were sam pled a t equal tim e  in te rva ls o f A t s =  0.018h/Uo 

apa rt.

The sections below exam ine the budget fo r each Reynolds stress com ponent

and the tu rb u le n t k in e tic  energy, q2/ 2 =  +  u'3u'3). The budgets

were averaged over A T ave =  109h/Uo. In  subsequent discussions, a ll term s in  the 

R eynolds stress tra n sp o rt equations are non-dim ensionalized by U3/ h  fo r regions 

away from  the w a ll. Near the  w a ll (y + <  25), the tra n sp o rt equations are non- 

d im ensionalized by U r /v ,  where uT is  the  loca l w a ll shear ve locity, and v  is the 

k inem atic  viscosity. Least-square f i t  is applied on ly  to  budget term s away fro m  the 

w a ll (y+ >  50) and fo r loca tions beh ind the  step.

143

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Chapter 5 THREE-DIMENSIONAL S IM U LA TIO N  -  RESULTS

5.9.2. Longitudinal Stress Budget

The stream wise R eynolds stress transpo rt equation is

Qu> u> ______ ____  ________
=  -  Uk(u \u \ )  k -  2 t/1u ,fcE/1)Jfc -  ( u 'u 'X ) , *

v-----------   ./v. v . —

C'n P n  Tu

+ < ) , k k  ~  J ^ u i , k u 'i,k ~  (5-7)

D n  «n nu

The u '2 budget fo r five  representative locations along th e  stream wise d irec tion  

are shown in  F igs. 5.70-5.74. A t tw o step heights p rio r to  separation , the  budget 

term s are q u a lita tiv e ly  s im ila r to  those o f S palart (1988) and o f tu rb u le n t channel 

flow , M ansour et al. (1988). However, the  viscous d iffu s io n  (D n ) and d iss ipa tion  

(en ) here are about 40% higher near the w all. T h is  is possib ly due a m ild  favorable 

pressure g rad ien t in  the region before the  step. No s ig n ifica n t differences in  the  

rem ain ing  term s are d iscern ib le  com pared to  a zero pressure g rad ien t boundary 

layer.

F igures 5.71-5.73 show the lo n g itu d in a l stress budgets in  the free-shear layer 

across the  re c ircu la tio n  and reattachm ent regions. In  the  re c ircu la tio n  reg ion, the 

p roduction , P n , reaches its  m axim um  in  the shear layer. As discussed in  §5.7.5, 

a lthough b o th  u12 and u 'v 1 have m axim a a t th is  lo ca tion , on ly  the  te rm  u 'v 'd U /d y  

con tribu tes s ig n ifica n tly  to  P jj.  A lthough  en  peaks in  the  shear laye r a t the  same 

loca tion  as Pn , i t  accounts fo r approxim ate ly 30% o f the  energy p roduc tion . The 

ve loc ity  pressure-grad ient, n n , is appreciab ly la rge r than  d iss ipa tion .

The tu rbu lence  tra n sp o rt, Tjj , is made up o f tw o tr ip le  p roducts:

_  du'3 du l2v'

11 dx dy

The stream wise va ria tio n  o f these tr ip le  corre la tions is shown in  F ig . 5.75. Inside  the 

re c ircu la tio n  zone, du l3/ d x  <C du l2v ' /d y .  S im ila r to  observations by C handrsuda 

&  Bradshaw (1981), u '2v '  is an ti-sym m etric  in  the shear laye r. T he tu rbu lence
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tra n sp o rt te rm  thus removes energy from  the  shear layer reg ion (0.3 <  y /h  <  1.1) 

and deposits i t  near the  w a ll and in  the high-speed side o f the  layer.

F igu re  5.73(a) shows th a t a ll term s decay ra p id ly  th ro u g h  the  reattachm ent 

region. B u t the  tra n sp o rt (T n ) and convection (C n ) term s become re la tiv e ly  m ore 

p rom inen t. As expected, in  the  low-speed side o f the layer, the  convection te rm  is 

positive  whereas i t  is negative in  the  high-speed side.

V ery near the  w a ll, tu rbu lence p roduction  becomes negative in  the  re c ircu la tio n  

zone (F ig . 5 .71(b)) because o f the reverse flow  below  y+  «  25. The ve loc ity  pressure- 

g rad ien t te rm  ( I I n ) becomes pos itive  fo r y+  <  15. As the  adverse pressure g rad ient 

decreases a fte r reattachm ent, the  near w a ll d im in ishes and the features o f a 

norm a l tu rb u le n t boundary layer re-emerge as seen in  F ig . 5 .73(b). However, the 

viscous term s ( D n  and e jj)  are s t ill dom inant; the  viscous d iffu s io n  and d iss ipa tion  

a t the w a ll are about 3 tim es la rge r than  the peak p roduction . I t  should be noted 

th a t, com pared to  the loca tion  inside the re c ircu la tio n  reg ion, D u  and en  a t the 

w a ll are v ir tu a lly  unchanged; b u t th is  is no t obvious fro m  F igs. 5.71(b) and 5.73(b) 

because th e  term s are norm alized using loca l u r ’s.

In  the  recovery region, the  near w a ll p ro files are ve ry  m uch s im ila r to  those o f 

a standard  tu rb u le n t boundary layer (F ig . 5 .74(b)) a lthough  there rem ains some 

discrepancy between the  p ro d u c tio n  peak and the  w a ll viscous d iss ipa tion  and d if­

fusion. M oreover, a fte r reattachm ent, the  tu rbu lence tra n sp o rt becomes a very 

s ign ifican t te rm  near the  w a ll (F ig . 5.75).
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F ig u re  5 .7 0 . L o n g itu d in a l Reynolds-stress budget a t x / h  — —2 .0 . ------
convection; -----  p ro d u c tio n ;--------  tu rbu lence tra n sp o rt; ........  viscous
d iffu s io n ; viscous d is s ip a tio n ; ve loc ity  pressure-gradient. (a)
Aw ay fro m  the w a ll; (b ) near the  w all.
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F ig u re  5 .7 1 . Lo n g itu d in a l Reynolds-stress budget a t x / h  =  4.0. ------
convection; -------  p ro d u c tio n ;  turbu lence tra n sp o rt; ........ viscous
d iffu s io n ; viscous d is s ip a tio n ; ve loc ity  pressure-gradient. (a )
Aw ay from  the w a ll (least-square f it ) ;  (b ) near the  w a ll.
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F ig u re  5 .7 4 . L o n g itu d in a l Reynolds-stress budget a t x / h  =  1 8 .0 .------
convection; -------  p ro d u c tio n ;  tu rbu lence tra n sp o rt; ........  viscous
d iffu s io n ; viscous d is s ip a tio n ; ve lo c ity  pressure-gradient. (a)
Aw ay from  the  w a ll (least-square f it) ;  (b ) near the  w a ll.
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5.9 .3 . Vertical Stress Budget

The budgets o f the w a ll-no rm a l stress com ponent are shown in  F igs. 5.76-5.80

according to  the  fo llow ing  tra n sp o rt equation:

qu> u i ______ ____  ________
—ir 1 =  -Uk(u'2u'i),k - ^ 2 u'kU2,k ~ {u2u2u'k),k

' * ' '  * '> v '
C22 P 22 T22

1   2   ____
+  ^ ( 4 *4) , * *  -  t e U2,ku2,k -  2u2P',2- ( 5 ‘ 8 )

D22 f 22 I I 22

Before the  separation ( x / h  =  —2.0), the ve rtica l stress budget term s are some­

w h a t d iffe ren t than  in  the  zero pressure gradient tu rb u le n t boundary laye r (S pa la rt, 

1988). The convection te rm  (C 22) is  neg lig ib le  near the  w a ll (F ig . 5.76), b u t becomes 

dom inant in  the  ou te r region o f the  boundary layer, absorbing m ost o f the  energy 

transpo rted  by  the turbu lence tra n sp o rt te rm , ^ 22- O w ing to  the  sp la ttin g  effect, 

th e  ve loc ity  pressure-gradient te rm  becomes negative in  the  im m edia te  v ic in ity  o f 

the  w a ll and is compensated by the turbu lence tra n sp o rt te rm .

The q u a lita tive  features o f the  budget o f v '2 does no t change s ig n ifica n tly

th rough  the re c ircu la tio n  and reattachm ent regions (F igs. 5.77 and 5.79) a lthough 

a ll term s decay in  m agnitudes. The turbulence tra n sp o rt te rm  is one o f the  dom ­

in a n t term s in  the budget, tra n sp o rtin g  norm al stress away fro m  the  reg ion below  

the  shear layer to  the near w a ll region and the high-speed side o f the  shear layer. 

S im ila r to  the  stream wise com ponent, the  tr ip le  products th a t m ake up  the  tu rb u ­

lence tra n sp o rt te rm  T22 are an ti-sym m etric  in  the  shear layer. These are p lo tte d  in  

F ig . 5.81. N ote th a t the tr ip le  co rre la tion  u/3 has about the  same re la tive  m agn itude  

as u l2v' (F ig . 5.75).

U n like  the  standard tu rb u le n t boundary layer, the  ve rtica l ve lo c ity  g rad ien t, 

d V /d y ,  is very large in  the  v ic in ity  o f the  reattachm ent. The p ro d u c tio n  o f v '2 thus 

becomes s ign ifican t below the step.
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F ig u re  5 .7 6 . V e rtica l Reynolds-stress budget a t x / h  =  —2 .0 .------  con­
vection; -------  p ro d u c tio n ;  turbu lence tra n s p o rt;  viscous d iffu ­
sion;  viscous d iss ip a tio n ; ve locity pressure-grad ient. (a) A w ay
from  the  w a ll; (b ) near the  w all.
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tio n ; ------  p ro d u c tio n ;--------tu rbu lence tra n s p o rt;...........  viscous d iffus ion ;
 viscous d is s ip a tio n ; ve loc ity  pressure-gradient. (a) A w ay from
the w a ll (least-square f it ) ;  (b ) near the w a ll.
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F ig u re  5 .7 8 . V e rtica l Reynolds-stress budget a t x / h  =  7 .0 .------  convec­
tio n ; ------  p ro d u c tio n ;--------tu rbu lence  tra n s p o rt;...........  viscous d iffus ion ;
 viscous d is s ip a tio n ; ve loc ity  pressure-gradient. (a ) A w ay from
the w a ll (least-square f it) ;  (b ) near the  w all.
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F ig u re  5 .7 9 . V e rtica l Reynolds-stress budget a t x / h  =  1 0 .0 .------  convec­
tio n ; ------  p ro d u c tio n ;--------tu rbu lence  tra n s p o rt;...........  viscous d iffus ion ;
 viscous d is s ip a tio n ; ve loc ity  pressure-gradient. (a ) Aw ay fro m
the w a ll (least-square f it ) ;  (b ) near th e  w all.
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 viscous d is s ip a tio n ; ve loc ity  pressure-gradient. (a ) A w ay fro m
the w a ll (least-square f it ) ;  (b ) near the  w all.
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5.9.4. Spanwise Stress B udget

The budget o f the spanwise com ponent o f the Reynolds-stress is  given by

=  ~  U^ U' ^ \ k  -  ( “ 3u 3u'k),k +  ^ ( “ 3U 3),kk ~  R2U3,kU3,k ~  2u3P',3- ( 5 -9 )

The budgets fo r U3U3 in  the shear layer and near the  w a ll are presented in  

F igs. 5.82-5.86. A lso  p lo tte d  are pro files o f the  tw o tr ip le  p roducts w'2u'  and w'2v'  

in  F ig . 5.87. I t  is  apparent from  F ig . 5.87 th a t m ore s ta tis tic a l sam ples are needed

fo r the convergence o f w'2u' and w ,2v'.

A t x / h  =  —2.0, the w12 budget is very s im ila r to  th a t o f a zero pressure g rad ien t 

boundary layer (S pa la rt, 1988). The flow  acceleration, however, leads to  a s lig h t 

increase in  the  tu rbu lence  convection, ^33 > a t 0.2 <  y / h  <  0.4.

As in  the  budgets o f u'2 and v'2, the  tr ip le  p roducts are an ti-sym m etric  in  

the  re c ircu la tio n  region (F ig . 5.87); hence the tu rbu lence tra n s p o rt removes energy 

fro m  the  shear layer region and adds i t  to  the  near w a ll reg ion and to  the  h igh ­

speed side o f the  layer. T33 rem ains sm all across the  shear layer. The ve loc ity  

pressure-gradient te rm  increases ra p id ly , reaching its  peak in  the  shear layer where 

i t  is m ostly  balanced by the viscous d iss ipa tion . Below  y+  =  5, however, a ll term s 

except the  tu rbu lence  convection are s ign ifican t. C om pared to  the  budget upstream  

o f the step, the  near-w a ll peak o f I I 33 is doubled. The tw o viscous term s, D 33 and 

e33, a tta in  th e ir m axim a at the w a ll w hich axe about fo u r tim es th a t in  a zero 

pressure g rad ient boundary layer. A no ther departure  fro m  a standard  tu rb u le n t 

boundary layer is th a t the  d iss ipa tion  te rm  m ono ton ica lly  decreases in  the  region 

0 <  y + <  20 and does no t have a near w a ll peak a t y+  «  10 .

B ehind the  reattachm ent, n 33 and e33 decrease in  re la tive  m agnitude in  the 

shear layer, b u t th e  tra n sp o rt and convection o f tu rbu lence rem ain  about the  same 

as in  the re c ircu la tio n  zone (F ig . 5.85). The term s now  become s ign ifican t near the 

w a ll as the features o f the  tu rb u le n t boundary layer re-emerge. The same tre n d  

continues in to  the  recovery region (F ig . 5.86).
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Figure 5.82. Spanwise R eynolds-stress budget a t x / h  — —2 .0 .------  con­
vection; ------  tu rbu lence tra n s p o rt;......... viscous d iffu s io n ;------- viscous
d is s ip a tio n ; ve loc ity  pressure-gradient. (a ) Aw ay from  the  w a ll; (b )
near the  w a ll.
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d is s ip a tio n ; ve loc ity  pressure-gradient. (a) Aw ay from  the  w a ll (least-
square f it ) ;  (b ) near the w a ll.
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F ig u re  5 .8 5 . Spanwise Reynolds-stress budget a t x / h  =  1 0 .0 .------  con­
vection; ------  tu rbu lence tra n s p o rt;  viscous d iffu s io n ; viscous
d iss ip a tio n ; ve loc ity  pressure-gradient. (a) Aw ay fro m  the  w a ll (least-
square f it ) ;  (b ) near the w a ll.
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F ig u re  5 .8 6 . Spanwise Reynolds-stress budget a t x / h  =  1 8 .0 .------  con­
vection; ------- tu rbu lence  tra n s p o rt;......  viscous d iffu s io n ; viscous
d is s ip a tio n ; ve lo c ity  pressure-gradient. (a ) Aw ay fro m  the  w a ll (least-
square f it ) ;  (b ) near the  w a ll.
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5.9 .5 . R eynolds Shear Stress B udget

T he governing equation fo r the Reynolds shear stress is

gui u' ____  ___  ___  ______
— U jU jC /jj.i -  u '2u '2U i ,2 -  (uiu'2u'k),k

N-.—  ■—... v . v  ’✓
Ci 2 P12 T12

+  ,k ~ 2u'lP',2 ~ 2u2P',1■ ( 5 - 1 0 )

D\2 ei2 n12

T he budget o f the Reynolds shear stress is dom inated by the  p ro d u c tio n  and 

ve lo c ity  pressure-gradient term s in  a ll stream wise locations. U n like  the  zero pressure 

g rad ien t boundary layer, the convection o f the shear stress (C ^ )  is s ign ifican t in  

the  ou te r region ((y  — h ) / h  >  0.5).

In  the  re c ircu la tio n  region (F ig . 5.89), the  p rodu c tio n  peaks in  the  shear layer. 

The ve lo c ity  pressure-gradient te rm  also peaks in  the  shear layer, b u t on ly  accounts 

fo r abou t 75% o f Pl2- The tu rbu lence tra n sp o rt is  a s ign ifican t d iss ipa ting  te rm  in  

the  shear layer (20% o f P 12). V iscous d iss ipa tion  am ounts to  on ly  5% o f p roduction . 

Close to  the  w a ll, the p roduction  o f u'v'  becomes positive  due to  the  negative 

g rad ien t o f the  mean ve loc ity  U  in  the  reverse flow , and i t  is balanced by

As the  flow  progresses dow nstream  th ro u g h  the  reattachm ent and recovery 

zones, the  p ro file  peaks sh ift fro m  the shear layer to  the  w a ll region. The near­

w a ll d is trib u tio n  o f the budget in  these regions are s im ila r to  th a t o f a standard  

tu rb u le n t boundary layer (F igs. 5 .91(b) and 5.92(b), y + <  20) except fo r m uch 

h igher levels o f tu rbu lence tra n sp o rt. A t x / h  =  18.0, the  effects o f the shear layer 

are s t ill m uch m ore present in  the dynam ics o f the  Reynolds shear stress than  in  

o the r com ponents as seen in  F ig . 5.92(a).
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F ig u re  5 .8 8 . Reynolds shear stress budget a t x / h  =  —2 .0 .------  convec­
tio n ; ------  p ro d u c tio n ;--------tu rbu lence tra n s p o rt;...........  viscous d iffus ion ;
 viscous d is s ip a tio n ; ve loc ity  pressure-gradient. (a ) A w ay from
the w a ll; (b ) near the w all.
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F ig u re  5 .8 9 . R eynolds shear stress budget a t x / h  =  4 .0 .------  convec­
tio n ; ------  p ro d u c tio n ;-------- tu rbu lence tra n s p o rt;........ viscous d iffus ion ;
 viscous d is s ip a tio n ; ve loc ity  pressure-gradient. (a ) A w ay from
the w a ll (least-square f it ) ;  (b ) near the w all.
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F ig u re  5 .9 0 . Reynolds shear stress budget a t x / h  =  7 .0 . ------  convec­
tio n ; ------  p ro d u c tio n ;-------- turbu lence tra n s p o rt;........ viscous d iffus ion ;
 viscous d is s ip a tio n ; ve loc ity  pressure-gradient. (a ) Aw ay from
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F ig u re  5 .9 1 . Reynolds shear stress budget at x / h  — 1 0 .0 .------ convec­
tio n ; ------  p ro d u c tio n ;-------- tu rbu lence tra n s p o rt;........ viscous d iffusion ;
 viscous d is s ip a tio n ; ve loc ity  pressure-gradient. (a ) Away from
the w a ll (least-square f it ) ;  (b ) near the  w all.
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F ig u re  5 .9 2 . Reynolds shear stress budget a t x / h  =  1 8 .0 .------ convec­
tio n ; ------  p ro d u c tio n ;-------- tu rbu lence tra n s p o rt;........ viscous d iffus ion ;
 viscous d is s ip a tio n ; ve loc ity  pressure-gradient. (a) A w ay from
the w a ll (least-square f it ) ;  (b ) near the  w all.
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Chapter 5 THREE-DIMENSIONAL S IM U LATIO N  -  RESULTS

5.9 .6 . Turbulent K inetic Energy B udget

The tu rb u le n t k in e tic  energy budget is given by

(5.11)

where,
q2 1

^U12 +  v12 +  w /2^ .
2 2

The budget fo r the  tu rb u le n t k in e tic  energy is shown in  F igs. 5.93-5.97. A t 

tw o  step heights before the  separation, the  energy budget (F igs. 5.93) is s im ila r to

tu rbu lence  in te n s ity ) and also h igher levels o f tu rbu lence tra n sp o rt.

In  the re c ircu la tio n  region, Pk is m ostly  due to  the  p roduction  o f the  lo n g itu d in a l 

stress: Pk ~  The turbu lence  tra n sp o rt te rm  removes energy fro m  the  shear 

laye r region, 0.3 < y / h  <  1.1, and delivers i t  to  regions near the w a ll and away fro m  

th e  shear layer.

The tu rb u le n t k in e tic  energy budget in  the  re c ircu la tio n  reg ion is  very s im ila r to  

th a t o f a p lane m ix in g  layer (B radshaw  &  Ferriss, 1965 and Roger &  M oser, 1993). 

T h is  budget also agrees q u a lita tive ly  w ith  the measurements by C handrsuda &  

Bradshaw  (1981) fo r a backw ard-facing step flow . B o th  p rodu c tio n  Pk and viscous 

d iss ipa tion  ek have m axim um  values a t the same p o in t in  the  free-shear layer. The 

peak ek is approxim ate ly 60% o f the p rodu c tio n  peak. Thus, the  com m only used 

assum ption leading to  eddy v iscosity param eteriza tion, th a t p ro d u c tio n  is balanced 

w ith  d iss ipa tion  is no t applicable in  the rec ircu la tion  region.

As one approaches the w a ll, p rodu c tio n  becomes a consum ing te rm  because o f 

the  negative g rad ient o f the mean reverse flow  (F ig . 5 .94(b)) a lthough its  m agnitude 

is re la tiv e ly  sm all. Very close to  the  w a ll, the  tw o viscous term s, D k and ek, grow

th a t o f a zero pressure gradient tu rb u le n t boundary layer (S pa la rt, 1988) a lthough 

the re  is an enhancem ent o f the viscous term s near the w a ll (as in  the  lo n g itu d in a l
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ra p id ly  due the h igh  in tens ities  in  a ll three d irections (th e ir value a t the  w a il is about 

40% h igher than  the  peak p rodu c tio n  in  the shear laye r). The ve lo c ity  pressure- 

g rad ient is very s ign ifican t in  th e  region y+  <  10 where i t  balances th e  d iss ipa tion  

and turbu lence tra n sp o rt term s.

A ll term s decay w ith  x  except near the  w a ll. Near the  flow  e x it, y / h  =  18, 

the tu rb u le n t k in e tic  energy budget resembles th a t o f a tu rb u le n t boundary layer. 

However, the  effects o f the  free-shear layer are s till present, e.g., Tk is  s t ill large 

a t y / h  =  1. The re la tive  m agnitudes o f the viscous term s near the  w a ll are m uch 

la rge r than  in  a zero pressure g rad ien t boundary layer.
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F ig u re  5 .9 3 . T u rb u le n t k in e tic  energy budget a t x / h  =  —2 .0 .------  con­
vection; -------- p ro d u c tio n ;------ turbu lence tra n s p o rt;........  viscous d iffu ­
sion;  viscous d is s ip a tio n ; ve loc ity  pressure-grad ient. (a ) Aw ay
from  the  w a ll; (b ) near the  w a ll.
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F ig u re  5 .9 4 . T u rb u le n t k in e tic  energy budget a t x / h  =  4 .0 .------  convec­
tio n ; ------  p ro d u c tio n ;-------- tu rbu lence tra n s p o rt;........ viscous d iffus ion ;
 viscous d is s ip a tio n ; ve loc ity  pressure-gradient. (a ) A w ay from
the w a ll (least-square f it ) ;  (b ) near the w a ll.
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F ig u re  5 .9 5 . T u rbu len t k in e tic  energy budget a t x / h  =  7 .0 .--------  convec­
tio n ; ------  p ro d u c tio n ;-------- turbu lence tra n s p o rt;........ viscous d iffus ion ;
 viscous d is s ip a tio n ; ve loc ity  pressure-gradient. (a) A w ay from
the  w a ll (least-square f it ) ;  (b ) near the  w a ll.
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F ig u re  5 .9 6 . T u rbu len t k in e tic  energy budget a t x / h  =  1 0 .0 .------  convec­
tio n ; ------  p ro d u c tio n ;-------- tu rbu lence  tra n s p o rt;........  viscous d iffus ion ;
 viscous d is s ip a tio n ; ve lo c ity  pressure-gradient. (a) A w ay from
the  w a ll (least-square f it ) ;  (b ) near th e  w a ll.
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 viscous d is s ip a tio n ; ve loc ity  pressure-gradient. (a ) Aw ay fro m
the w a ll (least-squaxe f it ) ;  (b ) near the w all.
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Chapter 6 
CONCLUSIONS

D irec t num erica l s im ula tions o f tu rb u le n t flows over a backw ard-facing step were 

perform ed w ith  the ob jective  o f developing a s im u la tion  m ethod w ith  tu rb u le n t in ­

flow  and o u tflow , and generating a comprehensive database fo r tu rbu lence  m odeling. 

The s ta tis tica l resu lts com pare w ell w ith  data from  the  concurrent experim ent by 

Jovic &  D rive r (1994). A  large data  base fro m  th is  s im u la tion  has been archived. I t  

contains up to  th ird -o rd e r s ta tis tics , and the  budgets o f the R eynolds stress tensor. 

The m ain conclusions from  th is  study are d iv ided  in to  tw o categories. The firs t 

category describes th e  lessons learned from  the successive steps in  developing the 

DNS m ethod. In  th e  second category, conclusions are draw n fro m  the  observed 

characteristics o f the  flow .

6.1. C om putational M ethod  

R esolution

B oth  2-D  and 3-D  s im ula tions were perform ed. For the  R eynolds num ber range 

considered and w ith  u n ifo rm  g rid  spacing, the  adequate mesh spacing in  the  stream - 

wise d irec tion  in  w a ll coordinates is A x + «  10 based on the in le t fr ic tio n  ve locity. 

In  the ve rtica l d ire c tio n , fine  mesh is needed at b o th  the  low er w a ll and a t the  step 

w ith  a m in im um  g rid  spacing o f A y + ft* 0.3. For the spanwise d ire c tio n , a lthough 

i t  was shown th a t A z +  sa 15 is adequate fo r the firs t-o rd e r s ta tis tics , the  spectra 

and tw o -po in t corre la tions ind ica te  a h igher spanwise reso lu tion  is desirable.

N o-Stress Boundary Condition

The no-stress boundary cond ition , w hich sim ulates the p lane o f sym m etry in  

the  ve rtica l d ire c tio n , m ust be located su ffic ie n tly  fa r from  the  tu rb u le n t region 

w hich grows as the  flo w  proceeds downstream . The m in im um  he ight a t w hich the 

no-stress boundary co n d itio n  can be applied fo r the  dom ain len g th  considered in
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th is  s tudy is 4h. T h a t is, the  expansion ra tio  should be less than  1.33 regardless o f 

the  in le t boundary layer thickness.

Inflow C ondition

The tu rb u le n t in flo w  cond ition  was successfully applied using a m od ifica tion  

o f the m ethod by  Lee et al. (1992). However app lica tio n  o f random  phases fo r 

the  F ourie r coefficients o f the  ve loc ity  flu c tua tion s  leads to  the loss o f the  im posed 

s ta tis tica l corre la tions o f the  flu c tua tion s  w ith in  a few step heights fro m  the  in le t. 

Thus, a developm ent section o f approxim ate ly 7h m ust be inc luded in  the  dom ain 

to  a llow  the  flow  to  regain its  tu rbu lence structures.

Outflow C ondition

In  b o th  2-D  and 3-D  s im ula tions, the  convective boundary cond ition  successfully 

convects v o rtic a l structu res th rough  the  e x it p lane w ith  m in im a l d is to rtio n s . The 

e x it boundary cond ition  does no t appear to  have adverse effects on the  so lu tion  

in  regions m ore than  one step height away fro m  the  e x it. In  the  fo rm u la tio n  o f 

the  convective boundary cond ition , a constant convection speed Uc is used in  a ll 

sim u la tions. A n  instantaneous convection ve loc ity  w hich varies in  the  e x it y-z plane 

and in  tim e  was also tested. Tests show th a t in s ta b ilitie s  develop i f  Uc <  0. For 

variab le  Uc >  0, there is no appreciable difference in  s ta tis tic a l resu lts com pared to  

s im ula tions w ith  constant Uc-

6.2. Flow Characteristics

The resu lts  from  the  fine  g rid  3-D  s im u la tion  a t Reh =  5100 show excellent 

agreements w ith  concurrent experim enta l data by  Jovic &  D rive r (1994). Good 

agreement was obta ined in  com parison o f pressure coefficient, sk in  fr ic tio n  coeffi­

c ient, mean ve lo c ity  pro files, tu rbu lence in tensities and Reynolds shear stress p ro ­

files.
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Skin Friction Coefficient

In  the  low  R eynolds num ber range considered in  th is  study, large negative 

sk in  fr ic tio n  is observed in  the re c ircu la tio n  region. The peak negative C f  is  ap­

p rox im a te ly  2.5 tim es la rge r than  the  value m easured in  experim ents w ith  h igher 

Reynolds num bers (Re-h, sa 30000). H igher skin  fr ic tio n  is also seen in  the  recovery 

region. A d d itio n a l experim ents by Jovic &  D rive r (1995) w ith  va ry ing  R eynolds 

num bers con firm  th a t the  h igh  sk in  fr ic tio n  is due to  th e  low  Reynolds num ber 

effects.

M ean V elocity Profiles

In  the  recovery region, b o th  DNS and experim enta l m ean ve loc ity  p ro files in d i­

cate a s h ift dow nw ard from  the  un iversa l log-law . The in te rce p t C  o f the  lo g a rith m ic  

p ro file  is about 2.54 com pared to  5.0 o f the  un iversa l log-law . The dev ia tion  fro m  

th e  log-law  is observed even at the  dom ain e x it (x / h  =  20) a lthough previous ex­

perim ents reported  a recovery o f the un iversa l log-law  as early as 6 step heights 

dow nstream  from  the reattachm ent. The difference is due to  the  m ethod o f cal­

cu la tin g  the  w a ll shear ve loc ity  uT. P revious authors used the  C lauser cha rt to  

ca lcu la te  u r  w hich assumes th a t the  un iversa l log-law  is applicab le. E xperim ents 

by  Nagano et al. (1991) and Jovic &  D rive r (1994) show th a t u T in  a boundary layer 

under adverse pressure g rad ient is h igher than  th a t p red icted  by the  C lauser chart 

(17%  h igher in  the  cu rren t s im u la tion ). The C lauser shape fa c to r G  ind icates th a t 

th e  ve loc ity  p ro file  has no t reached e q u ilib riu m  at  x / h  =  20 w hich is in  p a rt due 

to  low  Reynolds num ber effects. Therefore, i t  can be concluded th a t the  dev ia tion  

fro m  the un iversa l log-law  in  the recovery region is due to  the  com bined effects o f 

th e  low  Reynolds num ber and adverse pressure g rad ient.

R eattachm ent Length

The mean reattachm ent leng th  X T is  6.2 step heights fro m  the  separation. T h is  

agrees to  w ith in  3% o f Jovic &  D riv e r’s (1994) m easurem ents. The p re lim in a ry  

s im u la tions con firm  previous experim enta l find ings th a t the  reattachm ent leng th
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increases w ith  an increase in  Reynolds num ber o r expansion ra tio . However, at the 

low  Reynolds num ber range considered, the expansion ra tio  effect is dom inant.

O scillatory Behavior

In  2-D sim ulations, flows w ith  steady in le t ve loc ity  pro file  at h igh  Reynolds 

numbers e xh ib it l im it  cycle behavior. The tim e  h is to ry  o f the  streamwise ve locity 

component shows an oscilla tion  a t a S trouhal num ber S t =  fh /U o  «  0.08, where 

/  is the  frequency o f oscillation. Im posing broad band fluc tua tions a t the  in le t 

also induces an oscilla to ry  response o f the  same frequency. V ary ing  the Reynolds 

num ber o r in le t ve loc ity  pro file  has l i t t le  effects on the oscilla tion  frequency.

In  the 3-D  s im ulation, the spanwise averaged reattachm ent length  shows quasi 

period ic  behavior w ith  S trouhal num ber St «  0.06.

R eynolds S tress Budgets

The budgets o f a ll components o f the Reynolds stress tensor were computed. 

The budgets were evaluated using 6070 samples over an averaging tim e  period  

Afave ~  193/i/Uo. Up to  th ird -o rde r statistics are documented in  a database a llow ­

in g  evaluation o f the budgets at a ll locations in  the flow  field.

In  the rec ircu la tion  region, the u 'u ' budgets show th a t the  p roduc tion  te rm  is 

balanced by  dissipation and ve locity pressure-gradient term s; a ll three term s peak 

in  the shear layer. Near the wall, however, the p roduction  and ve loc ity  pressure- 

g rad ient term s change sign due to  the reverse flow . The viscous d iffusion and 

d issipation become dom inant a t the  wall, reaching approxim ate ly  3 tim es larger 

th a n  the peak production . The w a ll viscous diffusion and dissipation term s rem ain 

larger than  the p roduction  peak near the exit.

In  the v 'v ' budgets, a ll term s except viscous d iffusion are significant. U nlike 

the  standard tu rbu len t boundary layer, the p roduction  is s ign ificant th roughou t 

the  rec ircu la tion  and reattachm ent regions. Also in  contrast to  the standard tu r ­

bu len t boundary layer near the w all, turbulence transpo rt and viscous d issipation 

are dom inant.
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S im ila r to  the streamwise and w all-norm al components, the spanwise stress 

budgets also exh ib it peaks in  ve loc ity  pressure-gradient and viscous d issipation in  

the shear layer, b u t o ther terms are negligible. Below y + «  5, a ll term s except the 

turbulence convection become significant. U nlike the standard tu rb u le n t boundary 

layer, the viscous d issipation te rm  decreases m onoton ica lly  in  the region 0  <  y + <  

20. B o th  viscous term s a tta in  th e ir  m axim a at the w a ll w hich are about fou r tim es 

th a t in  a zero pressure gradient boundary layer.

The shear stress p roduction  and velocity pressure-gradient terms are dom inant 

at a ll streamwise locations. In  the recircu la tion region, these tw o term s peak in  the 

shear layer. The re la tive  m agnitude o f the turbulence transport te rm  remains h igh 

in  the recovery region.

The tu rb u le n t k ine tic  energy budget in  the  rec ircu la tion  region is s im ila r to  

th a t o f a tu rb u le n t m ix in g  layer. In  the shear layer, the peak energy p roduction  

and dissipation are near the step y /h  ps 1. The peak dissipation is approxim ate ly 

60% o f the tu rb u le n t production . The turbulence diffusion is a consum ing te rm  in  

the range 0.3 <  y /h  <  1 b u t becomes a ‘p roducing ’ te rm  outside o f th is  range. The 

ve locity  pressure-gradient and viscous d iffusion are negligible in  the shear layer, 

b u t bo th  are s ign ificant in  the near-wall region (y+ ps 4). Near the dom ain ex it 

( x /h  =  20 ), the energy budget s t i l l  shows a strong effect o f the shear layer near 

y /h  =  1 , ind ica ting  th a t the flow  has not fu lly  recovered.
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Appendix A 
Non-Uniform Vertical Grid Spacing

In  the dom ain [ 0 , i y], the  fo llow ing coordinate transform  maps a un ifo rm  g rid  

in  y  onto a non-un ifo rm  g rid  in  y.

y = t
' _  ta n h 7 ( f - y )

tanh-y f
0 < y , y < L y, ( A . l)

where 7  determines the slope and £ the inflection po in t o f the function . Equation 

( A . l )  is applicable i f  a g r id  compression is only needed at y =  y  =  0 a n d /o r 

y  =  y =  L y. In  sim ulations o f flows over a backward-facing step, fine g rid  spacing 

is also desired at the  step (y  =  h ). The fo llow ing deriva tion  develops a smooth 

transform  function  based on a set o f parameters described below:

N  Num ber o f g rid  po in ts in  [0, L y] inc lud ing tw o  end points,

A y  U n ifo rm  g rid  spacing in  y: A y  =  L y/ ( N  — 1),

A y -  G rid  spacing at j ih node (non-uniform ) in  y,

N s Num ber o f g rid  po in ts  to  be included in  the step, 0 < y  <  h,

rj Value o f y  a t node j  =  N s: r) =  (N s — l ) A y .  Thus, y  =  h  a t y =  77.

Tw o hyperbo lic  tangent functions / 2 and / 2 axe combined to  transfo rm  a un ifo rm  

mesh in  y  to  a non-un ifo rm  mesh in  y:

V\ =  f i  (y ) , 0 < y <  ?/,

y i =  h ( y ) ,  r ) < y < L y .

The fo llow ing c rite ria  are imposed on y^ and y2:

( i)  y1 =  0 a t y  =  0 : lower boundary condition.

( i i)  y1 =  y2 =  h a t y  =  77: con tinu ity  o f function  a t y =  h.

( i i i )  y2 =  L y at y =  L y : upper boundary condition .
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( iv ) d y^/dy  =  dy2/d y  a t y  =  77: con tinu ity  o f firs t derivative o f function  

a t y =  h.

The tw o functions f i ( y )  and f 2(y ) take the fo llow ing  forms:

ta n h 7 l ( ^ - y )
V i = K i t i 1 -

ta n h 7 l ^1

y2 =  h +  K 2 (£2 -  77) 1 -
ta n h 7a (£2 — yj)

0  <  y  <  7 7, 

r \ < y < L y.

(A.2)

(A .3 )
ta n h 72 (£2 -  7?)J ’

C rite rion  ( i)  is n a tu ra lly  satisfied by the firs t func tion  y1} and Eq. (A .3 ) also 

satisfies c rite rion  ( i i)  on y2. The rem aining c rite ria  are accommodated by ad justing  

the parameters K 11 K 2, £2> and 7 l .

7 l determines the slope o f yx a t y  =  0 , hence the degree o f compression

at the  b o ttom  wall.

£2 is the  location  o f the  in flection  po in t o f the func tion  / j ( y ) ,

! < & < ? .

The g rid  spacing w ill be finest at y =  0 and y =  2£1? and largest at 

y  =  I f  ^  is selected to  be the g rid  spacing is sym m etric between 

y =  0 and y =  77 (corresponding to  t/j =  0 and y± =  h). However, 

the com puta tiona l s ta b ility  constra int is m ost res tric tive  near the step 

(y  =  h) where the vertica l ve locity component v is largest. Thus to  

ease th is  res tric tion , can be selected s ligh tly  larger than  |  so th a t

A y j  is small near y =  h bu t no t as fine as at y  =  0. On the other

hand, i f  ^  is close to  77, the g rid  spacing near the step w ill be large.

K l  is a scaling factor. Th is facto r is necessary to  satisfy c rite rion  ( ii)  on 

yx above. A pp ly ing  ( ii)  to  Eq. (A .2 ) gives

( l
_ ta n h i^ -T ? ) 

tanh 7^

(A .4 )
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Appendix A. Non-Uniform Vertical Grid Spacing

£2 is the  in flec tion  po in t o f y2 where A y j  w il l be largest. I f  a no-slip  w a ll 

is located at y =  L y, f 2 w il l  be the m id p o in t between y  =  77 and y =  L y 

(sym m etric function ),

c Ly +  V 
? 2  2  '

I f  a no-stress w a ll is at y =  L y, then the in flec tion  po in t is placed at 

V =  Ly,

£2 ”  Ly.

K 2 is a scaling facto r imposed to  satisfy c rite rion  ( i i i )  on y2,

Ly  -  h
~  7  7 'L y - V

7 2 determines the curvature o f y2 which is unknow n and m ust be calcu­

la ted based on crite rion  (iv ). Taking derivatives o f y-y and y2 gives:

< > < » < . , ,  (a .b )

I t = ~a ( A -6)
A t y  =  r], Eqs. (A .5 ) and (A .6 ) are equated to  satisfied crite rion  (iv ), 

y ie ld ing

K 2 [272 (£2 -»?)] =  A sinh [272 (£2 “  *?)], (A .7 )

where

1
A =  <A -8> 

Let 6 =  2 7 2(^2 — 77), Eq. (A .7 ) becomes a fu n c tio n  o f

g (9) =  K 28 — X sinh 8 =  0. (A .9 )

The roo t o f Eq. (A .9 ) is calculated by Newton-Raphson’s m ethod.

L isted below are several options for determ in ing the type o f g rid  compression 

in  the y-d irection .
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Appendix A. Non-Uniform Vertical Grid Spacing

(a) One double-sided tanh  transfo rm  (sym m etric), Eq. ( A . l )  w ith  £ =  

L y / 2 : fine mesh a t bo th  y =  0 and L y. A pp lica tion : p la in  channel 

flows.

(b ) One single-sided tanh  transform , Eq. ( A . l)  w ith  £ =  L y: fine mesh at 

y =  0 only. A pp lica tion : fla t-p la te  tu rbu len t flows.

(c) Tw o double-sided tanh transform s, Eqs. (A .2) and (A .3): fine mesh a t 

y =  0, ft, and L y. A pp lica tion : flows over a backward-facing step w ith  

a no-slip  w a ll at y =  L y.

(d ) One double-sided and one single-sided tanh  transform s, Eqs. (A .2 ) and 

(A .3): fine mesh a t y  =  0 and ft. A pp lica tion : flows over a backward- 

facing step w ith  a no-stress w a ll a t y =  L y.

F igure A . l  shows an example o f the transfo rm  function  and the resu lting  g rid  

spacing using op tion  (d ) above. O ption  (d ) is applied in  the 3-D backward facing 

step s im u la tion  presented in  Chapter 5, w ith  the fo llow ing selected parameters:

L y/h  =  6.0, N  =  193, N s =  71, r j /h  =  2.1875,

£ i / f t  =  1.10, 7 l =  2.20, £2/ f t  =  6.0, 7 2 =  0.7963.

Th is  gives:
A?/min =  0.001165ft at y =  0 ,

A y =  0.001177ft

-cfII71

At/max =  0.124970ft at y =  L y
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0 L.V

y

F ig u re  A . l .  Mesh refinement a t y =  0 (bo ttom  w a ll) and y =  h (step) 
using hyperbo lic  tangent transfo rm  function.
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Numerical Discretization Of Equations

Presented in  th is  A ppend ix  is the  discretization o f a ll terms in  the Navier-Stokes, 

and Poisson equations fo r com putations on a staggered grid . Inversion o f trid iagona l 

m atrices are also presented.

B .l .  N odal A ssignm ent

On a staggered g rid , the  cell centers, where the pressure po in ts  are defined, are 

custom arily denoted by integer subscripts [ i , j ,  A], and the ha lf-index sh ift ( i  ±  3 , 

j  ±  3 , k  ±  £) denotes the ve loc ity  po in ts at the cell surfaces. For p rogram m ing 

purposes, an [z, j ,  fc] te trahedron is defined on each cell where the velocities and 

pressure are defined a t the vertices: p- ■ at the cell center, u ■ ■., v- •. and w- ■ at
I f j f  A. '  * > . / > * '  *1  J t K

the righ t, top  and fron t surfaces, respectively. Th is is shown in  F ig . B . l .

C D  C

O

F ig u re  B . l .  N odal assignment fo r a 3-D staggered g rid , x  u locations; 
o v locations; a  w  locations; a p  location.

In  each d irection, the velocities and pressure do no t have the  same num ber o f 

node points. F igure  B.2 shows the nodal d is tribu tion  o f u, v, w  and p  in  the  x -  and
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Appendix B. Numerical Discretization O f Equations

y-directions. T he  nodal d is tr ib u tio n  is the same fo r a ll variables in  the z-d irection  

due to  the period ic  boundary condition. The nodal assignment in  F ig . B .2 is based 

on N x, N 9 and N z, the num ber o f cells in  the x-, y- and ^-d irections, respectively. 

The extents o f the dom ain in  these three directions are L x, L y, and L z.

(a) N y  +  l  'fZ t& V /s , N y + 2
S  : C N y  +  1

N v

N y -  1
a

-e -

3

2 -e-
■ :: 2

v  nodes j  =  1 W S /^S /A V  j  =  1 u, w and p  nodes

(b)

v, w  and p  nodes 

i  =  1 2  3

i  =  1 2
u nodes

N x  A^i+ 1  N x+2
fl

o-

:: 8 5
'
*

o

: S3 ;* '< S3 c ssi :c & :

N x~  1 Nx N x+ 1

F ig u re  B .2 .  N odal d is tr ib u tio n  fo r velocities and pressure in  the compu­
ta tio n a l dom ain, (a) y-d irection. (b) x-d irection.

In  a ll subsequent form ulae, y j denotes the vertica l distance a t the  v node o f the 

[i, j , k\ te trahedron.
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B .2 . M om entum  Equations

A t substep I o f the R unge-K u tta  scheme, the  in term edia te  velocities i}W 

and w are evaluated from  equations below.

( i _ ^ i J L )  ( i _ A _ j ( m _ *</-.q =
V He f a2 J  v  Re 6y2 J  V Re f e2 j v  )

+  A ,(<«, + f t )  L  ( # ' - ' ) )

+  A t  [ - 7/lV -  CtN  , ( B . l)

where:

i9 indicates any o f the three ve loc ity  components: i9 =  u in

the streamwise direction; d =  v in  the  ve rtica l d irection; 

d =  w  in  the spanwise d irection;

6 /6x , 6 /6y , 8/8z  are fin ite  difference operators;

L {) is the  linear viscous term ;

N { )  is the  non-linear convective term ;

2?( 0  is the  divergence at substep I.

Using the nodal assignment shown in  Fig. B . l ,  the  x-, y- and 2-m om entum  

equations w il l  be evaluated at points B, C and D , respectively. I f  ve loc ity  values 

are required a t po in ts where they are no t defined, e.g., a t the cell corners, the  linear 

in te rp o la tio n  o f two adjacent points w il l  be taken.

B .2.1 . V iscous Terms

Re
8 H  8 H  82d
8x2 8y2 8z2

Re A x 2 ^

f a  +  B f )lSi,j,k +  l.fc] +

R e A z2 — •

(B .2)
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E quation  (B .2 ) is evaluated at po in t B fo r i? =  u, C fo r i? =  v  and D  fo r 19 — w. 

< A ij\ \  and are the coefficients derived fo r the second-derivatives 62/S y2 

using centra l difference over a non-un ifo rm  grid .

For i? =  u ,w :

A (y  =  A {h) = ________________ - ________________ •
3 3 (yj ~  Vj-2)(Vj+ 1  -  Vj- 1 +  Vj -  Vj -2 )  ’

B f  =  B f ] =  -   --------- J ---------------- T; (B .3)
3 3 (Vj -  Vj-2AVj+ 1 -  Vj-1)  '

c(*> =  6 h) = _______________ - _______________
3 3 (y j + 1 -  V j- i) ( y j + 1 -  Vj- 1 +  y j -  y ,_ 2) '

For 1? =  v :

Af) =  M  = _________ 2__________#
3 3 ( V j ' - y y - iX t y + i - t y - i ) ’

£ «  =  =  - -----------------1 ( B. 4)
J 3 ( V j - V j - i A V j + i - V j )

CW  _  £(v)
(yi+ i -  V j ) ( V j + i  -  y j - 1)

B .2 .2. C o n ve c tive  T e rm s

_T/ . Suv 6uw
N (u )  =  —  +  —  +

6y 6z
(B .5)

4 A x [(u i+ i , j ,k  +  u i , j , k f  ~  (u i,j,k +  u i - i , j , k ) 2] +

\ y j  -  y j - i ) u iij+1>k +  (gi+ i  -  y jO t i j j-A

^ + 1 - ^ - 1  J

' ( y j - i  -  y j~2 )u i,j,k +  (y j ~

2 (y j -  y j_ j)

V j - V j - 2

( v i + l , j , k  +

+

b  i(ui,j,k+i + ui,j,k)(wi+i,j,k + wi,j,k) -  (\j,k + « ij,n )K +iJ,n  + •4 A z
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»T/ . Svu Svv Svw 
N (v ) =  ~T~ +  ~F~ +

2Ax

6x 6y Sz

\yj -  yj-i)uij+i,k + (vj+i -  yj)uij,k
v j+1 ~  y j -1

\yj -  V j - i j+i,k + ivj+i -  yj)ui-ij,k

(B .6 )

V j+ i y j -1
( Vi , j ,k +  Vi - l , j , k ) +

2 (y

3 A x
r(yj -  yj-i)wij+i,k + (vj+i -  Vj)wi,j,k

y j+ 1 -  y j -1  

' ( y j  -  y j - i  +  (g,-+i -
2/J+i  Vj-1

(u«,j,fc+l +  Ui,j,fc)

Vi,j,k-\)

Sx ' Sy ' Sz ^  ( ® ’ ^ )

[ ( ^ i + l +  w i , j , k ) ( u i , j , k + l  +  ~  ( w i, j ,k +  u;i - l Ii,fc)(u«-lJ,fc+l +  ui-lJ ,t )]  +4 A x

(y,- -  y j - i ) ^ ,J+i,fc +  ( v j + 1 -

2/j + i  -  y i - l  /

(y j_i -  y j - 2 ) w i , j ,k +  (y, -  Vj- l K j - u  
y j ~  V j-2

aT +  w i , j , k)  ~  ( w i , j ,k +  w i , j , k - l )  ] •

( Vi , j ,k+1 +

)  (Vi,j~1,k +  wi , j - l , * + l ) +

4 A z

B .2 .3. Pressure Terms

Sp 
Sx
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Sp
Sy

6p
Sz

C Vj+ i V j - l
(Pi,j+l,k Pi,j,k)

/±z (Pi,j,k+ 1 Pi,j,k) •

B .3 . P o isson  E q u a t io n

where

£ ()  is the  discrete Laplace operator;

£)(3) is the divergence a t substep 3.

The Poisson equation is evaluated at the cell center (po in t A , F ig . B . l) .  

B .3 .1 . D iv e rg e n c e

_  6u 6v Sw
Sx~^ 8y 6z

1 i  \  1 /  \
A j  Vu «',i,fc u i- l , j , k )  +  _  \Vi,j,k vi , j - l , k )  +

yj  y j -1

(Wi,j,k w i, j ,k -1) ;

i  =  2 , . . . ,  N x +  1; j  =  2 , . . . ,  N y +  1; k =  2 , . . . ,  i\Tz +  1.

B .3 .2 . L a p la ce  O p e ra to r
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(B.12)
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where ,

+

A x 2 y >i~h j,k  ^ i,3 ,k  +  ^ i+ l j .k ]  +

i  =  2 , . . . ,  JV* +  1 ; j  =  2 , . . . ,  Ny  +  1 ; k =  2 , . . .  ,N Z +  1 . 

and Cy^ are the discrete representation o f d2/d y 2 a t node j :

(B .13)

tW .

B f  =  -

C}'

Vj -  Vj- 1 

(<t>)  __________ 2

+
y,-+i -  v j - i  Vj -  V j-2

(B.14)

(yj - V j - i ) ( y j+ i  - V j - i Y
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Appendix C 
Capacitance Matrix

The fo rm u la tion  o f the capacitance m a trix  is presented in  th is  A ppend ix. For 

each wave num ber, the capacitance m a tr ix  is a fu l l  m a trix ; and is also singular fo r 

the  zero wave num ber.

The basis fo r  the capacitance m a trix  is Eq. (2.38) in  §2.7.3.2 which is presented 

below.
(II)

(I).
A t

(C . l)

where

is the difference in  <j> across the boundary T a t location £ in  the 

second pass o f the Poisson solver (unknown);

is the  desired ve locity to  be applied in  the second pass (unknown); 

is the  e rro r from  the firs t pass.

A  new variable, p ^ l \  is now defined to  absorb the constant A t  in  to  : p f ^  — 

& P / A t .  Thus,

(C.2)

A<j>f^ is the so lu tion  o f the Poisson equation i f  p 'fL>, 1 =  1 , . . . ,  N c, are placed along 

r  and zero elsewhere in  the domain. p ^ \  £ =  1 , . . . ,  N c, are thus the sources and 

A<f>f^ can be expressed in  terms o f p f * \

I f  the  Poisson equation is solved w ith  a right-hand-side value p£, =  1 , a u n it 

source, placed at location  £' on T, and zero elsewhere, the resu lting  A <j>t  {£ =  

1 , . . . ,  N c) on T w ill be (see Fig. C . l)

A  <t>2 l,

(II) o _

A  4t)ii 

\A (f>Nce,)

(C .3)
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^ 1 ,1'

-e
?

\
<1

P i

t
< J!

etji i so 
-----------!__$ ^l'A -2,1'

F ig u re  C . l .  Responses A <j>e due to  a u n it source at location  £' on I \

Thus, A<f>( v  is a response vector a t locations £ =  1 , N C due to  a  u n it source 

placed at location  £'. To extend th is  fu rth e r, i f  a ve locity o f m agnitude p^  ^  1 is 

placed at £', the corresponding response vector w il l  be:

( L 4 t p \ (  A h t '  ^1—IS'C*

<1 A<j>2(l

A « f>
—

>
.. 

..

U * S ? J £' \ A r f>Nc, l ' )

0 (n) Pe • (C .4)

E quation  (C.4) is the responses due to  on ly  one p W  placed at location  £', and zero 

everywhere else. I f  a ll {£' =  1 , . . . ,  N c), are present, the to ta l responses w ill 

then be the superposition o f a ll in d iv id u a l response vectors:

A # i , i \ ^ A ^ 1 ,N c ^

a 4 h ) A ^ 2 , l A 4>2 A ^ 2 ,N c

* * 7 >

=
A ^ i , l

/ T + - + *4.
••• 

 ̂
.. 

<
l

A ^ 1 ,N c

^ A ^ N c,1 ) \ A $ N c tl )

£
•• 

S? 

<1

o(II)Pn c ’

(C.5)
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or
A ^ l ,2 • ^ l , N e ^ ( p ? ] \

a 4 U) A ^ 2,l

of

<1 4of

<1

4 n)

a  4 "
—

A<̂,1 A<j>t< 2 • A<t>t,Nc

Ss> 
• 

-o- 
<1 VA<£j\rc> 1 A ^NC,2 • ■ A<^Nc,Nc /

A * ( n) G r (H)

H-om Eq. (C .6 ), e = l , . . . , N c, is

l '= 1

S ubstitu ting  Eq. (C .7) in to  Eq. (C .2) gives

Nc

~  A??^n) =
f '= i

E quation  (C .8 ) can be w ritte n  in  m a tr ix  form :

[G  +  d ] r<n ) =  - A $ W ,

(C.6 )

(C .7)

(C .8 )

(C.9)

where d  is an N c x  N c diagonal m a tr ix  w ith  elements —A rji,  and r ®  is the  unknow n 

vector p^11).

The N c x  N c m a trix  C = G + d  is called the capacitance m atrix . Its  elements are 

unchanged w ith  time. I t  should be noted tha t G  m ay not be a sym m etric  m a tr ix  

i f  the  g rid  spacing is non-uniform . M a tr ix  G  is computed by solving the Poisson 

equation N c times; each tim e  a u n it value is assigned to  p(j and zero a t a ll o ther 

locations in  the flow  fie ld, and a colum n A  fat o f G  is calculated. Elements o f C  

depend on ly  on the geometry and mesh spacing o f the domain.
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