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Abstract

Laminar-low wings have the promise of reducing viscous drag forces in cruise for
connmercial aircraft. However, the success of 4 laminar-flow wing depends critically
on the external disturbance environment aned how these disturbances influence the
transition from laminar to turbudent fow. The process by which external disturbances
are converted into insfability waves, which are the preeursors to turbulence, is called
recephivity.

The rescarch described in this report focuses on the receplivity of the three-
dimengional boundary layer near the leading edge of a high-speed swopt wing, In
particular, the influence of siwface ronghness near the leading edge s examined as it
relates to the formation of statlonary crossflow vortices in the boundary layer. Re-
cent experiments mdicate that surface roughness 13 the primary canse of stationary
crossflow vortices which are obsorved to dominate the laminar to turbwdent transition
provoss «m swept wings., Therefore, the mechanizsms responsible for the formation of
crossflow vortices and the accurate prediction of thehr initial amplitude are essential
lor the development of laminar-flow wings.

‘The receptivity and carly ovolution of stationary crossflow vortices is investigated
through numerical solutions of the linearized Navier—Stokes equations for a swept
leading-edge.  Consistent with findings for other geomefries, convex surface curva-
ture stabilizes crossflow vortex growth while nonparsllel effects are destabilizing. In
cinttrast, the initial amplitude of crossflow vortices downstreain of a localized sw-
face ﬁ‘eughnesss site i3 found fo be greater in the presence of convex surface curva-
ture, while {he nonparallel meanflow near a leading-edge is foumd to strongly reduco
the initial amplitude of crossflow vortices. These competing effects—curvature and
nonparallelisi—tend to counteract one another, but, for the conditions studied here,
the nonparallel effect, is dominant.

Comparisons between linearized Navier—Stokes sohitions and recent theoretical
receplivity analysis, based on the parallelHow equations, show that the theorcti-
cal method over-predicts the initial amplitude of stationary erossflow vorlices by as
mirch 2s T7% for long wavelength disturbances. The ervor in the theoreticnl predie-
tion Js reduced for shorker wavelengths, since nonparallel effects are relatively less

important, but remsing as high as 30% near the leading-edge. Although the pacallel




theory provides & conservative cstimate of the initial amplitude of crossflow vortices,
it i concluded that accurate theoretical prediction of crossflow veceptivity near the

lending-edge of a swept wing reguives the inclusion of nonparallel effects.
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Chapter 1

Introduction

Receptivity is the process by which cnvironmental disturbances are converled into
instability waves in 8 boundary or shear luyer. In this manner, receptivity provides
Lo initial amplitudes of instability waves which eventually lead to transition from
laminar to furbulent flow. Axn understanding of receptivity is fundamental to the
development of reliable transition prediction schemes which, in turn, are necessary
for the development of lamninar-flow-wing techuology.

The research described in this report focuscs on the receptivity of the three-
imensional boundary layer near the leading-edge of a high-speed swept-wing. In
parficular, the infiuence of surface roughness near the leading-cdpe on the formation
of erossflow {CF) vortices is cxamnined, Recent experiments [32,90] have demon-
strated that surface roughness is the primary cauwse of stationary CF vortices and
that stationary vortices dominate the trasnsition process, near the leading-edge, in
low-disturbance environments - such as the cruise condition for an aireraft in flight.
Recently, the linear and nonlinear evolution of CF vortices has been well-predictod
by analysis based on the Parabolized-Stability-Equations [60, 74]. Howoever, the re-
ceplivity process for CF vortices remains an open issue mainly because experitnental
shuckios of receptivity due to surface roughness are hampered by several factors: (1)
the complete disturbance cnvironment iz generally unknown, (2) the amplitndes of
the crossfow vortices near the source of receplivity are not measurable, and (3) at
downstream slalions where measurements are possible, nonlinear effects may have
already occurred. Through the numerical sitnidations presented here, each of these
limitatinns are overcome and receplivity results are obtained that ean be used to bost
recent theovetical predictions [17, 28]

‘Phis chapter begine with the general motivation for the study of reeeptivity along
with & description of the laminar-to-turhulent transition process on a swept-wing and
a summary of Lransition prediction techniques used in wing design. Tneluded is a brief
review of the voluminous literature on receptivity inchuding theoretical, experimental,

and computational studies, An attempt is made to focus the review on the receptivity




2 Chapter 1. Introduction

of three-dimenstonad boundary layers to surface roughness, and where appropriale,
references are provided to the many review articles in the litevature. The chaploer
closes with a summary of the accomplishments of this research and an overview of

the material discussed herein.

1.1 Motivation: Laminar Flow Technology

Research oo laminmr-flow technology has been underway for over 50 years. However,
ag fuel resources becoine more scarce and manufacturing techniques improve, both
the incentive s practicality of ncorporating laminar-fiow techuology in new aircraft
designs has increased. DPassible applications of laminar-flow wings run the gasmut
of aiveraft types—{rom general avistion Lo super-sonic psssenger alrcraft 9], Fhe
primary incentive in applying laminar-flow {echnolopy sbems from projections that
matitaining laminar flow over a large portion of a wing can provide ag muoch as a 25%
1o 30% fuel savings on long-range flights [89},

Eaminar-flow wings can be broadly classified into two categories: Natural Laminar
Flow (NLF} wings for which the pressure distribution is carefully tailored to delay
trangtbion, and Laminar Flow Control (LFC) wings which use surface suction to delay
transition. Examples of both types of laminar-How wings are shown in figure 1.1, The
wing-type used depends on the particular application with NLF advocated for small,
low-speed aircraft with small wing-sweep and LFC used for large, high-speed, swept-
wing aircraft. For medium-sived aireralt with moderate wing-sweop {~ 207, recond.
destgns take a hybrid approach by tncorporating LFC near the leading-edge with NLF
in the mid-chord region in an efforf to achieve drag reduction more economically [9].

Hegardless of the particular type, the suceess of a laminar-flow wing depends erit-
ically on the desipner’s abilily Lo predict the location of laminas-to-turbulent tran-
sition. The bransition process Wypioally begins with the conversion of enviromnental
disturbances into the instability waves of the low by a process called receptivily [T8].
This report is motivated by the need to incresse the understanding of receplivity and

to use this knowledge to improve transition prediction.
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1.2 Transition Mechanisms on a Swept Wing

Transition in mamy practical situations can be modelod ns 5 three-stage provess: re-
ceptivity, linear amplification, and non-linear breakdown, Receptivity involves the
conversion of environmental disturbances into the instability waves of the flow. The
receptivity process typically ccours in the “suberitieal” region, upstream of the lo-
cation where instabilities begin to grow. Becauso of this, the waves excited in the
recopbivity plase often decay before undergoing amplification. Both Lhe decay and
subzequent. amplification are generally linear processes that are well predicted by
guast-paralie]l Linear-Stability-Theory {LST}. As the instability waves continue to
atnplify downstream, they cventually reach snfficiently large magnitudes such that
nonlinear effects become important. These nonlinearities manilest themselves, at
least initially, as secondary and terfiary instabilities, This final phase, non-linear
breakdown, usually occurs rapidly, over a short streamwise length. In fact, the length
of the linear amplification region i often an crder-of-magnitude greater than the
length of the nonlinear region (at least for two-dimensional instubilities). This fact is
the rationale behind current transition prediction schemes which are hased solely on
the linear aruplification stage, sce section 1.3. Recently, s new transition prediction
technique based on the Parabolized Stability Equations {PSE) [51] has been dovel-
oped which yields accurate predictions for both the linear amplification and early
nonlincar stages of transition. We will return to the topic of PSE methods in section
L3. Transition phenomens which do not fit inlo this three-stage model are called by-
pass lransition and are characterized by nonlincarities from the onset. Examples of
by-prass tramsition include attachment-line contamination and transition due o large
strface profuberances or high-intensity free-stream turbulence.

The transition process in the three-dimensional houndary layer on a swept-wing

typically involves one or more of the following phenormena:
1. Aitachment-line instabilitics and confamination
2. Crossflow vortices: stallonary and nen-stationary
4. Btreamwise instabilitios {i.e. Tollmien—Schlichting waves)

4. Girtler (centrifugal} instabilities
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A schematic of possible transition routes for a swept-wing alreraft is given in figure
1.2.

Transition can begin on the attachment-line due to contarination from the tur-
bulent fuselage boundary layer at the wing ftuselage junction, This by-pass mode of
tramsition is due to a subcritical (2.e. finite amplitude) instability of the attachment-
line flow which can be catastrophic sinee it results in o turbulent bonndary layer over
the entire wing surface. However, contaminabion can be prevented using a leading-
edge notch or a Gaster bump [37] and, in the following discussion, we assume that
such a doviee is cmployed,

In addition to contamination, the attaclinent-line boundary layer is susceptible
to a viscous, Tollmien-Schlichting (TS) type, instability. Thus, on a laminar-flow
wing, the attachment-line boundary-layer must be mainlained suberitical by carelul
aclection of the leading-edge radius or by surface suction. Assuming this to be the
case, transition on the upper {convex} surface of a swept-wing is typically initiated
by crossflow vortices in the lavorable pressure pradieni rogion near the leading-edge,
The crossflow vortices resolt from an inviscid instability of the inflectionst crossflow
velocity profile (see figure 1.2}, called the crossflow (CF) instability. If transition is
delayed near the leading-edge (typically by surface suctim‘._l] then transition typically
occurs in the mid-chord region due to the TS instability, This {fact motivates the
Hylrid Laminar-Flow-Control {IILFC) approach, with suetion used near the leading-
edge to control the OF vortices and a favorable pressare gradieont nsed o the mid-chord
region Lo weaken the TS instability.

On the lower surface of the wing, an additional instability mechanisin comes into
play due to the concave curvalure of the surface and streamlines. This centrifupal
instability, called the Gortler instability, results in ithe formation of counter-rotating
streamwise vortex pairs (in conbrast to the crossflow instability which resubts in vor-
ticezs with the samne sense of rotation). Hecently, there has been a number of inves-
tigations dealing with the combined offoets of Gortler nad CF vortices §4,5,115]. In
the current investigation otly convex surfaces are considered thereby avoiding ihe
Govtlor instability.
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1.3 Transition Prediction Techniques

N methods) are based solely on the lincar

Current transition prediction schemes (e
ingtability phase of Lransition, ignoting both Lthe oxternsd disturbance environaont
and nonlinear clfects. Both Malik [75] and Redeker et ol [89] outline the ariging
of the ¢¥ method (dating back to 1952) which has since been used extensively in
laminar-flow-wing desipn.

The basic premise of the e™ method is that the transition location can be corre-
lated with the amount of linear amplification of disturbances in the boundary layer.
The N facior is given by the the integral ol the spatial amplification rate, o, [rom
the point where disturbances first become unstable {Branch I, dencted by z;7) ta the
transition location . i

T

N:fm o(z) d. (1.1)

z
Thus, the raiio of the amplitude of disturbances at transition to that at Branch I is
given by eV, By comparing experimental transition results in low disturbance envi-
rontnents with N-factors computed using LST, it was found for two-dimensional News
that fransition occwrs when N = 10 [66]. Because the N-factor represents a ratio
of amplitudes, this method is inscusitive to the external disturbance environment,
thoreby requiring different vilues of &V for different levels and types of environmental
disturbances. In addition, different values of N are expected for each type of instakbil-
ity mechanism: TS, CF, and Gortler instabilities. However, Malik [75], in providing
& comprehensive review of the e results in the literature {as of 1990), finds that a
value of & = 10 correlates reasonably well with the majority of the data, tegardless
of the instability mechanism. It is this “robustness” which helps make the method a
useiul design tool,

(iven the apparent success of Lhe &™ method, there is, hawever, a large amount
of scatter in the values of N given in the literature. It is not unusual for N-{aclors
Loy be reported in the range of 6 — 13 depending on the instability mechanisms, tost
cavironment, and How geometry. T'o put this In perspective, this range of N-factors
corresponds fo a three order-of-magnitude range of amplitude ratios, Thus, laree
safety factors ave required in lsminar How wing design to account for this constderable
uncertainty in the N-factar,

The sucenss of the e method is hampered iy b assimptions of linearity, parallel
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How, and by the exclusion of the receptivity process which determines the initial
amplitude of disturbances within the boundury layer. By including only the lincar
amplification stage of transition, the ¢V method tacitly assumes that disturbances
arc of stfficiently low amplitude so that there is a long region of linesr growth which
dominates the transition process. By ignoring the receptivity phase, the ¢V method
miisses a fandamental characteristic of the transition process: the transition location
moves upstream with increased disturbance levels. Furthermore, nonlinear offects in
the form of nonlinear receptivity and nonlinear interactions are not accounted for.
Thus, situations invelving large initial disturbances and/or modal (e.q. TS and CI7)
interactions and mean fiow modification are not captured in the e predictions.
There are currently numerous research efforts underway to address the limitakions
of the e method by developing an amplitude based transition criterion which uses the
[SE approach developed by Herbert and cowarkers [51). These cfforts inclade studies
of bath nonlinesr effects and receptivity to address the deficicncies of the e method.
The research discussed in this report focuses on the numerical shmulation of the
linear receptivity phase of transition with the hope that the results and methodology
discussed here can be used toward the development of an amplitude-based transition

prediciion techmnique.

1.4 Synopsis of Previous Receptivity Results

Since 1969, when Morkovin [78] first coined the term “receptivity,” there has been a
tremendous armount of research to discover and identify the mechanisms which lead to
the formation of instability waves in a boundary layer. In this section, salicnt recep-
tivity amnd transition rescarch is summarized including experimental, theoretical, and
computationn rosults. The diseussion begius with a general overview of receptivity
research and then specializes to research involving the generation of crosstlow vortices
in three-dimensional boundary layers.

Kerschen [57] has identified two categories of receptivity: forced and naturak In
foreed receptivity, Lhe external disturbance has the appropriate length and time scales
30 that it can conple divectly with an instability wave in the boundary layer. An early
examnple of forced receptivity is the landmark experiment of Schubauer & Skramstad

[47] in which TS waves were generated by a vibrating ribbon placed in the boundary
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layer. Other examples include surface suclion/blowing, surface heating/cooling, and
surface roughness. We note in passing that both the length and time scales of the
distirbance must malch that of the instability wave such that surface roughness,
which is generally regarded as steady, may only divectly excite stationary modes such
a8 stationary crossflow vortices or Gértler vortices,

In confrast Lo the forced case, natural receptivity involves external disturbances
which have the correct time-scale but require some form of wavelength conversion
I conple with an instability wave, Ewamples include freestream acoustic waves and
[recstrean turbulence, which typically have longer wavelengths then boundary-layer
mstability waves at the same frequency. The wavelength reduction process wag first
clatified in the seminal work of Goldstein [40] who showed, using high Reynolds
number ssymptotic expansions, that the nonparallel meaus fow near a leading-cdge
can lead to the transfer of energy from long wavelongth freestream acoustic waves
to Tollmien—Schlichting waves in the boundary layoer. Since then, natural recoptivity
has been [ownd to oceur near other forms of nonparallel mean Hows including: surface
roughness {19,47,92, 114], marginal separation [44], sudden changes in swface curva-
ture [42}, and variations in swrface admittance to pressure wives [16], Tn general, the
results of experiments and the asymptotic theory have been fu good agreement [57,59].
Most importantly, both have demonstrated that regions of meanfiow distortion which
have a spatial spectrum consonant with an instabilily wave are the key to the transfer
ol enevgy from freestream disturbances to instability waves,

Readers interested in s more detailed view of receptivity research may wish to
consult the many avsilable review articles. In particular, the roviews by Goldstein
& Hultgren {43] and Kerschen [57} provide excellent summaries of the high Reynolds
number asyinptotic theory results, The recently popular finite Reynolds number
theory s reviewed by Choudhari & Streett [21] and Crouch [29], while, experimental
research as of 1986 is reviewed by Nishioka & Morkovin {82} and includes a summary
of the extensive Soviet receplivity research. The Soviet experimental and theorelical
regearch is also discussed in the paper by Kozlov & Ryzhov [59]. More recent reviews
of experimental research arc given by Wlezien {112] and Saric cf al. [96]. Several recent,
computational studies of natural receptivity have also been reported, including the
work of Reed and hor colleagues [94] and Corke & Haddad [26],

Although most Hows of practical relevance contain thres-dimensional boundary
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layers, the majority of receptivity and wransition research, inchiding most of the work
cited ahove, has been conducted for two-dimensional boundary layors. This regtriction
was 1hade neeceszary by the complex physical phenomenon which oceur during transi-
tion, even for two-dimensional boundary layers. Fortunately, many of the observations
made [or two-dimensional boundary layers akso apply lor three-dimensional boundary
layers, including Lthe importance of meanflow distortion on receptivity, As alluded to
i section 1.1, the renewed interest o laminee-tow technolopy hag prompted consider-
ahle research in the aress of receptivity, stability, and transition of three-dimensional
boundary layers. Saric & Reed {95 provide » review of the research in stability and
transition for three-dimensional boundary-layors up to 1989, Sines then, considerable
advances have been made both in the receptivity of three-ditnensional honmiary layers
and in the nonlnear evolittion of crossflow vorticss. 1o the remainder of this section,
Bhe tecent advances in the study of coceptivity and transition for three-dimensional
houndary layers are disoussed.

The early experiments of Saric and coworkers {86] examined the effects of micron-
aized roughness elements on the transition location when the roughness is placed
near the leading-edge of & 45° swept NLI{2)-0415 airfoil with a 1 m chord. Their
experimental results show that the transition localion is very sensitive to roughness
neat the leading-edge and Lhat Lhe crossflow vorlex patiorn formed downstream of the
ronghoess is dirocthy telated to the applied surface roughness distribution. By placing
artificial (6 pme) roughness at different chordwise locations, it was demonstrated that
the transition location moved firthest npstream for roughness placed near the point
of first instability of the stationary crossflow vortices. Variations in ronghness height
were also considered with the transition location further upstream for larger roughness
sizes, Although these results showed a strong inflzence of surface roughness on the
generated crossflow vortices, they did not provide a clear indication of the receplivity
process since measurements of the lransition location are not a particularly sensitive
measire of the initial level of instability waves in the boundary layer.' In particular,
thore wus no observed effect on the transition location when roughness was placed
dowustream of 4% chord. In subsequent work [87] measurement technigues were

refined and the influence of artificial roughness was detected from the attachment

LThe Lransition location depends on the linear and nonlinear evolution of instability waves in the
boundary Inyer making it difficult to infer receptivity characteristics directly from measurements of
the trauzition location.
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line 211 the way to 20% chord. Their most recent experiments [90] demonstrate that,
the transition process is still dominated by stationary crossflow vortices for a surface
thut is polished to 0.25 pm BMS. However, the focus of these vecent experiments has
heen to study the downstrean evolution of eressflow vortices in order to document
and explain the failure of linear theory fo predict the growth rate. We return to this
issue of early nordinear developiment of crossflow vortices below.

Liecently, Deyhle & Bippes [32] have porformed a detailed exporimental study of
the receptivity characteristics of a three-dimensional boundary layer to roughness of
varylng shape, size, location, and distribution. By considering swept flat-plate models
with different surface finishes, they find that the overall level of stationary CF vortices
18 directly related lo Lhe average peak-to-peak roughness amplitude. High levels of
initial roughness lead to bigh initial smplitudes of the stationary crossflow vortices and
to an earlier saburation at higher amplitudes. In comparisen, the eflect of roughness
level on traveling crossflow vortices was minor with the primary eflect related to
sarlier nonlinear interaction {see below} due o the enhanced stationary vortices at
high roughness levels. For all roughness levels the crossflow vortices observed in the
experiment had wavelengths corresponding to the most amplified linear mode.

Deyhie & Dippes [32] also considered the eoffect of discrete artificlal roughness
elements to ascortain whether different wavelengths could be excited. The discrote
roughness elements had a eireular planform with a height of 10 gm and woere added to
the polished surface (L8 fem peak-to-peak) of the plate al fixed chordwise locations
near the leading edge. Unfovtunately, measurements where taken far downstresn,
well after the vortices had saturated go that the results are extensively influenced by
nonlinearitics. Given this, however, the preatest crossflow response was measurod for
roughness placed near the upstream neutral point and for roughness with a spanwise
spacing close to the most amplified wavelength predicted by stability analysis. These
results are consistent both with the experiments of Saric and coworkers {86,587, %] and
with theoretical receptivity predictions [28], discussed in detail below. For roughness
spacing of half the most unstable wavelongth, enhanced crossfiow vortices wore still
oliserved ab the most unstable wavelength but with roughly hall the amplitude.

The recent experiments by both Saric’s group [90] and Bippe and cowarkers [32]

have established that surface roughness is of primary importance in the generation
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of stalionary CF vortices. These experiments, along with complementary PSE anal-
yses {50, ?'4], have focused on the nonlinear evelution of CF voriices, The results
of these investigations show that nonlinearity is primarily due to the interaction of
stationary CF vortices with the meanfiow. This interaction leads to meanflow distor-
tion which alters the stahbility characteristics of the boundary layer, resulting in lower
growth-ratez and eventual saturation of the stationary crossflow modes. Deyhle &
Bippes [32] have also shown that the nonlinear intoraction of stationary and fravel-
ing modes can lead to an additional reduction in the growth-rate of the stationary
modes, This nonlinearity is most pronounced for wind tunnel experiments with meod-
est to high free-stream turbulence, indicating that the traveling modes are generated
by a receptivity process which converts the frecstream turbulence iute traveling CF
vortices. Mest importantly, howoever, is the fact that freestream turbulence levels
are generally nmech lower under flight conditions than in wind tunnels. Because of
Lhis, the stationary crossflow vortices are expected to be the dominant instability
mechanism in low disturbance environments such as a wing in flight.

Comparisons of the experimental results [32,90] with nonlinear PSE [50, 74} have
shown that the nonlinear effects, including the saturation amplitude, are well pre-
dicted by PSE and, according to Deyhle & Bippes [32], it is the saturation amplitude
that determnines the transition location. In forming a complete amplitude-based {ran-
sition prediction method, it remains to reliably predict the receptivity process for
stafionary crossflow modes due to surface roughness. It should be pointed out that in
performing the PSE caleulations which have boan compared to experiments, the initial
condition for the PSE marching procedure s based empirically on the experimental
resulls at the furthest upstream station [50]. These comparisons are hampered by
thal. [act thaf the disturbance environment is not completely known and that the flow
evolution may already be nonlinear at the st measurcment station. Recently there
have been attempts to include the receptivity process in the PSE analysis [52]. How-
ever, this approach is still in its infancy and, dne to the approximate natire involved
in starting the PSE marching procedure, the curvent rosolts are only qualitative amd
further refinement ig requited bo incorporate guantitative receptivity predictions in
PSE analyais,

In addition to the experimental work described above, there has also been con-

siderable theoretical research on the prediction of receptivity in three-dimensional
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boundary layers. A uscful review of receptivity in three-dimensional and high-speed
boundary layers is given by Choudhari & Streett [15]. In this article, the different
receptivity mechanisms for Lthe generation of stationary and traveling crossfiow vor-
tices are discussed. In particidar it is suggested that although the traveling crosstfow
vortices have larger lincar growth-rates then stationary modes, local receptivity mech-
aimans preferentially excite stationary vortices. This hypothesis has been recently
veritied by Choudhari [17] and Cronch [28] who have independently shown that the
initial amplitude of traveling CF vortices due to the interaction of freestrenss aeoustic
waves with surface roughness is ranch smaller then that of stationary modes which are
generated by the direct scattering of the meanflow by the roughness. This conclusion
18 cirectly related Lo the fuct that the amplitude of unsteady freestream disturbances
{both sound and turbulence} is very low under flight conditions. In passing, it should
be noted that both the experiments of Radestsky ef al. [86] and Deyhle & Bippes [32]
show that freestream scounstic disturbances have no messurable influence on the level
of traveling crossflow modes or on the transition location.

The annlysis used by both Choudhart [17) and Crouch [28] is done in the same
framework s the asymptotic theories of Goldstein [41} and Ruban [92]. However,
instead of approximating Lhe Navier-Stokes equations using high Reynolds number
expansions, the equalions are replaced by the locally parallel equalions in the vicinity
of the surface disturbance. This approach was firsl. used by Zavol'skil et af, [113] to
study the generation of TS waves in the boundary layer over a wavy surface arcd several
recent review articles [21,28] summarize the various applications of this technigue,
The advantage of, what has been called Finite Reynolds Number Theory (FRNT),
is that solutions can be more easily obtained for a wide range of physical problems
at moderate Reynolds numbers, Furthermore, FRNT is wot limited to the vicinity of
ther lirst neutral point as iz the asymptotic theory. As indicated above, FRNT has
been uged to demonstrate bhat the initial amplitudes of traveling crossfow modes due
to the interaction of sound with roughness i3 much smaller than that of stationary
mades generated diveetly by surface roughness. Both of these stidies where conducted
lor incompressible flow, with the mean boundary layer flow given by the family of
Falknes—Skan-Cooke [25] swept-wedge fows, Consistent with the experimental results
discussed above, the greatest effective recoptivity is found to occur just upstream of

the first neutral point. Although the receptivity inerenses upstream of the neutral
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paint, the actunal amplitude of a generated instability wave in the unstable region is
reduced because the fow is highly damped upstream of the neutral point. As pointed
out by Choodhari {17], however, the results of the FRNT require numerical and for
experimental verification in the vicintty of the firgt noutral point because nonparallel
effects may be important. Additionally, in praciical situations, such as the leading-
cdge of a wing, the first neutral point for stationary crossflow vertices will oceur in
a roglon of large surface curvature. Hecently the effects of both nonparallelism and
surface curvature on the stability charactoristics of stationary erossflow vortices has
been exumined by Malik and coworkers {72, 73, 76] using both P3E and perturbation
theory to account for the nonparallel effects. These results have generally shown
that while curvature effects are stabilizing, nonparallel effects are destabilizing for
crossllow modes. However, the impact of non-parallelism and curvature remain open
tssues with regard to receptivity.

The present research aims fo close the gap in fransition prediction by predicting
the receptivity of crossflow vortices through numerical simulation of the lineuarized
Navier-Stokes equations. In this way, the disturbance environment cun be carefully
controlled and both the physical mechanisms of the receptivity process nnd the suceess
and limitations of the theoretical approaches {17,28] can be established. In particitar,
bath the sffects of body curvature and nonparallel mean How will be examined in the
context of & simplificd model of & wing leading-edge. Although beyond the scope of
the current stidy, our results can alse be compared to PSE reeeptivity predictions to

evaluate the viahility of that approach.

1.5 Accomplishments and Overview
The accomplishments of this research include:

¢ A computational method for the simidation of receptivity phenomena noar the
leadimg-edge of a swept-wing at high subsonic speeds has been developed. To
make the numerical simulation of receptivity problems more econowmical, anly
the region in the immediate vicinity of the leading-edge is included in the compn-
tational domain, When compising mean-flow solutions, an outflow boundary
condition based on the parabolized Navier—Stokes equations has been imple-

mented which gives high-guality solutions up to the ouffow boundary. For
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disturbance caleulations, extensive tests are reported on nonreflocting outflow
boundary conditions for problemns where instability waves exit the boundary.
Conditions based en the damping sponge [55] are found to be adequate although

more refined techniques are dosirable,

A suite of model problems which represont the pliysical phenomena expectad
in receptivity calenlations have been solved. These problems includer unsta-
ble Tollmien- Schlichting waves in a twn—n_iimensiﬂnal boundary layer, unstable
crossflow vortices in a three-dimensional boundary layer, and aconstic scattering
[rorm a civcular cylinder. Results from ench of these problems are in excellent

agreoment with exact solutions.

As furthoer validation, a limited invesligation of acoustic leading-edge recoptiv-
ity is performed for a Hat-plate with s super-ellipse leadinp-edpe. Results are
comtpared to the incompressible caiculation of Lin ef ol [61] and the ampli-
tude of the instabilily waves are predicted to within 10% of the incompressibie

solutions.

A series of fwo- and thres-dimensional meanflow solutions are obtained for a
parabolic eylinder, Low Mach number, two-dimensional results compare [avot-
ably to a reference incompressible solutiom by Davis [31]. A three-dimensional,
high-speed boundary-layer over a swept parabolic-cylinder is computed amd

thoroughly documented.

The development of stationary crossflow vortices in the three-dimensional
bhoundary layer on the swept parabolic-cylinder is compared to compressibie,
linear-stability-theory which incorporates the effects of curvature and nonpar-
allelism. Curvature is included by writing the Navier—Stokes equafions in a
curvilincar eoordinate system. Nonparallel offocts are included using a per-
turbation approach where the solution is written in terms of a slowly varying

chordwise coordinate,

Stability results indicate that surface curvature and nonparallel flow are hoth

important factors over the entire length of the unstable crossfow region. These

resulls are in gualitative agreement with recent PSE and stability aoalysis for a

swept circular cylinder [72, 78], When measured by the integrated disturbance
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kinetic energy, convex surface curvature is found to be stabilizing while non-
parallel effects nre destabilizing. Including both effects in the stability theory
leads to growth-rate predictions which are in excellent agreement with linearized
Naviar—Stokes solutions for relatively short spanwise wavelengths, However, it is
demonstrated for a longer spanwise wavelength that the perturbation approach
is inadequate near the leading-edge. This s unlortunate since this longer wave-
length mode has a larger N-factor making it considerably more “dangerous.” An
approximate criterion for the failure of the nonparalel perturbation approach

is presented based on the normalized growth of the mean boundary layer.

¢ The impact of both curvature and nonparallel effects on the receplivity of this
flow to surface roughness are established by solutions of the lincarized Navier
Stokes equations. When the results are compared to Finite Reynolds Number
Theory (FRNT), they indicate that curvature enhances receptivity while non-
parallel flow attenuates receptivity, The net effect for the conditions of this
study are that the nonparallel attenuation dominates. In a region near the
leading-edge, the FRNT prediclions are found to generally over-predict the
crossfltow amplitude, with errors as large ns 777 when curvature is included.
Although these predictions are conservative, additional refinement of the the-

ory bo include nonparallel effects is warrantec.

We begin in Chapter 2 with a summary of the governing equations for an ideal,
porapressible fluid ineluding nondimensionalization, and linearization suitable lor re-
ceptivity problems. Chapter 3 details the numericnl methods used to obtain high-
accuracy meanflow solutions and linearized disturbance solutions. This chapter in-
cludes a discussion of the potential Aow solver, used to compute initial conditions, and
boundary conditions for both mean and disturbance equations. Extensive validation
of the numerical method is performed in Chapter 4 using model problems based on the
physical phenomena observed during the early phuses of laminar-turbulent fransition.
As furcher validation, a limited study of leading-edge receptivity to sound is presented
in section 4.4 inchuding comparisons to previous incompressible solutions, The main
focus of this research is detailed in Chaplor 5 where an extensive study of instabtity
and receptivity characteristics of the three-dimensional boundary layer on a swept
parabotic cvlinder is performed. Finally, the results of this report are summarized in

Chapter 6 with conclusions and avenues for lurther investigation highlighted.
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Figure 1.1: Laminar flow wing sections: {a) 18 a full chord Laminar-Flow-Control
airfoil (after {49]) showing the ducting required to remove the suction air, while (b)
is a Natural-Laminar-Flow airfoil {after [89]} with the predicted pressure distribution
and transition locations on the upper and lowor surcfaces.




16 Chapier 1. Infroduciion
Growing 3D boundary layer
_ - » TS instability
TS instability » Crossflow instabilily
of the attachment + Centrifugal instability
line boundary
layer
U W
Contamination
of the attachment
line flow Conlamination [rotm
Turbulent the turbulent luselage
fusclage boundary layer
boundary
layer
— -
-
1_:,"2'- —_

Figure 1.2: Routes fo transition on a swept wing.



Chapter 2

Governing Equations

This chapter presents the compressible Navier—Stokes equations in a form amiable to
the numerical stmdation of recepfivity phenomena. The equations are first discussed
in dimensional form followed by a conversion to nondimensional variables and an
introduction of the relevant nondimensional parameters. In the final scotion, the
equations arc linearized about a steady base flow, and these linearized Nuvier—Stokes

equations form the basis for our receptivity study.

2.1 Compressible Navier—Stokes Equations

The compressible Navier—Stokes {NS} equations in primitive form using Cartesian

tenzar notation and dimensionat variables can be writken as

At {p"u;‘}j =1, (2.1}
P + PrUSUL; = D+ T, (2.2)
PG+ Tk = (pl';‘ + “;T’}) + 455 + T {2.3)

where p* is the density, 4} is the velocity voctor, p* is the thermodynamic pressure,
Ty 18 Lhe viscous stress lensor, q; 15 the heal flux vector, and A* s the fiuid enthalpy

defined by
R = €™+t p? (2.4)

where e” is the internal encrgy per unit mass. In the above equations, subscripts
foHowing a comma denote partisl differentiation with respect to the subscript, and
the Einsteln summation convention is followed,

We assuine a Newtonian fluid such that the viscous stross tensor and the heat dox
vector are given by

T;;— = }k*u‘;skﬁﬁ + EJL*S:T {25}

17
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g; = —&'T, (2.6

where 1* is the first costlicient of viscosity, A" is the sccond coofficiont of viscostby, &*
is the thermal conductivity, 57; = i[u: ;F ;) i the rate-of-strain tensor, 17 is the
absolute termperature, and &;; is the Kronecker deita,

The system of equations (2.1} {2.3} is closed with an equation-of-state, relating the
thermodynamic variables, and additionsl equations which relate the fluid properties
to the thermodiynamic variables. We use an ideal, calonically perfect gas with constant
gpecific heafs such that

pt =R, {2.7)

where R* = of — oy 18 the gas constant, ¢ is the specific heat at constant pressure,
and ¢y, is the specific heat st constant volitme. Both ¢f and ¢f are constant as is the
ratio, v = ;," cy. Under these conditions, the internal energy and cothalpy are related

to the absolufe temperature by

et =T, {2.8)
ht =T (2.9)

For a calorically perfect gas, the thild properties {viscosity coeflicionts and conductiv-
ity) are functions of temperature only, For low-speed lows with small temperature
variations, the fluid properties can be assumed constant with little loss of accuracy
and this assumption is used for many of the low-speed results presented here, Iow-
ever, for high-speed flows the temperature dependence of the fluid propertios becomes
tnportant. Belore describing the relations used to determine the fluid properties, we

will first convert the governing equations to nomndimensional variables,

2.2 Nondimensional Navier—-Stokes Equations

In equations {2.1}-(2.9}, the superscript “2" indicates that the quantitics are dimen-

sional. In nondimensionalizing these eguations the following relations have boen used,

- uT T

,‘:}:F'%: ?I‘?,_E:ﬁ TZE:

p=-Ba p=f, A= - {2.100
grap®’ oy ayt
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where L* is some convenient reference lomgth and quantities denoted with a sub-
seript " are reference values typically taken to be far-field ambient conditions. The
particular values of L*, o7, u;, efe. are defined for cach problem considerad,

Using equations {2.1() in equations {2.1) through (2.7} vields the following non-

dimensicnal equations

pet (), =0, (2.11)
1

Pip + pUglts; = —ps + R_a[{)"ﬂj-;f},i + {E#Sij}d]a (2.12)

ﬂ1+p%ﬂr+h—1mTWJ—PR[ﬁT]+

y — 12
% [llsfﬁgjj + Q;LSt-jS;j] 3 (213]
_ T

where . WL s
M= Re= 2L p K% (2.15)

o e Ky

are the Mach number, Reynolds numbor, and Prandt] immber respoctively. In deriv-
ing the non-dimensional energy equation (2,13} from (2.3}, use iz made of equation
{2.9) to convert enthelpy to temperature and the continuity equation {2.1) along with
thir equation-of-state [2.7) are nsed to remove the explicit pressure dependence.

For low-speed conditions where the dependence of fluid properties on tempera-
ture is negligible, ¢ = 1. For cases where the temperature dependence of the fluid

properties is important, g is related to the temperature through Sutherland's law

al+ S

p=Tir—, (2.16)

where 5 = S5/T* and 55 = 111K for air [111]. The second coeficient of viscosity
s computed using Stokes hypothesis, A = —%p& (giving zerc bulk viscosity), and
the thermal conductivity is determined assuming constant Prandtl number, & = g
Unless otherwise specified, the fluid iz assumed to be alr with a Prandt] number of

1.0 and a ratio of specific heals, v = 1.4,
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2.3 Linearized Navier—Stokes Equations

In determining receptivity or stability characteristics it is often convenient [where
appropriate) to treat disturbances as linear pertwrbations about a steady hase-flow,

Thus, flow variables are written as

p=pla) + e t),  wy = agley) + s, L),
T = T{m) + T'(we, 1), = Fle) + p'la ), (2.17)
A= j'{m!'} + ‘l‘r[mfﬁﬂl K= F"‘(Ti] + H’F{:U‘i: ”1

B

where a bar denotes bage-fiow variables and primes d;anute {linear} perturbations
abouf that base flow,

Substituting these expressions inta oquakions {2.11)—{2.14) and dropping terms
that are nonlinear in the perfurbations leads to two sels of equations: one for the
base flow and one for the perturbation How. The base-flow equations are just the

steady versions of equations (2.11)—{2.14).
() ; = G, (2.18)

1o ﬁ_ ,
Mgty = —Fi t @[(Aﬂm}.i + [2M5-sj},;;], (2.19)

R = s =
MJTJ + {T - HpTuJ':j = PrRa [Fﬂ—:i]li +

] - -
ﬂlﬁgj_ [ASﬁSjj + 2#151';;'51'3'] ; (2,20}
_ BT
= 221
r ,-:I,Mz‘ { }
while the perturbation equations are given by
ty + () + {p) = 0, (2.22)

P, + Pligtty ; + Pyt g + Pty = ~py +
1 .- _ =
o [ b+ (Vi) + (2385)5 + (25}, (2.23)
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ATy + pT5 + pusTy + o' Ty =

E— - — "]." = _
(= D B0+ T 4 e T T+
1ME o ) o
ﬁﬁe]— (22836855 + N uSyy + 4855, + 2085, (2.24)
p = (3T + Tp' )/ (vM7), (2.25)

Since the cooflicients 4, A, and & are functions only of T, the linear perturbations of
these coeflicients and their derivatives are defined solely in terms of T, T, and their

derivatives. For example,

,_ f dp
=l T 2.26
v = ks (2.26)
and 2 4
! ﬁ&) ia r 7
= () T+ (5] (227
. (Lﬂ*? 1~ dT f o

where the derivatives of 4 are zero for constant properties flow or are determined from
Sutherland’s law, equation (2,16}, Shmilar expressions for X and &' follow directly.
With these expressions for the fluld properties and by dividing through by 2,

cquations (2.22)-{2.24) can be rewritten using the more compact notation

UTE ‘E_ AUTI + BUtg + GUia + ]::’T_TIl = V]_lUT_:li + VIEUiIE +

Vlanlﬂ ’+‘ VEEUTW +V2_5U723 + VESU{SE {223]
where
i, PJ' y
7
U= {2.29)
Uy
L9 T-u ry
and the matrices (A, B, C, D, V), defined in Appendix A.1, depend only on the

raean flow variables and their gradients.

The form of the linesrized, compressible Navier-Stokes equations given in equation
{2.28) i3 a suitable starting point for numerical simulation of receptivity {section 3.7,

linear-stability analysis {Appendix 1), and parabolised stability analysis {13},







Chapter 3

Numerical Method for

Receptivity Calculations

‘This chapter presents the mumerical methods developed to sitnulate receptivity phe-
nommena near a swepl leading-edge, We begin with a discussion of the issues and

challenges faced when undertaking receptivity caleulations.

3.1 Computational Issues and Challenges

The computational siimulation of receptivity requires a numerical scheme capable of
accurately and efficiently compufing both the mean boundary-layer flow about an
arbitrary leading-edge and the evolution of unsteady disturbances on that nmiean flow.
The unsteady disturbances include inviscid (acoustic, entropy, vorticity} waves in the
far-field and viscous instability waves in the boundary layer. The dispersion relations
for all types of waves and the dynamics of their interaction {{.e. receptivity} must
be aceurately represented. Although accurate and efficient numerical methods have
been developed to compute mean-flow and wave-propagation phenomena individually,
there is no method reacdily available for the simultaneous solution of both types of
problems in comnplex gecinetries.

For computing mean boundary-layer flows, there are a wide range of methods
available [6,98,102,103,109] to name just a few. In general, these mothods are second-
order-accurate in space with second-order-accurate, implicit time-advancement and
incorporate some form of (spatial) numerical dissipation to control spurious oscilla-
tions in the solntion. These spurious ogeillations arise for a host of reasons ineluding,
tmt not Hmifed to, msufficient resolution, approximate boundary conditions, incomn-
plote residual reduction when using ilerative solvers, and mesh stretching. The type
of numerical dissipation used depends on the particnlar scheme but can take the form
of an artificial viscosity lerm, upwind differencing, or “least-squares” stabilization.

In certain limiting cases cach of these forms of numerical dissipation can be shown

23
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to be equivalent. Althongh these flow solvers are generally lound to converge rapidly
to accurate mean-flow solutions, their use for unsteady, wave-propsgation problems
is relatively uniecsted.

Recently Fenno et al, [36] used & second-order finite-volume schemne with arti-
licial viscosiky to study the receptivity of a two-dimensional parabolic-cylinder to
freesiream acoustic waves ab low Mach numbers. They found that the numericnd dis-
sipation of the code damped the incoming acoustic waves by 56% before the waves
struck the leading-edge, even when using a costly anisotropic dissipation technigue,
Furthermore, instability wave amplitudes and neutral point locations were in signifi-
cant error when compared to previous incompressible results obtained using a spectral
method. This was also the case when resolution was increased to aver 50 points per
instability wavelength--a value which resulted in prohibitively high CPU times.

Similar, although not as pessimistic, results were found when evaluating o finite
clement flow solver using the “Galerkin Least-Squares” method [98] for computation
of boundary layer instability waves [22]. When this method was properly formulated,
by including the full residual of the Nawvier-Stokes equations in the Least-Squares
term, it was found that 60 bilinear-elements per Tollmien—Schlichting wavelength
and 250 clements normal to the wall are required to achieve sufficient accuracy in
the growth-rate.’ For comparison, the method prosented helow, achieves sufficient
accuracy using 30 nodes per wavelength with 128 normal to the wall, To tale fuil
advantage of the finite-slement methed, an unstructured grid is desirable to clustor
clements in tegions of high pradients. However, the error in the growth-rate for
lincar friangles is 3.5 times greater than that of bilinear elements using the same
node distribution. This loss in accuracy offsets tho asdvantage of the unstructured
grid. Investigations were also made using bi-guadratic and bi-cubic elements and, as
expectud, a significant reduction in the number elements was obtained with increasing
order for the swme level of accuracy. However, the greater expense in terms of code
complexity and computer time renders these higher-order methods unsuitable for the
pregent investigation,

In recent years, there has also boon considerable method development for com-

puling wave-propagation problems, These methods typically make use of high-order

1With reference to section 4.1 we have defined a growth-rate error of less than 0.2% as suffieient
for the receptivity problems under considerstion.
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finite-difference spatial discrotization with a high-order explicit time advancement
scheme. Examples include the sixth-order-accurate compact scheme of Lele [60] with
fourth-order Runge-Kutta time advancement used by Colenius ef ol {23} and Mitehell
et al. {T7] and the DRP scheme of Tam and Webh [105] which uses an optimized 7-
point finife-difference stencH in spnee with a multi-step, explicil time-advancenent
scherne.  Although these schemes have oxcellent wave propagation characteristios,
they typically sulffer from poor convergence to steady-state since they rely on explicit
time-advancement schemes with strict stabilify limits. Farthermore, converting to an
implicit time-advancement schewme for computing steady-states is complicated by the
large stencils used in computing spatial derivatives.

In an eflort to develop & method suitable [or both mean-flow and wave propaga-
tion problems, we have retained a {ully implicit time-advancement scheme, but with
& f-point {up fo dth-order-accurate) finite dilfercnce stencil in space. With approx-
imate factorization, this results in & series of block penta-diagonal matrices which
must be solved at each time-step or iteration. We have found that even with the
rather large, block penta-diagonal matrices, an efficient code results. Furthermore,
whon computing mean-flow solutions the block, penta-diagonal matrices can be ap-
proximated by block, tri-dingonal matvices, thereby reducing expense while retaining
nuinerical stahbility.

In the following scctions, details of the numerical method are presented inchuding
the generalized coordinate system, spatial discretization, time advancement, llorative
solvers for both nonlinear and linearized equations, and boundary Lreatments (or mean
and disturbance solutions, But first, a brief description of ithe receplivity problem

and computational domain iz presented.

3.2 Problem Description

To render the discussion concrete, the nmerical method is discussed in the conboext
of the swept leading-edge, receptivity problem; although the method is generally
applicable to a much wider set of problems. Figure 3.1 shows a schematic of the
leading-edge geometry where the chordwise direction is denoted by =, the vertical
direction Ly w, and the spanwize direction by 2. The arc-length along the surface of

he wing is given by & and Lhe distauce normal to the wing surface is n. The wing
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Lias an angle-of-attack, o, and sweep angle, 8, und is idenlized as haviog infinite span
with no taper. This avoids fuselage and fip effecte and renders all z-derivatives zero
in the mean. The chordwise component of the freestream velocity s denoted as e,
the spanwise component as Wy, and the magnitude of the freestream velocity s ...

In constructing the computational domain, only the region in fhe immediate vicin-
ity of the leading-edge is included. By truncating the downstream portion of the wing
we avoid the unsteady and complicated flow features often present near the trailing-
edge: shock wawes, flow separation, and the unsteady wake. In a subsonic How,
pressure dizturhances assoctated with these phenomena travel upstream and exert
some influence on the flow near the leading-edge. To the extent that such upstream
influemee is important, the current solutions are only an approximation of the flow
near an actual wing leading-edge. For the problems presented in this report, the
impact of domain tnmestion will be assessed by comparing solutions computed with

different domain leugths.

3.3 (Generalized Coordinates

To represent the airfoil geometry and te cluster points in regions of high spatial gradi-
ents {such as the boundary layer and the attachment-line), a global, two-dimensional
mapping is constructed from physical space (i, y, 2) to a uniform, Cartesian compu-
tational space (£, %, z) with both £ and % in the range [0, 1].

Evaluation of first-derivatives in physical space in terms of derivatives i compu-

takional space utilizes the Jacobian of the mapping

2 2
((2)
3 B

where the Jacobian, J, 18 defined as
J= {E.Jﬁ ﬂ,u:} (32]
v Ty

and €5, g, £y, and i, are the metrics of the mapping transformation. Similarty,



Chapter 3. Numerical Method 27

second-dorivatives in physical space sre compuited using the Hessian of the mapping,

o .
% {f,%{:)ﬂ é.a:'rf,:r Hﬁ',:r]'2 1 % Eaxnx Mazx 3
&£ _ 8¢ Bt ,
&.ft.‘iy - £1$£;L| 'Esm'nlﬂ + g,yﬂ,m nﬁ"-‘”-i.l' % + g,:r'y T;:l-zy { a } N {3'3}
& : z Ex
g2 (s ity {n)? %z Sor  Maw

The actual form of the mapping [unclion depends on the particular problem under
investigation.

Typically, in CFD applications, the governing equations are converted to a fener-
altzed coardinate space. In so doing, the mapping metrics (€2, 4, ... ) are computed
approximately using the same derivative scheme used for the flow variables. Errors in
the mapping meirics can lvad to an increase in munerical errors. To circumvent this,
we use analyticatly defined mefrics whenever possible, which inchides nil of the prob-
lems proseated here. For peometries where analytical metrics are not possible, we have
developed a preprocessing routine which nses a high resolution rwesh to compute the
mapping mefrics. Although the preprocessor computes Gnite differonce approxima-
tivns to the metrics, the mesh spacing for the metrie computation can be sclected to
virtually ellininate errors in the metric evaluation, These ‘pscudo-anabytical’ metries
can then be used as input data to the flow solver,

It is important to note that the nurwericsd mnethod presented here iz based on
the primiive form of the governing eguations (2.11)-{2.13}. As such, the numerical
method s not conservative and therefore is not appropriste for computations with
shocks where shock-capturing is used. However, since the equations are in primitive
form, we are guaranteed that the unilortn freestream condition will be preserved
regavilless of the mesh melrics. Owerall conservation with this type of approach is

only approximate it the errors are small—on the order of the fruncation error.

3.4 Spatial Discretization

Consider derivative operators in the uniform computational space (£, %) where &,
represent the nodal locations with § = Ag{i — 1) for 1 <4 < N; and 5y = An(f — 1)
for 1< § < N, In presenting the spatial disc:rutiz.at.hm, the difforence oporators are
given only for the & direction since the 7 operntors are completely analogous,

At interior nodes, the fourib-order-aceurate central difference scheme is used for
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firat- and second-derivatives. First-derivatives are approximated by the expression
afy 1 .
(':}_‘f); w3 m[{f;_z — fizz) — 8{fic1 — firs) ]1 (3.4)

while second-derivatives are computed using

72
(?}E{)i ~3 12{51?36}2 [ — (fice — 2fi + fipa) + 16 {fim1 — 2fi ¥ fird) ] (3.5)
Near the computational boundaries, finite difforence operators that are bissed
toward the interior are required. Since the iterior scheme uses a 5-point stencil,
biased difference operators are required st the boundary point and at the first node
in the interior, i.e. nodes (1,2, N — 1, Ne).
Firat derivatives at & are computed nsing the 4th-order-accurate one-sided diffor-

ence scheme

ary 1 .
(a{s)lm12&(5[—25f1+48fg—35ﬁ1+lﬁf4—3_;%}, (3.6)
while at node & the 4th-order-accurate biased difference stencil is nsed
af |
= m——|—3f -1 1 -6 k. 3
(56), = el -0~ 10h 4185 = 05+ £ 5.7)
Second derivatives at £, are computed using the Jrd-order-accurate exprossion
f i .

while a 3rd-order-nceurate one-side expression is used at node &,

Ff i
amie | ———— 135 f; — 104 114fy — 56 11fxg. 3.0
(362)2 12(&‘5}2{ fl f2+ .ﬁ‘l f4+ fﬁ] { }
Similar expressions hold for the derivatives at nodes Ny — 1 and N but with the
stencils revorsed and the signs switched on the coefficients for the first derivatives,
Notive that we have retained a 3-point stencil for all derivatives, even at the
botmidaries. This ensures that first-derivatives are computed to 4th-order-accuracy

af every peoint in the domain, while second dorivatives drop only onc-order near ihe
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boundary. Althongh retaining 4ib-order-accurate first derivatives near the boundary
18 not required to obtain global 4th-order convergence [47], we have found, through
numerical experiinentation, that the added accuracy is desirable cspecially near the
wall. The uze of S-point stencils near the boundary does alter the structure of the
malrices wsed in the implicit solver and the impact of these changes is discussed in
seckious 3.6 and 3.7.

3.5 Temporal Discretization

For computing steady-state solutions {both nonlinear and Hnearized) we march the
nustendy equations lo the steady-state using the implicit Fuler scheme, where the

time derivative is approximatod by

o = ————— + O(A. (3.10)

Bu\"TH e gyt
( 5

This first-order accurate scheme has significant temporal dissipation which helps
speed the convergence to the steady-state solution. Since time-accuracy i not an
issue [or steady-state calenbations, Jocal-time-stepping is used to further accolerate
cotvergence, With local-time-stepping, Af in cquation (3.10) is replaced by At(z, y)
which ks 2 function of the {x, ¥} coordinates. The value of the time-stop is chosen to
be proportional to a messure of the local Courant—Friedrichs - Lewy (CFL) condition.
The technigues for estimating the CFL for base flow and linearized caleulations are
prosented in section 3.6 and section 3.7 respoctively, It is impm‘t_sml; to revpember
that the CFL ks only used to compute the local time-step as a means of enhancing
convergenee to the steady-slate solution. In this context, the CFL has no relevange
to numerical stability since the time-advancement scheme is unconditionally stable.
For unsteady caleulations, we use the sccond-order accurate, two-step imphicit

scheme given by

+ O{ ALY (3.11}

s fre- 1) L _ dqind g in=1)
(E - 2ATL

Since this time-advancement scheme roquires two previous Line-ltevels, the integration

is started al ¢ = 0 with one step of lplicit Buler, equation {3.10). The two-step
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implicit scheme has been recently used to study transitional Qows by Rai & Moin [BS].
Undike the Crank—N iciml;aﬂn schetne which is the most aceurate second-order sccurate
implicit schermne, the two-step implicit scheme does introduce temporal dissipation
due Lo the biased stencil. When coupled with the centrval-difference operators used in
gpace, we have found that the Crank-Nicholson scheme eventually leads o numerical
aacillations in the solution which arise dhze to the variety of factors discussed in section
3.1. Using the two-step implicit scheme prevents the accumulation of these munerical

ogcillations at the expense of slightly reduced accuracy for a given time-step.

3.6 Base Flow Solver

The base flow is given by solution of the steady, noolineasr Navier—Stokes equations
(2.18}-(2.21) subjeet to appropriate boundary conditions, Since the wing is ideatized
Ay having mlnite span the problem s reduced to a two-dimensional problem in the
(,%) plane but with three nonzero compoenents of velocity due Lo wing sweep.

To solve {2.18)-(2.21) we tetain the tme terms and march the unsteady NS equa-
tons to the steady-state using the imphcit-Euler time-integrator, equation {3.10).

With the thne terms added, equations {2.18}-(2.21} can be written in the form
U, +F(U) =0, (3.12)

where

U=1{a,). (3.13)

Applying backward Eoler time discretization yields
R LRI § (55 —I—ﬂ.tﬁ[?Hl = (f_’}'[?a-%l}.’f_][ﬂﬁ) = (3.14)}
and applying Newton's method to solve this nonlinear problem leads to the iteration

T . g (3.15)
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30, = O&Y g (3.16)
My 1] =
‘(ﬁ)fo = GO, T, (3.17)
where (3.17) can be simplified fo
oF1 ) o
1+ At | 60, = GO, T, (3.18)

The process of lincarization in the Newton ileraiion is nearly the same as thal done
in section 2 when deriving the disturbance cquations, The only difference iz Lhat the
linearization is now done about an unsteady ficld thus requiring a slight modification
to the definitions of the matrices in eqguation (2.28), The required modificatious are
detailed in Appendix A2, With the understanding that the matrices are modificed to
account for the unsteady few, the tangent in the Newton iteration can be obtained
from (2.28) by evaluating the mabrices at the previous ileration.

Converfing te the goneralized coordinate system the tangent becomes

oG . . .. . .

- (d—ﬁ) = [I + &t(Aﬁg +BA 4+ D — Vel — Ve by — V?Fi'?‘&ﬁ'?})} . (3.19)
t 1

In this equation the matrices are denoted with a check to indicate that the mapping

metrics are included in their deﬁnitiuns, .4
A=EA+EB+ Vi + Vi + Ve {3.20)

The symbols {Ag, Ay, ...} in equation (3.19) represent fnite difference operators in
compulational space. In computing the mean Bow, it is computationally attractive
to approximate the tangent vsing secotd-order finite difference operators instead of
the full fourth-order operators used to forwm the residual. This approximation de-
creases the bandwadth of the taogent, reducing memory storage and Hoatiug point
aperations. However, {rom computational experience we have found that conver-
genee 15 degraded if the boundary differences are approximaled in the tangent. So,
in practice, second-order differences are used in the tanpent only for inferior nodes
anel 5-point stencils arc retained at the three nodes nearest the houndaries. Tt should
be noted that the approximation of the LHS finite difference operators with reduced-

order nite-ifferences has been used previously by Rai & Moin [38] and Beaudan &
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Moin {7}, However, in both these applications, the interior scheme used upwind biased
differencing and the LHS was approximated by first-order upwind differencing wilh
no report of poor convergence near the boundartes, However, i is well known that
the use of biased differencing mtroduces numerical dissipation, The lack of numerical
disstpation in the present scheme may contribute to the sensitivity of convergence on
the houndary approximation in the LHS.

Ag u further approdmation, (3.18) ig approximately factored into

[I +at(Ad, +D - if&»&ﬁ)] Z; = GUMLU", (3.21) -

i

It

1+ At(BA, - ifwawﬂ AT; = %, (3.22)
which greatly reduces the amount of memory required at the expense of introducing
errors of €{Af?) in the tangent. The use of the highor-order boundary elosure in the
tangent gpoils the block tri-diagonal structure of the approximately factored system
near Lhe boundaries resubting in a matrix with a profile as shown in figre 3.2, A spe-
cial purpose routine based on Gaussian elimination {45] has been written to cfficiently
solve this, nearly, block tridiagrnal system on a vector supercomputer.

By introdueing the approximations described above into the tangent, the quadratic
convergence of the Newton iteration is sacrificed. Assuming that the iteration con-
verges, the errors due to these approximations can be driven to zero. By analysis of
the one-dimensional couvection-ditfusion equation and by computational expenimen-
tatton of the full equations we have found that these approximations yield a stable
and convergent scheme.

As discussed in section 3.5, local time-stepping, based on the local CFL, is uscd
to spead convergence to fhe stendy-state solution. To estimate the local CFL wo use
the following approximate expression [85] which follows {rom a physical argument of

enclosing the physical domain of dependence within a computational cell {67]

At
CFL = m-ﬁ{|.}uﬂi]&n+|32i'ﬁf|&‘f+

_ . . ifa ' i
23 + Iart + @5+ 3)ae] (329

In this expression, J is the Jacobian of the mapping and 7 is the local sound-speed. By

specifying a value of CFL, equation {3.23) is solved for the loeal value of &t{x, y). The
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CFL defined in equation (3.23) includes convective and aconstic phenomena but ig-
nores viscous diffusion. A similar expression can be derived to inchide viscous effects,
but we have found the current oquation (3,23} adequate for accelerating convergence

to steady-state.

3.7 Linear Disturbance Solver

Two approaches are used to obtain solutions to the lincarized disturbance equations
(2.28). In the first method, the unsteady equations are advanced in time using the
second-order accuraice, inpliclt, time-advancement scheme presented in section 3.5
This technique is suitable for the solufion of problems in which the transient tem-
poral evolution of disturbances is desired. In the second method, the equations are
converted to the frequency domeain and arve marched to a steady-state solution using
a technbue similar to that used for the base-{fow solution. This method is ideal when

a Lhne asymptotic solution is desired.

3.7.1 Unsteady Approach

In the unsteady approach, the disturbanes sguations are solved using a time-acourate
lechnique to determine the transient evolution of disturbances. Given s mean How
solution, the solution to the disturbance cquations follows using a combination of high-
order finite difference and spectral schemes to accurately compute spatial derivatives.
in the (z,y) plane, derivatives are cotnputed in the same manner as for the base flow.

Sinee the spanwise direction, 2, is periodic, we write the solution as
U' = Ufx, g, t) o' (3.24)

where k; = 2n/A; is the spanwise wavenamber and the real-part convention is used.
Substibuting this expression into the lincarized Navier-3tokes equation {2.28) ane

ohtains

U, + AU, + B, +i,CU+ DU =
ViU + ViU + ik, Vis U+ VaoU oo + 48, Vs Uy — 2V UL (3.25)
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Converling to computational space produces the equation
U, + HAA + BAL+ D — VeeAge = Veygy — Vil {U =10 [3.26)

where the check on the matrices indicates that they include the mapping metrics and
contributions from the spanwise direction. In this equation, the derivative operators
it computational space are given by the fourth-order interior scheme with fourth-
order boundary closure for the first-derivalives and third-order boundary closure for
second derivatives (see section 3.4). It is usclul to rewrite this equation using operator

notation @y

U, + L0y =0. (3.27)
The tiine derivative is discretized with the sccond-order, fwo-step unplicit scheme,
giving

0= 2 2l S o 0 Uy 0. G

4

_ﬂn-{-]. -
HE

Although {3.28) is a linear equation, we formally apply Newton’s method to solve if,

leading to the iteration

oett = O (3.29)
§U;, = U -0t (3.30)
g”z?&t%]fﬂi = QUL Um, Ul (8.31)

If (3.31) is solved exactly then only one iteration is required. Howover, for computa-

tional eficiency the disturbance equations are approximately factored to obtain

[I + %M(Aag +D— ir&a&)] Z; = GO, o, U (3.32)
t
[I + %(Eﬂﬂ - i’m,&m,)] §U; = Z.. (3.33)
f

The approximate factorization introduces an Q(A#2) error in the langent which is
conststont, with the second-order-accurate time advancement scherno, By taking addi-
tional iterations, the factorization error can be climinated thus recovering the solution
to equation (3.28).
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In contrast to the base-flow solver, the fourth-order spatial differences for the inte-
rior nodes are retained in the tangent. This ensures second-order temporal accuracy
in ome jteration per time-step while also uccelerating convergence when multiple iter-
ations are used. With the oxception of the boundaries, the approximate factorization
af this system of cquations results in a series of block, penta-disgonal linear systems.
Near the boundarios the penta-diagonal structure is spoiled due to the high-order
boundary closwre (see figure 3.3) and a special solver has been developed to sfficiently
obtain solutions to this systern on vector supercomputers. Since the matrices depend
only on the mean-llow, a single LU factorization is performed for the Grst time-step
and subsequent time-steps only reguire forward and backward substitutions. This
venders the disturbance code ronghly six times faster then Lhe nonlinear base-fiow

solver.

3.7.2 Frequency-Domain Approach

The frequency-domain approach is used when only the time-asymptotic behavior of
the solution 1s required. This Incledes cases when the disturbance golution is steady
or when the solution is pertodic with a single frequency, w. In this case, the solution

ig agsumed to be of the form
U = O, y) eflhereth (3.34)
Substituting this expression inlo equation (2.28) yields

—iw U+ AU 4+ BU, + #.CU + DU =
Vi Un + ViU + ik, ViU + Vel + 5, Vi Uy — 2V, 10 (3.35)

Wheon converted to computational space, Lhis equation takes the form
[ﬁaf FBA, D — Veelhee — Vindey — Vg | TF = 0 (3.36)

where the check on the matrices indicates that they include the mapping metrics and
contributions rom ihe spanwise direction and time-dertvative. As in the wusteady
approach, the derivative operators in computational space are given by the fomrth-

order inlerior scheme with fourth-order boundary closure for the first-derivatives and
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third-order boundary closure for second derivafives. Hewriting this equation using
operator notation and infroducing a pseudo-time, r-derivative leads to
au

=+ L) =0. (3.37)

The solution to this eguation is obtained using the same technique described for the
unsteady approach {see section 3.7.1) but with the second-order time advancement
replaced with implicit Euler.

To speed convergence to the steady-state solution, local-time-stepping 18 used as
discussed in gection 3.5. In this case, we approximate the local CFL by the following

exprossion

AT
CFL w g Ml + ats|ae + T AcAy

£2An? 12
c [(in +Ih)An’ 4+ (35, +35,)A8% + }‘—i] } : (3.38)
where the velocities and sound-speed are hased on mean-flow quantities and A, =
2rfk, is the wavelength of disturbances in the z-direction. Letting A, — oo yields
the form appropriate for two-dimensional linear disturbances, By specifying a value of
CFL, equation (3.38) Is solved for the local value of Ar{z,y). Although this ostimate of
CFL does not inchude viscous effects, we have found it to be adequate for accelorating

convergence to steady-state.

3.8 Potential Flow Solutions

The initial conditions for the base-flow ecalculations can significantly influence the
convergence to the steady state. For the base-flow computations presented here, a
potential How solution is used for the initial condition. Since we are comsidering only
infinite-span wings, the spanwise component of velocity, w, 1 constant, Fherefore
the steady, three-dimensional potential equation in nonconservative form reduces to

the twao-dimensional eguation

(1~ MBhae + (1 — M2} 3 — 2MaMy = O (3.39)
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where ¢ is the velocity potential function defined as

u=qhy v =, {3.40)

with My = /e, and M, = v/e. In these expressions, ¢ = VT /M with T computed
from the isentropic relation

_ 2
I'=1+ blrmigym (1 e g7 1;2) (3.41}

and with the reference Mach number given by M = w4, /¢ which corresponds to the
chordwise Mach number, The freestream Mach munber is related to the chordwise
Mach number by My, = My/1+ Lan*(f} where # is the sweep angle. In these ox-
prossions, the reference velocity s o} = vl such that the nondimensional spanwise
component of velocity in Bhe froostream is given by w,, = tan{f}, The advantage of
this approach ia that an unswepl petential solution at M, = M is identical to 1 swept
solution at M., = M/1 + tan?{#) excopt with w = tan(#).

The method used to solve cquation (3.39) is similar to that used for the Navier-
Stokes equafions above. Fourth-order accurate finite differences (see section 3.4}
are used to approximale Lhe spatial derlvatives and the sohition is marched to the
steady-state using implicit Euler time-advancement, At each time-step the system
of equations 1s approximately factored resulting in a series of (nearly) block, penta-
dinponal systerms.

Un the wall and symmetry boundaries the novmal derivative of the velocity po-
tential funciion is enforeed to be zero,

e

= 0 (3.42)
corresponding to the no-penetration condition, », = 8, where i is the coordinake nor-
mal to the boundary under consideration. On the inflow and oatflow boundaries, the
potential function is set to the value corresponding to the freestream solution. Spe-
cilie dotails on boundary conditions, mesh generation, and solution accuracy are given
in section 5.2 for the parabolic-cylinder geometry. In addition to using the potential
solution a3 an initial condition, we also use it to specify inflow and outflow boundary

conditions for the base-flow NS caleulation. Details are provided in seetion 3.9.2.
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3.2 Boundary Treatments

It this section, the various boundary trestments used to obtain mean and disturbance
solutions are discissed. Before doiug so, however, the general framework used to
implement boundary constraints in the imphicit solver is presented. For this purpose,
we adopt an approach which is based on a divect application of Newton's method to
linearize the houndary constraints in terms of the primitive variables which results in
linearized expressions for the boundary conditions Lhal arc compatible with Newton's
methad used fo solve the Navier-Stokes equations {see equation {3.18) and {3.31)].
‘The advantage of this technique is that it provides a consistent framework [or deviving
the appropriate implicit boundary constraints given any desired boundary condition.
{f course, the resulting constraints will be idenlical to those obtained using the so-
called “delta~-form” [53], however we feel that the present approsch s casicr to apply

and more intuitive, especially for complicated bosndary conditions.

3.9.1 Implicit Boundary Constraints

To preserve convorgenes of the inplicit solver, linearized aexpressions for all boundary

constraints are required in ferms of dUJ. Consider an arbitrary constraint,
gR(UH) =0, (343)

which iz some function {possibly nonlinear) of the primitive variables at time-stop,
i+ 1. In this expression, & denotos the parkicular primifive varlable nnder constraing
and can Lake the values: g, w, », 1w, T Applying Newton's method to the constraint

cquation yields

o o {r+1]
(E_U)iﬁﬂf = Ek(Uf ]' {3-4‘4}

where 6U; = UET{” —UPY When applying a boundary constraint, equation {3.44)
iz used in place of the discrete, lincarized equations-of-motion lor the constbrained
quantity. In presenting the houndary conditions, we defing the constraings, gp, and
the variation of the constraints,

. Eﬂgk K
S = (W)fu‘ (3.45)
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inn terms of the primitive variables,
For excample, consider the application of Lhe no-slip condition on the first velocity

cotmponent, w = w,,, where, for generality, the wall has velocity uy,. For this case
) =n—uy =10 {3.46)

atiel

B, = o1, (3.47)

Thus, equation (3.44) simply becomes
dgy = ~gu, (3.48)
which in torms of the primitive variables is just

Ju = —{u —.uw}, {3.49)

3.9.2 Basc Flow Boundary Treatments

The base-flow solutions are obtained nsing no-slip boundary conditions on the wall
with either isothermal or adiabatic temperature boundary conditions, symmetry con-
ditions upstream of the leading edge, Riemann extrapolation on the inflow boundary,
and o parabolic approximation on the ouiflow boundary. Tn the following, the detailed

inplementation of each of these boundary troatments is presented.

Wall boundary conditions

On the wall, {n = 5 = 0}, the no-slip boundary conditions are implemented by re-
placing the momentinn equations with constraints on the velocities: %; = 0. Likewise,
the energy equation is replaced by either the isothermal condition, T = T, or the
adiabatic condition 47/&n = (1. For the body orthogonal meshes used here, the adi-
abatic condition can be written in computational space as 9T/ dn(n = ) = 0 and
the derntvalive is approximated by a fourth-order accurate one-sided difference (see
soetion 3.4). In all cases the density at the wall is determined using the continuity
apization,

For the implicit solver, the boundary constraints at the wall, {n = 0), can be
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writben as:
Gu, = ¥ =0, {3.50)

gr=T-T, =0, or gr=A4T=0 (3.51)

and the variation of the constraints with the primitive variables are
dg, = di; (3.52}
dgr =6T, or dgr = AT}, (3.53)

Symmetry boundary

Near the symmetry boundary, (€ = 0}, the fnite difference stencil used in the interior
is adjusted fo account for the symunetry {or antisymmetry for the boundary normal
velocity) of the variables at the boundary. Since a five-point stencil is used, modifica-
tion is required for the three rows of nodes adjacont to the boundary when computing
bath the RHS and LHS.

Inflow boundary

(Ou the inflow boundary, {7 = 1), the boundary conditions are based on the locally
one-dimensional Riemann invariants. On a subsonic inflow, four quantities must be
specified, Here we constrain the entropy, spanwise and tangential velocities, and the
incoming Rismann invariant and each of these quantities are determined from the
potential flow solution {see section 3.8}

The locally one-dimensional Riemann invariants are defined as

De e

pSEY By =w, + P {3.54)

R[Z'Un“

where ¢ is the local sound-speed and v, is the volocity novmal to the boundary, Then,

on the inflow boundary

I
BI%:(E) = w=w,, Vi=V,, Ri=Ry, Ri=Rum (355

where Vi is the velocity tangent to the boundary, the subscript “p” refers to the

potenfial flow solution, and the subscript “inf” refers to a quantity exfrapolated
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from the interior.
The conditions (3.55) are used to form the following constraints on the primitive

variables at Lthe botndary:

2

— M T ,

Jo=p0— (% [HEint = Rlp]) =0, (3.56}
R i,

Gy = U — T (itg—il‘f) + sV, =0, (3.57)
R

Jo = ¥ — Ty (@) — V=10, {3.58)

G =W —twy =00, {3.50)

— DMy A
gr=T— (% {Rzmt — HLF]) =10, (3.60}

where {ni,ny}7 ts the unil, boundary-normal vector.

In Beaudan & Moin (7], zeroth-order extrapolation is used to determine Ry,
from the interior values. We have found that Grst-order (de. lincar) extrapolation
yields an irmnproved boundary approsimstion and, sines we nse a bloek penta-diagonal
mabrix structure, this s casily incorporated in the LHS, With the modified block
penta-diagonal LHS diseussed In section 3.6 we can actually implement up to cubic
extrapolation. However, numerical expertinents show that quadratic and cubic ex-
trapolation are hoth highly unstable. Even linear extrapolation has been found to be
slightly unstable for large CFL and techniques to remove this instability are discussed
below. Assuming the boumndary to be at node N, the outgoing Rismann invariant is
given by

Ttyen; = EREN—J - H&N—E- EB-E'U

In constructing the implicit LHS operator at the boundary, the variation of the
cutgoing Riemann variahle with-respect-to Lthe primitive varinbles is reguired:
87
{T - l]Mmﬁ ‘

d Ry = nidu + nadv + {3.62)
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With this expression, the variation of the boundary eonstraints becomes

_5
— 1 % T 2 i
dg, = dp — (u—m) ( ) (Rﬂim - Rlp)T ' (20Ran_1 — 8Ray_a2)

4 -1
{3.63)
gy = du — I%l {28Rap-1 — SRyn_a) | {3.64)
dg, = b — % (28Ran_y — SRan—q) | (3.65)
fig = B, (3.66)
" ~ ML) o
Sgp = 60 =2 ( El’_;_) ( Ros — Rlp) (28Rap_1 — SR o) - (3.67)

Boundary damping

As indicated in the previous section, the use of the Riemann extrapolation inflow
condition results is a slight instability and the generation of mumerical noise at the
inflow boundary. This noise can eventually corrupt the entire solution, even near the
wall. To control the instability and prevent numerical noise from affecting the rest
of the field, a boundary damping term is added to the RHS of equation {3.12), This
term takes the form of a fourth-derivative dissipation term in computational space

ashed can be written as

HU HU
_ 4 4
Dy = —earuln) (&E 7 + A7 ﬂn“) (3.68)
where £4 controls the level of dissipation and o4{%)} takes the form [46]
oaln) = 1 — 1073 (3.60)

with ag = 2.57, ng = 4, and 5, = 0.8, Using these parameters, oy varies smoothly
{rom one st the inflow boundary to zero af 9, such that the dissipation Lerm acts over
20% of the domain in #. It is important to note that the oy term is constructed so
that the dissipation term only affects the flow near the inflow, Riemann boundary.
This guarantees that the dissipation term is sero inside the actual viscous boundary
layer. A typically value of £, i3 (L0125 and this is the valoe used for the mean-flow

calculations described in Chapter 5.
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Considering the # direction {analogous expressions hold for £}, the fourth-deriv-
alive operator is approximated in the interlor of the domain by the fourtb-orvder

accurate eguation

i f i e . - :
[&ﬂ}4 (@) ~ "‘6 {_{f§,+3 + f1_3:,|+l£ [:fz'+2 + fi,_z) —dg {f{+}_ + f;,]_}'i‘ﬁ‘ﬁft] . [.‘1?“:]
i
This expression has a seven-peint stencil which requires boundary closures for the
bowmdary nede and the two nodes adjacent to the houndary.
On the second node in from the boundary, the second-order aveurate [ourth-

derivative 15 used:

{An)’ (%) 2 {(fat h) = 4(fa+ f2) 4 6] (3.71)

On the first node in from the boundary, the fourth-derivative dissipation term (3.68)

is replaced, locally, with a second-derivative dissipalion term of the form

(3.72)

,OFU LU
Dy = —Edﬂd{ﬁ) ( : t 2 ) H

¢ agz TSy im?

whore g4 and e4(n) are the same as that nsed in equation (3.68). The second derivative
operalors are then approximated by second-order aceurate differences, where, for

exampie

(An) (%)2 ~ (= S} +242] (3.73)
Finally, on the actual boundary node, no dissipation term Is used.

The seven-point stencil, used for the dissipation term (3.68) in the interior, is
not compatible with the block penta-diagonal structure of the implicit LHS. Because
of this, we nse the the sceond-order, fourth-derivative stemcil (3.71) for the interior
nodes in the LHS and with this approximation, we have expeticneed no noticeable
reduction in convergence of the iterative solver,

As an example of the success of the boundary damping term in stabilizing the Itie.
mann extrapolation mflow boundary condition, Gpures 3.4 and 3.5 show contours of
the prossnre coefficiont [see equation (5.6)] in the far-ficld and near the wall boundary
for an nuswept parabole-cylinder at M = (.1 and Re = 1000 (sce section 5.4 for de-

tails) withoul boundary damping. For such iow Mach number lows, the pressure field
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18 a sensitive indicator of numerical oscillations. Because of the approximate nature
of the Riemann extrapolation used on the inflow boundary, namerical oscillations are
generated that corrupt the entire solution. These oscillations are particularly acute
near the wall, where the mesh is highly stretched and oscillations inside the bound-
ary layer are particularly deloterions since first and second derivatives of the mean
houndary-layer profiles are required for linear stability analysis. Figures 3.6 and 3.7
show the pressure field for the same conditions with boundary damping turned on
[e4 = 0.0125 and oy given by (3,69}, The pressure ficld is now smooth in both regions
with no sign of numerical oscillations, Figure 3.8 shows g streamwise velocity profite
from the same simulation along with the derivatives needed for stability analysis,
With boundary damping, both first and second dorivatives are smooth.

In summary, the boundary damping term kills numerical oscillations at their
source and prevents them from corrupting the soilution near the wall Since the
boundary damping term is nonzero only near the inflow boundary, ne noticeabls

effects on boundary-layer properties have beon observed.

Parabolized outflow boundary

[n constructing the computational domain for leading-edge receptivity problems, the
computational expense can be significantly reduced by truncating the downstream
portion of the domain {e.g. the frailing edpe of & wing), Daoing so, however, introduces
difficulties in specifying accurate and stabie boundary conditions on the downstrean,
outflow boundary. This diffficulty is particularly acute, since the outfow boundary
inletsects not ondy a potential flow region, but also the viscously dominated boundary
layer. Use of inviscid, nonreflecting bonndary conditions, such those based on Rie-
mann invariants (similar to section 3.9.2) or characteristics [38, 83, 106)], work wall for
the onter potential flow; bat cause large errars in the viscous layor even when viscous
carreetions {83} are employed. In a similar context, Fenno [36} recently used zeroth-
and lirst-order extrapolation on an outflow boundary. However, namerical tests using
those boundary conditions with the current low-dissipation numerical scheme show
them to be highly unstable with large numerical errors generated.

These difficulties motived the development of a mew, outflow boundary-condition
(for steady-state flows) in which the Parabolized Navier—Stokes (PNS) equations are

used] £o predict the flow on the outflow boundary. The PNS equations are derived from
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the NS equations by removing the streamwise viscous derivatives and suppressing the
upatrean propagaling aconstic waves in subsonic regions. The PNS wore fivst uged by
Vigeron et of. [L10 who modified the pressure gradient in the streamwise direction to
remove the upstream propagating acoustic wave, More recently, [14] show that Hux
vector splitting naturally leads to o [amily of parabolized Navier-Stokes equakions.
Hegardless of the approach, the PNS cquations have bhesn shown to yvield accurato
solutions for high [teynokls number flow as iong as the freestreain Mach number is
supersonic [110}. However, when applicd to fully subsonic Sow, poor solutions can he
obtained since the external inviscld fickd {which drives the boundary layer) 1t often
inaccurate.’

The basic weakness of ihe PNS is that the streamwise pressure gradient is incor-
reetly predicted whon the equations sre parabolized. Thus, divectly applying the PNS
on the ouldlow boundary can lead to large errors since the local streamwise prossure
gradient 18 incorrect. However, if the streamwise pressure pradient on the bound-
ary cai bo reasonably estimated g priory, then it can be treated as a known souree
term in the equations. This is the technigue used here to jmplement & paraholized
outflow boundary eondition. The streamwise pressure gradient is estimated from the
potential solution ahout the body and used as a sonrce term in the PNS at the out-
How boundary.? This method is very successful in providing an acenrate boundary
treatment for hoth the inviscid and viscous regions of the fow.

This is demonstrated in figure 3.4 which shows contours of the pressure coefficient
[see equation (5.0)] near the ontflow boundary for a typical meanflow over a parabolic
cylinder (see section 5.4 for more details). There is no indication of numerical oscilla-
fons in the far-field. Note that this solution doos use boundary dawping (discussed
in the previous section) on the inflow boundary, but this does not affect the lower half
of the outflow boundary. Figure 3.16 shows the evolution of the displacement thick-
ness squaved plotfed as a function of the arc-length along the parabola. Eventualby

a nearly linear distribntion is ostablished downstream and there is no indication of

*The inaceuracies are groatest for goometrios with curved walls where the streanmwise pressure
gradicnt is significant. Accurate solutlons can be abkained for Hat-plate, zero pressurc-gredient
honndary-tayers since Yigeron's method nalurally removes the stresnwise pressure-gradient in suh-
suble Tow,

*A betior estimate of the pressure pradient would require viscousfinviseld intoraction to bo ae
counted for.  Howower, for bigh Reynolds number Qows with thin boundary lagyers, refative 60 a
characieristic body lenpth seale, the displacement thicioess is smedl
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epstream influcnce due to the outflow boundary. This result is to be compared with
ligure 4.15 which shows a shmilar plot (although for 4 different geometry and nondi-
mensionalization) which shows significant upstream inftuence when a characteristic
based boundary condition [83] with viscous corrections is usod.

For most of the computations reported here, we have noticed no instability or con-
vergence problems associated with the parabolic outflow boundary treatment. How-
cver, for the high Reynolds number cases reported in Chapter 5, a slight instability
was prosent when the residual approached 1< 1677 in ynagnitude. However, the soli-
Lion at this point was judged to be sufficiently converged so that further investigation

of the instability was not performed.

3.9.3 Disturbance Boundary Treatiments

Disturbance-fow solistions are ohtained using no-slip boundary conditions on the
wall with cithor isothermal or adiabatic temperature boundary condifions, symmetry
conditions upstream of the leading edge, and sponge layer houndary treatments on
the Inflow and outBow boundaries. The symmetry conditions are bmplemented in
the finite-difference steneil in the same manner wsed for the base-Aow. The detailed

implementation of each of the other boundary treatments is presented below.

Wall boundary conditions

For disturbance calculations we consider both undisturbed surface boundaries and
surface boundaries with smnall perturbations to model surface roughness. The undis-
turbed surface boundary conditions follow directly from the wall boundary conditions
used for the mean-How in section 3.2.2.

When the walt boundary is pertiwbed to modet roughness, the no-slip and temper-
atwre bouodary conditions must be applicd on the perturbed surface. Denoting the
smooth wall by n(s,2) = 0 the rough wall is obtained by adding & small, spanwise-

periodic perturbation given hy
fi(5, 2) = £hy(s)eiPw? (3.74)

where £, = £,*/L* < 1 is the nondimensional roughness height, Ay, (s) is the stream-

wise shape of the bump, and 8, = 8, L% is the spanwise wavermmber of the bump.
T
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Shintlar to the expansions used in section 2.3, the flow variables can be written as

udms) = wg{e) +egigle) + Ofe?), (3.75)

T{z:} Tl) + ewT{irs) + Olen?), {3.76)

I\

where perturbations are denoted with a tilde. For all the chses considered here, we
assume that &, is sulliciently small such that the @{g,%) and higher terms can be
neglected and that the swrface boundary conditions can be transfered by Taylor se-
ries expansion to inhomogencous boundary conditions on the undisturbed surface.
The detailed derivation of these imhomogeneous boundary conditions is given in ap-
pendix F. Summarizing those results for an isothermal boundary, the appropriate
linearized wall bonndary condifions for bolh the mean and disturbances quantitios

are ghven by

ig{s,0,2) = 0, (3.77)

Tis,0,2) = T, (3.78)
D

W(s,0,2) = —fJ.wl:H)ff?ﬁ”zg—;:{S,D,zJ, (3.79)

T'(5,0,2} = —faw{ﬁ}fafﬁ“zgn—T(,ﬁ!D,z}. (3.80}

Not surprisingly, the mean boundary condiions are unchanged from the unperturbed
case, while the disturbance boundary conditions are now inhomogenecus and depend
on bl wall-normal gradients of the mean flow. The linearized temperature boundary
condition for an adiabatic wall is considerably more comnplicated then the isothermal
condition and 13 given by equation (F.36) in Appendix F. The constraint equaliots

for the implicit LHS are formed similar to section 3.9.2.

Bponge Boundary Treatment

When pertorming receptivity caleulations one often emcounters situations where waves
of some type (inviscld and/or viscous) tnust pass through a computational boundary
without producing significant reflections. Much work has been performed to develop
nonreflecting boundary conditions for hyperbolic systems of equations such as the Eu-

ler eruations, and the interested reader is referred to the review article by Givoli [34]
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and the reforences thoerein [or further information. However, these boundary condi-
tons ave typlcally only valid in regions where the mean flow is nniform. Furthermore,
whon used with the Navier Stokes equations, these nonreflecting conditions are ondy
useful away from viscous regions (like houndary layers and frec-shear layers). For
receptivity calculations the viscous layers typically contain instability waves which
also must exit the computational domain.

Tor boundary layer instability waves, varions outflow conditions have been used
in the past with varying degree of seffectivencss. Many of these conditions have been
developed for incompressible How. Receutly Guo and Adamne [46] have reported re-
sults for compressible flow in which they attempted a variety of outflow boundary
conditions and determined the impact of these conditions on the growth of TS waves
in & boundary tayer. Thoy find that the sponge-layer boundary treatment gives ade-
guate resulés compared to buffer regions and characteristic-based conditions. Given
this, and the fact that the sponge layer has proven to be rather robust, we have
atdopled the sponge layer a3 our primary outfiow bonndary Lreatment. We have also
implemented the sponge layer on inflow boundaries and dotails are provided below.

Following Orszap & Israell [55], the sponge layer is implemented by adding the
Tollowing toerm to Lhe RIIS of the NS equations

F. = o,(®9) [U(z,1,2,1) — Ureplz, 4. 5, 1)} {3.81)

where U,.; is an arbitrary roforance state which ean he a fanction of the spatial
coordinates and of time,

The sponge funetion is designed to vary smoothly [rom zero in the inferior to a
finite value, A, on the boundary., For this purpose, we nse the foliowing function
which was suggested by Mahesh [69] as a simplification to the functions wsed by
Adams [2]:

r

Ny

ool = { Ay (;T-‘If) 2 € (2, 5 | (3.82)
{ otherwise

In thizs expression, x, denotes the start of the sponge, xy the end of the sponge, and

NN, i3 the exponent (generally taken to be 3) which delermines the rate at which the

function transitions from { to A,. The effoctivencss of this sponge is documentoed i

section 4.1.2 for Tolhnien Schiichting waves, sectlon 1.2.2 [or cross-flow vortices, and

soetion 4.4 for acoustic waves,
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We noke in passing that recent work by Colonius e al. [23] makes use of a “sponpge-
layer® omtHow boundary treatmoent to damp reflections due to Lhe passige of lwree
vortical disturbaticos. Instead of adding a damping terim to the equations, this tech-
niue uses an exil wone comorised of a streteched mesh combined with explicit filtering
to danp disturbances before they reach the outflow boundary. Although shown to
prochice aceeptable results, this method has the disadvantage of coupling the mesh
poing disbribation to the boundary freatment. With the current method, the mesh
can be constructed independont of the form of the sponge kerm, with the caveal, that

the spatial gradients which ocour in the sponge reglon st be adegnately resolved,
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Computational Dlomain

Tigure 3.1: Generic geometry for leading-edre receptivity calowdations.
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Figure 3.2: Modified, hiock tri-diagonal structure for mean-flow LHS mateix. Each
Llock is a b » & dense matrix and the shaded blocks denote the boundary nodes which
spoil the nterior block, tri-diaronal structure.
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Pipure 3.3: Modified block, penta-diagonal streclore for disturbance-flow LHS ma-
Lriz. Fach block is a 5 x b dense matrix and the shaded blocks denote the boundary
nodes which spoll the interior block, penta-diagonal structure.
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Figure 3.4: Contours of {7, for the unswept parabolic cylinder with no boumdary
daenping ab M = 0.1, Re = 1000, Pr = 0.7, The contours range from 0 to 104 with
increments of (L04; ties every 100 nose radii.
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Figure 3.5: Contowrs of &, near the leading-edge for the unswept parabolic cylinder
without boundary damping at M = 0.1, Re = 1000, Pr = 0.7, The contowrs range
from O to 104 with increments of $0.04; tics every nose radii.
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Figure 3.6: Contours of C), for the unswept parabolic cylinder at M = 0.1, Re = 1000,
Pr={.7. The contows rango from 0 to 1.04 with increments of 0.04; tics every 100
nose radii.
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Figure 3.7: Contours of €, near the leading-sdge for the unswept parabelic cylinder
at M = 0.1, Re = 1000, Pr =0.7. The contours range from { to 1.04 with imcrenents
of (L ties every nose radii.
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Figure 3.8: Derivatives of the streamwise velocity al 2 = 172 for Lhe unswept
prarabolic eylinder with Doundary damping at M = (0.1, Re = HHM}, Pr=0.7: —— u,
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Figure 3.9: Contours of O, for M = (1.1, Re = 100} low over a parabolic cylinder.,
Contours are from 0 to 1.2 in increments of 0.01; ties every 100 nose radit,
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Figure 3.10: Evolution of the displacement. thickness squared for a M = 0.1 and
Re = 1000 boundary layer on a parabolic cylinder,







Chapter 4

Model Problems and
Code Validation

Altboteh the numerical imethod is presented in Chapter 3 1o the context of the swept,
beading-odge cecoptivity problem, it Is general coosph b0 sobve a variety of other
problems. This chapter begins by presenting results for three model problerus Ghat
contain many of the fundamental physical phenomena ocourring in leading-cdge re-
ceptivity problems: unstable Tollmien-Schlichting waves, growtng crosstlow vortices,
and acoustic scattering. By isolating the physical phenoimena, the viability of the
method is evaluated and the resolution required fo accurately roprosend cach phe-
nomenen is ascertained. As a final validation of the method, the last section of Lhis
chapter presents acoustic leading-edge receptivity results along with comparisons to
a previous computation [63}. Readers, anxious for swept leading-edge receptivity re-
aults, may wish Lo bypass this chapter and go directly to Chapter 5 which discusses

receptivity due to surface roughness on a swept parabolic-cylnder.

4,1 Viscous Instability Waves in a

Parallel Boundary Layer

A major feature of the transitional flow near a leading-edge is the developmoent of
Tollmien—Schlichting {TS) waves in the boundary layer. Since TS waves have large
gracdients in the wall normal direction, it is computationally challenging to resolve
themn accurately while representing the mean flow variation on the scale of the airtoil.
To determine the ability of our scheme to accurately compute the development of T3
waves, we have performed a serios of caleulations asing & parallel boundary layer as
the hase flow. In this way, the solutions can be compared divectly to paralicl, Linear
Stability Theory {LIT).

The base How & corupnted [For the compressible Falkner--Skan- Cooke equations

B
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(sce Appendix C) for an unswept (F = 0}, zero-pressure-gradient (8, = 0) boundary
tayer, The flow condifions are M = (L3, Re = 1000, and Pr = 1.6} with the reference
tength scale L* = 47 (4] is the displacement thickness) and all other refevence quan-
tities are based on edge values. The wall is assumed to be lsothermal with T, = T,
where Ty is the freestream stagnation temnperature.! A linear stability solver {see Ap-
pendix D) using Chebyshev collocation with D6 pointa in the wall normal direction is
used to provide the reference growth-rates for both temporally and spatially growing
waves, or both the Lincarived Navier-Stokes (LNS) and LST caleulations, constant

fluid properties are agsumed.

4.1.1 Temporally Growing TS Waves

First, consider the temporal problem where the waves grow in time. In this case, the
disturbance Held is periodic in the streamwise divection. A computational domain
containing only one wavelength of the TS wave is used with periodic boundary con-
ditions on the left and right boundaries. For this ealculation, the top boundary is
placed af y »= 80 which Is sufficiently far away from the wall thai a zero disturbance
boundary condition can be used. At the wall, the no-slip and othermal boundary
conditions are enforeed ns deseribed in section 3.9.3. Since we are inferested in the
temporal evolution of the disturbances, the wnasteady solver is used with fwo-step
implicit time-adsaneement,

The mesh is uniform in the streamwise divection, x, with an algebraic mapping
fiuction in the wall normal direction, y. The mapping function fo computational
space, 7 € [0, 1], iz given by equation {1.20} with ymer = 80 and y, = 1.

The LST eigenfunction for &, = 0.308620600 iz used as the inblial condition with

a theoretical {requency of
wrgy = 0.114678306 4 0.0025384403¢ (4.3}

and the growth-rate is given by the hmaginary patl, opgr = 0.002384453. In passing,
we nole that the eigenvalues from the LT caloulation are believed to be accurate
ko Lhe numnber of digits indicated. This has been verified by caleulations with 128

Chobwyshev points which show no change to 9 decimal places.

hiler these conditions, Ty is also the adiabatie wall temporatare.
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Growth-rate results from the Navier—Stokes calculations are based on the inte

grated, disturbance kinetic-energy
o oo A -2 -4k H
Ej::fn §(t1¢| + &'} +[w§_)dy. (4.2)
whici is computed fromn the stresmwise Fourier transform of the disturbance velocities
for wavenumber k. Given F the growlh rale i given by

1 I_{EE?L

MY (43)

where the factor 1/2 is reguired since Ef is a quadratic quantity.

Iigure 4.1 shows the evolution of the growth-rate in the computed solution as
a funcfion of titne for two spatial resolutions where each run was performed at a
At eorresponding to N, = 1150 time-steps per period with two iterations of the
implicit solver. For early times, the growth-rate undergoes o lransiont as the solution
adjusts from the L3T initial condition to the elgenfunction associated with the discrete
finite difference equations. During the transient, additional scoustic modes are also
generated and these modes lead to the high frequency modulation of the prowth-
rate seen in figure 4.1, As pgrid resolution is increased the severity of the initial
transtent and the amplitude of the resulting acoustic modes are reduced since the
{nite difforence eigenfunction converges to the LST eigenflunction wsed for the initial
comddition.

‘To verify the rate of convorgones, the relative crror in the average growth rate is
plitted in figure 4.2 over a range of wiesh vesolutions for &, = 1150 with 2 iterations of
the implicit solver. Fourth-order convergence is achieved in both spatial dimensions
although the relative error beglos to saturate at 1074 due to the temporal error. If the
CFL had been held constant instead of fixdng Ny, then Lhe saturation due to temporal
errors would not have ocowred (58], However, the conclusion would have remained
the same — the method is fourth-order sccurate in space.

To conlirm ternporal convergence, figure 4.3 shows the relative crror in the average
growth-rate as & function of Ny, for an (80 % 127) mesh. Resulls are included for 1,
2, and 3 iterations of the implicit disturbance solver. Iu each case, (at least} second-
order temporal convergence is obtained although the overalt accuracy improves with

the number of iterations. In fact, the rale of convergence for 2 and 3 iterations is
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actually greater than secoud-order over the range of N, considered. This is due to the
fact that as &V, is moereased, the additional iterations are more succossiul in remow-
ing the factorization error thus driving the solufion to the exact, discrete solntzon,
Eventually, however, ag N is further inecressed the second-order error of the base
time-ndvancement scheme will dominate regardiess of the mumber of iterations.
With the convergence results presented ahove, # i possible to determine a spa-
tind/temporal resolution required to rvesolve TS wave development to any desired
necuracy.  For the leading-edge receptivity problem a reasonable level of accuracy
requiives less than 1% error in the amplitude of the TS wave over the length of the
computational domain, This level of accurscy can be achieved for a period of 40 oscil-
lations in time with o resolution of N = 20, N, = 127, ¥, = 1150 with 2 iterations of
the implicit solver. For this rosolution, the ervor in the average growth-rale is (.22%.
I terms of a spatially growing wave, with 20 nodes per streamwise wavelenpth, 127
nodes normal to the wall, aud 1150 time-steps per period with 2 iteratious, a 1%
preor in the amplitude will not oceur it a domain length of 40 wavelengths which

should bo adequaie for the leading-edge receptivity problemns under consideration,

4.1.2 Spatially Growing TS Waves

Now consider the case where the TS waves grow in space on the same paraliel, mean
boundary-layer profile. For a frequency w = 0.08 the spatial wavenumber predicted
by LAT is

ey = 022804735 ~ (L.006GBLG3154 {1.4)

where the growth-rate is given by the nepative hmaginary part of the wavenamber,
7oy = 0006516515,

For the spatial calculations the same wall-normal grid is used as in section 4.1.1.
However, the streamwise length of the domaiu s increased to allow the TS waves Lo
grow in space. Two domain sives ave considered: BArg and 10Arg. Based on Lhe
temporal convergence results, 20 nodes wre used per TS wavelength resulting in an
overall mesh size of {10] x 127} for the SArg case and {201 % 127) for the 10Arg case,

Unlike thae teruporal problem, both inflow and outfow boundary conditions are
required. On the inflow boundary, the eigenfunction from LST ks enforeced by spec-

ifying the incoming inviscid charackeristics {38, On the owtfiow, a sponge i used
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over the last wavelength of the domain (sce section 3.9.3). The sponge function is
given by equation (3.82} with 4, = 2, N, =3, and the reference state corresponds to
zero disturbances. The top and wall boundaries are treated in the same manuer as in
section 4.1.1. Since we are intorestod in the time agymptotic solution, the frequency
domain approach 18 used with w = 0L08.

Growth-rate results for both domains are presented in figore 4.4 hased on the

integrated, disturbance kinedie-onorgy nsing

L 11an
- 2EL dr

(15)

In the figure, the sponge regions have been fruncated so that Lhe right houndary is
coincident, with the start of the sponge. From the inflow boundary to the location
LAys upstream of the sponge the growth-rates from both domaing are in reasonable
agreernent with LST. To quantify this, the average growth-rale in this region gives a
refative ervor of 2.9 x 1073 (for both domains) which is cousistent with the ereor in
the temporal problem (2.2 x H)7%) for the same resolution, However, the introduetion
of inflow/outflow boundaries causes several important differences between the spatial
ad teraporal results discussed above, The most obvious difference oceuwrs near the
ontflow sponge where the spatial growth-rate undergoes a large fluctuation that ap-
prears to be Hmited to about 1Arg upstrean of the starl of the sponge lor both domain
lengths, This upstream inHuenee is likely due to the elliptic nature of the streamwise
viseos terms in the boundary layer. The nature and extent of the upstream influence
are consistent with the results of previous authors [2,46] who used a similar sponge
terni.

Another difference between the spatial and teinporal vesults is that the munguitude
of the oscillalions in prowth rate about the mesn valne are much higher, = 2%, for
the gpatial sinulation as compared to 23 0.1% for the temporal simulation. There are
several potential sonrees for these oseillations, Fast, similar to the temporal problem,
there s a mismateh between the LST eigenfunction forced on the inflow and the
diserete eigenfunction of the finite difference scheme. Second, the one-dimensional,
inviscid boundary condition used o force the eigenfunction al the inflow is onby an
approximation. Third, the oulllow spooge may canse reflections {bolh numerical
wavez and physical waves) which conld travel upstrean,

To tsolate the cause of these oscillations, o third simulation was pevformed using
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the 10A, domain but with the outllow sponge set to use the LS3T solution as the
reference state. This ensures that the trangient in the sponge will be less severe since
the sponge only has Lo correct [or the evrors in the discrete finite difference sohition
instead of dnmnpiug the disturbances to zero, Figure 4.5 shows the growth-rate resuits
from this simulation. By comparison to [igure 4.4, the extent of the direct upstream
inffucnee of the sponge i similar to the previous resuits, although the magnitide of
Ehe lnfluence is much less. The amplitude of the osaillations in the interior of the
tdlotnain are also reduced—ihey are on the order of .1% instead of 2%. From this, we
conclude that the majority of the errors in the previous sclutions are due to veflections
from the stroug sponge, not errors due to inflow forcing. In constructing the sponge
tern, these rosults sugeest that ib is advanlageous to devise the reference state so
that the transient in the sponge iz minimized. Unlike the current case, however,
in receplivity caleulations the solution in the sponge is not known o priord so that
diflerent means of improving the solution must be songht,

Returning to the zero reference state spange, another way of redicing the influence
of the sponge is to increase the length of the sponge while keeping the sponge function
{i.e. A; and N,} constant., Figure 4.6 shows growth-rate resnits for sponge lengths of
1, 2, and & Ayg. As the sponge length is increased the magnitude of the upstream
influence is reduced for both the ncluation divectly upstream of the sponge and the
oscillations in the interior. Note: the fiuctuation ditecily upstream of the sponge
can only he seen for the 5 Aps sponge sinee this portion of the domain is not shown
[or the shorter aponges. However, by comparison to the resulls of figure 4.4 the
direct upstream inflluence of the sponge has been significantly veduced by increasing
the length of the sponge. A sunilar, although smaller, reduction is obtained [or Lhe
2 8Ag case. Comparing the soliwtion with a SArs sponge to the solubion with & Arg
sponge using Lhe LET reference state (figure 4.5) shows that the solitions are of
comparable quality with orvors on the ovder of 0.2%,

To sumimarize the results of this scction, Lhe resolution estimates made for tho
temporal problem in section 4.1.1 are verilicd for the spatial problem. Furthermore,
the cutflow sponge is found to be successful in damping TS waves helore they interact
willl 1he oulBow boundary, although not without some level of npstream influence.
Two types of npstream inflncuce are observed. The firat is a spatially damped oscil-

lation of approximate length Apes divectly upstrean: of the start of the spouge. The
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second Lype of upstreaim influence is due to reflections (both numerical and physical)
which lead to oscillations of the growth-rate in the interior. Both forms of upstream
influence can be reduced by either improving the sponge reference state or by incress-
ing the length of the sponge. In either caso, the effect is to reduce the strength of the
transibion in the sponge. Acceptable solutions are obtained using a spouge length of
SArg with a zevo disturbance relerence state. For this case, the errors due to upstream
influence are comparable in magnitude to the error in the averawe growth-rate and

the maximum error in the growth-rate ks boss than 0.4%.

4.2 Crossflow Vortices in a

Parallel Boundary Layer

In addition to TS waves, the transitional flow near a swept leading-edge may also
inciude: crossflow [(CF) vortices. To evaluate the ability of our munerical method Lo
predict the growth of CF vortices we have perforimed a series of caleulations using a
parallel boundary layer as the base flow. Similar to the TS wave study above, the
solutions can be compared directly to parallel, Linear Stability Theary {L8T).

The base flow is computed from the compressible Falkner -Skan—Coole ef;ualfimm
(see Appendix (). However, we now consider profiles with sweep and favorable pros-
sure gradient {ff = 45°, B, = 1) such that the crossfiow component of velosity is
maximized [68]. The flow couditions are M == 0.3, Re = 400, ami Pr = 1.0. The
reference length for this caleulation is the displacement thickvess of the chordwise ve-
locity profle and all other reference quantilies are based on edge values. The wall is
sokhormal at the adiabatic wall temperature, Ty, = T, and constant finid propertics
are assumed. The reference growth rabes are obtained from the linear stability solver

(see Appendix D} with 96 Chebyshov collocation points.

4.2.1 Temporally Growing CF Vortices

As in the case of TS waves, wo begin by considering the growth of OF vortices in
time, TIor this test, a stationary mwode with &y = —0.287436451 and &, = (135 is

simulated and for these wavennmbers LST predictz a purely imaginary frequoncy of

wrgr = 0.006533585¢ (4.6)
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so that the growth rate is given by ¢ = 00065335685, The LNS calculations use the
same wall normal mapping used for the temporally growing: TS waves in section 4.1.1.
The unsteady disturbance code is used with At = 0.047643 (the vominal time-step
in the TS wave study) and with 2 iterations per time-step.

Figure 4.7 shows the evolution of the growth-rate of disturbance kinetie energy
[rom the LNS calenlstion compared to LST. The results for two spatial resolutions,
(20x 127) and (80127}, are presented and clearly demonstrate that the LNS solution
converges to the LT solution as resolution is increased. Consistent with the TS wawve
study, the relative error in the growth-rate for a resolution of (20 127) is 0.28% which

should be adeguate for the present investigation.

4.2.2 Spatially Growing CF Vortices

Now consider the spatial growth of a stationary, w = 0, OF vortex mode with &, =

0.35. LT predicts the chordwise wavenumber to be
Fnper w= —0. 288319620 - 0.013854663 (1.7}

st that the spatial growth rate ig given by o.57 = 0.013854663.

Similar to the spatial TS wave investigation, a domain is constructed that is 10X,
long and u=es 20) nodes por streamwise wavelength, The wall normal mesh is identical
to that used in the temporal investigation in section 4.2.1. Oa the inflow boundary
the LT eigenfunction is enforced by setting the incomning characteristics [38]. Zero
disturbance condilions are used on the top boundary and a sponge of length A, is
used on the outflow boundary. The sponge parameters are 4, = 2, N, = 3, and the
reference state is zero.

The compubed growth-rate, based on the disturbance kinetic energy, is shown in
Rgure 4.8 compared to the value from LT whore the sponge region has again beon
truncated, Computing the average growth-rate in the domain yiekds a vabie within
1.3% of the LST result. Similar o the spatial TS wave results using a stinilar sponge,
the sponge causes a fluctuation in the prowlh-rate that appears limited to 1Aqg
upstream of the start of the sponge. However, unlike the spatial TS wave results, the
averall level of the oscilations in the interior are much smaller indicating that the

upstream influence of the sponge is more benign.
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Griven these rosults, we conclude that the outflow sponge, relative to the TS wave
probiem, has relatively little impact on the CF vortex solution. This fact allows the
use of much shorter sponges, on the order of A for COF vortices, compared ta 54 for

TS waves.

4.3 Acoustic Scattering from a Circular Cylinder

A fundamental aspect of the acoustic receptivity problom is the interaction of free-
stream aconstic waves with the leading-edge. This interaction results in a scattered
acoustic wave which propagates away from the body. To ensure that our siinnlations
accirately represent this phenomenorn, we have validated our code for the simple case
of acoustic seatfering from & stationary circular cylinder of radius e* subject to a
plane aconstic-wave fraveling purpandicular Lo the cylinder axis. For this caloulation,
the relerence length is the cylinder radius L* = o*, the reference velovity ig the far-
field acoustic speed u! = &, and all ather refersnce quantities ave based on far-feld
values.

The incident, plane acoustic-wave with nondimensional wavelongth A is given hy

2w

pr= Tpe™0 g = By (4.8)

where the direction of propagation is along the positive z-axis and £ is the incident
prossure amplitude, taken to be 0.5,
Under these conditions, the scatbored pressure wave can be expressed by the fal-

lowing Bessal function expansion [79)

e = i A cos(m@) [ S, {kr) + Ny, (kr)]em (4.9)

=0

where (r, f} are the the usual eylindrical coordinabes, w = &, and

A‘ﬁ‘:!, = —E.i.n_.H}'Elm-'_lEm Ftm B Yy, {flh:}:l
Ji(k) _

s g = — : 4.11

LI Yo No{k)' (4.11)

Jm—]{k} - Jm-i-L{k} .
Nrrz.l-i{'i‘:} - Nm—l{k}

AT Yo = [412]
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with g = 1 and &, = 2 lor all m krger than zero, In these expressions, Jo, and N,
are Boessel functions of the rst- and second-kind, respectively. This solution is exact
inn the inviscid limit and is used to evaluate the accuracy of our numerical scheme.

An inviscid simulation is conducted for an incident acoustic wave with A = 2.5. A
cireular mesh with dimenstons (256 = 241) is used with the far-field houndary placed
at v, == 13.5. The mesh s uniform in # and in r end provides s minimum of 18
nades per incident wavelength in # and 48 nodes per scattered wavelength o r. Sinee
the flow is symunetric about the :n-axié, we aokve for the sohition only on the upper
half-plane with symumetry conditions used on the z-axis.

Before proceading, we note that the rather high rosolution in r s used to reduoce the
accuniiation of phase ervors in the calenlation since the ncoustic waves propagate over
10 wavelengths within the domain, Compared to onr acoustie receptivity caleulations
{see Chapter 4.4}, this scattering test s a sovers tost of our method,

Since only viscous wall boundary conditions were diseussed in section 3403, the
appropriate inviscid wall boundary couditions are presented here. For an invisecid
wall the only boundary condition required is the no-penefration condition, v, = .
Since the wall houndaries are enrved, In general, the cquations and velocity unknowns
on the wall boundary must be locally rotated to a body-nortal coordinate system.
Defining the unit, body normal as {n;,ns}7, the primitive variables in the body-

nortmal coordinate aystem are given by

(5 ) F1 T1( )
g g —MN U
LUy = T fig { w2 {4.13}
W 1 i
T 3 1yl
which can be written asg _
U, = RU. (4.14)

The matrix, R is used to rotate the equations and unknowns at the boundary to the
hady-normal coordinate system. In particular, let Ry be the rotation matrix at node
i on Lhe boundary 5 = 1,

Bofore approximale {actorization, the linear system that must be solved overy
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iteration can be writlelr compactly as
MU =G. {4.15)

A block-diagonal matrix is constricted with the rotation matrix on the diagonal for

nodes on the houndary and the ident.ity matrix elsewhere;
8 = diag(Ra,..., Ry, L., T) - {4.16)

where the first N; nodes are on the boundary § = 1. ‘Then the equations and un-

knowns can be rotated to the new voordinate system
[SMETI(86U) = (8G) {4.17)

which can be written as
M. U, =G,. (4.18)

Thus, on the bﬂumlm':y'r =1, the velocity unknowns are [.va,wﬂ,w] and the - and
ynmomentum erpuations have been replaced with the 5 and r-momentum cquations,
In practice, this systern of equatmus is :1pprc:xtmatel}r iax:tmed before solving, as
discussed iu seation 3.12.

In body normal coordinates at the wall tite mlpermea,ble bﬂundmy constraint can

be wuch il simply as _
B, = U =0 (4.18}

which is used to replace the normal momentum equation at the boundary (Note that,
the tangential momentum-equation is solved as is}. The variation of this consiraint

required to form the LHS is simply
0fu, = Ot . : {4.20}

At the far-field bﬂund&fy, locally onc-dimensional charscteristic boundary con-
ditions [38] are used to force the plane acoustic wave. In addition, over the region
re = 8.5 to r, = 13.5 a sponge term is added to damnp the scaltered ficld while leaving

the incident wave unaffected. This is accomplished by using the sponge term defined
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in caquation (3.81) with the reference state, U, equal to the incident, ].11311-:! ACOS-
tic wave. The sponge function is defined by equation (3.82} with i« replaccd by r,
A, =10, and &, = 3.

The simidation is conducted using the frequency domain approach with w = &k =
2.513. Figure 4.9 shows contours of the instantaneous, seattered pressure fleld from
the simulation demonstrating the damping of the scattered field in the sponge region.
The acoustic intensity, T = r|p,{%, for the scattered wave along the ray & = 7 is
shown in lgure 4.10 compared to inviscid thearjr. As expected; the acoustic intensity
appronches s constant far from the cylinder which confirms the expected 1/r decay
of the scattered wave. In the sponge, the intensity of the scattered wave 13 smoothly
damped to zero and there are no noticeable reflections on this scale. Often in acoustics
the directionality of the scattered sound is of importance. Figure 4.11 shows a polar
plot of the acoustic infeasity af three radial locations. The top frame, at r = 3.45,
shows excellent agreement between theory and calenlation with the BMS relafive
error equal to 0.07% and simnilar results are obtained for all r < r,. The middle frame
is shghtiy outside the sponge at 7 = 8.45 and we see that even here the agreement
with theory is zood with an RMS error of 1%, Note that most of these errors oceur
aroind £ = 90° which is the loeation of minimum resolution for the incoming acoustic
wave. The boltom fr:une,.a,t 7 = 1E.16, .is well within the sponge and, as expected,
the scattered intensity is significantly reduced at this location.

Ter assesy the levol of reflections in the sponge, figure 4.12 shows the relative error
in the computed acoustic intensity along the ray # = . Results are shown for both
the original calentation, and a second caleulation in which v, = 11 and N, = 201 with
all other parameters the same, Thus, the second caleulation has a sponge that is only
one wavelength long and the number of nodes In 7 s redisced to keep the number
of points per wavelength constant. For the original sponge, the RMS error in the
interior region is 8.8 »x 107* while for the shorter sponge, the RMS error is an order-
of-magnitude preater, 8.3 x 1073, Thé oscillations in the error are indicative of both
phage errors and reflections, while the mean error is entirely due to reflections since
the spatial scheme has no inherent amplitude ervor. As the sponge is lengthenad, both
the level of oscillations, and the mean orror are reduced indicating that reflections
are weaker [or the longer sponge.

Anothar means of reducing reflections caused by the sponge is to reduce the sponge
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amplitude A, while keeping the sponge length constant. Figure 4.13 shows the relative
error in acoustic intensity along the ray # = 7 for the original calculation, and a third
calculation where 4, = § with all ofher quantitics the same as the original calenlation.
For this case, decreasing A,, reduces the average error with little offect on the level
of oscillations in the error. The remaining oscillations are due to the phase error of
iher fnite difference scheme. We have found for this ease, that further reduction of
As has nepative impact on the solution, becanse the sponge is unable to reduce the
amplitude of the scattered wave sufliciently to make it consistent with the far-field
boundary condition.

In symmary, we conclude that onr nmerical method can acenrately predict the
inteasity and directionality of acoustic waves scattered from a solid body., Furthes-
more, we have found Lthat an inflow sponge, where the reference state corresponds to
ail incoming acoustic wave, is 8 viable technique for enforcing incoming disturbances
while reducing reflections of outgoing disturbances. For the current prahlem, a spongo
two acoﬁstic wavelenpihs long is required to reduce the error due to reflections to the

level of the truncation avvor of the numerical schome,

4.4 Two-Dimensional Leading-Edge
Receptivity to Sound

I this sectiom, results from two-dimensional calculations are presented for a Hat-plate
with a super-ellipse leading-edge. For this caleidation, the reference length scale is the
plate haif-ihickness, L, and the reference velocity is the freestream speed, H = Uy,
All other reference quantities are bascd on their freestream values. The plate is

smooth, unswept and al zero angle-of-attack. The super-cllipse geometry is given by

] €T m o
= . = 1.21
(1- 2] +s2 =1 (121)

where AR = 27/L* is the aspect-ratio of the leading edge (LE} with @7 the location
of the junction between the LE and plate; and m determines the level of continuity
at the junction.

To assess the ability of vur method to predict LE receptivity, we have chosen the

geometry and flow conditions so thal our results cun be compared to the provions
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incompressible results of Lin [63]. We therefora use an AR = 6, m = 4 super-cilipse
LE with Re = 2400 and M = 0.1 whore M is seleeted based on mean low comparisons
{shewn below} with the incompressible results,

Figure 4.14 shows the computational mesh {or this peotuckry whore symmedry
has been used to limit the domain to only the upper surface of the plate. A plabe
Jempth of 40 is used and the farfield boundary is placed 40 unite above the plate. The
mesh dimensions are {384 « 127} and hyperbolic tangent mapping functions, similar
to those used by Ein [63], are uzed to cluster points near the LE and near the wall.
This mesh provides ab least 30 points in the mean boundary-layer and 18-22 points

per T3 wavelength for the receptivity calculation.

4.4.1 Mean Flow Computation

The first step in performing a receptivity caleulation is fo determine the mean flow. In
computing the mean Aow, the nonlinear solver discussed in section 3.6 is employed.
Adiabatic, no-slip boundary conditions are used on Lhe plate suwrface with synune-
iry enforced directly in the finite-difference stenci o the bondary upstream of the
leading-edge, On the outflow houndary, a characteristic based nonreflecting boundary
condition with viscous corrections [83] is used while on the inflow boundary first-order
Ricraun Extrapolation (see section 3.9.2) is performed. Fach of these boundary con-
dittons is treated fully implicitly to improve convergence to the steady-state. Note
that after performing the current caleulation, an improved cutflow boundary treaf-
ment was developed utilizing the parabolized Navier-Stokes equations (e.g. section
3.9.2), The current, ealentations were not rerun, sinee the outflow boundary treatment
is not expected to have a large hmpact on he meanflow near the leading-edge.

The evolation of the displacement thickness, &), along the plale is shown in fig-
ute: 4.15. The computed result is compared to the Blagius solution where the virtual
origin is set to match the computed solution. The computed solution quickly evolves
fo the Blasing curve downstream of the junction at ® = 6 and by & = 10 the devel-
opwent s indistinguishable lrom the Blasius curve. At x = 30 the solution begins to
diverge from the Blasius curve as the approximste oulftow boundary condition begins
to influence the development, This region of upsteeam influence does not aftect the
nnstesdy receptivity calenlation since this region is inside the outfllow sponge {see
section 4.4.2).
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In comparing our resuits to those of Tin (B3], we must verify that our M = 0.1
mean flow i3 a reasonable approximation to an incompressible flow. Figuve 4.16 shows
Lhe pressure gradient with respect to arc-length, s, along the plate for a range of Mach
numbers. As M is decreased, the curves converge to Lhe incompressible result 6.3
and for M = 0.1 the pressurc gradient is indistinguishable from the incompressible
curve. This excellent agreement between owr mean flow sobution snd Lin's 163] is also
observed in other wall guantitios such as the pressure coefficient {figure 4.17} and the
wall vorticity (figure 4.18). Based on these comparisons we believe thal vur solutions
at M = 0.1 are a pood appreximation to the incompressible solution. Figure 4.19
shows a streamwise velocity profile, plotted versus the Blasins variahle n, = y\/ﬁe;'.;_
in the flat plaic region compared to Lin’s results. Again the comparison is excelleni.
However, to confidently conclude that the stability properties of our mean fHow maich
those of Lin requires that frst- and second-derivatives of the boundary layer profiles
agree. Unfortunately Lin does not provide these data, but this comparison can be
inferred {rom comparing the nentral point predictions of loeal, parallel LST. For his
mean flow, Lin reports the first neutral point loeation to be x = 5.7 while owr analysis
yields @ = 6.2 using the paraltel LT solver discussed in Appendiz D, Given the
extreme sensitivity of the neutral point location we judge this ronghly 9% difference
to be accoptable. Although only parallel LST theory has been appliod to this How, it i
noled that the current results could be refined using the nonparallel theary developed

in Appendix D.3.

4,4.2 Receptivity Computation

With the mean How computed in scction 4.4.1, the linvar disturbance solver discussed
in section 3.7 is used to solve for the response of the boundary layer to o forced,
plane acoustic wave striking the leading edge at normal incidence. For CONEParison
to Lin’s [63] results, a nondimensional forcing frequency w = 0.562 i8 used, which
agnates to a frequency parameter of F = w/Re x 10f = 230, At M = 0.1 this
frequency corresponds to a downstream propagating acoustic wave with wavelength
A =125

When this calculabion was performed the more efficient frequency-domain ap-
pronch {see section 3.7.2) was not complete, So, instead, the unsteady approach was

employed as deseribed in section 3.7.1. The time-step is selectod to provide Ny = 2400
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t.inm—sslfepﬁl per period of the acoustic forcing and 2 iterations of the impheil solver
are taken al esch step, Based on the resolution study of section 4.1.1, the spatial
anel temporal resolution used should he sufficient to yield TS growth-rutes to within
0.2%.

The wall, symmetry, and outfow boundary conditions for the receptivity calela-
tion are the same as those usod fo compute the mean Dow in section 4.4.1. However,
the farfield boundary condifion & changed to s locally one-dimensional characteristic
boundary condition [38] which forees the plane acoustic wave while allowing bound-
ary normal waves to exit. This is the same farfiel] boundary condition used for the
cylinder seattering problem in section 4.3, See section 3.9.3 for a detailed discussion
of houndary condition implementation for the linear disterbance schver.

To reduce reflections, two sponge terms are added to the NS equations: an inflow
sponge and an outflow sponge. Figure A4.200 is a schematic of the computational
domain showing the boundary conditions and sponge regions, For the inflow sponge,
Ehe same sponge used in the cylinder scattering problem s utilized with v, = 10
and 7 = 4 where v is the normal distance from the plate. By consiruction, this
sponge danps all disturbances except the plane acoustic wave forced on the farfield
boundary. Near the outflow, a sponge similar to that used in the spatial TS wave
probler is utitized with @, = 20 and z, == 40, This sponge damps all dsturbances,
including the plane acoustic wave, before they hit the outflow boundary. Linear
stability theory prodicts the wavelength of the TS waves in the boundary layer to
be about 4L* 50 that the ontflow sponpe s approximately SApg long. Based on the
results of the spatial TS model problem in scction 4.1.72, this spdnge should provic:
sufficient damping with negligible reflection of the T8 wave. However, both the inflow
and outflow sponge are only about 16% of an acoustic wavelongth in length, Based the
scattering for a circular cylinder (e g. section 4.3}, this sponge is very likely to cause
reflections. Howovor, expoertence has shown these reflectious to be acceoptably small
for this problem as demonstrated by the clean instability wave shown in fgure 4.2
helow. Based on this, further increases in the sponge region were deemed unnecessary
for this problem.

The region in figure 4.20 where the two sponges overlap requires special atfention,
To prevent incompatibility bhefween the two sponges and the top boundary condition,

the acoustic wave forced at the top boundary and the wave subtracted off in the inflow
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spouge wust accouat for the decay of the plane acoustic wave in Lhe outflow HROMEE,
This is accomphshed by performing a one-dimensional acoustic wave simulation over
the lenpth of the domain [-40,40] using the same outfow sponge and the same {low
conditions. The solition to this problem, which now includes the damping in Lhe
outllow sponge, is thew forced on the top boundary and subtracted off in the inflow
BPOTEE.

‘Lo begin the calenlation, the acoustic forcing on the houndary is sinnothly ramped
up over one period of the forcing. The suecess of the bonndary trealments is evident
in instantaneous contours of veloeity shown in figures 4.21 and 4.22. The data in
bhiese figures ace given for { = 65,45 which corresponds to 5.75 periods of the aconstic
forcing. By this time in the simulation, TS waves formed at the leading-edge have
entered Lhe ontflow sponge so that a Dl train of TS waves exists on the plate surface.
The long wavelength acoustic wave is clearly visibie in the «' contours of figure 4.21
with no noticeable distortion in the inflow sponge. Included above the conlour plot, i3
the distribution of the Fourier amplitude of o' specified on the Lop boundary, showing
the decay of the foreing wave in the outfiow sponge. Returniug to the contoms of
w', the solution takes the form of a Stokes-wave near the plaie which obscures the
developrment of instability waves, However, since the Stokos-wave has nearly zero
velocity component in y, contours of ¥ in figure 4.22 shows the development and
growth of an iustability wave on the plate. Also visibie is the decay of the instability
waves in the outfiow sponge and the decay of the scattored acoustic Gield in the infllow
HOTIEE,

Fignre 4.23 again shows contours of o' at ¢ = 6515 but with the spange regions
removed for clarity. At this particular phase of tho forcing, the amplitude of the
scattered acoustic wave and Stokes-wave near the LE region is negligible so thal the
developmoent of the Instability wave is clearly observed even close (o the LE. Howover,
takisng the Fourier transform in time (denoted by 9°) and plotting the amplitude in
figure 4.24 shows the large seattered acoustic field and the Stokes-wave near the LI
Also observed in this figure is the initial decay and then growth of the instability
wave I the boundary layer.

To extiract the amplitude of the lustability wave from the tola! disturbance Hig-
nal requires some form of post-processing. For incompressible calonlations this is

typically accomplished by performing a separate, no-flow, scallering calculation for
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the same geometry. Alter taking the Fourier transform in time, the Fourier coefhi-
clents of the svattering solution are subtracted from the Fourier coefBicients of the
receptivity solution leaving only the instability wave componenl [63]. However, for
compressible flows there is a change in the acoustic wavelength helween no-flow and
Anite flow conditions and this change increases with Mach number. For owr M = 0.1
cnleulation, this amounts to » 10% difference in the wavelengths bolween Bow and no-
low conditions. Fwven for this modest difference, we have found Lhat subtracting the
Fourier coeflicients from a no-flow scattering calenlation does not adequately remove
the acoustic compaonent.

T nnadyze the present results, we use the complex plane decomposition developed
by Wlesien [112]. As an example of this techuique, Grure 4.25 shows the trajectory
of the Fourier coefficient of the vertical component of disturbance velocity plotted in
the complex plune, ‘Fhe large spiral curve shown in the figure is parameterized by
+ and represents the Fourker coedlicient at each x taken at the y location where the
magnitude s maximum. Kach symbol on the cirve represents data from a different x
location in the grid starling at = 6 and going fo » = 20. If the distirbance consisted
golely of 4 TS wave, the curve would spiral aronnd a fixed center, fivst spiraling inward
from & = 6 to z = % {corresponding to the initial decay of the TS wave} [ollowed
ati ontward spiral due to the prowth of the instability wave. However, ss soon in Lhe
Rgure, the center of the spiral is not fixed, but appesrs to move as one follows the
eurve. The changes in the center of the spiral are due to the presence of the scatiered
acoustic Hield vesulting from the interaction of the incoming acoustic wave and the
leading edge. To separate the TS and acoustic components, Wilezien [112] suggests
that three consecutive samples along the spiral can be used to, locally, define a cirele as
shown schematically in fipive 4.26, The center of this circle approximaftes the acoustic
component, while the radius approximates the TS component of Lhe total disturbance.
Choarly, the success of this technicpies depends on & karge wavelength disparity Detween
the I'S wave and the acoustic wave which [or our caleulation is roughly 1:36. The
ammplititde of the TS wave must also be on the order of, or greater than that of the
avottstic wave for this technigue to be useful. Using the complex plane decomposition,
the TS and acoustic components of the disturbance have been oxtracted and theiv
amplitudes are shown in figure 4.27 compared Lo the total disturbance amplitude.

Clearly, the modulation in the total amplitude was due to interference between the
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two wave types. The extracted TS wave amplitude has significantly less osctllations
while the acoustic amplitude iz of small amplitude and ronghly constant in the flat
plate region, as expeched.

Figure 4.28 shows the extracted TS wave Fourier amplitude compared to the
results of Lin {63}, Recall that these results are taken at the local maximum in y of i}
for cach x location. Fyom the figure we see that our resnlts are in excellent qualitative
agreemment with the incompressible results. The Branch 1 locations (different from
those of ST due to nonparallel effects) are in cxeellent agreemnent, although our
calenlation predicts the TS wave amplitude at Branch I to be 10% higher than that
predicted by Ein, The source for this difference is not apparent, however the difference
15 ol the same order a3 the difference in the LST predicted Branch [ locations discussed
in section 4.4.3, Althongh, not performed here, it would be interesting to compare
the current vesults to predicts based on the nonparallel linear stabiliy theory of
Appendix D.3.

To verify that the signad exiracted by the complex plane decampaosition is in faci,
a Th wave, fgure 4.29 shows the extracted 9' variation in the y-direction compared to
the v'-eigenfunction from parallel LST, both at 2 = 12, The agrecmend 35 cxeellont,
comfirmning that the decompasition has extracted a°I'S wave from the full disturbance
subibion. Ideally, one would like to perform a similar decomposition for other variables
snch as o', uw', and T, However, since the TS wave amplitude is small compared to the
tforcod fseattered acoustic wave, the complex plane decomposition is nnable to extract
the T component for these variables.

The final results in this scetion are for the same super-ellipse geometry but with
the Mach number increased to (L8, Akhough this problem is somewhat academic
since the pressure distribution is nnrcalistic for a wing in flight, it does serve as
an inbroduction fo high-speed acoustic receptivity calenlations. The mean prossure
gradient along the plate for M = 0.8 is shown in figure 4.16. The most important
ahservation from this plot is that bolh the magoitude and the streamwise extent of
the adwverse pressure gradient are sigoificantly larger compared to the M = 0.1 case.
This suggests Lhat the ffow will be more unstable ag is verified by LST which predicls
the Branch I location to be i = 3.0 and the maximum growth rate to be an order of
magnitude greater than the M = (1.1 case for the same frequency, F = 230

The receptivity calculation is conducted in the same manner as the M == 0.1
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ease with F = 230 and figure 4.30 shows the evohition of the local maximum of the
instability wave atnplitude along the plate. These results are again computed using
the complez plane decomposition [112] where the instability to acoustic wavelength
ratio s now only 1:6.5, However, due to the krge anplitude of the instability wave
relative to the acoustie wave, nearly ilentical results are obtained by plotting the
total disturbance amplitude without performing the complex plane decomposition.
Because of this, we can obtain disturbance mode-shapes for all the primitive vartables
for this case. These curves are compared in lipure 431 Lo the LST eigenfunction
demonsiraling conclusively that the primary response of the boundary layer 13 a TS

Wiye.

4.5 Summary

For all three model problems—unstable TS wave, growing CF vortices, and aconstic
seattering—ihe numerical method presented in Chapter 3 produces accurate solutions
whest compared to oxact theoretical results. From these studies we have determined
that for 20 points per wavelength and 128 points in the wall normal direction (with
suitable non-uniform mesh distribution sway from the wall), both T3 and CF average
growth-rates can be predicted ta within 0.2%. Given the domain lengths anticipated
[or receptivity studies this level of aeonracy cnsures that the amplitude arvors e
less than % over the entire domain. To achiews this lovel of accuracy for spatially
growing T8 waves requires a sponge outflow region of approximately five instability
wavelengthy, lu contrast, this same level of sccuracy cen be achieved {or C1 vortices
with & sponge length of ouly one wavelenpth, We believe that the inviscid character
of the CF instability makes it less susceptible to upstreain influence caused by the
sponge. For the case of aconstic scatlering from a cireular cylinder, we have shown
bhad sn inflow sponge term can alsa be used to enforee an ncoming acoustic distur-
banee while damping ontgoing scattered waves, This capability is vital to the study
of acoustic receptivily which is the subject of the final validation study in which an
incoming plane aconsiic wave slrikes a flat-plate with a super-cllipse leading-edge.
The geametry and flow conditions are wmodeled after an incompressible caleulation

performed by Lin [63] and the mean How at Mach number 0.1 is shown to bLe in
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excelient agreement with Lin's incompressible mean solution. For Lhe receptivity cal-
culation, acoustie waves with £ = 230 are foreed on the far-field boundary using the
“inflow”™ sponge treatment developed for the cylinder scattering problem. Performing
a complex plane decomposition [112f on the solution yields a 'T'S wave amplitude ihat
qualitatively agrees with Lin's results and compares to within 10% at the first nettral
poing, The y-variation of the v-component of the decomposce solution is shown to
match the eigenfunclion shape predicted from local, parallel, incar stability theory—
verifying that the boundary layer response is indeed a TS wave. Iucreasing the Mach
nuraber to M = 0.8 for this geometry resuits in a mean boundary-layer with a severe
adverse pressure gradient leading to large 'I'S growth rates which are verified in the

receptivity resibis.
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Figure 4.1: Evolution of the temporal growth-rate for a TS5 wave with N, = 1150
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Figure 4.2: Spatial convergence of the temporal growth-rate for a TS wave with
Ny = 1150. The — Hne denofes grid refinement in x with Ny, = 127, while the —---
line denotes grid refinement in y with &, = 8.
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Figure 4.5: Evolution of the spatial growth-rate for a TS wave using a sponge to
the LST solution: —— is LT and ——-—- is the computed result.
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Figure 4.9: Heal commponent of the scattered pressurce fiold., Contour ave from -0.5
to 0.5 with increment .05, Sold confours denote positive prossnre perturbations,
dotted contours denole negative pressure perturbations and the shaded region is the
sponge; tics every cylinder radis
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Figure 4.10: Comparison of acoustic intensity along the rsy ¢ = 7 for a cireular
cytinder subject to an incoming planar acoustic wave with A = 2.5, The —— line is
inviscidd theory while the -—-- Hne is {rom the situulation.
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Figure 4.14; Computational mesi for the flat-plate with AR = &, m = 4 supar-

ellipse leading-edge, Tofal resolution iz [384,127] however, only every third line is
shown for clarity.
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Figure 4.15: Bvolution of displacemient thickness squared over the plate, The ——
line denotes the Blasius solution and the - line 15 the computed solution.
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Figure 4.16: Pressure gradient along the plake for several Mach numboers. The

incomnpressible result is taken from {63].
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and ---- i3 the incompressible result [63],
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Figure 4.18: Comparison of the wall vorticity, w,: —— iz the M = (.1 result and

---- ia the incompressible resulf [63].
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Figure 4.19: Streamwise velocity profile at x »= 22.7 for M =0.1. The
the incompressible result {63], the ~ - line is the M = 0.1 resalt.
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Figure 4.20: Schematic of the computational domain showing boundary conditions
for unsteady receptivity calenlations,
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Figure 4.21: Centours of instantancons streammwise velocity at £ = 65.45. Contours
fromn —(L05 to 005 with incroment 0.002, Solid contours indicate positive velocity
while dotbed contours indicate negative velocity. Included above the canfour plot is
the Fourler amplitude of o' specified on the top boundary.
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Figure 4.22: Contours of vertical velocity at = 66,45, Contours from —0.002 o
0.002 with increrment 0.6002. Solid lmes indicate positive velocity while dotted lines
indicate negative velocity.

Figure 4.23: Closenp of Lhie vertical disturbance velocity conlours at £ = 65.45.
Contours tfrom ~0.002 to 0002 with mcrement 0.0002, Solid lines indicate positive
velooity while dotbed laes tudicake negative velocity.
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Figure 4.24: Contours of the Fourier amplitude of the vertical disturbance velocity.,
Transform taken over the sixth period of the forcing. Contowrs from 0 to 0.02 wilth
increment 00002,
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Figure 4.25: Trajectory of the Fourier coefficient, 4, in the complex plane, —ae-
denotes the trajectory in i of the maximum in y of [#/|. The —— Jine in the center
of the figure denoles the seonstic component oblained after using the complex-plane
decompasilion.
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Figure 4.26: Schemalic of the complex plane decompisition,
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Figure 4.27: Decomposition of the local maximmm of the amplitude of vertical
component of disturbance velocity, is the TS wave amplitude, ——-- i3 the total
ampditude, and - i3 the amplitude of the scoustic component.
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Figure 4.28: Comparison of the local maximum of the TS wave amplitude base on

Lhi verbical component of disturbance velocity along the plate. The — line denotes
the M = (1.1 result and the ——-- line denotes the incompressible result [63].
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Figure 4.29: Extracted wave amplitude for the vertical component of disturbance
veloclfy compared to LST at o = 12 for M = 0.1, ~—— s the real component of the
computed solution, ——— is the imaginary component of the computed solution, ----

is the real component of the LST solution, and -

the LT solution.
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Iigure 4.30: Comparison of the local maximum of the TS wave amplitude along the

plate for M = (0.8, The line denotes the | |maee result and the --—- line denotes
Vhe |8 e result.
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Figure 4.31: Extracted wave amplitudes compared to LST at & = 12 for M ==

0.8 —— s the real component of the computed solulion, ——-— iz the inaginary
component of the computed solution, ---- is the real component, of the LT solution,
and - is the imaginary component of the LY solution. Frame (o) shows density,

{b) streamwise velocity, (&) vertical velocity, and (d) temperakure,



Chapter 5

Receptivity on a Swept
Parabolic-Cylinder

This chapter foeuses on the receptivity of the three-dimensional boundary-layer on a
swept parabolic-cylinder subject to surface roughness. The diseussion begins with a
description of the geometry followed by the potential flow solution, mesh generation
for Navier bBtoles calewlations, and mesn houndary-layer low characteristics hoth
for two-dimensional and three~dimensional boundary layers. The linear stability char-
acteristics are then documented for o three-dimensional boundary-layer which serves
az a model of the Aow near the leading-edge of & swept-wing in flight. Finally, forced
receptivity caloulations are presented for surface ronghness located near the leading-
e inchuding results from Linearized Navier—Stakes (LNS) calenlations and compag-

lsots bo receptivity predictions based on Finite Reynolds Number Theory (FRNT.

5.1 Geometry: the Parabolic Cyiinder.

The leading-edpe geomeatry i given by o swept parabolic-cylinder shown in figure 5.1,
The reference length-seale ts the leading-edge vadius, £L* = v aud the rofevence ve
locity is the chordwise component. of the freestream velocily, uf = uf, whare the total
magnitude of the [recstroam velocity 15 denoted by U, Unbess otherwise ndicated,
free-stream values ave used for all other reference quantities.

In many previous experimental and computationsl investigations of receptivity,
the peometry consists of a flat-plate with some type of smooth leading-edge attached
in [ront. The parabolic eylinder has several advantages over these types of peometries:
{1} the surface is continuous and infinitely differentiable, {2) a conformal map to a
rectangular domain cxists, {3) a theoretical investigation [48] of two-dimensional,
neoustic receptivity is availalile, and (4} the pressure gradient is everywhere [avorabile
and relatively insensitive to Mach munhor (see section 5.4},

For hybrid {flat-plaic/leading-edge geometries, there is often a lack of continuity

O




93 Chapter 5. Reveptivity on a Swopt Parabolic-Cylinder

(i.e. smoothuess) between the plate and leading-edge, This can lead to an additional
source of rocoptivity [42] which may cloud the receplivity mechntnismg actually un-
der investigation, Attempts to rectify this situation have been made [62] inchiding
polynomial smoothing at the junction and the so-called Modified-Super-Filipse which
can be designed o mimic the pressure distribution of an eliptical leading-edge while
retained higher continuity at the junction. The parabolic eylinder avoids those diffi-
cultics by providing a continuous geometry (with no arbitrary junction) il serves
as o first-order approximation [108] to the leading-cdge of an afrfoll.  Use of this
geometry for receplivity investigations dates back to the work of Murdock {80] who
performed two-dimensional, acoustic receptivity computations. More recently, Ham-
merton and Kevschon [48] have investigated the same problem using high Reynolds
number asymptotic theory, LTheir results show that TS-wave vesponse is reduced as
the nose rading becomes more blunt. These results have beon qualitatively validaterl
by the vecent, munerical simulations of Corke & Haddad [26].

Hoere, we investigate recephivity of the throe-dimensional boundary-layer on a
swept parabolic-cylinder due to surface roughness aml our discussion begins with

the computation of potential fow solufions.

5.2 Potential Flow Solutions

Hefore computing the base-flow sohitions, a potential dow selution is required both
as an initial condition to the NS solver and to supply information for the farfiebd
boundary conditions as deseribed in section 3.9.2. Fhe potentlal flow solhition is
determined using the method presented in section 3.8, The no-penetration condition
is uzed on the wall and on the syminctry boundary upstream of the leading-edge. On
the inflow and outfow bomdarios, Lhe velocity potential funetion ks set to the valne

corresponding to the exact incompressible solutiom given by van Byke [108]

1

1 - 1/2
5= (E — 2k 5\/{2:;:' —1)? +4y2) _. {5.1)
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where (£,#) are Lhe parabolic coordinates and ¢ is Lhe velocity potentisl, Use of this
solution on the inflow and outflow boundaries is obviously only an approximation for
M =£ . To OveTCome this, we typically solve for the polential flow solution on a mesh
that is much larger than the mesh used in owr receptivity caleulations.

In constructing the mesh for the potential low solufion, an exponential mapping
af the conformal coordinates to the uniform coordinates (€, %) is used to place the
infllow foutflow boundaries far away from the leading-edge. Given the minimizn mesh
spacing, Ay, aud the mimber of node points, Ng, the exponential ymnpping is given
by

|
€= ewlal+a) - opln), {5.4)

where ¢y = log (ﬁémm{-wg - 1}) anct

a1 = (Ng — 1) [tog {sc8dmen (Mg — 1)) — 2] -

—
Zn
[ay |

—

The strebching Factor, se, is determined fram equation (5.4) by requiring that & =
E,m al. £ = 1. A detailed derivation of the mebrics reguired by the potential flow
solvar is provided in Appendix B. With thig inapping, we have constructed meshes
for potential flow solutions that extend to @ = £30° which prevents the boundary
approximation from corrupting the solution near the body.

To demonstrate this, fpure 5.2 shows contours of the pressuwre coefficient, (7,

defined as .
ey 1
Go= o) 5.6

for the poleniial Aow over o parabolic cylinder at M = 0.8, § = 7 in bhe rogion
z € [-500,500]. Solutions from three domains are shown: z € £10%, z € 167,
and z @ +£10% The results for the two larger domaing are identical, to graphical
acctracy, indicating that the selution is independent of the farfield boundary. In
figure 5.3, the pressure gradient along the wall is plotied for the solutions from the
two largest meshes and, again, the results are in excellent agrecment. [t is important
Lo poind out that the domain size required to obtain a convergoed solntion is gnite
largn. This is, of course, due to the approxiinate botundary-condition imposed on the
farfield boundary., Comparad o 2 closed body with a similar nose radius {e.g. an

airfoil or cireular eylinder} the parabolic cylinder requives a much larger domain to
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obtain a mesh independent potential flow zolution given a similar farfield boundary-
condition. This 18 due o the fact that domain truncation at some finite localion
reatlés in & disrerard of the upstream influence assoclated with the ever expanding
parabola downstream.

To convert the potential flow solutions to o mesh suitable for NS calenlations we
use: fonrth-order aconrate B-splines [54] to interpolate the solutions i computational
space, Thon using the mapping functions, the interpolaled solution is converted to
physteal space on Bhe new grid. After interpolating Lo a lypieal NS mesh, we have
re-plottod the prossure contowrs from the original and iterpolated fields in figure 5.4

dermonstrating excellont agrecinent.

h.3 Mesh Generation for Navier—-Stokes Solutions

The conformal mapping of the parabolic-cylinder to the halfplane = also used in
forming a mesh suaitable for Naviee—Stokes sobutions, The conformal mapping can be

written as

_ =2
v o= &4 ‘E'"ﬁﬂ_’ {5.7)
y = V2R, (5.8)

where (,y) are the nondimensional physical coordinates and (€,7) are the nondi-
mensional conformal coordinates. In this expression, the body is given by the curve
# = 1. The conformal coordinates are further transformed to computationsl eoordi-
nades (£, 1) using hyperbolic mapping funciions [TOF designed to cluster points near
the leading-cdge and i the boundary layer. An caunple of & typical mesh that results
from these traosformations is shown in figaee 5.5,

The same mapping function s ased for bolh the £- and 5 divections. Considering

the £-dircction, the transformation takes the fonn

£ = e {5 +log (%)} (5.9)

1

{11
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where

- cosh[b{1 — €.}] .
== Gm + log ((:{Jﬁh{h(l + fc)}) } (5.10)

and

eosh[bf E4-£.1]

2 tanh{hé,) + ]}M“m‘ log (ﬂui_ 5 l) (5.11)
L . i}

o= | AR

EH?H'IRS

In these equations, A€, 18 the minimum desived mesh spacing in £, N 15 the number
of nodes in the ¢-direction, Emw 1% the maximlian E node location, &, i3 the location
of the transition point in computational space, and b controls Lhe rate of stretching
at the transition. The derivatives of the mapping function which are required to

compute the rmesh metrics (see Appendix BY are given by

'} 3 LeLir .

;é ‘E”E (cm + Btanh[b(£ — £,)] — btanh[B(E + £.)]) (5.12)
and ”

{}; Eﬂzﬂ( b tanh?[B(£ — &)] + b* tanh?[B(£ + gcjg) (5.13)

Figure 5.8 shows the mapping fanclion and its derivalives for parameters Lypical
of those used in the wall-tangent direction {sce the figure eaption for the parametor
values). The node spacing nesr the leading-edge is small to resolve the viscously dorn-
inated stagnation region, Fhe first derivative of the mapping, which is proportional
to the focal mesh spacing, is approximately constant at the leading-edge, indicaling
that the mesh is nearly untform there. The second derivalive at the leading-edeo is
exactly seto which ensures thal the mesh metrics are symmetric about the (~z)-axds.
Downstream of the leading-edge, the mesh transitions smoothly to @ second region of
uniform spacing, bul with a spacing roughly 32 times larger than that at the leadine-
edge. Note that a uniform spacing n the conformal coordinate, €, still grows like /5
in the chordwise direction so Lhal the mesh spacing in the physical space continues
to grow downstresim in & manter consistent with the prowing boundary layer. As
indicated above, the same irapping function is also used in the wall-normal direction.
For this application, the Lransition point, 9, Is set to 3/4 instead of 1/4. For an ap-
propriate value of Ary,, this has the effoct of shifting approximately half of the mesh
points mto the boundary layer. Using the mapping functions presented above, the

metrics required by the Navier—Stokes solver can be deterinined using the cgnatians
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in Appendix B,

Hofore closing this section, we point out that the mapping function given by
eguation {5.9) has several advantages over the algsbraic, hyperbolie tangent [63}, and
exponential [35,36) mappings used previously. In particulsr, the first derivative of the
mapping function approaches a constant af the boundaries implying that the mesh
is nearly uniform thers. This ensures that the mesh and its metrics are smooth af
the boundaries and that the mesh has the proper symmetry characteristics for both
sobid walls and symmetry boundaries. With a region of nearly uniforin mesh near the
boundaries, sccond derivative metrics are also better acaled in these regions. In our
applications, this is naportant at both the wall and in the stagnation region on the

symmetry-line boundary where viscons effoets are limporkant.

54 Base Flow Results

Mean-How resalls [or the parabolic cvlinder have been obtained for a variety of con-
ditions. or unswept cases at low Mach numbers, the results are compared to the
reference incompressible sohulions of Davis [31]). After doing so, the influence of com-

pressibility and wing sweep are exaimined.

54.17 Two-Dimensional Scolutions

Cur discusston beging with the mean-flow solution at M = 0.1, Re = 1000, and Pr =
0.7 using comstant fuid-properties with an adiabatic wall-temperature boundary-
condition. A Mach number of 0.1 was selected to minde the reforenee incompressible
sohitions, and the appropriateness of this choice will be assossed below., The mean
flow is computed using the method discussed in section 3.6 with the boundary con-
ditiong of section 3.2.2. Figure 5.7 shows the corvergence history {or a steady-state
calculation on & (384 x 127) mesh with & potential low solution as the initial condi-
tion. Points where a rapid change in the residual ocours correspond to times during
the compuitation when the timestep was altered to improve convergence. The norm
of the vesidual at the end of the compatation is approximately 1.4 x 1077 and this
iz typical of the convergence achieved for all the mean-flow compubalions presented
here. The computation required 4234 tterations using 1.15 hr of CPU Lime on a zsingle

Cray C-B0 processor which corresponds to 20 p-sec/node fiteration.
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‘T nssess accuracy, the mean solutions are compared lo the incompuressible re-
suits of Davis [$1]. Davis solves for the mean flow over an infinitely long parabolic
eylinder by mapping the infinite conformal space to a finite domain, Tn this H1ANTer,
his methad treats the farfield boundaries exactly, The equations are east. in stream-
funetion/vorticity form and solutions are obtained with » iterative schems based on
a parabolic approximation. Davis' resulls are presented using a scaled wall vorticity
defied as @ )

2+
Lulpy I ——,—E‘LRE Ltdye {5]4)
where wy 15 the wall vorticity, This quantity is plolked versus a vistously-sealed,

streamwise, conformal-coordinate defined as

£n = VizRe. (5.15)

By scaling the wall vorticity by the factor in equation (5.14), the Arst-order vari-
ation of the incompressible sojution near the leading-edge and far downstream is
accounited for. Thus wy approaches a constant both near the leading-cdge and far
downstream, making it a very sensilive measure of solution accuracy. Figure 5.8
shows a comparison of resubts using the curvent melhod, at M = 0.1 and Pr = 17,
compared to Davis’ ncompressible solufions for Re = 100 and 1000. The current
resudts agroe well with tho incompressible solutions for both Reynolds niumbers. This
indicatos that both the infiow and outflow boundary conditions are qquite successiut
even for very thick viscous layers. That this isn’t surprising is demonstrated by Daviy’
{igure 3 which shows that for £ = 50 the parabolized Navier—Stokes equations are a
good approximation to the full Navier Stokes cquations {also soe figure 5,11 discussed
below},

A close examination of the vorticily Fmction near the leading-edpe shows that
the current results shghtly under-predict the incompressible resubts. To determine
if this difference is due to compressibility, mean flow solutions have been obtained
over a range of subsonic Mach numbors af Re = 1000, Pr == (.7, again using constant
fluid-properties and an adiabatic wall temperature condition. Tho use of constant
fluidd properties at high subsonic Mach numbers s obviously an approximation, bt
doing so is nob expected to have n qualitative impact on the present results. The

sealed wall vorticity from those solutions is shown in fipnre 5.9 which gives results
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for Mach numbers of 0.1, 0.5 and 0.8 along with Davis’ incompressible solution. As
the Mach munber 15 decressed, wp near the leading-edge increases, approaching the
meompressible solution. In Ggure 510, wy; st the attachiment-line 18 plotted as a
fanction of Mach unmber squared. The relationship s linear and exirapolsting to
zero Mach number gives a value 1.146, which is in very good agrecment with Dasvis’
value of 1.15.

Returning to figure 5.9, we see that wp also approaches the incompressible solution
over the entire domain as Mach number i3 lowered. But, near the end of the compu-
Lalional domain, there iz a slight difference between the current solution af M =01
and Davis’ incompressible solution. However, the symbols plotted corresponding fo
Davis’ solution were extracted from a rather small and crowded graph in [31] so that
there conld be some error in Lhe deduced incompressible values. This iz particuiary
tho case for high £, where many solutions overlap on Davis’ plot. However, Davis
demaonstrated that beyoud €4 = 5 a fully parabolic approximation to the governing
eopiztions agrees very woell with the full Navier—Stokes solutions. In figure 5,11 the
incoinpressible parabolic solution is cornpared to owr M = 0.1 sohition. The parabalic
resit was obtained using a method ideniical to that presented by Davis. Cur solu-
tion compares very well with the parabolic solution downsiream of £ = 50, but, as
expected, the parabolic solution near the leading-edge is poor [31].

Az the final result for two-dimensional boundary layers, figure 5.12 shows the
evolution of the walk-tangent pressure gradient, evaluated at the wall, for a range of
Mach numbers. As Mach number is increased, the favorable pressure gradient, which
exigts over the entire surface, increases slightly over maost of the chordwise exient,
This s in conlrast to Lhe results presented in section 4.4.2 for the super-ellipse which
showaed a dramalic increase in the magnitude and length of the region of adverse
pressure gradient, associated with the leading-cdpge/plate junction, as Mach number
wag increased. As alluded to earlier, the move bhenign influence of Mach naniber on the
pressure gradient (and therefore stability characteristics) for the puarabolic cylinder
ruakes it a more useful peometry for the study of receptivity at high subsonic Mach
HILkrs,

To sumtnarize the two-dimensional results, it is concluded that the current mean-
Aow solutions converge Lo Lhe reference incompressible solution of Davis as Mach

number i reduced, Furthermore, at M = 0.1 the current solution is in good agrecmen,
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with the incompressible solution over the full length of the parabolic-cylinder, and,
as Mach number is increased, the vorticity at the leading-edge varies like wp(() =
1.146 — 0.248M2.

5.4.2 Three-Dimensional Solutions

To create a three-dimensional boundary layer, the parabolic-cylinder is swept with
respect. to the incoming uniform flow. The conditions are zelected to gonerate a
flow which, in the vicinity of the leading-edge, roughly models that of a subsonic
transport-atrcraft in cruise, For this purpose, we use a sweep-augle of #f = 357 with
M. = 0977 aud Pr = 1. Using the chordwise compaonent of the freestream velocity
as the reference velocity gives a Mach number of M = 0.8 and Reynolds number of
Re = 1 % 10°, where the nose radius is the reference length-scale. Assuming that the
nose radivg of a typical airfoil section s npproximately 1% chord [1], these conditions
correspond to s chord Reynolds number of approximately I x 107, which is in the
realm of flight Reynolds numbers.

thiike the two-dimensional results presented above, an isothermal wall-temper-

ature boundary-condition of the form ¥, = 75 is now used, where
IO Sl Y 2 —_—
Th=1+ 5 MH(T 4 tan*{8)} (5.16)

is the freostream stagnation temperature. For Pr = 1, this corresponds to the adi
abatic wall temperature for a Hat-plate boundary layer. Since the boundary layer
fiow over a parabolic cylinder approaches s flat-plat boundary layer downstream, the
wall temperature bounduary condition asymptotically approaches an adiabatic condi-
tion dowmstream. The use of the isothermal boundary-condition preatly simnpiifies the
wall-ronghness boundary condition {see below), while using Pr = 1 allows move divect
comparisons to available similarity solutions (see Appendix C}. As before, the mean-
How is computed using constant fluid properties since variations in Huid properties
are not expectad o cause qualitative differences in recoplivity vesults.

T exctract boundary layer profiles and noa-dimensional parameters characteristic
of its state from the Navier—Stokes solulion, the original solution on the conformal
mesh, described in zection 5.3, i interpolated onto a body-fitted coordinate system.

Recall that the body-fitted coordinate system is denoted by {s,n, 2) where 2 is the
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arc-length in the chordwise direction, n is the distance normal to the body, and =z
s Lhe spanwise divreclion. The body-lited mesh 13 constructed by forming level-sets
off Lhe parabolic body, To chuster points near the leading-edge and in the viscous
lager, the moesh wapping presected in eguation (5.9} is used in both the body normal
and Lanpenl directions, Since Lhe body-lilted mesh iz nsed only for analvsia, the top
boundary can be placed much closer to the wall to reduce the number of points i the
far-fiekl, To interpolate the solution fromr the conformal to hody-fitted mesh, fourth-
ordder accurate B-spline inlerpolation s used in compuiational space. Each point, in
the hody-fitted mesh, i3 converted wsing Lhe mapping of section 5.3 to the uniform
eornputational space where the IMSL B-spline routines {54] are used Lo determine the
interpolated value for cach of the prituitive variables. This inlerpolation procedure,
which is simuilar to that used to interpolate the potential How solntion, has been fowwd
to vield excellent results and is also used to convert solutions to different gricds when
performing mesh resclution studies and when computing local gquantities such as # ogs
and local profile maxima.

(Hven Lhe meanflow solution on a body-fitted mesh, the first sfep in analyzing the
Loundary layer 15 to dedermine the edee conditions, Conceptually, the edge conditions
are given by the local inviscid-flow outside of the bonndary bayer. Figure 513 i3 a
schomatic of a three-dimensional bomdary ayer near a swept leading-edge which
alds in the definition of the varlous boundary tayer parmmeters. In this study, the
Loundary-layer edee is defined as the point where the spanwise, @, component of
velocty reaches 99.9% of s frecstream vabie,  Since the wing has infinite span,
the w-velocity profle incresses monotonically from zero ab the wall Lo s {Teeatream
value, tan{#). This i3 in contrast to the more traditionally used v, velocity. Recall
that v, is the velocity locally tangent to the body at a given station while o, is the
body-normal velooity, These velocity components are related to the global Cartesian
veloeity components by

Py = TR0t — RV, (5.17)
ty = T b gl (5.18)

where the outward unit-normal to the body is n = {ng,n, 037, Since the flow
is accelorated in the chordwise direchion, the wy wvelocity over-accelerates near the

tearling-edge making an unambiguous definition of the boumndary-layer edge difficult.
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Although the parficular choice of edge-conditions doos have an influence on the re-
ported boundary-layer parameters, the effects are minor and the current approach
vields adequate results, Throughout the following discussion, the reader yay wish to
consult table 5.1 which itemizes the boundary-layer edge-conditions and parameters
{for selected stations near the leading-edge.

Fhe magnitude of the edge-velocity, projecied to the plane tangent to the body,
is piven by U, = /o2 -+ w2 In practice, U, is referred to as the total edge-velocity
sinee vy s negligible except in the mimediate vicinity of the aftachinent-line. The
cdpe-velovity makes an angle 8, with respect to the s-axis and this angle is called the
foonl swoop-gngle. When presenting boundary-layer profiles, it is useful to canvert the
velocity b0 a coordinate systerm that is locally slipned with the edge-velocity, Veloeity
components m this “streamwise” coordinate system arve denoted by {2, th, w;), where
u, is the local, streamwise veloeity; v, is the body-normal velocity: and 1w, is the
crossflow velocity. These commponants are related to the velocities In the boundary-

fitted coordinale system by
itq = c05(( by + sin{f ), (5.19)

t, = — st o, + cos(f.)w . {5.208)

With these definitions we con begin to exwmine the characteristics of this three-
dimensional bowndary-layer. Figures 514 5.16 show streamwise, u,, and crossfiow,
ute, velocity profiles at three stations nesr the leadivg-cdpe wheve the profites have
been pondimensionalized by U, The streamwise profile is “Blasins-like” while the
crosstow profile is inflectional with a maximum, crossflow velocity of & 11% of the
local edge velocity at & = 0.802, The infloctional crossflow profile gives rise to the
inviscid, crossflow instabilify.

For this flow, the standard atbachmeni-tive length-scale §F = o} /(00U fids*) i3
0.00353 v}, and this yields an attachment-line Reynolds number R = 6w} /v, of 247,
This value of 7 iz less than the critica! vaine of Forie = 583, which ensures that the
fow is linearly stable along the atfachment-line [100].

Figure 5.17 shows 1he chordwise evolution of the maxtmum crossflow component
of velovity novmalized relative the local edge-velocily. The crossflow compoucnd is

evorywhers negative and reaches its greatest mapnitude ol ~0.107 at & = 0.802. At
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the point of maximum crossflow, the cresstlow Reymaolds mumnber

X = 8 gttt o SV (5.21)

is 161, The results of Poll {84} for a swept circwlar-cylinder indicate that the criti-
cal crossflow Reynolds number s 125 and o value of 161 suggests that significant
crossflow instability will be present. Table 5.1 shows the crossflow Reynolds number
reaches a mhaximnm of 256 at s == 20038

The variation of the local sweep-angle, &, of the edye-velocity is shown in figure
A% At the point of maximum crossffow, the local sweep-angle is 54.5" relative to
the chord compared to a value of 80° af the attachment-line. Downstream, the local
sweep-angle asymptotes Lo Lhe global sweep-angle # = 35° as the chordwise pressure
gradient decays. The pressure gradiont along the parabola is documented nsing the

Ilartree pressure-gradient parameter which is delined as

2m
= 5,22
P - 1 (5:22)
whers )
m e S0 (5.23)
ug s

Fignre 5.1% shows the evolution of F, along the length of the plate, At the attachment
line, 3, = 1 corresponding to a stagnation region while downstreant of the leading
cedpe, 3, decays monotonically to zero, At the point of maximum creasflow, d, = 0.765
and by 30 nose radil downstream [y is veduced fo 0.042 indicating that the flow is
approaching a zoro-pressure gradient boundary layer,

Figure 5.20 shows the displacement and momentumn thickness evolution for the

local streamwise velocity profile. The displacement thickness is defined by

.
8 = f - (] _ &) dn (5.2}
i} ﬂeU;.-
while the momentum thickness iz given by
dousd g 1t
b= [ —*(1——:‘):1. 5.25
2 1 2ol i, " (5:25)

For incormpressible How at the atbachmeni-line, Spalart gives a valie of d;/8 = 0.404
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[L1H)]. Fromn the civrent data, we get a value of 0.337 which suggests that this quantity
decreases with Mach number, To verily this, a separate calculation at M = 0,73, with
all other conditions the swme, was performed which gives a value of 4;/8 = 0.340.
Linearly exdrapolating these resulty against the freestream Mach number sguared gives
a value of 1.407 at M, = {(} which is in good agreetnent with the incompressibic value.
The evolution of the boundary-layer shape-factor, defined as H = 84/4;, is shown in
figure .21, AL the attachment-line H == 0.368 and quickly increases to a masximmm
of H == 0.377 at s = 0.63 before beginning a slow decay, eventually asympioting to
H = (1317

5.5 Linear Stability Analysis

Belove portorming receptivity caleulations, it is necessary to determine the stability
characteristics of the mean flow. This is accomplished by using the spatial, Lincar
Stability Theovy (LST) solver deseribed in Appendix D in eonjunction with several
ENS stability caleulations. Recent investigations {72,76] have shown that the growth
of stalioiary crosstlow vortices is significantly inftuenced by nonparallel and eurvature
cffeets. The boundary-Iayer over a parabolic cylinder is an ideal ffow for studying these
effects since both ciuvabmre and nonparallelism ocenr naturally and are attennated
downstream. In this section, we examine the influence of curvature and nonparalel
fiow on the stability characteristics of stationary crosstlow vortices, since these elfocts
are also likely to impact the receptivily characteristics,

Chur discussion begins by considering the houndary-laver profiles at the location of
maximn crossfiow velocity, s = 0,802, Thesc profiles are shown in figure 5.22 and are
extracted using a body-fitted mesh as describod in section 5.4. Since we are interestod
in comparing the LST results with LNS calenlations, we break with the traditional
nonclimensionalization of L8T and instesd retain the global nondimensionalization
usedd in the LNS solutions. In particular, the reference veloeily is the chordwise
component of the freestream velocity and the relorence length is the leading-edge
nose radius. Use of the global nendimensionalization makes comparison of resulls
at different stations morve convenient. However, our results can be easily converled
to the local nomdimensionalization based on the displacement thickness and edpe-

velocity using the data supplied in Table 5.1.
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Growth-rate predictions from quast-parallel LST at 5 = 0.802 are given in figure
5.23 for wero-frequency crossflow vortices, The range of amplified spanwise wavenum-
bers is from roophly 32 to 160 and the maximum peedicted growth-rate at this sta-
tiom oconrs for 3 = 30 The predicted chordwise wavenmmber for stationary modes
s shown in figure 524 where it is seen that o varies almost linearly with & in the
unstable range, In Arure 5.25, the wave-angle, 4, with respect to the body-fixed co-
ordinate system is shown az a function of the spanwise wavenumber, demonstroting
thai across the unstable range the wave-angle ia nearly fixed at 140°. This means
thaid. the axis of the crossflow vortices is at approximately 50° and remnains within 6°
of the local streamwise direction.

Cousidering the spanwise wavemunber, f# = 35, figure 5.26 shows the variation
i the ILET growth-rate and wavenmmber as 2 funclion of the distance slong the
plate. The growth-rate of this crossflow wode quickly inereases from the first neutral-
point at 5 = 0.65 reaching & maxtmum at s = 2.05 before slowly decaying to zero
with the second neutral-point located st 5 = 27.7. This extended reglon (about 27
nose radii) of crossflow amplification is due to the slowly decaying fuvorable pressure
eradicnt (see figure 5.19) of the meanflow. We note that typical airfoil sections have
4 prossure minimum on the upper surface followed by an adverse pressare gradient
thal destabiliees TS waves. The relatively simpler situation here, comibined with
the extonded region of crosslow amplification, makes the paraholic-cylinder an icleal
gaometry for fhe study of crossflow vortex receplivity, For a diseussion of combined
crossflow /TS instability modes for & fiow with hoth favorable and adverse pressure
sradients, the reader is referred to the recent computations by Spalart el af. [101].

To verify the accuracy of the quast-parallel LST prediction, several LNS ealcula-
tions have been performed in order to determine the actual stability characteristics
including nonparallel and curvature effects. These stability caloulations are performed
nsing the techniques introduced in section 4.2. To decrease the cost of the caleula-
Lions, conlortial grids see constructed that truncate the extensive inviscicd region used
in the meanflow calculations. The steady-state meanflow is then interpolated using
foursh-order-ngeurate B-splines to the new mesh.  Consistent with the Huodings of
section 4.2, the chordwise mesh spacing s chosen to ensure at least 20 node points
per wavelength based on the chordwise wavenumber predicted by LST. The LT

cigenlunciion is foreed on the inflow boundary using the same techuique diseussed in
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section 4.2.2, This eipenfunction iz only an approximation, since cutvatire and non-
parallelism are nod acconnted for, and we therefore expect a small bransient hefore
a. dorminant mode is cstablished, The nonparallel meanflow introduyees another com-
plication since the growth-rate is now a function of both the quantity meagured and
bhe wall normal location, n. In general, the growth-rate for any linear disturbance

quantity, f . 18 given by

- = Ro [M] (5.26)
s
while the wavenumber is dotormined from
dlnff{s, n)} .
v =1 LML B a.27
iy In [ ~ds (U }

T remove the n dependence from the growlh-rate, experimental investigations often
dofine the growth-rate based on the (first) maxieum, in n, of the chordwise veloeity,
Ve similar guaniitics can be computed based on other disturbance varinbles. Another
way to remove the variation in the wall-normal location ks Lo base the growth-rate on
the intograted disturbance kinctic energy, defined as

s | . .

E. = f - ({u[z + |4 + }w|j) fry {5.28)

0 P
wheie v, i3 sufficiently large so that additions] contributions to the intepral are
negligible. Here, npa. s token to be the the maximrn walinormal location in Lhe

compatational domain, The growth-rate, based on 'K}, is obtained from

N
_ ldln(By

5.20
2 ds { )

The first LNS calculation is performed [or o domain starting at s = 5.6 and
extending to s = 25.8. This domain covers the later pertion of ihe nnstable region,
aned, since it is ocated far from the leading-edpge, offers the best chance that ourvature
and nonparallel cHects will be small. Fignve 527 shows the prowbh-rate extracted
frovn the caleulation, based on B}, campured to the quasi-parallel LST prediction. As
expected, Lhere s o.slight transient in the LNE solution since the function forced on the
iiow is only un approximation to tle actual eigenfunction. Afier approximately two

nose radii downstream, the transicnt is no longer noticeable and a single nstahility
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wave dominates the How. Interestingly, the LNS and LST growth-ratos eross-over af
5 = 13 and the errors in the LST prediction increase upstream and downstream of
this point. This imphes that there may be competing creors in the quasi-parallel LST
praciction.

To identify the source of this discropaocy, we have incorporated both surface cwr-
vature and nonparatel effeets in the LT prodictions. Surface curvature is accounted
for by solving the stability equations in a genoral orthogonal coordinale system that
i3 coincident with a body-fitfed wmesh, Nonparallel effects are inclnded ithrough a per-
turbation approach where the meanfiow, chordwise wavemnnber, and cigenfunction
are allowed to vary slowly in the chardwise direction. The detailed implementation
of curvature and nonparallel effects is discussed in Appendix D.

Figure 5.28 compares the growth-rate lor & == 35 from the LNS calculation with
two predictions from L3T. These two LST predictions ave denoted by QPNC, which
stands for Quasi-Parallel with No Curvature, and QPWC, which is short for Quasi-
Parallel With Corvature. The growth-rate for the QPWOC case shows that curvature
is stabilizing which is consistent with recent analysis of the flow over a cireular cylin-
der [76]. However the stabilization due to curvature leads to a greater discrepancy
between LT and LNS, as compared to QPNC. As expocted, the effect of curvature
increases upstreain as the surface curvature increases. Figure 5.29 shows the normal-
ized curvature K'dy, where K is the surface curvature, which demonstrates that the
curvature decays ag 1/z2 dowmnstream of s = 1. Upstream of 5 = 1, the vormalized
curvature plateaus at a value of K6, = 3.23 x 1072, This behavior is in caonfrast to
results using a circular cylinder where the normalized curvature increases downstream
of the leading-odge since Lhe radiug of curvature for that geometry remains constant.
Howewver, based on the results from QPNC, even a very small normalized curvature
au the order of 1077 still has a significant offect oo the predicted growth-rates. This
rosulbt iy qualitutively consistent with recont PSE analysis [50] of the crossflow exper-
iments performed by Saric's proup [50] which indicate that curvature continues to
inltucnee ihe growth-rate of statlonary CF vortices over the entive upper surface of
an airfoil up to transition.

The influence of nonparallel effects are shown in figure 5.30 which includes the
nonparallel correction with curvature (INFWC) in addition to the previous results. 1t

is obvioug from the figure that including hoth nouparatlel and curvature effects leads
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to growth-rate prodictions that are in excellent ngreeinent with the LNS solition.
This level of agreement gives further confidence that both the LNS and LST imple-
mentations are free of errors. In geversl, nonparallelism s scon to destabilive the
flow, veturning Lhe growth-rate to « level similar to quasi-parallel theory over tmost of
the plate. Near the leading-sdge, the flow becomes highly nonparatel CAUSINE & qual-
itative change in the shape of the NPWC growth-rate distribution when compared
to the quasi-parallel results. This difference is in the form of a local maxima in the
NPWC prowth-rate which occurs al s = 0.7,

Based on the analysis in Appendix 1, there are theee contributions to the nonper-
allel growth-rate: the guusi-parallel growth-rate with curvatnre (QPWC), the eigen-
funetion distortion term, and the notparallel meanfow term. These contributions are
shown in figure 5.31 both in an expanded view ucar the leading-edge and over the
entire unstable region. Downstroam of 13¢7, the nonparablel meanflow term bocomes
negligible in comparison to the other contributions indicating that the meanflow is,
for all practical purposes, parallel. Howover, the eipenfonction distortion term re
mains significant boeyond the second nentral-poini rosulting in a downstream shift
of the nentral-point (velative to QPWG) to s = 30.54, As shown in Appendix D,
the eigenfunction distortion term can be computed directly [rom the quasi-paraltel
cigenfunctions so that it can be acconnted for without vesorting to the full pertue
Lation approach. However, the siall influence of the nonparallel moeanflow term at
the second neutral-paint is not a general result, and conditions {either 4 or Re} rould
" be selected such that this is not the case. The second frame of figure 5.31 shows
the contributions to the nouparailel growth-rats near the loading-edge. Upstream of
3 72 0, the eigenfunction distortion term begins to increase slowly to a maximum at
$ = 1; decaying further upstream. Upstream of 3 = I, (which, coincidentiy, is the
approximate localion of the first nentral-point for QPW) the nonparallel meanflow
Lerin undergoes a sndden increase, quickly dominating the other tertms. The increase
in both nonparatiel terms causes Lhe local maxima in the total NPWC growth-rale
and results in an upstream shift (relative to QP theory) in the st nenfral-point Lo
s = 0471 Bince the nonparallel correction s based on a perturbation expansion,
the results near the leading-cdge may be inscowrate. This is adcressed below by
compatison fo LNS caleulations.

But first, the eflect of curvature and nonparallelistn on the chardwise wavenimber
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ks shown in figure 5.32 (note that a log scale is used in s to more clearly show the
feading-edge behavior}, The NPWC wavenumber iz computed based on the maxi-
yrum in the wallnormal direction of the 15, velocity. As scen in the Apure, both
QNG and QPWO give almost identical rosules, indicating that carvalire has Htile
influence on the wavenumber., However, ¥PWOC shows that nonparallel effects tead
to decrease the wavenumber magnitude—when based on |Wihnee. This offect s most
pronounced near the leading-edge, buf it also oceurs to a lesser degree over the entire
unstable range. This is demonstrated in figure 5.33 which shows a comparison of the
waverimber extracted from ENS (also based on [ imer} with the QPWOC and NPWO
prodictions, After o brief transient in the LNS solation, the NPWO wavenumber is
in pood agreement with LNS while QWO slightly over-predicts the wavenumber
maEtituce,

Az indicated above, nonparallel effects in the LST are accounted for using a por-
Liurbation expansion so that the results may beconie inaccurate vear the loading-cdee
where Lhe meanfow is highly nonparallel. To evaluate this, a second LNS calenlation
ig performed on a domain from s = 0.2 to s = 5.25 in which the QPWC eigenfunction
is forced an the inflow, The measured prowth-rate from (his caleulation is shown in
figure 3.34 compared to the NPWO prediction where both are based on £ Clearly,
the NPWC results do not agres with the LINS solution near the leading-edge indicat-
ing that the perturhation approach is inaccurate under these conditions, However,
by 8 = 3 the two approaches are in excellent agroement. The [ailure of the nonpar-
allel perturbation approach leads to both qualitative and guantitative crrors in the
predicted growth-rate near the leading-edge. The peal: growth-rate is grossly under-
predicled and there s the appearance of a spurious local maxima. Tn addition, the
firsl, neulral point is alse in ercor with a predicted value of 0471 cowpared to bhe
actual value of L3035,

The failure of the perturbation approach, at first, appears at odds with recent
stability analysis which have shown the nooparallel perturbation results to be in
good agreement with PSE for a swept cireular cylinder {76]. Likewise, PSE has been
dermonstrated Lo cotupare well with LNS caleulations [74} for the swept Hiemens flow,
Compared to Lhe carrent resubls, the stability characteristics in these studios are, by
necessily, limited Lo the Immediate vicinity of the attachment-line. For this renson,

the spanwise wavenumbers nsed were large compared to the present valne of 7 =35
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in order to limit the chordwise extent of the unstable region. In particlar, Masad &
Maltk {76], in their invostigation of the stability characteristics of the boundary layor
on a swept circular-cylinder under conditions similar to those studied here {Re =
LETE > 10°, A = §0°) used A% = 150 compared to the current value of 35, For large
G, the downstream extent of the ragion of instability is reduced and nonpurallel effects
are weakoned since the chordwise instability wavelength is reduced. To dermonstrate
thiz effect, Figure 530 compares the predicted growth-rate from NIWC and LNS for
f = 100 computed on a dotuain from g == 0.32 to s = 3.18. The agrecment of the
pertarbation theory with ENS is much better for this higher spanwise wavenumber,
‘There is no indication of & local maxima and both the neutral point and the maximum
prowth-rate are well predicled. Figuve 5.36 shows the contributions to the nomparallel
growth-rate and comparing bhese results to Apure 5.31 shows that botl the meanflow
and eigenfunction corrections are considerably move benign for the higher spanwise
wavenumber. For § = 100 strong nonparallol effects aceur constderably upstreat of
the first neutral point so that the perturbalion approsch is adequate in the unstable
TESIDN,

To determine the stability characleristics over the entire nustable region in & with
Both curvaiure and nonparallel ellcets aceounted for, a serios of six LNS caleulations,
four runs for # = 35 and two runs for 3 = 100, have been petformed, The runs for cach
wavernunber consist of partislly overlapping demains sach with a locally optinized
mesh to provide at least 20 nodes per crossflow wavelength in the chordwise dircetion,
Using this “multidomnain™ approach allows for au effictent account of the wide variance
i the chordwise wavenumber over the [ull unstable region (recall gure 5.32) while
limiting each individual domain to a veasonahle size, < (1024 x 63) node points. On
the mflow to cach domain, the local cigenfimetion from LET {with eurvature) is forced
which causes a mild imflow transient before the setual instability wave is estahlished.
On the outflow boundary » sponge term is used which has been shown to danp
stationary crossflow vortices with only minor upstream influence (sce soction 4.2.2),
The use of overlappiup domains allows us Lo evaluate the agreement, in the prowth-rate
predictions to ensure accuracy. An example of the typical level of agreement is shown
in figure 5.37 for two overlapping domains with 8 == I00. In this figure, the complete
ilow transient is shown for each domain, however, the cutflow sponge regions have

boen partially truncated, The agreement in the overlap region is excellent downstream
2 ) 4
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of the second inflow transiont and & simbar level of apreement i achieved on all the
overlap regions. After t.mnr:ating the inflow and outflow regions, the growth-rate and
wavenumber results from each rin are combined and shown in Rgure 5.38 for the
growlh-rate, and figure 5.39 for the wavenumber, These figures inchide results for
both spanwize wavenumbers along with the corresponding NPWC predictions. For
A = ¥y, both the wavenumber and growth-rate from NPW(C are o good agreement
with LNS. The only noticeabls discrepancy oceurs in the growth-rate for s > 2 where
the NPWC prediction begins to devirte shightly from the LNS result. As noted above,
hoth the NPWO growth-rate and wavenurnbor for # = 35 are [n poor agreement with
LNS near the leading-edge {s < 3) due to a breakdown of the perturbation approach
used to compute the NPWOC results, For & = 3, the wavenumber and growth-rate
from NFWC are in good agreement with LNS; although, similar to the 3 = 100 case,
the NEWO growth-rate deviates slightly from the LNS for large s. Thus, [or both
spanwise wavenuinbers considered, the ervor in the NPWOC grewth-rate increases near
the second nentral point, and this error takes the form of a slight under-prediction of
the growth-rate.

The N-factor 15 extracted from the LNS sohitions and is given in figure 5.40 which
shows results for both spanwise wavemimbers, Recall that the N-lnclor is defined as
N = In{A(s)/4p) where A i3 the amplitude af a given station &, and Ay is the
amplitude at a reference location, 2p. As is typically done, the reference location used
for figure 5.40 is the first neutral point so that N i delioed to be zero there, As
axpected, the higher growth-rate for the 7 = 100 cuse lends to a quicker initial rise
e V-factor; however, the very long region of unstable flow for 8 = 35 makes this
wavensinber considerably more dangerows, with &V > 10 beyond 5 = 10.

The N-fuctors compnted from the LNS solutions are compared to those computod
[rom the NPWC predictions in fignre 5.41 for 7 = 35 and lipure 5.42 for 4 = 100. The
error in the N"WC growth-rate near the leading-cdge for = 15 leads to significant
errors (=2 6%) in the N-factor predicted downstrenm, For /7 = 100, the N-factor from
NPWC is in much better agresment with the LNS value. However, the slight errors
in the WPWC growth-rate lead to an accumulation of error in the M-factor. At the
second neutral point, the errer in the NPWOC N-factor is 2.5% for 4 = 1. In the
following soction the N-factor 1s used to extrapolate the measured amplitude from

receptivity calenlations back to the source location. Given the error in the NPWO
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stability resulis, woe use fhe “exact” LNS N-lactors to perform this extrapolation.
Before concluding this section, we point ouf that the linear stability results pre-
sented here can be used to develop an approximate criteria for the failure of the

nonparallel linear stability theory, Toward this poal, we introduce the quantity

L iFs )
5, =220 5.3
a [9}1 (53) (5 U:]

which can be interpreted as the relative growth of the boundary layer over one wave-
length of the instability wave. This quantily is plotted as & function of arclencth
along the parabolic cylinder in figure 5,43, From figure 5.38a for 4 = 35, the NPWC
growth-rate i seen to depart significantly from the LNS growth-rate for 2 < 3. With
reforence to figure 5.43, we see that at s = 3 the relative boundary layer growth is
dy = 0.22% for 8 = 35. In compasison, §, for F = 100 reaches a maximum of approx-
imately 0.15% which is well below 0.22%. Based on this result, we sugeest the value
of &, = (L22% as an approximate criterion for the failure of the nonparallel linear
stability theory for this low. For some value of 35 < S.,4 < 100, the maximum vabie
of §, will be exactly 0.22%. For any 7 < B, the nonparallel linear stability resubts
are likely to be Inaccurate. Carve yust, of course, be used in generaliving this result,
since the eritical valuc of 4, depends (to some degree) on Re, M, the geometry, and
the particilar instability inode under consideration,

In sumunary, the results presented above indicate that both eurvature and non-
parallelistil have a significant quantitative offect on the growth of stationary cross-
flow vortices in the three-dimensional boundary layer on a swept parabolic-cylinder,
Comparison of LST growth-rate predictions with LNS caleulations are generally in
good agreenent when both curvature and nonparallel effects are accounted for in the
theory. Unlike previous investigations, we have considered longer wavelength distuy-
baueos which, for this geometry, are unstable over sn extended chordwise region. In
this sense, the current results are similar to the experiments of Saric et al [90] and
Bippes of af. [32] where there is a long region of crossflow vortex growth, For this
long wavelenglh mode, nonparallel effects are enhanced to such a degree that the

nonparallel perturbation approach is inadequate neay the leading-edge.
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5.6 Receptivity to Surface Roughness

Rerceptivity to surface roughness is investizgated by modeling an array of ronghness
elements near the leading edge. The roughness elements are assumed to be peri-
odic in the z-direction with wavenumber 3. In the chotdwise direction a Ganssian

distribution is usged in the arc-length,

2
Proa() = €3 {_[3‘2%] , (5.31)
where the roughness is contered about s, aud 7, is the standard deviation (2.e width)
of the Gawssian distribution. ‘The ronghness s modeled as 2 small perturbation of
the wall and, under the linesr assumption, the wall houndary conditions on the per-
turhed wall are converted to an inhomogenecus set of houndary conditions enforced
af. the nnpertiurbed wall location. The detailed derivation of such linearized bound-
ary condilions s prosented th Appendix F for both isothermal and constant heat-fhox
wall-lemperature boundary-conditions. In computing the theoretical receptivity pre-
clictions, the Fourier bransform of the butnp is required in the chordwise direction.

For a (zanssian distribution, the Fourier transform is also Gaussian and is given by

.
I cr.w] (5.32)

f]"w(frj = O, EXD [ 5

The primary objective in this section s to evaluate Lhe aceuracy and ranpe of
validily of the recently developed Finite Reynolds Number Theory for the prediction
of receptivily, This theory s summearized in Appendix E n the context of surface

rotghtcess on an infinide swept wing,

5.6.1 Parallel Boundary-Layer Without Curvature

To evaluate the Finite Reynolds Number Theory (FRNT) for the prediction of cross-
flow vortex receptivity, it 15 Instructive to first investigate the receptivity of station-
al'y crossfiow vortices for a parallel meanflow with no curvalure, In this way, all the
éssmnpticms of the Lheory are satisfed and the amplitudes from LNS and FRNT
should agree to o high depree of precision. For this purpose, consider the hoimedary-

laver profile {rom the swept parabolic-cylinder af the point of maxinoun crossfiow
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velocity, s = 0.802, as given in figure 5.22. In order to make Lhis comparison easily
reproducible, a compressible Falkner -Skan—Cooke (FSC) boundary-layer is fit to the
profile taken from the Navier -Stokos solution. The methods used to compute and fit
the profile are given in Appendix C and a comparison of the NS and FSC velooity
profiles is shown in figure C.1. The FSC profile is placed on a LNS mosh using the
paratel flow nssumption and, to simplify the comparison with the patabolic cylinder
results, the globsl nondimensionalization is rofnined. The information required to
canvert to a local nondimensionalization is provided in Appendix ¢

The domain for the receptivity calculution extends from z = D to = = 5 in the
chordwise direction and from y = 0 to ¥ = 0.3 in the wall-normal direction which
places the fop botadary 784 above the wall. {Since the wall is flut for this peometry,
3 and x are equivalent.) The solutions are obtained usmg the lechnigues introduced
in scctiom 4.2.2, The grid is uniform in @ with 512 nodes and the standard HEADPITIE,
equation (5.9), Is used in ¥ with 63 vodes. An outflow sponge is etnpioyved over the iast
20% of the domain to damp the crossflow vortices and a zero disturbance condition
is tnposed on the top boundary. A Gaussian bump is placed al i, = 0.7 with a
standdard deviation of o, = 0.05 and a spanwise wavenumber of # = 35, For this
spunwise wavenuniber, L8T predicts o chordwise wavenumber of a = —97.39 and 4
growth-rate of 0 = 0.3043. Figure 5.44 shows the evolution of $he square-root of the
integrated disturbance kinetic energy from the LNS solution. Near the roughness site,
E}rl’r ® has roughly the shupe of the imposed Gaussian bump, Downsiream, there is
a mild transient as the spatially damped modes excited by the bumyg quickly decsy.
By & = 1.2 the response is dominated by the most unstable crossilow vortex and this
continues to ¥ = 4 where the outflow sponge boeging to damp the crossffow mode.
Also included in figure 5.44 is the FRN'T prediclion where the LST growth-rate has
heen used to extrapolate the amplitude upstream and downstrcam of the center of the
bumnp, The FRNT prediction js computed using the methods presented in Appendix
L. Downstream of the tLransient, the cxtrapolated FENT auwd LNS solution are in
exeellent agreement.

To butter observe the transient behavior downstream of the bumyp, results Lave
also been obtained at f = 30 which is predicted by LST to have a chordwise wavenuin-
ber of ¢ = —31.30 and a stable growth-rate of ¢ = 03781, F igure 545 shows the

evolution of EL'Y? for this case mcluding the extrapolated FRNT prediction. Again
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the agrectnent between FRNT and LNS is excellent. in this case, the transient is move
clearly observed since the solution decays for large z. The transient results in a local
I in E},ﬁl"i * at x = 1.2 before the asymptotic docay begins. The averall tran-
sient growth {measured at the local maximum} is small, about a factor of 1.5 when
measured by Ej;” 2, This modest amount of transient growth is nob surpristng given
the nature of the surface roughness disturbance. By examining the linearized rough-
ness boundary conditions in Appendix T, it is seen that (lincarized) roughness leads
to a direct perfurbation of the wall tangent velocities w” and w' which are proportional
to the wallmormal gradients of the mean velocibies. Howevor, [or a parallel beundary
layer {and, to a good approximation, all boundary layers) the perlurbation of the
wall-nonnal velocity is zero at the wall. This is because the wall-normal gradient of
the mesh normal-velocity is zero (wpproximately zero for nonparallel low)., Thus, the
wall-normal velocity is perturbed only in an indirect mauner through the equations
of motion. Research on temporal instabilities in an incompressible FSC boundary
layer [10] has shown that transient growth is most pronounced for initial disturbances
composed primarily of wall-normal velocity., Cownpared with surface ronghness, one
would therefore expect greater transient prowth assoclated with wall suction/blowing
since this boundary condition directly perturbs the normal veloeity.

Figure £.4( shows the growth-rate based on Ej, cxtracted from the LNS solutions
for hoth 3 = 35 and @ = 30 compared to the LT predictions. The growth-rate
is o very sensibive indicator of both errors in the solution and transient behasior.
As seen in the figure, the transient behavior downstream of the hump is complete
Iy x = 2 for both wavenumbers, with the growth-rate from the LNG solutions in
excoellont. agreement with LST. The slight oscillations in the growth-rate downstream
af 2 = 2 (move uoticeable for @ == 30) are caused by the presence of damped modes
which are generated by the bump, These modes have sufficiently small amplitudoes
that they are not visible on the amplitnde plots shown in Agures 5.44 and 5.45. When
extracling receptivity results for the parabolic cylinder, growth-rate rosults similar
to those presented lere are used to ensure that the crossflow amplitude ks measured
cdowustream of the transient {see section 5.6.3}

In surnmary, the amplitude predictions fromn FRNT are in excellent apgrecment

with LNS calculations for a parallel boundary layer with no curvature. Since the
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conditions of the LNS caleulation have been constructed to satisly all the RSSIIRI-
tions in the FRNT, the agrecmaent is not surprising. However, the consistency of
the results does suggest that both the LNS and FENT implementations are froe of
crrons. Furthenmore, the transient associated with local surface ronghness is ohserved
tio be small even for an asymptotically stable tnode, This fact greally simplifies the
receptivity calculations presented in section 5.6.3 for the parabolic cylinder since a

relatively short domain size can be used.

5.6.2 Finite Reynolds Number Receptivity Theory for the
Parabolic Cylinder

Having established agreement belwoeen LNS and FRNT fur an idealized, parallel
boundary-bayer with no cwrvature, we now consider the FRNT predictions for the
meanilow abont the parabolic cylinder, Since the FRN is based on quasi-parallol
Aow, nonparallel effects are olwiously not included. However, curvature can be ac-
couttbed for by forming the FRNT equations in body-fitted curvilinear coordinukes.
Thereiore, In prescnting the FRNT predictions, results axe giafen both with and with-
oub curvature to determine its influence, o addition, FIINT results are piven for
botlt of the spamvise wavemunbers used in the stability analysis of section 5.5,
Applyiug FRNT to the mean boundary-layer profiles on the parabolic cylinder
yields the complex valued eflicicncy factor, A, as discussed in Appendix E. The
expression lor the initlal amplitude and phase of the crossflow vortex is given by

equation (E5.15} which is repeated here as
Acs = Ea Roalers) A, Re, Pr, M) (5.33)

where £, = £,"/L" is the normalized ronghness height and e; is the chordwise
wavenumber of the local erossflow cigenmode with spanwise wavenumber, 7. Notice
that the Fourier transforim of the ronghness distribuiion is requived at the chordwise
wavenuriber resonant with the crossiow mode and s is obtained for the Gaussion
btanp nsing equation (5.32).

Figures 547 and 548 show the magnitude of A for & = 35 and 4 = HH} us a
function of arc-length along the parabolic-cylinder. An interesting, and previously

mdomamented, result thak is immediately obvious is that convex curvature incronses
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the efficiency of the receptivity process for this flow. This result holds true over the
full range of unstable spanwise wavenumbers as seen in figure 5.49 which shows the
variation of |Af with [ at the point of masdmum crossfiow velocity, s = 0.802, both
with and without curvature. The increase in receptivity effictency due to curvalure is
most pronounced near the first neutral-point (F == 40) where there iz & local maxima
in the receptivity efficiency. A similar local maxima has been observed by Crouch
28] for an incompressible FSC boundary layer on a flat-plate. With the exception
of Lthe repion tmmediately surrounding the lower noufral point, curvsture causes a
relatively uniform increase of 10% in the receptivity efficiency lacior at this station.
fu intorpreting cthe results in Gpures 5.47 and 5.48, it Is mportant fo realize that PA
i the response for a Dirae delts function bump in s (d.e. it is the Green’s {unclion
vesponse). This oxplaing why |A| ncreases without bound as s is decreased sinee
the delta finetion has s unit spectram for all oo The actual amplitude, as given by
equation [5.33), is modulated by the Fourier spectrum in s of the bump shape, f.,
which Hmits the amplifude for a fixed bomp width as 8 is decreased,

The increase in recepfivity efficiency due to convex einvature is particoniarly inter-
eating siven the fact that convex curvature has a stabilizing oflect on the prowth of
crosslow vortices. The stabilizing offect of convex curvature follows from Bayleigh's
centrifngal stabilify criterion (33} which states that for axisymmetric, inviseid fows
with curved streamlines, the How is stabilized if the square of the angular momen-
tumn about the center of curvature increases with the radius. This is the case for the
throe-dimensional boundary layer on a convex gurface i which the fmstability mech-
antam iy the inviseld crossflow instabiity, o fact, the correspendence between the
crossfiow and Gdrfler instabilities has been recently examined by Bossom & Hall [5]
whn show that Gortler vortices sioothly transition fo crosstlow wortices as the mean
threc-dimensionality is increasod. However, the effect of enrvature on crossflow vortex
receptivily has not beon previously reported. The reduced growth-rate with conves
eurvilbure is offsct, to soime dogres, by o greater initial amplitude, Of eourse, the net
wnpact of curvature depends on the partioular conditions. o the following section,
the combined effects of nonparallel flow and curvature on receptivity are exarined

nstng LNS caleuiations.



Chapter 5. Recoptivity on a Swept Parabaolio-Cylinder 123

3.6.3 Lincarized Navier-Stokes Receptivity Predictions

For comparison with the FRNT prediclions presented in the provious section, a series
of LN calculations have been performed. ‘Phe methods used to do so have already
been dizcussed in section 4.2.2 and section 5.6.1. We fivst consider the short spanwise
wavelength, 3 = 100, since nonparallel effects are expected to be less severe for
this case. Similar to the LNS stability caleulations performed above, a multidomain
approach is employed with two doruning used to cover Lhe unstable region. The first
domain inchedes the region from s = 0.32 to 1.80 while the second domain covers
3 = LB Lo 5.12. Tn each of these domaing, a series of caleulations are performed
using different bump [ocations, 4, but all using that same bump width, oy, = 0.01.
The bump locations and sssociated receptivity results are presented in table 5.2.
Figure 5.5 shows the evolution of E;v,” * for case 3 of table 5.2. For this case, the
hutp is placed ab 5, = 0.5 and the resulting transient. and sibgequent exponcatial
growth are qualitatively simbar to that obtained for the paralle] F8C profile in soction
p.6.1. The growth-rate computed from this solition is shown in figure 5.51 compared
to the LNS stabtliy resolt from section 5.5. Downstream of 8 = 1.2, and until the
start of the sponge ab s = 1.5, the two growth-rates are in excellent ngreement. As
& general procedure for extracting the amplitude of the dominant crossfliow mode,
we compare the growth-rate from the receptivity caleulation with the LNS stability
regult. Bince the growth-rate is a very sonsitive indication of transtent behavior, this
comparison allows us to determine a location, s, where the fransient is negligible.
For case 3 we selected 5 = 1.4 and measured the amplitnde of the response al ihis
location, 4y, based on B5Y%(s). These results are shown for each tnarap Incation in
fabie 5.2

To compare the results to FRNT, the crossflow amplitudes must be axtrapolated
to the location of the bump, s, since this is the value given by the theory. Fer this
purpose, we ase the N-factors based on the LNS caleulalions discussed in section 5.5,

The amplitwde at s, is then given by
Ay = AtV (5.34)

whore N, is the N-factor at the bump Iocation, and &y is the N-factor at the rmea-

suremnent station, Another useful measure of receptivity is the effective amplitinde at
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the upstream neutral point. This amplitude is simply given by
Anp = Ape™ ™ (5.35)

since the N{actor is defined relative Lo the newntral point, Both 4, and A, are also
reported in table 5.2

The amplitude at the bumyp loeation is compared to the FIRNT predietions, both
with and without curvaturs, in figure 5.52. The FRNT predictions are computed
nsing equation (5.33) with the receptivity efliciency factors found in figure 5,48, The
amplitude, Ay, geﬁerally follows the same trend as the efliviency factor for large
s, with A, increasing as g iz reduced, At about s = .65, there I8 a maximum
in A, which is associated with the Fourier spectrum of the roughness distribution
with 7y, = 041, When comparing the LNS results to the FRNT predictions, the
first observation is that FRNT over-predicts the amplitude, by as much as 29% with
curvabure and 21% without curvature, Based on these results, it i obvious thaf
nonparallel effects tend to reduce the ampbitude of crossllow vortices generated by
roughness. Similar to curvature, this result is opposite to that observed for stabil-
ity characteristics, where nonparallel flow. generally spesking, destabilices crossfiow
vortices, Downstream of the maximum, the FIRNT predictions approach the LNS
solution with the no-curvature prediction in slightly better agreement than the pre-
diction with curvature. The fact that the FRNT prediction without corvatire is in
hotler agreement with the LNS solution i similar to the stability results where the
growlh-rate with curvature is a worse approximation Lo the actual growth-rate com-
parcd with the local flat-plate prediction. Since nonparalel and curvature effects are
cormpeting, including only one of the effects results in a prediction which is in groaker
errar than the original paraliel, flat-plate value,

Stmilar results have been obtained for # = 35 msing a bump with a standard devi-
ation of o, = 0.05. The results from these ealeulations are summarized in table 5.3
Figure 5.53 shows the offective amplitude of the crossflow vortex at the bumyp location
for LNS and FRNT. Similar to the 3 = 100 case, both FRNT results significanily
over-prodict the crossfiow amplitude vear 5 = 1. The greater nonparallel effects for
this long spanwise wavelength are evident in the maximum error which is 77% with
eurvatnre atd 45% without. Beyond approximately s = 5, the FIRNT amplitindes

are in rensonably good agresment with LNS, However, upstream of the neutral point,
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5 == (.40, the FRANT amplitudes are siightly lower than the LNS values. This is meve
clear in figure 554 which also shows A4, but plotted on a log-log scale. A similar
plot (Agure 5.55) for 8 = LM indieates that LNS and FRNT amplitudes will likely
cross over upstream of the neutra) point (s = 0.465),

The effect of the width of the Gaussian bump, as predicted by FRNT with no-
curvature, is shown in lpures 5.56 and 5.57 for 3 = 100 and 35 respectively, Wilh
reforence to equation (5.33} wo see that the influenee of the bump width on A} is
througle the amplitude of the Fourier coefficiant of the Claussian at the chordwise
wavenumber which is locally resonant with the crossfow wmode. For a lixed valne
of 7, (and B, there is a varintion of {h,| in the chordwise direction since the local
wavenumber of the dominant crossffow mode changes (see figure 5,39}, ‘Fhis, as o,
18 mereased the Fourier maguitnde of the Gaussian bump is roduced for the high
waventimbeors near the leading-edge resnlting, eventually, in a drop-off of the ampli-
tude that moves downstreamn. From this result, it is clear that the drop-off in the
respouse for both # = 35 and [ = 100 cases above, is due to the choies of g,,. We
note 1 passing Lhat the o, used in the ENS caloulations were sclected to sase the
resolufion requiremnents near the buwmp. The actual value of o, is not expected to
alter the qualitative comparison to FRNE. This is demonsirated in fignre 5.58 which
shows the effect of o, on the initial crossflow amplitude with the bump placed at
g = 04 and with @ == HUL  As expected, the FRNT prodiction overestimates the
srplitude for all o, However, the functional depondence of A, on T 18 correctly
predicted by FRNT. Thiz is demonstraled by setting o = —141.5, which s the value
based on | from the LNS stabilily caleuiation (see figure 5.39), and adjusting
|A| in cgpuation 5.33 to generate a curve that fits the LNS data. Fxcellent agreement
is achieved for |[A| = 193 and this curve is alse shown iu figure 558, We point out,
that estimating [A| i this manner is only an approximation, since the value of a used
to evaluate (A, is not nocessarily the “carrect” value. A better fit could be obtained
by optimizing both o and |A}, however the improvement is slight.

{ziven the success of the cirrent method, we have used the same procedure Lo
citimate the value of |A| {rotu the LNS solutions at other chordwise stations. Using
¥, based an [U,[mer from the LNS stability caleulation, couation (5.32) is used o
compute the local value of || and equation (5.33) is then solved for |A]. The resulis,

for both values of 3, are shown in figure 5.59 along with the FRNT predictions.
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For both spanwise wavennmbors, the receptivity efficiencies from LNS and FRINT
appiroach one another for large 5. This is consistent with the reduction in nonparallst
eflects with increasing s obsorved in the stability analysis. Near the leading-edge
{i.¢. upstreamn of s = 1), nonparallel effects increase causing FRNT to over-predict
the receptivity efficiency. The influence of nonparallel effects is more pronounced for
& = 35 which is also consistent with the linear stabibity results. Atb the upstream
nentral point, 5 = 33895 for F = 535, the FRNT result with corvature has an errvor
of 264% while the prediction without curvature has a 182% ervor. For @ = B} the
errors in the FRNT are reduced considerably to 32.2% for FRNT with curvature,
amct 24.5% without curvature. For both spanwise wavenumbers, nonparallel effects
decrease the receplivity efficiency over the entire unstable region. Based on these
results, we conclude that the crossover in 4, observed for amall s in {ipures 5.54 i
primarily due to errors in the L3T predicfion of & used in the FRNT to compute ]fzw|.
In genersl, the recepfivity efficiency is consistently reduced by nonparablel oflects G

thiz flow as shown in figure 5.59.

5.7 Discussion of Results

The results presented 1n the previous sections have ldeutiied curvature and nonpa-
allel offects as having a significant guantitative npact on the initial amplitude of
stationary crossflow vortices dowmstream of a localized roughness element. Given
the previously documented [72, 76] effect of both curvature and nonparallelism on
the growth characterstics of crossow vortices, thew impact on veceptivity iz not
surprising. What is inferesting, however, is that curvature, known to stabilize cross-
How vorfices, actnally enhances receptivity; while nonparalal effects, which typically
destabilize crossflow modes, are found to attenuate the initial crossflow amplitnde,
For the limited range of parameters investigated here, the attenuation due to nonpar-
allel effects is preater than the enhancemoent due Lo convex surface curvature. Pro-
gressing downstream on the parabolic-cylinder, curvature and nonparallel effects are
naturally reduced so that the FRNT predictions approach the LNS solution for large
5. However, the effect of nouparallelism is still evident at the furthest downstrenm
stations investigated and the amphlitles predicted by FRN'T are consistently grentor

Ehian the NS solution. For both wavenumbers investigated, the errar in the theovy for
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thie farthest downstream location is still approximately 5%, The fact that nonparallel
cifcets are so significant for this Aow stoms from the fact that the first nentral point
for crossflow vortices typieally Hes very close to the leading-edge. Choudbari {17],
when presenting FRNT results for FSC profiles, coutions that since the neutral point
for crossflow voriices cecurs near the leading-edge for realistic geometries, nonparal-
lel effects may be important. This hypothesis is clearly substantiated by the current,
results where the crror in the predicted amplitude (with corvatine) is as high as 77%
shortly downstream of the neutral poin.

The current results are in conlrast (o the recent study by Crouch & Spalart [30]
who investigated the influence ol nonparallel effects on the receptivity of a two-
dimensional boundary layer with localized suction subjected to i froestresm acoustic
wave. Comparing munerical stimulations with FRNT predictions, they found that the
theory is in very pood agreement with simulations downstream of the first neutral
point for the prediclion of ToHmien—Schlichting wave amplitiudes.  Ab the neutral
point, the theory under-predicts the amplitude by 4% and this diference inereases
turther upstream to a value between 6.5% and 11.2%. DBased on these vesults, they
coneliode that neglecting the weuk houndary-layer growth in the recoptivity theory is
an zoceptable approximation {or this How,

Based on the currvent results, the conclusion of Croweh & Spalart obviously does
not apply for crossflow vortices. It is particabarly interesting to note that they o
nonparalle! effects to slightly ineresse the roceptivity amplitude for TS waves, while
wi Tined that initial crossflow vortex amplitudes are generally attenuated by uonpar-
allel effects. This is in conlrast with the inflvence of nonparallel NDow on stability
characteristics, Fascl & Konzelmann [34}, In comparisons of Navier-Stokes solutions
and stability analysis, show that for TS waves in a Blasius bonndary Jayer nonparallel
effects lead to an increase in the growth-rate. Similarly, we have shown that nonpar-
allel flow also destabilizes orosstow vortices. Thus, there is no apparent frend linking
stability and recoptivity results concerning nonparatlel effects. However, we note that
the receplivity and stability processes under consideration are guite different, and

this slatement must be considered in Lhis light,
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{ fj] 1‘5‘3 i L .

e xa00] T | T | qaery | o X | Me é Pa
0.020 [ 0.32¢ [ 0.119 ] G.700 [ 1128 | 887 [-0.006 ] 7| 0.527 | L.0UD
0041 || 0.324 [ 0.110 | 0.700 | 1.128 | %7.3 | -0.012 | 14 | 0.527 | 0.999
0085 [ 0.324 [ 0120 [ 6703 | 1.128 | 84.5 [ 00241 28 | 0.525 | 0.096
(109 [| 0.325 | 0.120 | 0.705 | 1.127 | 2.0 | -0.031 [ 36 | 0.531 | 0.093
0.136 | 0.325 [ 0.120 ] 0708 | 1.127 | 81.2 [ -0.038 ¢ 45 | 0.533 | 0.980
0197 | 0.326 | 0.121 ] 0.717 | 1.125 | 77.6 | -0.063 | 63 | 0.540 [ 0.978
0.233 [0.328 [ 0.122 [ 0.723 | 1.124 | 75.4 | -0.061 | 73 | 0.545 [ 0.970
0273 [ 0.320 | 0123 1 0731 | 1.122 | 73.2 [-0.0689 [ 84 | 0.652 | (1060
0.368 [ 0.334 | 0.125 ] 0.752 | 1118 | 65.5 | -0.084 [ 105 | 0.560 | 0.931
0.423 [| 0.338 | 0.127 ] 0.766 | 1.116 | 66.0 | -0.000 | 116 | 0.580 | 0.012
0.4585 || 0.344 | 0.120 | 0.781 | 1.113 | 63.6 | -0.006 | 126 | 0.502 | 0.890
0.553 [ 0.351 [ 013210799 | 1.109 | 61.1 | -0.101 | 136 | 0.607 | 0.864
0712 | 0.371 | 0.140 ] 0.838 | 1101 | 566.5 | -0.106 | 1563 | 0.639 | 0.801
0.802 | 0.384 | 0.144 | 0.860 | 1.096 | 54.5 | -0.107 | 161 | 0657 | 0.765
©0.004 | 6,400 [ 0150 1 0.881 [ 1.091 | 525 [ -0.106 [ 168 | 0.675 | 0.727
1.0 [ 0419 [ 0156 { 0.903 [ 1.086 | B0 | -0.105 | 174 | 0.693 | 0.688
2.001 || 0.618 | 0.221 ] 1.030 | 1.055 | 42.8 | -0.087 | 2087| 0.803 | 0.125
4098 0953 [ 0326 { 1111 [ 033 | 29.0 | -0.066 | 232 | 0.874 | 0.241
6167 || 1.239 | 0.415 | 1.143 | 1024 | 47.7 | -0.065 | 242 | 0.904 | 0.168
8210 || 1.483 | 0407 {1159 [ 1.019] 37.1 | -0.048 | 248 | 0.916 | 0.131
HYOL3 || £.676 | 0660 | 1160 | 1016 | 36.8 | -0.043 | 251 | 0.028 [ 0.110
15479 | 2.175 | 0.705 | 1.185 | 1011 | 86.2 | -0.034 | 255 | 0.943 | 0.075

20.261 || 2.544 [ 0.818 | 1.192 | 1.000 | 35.9' -0.030 ; 256 [ 0.949 | 0.060
25164 | 2879009931197 | 1.007 [ 35.8 | -0.027 | 285 | 0.054 [ 0.040
30.121 || 3.185 | 1.016 | 1.200 | 1.006 | 35.7 | -0.024 | 264 | 0.957 | 0.042
40.092 || 5.733 | 1.186 | 1.204 | 1.005 | 35.5 | -0.021 | 251 [ 0.961 | 0.033

50.083 | 4.216 | 1.335 | 1.207 | 1.004 35.4 | -0.018 § 249 | 0.964 | 0.027

Table 5.1: Swept parabolic-eylinder boundary-layer charscteristics for M = 0.8,
Re =1x 10" Pr=1, and T, = Tp. Crossflow Reynolds number, ¥, & defined in
equation (5.21) and the Hartree parameter, &, #s defined by equation (5.22),
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| Case || sy | s A | Ny 1N T A | A |
10040 | 13997 | 4.0033 | 0.0709 | 2.3166 1 0.4333 | D.4036
2§ 0.45 11,2014 | 3.2454 | 0.0043 | 1.790G [ 0.538% | 0.5365"
31 0.650 | 1.3997 | 6.2504 1 0.0097 | 2.3166 | 0.6224 | 0.6163
4 | 0.55 | 1.3997 | 6.4534 [ 0.0611 | 2.3166 | 0.6764 | 0.6364
5 | 0.60 | L3997 | 6.2156 | 0.1457 | 2.3166 | 0.7000 | 0.6129
6
7
13

0.70 | 1.3997 | 5.0748 | 0.3754 | 2.3166 ; 0.7281 | 0.5004
0,80 1 1.3997 | 3.7751 | 0.6475 | 2.3166 | 07113 | 0.3723
0.90 [ 13097 | 2.6939 | 0.5369 | 2.5166 | 0.6770 | 0.2656
9 |[ 2.00 | 4.0086 | 1.3979 | 3.5579 | 4.9883 | 0.3344 | 0.0005
10 || 2.50 | 4.0036 1 05357 | 1.2538 1 4.0883 | 0.2550 | 0.0047
11 | 3.00 41599 [ 0.2706 [ 47000 | 4.8639 | 0.2080 | 0.0619

Table 5.2: Crossflow receplivity results for § = 100. Flow conditions arve M = (1.8,
He =1 x 10°, amf # = 35°.

[(Cose [ 80 [ s [ A [ W [ M [ A, [ Ay |}
L[030] 200127 0.6041 (01262 24554 0.0588 | 0.0518
310401 20012 24038 | 0.0001 | 2.4554 | 0.2063 | 6.2063
31050 20012 40200 | 00400 | 2.4554 [0.4435 | 0.4223
4066 | 20012 68010 [ 4.1528 | 2.40555 | 0.6800 | 0.6837
5070 20028 | TH280 [ (19840 2.4570 | 0.857L | 0.6446
61080 2.001271 7.3646 | 0.4354 | 24555 | 6.0760 | 0.6320
7100 250041 124113 | 0.7680 [ 3.2134 | 1.0760 | 0.4092
841207 25004 | RERTL | L.LIT2 | 32134 | L.OGTY | 6.3404 |
901 150 | 26000 | 48284 | 1.6377 | 3.2600 | 0.0703 | 0.1857
10 || 2.50 | 6.0000 | 27.6655 | 3.2000 | 7.0173 | 0.6083 { 0.0248
11| 400 7.0056 | 50805 | 51042 { 7.7820 | 0.3491 | 10021
12 1500 | 7.0056 | 1.3736 | 6.1357 | 7.7820 | 02648 [ 0.0006

13} 7001120000 24094 | 7.7780 104235 { 0.1710 G.E]Gﬂl_f

Table 5.3: Crossflow receptivity results for @ = 35. Flow conditions are M = 0.8,
Re =1 = 10 and & = 35°,
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Figare 5.1: Swept parabolic-cylinder geometry.

Figure 5.2: Contours of G, for M = 0.8, Re = 1000 flow over a parabolic cylinder.
Results from three domain sizes are shown: —— #*/rf € £1 x Hf, --—— 41 x 107,
win] e 21 108, Conlours are from 0 to 1.2 in increments of 0.02; tics every 100r,,.
Note that 10% and 107 contowrs over-lie each other.
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Figure 5.3: Prossure gradient along the wall for two domain sinos: ol =

A1 s 10 and —-—- +1 % 10F.

Y_

Figure 5.4: Contours of C, [rom the potential solution at M = (.8, Re = 1000 after
interpolation to a Navier-Stokes mesh. The —— lines are the z%/v ¢ £1 x HP
polentinl solution while the «-~- lines are the interpolated solution. Note that they
are: very nearly identical. Contours are from 0 Lo 1.2 in increments of 0.02; tics ovory
1063,
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Figure 5.5: Typical Parabolic cyhinder mesh: o, = —500, Zmee = 500 Tic rmavks
are ab every 100r,. (This particular mesh uses the same distribution but with fewer
points than that used in the Re = 1000 calculations.}
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Figure 5.8: Vorticity slong the surface of the parabolic cylinder plotted in the
coordinates of Davis {31}, Lines denote the currend solution at M = 0.1 while symbols
are Laken from Davis’ incompressible sohutions: —— , & are at Re == 100 and -,
*x are at Re = 1000,
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Figure 5,10: Variation of the scaled wall-vorficity at the atfachment line with the

Mach munber squared: Be = 1000, Pr = 0.7.
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Fignre 5.11: Comparison of wall vorticity with incompressible parabolized solution,
Fe=1000, Pr =07 — M = 0.1 and ---- M = 0 paraboliscd,
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Figare 5.12: Effect of Mach munber on the pressure pradient, dp/8s, at the wall for
Re = 1000, Pr=0.7: M=01-—-—--M=05 - M=108
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Figure 5.13: Schematic of a threo-dimensional boundary layer near a swept leading-
cdge. Surface curvature is not explicitly shown in order Lo simplify the presentation.
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Figure 5.14: Velocity profiles at s = 0.197 in local streamwise coordinates ——
uef Uy, ———-~ v /U, Flow conditions are M == 0.8, Re = 1 x 1(F, § = 35°.
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Figure 5.15: Velocity profiles at s = 0.802 in locu] stremmnwise coordinates: ——

e Ty ———= 1w/ U, Plow conditions are M = (L8, Re = 1 % 10%, § = 35",
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Figure 5.16: Velocity profiles at 8 = 2.00 in local sireamwise coordinales: ——

T

ugftly, ———— w,fU.. Flow conditions are M = 0.8, Re = 1 x 107, § = 35°,
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Figure 5.17: Maximun, in the transverse direction, of the crossflow component
of velocity normalized by the local edge velocity for the flow conditions: M = (.8,
Re =1 » 10° & = 3k°,
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Figure 5.18: Evolution of the local sweep angle for the conditions M = 0.8, Re =
I % 10°, 8 = 35°.
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Figure 5.1%: Evolution of the Hartree parameter for the How conditions: M = (1.8,
Re =1 x 107, # = 35°.
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Figure §.20: Boundary layer displacement thickness and momentum thickness: ——

is the displacement thickness, ---- denotes the momentum thickness. The fow con-
ditions are M = 0.8, Re == 1 % 10°, # = 35°,
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Figure 5.21: Boundary layer shape factor for the conditions: M = (1.8, Re = 1 x 16®,
f = 35°,
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Figure 5.23: Quasi-paraliel L3T spatial growth-rate: s = (0.802, § = 35, M = 0.8,
Re =1 = 107, # = 35°.
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Figure 5.24: (uasi-parallel LST chordwise wavenumber: s = 0.802, 3 = 35, M =
(.8, Re = 1 » 10%, ¢ = 35",
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Figure 5.258: Wave-angle variation predicted from «uasi-parallel L8T: s = 0.802,
F =235 M=08, Re==1x H¥, #=235°
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Figure 5.26: (uasi-parallel growth-rate without evrvature for @ = 35, M = (.8
Re =1 x 10°, 4 = 35°,
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Figure 5.27: Comparison of prowih-rate from QPNC —— and LNS ——-- @ 3 = 35,
M =08 Re=1x10¢% & = 35°.
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Figure 5.28: Comparison of growth-rate from QPN —— | LNS --ww  and -
WPWC: =35, M =08, Re=1x 10°, 8§ = 45°
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Figure 5.29: Normalized surface curvature for M = 0.8, Re = I x 10%, #f = 45°.
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Figure 5.30: Comparison of growth-rate predictions: (PNC, ———- LNS, .
QPWC, —-— NPWC. Flow parameters: [ = 35, M = 0.8, Re = 1 x I(¥®, § = 35°.
Note that LNS amd NPWC curves overlap.
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Figure 5.31: Terms contributing to the nonparallel growth-rate: — QPWC, «ouu
NPWC, - nomnparallel meanflow, —-— eigenfunction distortion. Frame (o) shows
the enkire unstable region, (b} 18 a closeup near the leading-edee. Flow parameters:

A=35,M=08 Re=1x10° 8 =35
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Figure 5.32: Comparison of wavenumber predictions: QPNC, -~-- QPWC,

oo NPWO. Flow parameters: § =135, M = (.8, Re = 1 x 10°, # = 35°.

Figure 5.33: Comparison of wavenumber predictions: QI'WC, ---- NPWC,
o LNS, Flow parameders: 3 =35, M =0.8 Re =1 x 1%, § == 357,
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Figure 5.34: Comparison of NPWC and LNS growth-rates near the leading-edpe:
e LNS, -——- NI'WC. Flow parameters: § = 36, M =08, Re = 1 % 107, ¢ = 35°.
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Figure 5.35: Comparison of LNS and ---- NPWC growth-rates for § = 100,
M =08 Re=1x 10° and § = 35°, '
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Figure 5.36: Contributions to nonparallel growth-rate: —— QPWQC, «--~ NPWC,
- nonparallel meanflow terin, and —-— eigenfunction distorfion term for 3 = 100,
M= 0.8 Re=1x 10, and & = 35°,
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IMigure 5.3%: Growth-rate from two overlapping domains for fF = 100: ia
domain for s € [.32,3.18] while --—- is for s € {1.78,5.12]. The How conditions are
M =10.8 Re=1x 10° and § = 35°.
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Figure 5.38: LNS growth-rate, based on B}, for (a) 8 = 45 and (8) # = 100
cotnpared to NFWC: ——— js LNS while ---- is NPWC. The flow conditions are
M =08, Re=1x I, and # = 35°,
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Figure 5.39: LNS wavenumber, based on || pae, for (o) F = 35 and () F = 100

compared

to NEWC:

iz LNS while ~--- i3 KIPWUC. The ftow conditions are

M =08 Re=1x10% and § = 35°.
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N factor

Figure 5.40: Dvolution of the N-factor for —— 7 = 35 and -~~~ [ = 100 with the
flow conditions M = (.8, Re =1 » 10°, and & = 35°.
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Figure 5.41: Comparison of the N-factor for § = 35 —— s LNS and -—-- 1=
NPWC. The fow conditions are M = 0.8, Re = 1 x 10°, and # = 35°,
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Figure 5.42: Comparizson of the N-factor for 5 = 10 s LNS nod -~~~ i3
NPWC. The fow conditions are M = 0.8, Re = 1 x 10°, and § = 35°.
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Figure 5.43: Approximate criterion for the failure of nonparalle] linear stability
thoeory: —— 3 =36, ———- 3 = 100.
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Figure 5.44: Evolution of E4"* on a flat plate with parallel FSC profile downstreain
of a bump st z, = 0.7 with 7, = 0.05: ENS and ——- FRNT for the flow
conditions 7 = 35, M, = (L6567, Re = 1 % 10°, and 8. = 54.5°.
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Figure 5.45: Evnlution of EL” * on a Rat plate with parallel FSC profile downstreain
of & bump at r, = 0.7 with 7, = 0.05: LANS and ---~ FRNT for the flow
conditions 3 = 30, M, = 0.657, Re =1 x 10° and &, == 54.5°,
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Figure 5.46: Evolution of the growth-rate for a Aal plate with parallel FSC profile
downstream of a tnrap at 2, = 0.7 with o, = 0.05; —— L8T, -~-- LNS with 3 =35
atael e LNS with 4 = 30 for the flow conditions M, = 0.657, Re = 1 x 107, and
#. = 5.5,
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Figure 5.47: Magnitude of the efficiency function {or 4 = 35: no curvature
and ---- wilh carvature tor the flow conditions M = 0.8, Re = 1 = 10% and # == 35°,
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Figure 5.48: Magnitude of the efficiency function for 5 = 100

and --—- with curvature for the flow cenditions M = (0.8, Re = 1 = 10%, and § = 47°.
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Figure 5.49: Variation of the magnitude of the receptivity efficiency [or & = (1804
ho curvature amd ---- with curvature for the fiow conditions M == L8, Re =

1 10% and & = 35°,
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Figure 5.51: Growth rate based on B} for § = 100, ---- cased, compared to ——
LLNS stability result,
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Figure 5.52: Effective amplitude at the bump location for # = 100 and &, = 0.01.
~a— LIXS, --—— FRNT no curvature, and .. FRNT with curvature.
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Figure 5.53: Effective amplitude at the bump location for § = 356 and &, = 0.05.
—e— LN5, --«- FRNT no curvature, and ... FRNT with curvature.




160 Chapter 5. Receptivity on a Swept Parabolie-Cylinder

I{}l E il1 T T IIIIJII T T 3 Il'|rF:
10 F
5 N
= L
]{}"l ? .:. e E
1072 1 — Im”iﬁ — ““”I1 IJ z
1) 10 10 10

b

Figure 5.54: BEffective amplitude at the bumnp location for 8 = 35 and o, = (.05,
—s— ENS, -—— FRNT no curvature, and - FRNT with curvalure.
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Figure 5.55: Eflective amplitude at the buinp location for 7 = 100 and «,, = 0L.0L
et L5, -~ FHNT no curvature, and - FRNT with curavture,
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Figure 5.56: The effect of o, on the FRNT predicted amplitude, A, for 5 = 100
withouk curvatiprs: Foe = 0O, e {LDOZ, 004, —-—0.01, —— (.02
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Figure 5.87: The effect of o, on the FRNT predicted amplitude, A, for § = 35
without curvature: —— oy, = 0.005, ~--« 0.0, s (.02, —— 005, —— 0.06 .
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Figure 5.58: Variation of A, with o, at 5 = 0.6, # = 100, —»— LNS; -——- FRNT
ne curvature, - is & curve fitted to the LNS results using |A| = 193, @ = —141.5.
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Figure 5.59: Recoptivity efficiency function extractad from LNS for {a) § = 35 and
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Chapter 6

Conclusions and Recommendations

6.1 Conclusions

The receptivity of the three-dimensional boundary-layer on a high-speed, swept,
parabolic-cylinder with surface roughness has heen investigated using numerical sim-
wlation. Taking advantage of the linearity of the receptivity process, a yumerical
method is developed Lo aceuratoly and efficiently solve receptivity problems near
a swept leading-edge. In this method, the Navier-Stokes equations are wiitten in
terms of a nenlinear meanflow solution and a linear disturbance abont the meanfiow.
Equations are developad for both the meanflow and disturbances and these equations
are sobved in terms of primitive variables using a generalized coordinate system fo
represent. an arbitrary, infinite-span, leading-edge peometry. Spatial derivatives in
the plane of the jeading-edge are approximated with o fowrth-order central-difference
schieme,  For the linearized disturbance equations, a single Fourier mode is used in
the spanwise dircction. Due to the high spatial resolution required near the leading
cdge and in the boundary layer, & fully implicit time-advancement scheme is imple-
mented.  To improve efficiency for unsteady disturbances, the linearized equations
are solved in the frequency domain, The inplicit equations are solved at every itera-
tion using approximate factorization with a specially opfimized block-penta-diagonal
matrix solver. All bonndary concditions are implemented fully implicitly o .pl‘E:Ei{tl‘w:
convergence of the iterative solver.

The numerical method has been extensively validated for model problems that
represent the physical phenomena expected in receptivity calenlations. These include
Tollmien-Schlichting waves in a parallel boundary-layer, crossflow vortices in a parallel
bhoundary-layer, and acoustic scattering {rom a cirenlar eylinder. Exact sclutions are
availoble for each of these problems and the enrrent numerical solutions are shown to
conrverge to the exact solutions. In performing these model caleulations, the resolution
roguired to adequately resolve cach physical phenomena is established. As a further

Lest of the method, the problem of leading-edge receptivity to sound is investigated

165
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for u flat-plate with a super-ellipse leading-edge. The geomoetry and How conditions
are modeled atter an incdmpressihie caleulation performed by Lin [63], Our meanflow
solution at M = (.1 is shown to be in very good agresment, with the incompressibie
solution., Furthermore, our acoustic receptivity results qualitakively agree with Lin's
solution, and the amplitude of the Tollmien-Schlichting wave ab the fiest neutral-point
15 within 10% of T.in’s value.

With the computational method validated, the receplivity of a three-dimensional
houndary-layer on a swept, infinite-gpan parabolic-cylinder subject to surtace rough-
ness is investigated. This geometry serves as o [vst-order approximation to the
leading-edge of a swepl-wing. DBoth fwo- and three-dimensional mean solutions are
obtained. The two-dimensional solutions af low Mach numbers compare wall with
the reforence incompressible solutions of Davis {31}, The three-dimensional meanflow
over A swept parabolic evlinder iz obfained for conditions which are modeled afler a
Eransonie conunercial airliner o cvisise condition. Tn particular, the Reynolds num-
ber, when converted to an equivalent winp-chord takes the walne of 107, which is in
the realm of flight Reynolds numbers. The characteristios of this three-dimensional
boundary-layer are documented cloding linear stability predictions incorporating
curvature and nonparallel effects. The linear stability code solves the fall, compress-
ible, stabiily-cquations i curvilinear coordinates. Unlike recent stahility analyses for
swept circular eylinders, we allow for chordwisze variations of Lhe surface curvalure in
our formulation. Nonparallel effecta are accounted for using a porturbation approach
by allowing the solution Lo vazy slowly in thoe cherdwise direction, By including com-
presaibility, curvalure, and nonparadlel effects onr ineor-stability-code vepresents the
cirrent “state-al-the-art” i local stabilify analysis,

The stahility analysis for the swept paraliolic-oylinder shows that convex surface
curvature reduces the growth-rate, while nouparatlel effects increase the growth-rate
of stationary crossflow vortices. These results are in qualitative agreement with recent
analysis for a swept cirenlar-cylinder [78], Stability caleulations performed using the
full Linearized Navie—Stokes {I.NS} eguations are used to provide reference solutions
which have an exact account of nonparallel effects. Comparing Lhe nonparalle] sia-
bility results to the LINS solutions shows that for short wavelenglh modes, 3 = 1),
the nonparallel theory agrees woll with the LNS sohitions. Howeser, for longor wave-

lengths, 4 = 35, the nooparallel theory breaks down near the leading-cdge cansing
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qualitative, as well as quantitative, errors in the stability characteristics.
Receptivity to surface roughness is investigated hy modeling a roughnoss clement
ag a spanwise periodic, linear porturbation of the wall boundary with a Gaussian
distribution in the chordwise direction. Receptivity results are obtained both from
LNS solutions with surface-roughness boundary-conditions and from Finite Reynolds
Number Theory (FRNT) predictions. The theoretical predictions are defermined
both with and without surface curvature to identify the effect of curvature on re-
ceptivity, Based on the theoretical predictions, curvature is shown to enhance the
recepbivity effictency over the entive unstable vegion and the eurvature effect is great-
est near the lower branch of the neutral curve. The impact of nonparalel low on
the receptivity of crossflow vortices is established by a series of LNS calculations with
surface roughness placed at various loeations on the wall. Comparison to the FRNT
shows that nonparaliel flow significantly attenuates the initial amplitude of station-
ary crosstlow vortices doewnstream of a roughness clement near the leading-edge. The
offect is most zevere for the long wavelength 3 = 35 case, where FRNT over-predicts
the amplitude of the crossflow mode by as much as 77%. For the shorter wavelength
cuse, 3 = 100, the maximum error in the FRNT prediction is 20%, Sufficlently far
from the leading-edge, the thearetical predictions approach the LINS solution and are
within B% of the LNS solution af the furthest downsirearn stations considerod here,
By congidering a range of bump widths, we have verified the FRNT result that
the receptivity amplitude can be written as the product of the Fourier coeflicient
of the chordwise roughness distribution at the local crossflow wavenumber and a
function representing the cliciency «f the receptivity process. Based on this form
of the solution, the receptivity efficiency function is extracted from the linearized
Navier—Stokes solutions, The results indicate conclusively that nonparallel effecls
draomatically reduce receptivity near the leading-edpe. For the cases considered here,
the FRN'T over-predicts the efficiency [unction by as much as a factor of 3 near the
first neutral point. These resulls clearly indicate that the prediction of crossflow
receptivity near a realistic leading-edge wmnost aceourd for the strongly nonparallel

How near the upstream neutral poind.
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6.2 Recommendations for Future Research

"The most pressing need for fiuture research is in the addition of nonparallel corrections
io the FRNT roceptivity predictions. Based on the current resulfs, the inelusion
of nonparatlel effects is vital for the accurate prediction of crossflow receptivity for
realistic gecmetries. The cwrrent solullons provide s basis upon which enhanced
theories can be evaluated.

Another area for future research is the investigation of nonlinear receplivity mech-
anisms for surface roughness in a three-dimensional boundary layer. A recent the-
oretical investigation by Choundhari & Duck [18] suggests that receptivity is likely
to become nonlincar even before the stability characteristics of the boundary layer
are modified by the surface roughness. Thiz early nonlincar effect may be partially
responsible for the extreme sensitivity to surface roughness obscrved by Radenrtsky et
al. [86] in their experiments. Numerical simulations of nonlincar receptivity due fo
surface rovghness would provide valuable information on this relatively anexploved
phenomenon including: the eritical bump height for the onset of nonlinearity recep-
Livity; the possibly nonlinear wavelength selection processes; and the early onset of
nonlinear, modal interactions.

The spplication of Parabolized Stability Equations (PSF} to the study of recep-
tivity is aleo an avenue for [uture rescarch. Recent work with the PSE method [or the
prediction of receptivity [52] has involved the imposition of inhomogeneous botndary
conditions on the initil coudition for the PSE marching procedure. Unlovtunately,
this melhod appeas to rely on the approximate transtent behavior during e startip
of PSLE marching., Therefore, the relationship of the boundary condition to the final
inslabiily waves downstream s unclear, Comparisons to linearized Navier-Stolos
solitions, such as those presented here, are required 4o determine the capabilities and
limitations of ’SE for receptivity investigations. A related area for research involves
the coupling of PSE to the LNS calenlations performed here. This offers the advan-
tage of computing LNS solutions on short domains to capture the receplivity process,
and then feeding the established boundary layer disturbances into o P3E code for
subseguent Hnesr and nonlinear evolution.

Finally, recent research by Lingwood [65,66] on the nature of the crossflow usta-

bility on the rotating disk has shown that absolute instability is possibie or Lhis ow.
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However, the sbsolute/convective nature of the crossflow instability for the infinite-
span swept-wing is currently unknown, although all current evidence indicates that it
1s prrely convective.” As suggested by Tobak [107], the absolute/convective nature of
this flow can be investigated nsing the techniques developed in this report by perform-
ing a transient caleulation where the surface roughness boundury condition is applicd
impulsively at the start of the caleulation. The development of the resulting wave

packet can then be tracked similar to that done in the experiments of Lingwood [65].







Appendix A

Matrix Deﬁnitions

A.1 Matrices for the Linearized

Navier-Stokes Equations

The following appendix lists the nonzero sloments of the matrices defined in section

2.3 for the linearized Navier-Stokes equations. Al terms are evaluated at the base-

flow condition, U = TJ.
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v I , T .
{:55 = U= pF’rRe {.H,ﬂfg + -"l-,TT‘,d] [Adlj
iD tatrix
Dyo= wgy {A.52)
Dyp = o1 : (A.53)
Pu = pa (A.54)
Dy = py (AL5R)
1 T, S
Dm = ; [’M;ﬂ-hi + ﬁ] Lﬁdh}
Dgz = "L[.lll [_ﬁﬁ?]
Dga = Mz |{_‘ﬂi58]
a5 = wia (A.59)
1
Dy = I.«;;I‘:'E? - ﬁ{ Azl uis+ Agun +
2l S+ 2#&,?‘5H,i} {ALBIH
1 Ty ..
Dy = ;j [%:"U-:z,f + W} (A.61)
ﬂ32 = Uzl {aﬂl 62}
Dy = ups (A.63)
Dy = ugg (A6
!
£l = ;:dg - ;ﬁ{ [;""T}rz Hig o+ ATt
2§ ; S 2!1-.1'5'%4} (A.6B)
1 T3 .
by = ;} lfifﬂarg + ;ﬁ] Ii.t"‘L{J{J}
D.»]J = bya {1&16?}
D43 = Mugz {.."!'L{EH'}
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2] S + 2#,?&11',1'} (A.70)
. 1 1
Iy = ;{uii‘—:i'i‘[':r'_l)Tui‘f} (A.T1}
Dy = T {A.72)
Dgy = Ty {A.73)
Dpy = T, (A.74)
Dy = {y— thuyi — ;}'l";,:‘:"ﬁré {[ﬁ,r],;T.s + 7T}
Yy — 1M
pRe {d gty + 209555 (A.7H)
Var = (A+24)/(oRe) (A.76)
Vas = p/(pRe) {ATT)
Vie = pf(pRe} (A.78)
Voo = ya/{pPrRe) (AT9)
Vaa = {A+ ul/{pRe) {A.80)
Vip = (A+u)/(pRe) (A.81)
Vlﬂ IIlELtI'iX]
Vig = {A+u)/{pRe) (A.82)
Vie = (A+ pu}/{pRel (A.3D)
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Vaa = pif{pRe} ' (A.84)
Voo = (A4 2p)/(pRe) (ARG
Vi = pf{oRe} (A.86)
Vis = w/(pPiRe) (A.87)
Vi = (A +pu}/{pRe) {A.88)
Via = (A+u}/{pRe) {A.89)
Vis = p/{pRe) { A9
Via = p/(pRe) (A.91}
Vie = (A + 2}/ {eRe) (A.92}

Ves = rf{pPrRe) (A.53)
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A.2 Matrices for the Nonlinear

Navier—Stokes Equations

When forming the LHS for the nonlinear solver, the matrices are the same as piven
in Appendix A.1 excopt that instead of evaluating them at U, they are evaluated at
the previos iteration, U;. In addition, since the nonlinear solver is lineatized at each
teration about an nnsteady flow field the unsteady terms mush be retained o the
LES. These terms only influence the definition of the D matrix and the alterod forms

tRI:

| Nonlinear D matrix|

Ly = % :j;;z - % + P—;Q.Iﬂm + Attggy + 2150 + EPLSH,:'.}: {A.94)
Dy = i % - % + ﬁ(lgﬂi.i + i“‘:’,iz + 25 25 + Eﬁgﬂf.ﬂ: {A.95)
Dy = 1% ,‘;TF‘E e %i' e Eé-;(}h,aua,a + Atia + 26 455 + Eﬁﬂﬁi,i]i (A.96)
Dy = pPTR (k5T + KT5) + ﬂl;—ﬂlgw Qv ez g + 2u858) (A97)
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A.3 Matrices for the Linearized
Navier-Stokes Equations with

Surface Curvature

This appendix lists the nonzero elements of the matrices defined in equation (D6}
For the lincarized Navier—Stokes equations in a body-fitted coordinate systemn. These
matrices are used in Appendices [ and B to construct a linear stability theory and
recepliviby Lheory whiéh account for surface curvature, We begin by defining the
values of several operators which appear in the linearized Navier Stokes eguabtions
for the case where the only nontrivial metrie, A{s,n), i in the s-direction. These
aperators are defined with relerence to Appendix A of Sherman [B3].

The divergence aperator can be written as

1
Vo H(IU&B + 'Unhf,n] +Uan + Wz, {AQE}

The strain-rate tensor, required for the viscous terms, is given by

2 1 M 2 )
i E(”s,s + T-?‘i't.h,ﬂ-} H['Un.s - 7-’5'1*,?;-,:] + Ven _}f_L + Vs
S = 2ty Wy + Vpy | . {A.99)

2
HYTIl 2w,

The conveclive desivative in the body-fitked coordinale system bs given by the vector

E.hl[%..s + 'Unh',n] + Uptlgn + Wz
e={u-Viu=« Blu —uho} + v, + 1w, (A 100}

PS4 g, 4 W

The gradient of the divergence is required for the viscous terms, and ihe three com-

poments are

Ay 1
‘G’a{? ' 11} = —hl_sa{u;g‘g + 'T-'nh,ﬂ.] + h_ﬂ,h'l""*“ +1‘?'I'I!-,Hh'1'l'i- + 'Unh',sn} +

';‘;‘{”u,an + Wz} s (A.101)

o 1
_h_lf;_.['ua,# + U h’,ﬂ} + E[Uﬂ,sn + Uu,nh‘,u + T".rlh'.?t,n] |
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[“ﬂ,ma + 'i'«"-',na) ' ('&l-lﬁi}
' 1
vx{v ) u} = H(Ua,sz + 'L'n,zh'_.n} 4 {Uu,n.z + 'w,zz} ' [:A]-DB)

The Laplacian of the temperature is required in the onergy equation, and can be

wreithen as

1 .
VT = 7 [—h-,sT,s + W+ R T b g 4 W (T, - T,zz}] . (A.104)

The final quantity required is the divergence of the strain-rate tensor, which is a

vactor with components

Usomn T Vezz . Vnan T Unae + "'-’s,nh-,n
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3h oty s — Ua{hlzﬂ + A fi) + 20, 4 N
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Wew W5
2k 2p3 {A107)

With these definitions, the matrix operators for the linearized Navier—Stokes equa-
tions are listed below, where all terms are evaluated at the base-flow condition,
U=1]




[_g ﬁﬁiatrix f

Appendix A. Matrix Definitions

va /b
pfh
II'I
oM
v 1 fAs+2ps (At 2p)h,
B phRe h 12
. (A + 3p}hn
ghRe {7 h
1
1 1 .
%':Eﬁ-i - HR—E {;’&1-}"? “u+ 25 )
1 N {A+3p}h,
phRe \7" h
1 fie  fiRg
, } — e b
vs/h phRe ( h h? )
1
_EPhReru',TSﬂ]
1
phRe *
1 fpe jih,
B o e | 2
Us/ B ( Y )
1
_Ephﬁe’”’rgm
= — 1IM?
Py — DM
B ( pf&Rg (47351
vy — m?
- Flili'- Ri {4#-15‘31 :I

[A.108)
(A.109)
(A.110)

(A.111)
(A.112)
(A.113)
(A.114)
(A.115)
(A.116)

(A.117)

(A.118)
(A119)
(A.120)
(A.121)
(A.192)
(A.123)

(A.124)



Appendix A. Matrix Definitions 181

By = v (A.125)
Bu = p (A.126)
£y = ”"*ph.]R (hitn + pth o) (A127)
B = _;ﬁ% (A.128)
Bas —gﬁﬂ,,ﬁm (A.129)
By = ﬁ (A.130)
By = phlﬁe'! s (A.131)
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i V.., matrix

V.. matrix
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o 1

TM‘E ;}Re{ A, V-u+ ArV.(V u) +
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Vie = (A +2)/(phRe) (A.183)
Via = pf{oh’Re) (A.184)
Vie = pf(ph*Re) (A 185)
Vis = r/(ph*PrRe) { A 186)
Yoz = (A4 u};"[phﬁe} (A].BTJ
Vaa = (A4 u}/(phRe) {A.188%)
Vois = (A4 u)/(phRe) (A.180)

Vis = (A+ u)/(phRe) (A.190)
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Von malrix '

Vaz = pf{pRe) (A.191)
Vas = (A +2u)/(pRe) (A.192}
Vie = p/{pRe) (A.103)
Vir = /({pPrRe) {A.194)

V... matrix

Vi = (A + p}/{pRe) (A.195}

Vi = (A p)/(Re) (A.196)
V.. matrix

Vi = pf{pRe) (A.197)

Vin = p/(pRe) (A.198)

Vie = (A4 2p)/{pRe) (A.199)

Van = i/ {pPrRe) { A 200)

A.4 Matrices for the Nonparallel Stability
Analysis

To portorm the nonparallel stability aualysis in Appendix D.3, it is convenient to
vonvert, equation (D.29) to a system of fivst-order ordinary differential equations of
Lhe form given by equation (D.32). To aceomplish this, the continnity equation is used
to remove the explicit dependence on ), - (see Mack [68]). This results in changes Lo
the definitions of the matrices (A, B, ele.) and in the following expressions, a tilde
is used o indicate the modified matrices. The new (tilde} matrices are identical to

the matrices defined in Appendix A3 except for the following modifications:

A matTix

~ A 2p | Van  Wefbn
I —am L Anol
A Agy + e { B 12 { )
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1 — A+ 2:”’ .n Ph.ﬂ "y
| Ap = Ap+ ToRe [I pT {A.202)
[Eﬁ;na,trix
= A+ 2
By = By+ PRE‘“’ (VU — 0 (A.203)
- A+ 2
By = B pRE*"’ f’f (A.204)
. A+ 2 ™ ,
P33 = By + jﬂlﬁe# J:E.I”,n + P;; ] (ﬁ-gﬂnj
. A4 E
By = B+ :Re‘”’ ; (A.206)
C matrix
- A+ 2p
Cy = On pRE‘ . (A4.207)
A+2
Cag = O+ pTe“'ﬁ'” {A.208)
D satrix
- A+2
Dy = D+ pﬁe“ ValV-u) (A.200)
- _ A+20 [ pa pufie
Dy = D+t [ o _ Lo (A.210)
~ A2 1o h, R R
£y w2 Dy 4 PR: ['{'?;1 — —p (h—’; + *"gﬁ) + P,nn} (A211)
~ A2
Dy = Day PRE‘ Pons (A4.212)
":Fm malrix
- At 2 vy
Uay : pﬁeﬁi (A.213)
- A4 2p
Vig = Vaz — pRe‘t .F_i (A.214)
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V. matrix

Ve = " TRe ™y (A.215})
i"m matrix
s A+ 2 -
Vi = ~ Re (l (A.216)
-, A+ 2u
. = 4, — .
Vi 2 oRe {A.217)

Using these new matrices, we can define the matrix opurators used in equation
(D.32). Toward that goal, equation (1D.32) is written in  slightly different form

- . .. o dA -
EQ, +FQ = G:E; +HA. - (A.218)
1
The B matrix is given by
E—| b Pu (A.219)
where 3 i the null matrix,
By =By - ik, V., — ik, V,, (A.220)
] 0 ] i |
—Von (2,2} 0 0
B = 0 0 0 , {A.221)
' 0 — Vo4, 4) 0
0 0 Vo (5,5) |
and
01000
Ex=|0001 0. {A.222)

040001
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The F matrix can be written as

_ ¥, 0
F=1"" (A.223)
0 I
where I 15 the ldentity malrix and
F), = Dy +tkeAg + ik Co + MV + kh, Vi, + K2V, —iw (A.224)

Beginning with (3, the vectors on the RHS of squation (A.218) are given by
" G
G= { D‘ } (A.225)

Gl = (giks{rw + 'i:kz{r#z - Aﬂ}ﬂﬂ + {'rsnﬂﬂ,n ' . (ﬂ.'lﬂ_.’ﬂ}

where

Finally, the H vector is given by
- H
H-= { ! } (A.227)
a
whoro

. - s 2 YR i
I—]:1 mi W, (—%UU ok EEI-LTSUD,‘SI) + V_an{'ll,aln +
i

(ke Vs — Aot Up., ~— £3(Uq). (A.228)
As long 85 Re # 0, the matrix B! can be inverted. Multiplying through by Bt
equation (A.218) can be converted to

b eima =y dA
Qn +E'FQ=E"'G—

+ B 1HA {A.220)

1

which is of the form given by equation (.32}
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Computation of Mesh Metrics

For penerality, we assume that there are two levels of mapping used to transform

physical space fo computational space. These mapping can be written ahstractly as

(@) — (£, — (&) (B.1)

An example of such a mapping is prosented in Chapter 5 where a conformal mapping
transforims physical space to parabolic coordinates with an additionn] mapping used
to transform to a uniform computationat space. The metric terms roguired by the low
solver (see section 3.3) to convert derivatives in computational space to derivatives
in physical space are computed using the derbvatives of the mapping functions along
with the chain mide,

For example, to compute the first derivative metries [see equation {3.13], the chain

rule is nued fo obtain

ze = weet+Tifies {B.2)
Ve = Vebe+usfie, {B.3)
Ty = xlgéﬂ,—i—w‘ﬁﬁm (B.4)
Yo = ¥Yg l‘in"‘y.ﬁ - (B.5)

The right-hand-sides of equations (13.2}-(B.5) are known from the defindtions of the

mapping functions. This, the inverse Jacobian s piven by

37 = [1*‘ y";] (3.6)

T Yo

and the determinant of the Jacobian is

= —ee— . (B.7)
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Taking the inverse, the Jacobian is obtainod
£ T Hy Y,
J= [ G L T BB (B8)
Ty R I

A similar procedure is used to determine the second derivative metries [soe oquation
{3.3)} using the second derivatives of the mapping lunctions along with the chain rule.

The results are

T = mﬁ-&?ﬁ + x{-é:gg + Exléﬁﬁ1gé:{ + :1:1,:1,,7173:‘?‘5 + 2 507 e {B.%)
Ten = Tgghnbet @ ilen+2inke +8 gl + o + 2afien (BAD)
Ty = ‘*”.Eé'g: ‘j? + :::,,55,?;?; - Z:nléﬂﬁmfl,r o ::;I,al.,;'r"f” 3 &,37 an (13.11)
Yes = Weebs +yee + Watebe + Vanfls + Yalise (B.12)
they = Yelube + Yo+ y,gﬁﬁmﬁ:,e + ylgﬁﬁ,féﬂ + Uanfiafle + Yadien (B3
Ym = Vbt ¥ekm + Waiiaba + Yariln + bail (B.14)
e = —(Teehn+ Tehien — Tealhe — Labee) 1II° (B.15}

[Ola = — (Zentin + et — Tonte — Zatren) I (B.16}

Eor = (Ieva+ veldEs + (9]0t + v I {R.17)

Eoy = (Mg + uenl Iy + ([Fawn + v Iy {B.18)

Coe = —Hemn+zenld}y — (M]ozn + zanld|Iny {13.19)

Bew = —{Mleve+veldez — (Tlape + venl Tz {B.20)

My = —{levie + vy — (3o + vealdlIna {B.21)

oy = [:tJLEﬂ:.E +$>EE|J|}£1?: + GJE,H'*EJ& + xsv-';"‘?IJU'??,u {B~22]



Appendix C

Compressible Falkner—Skan—Cooke

Solutions

Considerable research into the stability and receptivily charactoristios of three-dimen-
sionnl boundary layers has boeen conducted for the family of incompressible yawed-
wedge flows, often referred to as Falkner Skan-Cooke {FSC) flows [25], Under suit-
able assumptions, an analogous family of selfesimilar comprossible, three-dimensional
houndary layers flows are possible. These flows wetre first studied by Reshotko &
Backwith [91] as a modet of the flow near the stagnation-line of 4 yawed cylinder. In
this appendix, we sunnnarize the derivation of the compressible FSC equations and
present solutions in u form wseful for stability /receptivity ealeulations.

Using the Stewartson transformation aloug with a linear viscosify-temperature
relation and Pr = 1, the compressible boundary layer equations {subjeet to isothermal,
no-slip wall boundary conditions and erlge conditions at infinily) reduce Lo a system
of two, ordinary differential equations. The details of the derivation are presentod
by Reshotko & Beckwiih [01] in the context of the stagnation-line flow and hore we
ouly summarize the derivation with suitable changes to consider more general three-
dimensional boundary layers. In the following, velocities are nondimensionalized by
the free-stream speed-of-sound, ¢!, lengths by u convenient length scale L* {defined
explicitly below), and all other quantitics are nondimensionalized by their reestroam

values, Consider the followiug Falkner-Skan distributions of inviscid slip velocitios

e = =& = Moy () 3™ con 8 (C.1)
f,'m

¥+

We = % = M, 3in g (£.2)
e

where ¢ (Z) = f /¢, 15 the local speed-of-sound at the bonndavy layer edge. The tilde

denotes thal = has been transformed to account for varisble viscosity and density

1491
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effects using Lhe Stewartson translormation {104] which is defined as

- = Z Ldn £ 0 3:11
EE£;=f£,P(4)T dz, (€1.3)
0 pHodw ‘g
. W e g
=L = L C.4
==l W {C.4]

where the subscript "0 denotes freestream stagnation gquantities while subseript *u?”
denotes conditions at the wall. Note that the quantity {pe,Th)/ (T} can be do-
termined {rom Sutherfand’s law given Ty/4), and for the special case of Tp/1, = 1,
(pTo}/ (neT) = 1. Note that Sutherland’s law is only used once to delermine the

ratio fu, /i given To/Tyw. The viscosity is thew given by the linear relationship

AN @
£ () (©5

To convert the equations to a set of ordinnry differential equations, a siruilariey

transformation is appiied:

£ =z, (C5.6)

7= ?}J " ke, (ﬂ) g, (C.7)
u{€,n) = Fintu.(e), (C.8)
win) = glnw., (©9)
T = ol (C.10)

where Hf Iy the total enthalpy. 1o equation (C.7)
Re, = e ——— (C.11)

i the chordwise Reynolds number, based on edge quantitios at & = L*.
When Pr = I, the similarity transformation converts the boundary layer equations
into the following system of ordinary differential equations

st (F - na-d - (F- 1) (52) -]
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g+ fd =0, (C.13)
'+ fdf =0, (C.14)

where primes denote differentiation with respect to 5, the pressure gradient {ie
Hartren) parameter i3 given by 5, = ;%1 and the ratio Y43/ 1wo, which combines the

effects of sweep-angle and Mach number {see [911), is defined ns

Tw 1+ 3ME
Two 1+ M2 costd

(C.15)

The above equations are solved subject to isolbermnal, no-slip wall boundary condi-
tions with edge conditions enforced al infinity, After the Stewartson and similarity

translormations, these boundary conditions become

FO) =0, f(0)=0, g(O)=0, ¢0)=0,
flo) =1, gloc)=1, $loo)=1.

(C.16)

We note that when Pr = 1 the spanwise momentumn cquation and the energy equation
(alomg with their boundary conditions) are identical such that one equation can be
dropped.  However, urdike the incompressible case, the chordwise momentimn and
spanwise momentum (or encrgy) equations arve coupled for commprossible How and must
be solved simaltaneousty. In order for a similarity solution Lo oxist, the coefficients in
cquations (C.12) must be indopendent of £, This ocenrs when £, is constant and the
wall is isothermal (i.e. £, /Ty is coustant} and the sohitions presented below satisy
hoth of these requircments. See [91] for & discussion of simikarity when Pr # 1.
Retwrning to the definitions of the local edge-volocities (C1,C.2) we see that the

local sweep-angle is given by

fears B
8, = tant (_ = ) (C.17)

e,

ahel, since
—LIpp? .2
. 1+ TZ—MM con” #

= C.18
1+ M2 52 cos? £ (C.18)

Fys

the local sweep-angle is equal to Lhe [reestroam sweep-angle, &, when & = 1. This, in

tact, is what motivates the specific form of the adge velocities given in equations (1.1}
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and (C.2). Thus, the lengfh scale L* can now be identificdd as the chordwise location
where the local sweep-angle equals the [recstream sweep-sngle and, the chordwise

Roynolds number can be explicitly evaluated as

({rr cosf)L*

*
Mo

Re. = {C.19)

since U} = U3 when #* = L.
CUnee the ODE’s have been solved for fn) and g{n), the primitive variables at

£ = 1, nondimensionalized by edge quantities, are given by

T T i x T;-:r )
—={14+—M 1 — —1}H{1—¢)~ .20
7= (1 ) [+ (-1 a-a (C.20)
(M) o (1o
1+ 3"2‘—1M';L, T '
% = feosd, {C.21)
! ) .
A gsin @, (C.22)
p_T:
===, (.23
a7 (€.23)
For stability calcidations, it ks uselnl to rotake the velacities to the local streamiine
coordinates:
;—3 = fcos? 8+ gsin®, (C.24)
e .
.= (g — feosfsind. ((.25)
(Given the temperature profile, the physical ¥ coordinate is obtained from
i pL nT .
VEE TR0 Y (€26)
whers
T~ 1 ] ﬁ 2 i|
Wl 4+ ——M — s, .27
( * 2 m) m—+ 1 { )

The displacement thickness of the streamwise velocity component is computerd {rom
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the definiliog

oo 1L
8 = f - M g :,
1= f ( o U.,_) ddy (C.28)
which, whon converted Lo an 1 integral, yickds
8 W ey Ty )
t!:f] = L* B REi"fz ./D (rrc - Ue) d?? I{CE}J

The momentum thickness of the streamwise profile is computed in a similar fashion

52:/.% ﬂ‘u-.‘?
b pU

i W T iy -
2= 5y = h?-{a E (1 - E) dn. (C.31)

The factors 8 /L* and 87/ L are useful in converting solutions to the thickness lensth-

using the definition
Uy

(1 - ﬁf_) dy (C.30)

leading to

seales commonly used in stability /recoptivity anslysis. For example, if 47 is the desired
length-scale, then

vyl W

g fEar Jo (fr ;;_J dn

In ewder to obiain solutions for & = 1, the following parameters must be specified:

Me, T3/ T, 8, and By, Then equations (C.12) and (C.13} are sobved nsing fourth-order

accurate Runge-Kulta integration with a fixed step-size. The integration is started

(C.32)

from the wall using assumed valuos of £7(0) and ¢'(0). Then a Newlon iteration is
performed to f_ietei'mine.f "{(1) and '(0) such that the edge bonndary conditions are
gatislicd. The infinite domain in 9 is truncated to n = 20 which is over 5 bortudary
layer thicknesses above the wall,

Cur motivation in computing ¥SC profiles is to provide a convenlent, analytical set
of boundary-layer profiles that can be used to model the prafiles obtained from fall KNS
caleulations. As an example of matching & FSC solntion to a boundary-layer profile
from & NS solution, we consider the Aow over a parabolic cylinder with the conditions
M=1038, Re =1 x 10° # = 85°, 4,./Ty = 1 and extract the houndary-layer profile at
the point of maximum crossflow, & /r% = 0.804, where 8% /rf = 3.842 x 1%, At this
location, the sohtion is projocted to the lﬁm!y—rmrmal coordinate-system, {s,n, z),
and the loeal edge-conditions are determined to be: M, = 0L657, 6. = 54.4°, and 5, =

0.766 with &7 /r} = 3.842 x 1072, Using these parameters, o FSC profile is compted
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and converted to the coordinate system used for the parabolic cylinder. In figure
.1 velocity profiles from the NS and FSC sclutions are comparcd demonstrating
very good agreement. The maximum crossfiow for the NS profile s —0.107 while the
FSC predicts a value of —0.103 which is within 4% of the NS solution. Figure G.2
cotnpares the density and temperature profiles from the NS and FSC solutions and
again the agreement is good. Alsa in good agreement is the shape factor, H = 4, /8,
which iz egual to 2.67 lor the FSC profile as corupared to the measured valne of 2.66
for the NS profile.

Using the linear stability solver discussed in Appendix D, the chordwise wavenm-
ber and growth-rates for a stationary cross-flow instability have been computed for
hoth the NS and FSC profile as a function of spanwise wavenumber, Figure C.3 shows
that predicted wavenurohers for both profiles are in good agreement with a slight de-
viation at higher spaunwise wavenumbers. The predicted grow-rates are shown in
fgure C.4 where it is seen that the FSC profile has a lower peak gmﬁtll—ruﬁc (bey
/= 2%), and the unstable range i shifted slightly to highor spanwise wavenumirers.
The reduction in peak grow-rate is not surprising given the slightly reduced level of
crossflow in the ¥FSC profile. It i3, of comse, possible to construct o F5C profile that
better matchos the NS solution by tweaking some of the parameters (8, in particular).
The advantage of the current approach is that it provides an unambignous definition
of the parameters tequired to compute FSC profiles, based solely on boundary-layer
edge quantities and the displacement thickness.

In summary, we have presented the derivation of the compressible FSC similarity
equations and have obtained solufions in a form suitable for stability and receptiv-
ity analysis of infinite-span swept-wings, It has also been demonstrated that when
boundury-tayor edge-conditions and displacement thickness are matched Lo a local NS

solution, FSC solutions are oblained which possess similar stability charactevistics,
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Figure C.1: Cumparison of FSC —— and NS «--- boundary layer profiles [or the
lncal streamwise and crossHow velocitios af 3maz. Roeall that n = n*/72 is the wall-
normal coordinate nondimensionalized by the nose radius of the parabolic cylinder,
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Figure C.2: Comparison of FSC —— and NS - boundary layer profiles for the

temperature and density at s,,.,.
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Appendix D

Compressible Stability Solver

The Linear Stability Theory (LST) solver described in this appendix is based on the
compressible, linearized-disturbance-equations developed in Chapter 2. Here, these
eouations are extended to account for surface curvature in the context of an infinite-
span swept-wing. The quasi-parallel assumption is then wsed to form the stability
equations and the numerical methods utilized to obtain Lhe sigensotutions to the sta-
bility equations are presented. Finally, a perturbation method i3 introduced o carrect,
the stabilily results for nouparallel effects and the numerical method inplemented to
solve for the nonparallel correction is discussed. With both surface curvature and
nonparalle! effects included, the stability solver described i this appendix reprosents
the state-of-fhe-art in local linear stability snalysis.

Fer further information on linear stability, the reader is referred to the very thor-
ough review of the compressible staliility equations and their solution by Mack [63].
Another useful review of stability unalysis, especially as applied to three-dimensional

boundary layers, is given by Malik [75].

D.1 Disturbance Equations on a Curved Surface

Recent stability analyses [72,76] have shown that surface curvature has a significant
quantitative effect on the growth-rntes of stationary crossflow vortices. To account
for this effect, we mtroduce the body-fitted, arthogonal coordinate system whers, 2
is the coordinate fangent to the body, » I& normal to the body, and z is the spanwise
coordinate. The disturbance equations (2.22)-(2.24) corresponding to the limearized
Navier Stokes {TNS) equations are then rewritten using cotrdinate-systom indepen-

dent, vector notation

et Vo U +Y 45V 0 +/V -2 =0, {21}
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a4+ g (G- V)E - Vit pla- Vin' + Vp = {D.2)
é [?{1? o'+ AT i)+ 2V (a8 + ,ufg}] :
T+ (0 VYT + p(u’ - V)T + p(a- VT + {11.3)

By~ )TV -0 + 5y - 1TV a+ 4y - 1TV i =

il [V VI 4 V& - 0T + BV + VT +
PrRe

(v )V u' + X(V- 0 + 248 B+ 458 - 8],

{y — 1IN
Re

where u denotes the velocity vector {ug,v,, w}T {in the body-ftted coordinate sys-
tem}, and ¥V is the generalized pradiont operator. Differential distances in the s-
divection are given by h{s,n)ds where Ai{s, 1) is the coordinate system metric and
metrics in the other coordinate directions are unity, Each of the differential operafors
in equations (D.1}-{D.3) can be written as a combination of partial derivatives with
respect to (8,0, 2) and additional terms involving the moetric and its derivatives. Ior

example, the gradient of & scalar function, f, is given by
1., . .
v.f = Ef,s"? + erﬂf + f,xz {D'd]

where §, #, # are unit veelors in the coordinate directioms. Likewise, the divergence
of & vector 1s writton as

Viu= %{va,s + 'Unh_.n} + Vn.n gz [DE]

A complete deseription of all the generalized, differential operators required for the
Navier - Stokes equations is given in Appendix A of Sherman {99]. Using these expres-
zions, the LNS eguations can be converted to a cornpact matrix form, analogous to
equation (2.28),

UTE _E_ AUTH '!' BUiIL + CU; + D‘[.}T = VHSUTSS '+" van;n +
Ve U, + Van T, + Vo, U 4+ VU (D.6)

The matrices appearing in equation {D.6) are defined in Appendix A3, When curva-

tnre is removed, by setting b = 1, there is a direct correspondence betwoeen (5,1, 2)
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and {z,¥, z} and equations (0.6} and (2.28) are equivalent. The reader should note
thal. unlike recent. stability analysis of the flow over the circular cylinder (76}, our
formulation allows for the mesh metric, A, to vary in both n and s, not just ». This
greatly eomplicatos the structure of the matrices given in Appendix A.3 but with Lhe

benefit that arbitrary iwo-dimensional bodios can be analyzed.

D.2 Quasi-Parallel Stability Analysis for an
Infinite-Span Swept-Wing

Given the body-fitted coordinate system described in the previous section, additiomal
coordinate systems used for stability analysis of an infinite-span swept-wing are shown
in figure D.1 where it I8 assumed that all quantitics are nondimensionalized as in sco-
tion 2.2, The external freestrear velocity makes an angle 8 with the s-axis. The
coordinate system alipned with the local edpe-velocity is called the streamline co-
ordinates, {s,,n, 2.}, and the local streamwise direction, s,, malkes an angle #, with
the chordwise dircetion, The angle betwoen the local streamwise direction and the
freestream velocity is 8, = 8, — 0.

For an infinite-span swept-wing, all moean z-gradients are zero by definition, By
further making the parallel flow assuimption, all mean s-derivatives are neglected and

the disturbance solution can be written in terms of normal modes
U'(s,n, 2,1} = U{n) ihasthazut) ' {D.7

where Ufn) = {5, 8, fin, 4, T} is the complex valued eizenfunction which is a func-
tion only of the wall normal coordinate, &, is the chordwise wavenurber, &, is the
spanwise wavenumber, and w is the angnlar frequency. In writing equation {D.7) it
is understood that the aclual solution is given by the real part of the left-hand-side.
Substituting the normal-mode exprossion into the LNS equations (D.6) results in the

following ordinary differential equation

—iwU + ik AU 4 BU , 4 4£,CU + DUV, U —
'iksvanﬂ,ﬂ + kskzvszﬂ - Vnnﬁ,ﬂn - 'é-kzvnzﬂ,n + kgvﬁﬂﬂ = 0. (DH}
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Given a mean-flow profile Ufn} = {p, ﬁmﬁﬂ,m,T}T, and s first and second deriva-
tives in the wall-normal direction, Uy, U py, the matrices in equation (D.8) are de-
termined with the streamwise and spanwise derivatives of the mean fow set exphcitly

ko wero. Bgquation {D.8) is solved subject to the homogeneous boundary conditions

FW0Y =0, 90 =0, B0 =0, (D.9)
Toy=0 or T.(0 =0, (B.10)
D, 0,8, T — 0 a8 1 — o00. (D.11)

The wavenumbors nnd Frequency, (&, k., w), form a set of six real parameters
since they are complex quantities in general. With the homogeneons boundary con-
ditions {also mapped to computational space), equation {I1.8) reduces to an sigenvalue
problem for any two of the six parameters, given the other lour. Typically the eigen-
problems are formulated in either a temporal or spatial approach. For the temporal
problem the wavenumbers are specified veal values and the eigenvalue is the complex
frequency, w. Thus a temporal eigenmede has fixed spatial wavelengths and evolves

in time with the growth rale, &, given by the imaginary part of w:
7 = hnfiw} . (D.12}

In the spatial problem, the frequency and one of the wavenumbers (&, herein) are
specified real valuos and the other wavenumber (k,} i8 the eigenvalue, It this case,

the waves ovolve in space with the growth-rate given by
o = —Im{k,) (D.13)

and the local chordwise wavenumber is given by « = Re(k,).

Before proceeding, the reader should note that fixing &, is a natural and reasonabie
constraint for the problems at hand, This is because we are interested in comparing
the LT predictions with LNS solutions which have a value of &, prescribed through
a receplivity process {either direct or indivect). The instability waves that result from
this receptivity process will have fixed &, atd prow only in the chordwise direction.
‘This approach is in contrast Lo the methods used in transition prediction where the

value of &, {possibly complex) varios in the downstream direction in such a way as to
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maximize the growth-rate [71,81].
With the real parts of the spafial wavenumbers denoted by o = Re{k,) aud # =

Re(k,) some useful relations can be simmarized. The magnitude of the wavenumber

k= /a2t a2, (D.14)

the angle between the s-axis and the wave-vector is given by

veetor 1s

= tan™" (E) , {D.15)

43

and the phase velocity is
= —. (D.16)

Belore solving, equation (D.8) is converted to compatational space using the map-

ping # +— 1 which yields

(B — ik, Van — 6, Voo )aldy, + koA + ik,C + D

kffvas + kfvsa ~ i — vnn{ﬂiﬂ'w +ﬂ,n!‘tﬁ'ﬂ] U = b, (D.17)

wheve the derivatives in » have been replaced with discrete approximations, We have
implementod two different discretizations for the wall normal derivatives: fourth-order
accurate finike differences and spectrally acenrate Chebyshey collocation,

The finite difference operators are the same fourth-order aceurate approximations
described in section 3.4 for the LNS solver. This method is useful when a LS solution
is destred using the same or similar mesh as used in a NS caleulation. Usually when
using the finite difference methed the infinite domain in n is truncated to a finite
domain nnd the far-fiekd boumdary condition is enforced at the finite domain boundary.
This is only an approximation, bit we have found that when the boundary is at least
254) ubove the wall, the eigensolutions are not silversely affected. The finite domain
n # is then mapped to uniform computational space using the algebraic mapping

function defined by

{n'rﬂa.z:ns}
= s RS EDNE]
@ {Pmaz = 27,1 { )
b=14— | (D.19)

n'ma:n
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ax
b—n

In these cxprossions, e 18 the maximim vertical distance above the wall and »,

nin) = (D.20)

controls the minimum node spacing atb the wall, As a general rule for subsonic mean
houndary-layer profiles, we have found that n, s 2.54; provides an adequate point
distribution when f.. = 406, In practice, the actual values of n, and ng. are
set to ensure that the eigenfunction is adequately resolved since the guality of the
solution 1s rather sensitive to the value of n,.

Ecquation [I017) con also be diseretized using the spectrally accurate Chebyshev
collocation operators (see Canuto et of [12] on page 68). This method is used to
provide reference eigensolutions for comparison with LNS caleulations (see Chaptoer 4)
and also to provide aceurate solntions which are more economical then the FID mnethod
since fewer points are required tor the same level of accuracy. Typically the Chebyshey
aolutions are obtained by mapping the semi-infinite domain in #w to a fnite domain

in ¥ using the transformation
I+4

1—p°'

whore sy again controls the minimum node spacing at the wall and a typical value

nf{r) = g (D.21)

of ng = 24;. Unlike the FD method, the Chebyshev solutions arc nol particularly
sensitive to the value of n which makes this method more robust.

Regardless of the particular discretization, the boundary conditions are applicd
to the discrefe equations in the same manner. At the wall, the momentum equations
arc replaced with eguations (D8] and {or the case of an sothermal wall, the energy
ceation is replaced with ’f’[[}} = . H, instead, an adiabatic wall is used, the energy
equation is modified by explicitly sefting the wall-normal derivative of both the mean
arndd disturbance temperature to zero, For the disturbances, this amonuts fo removing
terms which multiply ’fﬂ at the wall. Although this “weak” formulation for ihe
adinbatic consfraint doss not guarantee that f,., s strictly zero, the deviation from
zero will be on the order of the truncation error of the acheme. In all cases, the diserete
continuity equation is used at the wall to obtain density. At the far-field bonndary,
all disturbance quantities are set to zero by replacing the equations of motion with
the constraint U = 0,

With the boundary conditions applied to the discrete equation (D.17) and the

appropriate paramectors set, the resulting prablem is redueed Lo a matrix eigenvalue
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problem. If the femporal approach is used then the eigenvalue prablem can be written

as .
MU =T {12.22}

which is a {8V, % BN,) regular, complex cigenvalue problem that is solved using the
IMSL routine EVCCG [54],
For the spatial problem, the eigenvalue, k., appeats nonlinearly and the cigenvalue

problem can be written in the form
(Co + %.Cy + #2C3U = 0. (D.25)

Bridges & Morris {11] show that this can be converted o the following extended

-GGy _Calcz} i{] =£;S{E,T‘} (D.24)
I 0 U 0

proflem

where U 1 =kU In praciice, the inverse C7t is not directly computed. Insicad, the
Li/-factorization of Cy is computed using the LAPACK routine CGETRF [3], aud the
products, CitC) and CytCs, are obtained by forward-solve and back-substitution
using the routine CGETRS f3)].

Equation [).24 is a (20N, x 10M,) regular, complex eigensyalue problem which is
again solved using the EVCCG routine [54]. The computational expense of the QR
algorithm, which is the basis of IMSL eigenvalue routine, is on the order of N3, where
N s the dimension of the matrix {45]. Thus the spatial eigensystemn is eight times as
expensive to solve as the temporal elgensystem nnd this fact motivates the need for

high-order accirate spakial differencing.

D.3 Nonparallel Effects

Along with surface curvature, nonparalle] effects are also found to have a significant,
impact on the stahility characleristics of stationary crosstlow vortices [76]. We have
inchuded nonparallelism in our stability caleulstions using a perturbation approach,
pioneored by Ling & Reynolds [64] and Saric & Nayteh [83]. Iere, we follow the
approach of Saric & Nuyteh [93] applied to the compressible linear stability equations

in eutvilinear coordinales.
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For high Reynolds aumbers, the mean boundary layer fow, U, can be considered
a slowly varying function.of the streamwise coordinate, 5. Defining a slow coordinate,

5, = £8, the base flow can be writlen ag an expansion in the parameter
Ufs,n) = Uglsy,n) + 0z (s, n) + ... (D.25)

where £ is a small dimensioniess parameter representing the nonparallelism of the base
fiow. Here, Uplsi,n} is the quasi-parallel base flow, and Ui {s,n) is the first-order
nonparallel correction which, for the class of fows considered here, consists only of
the scated, wall-normal velocity, U, = {0,0,%,/ E,D,G}T.

Utiizing the method of multiple scales, Hnosr distwrbances about the base fow

can be expanded in £ a3

Uj{.t-h 2, f'::l = {A{.ﬁ'l}ﬂu{.ﬂl, ?L] + Eﬂﬂ:S] . n} +.. } .
exp ( [t + itz m) . (D.26)

From the following analysis, we will show that ﬁﬂ{sl;ﬂ-} is the same quasi-parailel
eigenfunction disctssed Is section D.2, A{s) is the local wave amplitude, and U {s;, n)
is the nonparallel correction at O{e}.

Equations (D2.25) and {D.26) are substituted into the linearized Navier—Stokes
equations in curvilinear coordinates (B.6) and terms are grouped in powers of £ In
s0 doing, we note that the matrices (A, B, C, D} can be split into parallel and
nongarallel porbions, e
a1,

.A.{{]) = ﬁﬂl{ﬂuj + E_»."-‘l] [3—311

fjl) Foo (D.27)

whereas, the matrices due to viscous effects [V, Ve, et} only confain paraflel

Aow contributions. To ") we obtain the parallel linear stability equations {D.8)

Lo{Up) = —iwUp+ ikaAoUs + BaUo,, + #:CoUs + Dol +
kf-vemﬂﬂ - 'ika-vsraﬂﬂ,n + kskzvszﬂﬂ - Vnnﬁﬂ,nu - {1}28)
ikzvmﬂm + kgv:aaﬁu
= o,
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This equation is subjeet to the homogeneous boundary conditions (D.9)—(D.11) lead-
tng to an eigenva,iﬁe problem {or [:kls:ﬂn} which iz identical to that discoussed in section
D.2

AL Ofe'Y the following equation is obtained

3 . . . - dA
Lofy} = {{Eik‘gvm, + ik, V,, — Ag)Up + VMUQIR}E +
1
I v -~ ad -
{VH (—%Uu + QiksUgbsl) + Vo Ugsn + (D243
a1
szvaz - Aﬂ'}ﬁﬂ.si - El{ﬁﬂ}}A . {DB‘G}

Here, £y is the paralleMlow operator introduced in equation (D28} and £, an oper-

ator due to the nonparailel meanflow which takes the form
LUy = ik AUy + By Uy, +ik,C 0 + DUy, (D.31)

Equation (13,29} is also subject to the homogeneous boundary conditions (2.9)-(D.11}
which are now written in terms ol ihe U] variabies. Thus, the equations at Ofet)
for U, are an inhomogeneous version ol the parallel-flow stability equations whare
the RHS forcing term depends on the eigensolution to the homogenoous problem
(D.28}) and an as-yet undetermined amplitude function A(s;}. Since the homoge-
neous problem given by £o{Us) = 0 has a nontrivial soiution {i.e. the quasi-paraliel
cigensolutions) the solution to the inhomogencous problem (D.29) only has a solution
if o solvability condition is met [93),

To simplify the construction of the solvability condition, we [rst convert the equa-
tioms (D.29) to a system of first-order equations. This is accomplished using the lin-
varized continuity equation to remove the explicit dependence on +, . {ses Appendix
A4). Doing so in equation (D.29) and introducing additional unknowns for first-
tlerivatives of ﬂ] in the wall-normal divection, leads to a system of cight, first-order

ordinary differential equations of the form

Q.+FQ= Gg +HA (D.32)
1
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where

() { A
Qs Ty
Qs U,
Q=<g:;=<;; (D.33)
o Uam
@1 W
Q) 1 Tn ),

15 the extended vector of unkpowns [note that we have dropped the subscript 1 on
the definition of (¥ for brevity}. The RHS has two vector coefficients, G and H,
where the nonparallel mesnfiow terms, £,{Up), contribute to H. The definitions of
the matrices appearing in equation (D.32) are given in Appendix A.4. The boundary
conditions for (D.32) are given by

Q0 =0, OO =0, Oy =0, (D.34)
@O =0 or Qi(0) =0, (D.3%)
Q2 03,Q4Qs =0 as n— 0. (D.36)

"The solvability condition is consiructed by multiplying equation {D.52) by the voo-
tor ZT = {71, 2y, Z3, 24, Zs, 25, 21, 23} {later identified as the adjoint eigenfunction)

aned integrating in the normal direction

N oo, - el . o
[T 25 Qdn+ | 2R Qen - a4 [ % Gdn+ 4 [omaan. (pan)
0 f tla; Jo o
Integrating by parts leads to
dA

_ AT st T A% - e .
fﬂ (2%~ TF)Qin + Z7Q[ = fﬂ ZGdn—FAfu 7 Hdn.  (D3%)

The solvability condition follows by requiring that both terms on the LHS of {D.48)

b worn, Thus, we arrive at the adjoint eouation {after transposing’.
1 ] ] :

Zn—FTZ =0 (D.30)
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and the adjoint boundary conditions which lollow from

o O

Z7Q =0, (D.40)

LE]

Bince each term in {D.40) must be zero, the boundary conditions on Q require fhat

the following conditions be imposed on the adjoint problom

~ -

20y =0, Zg(0)=0, ZHf0)=0 {D.41)
Za0) =0 or Zy{0) =0, (D.42)
21,25,2?71_?3—}_{} 4% M — 0C. (£3.43)

Thus, equations {D.4%) and boundary conditions (D.41)—{D .43} constitute the ad-
joint eigenvalue problem and when these equations sre uscd in equation (D.38) the

solvability condition hecomes

hl{sﬂ;% + hz{s51)A =10 (D.44)
witere
huls)) = £ AT (D.45)
and
hafs) = /ﬁm 7 Hdn . (D.46)

In practice, before solving equation (D.44), we convert back from the slow variable

51 to § by multiplying both sides by 2, leading to

dA
To transforming back to 5, all the terms requiving derivatives with respect to s, ave
converted to derivatives in the physical coordinale s, and the nonparallel meanflow
terms are now of the form eU; = {6,0,8,,0,0}. Thus, all quantities are returied to

their unscaled values and the solution to cquation (D.47) is simply

Als) 8 fig
Also) exp (— j;n Ed&) {D.48)
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where 34 i3 an arbitrary reference location. Using this result in equation {D.26), yields

for fowest order

w78, 2,40 = Alsp AD &, 7 oxp ] il & -= e ik 2 — dt] . 0D
u’ Alsg)UT k :‘* fs + ik
&

) 1

The nonparallel growth-rate and chordwise wavenumber are defined as

7= Re [% m{rﬂ)] , (D.50)
o = Im [ﬁ%m{w}] (D.51)

where 7' s any desired disturbance quantity. Using these expressions, one obtains

g = —Iin{k,} - Re (%) + Re (E?"s ln(ﬁ}) . (13.52)
e = Refk,} — Im (i—f) +Im (% In[ﬂ}) : (D.53)

Note that {7 is axy particular disturbance eigenfunction which can be & tunction of
hoth g and i, Thus, both ¢ and o depend on the particudar disturbance quantity nsed
and the wall nrormal coordinate. The three terms which contribute to the nonparaliet
growth-rate in equation {[.52) are, in order of appearance: the quagi-parallsl growth-
rate with curvature, the nonparallel meanflow term, and the eigenfunction growth
term. '

Thie adjoint cigenfunction must be computed o order te construct the solvabil-
ity condition and to determine the nonparallel corrections to the growth-rate and
wavenumber.,  Since the elgenvalues for the regular and adjoint problems are the
sarny, the first-step is to solve the regular eigenvalue problem (fe equation D 2R}
sing the technigues described in sectiom D2, Given the appropriafe eigenvalug, fle
adjoint eigenfunction is obtained by direct integration of equation (D.39) subject ta
boundary conditions {D.41)—{D.43} with no iteration required on the eigenvalue. The
inlepration ks slarted é:,l a fixed height above the wall, 1= w0, and the initial con-
ditton ut . 15 constructed by solving the uniform-flaw version of equation (12.39).

Mack [68] describes the nualytical procedime used to determine the initial condition
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for the compressible equations without curvaiure. For simplicity, we formulate the
prablem numurir;aﬂ]y by substituting the wniform-flow conditions at fiy,, nto (0.39)
and solving the resulting (8 x 8} eigensysiem using the LAPACK routine CGEEV [3].
Doing =0, one obtains 8 sigensolutions, four that are damped for large n and four that
are unbounded for large ». Consistent with the [arficld bowndary conditions (D.43),
the bounded solutions are used as four linearly-independent. initiaj-conditions at rip,,,.
Fach of these initial conditions are integrated to the wall using standard fourth-order
accurate, fixed-step Runge-Kutta integration with the orthonormalization procedure
of Conte [24] used to prevent contamination [romn the undamped solutions. At the
wall, & lincar superposition is constructed thak satisfies the wall boundary conditions,
With curvature, the meftric terms vary over the entire wall-wormal domain so that the
initial condition described above is only approximate. However, in practice, n,,, = 2
1s found to be adequate for cases with and without curvature. Omee the adjoint is
obtained, k) and Ay are construcled given the fall (nonparallel} .meanﬂww, and the
parallel cigenfunctions. Note that in detertnining Ay and b, chordwise derivatives of
both the meantlow and the regular cigenfunctions are required. The chordwise doriva-
tives of the meanflow come directly from the full mean solukion, while the streamwise
derivatives of the clgenfunctions are computed by solving the regnlar eigensystem
over & range in s am forming fourth-order-accurate finite difference approximations

(see section 3.4) for the chordwise derivatives.
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Heg

oo

Figure D.1: Coordinate syslems [or LET analysis of an infinlte-span swept wing



Appendix E

Compreésible, Finite
Reynolds-Number Receptivity
Theory

Finite Beynolds-Number "Pheory (FRNT) is based on the work of Zavol'skit ef ef. [113]
wha approximated the linearized Navier-Stokes equations locally using the quasi-
parallel distorbance sgquations, This was done within the same receptivity frasmework
mseed by Goldstein [41] and Ruban [92) (who themselves used high Reynolds number
asymptotics). Recently FRNT has been applied by Cronch [27, 28] and Choudlbiari
fo Sirectl [20,21] o luvestigate recoptivity phenomena under a variety of situabions.
Howoever, mast applications of FRNT have beon for incompressible How with the no-
table exception of the work of Zhigulev & Fedorov [114] for two-dimensional rough-
ness. In the following, we outline the straightforward extension of FRNT to com-
pressible flow for three-dimensional boundary layers, The development follows the
exposition giver by Chowdhari [17] with appropriate cxtensions.

In FRN'F, the linearized Navier-Stokes equations arve approximated by bhe goasi-
parallel disturbance eguations. Towards that end, two length seales are defined: *
corresponding to the streamwise loeation of the wall disturbance downstreamn of tle
leading-cedge and £* which s propotionat to the nndistarboed boundary lagyer Lhicloness

at s* = I0" L i defined relative to I* through the relation

I*
4 RE; '

where Rey = U2 {s* = {"){*/v* is the Reynolds number based of the local, slip-velocity

L* = (K1)

tangent to the surface at the wall distarbanee location, The lonpgth-seale L7 s used to
scale both the height of the bumyp and its vartations in the streamwise and spanwise
directions. With this scaling, the streamnwise divection is piven by § = {g*—1"}/ L7, the

witll normal divection by N = »n* /L7 anl the sealed spanwise divection by 2 = 2" /L.

213
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The global coordinates (s*, n*, 2*) when scaled by I* are denoted as {s,n, 2).

Crur primary focus is .on the generation of stationary cross-flow vortices so that
we consider small-amplitude, spanwise periodic wall disturbances (relalive to the
undisturbed wall, & = 0) of Lhe form

NulS, Z) = g,f0, ()10 E (E.2)

where £, = £,"/L* € 1 is the scaled roughness height, £, (5) is the streamwise shape
of the roughness, and §, = F,"L* is the spanwise wavenumber of the bump. Since
the analysis is linear, the current results can be thought of as the response of the
boundary layer to a single Fourier mode of 2 mare complicated spanwise digtribution.

The Hlow is denoted by the vector field U = {p, u,v,w, T}F and, il the amplitude
of the wall disturbance is sufficiently small, the dependent variables can be expanded

a3 a regular perturbation series in £,
U(S, N, Z2) = UIN) + 2, Ug{S, N)ePZ 4 Of2). (F.3)

Consistent with FRNT, in writing this oxpression we utilized the fact that L*/I* <0 1
s0 that the undisturbed mean boundary layer flow Ufs, N} can be replaced with the
local, quasi-parallel approximation U{N) = Uis = 1, N).

'The mean-flow disturbance, 11, is obtained by solving the Navier-Stokes coua-
tions linearized about the parallel mean flow, T7{ V). The boundary conditions for this
problem are the nsual no-ship, no-penetration conditions applied af the perturhed wall
location, N(S, Z) = e,h,(S)e?» 2 A detailed derivation of the linearized houndary
conditions {transfored to N = 0} for comprassible flow over curved surfaces is given
in Appendix F. In addition, the solations also satisfy zero-disturbance conditions as
N — .

Alter taling the Fourier transform (8 — o) the linearizod Navier-Stokes equations
with {he guasi-parallel approximation take the form of the compressible stability equa-
tions which are the compressible analogue to the Orr-Sommerfeld equation. These

equations can be formally written as

LlefuRePIMTT g (E.4)
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where the hal denotes the Fourler transform

ﬁw(’”‘r-‘n‘r) w( S, N}E._mgd‘g {B.5)

I
Appendix D prosents the compressible stability equalions in detail and deseribes the
methods used to obtain eigensolutions for the homogencous problem. In the presont
case, we require solutions to the same equations, but with inhomogensous houndary
conditions at the wall, These solutions are obtained with the same Chehyschev spaiial
ciscretizalion used in Appendix D but hy including the boundary conditions in the
discrete approximation and using Ganssian elimination to solve the resubting linear
gyaten.

As disctssed in detail by Choudhari [17], the solution of the compressible stability
equations in Fourler space can bo obtained without regard for causality. owover,

when Lhe Fourter inversion,

Uz, N} = o f U, (0, Ve day, (E.6)

15 performed to return the solution to physical space, causality must be accounted for
in choosing the inversion contour, I'. Hearein, we assume that the crossflow instability
i3 convective in nature without applying a rigorous causality condition (4, e. the Briggs-
Bers criterion [8]). This same assumption has been used by several vesearchers in tho
context of FRNT [17,29],

The coutribution of the integral In (E.8) to a particilar CF-instability mode is
given by the residue of the indegrand at the complex streamwise wavenwnber of the

CF-mode, o, 7. The resldue theorem states Lhat,
L Fl2)dz = 2miRes,_,, [ (2)] = 2miby (1.7)

where the function f{z) is analytic in €' except at zq which is an isolated singular
point. If f{z) iz written as

fz) = 2l2) {F.8)

where both p and g ave analytic at 2, and

plan) 5 (), giza) = 0, and ¢ {z)£0 (E.9)
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then the residue at z; s

pl20) N
b = Pl £.10
1 q'r[.q"}'"j { }
Returning to equation (E.6), we have
pla) = £ (B11)
aler) = U o, N) {E.12)

Where [T, is a particular component of U,. With these expressions, the residue at
oy 18 given by
2T gierS

Un(S: N] = 1. .
s (any, N)

{E.13}
The value of a—gﬁ—l{aﬂ £ V) s determined by computing {ﬂr?,__ Hewe, N at oo = Oy T Ao
and using a central difference to approximate the derivative. '

The form of the perturbafion corresponding to the residue at (o, B.) is then

given by [41]
Usp = hulosg) A, Re, Pr, MY E(V, B, Re, Pr, M) ¢ileerS+5uZ) (E.14)

where Fy (o) is the amplitude of the Fourier component of the roughness shape-
function which is resonant with the erossflow vortex mode. The [actor A3, Re, Pr, M)
ig called the “efficiency” funection which characterizes the local reeeplivity process
independent of the geometry of the roughness, and E{N, 3., Re, Pr, M} is the vector
of cigenlunctions for the stationary crossflow vortex under consideration. Similay
ko {17}, the cigenfunctions are normalized such that maximum of the eigenfunction
{or the velocity perturbation in the direction of the local inviscid streazmling s unity.

Thus, the initial, complex amplitude of the crossflow vortex based on this quantity s
Any = Er0 hulOer) M Bu, Re, Pr, M), (E.15)

For the purpose of comparing the effectiveness of various parameters on the receptivity
of CF vorlices, it is sufficient to examine the magnitude of A{f,, Re, Pr, M}, However,
when directly comparing to the resulls of experiments or computations, eguation
{F.15) must be nzed.
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To test our implementation of the FRNT, we have examined the receptivity of the
compressible Falkner-Skan-Cooke profile {see Appendix C) to surface ronghness. The
parameters were chosen to match the incompressible results of Choudbari {17, We use
M =101, Rey == 80,000, # = 45°, avd Pr =1 with the sothermal boundary condition,
T =Th. Under these conditions, the Branch I neutral point for stationary cmssﬂow-.
vortices is found to be al &, = (L1588, o, = —0.1169. Solving for the residue ylelds
A = —{L01855 + 0.03889% which has o magnitude of [A] = 0.04352, This value agrees

with Chondhari’s [17] incompressible rosult to at least two significant fAgures,







Appendix F

Linearized Roughness Boundary

Condition

Figure [.1 shows n schematic of the geometry under constderation. In this appendix,
all lengths are wondimensionalized by a reference lenpth-scale L* which is the local
boundary layer thickness at the 1‘01112;1111(!&.5 tocation. This scaling leads Lo a meaningful
perturhation cxpansion for small roughness heights, When using the results of this
appendix, care st be taken to properly convert the sealing for the problem at hand.
All other quantities, u; and T, have been nondimensionalized by some convenient
reference vakues,
The smooth wall is denoted by n(s, 2) = 0, where s is the wall tangent coordinate,
n 18 the wall-normal coordinate, and 2 is the spanwise coordinnte. Note that this is
a standard body-fitted coordinate system with n a straight-tine coordinate normal
L the surface. The rough wall is obtained by adding a small, spanwise-petiodic
perturbation given by |
Nu(8, 2) = £ph{s) s (F.1}

where g, = &," /LY € 1 is the sealed roughness height, fy is the streamwise shape
function, and 8, = 8,°L* is the spanwise waventunber of the bump. Note that we
have limited the study to spanwise periodic roughness distributions, Since the analysis
18 linear, the current resulls can be thought of as the response of the boundary layer
to & single Fourier mode of a more complicated spanwise distribution,

The no-ship and isothermal boundary conditions are applied on the perturbed

surface

wils, g, z) =1, (F.2)
T(3, 1y, 2) = T, (I3}

219
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Similar te the expansions used in sectlon 2.3, the How variables are written as

u.i{ﬁi) = ﬂj(?—'i] + E‘wﬁj(mf} + E}{EWZL {F.‘i]
Tla) = Tias) + eoT(me) + Oe?), (F.5)

where perturbations are denoted with a tilde.
Linearized boundary conditions, which can be applied at the unperturbed wall,
are derived by expanding eguations {F.2) in a Taylor series about the undisturbed

wadl lecation. This yields

Ui{3, My, 2) =0 = u(s,0,2) + Ewhu,{s}fziﬁwz%(s,ﬂ,z} + O, ") (F.8)

Ti{8, g,z =T, = T{s0,2)+ Ewhw{s}f:w‘"’%{a 0,2) + Oe.”).  (F.7)

Then using equations {F.4) in equation {F.6) gives

it;{5,0,2) = 0, (F.8)
T(s,0,2) = T, (.3
byls, 0 2) = wiawlfs]ei-&”z%{s,& ), (F.10}
T(s,0,2) = —hw(gjaﬁﬁwz%[ﬁ,ﬂ,z}, (F11)

where only terms of (3{z,,) have been retained. The mean flow solution is obtained
using homegeneous boundary conditions on the unperturbed surface while the distur-
bance boundary conditions are inhomogeneous and proportional to the local, mean-
flow gradients normal to the surface,

if instead of an sothermal houndary condition, a constant heat-fux condition is
used then the derivation of the Hnearized boundsry conditions is substantially more
involvixl. This is due to the fact that the normal direction used in detormining the

wall-normal temperature gradient mnst he defined relative to the perturbed surface:

ar
ﬁ'{ﬂ,ﬂw,z} = e [F'lzj

where i is the perturbod normal direction and g, is the prescribed, constant heat-flux.

Since we wish to apply these conditions for an infinite-span wing, the derivation
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17 limited to a two-dimenstonal cylinder. To derive the proper lincarived heat-Hux
boundary condition we begin by assuming that the unperturbed surface is paramest-

rically described hy the are-length, s. Thus,

{9} = (f(s), 8{s}), | (F.13)
as shown in figure F.J, The ﬁnit tangent and normal vectors are then given, respec-
tively, by

. )

| F.14

$= i g (F.14}

a0 ) (F.15)

where primes denote diflerentiation with-respect-to &, The perturbed surface is de-

uoted by (Z, &) where

Ts,2) = f(s) - ca 1er{3:]5~5ﬁw2ﬁ1 (I".16)
s, 2) = gl6) + ewh [S}E*ﬁ*“zﬁzﬁ , (F.17)

To construct the normal to the perturbed surface we begin by defining two vectors
which are tungent to the surface. For this, we need derivatives of Z and 7 with respect

to s and z

& £y(e) oz [ , { U ) H
— =f"- 3 h 'Fzrj " ) F.18
(s / \g’f’§—|— FE wd (F2 + ¢ ( )
O, Eyle) P [ W & 4 SR H
. "t - ; N .10
o T TV CEEro I | R
Filrs . . '
o .. 13z ‘
{I}z' Elﬂhﬂﬂ'ﬁu?ﬁ \W 1] (F.Zﬂ]
W _ e i L (F.21)

53 r;ﬁz n gai !

In the following derivation, theso expressions are abbreviated to
ML, 4]

Ftend, {122}
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e = o +e,8, (F.23)
Z: = eul, (F.24)
. = e, (F.25)

where A, B, O, and D are complex functions of (s, ).
Using these abbreviated expressions, two vectors, each tangent to the perturbed

surface, can be defined as

T F
S-Ey =4 ¥s and Za::.r = Y, (F.26)
4] 1

The perturbed normal veetor is then given by the cross product, n = S;, X 25, which

is found to be

A == &t , (F.27)

Rewriting the normal vector using equations (F.22-F .25} vields

~(¢' + euBY)
(f + E.‘WAT} . (F.28)
Eqr [Ci[:g; + Ewﬁf} - Dar{fl + Ewﬂt}]

=
Il

The normalization of this vector requires the quantity 1/}#|, which, when expander

for small £, is given by

E £
1 7 1 ~{f'A + 4B} 2
= s e - e 7+ Olel) (F.29)

where the terms F and F' have been defined to simplify the notation. Using this

gxpression to normalize /i and expanding the result in powers of ¢y, leads ko

—0'E — e {¢'F + BTEJ
= PE4e,[f/F+AE) ¢+ OFl). {I".30)
£ Clg" — DY)

=

=
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Projecting this vector onto the undisturbed tangent and nermal vectms yields the

following expression

.ﬁ h-,:uﬁ'. ez ) .rf.u fﬁ i )
m = —fy —’f,g n gﬂf? 5+ {1 Etfgy E.m{ﬁ‘wz} Tan g}‘in}ﬂﬂﬂ } i +
Cuthmbue ™7 & + Ole,%). (F.31)

For conventence, this exprossion is rewritten using the shorthand notation

i
|"§-1"|" = gyflad +{l + e By R+ 8,7,5 + (TJ{E,,, 1. (.32}
We can now evaluate the temperature gradient in the perturbed normal-direction

{07 in terms of Lthe gradients normal and tangent to the original body,
ar dT ar T

Er = il -t {1 +e,fl— +Ewﬂ.za

= + Ofen?). (F.33)

To evaluate this gradient at n = n,,, derbvatives are expanded in a Taylor series abont

n = 0. Using eguation {F.5) and collecting terms of equal order in £, vields

a7
T 02} = g (F.34)
ar a7 a7
g _ _gtdd _ a8 )
An [}’sﬂ: E} L Bs (3,“,3] g, ﬁn{h U,Z]I
4 BT
hulﬂhjmz a u (S’ [J, .3} {5 D 3} {F 35}

Writing this expreasion ont in full results in

R
E{SJ D-‘z} = ff2+grz dm(‘s!ﬂ:’g} -
f.r.r J[‘J'JH a:ﬁ

oy Sin[ﬁwz}ﬁﬁ“f{m& (5 0, z) -

&7 3
%Elﬁmi (4‘: E.},Z} + 'E'hw,o'in FEES f}j{s_. D?z} . {:F:H}J

Equation (F.36) is valid for any two-dimensional body with a small, spanwise

periodic perturbation. For all the cases considerad here, 67/8z = 0 so that the
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tast term can be ignored. From the general expression, several special cases follow

directly:

Two-dimensional disterbonce: 3, =0

ar W, 8T PRT
-E;j“'i’_l-‘{s*'l z} = fu_:'q;z a {S ﬂ } wa 2(3 D .?_7}
Flat Plate
{a 0,z) = R, ”3‘”” {5 0,2) — hwe‘ﬂ“z%f& 0,2},
Flat Plate with parallel flow assumption
- o
g%;{s,ﬁ, z}) = —h e‘ﬂ“'zin{{e 0, z).

(F.47)

(F.38)

(F.39)
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Figure F.1: Schomatic of surface roughness geometry. Note Lhat the height of the
bump is exaggerated for clarity.
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