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Abstract

Mixing between supersonic streams is critical to many technological applicstions, sapecially
sexamjets. This work uses direct numerical simulations of time evolving anmular mixing
layers, which correspond to the early development of round jets, to study compressibility
effects on turbulence dynamics and mixing in free shear flow. Nine cases were considered
with comvective Mach mnnbers canging from M, = 0.1 to 1.5 and turbulent Mach numbers
reaching ag high as M; = 0.8,

Growth rates of the simulated mixing layers are suppressed with incressing Mach num-
ber as observed experimentally. The Reynolds stresses, with exception of the axial normal
stress, g tigr, are alao suppressed. Flow visnalizations show a distinet change in turbulence
atructure with increasing Mach number. At low Mach numbers, the flow is dominated by
large azimnthally correlated rollers whereas at high Mach numbera the flow is dominated
by small streamwise oriented structures. Dilatational terms are found to have negligible
net effect upon the turbulence enevgetics despite the fact that shocklets are found at high
Wach numbers. The growth rate suppression is analyzed with the Reynolds atress tranaport
cquations and a simple relation hetween mixing layer growth rate and the pressure-strain-
rate correlation is found, ‘This correlatiom is suppressed at higher Mach numbers due to
suppressed pressure fluctuations. A change in structure caused by a ‘communication’ break-
down across supersonically deforming eddies is found to be responsible for the suppression

of pressure fuctuations and this effect is parameterized with & gradient Mach number,
My = %g—g.

Mixing is studied with & pasaive scalar transport equation. Increasing the Mach nnmber
changes the mixtore fraction probability denstty funetion from non-marching to marching
and the mixing efficiency from 0.5 at M, = 0.1 to 067 at M, = L.5. The scalar concen-
tration and the axial velority perturbatione become highly correlated as the Mach number
increases and a suppressed role of pressure in the transport of axial momentum is found to

be responsible for this.
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Symbols and Abbreviations

Homan Symbols

4 Initial turbulence amplitnds parameter (§3.1.2)

@ Sound speed

61 Modet constant {eq. 4.15)

b Grid mapping parameter b= 1.9 (§2.2.1)

b Thickness parameter {§3.1)

Big Shear stress anisotropy {eq. 4.1)

£ Cirid mapping parameter ¢ = 8.0 (§2.2.1)

3 Clonstant in the simplified ,ﬁuﬁ equation (§4.2.2)
Ep Specific heat at constant pressure [constant)

£ Specific hieat at constant volume {constant)

Mass difusion cocflicient {p. 20)

27 Scalar diffusion (§5.5)

E Turbulent kinetic encrgy spectrum {§3.3.7)

¢ Total eneygy {eq. 2.8}

H Generic function value at gridpoint § (§2.2.1)

b Generic function

f Veetor representation of the conservation equations (§2.2.2)
g Generic function

g Grid mapping fuzction (§2.2.1)

9o Grid mapping paramoter (§2.2.1)
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Gz, Gr, Gy Molevular scalar Huxes (oq. 2.8)

K Initisl apectra shape parameter {eq. 3.6)
K, Model constant {p. 81)

¥, Proportionality constant {p. 88}

K, Proportionality constant {p. 30)

k Tiwrbulent kinetic energy (p. 8)

k Thermal conductivity {p. 1%}

kr Axial wave ﬁumber

ks Radial pesendo-wave number

kg Azinmthal wave mumber

oy Bap o Koy Initial spectral peaks {og. 3.7)

K K" Modified wave nuibers for first and second derivatives (§2.2.2)
L Measuremont length scale (§5.1)

L Streamwise length of the computational box (Fisure 1.1}
Ly, Streatnwise periodicity length {p. 21)

¢ Transverse large eddy length scale {pp. 7,88)

M, Convective Mach number M, = ;;L:i‘a; {p. 37}

M, Gradient Mach number M, = £22 (p 788}

M; Centerline Mach number

M, Relative Mach number ﬁ‘_ﬂg {p. 9

M, Turbulence Mach number {(eq, 3.18}

Nens Ninnber of ensembles for averaging {Table 3.1)

Negir;}  Number of # Fourler modes carried at vy (§2.2.1)
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Np Number of processors [§2.3)

N, Ny, Np Number of grid points in the z,r, @ directions (§2.2.1)

P Generic probability density function

P Pressure

P Production of turbulent kinetic energy (p. 8)

Pt Production term in the ﬁuﬁ transport equation (§4.2}
Pr Prandtl number (eq. 2,25}

Pry Turbulent Prandil number (p. 9)

Gesfrrgs  Molecular heat flnxen (eq. 2.24)

q Vector of conservative variables (§2.2.2).

B Maximuwm radial extent of the computational box
Ry il (§4.2)

Re Reynolds number (cg. 3.9}

Regq Sound speed leynolds mumber {eq. 2.23)

Re, Momentum thickness Reynolds number {p. 3.3.2)
Re, Taylor micro-scale Reynolds number {eq. 3.19)

r Radial coordiate (Figure 1.1}

T 4 radial meah point (§2.2.1)

To Initial mixing layer radius {Figure 1.1)

El Coordinate on & nniform mesh (§2.2.1)

a* Entropy fluctuation (p. 93)

Se Schmidt number {eq. 2.30)

T Temperature
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¥

At
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Time

Axial velocity

Cartesian centerline velocitics (eq. 2.72)

Radial and azimuthal velocities

Viacous terms in the axial momentum equation {eq. 2.11)

Viscong terms in the radial momentum equation (eq. 2.12}

Viscour terms in the azimuthal momentum equation (eq. 2.13}

Axial coordinate (Figure 1.1}

Axial correlation distance {Figure 3.24)
Greek Symbals

Arbitrary angle (p. 6)

Curve fit parameters (§3.3.4)
Ratio of the specific heats ¢, /ey
Nuomerical time step (§2.2.2)

Mean velocity difference across s mixing layer

Az, Ar, AF Mesh spacing in z, 7, 8 (§2.2.1}

Gleneric nixing layer thickness

Molecularly mixed finid ‘thickness’ {p. 95)

Mixing layer momentum thickness

Normalized momentun thickness growth rate &, = -2
Reaction produect ‘thickness' (p. 5)

9G% scalar thickness

Scalar half-thickness (p. 44)
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Es

}‘:I:,'r,ﬂ‘
Ar

o

Ak

Vorticity thickness {eq. 3.15}

“Width’ of flnid mixture fraction designated as pure (§5.3)
Viscous dissipation of turbulent kinetic energy (Appendix A}
Viscous dissipation of ﬁuﬁ {(§4.2)

Dilatational dissipation {p. 8}

Solenoidal dissipation (p. 8)

Similarity variable {(§3.3.3)

Dilatation {eq. 2.22)

Azimuthal angular coordiate (Figure 1.1}

Taylor micro-scale {3.20}

Batchelor acai.e (§5.1)

Scalar resolution parameter Ag, = Scéﬁgﬂef (§5.1)
Kolnogorov scale (§6.1)

Viscosity (p. 17}

Buik viscocity {p. 19

Mixture fraction = scalar concentration {p. 19)

Pressure dilatation correlation (p. 8}

Pressure-strain-rate correlation in the ﬁu’ﬁ? transport equation (§4.2)
Density

Grid mapping parameters 0, = .25, 0y = .35 (§2.2.1)
Initia} pertarbation radial envelope parameter {§3.1.2)

Viscous stress tensor {p. 18)

Normalized temperature (eq. 3.16)
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Xz

Viscous dissipation (eq. 2.14}

Stoichimetric mixture faction (p. 5)

Random number between § and 1 (§3.2.2)

Fraction of r.m.s. presaure terms to ram.s, convection terms (Figure 5.16)

Vorticity magnitude {§3.3.6).

Other Symbols

Free-gtreatm values (§3.3.2)
Contertine value
Initial ¢ = { cenlerline value

Imitial £ = 0 valye

Reynolds averaged guantity (eq. 2.31)

Favre averaged guantity {eq. 2.32)

Bimensional variable (p. 15)

Complex conjugate

Perturbation fiom Reynolds averaged mesn (eq. 2.33)

Firat derivative {$2.2)

Perturbation from Favre averaged mean (eq. 2.33)

Second derivative (§2.2)

Fourier cocflicients {sg. 2.51)

Radially integrated quantity (p. 70)

Ambient Bow value {p. 15)
Incompressible or A5 = 0 valoe

Root-mean-aquared value
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CFL

p.df.

F.T.8.

PIV

LEY

Partial time derivative operator
Abbreviations

Courant, Friedrichs, and Lewy (cq. 2.67}

Probability Density Function

Root-Mean-Squared

Particle Image Velocimetry (p. 4)
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Chapter 1
Introduction

1.1 Motivation

There are several technologies in which compressible mixing plays a critical role and which
would benafit both from improved models and better underatanding of the physical pro-
cesses in compressible turbulence. The following discussion of technological apphlications
loosely follows that of Gutmark et el. {1095} who review compressible mixing enhancement

strategies.

Perhaps the best known application is scramjet combustion. As in any engine, it is
desirable in a scranjet to maximize thrust efficiency while minimizing the size and weight
of the engine. From momentum considerations, losses will be minimized if the el stream is
injecied parallel to the air stream and in the thrust direction. However, it is well known that
mixing between parallel streams st high Mach numbers is suppressed and this forces the
combustor to be very large and therefore heavy. Numerous techniques have been proposed
and tested to enhance the mixing between parallel flows while incwrring minimal loses
{Gutmark et al., 1995; Island, 1987).

Although scramjet applications are usually first on the list, there are many other tech-
nological applications in which supersonic mixing plays a crucial role. For cxample, the
performance of supersonic ejectors, measured by their ability to accelerate the ambient
fluid, depends upon mixing between the ejected and ambient Huid {Gnémark et al, 1895).
Supersonic ejectors have application in chenical lasers (Dutton ef ef., 1982; Siegman, 1986}.
Supersonic mixing alsa plays a role in some atomizers. In such a device, a low speed Hauid
jet is broken into very small droplets by an annular coflowing supersonic jet. The spread-
ing of the supersonic flow and its cotraimnent is critical to this process which is uged to
produce fine metallic powders for metal deposition processing (Missoun ef al., 1992, Wei
et al., 1992; Gutmark et al., 1995). Turbulent processes in compressible free shear flows are
also important in jeta where emvent design goals include noise reduction and the masking

of infa-red signature to avoid detection.




2 : : CHAPTER 1. INTRODUCTION

The motivation of this study is to better understand fundamental properties of com-
pressible turknlent free shear flow with an eye toward improving turbulence mocels for en-
gineering applications. Many models have originated in the incompressible Bmit and then
extrapolated into compressible regimes. However, unlike comprossible tirbuileni boundary
layers, free shear flow models have mel with only linnted anccess. It ix cloar that mode
cls require signficant compressibility corrections before yielding reliable vesilts {Bradshaw,
1996).

1.2 Review of past work

There is an extensive body of work on compressible free shear flows and it is well beyond
the srope of this introduction to cover all of it. We limil $he discossion to stadies which
address fundamentsl aspects of compresaible turbulent free ahiear Nows and models that
huwe been developed for these flows. The past work falls loozely into two broad categories:
studies that have {ocnsed upon the fow's turbulent dynamics and the global propertics of
the mixing layer, such as the growth rate, and studies that have focnged upon the mixing
of fluid between the two atreams. Both the growth rate of the layer, which is & measure
of enlrainment rate, and the mixing process are erucial in combustion applications where
chemival reaction oveurs only as the final step of the process. Thia report addresses both
the How dynamics and mixing, bul it does not attempt to include the offects of chemiesl
reackion or heal release. As we discuss past experimental, numerical, and modeling work
in this svction, we first address work covering the flow dynamics and then separately, i
appropriate, address mixing issues. This division i3 not 1ueant fo suggeat thal the mixing
procese 18 of scecondary mmportance, vather as stated above, it i3 & criucisal step in any
combugtion application. The division is instead made for convenience when summarizing
the large amount of past work on e subject.

Nearly all modern studies attempting to understand fundamental aspects of compreasible
free shear flows have focused on the plane mixing layer. As pointed out by Brown &
Roshke (1974} in their seminal work on the incompressible plane mixing layer, this flow
has characteristics favorable for doing research which arc not present in all free shear flows.
Of primary importance is that the plane mixing layer masintains the same mean velocity,
density and scalar concentration dillerences across the layer ag it develops downstream, This
is in contrast to a jot, for example, which has continuously varying mean centerline values

alier its polential core closes. As a supersonic jet’s centerline Mach nmumber drops with
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increasing downstream distance, the effecis of compressibility must necessarily decrease
as well. Another often desirable characteristic of a plane wmixing layer is its self-similar
development which provides a convenient means of comparing differont experimental results
and testing turbulence models. The initial shear layer development of a round jet has also
been studied with some anceess to understand compreasibility cffects in free shear Now
(Fourguette et al, 1991; Clemens & Panl, 1945}, The jet, early in it development and
before the potential core closes, maintains a constant difference in mean How quantities
across the sheared region which was the main ativaction of the plane mixing layer. It is
also possible when analyzing the early development of a jet to define approximmate similarity
variables much like the plane mixing layer's similarity varisbles, We also study a round

mixing layer which corresponda to the carly development of a jet.

1.2.} Experimenis

Numerous experiments have shown that mixing layers grow more slowly at higher Mach
numbers. Barly experiments noling this effect are surveyed by Birch & Eggers (1972).
However, these experiments left it unclear whether compressibility itself or denaity ditfer-
ences were responsible for the growth rate suppression, To elarify this, Brown & Roshko
{1974) studied an incompressible shear layer with density ratios varying from 7 to 1/7 and
determined that the density ratio alone could not explain the growth rate suppression.
They concluded that it was the compressibility itself that cansed the suppression. More
recent studies (Chinzei ef al., 1986; Papamoachon & Roshko, 19588; Samimy & Elliott, 1951
Goebal & Dutton, 1991; Hall et of., 1993; Clemens & Mungal, 1992, Fourguetie et ol,
1981} alf show a snppression of mixing layer growth rate with increasing compressibility.
The convective Mach mumber, M., (Bogdanoff, 1983; Papamoschon & Roshko, 1988} which
is bused upon an estimated convective velocity of large How structures, has been nsed with
reasonable success to parameterize shear flow compressibility {gee Section 3.3.2).

Recent experiments have measured turbulence statistics in compressible mixing layers.
Barre et ef. {1394) used hot wires to measure streamwise velocity Anctuations and temper-
ature fluctuations in a M, = .62 mixing layer. Goebel & Datton (1991}, Samimy & Eliioil
(1980, and Eliott & Samimy (1990} used LDV to measure streamwise and transverse ve-
locity fluctuations in shear layers with convective Mach numbers ranging from (.2 to 0.99.
Samimy & Elliott {1990}, and Eiliott & Samimy {1990} found that streamwise, w'!, and
transverse, v/, lurbulence intensities were both suppressed with increasing Mach number,

while Goebel & Dutton (1981), found that only the transverse component was suppressed
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with increasing convective Mach number. All studics show that the sheay stress, wf, is
mppressed, as it must be for theve to be a suppressed growth rate. Samimy «f af. (1992)
used high speed transducers to measure pressure fluctuations in M, = 0.51 and 0.86 mixing
layers and they were able to make conclusiona concerning the structure of the layer. They
found, in agreement with images (for example the planar laser images of Clamens & Mun-
gal 1996}, increased flow three-dimensionality at higher convective Mach number bak (eir
neamrements were based on apanwise correlations and the exact form of the structures
could not be ensued. Gruber ef ol (2093) nsed LDV to measire three component velocity
fluctuations in & M, = 0.8 mixing layer. Urban & Mungal {1997} used PIV to measure -
slantaneous streamwise s transverse planar velocity components in a M, = (L.63 mixing

layer, but have not as yot published any statistical data,

Mixiang

There have been several attempts 1o quantitatively measure the mixittg of a paasive svalar in
& compressible mixing layer. To make accurate measurements of mixedness it iz MHCCEsary 1o
resolve the smallest seale of concentration Huctuation in thé How so thal, tnoleenlarly wixed
fluid is distinguished from that which has merely been ‘stirred’. Fluid stirred to very small
acales but not molecularly mixed would be interpreted as being molecularly mixed if the
meisuring technigne has insufficient resolution. The number of published nnder-resohed
resulta is remarkable (sce listings of experiments by Karasso & Mungal, 1996 or Clemens &
Mungal, 1995} and we here review onky studies that use resolution-independent methods to
infor information about the mixing process. Of course, a rosohuting-sensitive method will
vield accurate results if the llow is adequaiely resolved but tlis has not been achieved in
high Mach munber fows,

A primary motivation of these experiments has been to determine the effect of Reynolds
vumber and Mach nuinber upon the mixing efficiency, defined as the pertion of the fluid
in the layer which has been molecularly mixed. In incompressible gaseous free shear flow
the mixing efficicncy has been measured to be 0.49 (Frieler & Dimotakis, 1988). That is,
about one-half of the fluid in the mixing layer is ‘pure’, from one free stream or (e other,
while the other balf has experienced molecular mixing between the two. Hall cf al. (1991)
uged & resolution-independent Hs — Fy ~ NG chetnical reaction to messire mixing cfficiency
and found that it decreased significantly to 0.31 by M, = 0.92. Clemens & Paul (1995)
used the rapid gquenching of NO fluorescence by (3 1o measure mixing cfhicienny in the
initial mixing layer of & round jet and found that it increased slightly with itereasing Mach
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mumber: from 0.45 at M, = 0.35 to 0.48 at M, = 0.82, However their dafa, if extrapolated
to the incompressible limit, does not appear to match the observed 0.42 value. They cile
Reynolds number effects as a possible cause for the discrepancy. Though their method
involves no chemical reaction, the technigue has been named ‘cold chemistry’ becanse it
mimics an extremely fast chemical reaction with zero heat release. Island {1997} performed
more extensive plane mixing layer measuremenis with the same method and concluded that
mixing efliciency increascs slightly with both compressibility and Reynolds number, The
discrepancy with the Hall ef 2/ (1901) data may be the reauli of finite chemistry rate effects
in their H5 — F; = NO reaction or too small a stoichiometric mixture ratio, ¢ = 1/4, also
used in that study {Island, 1997).

1.2.2 Linear analysis

Linear stability analysis of compressible free shear flows has proven to be very useful for
understanding their behavior. As in fully turbulent mixing layer measurements, linear sta-
bility amplification ratea are collapsed reasonably well by the convective Mach number.
The amplification tates also exhibit a similar overall suppression fiom their incompressible
limit with increasing convective Mach number {Gropengeisser, 1970; Ragab & Wa, 1950;
Sandham & Reynolds, 1990; Jackson & Grosch, 1980}, Comparing maximum amplifica-
tion rates to experimental growth rates reveals remarkable agreement (In & Lele, 1994)
despite the fact that disturbance ampliiudes in a turbulent shear flow are such that non-
linear interactions should be non-neghigible. Linear mode amplification rates are of course
different from mixing layer growth rates but the agreement is good enough to suggest a con-
nection between the two. Whether the connection is causal, where amplification rates are
divectly responsible for the layer srowth, or coincidental with the same physical mechanism
responsilble for both the linear and non-linear suppression, remains to be acen.

In addition to describing growth rates, hnear analysis also predicts stractural changes
that occur with increasing convective Mach number. It predicts that two-dimensional
Kelvin-Hehnholiz modes are dominant below M, = (.G while three-dimensional oblique
modes become dominant above this Msach number {Sandham & Reynolds, 1950). An
increase in three-dimensionality is indeed observed experimentally with increasing Mach
nomber {Clemens & Mungal, 1495; Papamoschou & Roshko, 1988, Goebel & Dutton, 1891,
Samimy et ol, 1902; Fourguette et of, 1991; Hall ef af, 1991). It has not been cbserved,
however, that a single oblique mode becomes dominant similar to the Kelvin-Helmholtz
dominance in the low Mach number mixing layers. This is possibly due to the fact that
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a wide range of obligue modes exhibit similar amplification until higher Mach numbers
(M. 2 1.0) are veached {Duy, 1997, private communication). With two dominant equally
amplifted modes {the obligue modes come in pairs inclined at angles o) there may also
be greater possibility for non-linear interaction at earlier stages of fow development which
wonld also obscure theiv observation. A final possible cause may be an artifact of the ex-
perimental apparatus. Unlike two-dimensional Kelvin-Helutholtz modes, the oblique modes

have spanwise variation and the finite width of the wind tunnels may interfere with them.

1.2.3 Simulations

There have been several recent attempts to nse direct numerical simulations to study eom-
pressibility effects in turbulent shear flows, In discussing the corresponding results, we will
divide them into categories based on increasing levels of physical realian: two-dimensionad
mixing layers, three-dimensional homogeneous shear flow, and three-tdimensional thne devel-
oping mixing layers. All hove made useful contributions to our fundamental nnderstanding
of the underlying physical processes.

Two-dimensional sinmlations (Lele, 1989; Sandham & Yee, 1989) are obviously inca-
pable of capturing key three-dimensional features of the flow which are predicted by linear
analysis and observed experimentally. In addition to this obvious shortcoming, they typ-
tcally show that dilatational effects, pressure dilatation and dilatational dissipation, ave
unrcalistically large. This is related to the fact that eddy shocklets are observed o furm
at much lower Mach mmmbers in two-dimensional than in three-dimensional Bows. Diespite
these shortcomings, some useful physical insighis have been gained {rom two-dimensional
simulations. We mention only the results of Papamoschon & Lele {19938} which are particon-
lavly relevant to the present study. They examined vortex generated pressure distuybanees
in shear layers at convective Mach numbers ranging from M, = 0,10 $0 M, = 1.25 and
showed that at high Mach numbera the cross stream pressure gradients are significantly
reduced. Reduced pressure ‘comununication’ in the cross-stream divection has often been
cited as a cause for growth rate suppression (see discussion below).

Similations of homogeneously sheared compressible turbulence have provided informa-
tion on the energetics of turbulence. Sarkar ef al. (1991a,b} and Blaisdell ef af. (1993)
concluded from homogeneous shear flow simulations that the pressure dilatation correlation
and the dilatational dissipation become significant parts of the turbulent kinetic ENnergy
budget. 'The dilatational increase was attributed to inereasing turbnlent Mach number, M,,

and it was concluder that this parameter was responsible for the observed suppression of
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turbulent stresses leading 1o reduced mixing layer growth rate. ITowever, im a more recent
work on homogeneous shear flow, Sarkar {1995) has attributed the suppression of mixing
layer growth rate to the gradient Mach number, My = 5%1, where £ is an integral scale of the
turbulence and a is the sound speed. The gradient Mach number, like the turbulent Mach
number, appears as a parameter when the governing equations are non-dimensionalized. He
concluded that at higher M, the shear stress anisotropy is suppressed and coneequently tho
production of the turbulent kinctic enevgy is reduced. Sarkar {based on length scale data
from incompressible mixing layers} estimated a relation between the gradient Machk num-
ber and the convective Mach number, M, = 2.2M,, and used this estimate to extrapolate
his results to mixing layers. A similar cstimate was applied to houndary layers. Sarkar’s

analyais predicts the widely different effecta of compressibility in these fwo Hows,

As an extension to their stability analyses, Sandham & Reynolds (1991) simulated the
early stages of non-lincar development of the large eddies in a compressible time developing
mixing layer, They showed a clear change in the lkarge eddy structure for convective Mach
mumbers ranging from M, = 0.4 to 1.05. In agreement with linear analysia, the structures
changed from being two-dimensional spanwise oriented at low Mach number to heing three-
dimensional streasnwise oriented at higher Mach number. Finite amplitude random initial
conditiona were shown to develop into modes predicted by the linear atability analysis which
demonstrates a wider range of applicability for linear analysis than might be expected. This
suncess is probably only peculiar to free shear flows because the mean turbulent velocity

profile is very similar to the laminar profile which is used as a basis for the finear theory.

Turbulent temporally developing plane mixing layer simulations at comvective Mach
numbers of M, = 0.2.0.6,0.8 and 1.2 were analyzed by Vreman et af {1896). Linear
instability modes were used as initial conditions and were allowed tu develop into a turbulent
field. The simulated Reynolds stresses and growth rates were suppressed with increasing
M, in a maenner similar to that observed experimentally. However, in contrast to the
early homogeneous shear flow simulations, dilatational effects wers found to be neghgble
with regard to the turbulence encrgetics. 1t was, however, found that pressurc-strain-rate
correlations were snppressed with increasing Mach number and this was used to explain
the growth rate suppression. Shocklets were found in the M; = 1.2 sitnulation and the

numnerical method was changed to a shock capturing scheme when this oceurred.
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1.2.4 DMoaodelling

Simone ef al. (1997) divide attempts to model free shear compressibility cffects into fwo cat-
egories called expliest and implicif approaches. Explicit refors to modelling the dilatational
terma that appear explicitly in the turbulent kinetic energy transport cquation (Blaisdell
ef of., 1991%:

Dk
E='P“Ea_€d+ndr {Il}

where & 18 the furbulent kigetic encrgy, P i3 the production, &, is the solenoidal dissipation,
£4 18 the dilatational dissipation, and Hy is the pressure dilatation correlation. The last two
terms depend upon the fuctuating dilatation and are uniformly zere in an incompressible
flow. Explicit modeling attempts to eatimate these terms. Thus, an assumption inherent to
this approach is $iiat the compressibde terms have a significant direct effect on the turbulent,
eftergetics. In the implieil approach, the compressibility is assumed 1o influrnce the strue-
turc of the turbulence and this in torn changes the turbulent energetics. In this case, the
dilatational dissipation and the pressure dilatation can Le negligible relative to the other
terms in (1.1}, Structural differences manifest themsclves in the large scales which CATTY

the Reynolds stresses and it &s then the production term i (1.1) that is most affected.

frzplicit modeling atternps have met with some success, but recent simanlation reaults
of Vreman et al. (1996) and the present study suggest that they may not he based upon
realistic physics. Zeman (1990) proposcd that at high Mach numbers small shocks, eddy
shocklets, form and boost the contributions of the dilatational dissipation term in (1.1)
thereby reducing the turbulent kinetic energy. He developed a model baged on this concept
whose prediciions were consistent with the available compressible mixing layer measurc
ments. Sarkar et of. (1991b) proposed an algebraic model for the dilatational dissipation.
Their asymptotic analyses predicted that the pressure dilatation correlation wonld Le small
for isotrapic decaying turbnlence, which they used o calibrate their model, but they sug-
poested that this component may have a more significant contribution for inhomogeneous

flows or Hows with shocks,

Iplicii modelling haz become more popular recently as data supgoest that dilatational
eflects in the turbulent energy transport equation are small even at relatively large Mach
mumbera. Breidenthal {1996) developed the concept of & ‘sonic eddy’ and used it to propose
a mechanism for the suppression of growth rate in mixing layers, The underlying assumption
of his analysis is that eddies with Mach nmmber difference across their cxtent greater than
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unity may not play an active role in the entrainment of fluid. . This assumpiion 15 based
ypem the postulate that eddies require prossure conmmunication across their extent to retnain
intact and that this commumication may not oceur faster than the sound spead. As the flow
Mach number is increased, the eddies are therefore constrained to be smaller and arguably
less effcient at eniraining fluid irdo the layer. .

Burr & Dutton (1990} used a similar ‘pressure commiunication’ hased reasoning to pro-
pose a model for the pressure-strain-rate corvelation in their algebraic Reynolds stvess
model. They argue that at large relative Mach mmmbers, where the relative Mach num-
ber, M, = 2AU/{a; + ag}, is based upon & 1oean sound speed and the velocity difference
acroas the mixing layer, the influence of pressure disturbances is localized and this reduces
the pressure-strain-rate correlations. They modeled this by postulating thal pressure dis-
turbanees are only likely to remain correlated with strain rates over the volume they may
influence within a larpe eddy time scale. These arguments lead to a 1 JM2 factor in their
pressurc-strain-rate eorrelation model, Goebel & Dutton (1991) showed that this model is
congistent with their experimental data and claim that the suppression of the transverse
pressure strain rate corrolation, %1 iz the key effect in growth rate suppression.

More recently, Vreman et af. {1996} modeled their observed reduction of pressure-strain-
rate n terms of suppressed pressure fluctuations (suppressed relative to pAU?), rather thau
the reducad influence of pressure disturbanees proposed by Buarr & Butlon (1990). Prossure
Auctuations were modelled in terms of pressurs minima and maxima, The minimum was
estimated by the core pressure of a sonic eddy {Breidenthal, 1996 and the maximum was

cstimated by khe pressurc ai isentropic stagnation points.

Mixing

There are essentially two distinct approaches to modelling mixing processes in turbulent
ghear flows., There are those who believe that gradient diffvsion can aceurslely model
the average mixing process (see Dilger {1989)) and those who do not {e.g. Broadwell &
Breidenthal {1982), Broadwell & Mungal {1991), Dimoiakis (1991)}. 'The standard method
for the first approach, gradient diffasion modelling, is to calendate an eddy viscosily froma k-
£ turbutence model and then use a turbulent Prandtl number {olten 274 = 1.7) to caleulate
sealar tranaport {see discussion and references in Bilger (1989)}). This approach is sinple and
can give aceeptalle angwers but, as Corssin (1974) points out, unless the turbulent scales are
significantly smaller than the scales over which the mean How varies, this techmique does

noi have a strong theoretical basis. These who prefer the second approach peint to the
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existence of levge fow structures as violating this criterion. Experimental evidence suggests
that fluid elements are entrained and moved, relatively nnmixed, through the layer by large
structures in & manner ot congistent with a diflusive process. To accommodate this, they
propose models hased on large scale entrainment of fluid into the layer and incovporate a
cascade of concentration scales to describe the mixing process (Broadwell & Breidenthal,
1982; Broadwell & Mungal, 1991; Dimotakis, 1991).

The apecifhic cffect of compressibility on mixing has not seen much modeling activity,
largely because of uncertaintics in the underlying physical processes. As discussed in the
veview of experimental work above, it i3 beginning to appear that ecmpressibility has little
cffect upon the mixing efficiency. However, the large structural changes in the mixing
layer as ihe convective Mach nmnber increases have definite implications for the cxtension
of the large structure based mixing models {Broadwell & Breidenthal, 1982, Broadwell &
Mungal, 1991; Dimolakis, 1981} to compressible situations. The appiicability of gradient
hased versus structure based modelling at low Mach numbers ia left unaddressed by this
stuedy which does not satiafy the criterion for fully developed mixing proposed by Kavasso
& Nhmgal {1296}, However, it is shown in Chapler 5 that gradient-based mixing models
are likely 10 see yuccess comparable to gradient-based momentum fransport models at high

levels of compressibility.

1.3 Present work

The present study is of a streamwise-periodic annular mixing layer (Figure 1.1). Although
streamnwise periodic flowa do not have exact laboratory counterpsrts, the present flow cor-
responds approximately to the sarly development of a jet as studied hy Fourguctte ef of.
(1991} and Clemens & Paul {1595}, As discussed above, before its potential core closes, a
Jet has the key characteristics for study of compressibility effecta: the velocity, density and
scalar concentration difierences across the mixing layer are constant as the flow develops.
Simulaiion of a spatially developing jet is currently too expensive to allow a parametric
study of compressibility efects.

As seen in Figure L1, there are two length scules in the annular mixing layer, which
preciude a formally seif-similar development prior to the potential core closing. Oue length
scale is the mixing layer thickness, 4, and the other is the jet radius, »,. These length scales
are discussed in more detail in Chapter 3.

Despite obvious differences with plane mixing layers, it is shown in this report that
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Figure 1.1: Fiow schenatic showing mean flow predile, coordinates, aud dinensions. The flow s
depieted with an iso-sarface of instantansous axial volovity.

maony plane mixing layer resulta apply very well fo the annular flow, including growth rate
and Reynolds stress suppressions with increasing Mach namber, and that the present flow
displays nearly self-similat behavior for some gquantities. L4 s doubtful that many Howa of
anginecring inkerest strictly obey self-similar developent, and the present study also gives

insight into cases when sel{-similar arguments may be used cffectively in these situations.

1.4 Overview

‘The primary ohjective was to study the effeet of compresaibility en frec mixing layers. To
achisve this, direet numerical simulations were pevformed with centerline Mach numbers

ranging from 0.2 to 3.5. Key findings from this study are listed below.

o Sinmlated growth rates are suppressed with increasing Mach namber, i agreement
with the mixing luyer experiments. The Reynolda atresses are also suppressed with

exception of the streamwise normal component.
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e The structore of the tnrbulence is observed to qualitatively evolve lrom being domi-

nated by large azimuthally correlated *two-dimensional’ roller strucinres (asimuthally
corvelated rings}) at low Mach number o streamwise oriented vortical structures at
high Mach number. There ia evidence that the strcamwise vortices are present at all
Mach numbers, but at low Mach numbers they are obscured by the rollers. The roller
structures appear to efficiently exchange ambient and jet Auids across the layer, and
their suppression is & gnalitative structural explanation for the reduced growth rate
at higher Mach numbers.

Examination of {urbulent kinetic energy transport budgets show that dilatational
effects have negligible direct infiluence upon the energstics of the turbulence at all
Mach numbers simulated. Thia e deapite the Fact that weak shocklets ave olserved
in the highest Mach nember fAowa,

Based on analysis of the radially integrated Reynolds stress transport equations, a
simple relation between the mixing Jayer growth rate and axial pressure-strain-rate
correlation is developed. Growth rate suppression is attribuled to the suppression of

presaure-girain-rate correlation.

As Mach number increases, pressure fiuctustions are severely suppressed rclative to
the ‘dynamic head’ of the shear layer and this is responsible [or 1lie pressure-strain-rate

FUpRLresgion.

The pressure fhuctuations are found to scale well with the velocity difference across &
typical large eddy, and this is shown explicitly using a velocity scale formed with the
gradient Mach number. ' '

Morkovin's hypothesis that pressure fluctustions are negligible relative to density and
temperature fluctuations is found to be invalid in this How for M, > 0.3.

Mixing efficiency is found to weakly increase with increasing convective Mach number.

As the Mach number increages, the correlation of the scalar and axial velocity per-
turbations increases to near wnity. This high degree of correlation sugpests that mo-
mentur and scalar transport processes may be modeled in a similar fashion at high
Mach wumbers. Suppression of pressure fuctuations is found to be responsible for the

increased correlation.
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The organization of this report is as follow. Chapter 2 discusses the equations, the
mmerical method, and its implementation on parallel computers. The initial conditions
of the simulations and the flow parameters studied are given in Chapter 3 as well as basic
results concerning the flow and its development. Chapter 4 addresses the effect of increasing
compressibility upon the turbulence and offers a mechanism for the enppression of miving
layer prowth rate with increazing compressibility. The mixing of a passive scalar is discussed

in Chapter 5 and conclusions are discussed in Chapter 6.







Chapter 2

Simulation Techniques

This chapter diseusses the methods used to generate the shear flow databases that are
analyzed in the subsequent chapters. [t iz divided into three sections which discuss the
governing equations, the numerical wethod and, briefly, the implementation of the numerical

method on a parallel computer.

2.1 Governing eguations

The governing equations are given in this section. The computations are based on direct
numerical sigwilations, which means that no subprid scale model or artificial numericasl

dirsipation are used,

2.1.1 Compressible flow equations

For the centerline Mach numbers being considered, which range from 0.2 to 3.5, and in
tlie absence of strong shocks it is generally accepted that the compuessible Navier-Stokes
equations accitrately govern the flow. Since the flow geometry is axisymmetric, it is natural
0 wriie these equations in cylindrical coordinates, We define 2 to be the axial coordinate, r
the radial coordinate, and # the angular azimuthal coordinate. Similarly, the axial velocity
ig #g, the radial velocity i v, and the azimuthal velocity is vp. It should be noted that wy
is not an angular velocity and instead has dimensions of distance over time as do w; and
9. The time is ¢, the fluid density is g, the fluid pressure is p, and the flnid temperature
iz T'. The governing equations will be given in non-dimensicnal form, where the dependent
variables are normalized as follows:

- 'I.F* pt T*C*
p= L yy= L =

*
M
—_— p= 5 T = T
oo oy oo Goo PoeCon G

(2.1)

where the superscript {}* indicates s dhmensional quantity and the subscript () indicates
x

a dimensional ambient (uantity. ¢, is the specific heat at constant pressure {assumed

constant) and o is the sound speed. To non-dimensionalize the independent variables we

i5
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choose the initial dimensional radius of the shear layer, v}, for the length scale:

i*
r=— r=— - {2.2)

h
ill'.'l‘

The non-dimensional initial shear layer radius is thus r, = 1 but it will generally be retained
in expressions for clarity, The angular coordinate 8 is in radians.

Given these normalizations, the mass conservation eyuation is

Bt (o) + 2o ) + 2 ) = 0 (2.4)

and the equations for conservation of axial, radial and azimithal momentum are

& 1
Gilous) + i) 4 2 o)+ 2 D oy = - Z v, )
2
5100 + 5 tpvre) + 22 o) + 2 L oy - BE =Py o
it 16 18 1d
—{ﬂw] T anlptptel + o (rpvgn,) + — = (pugug) + 'w;w = ";E}% +V,

(2.6)

where Vo, Vi and Vp, appearing on the right hand sides of the momentum equations, ave
the viscous terms and are defined below. The energy equation is

e

i 9 o [uale + )]+ ——[w,.{c +p)] + - {va{-: +p)] =

(2.7)

Thc v or vog TuVetvhriubpte

where € i3 the total cocrgy per unit volume, @ is the irroversible viscous dissipation and
Yz, 40y and gp are the axial, radial and azimuthal heat Ruxes respectively. The viscous
dissipation and the heat fluxes are defined helow. The total energy is the sum of the
internal and kinetic encrgy and may be written

T
P"r + p{u 402 +vd) {2.8)

where the ratio of the specifie heats, +, was 1.4 in all the simulstions. In (2.8} we have
agsumed that the fluid is a porfect gas and thus the internal energy, e, is related to the
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temperature by ¢f = petT*, where cf is the specific heat at constant volume {assumed
constant). When non-dimensionalized, this equation becomes e; = pT/v. The perfect
gas assumption also relates the thermedynamnic pressure, density and temperature by the
idcal gas equations of state: p* = s" AT*, where R is the dimensional gas constant. The

non-dimensionslized state equation is
+—1
B = =T, 2.9
- (29)
Trtilizing (2.9), pressure is related to the total energy by

p={y—-1) (e - %piuﬁ +f + vﬁ}). (2.10)

The viscous terms appearing in the momentutn equations {2.4 - 2.6} are

Vo = ar v ar | r 08 (2.11)

O L OrTer 18rg 1 ,
Ve iz * gy +; fil?, TTM (212)

_ 3T$,9 1 a:l"’mf- 1 3’?’33 1 !
Yo = thx + v G r Of +;Trﬂ' (2.13)

where 7 i the symmetric viscous stress tensor. The viscous dissipation in (2.7} is given

here also in terms of the viscous stresses

thy d v
R Ay T
d

et e Ovr | TesBvg | urTon _ Vavo

TH T Tt Tty .

To speciy the viscous stress tensor, 7, we assume a Newtonian fluid and so its componenis
are linearly related to the fluid strain rates by the viscosity p* = p*(T'). Sutherland’s Law

(White, 1991} iz nsed to specify the functional dependence upon the temperature:

3
g (TN s
oo (T;) T rs (215
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Though Sutherland’s Law iz considered to he more accurate, it is generally the practice
in direct simulations to nse a power relation of the form p*{T) ~ T2, The power law is
favored hecause it does not reguire a reference temperature T or the constant S*. For the
flow regimes under consideration in this study, the power law approximation is sufficiently
acenrate and the choiee of Sutherland's Law in the present study was motivated purely by a
practical aspect of the implementation. It was found that on certain computers, the cxpense
of raising the temperature to a fractional power was a significant portion (about 15%) of
the total computational expense whereas the expense of the square root operation required
for Sutherland’s law was negligible. 5o Sutherland’s Law was used and the constants were
sot by T = T and 5% = 4T, which corresponds to air at atmospheric conditions. The
visrosity is non-dimensionalized accovding o u = p* /i, jeo being the ambient dimenaicnal
viscosity.

The viscour stresses in vylindrical coordinates are

oo 2o =
_— ﬁ_ (%_";L N %) (2.17)

where © ia the divergence {or dilatation) of the velocity field. In eylindrical coordinates the

dilatation is

. Puy 153*1:1, 1 dhuy

8= 5 T o +;¥. {2.22)
In (2.16) to {2.21), Re, i3 a Reynolds number based on the speed of sound,
Re, = £20%Ta (2.23)

This Reynolds number has little physical relevance itscH, but is conveniently used to non-
dimensionalize of the governing equations and is related to a more pertinent Reynolds
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mumber based upon a flow velocity, such as Rey, = pooUr)/pice, By the Mach number
M = Ujoy. It is sssumed that the bulk viscosity is related to the shear viscosity by a
conatant ratio pg /i = 0.6 which is the value given for air by Thompson (1984). The bulk
viscosily acts as a crude model for molecular relaxation and non-perfect gas effects (Vineenti

& Kruger, 1865) and has a negligible vffect in the fow regimes under consideration,

The heat fluxes in Equation (2.7) are given by Fourier's Law

—u OT —-p dT — 187

“= fePror ¥ T RePror ©7 RePrr oo (2.24)
where the Prandti number,
ﬂil .E" "
pr=T, (2.25)

is asstined to be constant and equal to 0.7. &* ia the thermal conductivity of the fluid.

2.1.2 Passive scalar transport

To atudy mixing, a scalar transport equation was solved simultanecusly with the compress-
ible How ecuations. This equation i3 deronpled from the equations of motion under the
asaumption that fluid properties are independent of the scalar concemtration and by ne-
glecting Dufour and Soret effect. Because it has no hnpact on the flow dynamics, it will
be referred to ag a ‘passive’ scalar transport equation. The passive scalar concentration, £,
ts non-dimensionalized Ly ‘puve’ concentration values so that £ = %;E%f, where £; is the

avarage centerline value. The non-dimensionalized scalar transport equation is

9 l 13 19, . 8G, 100G, 183G,
m{pg} + arr {Pfum} + T EJ‘?‘ {Tlﬂ&u'i"} + # a&{ﬂ‘suﬂ} - am T 3?' 7 aﬂ. -

(2,26}
Fick’s law specifies the molecniar diffusion Huxes,
- O
© = ReSc bz (2:27)
—~p O
- & 2.
Gr ReSe dr (2.28)
i 10 (2.29)

? % ReScr 80°
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and the Schmidt pumber, Se, i3 defined a3

Sc = ;ﬂ* (2.30)

where D is the dimensional mass diffusion coeflicient. The Schmidt number is assmned to

be unity, Se¢ = 1, which is appropriate for gas phase fiow.

2.1.3 Averaging

Two types of averages are used in this veport to separate turbulent Huctuations from the
mean flow. The first is designated with an overbar () and is a Reynolds average taken over
the homogeneons Bow directions  and 8. It js defined for any flow quantity f as

_ 1 2 phy
f{?“,ﬂ = ml] A f{ﬂ}ﬂ", I?Tt}ﬂl-:l.'dﬂ {231}

The averaged result remains & function of the radiug. Discretely, the integrals are approx-
imated with a second order ‘trapezoidal rule’ quadrature. Averaging the flow equations in
this manner is straightforward, bat generstes numerous terms involving density and veloc-
ity correlations such as p'ul. To simplify the sveraged eguations and to obtain cquations
more similar to their incomprossible counterparts, density weighted Favre averages are also
used (Favre, 1965a,b). A tilde {"} designates a Favre averaged quantity which is defined as

follows:

fint) = (2.32)

Ll
w2

Perturbations from Reynolds averaged means are designated with () and perturbations

from Favre averaged means with ()":
f=F+f=Ff+5" {2.33)

Some runs were performed with the same flow parameters, but with different initial turbu-
lence, and these were ensemble averaged to increase the statistical sample size. The same
nomenclalure is used for ensemble averaged quantities and the ensemble average itself was
defined aa

Z {f}h {234}
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whera N, i8 Lhe number of ensemnbles, and (fi and | f_}g arc the Reynolds and Favre

averages of the f*F ensernble.

2.2 Numerical methods

The space and time discretizations sve discussed in this section. We sought highly accurate
non-dissipative methods for the present work. The essence of the numerical method is very
similar to that successfully used in recent studies of shock turbulence interactions (Maliesh
et al., 1997) and acroacoustics {Colonius et ol., 1997). Two special issnes associated with
the cylindrieal coordinate system are the coordinate singularity at r = 0 and the very fine
azimuthal grid spacing near v = (. Both are described n this section as are the techniques

cimployed to cope with them, Numerical boundary conditions are also briefiy discussed.

2.2.1 BSpatial discretization

The spatial discrotizations in the three coordinate directions cach have their own peculiar-

jtiea and will e discussed separately n the following three sub-sections.

Axial discretization

The axial domain had length Ly, = 2lr, and was divided info N evenly spaced points with

spacing

Ay = —2 (2.35)

N. was 448 o all the simulations.
The differcncing scheme was a sixth order Padé scheme discussed by Lele (1992). The
first derivative of a function f at grid peint 7, f';, was caleulated implicitly with the

following formula

(2.36)

T iy — fic 1 fiza — fi-
fras w3y m sl Ll ol

Arx 12 A
Periodic bousdary conditions were used in the e-divection. The actual lenglh of the compu-
tational box is related to ihe periodicity length by L., = Ly + Ax. Equation {2.38) leads Lo
a cyclic tridiagonal system that is inverted to solve for the devivatives at each point, Secend

derivatives were caloulated in an analogous manner again uging a sixth order compact finite
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diflerenve. The second derivative scheme used is

- Zf:f + fi-1 + Efj-:—ﬂ - 2f:.l' + fi_a
Fay 4 Mn? )

Bffyy +11f) +2f1, = 12l
(2.37)

Fhie cyclic tridiagonal systems generated from (2.36) and (2.37) were LDU decomposed
and solved wsing a standard Thomas algorithm. The Themas algorithm was found to be
significantly less expensive than the ‘burn-at-bolh-ends’ algorithm proposed by Bangarra
et al. {19?_9} and used by Mitchell et al. (1995). Relative expenres of the algorithms are, of
courde, machine dependent.

Radial discretization

The turbulence is inhomogeneons in the radial direction and the computational grid require-
ment is most stringent in the middle of the mixing layer where the shesr is the largost. To
provide the necessary resolution, grid points are compreszed in this repion. The refinement
is accomplished by mapping the radial mesh onto s uniform mesh with & sinooth function,
r = g(s}. With such a mapping, r-derivatives are related to derivatives on the nniform grid
by metric terms determined from g

of _ 18f g 1 FBf g ar
- gas ™M FET Aaat Fas (2.38)

where primes indicate differentiation. The metric terms were calculated analytically. In
developing a specific form for the mapping, it is simpleat to specify g’ becauae it is direct|y
praportienal to the grid spacing and therefore can e minimized in regions where the highest
resolution i required. For all the simulations, errer functions were used to give §'{s) the

desired form:

gls) = E‘:f{l + g—(l —el't*(s ;:m)) + %(1 +erf(3t_:2 1))] {2.39)

Integrating with respect to 3 yields the mapping function

=1

a(s) = Pnax [{2-!-!:4—(:]3 _ bﬂ/‘%m

y [ 7 e+ -"g—“ Lﬁ urff{]d&}
g 7 (2.40)

Ao
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The constant g, was set 80 that g(1) = Hyuy, the maximum extent of the comnputational
box in the radial direction. With this choice the uniform s grid extends {rom 0 to 1. The
second derivative of the mapping function is required to evaluate (2.38):

B 2 120 05000 2 059

Moy — ~
g'is) = PR b 303 j| (2.41)

‘The constant rp, was determined iterstively so that the minimum prid spacing ocourred al
r = 1.15v,. The values of the other conatants used in all the simulations were Kpa = 3.5r,
b=19c=80,0; = .25, and o, = .35, The number of grid points in the radial direction
was N, = 146 for all the simuistions. Figure 2.1 shows the Ar grid spacing plotted against »
for the entire radial domain. The maximum grid apacing was Ar = (0586r, which ocegrred
al Rpa and the minimum geid spacing was Ar = 0135, at r = L1br,. The maximum
pereentage change in adjacent grid spacings was 2.4% which was kept small to minimize

errors associated with grid stretching.

006 ; ; : . H

Arfr, ~ o

x| ;

A

Figure 2.1: The mesh spacing as a function of radial location.

At the interior points, the differencing scheme in the radial direction was identical to Lhe
scheme n the axial direction. However, the finite {non-pericdic) extent of the vadial domain

required a change of stencil in the neighborhood of the centerline (r = ) and the outer
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~ boundary {r = Rwad). To caleulate a derivative at a grid point {»;) with the sixth order
scheme, data is required at the two neavest neighbors in both divections (rj_a, 75 1,741,
and rjz). Thus, the scheme must change at the two points nearest to the two domain
edgea. At the points ry _1 and rp the standard centered fourth order compact schome was

tsed

fr # 4y 1+ fha = 3%{&3:3 (2.42)

fa—.ﬁ‘

! 4! F:
fatdfa+fi=3 Az

(2.43)

At point ry, we applied & one sided third order approximation which maintaing the tridi-

agonal nature of the system,

h —4fn._ -
zfirf_l_q:f‘i‘rr_] — fo fgs}.-{"fﬁr 2.. {2.44)

The point at v = 0, v, required special treatment. First derivatives at this point were
calculated in two different ways depending npon the term in the equations being evaluated.
This was proposed by Mitchell ef al. {1995) who found that nsing an analogous scheme to
(2.44} for the convective ferms caused the method to be wnstable, Instead, they suggested

that the comvective terms be caloulated using a first order closure

f+2f = P:fzf;sh. (2.45)

All other first derivatives were caloulated using the third order one sided scheme

—5f1 +4fs ~ f3
As '

af} +2f = (2.46)

Mitchell et ol (1995) analyzed a convection equaiion and argued that the first order scheme
in {2.45) allowed for & ‘telsscoping of the fluxes’ and thus provided a conservative closure.
However, the applicability of this argiinent is questionable because in Mitchell ef al's
(1995) mnnerical method, as well as in the present nethod, none of the vadial derivatives
calculated at the r) grid point are actually used in the soluiion (they are veplaced by
Cartesian derivatives, see Section 2.2.3). f is only incorporated in the Padé scheme becanse
all the derivatives are coupled. For this reason, the adverse offect of a low order closure is

only felt indirectly through the coupling.

The compulations of second derivatives near the boundaries was performed wilth the
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following fornmlas. The points at v, .1 and rp were calculated with a centered fourlh

order compact method,

_ 12, — 24w, 1 4 126N, o

f:{?r + lﬂf"r"'l + -fj{:r!"—ﬂ - .&SB {2.4?}
 12fs—24fy + 12
R e (248)

and the second derivatives at vy, and rp were calculated with a third order one-sided

scheme,

13fw, —27fn.—1 + ¥5fn, 2 — foo-a
Hs?
13ft —37fz 4 15fy — f4
s !

Ufy 3+ = (2.49)

T =

(2.50)

which maintained the tridiagonal nature of the syatem.

As in the axial dircetion, the tridiagonal systems were sobved using a standard Thomos

algorithm.

Azimuthal discretization

Derivatives in the azimuthal direction were calculated with Fourier spectral methods. In the
solution atgorithm, the fiow variables were stored in physical space and were transformed
into wave nnmber space to caleulate the derivatives. The forward discrete Fourier iranstorm
is defined as
| Nt
Fo— = ik
fo =3, 3 e (2.51)
feg=0
where N is the number of grid points in the asimuthal dircetion, f; is the function value
at gid point §, §; is the discrete angular location of grid poiunt 7, kp s the wave number,
and fkﬁ, is the Fowrier cocflicienl for wave number Ap. The wave numbers, &y, ave integers

because the domain is periodic with period 2r, The inverse discrete Fourler transform is

WNpfa-t

fi= Y. fre™ (2.52)

J=- Ny f2
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Azimuthal direction derivatives were calenlated from (2.52):

Mg f2-1 Mpf2-1
f;:: — Z ékﬂfjetkﬂﬂj a]]:d f;.f = Z _kﬂ:’-fjﬁtlir‘ﬂﬂi . (2_53}
kge—Ng /2 ka=—Ngyf2

For all the simulations Ny was 192,

It is well known that non-linesy multiplications in the governing cquations lead to alias-
ing ervors, An approximate de-aliasing procedure was performed on the # convection terms
in (2.4 - 2.7} and (2.26}. This was done in two steps. First the product vp = g % 1 was
formed by o de-aliased mubtiplication and then the flux terms gtz X Ug, pUr X vy, plg X g,
{e+p) % vg, and pé x vy were formed by de-aliaged multiplications, The oparation of inverting
the density was not de-alinsed. The application of this approximate dealiasing procedure re-
duced the energy in ihe high azinmthal wave numbers and improved the long-term stability
of the algorithm.

In eylindrical coordinates, the very fine azinmithal mesh Spacing near v = J caures g
sovere time step limitation when explicit time advancement is nsed. The fne spacing is a
simple consequence of the coordinate system and there are no particularly steep gradients
that need to be resolved in this region. To alleviate this problesn, the summations in (2.53)
are fruncaied as a function of radial location. For example the frst derivative summation

becornes

MNeafri)j2-1
= Y ik fiehe, (2.54)

b= — N (1 3241

The new summation bounds were specified with Nufrj) =min{24+ 45, Ng), =1l atr =0
aed j = N, af the outer radial boundary. The lower bound in equation {2.54) has also
been increased by +1 to climinate the highest spatial wave number which corresponda to
a 8aw toothed wave of period 2A8. This highest wave number is elimninated vegardless of
radial location, Truncating the summation reduces the effective resolution in the azimuthal
direction and greatly relaxes the thne-step restriction. Tt is possible to specify the funchion
Niwlr;) in other ways, such as enforcing a condition that near » = 0§ the # resolution is the
same as the local v resolntion, but it was found that the typical time step restrickion was
primarily due to the small Ar spacing in the middle of the shear region and thus the imple

formula above was adequate.

Encrgy in the neglected wave numbers can slowly grow owing to non-linear products.
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Becanse Vhese wave numbors were not included whon taking derivatives, their energy was
neither dissipated nor conveeted away and was found to grow slowly during the course of a
tong simulation, To remove this, the conservative variables were Hltered at the end of every

fime step using

N3 321

= 3 fueh (2.55)

,ﬂ;_;:_ Mo, (!’j L,l':!_.}. i

The growth of encrgy in the dropped wave numbers was very slow and, in retrospect,

filtering could have been performed {ar less frequently.

2.2.2 Time advancement algovithm

The equations were advanced in thue using an explicit fourth order Runge-Kutta algorithm,
With the conservation equations (2.3 - 2.7) and (2.26) written as

file) -
E = f{q]a r“-z"}hj

where ¢ is a vector of the ronservative variables [p, pug, o, pog, 2, ,f_hE]T1 the Runge-Kuoita

time advacement is

a* = du + 1A {a) (257
q"" = qn + JAH{g") (2.58)
q*** = qq + Atf{g*) (2.5}
Q""" = g + Atf(q"™) (2.60)
Gne = 3q° + 397+ g™ 4 LT, (2.61)

where q, 15 the solution at tine atep n and At is the lime step.

The fourth order Runpe-Kutta algorithm provides both excellenl phase and amplitude
accuracy and for this reason was used in the present computations. It alse allows for larger
time stops to be taken relative to many other explicit schemes and thiz can eompensate
for the expense of making 4 funclion evaluations per time step. A disadvantage often cied
i that its 4 level slporithin requires a large amount of computer memory. Low storage
Rimnge-Kutta schemes have been developed {Wiay, 1986; Williamson, 1980), but a fonrth
ordar low memory scheme requires & fifth fnclion evaluation which was not deemed worth

the additional expense. Fortunstely, memory issucs were ned a problem on the paralled
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compliters used and 3 standard frplementation could be employed withowd causing any

mwmory restrictions.

As an explicil incthod, fourth order Ramnge-Kutta imposes o time step restriction. Model
equakions are nsed to estimate the stability criteria. Convective and viscons restrictions will

be cstimated separately. The model equation for convection used for stability analysis is

a—af + (|| max +cjg%:: = [ (2.62)
where 4 i3 & generic spatial coordinate. The total convectinn speed, (|1t|max + €), is the
aum of the maximum flow velocity in the coordinate direction under consideration and the
speed of sound, For the purpose of estimating 2 stability criterion, we assume the domain
to be periodic in all directiona. The partial space derivative in the model equation {2.62) iz
then approximated with the appropriate finite difference scheme and the result is Fourier

transformed in the space variable to obtain
O = (s + D, (2.69)

where ¢b is the Fourler transform of ¢ and k' is the modified wave number of the differencing
scheme. The exact wave mnnber is & and, for the sixth order compact scheme used, the

modified wave mumber ig

g L 28sinkAn 4 sin2kln
" Ay 18+ 12cos kAy

(2.64)

whare 5 is now either z or r. The modified wave number has » peak valoe of &), = 1.989/ Az
in the axial direction and the most restrictive value, &, = 1.989/Arn, i5 used in the radial
divection. The modified wave number for the spectral scheme wsed jn the 8 divection is

equal to the exact wave mumber for the number of modes cartied

oo T Nenfr;) _ N (r;)
ST rAR T N, 2r

(2.65)

whare Af = 2 /Ny is the angular azimuthal grid spacing. The one-dimensional stability
eriterion for fourth order Runge-Kutta time advancement is

(] + CYAL < 223

' .
Jii:‘!'fl.i'i}{

(2.66)
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Extending the analysis to three dimensions, we define the local CFL numiler

B E At T NG}
CFL = {|ug} + ﬂjﬂ:ﬂ: + {|'U,-| -I-{!}E + (ﬂ .|:J| + }l GR0r N, )&{J {2.67)

and the criterion for convective stability is CFLy,,, < 142,

The viscous stability eonstraint is caleulated in a similar fashion with the model equation

o 1
8t Re, on° (2.68)
The modified wave munber for the sixth order second derivative compacl scheme is
b2 1 48sin®{k/2) + 3sin?{k} -
= : 2,
& Ag? 1} 4 4 cos(k) (2.69)

which has a maximumn vahe k:;im = 6.857/An%. The truncated spectral method has the

g = (r;::.a N’;E:J}) (%ﬁ)z (2.70)

Given that the fourth order Runge-Kntta stability limit for {2.68) is éﬁ-‘h— < 2.79, the

modificd wave nnmber

stability limit for the three-dimensional scheme was

T98fe
At < L S (2.71)
8857 | .857 (ENm{rﬂ}z 1
ark,, TNy 4 AP

These estimates of stability bounds agree well with those found in practice. The
Reynolds mimbers of the simulations were high encugh that the siability was limited pri-
marily by the convective restriction (2.67). To maintain mnnerical stability all simulations

were ruty with CFLg.. = 1.

2.2.3 Centerline treatment

A difficnlty of solving the equations in cylindrical coordinates is that the cocfiicient of some
terms are singular ah r = 0. Analytically this is only & minor problem beeause ihe overall
equations are well behaved. However, the singular behayior of termis poses a serimis nroblem
for itnerical computations. There have heen several methods proposed to cope with this,
It is possible to take a lmit of the equations via PHbpital's rule {Grifin et ol, 1979),
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develop “pole conditions” (Huang & Sloan, 1993}, change variables (Verziceo & Orlandi,
1996), avoid the singularity with the finite volume approsch {Akselvoll & Moin, 1998), or
solve in Cartesian coordinates at the singular point (Thompson et af., 1985; Mitchell et al.,
1995). It is also possible to construct a finite differenco grid with no point at ¢ = 0 and
have derivative stencils that span the centerline without evaluations at » = 0. However,
smoothness requirements of the grid stretching and the expense of coordinate transforms
necessary to caleulate flux terms mmambiguously make this method undesirable. For the
present simulations it was decided to solve the equations in Cartesian coordinates at » = 0,

A Carlesian grid is formed at the domain centerline with the grid points comnciding with
those on perpendicular planes of the ¢ylindricat grid, Derivatives on the new Cartesisn grid
were evalnated with standard sixth order central finite differences which require a seven
roint stencil. The z-direction derivatives at r = {) were evaluated with the same sixth order
compact scheme used elsewhere. The transform of the cylindrical velocities ¥ and vz into

Cartesian velocities uy and u, and the inverse transform ig accompliehed by simple rotations

uyp  feos@ ~sinf| (o, #el | cosf  sinf| jwm, (279
1z singd  coad | fuy g —qind cosB |u, ‘ '
2.2.4 Boundary conditions

This scction will detail the bonndary conditions used. The agimuthal and axial directions
are periodic. The desired radisl domain is infinite with a radiation condition at infinity.
However, it is a computationally prudent practice to artificially truncate the domain at s
finite distance,

There are several approaches that mnay be used to truncate the nurmerical domain while
allowing the eolution to evolve as if in free apave. A highly accurste approach involves
extending the numerical domain into a flow region where the governing equations (2.3-
2.7} and (2.26) may be approximated, to within some specified accuracy, by simple lincar
equations. It is then possible to apply an exact radiation boundary condition at a finite
distance {Grote, 1995; Givoli, 1992). However, this exact representation is non-local in
the sense that the boundary value at any point depends upon information from the entire
surface of truncation. For non-simple boundary surface geotnetrios, application involves
integral equations which are expensive to solve.

Another approach is to attach a non-physical zone 0 the computational domain in
which outgoing disturhances are damped (Freund, 1997; Colonius et af., 1093; Rai & Moin,
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1903; Hu, 1595; Ta'asan & Nark, 1995). The paramefers of such a zone ave tuned to mini-
mize reflection back into the domain. Though potentially kighly accurate, these boundary
conditions require that many grid peints be placed outside the physical domain and are
thus also expensive to inplement. Therefore zonal bowndarics were not used in the present
simulations.

It was decided based upon ninmerical expetiments that an approximate enforcement of
the radiation conditions using only local information would be the most appropriate for
the present study. There are several such conditions available {Thompson, 1987; Tam &
Dong, 1995; Giles, 1990) all with shnilar acenracy. A low order condition of Giies {1980}
was chosen. To apply this condition a reference flow ja specified and perturbations to this
reference flow are decomposed into incoming and outgoing components, so categorized by
one-dimensional characteristic analysis of the inviscid linearized equations. The incoming
components are set to zero thus approximating a condition that all disturbances on the
boundary surface must be outgoing, For the present implementation, all reference quan-
tities were set at the ambient conditions (Prar = Poor Aref = Pros Yoy = Urug = Yoy = O}

Perturbations with zero velocity, neither incoming nor outgoing, were treated as ontgoing,.

2.3 Parallel computer implementation

This section bricfly discusses the implementation of the algorithm on parallel compuler
platforms, The code was run on the IBM SP, the Cray ‘T3D, and the Cray T3E. All these
machines consist of & nmber of very high speed scalar processors each with its own loeal
memory. For thia reason, they ave typically referred to as distributed memory machinos,
The processors are linked to each other by high speed communication networks. Code
paralielizalion was accomplished by “message passing” whereby the programmer explicitly
uses library cails to accomplish communication between the individnal processors of the
mackine. Typically this approach liag hetter performance than an automatic parallelizing
compiler, such as High Performance Fortran, because it gives the user more flexibility
in optimizing the code. The MPI (Message Passing Interface) standard was used in the
present code and this has become a widely used standard available on nearly every machine
{including shared memory machines). Therefore, the porting operation between the IBM
andd Cray machines was trivial.

On distributed memory machines, the computational domain must be decomposed

across the different processing elements. For inverting tridiagonal systems and Fourier
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transforming, it was advantageous to have all the necessary data on a single processor.
Therefore, two decompositions of the data were used. Running the simulation on Ny, pro-
cessors, the full Mo x N, x Ny domain was decomposed ito Np paris of siee No /N, x N, % Ny
to caleniate texins involving #-derivatives, and into N, parts of size N, x N, x N /Ny to
caleulated terma involving z-derivatives. Radial derivatives could be caleulated in erther
orientation, This, of courae, restricted the number of processors and mesh dimonsions that
could be run because N and Np had both to be multiples of Ny, but thie was not found to
be overly restrictive. Transposing between these two decompositions constituted the rigjor
portion of the inter-processor communication. To keep inter-processor commumnication time
to a minimum, the code was designed so that transposing the data was necessary only twice
per Runge-Kuoita sub-step. This method of domain decomposition has a disadvantage in
that each processor must cominunicate with every other processor to complete the recrga-
nization of the data, and in the limit of very mauy processors, performance nust severchy
degrade. However, the Hoating point operations in each orientation dominated the overzll
cost of the present simulations and this scaling problem was not a hindrance for the number
of processors used. This is shown by plotting run times against the number of processors for
& problem of constant size. Assnming that single processor performance is independent of
the problem size a theoretical optimal limit is reached when runtimes scale linearty with the
number of processors used. Figore 2.2 demonstrates that inter-processor commaunication ia
a negligible portion of computational cost for a Jarge range of Ny values., The scalabibity on
all the platforins was similar.

More important from a practical standpoint is the absolute performance of the code
which allows comparison of computational powers of different platforma. There are a wide
range of parameters that effect the absolute performance including the partienlar Processor,
the size of the problem, the number of processors nsed, the mumber of mermory cards in
each node, the amonnt of cache space on the processors, and many othera. It is not our
goal here to map ont the performance parameter space, rather to indicate the maximom
performance of the computers. The code was typically run on 64 processors. Rnnuning
with 84 processors on the IBM SP with 66MHz ‘wide’ nodes and 4 memory cards the code
typically achieved 60 MFlops/node {60} million floating point operations por second poer
processor) or 3.8 GigaFlops total, This is roughly 8 times faster than the specd achievable
on & single processor of a Cray CY0. The Cray T3D typicaily achieved 30 MFlops/Node and
the Cray TIE performance was comparable to the IBM SP wide nodes. Typical runtimes

for a single simulation were between 25 and 40 houss.
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Figure 2.2; Runtime staling with number of parallel procassors on the Cray T3D. The o are the
l4 & line witl: slope -1 drewn through the 2 processor run.

data points and

Although the parallel avchitecture is very powerful it currently has some drawbacks
beyond the inherent requirement of algorithin parallelization. Reading and writing of data
is st times difficult, especially on the IBM SP where, to be done with maximum cfficiency,
flow fields inust he written in pieces from each processor to Jocal disks and then reassembled
intn a mass storage device, Post processing is also difficult becavge individual processors
arce typically too emall to manipulate entire flow fields. For this study all post processing
was done on a Cray C00. None of these difficulties are very serious and parallel computers

carrently offer the best option lor massive turbulence simulations.






Chapter 3

Direct Numerical Simulations

This chapter presents the initial conditions of the simulations, documents the evolution of
turbulence statistics, and shows the effects of Mach number on the structure of the turbu-
lence. A detailed study of the effect of compressibility on turbulence and the mechanisms
of the subssquent niixing layer growth rate suppression is deferred to Chapter 4 where the
data bascs are analysed in detail,

3.1 1Initial conditions

3.1.1 DMean How

The initial mean velocity was

falr) = 1 - tanh[&]—b (7_1 - ”?)” (3.1}

where U/;, was the initial centerline jet velocity and b, a thickness parameter, was 0.08 for
all cages, The initial scalar concentration profile was specified with a similar formuta

- tf-ml3(z-2)

So specified, the non-dimensional mean concentration, £, varied from 1 at the centerline
ta 0 at infinity with exactly the same fenctionsl form as the initial velocity profile. The
initial mean temperature was calculated with the Crocco-Busemann relation, the initial

mean pressure was constant, and 4, = @y = 0.

3.1.2 Turbulence

The turbulence was initialized by adding velocity perturbations of preseribed energy spec-
trum and random phase to the mean flow. This was a styaight forward process in the

homogeneous directions, x and #, but the radial direction is non-periodic and, therefore,

35
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it was not possible to initialize an exact spectrum in this direction. Instead, a ‘pseudo-
spectrum’ was prescribed and modulated so that perturbations decayed rapidly to zera
away from the sheared region. The specific formmnias for the perturbations were

Nrjz-1
it (Rp vy hg) =2 A E K 2e— K" gmolr—rol® giker gi2ndu (ha fr by (3.3}
kyp—=—Nr 2
N 2wt
ﬂ:.{km,f', kﬂ:} = 4 Z KEE—ff2E-ng(rmrujﬂeikrrﬁﬂwxu,{t, olir g ) {3_4)
ke=—Nrf2
Nri2—1
ﬁ;{k;;,'il", kﬁ] =4 z KEEmK*E-_g{r—r,}zeik,-rEi‘Z'm;ﬁuaI:kx,kﬂi:g}j (35}
kpm— Ny /2

where i}, i, and i are the Fourier transforined velocitics in the homogeneons directions,
K specifies the shape of the cnergy spectra and is defined
o k2K K

+ o+

TETW TR 0

oy and kg arc the axial and ssimuthal wave numbers and %, is the pretdo wave number in
the radial direction. Definition of the radial wave number s ambiguous and it was set to
take the same integer values it would in & periodic domain with period 2. The spectral

peaks were

Koo =~ ke w4 and  k, =6. (3.7)

The decay of the perterbations away from r, was set by ¢ = 1/1062. The § exponcnts
are random numbers between 0 and 1 and epecify the phase of each (&, &, kg) mode. The
smplitude A was set so that

(b, + vlol + w2 = 0505, (3.8)

No initial density, pressure or scalar Buctuations were impased.

3.2 Cases and flow parameters

In this section we define and tabulate the key flow parameters for all runs (Table 3.1).
The Reynolds number may be defined in a number of ways because the viscosity was a
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Function of temperature and varied across the mixing region. However, the mean viscosity
variations are not large and thus definitions based on ambicnt, centerline, or peak mean
viscosity are similar. For example, the initial centerline viscosity is pj, = 1.0%0 in all
the simulations. The subscript {); in this expression and elsewhere in the text indicates
the domain centerline or ‘jet’ valve of a guantity, Additionally, the subscript (), indicates
an initial centerline value but will be identical to {); for most of the flows studicd because
we focus on times before the potential core closes. The higher speed flows have significant
heating duc to viscous dissipation and the viscosity extremes are more gignificant in these
flows. The Reynclds numbers in Table 3.1 are based on initial centerline values and the

initial jet radius:

Re = 87k, (39)
Hia
The centerline Mach number, M; = U;/a;, is the only parameter that is varied signifi-
camly between the different cases and its initial value will generally be used io label them.
The convective Mach number {Bogdanoff, 1983; Papamoschou & Roshko, 1988) is often
cited to parameterize compressibility effects and is also listed in Table 3.1. For the present
flow it is defined to be

U.
Moo= 4 (3.10)

c .
ﬂm‘i‘ﬂj

The momentum thickness of the shear layer is defined

o pid fig} T '
a,,,:fﬂ Ei% lﬁﬁj);;-dr (3.11)
and its initial values are also tabulated in Table 3.1. The injtial momentum thickness is &
wesk function of the flow Mach number via the initial mean density. The behavior of this
guantity changes sfter the potential core closes and U; becomes less than U/;, but in this
study we focus primarily on the flow before this oceurs.

Qome cuses have been simulated repeatedly with different phases for initial fluctuations
to provide a larger statistical sample. The number of such ensembles, Ny, i listed in
the tast line of Table 3.1, ‘The first ensemble at every Mach mumber was simulated with
identical initial velocity perturbations to offer the best possible comparisons between the

Cases.

The M = 0.2 case was run primarily to establish the low Mach number behavior of
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(CASE:| A [ BT ¢ [ D[ E ] F | G | B T T ]
M; § 020 | 040 | 080 [ 135 | 155 | 1.92 | 25 3.0 3.5
M. ; 010 ; 021 | 041 | 059 | 0.9 [ 6.9 | 1.29 | 154 | L.80
fe | 2160 | 2250 | 2100 | 2100 { 2400 | 2500 | 2250 | 2R00 | 3200
/7w | L12 | 142 | 112 [ 112 | 112 | 1.12 | 112 | 113 | 112
dmm, /7o | 0.B88 | 0.088 | 0.087 | 5.087 | 0.086 | 0.084 | 0.081 | 0.079 | 0.077
| Nens 1 4 1 1 1 b 1 1 1]

Tahle 3.1: Parameters from al runs.

the growth rate {see Section 3.3.2} and is nearly identical to the M; = 0.4 case. For this
reason we often omit the My = 0.2 case from the plots to avoid cluttering them with neaely
redundant data. In these cases, the M; = 0.4 casc is chosen in favor of the M = 0.2 case

because of its larger sample size: N, = 4.

3.3 Resulis

This section serves primarily to document basic results from the simnlations; as mentioned
above, in depth discussion of compressibility effects on turbulcnee is deforred to Chapter 4.

Before diseussing the data we must address the fact that the annular ntixing region flow
simulaterd in the present work im neither statistically stationary nor formally selfsimilar
{Section 1.3} and therefore the choice of points in the How developinent at which to make
comparisons between the different cases is somewhat ambigucus. This is because the low
and high Mach number Hows evolve very differently, and picking a single mstant in time
at which {o compare resnits is unsatisfactory if not incorrect, Also, there is no temporal
nonnalization which provides obvicus points of comparison. So, without any more favorable
options, we chose to use mixing layer thickness as an indicator of fow evolution which is
used to compare data between the cases. The majority of results in this veport will be
presented at the d§, = 0.2r, point. A further discussion of this is given in Section 3.3.2.
There are, however, occastons when time rather than thickness js more appropriate, For
inatance, when the goal is to show the evolution of a quantity, thme normalized by the the
centerline velocity (and v} is the most natural quantity. Normalizing time in this way
relates temparally evolving results to spatially developing flow, and growth rates caloulated
with the normalized time are analogous to spatial growth rates.

The remainder of this chapter is organized in the following manner. The mean velocity
cvolution is discussed first in Section 3.3.1 and is followed by a discussion of mixing layer
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thickness and its evolution in Section 3.3.2. Alse in Section 3.3.2, mixing layer growth rate
is shown to be suppressed at higher Mach numbers in agreement with compressible plane
mixing loyer experiments. In Section 3.3.3 the mean velacity is scaled by & similarity variable
and shown to develop in & guasi-self-similar fashion despite the fact that the mixing layer is
not formally self-similar. Mean temperature profiles are docnmented in Section 3.3.4, and
in Section 3.3.5 the mean scalar concentratiosn is shown to develop like the mean velocity in
a nearly self-similar fashion. Flow visualizations qualitatively show the flow development
and highlight structurat differences at the different levels of compressibility n Section 3.3.6.
In Section 3.3.7, the turbulence is quantified with energy spectra, turbulent Mach number,
micro-seale Reynolds number, and two-point correlations. Scction 3.3.8 documents the weak
ghocks observed in the high Mach number Hows.

3.3.1 Mean velocity

The evolution of the mean axial velocity for & single run of the M; = 1.92 case Is shown it
Figure 3.1. Toward the end of the simulations, the potential core, here defined similarly to
a jet’s potential core, closes and the centerline velocity starty to drop. The mean centerline
axtal velocity is plotted against normalized time in Figure 3.2 for all the cases. The time
at which the core closes g an increasing function of the Mach number indicating {hat the
higher Mach number layers have slower growth. Due to the cylindrical geomeiry, the region
near the centerline has 2 much smaller statistical sample size than elsewhere in the flow,
and this results in unusual behavior of the mean centerline velocity for some cases. The
M; = 1.2 case wae very expensive to simulate due to the oumerical time step limitation
imposed by the sound speed (see Section 2.2.2) and the computations were not carried past
the point where the centerline velocity begins to drop.

It ie not useful to docnment the velocity profile evolution as in Figure 3.1 for all the
simulations. Instead, in Section 3.3.3, we show that a function fiz{r, §) = f{5{r, §)) describes
the mean flow evolution as in a self-similar mixing layer.

3.3.2 Mixing layer thickness and growth

The mixing layer momentum thickness (3.11) is used to qnantify the flow development and
select points for comparison between the runs, Momentum thickness has been used in other
compressible (Vreman et of.,, 1996; Birch & Eggers, 1072; Samimy & Eiliott, 1950; Ikawa
& Kubota, 1975 Petrie et al, 1986) and incompressible (Rogers & Moser, 1594; Oster &
Wygnanski, 1982) turbulent mixing layer studies to quantify flow development. A plot of
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Figure 3.1: Evolution of the mean axial velocity for the Af; = 1.92 cass at times i fr. = 0.0,
4.1, 8.1, 12.2,16.3, 26 4, 24.4.
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Figure 3.3: Momentum thickness as the flow develops for M; = 0.2 —— (04 —-—— 0Be; 115
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momentum thickness against normalized time for a single realization of all the cases shows
that the higher Mach number mixing ayers grow more slowly (Figure 3.3).

Growth rate has been measured experimentally by several investigators (see data compi-
lations of Lele (1984), Barre ef af. (1994}, or Island (1997}). These are typicaily self-similar
or nearly self-similar plane mixing layer flows, and, since the growth is linear in space, there
is no ambiguity as to where to measure the growth rate. As discussed above, the prosent
fiow is not self-similar and the growth rate varies in time. It is clear from Figure 3.3 that
comparing the M; = 0.2 and the M; = 3.5 growth rates at the same non-dimensional time
womld be making = comparisons of flows at very different points in their development. At
the t¥;, fro = 10 point, for example, the M; = 0.2 flow has nearly closed off its potential
core whereas the M; = 3.5 flow is very close to its initial conditions and it s questionable
whether the turbulence has developed into s physically realistic field from the initisl pertur-
hations, It is hetter to make comparisons at a point where the flows have both developed
away from their initial conditions into physically rcalizable tnrbulence.

Another argument for using same momentum thicknesses as & point of comparison stems
from possible Reyrolds number effects. There is some debate concerning a possible minor
effect of Reynolds munber on the mixing process (Island, 1997) and, since in this study
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we are interested in isolating the effects of compressibility, all the vases have been run at
simnilay Reynolds mumbers based upon r,, Re = ELE;E& This Reynolds nomber is convenient
te quote because it is straightforward to define and remains constant as the Sow develops.
However, before the potential core closes, the mixing layer thickness is a more appropriate
length seale than the initial radius to describe the dynamics, and a Reynolds number baged
upcn the momentuin thickness {Re,, = —r-":T[-'rJ-} is, therefore, more pertinent, Comparing at
the same momentum thickness corresponds to comparing at roughly the same momentum
thickness Reynolds number {when the potential core has nat closed) and thus separates

compressibility effects from possible Reynolds number effects.

Dimensional analysis zlso suggests that comparisons be made at a single layer thick-
ness. Following Papamoschou & Roshko (1988), who neglect Reynolds number effects,
non-dimensionalization of the plane mixing layer problem suggests 2 functional relation for

growth rate,

5’=f(%,£—;,%er), {3.12)
where the subscripts indicate the iwo free stresm values. The plane mixing layer had a
single length scale, the thickness &, giving rise to ita well known self-azimilarity and linear
growth. The present flow has an sdditional length scale, r,,, the shear layer radius, and s
the Hlow develops differently fromn the plane mixing layer case. This is evident in Figure 3.3
where the growth is not linear {though close to linear in short time segmenta of evolution).
We may inclade the mixing layer redius in {3.12) and assume a new functional form

& = g(% E—;, %,MI, f;) (3.13)
By comparing the different mixing layers at the same values of 4 /r,, we effectively eliminate
thia paramneter from the equation. There is no reason to cxpect that the generic function
g in (3.13) i3 the same as f in {3.12}, but in the Limit of dfra =+ 0 the plane and anoular
mixing layers are identicsl and f = g. Thia suggests that f and ¢ are similar amnd, as we
shail see, in many cases the annular mixing layer at a single value of &, fr, behaves in a
very similar fashiion to the plane mixing layer with inereasing Mach number. In this study

we will focua on the point 4, = 0.27,.

We now consider the growth rate of the layer. Before the potential core closges, an

expression for the momentum thickness prowth rate at an instance may be derived by time
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2.0

Figure 3.4: Momentum thickness growth rate at &, = 0.2r,.

differentiating (3,11} and utilizing averaged equations for ity and Figiy:

1 o4 2 W e B _ iy
ki

Vreman ef al. {1996) derived a similar expression in Cavtesian coordinates. The expression is
exact, and by uging it we avoid both finite differencing in time, which may amplify any minor
perturbations in the data, and making imprecise visual fits of straight lines through the data
t0 estimate growth rates. The growth rate calculated with {3.14) is plotfed in Figure 3.4.
The common practice when presenting growth rate data a3 a function of Mach number
is to normealize it by the corresponding incompressible value. There is no experimental
counterpart o this flow and 1he code itsclf was not designed to run in the A; = 0 liii, but
the the lowest Mach number flow, M; = 0.2, is nearly incompressible, There is also a clear
trend in the low Mach number data and we may with reasonable confidence exirapolate
to the incompressible limit. The governing equations suggest quadratic dependence upon
Mach number at low Mach numbers {Thompson, 1991) and so a guadratic was fit through
the M; =02 and M; =04 (M, = 0.1 and M, = 0.2} cases to estimate a value at M; =0.
Data normalized by this value and data from several experimental studies ({see caption)
are plotted in Figure 3.5. There is significant scatter in the experimental data but the
simulation dasa follows the general trend of decreasing growth rate with increasing Mach
yumber. The present simulations capture an apparent growth rate saturation at very high

convective Mach mumbers as observed in the Papamoschon and Roshka (1988} data.

Several reasons are suggested for the scatter in Figure 3.5 which include the difficulty
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of defining the growth at the incompressible limit, flows not achieving a fully developed
condition (Clemens & Mungal, 1992), and the use of different thickness definitions {Lele,
1997). The present simulations also show scatter when different measmres of growth rate
are used. Fignre 3.6 shows the normalized growth rates calculated wsing the momentum
thickness, the vorticity thickness, 8, defined as .

i

s :
E’]min

&, = — {3.15)
and a scalar thickness, &5, defiued as the distance between the points where £ = 8 and
£ = .05. This definition of scalar thickness was used in place of the standard definition based
on the 99% thickness of the mean profile because 499 behaves poorly when the potential
core is about to close, due to the small statistical samnple size near the origi, There are no
exact expressions for §; ; and 6;,, 30 these growth rates were caleulated by root-mean-squares
fitting a cubic through the thickness history data. The dats was ressenably smocth so the
fits were good and conld be differentiated with respect to time to yield accurate growth
rates. Again, a quadratic extrapolation in Mach nnmber uging the M; = 0.2 and 0.4 data
was nsed o estimate the growth rate in the incompressible limit, There are differences
between the different growth rate measures perhaps cxplaining some of the scatter in the
data, but all measures show a similar overall suppression,

Althongh the flows are turbulent, the Reynolds nutnbers are necessarily small so that all
terbulent scales may be resolved by the direct simulations. It is possible to determine what
portion of the growth rate is dec to viscous spreading and what portion is due to turbnient
stresses by individnally celculating the terms in (3.14). The fraction of the momentum
thickness growth rate that is due to viscous effects is plotted in Figure 3.7. This fraction is
small but accounts for approximately 10% of the growth in the high Mach number cases.
Since the growth rate suppression mechanism is associated with turbulence, it manifests
itaelf in the firat term of (3.14), The suppression of this term at higher Mach numbers
canses the viscous contributione to become a larger fraction of the total when Reynolds
munber is kept fixed.

3.3.3 Similarity of axial velocity profiles

Typically, in spatially developing planc mixing iayer studies the flow is either agsumed or
demonstrated to be self-similar and a similarity variable, such as = {& — £a)/y, is used
to collapse the data from different downstream locations. Since the growth of a self-mimilar
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Figure $.5: Momentum thickness growth tate from the simulations, + , and growth rates from
several experiments: o Chinzei et ol (1986), « Papamoschou and Roshko (1988), + Samimy and
Elliot (1990}, » Goebel and Dutton {1990}, * Hall et ol. {1993), and x Clemens and Mungal {1992}).
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Figuré 3.8: Crowth rates calenlated using fy 8t &n = 0.2r, e, f, 2t &y = Liw,
8¢ at dg.g = 0.6ir, -—-— . All rates are normalized by their extrapolated incompressible growth rate.

, and

plane mixing layer ir lincar, an equivalent similarity variable may be formed using the local
thickness, 7 = 4/6{z}. The temporally developing case may he approsched in an analogous
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Figure 3.7; Fraction of momentuta thickness grawth rate due to viscous shear stress at fm = 0.2,

manner. To quantify the mean axia! velocity evolution in this context and cstablish an
avenue for more general spplication of the resnlts, we attempt to collapse the mean velocity
profiles of the M; = 1.92 case from Figure 3.1 and the M = 0.4 case using 0 = (v —r,)/6p.
The results are shown in Figure 3.8. Considoring the multiple length scales of the How,
the data collapses well up to the point when the potential core beging to close; the mean
flow evolution to that point is much lke the plane mixing layer case. The axial velocity
profiles of the other cases may be similarly collapsed, Comparing the axial velocity profiles
from the different runs in this manner does not yield any trends with increasing Mach,
mmmber. Island {1997) observed a similav lack of senditivity to compressibility for mean
scalar conecentration profiles over a range of convective Mach numbers from 0.25 to 0.76.
Samimy and Elliot {1990} found a single function that collapses mean velocity data from
several different experiments omo a single curve which is slso consistent with the presently

observed insensitivity,

3.3.4 Mean temperature

The mean temperature in the mixing region is a function of the Mach nmmber due to viscous
dissipative heating which is significant in the highest Mach rumber cases. The initial tern-
perature profiles, specified by the Crocco-Busemann relation, and the temperatnre profiles
when the momentum thickness is d,, = 0.2r,, are plotted in Figure 3.9. The M; = 8.4 and
AM; = 0.2 cases are indistinguishable.
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Figure 3.8: Self-similar like collapse of mean axial velocity data for (a} the My = 0.4 case with
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Figure 3.9 Mean temperature profiles for {a) the initial conditions and (b) at ém = 0.2r, {from
bottom to toph: M; = 0.4 (M =08 M; =115 { M; =165 —-—; M; =192
—~m—;Mj:2.5—m;Mj=3.ﬂ-'-- ;Mj=345 ““““ .

-The Jaminar Croceo-Busemann relation, which was used to calculated the initial tem-
perature profiles, enforces a quadratic dependence of the initial temperaturce on the initial
mean flow velocity. This quadratic dependence, which relies on the fact that Pr = 1, should
be preserved into turbulent flow regimes if the turbulent Prandtl number is also near unity,
Prp 22 1. To cxamine thin possibility in the present fow, it i3 convenient to first define a
normalized temperature T,

_ T T

== m. {316)

¥

The incompressible mean temperature profite, Tine, was taken from the M; = 0.2 case
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which is nearly incompressible. If a turbulent Crocco-Busemann relstion is to hold, we

expect profiles of the form

= 2
T = Toa —ﬁ(“————_;.;““*) ' (3.17)

to fit through the simulation data (see White 1991), The factor 3 is & curve fitting parameter
calculated from the date and is experted to be O{AM?} based on the same argument made
in developing the laminar Croceo-Busomann relation (White, 1991). @7, . is the velocity
at which the peak normalized temperature, +y.,, oCccuzs.

We first eatablish that (3.17) fits the data, and then discuss the variation of 3 with flow

parameters.. Figure 3.10s shows that {3.17) is indeed a goad description of the temperature . -

profile. The largest disugreements are near the centerline (&/U; — 1) and are believed to
be due to the onset of potential core closure. The & values used to fit the data at all Mach
nuribers are shown in Figure 3.10b. Also shown in the figure is the curve 8 = 0.8M7
which passes through the M; = 3.0 data point. This curve certzinly has the correct form,
but misses the data in the mid Mack mumber range. This discrepancy is explained by
exemining the different mechanisms for turbulent and laminar flow heating. In the laminar
case, tho viscous heating s directly linked to the mean How and its viscous dissipation.
By contrast, in turbulent flow nearly ali the heating is due to the dissipation of turbulent
kinetic energy. Given the large effects that compressibility has npon turbulent free shear
flows, it is reasonable to expect thai the process of transferring mean kinetic energy to
heat may be more or less efficient at different Mack numbers and thereby cause 3 to vary
from the strict O{}?} behavior of the laminar case. The ratio of the radially integraied
turbulent kinetic energy production to dissipation, P/# parameteriges this effect. The
curve 3, = I.EEMJ-ZE;"’F{‘, which alsc passes through the M; = 3.4 data point, is shown in
Figure 3.10b. The agreement s now muck improved. A full discnssion of the turbulence
energetics is given in Chapter 4. The turbulent heat fluxes are documented in Section B.1,

3.3.5 Mean passive scalar

The mean passive scalar evolution is nearly identiea to the mean velocity evolution, This is
expected on the basis of self-similarity arguments, the nature of the momentim and scalsr
equations, and a unity Schmidt number. The passive scalar concentration ia piotted against
the similarity variable, 4, in Figure 3.11 for the M; = 1.92 case. The collapse is good
and agrees with the collapse of the mean velocity profiles. The other cases show the same
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Figure 3.10: Fvaluation of a turbulent Croceo-Busemann relationship at dm = 0.2r5. (a) Quadratic
temperature-velocity dependence: data from the simulations; -——- {317} quadratic fit. From
bottom to top the curves are for the M; = 1.55, M; = 2.5 and M; = 3.5 cases. (b} The quadratic fit
constant J in (3.17): data from the simulationa; -------- #=08MF and---- 8. = I.SEMEE /P
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Figure 3.11: Self similar like collapse of mean passive scalar concentration data for the Af; = 1.02
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case. Cnrves are 8t tUy fro = 00

evolution and again there are na observable trends in profile shape with increasing Mach

numihet,

3.3.6 TFlow visnalizations

In this section the flow is visualized using contour plots of vorticity magnitude, grey-scale
plots of scalar concentration and three-dimensional iso-surface plots of pressure. Each
of these accentnate diffecent aspects of the fow, The vorticity magritude highlighta the
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small scale structnres and is nsed primarily to show the development of the smaller scale
turbulence in the diffevent cases. Planar images of scalar concentration are often produced
exﬁerimmtnlly and similar pictures generated from the simylstions offer both a comparison
to these and insight into the mavement of fluid by large structures, Though ro rigorous
fortnal connection is available, regions of low pressure are typically associated with large
vortical structures in the flow field, Iso-surfaces of pressnre reveal a dramatic change in the
corresponding structures with increasing compressibility.

The evolution of the M; = 6.4 flow is shown in Figure 3.12 with contours of vorticity
magnitude. The initial vorticity field ir clearly dominated by the mean shear {Figure 3.12a)
and the initial turbulent perturbations appear as small wiggles on top of the mean How.
These perturbations develop into streamwise-oriented streak-like structures (Figure 3.12h)
and roll up into turbulent clumps which are often observed in free shesy flows.

The initial turbulence of the Af; = 1.92 flow is identical {when normalized by the
centerline velocity) ta the M; = 0.4 fiow, but the subseguont development of the flow is
different. Long structures again appear early in the evolution {Figure 3.13b). As the flow
evolves, the long structures break down {Figure 3. 13¢c}. The clumping is not as distinct 2a
it was in the M; = 0.4 case. This case wes run well past the point where the potential
core ¢loses and the vorticity magnitude at late times (Figure 3.13d) is dominated by small
scales.

The vorticity magnitude in the M; = 3.5 Row {Figure 3.14), like the previous two flows,
firat develops into long streamwise structures (Figure 3.14b), which are even longer than in
the M; = 1.92 flow. No distinet clumpings of vortical flnid are discernibie at later points in
the evolution {Figures 3.14c and 3.144).

The vorticity magnitude end views (Figures 3.12¢", 3.13¢/, and 3.14¢’ for example) are
remarkably similar given the large differences in flow Mach number and all show that the
flow is highly three-dimensional.

Grey acale images of passive scalar concentration at 4, = 0.2r, for the M; = 04,
M; = 1.92 and M; = 3.5 cases are {Figures 3.15 - 3.17) similar to images produced in
experimental studies of compressibie mixing layers {Clemeons & Mungal, 1995: Papamoschon
& Bunyajitradulya, 1997; Messersmith & Dutton, 1996). As in Clemens and Mungal {1995},
the low speed flow (side view, Figure 3.15) appears dominated by large structures which
drive deep intrusions of ambient fluid into the jet and pull jet Buid into the ambient. The
My = 1.92 flow (side view, Figure 3,16) shows similar signs of these structures but they are
less prevalent and do not cause as deep penetrations across the mixing region. A similar
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Figure 2.12: Tvolution of the 3; = 0.4 Aow showm i contours of noemalized vorkicity magnitude
wrofU;, at times: {a} tl, fro = 0.8, (b} 85 fre = 5.1; {c) tl;, fro = 10.1; {d} tr fr. =110
Rach image has 40 cvenly apaccd contours betwess 0 and the maximum worticily reagnitnde:
Weaxto /U, = (8 3.3; (b) 11.3; {c} 20.3; {d) 20.3. Side views show the § =0, 7 planeg; end views are
from Ly /2 amd are oriented with 8 = 0 oo their right side.

suppression with increasing Mach mumber was observed by Clemens and Mungal {1995).
There is no evidence of these structures in the M; = 3.5 case (side view, Figure 3.17)

and there sre no assoclated fiuid intrusions. The end views in Figures 3.15-3.17 arc again
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() (')
Figure 3.13: Evolution of the M; = 1.92 flow shown int contours of normalized vorkieity magniloade
wrofU;, ab times: (a) t05, fro = 0.0 {b) $U;_fr, = 8.1; (0} 10 fr, = 16.3; (d) ts, fro = 24.4.
Fach image has 40 evenly spaced contours between U snd the maximom vorticity magnitude:
naxTa /U, = (a) 3.3; (b} 11.3; (c) 17.3; {d) 17.5. Orientations are describod i Figure 3.12.

remarkably similar given (he very different nature of Lhe side views. There is perhaps more
mixed fuid {grey) in the higher Mach number cases but 1he structures appenr remarkably
similar. In all cases there 15 evidenes that counter-rotating sbreamwise voriices cxpel jet

Huid as mmuwhroom shaped cjections into the ambient flow. Similar structiures have been
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Figure 3.14: Evolution of the M; = 3.5 flow shown in contours of normalized vorticity magnitude
wio /U, at times: (a) 07, fro =+ O.0; (b) tU0s, fro = 1h4; {e) (1, fr, = 26.5; {d) thi;, fro = 31.5.
FEach imape has 40 cvenly spaced contours between (0 and the maximum vorticity magnitude:
WiaaTaf Uge = () 3.3; (b} 10.21; {c) 14.0; {d} 11.1. Orientations are described in Figure 3.12.

observed in subsonic jets by Licpmann and Gharib (1092) and Fatica et al. (1994),
Pressure iso-surfaces, at a sinple normalized pressure (normalized by ijJ"-l}, for the

M; = 8.4, 1.15, 1.92, and 2.5 cases are shown in Figure 3.18. The M; = 0.4 flow (Figure

3.18a) is dominated by larpe roHer atructnres which are eonnectad by finer rib lype structures
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Figure 3.15: Passive scalar concendration in the M; = 0.4 mixing laver at 8, = 0.2r,. Black is
pure ambient fluid and white is pure interior fluid. The ond views are taken at Lhe O Lo, 1/3 L,
and 2/3 Lp axial domain tocations.

Figure 3.18: Passive scalar cancentration in the M; = 1.92 mixing layer at &, = 0.2r,. Black is
pure ambient. finid and white is pure interior fuid. ‘The end views arc taken at the O [, 1 /3 L.,
and 2/3 L, axial domaim locaiions.

{Moser & Rogers, 1993; Rogers & Moser, 1992; Clemens & Mungal, 1995). The regiong of
low pressure {which are related to the large structures) radially span the mixing region. Thig

reinforces conclusions drawn Irom qualitative inspection of the scalar fiold {Figure 3.15}. j
At M; = 1.15 {Figure 3.18b) the large rollers are Jess prevalent and the streamwise vortices |

are move prevalent. This is consistent with Hoear stability analysis for plane mixing layers
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Figure 3.17: Passive scalar conuentration in the M; == 3.5 mixing layer ab &y = 0.2v,. Blasle s
pure ambient fluid and while s pure interior Huid, The cnd views are Laken at the 4 Ly, 1/3 L,
and 2/3 L, axial domain locations.

{Sandbam & Reynolds, 1390} which showa that obligue modes become more unsiable with
increasing convective Mach number. At My = 1.92 (Figure 3.18c) there is Little evidence of
Kelvin-Helmholts rollers. ‘T'he pressure iso-surfaces indicate that the flow is now dominated
by streamwise oricnted vortices. It is also clear that the prossure in a much smalker fractinn
af the Bow volume is below the normalized threshold pressurc specified. The trend continues
to M; = 2.5 {Figure 3.18d) where almoat none of the flow rontains structures depicted by
the threshold pressure amd the portion which is, is oriented in the streamwise direction.
Noite that stremmwise oviented contignonus regions of low pressure are present in all the
cases andd are thought (o mark vortices regponsgible for the mushroom shaped gjections in
the passive scalar images (Figure 3.15 3.17). The highest Mach mumber Gows (not shown)
contimue thia trend still further but so little of the flow is below the threshold pressure that

they are not plotted. Pressure fluctuations are discussed guantitatively in Section 4.3

Tt is concaivable thai bhe low Mach number structures in Fignre 3.18a might become
visible at pressure iso-levels closer to gy for high Mach number flows. This possibility is
explored in Figure 3.10 where different pressure iso-levels are plotted for the M; = 2.5 fiow.
It i clear that the largs low Mach number structures do not reappear. Plotting at iso-levels
closer 40 P, than in Figure 3.18b is difficalt becanse pressure fluctustions assoclated with
the acomstic radistion, which is quite intense in the high Mach mumber flows, obscure the

turbulent region.
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(d)

Figure 3.18: Pressurc iso-surfaces for the (a) M; = 04, (b) M; = 115, {c} M; = 1.92, and (&)
M; = 2.5 a$ the dy = 0.2r, poind, Only half the axial domain is shown, The pregsure level in all
cages 18 (figy — Poo) = ~0.027pea U7 .
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(b)

Figure 3.19: Pressure iso-surfaces for the M; = 2.5 flow at the &, = (.2r, point. Omnly half the
axial domain is shown. The pressure levels, (o — Poa)/pecUZ, , are (a) -0.018, (b} -0.010.

53.3.7 Turbulence siatistics

The tnixing layer turbulence is quantified in this section with one-dimensional energy spec-
tra, turbulent Mach mumber, and Taylor micro-scale Reynolds number. Two point corvela-
lions show that the turbulence is decorrelated in the half-lenpgth of the emmnputational box

in the axial dircetion and thus the axial length of the computational box is sufficiently large.

The evolution of the axial one-dimensional cnergy spectra at r = 7, Jor the M; = 1.92
case is shown in Figure 3.20. This case is typical of all the runs. The spectral peak rapidly
increases as energy is extracted from the mean How and the spectrum slowly broadens as
the turbuleni energy cascade is established. Although the flow does not bacome statistically
stationary, the spectrum evolves slowly al later times suggesting that the furbulence is fnlly
developed. These late times will be atnudied in the greatest detail in the remamder of this
veport. Also at late times, the spectrum has a small region with -5/3 slope consistent with
Kolmogorov's inertial vange. Although the spectra from all cases were broad banded, the
extent of the -5/3 region varicd between cases and was not apparcnt in some. The &-direction
one-dimensional spectra (Figure 3.21) achieve s quasi-steady state in the low wave numbers

more tapidly than the x-divection speetra but otherwise follow a aimilar developnent, No
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Figure 3.20: Onc dimensional longitudinal encrgy spectra at r = 5, for the M; = 1.92 case at

times {from bottom to top) ¢, fro = 0.0
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portion of the azimuthal turbulent kinetic energy spectrum has & sipnificant -5/3 range
duting the course of the simmlations, The axial one-dimensional spectra for all cases at
8 = 0.2r, is shown in Figure 3.22. "All spectra are broad band with no discrete peaks
of statistica! significance. The wave number containing the highest encrgy decreases with
increasing Mach number which is consistent with longer wavelengths predicted by linear
stability analysia. The anomaly at the highesi wave nurmbers of the M; = 3.5 case is due
to difficulty resolving weak shocklets that appear (see Section 3.3.8).

E(km}f{‘ﬁra

kxta

Figure 3.22: One dimensional Jongitudinal energy spectra at v =7, atd &y = 0.2+, The speetra
have been multiplied by factors of 10 so that the distinch curves could be seen. From top to bottom
the eurves are for the M; = 0.2, 0.4, 0.8, 1.15, 1.55, 1.92, 2.5, 3.0, and 3.5.

The turbulent Mach number, M, is an indicator of the level of compressibility of the
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turbulence and is defined as

_ (o + 0 + )2
2

M,

- (3.18)

The evolution of the peak turbulent Mach number is plotted for all cases in Figure 3.23.
After an initial rapid adjustment, the turbulent Mach numbers increase linearly in all cases
reaching as high as M; = 0.8 in the M; = 3.5 case.

0 HE ; f

0 1¢ 20 30
ﬁUju,}f‘g
Figure 3.23: Evolution of the peak turbulent Mach number as the flow developa for M; = 0.2
——— ;04 108w 315 % ;155.; 102 25+;350a;35+.

The Taylor micro-scale Reynolds nember is defined for each coordinate direction as

! i ’
REJ;* - {um}rﬂlﬁlﬁﬂp RE,\,, = (t’r]rms}irﬂ RE}.& - {U:?)I;]S)‘ﬂp’ {319}
with the micro-scales, Az, Ay, and hg, defined

o f o7 )
2 Uyl 2_ %Y 5 Uply
AI o t, St }.r - G T )"ﬂ = St G - (32[}}
Jz Hz il ,% a0

The peak micro-scales (normalized by r,) and micro-scale Reynolds mumbers in all directions

are given in Table 3.2. There is & clear trend of increasing A; and Rey, with increasing




3.3 RESULTS : ' 61

ToASh] A ] B 1 ¢ [ D ] E | F [ 6 [ H | T |
M; .20 0.40 (.80 1.15 1.55 i92 2.5 3.0 3.b
Az 0.31 0.32 0.36 8.37 0.38 0.34 0.50 0.63 .62
Res, 141 154 136 147 171 163 102 230 285
Ar 021 0.21 .20 0.i8 017 .16 0.1% 0.20 0.19

" Rea, | 78 74 53 43 10 i3 25 24 26
5, | 022 | 023 | 003 | 622 | 020 | 020 | 621 | 023 ] 0.23
Rey, | 92 0i 8 73 64 63 39 36 0

Table 8.2: Pexk micro-scale and micro-scale Reynolds numbers from all cases at 8 = 0.2

Mach number. The other micro-scales, A, and Ag, are relatively constant but Re,, and
Re),, are both decreasing functions of the Mach number.

It is important that the computational box be large enough for the turbulence to hecome
decorrelated by its axial half-length. If this is not the case, the resnlts may depend upon the
computational box size and thig would be, of course, unphysical. The spatial decorrelation
of the present simmlations is established via twa point correlations of velocity, density, and
sealar fluctustions at r = rp (Figure 3.24). The correlations drop fo a low value by the half

domain width in afl the simulations.

3.3.8 Shocklets

Small shocks associated with turbulent eddies, which have come to be known ag ‘eddy shock-
lets’, were first observed in two-dimensional isotrepic turbulence simulations of Passot and
Pouquet (1987). Subsequently they have been observed and studied in three-dimensicnal
decaying isotropic turbulence {Lee et of., 1991), two-dimensicnal mixing layers (Lele, 198%;
Sandham & Yee, 1989}, and three-dimoensional mixing layers (Vieman et al,, 1995; Vreman
et al., 1996). Experimental evidence for shocklets has also been reported in a counter-flowing
supersonic shear layer (Papamoschou, 1995).

1t is difficult to define what a shocklet is. We will nse regions of strong negative dilatation
to mark what will be referred to as shocklets in the present discussion. These regions are
shown in Figure 3.25 for the M; = 3.0 and 3.5 cases at the 8, = 0.2r, point, Light cottours
of vorticity magnitude are algo shown to reveal the positions of the shocklets relative fo the
turbulent structures. The dilatation is not large relative to the vorticity magnitude; the
peak negative dilatation is a factor of 4 stmaller than the peak vorticity magnitude. It is clear
that some of the shocks are in irrotational regions and it is & matter of definition whether
they are eddy shockleis or another type of ahock such as weak oblique shocks generated
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Figure 3.24: Two point axial vorvelations at r = r, and 8, = 0.2r, with f representing ul, —— ;
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by the turbunience in a manner similar to Mach wave radiation from supersonic jets, The
‘mmbers adjacent to the shodcklets it Figure 3.25 indicate pressure ratios, py/ps, across
the shock. Estimates of normal Mach nunbers were made using $he unit vector Vo/lp| to
define the normal to the shock and these estimates were within roughly 30% of steady shock
jump conditions. Direct comparison was difficult for three reasons. For one, there was an
ambiguity of defining shock extent because these weak low-Reynalds-number shocks have a
finite width which is difficult to measure accurately and consistently against the background
turbulence. By picking different points on either side of the shock, different normal Mach
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Figure 3.25: Grey: contowss of vorticity magnitude (analogous to Figure 3.14{e)}. Black: regions
of negative dilatation & < 67U, fro. (a) M; = 3.0; (B) M; = 3.0 at &, = 0.2v,.

nurmbers and pressure ratios could be obtained. This ambiguity is also partially related fo
the second reason: flow near the shocks, particularly the stronger shocks, is locally poorly
reaolved. Artificially increased high wave number energy associated with this ia seen in
Figuee 3.22 for the M; = 3.5 case. To perfurm a detalled analysis of the shocks, we wonld
need to switeh to a shock cupturing scheme like the ENO schemes (Meadows et al., 1893) or
the MIISCLE scheme used to study shocklets by Yeeman et el (1935). The shocks ocoupy
a small volnme fraction of the flow and the local under-resolution is not believed (o alfect
the overall turbilent dynamnics. A final possible causc of discrepaney s that the shocks are
not steady and therefore tabulated shock jump conditions for steady flow do not atrictly
apply.

The flow Mach mumber, or convective Mach number, at which shocklets have heen
ohaserved to form is related to whether the flow is two- or three-dimensional. Shocks were
ohsarved in two-dimensional shear flows at convective Mach numbers ag low as M, = 0.7
{Lele, 1989; Sandham & Yee, 1989} but not in thiee-dimensional Hows until the comvective
Mach number reaches M, = 1.2 {Vreman el al., 1995, Vreman ef of., 1996). In the present
simmulations the first shocklels are obeerved at M. = 1.54 which is at a higher Mach number
than Lhe previous three-dimensional simulations. There are several possible explanations for
this. It may be due in part to the lack of a definitive criterion of when a pressure disturbance
ia not a strong acoustic wave but instead a shock. The delinition used by Vreman ef ol

1095) was a diagnostic condition to designste the method of finite diflerencing and was
[
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therefore dependent upon the grid spacing and not universally applicable. Howevor, we did
not observe any factor of 2 pressure jumps in the present M; = 2.5 (M, = 1.29) simulations
a8 were observed in their work at M, = 1.2, A second possible reason for the discrepancy is
that their simulation was performed in a confined region whereas ours is in free gpace. It hag
been suggested (Barve, 1993} that confinement can change the chavacteristics of large flow
structures and indeed large vortical structures are associated with the shocklets of Vreman
et al. (1995). The annular flow geometry might offer ancther potentisl explanasion and is
certainly another difference with their plane mixing laver, but there is nothitig to suggest
that shocks would be less likely to form in the annular mixing region. In fact, sinee the
potential core can support reflected oblique shocks, they might be even more likely. To
pursue the matter atill further, yet another possibility is the influence of initia} conditions.
The initial conditions of the present simulations are different from those of Vreman ef ol and
perhaps the instability waves used as initial conditions in that study gave rige to structures
which are more coherent and may have higher pressure field influences, A final passibility
is that their flow remains correlated in space. It is remsonable that a spatially correlater
similstion may exhibit shocklets at a Mach number somewhere between a fully decorrelated
three-dimensional flaw and two-dimensional flow. Vyeman et ol (1995 and 1996} do not
document the adequacy of the extent of their compuiational box and two point correlations
from their simulations may not decay sufficiently.




Chapter 4

Turbulence and Compressibility

The goal in this chapter is to investigate the physical effects of comnpressibility on the
mixing jayer turbulence and to understand the mechanisms responsible for the growth rate
suppression at higher Mach numbers. The differences in the mixing layer turbulence at
jncreasing Mach numbers, which were demonstrated gualitatively with visualizations in the
preceding chapter, are here presented quantitatively with turbulence statistics. In Section
4.1, it is shown that the R:::,rnﬂldﬂ stresses, with the exception of the streamwise ndrmal
component, are suppressed with increasing Mach mumber. Calculation of the terms in the
turbulent kinetic energy transport equation {Section 4.2.1) shows that dilatational effecis,
despite the high turbulent Mach number of some cases, have & negligible direct influence
upon the turbulence energetics. Detailed analysis of the Reynolds stress transport equations
{Section 4.2.2) suggests a mechanism for the suppression of ghear stress andt growth rate
which involves the pressure-strain-rate correlation. A simple fortmuls for the growth rate in
terms of the axial pressnre-strain-rate correlation is suggested and tested against the data.
Tn Section 4.3, suppressed pressure fluctuations at higher Mach numbers, as were suggested
by Figure 3.18, are shown to be strongly correlated with the growth vate suppression. A
change in the structure of the turbulence at higher Mach number s found te explain the
nressure suppression, The explanation involves reduced communication at higher Mach
numbers, which is often suggested as & mechanism for the growth rate guppression, and i3
here treated gquantitatively using the gradient Mach number as a key parameter,

4.1 Reynolds stresses

The Favre averaged Reynolds stresses are given in Figure 4.1 and 4.2 for all the cazes with the
exception of the M; == 0,2 case. This case is cmitted because it is virtually indistinguishable
from the M; = 0.4 case. The M; = 0.4 case was chosen for presentation over the M; = 0.2
case because the ensembled data yielded smoocther profiles. The M; = 1.92 case is also
ensemble averaged. The minor bumps and asymmetries in the profilea of the other Mach
number cases are attributed to insufficient statistical sample. Peak values of the Reynolds

stresses are summatized in Table 4.1. The shear stress, ﬁu@f, and the radial and azimuthal

G5
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Figure 4.1: Favre averaged Reynolds stresses for tho cases: (&) Mj 0.4, (b} M; = 0.5, 8, (e} M; =
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normal stresses, pulfu b and p‘uﬁ Wy, are clearly suppressed with increasing Mach number.
However, the axis]l normal stress, pﬁﬁiﬁ is not suppressed and maintains nearly the same
peak value {when normalized by ijj} an the Mach number increases,

This flow has no laboratory counterpart and so there is unfortunately no means of
cormparing with an experiment under exactly the same conditions. However, since the
prosent annnisr mixing layer has mean velocity profile development and growth rate sup-
pression similar to that observed in plane mixing layer experiments, it is reasonabie that
the Reynolds stresses should also be of similar magnitude and show similar trends with
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F1gure 4.2: Tavre averaged Reynolds stresses for the cases: (a) M; 1.92, (b} Mj = 2.5, {¢}
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jncreasing compressibility. Peak Reynolds stress data from the simulations are compareg to
the experimental data of Goebel & Dutton (1991} in Figure 4.3 over a range of convective
Mach mumbers. The data have similar amplitudes and show sirnilar trends with increasing
convective Mach number. Overall suppression of the transverse and shear stresses, pﬂW
and pugu,. , i roughly the same but the suppression occurs more slowly with convective
Mach number in the present simniations, The growth rate of the shear layer in the present
simmlations was also suppressed to the same degree but this again eccurred more glowly with

increasing Mach number than in most experitents (Figure 3.5}, Geometrical differences
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CASE | putult/pU2 | poirell joiU2 | pogell /o0 | piiet fosUR [ b
M; =02 0.0404 0.0235 0.0308 0.0170 0.187
M; =04 3.0410 00228 0.0307 0.01°74 0,185
M; = 0.8 5.0407 20155 00268 0.0150 f.178
M; =115 0.0420 0.0135 0.0240 0.0134 0.170
M; = 1.55 0.0435% 0.0102 00175 (.O108 0,157
AM; =142 0.0421 0.0108 0.0169 (.0099 0.143
M, =235 0.0336 0.0046 0.0083 £.0055 0.108
M = 3.0 0.0376 0.6032 0.0056 0.0038 0083
M; =35 00416 0.0025 (),80560 0.003% 0,080

Table 4.1: Peak vahies of Favre averaged Reyoolds stresses at 8, = 0.2 and the r = v, valuss of
the shear stross anisotropy.

between the annular and plane mixing layers may be responsible for this difference. Another
possible cause for the generally higher stresses in the present study is that the present mixing
layer is in relatively early development. For exampile, Elliott & Samimy {1990) showed that
in & M; = 0,51 plane mixing layer the turbulence is more intense before the flow achieves
self-similarity. At their first measuring station, closest to the splitter plate, their Reynolds
stresees were as wuch as 40% higher than their asymptotic downstream level. It should be
noted that not all experiments have obssrved the same invariance of the streanwise normal
stress with increasing Mach numbers and Eliiott & Ssmimy (1990) measured a decrease of
this quantity with increasing Mach number in disasgreement with Gaebel & Dutton {1991)
and the present simulations.

It is clear from Figures 4.1 and 4.2 that the Reynolds shear stress is suppressed relative
to the total kinetic energy as Mach number increases. This may be seen more clearly with

the shear stress anisotropy parameter

L)
i

LT o L) ’
Upliy + VU - Vgt

g = {4.1}
Figure 4.4 shows the shear stress anisotropy profile across the middle of the mixing region
for three cases at different Mach numbers, and this confirmes that the shear stress anisotropy
is reduced as Mach pumber increases. This vesult is in general agreement with the homoge-
neous shear results of Sarkar {1995} who proposed that structural changes in turbulence at
higher Mach nutnbers are reflected in the magnitude of byz. Lower levels of byy would in turn
suppress the production of turbulent kinetic energy and the growth rate, Only the middie
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Figure 4.3: Pesk Reynolds stresses from the simulations at 3y = 0.2, and from plane
mixing layet measurements of Goebel and Dutton (1993} ~-~- . The symbols indicate 12, fUL .

oo fUZ «, and wfol fU, « in the simulation resuits and W fAU? o TV AU? 5 and R fAD?
n in the experimental results which are naturally in terms of Cartesian velocities.

of the mixing region iz shown in Figure 4.4 because the denominator in (4.1} becomes smal)
toward the edges of the mixing region and consequently by becomes poorly behaved. All
the available ensembles are used for each of the three cases plotted. To better guantify
the trend with Mach number, we take the shear stress anisotxopy at v = r, to be a pood
representative value and plot it versus Mach number in Figure 4.5 {values are also tabulated
in Table 4,1). Clearly, bip{r} steadily decreases with mcreasing compressibility until the
highest Mach number is reached. The leveling off of the curve at the highest Mach numbes
iz consistent with the growth rate also becoming refatively constant at these conditiona.

4.2 Turbulence transport

Terras in the transport equations for the kinetic energy and Reynalds stresses {see Appendix
A) are calculated for the M; = 0.4 and the M; = 1.02 cases. The other Mach number cases
have only singie realizations available for averaging which is insufficient for converged statis-
tics. Therefore, Mach number trends will be discussed primarily using radially integrated
quantities which are very insensitive to the sample size. Radially integrated quantities are
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Figure 4.5: Shear stress anisstropy at r = r, for all cases.

indicated with f} and, using dissipation £ as an example, are defined as

e =]
&= f erdr. (4.2)
3]
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To simplify expressions, several abbreviations will be used when discussing the budgets.
The symbo} Py is the production texm, Il is the pressure-strain-rate correlation term, and
£at 18 the viscous dissipation texm in the ;‘JM transport equation, where s and ¢ are any of
the coordinate directions x, r, or #, Similarly R, is shorthand for ﬁ;i‘ri‘,t? and will be used
in the discussion of integrated Reynolds stresses, R.;. P and £ without subscripts indicate

the production and dissipation of turbulent kinetic energy.

4.2.1 Transport of turbulent kinetic energy

Turbulent kinetic energy budgets at dy, = 0.2, for the M; = 0.4 and M; = 1.92 cases
are shown in Figure 4.8, All the terms in the M; = (.4 case are of similar form but have
roughly twice the amplitude as in the M; = 1.92 case. The dissipation ir an exmptiﬂn. and
has Toughly the same amplitude in both. The production in the M; = 0.4 case is nearly
twice that oheerved by Rogers & Moser {1994) for their incompressible plane mixing layer.
.chcven they report that the levels increased significantly depending upon their initis
conditions, Viscous dissipation plays & smaller role relative to the production than was
observed by Rogers & Moser (1994) because the small scales in this flow are developing
whereas their flow had become self-similar. The spectra in Section 3.3.7 show this to be
the case. Rogers & Moser (1994} note relatively less dissipation in their most amplified
initial condition case which tnay better correspond to the present low Mach number runs.
The velocity-pressure-gradient term does not appear to be statistically converged in the
M; = 1.92 case, but is clearly oscillating around zero indicating that it will have little
net influence. The velocity-pressure-gradient in the M; = 0.4 case is smoother and with
higher amplitude, but somewhat surprisingly s not symmetric about the middle of the
mixing region. It is believed that pressure fluctuations across the domain centerline may he
influencing this term. At &, = 0.2r,, the flow is nearing the point in Hs development when
the potential core closes and, after this occurs, all quantities will chiange from being roughly
symmetric about r = 7, to being symmetric shout r = 0. It is veasonable to expect that -
terms involving the pressure would be the firat to show signs of this transition. It was shown
in the previous chapter that the lower Mach number flows have larger and more organized
pregsure fluctuations and would thercfore be more likely candidates for this eflect than the
pressure disturbances seen at high Mach number. Regardless, the velocity-pressure-gradient
is small compared to the other terms. In the incompressible mixing layer of Rogers & Moser
(1994), the velocity-pressure-gradient has a similay magnitude (relative to the production}.
At both M; = 0.4 and M; = 1.92, the turbulent transport terms are very significant and
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act to move kinetic energy away from the region of highest shear to the edges of the mixing
region.

It has been proposed {Zeman 1990; Sarkar et al. 1991b} that the compressible portion
of the viscous digsipation increases with increasing Mach number to become a significant
part of the overall budget. However, this has been refited by recent numerical simulations
(Sarkar, 1995; Vreman et ol., 1996). We define the compressible or dilatational dissipation
to be

4 -
£g = (PB + g.u) = (4.3}

where @' = 88 is the Suctuating dilatation. The solenoidal or incompressible dissipation,
€3 is the total dissipation minus the dilatational dissipation, £, = £ — £4. The ratio of the
radially integrated dilatational to the solencidal dissipation is plotted in Figure 4.7 for al}
the cases. It is ciear that even at the highest Mach number, after the growth rate appeats
saturated, the compressible dissipation is less that 2% of the incompressible dissipation and
we may therefore conclude that it is not responsible for the observed factor of 4 growth rate
Buppression.

It has also been suggested that the pressure dilatation term becomes a significant sink
of turbulent kinetic energy at higher Mach numbers {Sarkar et al. 199ib). This again has
been refuted by recent studies {Sarkar, 1995; Vreman et al., 1996) and it is indeed a smail
term relative to the production in the present study (Figure 4.8),
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Figure 4.7: Ratio of dilatational to solensidal dissipation at &y =0.2r,.

Ristorcelli {1997} performed a low M; analysis of the governing equations for homoge-
peons turbulence and showed that € ~ M} and Iy ~ M7, However, the present flow is not
homogeneous and does not behave according $o his predictions. No integer powers of My
satisfactorily described the Jow Mach number behavior of either the dilatational dissipation

or the pressure dilatation covariance over an appreciable range of Mach mumbers.

Despite minimal dilatational effects, the ratio of the integrated tofal viscous dissipation
to integrated turbulent production increases by a factor of two between the lowest and
highest Mach nnmber cases {Figure 4.9). Decreasing production, which drops by a factor of
3.9 between the M; = 0.2 and the M; = 3.5 cases, is primarily responsible for this increase.
Sarkar (1995} found a significant decrease in produciion with increasing Mach number in
homogeneous shear How and so did Vreman et gl (1995) in plane mixing layers. This is not
surprising because the production of turbulent kinetic energy is related to the momentum
thickness growth rate by {3.14), However, the relation between production and growth rate
may not be causal in any divect sense. The cause of the suppression must be related to
the Reynolds shear stress because it is the shear siress term in the mean axial momentom

equztion,

v Or ror v dr

(4.4)
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Figure 4.8: Ratic of the integrated pressurc dilatation to the integrated production at ., = 0.3r,.
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Figure 4.9: Ratic of the integrated dissipation to production for ail cases at 4, = 0.2r,.

that trangports mean axial momentum to spread the layer. The shear stress is also a factor

m the production term which indirectly relates it to the growth rate. The production does
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nat directly ‘produce’ shear stress; it produces puy -u." and this, when properly norinalized
by the mean flow, i3 nearly constant for all Mach numbers (Table 41}, It is in the indirect
path from pur " to pu"tr” that the critical factors for the growth rate suppression must lie.
To explore thls path we next consider the Reynolds stress tranaport equations,

4.2.2 Reynolds stress transport

Before proceeding to evaluate terms in the Reynolds stress transport equationd, there arve
igsues associzted with the cylindrical coordinate system that need clarification. The first
issue involves terms in cylindrical coordinates without analogs in Caricsian coordinates
which redistribute Reyuolds stresses hetween mm;}nnents They appear in the ﬁuﬁ
ﬁu@'vg , and pu"v" egnations (see Appendix A). Inm the pv"v” and pﬂﬁ equations, these
terms have Snite limits at the origin (r = 0) and thevefore present no difficulty. However, in
the pumv" equations both the cylindrical redistribution term, m;’n and the turbulent
transport ferm,

L drpuffnro]

are singular at ¥ = 0. At v = 0, however, they arc equal and opposite, and so we combine
them when showing budget texms as a function of radius. Later, the cylindrical redistri-
bution term is scparated, multiplied by r to remove the Eingularil;y, and replotted. For
consigtency, this practice is also followed for the ﬁ:ﬁ and pu{{-a.r;{ equations. It ia clear
that the cylindrical redistribution teris arc not transport terms becanse they do not neces-
anvily integrate to zero acroas the layer. A second issue involves the pressure diffusion and
pressure-sirain-rate terms in the pu;"ﬂ equation which are also singular at + = 0. These are
recombined into the well behaved velocity pressure-gradient terms for plotting the budgets
versus r/t, and later discussed separately.

Budget terms of the Reynolds stress transport equations are plotted in Figures 4.10-4.13
for the M; = 0.4 and M; = 1,92 cases. The profiles arc qualitatively similar at the twe
different Ma—::h numbers but values in the supersonic flow are typically half those in the
gnbsenic How. In the pum " equation, the major source term is the turbulent kinetic energy
production and the major sink terms are the viscous dissipation and the velocity-pressure-
gradient (here equal to the pressure-strain-rate). Since pressure dilatation is very small
(Figure 4.8), the pressure-strain-rate tensor is nearly trace free, and n the ﬁ‘i!?iﬁ equation

it acts primarily to redistribute the turbulent kinetic energy from i n" to pv" 7 and
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pv;;v;; In the pu v" and 7 "u" sxjuations {Figures 4.11 and 4.12) it is clear that the major
source term is indeed the velocity-pressnve-gradient which includes the pressure-stmin-rate
The time rate of change term js significant and positive in the o ;‘.‘ and puﬁt:& equetions
at both Mach mumbers. It is also non-zero in the middle of the shear region in contrast to

the gulfy " time rate of change,

The major sonrce of ﬁu’z’v;’ i ita production (Figure 4,13) and its only significant sink
term is the velocity-pressure-gradient or cquivalently, since the pressure diffnsion has no net
source or sink cffect, the pressu:e—strmn rate correlation, The velocity-pressure-gradient

term, -—w"—a}i u;;—cj-";, in the pu"'u" cquation is separated into the pressure diffusion,
1 Ayl }
el

1 Grpa’ . . £
— ¢~ =, and pressure-gtrain-rate terms, PG

lar behavior ai (r = 0}, and plotted in Figure 4.14. Thr: supersonic case {Figure 4.14b} has

muitiplied by r to remove singn-

symmetric pressurc diffusion which transports puy " from the edges of the mixing region
inte: the middie of the shear layer. The pressure-strain-rate acts ag a sink in the middle of
the mixing region and as a small source nesr the edges. The subsonic cese {Figure 4.14a)

is asymunetric again indicating possible pressure communication across the potential core.

In Figures 4.11-4.13 the cylindrical coordinate redisiribution terms were added to the
transport terms. These tering are now multiplied by » to mske them well behaved ai the
origin and plotted in Figure 4.15. These redistribution ferms jn the pu"t}" and m
equations are of opposite signs. Int any case, the role of all cylindrical redistribution terms
are minor. There are also scveral terms in the transport cquations which have not been
discussed but are always negligibly small (see Appendix A}.

The Reynolds stress tranaport terms directly involved in getting the level of the shear
stress aud thereby the mixing layer growth rate are summarized in Figure 4.16 which is
the standard diagram used in turbulence literature. Starting from pult u" we idﬂ’!ltify the
lavgest sink of pﬂumu’ to be the _pressure- -strain-rate re:dtstrlhutlﬂn, Opr = p'5= M , which
transfers energy to pu"t:" Y (4] pvt,vﬂ Of these, pvv " iR more 1mpnrtamt with regard to
growth becanse it appesrs in the shear stress production, B, = pu;! # 28z which is the
majrr source of shear stress pu"'u" The shear stress acts both to produce pu’ -u”, via its
production Pr,; and spread the layer via the transport of mean axial momentum {4.4).

There arc other terms of potential importance for layer growth that are not shown in
Figure 4.16. One of these ia the pressure-strain-rate in the ﬁuﬂ";"ﬁ_{.}r equation,

I, = e+ 1), (16)
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Figure £.11: pu? budget terms at dg, = 0.2+, normalized by ij;}'; at &, = 0.2v, for the {a}
M; = 0.4 and (b) M; = 1.92. viscoug disgipation; ~--- turbulent transport 4 cylindrical

redistribution; —- — velocity-pressure-gradient; and - time rate of change.

which acts as a sink of ﬁﬁf@f and therefore can potentially reduce the level of shear stress
independent of the path shown in Figure 4.16. The viscous digsipation tertns are also
not shown in the figure. The shear stress dissipation, €y, I8 negligible compared to the
shear stress production ({€z,] < 0.025%,, in all cases) and is neglected in the subseguent
discussion, Because the fow is not steady, the time rate of change texms also can become

significant factors,
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When radially integrated, the Reyuolds stresses obey the following set of ordinary dif-

ferential equations in time
Eit.ém = r-f’:];'n: - ﬁ-n:z - "-'-zx::n {47}

at-ﬁrr = fI,-,- - érr {‘1-3}
atﬁ.t:r = ﬁmr - ﬁﬁr- [49}




4.2, TURBULENCE TRANSPORT 74

(a) (b)

0020 ; ; T

0oLl 4
‘ﬂulﬂ orre e e s |.\... [ e SR LT TEE P TURTE T TNY

amp e o —
o
f'f T 7‘.‘; Ta
Figure 4.14: Presmire strain rate —--— and pressure diffusion terms in the pulyl transport

equation normatized by p;/7 and multiplied by » to remove singular behavior at + = 0, Cases {a)
M; =0.4 and (b} M; = 1.92.

(a} (&)

LA B

T ST I
Y CE [
00000 4155

o], RIS

[y L
L]

rirs S
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cquation ———~ Ema"v“u” from the ﬁuﬁ*u{{ equation e ; end puluiwy from the pu"‘v” equation

.Gase:i{a}M =0.4 and (b) M; = 1.92.

Al terms are also functions of the convective Mach number which is, of course, the param-

eter of greatest interest in the present study.

We may simplify (4.7) to (4.9) by examining the ratios of terms, and in particular by
finding ratios that are approximately invariant with Mach pumber. Both . /Pe and
—I1, {11z are nearly constant (Figurcs 4.17 and 4.18} and spproximately equat io 0.4 and
this implics that T, /Pg =~ 1 (sce Figure 4.19), The pressure-strain-rate in the shear

stress equation, 11, is also in constant proportion to the sheat stress production Pep and
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Figure 4.18: Schematic showing primary shear stress interaction leading to growth rate suppression
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Figure 4.17: Raﬂ:m of integrated pressure-strain-rate tern in the pt.r”ti'” equation to the production
term in the p-u”u" equation. iy the first ensemble of every case with identical initial conditions
and + the ensemble average for the M; = 1.92 case.

ILoy /Pyr =2 0.8 {see Figure 4.20). Using these relations {4.8) is decoupled from (4.7} and
(4.9)

atj%.'l::l.‘. = f’.r::: - ﬂmz - ga::r {41[]}
Bz = 1My (4.11)

¢y is 2 constant and results in Figures 4.19 and 4.2 indicate that ¢; = (.2 is a reasonable

approximation for all Mach numbers. The time rate of change of shear stross, Oy flz,, is then
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Figure 4.1%: Ratio of integrated pressure-strain-rate term in the ﬁﬂiﬁﬂ equation to the production
term ic the guffvy sgeation.

only a fanction of TI;; and this implies that this term is of key importance for the growth
rate suppression. To find an expression for &7, we may use (3.14) to relate Pz to 8.,. The
£pp dissipation is u nearly constant factor of ij} (Figure 4.21) and we replace it with a
comstant K, leaving a single equaiion relating 4y, .z, and the time rate of change of the

integrated axial normal stresa:
iR = piU28 fra — Ngw — K. {4.12}

The time rate of change of the integrated normal siress, Bpf.z, may also be related to
the growth rate by making a similarity assumption {Vreman ef of., 1896}. The integrated

axial normal Reynolds stress is delined as
- e u]
R»_';;]; = f R;a-?"df‘. {4;13}
L

If we assnme that By, = f{n}, with n = {r — r,} /8, accurately describes the novmal stress
development and taking ., /v, << 1, the radially infcgrated axial normal siress component
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Figure 4.21: Integrated axial normal dissipation with Mach oumber.

may be written

Ras = 6 f_ Fmydy. (4.14)

The appropriateness of the similarity assumption is verified in Figure 4.22 where ﬁuﬁ is
plotted against n for the My = 1.92 case. The collapse of the profiles at different times is
ghite good despite the fact that exact self-similar behavior is not expected. Even after the
potential core closes (the latest time plotted in Figure 4.22) the self-similar approximation
does a reasonable job of collapsing the data. The M; = 1.92 case is typical of all the
Mach numbers. The cther stress components do not collapse az well as ﬁu@ﬁﬁ, hut their
self-similar evelution is not necessary for the following analysis. Taking the time derivative

of {4.14) yields the rclation

.. 1 il
OB = [K&x :[% = u1ij$§:n. {4.15]

The bracketed term is a nearly constant factor of p; Uj? for all the cases {see Figure 4.28)
and has been observed o be constant in some experiments {Géebel & Dutton, 1991}, The
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Figure 4.23: Factor relating growth rate and time rate of change of puZul! (see 4.15).

factor e in (4.15) has 1 mean value of &) = .18 in all the present simulations. An cxpression
for the growth rate may now be written

eallas + K
A M (4.15)

1-— i1
The rl._.fij; factor in the above expression is the ssme as was used to normalize the
transport qusntities in Figures 4.18 to 4.13.

To test this relation, we choose K, = 0.00315, the average value of &u ,u"ijja for all Mach
numbers. The resnlt of {4.16} is plotted in Figure 4.24 with growth rates caleulated directly
by {3.14). Also plotted is 2 third curve that corrects (4.16) for the viscous contribution to
the spreading rate caused by the low Reynolds number of the simulations. This correction
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Pigure. 4.24: Growth rate measured dicectly in the simulations , caloulated with (4.16)
-~~~ , and a low Reynolds number correction to {4.16} - for the present simulations » and the
simulation of Vieman ef al {1386} ..

is obtained by simply accounting for the viscous terms in the expression relating 87, to Pros
based on the information in Figure 3.7. The correction is minor and sgreement is excellent
for both. Also shown in Figure 4.24 is (4.16) applied to the plane mixing layer simulation
data of Vreman ef ol (1996). Mean values of &;; and Rj; for their cases were used for
o1 and K. Agreement is very good despite (recall Ry, is assumned constant in the present
analysis) 2 small suppression of R4 in their data (also observed in some experiments {Elliott
& Samimy, 1990)) and more variation in & than is observed in the present sirnulations.
No correction for low Reynolds mimber viscous spreading was possible from their data, but
suth a correction wonld tend to move the curve caleulated with (4.16} slightly upward as

in the present case.

To sunmarize, the mixing layer growth rate has been related to a suppression of the
pressure-strain-rate correlation in the ﬁr:’;{ﬁ equation. I, has been shown to be propor-
tional to I, and to P;, 5o either of these could be snbatituted with a constant mmultiplicative
factor for I, in {4.16). The choice of II,, was motivated by the fact that it is a sink of
,ﬁuﬁ which is neatly constant with Mach number. In the following section we address why

II;; is suppreased.
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4.3 Pressure fluctuations

In the previous section it was shown that the growth rale is directly related to the pressure-
strain-rate correlation. In this section we examine pressure fluctuations and show that
suppressed pressure fluctuations are largely responsible for the suppression of the pressure-
gtrain-rate correlation as suggested by Vreman ef al. (1996). We will also show that reduced
axial Buctuating strain rate makes A small contribution to the suppression of the pressure-
atrain-ratc correlation. A structural difference caused by reduced pressure communication is
foand to be responsibie for the reduced pressure fluctuations and this is shown quantitatively

with transverse correlation longths,

4.3.1 Suppression

Root-mean-sqmared pressure ftuckuations normalized by ijj* are plotted in Figure 4,25 for
2l Mach numbers. A mignificant suppression is clearly svident as Mach mumber increases.
At the highest Mach nunbers the fluctnations appear totally suppressed, their peak valnes
no longer ocour in the middle of the mixing region but rather at the domain centerline.
Premmunably in & plane mixing layer, the peak, though possibly very broad, would still cccur
in the middle of the mixing region. To examine whether the pressure-strain-rate suppression
is solely a result of reduced pressure fuctustions, as suggested by Vreman et of. {1596}, or if
reduced strain rate slac plays a role, we cxamine the suppression of radially integrated root-
mesn-squaved pressure Huctuations and strain rate relative to their cross correlation (Figure
4.26). All quantities are normalized by their ‘incompressible’ values which were estimated
with quadratic extrapolation. It is clear that the pressure fuctuations ave snppressed in the
same manner and tc nearly the samc degree as the pressnre-strain-rate corrclation which
strungly suggests that they are the responsible factor. However, the integrated strain rate is
alan euppressed to 70% of the incompressible value and this might explain the discrepancy
between Lhe reduction in pressure fluckuations and pressurc-strain-rate at the highest Mach
nuimbers.

As the Mach number, or in particutar the furbnient Mach number, of the How increases
it is expected that there witl be more compression zones in the flow field caused by increased
nonlinearity. Though shocks themselves are not necessary, the shocklets observed in Section
1.3.8 are related to such an effect. More compressions would tend to canse more extremes
positive pressure perturbations, This is indeed the casc as is shown in Figure 4.27 whers
the weighted and normalized probability distributions of pressure finctnations at r = »,




56 CHAPTER 4. TURBULENCE AND COMPRESSIBILITY

msa’fpj[’rj?o

k2

!
I|

riry,

Figure 4.25: Normalized pressure iluctuation for all cases (from top to bottom): My =020
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are plotted. All available cosembles ave used to generate the plot, so the M; = 0.4 and
M; = 1.92 cases are somewhat emoother due to their larger statistica) gamples. The pres-
sure fluctuations are normalized by their root-mesn-squared values to permit comparison
between the cases. As the Mach mumber increases, there is a clesr trend toward larger
cotnpressions cvidenced by more cxtreme positive pressure perturbations. However, the
overall contributions of this increase to the r.om.s. pressures is not large being offset by the
reduction in the contributions from modest values of p’. It was shown above that the pres-
sure flnctuations are of primary importance in the suppression of growth rate, and, since
ingrensed occurrence of compressions has limited infilnence upon pf, ., it 18 concluded that

they hawve little influence npon the growth rate.

4.3.2 Scaling

The suppression of pressurc fluctuations was modeled by Vreman ef ol (1996) with a de-
terininistic model for pressure minima and maxima. They speculated that lavge scale fiow
struckures are vortices with low pressure cores. By restricting the vortex size baged upon
sonic eddy arguments (Breidenthal, 1990) they produced an cstimate of pressure minima.
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Pressure maxima were estimated from proposced isetitropic stagnation points similar to those
postulated in the derivation of the convective Mach mmber (Papamoschou & Roshko, 1088).
Their model predicts their computed pressure fluctnations well. However, in the present
rimulations, visualizations show that at high Mach numbers the mixing layers are domi-
nated by streamwise oriented structures (Section 3.3.6), whereas Vieman ef ol., by taking
the maximum veclocity of their modelted vortex to be Al7/2, imply the vortex must have
a spanwise orientation and so their arguments may not be fully applicable at high Mach

rumbers,

The effect of *rednced communication’ on large structures in the mixing iayer, which is
inherent in the deterministic model of Vieman cf al. {1996) and the sonic-eddy concept of
Breidenthal {1990) and was explored by Papamoschou & Lele (1893), may be parameterized
with a gradient Mach number (Savkar, 1995)

_ £

My = o

{4.17}
where £ is the length scale of the large eddies in the radial direction and e is sound speed. M,
is essentially the ratio of the shearing velocity across a large eddy to the sonnd apeed. It is
often hypothesized that if the shearing is too fast relafive to the sound speed, comumunication
across the eddy will break down and this would restrict the size of structures that can
fortw (Breidenthal, 1990). Sarkar (1995} showed that the gradient Mach number was an
important parameter in homogenceusly sheared turbulence, aiut an equivalent Mach number
has appeared in several other studies under different names, Durbin & Zeman {1992) used
a similar parameter Am = |V - @]é/a to represent the Mach mumber difference across a
large eddy and performed irrotational rapid distortion analysis in the Hmit of small Am.
This work was expanded upon by Cambon et of. {1993} and Jacquin et of. (1893) for
larger Am. The gradiont Mach number was also used by Simone et al. {1997} {there called
the ‘distortion Mach nizmber’, My) to test the applicability of rapid distortion analysis to

compressible turbulent shear flow.

We now propose a simple relation between the pressure fluctuations and a velocity scale
formed from the gradient Mach number,

py = KpptatMy. (4.18)

The factor K is a constant of propertionality. To calcutate M; we need an estimate of
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Figure 4.2%: Gradient Mach number at r = r,.

the large eddy length acale in the transverse direction and this is provided with radial two-
point correlations of v, which was chosen for the correlation becanse it is critical in radial
- transpori. We caleulate the correlstion in the middie of the sheared region, r = r,, and
take the distance between points where this correlation has fallen to 1094, as the extent of
a typical farge eddy. Figure 4.28a shows that therc is a clear decrease in the radial lengsh
scale with increasing Mach number and changing the 10% criteria ured to calculste £ to
5% or 20% has little effect on this trend. In a sel-similar mixing layer, the ratio #/4,
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would remain constant as the layer grows. In the present fow it decreases slowly as the
layer grows (Figure 4.28b). A decrease in transverse length scale is comsistent with the
development of “ca-layers” predicted by linear stability analysis {Day et ol., 19497}, however
no separation of the mixing layer into distinct fast and slow modes was observed. It is
possiise that like distinet obligne modes, which are also predicted by linear analysis but
not observed, distinet co-layers may not be present in fully turbulent flow. The presence of
co-layers would tend to decrease the transverse length scale and so, in this sense, the linear
analysis does appear to predict a decressed transverse eddy length scale. This is similar to
the manner in which linear analysis predicts increased three-dimensionality with increasing
Mach mumber, Higher Mach number simulations or experiments into regimes where the

co-layer structure should dominate are necessary to draw any conclusions,

The gradient Mach number, also caleulated using v = r, values, grows quickly &t first
hefore it appears to asymptote to & value around 2 (Figure 4.29). This behavior disagrees
with the estimate made by Sarkar (1995} that M, = 2.2M.. This is probably because he
made hig esthnate using an incompressible mixing layer length scale, the layer thickness,
and did not acconnt for the decrease of this length scale shown in Figure 4.28a. However,
this behavior does not affect his comclusions concerning the role that the gradient Mach
mumber plays in describing the very different compressibility effects in mixing layers and
houndary layers. The pradient Mach number for the present mixing layer is still many times
larger than his estimate for boundary layers. It should also be noted that up to M, = 0.75,
Sarkar's egtimate is quite good,

We may now test (4.18) explicitly. In discussing the suppression of pressure fluctuations
above we normalized them by ijjz becanse we were considering the size of the perturba-
tions rclative to the ‘dynamic head' of the flow. This normalization showed the decreasing
signilicance of the pressure Nuctuations relative to the mean axial momentum flux, Normal-
ized by constant ambient quantities, p., and g, p'g increases by a factor of 1000 between
the lowest and the highest Mach number cases. Pressure perturbations from the simulations
ancl the right hand side of (4.18) arc plotted in Figure 4.30. The proportionality constant
K, was set by the M; = 0.2 case to be B,03 x 1071, The p/p’ values are from r = r, and
are considered typical of the mixing layer. They agree slightly better with (4.18} than the
radially inteprated values, possibly because the gradient Mach number in (4.18) was also
calculated at r = r,. Also plotted in Figure 4.30 is the curve

7y = K.pPU} {4.19)
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Figure 4.30: ‘Un-normalized’ pressure fluctuations at r = r, from the simulations ; from
(4.18) ———— ; and from {4.39) - - K and K, were set to match the M; = .2, M, = .1 simlation,

with K, sct so that it too passes through the M, = 1 data point.

4,.3.3 Morkovin’s hypothesis

Morkovin's hypothesis relates temperature, density, and velocity fluctusations in compresa-
ible turbulent boundary layers. This hypothesis, when applicable, is useful for modeiling
compressible turbulence. Morkovin (1561) assuned that pressure fluctuations in compress-
ible boundary layers, in the form of acoustic modes, are negligible compared to vorticity
and entropy modes and that total temperature fluctuations are negligible. When combined,
these assumptions,

v _F R i
= - and = & 1, 4.20
r e I, { )
lead to a relation hetween the density, temperature and streamwise velocity fluctuations
g T "l
=~y — DML (4.21)

The hypothesis has been well tested in adiabatic wall compressible boundary layers and it
is clear that it holds for My, < 5.0 {Bradshaw, 1977). Mahesh ef gl. {1997) found that the
assumption of negligible p’ is valid across a shock Lut the second portion of the assumption,
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requiring negligible fluctuations of stagnation temperature, is not.

The spplicability of the hypothesis to compressible Iree shear flow is leas clear. Bradshaw
{1977} points to the incompressible mixing layer results of Brown & Roshko (1974} and
claims, that suppression of growth rate is a real compressibility effect and is associated with
s hreakdown of Morkovin's hypothesis. He toncludes that sinee the density fluctuations
are not responsible for the suppressed mixing layer growth, an increased role of pressure
Huctuations relative to density fiuctuations must then be responsible for this breakdown.
Such a breakdown, via increasing prezsnre Anctuations relative to density and temperature
fluctuations, has serious implications for the use of hot wires in transonic turbulent flows
where the assumption p'/f < p//p or T' /T is used (see recent work of Barre ef of. 1992 and

the references listed there).

The present flow has nesxly uniform temperature, and so at higher Mach numbers the
stagnation temperature, Ty, has significant fluctuations at fixed Eulerian position within the
{ayer. So we will not teat the portion of the hypothesis based on this assumption. However,
we may test the p'/f <« p//p assumption. In Figure 4.31 radially integrated root-mean-
squared pertnrbations are plotted. At low Mach numbers the pressure fluctuations are
elearly subordinate to the temperature and density fuctuationa. However, after M, ~ (0.4
they have ncarly the same amplitnde, relative to their mean values, as the density fluctua-
tions, The root-mean-squared temperature Anctoations are lees significant relative to their
mean than either the pressure or density fluctuations. It is clear that sssuming negligible
pressure flnctuations is not well founded for the present flow. Of course, if the ternperature
ratio across the layer were larger, the entropy fuctuations would also be larger and the
condition ¢ /5 < pf/F may hold over a wider range of Mach numbers, The assumption of
neghigible acoustic mode appears fawed nonstheless.

In Figure 4.31, the comparison of r.m.a. thermodynamic Huctuations, which are statis-
tical quantities, leads to a weaker conchusion than {4.21} which is actually a rather strong
statement concerning the local instantaneons values of the fluctuntions. For this reason, an
examination of scatter plots of instantancous fuctuations is also worthwhile. Figure 4.32
shows the instantaneous density and pressure fluctnations at a large number of points in
the domain. At low Mach number (M; = 0.2, Figure £.32a), density perturbaticns are
clearly dominant. They result from random convection of the initial mean density by the
turbulence. The maximum density fuctuations that could be achieved by a simple ‘over-
turning’ of the mean profile is p' = £{p.. — p;) or, for the case of the present initial density
ratio, o/ /p 22 0.1, This is indeed the extent of the density fluctuation in Figure 4.32a. 1f we
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consider the linearized relation between pressure, density, and cntropy,
=+ =, {1.22)

where 5% 1s un entropy Ructuation defined as 5* = ¢, In{T/T') — Rin(p/p), we may conclude
that density Auctuations derive primarily from entropy maodes and acoustic modes sre neg-
ligible as was suggested by Morkovin. However, as the Mach munber increases (M; =1.15
and M; = 1.92 in Figures 4.32b and c), the pressurce fluctuations become significant and the
points now fell into bands centered on the isentropic Hoe p'/§ = vp'/a. The g (vertical)
extent of the band is essentially the same as the mean density variation in the M; =0.2
case though a few points in Figure 4.32¢ now fall outside it indicating that s* Auctuations
are starting to play a role. Nonetheless, we may conclude that entropic fnctoations have
not increased much at these Mach nuinbers, but the acoustic mode has become much more
significant. At M = 3.5, many points do not fall into a band of height 2(ps — p;)/ 800 and
the relation between p’ and o is less clear {Figure 4.32d). An increase in s* flnctuations
caused by irreversible processes in the layer is probably responsible for this.
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Figure 4.52: Scatter plots of pressure and density. Ewery second computational mesh point in
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Chapter 5
Mixing

The discussion in Chapters 3 and 4 was oviented around the temporal growth of the mixing
layer and factors leading to its puppression at higher Mach numbers. We now turn the dis-
cision more specifically to combuetion applications where the growth of the layer mearures
the entraimment of reactants into the mixing region. However, this is only one of threc koy
stepa leading to the formation of product. The other two steps are the mixing of reactants
at the molecular level and chemical reaction. Dimotakis {31991) discusses these steps for the
formation of chemical products and writes the formation rate ss a product of entrainment,

mixing, and reaction factors:

ﬂ_p:ﬂ_fxﬁﬁxﬂp

il iy 5.1
£t 8 o (5.1)

d¢ is & concentration thickness, defined presently as the 99% scalar thickness, and thus d¢ /¢ i
the growth of the layer. The fraction of fluid which is mixed at the molecwlar level is dr/6;,
where d5r is & thickness based upon the amount of mixed fluid. Its precise definition is given
below. 8y/6; i called the mixing efficiency and is the focus of study in this chapter. The
final factor in (5.1} is the fraction of melecularly mixed Hluid which has chemically reacted
and dp is a product thickness. The present simulations do not include chomieal reactions.
The goal is {0 study compressibility effects on the mixing process, and, in particular,
cxamine Mach number trends under otherwise the same flow conditions. In undertaking
this, it is first necessary to assess the accuracy of the simulations, especially tho scalar
field resolution (Section 5.1}. Onee we have cstablished the adequacy of cur resolution,
we examing probahility density functions (p.d.f’s} of mixture fraction in Section 5.2 and
show agreement with experimental results. Due to its normalization (see Section 2.1.2}, non-
dimensional scalar concentration and tnixturce fraction are the same and these terma are used
interchangeably in this chapter. The mixture fraction p.d.f.s are used to caleulate mixing
efficiency in Section 5.3. In Section 5.4 we study sealar Huxes and velocity-concentration
corrclations and in Section 5.5 we examine the structure of the scalar ficld with visnalizations
and joint p.d.f’s of velocity and scalar concentration. Joint p.d.f. results are useful for the

development of diffusion flame models (Bilger, 1959).
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5.1 Resolution of the scalar field

Measuring scalar concentrations in a mixing layer with anfficient resolution has been a key
difficulty in experimental studies of the mixing process {see Scction 1.2.1}. The necessary
resolution of & scalar concentration measurernent is set by the Batchelor scale and, in exper-
iments, this is typically eatimaled with Ag o Sc_%JERE;E%. Highly resolved measurements
have suggested that the constant of proportionality, for the purposes of differentiating mixerd
and stirred fluid, is 25 {Dowling, 1988, Dakm & Dimotakis, 199(; Dahm & Buch, 1989).
Of cowrse, this valus is only a guideline and the influence of the molecular diffusivity in-
creases continuously from a negligible level at large inviacid scales to dominant at lengih
scales =2 Sc‘%ﬁgﬂeﬁ. We define inviscid scales as those unaffected by molecnlar diffusive
processes. Taking the proportionatity constant to be 25 implics that measurement volumes
of sizc Ag or smaller have negligible error due $o under-resclution of small scales.

The resolution of experiments with a measirement dimension L are generally quantified
in terms of Ag, = Sr:_%ﬁfﬂe;ﬁ; LiAp, values for many experimenta are listed by Karasso
& Mungal {1996} and Clemens & Mungal (1995). These are typically 10-100 times under-
resolved, and at present it is very diffienlt to make measurements with sufficient resclution
due to camera Jimitations and, cven more restrictive, laser sheet thickness. Therefore, in
most cases, experimenters must infer mixedness from product formation or flusrescence
guenching measurements. These measuremnents are insensitive to volume averaging due to
under-resolution {(Koochesfaham & Dimotakis, 1986; Karasso & Mungal, 1596; Clemeuns &
Paul, 1995} and are able to provide mixing efficiency results. However, they cannot easily
provide the probability density funetion of concentration across the layer. Of course, an
experiment or simntation which has adequate resolution to unambiguously determine scalar
concentrations may provide such information withowl diffieulty.

To estimate the ‘best case’ resolution of the present simmiations in a manner that can
be compared with experiments we caleulate L g values using the mesh spacing as the
measurement length, L. Worst case values in the three coordinate divections are

Ag
©wry oy 2Rl

an 21 .
Ag, Ap, AB, (52}

and are based on Re == 3000 {Table 3.1} and d; = 1.7r, which corresponds to 4, = 8.2r,.
All resohitions arc within the L/Ap, = 25 criterion discussed above.
However, woe arc not at liberty, 83 experimentalists are, to assume that the simulated

flow is correet even i the grid spacing has this resolution. It is conceivable that scales
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smaller than this have some infiience on the flow field which is not captured. It shonid
alse be noted that this mesh spacing does not ensure that the solution is accurate to this
resclution. Fortunately, we may offer more precire measures of the resolution by caleulating

the dissipating scales and by examining scelar concentration spectra.

For Se = 1, the spectra of both kinetic encrgy and scalar finctustions fall off sharply near
the Kolmogorov scale, Ay = (#2/¢)}7 (Batchelor, 1957), where v is the kinematic viscosity
and £ is the dissipation of turbulent kinetic energy. We may use £ to caleulate values for
the Batchelor scale {Ay = Ay for Se = 1) in order to provide a more direet measure of the
resolution. The dissipation tnay, of conrse, also be nnder-resolved. To verify that it ia not,
we calenlated the dissipation nsing every other mesh point iz all coordinate directions, The
result was within 10% of the value calculated vsing all the mesh points and wo conclude
that the dissipation was resclved. The worst case for AxfAp varied from a value of 3.1 at
A; = 0.2 to 2.4 at M; = 3.5, the worst case for rA8/Ap was approximately 2.3 for all cases,
‘wnd the worst case for Ar/Ap varied from 1.1 to 0.7 with increasing M.

Perhaps the best way of quanti{ying the scalar resclution is by simply examining spectra
of &. Spectra for the M; = 0.4,1.92 and 3.5 cases, which are typical of the low, middle,
and high speed fows respectively, are plotted in Figuze 5.1, The other cases are omitted for
brevity. The M; = 8.4 case was selected ever the M; = 0.2 case becanse it had 4 realizations
available for ensemble averaging. Ensemble averaging was also used for the M; = 1.92 case
but only one realization was available for the M; = 3.5 casa. Due to the well known
limitations of direct numerical simulations, the Reynolds number {(as well as ReSec) must
necessarily be low, and this manifesta itself in very Hmited or non-cxistent inertial vanges.
Similarly short inertial ranges are apparent in the low Reynolds mimber experimental data
of Dowling & Dimotakis {1990} who examine the dissipation end of the spectrum in & fully
developed jet. All the axial one-dimeasional spectra {Figure 5.1s) have a short region of
slope -5/3 and the end of this region on the high wave number side indicates the beginning
of the range of influence of molecular diffusivity. For the azimuthal spectra (Figure 5.15),
only the M; = 0.4 case has a region of -5/3 slope. In all cases the spectra drep by over
twe orders of magnitude after molecular diffusion effects become cvident. The very highest
wave nuibers in the siinulstions show anomalous behavior, but the energy is so low at this
point that the inflience on the mixing data should be negiigible. Minor under-resolution
and the modified wave number of the sixth order Padé scheme may be responsible for high
wave number bekavior of the z-spectra. The *up-turn’ at the high wave nomber end of the

#-spectra has also been observed by Moin et al. {1991} and was stiributed to aliasing,




98 ' CHAPTER 5. MIXING

-

e L0
LY

1

(a} {b)

kot kgro

Figure 5.1: One-dimensional saxial () and agimuthal {b) spectra of £ at v = v, and dn = 0.2r,.
The mumbors indicate the Mach numbers of the different cases. The straight lines have slope -5/3
and the Af; = 1.92 and M; = 3.5 curves have been divided by 10 and 100

5.2 Mixture fraction probability density functions

P bz of mixture fraction, calenlated using 26 bing, are shown in Figure 5.2 for the M; =
0.4, 1.92 and 3.5 cases at the 4, = 0.2r, point of layer development. These cages were
selected to represent the changes that oceur in the How with increasing Mach number.
Again, the M; = 0.4 case was chosen over the M; = 0.2 case because 4 ensemnbles were
available. All enscmbles were also used for the M; = 1.92 case. The M; = 3.5 casc has a

more ‘Jagged’ appesrance because only one realization was available.

Int all coses, the nitial eondition for the scalar was a laminar profile (no perturbations),
and so the initial p.d.f. was a delta funclion that moved {marched) monotonically from one
pure stream to the oiher as a function of the radial location. The M; = 0.4 p.d.£ (Figure
5.2a) has developed from its initial marching (orin, into a non-marching forin and the most
probable scalar concentration junps discontinuously from £ = 1 to £ = 0 with increasing r.
The peaks at § = 0 and £ = I are trnncated for viewing purposes. Mathematically thesc

peaks would be delta funetions but naturally must have a finite width in any cxperiment or
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(a) M; = D4
(b) M; = 1.92
(c) M; =3.5

Figure 5.2: Probahility density function of scalar concentration.

simulation. The behavior in Figure 5.22 is qnalitatively similar to p.d.f.’s observed in incom-
pressible or nearty incompressible experiments {(Konrad, 1976; Koocheafahani & Dimnotakis,
1986; Karasso & Mungal, 1995; Frieler, 1992). Though many experimental measurements
of p.d.f’s may be unrelizble due to poor resoiution {Koochesfahani & Dimotakis, 1986;
Karasso & Mungal, 1996), their p.d.f's typically have a more distinct bump at a concentra-
tion midway between the pure concentrations. This may be due to experimental reaoluticn,
the low Reynolds number of the present simulations, the fact that the present flow is not
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as developed as the plane mixing layer experiments, or geometrical differences. Karasso &
Mungal (1996} have concluded, based upon indirect evidence and p.d.f.'s inferred by oth-
ers with resolution free methods (Frieler, 1992}, that after the layer has undergone thres
vortex pairings, the truc incompressible p.d.f. should change from » non-marching type $o
a ‘“tilted’ type, where the bump at an infermediate mixture fraction is hiaged toward the
mean concentration. ‘They estimate the three vortex pairing point based upen initial shear
layer instability modes, The central bump in Figure 5.2a is not distinct enough to draw
any conclusions ahout non-marching versus tilted behavior, and it is not even clear that
the same rnle should apply to the annular mixing layer. In a time developing plane mixing
layer simulation, Rogers & Moser (1994) obscrved both marching and non-marching p.d.f.'s
depending upen the initial conditions. Their layer with the largest initial forcing developed
large roller structures and braid regions and had & non-marching mixture fraction p.d.f.
They proposed that pure Auid enguifed by the large structures caused the observed p.d.f.
behaviar. Our p.d.f. for the M; = 0.4 simulalions is similer to their most highly forced
case and so we adopt their conclnsion that large structures are responsible for engnifing
significant amounts of pure fluid into the low Mach number wixing layer. In the middle
of their mixing region, they too observe a less distinct bump at an intermediate mixture
fraction than is observed experimentally, though theirs is more distinet than ours.

At M; = 1.92, M, = 99 (Figure 5.2b) the p.d.f has switched from non-marching to
marching and the most probable concentration now moves monoctonically across the layer.
This behavior is consistent with decreasing engulfment of pure fluid by large struciures
{Rogers & Moser, 1994). Large structures are also less prevslent in flow visualizations
{Figures 3.15 and 3.16), Concentration p.d.f.'s veported n the literature at approximately
the same Mach number are also marching (Clemens & Mungal, 1985, Clemens & Paul,
1895} but are unrelisble due to inadequate resolution.

No attempts have been made to experimentally measure the p.d.f. at a Mach number as
high as M, = L.8 (the M; = 3.5 case). We see in Figure 5.2c that the marching behavier has
become more progounced with a sharper peak moving acress the layer which is consistent
with still less participation by large stroctures engulfing finid into the layer.

5.3 Mixing efficiency

The mixing efficiency is defined as the fraction of the fluid in the layer that has mixed at
the molecular level. If & fast chemical reaction occurs, the mixing efficiency can be infeyred
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from the formation of product. However, in the present simulations we do not have such &

direct measure, and we define the mixing efficiency in terms of mixture fraction p.d.f.

Eﬂm}_ B0 |
5 e 5 fu j; P&, r)dErdr. {5.3)

Al experimental and computational data have noise which nccessitates the definition of
pure fluid {0 be within € of £ = 1 or £ = 0. The choice of ¢ i3 sormewhat arbitrary and
does influence the resulting mixing efficiency. An increase in € will decrease the amount
of fluid that s considered mixed while decreasing it will have the opposite effect, though
the changes for emall changes of € are not severe, Choices for £ in experimental studies
have been made both for convenience and for reasons based on experimental limitations.
Koochesfahani & Dimotakis (1986} coliected their dats into 32 bins for estimating their
p.d.f.’s and took ¢ = (.031 which corresponds to defining all fluid in the extreme bins to be
_pure. Clemens & Pani (1895} used ¢ = 0.1, which, given the signal to noise ratio of their
measurements, was necessary to yield zero probability of mixed fluid in the free streams.
Our p.d.f’s were caleulated using 26 bine, hbut they were constructed so that the first and
last bins were centered on the values of £ = 0 and £ = 1 respectively. Using only the
extreme bina to represent pure fluid gives ¢ = 0.02. The number of data points falling
into bins outside the physically realizable range £ = 0 — 1 was negligible, Using ¢ = (.08
drops the mixing efficiency by 0.1 at all Mach numbers but leaves the Mach number trend
usichanged.

Mixing efficiency results are plotted in Figure 5.3. There is a clear increasing trend from
0.5 at M = 0.1 {M; = 0.2) to 0.67 at M, = 1.54 {M; = 3.0}, The highest Mach number
case, M, = 1.8 [M; = 3.5}, shows a decrease in mixing efficiency. The reasons for this are
unclear and more simulations a$ high Mach number are needed to determine the cause, The
mixing layer growth rate suppression does appest $o saturato at this Mach number which
may be connecied to this anomalous behavior. The low Mach number simulationg, for the
chosen values of e, agree very well with the incompressible point of Frieler & Dimotakis
(1988). The present study also agrees fairly well with the data of Island {1%97). The
increase in mixing eﬂiﬁienc:,r with increasing Mach number i somewhat stower for our data
than that of Island (1997) but the difference may be cansed by the geometrical difference
hetween the two Hows. This is consistent with Figure 3.5 and Figwre 4.3 which show
that most plane mixing layer experiments experience the effect of compressibility more
rapidly with increasing Mach rumber thas does our annular layer, However, Isiand {1597)
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Figure 5.3: Mixing efficiency as defined in (5.3} for the present simulations » ; Island {1997) « ;
Clemens & Paul (1695) ¢ ; Hall et ol (1951} « ; and Fricler & Dimotakis {1988) = .

attributes his incrense in dps/d; more to increasing Reynolds number than Mach number.
The present direct simulation resulta have lower Reynolds number than his by a factor of
~ 100 but they are all at nearly the same Reynolds number and thus isolate the effect of
corapressibility. The slope of our data agrees better with that of Clemens & Paul (1995)
who study & round jet mixing layer. However, they claim, citing the work of Mungal et
ol (1985), that if Reynolds number effects were taken into account they would have a less
significant increase in mixing efficiency at higher Mach number. More recently, however,
finite rate chomistry effects have been attributed to the obhserved Reynolds number effect in
Mungal et of. (1985} (Mungal, 1997, private commusication). Magnitude comparisons are
weak because of the dependence upon ¢, but Clemens & Paul (1995} point out that their
quenching method may over-estimate the amount of pure fluid by 5% - i0% which would
bring their data into better agreement with cur data for € = 0.02. The data of Hall et ol.
(1991} clearly disagrees in both trend and amplitude with all the other data. More data
is needed before any coneensus will be reached concerning the amplitude and the relative
importance of Re and M. However, both the present simulation and experiments using NG

— 0 quenching show slowly increasing mixing efficiency with increasing Mach mimber.
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Figure 5.4: Root-mean-squared scalar concentration Auctuations at &, = 0.2r,. (a) radial profiles
for the M; =0.2 and M; = 3.5 ———- cases; (b) peak values for all the cases.

5.4 Statistics of scalar concentration

In presenting statistical date we must decide whether Favre or Reynolds averages {see
‘Section 2.1.3) arc the most relevant. In modelling transport equations, expressions are
simplified if Favre averages are used and for this reason we will provide Favre averaged fluxcs.
However, when examining corvelation coefficients, we will quantify the similarity of sealar
concentration perturbations to velocity perturbations, and therefore the Reynolds average is
the most appropriate vehicle to show this. Both joint p.d.f.’s and corvelation coeficients will
be calculated with Reynolds aversges. Mixture fraction r.m.s. values sre also presented for
Reynolds averaging which are easier to compare with experimenta. The differences between
Favre and Reynolds averages are small. All trends are the same regardless of which is used.

Root-mean-squared (r.m.s.) concentration fluctnations for the lowest and highest Mach
numbers {M; = 6.2 and M; = 3.5) are plotted in Figure 5.4a. The curves at all Mach
numbers have similar shapes. The maximum values are plotted in Figure 5.4b. ‘The values
are higher than those measured by Clemens & Paul (1995), bat under-resolution of those
measurements may explain this difference. Nonetheless, higher peak values of scalar r.m.s.
are consistent with higher Reynolds stresses in the simulations relative to experimentally
measured values for plane mixing layers {3ee Figure 4,3). This discrepancy was attributed
to geometrical differences and the associated lack of a self-similar development (Section
4.1). The Clemens & Paul {1995) results are from a round jet mixing layer hut it is from
an earlier time in its development than the present.

Because radiai profiles of the scalar Huxes are, like the scalar r.m.s. profiles, very gimilar
at different Mach numbers, we give the full profiles only for the extreme cases (Figure
5.5a) and plot the maximum velues as & function of Mach number (Figure 5.5b). The fult
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profiles are dacumented in Section B.2, As with the Roynolds stresses (Figure 4.1 and 4.2),
the axial component {mﬁ?] remaing constant, when normalized by the centeriine mean
velocity, while the radial component {ﬁz;,’_"f;’] is highly anppressed from the lowest to highest
Mach mumber cases. The peak of the ﬁ-i:’;’?” flux is significantly .aharper in the Af; = 3.5
cage, bt this is not believed to be statistically significant. At the higher Mach numbers, the
sample size for averaging becomes cssentislly smaller duc o the fact that there are fewer

large slmctures in the axial domain (see correlation lengths in Figure 3.24).

LIZL

(a) o0

r{7a
Figure 5.5: Turbulent passive scalar fluxes. {a) M; = 020 —— pug "{g3. U4, wad
wm= PUYET fpy Usys My = 3.5 e pultet f s Uy, and —-— pulte” fp, U5, . (b} Peak puf€V fp; U,

and peak puE"/p; Uy, == .

Correlation cocfficients are given in Figures 5.6-5.8. uhg'ful £ . is plotted for the
M; = 0.2,1.92 and 3.5 cases in Figure 5.6a. It is nearly constant across the middle of the
mixing region and tends to drop off near the edges. However, its numerator and denominator
both hecome small in the edge regions making it a poorly behaved quantity and difficult to
draw conclusions from. It is clear that the axial velocity and scalar concentration fluctuation
become highly correlated as the Mach number increases. This trend is also apparent in
Figure 5.6b which shows the correlation at r = r,. These values, which are taken as typical
for each cage, increase monotonically from 0.65 at the lowest Mach number to 0.97 at the
highest Mach number.

Figure 5.7 shows the same plota but for the o[ ful

contrast to the axial velocity, there is a clear trend of decreasing correlation with increasing

- Ermy correlation coefficient. In
compressibility. Also unlike wififuf, £, all curves are not flat. Specifically, M; =
0.2 case has a rounded peak centered in the middle of the mixing region and decrenses
significantly towaxd the edges of the mixing layer. This may be cansed by large atructures
which span the mixing region and incresse the intermistancy (see Figure 3.15), The higher
Mach number cases have flatter curves consistent with the suppression of these structures.
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Apain, we take the r = r, values as typical for the given Mach mumber and plot them in
Figure 5.7b. The values at this point are not as typical as they were for whé'/u, £ but
we nonetheless use the r = v, values in Figure 5.7b with the proviso tha£ the low Mach
number profiles are rounded whereas the higher Mach number cases are not. The r = r,
correlation coefficient falls from 0.5 at M, = 0.1 {M; = 0.2} t0 0.3 at M, = 1.8 (M; = 3.5).
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Figure 5.6: Correlation coefficient betwesn axial velocity and sealar concentration Huctuations. (a)
- My = 0.2) ---- M; = 1.92; and M; = 3.5, (b) Correlation coefficient for all Mach
member cases &t r = r,.
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Figure 5.7: Correlation coefficlent between radial velocity and scalar concentration flyctuations.

[E:3 R M;=02--—— M; =192, and M; = 3.5, (b} Correlation coefficient for all Mach

number coses at 7 = To.

For completeness, and to relake scalar transport to momentum transport, we also give
the wjvffuf, of  correlation coefficient (Figure 5.8). The behavior is very similer to
& ol & with a similar rounded peak (Figure 5.8} for the lowest Mach numbers and
Hatter profiles at the higher Mach nuimhers. Although the correlation is higher in all cases
than the corresponding values for oL /v] £ the decline of the r = r, values with

increasing Mach number is nearly the same, dropping from 0.58 down to 0.36 {Figure 5.8b),
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Figure 5.8: Correlation coeflicient between axial and radial velocity fluctuations. {a) - M; =
0.2; ---- M; =192 and M; = 3.5 (b} Correlation coeflicient for all Mach number cases at
=T,

5.5 Structure of the turbulent scalar field

To [urther explore the physics of the mixing process and the effect of Mach number upon
it wi examine some aspects of the scalar field’s structure. In particular, the large influence
of the compressibility upon @fuj“rm!j:m i worthy of further examination, and to address
this we will present the instantaneous u} and £ fields. We forus our attention on v = vy,
because the values of ul & ful &l . at this location are more or {ess typical of the mixing
region. Turhulent structures in the cylindrical surface at v = v, may be examined by making
contowur plots of gnantities on that surface and volling them out onto & two-dimensional plane
for easier viewing,

Contours of £ and u, are shown in Figure 5.9 for the M; = 0.2 case. The u; plot
does not exhibit any obvious orientation of the structures. Therc are some regions of large
perturbations and steep gradients where the jet or ambient fluid has entered the middle of
the mixing vegion withons significant change of velocity, but these are few compared to the
nummber of such intrusions vigible for the passive scalar in Figure 5.9b. The passive scalar
field has tmany regions of steep gradients {indicated by chistering of contours) and large
intrugions of nearly pure fluid (large uniform areas on either side of steep gradients). In
Figure 5.8, the mushroom shaped structures discussed im Section 3.3.6 also appear, not as
elections, but as structures within the fayer. They act to distort surfaces hetween nearly
pure fuid regions which are marked by compressed contours.

At Mach number M; = 1.92, both the £ and u}, fields have changed (Figure 5.10}.
The instantaneous Auctuations of both £ and 1, have become elongated in the streamwise

direction, which is consistent with increased sireamwise corvelation lengths {Figure 3.24).
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Figure 5.%: ‘Rolled-out’ cylindrical surfaces at r = r, for the M; = 0.2 case. (a) Contours of w/,; 12
equally spaced contours from —0.47E7;, to +0.5217; . {b) Contonrs of £; 12 equally spaced contours
from —0.41 to +0.49, Positive contours ave solid, negative are dashed,

The ¢’ field (Figure 5.10b) is not 5o domninated by clustered contours as it was at M; = .2
and there are less intrusions of pure fluid. At M; = 0.2 {Figure 5.9b) it was possible to
follow & single ret of clustered contours across the entire azimnthal domain, This is not so at
M; = 1.92 {Figure 5.10b) where the strnctures have shorter azimuthal extent in agreement
with linear stability analyses that predict increasing obliguity at higher Mach numbers.
The visual correlation between the u!, and £ ficlds has also increased and it is now easter
to identify the same struciures in the two plots.

There trends continne at the highest Mach number, M; = 3.5 (Figure 5.11). The

streamwise extent of the structures has increased dramatically and the instantanecus Helds
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Figure 5.10; ‘Rolted-out’ cylindrical surfaces at r = v, for the M; = 1.92 case. {a) Contonra of
u!: 12 equally spaced contours from ~0.30U;, to +0.4607; . fb) Contows of £': 12 equally apaced
comtours from —0.35 to +0.50. Positive contours are solid, negative are dashed.

of & and +), in Figure 5.11 are now nearly identical. Regions of high scalar concentration
gradicnt are less prevalent and those remaining now have corresponding regions of high u,
gradient. The plots in Figure 5.11 are remarkably similar to instantaneous contour plots
of atreamwise velocity and scalar concentration perturbations in the near wall region of an
incompressible turbulent channel flow (Kim & Moin, 1989). The streamwise velocity-scalar

correlation cocficient also approaches unity in that How.

The relationship between the axial velocity and scalar perturbations may be seen quanti-
tatively in Figures 5.12 and 5.13 where joint probability density functions of the fluctuations
are plotted for all Mach numbers fexcept the M; = 0.4 case which was indistinguishable
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Figure 5.11: ‘Rolled-ont' cylindrical surfaces at ¢ = r, for the Af; = 3.5 vase. (a} Contours of
uh: 12 eqnally spaced confonrs from —0.4157; to +0.30 . {b) Contonrs of £ 12 egually spaced
contours foom —0.44 to +0.43. Positive contours are solid, negative are daghed.

from the M; = 0.2 case). It was not possible to converge the joint p.d.fs into smooth plots
using data from a single r location. Since ensernbles are only available for the M; = 0.4 and
Ay = 1.92 runs, data over the region extending freom r = 0.57, to r = 1.1r, waa used to
renerate the plots. Using only the r = r, points produced a joint p.d.f. that was similar but
jagged and visually unappealing. For consistency, this procedure was used for all cases. At
low Mach number, the joint p.d.f. is dominated by two pesks in the first and third quadrants
indicating a high probability of intense events consirtent with large acale structures moving

fluid. These peaks become less significant as the Mach number increases and eventually the

' distribution falls almost onto & atraight line, Ao exactly straight line would indicate perfect
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Figure %5.12: Joint probability density functions of axial velocity perturbation and passive scalar

concendration perturbation. All casos have cqually spaced contours from 0 to a maximum of: {a)
0.0205; (1) 0.0149; (c) 0.0118; {d) 0.0168.

cortelation.

Joint p.d.f.’s of radial velocity and scalar concentration were calculated in the same way
and are shown in Figures 5.14 and 5.15. At low Mach numbers it has a double peaked
ahape similar to the »), & joint p.d.f, but as the Mach number increases, it collapses into
an oval region centercd at the origin indicating decovrelation (see Figure 5.7). The uj, v}

joint p.d.f.’s show a similar development but are not shown.

The similarity of the u), and &' fields at high Mach number is due to the suppressed role
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Figure 5.13: Joint probability density Functions of axial velocity perturbation and passive scalar

concentration perturbation. Al cases have cqually spaced contowrs from 0 to a maximum of: (a)
(L.0165; {b) 0.0179; (c} 0.0241; (d) 00268,

of pressure. The equations for pu, and £ arc

F] P 1o 18 _ 9p

at{ﬂuz] + B {P“*ss'“m) + rar{rpumﬂr] + ;ﬁ{ﬂumﬂﬂ} = "oz + Vz {5“"1}
;) J 14 18
E{Pﬁ} + 5"3_:{‘0{““) + ;E{‘-“ﬂﬁﬂr) + ~oplpboe) = +D; {5.5)

where D¢ and Vi are the scalar diffusion and viscous terms respectively. These equations
are nearly identical. If we neglect the diffusion terms, which is reasonable since we intend
to explain the behavior of larpe turbulent scales, the pressure term in the z-momentum
equation is the enly difference. Given the same initial conditions {and bommdary conditions
when appropriate} and neglacting the pressure term will canse £ and u, to have the same
development. Although £ and u, do not have exactly the same initial profile, they have the




112 : CHAPTER 5. MIXING

{a} Mf:[}.z I:i:l] Mj"—'tﬂ.g
04 04 -
oz o1

4 2

2 2

= b r = E

= a
.0.2:' -ﬂ.’l:'

[FErE NS EPETEEETE SEPEE B AT N e PN BN I SR I PETETIL B AN S AT AR AT S )
475 B8 D35 B D25 05 b £75 08 435 0 028 03 0TS
’ ]
£/,

{c) M; = L15
bd
n.i-

& I

AN

2 ol

L

5
-D.I-

MO P S e e | ATy I |

B TR Y S YR T TR Y
£'f8.
Figure 5.14: Joint probability density fenctions of radial velocity perturbation and passive scalar

concentration perturbation. All cascs have equally spaced contours from O to a maximum of: {a}
0.0194; (&) 0.0E32; (e} D.0132; {d) C.016G5.

same mean initial condition and the fluctuations added to the initial u, field are very small
{eec Section 3.1].. Both £& and ult, rise rapidly in the early stages of flow development.
At high Mach numbers, the pressure term becomes small relative to the convection terms
(Figure 5.16} and this explains the similarity of the ¢ and u fields. A similar role of
prossure was observed in incompressible channel flow, where it acts to decorrelaie scalax
and vorticity {Guugennec et al., 1996). The pu, equation is also of similar form to {5.4) and
it might be expected that ¢ and v, should also be similar. However, this is not the cese
because the mean profile of 5;, namely % == {, ia very different from the mean £ and i,
profiles. This is comparable to having different initial conditions. The importance of the

mean profile is most evident if we consider the production terms for whuf, and £§. They



&.5. STRUCTURE OF THE TURBULENT SCALAR FIELD 113

(a) M; = 1.92 (b} M; = 2.5
n.4[ i ’ 0d
3
) _t_?‘
s i
e e
--;l- -..;;.
PR I B R el bl bk el AP IR AN AP BN BT ArS APETE |
47 M5 M350 025 05 478 475 45 0I5 R GIs 05 675
tie. '
LN £/,
{E}Mj=3.[} fd) M; = 3.5
04 e
oz f pat
-5
=]
S,
= kL
[~
-U.Z-
al a1 by v o1y | | | -|||||‘||||r|.1|| M | M IR |
475 NS 015 0 0 625 @8 074 05 D5 &35 a0 mIs 03 9IS

&'145 £/%.
Figure B.}5: Joint probability density functions of radial velocity perturbation and passive scalar

concentration perturbation. All cases have equally spaced contours from 0 to & maximum of (&)
0.0162; (b} 0.0136; {c) 0.0162; (d) (L0162,

both have a simlar form,

— ——Of
Wal o= and Efrﬂ;.é, | (5.6)

but there is no corresponding production term for #{vl. ¥ vlof does not have a comparable
production to wful and &F, there is no resson to expect that o, will follow a similar
development to uy and £'. These arguments are also the hasis of the wel! known Reynolds

analogy used in low Mach number flow,
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Figure 5.16: Ratio of pressure term to convection terms in the axial inomentum equation at r = 7,
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Chapter 6

Conclusions

Direct numerical simniation of the compressible Navier-Stokes equations was used to study
growth and mixing in compressible free shear flow. 'To isolate compressibility effects, Mach
rmumber was varied from low subsonic {(M; = 0.2, M, = 0.1) to supersenic (M; = 3.5, M, =
1.8} while other flow parameters were fixed. The turbulence at all Mach numbers was shown
to be decorrelated within the computational box, and encrgy spectra indicated thas it was
vealistically broad banded. The growth of the mixing layer and the Reynolds stresscs were
suppressed with inereasing Mach number as in experiments.

Flow visnalization showed dramatic structural changes as a function of Mach number.
The present visnalizations, uniike the previous studies which were largely {imited to passive
scalar ficlds, could be based upon dynamical guantitiss. Pressure igo-surfaces showed the
most distinct changes with increasing Mach number. They showed that the flow at low
Mach number was dominated by large azimuthally correlated structures while at higher
Mach number these large structures were no longer apparent. Instead smaller stresmwise
oviented structures were dominant at high Mach nnmbers. The large structures at low Mach
numbers spanned the mixing layer and appeared, based upon visualization of the passive
scalar field, to efficiently mix finid across the mixing region, whereas the high Mach numbers
structures did not span the mixing region and counld not perform such a role,

Dilafational effects were found to have negligible direct influence upon the turbulent
energetics. This was the case despite the fact that weak shocklets were found in the highest
Mach number fowa. The shocks first appeared at M, = 1,54 which was higher than in
previous shudies.

Terms in the Reynolds stress transport equations were examined in detail and these
equations were simplified based on the analysis of the databuses. This led to a simple
formula that related the growth rate to the pressure strain rate correlation term: in the
ﬁtﬁ equation. [t clearly showed that suppression of the pressure-strain ratc term was
linked to the growth rate suppression. Examination of pressure and strain rate Auctuations
independently showed that the behavior of this correlation was due, for the most part, to
suppressed pressure finctuations though strain rate also played & minor role. It is obvicus
that any attempts to model the turbulence with Reynolds atress closures must pay particular

115
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attention to modelling the pressure strain rate correlation correctly.

The structure of the turbulence was examined quantitatively with correlation lengths.
The transverse correlation length of radial velocity was found to decrease significantly at
higher Mach mumbers snd this behavior confirmed the anppression of large flow structures
suggested by visualizations. This correlation length was slso tsed to calenlate gradient
Mach numbers which were found to rise rapidly at low M, and then asymptote to a value
near 2 at higher M. Pressure Buctuations were found to scale very well with 2 scaling
based on the gradient Mach number. Morkovin's hypothesis that /7 < 7'/7 (neglect of
‘acoustic mode') was found to be invalid in this fow for M, 2 0.3.

The passive sealar field was analyzed to study mixing. As a point of validation, it was
shown to be well resclved by comparison of the computational grid with the Batchelor acale
and by examination of scalar concentration spectra. Probability density functions of scalar
concontratios were fornd to change from non-marching at low Mach nummber to marching at
high Mach numbers. After this change, the most probable concentration peak continued to
become moere distinet with increasing Mach number. The mixing efficiency was calculated
from the mixtuve fraction p.d.f's and was found fo slowly increase with increasing Mach
number until M; = 3.5 (M; = 1.8} where it dropped slightly.

The relation of scalar transport to momentnm transport was examined with the correla-
tion coefficient between axial velocity and scalar concentration. This increased dramatically
with increasing Mach number, from §.65 to 0.97. Visuaslization of the scaler and axial we-
locity perturbation ficlds showed that they became nearly indistingunishable at high Mach
number and a suppressed rolo of pressure was found to cause this behavior, The correla-
tion approaches unity at around the saie Mach numbers that the growth rate saturates
and this behavior suggests the following mechanism for the high Mach number growth rate
saturation. The data shows that as the Mach number increases, the pressure term in the
axial momentum equation is suppressed relative to the convection terms, and this continues
uotil M, == 1.5, At this point, the axial velocity essentially develops as if it were a pas-
sive scalar and the pressure therefore has megligible influence upon the transport of axial
momentum. With negligible role in the axial momenturn eguation, presgure is no longer
capable of csusing further suppression of growth.

It is not possible, without & good deal more effovt and perhaps higher Reynolds number
data, to draw any conclugions concerning the appropriateness of gradient diffusion models
versts large structure based models for the mixing process. However, we may conclude

that gradient transport models are more likely to be successful at high Mach number.
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‘There are several reasons for this all of which are related to turbulent lenpth scales. The
decrense in transverse length scale brings the high Mach number flows morc inte line with
the criterion for self-comsistent gradient diffusion modelling proposed by Corrsin {1974},
He suggested that gradient diffusion is only self-consistont when the turbulent scales are
significantly shorter than the scales over which mean quantitics vary. OF course, from a
practical atandpoint it is inore important that a model be sccurate snd useful than self
consistent, and violating the Corrsin criterion dees not necessarily mean failure for a model.
Along similar lines, the stecply peaked marching mixture fraction p.d.f at higher Mach
nurnbers also suggests that the fow in this regime is more amenable to gradient trangpart
madelling. Regardless of the modelling approach, it is clear that at high Mach number,
mometttum transport and scslar transport may be modetled in similar manner.







Appendix A

Favre Averaged Reynolds Stress

Transport Equations

The compressible Favre averaged Reynolds stress transport equations in cylindrical coor-

dinates are given in this sppendix {equations A.1 — A.4 below}. The terms are labeled
with boldfaced lotters following each line and theso labeis are defined in Table A.1. For the
present flow, some of the terins are negligibly small in all cases and these ave also indicated

in the table. Because the equations in cylindrical coordinates do not lend themselves to

simple index notation we resort ta explicitly writing out alt terms. The axial and azimuthal

homogeneity of the flow has been invoked to simplify the expressions. The eguations are
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120 APPENDIX A, REYNOLDS STRESS TRANSPORT EQUATIONS

P  Production
MT Mean flow transport (amall}
TT Turbulent transport
PR Pressure diffusion
YDi  Viscons diffusion {small)
VD  Viscons dissipation
PD  I'ressure rtrain rate redistribution
CR  Cylindrical coordinates redistribution
VW  Viscous work {small)
PW  Pressure work (small)

Tahle A.1: Term label definitions for equations (A.1) - {A.4).
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IMost of the tcrm have exact analogies in incompressible flow but the last two listed n
Table A.1 do not, They act to exchange energy between mean internal and the turbulent
kinetic enerpy and their origin is essentially an artifact of the decomposition used by Favre
(1969) (also sce Lele {1994}). However, this particular decomposition is not nnique. X is
also possible, and perhaps more correct in some situations, to nsc another self-consistent
formulation in which similar terms act to exchange energy between turbulent kinetic energy
and mean kinetic energy. This approach is favored by Hnang et af. (1995} and the reader
is referved there for a full discussion. The terms in question are insignificant in the present
flow at all Mach numbers and therefore the partienlar decomposition is immaterial.

The pressure terms in (4.1} - (A.4) were split into separate pressure strain rate and
pressure diffusion terms. They may alse be eombined into velocity pressure gradient terms
which are, for (A.1) — {A.4) respectively,

a,u" F .
o = uu;;% (A 5)
o' drull 1 drplul o' .
TE v e T W (A.8)
P oulf u¥ g
prov v o (A.7)
r o r g
ouff 1 drn® 1 grp'ull Iy o
L i _ & _ L — W g
B ( 5 Tr ar ) r O ox e (A.8)

The split was made to differentiate the eflects of transport from inter-cemponent redistri-
bution and was motivated by the fact that these are two distinct physical effects. Typically
it is aasnmed that turbulence models might better cope with them sceparately. Althougl,
such a deeomposition is neither unique nor necessarily the best for all fows {Mansour cf al.,
1988), it is often used snd we us it here. However, as discussed in Section 4.2.2, svme of the
transport saud pressure strain rate terms become poorly behaved near the origin and this
makes the velocity pressure gridient form move convenient at times.

A transport cquation for the turhulent kinetic cnorgy is formed by summing (A 1}-(A.3).
The operation is straight forward but is not shown here for the sake of brevity. The only
new term is the pressure dilatation correlation formed from the sum of the pressure strain

rate corrclations:

du?  1é8rvit 1oy
w ( e T o T Fa_;) =pe. (A-9)



Appendix B

Supplemental Documentation

B.1 Turbulent Heat Fluxes

This section is 2 supplement to Chapter 3 and 4 to document the turbulent heat fuxes,
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Figure B.1: Turbulent heat flux profiles at 8, = 0.2r.: {a) M; = 0.2, (B) M; = 0.8, (e} M; = 1.15,
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{d) M; = 3.5. The lines indicate: FT0 /0, Ui{Tj — Th) L BT o T ATy — Tog) =




n.2, SUPPLEMENT TQ CHAPTER 5

B.2 Supplement to Chapter 5

This section ia & supplement to Chapter 5 to document the scalar fuxes and mixture fraction

I.II.5.

profiles for all the cases.
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B.3 Documentation of #, #,, and v/

This section serves to document 5, %, and o profiles for the M; =04 and the M; =192
cases, Note that the mean flow radial velocities arc very small away from the sheared region
so these quantities are very slow to follow the shear laycr development and are therefore
unreliable. Also note that in this streamwise homogeneous flow there is no net entrainment
as there would be in the corresponding spatially developing 8ow. There is instead a net
o938 flux away from the turbulent region which must balance the decrease in mean density

caused by viscour heating.
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Figure B.5: Mean pressure profiles for the M; = 0.4 —— and M; = 1.92 ———- casex.
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