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ABSTRACT

A novel numerical technique is developed for simulations of complex turbulent
flows on zonal embedded grids. This technique is based on the Galerkin method
with basis functions constructed using B-splines. The technique permits fine meshes
to be embedded in physically sipnificant How regions without placing a large number
of grid points in the rest of the computational domain. .

The numerical technique has been tested successfully in simulations of a fally
developed turbulent channel flow. Large eddy simnlations of turbulent channel flow
at Reynolds numbers up to Re, = 110,000 (based on centerline velocity and channel
half-width) show good agreement with the existing experimental data. These tests
indicate that the method provides an efficient information transfer between zones
without accumulation of errors int the regions of sudden grid changes, The numerical
solutions on multi-zone grids are of the same aecuracy a3 those on a single-zone grid
but require less computer resources,

The performance of the numerical method in a generalized coordinate system
is assessed in stmulations of laminar flows over a circular cylinder 2t low Reynolds
nutnbers and three-dimensional simulations at Rep = 300 (based on free-stream
velocity and cylinder diameter). The drag coefficients, the size of the recirenlation
region, and the vortex shedding frequency all agree well with the experimental data
and previous simulations of these flows. Large eddy simulations of a flow over a
circular cylinder at a sub-critical Reynolds number, Rep = 3900, are performed and
compared with previous npwind-biased and central finite-difference computations.
In the very near-wake, all three simulations are in agreement with each other and
agree fairly well with the PIV experimental data of Lourenco & Shih {1993). Farther
downstream, the results of the B-spline computations arc in better agreement with
the hot-wire experiment of Ong & Wallace (1996) than those obtained in finite-
difference simulations. In particular, the power spectra of velooity fluctuations are
in excellent agreement with the experimental data. The study also shows the impact

of grid resolution on simulations of this flow.
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NOMENCLATURE

Roman Symbols

B;-‘ J-th B-zpline of order &

B{t,n) Two-dimensional B-spline, B{(£,%) = filf}g;(n)
C Subgrid-scale model constant

Clz,y) Funetion confined to a zone

Cp Total drag coetlicient

Cp, Form drag coeflicient

Cr Total lift coefficient

Cy, Lift coeflicient due to pressure

., Lift coefficient due to viscous forces
Cp Pressure coefficient

Cp, Base suction coefficient

D Cylinder diameter _
D Matrix corresponding to the viscous term
dis Flements of matrix D

F(m) Flux funetion

F{€} Extra function, equation {2.3.24)

F{E)i i-th B-spline in dircction £

g{n} j-th B-spline in direction

g Jacobian J = zsyy — Tl

k Order of a B-spline

L Wave numbers In # and z directions
Lij Leonard stress tensor

Ly Ly, L;  Dimcnsions of computational box in 7, y and 2 directions, respectively

M Mass matrix
Thig Elements of matrix M
N Number of grid points
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Ng, NygNz
NI"‘.'Nﬂ:I Nx

n
g
r
£,
fig
Re

Hen
Re,
Rewp
Re,

U, U, W
Uy

V

p, Vg, My

W

Number of grid points in «, ¥ and » directions, respectively

Number of grid points in radial, circumferential and spanwise direc-
tions, respectively

Vector normal to a surface

Components of a vector normal to a surface

Pressure

Cylinder radius

Radius of computational domain

Reynolds number

Reynolds number based on cylinder diameter and free-stream velocity
Reynelds number based on centerline velocity and channel half width
Reynolds number based on flow rate velocity and channel width

Reynolds number based on wall friction velocity and channel half-
width '

Radial direction

Divergence-free expansion vectors

Strain rate tensor

Strouhal shedding frequency

Spilling function

Time

Knot points or grid points

Centerline velociy

Bulk velocity

Free-stream velocity

Veloeity vector

Numnerical approximation of velocity vector
Velooity 1oz, and 2 directions

Wall shear velocity

Space of divergence-free expansion veetors
Components of veloeity vector in cylindrical coordinates (r, 8, 2)

Space of divergence-free weight vectors
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+

Cartesian coordinates

Wall coordinate, ¥ = yu, [ -

Greek Symbols

Aoy, Ay Az
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Ly dadpy, Wy

Vector of expansion coctlicients

Expansion coefficients

Coefficient for the extra function

Channel haif-width

Kronecker delta

Grid-filter width

Grid =izes in 2, y and » directions

Tune step

Cireuwlation

Wave number

Modified wave mumber

Spanwire length scale

Kinematic viscosity

Computational domain

Yorticity veector

Vorticity magnitude; also, temporal frequency
Real and imaginary parts of temporal frequency w
Components of vorticity in @, y and z directions
Weight functions

Weight vector

Streamn function

Total stress tensor

Azmnuthal angle

Separation angle

Viscous stress tensor
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i Subgrid-scale stress tensor

£.n Generalized coordinates
Abbreviations

CFD Computational Fluid Dynamics
CFL Courant-Friedrichs-Lewy number
CPU Central Processing Unit

DNS§ Direct Numerical Simulation
FD Finite-Difference
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LES Large Eddy Simulation

PIV Particle Image Velocimetry
RHS Right Hand Side

SGS Subgrid-Scale

1D One-Dimensional

2D Two-Dimensional

Superscripts and Subscripts
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Non-dimnensionalization by wall variables
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Introduection

Chapter 1.
Introduction

1.1 Motivations and Objectives

{Over the past several years, researcl in the area of turbulence simulations has
focused on the development of efficient methodologics for computations of complex
flows at Reynolds numbers of enpineering interest, Even with the present com-
putational capalities and increasing usage of scalable parallel computers, three-
dimensional nnsteady simulations of turbulent flows in complex geomeiries are ex-
pensive. Realistic numerical computations reguire accurate treatment of the essen-
tial flow structures that define the dynamics of turbulent flows. However, the length
scales of these structures can vary significantly througheut the computational do-
main. For example, near-wall structares in wall-bounded turbulent flows are amall
compared to the overal flow dimensions. These small structures play an important
role in the dynamics of turbulent boundary layers, and require fine resolution in alt
three directions .nea,r the wall. In large eddy simulaticns; these small structures are
the important large eddies that can not be treated accurately with eurrent subgrid-
scale parameterizations (Moin & Jimenez 1983). Instead, they need to be resolved
or completely modeled with dynamic wall treatments {Deardorff 1970, Schumann
1975, Cabot 1905). In typical computations of wall-bounded turbulent flows, the
fine grid resolution in the near-wall region is extended into the outer layers where
it 18 not required,

Grids with refined resolutions in different parts of the computational domain sre
also necessary for numerical simulations of complex separated Hows. For example,
m flow over a bluff body, a fine grid is required to resolve the thin boundary and
separating shear layers as well as the turbulent weke. A fine grid is nusually not
necessary 10 most of the computational domain, for instance, in the region upstream

of the bluff hody where the flow is relatively smooth,
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Figure 1.1.1: Streamwise vorticity contours (negative are dashed) in a fully
developed burbolent channel flow. The mean flow is into the page. Also shown
iz the zonal embedded meosh with fine grid near the walls and coarse grid in the
middle of the channel.

Efficient grid refinement in the physically significant flow regions can be imple-
mented with zonal emmbedded grids. In this approach, the mesh consists of coarse
and fine grid regions (zones), constructed such that appropriate resolution is pro-
" vided in different parts of the computational domain. This reduces the total number
of grid points and savings in CPU time and memory. At the zonal boundaries, the
mest size changes in steps, providing flexibility in designing grids. Figure 1.1.1
shows an example of a zonal embedded grid with the mesh size decreasing in steps
a3 one approaches the wall. Such a grid can be used to resolve streamwise vorti-
cal struetures and wall-layer streaks in the near-wall region of turbulent boundary

layers.
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Zonal grids have been used mostly with finite-difference or finite-volume meth-
ods fo resolve large gradients and for geometric complexity in computations of com-
pressible {Rai 1986, Rai & Moin 1993, Kallinderis 1092) and incompressible {Zang
& Street 1895, Tu & Fuchs 1992) flows. In these studies, a high-order aceurate inter-
polation procedure is normally used for cxchange of information between zones, and
g special treatment of the internal grid boundaries is required to maintain mass,
motnentwn and energy conservation. However, in general cases, it is difficult to
achieve both high aceuracy and conservation with finite-difference or finite volume

methods on zonal grids (Kallinderis 1992),

Recently, several studies have been nndertaken to develop numerical techniques
with grid embedding for large eddy simulations (Sullivan ef ol. 1996, Boersma et
af. 1997). However, these techniques were based on low-order finite volumne meth-
ods. Besides having to deal with the problems of zonal boundary interpolation
and conservation, these techniques may also suffer from significant numerical errors
that can overwhelm the effect of subgrid-scale models, The errors can be espe-
cially pronounced on zonal grids with large variations in mesh sizes. A quantitative
snalysis of discretization errors in large eddy simulations has been perfortned re-
cently by Ghosal {1996) who showed that low-order finite-difference schemes might
have numerical errors of the same order of magnitude as the subgrid-seale terms.
The findings of Ghosal {1996} were confirtned numerically in the studies of Lund
& Kaltenbach (1995) and Kravchenko & Moin {1997). Lund & Kaltenbach {1995)
used explicit grid filtering to control numerical errors in large eddy simulations of
turbulent channel flows at high Reynolds number with second-order central finite-
difference scheme, The smallest scales that would be mostly affected by numerical
errors were simply removed from the simulations at every time step. The resulis
were clearly improved but the grid, and therefore the cost of simulations, had to
be increased significantly to see the effect of cxplicit grid filtering. Kravchenko
& Moin (1997} performed a series of large eddy simulations of turbulent channel

flow to investigate effects of numerical errvors in finite-difference schemes of various
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orders, It wes found that, in some cases, the results obtained with second-order
finite-difference scheme were virtually the same with and without & subgrid-scale
model, which is not a satisfactory outcome, In contrast, simulations with a Gth
order Pardé scheme were significantly improved when the subgrid-scale model was
activated,

The studies mentioned above point to the need for the development of high-
order non-dissipative numerical schoemes that can work on zonal embedded grida.
Nog-linear numerical stability considerations require such schemes to be kinetic
energy conserving (Kravchenka & Moin 1997}, However, it is difficult to construct
fully conservative finite-difference schemes. The popular stagpered mesh rcheme for
incompressible flows (Harlow & Welch 1965, Kim & Moin 1985) is an example of a
fully conservative scheme. A recent work by Morinishi ef al. {1995) has produced
a fourth-order conservative scheme.

The objective of the current study is to develop an efficient, accurate and con-
servative numerical technigue for simmilations on zonsl embedded grids. To achieve
this objective, we have constructed a numerical methodology based on B-splines,
which appears to be an attractive alternative to high-order finite-difference schemes.
The mimerical technique is accurate, conservative, and frec of aliasing errors. It alsa

offers many advantages for sinmlations on zonal embedded grids.

1.2 Survey of Previous Work on B-splines

Basis splines, or B-gplines, were first introduced in the late '40s by Schoenberg
(Curry 1947) as basis funetions for a space of piccewise polynomials. Since then, B-
splines have become increasingly popular in geometric design and signal processing
(Davis 1096), especially after the introduction of a recursion formula (de Boor 1978)
for cvaluating B-splines of higher order from lower order ones. Carl de Boor (1978)
also developed a one-dimensional B-spline projection techmgue, which was applied

to i series of simple boundary-value problems.
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One of the first descriptions of a B-spline based method comes from Murphy
(1975), who implemented a Galerkin method based on cubic B-splines and applicd
it to the solution of one-dimensional parabolic differential equations. The technique
yielded high-order accurate results and was found to be superior to the conventional
finite-difference methods, Murphy {1975) pointed out that, even thongh the practi-
cal implementation of the numerical method demanded a substantial programming

effort, the algorithm allowed for the design of general purpose routines.

Davies (1978a,b) used B-splincs as basis functions in & Galerkin method for the
golution of one-dimensional primitive equations and Burgers equation. He demon-
strated that the B-spline technique allowed great flexibility in positioning the grid
points and applying various boundary conditions. He also showed that the B-spline
method yielded accurate results throughout the enfire computational domain. The
accuracy of the solution could be improved by both refiming the grid and increasing

the order of the B-splines.

Zaanani {1981} used bicubic two-dimensional B-splines, defined as tensor prod-
nets of one-dimensional B-splines of third order, to approximate sohitions of Pois-
son's boundary value problems in a square domain, The B-spline approximations
were performed through a least-aquares finite element method. The methodology
developed in that study was very interesting, but the results of the numerical sim-
ulations were not very informative. Cubic B-spline computations were compared
to the second-order finite-difference scheme and the classical finite-element method
with linear funetions. The method based on B-splines was more expensive than
the other two technigues but had much smaller errors — a result that was expected.
The convergence of the least-squares B-spline method was not established because
of the single precision arithmetic used in the computations. Round-off errors were

of the same order as the truncation errors.

Kasi Viswanadham & Koneru (1893) have constructed a B-spline based fimte
element method which they applied to simnple one-dimensional and two-dimensional

time-dependent model problems. In this work, the principle of equidistribution of
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error first developed by Carl de Boor {1978) was generalized to two-dimensional
problems.

Recently, the B-spline based numerical technique was applied to computations
of turbulent flows, Kravchenko et al. (1096) have developed and used the B-splinc
based method on zonal embedded grids to compute turbulent channel Alow. This
was also the first time that B-splines were used in large eddy simulations. That
study was performed as part of this work and some of its results will be presented
it Chapters 3 and 4.

P. Lonlou {1996} used a technique based on B-splines in one direction and spec-
tral functions in the other two in order to study incompressible flows in eylindrical
geometries. The method was applied to direct numerieal simulations of pipe flow at
Heg = 5600 based on diameter and bulk velocity. The application of the B-spline
bascd method to that problem made it possible to ensure regnlarity of the solution
at the pipe centerline and to ease the time step restriction near the origin.

The studies summarized above demonstrated that methods based on B-splines
have great potential for solving partial differentisl equations accurately and could
be applied to solve numerically the unstesdy three-dimensional Navier-Stokes equa-
tions, There is & need to generalize the B-spline methodology to computations of
flows in complex geometrics which eould be of interest in solution of enginecring
problems. One way to achicve this is to develop a B-spline hased method on zonal

grids in a curvilinear coordinate system.

1.8 Burvey of Previous Studies of Flow over a Cylinder

The test problem chosen to assess the performance of the B-spline method on
zonal grids in & generalized coordinate systemn is the flow over a circular eylinder.
This flow is of great engineering interest since it contains several distinet flow char-
acteristics including bonndary layer, flow separation, shear layers, and a wake, The
flow over a cylinder has been studied extensively, both experimentally and numeri-

cally for several decades, and a large amount of data is available for COMmparisons.
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Early reviews of flow aver & circular eylinder have been provided hy Morkovin
(1964), Berger & Wille (1972), Norberg (1987) and Beaudan & Moin (1994), One
of the most recent and comprehensive reviews is given by Williamson (1996). Here,
we will surnmarize different regimes of low over a eylinder and deseribe some of the
recent three-dimensionsal computational sfudies, 1.e. those that are most relevant

to the present work.
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Figure 1.3.1: Basc suction coefficient {—Chy) vs. Reynolds number. Symbols
show experimental date obtaived by different reseaechers, The plod s baken from

the toview by Williamson (1998),

Flow over a circular eylinder exhibits vastly different behaviors as the Reynolds
number, a non-dimenstonal parameter based on the free-stresm veloetty, cylinder
diameter and kincmatic viscosity, increases from zero to large values. Ome of the
best ways to characterize the different regimes is to plot the base pressure coefficient
{pressure coeffictent at a point 180 degrees from the front stagnation point) versus
the Reynolds numiber as shown in Figure 1.3.1. This figure is taken fromn Williamson
{1996) who cotupiled data from several experiments of high quality (with turbulence

levels of less than .1%). Steady laminar flow exists at Reynolds numbers up to
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approximately flep ~ 40 with a pair of symmetric connter-rotating vortices forming
behind the eylinder at Rep > §. The base suction coefficient is known to decrease
with increasing Reynolds number in this regime until the onset of laminar vortex
shedding, also known as the Karman vortex street, which is observed at Reynolds
nurabers up to about Rep ~ 180. The regime of the Karman vortex street corre-
sponds to the increase in the value of the base pressure evefficient from Reynolds
number around 50 to 190 in Figure 1.3.1, The next regime, called by Williamson
the regime of mode A instability, is in the range of Reynolds numbers between
1906 and 260. Recently, Barkley & Henderson (1996) performed three-dimensional
Floquet stability analysis of the cylinder wake and suggested the critical value of
the Reynolds number, Bep = 188.5 4 1.0, for the onset of this regime, which is
characterized by dominant spanwise scales having wavelength of approximately 4
cylinder diameters. At a Reynolds number of approximately 260, the fow exXpa-
riences transition to finer scale three-dimensionality, known as mode B instability,
with spanwise characteristic length of around one cylinder diameter. With increas-
ing Reynclds number, the three-dimensionel cylinder wake becotnes more chaotic
which is believed to lead to the reduction in the base pressure coefficient. The shear
luyers separating from the cylinder become unstable at Reynolds number around
1200 according to Prasad & Williamson {1996, 1897a). However. the value of this
critical Reynolds number varies in the literature from 300 to 3000. It is believed
that the separating shear layers are very sensitive to various experimental factors
such as free-stream turbulence level (Bloor 1964}, acoustic noise (Cardell 1993),
cylinder vibrations (Chyu & Rockwell 1096), end boundary conditions {Prasad &
Williamson 1996, 1997a), and aspect ratio (Norberg 1994). Finally, a dramatic de-
crease jn the base sur:ﬁon coefficicnt occurs between Reynolds numbers 2 x 10° and
3.5 % 10%; this is associated with g complicated flow reginie with laminar separation,
transition to turbulence, re-attachment and another separation further downstreamn
along the cylinder surface. At post-critical Reynolds numbers beyond 3.5 x 108, the

houndary layer on the eylinder becomes turbulent before separation. This regime
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ia characterized by & lower base suction coefficient and lower drag due to later

separation of the turbulent boundary layer.

The presence of various regimes in the flow over a cylinder makes computations
of this flow an interesting and challenging task. Two-dimensional caleculations have
long been routine and are often used to validate numerical techniques and com-
puter codes. However, it has heen recognized that, at Reynolds numbers higher
than Hep ~ 250, two-dimensional calculations yield incorrect values of the flow
parameters such as drag and Hft coefficients. Three-dimensional effects are im-
portant at these Reynolds numbers and thres-dimensional calculations are needed
for accurate predictions of flow statistics, Over the last seven years, numerous
three-dimensional studies have been carried ouf, mostly at low Reynolds numbers.
Thompson et . {1896} used a high-ovder spectral element technigue to study
the wake structure belind a circular eylinder, Both instability modes A and B
previously detected experimentally {Williamson 1992) were observed in the numer-
wal sirnulations. The same observations were made by Zhang et ol (1995) who
studied both experiimentally and numerically the transition of the cylinder wake.
Karniadakis & Triantafyllon {1992) conducted direct numerical siinulations of the
flow over a cylinder at Reynolds numbera ranging from 175 to 500 using a mixed
speciral /spectral-element method. They demonstrated the importance of three-
dimenstonal effects for reproducing the correct flow physics. The flow at Repn = 500
was characterized by broadband spectra. Mittal & Balachandar {1995) performed
a acrica of two-dimensional and three-dimensional direct numerical simulations of
flows past elliptic and cirewdar cylinder (cirenlar cylinder at Rep — 525) with a
spectral method to study the effect of throe-dimensionality on the lift and drag of
nominally two-dimensional bluff bodies. The study showed that the overprediction
of the mean drag on the eylinder in two-dimnensional simulations was the result of
higher Reynolds stresses in the weke. The vortex formation region was found fo be
srnaller in two-dimensional simulations, but this did not seemt to have a significant

effect on the mean drag.
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Direct numerical simulations have provided valuable information sbout the
physics of the flow over a cylinder in the transitional regime, but they are still
limited to flows at low Reynolds numbers. Computations at higher Reynolds nun-
bers have been performed with Reynolds-averaged turbulence models, but these
have experieneed difficalties in predicting the mean forces on the cylinder and the

near-wake mean flow statistics (see Beaudan & Moin 1994 for relevant references).

Beaudan & Moin (1994) were the first to attempt a comprehensive large eddy
simulation study of a flow over a circular cylinder. The flow at a sib-critical
Reynolds number Hep = 3,900 (based on cylinder diamister and free-stream ve-
locity) wus chosen mainly because of the existence of the PIV experimental data of
Lourenco & Shih (1993). Motivated by the direct simulation results of Rai & Moin
(1893}, Beaudan & Moin { 1994} nsed high-order npwind-biased schemes for the nn-
merical simulations of the compressible Navier—Stokes equations. The simulations
were performed on O-type grids with different resclutions to establish mesh inde-
pendence of the solution in the vicinity of the eylinder. The profiles of mean velocity
and Reynolds stresses obtained in these simulations were in reasonable agresment
with the experimental data. However, inside the recirculation region, the stream-
wise velocity profiles differed in shape from those observed in the experiment of
Lourence & Shih {1993). Beaudan & Moin (1984) attributed these differences to
the experimental crrors as manifested in the large asymmetry of the experimental

daksa.

To obtain better mean flow statistics for comparison with the large eddy simu-
lations, a new experiment, &% the same Reynolds number was cominissioned by the
Center for Turbulence Research. This exprerimnent was conducted in the Turbulence
Laboratory of the University of Maryland by Ong & Wallace (1996} and provided
the mean How data at several locations in the near wake of the cylinder downstream
of the recireulation region. Even though, fair agreement between the sirnulations

and cxperiment was observed in the mean velocity profiles, turbulence intensities

10




Introduction

at several downstream locations did not match the experimental daka. It was con-
cluded that the high-order accurate, upwind-biased numerical schemes exhibited
significant numerical dissipation which affected the small turbulence acales in the
wake, FThis was espectally pronounced in the wake region beyond 7 diameters from
the cylinder where the simulated power spectra of velocity fluctuations exhibited
severe damping at high wave numbers and the Reynolds stresses were noticeably
under-predicted when compared to the experimental data of Ong & Wallace (1986).
Simulstions with the dynamie subgrid-scale model were in better agreement with
the experiments than those with the Smagornsky model and without & SGS model.

However, the effect of the model did not appear to be very significant.

Mittal & Moin (1897) used a second-order conservative central-difference scheme
to perform large eddy simulations of flow past a cireular cylinder at Rep = 3,900, A
Fourier-spectiral method was employed in the spanwise dircetion in conjunction with
pertodic boundary conditions. Simulations were performed on a C-type curvilinecar
grid. The results of that simulation were in reazsonable agreement with computations
of Beaudan & Moin (1994) and with the experiments, Examination of the power
spectra of velocity fluctuationa showed that the small turbulent scales were more
energetic than those in the upwind-biased simulations, and were in agreement with
the experiment over s wider range of wave numbers, It was concluded that non-
dissipative methods are more suitable for large eddy stmulations. However, there
were still noticeable discrepancies between numerical and experimental results in
the profiles of the Reynolde stresses at several downstream locations probably due
to the low-order scheme employed, These new simulations did not shed any light
on the source of the differences hetween Beaudan & Moin’s LES and Lourenco &
Shik's experiment in the region close to the cylinder. In this region, both simulations
agreed with each other and, in particular, showed a shape of the streamwise volocity
profile inside the recirenlation region different from that observed in the experitnent

of Lourenco & Shik {1993).

11
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Numerical and modeling aspects of large eddy simulations of the How past a cir-
cular eylinder at Rep = 3, 800 were studied by Breuer (1997} who performed compn-
tations with five different numerical schemes and with the dynamie and Smagorinsky
subgrid-scale models. That work confirmed the findings of the Stanford studics and
showed that simulations with central difference schemes were in better agreement
with the experimental data than those performed with dissipative methods, Low-
order upwind schemes were not able to predict correctly the base suction coefficient,
separation angles and the size and structure of the recireulation region behind the
cylinder. The best agreement with the exporimental data was achicved with 2 cen-
tral difference scheme in conjunction with the dynamic subgrid-scale model which
is in agreement with the studies of Beaudan & Moin (1984) and Mittal & Moin
(1987). Again, the influence of the subgrid-scale model was nof found to be strong.
Most of the simulations by Breuer were performed with the same spanwise domain
size as those done by Beaudan & Moin (1994} and Mittal & Moin (1997). Tt was
reported that doubling the demain in the apanwise ditection while preserving the

spanwise resolution did not affect the results significantly,

Beaudan & Moin (1994) and Rodi (1997} have pointed out a need for high
Reynolds number layge eddy simulations to study the performance of the subgrid-
scale models. The simulations at Rep = 3,900 conducted by different rescarch
groups showed that the results with the dynamic subgrid-scale model were better
but did not reveal & major influence of the model, The extensive exporimental
data of Cantwell & Coles (1983) at Rep = 140, 000 provides strong indueement to

perform large eddy simulations of the flow over & cylinder at this Reynolds number.

G. Wang ef al. {1996) performed large eddy simulations of several bhuff hody
wakes including that behind a circular cylinder at Rep = 140,600, Their calenlation
was based on the QUICK scheme and used only 811,008 grid points. Even though
the values of the mean drag coefficient and Strouhal shedding frequency appearcd
to be close to the experimental data, the profiles of the mean velocity and Reynolds

stresses deviated significantly from the cxperimental measurements of Cantwell &

i3
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Cales, The authars admit the presence of large numerical errors in their sirnulations
and point to the need for using high-order schemes for such caleulations,

The numerical issues raised in the previous large eddy sinulations prompted us
to apply our numerical method to the LES of the flow over a circular cylinder. In
particular, one of our objectives was to clarify some of the discrepancies that exist
between numerical simulations and the experiment of Lourenco & Shih {1993) in

the recirculation region.

1.4 Organization of This Report

The next chapter describes cotnputational techniques based on one-dimensional
and two-dimensional B-splines for numerical solutions of the Navier-Stokes cqua-
tions. Two grid embedding methodslogies are introduced, Chapter 3 presents the
results of preliminary numerical tests conducted to assess the performance of the
B-spline method. These tests include the solution of the Orr-Sommerfeld equation,
propagation of small disturbances in a channel, vortex dipole rebound from a wall,
and computations of two-dimenszional nonlinear convection-diffusion equation. The
results of direct numerical and large eddy simnlations of fully developed turbulent
channe] flow are presented in Chapter 4. The computations are carried out on zonal
prids and compared to the available experimental and numerical data. Chapter &
deals with B-spline simulations in generslized coordinate systerns. Simulations of
the flow over a circular cylinder at Reynolds numbers, Rep = 20,40,8{, 100, 300
and 3,900, ave presented in this chapter. Conclusions and recommendations for
firture work are given in Chapter 8.

Additional information regarding the numerical method and turbulence simu-
lations is given in the appendices. Appendix A pives the introduction to B-splines
and compares two numerical B-spline techniques, Galerkin and collocation meth-
ods. Basic elements of the function selection algoritlun constructed by Shariff &
Moser (1995) are presented. Appendix B outlincs the divergence-free formulation

of the Galerkin B-spline method in peneralized coordinate systems and explains the
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choice of the divergence-free vectors. Implementations of the boundary conditions,
the temporal infegration scheme and the subgrid-scale model are given in Appen-
dices C, D and E, respectively. Appendix F deals with the effect of grid resolution

in simuiations of the flow over a cylinder at Rep = 3, 900.

1.5 Accomplishinents

The accomplishments of this study are as follows:

¢ Developed a novel numerical technigne based on B-splines for simulations on
zonal embaedded grids.

¢ Performed large eddy simulations of turbulent channel flow with fine resolution
of the near-wall region at the highest Reynolds number to date.

* Demonstrated that turbulent flows can be simulated aceurately on zonal grids
with different resolntions in different regions of the computational domain.

¢ Demonstrated that turbulent eddies can pass through zonal boundaries without
nobiceuble distortions.

» Demonstrated that B-spline methods are suitable for large eddy simulations of
complex turbulent flows. For the flow over & cylinder at Rep = 3,900, the B-
spline method yields results that sre in better agreement with the cxperiments
than thosc from the finite-difference caleulations.

¢ Provided an analysis of the effect of munerical errors on simulations of the fow

over a cylinder.
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Chapter 2.
Numerical Methodology

The governing equations in this study are the incompressible Navier-Stokes and
continuity equations,

fu 1
e H—?P‘{-E

— 2
at i v u! (2'1}
Vou=090, (2.2)

where Rle iz the Reynolds number, u = (u,v,w)} is the velocity vector, p is the
pressure and H = (Hy,, Hy, Hy) J8 the convective term. In this chapter, we present
two computational techniques for the numerical solution of these equations. The
first technique is based on one-dimensional B-splines and speetral functions and can
. be used for computation of fows with two homogeneous directions, This technique
allows grid embedding in homogeneous directions and has been succeasfully tested in
turbulent channel How simulations. The sceond method 1z based on divergence-free
B-spline functions in generalized coordinates in two inhomogeneous directions and
spectral funetions in the third, and offers a greater flexability for gnd embedding,
Unlike the first method, this technigne permits embedding in both homepeneous

and inhomogeneous directions.

2.1 Galerkin Method Based on B-splines in One Direction

Following the approach of Kim ef ol (1987), we reduce equations (2.1} and
{2.2) to a fourth-order equation for v and a second-order equation for the normal

eomponent of vorticity, g,

%v% = hy, + %?%, (2.1.1)
%) 1
59 =hyt ﬁ'{ﬂg} (2.1.2)
)
f+ a—;::{}, (2.1.3)
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where
Ju  dw Ju  Jw
f—-a—z'l“"a-;: 9=z "5 (2.1.4)
& ¢0H, ©8H, & g
o = —3;( 5ot ) + (5 + 5 o (2.1.5)
aH, dH.,
g = 7 —ﬂ.‘r . (Z.LE}

Let @ = {4, 7,4} be a numerical approximation to the velocity vector u, which
we expand i terms of spectral and B-spline fanctions,

W,y 2t) = Y Bilkg, b, Oe™ =0 Bl (2.1.7)
k;!.',j:,kz

(E){z,i,z,t]: 3

k:c |Jl|k3

Here, B;F{y} is the the j-th B-spline of order k& {de Boor 1978) defined on a set of

ﬁj{kxlkgit] Thed  ihex ypk—1
(ﬁjikm,kz,:] e B (y). (2.1.8)

(Ny + 1) knot points [fo, t1,...,t,) by the following reenrsive relationship:

(7 —%ik—1) g (Ei—y) . .
B (y) = J Bi=lfyy g 3 oL gkl =1, Ny+ &, {219
J (J} {tj—l i tj—.k:—l} =1 {y} {tj ¢ '—k} ¥ (y) J ararydiy |[ }

where a B-spline of order zero is a top hat function, i.e. B?{y] =11ty <y <y
and O otherwise. An example of the ynadratic B-splines {k = 2) defined on a
uniforndy spaced sef; of eleven knot points is shown in Figure 2.1.1. Detailed infor-
mation on the construction of B-splines and their properties is given in Appendix
A.

Note that the v-velocity is represented in terms of B-splines which are one order
higher than the B-spline expansion funetions for w and w. ‘This allows the continuity
equation (2.1.3) to be satisfied exactly by the numerical representation. Also note
that, for (Ny + 1) knot points, there are Ny, + k B-splines of order k and Ny 4 & — 1
B-splines of order &£ — 1. Accordingly, there are N, + k B-spline coefficients for v
and Ny + k — 1 B-spline cocflicients for w, w and g.

Using the method of weighted residuals, i.e, multiplying both sides of the EOV-

erning equations by wéight functions and integrating over the entire computational
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domain, we obtain weak forms of equations (2.1.1) and (2.1.2),

a _q - 1
e 25 Y = h, d02 i 1.
fﬁxaev’” an +fanEv-udﬂ, (2.1.10)
a* b ]. 2*“'
ﬂﬁwag d(} = ﬂvphg a0+ ﬂwEv § 492, (2.1.11)

where x and i are the weight functions which we select to be
x(z,y,5) = e TR By,
Pz, g,7) = e Rt TRIBIN ).

Evaluating the integrals in (2.1.10) and (2.1.11}), we obtain two systems of ordi-

(2.1.12)

nary differential equations for ¥ and g for each independent Fourier mode (kg k;),

av

M"E = D, v + R,(101, ¥, W), {2.1.13)
dg . P
M”E = Dog 4+ Rylir, ¥, %), (2.1.14)

where R,,, R, are the expressions resulting from the nonlinear terms, and M, M,,

I}y, D, are banded matrices with clements given by

iy = —{k2 + kZ) f BEBY dy + f B’f_Bk dy,

gyt
m'g.:fﬂ?dl_ﬁ:?_l [f,y,

ij

1
P Y R Py TP

; I wl gk . &F
d"-’-=-R~E[—[k§+k§}/Bf g 'dy+/Bf' la ~— B ]'{J!J]

The number of diagonals in the matrices is just 2k 4+ 1, where k is the order of the
B-splines. '

The boundary conditions are imposed strongly by recognizing thet only one
B-spline is non-zero at cach boundary, y = {p and y = ta,, and only two B-splines
have non-zero derivatives at each boundary. For example, al ¥ = {o,

1, f5=1;
Bj(tn} faad {{}’ -? 11

otherwise,
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L - T 'O R T S "R T

Figure 2.1.1: Twclve second-order B-splines shown on s miform 11-point
knot set. Knota, t; are indicated by shori vertical lines, The botlom composite
grapl is in the form that will be useful to display sels of B-spiines,
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Bj{to) #0, if j = 1,2
Bl(tp) = 0, otherwise.
Consider the boundary conditions for a chaunel flow that follow from the non-slip

conditions at the walls, (y = £1),

H{z, k1,7, 4} = aiﬁ(m, 41,2} = Gz, +1,2,£) = 0.
Y

Setting the B-spline coefficients,

)

= fp = dN, k-1 = DNk = Gt = GNg+i—1 =0, {2.1.15)

=1
T-E‘:>

will satisfy these boundary conditions. For brevity in (2.1.15), we used 8; =
H(kg, ks, 1),

Since the boundary conditions {2.1.158) are imposed strongly, the use of integra-
tion by parts to modify the matrix elements in equations (2.1.13) and (2.1.14} does
not introduce boundary terms. For example, the Iast term in the expression for d};

can be written as
f : ;j BY dy = fﬂ ;:2 (B‘f o B’*) dy. (2.1.16)

The time-advancement in equations {2.1.15) and (2.1.14) is carried out with
a semi-implicit scheme that uses Crank—Nicolson for the viseous terms and third-
order Runge-Kutia for the nonlinear terms {Spalart ef al. 1991}, Calculations are
performed with a CFL number of +/3 required for the stability of the Runge-Kutta
method. The left-hand side matrices are inverted divectly at each time step and for
each independent Fourier mode (ky, k;) with the number of operations proportional
to Nyk? {:Straﬁg 1986} where N is the number of B-splines.

To compute the nonlinear terms R, and R, the integrals involving h, and flg
in equations {2.1.10) and (2.1.11) must be cvaluated. As an example, consider one
term in the expression for Ay, and the resulting integral,

o & ¢ B
—ikpw —ikyx gk
| [ﬂ e ko —ikz2 ghyy Z ( aJ) dx dy d. (2.1.17)
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All the other terms are similar. In: the - and z-directions, the intogral is evaluated
using nurnerical quadrature on a uniform mesh. By usiug 3/2 as many quadrature
points in each directionr as Fourier modes, the quadratures are made sxact. This
is the well-known de-aliasing operation by the 3/2 rule in spectral methods. The
quadratures in y are evaluated using pre-computed integrals of the products of B-
splines and their derivatives. The computations are aecomplished by evaluating the
B-spline coeflicients of the velocity components (i, ©, #) as functions of & and = on
the quadrature points using fast Fourier transforins (FFT's}. The ¢ integrals can
then be evalnated as

S5 | B (B 2B 0) dy]me = PN i (119

mon
The integral in brackets (I, is pre-computed exactly and stored. Since the B-
splincs have local support, Iynp is nonzero only if {{ — mf < &, I — n| < k and
e — n} < k. Thus, the sums in (2.1.18) can be evaluated in order Npk? operations,
where Ny is the number of B-splines used in the y-dircction. Once (2.1.18) and the
other terms have been evaluated, the quadrature sums in the z- and z-directions

are evaluated using FFT's,

2.2 Grid Embedding in Homogeneous Directions

A cross section of & typical 3D zonal embedded “grid” for a channel fow simu-
lation is shown in Figure 2.2,1. The horizontal grid lines are the knots of the spline
representation i the vertical direction and the vertical lines represent the Nyquist
spatial sampling rate required for the Fourier representation of the solution at each
y-location. Note that both the vertical and horizontal grid resolutions vary with
y, with the horizontal resolution changing in steps. The y-location of these step
changes are called zonal boundaries. The variation of the horizontal resolution in
v is accomplished by simply varying the ranges of the k; and &, sums in the rep-
resentations (2.1.7) and (2.1.8) with the B-spline index . The k; and &, ranges of

the weight functions {2.1.12) are varied similarly. Since the B-splines are local in
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Figure 2.2.1; ¥onal embedded grid with fine grid zones near the walls and
coprae gonesd 1o the middle, B-splines corresponding Lo the grid in the wall-rormal
direction are shown on Lhe right.

i, this has the desired effect. However, cach interior B-spline has support en k 4 1
knot intervals, so there 1a an overlap between B-splines associated with difforent
horizontal resclutions. Thus, the actual change in horizental resolution oceurs over
k knot intervals, which is expected to soften the effect of the resolution change.
The important issue that arisce in all zonal grid studies is the influence of zonal
boundariex on the eddies that cross them, We address this issue in comnputations of
a vortex dipole rebounding from a wall and the numerical simndation of turbulent

channel flow (see helow).

2.3 Galerkin Method Based on B-splines in Two Birections

Consider a two-dimensional body with body-fitted coordinates (&,n) in the
(z,y} plane (Figure 2.3.1}. Let 1u be represented in terms of two disfinet classes of
divergence-free vectors which is equivalent to independently representing two com-

ponents of the velocity vector with the third determined by the continuity equation,

*E LR t} == Z z f’ k qm ks (E:Th ] + &gn{f:ks)q;,h (61 "".'r'rz}}: (231}
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where k. 1s the spanwise wave number, The method of divergence-free expansions
was developed by Leonard & Wray (1982). The expansion vectors g®(£, 5, 2) belong
tor the space V defined as

V={q:qe (HQ),V-q=0}

where € is an open set in R? with boundary 892, and (H'(Q))® is the Hilbert space
defined by
(HN Q)Y = {F : f € (LA, VF € (La(Q))}.

(L2(2))? is the space of square-integrable functions defined on 2 with inner product,

g) = L fodt Viige Ly,

and norm
A1l = (£ )T VFe L),

Furthermore, let us choose two classes of weight vectors ¢ (£, 1, z) belonging to the

space W defined as
W={¢:e(HQ)V ¥=0,9=0on Q).

Following the standard weighted residual approach, we obtain a weak form of the

Navier—Stokes equations,
fr,bi audﬂ [¢i (H - vp)dsz——/[vx¢i] (V xu)d, (23.2)
where the last term was modified using integration by parts and the identity
Vin=_-VxVxu, (2.3.3)

which is valid for u satisfying V - u = 0. Note, thet the boundary torms resulting
from the integration by parts are zero sinee ¢ = 0 on Q. Using the properties of
the weight functions, V-4 = 0 on { and ¢ = 0 on 89, we can eliminate the pressure

term (after integration by parts) from the weak formulation (2.3.2) to obtain

L [ﬁbi (5‘5;1 )+ %{? x ) (¥ x uj] A = 0. (2.3.4)
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2.3.1 ‘Weight and Expansion Functions

The expansion functions are chosen as follows:

0
gy 4, (Ema) =V x 0 fee, (2.3.5a)
Brm{é,n)
i}B"ﬂ{é: ??] L
a5 6me) =V x| —5Bait,n) | e (2.3.58)
0

This choice of the divergence-free expansion functions is explained in Appendix B.
Satisfaction of the divergence-free restriction on g is guaranteed by the identity
V. (Vxq) =0, Bu{é,n)form = 1... M are the two-dimnensional B-splines for the
ghlren zontal mesh, Each By(f,n) ia a product of one-dimensional B-splines in the

directions £ and n,

B¢, 'ﬁ'} = ,fi{é}gj(??}:

where index m corresponds to two-dimensional functions, sand 1 and ;7 are the in-
dices for one-dimensional B-splines. The metric coefficients z¢, yy, T4 and yy,; are
the derivatives of the generalized coordinate systern mapping functions z(£, %) and
y(€,n) and J = ey — &y is the Jacobian.

The set of weight vectors is identical io the sot of cxpanaion vectors except
thet in order to satisfy an additional restriction on weight functiona, ¢ = 0 on 242,
those veetors having support on the boundarics are eliminated from the set. The
particular choice of the divergence-free vectors, {2.3.5}), leads to a complete and
relatively simple set of basis functions. Different sets can also be used provided
that they are complete {Leonard & Wray 1982).

Expresaiﬂn.s in {2.3.5) can be written in a compact form,

aml(€,n)

qja,k,{glfhz}= bn(€, ) cikzzT (2.5.6¢)
0

'E:ki’ﬂar,ff'-rﬂ -
Ui (61 2) = { ke {€m) | €, (2.3.60)
dm{{, 1)
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where «,b,¢%, e and d are (for brevity, the subscript m iz omitted m the following

EXPIesslons )
of&,n) = lze Bufl, ) — zpBe (€, m)]/J, (2.3.7a)
Y€1) = [we B, m) — vaBelé, )]/, {2.3.70)
&) = 2, B(§,m)/ 7, (2.3.7¢)
(€)= yB(E, )/, (2.3.7d)
(€, m) = —Bp{{,m}/J. (2.3.7¢)

2.3.2 System of Equations

Evaluating the integrals in (2.5.4), we obtain the system of ordinary differential
aquations for cach wave number &,
Mt MY d fét\ Rt et a) I b+t DY fat
M™ M~ /@ \& /] " \R(et,a)/ Re\D+ D jla /)
{2.3.8}
where * indicates a Fourier transform and M*% and DT are the mass and viseous
matrices, Due to de-conpling in the z-direction only matrices for two-dimensional

operators hiave to be stored. However, each M or P matrix msy involve a lincar

combination of up to three such matrices, e.g.,
M~ = My — k*Ms, {2.3.9)

where matrices My and My are independent of k.. BE (T, @™} arc the expressions
for the nonlinear terms. Complete expressions for the mass and viscous matrices
and components of the nonlinear terms are given in Appendix B. The components
of mass, viscous and nonlinear matrices arc computed and stored prior to time
advancement. Generslly, the metrics and Jaecobian functions in the EXPTessions
for q and v are not polynomials and the integrals in {2.3.4) cannot be evaluuted
exactly. We use at lenst 14 quadrature points on each goid interval to comptite

the mbegrals accurately. The system of ordinary differential equations {2.3.8) can
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be solved for the B-spline expansion ecefficients e and e~ with a standard time-
stepping algorithim. In our study, the time advancement is performed with Crank-
Nicolson and third-order Runge-Kutta schemes for the viscous and advection terms,
respactively, The mass and viscous matrices are symmetric and positive definite
and, therefore, the conjugate gradient method ¢an be used for the iterative solution

of the resulting linear system of equations at each time step.

2.3.3 Nonlinear Terms

The expressions for B¥ (et 0™} reault from the integration of the products of
weight functions with the nonlinear terms in equation {2.3.4) . To aveid the high
computational cost aseoctated with evaluation of the convolution stms in the Fourier
gpace, the nonlinear terms are computed in the B-spline/z physical space. Thas,
the B-spline cocfficients in the velocity expansions are transformed from Fourier to
physical space using the “3/2 rule” {Orazag 19711) for de-aliasing. The expressions
for all the nonlinear terms are shown in Appendix B, To illustrate the computation
of R (at,a”), we consider a sample nonlinear term arising in the z momentum

cquation,

Ny = L | L O dt (2.3.10)

where 13 18 the spanwise component of velocity, Substituting the expansion for us

one obtaing

Nl‘j = Z Ni’jfcf:re.nﬂ;ma;ﬂ (2311]
kTmn
where
1
N.. e o f ! ! d ey, 3
tikbinn /ﬂg /ﬂn ——”"*Jg{gjﬂ}.ﬂﬂ;fkmfmgn £ dn (2.3.12)

All nonlinear matrices have the same structure (pattern of noti-zero elements) as
{2.3.11) and are pre-computed and stored prior to the time advancement. Here,
we are nsing the term “matrix” in a generalized sense to refer to a multi-indexed
auantity. The number of operations required for computing (2.3.11) is proportional

to (2k + 1}4N,, where & is the order of the B-splinca and N, is the total number of
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perodic

AROLJIT

e

Figure 2.3.1: An cxanple of zonal grid in a generalized coordinale system for
computations of How over u cylinder mapped onto a rectangutar grid in £ and 5.
Alsa shown are locabions of the periodic, inflow and ovilllow boundary conditions.

two-dimensional B-splines, This number is related to the number of elements in the
nonlincar matrix since its structured part {see Appendix A) has (2% + 1) diagonals
with N, entrica. Even though, the number of operations is linear in N,, the eost
associated with computations of the nonlinear term can be very high, especially for
high-order B-splines due to the large coefficient, (2 + 1)1 In typical simulations
with second-order B-splines (& = 2}, more than 50% of the CPU time is spent in

evaluating the nonlincar terms,

2.3.4 DBoundary Conditions

Onc of the test problems chosen to assess the performance of the B-spline tech-
nique on zonal grids 15 a two-dimensional flow over a cireular cylinder. Therefore,
we will deseribe 1n detail the boundary conditicns for this tost case. The extension
to three dimensional flow and other two-dimensional body shapes ia straightfor-
ward. The simulations of a two-dimensional flow over a cylinder are carried ocut

on an {-type zonal mesh which is mapped to a rectangular domain (0 < £ < 1,

26




Nutmerical Methodolagy

0 <5 <1}, An example of a typical grid, but with a domain size smaller than
the one actoally used, is shown in Figure 2.3.1. For the two-diinensional case, the

. BlE Zero., 1he

spanwise component of velocity and, therefore, the coeflicients o ;
1

streamwise (x) and cross-flow {y) velocity components are represented as follows:

w(lym) = ) ol OG0 ~ znfl(©gitml/J,

+ , , (2.3.13)
w(€m) = o v fil€)gin) — mFHEgi /.
i
Non-slip boundary conditions are imposed at the cylinder surface,
=0 =v{f=0,n) =0 (2.3.14)

Constant potential flow houndary conditions are used st the inflow (0.25 < 5 <

¢.75),

= Upntentiah {E'S*I-EGJ
= T"E:mt.entiai: [2315!]‘}

and convective boundary conditions are applied at the outflow portion of the outer

boundary (0.0 < 1 < 0.25, 0.75 < < 1.0),

T 1 il FalT)
dv 1 v dwv
a T Unglingg ~ w5, =0, (2.3.16b)

at

An explicit third-order Runge—Kutta scheme is used to advance equation {2.3.16) in
time. '

Periodic boundary conditions are used at f = 0 and n = 1. Periodicity is
implemented by extending the comnputational demain in 7 and ereating additional
B-splines at one boundary that are equivalent to the B-splines at the other one,
a3 shown in Figure 2.3.2. The matrices in equation {2.3.8) are then modified to

account for penodicity.
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Meon-peticdic R-splines

| 2 3 Mk,
0 L
Pectodic B-splines
1 2 3 M+k-1 N+k
0 L

Figure 2.3.2: Composite graph of non-periodic and periodic B-splines fsee
Figure 2.1.1) of order 2 on domain 0 < 5 < L. In the case of the periodic B-aplines,
¢ B gy and g = gw

Consider boundary conditions at £ =0 and £ = 1. At these boundaries, squa-

tions {2.3.13) become

(0, 1) = Zajfj[m.ff;(ﬂ}g}(ﬂ} — e f{(0)gi (M T,

2.3.17
v{l,7) = Z of Ly F0)g5(m) — i £1(0) g5}/, ( )
w(l,n) = Zﬂij{mefi{ll.g;fn) — = f{(Dai(m)/ 7,
o 2.3.18)
w{l, ) = L o e (g5 (n) ~ m FH{Lgy () /. [

The only B-splines which have non-zero values at £ = 0 and € = 1 are f,(0) and
fr(1). The only non-zero first derivatives at £ = 0 and £ = 1 are Fieoy, f£o,
fir. (1) and f},,rf{l), With these simplifications, equations (2.3.17) and (2.3,18)
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hecorme

(0,7} — wqv{0,n) = Z ay ;A{0)gi{m),
i

(2.3.19)
(L, ) = squ(lyn) = 3 ol ;e (1)gi{),
J
yul0,n) — zev(C, ) = Z af :F1{0)g;(n)
J
+ Z AN
? (2.3.20)

yeu(lym) — zgo(Lon) = 3 aff, s F (DgiCn)
1

+ 3 af e (D)
i

Multiplying equation (2.3.19) by g(n) and equation (2.3.20} by gi(n) and integrat-
ing, we obtain a linear system of equations from which coefficients af I cr;: I {Yj:rf_hj
and H;"}E ; Can be determined. However, the coeflicients crtj and aj}fi 5 obtained from
equation (2.3,19) are not unique. Since the sumn of the B-spline derivatives is zero

{de Boor 1878},

Zﬂ;’(ﬂj = 0,

addition of constants €7 and O fo the coeflicients at ; and aﬁﬁ ; doce not change
the values of velocities at the boundaries. The physical interpretation is that Cy —
(1 represents the constant up to which the flux function, Fin) = fnl u{’“df, is
determined [u{ﬂ is the velocity in £-direction). This can be shown by considering

the stream function. The stream function, ¥, is defined by

0
u=vVx| 0],
i

and, therefore,

P(E,m) =Y ol f{E)gi(n). (2.3.21)

hi
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At the boundaries,
(0,7 =Y ot A(0)gs(7),
>

V(L) = 3 o, ifwe(Dgiln),
i
where f1(0) = fw, (1) = 1 according to the B-spline definitions. The Hux function,
F'{11), is related to the stream function at the boundaries by

F(n} = ¥(1,7) — (0,7} = E(ﬁ}a’.}f,j — o gi(n). (2.3.22)

3

Ditferent expansion cocificients, rx}t,f ;+ €2 and cxi': ; + €1, produce a different flux
function,

Fimy=9(Ln) - o, =% (o}, ; + O — (o] ; + C1)igi{n),

I

ar

Plg) = ¥(1,m) ~ 9(On) = Ca— C1 + 3 (o, — ot s, (28.29)
F

sines
> gin}=1.
I

Clearly, the two flnx functions, F{n) and F(n), differ from each other by the con-
staut, C3 — C'r. One of the constants, Cp or €y, can be chosen arbitrarily. This
corresponds to the freedom of choosing & constant up to which the stream function
is defined. Once one constant is chosen, the other one must be determined as part
of the solution. Of several possible spproaches, the one presently followed is to
set the other constant arbitrarily as well and to free the constraint thus mmposed
by mmtroducing an additiona] divergence-free function which is added to the set of
expansion and weight functions. Then, the velocity rﬂpreser.ltation beeomes

ult,n) = 3 aBlae OG0 - mfiOss /T ~ Bt F(O)),

i

v(€m) =) oy e ) — vl aiml T — BEuFIE) T,

nf

(2.3.94)
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where F{£) is an extra function, and 3 is its coefficient, which is determined as part
of the solution together with the rest of the coefficients, cr;-;. This function, F(£€),
is chosen to be zero at £ =0 and £ = 1 and to have non-zero value of ful F(E)Y dE.

2.4 Grid Embedding in Inhomogeneous Directions

Zone 1

¥ Jone 2 fone 3

Figure 2.4.1: A typical two-dimensional zonal grid and its decomposition
into Lhree zones. Note thai, in each zone, grid can be noneuniform but can not

have grid disconfinuilies

A typical two-dimensional zonal grid with twe inhomogeneous directions is
shown in Figure 2.4,1, The sct of two-dimensional basis funetions By(£,n) in equa-
tion (2.3.5}) on such a grid consists of two classes of functions so that each variable,

u, 1s represented as follows:

Neon BE Ns
ugm) =Y (Do ouC(Em) + 3 BiSile,m), (24.1)
iz=] 4 g

where G’:z{ﬁ, n) are functions confined to a zone {confined functions) and S;(£,7)
are functiona penetrating two or more zones {called spilling functiens), The number
of prid zones is Nyon, and ¥ and N, are the mimbers of confined and spilling fune-

Mo

tions, respectively. Ny +3 ;™ Né* defines the total number of degrees of freedom
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for a problem. For 4 casc of a single-zone grid, Mo, = 1 and N; = 0. Both confined
and spilling functions are pair-products of one-dimensional functions defined on the
appropriate one-dimensional meshes. Two-dimensional confined functions arc easily
constructed from the one-dimensional B-splines defined on: a grid of each zone. Al-
gorithms for selecting spilling functions on grids with both integer and non-integer
refinement ratios are developed by Shariff & Moser (1995). Some basic information
on the construction of two-dimensional confined and spliling B-spline functions ia
givenr in Appendix A. Since spilling functions have supports that reside in neigh-
horing sones, the actual change in resolution ceeurs over & grid intervals, where &
is the order of B-splinea. This smoothes the effect of sudden changes in mesh sizes
tnuch like in $the cuse of grid embedding in homogencous directions described ear-
lier. Unee the expansion functions are construeted, they are used in representations

{2.3.5) and in the weak formulations of the governing equations.
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Chapter 3.
Preliminary Tests: Results and Discussion

This section presents the results of preliminary numerical tests that have been
conducted to assess the performance of the B-spline technique. These testa include
the solution of the Orr-Sommerfeld equation to determine the convergence of the
method baserd on B-splines of various orders, propsgation of small disturbances
in a channel to test the numerical technique in a time-dependent problem, and
vortex dipole rebound from the wall to study the effect of zonal boundaries on flow
structures that cross themm. The performance of the method with grid embedding
in two inhomogeneous directions was tested in computations of two-dimensional

nonlincar convection-diffusion equation.

3.1 Solution of the Orr—Sommerifeld Stability Equation

Iz this test, we consider the mest unstable linear instability mode of plane
Poisenille flow with longitudinal wave number, & = t and Reynolds number, Re =
10,000, (Thomas 1953} and compare the performance of the B-spline method with
that of & spectral-Chebyshev based method (Orseag 1971a). B-splines are used as
expansion functions to approximate solutions of the Orr—Sommerfeld equation:

d*

s W, de
dy?

— 1520 ~ inRe(U,(y) — E}(d_yz

— &% i Rel ) (yhv = D {3.1.1)

where Re is the Reynolds number, U, {y)} = 1—y? is the laminar velocity profile and

w is the temporal frequency. The boundary conditions are

du
rvey - - . t = ]..
viy) =0, dy'[y} 0 at y=+%

Using the method of weighted residuals with B-splines as expansion and test func-

tions, we obtain a matrix form of equation {3.1.1} .

AV = wBY (3.1.2)
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where ¥ is the vector of coefficients in the expansion of v in terms of B-splines.
The generalized eigenvalue problem (3.1,2) is solved with a canned routine baged
on the Q2 algorithm (Moler & Stewart 1973) to find the cigenvalue with the targest

imaginary part. Double precision was used in the computations,
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Figure 3.1.1: Errers in cigenvahies obtatned with method hased on: .
B-splines of 2ud-order; ------ | B-splines of drd-order; oo, Busplines of dih-
order; —-—, Chebyshey polynomials.

Figure 3.1.1 shows the relative errors in the computations of the most unstable
eigenvaluc by the numerical schemes based on B-splines of various orders and a spec-
tral method. The etrors are estimated as & = |wy; — w§|, where w{ is the imaginary
part of the most aceurately found eigenvalue, w? = 023752648882+ 0.00373067062;,
As oxpected, the higher the order of the B-sphnes, the fastor the rate of convet-
gence of the method. The method based on fourth-order B-gplines produces results
which are very closc in accuracy to the results obtained with the spectral-Chebyshev
method. In fact, by increasing the order of B-splines we are able to mateh the per-
formance of the Chebyshev method. However, as it was mentioned above, the
advantage of the B-splines is that, unlike the Chebyshev polynomials, they provide
flexibility of choosing any type of grid stretching and are spatially compact.
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3.2 Propagation of Small Disturbances in a Channel

To exammine the accursey and robustpess of the numerical method, we study
the evolution of smsll amplitude disturhances in channel flow, When the amplitude
of disturbances imposed on the laminar parabolic profils is smsll, the solution of
equations {(2.1) and (2.2} is known from the linear theory. The particular problem
chosen for this test is the same as that described in Malik et of. (1985} and Canuto
et al. {1988) with one nnstable mode {8 = 1, w = 0.24989154 + ¢0,00223498) at
Re, == 7500, where Re. i3 the Reynolds pumber based on the centerline velocity and
channel halfwidth, Re, = U é/v.

The flow field is 1mtialized as follows:

u(z, iy, i} =1 - yz + i’

v(2, 9, ) = v’
where the disturbanices u' and +' are teken fo be the eigensoluiions of the On—
Sommerfeld equation and & = 107%. The aystems (2.1.13} and (2.1.14)} are advanced
i time from ¢ = 0 to { = 27, where T4 15 the time required for the perturbation
wave to propagate though the computational domain of size Ly = 2r/k. The
phase velocity of the disturbance wave iz wg/x = 024988154, and, therefore, Ty =

Lyrfwgr ~ 25, The mumerical value of perturbation encrgy defined as

Lz pd
E(t) = f ] (u" + v )dzdy
o ~é&

1s computed and compared to the exact solution. In the exact solution, the perturba-
tion energy grows exponentisly in time, E(1)/E{0) = 2%, where wy = 0.00223408.

Figures 3.2.1 and 3.2.2 show the evolution of perturbation energ;j* i the channel
for three different grids. B-splines of different order are considered. The results
obtained with quadratic B-splines for v-velacity are shown in Figure 3.2.1 and with
cubie B-splines in Figure 3.2.2, respectively, The B-splines for u-velocity are always
one order lower. In both cases, $he results are very inaceurate for the small number
of mesh points, Ny = 18. However, the results for My = 32 are substantially better.

In fact, eubic B-splines on the mesh with N, = 64 produce an energy evolution
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W{EEL)

.40

0.05 1

Figure 3.2.1: Perturbation energy growth for channel low (Re, = TE00).
Fourier spectral method in 2 and B-spline method in g zre nsed. B-splines of
order 2 are nsed for wovelacity and of order 1 [or w-velociting, Time., t, is non-
dimensionalised with the centerline velocity, 7. = 1, and channel halfwidih,
§=1,

rHEAE)

10 3

0.0

Figure 3.2.2: Perturbation energy growth for channel fow {Re. = THOD).
Fourier specital medbod in 2 and Bespline method in ¥ are uaed. B-splines of
arder 3 are wsed for v-velocity and of order 2 for w-velocity.
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curve which ia virtually identical to the exact curve, There is clear convergence of

the profiles with both grid refinement and lncrease in the order of B-splines.

3.3 Vartex Dipole Rebound from a Wall

To gain inzsight into how sudden changes in the grid spacing conld affect the
dynaniics of eddies in turbulent flows, we performed numerical aimnlations of a
two-dimensional vortex dipole impinging on a flat wall {Orlandi 1980}, Iu this test
problem, a vortex dipole is infrodueced in the middle of a channel. As the dipole
approaches the lower wall, it ereates a region of strong vorticity at the wall. Later
in time, this vorticity layer detaches from the wall to form a secondary vortex pair.
The strength of the vorticity decreases confinuonsly due to viscous dissipation.

The Reynolds number of the inikial vortex pair is chosen to be Re = I'fw = 1800,
where I' s the circalation of each vortex, and » 1s the lanematic viscosity. The size
of the computational domain was #d and 24 1n the parallel and norinal to the wall
directions, respectively, where ¢ iz the channel half-width. The computations were
carried out on three different grids shown in Figure 3.3.1. A single-zone fine prid had
G4 » 64 mesh points. Zonal grids had the near-wall zone with the same resolution
as the single-zone fine grid and a coarser zone in the middle of the channel, In case
1, the ratio of the fine grid spacing to the coarse grid spacing was AzgfAz, = 0.5
In case 2, this ratio was Az f&z, = 0.75.

Figure 3.3.1 shows the vorticity ficld in the channel at five consecutive times
obtainad from simulations on the three grids. It is clear that thers i3 no significant
distortion in the shape and the strength of the vortex dipole due to the presence of
the zonal boundary. The differences between the two-zone and single-zone results
with the same prid devsity nesr the wall are minimal. There are some noticcable
differences between the single grid and case 1 zonal grid calculations at the lowest
contour level. These differences are small and they can be reduced by chonsing a
less severe grid refinement ratio (as in case 2) or by adding an extra zone to provide

& smoother grid transition.
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Zonal beundary

Wall ¥all

vl

Figure 3.3.1: Tine sequences of the cvolutios of a vortex clipole
trom {7/ = 2 lo 26 with increments of 6. Contour tevels of the vor-
bicity wed* /| range from —10 to M} by increments of §.33, and pegative
confours are dashed. a} Zonal geid with coarse to fine grid size ratio 2
b} Zonal grid with coarse ta five grid size raftio 4/3; ¢} sinple-sone grid,
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Case ot of zones Grid spacing (min.; max.)  Total number of functions Max. Error
1 1 0.0048 44, 521 -
2 1 0.0167 3,721 3.67 = 1073
b 8 {00167, 0.06ET) 1,185 3.67 « 10—2
4 1 0.0294 1,225 5.72 % 1073
5 a {0.01; 9.04) 3,271 (.62 x 16°%

Table 3.53.1: Summary of numerical parameters for 2D nonlinear convection-
diffusion eguation.

The strength and the size of these vortices are larger than those of typical eddies
in high Reynolds number turbulent flows, but the fact that the zonal boundary

doesni’t have a destructive effect on the results is vef:»,r promising,

3.4 Two-Dimensional Nonlinear Convection-Diffusion Equation

The test problem chosen to assess the performance of the numerical techmque
with embedding in two inhomogeneous directions is the two-dimensional nonlinear
convection-diffusion equation. This is a relatively simple problem that can provide
insight into various aspects of the B-spline methodology on zonal grids,

The equations considered in this test are:

ou  Ou O (O O (3.4.1a)
5t+uﬂz+vﬁy_v ﬂzz—i_@yz " =
Ju v v &2 &

ot rE T T (5"* ““ayz) ” (34.18)

where the diffusion coefficient » is chosen to be 0.03. Note that, for this test,
the numerical approximations to the varisbles ¢ and v in eguation {3.4.1) are

represented in ferms of simple B-spline functions that are not divergence-free:
e,y) = 3 ol filehgs(w), (3.4.24)
i

Bay) = 3 oy filz)gi(w) (3.4.25)
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The boundary conditions are;

w(y) = {0y} =1 —y, (3.4.3a)
u(lLyt=v{l,y) =1y, {3.4.3b)
w(e,0) = vz, 0) = 1, (3.4.3¢)
wir, 1) = vz, 1) = 0. (3.4.3d)

equations (3.4.1) were solved in the domain 0 < 2 < 1, 0 < y < 1. All simulations

were performed with the following initial conditions:

wr, y) = vz, y) =1 —y.

The choice for an initial condition is not important because the sohition is advanced
in tine fo a steady state, where the results of different cases are compared, The
test problem was solved on several multi-vone and single-zone grids, A summary
of cases considered is shown in Table 3.3.1. A constant time step At = 0.01 was
used in all cases except in the base case 1, where At = 0,005 was used. In all cases,
maximum CFL number was always less than +/3, which is required for the stability
of the third-order Runge-Kutta scheme.

The single-zonc fine grid solution (case 1) was chosen as a bhase case against
which the solutions for all other cases were compared. Errors for each solution were
determined by computing an absolute value of the difference between the solution
for this case and the base case solution, Iniially, a single-zone smmulation was
performed (case 2) to locate regions of large errors, Based on this mformation, a
zonal embedded grid was constructed in such a way that it had the seme grid density
in the region of the largest crror as in case 2 but coarser elsewhere. Even though
the errors in the fine zone were the same as 1o the same region of case 2, the errors
in the coarse region were larger. These errors were especially large in the lower
left corner of the domain. Due to the convective nature of the problem, the errors
propagatod towards the upper right corner of the domain. Refining a small region

in the lower left corner {casc 3), we were able to reduce these errors. Overall, the
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maximum errors of the solutions in cases 2 and 3 were approximately the same but
the solution in the latter case was obtained with the number of degrees of freedom
almost three times smaller than in the former case. A single-wone solution {case
4} with the same number of degrees of freedom as in case 3 had errors that were
almost two times larger than those of the sonal @rid solution, FinaH;,r, casc § had
approximately the saine number of degrees of freedom as case 2 but a finer erid
in the region of the strong solution gradient (Figure 3.4.1). The maximum crror
of the solution in this case was approximately six times smaller than that of the
single-zone case 2. This was achieved primarily due to refining the important high
gradient region at @ = 1. The rest of the domain had a relatively coarse grid as
shown in Figure 3.4.1. As a resulf, a more accurate solution was obtuined without
an increase in the computational cost, It is also important to note that there is no
error accumulation near the region of sudden grid changes, There are some exror
contours obscrved near the upper right corner but they arc mostly sssociated with

the truncation crrors in the solution and not with the zonal boundaries.
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Chapter 4.
Channel Flow Simulations: Results and Discussion

"This chapter presents the results of direct and large eddy simulations of a fully
developed turbulent channel flow. Direct numerical simulations were performed at

a low Reynolds number, Re, = U;'s ~ 3,300 and comnpared to published numerical

results. A series of large eddy simulations were also carricd out at high Reynolds
numbers, Re, ~ 2,182 x 10* and Re, ~ 1.1 x 10° and compared to experimental
data. Comparisons between multi-zone and single-zone simulations were performed

to demenstrate the supcriority of the zonsl grid approach.

4.1 Grid Resolution Requirements for Channel Flow Computations

Estimates for the sizc of turbulent structures arve available (Kline ef ol 1967,
Smith & Metzler 1983, Blackwelder & Eckelmann 1979, Kim, Moin & Moser 1987)
and should be considercd in the design of the grid and computational domain for
numerical simulation of a turbulent channel fiow. The two approaches to turbu-
lence simulations of interest here, DNS and LES, are based on resclution of different
levels of detail in turbulent Bows. Dirvect numerical simulations require all essen-
tial turbulence scales to be resolved by the computational mesh. In large eddy
simulations, only energy containing scales of the flow are resolved and small scales
are modeled. However, in both sirnulation approaches, length scales that need to
be resolved are different in different parts of the chennel. The structures in the
near-wall region scale with wall variables, Le. the wall-shear velocity, wuy, and the
kinematic viscosity, ¢. Thus, the average strearnwise and spanwise scales of near-
wall structures in a turbulent channel flow arc of the order 500/, and 100 /u,,
respectively {Iim «4 al. 1987). Experience with large eddy simulations of chan-
nel How indicates that adequate resolution of these stractures requires minimum
grid spacings in the near-wall region: Azt ~ 120 snd Azt ~ 25 where + in-

dicates non-dimensionalization by wall variables. For example, for simulations of
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a turbulent channel flow st Re, = .8/ = 4000 on the computational domain
Lg% Ly x Ly = 28 % 26 x 76/2, this translates into Nz = 192 in the stremnwise,
and N, = 250 in the spanwise directions. In the region close to the middle of the
channel, the characteristic length scale is the thickness of the koundary layer, or the
channel half-width, and the average resalution is about Az = Az = § /16 (Chapman
1979}, which requires N, = 64 and N, = 16 points. Such grid roquirements can be
most efficiently satisfied with zonal grids. However, a smooth mesh size transition
from the near-wall region to the outer layor is desirable and can be achieved with

several intermediate zones,

4.2 DNS of Turbulent Channel Flow

The first application of the B-spline methodology on zonal grids to turbulence
simulations is a direct munerical simulation of fully developed turbulent chanmel
flow at Reynolds number, Re, = [7.§ fv = 3300. This flow was studied several Veurs
ago by Kim et af. (1987}, and this work has since served as a benchmark to which
numerical algorithms may be compared. Qur simulations were carricd out on two
grids: a single-zone coarse grid (64 x 96 x 64) snd a three-zone grid with two zones
near both walls refined in the streamwise and spanwise directions. Bach of these
zones had 96 x 32 x 98 grid poinfs in the streamwise, wall-normal and spanwise
directions, respectively. The middie coarse zone had 64 x 32 x 32 points. In both
cases, the grid was stretched in the wall-normal direction with a hyperbolic tangent
stretching function. In the case of the zonal grid, the number of grid points in
the spanwise direction in the middle zone was smaller than that of the singie-zone
coarse grid. As shown later, this grid still provides an adequate resolution and at
the same time reduces the CPU time and memory requirements.

The flow ficld was initialized as follows:
w(z y,2,t) =1 — ¢ + gu',

(4.2.1)
vz, y,2,t) = gv,
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where ' and v are random numbers scaled to vary between -1 and 1 and ¢ = 0.1,
and w' is chosen such that the flow field is divergence-free. Equations (2.1.1) and
(2.1.2) were integrated in time until the fiow fleld reached statistically steady state.
Compnutations typically required 6 non-dimensional time units {fu,/d} to reach a
stafistical equilibrinm and about 8 additional time units to accumulate statistics.

All simulations were porformed at & constant mass flow rate.

20 U —e , 1
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Figure 4.2.1: Mcan velacity profile of fully developed turbulent channel flow
at Re, = %300 —=— DNS on 3-zone grid; , DNS of Kim et af {1987},
~——— , DNS an single-sone grid.

The present results are compared to the fine grid direct numerical simulations of
Kim et al. {1987) which were performed with a spectral method using 192 x129160
mades on the computational domain of 478 and 274 in the streamwise and spanwise
directions, respectively. Examining the data of Kim et af, {1987} we designed our
own computational domain with a smaller spanwise size {%mi vs, 24 in Kim et
al. (1987) ) and slightly different near-wall grid resolution. It was confirmed, a
pasteriori, from two-point correlations and cpergy spectra that the computational

paramecters chosen for our study were appropriate for simulations of this flow,
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Figure 4.2.2: RMS velocity fluctuations normalized by the wall shear velociiy
shown on two grids. Zonal grid DNS: —e—, ut _—a— vk —a—, wt | DN§
of Kim ef al (198%): s Ut T, Ui —mm= | wi.. Vertical Knes,
--------- . show the lncations of Lhe zonal boundaries,

The mean velocity profile non-dimensionsalized by the wall shear velocity is
shown in Figure 4.2.1. The dashed line shows the results of computations on a
single-zone coarse grid. The velocity profile in this case is below the fine-grid DNS of
Kim et al. {1987} and the log-law indicating that therc ig inadequate grid resolution
in the near-wall region, By switching to a zonal grid with an itcreased number of
grid peints in the streamwise and spanwise dircetions near the walls, we obtain

results that are in good agreoment with the DNS of Kim ef of. {1987}.

Figure 4.2.2 shows the turbulence intensities normalized by the wall shear ve-
locity obtained by zonal grid simulations. The agreement with the fine grid DNS
{Kim et al. 1987) is very good. There is a smooth transition hetween the fine grid
zome and the coarse grid zone indicating that there is no noticeable impaet of the

gonal boundaries on both the mean velocity profile and the turbulence infensities,
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Figure 4.2.3: Rewnolds shear stress normalized by the wall shear velocity
shown on bwo grids. Zonal grid DNS: o, —w'v’; , tota) shear stress —u'v’ +
{1/ Re)daj Py, DNS of Kim et af. (1987) ———-— , —w'¢. Vertical lines, - .
shows the locations of the zonal boundaries,

The Reynolds shear stress normalized by the wall shear velocity is shown in
Figure 4.2.3. The straight line profile of the total shear stress indicates that the
flow has reached an equilibrium state. The results of the zonal grid simulations
are shown together with the Reynolds shear stress obtained by Kim ef al. (1987).
Once again, the agreement between these two simulations is good, and there is no

disruption of the profile at the zonal boundaries,

Figures 4.2.4 and 4.2.0 show one-dimensionsl streamwise and spanwise energy
spectra in the near-wall region and in the middle of the channel. Here, &, and
k. are the wave numbers in the streamwise and spanwise directions, respectively.
These spectra are in excellent a,greément with those of Kim et el. {1987), which
were obtained in simulations on the grid 128 x 129 x 128 and with the same domain
size as in our comnputations. There iz reasonable decay in the energy density and no

energy pile-up at the high wave pumbers. The grid resolutions in all grid zones are
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LLELIL| R

Figure 4.2.4: Onedimensional energy specira at y+ =~ 5.4 , trlli-
mona grid; -=---- , single-gone grid; o, DNS of Kim et af. {1987, a} streamwise;

b} spanwise.

adequate. Although, the spanwise and streamwise grid spacings in the middle zone
are relatively coarse, there is no apparent adverse effect on the encrgy spectra in the
neur-wadl region, The near-wall one-dimensional encrgy spectra for the single-zone
cotitse simulations are shown with dashed lines in Figure 4.2.4. In this simulation,
the grid in the near-wall region is known to be too coarse. As a result, there is
insufficient decay of energy at the high wave numbers in both the streamwise and
spanwise spectra.

Comparing the computational requircmonts for the method bascd on second-
order B-splines and the Chebyshev method used by Kim et af. {1987) we found that
single-zone simulations with the B-spline method require asbout the same amount of
CP1 time per time step as the method of Kimn et af, {1987) with the same number of
grid peints and on the same computer platform (Cray (80). Increase in the order of
the B-splines does not cause a significant increase in the overall CPU time per time

step. The advantage of the B-spline scheme is the ability to use zonal embeddad
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Figure 4.2.5: Onedimensional energy spectra at y* = 128. Zonal grid DNS:
— B = By - | Fue. DNS of Kirm et aof, (1987 o, Buu; 0, Eowi
&, Fyy. a) streamwise; b} spanwise,

srids and arbitrary stretching in the wall-normal direction. For example, using zonal
grids for simulations of turbulent channel flow at Reynolds number, Re. = 3300,
provides an additional 30% reduction in CPU time and memory requirements over
single grid simulations of the same flow with the saine near-wall resolution. These

savings become more significant in simulations of high Reynolds number flows.

4.3 LES of Turbulent Channel Flow

With the present computational capahilities, direct mumerical simulations of
turbutent flows at Reynolds numbers of engineering interest are virtually impos-
sible, Alternatively, one can perform large eddy simulations (LES), Le. compute
dynamically important large scale components of the flow and medcl the small
scales {c.g., Moin & Kim 1982, Germano et al. 1991, Piomelli 1993, Moin & Jimenez
1693}. However, as it has been already pointed out, the near-wall structures 1n wall-

honnded turbulent flows are important large eddies that can not be accounted for
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with conventional subgrid-scals models, Efficient resolntion of these structiures and,
therefore, economical computations can be achieved with the zomal grid method-
ology developed here, Near-wall structures can be fully resolved with a fine grid,
and a coarse grid can be used away from the walls where the small scales are rel-
atively isotropic. In the prosent study, we used the dynamic subgrid-scale modod
of Getmnano ef ¢l, (1991) with the modifieation of Lilly (1992) to account for tur-
bulence scales tot resolved by the computational mesh. Grid and test filtering are
performead with a Fourier cutoff in the homogeneous divections. In the wall-normmal
dircetion, no test filtering is performed. In each homongeneous direction, the ratio

of the test filter width to grid filter width was 2,

Case Neonca Near-wall grid Centerline gricd Py i & Domain size

{Np = M) (Ve x M) fle ® Ly = L3}
i 1 32w 24 d2wH 40, 153 3 Imd 28 T
! a 48 w 4% 33 w24 113, 654 2 2rd 2 25 T4
3 1 48 x 48 48 = 4% 147, 456 2 dwd w2 %-5
4 1 45 » 48 48 = 48 147, 450G 4 rd x 24w £
3 1 4 w Gd B4 = 64 262, 144 P 2ud w25 x E-E
i 5 fid x 96 31 x 24 247, BBS p: Zrd 28 % T8
7 5 64 x 06 32 % 242,688 3 drd x 28 % T4
B 1 96 x D5 a6 =98 21, G0 2 Trd w28 w w5
4 £ W x 193 4K » 32 997, 176 2 2ad 26 = b

Table 4.83.1: Grid paramcters in channe! Sow compatalions at Ren, = Wab

3.928 » 107, ‘The abbreviations in the table are: N, i the numher of BOnES;
Megear Is the total number of grid points; & js the order of B-sphines: § iz the
channel half-widih.

A seriea of large eddy simulations of a fully developed turbulent channel flow
at e, = E—Upf_ﬂﬁ = 3.928 x 104, where I/, is the bulk velocity {defined by 07, =
2—15 ffﬁ U{y)dy), was performed. A summary of grids for the cases considered is
presenbed in Table 4.3.1. Simulations of ease 1 are performed on & single-zone prid
with coarse resolution both in the near-wall region and in the middle of the channel.
Case 2 has the same grid resolution in the middle of the channel as in case 1, but if

has a finer near-wall grid, The zonal boundary in case 2 is at y ~ 200, This case is
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also compared to the single-zone cases § and 4, which have the same near-wall grid
as case 2. Cases 3 and 4 differ from each other in the order of B-aplines used in the
wall-normal direction. Fine mesh cases 5 and 6 have approximately the same {otal
number of grid points (slightly smaller in the multi-zone casc) but different near-
wall and centeriine mesh. In case 6, the mesh is refined in the spanwise direction
near the walls and coarsened in both streamwise and spanwise directions in the
middle of the channel. Case 7 is performed on the same grid as that in case § but
with a higher order of B-splines. Comparisen of the results of cases 3 and 4 and
cases B and T allows us to study the effect of numerical accuracy in the wal-normal
direction for single-zone and multi-zone computations, Zonal boundaries for cases
B and 7 are located ut y* ~ 90 and 280, The grids for cases 8 and 9 were designed
after cxamining the results of all the previous cases. These two cases are performed
on a larger spanwise domain and a finer prid in the streamwise direction. Single-
zone case & and multi-zone case 9 have approximately the same total number of
orid points but different resolutions in the near-wall and centerline regions. Note
that the mesh in case 9 is the fincst in the near-wall region and the coarsest in
the nuddle of the channel of all the cases considered. Zonal boundaries in case 9
arc located at ¥y ~ 15, 45, 150 and 650. In the wall-normal direction, the same
G4-peint grid was used in cases 1-7 (with resolution as follows: 0.8 < Ay < 100}.
The last two cases had a finer grid of 100 points in the wall-normal direction with
resolution 0.8 < Ayt < 55. .

The flow was initialized as in the case of DNS {see equation (4.2.1) ). In the last
two cases (B and 8), the computations were first carried out on a single-zone coarse
grid until a turbulent mean velocity profile was obtained. Then, the computations
were continned on fine grids to statistically steady states. Typical computations
required 4 non-dimensional time units {tu,/4) to reach a statistically steady state
and approximately 8 additional time units to accunmilate statistics, The computa-
tions were performed with variable time steps and CFL number of V'3 required for
the stability of the third-order Runge-Kutia method. The average time steps for
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Case ‘&m;ur—wﬁl &.‘:]‘L”_m]! Hep = L'l,—"i Aer = %&d AR
i 300 85 2210 x fQ ne2 163
¥ 14 32 2,238 = 101 YT 3.08
a 130 32 2.250 « [0 979 1.06
1 tan a2 2.239 » 10" L .00
5 160 45 2.233 » 10 an3 2,41
& L 16 2,237 « 10t s 2,64
T 106 1% 2,247 « 10% LT 287
B &5 az 2,184 « 104 ORE 2,04
n I 16 2,144 = 10% 2 2,80

Table 4.5.2: Mean flow parameters in chanwel low computations at Reg, =
Wad _ 3928 x 104

the cases considered were: 1.5 x 107 for case 1; 9.0 x 107% for cases 2, 3 and 4;
7.8 x 107 for case 5; 6.0 % 1071 for cases 6 and 7; 5 % 1077 for case 8; 3.8 x 10~ for
case 9. All simulations were performed with a fixed mass How rate. Therefore, the
wall shear veloelty was not preseribed and differed from simnlation to simulation.
In comnputations with scecond-order B-splines, the flow variables wore evaluated at
the mid-pomts of grid intervals because, in these cases, the streamwise and span-
wise velocities are approximated with the first-order B-splines and, therefore, their
derivatives are not defined at the prid points. All computations were performed on
a Cray-C90 at NASA Ames Research Center. The computer code ran at a sustained
rate of approximately 450 megafiops and had an efficiency rating of approximately
1 x 109 CPU sec per time step per grid point.

The mean velocity profile and turbulence intensities from the finest grid com-
putations of case 9 are shown in Figures 4£.3.1 and 4.3.2, respectively. We compare
the results of the simulations to the hot-wire measurements by Hussain & Reynolds
{1970} and the LDV experiment by Wei & Willmarth (1989) at Re, = 23,191 and
fle, = 22,776, rospectively, which are approximately the same Reynolds numbers
as in the snnulations. The experimeontal data are shown with symbols in the fig-
ures. Overall, good agreement is obtained i all quantitics compared. Even though

the grid sizes in the near-wall region and in the middle of the channel differ by a
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factor of 6, there is no impact of this seemingly scvere mesh size variation on the
profile of the mean velocity. The profiles of turbulence intensities show small step
changes across the zonal boundaries which is expected in large eddy simulations on
ronal grids: the fractions of resclved Reynolds stresses are expected to be smaller
on coarser grids. Due to adeguate resolution of the important near-wall structures,
the simulations are able fo predict correctly the peak of the streamwise velocity

Buctustions,

25

201

16 1

107

v 10t 102 102

y*

Figure 4.3.1: Mean velocity profile of fully developed turbulent chanuel low
a4 Re, = 21,820, —— , LES op zonal emghedded grid; ~=~- |, at = yt; -oeeee
at = 2ddlnyt +56.1; o, Experiment at Re, = 23, 191 {Hussain & Reynolds 1970);
& , BExperiment at Re, = 13,841 (Hussain & Reynolds 1970}; » , Experimenl at
Re. = 22,776 {Wei & Willinarth 1989); oo , sonal boundarics

The peak value of the streamwise velocity fluctuations is a good indicator for
the accuracy of the near-wall representation of the flow. Table 4.3.2 summarizes the
peaks of the streamwise velocity fluctuations for the computed cases and the corre-
sponding near-wall and centerline grid resolutions. It appears that the resolution in
the middle of the channel has no influence on the value of the maximum wul,,. Cases

2 and 3 have the same peak value even though case 2 has larger grid size near the
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Figure 4.3.2: RMS velocity fiuctuations and Reynolds shear stress normalized
by the wall shear velocity, LES of fully developed turbulent channel flow at
He, = 31, 8%k P sk ——— wh o — Wt b, Exper
U 3t Tiee = 23, 191 {Hussain & Reynolds 1970); » , Exper. ut . at e, = 22,778

(Wei & Willmarth 1989); « | Bxper. v, (Wei & Willmarth 1989); n, Exper. w'o
{Wei & Willmarth 1989). Zonal houndaries are shown with .- .

centerline. The order of the B-splines in the wall-normal direction (i.e. the accuTacy
of the method in this direction} also shows a minimal influence on the peak ut,
as demonstrated by cases 3 and 4 and cases 6 and 7. As expected, the near-wall
resolution is the most important factor in determining the right vahie of the peak
u} . The peak of the streamwise velocity finctuations decreases consistently with
near-wall mesh refinemnent,

Figure 4.3.3 shows the mean velocity profiles in the wall coordinates for cases 1,
7 and 9. The symbols represent the experimental data of Wei & Willmarth {1989).
The dashed line shows the velocity profile obtained on a single-zone coarse grid,
32 x 64 X 24. The mean velocity profile of this simulation falls above the log law
and the experimental data due to the insufficient resolution in the near-wall region,
and incorrect prediction of the wall shear, On the other hand, the zonsl embedded

grid simulation is in pood agreement with the cxperimental messurements, The

B4




Channel Flow Simulafions: Resulls and Dhscussion

results were unproved by just refining the near-wall region. (nee again, a smooth
transition from the coarse grid region to the fine zone is observed in the mean
velocity profile which does not show any sudden variaiions at the zonal boundaries.
A close examination of the mean velocity from case 7 shows a larger wake and a
slight distortion of the profile as cornpared to the resnlt of case 9. This is cansed
by the marginal size of the spanwise domain in case 7 which is consistent with the
simulations of Jimenez & Moin {1991) who observed very large wakes in the mean

velocity profiles in their minimal channel computations.

25
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Figure 4.3.3: Mean velovity profile of fully developed turbulent channel flow:

. LES on zonal embedded grid, case 7;------ | LES on single-rone coarse grid,
vase }; ———— , LES on zonal embedded grid, case 9; o | Experiment, Re, = 22, 774
(Wei & Willmarlk 1088); , 2onal beundaries for case 7.

The resolved turbulence intensities and the Reynolds shear stress normalized by
the wall shear velocity from cases 1 and T are shown in Figure 4.3.4. The maximum
of the root-mnean-square streamwise velocity Huctuations obtained with the single-
zone coarse LES is much higher than that obiained in the experiments. This is &
typical symptom of a coarse LES computation. The refinement of the grid in the

" near-wall region alleviates this problem. As the mesh in the near-wall zone is refined
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Figure 4.3.4: Root-mean-square velocity fluciuations and Reynolds shear
gtress worinalized by the wall shear velocity, LES of fully developed turbulent

channel flow: case T on sonal ernbedded grid; ------ | vase 1 on single-zone

CORTEE ETi; e » 2onal boundaries; o, Experiment, Re, = 23, 191 (Huseain &
Reynolds 1970); « , Experiment, Re. = 22,776 {Wel & Willmarth 198%).

in the streamwise and spanwise directions the maximum of the RMS of streamwisc
velocity approaches the experimental data. The overall agreement of the computed

turbulence intensities with the experimental results is good.

Large eddy simnlations on & single-zone grid of case 5 and multi-zona! compu-
tations of case 6 Lave approximatcly the same total number of mesh points. It is,
thercfore, very instructive to compare these two cases. .AIthnugh, mineor differences
between these two simulations were ohserved in the mean velocity profile, zonal grid
simulations exhibited a much hetter representation of the turbulent structures and
turbulence intensities in the near-wali region, For example, Figure 4.3.5 and Fig-
ure 4.3.8 show spanwise two-point correlations 12, and R, for the multi-zone and
single-zone simulations. The zero crossing and a prononnced negative mininmm in
the profile of Ryu clearly supports the existence of low- and high-speed streaks in

the case of zonal grid simulations. These structures ate known to be dominant in
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turbulent boundary layers (Kline et af. 1967, Smith & Metzler 1983). The profile
of Ry, from the single-zone computation crosses the z-axis only slightly and shows
non-physical oscillations due to marginal resolution. Thus, in the case of the single
grid simulation, the streaks are not resolved. The negative minimum of By in Fig-
ure 4.3.6 indicates the presence of streamwise vortical structures in the wall region.
However, in the case of single-zone grid, the profile of Ry exhibits non-physical

oscillations, Clearly, the near-wall spanwise resolution is inadequate in this case.

Averaged subgrid-scale shear stresses for multi-zone and single-zone are shown
in Figure 4.3.7. As expected, the results from the coarse grid calculations have
a larger fraction of turbulent stresses in the subgrid-scale motions than the finer
grid computations. Most significantly, the subgrid-scale shear stresses in each zone
follow the profiles of the single-zone sumilations with the same resolution as i the
corresponding zone. This correct bebavior of the turbulent stresses is attributed to

the robustness and consisteney of the dynamic subgrid-scale model.

It is also instructive to compere simulations with and without subgrid-scale
model. Figure 4.3.8 shows the mean velocity profile in case § and in stmulations
on the same grid but without a subgrid-scale model. As expected, simulations
without & model differ significantly from the experimental measuremenis and the

simulations with the dynamic SGS model.

Finally, large eddy siinulations of & turbulent channel flow at high Reynolds
mimber, Re, ~ 110, 000 were attempted. Simulations were performed on a nine-zone
mesh with fine grid spacings near both wells {Az? ~ 130 and Az* ~ 20) and coarse
grids in the middle of the channel. The total number of grid points was 2, 408, 448,
The zonal boundaries were located at g+ ~ 100, 500, 900 and 2100. The mean
velacity profile and the root-mean-square velocity fluctuations from this sirmulation
are shown in Figure 4.3.9 and Figure 4.3.10, respectively. The overall agreement
hetween the numerical simulations and the hot-wire measnrements of Comie-Bellot
(1983) is good. However, a relatively high value of the peak streamwise RMS

velocity fluctuations indicates that the near-wall resolution is still too coarse. The
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Figure 4.3.5: Time-averaged spanwise two-poinl correlations R, (2} at yt ~
16: ==-=== | muiti-zone grid (cese 6];
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Figure 4.3.6! Time-averaged spanwise two-poinl correlations Byy (2} at gt ~
15 ------ . rmtti-zome grid {case 6); ———— | single-zone grid (case 5} with the
satne bolal nomber of points.
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Figure 4.3.7: Snbgrid-scale shear stress in LES of turbulent chanoel flow at
Hew = 3.928 3 10 on various grids. Vertical limes, -+, show zonal boundaries.
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Figure 4.3.8: Mcan velocity profile of fully developed turbulent channel How:
, simmiations with dynamic 5G5 moded; ------ , aimulations without S{G5
madel; 0, experiment at Reo; = 23, 191 {Hussain & Reynolds 1370, & |, experiment
at Re, = 13, 841 (Hussain & Reynolds 1970); e, experiment at Re, = 22, 776 {Wei
e Willmarth 198%). Vertical lnes, oo . show zonal bonndaries.
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Figure 4.3.9: Mean velocity profile of fully developed turbulent chanoel tow
gl R, = 109,41 —— | LES on Lthe 9-20ne embedded grid; o, experiment of
Comie-Bellot (1963} at Re, = 120, 000; - ~-— | gonal boundaries

prediction of the RMS stresses in the middle of the channel is good. Zonal grids
provided an efficient mesh distribution and substantial CPU time savings in the
computation of this low. A single-zone simulation with the same near-wall grid
resolution would require almost nine million points and would be more expensive
by at least a factor of 3. A single-zone simulation with the same number of grid
points would have insufficient near-wall resolution (Azt = 260, Azt = 50} and

wiontld be inaceurate.
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Figure 4.3.10: Root-mean-square velocity fluctuations in a [ully developed

turbulent channel Oow at Re, — 109,410 . b oin LES; ----e- , B in
LES; o, Exper. wf _ at Re, — 120,000; o, Exper. v}, at Re, = 120,000, < ,
Exper. uf,, at Re, = 57,000; = , Exper. o} at fe, = 57,000; -~~~ , zonal

boundaries. Experimental values are from Comie-Bellot (1963).
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_ Figure 4.3.11: Same as Figure 4.3.10 but in wall coordinates in the near-wall
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Chapter 5.
Cylinder Flow Simulations: Results and Discussion

This chapter deseribes the results of simuelations of flow over a circular cylinder
at Reynolds mumbers ranging from Rep = 20 to Bep = 3,900, These calculations
were carried out in order to test the B-spline based numerical method on wonal grids

in o generalized coordinate system.

5.1 Laminar Flow over a Cylinder

Simulations of a laminar flow over a circular cylinder at two steady (Rep = 20
and 40) and two unsteady {Rep = 80 and 100} Reynolds numbers were performed.
The Reynolds munber is based on the free-stresm velocity and the cylinder dismeter,
In each case, the simulstions were initialized with potential flow and advanced in
time until a stationary flow pattern was developed. At Reynolds numbers 20 and 40,
two attached vortices sre formed behind the eylinder. The wake behind the cylinder
at Reynolds numbers Rep = 80 and 100 consists of negative and positive voriices
shed alternately from the upper and the lower parts of the rear cylinder surface, An
example of such & wake is given 1n Figure 5.1.1 where the vorticity contours in the
sitnulations at Rep = 100 are shown. In our first simulations at unsteady Reynolds
numbers, the onset of vortex shedding was induced by truncation and round-off
errors that eventually break the symmetry of the ntinerical solution. However, this
turned out to be a very aslow process. The flow tended to stay symmetric up to
/D = 200. In order to initiate vortex shedding, a time-dependent slip velocity
on the cylinder was applied for a short period of time {Mittal & Balachandar 1995).
Thereafter, the flow was allowed fo advance in time unti all iransient solutions
exited the computational domain. Mean global quanfities were recorded once a

statistically steady flow pattern is formed.
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Figure 5.01.1: Vortex shedding behind a cireular cylinder al Rep = 7., Div=
100 in sinmlations oo a zonal embedded grid, Vorliciiy contours, snperinposed
on the geid, are shown.

Various flow quantifics including pressure and viscous drag coefficients, mean
length of the recirculation bubble, separation angle and base pressure coefficient
were compitted and compared to the existing experimental and numerical results,
At the unsteady Reynolds mumbers, non-dimensional frequency of vortex shedding,
Strouhal number, and the amplitude of 1ift coefficients were also computed. Con-

ventional definitions of the flow quantities were used:

1 a
Oy = e Peosdé ssure drz
i % TED j;]. oos i pressurc drag
I am .
Cp =Cpp+Ch, total dreag
1 2x
Crp, = +—— f Pgin Adf pressure ift
F %pUgGD It
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case R k Neld NgD T gmax omax —Cp, 5t Baep Lyec Urmin
1 0 2 78 RI 1.408 0.350 0.89 0167 17.0° i.44 —{1, 188
2 an 2 84 8] 1370 0301 Q.85 0.165 117.0° 1.48 -0} 184
3 41 2 i) 1'7¥ 1.288 0.311 .71 0.162 117.3° 1.47 -0, 174
4 B0 2 86 177 1.204 0311 1.7m 1162 117.3° 1.45 -0.173
5 a0 2 102 21 1.286 0.330 .72 0,154 117.4° 1.44 ~h175
6 B0 2 102 161 1.2096 0.318 0.7 {1,164 117.4° 1.44 ~0.175
7 80 a 102 81 1.301 0.313 72 164 117.4* 1.43 —h173
B 120 2 116 21 1312 0.316 .73 164 117.4% 1.45 —0.175
g 120 2 202 1681 1314 07114 .73 164 117.4° 1.45 —0.175

Table 5.1.1: Summary of cylinder flow computadions at Rep = HN). Overline
indirates averaging in time.

Cr, = m fz} " Wy cos Bdf viscous lift
Ch = Cp, +Cp, total lift
St =fD{Uy Strouhal num.
. Cp = g;ﬂ_f_i? hase pressure
80

where U, is the uniform free-stream velocity, D is the diameter of the eylinder,
f is the shedding frequency, wy, is the wall vorticity and P is the pressure. The
separation angle, f.p, is defined at a point of zero wall vorticity,. Mean length of
the recirculation bubble {fre.:} is non-dimensionalized by the eylinder diameter,

A series of simulations at Rep = 108 were performed to establish grid and
domain size independence. A summary of cases considered iz shown in Table §.1.1,
Domain sizes range from Ry = 20 to Bg = 120, where By is the radius of the domain
in terms of the cylinder radius. The last five cascs (cases 5-9) were performed on
both single-zene and multi-zone grids. The effective number of grid points in the
radial (N2'7) and circumferential (N577) directions are given in the table, The
cffective number of grid points is introduced to describe a zonal mesh and defined
with respect to the corresponding single-zone mesh with the same resolution in the

vicinity of the cylinder and in the wake. Normally, there are about 1.5-2.5 times
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lese grid points in a multi-zone mesh than in a single-zone grid with the same near-
cylinder resolution, The grid sizc in the radial direction at the cylinder surface was
Ar ~ 5% 10~ for cases 1-8 and Ar ~ 3.5 x 1072 for case 8, The grid was stretched
in the radial direction with a hyperbolic tangent stretching function, The results
from the table clearly show that the base pressure coefficient, Strouhal nuniber,
separation angle, mean recirculation length and mean minimum streamwise velocity
{Umin) become independent of the domain size when By = 60 Refining the grid
n the circumferential {case 6 and 9) and radial {case 6) directions and increasing
the erder of the B-splines (case 7) do not affect the results significantly. Total cdrag
and [ift appear to be more sensitive quantities. Perhaps, an even finer grid should

be selected to achieve s better convergence of these guantities.

- e o e e e o PP U ——— Y
15k , | 0.15
-Pressure Brag hadding Frequency-

A h\"q:,h / ;
f_? 1+ e . AuhbhLLhi et Saiiies f FN | &
.
os [Viscous Dragrg.. 0.05
St - S W-m-moa - T
0 1 1 F| | 1 4]
20 40 a0 BO 100

Figure 5.1.2: Pressurc and viscous drag and Steouhal number vs. Reynalds
_ , experitnental fit by Williumnson (1988); ------ , anmerical fit by
Henderson (1885); symbals, B-spline simnlations.

nunber:

The results of our simulations on the zonal grid of case 9 are shown in Figures
5.1.2 and 5.1.3 together with the experimental results of Williamson {1988, 1998)

and the numerical results from spectral caleulations by Mittal {1996), and spectral
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Figure 5.1.3: Base pressure coefficient, 2mplitude of tatal hit, mean recizcula-
tiom length and separation angle vs. Reynolds number: , experimentat data
by Williamson {1996); -=---- , numerical fits by Mittal (1996); ---- , numerical
fit by Honderson {1995); symbaols, B-spline simulations.

clement simulations by Henderson {1995}, Overall, the agreement between the
present simulations and the existing results is good. There is a slight discrepancy
between pressure drag coefficients obtained in our simulations and those suggested
by the numerical fit of Henderson {1995). However, the agreement between all other

guantities is good.,

5.2 Nuwmerical Simulations of Flow over a Cylinder at Hep == 300

The wake behind a circular cylinder becomes vnstable to three-dimensional dis-
turbances around Rep = 180—200 {Williamson 1996) and develops large streamwise
structures with spanwise wavelengths of approximately 3 — 4 cylinder diameters. As
Reynolds numnber inereases to around Rep = 260, smaller three-dimensional struc-
tures with a spanwise wavelength of approximately one cylinder diaineter become
dominant. These structures are also known as mode-B instabilitics. With further

increase in the Reynolds number, fine-scale three-dimensional structures become
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more and more active. Flow over a cylinder at Reynolds number, Rep = 300,
which belongs to this regime, was chosen for our study. Relatively low Reynolds
numnber, availability of previous computational and cxperimental data and the pres-
ence of small and large three-dimensional structures makes this flow an interesting
and yet not a computationally demanding test to assess the performance of the
three-dimensional version of the B-spline method on zonal grids. This flow has
been studied computationally by Mittal & Balachandar (1995} who used a spectral

method on an O-type cylindrical prid. That study is used as a veference for our

simulations.
Casc Nevkes :Ij .N_EL ak NUL- at N;If Ng Nr_ﬁ,;uf .Rd’ = L;
A= 17" # = G
4 ol I 10 103 25 369,120 300 % Il
2 T 156 12 4] 185 4 1,050,288 A = 2g D

Table 5.2,1: (erid parameters of eylinder Row carnputations al Hegy = 3. a-
rametels wre: Myones, mmmber of grid zones; N/ and N, 1f . number of poins in
the vadial and circumterential dicections for correspouding single-zone grid; A,
number of points in spanwise dircction; Myp, vumber of peints in boundary layer:
Niotar, total number of grid poinls; Hy, domain radius; £ spanwize domein sigs,

"Two simulations of the flow over a eylinder at Re n = 300 were carried vt with
different grid resolutions. The grid parameters for the two cases are sunmarized in
Table 5.2.1. The total number of grid points is approximately 3 times larger in case
2 than in case 1. The grids of cases 1 and 2 make use of zonal grid embedding and
grid stretehing in both the radial and cireumnforential directions. Our reference cage,
simulations of Mittal & Balachandar (1995}, had the O-type mesh with N, x Np x
Ny = 81 x 160 x 288 grid points. Since Mittal & Balachandar (1995} used spectral
methaods, their grid was uniform in the spanwise and circumfercntial directions and
stretched with a cosine function in the radial direction. The radius of the domain in
thie calculations of Mittal & Balachandar (1995) was 150 and the spanwise domain

was L, ~ 10.8D. The grid in case 1 is coarser in the circumferential direction
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but comparable in the radial direction at the cylinder to that in the simulations of
Mittal & Balachandar {1895). The grid resolution in case 2 is about two times finer

in the radial direction in the vicinity of the eylinder.

CAsE Eﬂ E";er; —Cpy ot d
Spectral 1.26 0,38 000 0,203
Ezpeniment 1.22 - 096 0.203
1 1.24 0.33 0.90 0.202
2 1.28 0.40 1.0L 0. 2083

Tzible 5.2.2: Flow parameters of eyhinder flow computations at Rep — Q0. Bx-
perimental 5t and —Cp, arc from Williamson (1296); £'p from Wieselsherger
(1922). 1 Simulations by Mittal & Balachandar {1995).

Two impotrtant flow features should be considered when designing a grid for
computations of this flow: the thickness of the houndary layer and the size of the
domninant streantwise vortical structures in the wake. The thickness of the boundary
layer is estimated from the size of the vorticity layer at the cylinder surface. The
nuinber of grid points in the boundary leyer on the cylinder at § = 170° and 8§ = 9G°
(8 == 0° is at the base of the cylinder and # = 180° is at the front stagnation point}
are given in Table 5.2.1. Case 2 has two times more grid points in the boundary
layer than case 1. As reported in the experimental studics by Williamson (1996), the
estimated spanwise lengih scale of the streamwise vortices at Rep = 300 18 A, ~ D
Mittal & Balachandar (1995) found that simulations of flow over a eylinder at
Rep = 300 are very sensitive to the size of the spanwise computational domain and
showed variations in the mean flow parameters such as drag and lift coefficients,
Strouhal shedding frequency and basc suction cocfficient, when different spanwise
domuains were used. The prediction of mean flow quantities improved on a larger
gpanwise domain. Folowing that study, we chose the spanwize domain for our
calculations to be 2rD.

Coarse grid simulations were initialized with the potential flow solution and

advanced in time unfil a statistically steady flow pattern was developed. Fine grid
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simulations were initialized with a velocity field interpolated from the coarse grid
calculations. Once the three-dimensional wake was developed, both sitnulations
were advanced in thine for approximately 12 shedding eycles (T ~ 60D/UL) to
ensure the removal of initial transients. The statisties of the niean How quantities

were then accumulated for 8 more shedding cycles (T ~ 40D/T,).

Figure 5.2.1: Isosurfaces of instantaneons stresmwise vorticity in the wake of
a cirenlar cylinder st Hep, = 300: light, w, D/, = 24: dark, wy £} = — 24

threc-dineauional view,

Figure 5.2.2: Sane ax Fignre 5.2.1 but 7 — 5 piane view.
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Figures 5.2.1 and 5.2.2 show perspective and bottom (z -z plane) views, respec-
tively, of the instantanecus streamwise vorticity isosurfaces, The flow is from left to
right. The figures clearly show the development of the pattern associated with the
Karman vortex street and the presence of mode-B streamwize vortices which were
also observed in other numerical {(Mittal & Balachandar 1997, Zhang ef ol. 1985)
and experimental (Willismson 1392, Zhang et al. 1995) studics. Even though the
dominant structures in the near-wake are the counter-rotating streamwise vortices,
they appesr to vary in size and strength. A highly complex evolution of these strue-
tures have been also chserved in the previous numerical simulations { Thompson ef
al. {1996}, Mittal & Balachandar {1997)}. Farther downstream, the number of the
streamwise vortical structures seems to decrease, which is also consistent with the

observations of Mittal & Balachandar (1997).

T/ Vs

Figure 5.2.3: Mean streamwise velocity at different locations in the wake
of & cireutar cylinder at Hep = 300:
———~ , Bespline simulations on coarse grid; », spectral simulations by Mittal &
Balachandar {1997).

, B-spline simulations on fine grid;
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Figure 5.2.4: Mean crossflow velocity at different locations in the wake of a
circatar cylinder at Rep = 300, Sea caption for Figure 5.2.3.

-2 -t.5. -1 .5 0 0.3 1 1.5 2

Figure 5.2.5: lime-averaged sireamwise velocity fuctuations at different
locations in the wake of a circular cylinder at Rlep = 300, Sco caption for Pig-
ure 8.2.3.
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2 hesesererseve

T PUPY TR N TS N N N S N

-2 -1.5 -1 0.5 0 0.5 1 15 2

Figure 5.2.8: Time-averaged crossfiow velocily fluctuations at different loca-
tions in the wake of a circulsr cylinder at Rep = 300. Sce caption (or Figure 5.2.3.

Figure 5.2.7: Time-averaged Reynolds shear stress at different locations in
the wake of a circular cylinder at Rep = 300. See caption for Figure 5.2.3.
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Mean flow parameters are summarized in Table 5.2.2. All statistical quantities
arc averaged both in time and across the cylinder span and non-dimensionalized
with respect to the free-stream velocity, Uy and the cylinder diameter, 3. The
overall agreement between the B-apline computations, the spectral results and ox-
perimental data is good, The small differences are attributed to insufficient time-
averaging. The flow is believed to have large fime scales that require prohibitively
large comptter resources to obtain a sufficient statistical sample (Mittal & Bal-
achandar 1897}

Figures 5.2.3 and 5.2.4 show the mean velocity profiles from coarse and fins
grid simulations af five downstream locations in the near-wake of the cylinder.
The B-spline method simlations are compared to the results of spectral method
computations (Mittal & Balachundar 1997). The intensities of velocity fuetuations
and Reynolds shear stress afe shown in Figures 5.2.5, 5.2.6 and 5.2.7. The profiles
of both mean velocities and veloeity flnctuations show excellent agreement betwoen
the fine B-spline and spectral computations. The conrse grid simulations ave slightly
off but the differences are small and there is a convergence of the profiles with grid

refinement.

3.3 LES of Flow over a Cylinder at Rey — 3, 900.

According fo l"rasa.,d & Williamson {1997), the shear layers scparating from the
eylinder become unstable at around Rep = 1200. However, the value of the eritical
Reynolds number varies from study to study and covers a wide range from Rep =
300 to Hep = 3000. The Reynolds number chosen for our study was Rep = 3,900,
This is the same Reynolds number as in the study of Beaudan & Moin {1994} which
they chose because of the availability of the PIV data of Lourenco & Shih (1993).
The experimental data of Lourenco & Shih (1993) provided mean velocity profiles
and turbulence intensities at several locations in the near-wake of the eylinder {at
x/D < 4.0} at this Reynolds number. Another éxperiment at Rep = 3,900 was

carried out by Ong & Wallace (1996) who used a hot-wire ancmometer system to
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measure mean velocities and total Reynolds stregses downstream of the recirculation
region, at 3.0 < z/D < 100, The presence of the thin laminar boundary layer,
scparating shear layers and small scales in fhe turbulent wake imposes severe grid
restrictions that make computations of this flow, with complete resolution of all
scales, expensive. We use the techmique of large eddy simulation with the dynamic
sttbgrid-scale model (Germano et al. 1991) $o account for turbulence scales that sre

not resolved by the grid. The laminar regions are well resolved.

The previous computation of this flow with high-order accurate upwind-biased
numerical schemes {Beaudan & Moin 1994) exhibited significant numetrical dissipa-
tion which affected the small scales in the near-weke region. As a result, the level
of turbulence fAuctuations at the locations &/D > 7 was largely under-predicted
when compared to the experimental data of Ong & Wallace {1996). Another recent
computation of this flow was undertaken by Mittal & Moin (1897), who used the
second-order fnite-difference scheme coupled with a specfral method in the span-
wise direction. The level of turbulence fluctuations at the downstream locations
was found to be higher in those calculations than that in the upwind difference
LES, but still lower than the corresponding experimental data. Both numerical
simulations produced comparable results in the very near-wake at = /D < 4.0, The
study of Mittal & Moin {1997} has shown that cnergy conserving methods arc more
suitable for large eddy simulations. However, only 2nd-order fully-conservative
finjte-difference scheme is currently available. This scheme imposes restrietions on
tle streamwise grid stretching factor and does not allow Hexible gri& embedding,
which constrains the design of grids for complex geometries, Recent studies (Ghosal
1906, Kravchenko & Moin 1997} have shown that truncation errors of lower order
finite-difference schemes can overwhelm the effect of the subgrid-scale model in
some simulations. Computations of the flow over a cylinder at Rep = 3,900, with
the B-spline method will be helpful in understanding the differences hetween the
previous simulations and the cxperiments, This flow is also an ideal teat of the

performance of our numerical technique applied to complex turbulence simulafions
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Case  Mzomes N0 Npp at Npp &t wngH N. Neazar Ry L
Ciricd g = 170" ## = og?
1 q Ba ] 10 163 45 07,3060 30R: x 2rH.
2 4 205 6 12 185 4R 1,333,472 60, = 278,
3 1 205 & 12 185 48 1,820,400  G0R. X 2rR.
4 T 258 b 113 291 48 2,413;?‘38 4R, » trH.

Tabla 5.3.1: {irid parameters of cylinder flow computations at Rep = &, 800,
Parameters are: Niupes, number of grid zones; Nﬂ”ﬂs N;”, number of pointa
in radial and cireomferential dircction for corresponding single-zone grid; N,
number of points in spanwiss direction; Ngr, sumber of points in boundary layer;
MNiarat, total number of prid poinks; Ry, doisain radiva; L, spanwise domodin.

since the results from the two finite-difference cornputations and two experiments
are available for comparisons.

The length scales of the eylinder boundary Iayer, separating shear layers and
streamwise vortex structures were considered in designing grids for our calenlations,
The width of the boundary layer on the cylinder was taken from Beaudan & Moin
{1994} who estimated it from the thickness of the vorticity layer. The number of grid
points nsed 10 our study to resolve the velocity gradients in the cylinder bhoundary
layer at 8 = 170° {close to the front stagnation point) and # = 90° (close fo the
separation point} is given in Tsble 5.3.1. The required spanwise domsin size and
the spanwise resolution are estimated from the prior knowledge of the sizes of the
streamwise vortex structures. As reported in the experimentsl studies by Mansy ef
al. (1994) and Williamson et af. (1995), the wavelength of the streamnwise séructures

in the near-wake of a circular eylinder scale as
Aef D o~ 25Re P, (6.3.1)

(In the study of Mansy et al. (1994), the coefficient in equation (5.3.1) was 20}. At
Reynolds numnber Rep — 3,900, the estimated wavelength is A, /D ~ 0.4, Farther
downstream, Williamson et af. (1995) and Chyu & Rockwell {1996} have found
larger scales with wavelengths,

A /D~ 1, (5.3.3)
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Case Cp Ly St Baep fipec fL} Upnin

axXper, 0.95 % 0,04 .48 4o 0,05 0,215 & 005 BG4 2 14401 —0.24 4 0.1
ULD 1.08 .95 0.203 g5.8° 1.6 -3z
CFD 100 0.93 0,207 86.9° [.40 -().35
2 1.04 084 0.210 ag.0° 1.35 —1137

Table 5.3.2: Flow parameters fram eylinder flow compuiations at Rep = 3, 900,
—CUp, is from Norberg (1997} at Hep = 4020, 5t from Ong & Wallace (1996) at
Fep = 3,900; Tree/D from Cardell (1993} at Rep = 3,900; ,., from Son &
Hanratty (1969} at Rep = 5000, Uy, from Loreneo & Shih (1993) at Hep =
3, 300; UF1) ts simulalion of Beaudan & Moin (1984); CFD is simulation of Miltal
& Moin (1994); | '

We use 48 grid points over the spanwise lengtﬁ of mI} to wecound for the structures
observed in the experiments. This is the same spanwise ree;ulutinn 83 in the simu-
lations of Beaudan & Mein (1994) and Mittal & Moin (1994). In the plane normal
to the cylinder axis, Beaudan & Moin (1894) used O-type grid with 144 x 136 grid
points. Simulations of Mittal & Moin (1994) were performed on a C-type mesh
with 401 x 120 peints in the plane normal to the cylinder axis, with 140 points on
the cylinder surface and 129 points on the wake centerline. Overall, the prescnt
simulations (grid 2) have slightly higher resolution in the circumferential direction
and lower resolution in the radial direction at the cylinder surface than that in the
sitnulations of Beaudan & Moin {1994) and Mittal & Moin (1894). We are able to
use 20-40% finer grid spacings downstream of the cylinder, at /D > 4, due to the
vonal grid siructure. The total number of grid points in case 2 is about 30 % higher
than that in the sinulations of Beaudan & Moin {1994} and 50 % lower than that
in the simulations of Mittal & Moin (1994).

Most of the results presented are from case 2, Case 3 simulations were carried
ottt on a single-zone grid to study the effect of zonal boundaries. Simulations of
case 1 with a coarser grid and case 4 with a finer grid were performed to establish
grid independence. Initially, coarse grid simulations (with approximately 200, 000

grid points} were performed. The flow field was initialized with the potential flow
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solution and advanced i time until a statistically steady vortex shﬂddl;ng was es-
tablished. Then, the flow ficld was interpolated on the fine grid and advanced in
time for approximately 10 shedding cyeles to allow all transients to exit the com-
putafional demain. Thereafter, the statisties were acenmulated over approximately

T additional shedding cycles.

Figure 5.3.1: Mesh in the vicinity of the cylinder lor the three vases in
Takle 5.3.1

Some of the important How parameters from our computations, the resulia of
the two previous large eddy sunulations, and the available experiinental data are
sunmmarized in Table 5.3.2. The experiments of Lourenco & Shih {1993) and Ong &
Wallace {1996) did not provide values for the mean drag coefficient, base pressure
coeflicient and separation angle, and we obtained these values from the other ox-
perimental studies listed 10 Table 5.3.2. The table also lists the length of the mean
recirculation region taken from Cardell {1933), instead of that from the experiment
of Lourcnco & Shih (1993). The mean drag cocfficient, base pressure coefficient,
recirculation length, separation angle and Strouhal shedding frequency are found o
be in fairly good apreement with the experimental dats and the results of the two

previous simulations,
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5.3.1 Instantaneous Flow Field

Sheye

Figm‘e 5.3.2: Instantaneons streamwise velocity in the (2 — 5, = 0} plane
inn the wake of a circular cylinder wl Rep = 3,808, There aro 26 contours from
—1.2 to Lik The thick solid line shews the contour with « =0,

Figure 5.3.3: lostantancons crossflow velocity in the (g — 2, y = 0} plane in

the wake of a civenlar eylinder al Rep = 3,900 There ave 26 conbours from — 1.0
to 1.2, The thick selid ine shows fhe contaor with o« = 0.

Instantancous streamwise, crossflow and spanwise velocity Belds in the first ten
dismeters downstreamn of the eylinder are shown in Figures 5.3.2, 5.3.3 and 5.3.4,
respectively. An unsteady recirculation region in Figure 5.3.2 and alternating re-
gions of positive and negative crossflow velocity corresponding to Karman vortices
in Figure 5.3.3 can be clearly observed. The wake How at this Reynolds mimmber
appears to be highly turbulent and three-dimensional. Note the presence of boih
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Fig‘ure 5.3.4: Instantancma spanwize velocity in the (@ - 5, ¢ = 0] plane in

the wake of a cirenlar cylinder at Rep = 3,900, There are 26 contours frem - 1.0
f0 1.0, The thick solid line shows the conbowr with w = 0.

large and small structures in the wake. The flow structures tend to increase in
size with increasing streamwise distance, as observed in Figure 5.3.4 which shows
instantaneous spanwise velocity., However, amall scale {luctuations ave present even
ten cameters downstream. This is in contrast with the simulations of Beaudan &
Moin (1994} who did not observe small-scale turbulence several diameters down-
slream because of the inherent nunerical dissipation of the upwind finite-difference
method. Moser, Rogers & Ewing {1997) observed significant presence of small-scale
turbulence as well as large scale structures in their direct numerical simulations of a
time-developing wake at a momentim thickness Reynolds number of Hep = 2, 000,
which is qualialively comparahle to the present computations.

Conbours of ingtantaneous vorticity magnitude are shown m Figure 5.3.5. Two
long shear layers separating from the cylinder and the development of the Karman
vortex street arc clearly seen in the figure. The vortices arising from the instabil-
ities of the shear layers mix in the primary Karman vortices hefore propagaling
downstream, which is consistent with the observations of Chyu & Rockwell (1896)
in their PIV experiments. The bottom laminar shear layer separating from the
cylinder and ils transition te turbulence is displayed in Figure 5.3.6 which shows
the isosurface of the vorticity magnitude. Long separating shear layers with lon-

gitndinal extent of about one cylinder diameter is Lhe distinct feature of the flow
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Figure 5.3.5: Scparating shear layers and development of Karman vartex
strect in the flow over a circular cylinder at Rep = 3,900, Shown are 16 contonrs
ol instantaneous vorticity mageitude rom w20, = 0.3 to wD/T7, = 10.0

D

Figure 5.3.6: Liosurface of instantaneons vorticity magnilude in the low over
w circolar eylinder at Hep = 8, 800, Botiom view. wiift/, =25

at tins Dleynolds number. This observation has been confirmed by several reeent
experiments (Cardell 1993, Chyu & Roclwell 1996, Prasad & Williamson 1997).

The lengths of the shear layers and the size of the recirenlution region are known
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Figure 5.3.7: Time saquence of the vorlex shedding process in the flow over
a cylinder at Rep = 3,000, Shown are 16 contours of instantaneons vorbivily
magnitude from w3V = 1.5 to wDfU, = 1680 T = U‘,%T is the shedding
pericd.
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to be very sensitive to external disturbances, such as free-stream turbulence, cylin-
der vibrations, scoustic noise, etc. (Schiller & Linke 1933, Cardell 1993, Chyu &
Rockwell 1996).

Gerrard (1966) and, later, Perry et al. (1982) suggested a mechanism for the
Karman vortex formation in the near-wake region. Based on their observations,
Perry et al. {1882) pointed out that the process of vortex shedding is Reynolds
number independent which is consistent with the reanlts of Cantwell & Coles (1983),
In our simnlations, we also observed the same process of vortex formation which is
illustrated in Figure 5.3.7. In the first figure, at ¢ = @, a vortex hus been formed and
is about to propagate downstream, The next figure shows the formation of a new
vortex from the bottom portion of the recireulation bubble. This vortex becornes
stronger-in time snd draws the shear layer on the other side across the wake which
tends to isolate this growing vortex from the recireulation region. Onee the vortex
is formesl and starts propagating downstream, a new vortes uriginates on the other

ride of the wake and the process repeats.
5.3.2 One-Dimensional Energy Spectra

Figures 5.3.8, 5.3.9 and 5.3.10 show one-dimensional frequency spectra afb three
downstream locations on the centerline of the wake. The Lomb periodograim tech-
nique (Press ef al. 1992} with an oversampling factor of four was used to perform
the spectral analysis of unevenly sampled data. About 13,000 samples of strearn-
wise and crossflow velocities were collected over a time interval TU,, /D ~ 35. Time
series at each of N, = 48 spanwise locations were used as statistically independont
realizations. The spectra caleulated from these time series were then uveraged snd
non-dimenstonalized. The frequency is non-dimensionalized by Strouhal shedding
frequency.

The power spectra in Figures 5.3.8-5.3.10 are displayed together with the ex-
penmmental resuliz of Ong & Wallace {1896}, the upwind-hiased finite-differcnce
caleulations of Besudan & Moin (1894) and the central finite-difference caleulations

of Mittal & Moin (1997}, The power spectra of the crossflow velocities show a peak
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corresponding to the vortex shedding frequency. The experiment hus a smail peak
at the shedding frequency in the w-spectra at /D = 5, and a peak at the second
harmonic in the v-spectra. These are not well pronounced in the simulations due
to still insufficient mumber of samples. However, the overall agreement between the
B-spline calculation and the experimental spacira is very good at all three locations.
The current simulations ate able to reproduce the Ineriial subrange observed in the
experiment. The power spectra are also consistent with the instantaneous Bow vi-
sualizations, where the presence of small scales was clearly observed. Earlier, Mittal
& Moin (1997) reported that non-dissipative finite-difference caleulations were able
to match the experimental data much better than the simulations of Beaudan &
Moin (1994). Numerical dissipation of the upwind-biased finite-difference schemes,
used by Beaudan & Moin {1994), tended to suppress the medium to small scales.
The present calculations are consistent with the results of Mittal & Moin (1897)
and show that the spectra from the non-dissipative and more accurate B-spline cal-
culations match the experimental data over a larger range of wave numbers than
both finite-difference simulations. Note that the streamwise grid spacing, which de-
fines the maximuin resolvable frequency, according to Taylor’s hypothesis, is slightly
larger in the current simulations that that in the previous two. We were able to use
a finer grid at the downstream stations without a substantial increase in the overall

number of prid points owing to the zonal grid structure,

5.3.3 Mean Flow and Turbulence Statistics

The flow statistics from the current simulations, together with the results of
the two previous numerical studies, are shown in Figures 5.3.11-5.3.27. Statistics
were accumulated over approximately 7 vortex shedding cycles, (T = 35D/U},
which is approximately the same averaging time interval used by Beaudan & Moin
(1994). The flow tiﬁantities were also averaged over the periodic spanwise direction.
A variable time step (with fixed CFL number) was used in all simulations, The
B-spline calculations were performed with the time step of about 0.006R: /Usx. The

pressure distribution on the cylinder is shown in Figure 5.3.11. The experimental
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data of Norberg at approximately the same Reynolds number {Rep = 40283) and
the surface pressure profiles from the previous LES are also displayed. All three
simulations predict the pressure distribution on the cylinder within the experimental

accuracy.

Mean veloeities and turbulent Reynolds stresses from the three simulations are
compared with the results of the Particle Image Velocimetry experument of Lourenco
& Shih (1993) in the very near-wake {up to 2/} = 4) and with the hot-wire mea-
surements of Ong & Wallace {1996) in the downstream region {(from /D = 3 to
2 /D = 106). The B-spline simulations arc in very good agreement with the upwind-
biagsed and central finite-difference simulations in the first five diameters of the wake.
Minor differences between the simulations are insignificant to distinguish one tech-
nigue from anocther in this region. However, there are some important differences
hetween the results of the three simulations and those of the experiment of Lourenco
& Shih {1993). Al simulations develop a U-shape profile for the streamwizse velocity
while the experiment shows nearly a V-shape profile inside the recireulation region
immediately behind the eylinder, at /D = 1.06. The V-shape profile of the mean
gtreamwise velocity in the simulations develops farther downstream, near the edge
of the recirculation region {e.g. at 2/D ~ 1.54}. The size of the recirculation region
iz noticeably smaller in the experiment as indicated in Figure 5.3.12. The source
of these differences is discussed in Appendix F. There, it is hypothesized that this
particular experiment suffered from some external disturbances that contributed to
ar earlier transition in the separating shear layers which affacted the size of the
recirculation region and the shape of the velocity profiles in the very near-wake of
the cylinder. Note that the two experiments, which are used for the comparison
here, were performed at the same Reynolds number, Rep = 3,900, but do not agree
with each other in the overlap region, at the locations /D = 3.0 and /D = 4.0,

The differences hetween the three stmulations appear farther downsiream, st
locations /D > 5.0, where the eslculations arc compared to the hot-wire mea-

surements of Ong & Wallace {1996). In this region of the wake, the grid is fairly
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eoarse and the shortcomings of the numerical techniques become apparent. Upwind-
biased ealculations are sffected by the nurerical dissipation and show low levels of
turbulent fluctuations in Figures 5.3.25-5.3.26. Non-dissipative central difference
caleulations show better agreement with the experiment but under-predict the pealks
of the streamwise velocity fluctuations especially at #/D = 10.0. Truncation error
of this low-order scheme is known to affect the results of larpe eddy simulations
on coarse grids {Kravchenko & Mein 1997). On the other hand, the results of the
B-spline simulations are in very good agresment with the expertment which is also

consistent with the frequency spectra shown earlier.

In order to assess the unpact, if any, of the zonal boundartes, we carried out
cernpubations on a single-zone prid with the sane resolution in the vicinity of the
cylinder and in the wake a3 in the multi-zone case 2. Both simulations were initial-
ized with the same flow field obtained earlier on & coarse grid and advanced in time
for the same number of shedding cycles to overcome transients. The instantanecous
flow fiekds of both computations quickly diverged from each other due to fundamen-
tal instability of the Navier-Stokes equations and the difference in the total number
of degrees of freedom (grid points}. The single-zone simulations were stopped when
it was realized that, on average, they produce the same results as the multi-zone
comnputations. The resulte of both computations are displayed in Figures 5.3.28,
5.3.29 and 5.3.30 which show mesan strearnwise and crossflow velocities and four
comnponents of the Reynolds stress tensor at three locations in the near-wake of
a cylinder. Even though, the statistics for the single-zone simulations were acen-
rnulated for only four shedding cycles they are in good agreement with the results
of multi-zone smulations, which were averaged for a longer period of time. This
i3 consistent with the observation of Beaudan & Moin {(1994) that the mean wake

velocities converged after four shedding eycles,

In order to establish grid independence, we performed computations on a fine
multi-zone grid (casc 4) and compared the results with cases  and 2. The grids in

the vicinity of the eylinder are shown in Figure 5.3.1 for all the three cases. The
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total number of grid poinfs in the simulations of case 4 was increased by approxi-
mately 85% as compared to that of case 2. Also, the diameter of the computational
domain in the refined case was decreased by 30% providing additional effective grid
refinement. The results of case 2 provided an estimate- of the thickness and the
length of the separating shear layers which enabled us to cluster grid points in the
important regions using a combination of grid stretching and zonal grid embedding,.
For case 4, the grid resolution in the free shear layers was increased by a factor of
two in both streamwise and crossflow directions compared to that in case 2. The
number of grid points in the spanwize direction was 48 in all cases. The comparison
of mean veloeities and turbulence intengities in the vicinity of the vortex fornation
region is shown in Figures 5.3.31, 5.3.32 and 5.3.33. The overall agreement between
the computations of cases 2 and 4 is good. Note that the U-shape of the streammwise
velocity profile is preserved in the fine prid computations confirming our carlier con-
clusion that the simulations predict the physics of the flow correctly at this location.
The refined caleulations also show the sane level of turbulence intensities as in the
coarser sirnulations of case 2.

The profiles of mean velocities and turbulence intensities obtained in the coarse
grid simulations of case 1 deviate significantly from the results of the finer grid
caaca 2 and 4. Even though the prid resolution in case 1 is adequate in the laminar
boundary layer, the mesh spacing becomes too large downstrenm, and the scpa-
rating shear layers are not well resolved. As a result, the shear layers are shortor
and the recirculation region is smaller. Conscqunently, the development of the flow
downstream is different in case 1. Interestingly, the profiles of flow quantities n
the under-resolved simulation (case 1) agree with the experimental measurcments
of Lourenco & Shih {1893). A possible explanation of this seemingly paradoxical
fact is given in Appendix F,

5.3.4 Comparison of Simulations with and without SGS Model

To assess the effect of the subgrid-scale model, we performed simulations with

and without a model on the grids of cases T and 2. The profiles of mean streamwise
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velocity and streamwise fluctuations are shown in Figures 5.3.34-5.3.37. We chose
to evaluate the results downstream of the recirculation region where the flow is
well developed and the effect of the model is expected to be pronounced. We find
insignificant differences between the mean velocity profiles from simulations with
and without SGS model, However, the differences appear in the RMS velocity
fluctuations. No-model simulations do not reproduce the double-hump shape of
the profile of the RMS streamwise velocity fluctuations. Major differences hetween
LES and simulations without a model appear in the profiles of one-dimensional
spectra shown in Figures 5.3.38-5.3.46, Simulations without a model show a slower
decay of the spectra and more energy at the high wave numbers, These trends arc
abserved in both coarse (case 1) and fine (case 2) grid simulations. A faster decay of
energy spectra in LES as compared to the decay of energy spectra in the no-model
simulations is consistent with the dissipative nature of the dynamic Smagorinsky
SGS model. Note also that the differences in the spectra between stimulations with
and without a model are larger at the locations farther downstresm as seen in
comparizon of Figures 5.3.38-5.3.46. The model is expected to be more active in
the regions where the flow is more developed and where the grid is coarser,

The small influence of the subgrid-scale model on simulations of the flow over a
cylinder at Rep = 3,900 have been previously reported by Beandan & Moin {1994)
end by Breuer {1997}, These authors, and alse Rodi {1997}, pointed out a need
to perform simulations at a higher Reynelds number to fully assess the effect of

subgrid-scale models in LES of flows over bluff badies.

L} ]




Cyfinder Flow Simulations: Resulls und DNicussion

0.5

2
el

sU

05 |-

(B~ pso )/}

Q 20 40 &d ag F00 120 140 18d 130

Figure 5.3.11: Pressure cocfficient on the cylinder surface: , B-apline
sirrrulatious: --=--- , ceniral FD simulations by Mitial & Moin (1997} oo \
apwind FD sinnlations by Beaudan & Moin (1984); o, experiment by Norherg,

simulations by Mittal & Moin {1997); -, upwind FD simulations by Beau-
dan & Moin {1994); o, experiment by Ong & Wallace (1996); o, experiment by
Lourenco & Shik (1953).
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Figure 5.3,13: Streamwise velocity at three locations in the wake of a circular
cylinder at Rep = 3, 900, For details, see caption for Figure 5.2.12.
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Figure 5.3,14: Crossflow velocity at three locations in the wake of a cireular
cylinder at Aep = 3, 900. For details, see caption for Figure 5.3.12.
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Figure 5.3.15: Streamwise velocity fluctuatians at theee locations in bhe wake
of a cirenlar cyhinder at Hep = &, 80 Tor delnils, see caption for Figure 5.3.12.

0.2

wi2 U2

x/D = 1.06

z/D = 1.54

I L

TR LI T T

Figure 5.3.16: Crossflow velocily Aucluaiions al Lhree locations in the wake
of a cirocular cylinder at Hep = &, B0, For details, see caption for Figure 5.3.12,
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Figure 5.3.1%7: Reynolds shear stress at three locations in the wake of a
circular cylinder at Rep = 3,900, For details, see caption for Figare 5.3.12,

Figure 5.3.18: Streamwise velocity at three locatioms in the wake of a circular
cylindsr at Rep = 3,008, For detalls, zee caption for Figure 5.3.19.
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Figure 5.3.19: Crossflow velocity at three localions in the wake of a circular
cylinder at Hepn — 3,900, For details, see caption for Figure 53,12,

i

0.05

2
=)

uf? f

-0.05

Figure 5.3.20: Streamwise velocity fluctuations at three locations in the wake
of a circular cylinder at Rep = 3, 200, Far details, see caption {for Figure 53,12
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Figure 5.3.21: Crossflow velocity fluctuations at three locations in the wake
of a cirenlar eylinder ab Aep = 3, 00, For details, see caption for Figure 5.3.12.

Figure 5.3.22: Reynolds shear stress at three locations in the wake of a
circutar cylinder al Rep = 3, 800, For details, see caption for Figure 5.3.1%.
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Figure 5.3.23: Streamwise velocity at three locations in the wake of & cireular
cyhinder at Repy = 3,900, For details, see cuplion for Pigure 5.3.12.
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Figure 5.3.24; Crosstlow velocity at three localions in the wake of a sironlar
cylinder at Hep = 3, 900, For details, sce caption for Figurs 5.3.12,
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Figure 5.3.25: Streamwise velocity finctuations at thres locations in the wake
of a circelar eylinder at Rep = 3,900, For details, see caption for Figure 5.3.12.

Figure 5.3.26: Crossflow velacity Auctuslions at three locations in the wake
of a circular cylinder &t Rep = ¥, 900. For details, see caption for Figure 5.3.73.

a4




Crlinder Flow Simulations: Results and DHacussion

0ot

72
oo

w! [T

Figllre 5.3.27T: Reynolds shear stress at bhree locations in the wake
of a cirenlar cyhinder at Rep = 3,900h Tor deteils, aee caption for Fig-
ure 312,
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Figure 5.3.28; Comparison between simulations of muti-zone casc 2 i

u/D

)

and single-zone case 3 [ ------ }: a} streamwise velocity; b) crossflow velocity.
"=t Koot z/D =108 “f 2/D =106
- __,n..u“"'-“‘\-.,:.“_- 4
o - . L] y
22| ] 2
ol Jv\,_ 2fD=1547 M} / N a/D = 154
sal 4 aaf ]
- oo ]
el SN gm0 L H /D = 2.02
e e T 5 TS

wfb uf

Figure 5.3,29: Compatison between simulatinas of multi-zone cage 2 {—1
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Figure 5.3.30: Comparivon between simulations of multi-zone case 2 { —
and single-zone case 3 [ ---—-— ¥ a) whw’; b)) oY
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Figure 5.3.31: Compatison of simulations on grid 1 (- Y, grd 2 (——,
and grid 4 {------ }: a)] streamnwise velocily; b) crossflow velocily.
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Figure 5.3.33: Comparison of simulations on geid 1(-), grid 2 (—— 1},
and grid 4 {------ ) a) wfw; b) ule,

102



Cwlinder Flow Simulations: Resulfs and Discussion

1,2_||-.|||1||.|-..|||._.||-.|-|l|'|

0.8

7 o

08

04

Figure 5.3.34: Streamwise velocity at three locations in the wake of a cireular
cylinder -al Rep = 3, Bl , grid 2 with BGS model; ------ |, grid 2 without
5G5S model.
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Figure 5.3.35: Streamwise velocity fluctuations at three locations in the wake
, grid 2 with 8GS model; ------ \

of a circular cylinder at Rep = 3, 900
grid 2 withoul 55 model.
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Figure 5.3.36: Streamwise velocity sl three locations in the wake of a circular
cylinder at Rep = 3,500 » grid 1 with SG8 model; ------ | grid 1 without
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Figure 5.3.37: Streamwise velocity Buctualions ab three locations in the wake
of a circular cylinder at Rep = 3, $0{: o Ertd 1 wilth 5G5S model; ==e-an |
grid 1 without 5GS model.
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Figure 5.3.38: One-dimensional spectra £ at &/ = 3.0 and » = 0§ froen
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Figure 5.3.40: One-dimensional spectra By, at #/D = 7.0 aud y = O from
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simulations with dynamic 3G8 model {
grid 1; b} grid 2.
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Figure 5.3.42: One-dimensional spectra Fap 26 2/D = 3.0 and y = @ from

simunlations with dynamic 3GS model] | YV and withont a model {------ }: a)
grid 1; by grid 2.

Figure 5.3.43: One-dimensional specira By al £/0 = T} and y = 0 from
simulations with dynamic 5G5S rrodck | } and without & model {------ 1 &)
geid I; b)Y grid 2.
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Figure 5,3.46: One-dimensional spectra Egs 8t z/D = 7.0 and ¥ = 0 from
simulations with dynamic 5G8 model { } and without a model {------ T oa)
grid ; b) grid 2.
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Clonclusions

Chapter 6.
Conclusions

6.1 Summary

There is a need for the development of high-order non-dissipative schemes for
large eddy simulation of turbulent flows. Numerical method based on B-splines ap-
pears to be an attractive slternative to high-order finite-difference schemes. They
are accurate, non-dissipative and free of aliasing errors. The methods are also very
promising for computations on zonal embedded grids which are necessary for large
eddy simulations of wall-bounded flows, In such flows, a fine grid is required in sll
three directiona near the walls to resolve important turbulent, structures (large ed-
dies) that are small compared to the overall flow dimensions. An efficient resolution
of these structures can be achieved with zonal grids. Zonal grids are also necessary
for LES of complex separated flows with thin shear layers.

An accurate and efficient nnmerical method based on B-spline fanctions has
been developed for simulations of complex turbulent flows, The method cmploys
zonal grids and permits fine meshes to be embedded in physically significant flow
regions without placing a large number of grid pointsin the vest of the computational
domain.

The method was successfully tested in the problem of propagation of small
disturbances in a channel flow and the problem of a vortex dipole rebound from &
wall. In the latter test, it was shown that the zonal boundary did not affect cither
the structure or the strength of the vortices as they passed through it. These tests
indicated that the method provides for an cfficient information transfer between
zones without acenmulation of errors in the regions of sudden grid changes.

Direct nuinerical and large eddy siznulations of fully developed turbulent channel
flow mndicated that the results on zonal embedded grid were in very good agreement

with previeusly published numerical and experimental results obtained for the same
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Conelusions

flow conditions. The wonal grid caleulations needed only a fraction of the CPU time
and iemory required for the single-wone grid culeulation with the same near-wall
grid density.

The B-splice method was generalized for simulations of turbulent flows in comn-
plex geometries. The new technique is based on divergence-free B-spline functions
in generalized coordinates and offers a greater flexibility for grid embedding, The
performance of the numerical method was assessed in simulations of laminar flows
over a circular cylinder at low Reynolds numbers. The lift, drag and base suetion
coeflicients, the size of the recirculation bubble and the vortex shedding frequency
agree well with the experimental data and previous simulations of these flows. The
numerical selutions on multi-zonal grids are of the same accuracy as those on a
single-zone grid but require less computer resources,

Three-dimensional numerical simulations of flow over a eylinder at Rep = 300
show pood agreement with the corresponding spectral caleulations., Coefficient of
drag and Stronhal shedding frequency agree well with the experimental data for
this flow. Large eddy simulations at the sub-critical Reynolds number, Rep =
3, 800, are performed and compared with previous upwind-biased and central finite-
difference computations. In the vicinity of the eylinder, all three simulations are
in agreement with each other and agree fairly well with the experimental data of
Lourenco & Shilk (1993}, In the region of the near-wake, from six to ten diamelers
downstream of the eylinder, the results obiained from the B-spline conyputations
are in better apreement with the experimental data of Ong & Wallace (1996) than
those of upwind and central finite-difference simulations.

The influcnces of numerical resoclution and the spanwise domain size on the
three-dimensional simulations were studied. It was found that inadequate resolution
in the spanwise direction can cause early transition in the shear layers separating

from the cylinder and shorter vortex formation repions.
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Conclusions

6.2 Recommendations for Future Research

s As part of the numerical algorithm, a linear system of cquations for the B-spline
coefficients is solved at cach time step. For this purpose, an iterative technigue
based on the conjugate pradient method is employed. Bowever, the current
number of iterations required for the converged solution is fairly high (about
100 in some cases). Varioua pre-conditioning strategies can be explored to reduce
the number of necessary iterations. The best way to approach this problem is to
consider a simple Poisson equation on a coarse grid and design a pre-conditioning
algorithm based on the B-spline properties and the grid embedding algorithm,
One of the hest candidates conld be pre-conditioning that takes full advantage
of the inherent domain decomposition of the namerical technique. Such a pre-
conditioning slgorithm allows for an efficient implementation of the technique

on parzallel computers.

o A bottleneck of the current nuinerical method is computation of the nonlinear
terms, which requires up to 65% of the CPU time. Nonlinear terms also require
significant memory resources. In the present work, nonlinesr terms were com-
puted via evaluating convolution sums of the B-spline expansion coeflicients.
Nonlinear terms could instead be computed in physical space. The integrals of
the products of the nonlinear terms and weight functions could then be com-
puted with a small number of grid poirds to save CPU time. This might lead to
large alinsing errors, which could be reduced by using the skew-symmetric form

of the nonlinear terms (Kravchenko & Moin 1597).

o Currently, the numerical algorithm is able to distribute computations among
PEOCEISOTS in the homogeneons direction only. However, this Hinits the number
of proeessors to the number of grid peints in this direction. A more sophisticated
paraliclization algorithm, which takes full advantage of the zonal grid structure,
could be implemented. In this case, the iferation algorithm used to solve the
linear system of equations for the B-spline coefficients should be significantly

modified .




Coniclusfons

» Preliminary computations of flow over a cylinder at Rep = 140,000 revealed
that extremely fine grid resolution in the separated shear layers imposed a se-
vere restriction on the time rtep. Feasibility of a fully implicit time stepping

aigorithm should be explored.
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Appendix A.
Introduction to B-splines

Thia appendix gives general information about B-spline functions and deseribes
two numerical procedures: Galerkin and collocation metheds based on B-splines,
Comparison of the two methods is given in terms of convergence properties and
modified wave number analysis, Basic elements of the algorithm for the construction
of two-dimenstonal B-splines on a zonal grid are described in the last sections of

this appendix.

A.1 Construction of B-splines

Basis splines, or B-splines, are defined as basis functions for a space of plecewisc

polynomials. Given a set of N + 1 grid points:

Etﬂ:tlﬁ"*stﬁ"]: (All}

onc can construct N-+& B-splines of order k using the following recursive relationship

(de Boor 1978):

ki) — {z ~tj k1) k-1 (5 ~3) iy R :
Bz} = s _tj—jc—l}BJ_l ()} + i "'"fj—k}Bj (z}) j=1,...M+ If’ (4.1.2)

where B;-’[m} is the 7 -th B-spline of order & and the B-gpline of order zero is a

top-hat funection defined as

TIRU I TR < TV R .

By{z) = {{}, otherwise. for 3=1,.,N
h 1 Y
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Lie IiltN+I~:

Figure A.1.1: Uniformn grid (A.1.1) with virtual peinis added at the bound-
aTies.
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Figure A.1.2: Uniform grid with periodie virtual points added at the bound-
aries.

According to equation {A.1.2) , the construction of B-splines near the boundazies
requires additional points that are not present in the prid (A.1.1). For example, the
B-spline of second order, Bj(z}, needs points ¢_y and #_; which are not defined. To
construct B-splines at the boundaries, virtual points are introduced at both ends
of the domain so that ¥ = .. = ¢y = fp and ¢ty =ty = ... = tyyp. An
example of a uniform grid with added virtual points is shown in Figure A.1.1. Note
k additional virtual grid points at each end of the domain.

In some caseg, it is useful to construct periodiec B-splines for problems with
periodie boundary conditions. The grid for such problems makes use of periodic
virtual points which are defined as t_; =ty g — L.y =iy — L and #y 4y =
i1 + L, tygr =t + L, where L is the domain of periadicity. An example of a
periodic grid is shown in Figure A.1.2. Note that, unlike in the case of non-periodic
mesh, the points at the ends of the periodic grid are not degenerate, Fipure A.1.3
shows non-periodic and periodic B-splines of order 2 defined on a uniform grid
using equetion (A.1.2} . In the periodic case, some of the boundary B-splines are
equivalent, e.g. Bi(z) = BY 4k_y(z) and Bf(z) = BY, +klz}). Non-periodic B-splines
of first, second and third order are also shown in Figure A.1.4. Note that only one B-
spline is non-zero at each boundary, This property can be used to impose Dirichlet
Loundary conditions.

Most of the B-spline properties are given by de Boor (1978). Here, we lst
some of the important properties that are helpful for understanding our numerical
methodology hased on D-splines,

¢ B-splines have compact support and they arc positive on their support:

B;"I[:I:} >0 for ;3 g <@ <y,
B;':(m] =0 for =» g {fju-k-—ht_?')’
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Mon-periodic B-splines

Ferindic B-splines
1 z 3 Mak-1 N+k

Figure A.1.3: Composite graphs of non-periodic and periodic B-splines of
order 2 on dotnein 0 < z £ L. In case of periodic B-splines, B = Byyx_; and
Bg = BN+;¢.

The support of each interior B-spline of order k spans k -+ 1 grid intervals. The
local support of B-splines leads to banded matrices that can be efficiently stored
and solved.

» A set of B-splines defined on (A.1.1) satisfies the fullowing rolationship:

N+k

Z Bz} =1.
i=1

This allows constant functions to be represented exactly by B-splines. In fact,
B-splines of order & represent polynomials of orders from 0 to & exactly.
e A B-spline of order & is C*~! continuous. This allows sn accurate and smooth

representation of both velocities and their dertvatives.

115




Intreduction lo B-splines

Figure A.l.4: Composite graphs of B.splines defined on I1-knot uniform
grid. z) B.splines of order I; b) B-aplines of order 2; ¢} R-sphines of order 3. Kuol
pointe are shewn by black haMucircles,
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A.2 Galerkin and Collocation Methods Based on B-splines

To illustrate two nutnerical techniques based on B-splines, Galerkin and collo-
cation methods, we consider the following model equation,

dﬂ
—u(z) = f{o), (4.2.1)

which is solved on the domain ¢ € [ty, f] with Dirichlet boundary conditions,
u{fn} = ug, t&l[ﬁﬁ.f} = U {A,Z.E}

For the problem to be well-posed, we need two boundary conditions for n = 2 and
one boundary condition for » = 1. No boundary conditions z;.rc required for the
representation problem, r = 6. The numerical solution of {A.2.1) is represented in
terms of expansion B-spline functions of order k (For brevity, the order of B-splinss
is omitted in the following analysis):

Ntk

i(z) = ) o;B;(z). (A.2.3)

=1
where filde denotes the numernical approximation. In the Galerkin method, we
introduce a set of weight functions, #;(z}, which are also B-splines. Then, the
expansion coefficients in equation {A.2.3) can be found from:

e N+k 4N i
i{x) Z &;?Bj(m}aj dr = di(z) flz) de, (4.2.4)
=1

t o

where ¥hi{x) = Bi{z) for i = 1,..., N arc the weight functions. Evaluating the

infegrals in equation {A.2.4}) | we obtain systems of lincar equations for a:

Ma=R for n=0,
PDa=R for n=1, (A4.2.5)
Va=R for n=2

where M, D and V are multidiagonal matrices of the form shown in Figure A 2.1,
The bandwidth of each matrix in the Galerkin method is equal to 2k + 1. The

systema (A.2.5} can be solved to determine the expausion coefficients, oy, for § =

L...,.N+ k.
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Figure A.2.1: Typical matrix for one-dimensional problem. The bandwidth
of the matrix depends on the order of B-spiines.

In the collocation method, the weight functions are delta funetions, i) =
df{r — x;), where z; is a sct of N + & collocation points, x; = 1,...,zy4p. The
number of collocation points is equal to the number of B.splines used for the solu-
tion representation. We choose the collocation point associated with a particular
B-spline to he the point where the B-spline has the maximum value {although,
other choices for collocation points are possible}. On a uniform periodic grid, these
collocation points will coincide with grid points for the odd-order B-splines and
with mid-peoints of the grid intervals for the even-order B-sphines. The differential

equation {A.2.1) iz satisfied at each collocation point,

Ntk o
> T Bilzile; = flzi), (4.2.6)
J=1

and, as 1n the case of the Galerkin mathod, this leads to a system of linear equations

of the form {A.2.5}, The bandwidth of the matrix in the colocation method is equal
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to & + 1 and k for even and odd-order B-splincs, respectively. The entries of the
matrices in equations {A.2.5) for a uniform grid with the mesh size A = 1 are
given in Table A3.1 and Table A.3.2 for the Galerkin and collocation methods,
resprctively. |

'fo impose the boundary conditions in the nwmerical methods outlined above,
we recogmze that only one B-spline is non-zero at each houndary,

Bi(to) = Byltnt =1, Bi(to) = B:{tpy) =10, for i=2,..N~1.

Then, the expansion coefficients corresponding to the boundary B-splines in (A.2.3)
are determined from

aifte) = un, an{ty) =uy. (A.2.7}
[t was mentioned above that the representation problem, n = 0, requires ne bound-
ary conditions. However, int the analysis below, we choose to use the known values
of the expansion coeflicients, (A.2.7), at the boundaries and modify the mass matrix
accordingly.

To study the convergence properties of the Galerkin and collocation methods, we
consider numerical solutions of the problem (A.2.1) obtained on grids with various
number of knot points and compare them to the exact solution in terms of error
notins. For theae fests, the right-hand side of equation (A.2.1) was f(z) = sin{2ra),

where z € [0,1]. We define the error norms in our analysie as follows:
1 v
Ll error norin = ————— |toxact (T} — Unumer ()] dz,
{tf'f - f[}} i

1 iar T
L2 error norm = ——— ( ] (Uexact{*) = Unumer{z))? cfa:) .
[tN - tu} L))
Loo erTor norm = maxX _[texaci(Z) — umumer()],
J‘E[!:U'!t.l'f]
- 1 N
L1 error norm = W ; Jttexaet (i) — Unumer(ti)],

1 & :
L2 etror norm = ﬁ (E (anax;t{ti ] - unumer{ti]f) ]

=0

L error norm = m&XN Juexam{fi} - ﬂﬂumer[tins
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where tilde indicates the definition in the discrete sense, The discrete norins, fq, Lo
and L.y, are useful to assess the numerical solution at the grid points only. However,
to study the convergence properties of the (Galerkin technique, it is mere informative
to consider the continucus error norms. The integrals in the continmons error norms
were evaluated umerically by sampling the numerical solution at several quadrature
points on each grid interval. The independence of the results of the number of

quadrature points was established.

Figure A.2.2 shows the L2 errors in the solution of equation (A.2.1} with the
Galerkin B-spline method on uniform mesh versus the mumber of prid points, N.
The same rates of convergence and approximately the same magnitudes of L2 errors
are cbserved for different values of n in equation (A.2.1) . This was also observed
in the behavior of other discrete and continuous error norms. As expected, the
method based on higher order B-spiines exhibits faster convergence of L2 errors
than that based on lower order B-sphines. However, a different behavior is observed
in the convergence of the L2 errors shown in Figure A.2.3. The methods based on
B-splines of order 2 and 3 have the same convergence rates for the 12 errors, even
though the magnitudes of errors are smaller for the higher order B-splines. The
same relationship exists between the methods based on B-splines of order 4 and 5.
The difference in L2 and £2 norms is consistent with the behavior of errors at the
knot points and inside the grid intervals shown in Figures A.2.4 and A.2.5 for the
second- and third-order B-splines, respectively. For the sccond-order B-sphines, the
errars in belween the grid points appear to be larger than those at the knots and
provide the dominani contributions to the L2 norm. IFor the third-order B-splines,

the errors in hetween the grid points are smaller.

Figures A.2.6 and A.2.8 show the comparison of errors for the Galerkin and
collocation methods on uniferm and nen-uniform grids. Non-uniforin grids were
constructed by using cosine stretching so that the resulting mesh was finer near the
boundaries and coarser in the middle of the domain but had the same number of

prid peints ag in the corresponding uniferm grid. The rate of convergence does not
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noirms; ¢ = 0 in equation [A.2.1) . B-splines of order: 1, —— ; 2, ------ 1 3,

R R

121




Intraduction be B-splines

w0 . A ' N . a s '
k
*
|FI|‘|.'I|1 poa e, EA
et i LA e, S e
HEETENE TR R RO AT,
-4 %I” TREELE:] fited il sty et T
0 3:"':|I '1:[:1'\.1', ..",rll”ll::n.l :::I-,:I:il::::l::':ﬁ I"Lfll':llli:“:"!'
] riq igida al I b " [ ] Leb b d I 3 ™y
Mok oy hdF gy 1l W o oy Tppm A
-r: ||:‘. HH i |:|I:I‘||r::r::llr|.f"| J‘.,:|.I1-|:|il:l"':
[ i 1 . r [ I::,: U LT il.::
1
[ 3 RS T uh H A Fiaa
% H “I‘I“”'r: by Py v
1 it ! a1 Vv [
F] g hoy w " M 1
s R ;o R ?
d i TN I L
N pEEL i e A
' W F
i v I 83 R !
i 1] [ [[1 %}
1 b 13 . ]
| ! rhy e by
1 . F ]
i 1 | k
]
]
i
1
10°% rrrerrrerTeeea e eey T T T e g e e e
. t -J a 4 5 |
T

Figure A.2.4: Birors at the grid points {—e—} and in between the grid points
froemen } in bumerical solution obtained with Galerkin method based on B-splines
of order 2; n =0 in equation {A.2.1) .

.“J-‘- CEF 1 | banvin N 1 Nt o
H =
i £
i
£
i
Ty |
178 T H'":’u‘t“;:rlr‘li LIk 2
I TR njrt E
TR R T HL N I it
AR A TR L LT W
[ Y aa e g r A h
=] et Ty g R
IR |'=:|F!| u " :’:l:ll’:n
H NEEEEIER RN AREREELIN
1 :1: i HH 1 i :'Ii b
A putiac 4y ! Y
10 R : 1 r T
AR P hE
N A ] !
R ! f '
. '
a '
' '
' '
] Ty
T CErg e ' R e S e
o) 1 k] 5 L]

Figure A.2.5: Errom al the grid points {——} and in between the grid points
{------ } in numerical solution obtained with Galerkin method based on: B-splines
of order % » = 0 in equation [A.2.1) .

122



Introduction fo B-splines

'Il:l'2 1 L L L PR YT WS S TR . . o .|..u.-.f.
[
i
10 =
101 = F
. Lt
E to? "
L s
0 u
."1
B2 .
qOM g e e e . e e e e g
i 1t 1

Figure A.2.6: Convergence of Galerkin method on uniform and non-unilorm
grids; n = 0 in equation {4.2.3} . D-zplines of order: 1, - AEETECE 1 4,
d ~—vem B =—eeme | Lines with and without symbols show errors on non-uniform
and uniform anids, respectively,

4 4 1 1 ,
107 i ' Ty
L TR R H
[ L T SR T i
T S T R L R -
LUt gy L 0 H
IR TR T MR H R H
Phpoe oW %y oo o Phoaas b
- R T T 1l '
TR S R i :'
T L B
Har 1o non AN i_
.
T :lf :Ir M l: :l L' ! non :=' VT |.I z
R AN N A I E
Woar oo ] Iy :: no [N [
=) 1 now :: :: wow o :.=' ‘:
*
B I T O S
o i Ie G hod
u . P I o bl
-5 1 Ir [
10 | It [
' I i H
|
| !
N
H '
] h !
H I H
I I
\ I ' i
\ H . i
e P e e e e e T e e
q 1 2 A 4 5 B

Figure A.2.7: Errors st the grid points (—«—] and in between the arid points
[RERLES } in rumerical solution obtained with Galerkin method based on B-splines
of order 2; 7 = ) in equalion (4.2.1} . Calculations on a non-uniform mesh.

123




Intreduction to D-splines

Lm ETTOor

.

d '
. ]
R R B e s o e

w 1

N

Figure A.2.8: Convergence of collocetion method on ron-uniforin and uni-
forrm grids. Besplines of order; 2, ——— : 4, —-—- ; B, +oee. Lines with and
withowt symhols show erroes on the non-uniform and uniform grids, respectively.

change when we switch from uniform to non-uniform grids. However, the magnitude
of Lo, errors on the non-uniform grids is higher than that on the uniform grids.
Large errors in the coarse regions dominate contributions to the L., error norma.
The difference i etrors on nniform and non-uniform grids inereases with increase

in the order of B-splines.

A comparison of the convergence rates of Galerkin and collocation methods is
shown in Figure A.2.9. The Galerkin method with B-splines of order & is compared
to the collocation method with B-splines of order 2% since they have matrices with
the same bandwidth and, therefore, require the same computational resources, It
appears that beth methods have the same convergence rates for lower order B-
splines. Collocation methods have slightly larger errors because of inaccuracies
near the boundaries. For higher order B-splines, the collocation method converges
faster than the Galerkin method does for the same matrix bandwidth. However,

collocation methods exhibit higher maximum errors on non-uniform grids as shown
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in Figure A.2.8. Perhaps, the errors of eollocation method on non-uniform meshes

can be minimized with a different choice of collocation points.

A.3 Modified Wave Number Analysis

For the analysis of the modified wave numbers, we consider a periodic solution

on a uniform grid with A = #; —#;_| = 1. Numerical approximation of function

flz} is represented in terins of B-splines defined on this grid:
B N
fl2) = Z a;Bj(z},
§=1

where o; are the expansion cocfficients and N is the number of B-splines. The

maodified wave numbers of the first and second derivative operators,

T
L (a) = D0 0iBia),
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Table A.3.1: Diagonal elements of malbrices in Galerkin method on nwniform grid
with A = 1,

(-‘;;; Y !
sz} = > ey Bli(a),
j=t
are obtained from the B-spline representation of a Fourier mnode with wave number
Ky .
. N
/ Pt de = f P thjﬂj[:c] dex, {4.3.1)
& 8 =
where 1 are the weight functions. Then, the modified wave numbers arc defermined

from

. I
E-P‘Ej[:ﬁ] jg; e dy = gﬂj _/ﬂ 'I,JL‘]BS{.’L‘} dz, {A.S?]

. N
—(m"{rz}]zﬁwe’” da = Zaj]s;;f)gﬂf{m} ez, {A.3.3)

i=1
where &'{k)} and ﬁ"(ﬁ;} arc the modified wave numbers for the first and second

derivative operators, respectively.
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Tabie A.3.2: Diagonal elements of matrices in collocativn method on uniform
grid with A =1

Substituting {A.3.1) in equations (A4.3.2) and {A.3.3) and integrating, we obtain
Do = &'(x)Ma {4.3.4)
Va = —(x"(£))* Mo {A.3.5)
where the bandwidth of matrices M, D and V' is 27 +1. The value of .J depends on
the order of B-splines and can be deduced from Table A.3.1 and Table A.3.2 for the
Galerkin and collocation methods, respectively. The modified wave numbers for the
first and second derivative operators are simply the eigenvalues of the generalized
eigenvalue problems (A.3.5) and {A 3.5} which can be written as
; E;f_l 2d; sin 7
wik} = = & 1
mo + 3] 2mjcos is
g .
2 =1 2041 — cos jk)
mo + Ei‘ Zm; cos Jk '

(A.3.6)

(+"(m)) = —

(A.3.7)
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G3 and C7; - . B, Gk and Ck indicate Galerkin and colincation methods,

eeapectively, with B-sphines of order £,

The functions {A.3.6) and {A.3.7) are plotted in Figures A.3.1 and A.3.3 for the
Galerkin, and in Figures A.3.2 and A.3.4 for eollocation methods. We notice that the
methods based on B-splines Lhave very good modified wave number properties which
resemble those of the Padé schemes (for modified wave numbers of the compact
finite-difference schemes see Lele 1992). For instance, the Galerkin method with
B-splines of order 2 is sufficiently acenrate for about 2/3 of the wave numbers. The
accuracy is always higher for low wave numbers and lower at high wave numbers,
especially for the first derivative operators. However, with increase in the order of

B-splines, the accuracy at high wave numbers hnproves.

Figure A.3.5 comparcs the first derivative modified wave numbers for Galerkin
and eollocation method. For the same order of B-splines, Galerkin methods are
superior to collocation techniques. However, as was first pointed out by Moser

1997}, Galerkin and collocation (based on odd order B-splines) methods have the
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same modified wave numbers for the same matrix bandwidth, This can be seen
both i Figure A 3.5 and in Table A.3.1 and Fable A.3.2. For example, the Galerkin
method with B-splines of order 2 has the same modified wave number and matrices
as collocation method with B-splines of order 5. Also, the modified wave number
corresponding to the second derivative in the Galerkin method with B-splines of
order 1 is exactly the same as that in the collocation method based on B-splines of

order 3.

A.4 Construction of 2D B-splines on Zonal Grids

A substantisl part of the present project was devoted to the development and
implementation of the numerical methodology based on B-splines in two directions.
The construction of two-dimensional B-splines on a zonel grid was developed by

Shariff & Moser {1995) and iz briefly described here.
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Figure A.4.1: Construction of two-dimensionat B-splines on zonal grid, Syme-
bols » and = show the locations of knel points.
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A typical zonal mesh with sudden grid resolution changes is shown in Fig-
ure A.4.1. This particular mesh is constructed with two knot seta in ¥ and two
knot sets in . The knot sets sre swept across certain regions to form the lmnes
of the zonal mesh. For example, y-knot set 1 is swept horizontally from zp to 4
and y-knot set 2 is swept from 21 to x2 to form the horizontal lines. Similarly,
z-knot set 1 and z-knot set 2 are swept vertically from yp to 31 and from 11 to
ya, respectively, to form the vertical lines of the mesh. The zonal prid 15 then dis-
assembled into three zenes with regular grid in both dircctions of cach zone, as
shown in Figure A.4.1, Furthermore, two classes of two-dimensional B-splines are
constructed: confined and spilling functions, The support of confincd functions
resides entirely in & particular zone. The support of spilling funetions is allowed
to eross zonsl boundaries, Two-dimensional eonfined B-spline functions are simply
constructed by forming products of one-dimensional B-splines defined on the grids
in each direction of & zone. An algorithm for the constriction of apilling functions
is more complicated and is described in detail by Shariff and Moscr (1996). As
pointed out by Sharifl and Moser {1996}, there iz no rigorous mathematical proof
that the algorithin gives a unique and complete sot of basis funections. Construction
of spilling functions is based on finding the products of B-splines in both directions
such that no additional grid lines are produced by the supports of these B-splines.
For example, the product of the function B4{x) defined on the z-knot set 1 and the
function By} defined on the y-knot set 1 can not be chosen az a spilling function
beeanse it creates additional horizontal grid lines in zone 3. On the other hand, a
product of the fanction B4{z) and the funetion Beo{y) defined on the y-knot set 2
forms = legitimatc spilling function. The function By} is also called a suitable

multiplier for the function Bz}, Our sample zonal grid shown in Figure A4.1
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gives the following nuinber of two-dimensional B-spline functions:

Niooner = Ny X Ny, = 6 % 6 = 36,
Nionez = Ngy ¥ Ny, =323 =9,
Neones = Noy X Ny, = 3 x 8= 24,
N, = 69,
N, =22,

where Nionel, Nzonez and Nyones are the number of eonfined functions in zones 1,
2 and 3, respectively. Total number of confined functions is N, and N, gives the
munber of selected spilling functions on this grid,

Once the confined functions are formed and the spilling functions are selected,

a numcrical representation of the dependent variable in a problem js

Ny+N

er, (x,4) + Z i S {2, ), [A4.1)

=14 N,

where C{, ) and S{z,y) are the confined and spilling functions and N, and N, are
the numbers of the confined and spilling functions, respeetively. The total number
of confined functions is determined from N, = 'EN”"‘” N where N is the number
of confined functions i each grid zone i;. The total number of degrees of freedom
15 given by Ng,r = N+ N,. This number is related o the number of grid points on

a given mesh,

A.5 Galerkin Method Based on 2D} B-splines

' To illustrate the implementation of the two-dinensional Galerkin B-spline method,
we consider the following nonlinear convection-diffusion equation:

Su Gu ( & & )
”

-|- ‘Bz T ¥\ 5 + ag? (A.5.1}
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with boundary conditions:

u(G, ) = u20(y), (4.5.2a)
u(Lz,y} = u2p{y}, (A.5.2b)
wlx,0) = ulp{z), (4.52¢)
u(z, Ly} = ulpfe). (A.5.2d)

The parameter ¥ in equation (A.5.1) is the diffusion coefficient. Let us solve
the cquation {A.5.1) on the zonal grid shown in Figure A.4.1. Substituting the
expansion (A.4.1) in cquation {A.5.1) and performing the Galerkin procedure,
i.e. multiplying both sides of equation (A.5.1) by two-dimensional B-spline weight
furictions and integrafing over the entire computational domain, we obtain & system
of ordinary differential equations for the expansion coefficients a:

E mij%? =1 E vijog — Z z P itaT (A.5.3)
i o1

j
In matrix form, the system (A.5.3) is

dev
MEE- = rVa - Nio a), {A.5.4)

where M and V are linear mass and diffusion matrices snd N, ex} is the nonlinecar

terin. The elements of the linear and nonlinear matrices are given by
T :f .[n Bi(#,y)Bj{z,y) de dy,
o W REy
& B; 8°B;
5= [ o (e G e + Blon e ) do v
a8

il = / f Bilx, y}Bi{e,1 )Fi{;r,y] dx dy.

xS0y T

The form of the linear matrix is shown in Figure A.5.1. This particular matrix
corresponds to the Galerkin method based on B-splines of sccond order defined on
the zonal grid A.4.1. The elements in the unstructured part of the linear matrix

result from the interactions between two spilling functions or between spilling and
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confined functions. (The functions interact if their supperts overlap, in which case
the integral of the product of these fanctions is non-zero). The number of different
interactions 1s given in Table A.5.1. Only interactions between different functions
are recorded. Howover, each spilling function can interact with itself. Such an
interaction corresponds to the diagonal element in the unstructured part of the
linear mairix. The total number of unstructured elements is ¥, = 2 Nee + N +
N,. The three structured parts of the matrix correspond to the three zones of the
wonal grid A.4.1. Each part has o form of a block-multidiagonal matrix with the
clemnents formed from the interactions of the confined functions in the zones. It is
convenicnt to store the structured parts of linear matrices by disgonals. The gaps
in the diagonals corresponding to the intermediate regions between blocks are filled
with zeros in order to simplify the implementation. For cach diagonal, we store all
the clements, the number of entrics in the diagonal, and the row and column of
the first clement in each diagonal. The number of diagenals in the struetured purt
of a lmear matrix depends on the order of B-splines, k, and is equal to (2k + 1)%,
For example, the structured parts of the matrix in Figure A.5.1 Lave 25 diagonals
(25 = {2-2 +1}%). The row and column of the first element of each diagonal are

given by

YOWS jizone = 1 — minfi, 0) ~ min{j,0) « N,

Fizgong 1

cOlUIng; j izone = 1 — 1min{?,0) -+ i — (min(7,0) — 7 Ny,

where —k < i 7 < k.

A so-called nonlinear matrix, corresponding to the nonlinear tetm, is formed
from interactions between three two-dimensionul B-splines. Like a Hnear matrix,
a nonlinear matrix consists of structured and unstructured parts. Unstructured
clements of a nonlinear matrix are forined from interactions among either three
spilling functions, 2 confined and 1 spilling functions or 1 confined and 2 spilling
functions. The total number of unstructured clements in the nonlinear matrix of
equation (A.5.4) is Nyse = 6Ny + Noc + Nogs + N + Ness)+ Ny, where the factor

6 is nscd to account for the symmetric interactions (interaction between a confined
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Figure A.5.1: Two-dimensional matrix resulting from zonal grid,

function, C{x,y}, and a spiling function, S{(x,y)}, is the same as that between S(x,y}
and C(x,¥) - this interaction is called symmetric). Note that N,,; and N, are present
in the definition of Ny,,. These are used to account for interactions in which two
funetions are the same and the third Js different. For example, an interaction that

involves a spilling function counted twice and a confined function will contribute an
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Ny = 100 - number of interactions between spilling funetions
Nee =28 - number of interactions between spilling and confined funetions
Nyss = 208 - number of friple interactions betwesan spilling functions
Nees =776 - number of triple interactions between 2 confined and 1 spilling functions
Negy = 778 - number of triple interactions between 1 confined and 2 spilling funetions

Table A.5.1: Number of interactions between two-dimensionel B-aplines of
order 2 defined on ronal grid A.£.L.

clement to the unstructured part of the nonlinear matrix and is accounted for in
the second term of Ny, The number of different unstructured interactions for the
zonal prid A.4.1 is given in Table A.5.1. The structured part of a nonlinear matrix
is also similar to that of a lincar matrix and consists of multidiagonal blocks. The
row, column and depth of the first element of each diagonal in every block are given

by

TOWY) .o fotzene = 1— l'ﬂiﬂ('i:]_,jl,u} —nlin{fg,jz,ﬂ) ' Nm'izme!
eolWtnng, 4 i 5edzone = 1 — minfiy, 71, 0 4+ 23 — {min{fs, j2,0) — i2) - N,

Tizpne!

dEpt'hfiJl,inz.iznne =1 —mn{zy, 71,0) + 71 — (min{sz, j3,0) — 72} - Nt eone>

where —k < 41,1y < &, max(—k, -k + 4} < 71 = min(k, k& 4 41) and max{—k, ~& +
fg) < fa < min(k, & + iz}

The boundary conditions, (A.5.2}, are hnposed strongly by determining the
values of the expansion coefficients corresponding to non-zero boundary B-splines,

Thus, the boundary condition {4.5.2a) is

N Nt N
W0,y) = Y o0 y) + Y euSiin,(0,5) = u20(y),
=1 =14 N,

Both confined and spilling functions at the boundary, # = 0, will have 1D B-splines

defined on a knot set of this boundary as one of their multipliers. The boundary
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expansion coefficients are then determined from

N,
(0, y) = > a;B;(y) = u2aly), (A.5.5)
=1

where B;{y) are the B-splincs defined on a knot set at # = 6, and Nj, is the number
of thesc B-splines. Expansion mr:iﬁr:iénts, a;, in (A.5.5} are obtained by B-spline

projection.

0 L

Figure A.5.2: Periodic B-splines on exiended domain, Here, By (y) 2 Br{y),
Baly) = Buly), Ba(g) = Boly) and Bafy) = Bro(v)

In problems with periodic boundary eonditions, linear matrices are modified to
account for the periodicity of the expuansion coeficients, Consider, for example, a
single-zone § X 7 grid on which second direction is periodie. The number of second
order B-splines defined on this grid is 6 » 8 = 48. However, as we saw above, some
of the B-splines in the second direction will be equivalent, Le. By} = Drly} and
I{y) = Bs{y). For simplicity in implementation, it is nscful to introduce 2 (or
k for a general k-order B-spline) additional grid points at one end of the periodic
direction so that Bz{y) = Bo(y) and By(y) = Biply) as shown in Figure A.5.2. A
linear mairix corresponding to the new set of 6% 10 B-splines is shown on the top of
Figure A.5.3. This mafrix is modificd to account for the equivalence of the B-splines
and corresponding expansion coefficients, as shown on the bottom of Figure A.5.3.

The matrix entries corresponding to the B-splines Bily), Baly), Bsly) and Bia(y)
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Introduction to B-splines

are set to zero except for the disgonal elements which are set to one to ensure that
the mmatrix is non-singular. The resulting matrix is periodic and guarantees the
periodicity of the expansion coefficients. Once the matrix is inverted, the expansion

coefficients corresponding to the boundary B-splines are obtained from periodicity.
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Appendix B.
Divergence-Free Formulation

This appendix gives the details of the divergence-free formulation for the Galerkin
B-spline method in generalized coordinates. The basic methodology was outlined in
Chapter 2. Here, we explain the choice for the divergence-free vectors and present

the expressions for the maas, viscous and nonlinear terms.

B.t Governing Equations

We consider incompressible fluid Hows governed by the Navier-Stokes and con-
tinuity equations:

&u i
w oVt

V.ou=0, (B.1.2)

Vi, (B.1.1)

where u is the velocity vector, p is the pressure, Be is a Reynolds number, and 1

arc the convective terns.

B.2 Generalized Coordinate System
Equations (B.1.1) and (B.1.2) are considerad in generalized coordinates (£, 7, zY,

E=8z,y) n=1nlxy)
{B.2.1)

z=z(&n) y=wln)
where z is assumed fo be the direction of invariance, and z(£, ) and y(¢, ) are the
mapping functions. From equation {B.2.1) , we obtain the metric functions, Ee, Ha,

ye, ¥y, and the Jacobian, J = zem, — agy;.
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B.3 Divergence-Free Vector Expansions

In the divergence-free formulation (Leonard & Wray (1982)), we represent the
velocity vector, u, in terms of two distinet classes of divergence-free vectors. This
is equivalent to independently representing two components of the velocity vector

with the third determined by the continuity equation,

u(‘f: a2y f} = Z Z [&T-'It_.,m{t'-' kz]q::m,kz '[E'-' LD z} + &;,rn(t: kz}q::m,kz [és LD z}]v

k; A,

(B.3.1)
where qﬂ ks and O g, BT€ the divergence-free expansion vectors, nr"‘ and &
are Fourier transformed expansion coeflicients and k. is the Fourier wave numher.
Such a representation allows us to reduce the number of independent variables from
four {three components of the velocity vector and pressure) to two, the expansion

coefficients a® and &~ in (B.3.1).

B.4 Choice of Expansion and Weight Vectors

The divergenee-free expansion functions are constructed using B-splines in two
directions, £ and 7, and spectral functions in the third, z. For simplicity, in this
subsection, we assnme a Cartesian coordinate system, fe. 2 = £ and ¥ = #.

Consider three divergence-free vectors,

1) fn[g}ﬂ'm{n}\l " r/ 0 "
Gy e, (i1 2) =V % 0 &% = | ik fol&)gn(m) | €77 (B4la)
0 ¥ l\ fﬂ{‘f]ﬂ:n{ﬂ)
@) 0\ kL@
L SR (Esmz) =V x [ falé)gmin '™ = ¥ e % [ B.4.1b)
: L \ fal&gmin)
(U \1| L r" fﬂ ffm Tf} )
qn m k‘._t{:‘s:v 7,2} = 0 e' = —f,;(E}q.‘rm{ } gifs# {B.4.lc]
fu[f}ﬂm{?}j}) 'I\ 0

where f(£) and gn{ny) are B-spline functions in directions £ and w, respectively.
Note that the presence of curl in the definitions of q ensures that ¥V.q = 0. The two

divergence-free expansion vectors required in equation {B.3.1} can be constructed
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from vectors {(B.4.1). If vectors q{]} and g'?) are chosen for the expenRion vectors, an
additional set is required for the case k, = (3 to obtain a complete set of independent

vectors. For ky = 0, vectors gt and q'?) arc not linearly independent since

0
“:IE:E::,,Q(KE:W: 2."} — ﬂ ) T [B4:2G}
Ful&)om ()
) .
qu’n,uf{*mz] = ( 0 ) : (B.4.25)
f:+(§)§m{7?}

Alternatively, if vectors q{'} and q® or qf? and q¥ are selected, then a special
treatment of the case k; = 0 13 not required. For simplicity in imposing boundary

conditions, the following choice of the divergence-free expansion veetors is used i

our study:
k!
q:rmrkz(g’n’z] = qf‘kjﬂ.l:;{‘f? LB z] {B 4 3}
Uy (6712) = Qi 6, 9+ 9 (617, 2).
The weight functions are constructed similarly and defined by
[} 1
¢;’i_,fﬂ.1k; {E? ¥ .Z'} =V O e—:kzz}
fﬂ{‘f]gm(?f}
- InlEgmn}y 0 )
ﬁ"'m'k‘[‘g‘m 7} =V x 0 e LV Fal€lgm{n} | e
0 _ 0

B.5 Expansion and Weight Vectors in Generalized Coordinates

The weight and expansion vectors in generalized coordinates can be written as

follows {for sirnplicity, we omit indices in the following derivations);

AR —ikede
'ilb+{§:??j 2= | BE,m [ e plt = | —ik.efE, n) g kae
0 d(&,n)
by ikacall,m)
Gt e, mz) = | bEm) |5, (g m ) = | itwali.n) | e,
0 d(é,m)
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where a,b, cq, cp and d are given by

a(é,n) = (— 2 f'(E)9(n) + zef1E)d (1] J, (B.5.1a)
b(&,m) = ( ~ mS'(E)9(n) + we FE)d (A)}] J, (B.5.16)
ca(€, 1) = 2o f(E)aln)/ J, (B.5.1ca)
eo{€, 7} = yaf(L)alm/ 7, (B.5.1ch)
dit,n) = —F(&)g' (n}/J. (B.5.1d)

Note that Cartesian components have been retained for the dependent variables.

B.6 Weak Formulation

The weak formuletion of the Navier-Stokes equations given in Chapter 2 js:
w0 b *y _
j;} [ﬁ’ {3t H) + RE{? XY (V% u)]dﬂ ={, (B.6.1}

where the volume element is d2 = Jdfdndz. Recall that pressure is climinated
from the weak formulation owing to additional constraints on the weight functions,
V-=0o0n Qandt =0on I

For the analysis below, assume that the computational domain in {w,y,2), 9,

is mapped onto the domain in (£, n, 2), ((n, 1), (0,1}, (n,Lz}).

B.7 System of equations

After evaluating sll the integrals, we obtain the following system of ordinary

differential equations for sach Fourier mode &,

M+ M-\ d fat 1 /D D\ fat R+
(2 ) E(E) - (8 3 () -()- o

This system is advanced in time with Crank—Nicolson method for the linear terms

and third-order Runge Kutta algorithmn for the nonlinear term, R.
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B.7.1 Mass Matrices

Masa matrices in (B.7.1) are given by

MEE _ f vt dt dn.
LY

Therefore,
t 1 '
MEF / f (a® + b3)T dt dny, (B.7.2a)
oSO
1 f
Mt :] f o {aeabey)J dE diy, {B.7.2b)
o Jo
1 1
M = ] f iky(cats + cob)T dE dn, (B.7.2¢)
nl ‘}1
M~ = f J —k2(cE 4 edy + 2T dE dn. (B.7.2d)
0 40

$B.7.2 Viscous Matrices

Viscous matrices in {B.7.1} are given by
Dt = f V x$%F .V x gt J df dn.
2
Using dcfinitions for 3% and qF, we obtain
1 51 27 1
Dt — f f [kg{az + bﬁ}JE + [;1{,7:,} — yds + bgyﬂ — bﬂyf] ]"F d€ 4d8. 7. 3¢)
S0 .
1 r1
D = [ [ [ [oaree — deo) — atdye - denn
o Ja

1
+ :f(ﬂE”’:n — anZ¢ + bety — baye ) cac®n — can®e + Chedrm — ﬂ&q!fe}]

+ ik {acq + bcb}J} dt dn, (B.7.35)

1 1
o o
!
+ j(ﬂnfﬂ?n — Can®s + Che¥y — Cone Mgy — ante + by — E’fryfj]

e kM ega r;p,:']-{-)ur] dt dn, (B.7.3¢)
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f / [(dn'ﬂf — dezn)* + (g — deyn)’
2
+ kz [ﬂﬁfm’? — Can®g + Cbelin — ﬂbr‘;y{]
+ k2 |cad (dyig — deyn) + T(day ~ deyy)ea
+ T (dyg = dgay) + J(dyeg — dewg)en]

, 1
+ R3¢ cg)} 5 ¢ dn. (B.7.3d)

B.7.3 Nonlinear Terms

Before computation of the nonlinear termns, we transform the coefficients in the

velocity expansions {B.3.1} from Fourier to physical space:

atit k) — at(t,z),
a (tk,) — a{t,2).
In physical space, the velocity vector is given by
(E? 7} o (E, 2)ea(€,7)
wy = Z £ f 3 'E! Tf} a;{t: z)cﬁ(fs Ti'} ?
™ (t, 2)d{{, 1)

where the subscript in @, indicates differentiation with respect to z. Let us decom-

pose the weight vectors, '¢I+{§,?},z] and ¥~ (£,7, z), as follows:
¢+(§,ﬂ, z] = ['1b1+{£-..?;}] E-—:‘k;z? 1}:’""{15:5’?:3} = [ﬁrl_[{'}r}] — ikz,,.',z {fsﬁ'}] —:Ji:;z

whero

+ G{£1 ?’}‘} _ {} cﬁ('E'r ?f}
Wl {6:"?} = b{Esﬁ'} , ¥l {Ea 7?} = 0 : “5'2_{‘517?) = ﬂb{éa 'TFJ .
0 dié,n) 0

Then, the nonlinear terms are;

I 1
N = [{; /u 1;}1;-;: [(ynu:,-u}f — {Eytive — (yeuiu)y + {.‘I.',f?.li??)n] dt dn,
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;’:[fﬁ)l (uiw)J dé dn,

Ny = f [ 017, [l = (o) — (i) + (weuiv)y] € dn,

1 ,1
vy = [ [ w, s (o) — (ugin)y + (e
R 1,151;; (u;w) dE ey,

vy = [ [ o i) de i

These expressions can be re-written in terms of cxpansion coefficicnts et and o~

as
N'IJ" = N1+a+{r+ + N2+r:t+ﬂ: + N31 oo {B.7.4a)
Nj' = Nifeta™ + N2tota™, (B.7.4b}
Ny =Nlja%e™ + N2[ota™, (B.7.4c)
Ny = Nl;oT o™ + N2yate; + N3yo 0; + Ndjo"a™,  (B.7.4d)
N3 = Nijaera™ + N2fa, 0™, - (B.74e)
where

1 sl
Nl‘f’ =/[; /{; [{a,,yé — agynlaa + (bexzy ~ g Jbb

+ (aezqy —~ Ay¥e + bytie — bfyq]lab] df o, (B.7.5a)

.|
N2 = /D /D [2(%3’6 gl }aCs + {apty — ayite + bpye — ben ) acy + bey )

+ 2bgiey — by Yooy | dE d, (B.7.56)

1 1 .
N3} = / - / (ntis ~ agun)cacalBezy = buzg)escy | dE di, (B.7.5¢)
f f [aua‘ + bhd} J dé dn, (B.7.5d)
N2} = f f [-:1 d—l—brbaf chg dn, (B.7.5¢)
N1j = f f (e — dewmod + (den — dymeltd] dé diy, (B.7.5§)
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N2p — A 1 /ﬂ l [(dgan — dyre)ead + (dezy — dyg)esd] di dn, (B.7.59)
N1y = ﬁi ﬁl [{:‘“Cun:"f *+ Cag Ty }ab + (—Cagtin + Canyiy Db

+ (cuyle = cogtin)ab + (cagn — oy 8| dE din, (B.7.5h)
i = [ [ e a5 o

+ {Con¥e — Cheln)ach + 2cpety ~ cb,,z,f}aq,] dt da, (B.7.5)

Eogl
N3, = /ﬂ /ﬂ [(_Gaé'yn + Cantlg JeaCe + (2beTn — ConZe)eacy

+ (— ety + Ohmt + Cagity — Cansgdeats] & d, (B.7.5§)
N47 = f{, 1 f{, 1 | — ddd] J d¢ dn, (B.7.5%)
N1j = A 1 ﬁ : :caad + cﬁbd]J dg diy, (B.7.50)
N2y = A 1 L 1 :cucud + q.q,d]J de dn. (B.7.5m)

Bacl expression in {(B.7.5) is a multi-indexed quantity of the form Nisitmn and size
~ Ne %X Ny % (2k + 1)* discussed in Chapter 2. These so-called nonlinear matrices
are pre-computed and stored before the time advancement and used in {B.7.4) to
~ evaluate the nonlinesr terms. Once the nonlinear terms are evaluated, they are

transforimed back to Fourier space,
N:t{t: z} — ﬁ;t{t: kz]:

and we obtain expressions for the nonlimenr parts of the RHSs of our system of

equations {B.7.1},

R~ = N[ — kN, + 2N
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Appendix C.
Boundary Conditions

This appendix describes the unplementation of the boundary eenditions for
simulations of flow over a circular cylinder and supplements the section on bound-
ary conditions in Chapter 2, We focus on the treatment of the outer boundary
where the inflow and outflow conditions are preseribed. First, we perform an anal-
ysis of various forms of outfiow boundary conditions applicd to s one-dimensional
convection-diffusion equation. Furthermore, we describe two choices for the outer

boundary conditions, nainely, the strong and weak forms,

C.1 Analysis of Various Outflow Boundary Conditions

In this section, various forms of ontflow boundary conditions are compared. It

is shown that the weak form produces the smallest etrors.

C.1.1 TFest Problem Description

As a test problem, we consider a linear one-dimensional convection-diffnsion

equation,

@_{.C%_ ?.Z;U
YA g WL

where (' is the convection velocity and v is the diffusivity. This conation is solved

(C.1.1)

in the domain § < = < Ly = 1} The convection velocity is chosen to be €' = 1, and
the diffusivity v is obtained from the prescribed cell Reynoldds number defined as
Fe = ChAzfv, where Az = 0.1, The numerical approximation of « is represented

in termns of B-splines of order k&,

e
fi(w,t) =Y aj(t) Bl (v), (1.2

3=l
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where o; are the expansion coefficients and N iz the number of B-splines. The
system of ordinary differential equations corresponding to equation (C.11) is

dex
M-&;{ + CDa = vVar, {C.1.3)

where the elements of matrices M, D and V are
Lz
LTS [ B?dez,
Ja
Lz
di; = f BfB¥du, (C.1.4)
0
Lz
Vi = f Bfﬂ;f'kdx.
0

The initial condition 1s chosen to be u{x,0) = 0 and a time-dependent Dirichlet

boundary condition 1s prescribed at = ),
#(0,1) = sinnt.

This boundary condition is imposed strongly, i.e. the first expansion coefficient in

(C.1.2}, oy, is obtained from

N
u(0,8) = > a;(1)B5(0) = ea (1) BE(0) = (1),
i=1

since all B¢ =0} =0for 2< 7 £ N and Bi{r = 0} = 1 according to the B-spline
definitions.

We advance the systemn of equations {C.1.3) in time using the lmplicit Crank—
Nicolson method with a small time step, At = 107%. Since the time step is small
compared to the characteristic time seales in the problem, Ax/C and Az?/v, the
effect of the temporal discrétization errors is minimal in the calenlations described
Lelow.

implementation of the outflow boundary condition at & = L, amounts to mod-
Hication of the last equation in {C.1.5), For this boundary coudition, we consider

several possibilities:



Boundary Conditions

(1} No explicit boundary condition. In this case, the last equation in (C.1.3),
d“”f Bt B’F+Cia-/LIBI"B’!‘—yia-(fbxﬂkﬂ'f’kdw) =0
J'EIJ“ v J'=1jﬂ M !
(C.1.5)
is used without modification.
(2) No explicit boundary condition but the elements of the diffusion matrix are
evaluated with integration by parts. In the previous choice for the outflow
houndary condition, the diffusion terms can not be computed when B-splines

of order 1 are used, unless integration by parts is employed,

Lz La
fﬂ BfB}*dz = B}(L;)B}(Ls) — BHO)BF(0) - jﬂ BF B de.

Then, the last equation can be written as

d”? " B, B’°+c ey B B’-’“my aj BFL.)~ B"‘H’kd
2

To elirnnate the boundary terms, we make an additional assuraption:

_;r""l

N
Y ayBf(L,) =0, (C.1.6)
J=t

which is cquivalent to
N
Ju
> B (L) = LeiLa) =0

With this assumptinn the last equation hecomes

N L
d "
J=1
(C.L.7)
Clearly, (C.1.6) may lead to additional errors that may affect the solution up-

stream. However, this simplification may be useful for some problems in which

i 15 necessary to use integration by parts to modify the diffusion for viscous)
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terms. For example, in chapter 2, we used integration by parts to make the
matrix corresponding fo the viscous term symmetric.

Convective outflow boundary eondition

u Ju
E—I_GHE:[] at =1, (6'1'8]

with the convection velocity €, = (', i.e. (', is the same as the convection

velocity in equation {C.1.1} . In this case, the last equation is

Efﬂ'N

N
WB?,{L,,.} +Co Y 0 BFL.) =0 (C.1.9)

i=1

The advantage of this fype of boundary condition 1s that it is itnposed strongly.
Equation (C.1.8) is diseretized explicitly in time to obtain the value of ufz =
Lz} at the next time step, This value is then used in the Dirichlet boundary
condition imposed strongly at ¢ = L., However, this choice for the houndary
condition implies pure convection and, therefore, may penerate sgnificant errors,
eapecially in problems with low cell Reynolds numbers.

Conventive ouiflow boundary condition with convection velocity, €, = C/2, i.e.
Co s smaller than convection velocity in equation (C.1.1) . In this case, in
addition fo assuming a pure convection, we force the solution to slow down near
the boundary, which may lead to even larger errors than in case {3).
Convective outflow boundary condition with the convection velocity £, = 3C/2,
t.e. Cy 18 larger than the convection velocity 1n equation {C.1.1} . In contrast to

the previous case, here, we force the solution to aceelerate near the boundary.

Even though the last two cheices for the outflow boundary conditions seem to be

a very crude approximation of our eriginal equation, they can be very useful for

problems i which the exact value of the conveetion velocity at the boundary is not

known e prieri,
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C.1.2 Resultz and Discussion

Summary of maximum errors in the solutions with different outflow boundary
conditions 15 given in Table C.1.1, C.1.2 and C.1.3 for cell Reynolds numbers Pe =
107,103,105, respectively. The errors are computed by taking the difference hetween
the solution with a particular outflow boundary condition and the corresponding
reference solution obtained with the same cell Reynolds number, B-spline crder, and
grid resolution, but on the extended spatial domain (L; = 25}, All computations
are advanced in time to t = 20 so that the initial disturbanee exists the domain long
before the end of all computations. However, in the reference case, the disturbance
iz not allowed to reach the cutflow boundary. Thus, the influence of the outflow
boundary condition is not important for the reference solution but considerable
for other computations. Typical solutions with outflow boundary conditions and
the corresponding reference solutions for two cell Reynolds numbers are shown in
Figure C.1.1. Note the decrease in the amplitude of the solution at the low cell
Reynelds number.

For the lowest cell Reynolds number, the first choice for the outflow boundary
condition produces smaller errors than the other choices. Clearly, the diffusivity
effects arc important in this case and the first boundary condition accounts for them
well. However, as we pointed out above, this choice for the boundary condition can
not be used with the B-splines of order 1. In the case of first-order B-splines, the
second choice for the boundary condition shows the smallest error. Interestingly, -
the errors for all cases of the boundary conditions decrease when the order of the
B-splincs increases from one to two and increase when the order of the B-splines
further increases from two to three for cases (2}, (4} and {5). More accurate, higher
order B-splines have broader support and, therefore, the errors at the boundaries
affect the sclution in the interior more significantly. Even though the errors are
larger for cases (4) and (5) {with wrong convection velocity} than for {1}, {2), and

(3), the solutions are fairly acceptable. Note also that the boundary condition with
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Beoundary condilion at # = L,

B-spline order {1) (2) {(3) (4) (5)
1 - 6.0 x 107* 1.2 x 12 1.2x 167! 5.1 x 1072
i 2.1 x 107" 3.0« 10t 1.1 x 1)~* T.4x 10°% 2.6 x 1077
3 5.2x 1077 13107 9.0 1° 2.3 % 1072 5.0 x 18-%

Table C.1.1: Summary of maximum errors a6 Pe = 1075

a higher convection velocity {case {3)) produces smaller errors than that with a the

lower one (case (4)}.

Boundary condition at # = L.

B-spline order {1} (2) (3) (4) (5}
1 — 1.4 % 1072 3.5 % 162 2.2 x 19! 7.7 % 10?7
2 9.1 x 2t bl 13 1.6x 1072 5.2 x 1072 1.9 % 10°*
3 6.0 x 10~ 8.8 x 1p-1 6.3 x 104 5.1x 1072 1.6x10°2

TFable €©.1.2: Summary of maxinum errors at Pe = 107,

Boundary condition at 2 = L,

B-spline order 1) (2} B! {4) (5)
1 - 1.9 x 1p~2 FA3x 1072 3.2x 107! 1.1 x 1071
2 2.0 x 1673 1.7 % 1p~3 2.3x 1978 6.4 x 1072 2.5% 1072
3 18 x 13 1.8 x 1970 1.8x 10-8 5.8 % 1072 2.0 x 102

Table €.1.3: Summary of maximum srrars at Pe = 105

For high cell Reynolds number, the first three types of boundary conditions

produce approximately the same errors. In this case, the problem is dominated
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Figure C.1.1: Solutions at a) Pe = 10%, and b} Pe = 10% - , reference

, solution witk boundary condition at

solution on the extended domatin;
#= Ly =10.

Figure C.1.2: Errors of the solutions at a) #¢ = 10%, and b} Pe = 1[F due to

ontflow honndacy condifions: —-— | cage 3] -reeers , cage 3y ------ | case 4 .

cose 5,

by convection and the effect of diffusivity is not pronocunced. The errors due to
the outflow boundary conditions with convection velocity different from C in equa-
tion (C.1.1} are relatively large {cases 4 and B). In: these cases, the equation solved
at the outflow boundary is inconsistent with the equation 1n the interior, and this
lends to large errors that propagate upstream. In the case of the low convection
velocity, the solution slows down near the outflow boundary, and this creates addi-

tional errors. The higher outflow velocity {case §) gives hetter results than the lower
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one {case 4}, hut the errors are still significant. The convective outflow boundary
condition with the same velocity as in the equation {C.1.1} gives the best results
but, in practical simulations when convective terms are nonlinear, the exact value of
the convection velocity is unknown, It appna.rs that, if the convective outHow is to
be applied, and the exact value of convection velocity is not known, it is preferable
to use the its highest value (normally, a free-stream or mean veloeity is taken as a

convection velocity at the outflow).

C.2 Boundary conditions for simulations of flow over a cylinder

The analysis above indicates that, even though convective cutflow boundary
condition gives fairly acceptable results, it i3 desirabie to design a boundary condi-
tion in such a way that it contains as much information about the original equation
as possible.

Let us consider two forms of the outflow bm.mdar}' condifions used in comnpu-
tations of flow over a cylinder. The first form is hased on the convective outfow
boundary condition and is preseribed strongly, The second form iz the weak bound-
ary condition which containg more information about the originsl equations and is

eagier to implement.

C.2.1 Strong Convective Outflow Boundary Condition

Streamwise Convecton

Normally, convection in the streamwise direction is assumed at the outflow:

ﬂﬂ ﬁ 3:1

a0 1 24 a6

E{ls?h kz:t} — oo (Jr} 55 yﬁa_”]: {GE*I}
hi 1 ﬂw hix

—f1,7, k1) =~ Uy
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Redial Convection for O-type Cylindrical Grid

However, in the case of an O-type cylindrical grid, it is convenient to assume

convection it the radial direction:

it it
g(lzmkﬂf} == Upii?ﬂjgﬂ

o 4 .
E(llnikmﬂ —— Up("“: H]a—r-,. (0.2.2:}
e ohip

!
"'é:t"'{l,?‘}, kz,f} = — Up[?",a}a.

where Up(r,8) is the potential flow velocity at the outer boundary. The radial
coordinate, v, 1s related to £ as r = {(Ry— 1)+ 1, and the circumferential eoordinate,

&, 15 related to i as # = 27wy, where Ry is the radius of the computational domadn.

From equations (C.2.1} or (C.2.2), the values for w(1,n, by, t + A), v(1,n, kg, £ 4
Aty and w{l,n k;,t + At), are obtained using third-erder Runge-Kutta time ad-
vancement. These valnes are then used to find the expansion coefficients for the

boundary B-splincs. The velocity expansions at £ = 1 are

F(L, ket + A1) = 3 &~ s fiLgn(n) + 2 fo{ gl (7)) /7

fi, 71

+ thy E fi’;rmii‘:rpfn(ljﬂm {3/,

n,m

Bkt + &8 = > a7t o — i fulL)am (7) + e ful Vgl (m)/ 7 (C.2.3)

-+ 1k E &;,mynfn(l}ﬂm{ﬂ}fi,

”n,m-

WL,k €+ At} = = " g falL)gla(m) /.

1,71

At £ = 1, the only B-spline that has non-zero valve is fy(1). The derivatives are

non-zero for fiy_;(1) and f4,{1). Then, equation (C.2.3) can be simplified to yield
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WLt + A0 = 2 3 oo S (D) + &y 1 (Dl ()

T

+ }; ; 266y m (1) (n) + 'ﬂ'kz%ﬂ Zm: G N (Lgm(n),

. 1 . .
L kst At) = = > ek WS (D + k1 (D]gm ()

L

+ 3 3 v (o) + 8223 5 F(genlr,

L/

. i .
w(l-r ", kz:t"F' ﬁt‘} = _":;F aﬂ}iﬂ;fN{l}g:‘u{n}'
m

(C.2.4)

These can be rearranged to yicld

yﬂﬁ'{l!ﬂ?kz!t + ﬂ“t] - mﬂﬂ(lsﬂikz} = E&;‘t’,mfN(l}g:m{Tf}?

i

yg{ 1,1 oyt + AL) — 2e8(1,m, k)
~ike (L ket + A8 = Y (66 i) + 6y 1 (1)) gunln),

i

~Jafi,n, k)t = E By N (L)gr).

It

WMultiplying by ¢{(r) or gi(n) and integrating, we obtain a linear system of equations
tor the coellicients &I,_l,m, &;{r!m and &Rf,m in terms of the Fourier transforms of

the boundary condition.

C.2.2 Weak Guiflow Boundary Condition

To impose a wesk outflow boundary condition, we choose a class of weight

weight vectors ¥ (¢, n, z} belonging to the space W defined as
W={p:¢c(HUD)P, V- ¢=0,¢=0at =0}

In this definition, the weight vectors are required to be zero only at one bonndary,

£ = 1. Recall that the weak form of the Navier-Stokes equations is

LN L fas
fﬂ¢ mdﬂm/ﬂ@a (H ~ ¥p) 402 REL¢ (V XV xwde (C2.5)
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Integrating {C.2.5) by parts, we obtain

fqbi 98 40 = fgbi Hdﬂ+/v pip dQ — / o
1

- = {vw*} (vxu}dﬂ_-—_/ (vxu}x.p*) n do,

(C.2.6)
where §2 iz the computational domain and €1 is its boundary. The second term on

the RHS is zero due to ¥ -4 = 0. Thercfore,
fg;i g = /ﬁ*-Hdﬂ—é/{?xq‘r*}-{ﬁ?xu)dﬂ
iy

T gy . (Cam
/aﬂ(Re{'G’xu] ¥ +p¢) n do

At the periadic boundaries, = 0 and 5 = Ly and 2 = 0 and 2z = L, the last term
is effectively zero. At £ = 0, this term is zero due to the constraint that we place
on the weight functions, (¢ = 0} = 0. Finally, we choose the following boundary

condition at £ = 1:
1 + = 2
(Rﬁivxu}mﬂ* +%) n=0 (C.2.8)

to climinate the last term in equation {C.2.7} .

Implementation of this boundary condition does not require significant modi-
fications in the original system of equations (2.3.8). We just need to modify the
system to accommnodate the non-slip boundary condition at £ = 0. Unlike con-
vective boundary condition prescribed strongly at £ = 1, the boundary condition
(C.2.8) does nof require additional divergence free function to be added to the set

of expansion and weight functions.
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Appendix D.

Temporal Integration

In appendix B, we obtained the following system of ordinary differential equa-

tions for cach Fourier wave number, k.

M MFNd Fat B 1 Dt D+ &t )ika
Mt M~ /dt\& / ~ Re\D* D &—)_(ﬁm)* (D-1)

where &+

are complex valued vectors and 0 < &, < 4 We would like to integrate
this system in fine using the semi-implicit technique based on Crank-Nicolson
method for the Hnear terms and second-order Adams-Bashforth or third-order
Runge—Kuita for the nonlinear terms R. The details of the implementation of
the time-stepping algorithm are given below.

For the analysis below, we write the systemn (D.1) in the following form:
MY M\ 4 (RE4iRFY
~tM™t M Jdt \ &g +ixy )

1 ( D+ ﬂ_’j+—)(i§+z‘i{ AL AN
Re \ ~iD~+ D~ J\ &g +i%; by +iby
(D.2
+ _

where, a* = )'-‘:ﬁ + iif‘. Instead of solving the complex system of equations {D.2),

we solve two real systemns:

(Mo, VA (R) 3B by (6
MUY M g Re\-Dt D iz by )

Mt K- d _ 1B By (& b
(M‘+ M“)dﬁ( )"_E(ﬁ—Jr f)——)(iﬁ + by /' (24)

Both systems (I3.3) and (D.4) can be written in a compact form:

d

. 1. ¢
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Applying a time stepping algorithm to equation (D.5) , we obfain;

(ZPFE) gl Ty

1 , . ) \
__Esgmﬁmﬁ} 1 &HFN 4 ZRIHR) | Sh R

At
t=1,... ¥,
(D.6)
where N 1s the nummber of substeps, Ad is the time step and LI ,Ll atid .-: are the

epefficients at the substep 1. For the third-order Bunge--Kutta method, the number
of substeps is three, N = 3, and the cocflicients in {D.6) arc

=4/15 ¢ =1/15 ¢f=1/8
3 =816 e2=5/12 5 =3/4
=0 i =-17/60 = ~5/12.

These coefficients are from Spalart, Moser & Ropers (1981}, Note that ¢} = () and
273} is not required for the time advancement.

For simulations of low over a cylinder at ausb-critical Reynolds numbers, the
variable time step version of the second-order Adams-Bashforth method was used.
For this scheme, the number of subateps is one, N = 1, and the cocfiicients in (D.6}
depend on the current time step, At®, and the previous time step, Af"—1:

Agh ) A

1 _ 2 _ =
e} = 1/2, ciml-i-mp “L = Toagmet

When Af” = A", the standard second-order Adams-Bashforth, with ¢f = 3/2
and ¢} = —1/2, is recovered. The leading error term of the variable time step
Adams-Bashforth is of the order Q{AAT 1) + Q{AL"At?). The CFL number
corresponding to the stability Hmit of this method is around CFL=1 which is smaller
than that of the third-order Runge-Kutta method which has CFL=+/3. However,
the Adams-Dashforth method requires three times less computations per time step,
and, therefore, it is /3 times faster.
The CFL number in onr computations is defined as

. Juf Jvl o]
CFL = mox Coat Ao+ OuBEC o+ Oe m] (D.7}
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where #, ¢ and w and Az, Ay and Az are the values of volocities and grid spacings
in three divections. The values of the coefficients, Cy, Oy and €, depend on the
spatial representation used in the respective direction. For example, if the B-spline
method is used in # and y, and the spectral method is nsed in 2z, the values of the

coefficients in equation (D.7} would be
Cpr=Cy = Chgpty, C:=m,

where Cpgp is the maximum value of the modified wave number for the first deriva-
tive operator in the B-spline method. The values of Cospt for various order B-splines

are: given in Table D.1.

order of B-splines 1 2 3 4

Chupl V3 | 207806 | 228127 | 2.41541

Table D.1: Coeflicient required for computation of CFL pumber,
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Implementation of Subgrid-Seafe Model

Appendix E.
Implementation of Subgrid-Scale Model

The governing equations for large eddy simulations of incompressible Rows are
the filtered Navier-Stokes equations:

o _ o _op 1 o
gt Oy Bz;  Re8x;0z;’

(E.1)

where the overbar indicates a filtered guantity. The nonlinear term can be decom-
posed into two parts: the term resolved by the mesh and the subgrid-seale {SGS)

termi,

owm;  Oupn; N o’y

d Ty Bey
where the S5 stress tensor is defined by
TE‘S = —itjthy + ;. (E.2}
The Smagorinsky closure is given by
i -
T,-E:?gs - Eﬁ,‘j?‘;? = —-20&2|5135j, (E.3)

where 5;; = %(gﬁj b gg{_-), 18] = (25&;5&;}” % and a common definition is used
for the filter width, A = (A;A,0,)%. According to Lilly (1992), the Smagorinsky

coefficient (7 can be ovaluated from

1< LM =,

- = A
2 < M M Ty (E.4)

where < - > indicates averaging over z-direction, and L and M are given by
Ly = “ﬁ,‘ﬁj — Wifl (E.5)

mnd
M;; = AY515,, — A5, (£.6)

where tilde indicates test filtering.
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The wesk formulation of equation (E.1} is given by (B.6.1) with additionat

termns corresponding to the subgrid-scale stresacs,

fn [-p* : {%% —~H)+ ﬁ{v X $E) - (V xup+F - {vr'@)] d=0. (E7)

where 7% 15 the subgrid-scale strese tensor, However, the matrix equations (D.1)

do not change since the subgrid-scale term is added to R* in {D.1).

The following is a step-by-step procedure to evaluate the subgrid-scale terms in

(E.7):

Step 1.

Step 2.
Step 5.

Step 4.
Step 5.
Step 6.
Step 7.
Step 8.
Step 9.
Step 18,

Compute (ti1, tta, da} using equation (B.3.1) .

Perform test-filtering of @ to obtain {u1, tiy, t4).

Evaluate .S',:r =3 (%; e @1) and perforn fest-filtering to obtain 5’;3-. Note that
only & components of §;; are to be evaluated, sinee S = 5§ 4 and S =10,
Compute and test-filter @;%; to obtain ﬂﬁj

Evaluate Li; (6 terms) using definition {E.§).

Compute L85 and test-filter it to obtain ES’EJ

Evaluate M;; (5 terms) using definition (E.G).

Compute C(£,7) using L;; and My; from (E.4).

Compute Ttisﬂ = —20A?% 8|8 (5 terms).

Finally, compute the new R¥ and R™ for cach Fourier mode in equation {D.1} as

follorws:
Hries s

Rt =RF - f/ am'-li* + f‘: 2‘? }J dé dry (E.8a)

ags aTg? or .sga.
- R f [ (—ik L“ G~ ks g +d mE i VT dedn (E.Sh)

Using integration by parts, we can re- wr1tr= the expressions above to obtain

Rt =80T — ff a,jy,f {LE?,!,?]IT‘H + (gezq — “nIE)’riz + -akzaJTé'gE'

(g = beyin)rs¥ + (b — bozg)rss® + ikbITS| dEdy (E.a)

=,

R =R - // ikz(caﬂyg — f:ﬂlfyn}fﬁ'a + ikz[cﬂg:nw - fﬂn:i;gj’rf%s -+ kzcﬂJTﬁﬁ
'i-k {cﬁ:}yﬁ — CFJEyjijle + 'Ik {{'b.f'fl'j L CﬁﬂEE}Tjj + k'zﬂbJTSEE

I':duyﬁ dEyrf]TE.l -+ [ﬂfE.Tn. - n:rg}fggﬂ + ‘.ﬁkzdi'rgd } dedg  (E.9h)
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An efficient way to compute the subgrid-scale terms in {E.8) is to carry cont all
calculations in the physical space with approximate evaluations of the integrals,
e.g. using just one quadrature point, Test-filtering in the homogeneous (span-
wise) direction is performed with Fourier cut-off. In inhomogeneous direetions,
we apply trapezoidal rule of integration to tost-filter the variables, For nuuneri-
cal stability, negative values of the model eoefficient, C, are discarded by an ad
froe clipping operation:
Clipped = %{C + 1€}
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On the Effect of Grid Resofution

Appendix F.
On the Effect of Grid Resolution

This appendix examines the differences hetween the resnlis of the numericsl
sunulations and the experiment of Lourenco & Shih {1993) for the flow over a
circular cylinder at Rep = 3,900, We spoculate that the experiment had some
unconsidered external disturbances that led to an earlier transition in the separating
shear layers which affected the shape of the velocity profiles in the very near wake of
the cylinder. We also demonstrate that calculations with inadequate grid resolution

predick early shear layer transition.

F.1 Imtroduction

In Chapter 3, we pointed out the differences between the results of the exper-
mment by Lourenco & Shih {1893) and large eddy simulations of the flow over a
circular cylinder at flep = 3,900. Even though, the three numerical simulations
employed different numerical techniques and different formulations of the governing
cquations, in the very near wake, thoy were in good agreement with cach other but
differed from the expetimental daia of Lourenico & Shih {1983). The major differ
enices observed were in the form and size of the recirculation region. The size of the
recirculation region obtained in numnerical simulations was L, /D = 1.35 compared
to L./D = 1.18 in the experiment. Tha shape of the streamwise velocity profile in-
side the recirculation region also appeared to be different. The simulations showed
a U-shape profile at the location #/D = 1.06 while a V-shape was ohserved in the
experunent a8 shown in Figure 5.3.13, The size and the form of the recirculation
region is directly related to the length of the vortex formation region and the dy-
namics of the downstream How. Therefore, it is very important to try to find a

possible sourece of the differcnees.
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Recently, Xia & Karniadslkis (1997} performed coarse “direct nutnerical simuls-
tions” of the flow over a cylinder at Rep = 3,900 using a spectral clement method.
The surprising result of that study was good agreement between the experimnental
data of Lourenco & Shih {1993) and the numerical calculations performed with just
two spectral modes in the spanwise direction (i.e. 4 grid points). These findings

provoked our own study of the cffect of grid resolution at sub-critical Reynolds

numbers,
Case N, L Cn —Cp, 5t TreafD
1 1 0 1.65 1.5 0.230 .0
2 4 xD}2 ).36 1.7 0.190 1.04
3 24 x D2 1.7 0.97 0,212 13
4 8 xD 1.38 1.23 0.193 1.00
5 18 rD 1.04 0,83 0.210 1.35
g1 45 xf} 1.07 .98 0,206 L.
Exp. - - oen+00st  pssxo0slY pais +oeosiad 1.33 £ 0.050)
0.21 & 000504 1.18 + 0.0

Table F.1.1: Grid parameters and global flow guantities in the cylinder flow

compulations at Hep = 3,300, The values of Op, —Cp, | 5¢ and T, ../ D arc from

different experiments: (1) Norberg (19973, (2) Son & Hanratty at Rep = 5000

(19693, (3) Cardeli (1983}, {4} Cung & Wallace (1996}, (B) Lonrenca & Shib {1997,
! Coarse grid in radial and ciccumferential directions.

Five caleulations were carried out on the sane grid in the plane normal to the
cylinder axis but with different grid resolutions and domain sizes in the spanwise
dircction. The grid parameters for the cases considered are suinmarized in Ta-
ble F.1.1. Case 1 iz a two-dimensional calenlation. Case 2 has the same coarse
spanwize grid resolifion as case 4, but half the spanwise domain size. Similar rela-
tionships m the spanwise resolutions and domain sizes exist between cases 3 and 5
performed on fine spanwise grids. In cases 2 and 4, four and eight grid points in the
spanwise direction were not coongh to capture the important streamwise vortices.
The spanwise apacing of these vortices is estimated experimentally by Williamson
(1996} with the following expression:

AefD o 25Re5, (F.1.1)
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At Rep = 3,900, this gives A, /D ~ 0.4. About 4 structures with such a wavelength
can fit in the spanwise domain of case 2, L; = mD/2. The spanwise grid resolution
of case 2 gives, therefore, Just one grid point per structure, The spanwise resolution
in cases 2 and 4 was chosen to attempt to reproduece the results of Xia & Karniadakis
(1997). Note also that the spanwise domain in cases 2 and 3 is not large encugh to
capture the large scale structures in the downstream wake. The spanwise wavelength

of the streamwise vortices in the downstream wake scale as
A fD ~ 1. (F.1.2})

Obviously, the domsain size of L, = 1571} severely constrains the development of
these structures. It was found that such a limited domain does not alter significantly
the statistics in the very near wake (z/D < 2} and, therefore, is appropriate for the
present analysis. Table F.1.1 gives the values of global flow quantities in all cases
and the experiment. The statistics of mean flow gquantities were accumulated for 6
shedding eycles in the three-dimensional simmdations, and for 20 shedding cyeles in
the two-dimensional one. Note that the values of Cp, ~Cp, and 5t are from other
experiments and shown here just for reference. These quantities are not available

from the experiment of Lourenco & Shih (1993).

F.2 Results and Discussion

The streamwise and crossflow mean velocity profiles from the three-dimensional
cases are shown in Figures F.2,1 and F.2.2, respectively. The expm'ilrientai data of
Lourenco & Shih (1993) is shown with square symbols. Like the results of Xia &
Karniadakis (1997}, the mean velocities in the simulations on coarsc spamwise grids
(cases 2 and 4) appear to be in somewhat better agrecment with the experiment
than those from the refined caleulations {cases 3 and 5). In both the experiment
and coarse grid simulafions, the sireamwise mean velocity shows U-shape profiles

tininedistely behind the cylinder and develops V-shape profiles farther downstrear.
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The streanmwise mean velocity profile of the fine grid simulations retains the U-
shape at z/D = 1.06 and shows a V-shape at z/D = 1.54. The shape of the
mean velocity profile is directly related to the level of velocity Huctuations and,
consequently, to the transition in the shear layers. The velocity fluctuations, shown
m Figures F.2.3 and F.2.4, are noticesbly higher in the coarse grid cases. This
i3 also consistent with purely two-dimensional simulations of this flow, in which a
high level of velocity fluctuations was obscrved. The mean velocities and velocity
Huctuations of the two-dimensional simulations are displayed in Figure F.2.5 and

Figure F.2.6, respectively.

Figurcs F.2.7 and F.2.8 show a series of instantaneous streamwise velocity pro-
files for coarse prid cascs 2 and 5, respectively, at the location z /1 = 1.06. Twenty
mstantaneous velocity profiler separated by about ATUL. /D = 0.5 are shown to-
gether on one plot. The mean velocity profile shown with the thick black line
develops the V-shape when the level of turbulent fluctuations is high, as in case
2, and the U-shape when the level of turbulent fluctuations is relatively low, as
in case b. In the latier case, the V-shape profile develops farther downstream, as
shown in Figure }¥.2.8. The level of turbulent fluctuations is related to transition
in the separating shear layers. In the fine grid simulation, the lumninar shear layers
appear to be longer. The extent of the shear layers can be visualized with contour
plots of vorticity magnitude. Instantaneous contours of vorticity magnitude in the
four three-dimensional casca are shown in Figures F.2.10 and F.2.11. The sepa-
rating laminar shear layers are substantially shorter in the simulations with coarse
gpanwise resolufion than in the fine prid calenlations. In other wards, transition fo
turbulence in the separating shear layers oceura closer to the cylinder and leads to
the development of the V-shape profile and shorter vortex fortnation region in the

coarse grid simulations.

It should be pointed out that shorter shear layers were also observed in simu-
lations with fine spanwise grid but inadequate resolution in the radial and eireum-

ferential directions. Figures F.2.12 and F.2.13 show the results from simnlations
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of case 5 (fine grid) and case 6 (coarse grid}. We used 48 grid points in the span-
wise direction for both cases. The grid in case 6 immediately at the cylinder was
comparable to that of case b but, due to high stretching factor, it quickly diverged
and was inadequate to resclve the thin separating shear layer farther downstrean.
This led to shorter shear layers. Consequently, the vortex formasion length in casc
§ was smaller than that in case 5. Interestingly, the mean veloeity and turbulenee
fluctuations from the simulations of case 6 agreed fairly well with the experimental

data of Lourenco & Shih {1993).

Early transition in the shear layers probably occurred in the experiment of
Lourenco & Shih (1993} which explains its agreement with the under-resolved sim-
ulations. Ewen though, the fine three-dimensional simulations do not agree well
with the experiment of Lourenco & Shih (1993) in the near-wake region, they are in
good agreement with the experiment at this Reynolds number carried ont by Ong
& Wallace (1996), which was Hmited to downstream locations. The size of the ve-
circulation region in the fine grid simulations agrees with the experiment of Cardell
{1993}. There is alro qualitative agreement with the results of Prasad & Williamson
(1987) wha carried out an experiment at lower RBeynolds number of Rep = 2,600
and observed a U-shape profile of the streamwise velocity at /D = 1.0 (shown
inn Figure F.2.15). Long separated shear layers werc observed in the experiments
of Chyn & Rockwell (1996} (shown in Figure F.2,14) who used high-image-density
particle image velocimetry to visnalize the vorticity field. These cxperiments were

performed at Reynolds numbers ranging from Rep = 5,000 to Rep = 10, 000.

Earlicr transition to turbulence in the separating shear layers and, conscquently,
a shorter vortex formation region observed in the experiment of Lourenco & Shih
(1693} can be the result of many factors. The range of critical Reynolds number for
the shear layer instability reported in the published Bterature spans from Rep = 300
to Rep = 3000 (Prasad & Willlamson 1996). Omne of the possible reasons for
such a discrepancy can be atiributed to various levels of free-stream torbulence

present in different experiments. Gerraxcd (1966) pointed out that, on increasing
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the free-stream turbulence level {more that 1%), the size of the vortex formation
region shrinks. Shorter mean recirculation region causes the base pressure coefficient
to rise. This Is consistent with our observations, The base suction coefficient is
significantly higher and the mean recireulation region is smaller in the simulations
with poor grid resolution. W et af. {1996) have also reported that high turbulence
background may cause a reduction i the critical Reynolds number for the onset of
shear layer transition. The transitional Reynolds number in that study varied from

Rep = 1000 to Rep = 3000 and was dependent upon the backpround disturbanee,

Shorter formation lengths of the mean recireulation region can also result from
cylinder vibrations. Chyu & Rockwell {1996) observed a dramatic decrease in the
formation length and shorter shear layers when the cylinder was perturbed at the
itherent instability frequency of the shear layer and its sub-harmenice, Even a2t a
very small amplitnde of oscillations {0.1% of the cylinder diamcter) the loeation of

the shear layer breakup moved notieeably closer to the cylinder in their experiments.

Cardell {1993) has found a large effect of acoustic forcing on the shear layer
nstability and the near wake structure. Acoustic forcing led to reductions in the
length of the separation bubble and affected the values of w//Uy, —Cp, and St
Cardell {1993) also speculated that accidental forcing of the shear layers was s

significant factor in the obscrved large seatter in cylinder How measurements.

Prasad & Williamson: (1997a), Norberg (1984), and Szepessy & Bearman {1992)
studied the effects of vartous geotnetric parameters 1o the experiments on the de-
velopment of the near wake flow. Prasad & Williamson reparted that, even in the
ahsence of the free-stream turbulence variations, the spanwise end conditions sig-
nificantly affect the onset of shear layer instability. Norberg found that the cylinder
aspect ratios as large as L/D = 60 — 7} were needed for independent experimental
conditions at 4000 < Rep < 10,000. Note that the aspect ratio in the experiment of
Lotrenco & Shik (1993) was L/D = 21. Szepessy & Bearman (1992) saw variations

in the size of the vortex formation lengthi for different aspect ratios. The effect of
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aspect ratio found in experiments is not applicable to numerical simmulations which
are performed with periodic boundary conditions in the spanwise direction. |
Obvicusly, the agreement between the under-resolved simulations and the ox-
periment of Lourenco & Shih (1993) is fortuitous. However, it indicates that simula-
tions of flow over a cylinder {and perhaps other flows with free shesr layers} require
careful grid design that take into consideration all essential low scales, Establishing
grid independence, especially in the near wake region is important for trustworthy

sitnulations.,
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Figure F.2.1t Profiles of streamwise velocity at three locations downstream

of & cylinder: a) .case 3 N, =24, L, = n}/2; -meee- jonse 2, N, =4, L, =
w32 b} Jcase b, N; =48 L, = D - Jcase d, N, =8, L. =afhno,
Experiment by Lourenco & Shih (2083).

g “‘l'-':;.‘“"?ﬂfl.} o I.{Jﬁ_
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Figure F,2,2: Profiles of crossflow velocity at three locatious downstream of
a cylinder: a) ccage 3, N, =34, L, = wf)f3; wmeeee ,case 3, N, =4, L, =
Th/2; b ,case b, N, = A8 L, = wD; === [cosc 4, N, =8,L, =nlho,
Experimont by Lovrenco & Shik (1823)
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Figure F.2.3: Profiles of streamwise velocity fluctuations af three locations
downstrearmn of & cylinder: &} ,case 3, N, = 4, L, = wD/2; - , case
3, N, =4, L, = w5 b)) —— [ case 5, N, = 48, L, = nD; ==ene- , case 4
N, =8 L, =« o, Experiment by Lourenco & Shih (1993}
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Figure F.2.4: Profiles of crossiow velocity fluckuations ab three locations
downstream of a cylinder: a) yoase 3, N, = 24, L, = #D2, - L CAsE
2N, =2d ), =) — [ case 5 N, = 48, L; = #D); ------ | case 4,
Ny =8, L, = nl}; 0, Buperiment by Lourenco & Shik [1993),
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Figure F.2.5: Profiles of mean velacity at three locations downstresm of
cylinder In two-dimensional sinnalations at Rep = 3, 900; , simulations of
case 1; 0, Experiment by Lourenco & Shih {F293),
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Figure F.2.8: Profiles of velocity fluctuations at three locations downslream
of a cylinder in two-dimmensional simulations (case 1} at Rep = 3,900,
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Figure F.2.7: Profiles of streamwise velocity at /D = 1.06 in case 2. The
black Ime indicates the mean welocity, and the pray lines sre Lhe nstanlaneous
velocity profiles separated by ATV, /D = LA

oG

o

Figure F.2.8: Profiles of streamwise velocity at /D = 1.06 in case 5. The
black kine indiesties the tnean velocily, and the gray lines are Lhe instantaneous

velacity profiles separated hy AT, /1) = 0.5,
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Figure F.2.9: Profiles of strcamwise velocily ab /D = 1.54 in case 5. The
Hack line indicates the mean velocily, and the gray lines are the instantancous
velocity profiles separated by AT .. /8 = D5
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Figure F.2.10: Instantarecus iotal vorticity wD/U,, in the near wake of
a flow over & cirenlar cylinder: 10 contoues from 3 to 20, Simulations with: a)
4 points over spatwise length wJ)/2, case 2; b} 24 points over spanwise length
a0/ case 3,

Figure F.2.11: Matantaneovs total vorticity wHUe in the near wake of
a flow over a circutar cylinder: 10 conteuwrs from 3 to 20 Simulations with: a) 8

pointa cver spatwise lenpth wf}, case 4, b) 48 pointa over spanwise length 713,

case &
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2/ D = 1.06]

Figure F.2.12: Profiles of mean velocity at three locations downstream of &
cylinder in sirmliations at Rep = 3,800 a) W/l ; b) #/1,,. Simulations on fine

grid {cas= &), ; coarse grid (case B}, ------ : 8, Experiment by Lobrenco &
Shih (1993}
AR 6 'Ir} ............. ' e -
Fo A a/p=058 | e 2/D = 0.581
g /D = 106 asf g g1} = 1.06.
. 1oLt S,
; zfD=164] | f\ 2/ = 1.54
S e S R
v/ D 4/ D

Figure ¥.2.13: Profiles of velocity Auctuations at three locations downstream
of a cylinder in simulations al Rep = 3, 800: a) v’ /UL ; bJw'v'/UZ,. Simulations
on fine grid (case b}, ; coarse prid (case 6), ------ o, Experiment by
Lourenca & Shih (1993).
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Repy == 5. 000 | Rep == 8,000 Rep = 10,000

Figure F.2.14: Instautancous near-walke worticity field at thres Beynolds
aumbers. From the experiment by Chyu & Rockwell (1996).
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Figure F.2.15: Profile of strcamwise velocity ab 270 = 1.0 and 2.0 obiained
in the experiment of Prasad & Williamson (1927h) at Rep = 2,600,
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Appendix G.
Computation of Lift and Drag Coefficients

This appendix summarizes equations used to evaluate lift and drag coeffcients in
computations of flow over a cylinder, Since we use the divergence-free formulation,
we do not compute pressure as part of the solution. Instead, pressure is evaluated

st the post-processing stage to find lift and drag coefficients.

(.1 Lift and Drag Coeflicients

The equations for computations of total lift and drag coefficients are:

Drag i
U == — = o d
b=Co, +Cp, = gre = grgp [ o 45,
Lift 1
Cp=Cf, +Cr, = = = /J-n-d.ﬁ‘
e T =S R, T ULR.L, JgTH

where infegrations are performed over the surface of the cylinder, and a5 and oy
are the components of the tofal stress tensor. Total lift and drag coefficients are

normally decomposed into components due to pressure and viscous forces;

1 L; 2?1'
Cp, = =~ / peosf 46 dz,
L: Jo Jo

1 L,z 2?7
Cp, = — f f (1‘11 cog f + Tz sin E) 46 dz,
L, [ a

1 Lz_ iy
Cp, = —— f psin 6 d8 dz,
Lo Jo Mo

1 Lz 21T
Cr, = — / (‘ng cos @ + Ty sinﬂ) dé dz,
L: Sy Ja

where,
2 fu 2
™= oo = —"Rﬂ(uf‘rf + ttndty),
1 du v 1
e = TlGe ) = qulete  vemn + e + ),

2 dv 2
T2 = Eggy“' = E{UEFE + Uakn),
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G.1.1 Computation of Pressure on Cylinder Surface

Pressure on the cylinder surface can be obtained from the #-momentum eqgua-

- tiom:
Jug vy 1dp 1 Pog 10w 1w 28 g
T T Vet o0 TE DT T rer Tl s )

where r 15 non-dimensionalized by the cylinder radius R,, snd the Reynolds nuimber
is defined as Re = Uy Rz /v, On the cylinder surface, at r = 1, non-slip boundary

conditions ave applied, v = 0, and the f-momentum equation hecomes

g—‘g = %(%2_;&4-%}- (G.1.1)
Using equation {G.1.1} with periodic boundary conditions, p{00) = p{2x}, we can
obtain p{#) on the eylinder surface. In computations of flow over a cylinder, we use
the transformed variables, 8 = 27y snd » = £{Rg—~ 1) + 1, where 0 < £ < 1 and
0 <5 < 1. In these variables, equation (G.1.1) is

1 dp 1 1 o 1 Py

Tdn  Re\(R- 17 0€ T (- 1) ot

Substituting the expression for ve:

1

{yfu{‘f: 7?} + :L‘E'U{:f, 7?}) = "W nlzm ﬂfn,mﬂn({}gm{ﬂ}:

1
vg(€, 1) T —

and representing p along the cylinder muface in terms of one-dimensional B-spline

functions,
Ny
=3 no(n),
k=1

where ¥ are the expansion coefficients, we obtain

N, M o 0 m
Y mrgh{n) = —?;; > [{{EE{”I(;} + {;d ,{"1(?2 Ve (7)), (G.1.2)
k=1 1 "

T
where N; is the number of B-splincs defined on the grid at the cylinder surface.
Recall that f7{0) is non-zero only for n == 1,2,3 and f7{0) is non-zero for n =

1,2,3,4 In our computations, we use B-splinc of minimum order 2, However,
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for the second-order B-splines, £ (0} is not defined. In this case, finite-difference
approximations can be used to evaluate the third derivative. Using the standard

Cralerkin procedure, we obtain a system of linear equations for 4:
Py = Ta,

where the elements of matrices P and T are defined by
1

1
Pik = /ﬂ gilmgr(a} dn,  tim = fu gin)gm{n) dn.
G.1.2 Formulas for Lift and Dvrag Coefficients

We compute Lift and drag coefficients dae to'l.;:nrf:ss.ure torces from the foﬂﬂﬁing

formula:

D Lz 1
Cp, = "32?/[} ’n.-EIZfU gk{n) cos 2mn dn,

2 Lz ! )
Cr, = —E:Z]ﬂ T;ndzfn gr(n) sin 2 dn.
k

These can be modified nsing integration by parts,

Lz
= —2#2/ *ﬂ;dzf i) cos 2ry dy = Z/ dezf ¢ (Y sin 2y dy,
L.
g, = —Z?TE A ~pdz ﬁ ¢l sin 2wy dny = “E A redz j; g1(n) cos 2z dy.
k k

Using {(3.1.2} and substitnting the expressions for i1, 12 and 734, we obtain

1
Gﬂ‘ﬂ = E E < fnan gz /.u (di.ﬂ:[ﬂ}gﬂt(ﬁ} +- dEfn{n]g:n,{H} + d3f::{[}]g£n{ﬁ}
+ da £ (O)gm () + di fa{O)ain () ) i,

== 3 < > f (do i @gmin) + dr £ (O)gmlm)) d,
1
Cr, = % Y <anm > fﬂ (Elf;{ﬂ)ﬁm{ﬁ] +12fn (0} (1} + L (0} (),

+ L 2B m) + s Fal 00l )} iy

GLP — Fe z < Unm Pz [J (Eﬂfm[ Yomfn) + E?f::{ﬂ]gm{:'q}) dn,

i i
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where < - >, indicates averaging over z-direction, and the coeflicients are:

_ sin{2xw)
b=
dy = _'_'CGS{ET} )
o
__cos(2n7)
= Ry
- sin{2n )
P14 Ry
— sin(2
d = ﬁ12£rzn T}
sin{2 w5}
dy = st o
PR -1
g — _stn(2w )
T T (R -1
and
- coz(2n )
LIRS
lp = _5111{2?}'17}
sin(2nw)
Iy = 2T
{(-14+ Ry} m
__cos(2n)
{(~1+ Rg)’
Bnw
- 20
Lo cos{2 7 )
P (R 1P
p, = cos(2m )
(Rg—1)%

1B8
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