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Abstract

The transport of a passive scalur in high-Reynolds-oumber turbulent flows is con-
trolled by the Sow and is independent from the passive svalar tiself. Therefore, the
turbulent diffusivity is a function of the velocity ficld and Reynolds stresses. On the
other hand, the transport equation for a passive scalar is a linesr partial differcutial
equation; any modeled form of the eguation has to preserve this prt.:}pert}r. and the
superposition principle. This excludes models in which z non-linear dependenee on
the mean scalar or a dependence on the scalar variance is present. Sinee the turbnlent
scalar flux is proportionsl to the mean temperature gradient the dispersion tensor,
which is the proportionality factor, may not depend on the mean or fluctuating scalar,

It is shown that, in a homogeneous and high-Reynolds-number low, an evolution
cequation for the dispersion tensor can be obtained from a model transport équation
for the turbulent scalar flux and the definition of the dispersion tensor. This equation
shows that the digpersion tensor is a funetion of the flow field only. Tt is shown thal, in
the Hmit of high Reynolds/Peclet number flows, the symmetric part of the dispersion
tensor has to be s positive semidefiniie tensor. This is the realizability condition
for the dispersion tensor. It is due Lo the diffusion-like behavior of the mean sealar
and the fact that the governing equation for the mean scalar has to be a parabolic
partial differential equation. It is observed that the solution of the evolution equation
for the dispersion tensor, obtained from the general linear transport, equation for the
turbulent sealar fluxes, does not satisfy this condition in scine cases. A modification
to this model is proposed to prevent any unreslizable solulion. A lower bound on one
af the model constants is imposed to gnarantee realizability. This minimum value is
s function of the flow field and might vary as the flow ficld changes., The modified
model predicts the same solution as the original model as long as it is a realizable one.
It also predicts a realizable solution whenever the original model gives an unrealizable
solution.

It is shown that the dispersion tensor can be normalized by the turbulent length
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and time scales. The normalized dispersion tensor in homogeneous shear flows ap-
proaches equilibrium valnes at sofficiently long times. The equilibrinm assumption
for the normalized dispersion tensor resulta in an implicit algebraic expression for
the dispersion tensor. A new method is proposed to solve the implicit expression
in order to obtain an explicit algebraic model for the dispersion tenser. The model
constants arc found using channel flow DNS data ag well as turbulent boundary layur
experimental data. The model constant for which a lower bound had been imposed
counld have varied across the flows considered in calibrating the model. Howover, a
fixed value of that constant is found such that the reslizability condition is satisfied
everywhere in these flows.

The model is used to predict the temperature field and heat transfer rates n
turbilent boundary layers up to Rey = 6500, channel fiows up to Ren, = 150000,
and two-dimensgional backward-facing step at Re g = 28000, Fhe present model gives
gnod predictions of the heat transfer rates and the temperature profiles in houndary
layers with constant wall temperature and boundary layers with a step change in wall
temperature. The model predictions show gﬂdd agreements with the experimental
data on channel flows with constant wall temperature and with a step change in wall
temperature. The model is able to predict the variation of the heat transfer rate
downstream of a backward-facing step reasonably well. It predicts the location and
the value of the peak of the heat transfer rate very well. However, the predicted
recovery to a boundary layer, downstream of the reattachment point, is slower than

what the experiments showed.
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Chapter 1

Introduction

The transport of a passive scalar (temperature, concentration, ele. ) by turbulent
motion plays a dominant role in many engincering a,ppﬁca,tiﬂhs: cooling of turbine
blades, cooling of electronic components, {iiﬁpﬂﬁiiun of contaminants in air, ete. The
scalar transport equation can be solved to obtain the distribution of the scalar and
its rate of transfer in a domain. This equation is coupled Lo the fAow fiald equations,
the Navier-Stokes equations, through the velocity field. Theretore, the sohution of i
scalar transport equation requires the solution of the low ficld eguations. Neither
of these equations has a closed form analytical solution in most cases of enginecring
mterest; numerical methods are nsed fo solve the cquations in these cages. _

"The governing cquations can be solved by a Direct Numerical Simulaiion (DNS)
method. Turbulent flows contain a wide range of scales which have to be properly
resolved in a DNS. This requires very small time steps and very fine prid resolution
and makes the computation very expensive and time consuming. Bven with the
capabilities of the present supercomputers, DNS is not a feasible tool for enginsering
applications. Therefore, at least for the forcaceable futnre, it will be used ondy in
gimple turbulent #ows, In Large Eddy Simmlation (LES) methods edeics Larger than
the grie size are resolved and those turbulont structures that are smaller than the grid
stz are niodeled. This reduces Lhe reguired computational iime and memory, and
takes LES a more practical method of turbulent flow ealenlation compared to DNS.
However, it is still too slow and costly for almost all engincering applications.

The widely used methods of caleulating a turbulent flow use the Reynolds Aver-
aged Navier-Stokes (RANS) equations. In these methods the dependent quantities
arc: decomposed into a mean and a Qucluating part and the governing equations for
statistics of turbulent quantities are obtained. Howewver, the averaping process corn-

bined with non-linearity in the equations brings new statistical correlations into the




equations without adding new equations. This is called the closure problem. The
task of turbulence modeling is to represent these new terms as functions of known
(uantities so that the number of equations equals the number of unknowns.

A great amount of literature is available on the subject of turbulence modeling.
However, most of it deals with the flow field equations and less attention has been
trawn to developing and analyzing closures for the sealar transport equation. This is
partly because solution of the flow field equations is a prerequisite tg sclution of the
scalar field. On the other hand, the widely used assumption that the transport of a
pagsive scalar is similar to the transport of momentum led most of the modelers to
model the scalar transport by methods similar to the momentum transport; Reynolds
analogy, turbulent Prandt! number, etc. have been used to model the scalar trans-
port in terms of the corresponding momentum transport models. However, as more
experimental data was obtained for the turbulent scalar transport, it became cbvious
that in peneral concepts like Reynolds anslogy and turbulent Prandt! number do not
correctly describe the turbulent transport of a passive scalar. Separate models for
the turbnlent scalar transport are needed, The 82-cp models corresponding to the k-e
modals, and the transport equations for the turbulent scalar finxes corresponding to
the transpott cquations for the Reynolds stresses are smong those models.

The main objective of this work is to develop an algebraic model for the turbulent
diffusivity tensor and therefore the turbulent scalar fluxes. A brief review of previous
work related to this subjeet is given in the present chapter, followed by a statement

of the present work, and the outline of this dissertation.

1.1 Literature Survey

One objective of 1he present thesis iz to develop a model for the turbulent diffu-
sivity tenmsor that can account for the non-isotropic behavior of scalar transport. A
review of the experimental data that showa this non-isotropic behavior is given hero.
In order to give an idea of the extent of previous work on algebraic modeling of the
Reynolds stress tensor, a review of such research is given, followed by a review of

pravious work on algebraie scalar flux models. Finally a brief survey of research on
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~the turbulent diffusivity tensor via the Lagrangian method is provided, becanse the

present work can be approached from that point of view ag well.

1.1.} Experimental and DINS Data

There are many experimental data and direct numerical simulations thai cleacky
ghow the non-isotropic behavior of the turbulent diffusivity. The radial and tangential
turbulent diffusivities of heat and mass in a fully developed turhu.lent'pipe flow were
measured by Quarmby and Quirk {1872). Their measurements show that the l’.iltiﬂ of
tangential to radial turbulent diffusivities is very bigh near the wall and approaches
one at the centerline. '

Subramanian and Antonia {1981} reported the vahues of the longitudinal and the
normal turbulent heat Huxes in a tnrbulent boundary layer over a range of Reynolds
nambers, These data show that the longitudinal turbulent heat flux is much larger
than the normal heat flux. Since the only important component of the mean temper-
ature gradient ig in the normal direction, this shows that the longitudinal turbulent
diffusivity is much higher than the normal one.

- Tavoularis and Corrsin {1981) measured the evolution of the streamwise and nor-
mal turbulent heat fluxes in a nearly homogeneous turbulent shear flow with a uni-
form mean temperature pradient. The streamwise turbutent diffusion coefficient was
larger than the normal coeflicient and their ratio approached an equilibrinm value of
approximately —2.1.

Hishida et ol {1986) measured the distribution of the axial and radial components
of turbulent heat flux in a fully developed pipe flow. Their data showed that the axial
turbulent hoat Aux (axial turbulent diffusivity) was congigtently larger than the radial
turbulent heat flux (radial turbulent, diffusivity} and, except near the wall, their ratio
was approximately proportional to the ratio of the production of these flnxes.

Etkins (1997) measured all the three componengs of the turbulent heat flnx in
a totating disk boundary layer. These measurcments showed that the streamwise
turlnllent heat flux was much larger than the norma!l and spanwise turbulent heat

thixes in most part. of the boundary layer.




Kim and Moin {1989) and Kasagi ef al. {1992} reported the results of direct numer-
ical simulations of the passive scalar field in a turbulent channel flow. Their resulis
show that the streamwise turbulent diffusion coefficient is larger than the normal
coefficient, especially near the wail where the streamwise diffusivity is approximately
an order of magnitude larger than the normal diffusivity. The same kind of behavior
can be seen in the results of direct numerical simulation of Lyons et el {1991).

Rogers’ {1994} direct nurerical gimnlation of 4 homogeneous flow showed that
in equilibrinm Dy /Doy m 1, DipfDys 2 =2 and Dn /Dy = 0 where Dy, is the
turbulent diffusivity tensor.

1.1.2 Algebraic Reynolds Stress Models

The earliest proposed models for the Revnolds stresses were based on the Boussi-
pesq hypothesis (1877); a scalar eddy viscosity, analogous to the molecnlar viseosity,
was used to relate the Reynolds stresses to the mean strain rates. The scalar eddy vis-
cosity has been determined either by a semi-erapirical formmula, such a8 the Prandid
mixing-length formula, or by solving appropriate evolution equations to determine
the turbulent length and welocity scales. The eddy viscosity has the dimension of
velocity squared times time. Thorefore, it has been assumed that the eddy viscosity
ig proportional to the product of the turbulent time and velocity-squared scales and
evolution cquations have been derived to obtain these turbulent scales. The k-2 model
iz a popular example of these models. In this case evohition equations for the turbu-
lent kinctie encrgy and its dissipation rate are solved, the time scale is equal to k/fe,
and the eddy viscosity is equal to C.k* /e (White, 1991}, Although these models have
heen successtul in predicting some free shear flows and wall boundary layers, they give
inacenrate predictions of the normal Reynolds stress differences (Speziale, 1991} and
fail in flows with body forces due to curvature or system rotation (Bradshaw, 1973}
This has motivated the development of the non-linear constitutive relations for the
Beynolds strosses.

Rivlin (1957) noticed similarities between the flow of s non-Newtonian fluid and
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the turbulent How of a Newtonian fiuid in 2 non-cireulsr duct and proposed a non-
linear stress-strain relation for the Reynolds stress tensor.

Lumley (1570} argued that if homogeneous flows became independent of the initial
conditions, and if the Reynolds stress bearing structures could be characterized hy
a single time scale, these flows would behave like non-Newtonian fluids. Then, he
proposed a non-iinear model for the Reynolds stress tensor.

Rodi (1972) assumed that the transport of the Reynolds stresses is proportional
to the transport of the turbulent kinetic energy and derived an implicit algebraic
cxpression for the Reynclds stresses. The same expression can be obtained by an
equiibrinm assumption by which convective and transport terms of a Roynolds stress
mode! are neglected {Rodi, 1976). These models provided an implicit von-linear
relation between the Reynolds stresses and the velocity gradients.

Launder {1975} considered the case of an equilibrium buoyant fiow in which the
production and the dissipation of the turbulent kinefic energy were in balance, Then,
by neglecting the convective and diffusive transport ferms, the transport eguations
for the Heynolds stresses were reduced to an implicit algebraic expression. Gihson
and Launder {1976) assumed that the net transport of the Reynolds stresses was
proportional to the net transport of the turbulent kinetic energy. Then, implicit
alpebraic expressions were cbtained for non-equilibrium shear flows. Launder (1588)
proposed an implicit algebraic model for the Reynolds stress anisotropy fensor by
agsuming that it was proportional to its generation rate times the turbulent time
scader the so called WET hypothesis (wealth or earnings x time).

Pope- (1875) followed the same approach ag Rodi (1872} but he proceeded further
to obtain an explicit algebraic Reynolds stress model from the implicit relation. The
generalized Cayley-Hamilton theorem and the integrity bases were nsed in transform-
ing the implicit expression to an explicit one. :

Yoshizaws (1984} nsed the two-scale Direct Interaction Approximation (DIA) to
obtain an anisotropic eddy viscosity model. The model was able to cxplain the
nencoincidenca of the soros of the Reyoolds stress and the mean strain rate in an
asymmaeatric channel flow.

Speziale (1987) developed a non-lincar k- model by means of an expansien sebject




to the cdns_tr&ints of dimensicnal and tensorial invariance, reslizability, and material
frame-indifference in the limit of two-dimensional turbalence. This non-iinear model
wis a special case of the model derived by Yoshizawa {1984}, The model was able
to pradict the normal Reynolds stresses in channel flow more aceurately than the
predictions of the linear model; it also predicted the secondary fiow in a square duct.

Gatski and Speziale (1993) generalized the model derived by Pope {1975) to three-
dimensionsl tarbulent flows i non-inertial frames. They used a regularization proce-
dure to avoid the singularity in the model during the transient period where the flow
is far from equitibrinm. Durbin and Shabany {1997) showed that a consistency condi-
tion can prevent any singnlarity in the model; thiz condition was used by Pope (1975)
although it was not explicitly mentioned. The model of Gatski and Speziale {1993)
did not predict the approach to a one-component state in the RDT limit. Speziale
and Xu {1995) proposed another regularization procedure which gave approximately
the same rosults as the previous one in the near-equilibrivm turbulent flows, and
approached the one-component state in the RDT limit.

Apsley and Leschziner {1997) derived a cubic stress-strain relationship by iterative
solution of an implicit algebraic stress model. The model coefficients were found as a
function of y* = yk"2/1, where i was the distance from the wall, in order to apply
the model ta the low-Reynolds-number near-wall region. A review of some of the
newly develeped non-linear stress-strain relationships is given by Apsley ef af. {1997),

The standard k-2 models have been used either with universal wall functions to
avoid the integration down to the wall, or damping functions have been used in the
near wall region. Durbin (1991, 19934} proposed a near-wall turbulence model, called
_ the k-g-v? model, which is an clliptie relaxation model and does not need any damping
function. The model nses v2 instead of k as the turbulent velocity scale. This model
was used to compute separated flows (Durbin, 1995a}). Durbin {1995b} proposed
an explicit algebraic Reynolds stress model, similar to Pope (1875) and Gafski and
Speziale {1993), based on the k-&-0? model.



Chapter 1. Introduction i

1.1.3 Algebraic Scalar Flux Models

Sitmilar 1o the earlicst models for the Reynolds stresses, the simplest and the
garliest furbulent scalar flux models were also based on the Boussinesq hypothesis.
By analogy with the moelecular Prandtl number, a turbulent Prandtl number was
defined and the turbulent diffusivity was calculated as the ratio of the turbuiont
viacosity to the turbulent Prandil number. The turbulent sealar flux was modeled as
a gradient diffusion process. These models sssume that the scalar flux and the mean
scalar gradient vectors are paraliel,

Daly and Harlow {1970} modeled different terms of the transport eguation [or
the Reynolds stresses including the turbulent scalar flux term. This term ecomes inlo
the equation because of buoyancy. They used a turbulent diffusivity tensor, instead
of a scalar diffusivity, to calculate the turbulent scalar fuxes, In their model the
diffusivity tensor was directly proportional to the Reynolds stress fensor.

Lannder (1975) considered the case of an eqnilibrium buoyant flow in which the
production and the dissipation of the temperature fluctuation variance, 82, were in
balance, Then, by neglecting the convective and diffusive transport terms, the trans-
port equations for the turbulent scalar fluxes were reduced to implicit algebraic ex-
pressions. Gibson and Launder {1976} obtained similar algebraic expressions for non-
eqaitibrium flows by assuming that the net transport of the turbulent scalar fhix is
proportional to the net transport of {£§2)'/2. Launder {1988) proposed an implieit
alpebraic model for the turbulent scalay fuxes based on the WET hypothesis.

Yoshizawa (1985, 1988) s_tudied the anisotropy of the turbulent difusion of a pas-
give scalar by means of the two-scale Direct Interaction Approximation and proposed
an anisctropic scalar transport model.

Rogers et ol {1989) nsed the resulis of direct numerieal sitnulations of unsteady in-
compreasible Navier-Stokes and sealar equations in a homopenons shear Row to siudy
the behavior of the passive scalar feld. They found that, for ali the orientations of
the passive scalar gradient, the sum of the pressure—scalar-gradient and the dissipa-
tion terms, and the time derivative of the turbulent scalar fluxes were approximately
aligned with the turbulent scalar flux vector itsell. This fact was used to dovelop an

explicit model for the turbulent diffusivity tensor in terms of the mean and turbulent




flow field quanfities.

So and Sommer (1996} vsed the same assumption as Gibson and Launder {1976)
plus the equilibrium assumption and derived an implicit algebraic Bux model. Thay
further transformed the implicit model to an explicit one by a successive approxi-
mation method; simple gradient transport models for T and 18 were used for all
the turbulent fluxes except one for which equation was solved. 8o and Sommer used
a mixed time scale (a combination of the turbunlent time seale, /s, and the scalar
characteristic time seale, 8 /eg) in their model. _

Abe et al {1995} proposed a low-Reynolds-number two-equation heat transfer
model in which the Kolmogorov velocity scale was used to account for the near-wall
and low-Reynolds-number effects. Abe ef af assumed a scalar turbulent diffusivity
and therefore their model has the drawbacks of other, similar models. Another re-
cently proposed two-equation model for turbulent heat transfer is due to Nagano and
Shimada {1996).

Youniz ef al. (1996) proposed an explicit algebraic ffux model using the representa-
tion theorem. A functional relationship was asaﬁlﬁed and the general representation
for that functional relationship was written with undetermined coeflicients. These
cocfficients were then determined by requiring the model to give good predictions in
somae test cages. They simplified the general expression and obtained a model for the
non-huoyant case by asguming that the anisotropies and turbulent time scales were

small enough to justify a multilinear expression.

1.1.4 Lagrangian Method and Turbulent Diffusivity Tensor

Taylor {1921) introduced the relation hetween Lagrangian displm:eme;ltﬁ of a fluid
element and the rate of scalar transport. He showed that, in an isofropic flow, the
turbulent diffusivity was proportional to the time rate of change of the mean squared
value of the displacement of fhiid elements. He further related the turbulent diffnsivity
to the Lagrangian velocity correlation. Taylor also showed that the mean squared
value of the displacement of the fuid clement was proportional to time squared a

small times, and to titne at large times; the turbolent diffugivity approaches s constant
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valie at large times. Batchelor (1849) extended Taylor’s analysis to homogeneous and
non-isotropic fow without mean shear.

Monin and Yaglom {1971} showed that a turbulent diffusivity tenser could be
defined to calculate the turbulent scalar Huxes only if the fuid par.ticle trajectory was
a Markovian process. This assumption is approximately true if the time scale of the
problern is much larger than the Lagrangian time scale. In this case the turbulent
diffusivity tensor is one half the rate of change of the particle displacement covariance.

Riley and Corrsin (1974) considered a homogeneous shear low with I, = 4, Sz,,
8 = 86U /0zq, and obtained expressions for the turbulent diffusivity tensor in Lerms
of the displacement tensor and alsc in terms of the Lagrangian velocity correlalions.
Similarly to Batchelor (1949), they were able to obtain an expression for the sum of
the ofl-diagonal elements but not for the individual elements.

Tavoularis and Corrsin (1985) considered & statistically homogeneons and station-
ary turbulent flow with a uniform velocity and temperature gradient. They oblained
expressions for the elements of the diffusivity tensor in terms of the Lagramngian in-
tagral time scale and Lagrangian correlation moment. Then, approximating the La-
grangian variables by their corresponding Eulerian ones, they obtained a model for

the diffusivity tensar in terms of the Eulerian variables.

1.2 Objectives

Some of the previcus works on the algebraic modeling of the turbualeni scalar
fluxes invelve non-linear functions of the scalar quantity. This violates the linearity
of the scalar transport equation and henee the superposition principie. One objoctive
of the present work is to obtain an explicit algebraic model for the dispersion tensor
{or the turbulent scalar fluxes} that presorves thig property. A sccomd objective of the
prasent work is to develop a mathematical method for analyzing sealar flux modets,
including the well posedness of the evolution equation for the dispersion tensor, and
therefore the realizability of the turbulent scalar lux transport equation. These will

Le done in the following major steps:




i0

1. It will be shown how an evolution equation for the turbulent dispersion tensor
can be obtained mathematically frot the evolution eguation for the furbulent

scalar fluxes in homogeneous turbunlence.

2. It will be shown that, in high Reynolds/Peclet number flows, the dispersion
tensor has 1o be a positive semidefinite tensor. A method will be introduced
to investigate the positive semidefiniteness of a general non-symmetric tensor.
The method will then be used to investigate the well posedness of the evolution

equation for the dispersion fensor,

3. A modified transport cquation for the dispersion tensor will be obiained and
the vecessary and sufficient conditions to assure the positive scmidefinitencss

property will be derived.

4. An equilibrivm assumption will be applied to the evolution equation for the
normalized dispersion tensor and an implicit algebraic model for the dispersion

tenaor will be derived.

5. A new method of solving a linear matrix equation will be introduced. The
method will then be unsed to solve the implicit algebrale model and to obfain

an explicit algebraic model for the dispersion tensor.

6. This model will be used (o compute the mean temperature fields and the heat
transter rates in turbnlent boundary layers, channe! flows and a two-dimensional
backward-facing step and the results are compared with the corresponding ex-

perimental and DNS data.

1.3 Outline of this Dissertation

This dissertation has been writien in five chapters. A review of previcus work
on the same or similar subjects has been given here. In Chapler 2 the theoretical
aspects of the presead work are discussed: an evolution equation for the dispersion

tensor is developed; a now mothod of solving a linear matrix equation is introduced; an
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algebraic model for the dispersion tensor is obtained; and the conditions that a well-
posed model for the dispersion tensor has to satisfy are introduced. The calibration
precedure of the new maodel for the dispersion tensor is given in Chapter 3. In
Chapter 4 predictions of the new model are compared with the availablo experimental
data for a few different. flows. Finally, in Chapter 5, eonclusions and recommendations

for further work on this subject are given,







Chapter 2
Theory

It has beon recognized for some time that the turbulent transport of a passive scalar is
a property of the flow, not of the seaiar itself (Taylor, 1921; Townsend, 1976). This was
one motivation for early scalar transport modeling, including methods baged on the
Reynolds analcgy and the turbulent Prandtl number. Bowover, the turbulent Prandtl
pumber was found to depend on flow properties as well as the geometry. Moreover, a
scalar Prandtl number can net describe the non-isotropic behavior of turbulent scalar
transport. Modeling methods based on a diffusivity tensor can aceount for this non-
isotropic behavior. A new model for the turbulent diffusivity tensor {also called the
dispersion tensor) is introduced here. It accommodates the dependence of the scalar
transport on the flow field; it is in a coordinate independent form and therefore applies
to any geometry; it predicts a non-isotropic turbulent scalar transport in general.

In the past the equilibrivm assumption for the turbulent scalar flux has been used
to derive algebraic expressions for the dispersion tensor (see §1.1.3). These approx-
imations often introduce a new time scale, characteristic of the scalar fluctuations.
In addition to introducing a set of two equations to solve, these models often do noi.
preserve the linear characteristics of the scalar equation. Hence, they violate the
superposition principle, which is not acceptable in scalar transfer problams. In the
present work, a transport egquation for the dispersion tensor in homopenons fow iy
abtained from a transport equation for the turbulent scalar flux. This equation shows
that tho disperﬁic;n tensor is & function of the flow Geld only; it s independent of the
scalar ficld. If is shown that the dispersion tensor can be normalized by turbulent
scales. An evolution equation for the normalized dispersion tensor is obtained. Then,
the equilibrinm assumption is applied to the normalized dispersion tensor and the
iransport cquation is rednced to an implicit algebrai¢ expression for the disporsion

tensor. A new moethod is developed to solve this implicit equation for the normalizod
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dispersjon tensor in order to find an explicit algebraic expression for it. The method
usies the properties of the direct product of matrices to transform a matrix eqnation
ta a vector equation whose solution is straightforward. The final explicit expression
for the dispersion tensor is the exact solulion of the transport eqnation in homoge-
neons fHow. This expression is usod as an algebraic fux model for non-homogeneous,
non-equilibrium cases. _ _

As mentioned previously, given a model cquation for the turbulent sealar flux
in homogenecus flow, an equation for the dispersion tensor can be derived. IL will
be shown that the dispersion tensor has to be " positive semidefinite tensor in high
Reynolds/Peclet number flows. Sinee the dispersion tensor is not a symmetric tensor
in general, the usnal method of transforring to the principal coordinates o investigate
the positive sernidefiniteness property does not work. A new method is introduced
which uses the fact that a pesitive semidefinite tensor has nonnegative eigenvalues
and therofore nonnegative invariants. This method is used to determine if the trans-
port. equation for the dispersion tensor is well posed. The analysis shows that the
general linear model is oot & well-posed model. A modification to the linear model is
proposed and the conditions under which the modified model is a well-posed one are
obtained. Decause of the relation between the transport equations for the dispersion
tensor and the turbulent scalar fluxes, s modified transport equation for the turhbulent
scalar flnxes will be obtained from the modified transport equation for the turbulent
dispersion tensor.

In the present work, temperature and heat transfer are used to represent the
passive scalar and its rate of transfer. However, it should be cmphasized that the

analyses presented are valid for any passive scalar.

2.1 The Closure Problem for Temperature

The temperature equalion for a constant property and incompressible flow can be

written as a7 o o > 0
“EE-+ uia—%:ﬂamiami+;‘a+g, [21)
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where i; and T are the instantaneous velocity components and temperature respec-
tively and the Einstein summation convention was used {Kays and Crawford, 1993).
% i3 the viscous dissipation of energy and {) represents a source term. The viscous
dissipation is small in most turbulent flow applications and is neglected here. The
source term is problem specific and its possible need for modeling is a separate issue,
Therefore this term is neglected as well. _
"The instantaneous velocity and temperature can be decoraposed into a rnean and
a fluctuating value. :
iy = & +
{2.2)
T'=6+49
The equation for the mean temperature is obtained by inserting (2.2) in {2.1) and
taking the average of all the {erms. '
80 90 @ ( 00 “) |

5 + Uréx—: = 3_I, (2.3}

The closure problem in the temperature equation is due to the last tarm in (2.3), wf.
This term, celled turbulent scalar flux, has to be determined before any attempt is
made to solve {2.3). Several different models have been developed for u;0, snd most
of them can be classified in one of the following three categorics.

1. Turbulent diffusivity Model.

2. Scalar Hux transport equation.

3. Algebraic scalar flux model.

These modeling approaches are described hiere in some detail,

2.1.1 Turbulent Diffusivity Model

The turbulent scalayr Qux, w8, is in fact the convective fux of the scalar fuctu-
ations, &, by the fluctuating velocity, u;, However, as far as the effoct on the mean
temperature is concerned, it acts similar to a diffusion process. This has motivated
a model for the turbulent scalar flux in which a turbulent diffusivity has been intro-
duced and the turbulent scalar flux has been modeled as a gradient diffusive flux.
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Those models can tnr general be written as

ac

@:-_Dija:
I

(2.4)

where D;; is called the turbulent diffusivity tensor {Batchelor, 1949). If (2.4) is

substituted into (2.3) the mean tenfpera,ture equation becomes

ae o0 i) Gl
il s s = oo e - ) | : : 2.

Therefore, the modeling of the turbulent scalar thix has boon roduced to the modeling

of the turbulent diffusivity tensor.

2.1.2 Scalar Flux Transport Equation

A differential equation goverming the evelution of 0 in time and space can be
obtained nsing the cvolution eyuations lor the Quetuating scalar and velocity {Laun-
der, 1978). The equation for the fluctuating sealar is obtained by subtracting (2.3}

from {2.1).
& o o & - o6
at + Ujﬂ:cj - afh:jﬂn:j B ar; .(ujﬂ B ujﬂ) B uﬁa

The cqnations governing the transport of the instantaneous velocity components in

(2.6)

congtant property and incompressible flow with no body force are (Schichting, 1979)

O, i 1 85 &4,

ol g et — ,
5 By p oz, Uﬁ"mj&‘a:j

(2.7)

where @ ig the instantaneous pressure. The equafions for the mesn velocity compo-
nenis are obtained by substituting the first of {2.2} and § = P + p into (2.7) and

taking the average of all the terms.

8,00 _ 10 0 ( o
ot T8y, pda Bz \ Oy

- ‘Mf“j) | (2.8)

'Fhe equalion for the fuctuating velocity is obtained by subtracting (2.8) from {2.7).

g Buy 1 fp L Pug i{u-u-—wj _HEEH{,:_
dridy O B v jﬁ‘.‘lﬁj

— + i [
ot 7 b, O

(2.9)
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Iif (2.6) is multiplied by u; and added to (2.9) multiplied by #, and the average of
their sum is taken, the transport equation for w8 is chtained.

G0 &0 S o, poB B, 00
o tUg, = —Wa BCAr T ek G e e
Pg a8 a'i.!-i
(T.Ei'i.l.ja 4 — ﬂﬂ;amj -l 55;) (21[]}

The terms on the right hand side of {2.10) are the produetion of u;8 by the mean
temperature and flow field, the fluctuating-pressure-temperature-gradient correla-
fion, the viscous dissipation, and the turbuient transport térms, All terms, except
the production terms, contain new correlations and therefore have to be modeled
before {2.10) is soived. A modeled form of (2.10) is solved along with (2.3) to obtain
the temperature field,

2.1.3 Algebraic Scalar Flux Model

If a model for Dy is substituted in {2.4), an algebraic expression for the turbulent
scalar flux will he obtained. Alfernatively, under certain Hssumpf_iuns, the modeled
form of (2.10) may be reduced to an implicit algebraic expression for the turbulent
scalar flux u#. These assumptions include the equilibrium assumpt.'mn in which the
production and the dissipation of 87 is assumed to be equal (Launder, 1975) or the
assumption that the transport of uf is proportional to the transport of (k62)1/2
(Gibson and Launder, 1976). The convective and the diffusive terms are always

neglected. These implicit relations have the following general form

8 = P, Sy Wity o b, ) (2.11)
)

which can be solved numerically by an appropriate iterative method. _
It is also possible to solve (2.11} analytically, in order to obtain an explicit al-
gebraic expression for the tarbulent scalar flux, as briefly explained here. This ex-

pression shows the guantities on whick the turbulent scatar flux vector depends. The

generalized Cayiey-Hamilton theorem {Rivlin, 1955) and the representation theorem
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{Robertgon, 1940} can be used to obtain the most general explicit relationship be-
tween ;8 and the quantities on which it depends. This expression has the following

form
FE)

| da;
and centaing undetermined coefficients. These coefficients are then determined by
snbstituting {2.12) into (2.11).

Ancther method of deriving an explicit slgebraic flux model starts from {2.12). In

@ = {;i{'u'juk: whif wjk: 1 k: gy ] {212}

this method, 1,8 is assumed to depend on certain quantities and a general functional
relationship betwein w# and those quantities is writlen with undetermined coeffi-
cionts {see (2.12)). Then, the coefficients are determined by requiring the expression

to givé reasonable results in some test cases (Younis, ef al 1996).

2.2 Transport Equation for the Dispersion Tensor

2.2.1 What is the Dispersion Tensor?

The relation between the Lagrangian displacement of a fluid element and the dif-
fusion of a passive scalar was first’ described by Taylor {1921). He showed that, in a-
simple one-ditensional case, the rate of transfer of & passive scalar was proportional
to the timwe rate of change of the mean value of the square of the parficle displace-
ment multiplied by the sealar gradient. This analysis applies to a multi-dimensional
isotropic turbulent flow as well, the rate of scalar transport is proportional to the
thne rate of change of the second moment of the particle displacement, Y}Y;. For

- isctropic turbulence

t¥;Y;
— = wY; + Yoy = 2u¥;,

where 1, is the Laprangian velocity of the fluid element which is equeal to the Ealerian

velocity at the position oceupied by the element. Therefore, for sotropic turbilence,
the rate of scalar transfer is proportional to Ui ¥y
Here it will be shown that the rate of scalar transfer in a high Reynolds/Peclei

mymber turbulent flow with a uniform mean scalar gradient, is propertional to Dy w5
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here-in-after called the dispersion tensor. Consider a fAuid element as it moves from
ah initial position }?n to & new posttion X. If the moleculaz diffusior is neglected,

the scalar content of eact: lnid element remains constant as it.moves in the dow.

C(X) = C( %) o (2.13)
If the mean scalar gradient is constant and there are no initial scalar fluctuations,
— aC s, BC
C{f} = aﬂf;Xj and G{Xﬂ} = EE;X'?-& r (2.14}
The random position of a Huid element changes as
X, =X, +Y;, . | (2.15)

where Y; is the displacement of the fluid element from its original position. Combining
{2.13} through (2.15) resnlts in

C(X) = (X)) = 9y, =2

ﬂxj o = ﬁ;(xﬁl‘ - };) - {215’)

The expression for the fluctuating scalar, ¢ = (' — C, is obtained by subtracting the

first of (2.14) from {2.16).
ac
= —}'}-é-j:,—j .
Multiplying (2.17) by u; and taking the average of the equation gives the following

(2.17)

expression for the turbulent sealar flux.

e = =Y o (2.18)

If the turbulent scalar flux is defined as @e = —~D;0C/8X;, (2.18) gives the following

expression for the dispersion tensor.
Dy =¥, - (2.19)

The simple relation between the dispersion tensor and the displacement tensor
given by Taylor (1921) is only valid for isotropic turbuience. Batchelor (1949) ex-
tended this analysis to a homogeneous flow without mean shear and found that

D,--+D:,:§= I




20

James and Corrsin (1974) derived expressions for Dy; + Dy; in a hothogencous shear
flow with uniform shear dU; fdzs. These expressions show that the elements of the
dispersion tensor are not in general the time derivative of the corresponding clements
of the displacement tensor. They also show that, in general, the dispersion tensor is
not a diagonal or a syminetric tensaor.

A transport equation for Dy, as defined by ¢ = —D;0C/0X;, will be obtained
in §2.2.2 using the evolution equation for me and the above mentioned relation be-
tween the turbulent scalar flux and the dispersion tensor. However, as it is shown
in Appendix (A}, it is possible to derive an evolition equation for D = u;Y; using
a Langevin equation for the velocity fluctuations and a kinematic eguation govern-
ing the fluid element motion. Then the evolution cquation for Te is obfained using
#% = —DyHC/6X;, These two approaches are identical in a homogensous How with

% uniform mean scalar gradient inposed on if.

2.2.2 Scalar Flux Transport Equation in Homogeneous Flows

The turbulent and convective transport terms of (2.10} are zero in homogeneous
turhulence. The viscous dissipation term is zcro in isotropic turbulence and it is
ngitally neglected sssuming local isotropy at high Reynolds/Peclet number turbulent
flows. Therafore, the only term that needs to be modeled is the fluctnating-pressure-
temperature-gradient correlation. An exact expression for this term can be obtained
by rultiplying the solution of the Poisson equation for pressure Huetuation and the

fluctuating scalar gradient. The resull is

B0y, O1; O,y Oy Ba; ) ox

where the primes indicale that the quantities are evaluated at x +71 {Launder, 1978).
Note that the first term inside the integral, called the slow term, depends only on
turbulent quantitics while the other term, the rapid term, depends on both turbulent
and mean flow variables. This led some turbulence modelers to model these Lwo terms

separately. Launder (1975) models the slow park ag a return to isotropy term and the
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rapid part as an isotropization of production term:

bis = —Co, T Caaﬂnm Gﬂ, T Ggaujﬂﬁ (2.21)

Note that dwf/dt = Odu;/dt + 1;d0/dt. The production term, Py, used by Launder
contains only the term that comes from the fdu;/di part of the equation for wd.
This ig the part that contains the pressure fluctnation (see (2.9)). Durbin (1993h)
extended (2.21) to include the production of @ due to the mean scalar gradient into
By and preposed the following model for ¢;s. '

$ia = Uﬂ. + Ummu;a + Upaujﬂaa_] (2.22)

Jones and Musonge (1983) argue that the slow term of ¢;p depends on the tur-
bulent field as weil as the mean scalar and the mean velocity gradients and therefore

propose the following model.

) 80 o 0l . —0U, 223

b = —Co "+ Ca, (05— 2h85) 00 + Coyt 5a, Ot gt

where Ty is a suitable time scale characteristic of scalar field {Jones and Musonge,
1988). '

Dakos and Gibson {1987) propose the most general expression for ¢y which is
linear in the mean and the turbulent scalar, the Reynolds stresses and the anisotropy

tensor.
_“ﬁ 2 B'B aUg HU'
t}‘ﬁ;‘ﬂ = Cg, + Cﬂi (u,u:_. - Ekﬁu‘) ﬁm""'""j + cﬁla?—,&:ﬁa o C{i.t'l',l!'-j Bmt
2 ﬂUk i)
+Cg T (‘u:wn kdﬂ:) Bz, Do (2.24)

The only difference between (2. 23} and (2. 24) is the term multiplied by Cj, but Dakos
and Gibson (1987} concluded that the contribution from this term was negligible and
therefore set €y, = 0.

Since the transport equation for the mean sealar is linear it is preferred to have

a modeled transport equation for u;# that is linear in the mean and the fluctuating
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scalar. Hawving this constraint in mind the following model for ¢y which accommo-

dates all the above mentioned models is used here.

wd 00 ., B . —al

dip = Uﬁrl T + C’ﬂ'aulu.?a “+ Gﬂau‘Jﬂa » + Ggﬂ&j E'L'_; [2.25}

Since Dakos and Gibson {198?} suggested Cy, = O the only difference between
{2.25), their model, and {2.23), is that the Reynolds stresses were nsed instead of
the Reynolds stress anisotropy tensor. '

Substituting (2.25) into {2.10) gives a mode] transport equation for u;# in homo-

gencous Aows at high Reynolds/Peclet number.

@b wf 3o e O, B,

di Uih [Cﬂz 1} by _ga (Gﬁa - I}HJEE + quuj -'5'1';: {226}

Note that in homogeneous flows Ju,0/8t = dw;B/dt.

2.2.3 Transport Equation for the Dispersion Tensor in Homo-

geneous Flows

In homogeneaus turbulence the mean scalar gradient and the turbulent scalar fux
vector are uniform in space and therefore the transport equation for the mean scalar
reducos to
' a_e + 17 @
ot ? B4
Tuking 8/0z; of this equation, using the commutative property of derivatives, and
noting that in homogeneous turbulence 8/(60/8z;) = 4/dt{88/0x;), the following
evolution equation for the mean scalar gradient is abtained.

d 80 ol 60
&ng—, E?;I:.,, aﬂ"

%ﬂ, . (227

(2.28)

A modeled evolution equation for the digpersion tensor in homogeneous flows can
be obtained by substituting (2.4}, as an cquaiion that defines the dispersion tensor,
into (2.26) and using (2.28).

ald. Iy ari ot ot
- R _Uﬁ'l 74 (1 — Ggﬂ]u,uj (Gﬂa - ljﬂfﬂjﬁ -+ Gﬂlﬂg_fa—m + Dika_ﬂ'::

(2.29)
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0 5 10 15 20

Figure 2,1, The evolution of the elements of the dispersion tensor in a homogeneous
shear flow with (Sk/e}, = 3.

Fignre (2.1} shows the solution of {2.20} for a homogeneous shear flow with
{Skfc)y = 3 where § = 0Uf0z,. A fourth-order Rungﬂ—Kut.tﬁ method was used
to solve this equation, simultaneously with the corresponding %5 eguations of the
335G model {Speziale et al ,1991). The initial conditions £ = 0 and By = 2/3k6y;
were used. The time was non-dimensionalized as £ = £5. Oy, = 2.89, Oy, = 0,
Oy, = 041 and €y, = 0.21 were chosen in producing this plot. These values give
the results which are in good agrecment with the eguilibrium values of the direct
numerical simulation of Rogers (1995). Note that for large values of t* the elements
of the dispersion tensor, normalized by £%/c, approach coustant values. This shows

that Dy; grows like k*/¢ at large times.
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2.2.4 The Positive Semidefiniteness Condition

Congzider the partial differential equation

8¢ 525

"y
Bt = % e, ;

E + ¢z, t)¢ {2.30)

where the coefficients a;;, b; and ¢ are defined in a domain

+ by {iy, 1)

N=Px [Tn,TIE = {{f{.‘;,ﬁ];ﬂ:,' = ﬁ,Tﬂ <i< Tl}.

71 is the clasure of a bounded domain D C R* and @i; 18 a symmetric matrix. If the
matrix ay;(T;, £) is positive definite, then the differential eqnation is of parabalic type
at (;, 7). If the differential equation is pambniic at al} points of £2 then we say that
it is parabolic in £ (Friedman, 1964).

The temperature eguation, (2.1), is a parabolic differential egquation and therefore
has a diffusion like behavior. If we reqnire that the equation for the mean temperature
has the same diffusion like behavior, 1% has to be a parabolic differential equation as

well. Equation (2.5) can be written in the following form

76 7, bS]
+ {mﬂj + Du} U; Do
T

i) ——— 2.31
1'?} 5’:13.5,3325 aﬂt ( ]

= [mﬁﬁ + D

ot

which is similar to {2.30). (ad;; + D;;) is in general a non-symmetric tensor. However
>e) dxz;0xc; is a symmetric tensor. In a double-index contraction of a general tensor
and a symnmetric tensor, the contribution from the antisymimetric part of the general
tensor is zera. Therefore, the first term on the right hand side of {2.31) can be
rewritten as

ial e

o 5 = {ﬂ'au + Z(Dﬂ + Djt})m

{ordy; + Dy}
Defining D = 1/2(Dy; + D;;) s the symmetric part of the dispersion tensor, (2.31)
can be written as

80 8 ae
S — — ra - [y ] mra e
5 = (ed; + DY) + | gy (@ + D) = U 5=

2.32
T 0% ; o { )
in which the coefficient of the second derivative is a symmetric tensor. 'This equaticn is

a parabolic partial differential equation if ad; +D:§- is a positive definite tensor. This
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condition has to be satisfied for any values of & including the very small values in the
Hmit of high Reynolds/Teclet nambers. Therefore, in order to guarsntee the parabolic
behavior of (2,32}, Df; itzs to be a positive semidefinite tensor in that himit. Note
that in low Reynolds/Peclet number flows where o ig not negligible the dispersion
tensor does not have to be positive semidefinite. In fact if A is the smallest cigenvalue
of Df;-, the mean temperature equation remains parabolic as long as A > —a. This
permits some Reynolds/Peclet number dependency of the turbulent, dispersion fensor
at the lmit of low Reynelds/Peclet number flows. Since the high Reynolds/Teclet
nmbet (lows are the main concern in cogineering applications and in this work, 1t is
agsnmed that o is vory small and i will be required that the dispersion tensor be a
pcmif.ive.scmideﬁnitc tensor,

Equation (2.29) governs the evolution of £y in homogeneous turbulence. It is
also possible to decive an evolution eguation for Df_; the solution of which has to
remain positive semidefinite if the initial condition is positive semidefinite. Howover,
this egnation will contain the antisymmetrie part of I¥; as well. Therelore, the usual
method of transferring to principal coordinates, which hag been used to analyze real
izabtity for symmetric tensors, is not applicable here. A method iz introduced below
which uses the fact that a posifive semidefinite tensor has nonnegalive cigenvalues
and therefore nonnegative invariants.

Consider a second rank three-dimensional tensor 4;; and assume that its evolution
equation can be expressed as

% = F{A.,,;j.-, By, Oy ), (2.33)
whare Hy;, Cy, ete. are second rank three-dimensional tensors, Evolution m;ﬁntimm

for the throe invariants of 11;-3- can be derived nsing (2.33) and thoe definition of the

irvariants.
E

it
whete f,s 18 the éth invariant of Af,I and Fq., Ig, ete. arc the ith (i = 1,2,3)

= G‘i{-'rﬂf': IA;: IH.':IG.':IAH.'?IHU{: IHUUIAHC{: ' ] {234}

invariants of Ay, By, etc. Then, in order to guarantee that the invariants of z’lg




26

remain nonnegative, we have sither to make sure that

fUAIs
dt

>0 - (2,35)

faa=t
t

or to make sure that J,s = 0 is unattainable, The condition {2.35) makes the time
rate of change of an invariant nonnegative whenever that invariant becomes zero and
therefore prevents it from becoming negative. This method is used now to obtain
conditions under which the evolofion equation for Lk; predicts a positive semidefinite
DS,

Consider a two-dimensional mean flow where the tensor D);; is 2 3 x 3 tensor with
Dy = Dy = 0,i=1,2:

- -

D 0
D=| _ ,
07 Dys

=4 - a -
where 0 is a two-dimensional zero vector, and

Dy Dy

D=
B Do
Then,
. -
Ls_1[BDT 0 ) (D3
21 0T 2Dy 87 Dy

It can be shown that the pecessary and sufhcient conditions for D:; to be positive

semidefinite are that Dy = 0 and the trace and the determinant of the 2 x 2 tonsor

204 Do+ Dy
Dy + Dy 2Dy,

he nonnegative.
The evolution equation for Dia is

dDg,
dt

D
= ~Cop, = + (1 = o, )05 (2.36)
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Assuming that ¥zHy > 0, this eguation regnires that Cp, < 1 in order o have
dDz3/dt > 0 whenever Dy = 0.

Before deriving the equations for the trace and the determinant of ﬁ;'} it 18 useful
to rewrite (2.29) as

a0 Dy _
Tfj = —{ T:j + (1 — Co, yustty + (Cay — 1){Sip + Wi ) Dy
+,( S — W) D + D{k{Sﬁj — ij) _ {2.37)
where _ ret. 8L . 5 .
; ; 1 et i
S = = i 4 and == - 2.
I 2 (Eixj + 5:::.;) _ e W'? 2 (Ehj 6‘:::1;) {2‘ JS:}

are the strain rate and the rotation rale tensors respectively, The equation for the
trace of ﬁﬂ is ebtained by taking the trace of (2.37} and subtracting (2.36) from that,

o ﬁ‘g . g - B

j_&?l _ _Lﬂli_fl +(1 - Co}{R} + (1 + & H{DS} - (1 - a}{DW}  (2.39)
where & = Cy, + Gy, — 1, 62 = Cgy — Cp, ~ 1, and Ry = Wy, Dy, Sy and Wy
(1,7 = 1,2) are the two-dimensional Reynolds stress, dispersion, strain rate and

rotation rate tengors, and {X} indicates the frace of the tensor X.

The determinant of the tensor DY is defined as

(D%} = DDy — (Dgp + Dy 214,

and therefora
T d g g 1
[D :Du—gz +D2‘3_” T a
it 2

(2.10)

D D
(The + 21}( g7 i

|
elt gl
If the appropriate components of (2.37) are substituted into (2.403} the following

evolution equation for [DS] is obtained.

—Ch, [];;E + (1 - Cy,) (DR} - {D°R}/2) - (1 ~ 0y} {D°DS}/2

+{1 + as}{DDW}/2 — e {D}{DS}/2 + {D} ({DS} — {DW}) (2.41)

d¢{D%]
it o

Figures (2.2) and (2.3} show the evolution of the normalized trace and determinant

of ﬁfj in homogeneous shear flow for two different initial values of Sk/e. It is seen
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Fipure 2.2. The normalized trace and determinant of ﬁg in a hemogeneous shear
- Mlow with {Sk/e), = 3.
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Figure 2.3. The normalized frace and determinant of ﬁg in a homogeneous shear
flow with {5k/e}, = 100.
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that for the case of (Sk/e}, = 3 both the trace and the determinant of this tensor
remain positive. However, lor the case of high initial non-dimeusional shear, the
trace or the determinant or both may become negative, One may be concerned that
the negative prediction of the trace and the determinant in this case is due to non--
realizable Reynolds stresses predicted by the 535G model. This was investigated and
it was observed that for hoth ron-dimensional shear rates the computed Reynolds
stress fensors were realizable, Timrf:ﬂ}ru, the prediction of negative irace and/or
determinant for D;T; is solcly due to the evolution equation for ihe disporsion tensor.

In order to gnarantee that ,"Fj'f; has nonnegative trace and determinant at all times,
the time rate of change of its trace or determinant has to be nonnegative whenever
the corresponding quantity hecomes zero. I is scen that there is not a trivial way
of imposing this condition on {2.39) and (2.41). The right hand sides of these two
equations are functions of the flow feld quantities as woll as model constants, and
therefore can have any sign in general. However, if Cy, is made large enough such
that the first terms in these two equaiions become mueh larger than the other terms,
atid if the initial condition on Dy satisfies the nonnegativeness of the trace and the
determinat, of DE

AR
times. This ks due to the fact that, for large enough values of Cy, the frst term in cach

ke solutions of these two equations remain nonnegative at all

cippakion dictates the behavior of the equation and the solutions will be exponentially
damped. But, if Oy, is chosen to be very large (which may be needed depending on
ihe fow field belng caleulated), the dispersion tensor will approach to a zero tensor,
while the actual sobhifion we are looking for may not be zero.

This reveals a 'deﬁcienuy in the original model for w;# which was used 1o derive
the model equation for f;. That model equation and thercfore the model squation
for L}; do not guarantee that }:'ij remains positive semidefinite. 1t s belioved that
the model is incomplete and lacks terms that ean drive the symmetric part of the
dispersion fensor to a posifive semidefinite value when ihe other torms are driving
it to & negative tensor. A method is introduced here thal modifics the evobition

equation for f);; and thersfore the model equation for 4,2 in a way thal the abowe

mentioned conditions on trace and determinant of ij are met.
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2.2.5 Modified Transport Equation for the Dispersion Tensor

Consider [); as a positive semidefinite tensor. The original equation for Dy can
be modified as
d Cg, :
=t = =2 Dy — D)+ (1 — Co Y0t + (Cos — UDME
oy HU
Gy, Dy + D;

For large enough values of Ugl the dispersion tensor approaches [, and therefore

aty;

(2.42)

remains positive semidefinite. The minimum value of Cp, is determined as follows.
The equation for the trace of ﬁ;; is
d{ﬁs} _ Grﬁ'l

= =~ SR (BT (DH+(1~Co ) (R} + (1401} (DS) - (1~ ) (W) (2.43)

where f!;j it the two-dimensional part of D, The minimum value of Cy, that guar-

antees the trace of Dg to remsin nonnegative whenever it is equal to zero iz

T

Co, 2 > }[1%2 {DW) - (1+a){DS} - (1 - Cp,){R}]. (2.44)

The equation for the determinant of fr‘f; iz obtained by substituting the appropri-
ate components of (2.42) into (2.40)

MO0 o (1 - o) (0} () - (DRY/2) — (1 - a){D¥DS) 2
+H{1 + az) {D*DW}/2 - o, {D}{DS}/2 + {D} ({DS} - {DW})
o (D7) - (D7), 45

and the minimanm value of Cp that guarantees the determinant of f?g to remain

nonpegative whenever it is equal to zero is

T
(B} (B} - (DD h _
~{D}{DS} - {DW}) - (1- C)H{D}R} - (DR} . (2.46)

L, =

{(1— a){DDS} — (1 + ay) {D'DW} + 0 {D}HDS}
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In the previous models Oy, has been considered to be a constant value. This value
has been obtained such that the models predict simple Hows such.as the homaogencous
shear flows, the boundary Yayers and the channet Sows. However, in the present tnodel
this valie is compared with the minimum values of (7, that guarantee the positive
sernidefiniteness of ﬁ% and the larger values of these is chosen for Cy,. Therefore, it
i believed that Cp, i1s m general a function of the mean and the turbulent flow field
guantitios.

If the only concern for modifying the evolution equation for Dy, is to change it
siuch that it predicts 8 positive semidefinite form for D 7 ANy positive semidefinite
tensor will be an accepfable choice for D7, However, it is preferred to choosc one
which is a reasonable model for Dy;; note thast for large values of L', the dispersion
tensor, I);, approaches D;-‘j._ It ¢an be shown that, in the absence of mean Now,
{2.29) has a particalar solution proportional to the Reynolds stresses. This sugpests
the following form for D

- DY = Cow; T | (2.47)

This form has been introduced by Daly and Harlow {1970) o model Dy itself and
is also used 1o model the turbulent transport term of the cquakion lor w8, the tast
term of (2.10Y, as 2 gradient transport model. Substituting {2.47) into (2.42) gives

the final form of the modified eguation for the dispersion tensor,

d iy Cy . - ot
Tf,'j S —?l(ﬂm - CEEH.EH}' T} + [:1 — Ugﬂ}ﬂ,;‘i'i-j + {GEa — l]Dﬁ:j(}_‘r;

atly U

+Cy Dij—— bz T D - (2.48)

The constraint obtained for Cy, in the paragraph following (2.36) is modified as
Ca, — U Cp, < 1. Remember that this condition gnarantees that dDyg/di = 0
whenever g = 0. '

Figures {2.4} and (2.5} show the evolution of the trace and the detertninant of
ﬁg. obtained by solving (2.48) for two different initial nog-dimensional shear rates.
Cp,= 0.2% and £, = {11 were chosen such that the solution of this equation and {2.23)
approach the same values in equilibrium. It is seen that for the case of (Sk/e), = 3

the solution of (2.48) and (2.29) are the same and fi'g remaing positive semidefinite




32

0.3

[B%)e/K2

Figure 2.4. The normalized trace and determinant of ﬁg in a homogeneous shear
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at all times. However, for the case of (Sk/e), = 100, the solution of the modified
equation remains positive semidefinite at all times while the solution of {2.29) does
not; see Fig. (2.3).

2.2.6 Modified Transport Equation for the Turbulent Scalar
Flux

A modified equation for 4,8 is obtained using (2.48), and the relation between the

dispersion tensor and the turbulent scalar flux, w6 = —D,;00/8x;.

%; = —{}, E%E + {Cp, — Cg, T, — 1}@}% 3 (Clg, — I}Eﬁ% + Gﬂ*ﬁg_i? (2.49)
Nute that the combination of the constants Cy, — O, Cg, can not be substituted by
a new constant (e.g. Cj,) since it containe O, which is also the coefficient of the
first term of (2.49}. It should be eﬁphasized that Cp, i8 a fanction of the flow field
quantities in general.

It is seen that the new added term acts opposite to the term Cy, 07107 869 /8%; and
reduces the production of w;# due to the mean scalar gradient, This term may be
considered as a substitute for the last term of {2.24). The contributions from the
mean flow and turbulence flield are accounted for in the dependence of the constant,
Cp, von the mean and turbulent felds; see (2.44) and (2.46). Note that Dakos and
Gibson {1987) conchuded that the ast term of (2.24) had not contributed much in the
siraple shear flows they had considered. In the present model, the added term should
contribnte only in the extreme cases where the origingl model is not a realizable one.
Therefore, the model constants Cy, and Cp, and the minimum value of Cy, can be
chosen such that for simple shear flows the contribution of this term is negligible.
This will be congidered in Chapter 3 where the model calibration is discussed.

Another possible candidate for D7 ix the isotropic eddy diffusivity model used
with most of the k¢ models; D} = Cp, RT6;. I this is substituted in (2.42), the

following modified equation for 8 is obtained,

duf uf . oo ___8l; ___al;
g = ~Cop + (G — )50 — Gﬂscﬂnkﬁﬁf‘é‘;} +{Ca, — Uﬂjﬁﬁ + Gﬂa“jﬂa—;

(2.50)
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Here, the added term would be similar to the kd;; term of the second term of (2.24)
if 'y, was a constant. However, since Cp, is in general a lunction of the mean flow
and turbulent gnantities, this term may tepresent the second part of the last term: of
(2.24). The main difference between this modified model and {2.24) is that in this
model the coefficient of the added term is a lunetion of the flow fleld and it is the
same as the coefficient of the first term of (2.50), while in (2.24) the coefficient of
the last term is a constant and can be different from ihe coeflicient of the first term
of (2.24). It should be mentioned that the choice D, = Cp kTd; 15 not used in the
present work becansge it drives the model to an isotropic turbulent scalar transport,
one of the ohjectives of this work is Lo develop a model that predicts 4 non-isolrapic

turbulent scslar transport in general.

2.3 Explicit Algebraic Model for the Dispersion Ten-

S50r

2.3.1 A Modeled Transport Equation for the Normalized Dis-

persion Tensor

- Dispersion i a property of turbulence not of the passive scalar; in Lagrangian
theory Dy; = u;¥; where Y;(1) is the random displacement of a fluid clement. Indeed,
ag it is shown in Appendix {A), it is possible to derive an evoiution cquation for Dy;
{rom a Langevin eguation for the fluid clement veloeity and a kinematic cqualion
governing the position vector of the fuid element. The dispersion fenser should be
normalized by the turbulence scales. It has the dimension of length®/time, Therefore,
if k/e and k%2 /¢ are chosen as the turbulent time and length scales, the dispersion
tensor should be normalized by k% /e, Figure (2.1) shows that the components of the
dispersion tensor, normalized by &%/e, approach eguilibriuvm values. This confirms
that the dispersion tensor grows like &%/¢ and therefore can be normalized by it. Let’s

define the normalized dispoersion lensor Kj; as

£
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A modeled transport eguation for K is obtained by differentiating (2.51},

- [
| R E TR & (2.52)
and substituting (2.48) and the standard % and £ equalions
ik
ikl — _ F
T P —c (2.53)
de C,P—Coue
| at T (2.54)
into (2.52). The result is
Ell-Kij Ktj "i ﬁU
— = - C, — 1)K,
m e (1 = Gy + Cpy Coo )= + (Co — DErg 5~ .
ol at;
+Cu Kt + Ky 2 (255)

7
where

gs= (Cy + (2 - O} Ple+C., —2)7 1,

and P = ~ig L {3y 18 the production of turbulent kinetic enorgy.

2.3.2 Equilibrium Solution and Implicit Algebraic Model

In homogeneous turbulence, sabjected to a mean velocity gradient, & and £ grow
with time and there are not any equilibrivm values for them. It is expected that Dy;
grows like k%/¢ and therefors their ratio, K;, reaches an equilibrinm value. Then,
in equilibrinm dKy;/dt = 0. Substituting this info (2.55) and writing the velocity
gradients in terms of the rate of strain and the rate of rotation tensors results in the

folowing matrix equation

K-XK. S*-l—K W*— ;8 K —a,W*. K =1, {2.56)
in which ¢y = Cp, + Oy ~ 1, 12 = Cp, = Um w1 and
1 &Ly
'k —
S 6‘3,1}
1 au;

W = ZgTrofi_
13 Qgﬂ {S.TJ aﬂ:g],

7y = (1= G+ Co, Uy g0~

[N '!!._.i;

&
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Mote that sl the bold face letters refer to the corresponding tensors and a dot hetween
twa lensors indicates a matrix multiplication.

Equation {2.56) is an implicit algebraic equation for the normalized digpersion
tensor, Ky, the solution of which is the exact solution of the modeled transport
equation (2.55) in cquilibrium. However, it is also used as an approximation in non-
equilibrium non-homogeneous fows. Here iE will be referred to as an implicit slgebraic

model for the dispersion tensor.

2.3.3 Explicit Algebraic Model

Although (2.56) is an algebraic equation as opposed to a differential equation, its
solution may not be mmch easier than the corresponding differential equation. It is

preferred to have an explicit exprossion which has the form
Kij = HJ(S*, W*, T} . {258)

Pope (1975) and Gatski and Speziale (1993} explained how explicit algebraic Iieynolds
stress models conld be obtained from the corresponding implicit algebraic models.
They uscd tensor representation theorems and expanded the solulion in an mtegrity
basis. The integrity basis provided the general tensorial form of lhe solufion with
the unknown coefficients that were scalar functions of the tensor invariants. ‘These
coefficients were fonnd by substituting the general form of the explicit solution into the
implieit expression and using the generalized Cayley-Hamilton theorem. ln the case
of (2.58) the solution involves three tensors, 8*, W* and r. Even in fwo dimcensions,
since J(;; 18 not & symmetnic or trace free tensor, the general solution will involve a
seven-component integrity basis (E, 8¢, W*, r, W* . 8%, W* .7 and §* - r}. This
makes the use of the sbove mentioned method very tedious (in Pope’s case there were
only four elements in the infegrity basis). _
Shabany and Durbin {1997} developed a new method to solve (2.56) in which
there is no need to expand the solution in an integrity basis. This mefhod uses the
properties of Lhe direct product of two matrices (sce Appendix B) and the generalized
Cayley-Hamilton theorem (Rivlin, 1955}, The method is explained here for a two-

dimensional mean flow. The extension to three-dimenstonal mean flow is straight



Chapter 2. Theory _ 37

forward thowgh more complicated.
Although the mean velocity has two components, the turbulent velocity has three

components. Equation (2.56) shows that

K3z = 733 and Kp=Ku=0 {i=1,32), (2.59)
Therefore,
K 0§
K=1 _
8T K

= r -
where £ i3 & two-dimengional zero vector and

Then, for a two-dimensional mean flow, {2.56) is reduced to the fu]l_ﬂwing form.
K-K.§+K- W g8 K-ag,W -K=r. (2.60)

Note that since, for a two-dimensional mean flow, §; = W; = 0 if i or § = 3, the
same symbols were used for two-dimensional and three-dimenstonal strain rate and
rotation rate tensors.

In order to solve {2.60) for K first it is written as
I'KI-T K-8 +1.K- W —g,58 K- I-gW - K. I=7, (2.61)

where I i3 the two-dimensional identity matrix. This is a matrix equation of the
form (B.3} for the unknown matrix K. The method explained in Appendix (B) is
used to rewrite this 2 x 2 matrix eguation as a four-dimensional vector cquation for

the vector & with a coefficient matrix similar to (B.6):
Aol -1858T+I@WT 0,5 @ — a, W @i = 7 (2.62)
where @ indicates the direct prud:act defined in Appendix (B},

— 7 . g
.Ii{:= [:KI]_,H-l-z,thKz:g} :—11’1{] T = (7'11;1-1277'21:7—22} f
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Sinee 8" and W* are symmetric and antisymmetric respectively, (2.62) can be written
a8 '
IeI-105 - 1o W' —a,S" @l —aW'eDi="7 (2.63)

Il we define the 4 ¥ 4 matrix G to be the coefficient matrix of £ in the above eqation,

G=Igl-IaS —IW' —0,5 @l —aW al, (2.64)

then the solution to {2.63) is
E=GlF (2.65)

For a two-dimensional, incomnpressibie mean flow

SO o Wy 19
g=|"" |, ws 2 1= . (2.66)
2 —5h -W 0 0 1

and therefore the explicit form of G iz

' j
(1-(+a)St  -ShL-Wh  —mSh - Wy 0
a =5+ Wh o T+ (1 -a)d) 0 —t3 57, — @ W,
—ar Sty + W 0 T {1-a)8; -5k —Wh
|\ 0 "'”-13?2 + ﬁZWf:g _S;ﬂ + 1*2 1+ {1 + I'-‘3'1}""-:"1*1 )
(2.67)
G™! is given by the Cayley-Hamilton theorem (Rivliin, 1855):
I .
Gl = I;:" [IGEI - IGQG + IG1GJ - Gs] : [268}
4 .

where I, to Ig, are the four invariants of G, and I is the 4 % 4 identity matrix.
Substituting the appropriate powers of G and its invariants (given in Appendix C})

inta (2.68) the following cxpression for G~ is obtained.

1
G-l — ﬁ—[ﬁzlgl + HI@ (8 + W+ Bi{0:15" + e, W) R1
) ! .

+2(m8" + W'} ® (8* + W), (2.69)
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whera
fio= 1-(+a)SE - L+ + 5 [ - asg+ (-]’
fa = 1—%[1+Eﬁ}3ﬁ—2( }ka.
By = 1 51— ahsE - 50— DWE,

1 w 1
dy = 1+§(]_“§}SJ=§+ (1 ﬂz) H::

and Sy = 53,87 and W2 = W
Substituting {2. [19) into (2. 65] gives the solution to (2.63).
= [BI® 1+ AI® (5 + W)+ A(mS” +m W o1
: 1

+2{m S + mW*) ® (5° + W)|7 (2.70)
The solution to (2.60) can be obtained from {2.70) by following the steps {2.60) —
(2.61} — (2.62) — {2.63) in reverse.
Far+ By (8" — W) +ﬁ4{:$15”+ng*}-f+2{rj.15*+u.zw*]~T-(S*—W*)}.
(2.71)

K“ﬁl[

Combining (2.71) with {2.59} gives the final solution

1 5*2
K = r+ g~ s

+2mS" + W7 (S — W), (2.72)

+ 7 - (B — W+ B S + 6, W') -

which is valid for a twc_:—dirﬁensi{)nal mean flow and three-dimensionﬂ turbulence.
Figure {2.6) shows the solution of (2.55) for a homogeneous shear fow with
(Sk/c}y = 3. The initial condition of Ty = 2/3kd; and Kj; = 0 was used. Other
initial conditions will produce the same qualitative results. At each time the equilib-
rine H(}I.ll.ti{}il, {2.71), was evaluated and is plotted in this .ﬁgu.re as well. This figure
shows an initial transient period during which the equilibrium solution is not valid.
However, by a non-dimensional titne of abaut 4 the equilibrium solution is providing
a good approximation to the time-dependent solution. This is the essence of the al-
gebraic model approximation; the eqnilibrinmg solution is used as an approximation

in non-equilibrium states,
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Figure 2.6. Comparizon between the solution of the evolution equation snd the equi-

librium expression for the normalized dispersion tensor in a homogeneous shear flow
with (Sk/e), = 3.

Figure {(2.7) compares the cquilibrinm solution with the solution of the evolution
cquation for a homogeneous plane straining flow. Here 5 = 805 /8¢, = —8U,/x,.
It is scen that, alter & non-dimensional time of about 1.5, the squilibrium solution is
providing a good approximation to the time dependent solution. 1t should bhe noted
that the length of the transient period in which the agreement between the equilibrinm
solition and the fime dependent solution is not good depends on the initial conditions;
the farther the initial conditions are from the equitibrium solntions, the longer thoe

transient period.

2.3.4 Positive Semidefiniteness of the Equilibrium Solution

The pogitive semidefiniteness condition on the symmetric part of the dispersion

tensor has fo be met by the normalized dispersion tensor at all times including the
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Figure 2,7, Comparison between the soluticn of the evelution cquation and the equi-

librium expression for the normalized dispersion tensor in a homogeneous plano strain-
ing flow with (Skfe), =3

equilihri'u'm state, This condition reguires that Kyg = 0 and the frace and the deoict-
minant of the tensor K = (K + K7)/2 be nonnegative. From (2.59)

ﬂaﬂa
.‘s:

Since it has already been assumed that 1 — Gy, + O Cy, = 0 (see the paragraph

Kgy = 193 = {1 — Cy, + C5,Cy, ) s

tollowing Eq. {2.-’-18]) the nonnegative Ky requires that g5 = EI._
Evolution equations for the frace and the determinant of I_{g can be oltained in
a similar way as the evolufion equations for the trace and the determinant of flg-.

(‘I{RS} {K ]’ Cﬂl {K*}-!-{l-i-ﬂl}{KS} { —uz){f{W}"{"[l"'Cﬁz}“{%? [E‘TEJ

eft HT
A - L U Sy - (OB - (1 - 0 (RKS)/2

+{1 + e {KIKW}/2 — a {K}{K®5}/2 + {K}{({KS} — {KW})
Ll n [RHR") - (RK7) /] (2.74)
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where R;j e f?fja /&%, In equilibrium the time rate of change of the trace and the de-
terminant of IF{E is zero. Therefore, the nonnegative trace and determinant condition

leads to the following constraints on &y,

Co > %{u ~ ) RW} - (1 + a){KS} - “—;;g@{m} e
T T ST T S
On 2 G (R [(1 — a {KOKS) — (1+ ag) {KSKWY) + a {KHKS}

- - - (1—Co) . ime -

~{KH{KS} - (KW}) ~ e 2 (2K HR} ~ (K°R)] . (2.76)
Note that (2.75) and (2.76) are implici inequaﬁties for Cy, since the right hand sides
of these inequalities are functions of Oy, through (2.71).

2.3.5 Solvability and Stability Conditions

The equilibrinm solution {2.72) gives a finite valite for the components of the dis-
persion tensor nnless 3; = 0. Therelore, 3, £ 0 iﬁ the solvability condition. However,
even when this condition 15 met, the sohition may be an unstable equilibrivm. To
iovestigate this we note that (2.72} is the steady state {particular) solution of the
differential equation {2.55), which can be written as

% + ggLTG k= gﬂin'. (2.77)
This equation has four ndependent homogeneous and one partienlar solution. Tho
homopeneons solntions decay or grow with thine, depending oo whether the real part
of the eigenvalues of G are positive or negative respectively {gz = 0 as shown before).
If all the homogeneous solutions decay with time, the particular solution (2.72) is a
stable equilibrium. Thus, {2.72) is strictly valid only if all the eigenvalues of G have

positive resd parts. H we define
1 PR | .
T = §f1 +ai) S + E“ +af) Wit

and
¥ = (Sip + Wi HalSt + adWil),
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then the eipenvabies of G are

M=+t g, =1+ z- /7,
da=1—J2t g, dM=1—.Jo~ /7.

These eigenvalues have the folowing characteristics for different valucs of z and ¥

(2.78)

=

1. Ity < 0, all the eigenvalues are complox; Ay and Az, and Ay and A4 are eomplex

conjugate pairs,
2. Hy > 0and o+ ¥ > 0and £ — /F > 0, all the cigenvalues are real.

3. Ty >0and x4+ ./¥ > 0and o~ fy <0, iy and Az are real, and X; and Ay are

complex conjugates.

4 Hy>0andz+ /< Uand o — /F > 0, A3 and Ay ave real, and X and Ay are

complex conjugates,

[

Hy=>0and 444 <0 and:.-:—-@{ﬁ, A1 and Ay, and Ay and Ay are complex

conjugate pairs,

Figure (2.8) shows the regions in which the real parts of the eigenvalues A3 and
A4 are positive or negalive (the real parts of the other two eigenvalues are always
positive). Oy, = 0.41 and Cp, = 0.21 were used to obtain values of ¢; = —0.38
and az = —0.8 which wore used to produce this plot. Other sets of constants give a
similar stability diagram: in fact, it can be shown that the diagonal Hne in Fig, (2.8)
is given by Si2 = 2 — W} independently of the model constants ¢, and as. This
Hne corresponds to the sitwation in which the complex conjugates A; and A cross
the imaginary axis {a special case of (1) above). Fquating tho real parts of these
cigenvalues to zero and solving for a relation between z and y results in the equation
% — y/4 = 1 which has the solution 5{7 — 2 — W}2. Note that this solution is valid
only if y < 0. Since 552+ W,E = 2 on this line, y < 0if and only if a? 537+ a2W 22 < 0.

Therefore, the solution of the system of equations
GBS+ aWE = D

Sl =2~ Wik
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Figure 2.8, The sign of the real parts of the eigenvalues of (.

gives the coordinates of the starting point of (his line,

20} 202
a-aq 0 Regog (279

Wil =
Note that this i3 the point at which both As and Ay are equal fo zero.

The curved line in Fig. (2.8) is the locus of the points at which the real part of
one eigenvalue changes sign while the sign of the other eigenvalue remains unchangod.
This can happen only if there are at least two real eigenvalues; one of them is changing
its sipn. This means that this curve is the locus of the points at which at least one of
the cigenvalues is zero; the point whose coordinates are given by (2.79) is the point
at which Ay = Ay = 0. On the other hand, as it is shown in Appendix (C), j; is the
product of the cigenvalues of G, Therelore, the curved line in _Fig, (2.8) is the locus
of the puints for which 3 = (; the solvability condition is viclated. Tt follows that
the diagonal line and the left side of the curved line in this figure are the locus of the
poinds at which a stable egunilibrivm solution becomnes unstable,

Figure {2.8) shows that the sigenvalue that is most likely to have negative real

part 16 Ay, As soon as the real part of this eigenvalue becomes negative (2.77) will
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have an exponentizlly growing soluticn and there is no stable equilibrium. Note that
homogensous shear flow carresponds to the diagonal line W2 = —57F and lies in
the stable region, It should be mentioned that when W} = G the stable equilibrium -
region is up to 5%, ~ 55 {using the same constants as used for Fig. (2.8)) where
Si; = T{OU/8z; + OUF;/8z;) /2. Hence, in most practical situations the model has
stable equilibria.

The eigenvalues of G depend on two independent variables Si2 and W2, and gy
depends on P = Pfe. 53 is related to P through the eqguilibrium solution to the

Heynolds stresa closure:

Pos
2C,
where £, can be found for each particular model; the solvability condition for the
Reynolds stress model is 1/C,; # 0. It was shown implicitly by Pope {1975) thal,
when the consistency condition (2.80) is imposed, the equilibrium approximation to
the LRR model (Launder et al., 1975) is solvable for alt S and W} (Durhin and
Shabany {1997) note that the consistency condition generally imposes solvability ).

S = (2.80)

The question arises as to whether this consistency condition will also prevent. &y
from vanishing when a self-consistent Reynolds-stress—scalar-lux closure is adopted.
To avoid the possibility of the reasl part of As becoming negative, the limiting value of
52 ss P — oo would have to be less than the smallest value of §fF at which the real
part of thiz eigenvalue crosses gero. In what follows, it is shown that this condifion
i nol generaily met by second-order closure models.

For the 558G model, the expression for C,, is (Gatski and Speziale, 1993}

(8/5 + 30 VTTh)g
2(3 ~ 29/ 9n)*aSiE — 69/ 9003 WE)
where g = (Cy + C}P + P —~ 1)77 in terms of the constants of the 383G model {recall
that 5Y; containg a factor of g in its definition). Substituling this into (2.80), the
following expression for S is obtained:

w2 _ Pal3ae/g)® ~ 6u3WE} (2.81)
kT 845 + 3C2 /T, + 20 Pg

C, =
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where

(. I 2a§W;f+z)lf2
(o/g0)a1 55 elSE 3

From the definitions of ¢ and gs,

lim gP = li i :
P T rRm O+ CTP+P—1 T4 1
s O+ CIP+P C
. E R T 1+ 1 + - ]. o f +1 o 4
A A e P G -2 T (2:82)
Then,

oy 142
/ 7 - el (C! +1) a2 2\ o
fhae = 11]'11 I = Cr+1 2 = Gfﬂ]zﬂ.?;g;f 15&,2 + g . {E.EJ]

. HOT 1 a2 — O, VW2 ‘
So = i St = [2dF + (;;51 + aé‘wﬁfé T+ %“ﬂ"fﬁ”’” G2 (284
H % is not zero (353G model), the above equations have to be solved simultaneously
for /TThe and 5*2. On the other hand, for the IP {lsotropization of Produetion) or
LRR madel €7 = {1 and (2.84} is independeni of {2.83).

Figure {2.8) shows that the smallest value of 53¢ for which the real part of A5 is

nepative corresponds to plane straining flow, WY = 0. In fhis case 3, = 0 has two
solulions
P i

*L
Shi = (1 - a1q)? and (14 )2

Henee, Az =1 ----mbvrmm‘ﬁ negative for $52 = 2/(1—a)? (or 582 = 2/(1+a1)*
if &y == (). Therefore, the equilibrium solution will be valid for all values of 57; and
Wi S2<2/(1-a 1¥%. ‘This condition-is not satisfied by either the 53¢ or LRR
modets; for example, in the LRR model: C;' = (), CF = { and C;, = 1.44, giving
55 = 5.86, while 2/(1 — a;)® = 1.05 il ap == —(.38.

It seems quite likely that all the cxisting models will have unphysical regions in
which the equilibrium solufion s nonstable. The consistency condition (2.80) that
prevents this for Reynolds stress closure has no analopue lor the scalar fux model.

Howeaver, it is rather straighi forward te derive a eondition on the model coefficient
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g, such that J; = 0 is avoided for the whols: range of strain and rotation rates.

#y = { iz a fourth-order equation for ga
1 .

- o 13 g’ ez ] :
7 11— a)Sh+ (1 —aWa] o) — 1+ eDSh + (1 + Wil +1=0, (289)

where 8%, = 51%/93 and Wi, = Wi2/g2. The solution of this equation is

. _ — .2
2 2 (\/ngn +WE+ \/afsfin + a%wk?k) ' : (2.86)
fo = - — 3 . 2.
[(]- —af)SE + (1 - ﬁﬁ]wﬁn] '

- It is seen from (2.86) that the solution to {2.85) for g7 is cither a pair of complex
conjugates or a pair of positive real numbers. H the right hand side of (2.86) is
complex, & 3£ 0 for the given values of the strain rate and the rotation rate, and any
value of gg. However, if (2.86) gives positive real solutions, §; = 0 at these values

and is fess than zero between them. Let gy . denote the positive sguare root of the

orik

smallest values of g given by (2.86). Then, the equilibrium solution at the given

strain and rotation rates is stable if

G < Qb - (2.87)

It is straight forward to derive a constraint on the mode!l constant C, from the above

constraint on ge:
Cﬁl = d— C'E‘A- - {2 - GEL}P + 11"{':175;,-[4; (2'35)

1t should be emphasized that (2.87) and therefore (2.88), with gg ,, given by (2.86),
guarantee the solvability as well as the stahility of the equilibrium golution as long
as Sf2 is smaller than the value given by (2.79). For larger values of S}7 the stability
condition can be violated while the solvability condition is met; this will happen if the
diagonal line in Fig. (2.8} s crossed. Therefore, the constraint on the model constant
comes from the stability condition. For these values of Sif the line S72 4+ WpE = 2
defines the loens of the points with noutral stability. The solution of this equaiion

for g; is
. , 5
!

05 = = ——. (2.89)
S+ Wi
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H the right hand side of {2.89) is negative, there is no real solution and the equilibrium
sotution is stable for the given strain and rotation rates and any value of g5, On the
other hand, if the g3 given by (2.89) is positive, there will be two roots for gs. Let's
denote the positive root by gg_.. Then the stability constraint iz given by (2.87} or
(2.88) with gy, given by (2.88).

These constraints on Cy, can he uzed to gnide the development of models; for
instance, a strain-dependent Cy, can be formulated to ensure that stable equilibrium

states always exist.

2.3.6 Some Simple Two-Dimensional Flows
Uniform Shear Flows

For a uniform shear flow U; = §;; 5 where 5 = U /8x,y. I § is constant in
gpace, the How is homogenecus. However, the uniform shear Gow is an analogy for
a range of interesting simple flows, like the fully developed channel flow {in which
Uy = 8/, = 0), or thin shear layers {in which Uy < Uy and 8/8z; < @/dx). I
we define §* = 1,75, the normalized strain rate and rotation rate tonsots are

g 8§/2 0 S5/2
St = ane W* =
8+f2 0 -5*/2 0

Then, it can be shown that
ﬂgzl—Cg,‘(Ugs—l}SﬂT ,ﬁ1=,ﬁ§, .ﬁ'a_=2'".321 ,54:182:

and the components of the K;; are -

1 2 . 2 .
= -,E; |:T_u + {E + 'y, — 2}"-"1:’-5‘1I + E(Gﬁs - I}TTJS 2] :

1
K= A [ + (Coy — 17257,

2

1 2 2

Ky = lCmTuS'* + {1+ 2-Cp, S )z + (- — 1)1’225'} ’ (2.90)
5 2 2
1

K = — [reg + Cp 28],

B

K33 =Ta3.
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Plane Straining Flow

For a plane straining flow I} = 8=, Uy = —Sr, and Us = 0 where § = 81/, JOe; =
~ Uy fOxs. If § is constant over space, the fow is hnmngéneous. Note that in such
a flow the off-diagonal elemenis of the Reynolds stress tensor are zero. If we define

§* = 79, the normalized strain rate tensor is

50
0 =5

g% =

an¢ the rotation rate tensor is zero. Then, it can be shown that

1 .

Ky = B [ﬁz + 357 + B4a, 5" + 2'!1_13*2] T,
1

K= 62— 55" ~ Buas & + 2018 g, (2.91)
1

Koz =Tay, Kio= Ky =10,

where -3 have the following simple forms.
Br=1-2(1 +ad}5* + (1 — 4%)%5" By =1—(1+a)5"

Gi=1- {1~ g%)5*" Bi=1+(1—-a})8"

Log-Layer Region

The log-layer region is quite similar to uniform shear flow. The reason it is consid-
ered separately here becomes obvious from what follows. As was shown in §2.3.1, the
transport equation for the normalized dispersion tensor is obtained from the transport
equation for the dispersion tensor and the standard transport équatinns for k and &.
There it was assumed that the How was homogensous and the diffusion terms were
dropped from the equations. For the log-layer region, this constraint can be removed
from the & and ¢ equations. _

Consider the transport equations for k and &:

dk _ a (u;p k )

F- = B ﬂ‘;.a.'l"

dt = " B (2.92)
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de O P~ Oy, .
g _ IP C E+ 8] (M{ 3&.‘) 1 {2.93}

dt T fz; \ o, Oz;
where pp = C;kﬂ fe i the turbulent viﬁc.osity, and ¢, and o, are turbulent Prandtl
numbers for the turbulent kinetic energy and the turbulent energy dissipation rate.
If (2.92) and (2.93) and (2.48) are substituted into {2.52) the same equation as (2.55)
is obtained with gz given by

Gl = Coy + (2~ Co)Plet Cuy — 24 2 (”Ta—k) ’“f—'(“-"{lfi).

E—:Fg;'r: ﬂ'_kaﬂ.':j B E—zﬂmj o, 0z,
However, in the log-layer region where P = g, k is constant, while e = UZ/{xy) and

pp = gl gy vary with y. These result in the following expression for g

EE

/O

If the relation between the k-z model constants (k2 = (€, — Cc, }o.4/C,) is used, the

last. term of the above expression cancels all the other terms except Cp,. Thezefore,

g;lﬂggl-“csl'l'cg,""

in the log-layer region .

-, 2.94
9= G (2.94)

2.4 Summary

"The closure problem for temperature and different methods of modeling the fur-
bulent heat flux vector are reviewed in §2.1. The dispersion tensor, Dy, is defined
hy {2.4)., A modeled evolution equation for the dispersion tensor in homogeneous
flows, (2.29), is obtained by substituting (2.4) into a modeled evolution equation
for w0, {2.26), and using the evolution eguation for the mean temperature gradient,
(2.28). It is shown that if the mean tempuerature has a diffusion like behavior, the
mean temperature equation has to be a parabolic partial differential equation. This
requires that, in the limit of high Reynelds/Peclet number fows, the symmetric part
of the dispersion tensor, D, be a positive semidefinite tensor; this is called the well-
posedness condition. A method is introduced to investigate if a2 modeled evolution

equation guarantees this condition. It is shown that Dfi predicted by the original
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model, {2.29), is not positive semidefinite in all cases (§2.2.4). A modified forin of the
original model is introchiced and the conditions under which the solution of the model
remains well posed are obtained (§2.2.5). The solution of the modified model, (2.48),
is the same as the solution of the criginal model, {2.29). However, it also predicts »
well-posed solution whenever the original model predicts a solution which is not well
posad,

In a homogeneous shear flow the components of the dispersion tensor, normalized
by %*/e, approach equilibrium values at sufficiently long time (Fig. 2.1). A model
evolution equation for the normalized dispersion tensor, Ky = D¢ /&* is obtained
using the modified modeled evolution equation for the dispersion tenser, (2.48), and
the standard & and £ equations; see Eq. {2.55}. Then the equilibrinm assumption,
dK;/dt = 0, results in an implicit slgebraic model for the normalized dispersion
tensor, {2.56).

A new method is infroduced for solving a linear matrix eqmation. This method nses
the properties of direct prodnct of two matrices {(sec Appendix B) and the generalized
Cayley-Hamilton theorem. This method is used to sclve the implicit expression for
the nerinalized dispersion tensor in order to obtain an explicit algebraic model for
this tensor {82,.3.3}. The explicit algebraic model for the normalized dispersion tensor,
{2.72), shows that the dispersion tensor is a function of the normalized strain rate,
rotation rate and the Reynoclds stress tensors. The positive semidefiniteness of the
equilibrium solution is investigated and the conditions under which the solution is a
well-posed one are obtained in §2.3.4. The solvability and the stability conditions of

the equilibrivm solution are obtained in §2.3.5.







Chapter 3

Model Calibration

The model for the dispersion tensor, Eq. (2.71), is a function of flow field variables as
well as model constants, These constanis have to be determined before the model is
used to caleulate a scalar field. In an actual computation of an incompressible flow,
the flow field is computed using an appropriate Réynolds stross closure mmlﬁ] é,_nd
then the scalar field is computed using (2.71}. However, when calibrating the present
model, it is preferable to nse flow field data that is as accurate as possible. Then any
deviation of the scalar field prediction from the reported data is attributable to the
model for the dispersion tensor. Therefore, only cases for which there is sufficient
low field data to calculate the dispersion tensor withont flow field computations were
used in the calibration process, This process is explained in the present chapter.

3.1 Available Experimental and DNS Data

3.1.1 Homogeneous Shear Flow

Tavoularis and Corrsin (1981) and Tavoularis and Karnik (1988) reported mea-
surements of the Reynolds stresses, turbulent Prandtl number and the ratios of the
clements of the turbulent diffusivity tensor for a nearly homogeneous turbulent shear
How with an almost uniform temperature gradient. The only non-zeto clement of the
velocity gradient tensor was U, /822 and the only non-zero mean lemperature gra-
dient was 86/9x,, Their measurements showed that the elements of the anisotropy
tensor, the ratio of the produetion and ihe dissipation of the turbulent kinetic energy,
and the ratios of the elements of the turbulent diffusivity tensor approach equilibrinm

values. An average of the data in Tables 1 and 2 of Tavoularis and Karnik (1988)

33
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gives Pfe = 1.6 £ 0.2 and

0.36+£0.08 ~0.32+0.02 0
By =] -032+£002 —6.2240.05 0 (3.1)
0 ) —0.14 + 0.06

where by; = W;/k — 2/348;; is the Reyuolds stress anisotropy tensor.

Tavoularis and Corrsin (1981) reported the evolution of 8 and ug# dnwnstream
in the test section. Their measurements show that the ratio upf 1,8 approaches the
equilibritizn value of approximately —2.1. Since the only non-zero mean temperature
gradient is 80/8x;, '

—— aa
wl  —Dug; D
gl —D:az% Dy

and therefore Dyaf Day 73 —2.1 in eguilibrium. The equilibrium value of the turbulent
Prandti number was Pr, = L.1.

Amnother set of data is from the direct numerical simulation of Rogers (1995}, He
found that Dy, /Dy =2 1, D1/ Doy = —2 and Dy /Dgy = (. Rogers noted that his

sirmlations may not have entirely reached canilibriam.

3.1.2 Log-Layer Region

Hishida et ol. {1986) reported measurements of Reynolds stresses, turbulent scalar
fiixes and turbulent Prandtl numher in a pipe fow with Re, = Upr /o = 920, where r
was the pipe radius. An average of their data in the log-layer region (50 < y+ < 200)
where P/e = 1 shows that |

038+ 002 -—031+002 8
b= | 0.3t +0.02 —0.27 £0.04 0 , (3.2)
0 0 (.12 4 0.03

Dyg /Dy == —2.1 and Pry = 0.9. Note that, within experimental accuracy, these are

the same as Tavoularis and Karnik {1989} data for homogeneons shear flow.
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3.1.3 Channel Flow

Direct numerical simulations of the fully developed chaunel ﬂﬁw are the only
source of detailed data for both the flow field and the scalar field. Kim et ol, (1987)
computed a fully developed chennel flow at Re. = U h/v = 180, corresponding to
Re. = Ushfv = 3300 where U and U, arc the friction and the centerline velocitios
respectively and fi is the channel half width, Kim and Moin (1989) reported the
results of a direct numerical simulaiion of a scalar field for this fiow for three different
molecular Prandtl numbers. Two different cases were caleulated for each malecnlar
Prandt! number: in one case the passive scalar is created internally and removed
from both walls at the same rate (hereafter referred to as KM1); in the other case
the passive scalar is introduced at the lower wall and removed from the upper wall
with no internal heat source (hereafter referred to as KIME], Figures (3.1) through
(3.4) show the variation of the axial and normal turbulent heat fluxes across the
half width of the channel, These figures show a strong dependence of the turbulent
heat fluxes on the molecular Prandtl niimber, This dependence is clearly seen for
the axial turbulent heat flux up to Pr = 2.0. For the normal turbnlent heat fux
the dependence on Prandil number decreases as the Prandt]l aumber increases. It
should be mentioned that a theoretical argument showing dependence of the turbulent
diffusion on molecular Prandt!} mimnber was given by Saffinan (1960) and Monin and
Yaglom (1971). They found that this effect is inversely proportional to the Reynolds
numnber and the Prandtl number. It is likely that the molecular Prandt]l number
dependence is exaggerated by the Jow-Reynolds-number DNS,

Kasagi ef al. (1982) reported the results of a direct numerical simulation of a
thermally fully developed chammel flow of air at Re, = 150 (Ren, = Ugh/v = 2200
where U/, is the bulk velocity and A is the chaunel half width). In their simulation
both walls were heated with the same constant time-averaged heat flux (this casc
is referred to as KTK). Kasagi and Ohtsubo (1891) reported the results of a direct
surnerical simulation at the same Reynelds number and boundary cenditions but for
a fluid with a low Prandt! sumber, Pr = 0.025 (this case is referred to as KO).

Another reported direct numerical simulation is due to Lyons e al. (1991} who
computed the flow and the scalar ficlds at Re,, = 2362 and Py = 1.0. The bottom
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Figure 3.4. Normal turbulent heal flux in a channel with one wall heated and the

other wall cooled at the same rate (Kim and Moin, 1989}
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wall was heated and the top wall was cooled at the same rate. Since their detailed
flow and scalar field data were not available, this cagse was not nsed in the calibration
Process. _

Note that hoth the homogenecus shear How and the lop-layer region data are single
point data while the channel flow covers a region [rom the wall to the centerline of the
channel. Therefore, if the present model predicts the channel flow data reasonably

well, it should be able to predict other wall bounded flows.

3.2 Calibration Procedure

The expression for the two-dimensional dispersion tensor K {Eq. 2.71) has been
derived nsing the high Reynolds/Peclet number and homogencous flow assumptions.
However, it is intended to wse this model for wall bounded Hows which are not ho-
mogeneous and have low Reynolds/Peclet number regions near walls. Therefore,
semi-empirical functions are introduced in order to make the model realistic in the
near-wall inhomogencons and low Reynolds/Peclet number regicn. The modified

model can be writhen as

K = %{ﬁzfl T+ fafor (87~ W)+ fufa(w S + W r (3.3)

+2fa(a:S* + W) - (8 — WY,

where f; through fi, as will he shown later, are functions of the turbulent Reynolds
number and molecniar Prandtl number that approach unify as both the turbulent
Reynelds number and molecular Prandtl number increase. This expression involves
mode} constants (a1, 2z and also Cy,, Oy, Cy, which are implicit in the definitions of
S*, W* and 7} that will be determined using the test cases mentioned in the previous
section. The model constants have to satisfy some constraints derivad in the previous

chapter and are summarized bolow.

1. In order to have Dy > 0
Gﬂg - UE]_GHE i: 1.
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2. To gnarantee that Ky = ), the above condition has to be satisfied and

gg = .

3. In order to have s positive semidefinite ffg

G, > e [(1 = an) (KW} — (1 + anpiics) — L= Py,

K

o HKKS) - (1 + e} {KSKW)

T
f1 E %, £ . Tl [(
[2{K}{K*} — {KK*}]
- - . . e
an (YIS — 20} (KS} — (kW) — iy (koR)]|
4. In order to guarantee that the equilibrium solution is a stable eguilibrimm

G&I o 2 i ng - fz = UE;}PIE + ]'J’Igpl:rit '

where gg , 13 the real positive solution of

2
2 /IR /AT W, )

if 52« 2o

= — T —

g = [(1-a2)32, +(1—adyi¥E, ] 83—
2 : 1%y QEE

S S i S > i

SR AW, k= i

if there is a real solution {see §2.3.5}. If there is no real solution this condition
is redundant. This constraint prevents any singularity in the expression for gy

as well,

It should be recalled that constraint (4) Is satisfied for any two-dimensional unitorm
shear flow in which the only velocity gradient is 8U, /8%, and therefore S22 = — W2,
On the other hand, it is preferred to have a constant value of Chp, that satisfies
constraint {3} in simple two-dimensional flows which are locally nearly homogeneous
and in equilibrium. Therefore, in the calibration stage, a eonstant value of C, will

ba obtained that satisfies {3) for the cahibration test cases.
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All of the experiments described in §53.1 are special cases of uniform shear flows

for which the clements of the dispersion tensor can be found using the following

EXPTESHIONS!

i i 2 ¥ ¥ 2 ] axd

Kll = — f]:'r]]_ + fz(— - 1}7’128 + fﬁ{{:"ﬁa - 1}7_123 + _f4{c’ﬂ3 - 1}?_22‘5 3
t i) B
1 "

Kip = % [fimiz + falCoy — 1)7257]
Il [ 2 % H 2 142 .

Ko = — [fima + fal 5 — 7S + f3Ce, 8" + - fuCayma S5 {3.4)
B | i e
1

Ko = E‘; [fi'rzz + fscﬂﬂ'lzg*] *

K3y = fimas,

where 7y; = (1 — Co, + €y, Ca, Jgo W5 /k, S* = goTOU f8iy, fla = 1 — Oy, (Cp, ~ 1)5**
and g5 = 1/(Ch, + (2 = Co,)Pfe + C,, — 2) for homogeneous shear How and channe!
flow, and gy = 1/C, for the log-layer region.

The expression for Ky shows that for large values of &* there is a possibility that
Koy muny become pegative if Oy, is not equal o %aeru. Note that a necessary cpnditicn
for & positive semidefinite tensor is nonnegative disgonal terms. It is possible to avoid
negative values of Kep by imposing constraint {3} but the numerical sitnlations show
that this method tends to prediet zero values for Kae pear the channel wall. This
does not agree with the clearly non-zerc values of normal heat Anx in this region. On
the other hand, as mentioned sbove, it is preferred to use a constant, value of Gy, in
simple two-dimensional fiows including the channel flow and the boundary layer. A
review of the proposed sealar flux closure models show that in many of them a zero
value of Cj, was used. This will be adopted in this thesis as well. I Cy, =0, fp =1
ard (3.4) reduces to

Ky = {firn + furaS" + F5{(Ca, — Vo™ + 20 Cos — DS

Kug = [fimz + f2(Coy — 1)7225™]

Ky = [fing + farS'], (3.5)
Ky = fima,

Ky = fimas.
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3.2.1 Homogeneous Shear Flows

For a homogenous shear flow at high Reynolds number the functions f; through
f4 approach unity, Therefore, the expression for the turbulent Prandt]l number is

2 P : i
FT{, = 513 ( JJFE'-} — blﬂf{Pf‘rE) __ ! {Sﬁ]
Ky {1 — Cy, + Cy,Cay Jgov?/k
and the ratios of the elements of the dispersion tensor are

K_u _ EF + ygchgﬁﬁ + Eggl[ﬂ'as - 1)312:[-'“?
Ky e ’
Kig _ 50+ g3{Co, — 1)SWP
I{gﬁ - "Ei L {E'T}
Ky . T+ g;;g't":i
Kp w2 '

where § = TOU,/0z,.

In a homogeneous shear flow in equilibrium 5 = 6 and P/ ~ 1.6. Since in
equilibrium P/e = (G, — DHC,, — 1}, C, = 1.5 and C,, = 1.8 are reasonable
choices and therefore g = 1/{Cy, + 0.6). Substituting these and (3.1) into {3.6) and
(3.7) gives
o _ Cut0s
I~ Cyy + Cp, Chs
Ku/Knm1 = 1.9C,/(Co + 0.6) — 3L.7(Ch, — D/H{Co, + 0.6)2 = 0.6
KiofKp o —2 = (Cg — 1)/(Co, +0.6) s —0.2

Km,"ergﬁﬁ = Cﬂ,ﬁ?.ﬁ

= 7.5

P?"tﬁi 1.1

Although these are four equations in fonr unknowns, Cy, and Cy, appear only in one
equation and therefore are not independent from each other; there is no exaet solntion

to this system of equations. However, the get of constants
Co, =75, Ca=086, Chj=-06, GCg=01, (3.8}
predict
Pri=10, Kun/Kn=086, Kp/Kep=-190, Ky/Kn=2002,

which are good approximations to the DNS and experimental data.
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3.2.2 Log-Layer Region

Log-layer region is a high-Reynoclds-mmber region of the fiow and therefore, the
functions f; through fy approach unity in this region. In this region § = 3.3, Pfe =1
and gy = 1/Cp,. Substituting these and (3.2) into (3.6} and the sevond equation of
(3.7} gives
Cy,

1-— CE-,; + Cﬂjcﬂn
K‘mf‘f{gz m—21 = {Cﬂa - 1}{8&1 2z —~0.4.

Prim0.9 = 2307

These approximate equalities are not satisfied by the same constants that predict

homogeneonus shear fiows well. In fact those constants give
Pri=158 and K/Km=-148,

which are not in agreement with the experimental data.

Note that (3.1} and (3.2} show that the elements of the anisotropy tensor in homo-
gencous shear flows and log-layer region are almost the same. Therefore, (3.6} shows
that the turbulent Prandtl number is roughly proportional 1o £/P. If it is required
to predict the right turbulent Prandtl number for both homopeneous shear flow and
log-tayer region, or if it is required to predict the right value of the ratio Kip/ Koy for
both these flows, Cy, = 0.6 has to be chosen. This value is much smaller than the
range of values propoesed for this constant, it dees not predict the rations Ky, /Ky
and Ky /Ko for homogeneous shear flows well, and does not satisfy constraint {3).
It was not possible to find a set of constants such that both homogeneous shear flows

and the lng-ié;}'ﬂr region are predicted well. On the other hand, the set of constants
Ca =40, Gy, =ﬂ.ﬁ; Cag, =—06, Oy =013, (3.9)
predict
Pry =097, Ku1/Ksp=087, KpgfKp=-210, Kn/Kp»=00M,

for log-layer region which are very cloge to experimental data. Comparing the set of

constants proposed for homogeneous shear ows and the log-layer region suggosts &



Chapter 3. Model Calibration 63

P/e dependent Cy, such that both these Hows can be predicted by the present model,
However, there is no theoretical basis for such a relationship. On the other hand, as
will be shown in §3.2.3 and Chapter 4, & constant value of Cs, along with the other
constants given by (3.9) predict well channel flows and boundary layers. Therefore,
{3.9) was chosen as the model constants.

3.2.3 Channel Flow

In a thermally fully-developed channel Row the normalized mean temperature
gradient is in the wall normal, here taken as the zy or p, direction. Therefore the
turbulent heat fluxes are determined as

— oc
H.iﬂ = "Diz“éy'—, (SIDJ

where D;; = Ki; k*/e. Note that, © and # are normatized by the temperature differ-
ence between the wall and the centerline of the channel; © = (8 — 6,)/(6, — 8,,)
and @ = /(6. — ©,,). The right hand side of {3.10) can be computed using the DNS
data mentioned in §3.1.3 and the expressions for K, and Ky from (3.5). Figs. (3.5)
through (3.8} compare the predictions of the model for the axial and normal turbulent
heat fluxes with the DNS data. Al the quantities were nondimensionalized by the
wall variables, The functions f, and f; were set equal to unity while computing the
results shown in these figures. _

The predictions of the normal turbulent heat fluxes, Figs. (3.6) and (3.8), show
good agreement with the DNS data. The model prediction for Pr = 0.1, contrary
to the predictions for Pr = 0.71 and 2.0, is consistently larger in magnitude in the
entire channel. This is believed to be due to the Prandt] number dependence of the
normal turbulent heat flux, at the low Prandtl number rango, which has not been
accounted for by the present model. However, the difference befween the predictions
of the model for Pr = 0.71 and 2.0 is rather small compared to the difference between
those and the predictions for Pr = 0,1, This is similar to the trend shown by DNS
data and shows that the mode! predictions become independent of molecular Prandtl

nittnher as the molecular Prandt! munber increases.
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Figure 3.5. Comparison between the predietions of the present model and DNS data
(KM1) for axial turbulent heat flux in a channel with internal heat somree.
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Figure 3.7, Comparison between the predictions of the present model and DNS data
(KM2) for axial turbulent heat fhux in a channel with one wall heated and the other
wall cocled at the same rate.
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Figure 3.8. Comparison between the predictions of the present model and DNS data
{KM2) for normal turbulent heat flux in a channel with one wall heated and the other
wall cooled at the same rate.
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The near wall predictions of the tmodel show that the slope of the vT8F curve iy
larger than that shown by the DNS data. This is due to the low-Reynolds-number
effect that the present model, like any other algebraic model, can not account for.
However, since this region s a viscons-conductive layer and the tarbulent diffusions
are much smaller than the moleenlar diffusion, this is not a serious drawback for the
present model.

The predictions of the axial turbulent heat fhix by the present modsl show little
apreement with the DNS data {(see Figs. 3.5 and 3.7). This is again due to the strong
dependence of the axial turbulent heat flux on Reynolds and Prandtl numbers. The
dependence of the axial turbulent heat flux on Prandt] number i3 stronger than the
dependence of the nonnal turbulent heat flux {see Figs. 3.1 and 3.3). @t is also
helieved that the a,xial. turbulent heat flux depends on Reynolds number, at least for
very low Reynolds number flows. On the other hand, the present model was developed
for high Reynelds/Prandtl number fows. Therefore, the disagreement between the
predictions of the present modeal and the DMNS data should be cxpeeted since the BNS
data is for & very low Reynolds number flow. Note that the agrecemoent between the
predictions of the present model and the DNS data for the Pr = 011 is accidental and
can be due to the opposite effects of low-Reynolds and low-Prandtl immbers. The low
Reynolds/Prandtl number effects can be accounted for by the functions f; through

f1, a8 will be shown in the following section.

3.2.4 Low Reynolds/Prandtl Number Effects

From (3.5} it is seen that only f1 appears in the cipression for Kyp while both f
and f5 appear in the expression for Ky, Therefors, thess functions should approxi-

mate the right hand side of the following expressions:

h= Kz {3.11)
T2z
P2 K — fima {312}

 {Ca, — )raeS* -
Figure {3.9) shows the varistion of Ku/mp vs. turbulent Beynolds number, fe, =
K jev. Both Ky = (e/k¥0l/(06/)8y) and oy = (1 — Cay, + Co,Cos)gat®/k were
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Figure 3.9, Kus /7y vs. Re, for different DNS caleulations.

calculated using the model constants (3.9) and the relevant DNS data. Tt is noted
that, except for the very low Prandtl number case, all the other curves collapse on
each other especiaily in the near wall low-Reynolds-number region. This figure shows
that if the molecnlar Prandtl number is high enough, the function f, is independent
of molecular Prandtl number and is a function of turbulent Reynolds number only.

It therefore suggests the following form for f;

N = gi{Redhy (Pr),

where g1 (Re,) is a function of turbulent Reynolds number that approaches unity if the
turbulent Reynolds mumber increases, and Ay {Pr) is a function of molecular Prandtl
number that approaches unity for moderate and high values of molecular Prandt]
nember and approaches zero for very low values of molecniar Prandtl number., The
function g is determined using the available DNS data for the highest molecular
Prandt! number, Pr = 2.0, for which by = 1. Then, the function ky will be determined
nsing the low Prandtl number, Pr = 0.1 and 0.025, DNS data.

The near-wall behavior of Dy was examined to determine the near wall form
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of gi. For a thermally fully-developed channel flow, Dy = —v8/(60/0y). Near a
wall v is proportional to 3°, for a constant temperature wall & is proportional o y
and therefore w8 is preportional to #* {the DNS data shows this behavior). Since
P@ /By is a constant, Dy is proportional to y? amd Ko = Doze/ k? is proportional to
y~1. On the other hand, 15, o< v2/k behaves like y% This shows that the function g
has to behave like 5. Since Re, = £%/cv is proportional to y¥, ¢ o< Re; ™™ gives
the right near-wall slope to the function ¢, Then, it was found that the functions
6.79Re; %™ and 7.57TRey™™ fii. the first few near-wall poinis of the KMI and KM2
cases (Pr = 2.0) respuctively. Note that the ratio Kye/mm depends slightly on the
boundary condifions.

The turbulent Reynolds number range covered by the DNS data is rather small,
This is probably the reason that, as can be seen in Fig. (3.9), the ratio Ky /7y is not
equal to unity even at the highest value of turbulent Reynolds number. Therefore,
while using these DNS data in order to get an idea of the form of the function g, it
is required that Lhis function to approach nnity at high Reynolds numbers. It was

found that !

e exp (—0.13Re} ")

is a reasonable approximation to the function gy for both cases KM1 and KM2. It

gives the right slope near the wall and approaches unity away from the wall.
The function by (Pr) was found by assuing that it is equal to unity for Pr > 0.7
sud by attempting to match the data for Prandtl numbers equal to 0.1 and 0.025. It

was found thal the following furm gives a good fit to these data.
hy = 1.0 — 0.89 exp (—12.7Pr)

The ratio Kug/hi7e is shown in Fig. (3.10) for different values of molecular Prandti
number. I ig seen that, for the Re; = 1.0, all the curves are almost on the top of each
ather. This Ggure also shows that gy = fi/h has the right slope and approximately
the right values near the wall and approaches unity far from the wall. The final form

of £ 18
L0 —0.84 exp (—12.1Pr)

1 — exp {—0.18 8l ) (3.13)

fi
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Figure 3.10. Ky /fhyros ve. Re, for different DNS calenlations.

The wall function f, can be determined by approximating the right hand side of
(3.12). However, since f; is the coefficient of the corresponding element of T in the
first term of the equations {3.5), it is reasonable to multiply all the other terms that
contain an element of 7y; by this function. This requires that the wall functions f;
through f; be defined as

fo= hfi, fo= ffs, fo=hfy

The function fj is then defined as

_ K — fire
Fi{Ces — DraaS*

i (3.14)
Figure (3.11) shows the variation of the right hand side of this equation vs. tur-
bulent Reynolds number where (3.13) was used for f;. This suggests the following

form for the function f}
- f3 = pa{Req)hy(Pr),

where g;(Re;} approaches unity at high Reynolds numbers and ha{Pr) approaches
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DNS calcelations.

unity for the moderate and high molecular Prandél numbers and approaches zero as
the molecular Prandtl number approaches zero.

The near-wall behavior of Dys determines how the function gs has to behave near &
walt. In a thermally fully-developed channel flow, Dy, = —uf/(80/8y). Near a wall w
and, for a constant temperature wall, § are propertional to y and 80/3y is a constant.
Thus, both %8 and Dy are proportional to 3 and Ky = Diae/k? is proportional to
y~2. Also, 7 X ¥y, s  y° and §* o y°. Thetcfore, from the expression for Ky,
in {3.5), it is concluded that f] has to hehave like y” where p = —3. Cnmpaﬂsnn
with the DNS data showed that g3 oc ¥y~ is a good choice. Then, it was observed
that 72Re; ™™ fits the first fow ncar-wall points of the Pr = 2.0 cases. However, a
function like g3 = 1.0 + 72Re; ®™ predicts too low a value for the peak of uff. It was
observed that the function

I
9 ] exp (<0011 Rel )

predicts the profiles of w6 well for the KM1 and KM2 cases at Pr = 2.0.
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The function As{Pr) was found by assuming that it is equal to unity for Pr = 2.0
and it was tried to match the data for the Prandt] numbers 0.025, 0.1 and .71, The

following form gives a reascnable fit to the available data.
hy = 1.0 — 0.55exp {—2Pr)

Therefore the function f; is

. ;L0 0.55exp (—2Pr)
fa=hly where f;= 1 —exp (—0.011ReS Y

(3.15)

Figure (3.12) shows the variation of the right hand side of (3.14) divided by h;
for different values of molecular Prandtl number. H is soen that all the curves almosi
collapse on each other and g3 = fi/hy is & good approximation to these curves.

Since there arc no DNS data for a flow with a streamwise temperature gradiend,
the exact valnes of Ay and Ky are not known. Therefore, the proeedure nsed Lo
obtain expressions for f; and fy can not be used to determine f; and f;. However,

based on the following ohservation some reasonable choices can be made.




i2

The DNS data shows that, near a wall, Dy and Dqy behave like o2 and 4 respec-
tively. These agree with the Lagrangian definition of the dispersion tensor, D = KYJ
{see §2.2.1}. It is therefore expected that Dy, = u¥] and Dy = vY] behave like y
and y? near a wall; Ky, oc 472 and Ky oc 472, Note that those terms in the expres-
gions for these two elements of the dispersion tensor thﬁt confain functions f; and f3
{Eq. 3.5) have the right behavior. If we assume that all the terms in an expression for
an clement of the dispersion tensor have the same behavior near a wall, then fu and
F1 behave as y% and y~? respectively. The following forms have been chosen such
that the congtrain (3} (see §3.2) is met wilh the constant value Oy = 4.0,

fo = F(1L0— 0.55exp (—2Pr)} _ h
27 71— exp (—0.007Re}T) = 1 - exp (~0.1LEA )2

2 (3.16)
}t should be noted that these choices are by no means certain and have to be checked
againgt experimental data for which the streamwise temperature gradient is impor-
tant.

Figures (3.13} throngh (3.20) compare the pradictions of the model, Egs. (3.5},
with the DNS data. Note that in calenlating the tnrhnlont heat Suxes with the present
model, sll the flow fisld data and the teraperatyre gradient were taken from the DNS
data. Therefore, these figures show the accuracy of the prediciion of the turbulent

diffusivities Dy and Dag.

3.3 Sumimary

The explicit algehraie model for the dispersion tensor, (2.71), contains a few model
constamts that have to be determined using appropriate test cases. This is called
model calibration and 18 cxplained in this chapter. The available experimental and
DNS data on homogeneons shear flows, log-layer region and channel flows are de-
seribed in §3.1. The four constraints that the model constants have to satisfy aro
ligted in §3.2. The model constants are derived such that all these constraints are
satisfied for the calibration test cases. A set of model constants that predict homo-
gencons shear fows well are given by (3.8), and a set of constants that predict the

log-tayer region well are given by (3.9). The main difference between these two sets
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Figure 3.15. Comparison between the prediction of the model and DNS (KM1) for
Pr = (.71
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of constants are different values of Cy,. It was not possible to find a set of constants
such that both homogeneous shear flows and the log-layer region are predicted well.
However, as it is shown in §3.2.3 and Chapter 4, the set of constants {3.8) predict
well turbulent channel flows and boundary layers. Therefore,

Co, =40, Cp =06, Cp=-06, Cp =015 (3.9}
along with Cyg, = 0 are chosen as the model constants,

The near wall behavior of the componenis of the dispersion tensor are exam-
ined in §3.2.4. Semi-empirical functions of the turbulent Reynolds number and the
molecular Prandtl number, f; ~ fi, are introduced into the original model such that
the model, (3.3), is able to predict the near-wall low-Reynolds/Peclet-number region
well, The wall functions fy, {3.13), and f;, (3.15}, are cbtained such that the present
model predicts well the normal and streamwise turbulent heat flaxes in channol Aows
for which DNS data are avsilable. Since there is no available DNS data that can
be used to determine f, and £y, the near-wall behaviors of Dy and D are used
to obtain expression for f, and f; gives by (3.16). These wall functions and the
model constants {3.9) are used to compute the turbulent heat finxes in channel flows
and good agreements between the predicted values and the DNS data ate seen in
Figs. (3.13} throngh {3.20). It should be mentioned that the wall functions fi-fq
affect only the near-wall and low-Reynolds-number region of a flow. Numerical com-
putations of boundary layers and channel flows at high Reynolds numbers show that
these wall functions do not affect the caleulation of the heat transfer rate. Therefore,
they will not be used in future calculations as long as the only concern is to caleulate

the mean temperature field and the heat transfer rate.







Chapter 4

Model Applications

The model for the dispersion tensor, whose development and calibration were dis-
cussed in Chapters (2) and (3), was nsed to calculate the temperature fields in bound-
ary layers, channel! flows and two-dimensional backward-facing step. The incompress-
ible and constant property fluid assumptions were used throughout these computa-
tions. Therefore, since the flow field equations are independent of the temperature
field, a flow field computation was done belore any temperature field computation.
Then, the present model for the dispersion tensor was used to calculate the tompera-
ture field. This chapter ineludes some of the results obtained with the present model

for the dispersion tensor.

4.1 Turbulence Model

The present model for the dispersion tensor i8 a function of the Sow feld quanti-
ties including the Reynolds stresses. Therefore, » full knowledge of the velocities and
turbulent stresses is required prior to any temperatyre fisld calenation. There are sev-
eral different levals of closure, including two-eguation models in whick the Reynolds
stresses are assitined to be proportional to the rate of strains, and Second-Moment-
Closure {SMC) models in which the model eqitations for the Reyuolds stresses are
solved along with the Navier-Stokes equations. Although the calenlation of the tern-
perature field is independent of the way the flow field is computed, & poor Hlow field
calculation can deteriorate the accuracy of the temperature field computation. A
SMC model with elliptic relaxation for the near-wall effects is used to calculate the
flow held of boundary layers andlchannel Hows., Thi# model was shown to predict
the mean flow field and the turbulence statistics of turbulent boundary layers and

channel flows reasonably well. The predictions of this model will be compared to

79
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some available experimental data to further justiy the use of this SMC model in the
present. thesis.

The SMC model used here is based ob the 885G model {Speziale ef al. , 1991) for the
pressure redistribution term of the transport equation for the Reynolds stresses. How-
ever, the S8G model iy a quasi-homogeneoms model thaf can nof aceount for the non-
homogeneous effects near the walls, An ellipfic relaxation eguation (Durhin, 1993b)
that represents the non-homogeneous and low-Reynolds-number effects is used to
calculate the pressuve redistribution term. A modified form of the SSG model (see
Appendix D) for pressure redistribution sacts as a source term for this elliptic re-
laxation equation. The sclution of this elliptic relaxation eguation approaches the
885G quasi-homogeneous model far from the wall where the How is nearly homoge-
neons. The model equations and the values of the model consiants used in the present
computations are given in Appendix (D).

This SMC model does not predict the How field of the two-dimensional backward-
facing step very wall. It will be shown that the k-gc-02 model (Durbin, 1995a) predicts
this low better than the SMC model. An algebraic madel is then used to caleulate
the Reynolds stresses needed for the caleulation of the dispersion tensor. The deiails
of the k-z-v? model including the model constants are given in Appendix (I3). The

algobraic model used to compute the Heynolds stresses is given in §4.4.1.

4.2 Turbulent Boundary Layers

Turbulent boundary layers on a fiat plate have been extensively studied both
numerically and experimentally, The experimental data on these flows have been used
Lo calibrate turbulence models, and almost all the models were able to prodict these
flows reasonably well. The flat plate boundary layer was chosen because it 18 among
the simplest flows to caleulate and also because it is very important in cogineering
applications. The momentum and heat transfer phenornens that are respousible for
skin friction and heat transfer rate are controlled by a thin region near the wall where
boundary layer assumptions are usually valid. This section includes a [ow comparison

between available experimental data and the predictions of the present model for the
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dispersion tensor. Some comparisons hetwaen the pradictions of the SMC model and
experiments are given as well,

The governing equations for turbulent boundary layers are parabolic and can
be solved numerically by marching in the streamwise direction. Thoese equations
vant be expressed in von-Mises variables, # and 2 whore 1 is the stream function,
to eliminate the normal componont of the mean velocity from the equations and
therefore to avoid solving the continuity equation (Patankar and Spalding, 1970).
A boundary layer code written to solve the Aow field equations in these variables
(Durbin, 19932} was modified to include temperature field caleulations using the
present model. Spalart’s (1988) DNS results at Hep = 300 were used as the inlet
fow field snd a profile similar t¢ the mean velocity profile was used as the inlet mean
ternperature. A fine grid near the wall was chosen such that the value of ¥ for the
point next to the wall was always less Lhat one, and there were a few points in the

region 4t < A,

4.2.1 Mean and Turbulent Vélucit}r Fields

Figure (4.1} compares the friction coefficient, ¢ = 27, /oUZ | in a zero-pressure-
gradient turbulent boundary layer predicted by the SMC model with the experimen-
tal data of Weighardt and Tillmann (reported in Coles and Hirst, 1968), Purtell et
al. (1981), Andreopoulos et «l. (1984) and Subrammanian and Antonia. {1981} A rea-
sonably good agrecment between the predictions and the experimental data is seen
up to Reg = 16000 although the predictions are consistently slightly below the exper-
imental data al Bey > 8000,

Predicted velocity profiles, normalized by friction velocity, are compared with the
experimental data of Weighardt and Tillmann (reported in Coles and Hirst, 1968)
in Fig. (4.2) and with the experimenis of Andreopoulos ef of. (1984) in Fig. (4.3).
Note that Weighardt and Tillmann's measurements cover only the log-layer and the
outer layer of the houndary layer while the hot-wire anemometer measurements of
Andreopoulos el of cover the near wall region as well. The model predictions ars

in good agreement with the data of Weighardt and Tillmann for all the Reynolds
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Figure 4.1. Friction coeflicient in a zero-pressure-gradient boundary layer.

mimbers. However, at Reg = 12436 and 15406, the predicted normalized velocities
arc higher than the experimental data of Andrecpoulos et el in the onter region of
the boundary layer.

Purtcll et ol (1981) measured the streamwise turbulent velocity fluctuations for
momentum thickness Reynolds numbers up to 5100 using a constant-temperaiure
hot-wire anemometer, Fig. (4.4} compares the rins values of these data, normalized
by friction velocity, with the predictions of the SMC model. Good agreement be-
tween the predictions and the experiments is seen especially for y* > 30. The model
predicts the position of the maximum intensity very well aithough the predicted max-
imum value is slightly higher than the experimental valuc. Another set of shreamwise
turbulent intensity measurements is reported by Andreoponlos et of. (1884) which in-
cludes momentum thickness Reynolds numbers up to 15406. A comparison between
the model predictions and these data is shown in Fig. (4.5). Except the near-wall
region, in which the measnrement accuracy is questionable, the agreement betwoen
the model predictions and the experimental data is very good at Req = 3624 and
fairly good at Rey = 5535, However, at Rey = 12436 and 15406 there is not a good
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agreement between the data and calculations.

DeGraaff (1998) measured the normal twbulent velocity fluctuations and the
Heynolds stresses in turbulent boundary layers up to momentum thickness Reynolds
number of 30860 using 4 high resolution laser-Doppler anemometer. Fig. (4.6) com-
pares the measured normalized variance of the normal velocity fluctuations with the
predictions of the SMC maodel, It is seen that, except in the peak region, the apree-
ment between these two is good. The model predicts slightly narrower peak region
compared (o the experiment, The model predictions are lower than the experiments
for the smallest Reynolds number and higher than the experiments at larger Reynolds
mimbers, Fig, (4.7) compares the predicied Reynolds 3trésses with the experimnents.

The agreement between these two is very good except at Reg = 30860,

4.2.2 Boundary Layers with Constant Wall Temperature

A series of calculations wore done for a turbulent boundary layer with constant wall
temperaiure. The present model for the. dispersion tensor, with the constants (3.9),

was used in those computations. The temperature cquation in 1 — x coordinates

48 ae eltfigg 5O
Ui = — {0 + Dog}— § + 5p——— 4.1

B ﬁy({ * M}('}y) Tdr By (&1)
was solved at each z location after the flow field computation was done at that
location. Note that thy is the location in which & = 0.990/ and iz a function of
x anly, 7 = /e and 878y = %ﬂ;" dip. ‘The usual boundary layer approximations
were used to neglect the streamwise gradient diffuston and the turbuleml heai Auxes
worg obtained using the following equalion.
o

it = —Dizﬂ—y

(4.2)

" It was observed that, as [ar as the mean temperature field and the heat transfer
rate are concerned, there was no need to use the wall functions in the caleudution of the
dispersion tensor. On the other hand, these functions should be used to got a better
near-wall predietion for the furbulent heat fluxes. Therclure, anless a comparison

between the model predictions and the messurements of the turbulont heat fHuxes
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was intended, all the temperature computations were done without using those wall
fanctions.

Figure {4.8) compares the experimentally measured Stanton numbers with the
predictions of the present model for a zero-pressure-gradicnt turbulent boundary layer
of air. It is seen that the model prediction goes through the seatter range of the
experimental data of Reynolds (1957) and Blackwell ef af. (1972} for Rey = 1000, At
smaller Reynolds numbers, the model predicts smatler Stanton numbers compared to
these experiments. This may be due to the high-Reynolds-number assumptions used
in developing the present model or due to the difference between the inlet conditions
in the experiments and the computations. Notice that, in this range, the data of
Reynolds {1957) and Blackwell et af. (1972) do not agree with each other either. Note
that the data of Subramanian and Antonis {1981} is consistently larger than Lhe other
two experiments. They estimated the heat transfer rate from the slope of the mean
temperature profile in the sublayer. This is not a good method of estimating the heat

translor rate unless there are a few measnroment poinis very near the wall. However,
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as it is seen in Fig. (4.12), their first data peints are at & point for which y+ > 3.
Figures (4.9) through (4.12) compare the mean temperature profiles measured by
Reynolds (1957}, Blackwell et ol (1972} and Subramanian and Antonia (1981) with
the predictions of the present model. The firat two zets of data were obtained using
specially construeted thermocouples and the last one was obtained by & cold-wire
constant-current anemormeter. Figs. (4.9) through (4.11} show that the slope of the
mean temnperature profile in the log-layer region predicted by the present model is
glightly larger than those deduced from these measurements. However, considering
the measuremment, accuracy, the predicted ternperatures are in fair agreement with the
data in most part of the boundary layer. Fig. {4.12) shows that the predicted mean
temperatures are consistently lower than the measured ones, sithough the agreement
becomes better at higher Reynolds numbers. As was mentioned before, the heat
transfer rates, and therelore the friction temperatures, 75, measured by Subramanian
and Antonia {1981) were too high. For this reason the comparison between their

exporiments and the model predictions are shown on ©-¢% plota.
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Figures (4.13) through (4.15} compare the turbulent heat fluxes predicted by the
prescnt model and the measurements of Subramanian and Antonia (1981). The turbu-
lent heat fluxes were normalized by the free-stream vilocity, Us,, and the temperatnre
difference between the wall and free stream, &, — Q. The agreernent between the
model predictions and the experiments is very good in the case of normal turbulent
heat Hux. The agreement between the predictions of the model and the experimental
datzs for streamwise turbulent heat flux is reasonably good at the smallest Beynolds
number shown, Fig. (4.13). However, this agreement becomes poor, especially in
the region y/é < 0.4, as the Reynolds number inereases. This showns again the strong
dependence of uf on Reynolds number. 1t should be mentioned that the low-Reynolds-
nutmber channel fow data were used to calibrate the near-wall low-Reynolds-number
hehavier of the model. This behavior may not be the same at higher Reynolds num-
ber Buws such as these experiments. Fig. (4.16) compares the turbulent heat fluxes,
normalized by wall variables, predicted by the present model and the measurements
of Wroblewski (1990). Although the experiments are in most part of the boundary
layer glightly lower than the predicted values, they agree well with each other. Note
that neither of these measurements go close enough to the wall to show the point of

maximum heat fhix and its drop to zero,

4.2.3 Turbulent Boundary Layers with Step Change in Wall

Temperature

Reynolds {1957} measured the Stanton sumbers and mean temperatures in a zero-
pressure-gradient turbulent boundary layer downstream of a step change in wall tem-
perature. The present model was used to compute the heat transfer rate downstroam
of & step change in wall temperature, A flow field computalien was done up to the
Reynolds number that the experimental step change in temperature was introduced.
Then, using a uniform inlet temperature profile equal to the [ree stream temperature,
flow feld and temperature fleld calculations were done downstream of the temperatnre
step. The results are compared with the measurements in Figs. (4.17) and {4.18). It
is seen that, although the present model predicts slightly higher Stanton numbers, it
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predicts the same trend as the experimental values as the Reynolds number increases.
The values predicted by the modet approach the values computed {or a constant wall
temperature boundary layer at high Reynolds numbers. Note that the model predic-
tions are very high at the first few points after the temperature step as they should
ke by definition of an ideal temperature step. The experimental data does not show
such large values due to the impossibility of creating such an ideal temperature step.
This may be cue of the reasons why the predicted Stanton numbers are slightly higher

than the measured ones.

4.3 Channel Flow

"The equations governing the flow field of a fully developed channel flow are ordi-
nary differential equations in wall normal independent variable. These egnations were
solved nsing a channel fow code and the results are shown in §4.3.1. For the purpoge
of the temperature Geld calenlations, a general geometry finite difference code devel-
aped by Rogers and Kwak (1990} was used. The convection ferms were discretized
with a third-order upwind biased scheme, and the diffusion ferms were discrefized
with a central difference scheme. The necessary subroutines to caloulate the temper-
ature field using the present model for the dispersion tensor were added to the code.
A non-uniform grid with very fine grid spacing near the walls was used such that the
first grid point next to the wall was always at yt < 1. All the computations were
done with 120 grid points, in the channel half width, in the wall normal direction. A
flow field calculation was done for a short channel with the length to half width ratic
of ten. The profiles at the outlet of each converged solution were used as the inlet
profiles for the next computation nntil a fully developed condition is reached. Ther,
the How field computation was turned off and the temperature field computations

were performed.
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4.3.1 Mean and Turbulent Velocity Fields

Figare (4.19) compares the pr{:dit:ﬁnns of the SMC model with the experimental
data of Wei and Willmarth {1989} for a fully developed channel flow of water over
the Reynolds number range of 2970 — 39582 based on the centerline velocity and the
channel half width. The measurements were done with a laser-Doppler anemometer.
These experiments and the SMC model predictions agree woll for the entire range of
Revnolds number. .

Figures {4.20) throngh {4.22) compare the predictions of the SMC madel and the
experimental data for the rms values of the streamwise and normal velocity thicin-
ations and the Reynolds stress, all normalized by friction velocity, The agreement
between the model predictions and the experiments are generﬂfy good except for the
highest Reynolds number. The model predicts the position and the maximum value of
the streamwise and normal velocity fluctuations very well. Wei and Willmarth {1989)
noted that the measurement resclution was reduced near the wall and thaet was the
reason that the normal velocity data near the wall does not show the trend toward
zero with dv/dy = 0 near the wall; the lack of agreement between the model and
the experiment in this region is due to the error in thege experiments (see Fig. 4.21).
Fig. {4.22} shows a reasonably good agreement between the model and the oxperi-
mental dats of turbulent Reynolds stresses tor all the Reynolds numbers. However,
the experimental data drop to zero in the near wall region much faster than predicted
by the SM{ model. Although it is not shown here, Wei and Willimarth {(1989) showed
that the Reynolds stresses deduced from a momentum balance were slightly higher
itan the measured ones in the peak region, and that they drop to zero less rapidly in

the near-wall region; they are closer to the SMC model predictions.

4.3.2 Thermally Fully Developed Channel Flow

A series of caleulations were done to investigate the performance of the present
model in a thermally fully developed channel flow. Teite! and Antonia (1933a) re-
ported experimental data for the mean and fluctuating temperature ficlds as well as

for the normal turbulent heat flux, vf, in a hydrodynamically and thermally fully
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developed channel flow. Al the temperature measurements were made with a single
cold-wire constant-currenl anemometer. The wall heat flux was estimated from the
slope of the mean temperature profile in the region gy < 6. The mean temperature
was muarured at three Reyholds numbers 3300, 6800 and 10650, The Reynolds num-
bers were based on the channel half width and the centerline velocity (Re. = U /).
They also reported detailed measurements of the temperature fluctuation and the
turbulent heat Aux at Re=3300. Note that this Reynolds number corresponds almost,
exactly to Re, = £ h/v = 180 [or which Kim and Moin (1989) have done a DNS
calculation.

Several calculations were done o compare with these experimental data. First
a {ully developed channel flow was caleulated for the three HReynolds numbers men-
tiomed above. The thermal boundary conditions wero s (the same as those in the
experiment; the lower and upper walils were maintained ab 10°C and 0.5°C' above
the ambient temperature respeetively, and the inlet flow was considered to have &
yniform temperature equal to the ambient temperature. Fig. (4.23) compares the
predictions of the present model with the DNS and experimental data. The DNS
data is for a channel Sow in which one wall is heated and the other wall s cooled
at the same rate. This is referrad to as case II by Kim and Moin (1989). There is
a good agreement between these DNS data, experimental data and the prediction of
the present medel up to T = 20. Farther from the wall the agreement. between Lhe
experiments and DNS data is poor while the predictions of the present model ave
in good agreement with the DNS data. The agreement between the DNS and the
predictions of the present model ai this Reynolds namber was expected since those
DINS data were nsed to calibrate the present model. Figs. {4.24) and {4.25) compare
the model predictions and the experimentally measured nesr wall temperatures for
Re, = 6800 and 10650, A very pgood aprecmnent between the experiments and the
predictions of the present model is seen in these Ggures. '

Figure {4.26) compares the normal turbulent heat flux predicted by the present

maodel to DNS and experimental data. The predicted values of 8 wore caleutated by
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where the fully developed character of the flow implies ne variation in the flow di-
reciion (#@/0z = 0). In the experiments, a least square cubic spline wag used to fit
the measured mean temsperature profile, and then this profile was differentiated to
get dTT/dy®. Then, the turbulent normal heat flux ¥¥#0+F was caleulated using the
integral form of the energy equation {Teitel and Antonia, 1993a):

+
P?I_I% — +§+ = —1

Fig. (4.26) shows a reasonably good agresment between the predictions of the present
model, the DNS data and the experiments. The maximum difference between the
mode! predictions and the DNS or experimental data is about 10%.

The two-dimensional channel lows can be considered as the litniting case of the
How between two concentric annuli as the ratio of the outer to inner annulus radii
approach nnity, Lenng ef of {1962) measured the heat transfer rate between two con-
centric annuli. They also developed an analytical method to compnte the hest transfer
coefficients and therefore the Nusselt numbers. Their method gave results similar to
the oxperimental data. The results of the their ealeulations for the limiting case of the
flow between two parailel plates are tabulated by Kays and Crawford (1993). These
are compared with the predictions of the present model in Fig. (4.27) and a very good
sgreement hetween these two are secn. Note that the Reynolds numbers covered are
far larger than the Reynolds number of the DNS data (Kim and Moin, .1989} used
to calibrate the present model. Since the only component of the turbulent heat Alux
which is responsible for the heat transfer from a wall is o7 this figure confirms that

the normal turbulent heat flux is not strongly dependent on Reynolds nutuber.

4.3.3 Channel Flow with Step Change in Wall Temperature

{ne of the assumptions in the present thesis iz that the twrbulent diffusion of
a passive scalar and therefore the dispersion tensor is a property of the flow feld
not ihe scalar ilse. A comparison between the predictions of the present model
and the cxperimental data in a thermally fully developed channe! Bow was shown

in the previous section. In this section the performance of the model in a thermally
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developing channel flow downstream of a step change in wall temperature is examinesd.
The flow ficld is the fully developed channel flow at Re. = 3300 described before.
Therefore, the dispersion tensor has the same value as that used lo compute the
fully developed thermal field. The step change in wall temperature was 10°C (B —
O = 10°CY} and was imposed only on the lower wall. The temperature of the
upper wall of the channel was the samc as the ambient temperature. These are
the same conditions as in the experiments of Teitel and Antonia (1993b). They
measured the temperature profiles at six different locations dowmnstream of a step
change in wall temperature (£/h = 4.1,7.6,17.1,21.4,32.4 and 47.6 where £ is the
distance downstream of the step change in wall temnperature). Fig. (4.28) compares
the predictions of the present model to these experiments. Note that © in'this figure
is normalized as (@, —90)/(8, — 6,). In general a good agreement, between the
model predictions and the experimental data is seen, The model is able Lo predict
the thickness of the developing thermat layer very well. However, farther downstream
the near wall slope of the experimental profile is slightly larger than that predicted
by the model. Since Teitel and Antonia {1993b) measured the wall heat flux by
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estimating the slope of the temperature profile near the wall, their estimated values
of friction temperature, 7%, is higher than those predicted by the model. This is the
reason that the plots in Fig. {4.28) are shown on @-¢t not on Tyt coordinates.

4.4 Two-Dimensional Backward-Facing Step

One of the main characteristics of the present model for the dispersion tensor
is that it is in a form that applies to any geometry. H has been developed with the
motivation of computing the scalar transport in complex geometries in which the flow
and the boundaries may chanpe direction. Two-dimensional backward-facing step is
a good initial test case to investigate the performance of the present model in this
sense. The separation of the flow at the edpge of the step, the recirculation region
and the reattachment downstream of the step makes this flow guite different trom the
zero-pressure-gradient boundary layers and channel flows considered in §4.2 and §4.3,
Adams ¢t al. {1984) and Vogel and Eaton (1984 and 1985) reported the measurements
of the flow field and heat transfer downstream of a two-dimensional backward-facing
step. A constant heat flux was imposed on the lower wall downstream of the step.
The velocity components were measnred nsing a laser-Doppler anemometer, and the
mean temperature profiles were teasnred with a traversing thin-wire thermoeouple
probe. The measurements were made at dilferent Heynolds numbers based on the
maximum velocity at the inlet and the step height, Rey = Ul /v, and different
inlot conditions. A set of data at Regy = 28000 was used to test the performance
of the present model. The inlet profile for this case was given at x/H = —3.8 with
Reg = 3370 and the ratio of the boundary layer thickness to the step height §/H = 1.1

The computational domain for this How is shown in Fig. (4.28). The domain
extends from £ /H = —3.8 to «/H = 35 in the horizontal direction and from 4/ =0
to y/H = 5§ in the voctical dircction. The domain in the stremmwise direction was
chosenr to be large enough such that the zero-gradient outflow boundary condition
doecs not affect the computed resilts near the step. A boundary layer code was used
to produce the inlet profiles for this computation, and the variables were normalzcd

by the maximum velocity at the inlet and the step height, Then, the general geometry
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finite difference code described in §4.3 was used to compute the flow field. A 120x 120
non-aniform mesh was used throughout all the computations. Comparison between
the results obtained with this mesh and those obtained with two other meshes (one
and a half and two times as fine ag this mesh) proved the grid independence of the

present results.

4.4.1 Mean and Turbulent Velocity Fields

A compatation was performed using the same SMC tarbulence model nsed for
boundary layers and channel flows (see Appendix D}. However, this model prediets
too big of a recirculation region, underpredicts the friction coefficient in this region,
and shows too slow of a recovery after the reattachment point, Fig. (4.30) comparcs
the measnred and the predicted valnes of the friction cocficient downstream of the
step. The deficiency of the SMC maodel in predicting this flow can not be fully
remedied by changing the model constants. Parncix et ol (1098} showed that this
deficiency is partly due to the modeling of turbulent transport, They proposed a
modification to the Daly and Harlow {1970} model for the turbulent transport terin
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Vogal and Eaton (1984)

/K

Figure 4.30. Comparison between the friction coefficient downstream of the step
abtained by the SMC model and experiment.

that slightly improved the prediction of the friction coefficient in the backfiow region.
However this modification does not change the recirculation length and, even with
the modified form ol the transport term, the recirculstion length will be too big.
Dutbin {1995a) computed this fow nsing the 5-e-v2 model for twe different Reynolds

numbers; Hey = 5000 and 37500, The results for the lower Reynolds number showed
better agreement with experimental data than the predictions of the SMC model
(Parneix et af., 1998). Also a fairly good agreement in the prediction of the reat-
tachreent point and the recovery range for the high Reynolds mimber case was seen.
Howaver, the k-c-v% model does not predict the Reynolds strosses necessary for the
ealcnlation of the dispersion tensor, An algebraic expression, the details of which will
be given later, is nsed to calenlate these Reynolds stresses aller the flow fiokd weis
computed. The equations of the k-g-12 model are given in Appendix (D).

~ Figure (4.31) compares the prediction of the k-s-v% model with the experimental
data {Vogel and Eaton, 1984) for the friction coefficient downstream of the step. It is
seen that this mode! predicts the reattachment point very well although the recovery

is stower than what experimnents show. However, the predictions of the k-s-v% model
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Fignre 4.31. Comparison between the friction cocfficient downstream of the step
obtained by the k-c-u? model and experiment.

and experimental data are in betier agréement with each other than the prediciions
of the SMC model and those data.

Figure {4.32) compares the predicted streamwise mean velocity profiles with the
cxperimental data (Adams ef af. | 1984) at different locations. The model predictions
near the reattachment point are in good agreement with these experimental data.
However, it shows a slow recovery to a boundary laver profile further downstream;
this iz a problem with all the present turbulence models including eddy viscosity and
Reynolds stress models {Parneix et ol., 1998}

The Reynolds stresses are calculated nsing an algebraic expression developed by

Durbin (1995b). This expression can be written as

WUy = —Ejﬁpﬂfj-i-gkﬁij _ {4.3)
2 — Wi Shi — S5 Wi + ey 385555
Ny N L] 4 4 _ SRk
#(3-7) [ (Pt o (e -a)
where }5%} = 5;;5; and |W? = —Wy;W,;. Durhin {1995b) chose
A= A+ — Ay =2, (4.4)

15+ 1057
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Figure 4.32. Profiles of the streamwise mean velocity; from left to right at =/H =
—-3.8, ~1.13, 3.2, 455 5.87, 7.2, 8.53 and 12.2 respectively. The solid lines are the
k-z-17% predictions and the circlos are the measurements {Adams et af. | 1984).

where §* = \/Wk /e, to get pood prediction of the Reynclds stresses in turbadent
channel flows. In the expression given by Durbin {1395b) & = 0. However, a zero
value of o makes w2 — uf if cither §)3 or Wy; becomes very small. This produces
"anomalous changes in the profiles of the turbulent finctuating velocities across planes
in which either the strain rate or the rotation rate approaches zero. This anomalous
behavior is characterized by a sharp drop in uZ and a sharp increase in 43 as is shown
in Fig. (4.33). The value o = 1 was used to avoid this problem. It can be scen in
Fig. (4.33) thal using o = 1 removes the sharp change in the profiles of turbulent.
velocities where the strain rate or rotation rate approaches wero while it does not
affect the profiles clsewhere. It was also observed that o = 0.1 and o = 10 produce
the same resnhs as o = 1.

Fignre (4.34) shows the profiles ol the streamwise tnrbulent intensity at diflerent
locations. These were obtsined nsing (4.3} with A given by (4.4). Although {4.4)
gives good prediction for a fully developed chanuel flow, it does not predict the

profiles downstream of the step very well. Using ihe DNS data of Le ef ol (1997),



Chapter 4. Model Applications 115

0.025
o3, o= 0.0
0.02 | ~ - as00
e it uf, =10
............. u_%. =10
0.015 |-
0.01
b
|
0.005 | 0

35

15 35
1000/ U +x/H
Figure 4.34. Profiles of streamwise turbulent intensity {4y = 2); from left to right at
wfH = —3.8, —1.13, 3.2, 12.2 and 20.7 respectively. The solid lines are the predictions
and the cireles are the measurements (Adams et af. | 1984).
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Figure 4.35. Profiles of stresmwise turbulent intensity (Ap = 1); from left to right at
x/H = —3.8, ~1.13, 3.2, 12.2 and 20.7 respectively. The solid lines are the predictions
and the circles are the measurements (Adams ef af. , 1984).

Lien and Durbin (1996) showed that A can go as low as 1.2 near the wall, downsiream
of the step. Fig. (4.35) shows the profilos obtained when Ag =1 was used. A betler
agreement hetween the predictions and the experimental data is seen in this figure.
i should be mentioned that both Ay = 2 and Ay = 1 predict the same values for the
normal turbient intensity and the Reynolds stresses. This is becanse, for this flow,

St1 i8 very small compared to Sy and (4.3} in this case reduces to

- S T
ui = v+ (Ek - 1;2) A
ul = W2,

Uits = —2v7Ss.

4.4.2 Temperature Field and Heat Transfer

Vogel and Eaton {1985) reported measurements of the mean temperature profiles
and heat transfer rates downstream of a two-dimensional backward-facing step. The

onty heated surface was the constant heat flux surface downstream of the step. A
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Figure 4.36. Temperature profiles; from left to right at z/IF = 0.33, 3, 7 and 15
respectively. The solid lines arc the pradictions and the circles are the measurements
(Vogel and Eaton, 1984).

temperature ficld eomputation was performed using the present model for the dis-
persion tensar. The temperature field computation was done after a converged How
field solution was obtained using the k-z-v? model and the Reynolds stresses were
vbtained using (4.3) and (4.4) with 4y = 1. Fig. (4.36) compares the measured tem-
perature profiles to those compnted at four locations downstream of the step. The
agreethent between the model predictions and the experimental dais is fairly goad
except at ©/H = 3, which is the middle of the recirculation region. The model pre-
dicts very well the temperature gradient in the shear layer near the edge of the step
at fH = 0.33, The sgreement between the model predictions and the experiments
is very good affer the reattachment point although the predicted near-wall slope is
slightly larger than the sxperimental one in the recovery region.

Figures {4.37) through {4.40} show the contours of the componenis of the disper-
sion tensor. Note that before the expansion the contours show boundary-layer like
hehavior at both the top and the lower wall. The contours ai the top wall continue

to show this hehavior even afier the expansion; there is small effect on the boundary
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Fipure 4.37, Contour plods of £ i a two-dimensicnal backward-facing step.
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Figure 4,38, Contour plots of Dhy in & two-dimensional backward-facing step.
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Figure 440, Coaloar plots of Dy in a two-dimensional hackward-facing step.
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Figure 4.4], Stanton number downstream of the step.

layer at the top wall due to the expansion. Downstream of the step the furbulent
dispersion increases by a factor of two to three due to the large values of Reynolds
stresses and shear rate. This is most clearly seen in the contours of Iy (Fig. 4.38)
and Dy (Fig. 4.40). Further downstream of the reattachment point all the contour
plots show the boundary-layer like behavior for the lower wall as well.

Figure (4.41} compares the mode! predictions and the experimentally measured
values of the heat trapsfer rate downstream of the step. Two different predictions arc
plotted in this figure; one with 4y = 2 and the other with A; = 1. It is seen that
the better prediction of the streamwise turbulent intensitios makes the prediction of
the peak of the heat transfer rate slightly better. However, the model predictions for
this geometry are not very sensitive to the changes o this element of the Reynolds
stress. The mode! predicts very well the variation of the heat transfer rate down-
stream of the step in the recirculation region. The maximom valnes of the Stanton
nmiumber predicted by the model agrees well with the experimendal value. Both the
present model and the experiments predict the peak of the Stanton numbor before
the reattachment point although the model predicltion is closer to the reattachment

point. Downstream of the reattachment point ihe recovery in the model prediction



Chapter 4. Model Applications 121

is slower than the experiments and therefore the Stanion numbers predicted by Lhe
maodel are higher than those measured experimentally. The slow recovery rate has
been seen in the velocity profiles before and seems to be a property of the turbulence

mandel.

4.5 Summary

This chapter includes a few applications of the present model for the dispersion
tensor. Comparison between the pradictions of the present model and the experimen-
tal data are presented. A flow field compatation is done first. Then, the present model
for the dispersion tensor is used to compute the temperature field. The SMO and k-
£-2 turbulence models used to compute the flow field are summarized in Appendix D
and the present madel for the calculation of the temperature fiekl is snmmarized in
Avpendix B, .

Turbulent boundary layers with constant wall temperature and with a step change
in wall temperature are computed and the results are presented in §4.2. A SMC
model {Appendix D} is used to compute the flow field and comparison between the
predictions of this tnodel and ihe svailable experimental data are presented in §4.2.1.
Bt is seen that this madel predicts well the mean and the turbulent flow fields in the
turbulent boundary layers. The predictions of the present model are compared with
the experimental data in a constant wall temperature hqundarjr layer in §4.2.2. It
is seen that the presest model predicts well the variation of the wall heat transtfer
rate up to Rey = 7000 and the predicted mean temperature profiles are in good
agreement with the experimental data. The m‘.-rm:;‘s,l_ turbulent heat fuxes predicted
by the present model are in good agreement with the reported experimenial data.
The agreement between the model predictions and the experimental data are less in
the case of the streamwise turbulent heat flux. The predictions of the present medel
for boundary layers with step change n wall temperature are presented in §4.2.3. The
present model predicts the wall heat transfer rate slightly higher than experiments
but it predicts the same trend as the experimental data as the Reynolds number

increases.
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The flow licld and the termperature fisld in turbulent channel fiows are computed
and the results are shown in §4.3. A SMC turbulence model {Appendix D} is used
to compute the flow field. A comparison between the predictions of this model and
the experimental dats shows that this model predicts well the mean and turbualond,
flow fields in a channel (§4.3.1). The predictions of the present model for a thermally
fully developed channel How are presented in §4.3.2. It is seen that the present model
predicts well the wall heat transfer rates up to He,, = 160000, the rmean lemperature
profiles and the normal turbulent heat fluxes. A comparison between the predictions
of the present model and the experimental data in a channel flow with step change
in wall temperature is shown in §4.3.3. It is seen that this model prodicts well the
thickness of the developing thermal boundary layer.

The fow ficld and the ternperature feld in a two-dimensional backward-facing step
are compnted and the results are shown in §4.4. The k-c-22 turbulence model is used
to compute the flow field and the Reynolds stresses are computed using an algebraic
expression, {4.3). The predicted mean and turbulent velocity fields are compared
with the experiments in §4.4.1. The predictions of the mean velocity are in good
agreesment with the experimental data near the reattachment point. However, they
show a slow recovery to a boundary layer further downstream. A comparison between
fhe predicted temperature field and the experimental data is shown in §4.4.2, The
present model is able to prediet the variation of the heat transfer rate downstream of
the step and the location of the maximnm heat transfer rate reasonably well although

it shows slower recovery, to a boundary layer profile, than the experiments.
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Conclusions and Recommendations

A summary of the results and conclusions of this thesis and a few recommendations

for future related works are given in this chapter.

h.1 Conclusions

It was shown that, in homogeneons and high-Reynolds-number flows, an evolution
equation for the dispersion fensor conld be abtained from the modal equation for the
turbulent scalar finx, This equation describes the dispersion tensor as a funclion of
the flow tield only; it is independent from the scalar itself. This property is necessary
in order to preserve the linearity of the trausport equation for the passive scalar and
the superpasition principle.

It was shown that, in the limit of high Reynolds/Peclet number flows, the sym-
metric part of the dispersion tensor had to be & positive semidefinite tensor. This is
talled the well-posedness condition. It is due to the fact that mean scalar dispersion
has a diflusion-like behavior and therefore should be governed by a parabolie partial
differential equation. '

A method was introduced to investigate the well posedness of the solutions of the
avolution equation for the dispersion tensor. The method uses the fact that a positive
sernidefinite tensor has nonnegative eigenvalues and therefore nonnegative invariants.
Evolution equations for the invariants of the symmetric part of the dispersion tensor
were obtained and the positiveness of their sclutions was investigated.

1t was observed that an evolation f:lqua,l;ion for the dispersion tensor, obtained from
the general linear equation for the turbulent scalar Rux, did not satisfy the realizabil-

ity condilion. A modification to this model was proposed that foreed the solutions
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to a well-posed one whenever the original model tended to give a non well-posad so-
hution. A lower bound on one of the model censtants was imposed to gusrantee well
posedness, The solution of the modified model and the original one were the same if
the original model predicted a wt!ll—pﬁﬁed soltition. .

It was observed that the dispersion lensor, normalized by turbulent length and
time scales, approach equilibrium values at sufliciently leng time. An evolution equa-
tion for the normalized dispersion tensor was obtained from the evolation eguation
for the dispersion tensor and the standard k and £ eguations. Then, the equilibrium
assumption was used to transfer this differential equation to an implicit algebraic
eguation for the dispersion tensor,

A new method was introduced to solve the hinear matrix equation. The method
uses the properties of the direct product of two matrices, and the generalized Cayley-
Hamilton theorern. The method was used to selve the implicit expression for the
disperston tensor and to find an explicit algebraic rﬁudﬂi for this tensor. The explicit
algebraic model was ealibrated using the experimental data from homogeneous shear
ftows, the log-layer region and the DBNS data of channel flow.

The present model was used to compute the tempersture field and ithe heat transfer
rales in turbulent boundary layers, channel flows and a tow-dimensional backward-
facing step. The predictions showed good agrecments with the experimental data for
boundary layers and channel flows with constant wall témpera,ture and with a skep
change in wall temperature. The model was able Lo predict the variation of the heatl
transfor rate downstream of a two-dimensional backward-facing step reasonably well

although it showed slower recovery, to a boundary layer profile, than the experiments.

5.2 Recommendations for Future Work

My recommendations for future rescarch related to this work can be classified as

cotntinuations and the supporting efforts:

1. Continuations: The present model can be nsed to compute the St:a,lar.tra,nsp::nrt

in different complox geometries to further investigato the potential of the model.
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It iz also reccrnmended that the nse of simpler turbulence models than the
SMC model, along with algebraic models for the Reynolds stresses, be further
investigated. The caze of two-dimensional backward-facing step, in which the
k-e-v? model with an algebraic expression for the Reynolds stresses was used,

is a promising example in this sense.

The present model for the dispersion tenser was developed for a passive sealar.
In the case of a buoyant flow, temperature is not a passive scalar. The equation
governing the transport of mean temperature is weakly nonlinear through the
dependence of the mean velocity on temperature. Sinee a ternn proportional to
the temperature variance appears in the transport equation for the turbolent
scalar flux, the method described in this thesis may not he directly applied for
buoyant fliows. It is suggested that the algelvaic expression for the turbuolent
scalar flux, for non-bucyant flows, be modified before it is applied in buoyant
fows. This can be done by adding necessary buoyancy related terms to this

expression using the representation theorem.

2. Bupporting Worle The turbulence modeling of scalar transport suffers from
the lack of data necessary to calibrate scalar transport models. AH the DNS
data are for very low Reynolds sumbers and almost all the experimental data
are for the normal turbulent hest flux only. It is believed that having DNS
data at different Reynolds/Peclet numbers will increase our understanding of
the mechanisms of the turbulent scalar transport. Alsg further measurements
of the streamwise turbulent scelar Hux is necessary to validate the previcus

meazurements and to investigate the performance of acalar transport models.







Appendix A

Langevin Equation and the Dispersion

Tensor

An evolution eguation for the dispersion tensor in homogeneous flows was oblained in
§2.2.3 nsing a model transport aguation for the turbulent sealar flux, and the relation
hetween the turbulent scalar Bux and the dispersion tensor, wf = — D80 /dn;. It
is also shown in §2.2.1 that, in a high Réynolds/Peclet number homogeneous flow
with uniform mean scalar gradient, the dispersion tensor is Dy; = w;Y;. Au evolution
equation for the dispersion tensor is obtained here nsing a Langevin eqguation for the

fluctuating velocity, 4;, and an equation governing the Huid element displacement, ¥;.

A.l Langevin Equations

Langevin equations are ordinary differential equations with terms that include
random funections of the white noise type. These equations were first trealed by
Langevin in 1808 in the study of the Brownian motion of a particle in a fuid. A
briel description is given here and the reader is referred to Arnold {1974} for more
details on stochastic processes and differential équal.iuns. If £4{t} is & component of
the volocity, at time ¢, of a free particle that iz in Browniat motion, the Langevin
egnation governing the dynamics of this motion is

dl7;(t)
dt

= —al/i({} + o§{t) . (A1)

Here, —aell;(t) is the deterministic part of the influence of the surrounding medium
on the particle due to friction, and o(t) represents the r&pidf}r varying fluctuating
force exerted on the particle by molecular coilision. Since every particle underg;rms
about 102! collisions per second from alt direction, this term is idealized as & white

noise.
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The indefinite integral of the white noise £(t),

Wt} = fﬂ “e(s)ds, | (5.2)

s & Wiener process. Although the Wiener process W{t) is not differentiable, this

integral s usnally written as
AW (1) = £(t)}df . (A.3)

Therefore, the Langevin eguation (A1) can be writlen in the folowing form,
dU {1} = —aU{t) dt + ?W;{ﬁ] (A.4)
Note that the Wiener process W has the folicrﬁng properties.
dW; =0  dWdW; =dié UdW; = 0 (A.5)

The second property shows that dW; is an isolropic random process, and the last oue

is called the now-aniicipating property of the stochastic calenlus.

A.2 Langevin Equations and SMC Models

The relation between Langevin equations for the velocity fluctuations and second
moment closure models is qﬁite well known, A briof description 18 given here and
the reader is referred to Howorth and Pope {1986) and Pope (1994) for more details.
Durbin and Speziale {1994) used this relation to obtain realizability criteria for the
SMC models.

Consider the following Langevin equation for a random velocity veclor, ;.
Ui oty ' v
d'u.z; = —Gﬂni?df: + J{ZC&I - C]]Epmmk(t) + C'[;E dW.,_{t} {ﬁ.ﬁ}

Note that v; is the dependent varizble and a random function of ¢, £ is the independent
variable, and W;(t} and W[{t) are independent Wicner processes. py; is the generalized
square-root of the anisotropy tensor &;; defined by pfj ~1/3pbds = by, T 1s a turbulent

time scale and £ is the rate of dissipation of the turbulent kinetic energy. €4, Cy, and
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(p arc constants whose imnportances will be apparent later. The sccond morment of
this equation is

d{ﬂ@ﬂj} = {'E.I!-;' + du;}[uj + dﬂ-j) — gy
ety + twiedty + dageu; {A.7)

f

Substituting (A.6) into (A.T) and retaining terms up to O{df) results in

.rj{'f.!.;-'i_j._.i;] = -—Ef_jgl u;Ij ot -+ 1 I['EGQ.. - G]_}E Epjku,:,dl'ﬂ + p.,;;cude;} (ﬁ.ﬁ}l
++/ens {udW; 4+ widWi] + (26, — Oy JepuppdWodW]
+Cn€dedH";' + \/Cn{zggl - Cl} E[p,-ku!W;rﬂ'Fj + }'}jdeéﬂ:Wi}.

Taking the average of this equation and using the propertiés of the Wiener process,

(A.5}, gives the following second moment closure modet

dii; . 2 .
el 1Dy EErL,j (A.9)

provided that Cy = 2/3[2C, — 1 —{(Cy, — 1 /2)pk]. This cquation can be regarded as
a simple model for the evolution of Reynolds stresses in the absence of mean velocity
gradient. Note that € is the cocticient of the return to sotropy term in the SMC

madel.

A.3 Evolution Equation for the Dispersion Tensor

In & homogeneous turhalent fow, the displacement of a fAuid clement, ¥, s de-

termined by

ffyt 5‘!,:’,
=4 Vit A0
d Wt g (A-10)
An evolution eguation for the dispersion tensor, Dy; = wY;, can be obtained by

subslituting {A.6} and {A.10) into

d{mY;) = (ug+ dud(Y; + dY5) — uiY;
= wgf¥; + Yiduy + dudy; (A.11}
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retaining terms up to O{dt), taking the average of the equation, using the properties

of the Wiener process and dividing by . The final result ia

Dy G, .
T —?ng + iy, {ﬂ.lz}

which is a model evelution eguation for the dispersion tensor in a turbulent flow with-
put mean veloecity gradient. Note that the sceond term of (A 10) does not conkribute
in this case.

Here, for the purpose of illustration, a very stmple Langevin cquation for the ve-
locity fluctuations was used. However, as it is shown by Durbin and Shabany (1997},
it is posgible to obtain consistent SMC models for both Reynolds stresses and disper-
sion tensor using a single Langevin equation for the velocity fluctuation vector. For

example consider the following Langevin equation

au; atr
diyy = Cﬁ ﬂ + 1,.*’{2051 — U-l}Ep,'deél{fZ} + ( oy — l}ﬂ.ka Lt + lang {3:’,:
Clye dW,‘[:ﬁ] + CSEMdef(ﬂ . {.-‘3&113]

where Mj; is the generalizod square-roof of the the mon-dimensional mean strain
ratc tensor defined by M7Z — 1/3MZ 0y = —S,T, and Wi(#), W((t) and W2} are
independent Wiener processes. Durbin and Speziale (1934) showed that the sceond
moment of {A.13) is the general linear model for the evelution of the Reynolds stress
Lensor if Cy is defined appropriatety. On the other hand, if & inodified form of (A.10},

av, o,

_ 14
a =Gt gy (A.14)

and (A.13) are substituted in (A.11), the following evolution equation for the disper-

sion tensor s obtained,

a4 o au, oU; .
T ! = H’f" i T e {U}, D;:j'g;i" + Cngj'ﬁ + ngﬁg‘i‘ {J'"L.J.EI}
Note that if ¢ = 5, and O = Cy,, (A.15) is the same as (2.29) if £ = 1 - Gy, and

it is the same as [‘2.618] il Cf = 1 — Oy, +C4,Ca,.
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Direct Product of Matrices

The direct produet of the 2 x 2 matrices A and B is a 4 x 4 matrix defined by
pibin  ouly Gpby anbn
61, B ﬂlZH) | anba anbe spby aisbu
emB opB) | anby enbip agbn  azby
Nanby  agihe  anby  Gnby

The following propertics of the direct product follow from its definition (Lancaster, 1069):

A@Bz( (B.1)

1. If ¢ is a constant, (HA)@ B = A ® (pB) = p{A @ B).
2 (A+Bj®C=A@C+BaC
3AB+CI=A®B+A®C. -

4 A(BaC)={A®B)®C.

5. (A®@BY = AT B".

It can be proved (Lancaster, 1969) that if A and C are m x m and B and D
are 1 X 1 matrices, then (A ® BHC ® D)} = AC ® BD. As a corollary of this, if

Ay Ay, oo Ay are e x o matrices and By, By, - - -, By are 7 X n matrices, then
(A1 @B1)-{A: @By} - (A @ Be) = (A1 Az Ap) ®(B;  By---By). (B.2)

The use of the direct product of matrices in solving linear matrix equations is of

interest here. Consider the general matrix equation for the nn x n unknown matrix X:
A.l'X'E]_‘l‘Aj'X'Bg‘i‘"“i‘Ak'X'Bk—_-—c . (BS:}

where A, -+, A, By -+, Bg, and C are n X 1 matrices, Note that this is n® scalar

aquations for the elements of X. The r, 5 element of this equation can be written
friZighis = Cra . (B.4)
ig=l
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We define the n’-dimensional vectors # and & by

1 L
=3 Tybh_tmay, = Y Crsfir_tjnta {B.5)
=1 rE=1 ' :

where &; are unit vectors. We want to find & matrix G such that the matrix equation
¥ 1 A X B; = C is equivalent to the vector equation G2 = @, Substituting {B.5)

into this latker aquation, and projecting onto the unit direction vectors, gives

L
Z Rir—Lintsfi- DntiFig = Cra
t1=t

in index notation. Comparing the coeflicient of z;; to that in {B.4) shows that
Gtr—-LUmtufi-ljnts = Gribis

in other words, the matrix G has the element a.;b;; it row {r — 1}n + 5 and column
{(t—1)n+j. These are exactly the elements of matrix ¥F_, A;®BY. Thus, the matrix

equation (B.3) is equivalent to GZ = & whoere
G=A:9BT + A, @B+ + A, ®B]. (B.6)

The sclution of the equaiion in this new form is equal to £ = G~1& where G-! is the
|

inverse of (5.
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Derivation of G™1

The inverse of the four-hy-four matrix G can be obtained using the Cayley-Hamilton
theorem (2.68), :

G = [IPSI I6,G+16,G* - 67, (C.1)
4

where Iz, to Ig, are the four invariants of G; for the G given by {2.67):

Is, = 4,

Te, = 6 (t4+ab)S — 1+ )W,

Ig, = 4—2(1 +a®)92 ~ 2(1 + a5} W, m“

foo = 1- @+ a)Sd— Qe W+ [G—ahsg+ - w]”

Note that G ig given in terms of the direct product of 2 x 2 tensors T, 8% and W*:
G=10I-138" - IoW'—aS"@I—aW' I, (C.2)

and it is intended to derive an expression for G in terms of the direet product of

those tensors.
(G2 iz calculated by multiplying {C.2) by itself and {B.2) is used to ohtain the

product of two direct products.

G = (IQI-198 - 18W' -8 @I - oW RI).
I®I-I88 - IoW -5 QI - ;W 1)
= IQI-I98" - I W' -,8' @I- W eI-1I258 +Ix 8"
+I®S W'+ 8 @8 4+, WS - IoW +IgW* 8 +Te W+
408 W oW e W — ;5" @1+ ;5" ®5" + ;8" o W
+aiS? @I+ @S W Rl - e, W eIl+eW @8 +eW' s W
taaaW* -8 @I+ W el
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From the generalized Cayley-Hamilton theorom in two dimensions (Rivlin, 1955}

1

. , 1
= SSHL W= Wil and WS = —S'W (C.3)

S*Z
p

Using these and combining all like terms, the folowing expression for G is obtained:

G* = Al@l-2108 -2 W' - 20,8* QI - 20, W' I+ 26,8 @ &
+2uW* @ 8% + 20,8° @ W* + 20, W* @ W* (C.4)

whero
Bi=14 g+ ahSE+ (1 + )W
Similarly the expression for G* is obtained by multiplying {C.2} by {C.4):
G* = (3A;—2I1-(3A, - S5~ WEHI® S + I W)
—(AL+2+ 55 F W) (S @ T4 a;W' @ 1) (C.5)
462 (ST @ 8 + 8T @ W} + o (W' @ W' + W* & 8%)

Finally, substituting (C.4} and (C.5) and the expressions for the invariams of G
into (C.1) G iy obtained.

1
Gt = 5 BIGLE HBIoS 3+ I W' 4 G018 @ T+ W @ T}
1
+2{a;8* Q8 + 2y W 8 4+ 08" @ W™ + e W™ @ W) (C.6)

where 3, to 3, are given after (2.68). This expression can be simplified to (2.69} using
the properties 2 and 3 of the direct product, given in Appendix (B).



Appendix D

Turbulence Model Equations

The ronstant property, incompressible fiow Reynolds averaged Navier-Stokes equa-

tions are
olr;
[?:II;
Wiy B SO0 (30 o)
i jamj Pﬂ:l-’; & § amj- Y

where ;15 is the Reynolds stress tensor.

=0, (D.1)

(D.2)

D.1 Second-Moment-Closure Model

The exact formn of the Reynolds stress trensport equation is

AL, Oy i a 2 ﬁukp
,-E;t O e = oy + Py — TJE Eﬁkﬁ:ﬁ 51j +uViEE;, (D.3)
where U 517
By = U g - Bl

is the rate of production of the Reynoclds stresses by the mean flow and

1 5;:! 1 ﬂ}? 2 Bﬁﬁi [I5IX
g T e —_ m—— e — _--'E"+'""""_"_E
B4 puid':t puj O, 3p * Oy ¥k

is the redistribution term. This term and the triple product term that represent the
turbulent transport have to he modeled before (D.3) is solved.

The turbulent transport term is usually modeled by a gradient diffusion assump-

tion:
w0 (m, 05
dr, B\ oy BTm

where

M, = C#H.,;u 4 f|
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is the turbulent, eddy viscosity tensor and

1/2
T = mazx (E, Cr (E) )
_ £ el [

is a turbulent tirne scale. Note that the above expression imposes a minimum bound,
proportional to the Kolmogoroff thime scale, on turbulent thme scale.

The pressure transport term Sug/ ;. is usually small and is neglected. Therefore,
the modeled form of (D.3) is '

O

g fTIST) 5

Tl 2 e St
7 — e P — —d T =727 ‘s . D.4
axt + { E axm'k 531.? + i3 k s o aﬂ:mt ( oy a:rzm ) + uv “LI';;‘LI!._? { )

where py; = kfiy; and fi; is the solution of the following elliptic equation.

szgf;'j — fi; = Iy (D.5)

3/2 3y 144
L =0} maz (k—,Uﬂ (y—) )
£ £

iz a turbulent length scale with & minimum proportional to the Kolmegorofl length

Mote that

scale, and I} is any quasi-homogeneons model for the redistribution term divided by
k. A modified form of the S8G model (Speziale et ol , 1991} iz used here:

Ly = —[(Ci+ CiP/e}by — Calbl — 0°6,5/3)| T ~ (Cs + C3\/11)Sy (D.6)
—Co( Py — 2/3P8i} % — Cs(bu Wi + b Wi ) ,

where I}, = by;by; is the second invariant of the anisotropy tensor by = T /b —2/34;
and P = Py/2 is the rate of production of the turbulent kinetic cnergy.
The modeled transport eguations for the turbulent kinetic energy & and its rate

of dissipation £ used in this thesis are

ok . O 5 v\ Ok
I p e P s m*) ol D.7
M + Ui 3% P—et oy {(H ket T 85;;] (D.7)
de de  C(LP-Che 0 b, ) e
AT M Sup 1 WY 5 D8
o +U~"ﬂmj 7+ 5 (v R i (D.8)
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where C, = O, {1 + a1 P/e).
The following set of constants were used in all the computations unless it is stated
otherwise. _
Cy = 0.7 =09 Cy = 1.05 Oy = 0.033

C;=075 ;=062  C5=0425  C, =036
Cr=60 Cp=02 ¢,=120 ., =135

€., =183 gy =01 ox = 1.0 7, = 1.4

D.2 k-e-v? Model

The k-e-»% model is an isotropic eddy viscosity model in which the velocity com-

ponent normal to the flow is used as the velocity scale in computing eddy viscosity:
vp = CyuT (D.9)

Using the eddy viscosity to caleulsate the Reynolds stresses, the Navier-Stokes equation

are written as

ol .
5o =0 (D.10}
M/, ol 1aF a ar; o
i | inin e e s BEl
ot + s 0z, P i M Bx; ([ vt Eimj) ( )
The eddy viscosity is obtained by solving the following set of equaftions for &, &,
v? and f.
ak ok 0 vy Ok
Ry p_p & ( —) ok D.12
gt Vige, T T G, [ v aﬁl (D.12)
fs Je C*P CHE
ou? ov? du?
E—i_ujﬂ kf——*E-i-—[L-‘-[-L’T ‘| (T3.14)
- 2/3 — vk
f-pvii— (o - @RV g P (D.15)
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In which

. 178U, 8u.
P o= Qe §? 5% = 858, Sijiﬁ(é"j_‘_a—;)'
T T

The length and time scales are
' ' e 4
L = (Cpmex (%‘“: ”{f_}l,ﬂd)

£
T = max(ﬁ,ﬁ(z}m)
£ g

The model constants nsed in the present thesis are given below.
Cr = 1.3+ 0.25/[1 + {¢/LY**

Co=018 Cp=03  C,="T700
Ci=14 =03 C,=19 o0,=13

Note that d is the distance to the closest boundary,



Appendix E

Explicit Algebraié Model for the

Dispersion Tensor

The temperature eguation for a constant property and incompressible flow, assuming
that there is no source term and the viscous dissipation of energy is negligible, can

be writton as

36 i 4. ! 4o .
B + U,'a-'—'m: = E_-E; ({Ctd';j + DU]T’-’J_-_,) . (E.1)
Here, v is the molecular diffusivity and I);; is the dispersion tensor obtained from the

foltowing algebraie model. .

.1 '

K= a [ﬁgf‘i‘ﬁg"' (8 — W B8 + oW r +-2{0, 8" + W) - - (8% - W*]]
L

(E.2)

Dy =Ky ke . (E.3)

Here a; = (jga + C‘g,, — 1,8z = Gﬂs - Gm -1, 9= {Ugj + 1:2 — G&;}P{;E + ng — 2)"'1,

T =kfe and P is the production of turbulent kinetic energy. The normalized strain

rate, Totation rate and Reynolds stress tensors sre

1 oll,  atf;
2y —~ —gT Py T4
iy 2'?& {amj + 5:{.‘,- ]I:I
13U, Ay,
W — S Tfeot . Ui ,
. l‘? 29& {3&":3 31:,' ! (E 4}
) T
T = {1—cgﬂ+cﬂicﬂn)gg“*mkﬂ.

i3 throngh 3, are tunctions of the invariants of the normalized strain rate and rotation

rate tensors defined as

. 42 1 'Y ¥ 2
o= t—{1+al)5% - (T +ag}Wi + 1 [(1 —ap) S+ {1~ ﬂg}WkE] ;
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1 1

g = 1- g(l‘l‘ﬂ?]gﬁ— 2( as) Wit
1 g 1

3 = 1= '2“[1 - "5!':1'}3&1:; - 5{1 ]Wkk 1

1. oy 1
Bs = 1+ 5{1 - ai}Sit + E(l az)Wis ,

where Sii = 57,84 and Wi = W,
The model constants used thmugh{)ut this dissertation are

C,gl = 4,(}, U,ﬂ-a = ﬂ.ﬁ, Cga = —"U.'ﬁ, Gg,, = {}, GHE =015, (Eﬁ}

However, the value of Cp, given above is only. & lower bound. The ' used in the
computations is the largest of the value given above and the smallest value that
satisfy the following two conditions. Thege conditions gnarantee that the model 15 5

well-posed one.

O 2 72 }[{1-@}{1{“?} (1 + an) (RS} — L Ca) Gﬁ*}{a}} (E.6)

T - - —
n 2 e e [~ @ RPKS) — (1 + e (RORW) + o [RHKS)
~2(K) (&S} - (kw)) - 2ok R) - (°R))|. ®7)

Note that E_f:j = Cp,ut;/k (1,7 = 1,2} in this dissertation,
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