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Chapter 1

Introduction

1.1 Motivation

Direet and cfficient mixing of fuel and oxidizer streams is of pritmary inferest in all
mmbusﬁml applications. This ia particularly true in flows that combine sipnificant heat
release with comprossible shear, where these two influences can cause a substantial change
in the large-scale flow structure and hence in the mixing characteristics. This dissertation
seels to improve our nnderstanding of how the structure of the compressible reacting mixing
layer chanpes within its paramoter space, and to lend insight on what hnplications this has
for mixing and commbustion performance,

There are a mamber of important technological applications where this understanding
will be uselul. Most notable among them is the superaonic combustion ram jet, or scramjet,
where fuel mugt be mixed molecularly with a high-speed air stream to produce chemical
reaction. The efficiency of thie mixing will determine the size and ultimately the viability of
these propulsion systems {Gutmark ef sl. 1995). The mixing and combustion of supersonic
flow can also be found in some examples of chemical or gasdynsanic lasers {sce e.g. Dutton
et al. 1982; Siegman 14986}

Other relevant applications can be found at the parameter space boundaries, In the
absence of compressibility, for example, the interaction of volocity shear and heat relesse
in buoyant diffusion flames producer the flow structure responsible for Jame flicker (Chen
¢t af. 1888}, In nonreacting fows, an understanding of larpe-scale structure ia critical to
issues of jet noise abatement, and also has application to supersonic sjectors (Gubtmark ef
al, 1994).

The present inveatigation studies the flow struclure in & compressible reacting plane
shoar layer which, beyond its relevance to the applicationa discussed above, ia of hasic
research interest because of its simple peometry; aspects of more complex fows can often
be thought of i ferma of 4 mixing layer model. This has lead to a congiderable amount of
prievious study, both oxperimental and computational, and a review of thia work is given in

section L.3. Our disoussion starts here with an indroduction to the types of fow structurc




that are pragsent in the compressible reacting mixing layer.

1.2 Flow Description and Structure

A schematic of the Row configuration is shown in figure 1.1, The high-speed stream on
lie upper stde of the mixing layer (denoted with the subseript 1) carries a mass fraction
of oxidizer, ¥,, while fuel, ¥}, enters in the slow-speed steam {subscript 2). The density,
2, van vary between the two streams, This fignre iHustrates the type of lwa-dimensional
Aow sbructure that corresponds to the Kelvin-Helmholtz instability {Brazin and Reid 1981)
and was first documented i the seminal work of Brown and Roshko (1974). This coherent
structure, which dominates incompressible nowveacting mixing layers, will be used as a
convenient, refercnce point in this worl, referred to as the ‘cendral’ mode based on ita
general location in the layer.

An intuitive nnderstanding for the central mode can be developed by considering the
denaity-weiphted vorticity profite, pdu/dy. The apabytical basia for this comes from Lees
and Lin’s (1846} proof that the instability of a subsomic mixing layer requires one local
extremum in the pdu/dy prolile, and that the neuntral-mode phase speed is given by the
streamwise velocity at (hiis extremum. This proof dees not divectly cxtend to compressible
reacting situations, although intuitive argumenta can be made for this and ita applicability
js seen in practice [Lessen ef al 1965; Gropengicsser 1969; Jackson and Grosch 1989; Shin
and Ferziger 1981; Planché 1942}

The conetruction of the density-weighted vorticity profile in incomprassible, constiant-
density eonditions is shown in figiee 1.2{a}. The pdufdy profile malntains the single peak
of the vorticity profile and this corresponds to Lthe central mode fow structure seen in fig-
ure 1.2(1), The same scries of disgrams for comprassible reacting conditions are showi in
figure 1.3, The velocity and hence the vorticity prolile remains the same, bub the density
profile develops a deficit due to the eflect of both combustion (through heat release) and
compresaibility {through the conpling of kinetiv and thermal encrgy). This results in a
fundamental chiange in the pdu/dy profile from a single to double-peak appearance (fig-
ure 1.3}, This evolntion suzgests that the mixing layer will develop twe additional instability
mades--one associated with each of the fast and slow streams --that are distinet from the
central mode and will be termed ‘outer’ modes in this work., The diffevent location of thoese

owler modes in the layer assures that they will convect ab different speeds and, in practice,
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they typically have different wavelengths.

The change in structme from central to outer mode dominance also implies a change
in mixing mechanism. The implications of this are shown in figure 1.4, which offers a
achermnatic comparison ol the mixing processes in both configurations. In comparison to the
direct entrainment of fuel and oxidizer provided in a central-mode-governed Now structurs,
a mixing Iayer with dominant outer modes will experience a two-step mixing process: the
vortical strnctire of the fast mode mixes oxidizer into the reaction zone while the slow mode
mixes in the fucl. The DNS simulations of Planché and Reynolds (1991, 1992} documented
the adverse impact of this two-step process on the global reaction rate, implying a reduction
in the mixing efliciency for the Aow, Given this impact, there is =significant imtcrest in
improving our understanding of how the structure of the mixing layer, and hetice ils mixing

performance, changes as o function of Row conditions.

1.3 Literature Survey

Bue to the furdamental nature of the mixing layer flow, there ia A considerabls hody
of literature attribited to ita study in various combinations of incompressible, compross-
ible, reacting, and nonreacting conditions. This section offers a selective review of articles
relevant £o the present investigation. The organization follows the general split seen in
the literature hetween the study of incompressible and compressible flows, with the formor
coming first since it serves as a reference point of all dircussion. Experimental and comp-
tational results will be addressed simultanecusly to reinforce our view that both approaches

offer complementary insight into flow physics.

1.3.1 Incompressible Mixing Layers
Coherent Structure

Investigations of the incompressible nomreacting mixing layor provide a well-studied
foundation for the cwrent work, particularly in terms of documenting the central maode
atructire and developing an understanding of s mixing characteristica. Ho and Huerre
(1984} provide a comprehensive overview of carly experimental and computational {stabil-
ity} work thai has heen done in this area.

As mentioned in the previous seclion, the pivotal work of Brown and Roshko {1974)



identified the dominance of two-dimensional, large-scale structures in the flow. These strue-
{ures ware shown to grow downsiream amd provide the dominant mechanisin for entrainment
from the two streama. The prominence of these structure in high Reynolds number fow
was also demonstrated {Brown and loshko 1974; Dimeotakis and Browzn, 1976). The vorkes-
interaction mechaniam of pairing was first discoversd experimentally by Wille (1663) and
later documented by Freymuth {1966}, Theoretical work in support of these observations
was done by Kelly {1967), who showed that the predominant features of the pairing process
conld be simulated by the resonani interaction of two stability modes with wavenumber ra-
tio of 2:1 (furdamental:subhatinonic). Winant and Browand {1974) were the first to identify
sucrossive pairing of neighboring vortices as the fundamental mechianism for mixing layer
growlls, Clemens and Mungal {1995) demonsiraled that this vemains a critical mechanism
af higil Beynolds pamber.

A secondary instability associated with these sireamwise sirnctives, which manifest
thiemrelves as stresmwise streaks in plane view, have also been observed {Konrad 1975;
Breidenthal 1981). These streaks were shown to be the result of streainwise vortices, orga-
nized in counter-rotating pairs, that occur simultaneously with Lhe spanwire-oriented strue-
iures (Bernal and Roshko 1086). Similar chservaiions have heen made in studies at both
significant Reynolds number and eompressibility {Clomens and Mungal 1995; Messersmith
and Dution 1996).

An explanation for this behavior was developed in Pierrehombert and Widnall's (1982)
insiphtiul stabilily work. This study built on the contribution of Kelly (1867) by adding a
ppanwise component to the analysis: both two-dimensional and oblique ingtabilities where
introduced to a hyperbolic tangent mixing layer mean flow superimposed with apanwise-
oriented Stuart (1967} vortices. Two-dimensional subharmonic waves were shown to cause
the vorfex pairing commonly obaerved in experiments, while a less-amphfied, oblique ver-
gion was shown to produce *helical pairing’, possibly corresponding 16 observations made
in the experimentz of Chandrsuda et ol (1978). Three-dimensional fundamental itsta-
bilities were categorized by iheir effect on the deformation of the vortex core: spanwise
{z) symmetric forcing produced ‘bulging’, while ils spanwise antisymmetric counterpart re-
sulted in a ‘trapslative’ mode. The translative instability had the larger growth rate and
its tnost-amplified mode had a spanwise wavelength that was in reasonable accord with the
slreamwise vortex spacing observed by Bernal and Roshko (1986). Sandham and Reyn-

olds (1991) later confirmed the importance of each disturbance mechanism in the nonlinear
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regime nusing divect numerical simulation at variona levels of compressibility.

Monkewitz (1988} took a diflerent approsch from Pierrchumbert and Widnall’s work
by sllowing both fundamental and subharmeonic waves o be present ab similar amphitudes,
rather than assmming the subharmortic to be a secondary instability of initially-lower thagni-
tude, Monkewite's weakly-nonlinear analysis further supported the view that stability-wave
interaction forms the basis of the pairing mechanism, as opposad to an explansation baged on
Biot-Savart interaction hetween vortices, Monkewitz (1988} also investigated the resonant
interaction Letwesn the fondamental and oblique subharmonic waves, This snalysis was
later extended by Mallier and Maslowe {1984) in their analysis of resonant-iviad interac-

tions.

Sealar Measurements and Mixing

With the impoctance of larpe-scale structure established, Broadwell and Dreidenthal
{1982) incorporated this knowledge into a model for turbulent mixing and combuation.
Baser on experimental observations, their model defines three possible fuid states in the
layer: (i) pure, unmixed Muid, {ii} homogencous fuid inside the structures mixed at the
entraimment ratio, and {ili) Auid in strained laminar diffusion layers {Aame shests} between
free-siveams (i.e. in the braid regions). Thia simplistic bul useful model predicts a mixture
fraction probability density (unction (PDF) with delta functions at the free stream values
and at the entrainment ratin. In practice, experimental measurements of the PBEF have
shown considerable vaviation in shape. The main disagreement concerns whether tho PDF
shape should follow ‘marching’ or ‘nonmarching’ bebavior. Marching implies that the most
probable value of the mixture fraction, €, is nearly identical to the mean value at each
crose-stream location, while a nourearching PDF has a shape that i3 {argely invarismt to
position. A ‘tilted’ profile deseribes an inlermediate shape.

The studics of Konrad {1976}, Koochesfahani and Dimetakis (1886}, snd Masutani and
Bowman (1986} all found mixture fraction PDFs that were nonmarching with transverse
position. These results indicate a proferred mixture fraction that 18 governed by the en-
trainment ratic, and imply the dominance of large-scale structure (Konrad, 1976). Al
three studies also found that entrainment favors high-speed fliid, and that frec-stream Anid
from both sides could be transported throughout the layer by large-scale struclures without
mixing, in accord with Broadwell and Breidenthals model. Howcever, the measurements
of Frieler (1992) and Karasso and Mungal (19496) indicate marching or tilted PDF shapes,




reapectively. Karvasso and Mungal argua that the PDF profile changes from nonmarching to
tilted bohavior with downstrean development and $hat the discrepancy in shape is cansed
by different messurement positions and resolution problems in some stadiea. Their conclu-
gion receives some support from the DNS results of Ropers and Moser (1994}, who were
able to change the PDF shape [rom marching $o nonmarching by applying forcing at the
initial condition; this forring led to large-acale rollers that epgulfed pure fluid into the layer
and resulted in a nonmarching profle. Freund (1997) also observed a nonmarcching PDE in

g low-vomprassibility DS of a similarly-forced annular shear kayer.

Heat Release

Experimental mvestigations of heat release effects on mixing lyers have been performed
by Wallace {1981} and at higher heat release levels by Hermanson and Dimotakis {1980
Despite the significant density deercase associabed with combustion, these investigations
measured a slight attemsation in growth rale a3 heal release was increaged. These reaults,
compiled by Hermaneon and Dimotakia and normalized by the zero heat relesse prowth
rate, are prosented in figure 1.5 using a beat release parsmeter, & = Ty — 1, where Ty is the
Hame temperaiure nortealised by the fast-slearm femperature,

Hermanson and Dimotakia also inferved a decreass in entrainment relative to the zoro
heat release casc to account for the difference between a 15% drop in growth rate ad
a 40% drop in mean density. They proposed that the growth rate attenuation was due
b an obgerved drop in shear streas with heat release. A similar drop was scen in the
DNS studies of McMurtry et sl {1989), who related a caloulated reduction in tacbulent
kinetic energy to a drop in the production term. This mvestigation also locked at vorticity-
altering mechanisms to describe o physical provess for growth rate change, They found that
thormal expansion and baroclinic torque eflecls resulted in suppression of both spanwise
and streamwise vorticity, More diffuse vortex structures resulted i a decreased capacity to
entrain fuid and grow the layoer thickness,

The central mode growlh rate attennation has also heen found in linear stability cal-
cilations, along with a prediction of central to outer mode transition when heat release
addition exceeds the realm studied by Hermaneon and Dimotakis (Shin and Ferziger 1991;
Day ef of. 1998 - see figure 1.5). Although discussed in different terms, the visualization of
buoyant diffusion Harees by Chen et aof. {1988) and Katta ef ol {1997} offer some compelling
evidence of ouler mods steneture. Deapite the different geometry, the physics of this flow arc
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identical to the shear layer: o flame-related deficit in the density profile eccures in a region
of velocity shear, producing a pdie/dy profile with two extrema and hence supporting the

development of outer modes.

Density Ratio Effects

BEarly studies of density ratio eflect by Brown and Roshko (op cit} were motivated by
the need to sepaxate this influence from compressibilily in experiments done with significant
density variation. Their results at dengity ratios, s = g»/py, of 1/7, 1, and 7 demonstrated
that the growth of the layer is enhanced with increasing s. The well-vesolved passive scalar
measurements of Konead {1976) indicated that the entrainment ratio is quite sensitive to
dcosity ratio vaciation, but otherwise noted littlo cffect on the mixed region of ﬂuid. The
entrainment effect has been confirmed by Miller et al. (1998) at high Reynolds number and
incorporated into the modeling effort of Dimotakis (1986). The most extensi:ze experimental
study of density ratio effects was undertaken by Fricler (1992). This study reported gencrally
good agreement with the growth rate obgervations of Konrad and also Brown and Roshko,
but nioted a strong dependence on the velocity ratio that makes direet comparisons difficult.
Frieler’s mixed fluid measmrements also confirmed Konrad’s resulls in showing only a siight
dependence on density ratio.

The movement. in the voxtical structure of the layer tewards the streamn with greater
density has been observed in both experiment and computation {(Dinotakia 1985; Soterion
and Ghonicm 1995; Duy ¢t al. 1998). As part of the development of semi-empirical formulas
fer spreading rate and entrainment ratio, Dinotakis (1986} proposed & pressvre-based ex-
planation for this cffect. In a reference frame attached to moving eddies, matching the tetal
pressure of streamlines terminating a¢ stagnation points between structures requires a bias
in position--and henoce speed—toward the denser stream. An alternative, vorticity-based
explanation for this movement sud other effects of the density ratio appears in the work
of Soteriou and Ghoniem (1995). Reasening that a change in density ratio only affects
the baroclinie vorticity generation, they considered this contribution in nonuniform density
flows and developed a simple dipole nodel to explain structure movernent teward the denser
side.




1.3.2 Compressible Mixing Layers
Growth Rate Attenuation

The stabilizing effect of compressibility on the growth rate of the central mode was
first observed in the Hpear stability studies of Dunn and Lin (1955), Loessen ef al. (1965),
and Gropengiesser {1970}, Experimental evidence {or the growlh rate suppression built
or the resalis of Brown and Roshko (1974}, who were the first to separate density ratio
and compressibility ellecia, For mixing layer flows, more definitive evidence came from the
experiments of Chinzei ef al. (1386). Papamoschou and Reshko {1988} followed this with a
comprehensive study of the growth rate reduction acress o large parnmeter space.

The concept of convective Mach nmmber, M., was developed by Bogdanoff {1983} and
further refined by Papamoschou and Roshko {1988) to parameterize the growth rate change.
This appraach sugeests large-scale structures contvect ab & velocity, U, which 18 deterinined
by equating the dynamie pressures in the two streama at stagnasion points in & reference
frame traveling at this speed. For Bows with an equal ratio of spocific heaks, the definitions
simphly to

N

Uy - U3
Vo= —rya  wd M=o
1 2 1 2

{1.1)
where Uy, a; and Uy, g are the velocity and sound speed of the fast and slow free sireams,
and (*} denotes a dimenstonal quantity. The collapse of experimental measurementa nor-
walized by their incompressible growth rates (as compiled by Slessor 1008%), and plotted
againal, A, is shown in figure 1.6 along with the prediction from linear stability theory.
The conventional explanation for the considerable scatter in this figure points to different
definitioms of thickness, initial conditions, Bow development, and aconstic foreing (Island
1997}, The use of scaling relations to obtain the incompressible growth rate is also known
fo lead to ervors for large densily ratios {Lu and Lele, 1994). Recently, however, Slessor
et al. (1998b) have snggested that the problem is in fact with M, and, as an alternative,
hawve proposcd a parameter that is inspired by the ratic of kinctic to thormal cnergy. This

approach resnlts in the parameter

1, = nm[u—”’:;I](Uf —U3), (1.2)

i)
whers ¢ i3 the frec-stream mdex, taking on a value of 1 or 2. This parameter vields the

somewhat-improved collapse of experimental dats seen in fignure 1.7.
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Divect numerical simulation databases have proven useful in determining the physical
mechanism behind growth rale suppression. Simulations of Lhomegenecusly-sheared com-
pressible turbulence by Sarkar et ol (1991) and Blaisdell et al. (1993) identified an increase
in dissipation rate due to dilatation effects as the source of turbulent stress snppression and
ultimately the growth rate reduction. However, the inflnence of dilatation was foumd to
be negligible in mixing layer simulutions of Vreman et of. {1595) and in Freund's {1097)
simulation of an anpular mixing layer. Further, as Vrieman et el point out, an intuitive
incomsistency exists in dissipation models for mixing layers because linear stability predic-
tiona based on inviscid analysis offer an excellent prediction (see, for example, figures 1.6
and 1.7).

Building on this observation, Vreman ef al. (1998) developed a model for the growth
rate based on the integrated production of turbuleni kinetic energy. Through the anal-
ysis of DNS databases at M,=0.2, 0.6, 0.8, and 1.2, they demonstrated that suppression
of the pressure-strain-rate redistribution term, caused by the reduction of pressure fluctu-
ations, was responsible for growlh rate attenuation with compressibility. This conchusion
was supported by the development of a deterministic model for pressure Auctuations that
provided good agreement to the DNS growth rate suppression. A shmilar pressure-strain-
based mechanism was deseribed by Freund {1997) in defailed simulations of a supersonic
round turbulent shear layer. This cxplanation is also consistent with obasrvations of re-
duced pressure ‘communication’ between large structures {Papamoschou and lele 19593}
The extrapolation of these ideas to the linear regime was also demonstrated by Vieman ef
al. {1996}, who showed that these concepts, although developed in fully twcbulent How,
apply equally in the linear stage of development and therely sxplain the prodictive success

of linear stability calculations seen in Bgures 1.6 and 1.7.

Coherent Structure

In addition to predicting the growth rate allenuation caused by compressibility, the
Bnear stability studies of Dunn and Lin (1955}, Lessen et af, (1965), and Gropengiesser
{1970) also demonsteated that three-dimensions] disturbances have larger growth yaftes in
compressible low. The experiments of Clemens and Mungal {1995) used plone-view images
to show thal guasi-two-dimensional, spanwisc-coherent flow stricture at A4,=0.28 and 0.42
transforms into disorganized three dimensionslity st M =052 and 0,72, This transtorma-
tion is in good agreement with the linear stability prediction of Sandham and Reynolds
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{1991 that showed the angle of the moal-amplified digturbance follows
M.cosf =2 0.6 {1.3)

for M. > 0.6. The cosine relation also suggests that there are a nmmber of shallow oblig-
nity angles where these waves are near-equally amplified for 06 < M, < 0.8 (Sandham
and Reynolds 199¢)); this provides partial explapation for the chactic structure viewed in
Clemens and Mungal’s high-compressibility reaults. I

Side view images of Clemenr and Mungal {1995) observed a change from Brown-Roshke
type rollers at M, = 018 to more elongated structure at M, = 0,62 and A, = 0.7
They also noted a kink that formed in the braid regions between structures as an effect
of eonnpreseibility. Spatinl corvelations of scalar images used to evaluate the chango W oa
phase-averaged picture of the structure shape (e.g. Messersmith and Dutton 1998) have
provided similar comelusions.

Beyond the range of compressibility attainable by most experimental facilities, the gen-
eration of two additional instability modes, one associated with each of the faast and alow
free streams, was first discovered by Lessen «f of. (1966} and Gropengiesser {1970). A full
vharacterization of the outer modes was provided in the spatial stability studies of Jackson
and Grosch (1989}, They characterized them as supersonic fast and slow modes, the former
being supersonic relative to the low-speed stream and the latter relative to the high-speed
gtresin. Disturbances that are supersonic with respect to a boundary were founsd to have
purely cacillatory asymptotic solutions in that streamn; this corresponds to ontgoing waves
in the far field. Howover, after taking account of three-dimensional ingtabilities, the central
made was found to have a signilicantly higher growth rate than the onter modes (Sandham
and [eynolda 19491} and hence the latter modes were characierized as inore of physical than

practical mterest.

Structure Velocimetry

Experimental estimates of the Jarge-struciure convection speed, U, have shown con-
stderable differences between measured values and those predicted by cguation 11 when
compressibility s signilficant {(Fonrguette ef of. 1991; Elliot ef al. 1893; Hall et of. 1993,
Papamoschou and Bunyajitradulys 1987). These results bring into guestion the symmet-
ric assumption built into egquation 1.3, This kas lead some researchers to postulate that
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local shocks generated near coherent structures are responsible for the discrepancy (IPa-
pamoschou 1989; Dimotakizs 1991}, Experimental evidence for eddy shecklets has been
indivectly inferred from Mach-wave angles obgerved in the schlieren images of Hall ef al
{1993}, Papamoschou's {1995} investization n & counter-How mixing layer revealed more
direct schlieren-image evidence of shocklets, although it ia imclear if this absohitely unstable
Bow confignration has played a part in théir creation.

Numerical simulations have provided some confirmation of shocklet presence, bt only
at sipnificantly higher compressibility levels than the experiments. After discounting their
prumatire appearsdice in fwo-dimensional simtlations, shocklets hase been obgerved in
the three~dimensional direct simulations of Miller ef of. {1994), Vveman ef af (1996},
and Fround (1997) at M, = 1.2, M, = 125 and M, = 1.54, respectively. It should be
noted that Fremmd's number wag obtained for a compressible jet, and also corvesponds
to o better-resolved simulation. These high M. values suggest that shocklets—althongh
they are physical—do not aceount for the U7, discrepancy seen experimentally at far lower
cormpressibility.,

Taking a different approach, Sandham (1989} theorized that structure convection speed
cotld he estimated by the neutral mode (ie post saturation) phase speed calculated from
linear stability theory. This perapective helps explain experbnental measurements ol con-
vection speeds near the frec streams because neutral mode phase specds hasve been shown to
correspond to outer mode solutions at significant Mach numbers (Jackson and Grosch 1389).
Sandham's estimates, based on asymmetric velocity profiles calculated from the boundary-
{ayer equations, showed considerably better agreement with Papamoschow’s {1989) resulls
than predictions from equation I.1. Remaining discrepancies were attribnted to differences
in the mean profile, which can cause significant effect on hnear stability predictions (hMonke-
wilz and Huerre 1982; Jackson and Groach 1991; Shin and Ferziger 1991).

Planned experiments of Rossmann ef al. (1999} will hopefully resolve the shocklof issne
by conducting experiments in a new shock tube that will access conditions up to M, < 4,
which is far beyond the M, < 1.5 hmit of current blowdown facilities. This regime was
attained in the expansion tube experiments of Erdos of of {1992} at A, = 2.8, although
their Hmited meamrements and visualizations lacked the ability to resolve any outstanding

questions,
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Sealar Measurements and Mixing

In comparison to the mcompressible case, relatively few scalar measurement of com-
pressible mixing layers have been made. Island (1997) states that these resuits should be
viewed cautiously bocause the high Reynolds nnmber causes poor resolution in all compress-
iide experiments done to date. All experiments agree on a marching mixture fraction PDF
(Ditton et af. 1990; Messersmith and Dutton 1992; Clemens and Mungal 1995; Clemens and
Paul 1995), which is notable in comparison to the considerable disagreement .fuund in in-
compressible studies, Further evidence of o marching profile comes {rom {sland (1997}, who
determined that the composition of mixed Quid near the layer edge became biased towards
the free-stream composition as compressibility increased. Milier el ol. {1998) provided an
explanation for the change from nonmarching to marching PDFs based on the transition
from two- to fhree-dimensional structure. Clemens and Mumgal (1995} and Messersmith
and Dutton (1992) both observe a narvowing of the PDF distribution at a given position
with compressibility, implying a slight increase in the amount of tnixed fHuid.

Besolution-ifsensitive measurements of the mixing efficiency have predicied a small
increase {Clemena and Paul 1995), negligible effect (Tsland 1987), and a decrease {Halt 1991)
with compressibility, although follow-up work to Hall’s in the same facility have supgested
a weaker eflect {DHmolakis and Leonard 19894). Hall aleo inferved a near unity volumetric
cotrainment ratio, which differa significantly lrorn the fast-stream biss of incompressible
flows. In well-resolved direct numerical simulations of an annular shear layer, Freund {1997}
measured a mixing efficiency increase with comnpressibility, Freund's PDFa show a tilted

distribution at compressibility levels beyond the experimental conditions.

Heat Release

When the effect of heat release is added to compressible flow, the importance and in-
dced dominance of the outer modea becomes clear. Heat release distorts the pdu/dy profile
{ree section 1.2} and consequently favors the outer mode instabilities {PPlanché 1992; Shin
and Ferziger 1993}, Planché introduced the flame convective Mach pumber 1o parsineter-
ize the effect of compressibility on outer wodes according to the shear between the flame
position and the appropriate free strenin, Planché’s numerical simnilations also addressed
the growth mechanisin for puter mode structures and their transition to tnrbulence, Large

barochinic torques were fonnd to prevent vortex pairing, vausing the fast and slow made
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subliarmonics to consmmne the saturated fundamental through a ‘gulping’ mechaniam that
occurs independently for the two modes.

Experimental work in this regime is relatively limited due to ita considerable complex-
ity. Significant work in compressible reacting mixing layers at A{, > 0.4 has been reported
by Miller et ol (1998}, although the combination of heat telease and compressibility in
thig experiment was not sufficient to generate an onter mode structure (Planché 1992). In
comparing two O rcacting cases at M, = 0.32 and M, = 0.70, Miller ef al. observed two
important effecta of compressibility: frat, in agreement with Hall (1991), acetone measure-
ments indicated a near-equal entrainmoent from the two streams. Sccond, they note the
surprising result that the high M. case has an OH signal of larger width and significantly
higher strength than obzerved at low M, suggesting that compressibility enhanced the com-
buation process. Both observations were attributed to the development of three-dimensional

fiow structure that produces a related change in entrainment and internal nixing.

1.4 Computational Technigues

The present work makes use of linear stability theory (E3T) and the parabolized stability
equations (PSE) to model the evolution of the compressible reacting mixing layer. We shall,

therefore, limit our discussion to these two methods.

1.4.1 Linear Stability Theory

This analysia tocl is based on quantifying the growth of a waves which are assumed as
a model for disturbances in a laminar mean How. This is & simple but extremely useful
way to analyze the development of flow structnre. Qualitative evidence for this comes from
the early visualizations of Hama {1962) and Michalke {1965}, who both demonstrated that
simple patters of Hinear waves superimposed on a mixing layer base low will produce vortical
atyucture similar to that viewed in experiments. The undoerlying wave nature of ihe flow s
also evident in the instantaneous views of the velocity field by Urban (1999} using PIV in
a compressible mixing layer.

{uantitative evidence for the aceuracy of lincar stability prediciions is available in atnd-
ies that compare results to experimental {Lu and Lele 1994; Sandham and Reynolda 1590} or
direct simulation resulia {Sandkam and Reynolds 1041; Planché 1992; Planché and Reynolds
1992}, These investigationa have demonstrated the utility of uging linear stability methods




14

to gain significant and aceurate insight into the fiow physica at neghigible computational
cost. Additional proof of this is seen in the pood agreement between our linear stability
predictions and experimental results for compressibility and heat release effects shown in
figurcs 1.5 through 1.7. The alight disagreement at very high compressibility levels in these
fizures could be the result of acoustic modes beeoming dominant for the confined-geometry

experiments, although there is insufficient data (o confirm this.

1.4.2 Parabotized Stability Equations

The paraholized stability cquations proposed by Herberl and Bertolotti (1487} form a
newly-doveloped sitaulation ool thal Tiag shown great promise for the study of convectively-
unstable Hows {see Huerre and Monkewitz {1995] for & complete discussion of convective
and absolute instabilitics in free shear loyers). The PSE techmigue offers the accuracy of
nonlinear anslysis al the low computational cost of atability methods, In short, i can be
thought of as a technique that adds nonparalicl and nonlinear modeling to linear stability
theory. Thus, it provides an exiremely useful analysis tool to bridge the considerable gap
belween linear stahility methods and more refined Jarge eddy or divect simulation techniques.

Although the technical details of this method were first widely reported in Bertolotti ef
al. {1082}, the techniyue has evolved aignificantly from this point and recent papers offer a
more useful diseussion of the PSE method and some helpful insighis into its implementation.
Foremost amony these is Herberl’s AGARD Report (1994), which offers technical detail
and discuyssion ab a level appropriate for developing o PSE code. This report also offers
a demonstration of results from several different applicatinns, inchiding boundary-layer
computations, snd receplivity and transition stndies. Another very useful—though less
lechmical - overview of the PSE techpique snd its applications by Herbert appesrs in his
recent Annual Roview article (1997).

The extension ol the PSE approach to compressible caleulations was first addressed by
Bertolotti and Herbert (1991) in a briof commumcation on the calenlation of supersenic
bommdary layers. A more detailed disenssion of this subject later sppeared n the ICASE
report, of Chang et af. {1993), who discussed both subharmonic and fundamental types of
breakdown in a compressible lat-plate boundary layer with cxecllent comparison $o DNS
resulta, Pars of this work stnmlating the ablique-mode breskdown at M = 1.6 was reported
in Chang and Malik (1994},

The study of transition on a cone in Mach 8 flow by Prueil and Ghang. {1096} used
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a combination of PSE and DN3S methods. This complementary approach employed PSE
to compnte the weakly- and moderately-nonlinear stager of transition, providing & har-
monically diverse and quantitatively accurate input condition for the DNS calculation, and
gignificantly lowering the cost of ainulating the later stages of transition. The flexibility
of the PSR technigue also allowed variation of the inlet disturbance magnitudes antil cood
agreement with experimental results was obiained. Overlap regions between the DNS and
PSE caleulations also served to validate PSE resulis. The two methods offered excellent
agreement throngh the weakly and modersiely nonlinear stages of the calenlation, although
PSE pridicted a shightly carlier trapsition point. This discrepancy is likely due to the break-
down of PSE assumptions, particularly concerning the mean-flow correction, as nonlincar
interactions began to dominate the How,

The first application (to this anthor's knowledge) of the PSE technique to a free shear
layer was done by Malik and Chang (1897} in their caleulation of & A = 2.5 supcersonic
jet. They used a combination of linear and nonlinear simulations to sty pressure wave
ereation and helical-mode interactions. Yen snd Messersmith (1998) also apphicd the PSE
method to jel instabilities, although thizs study was limited to linesr analysis of Reynolds
and Strouhal mumber effect on instability amplification.

The present investigation constifutes the first application of the PSEE approach to the
atucky of both mixing layer and chemical reacting Hows. Detailed discussion of our method
and validation of its results againet direct nnmerical simmlation will be provided in sec-
tions 2.3 through 2.5 before results fom the techaique are discussed in chapter 4. Finally,
appendix O addresses the detalls of the actual code and includes directions forr its pablic

availal:ility.

1.5 Overview and Objectives

The primary objective of this work is to develop an understanding for the ditferent Bow
structure regimes in the compreasible reacting mixing layer. This direction was motivated
by the oppurtunity to inferact closely with a complementary experimental cffort at Stanford
University. This collaboration identified a need to investigate flow physics in the extensive
paramector space of a new shock tube facility {Rossinenn ef ol 1999), Our specific rescarch

objectives are as follows:

» To conduct a comjprehengive parametric study 1o identify the effect of different flow
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conditions on the structure of the compressible reacting mixing kayer,
¢ To dotermine whick parameters dominate the creation and change of flow structure.

o To develop a complete understanding of how these parammeters combine to causc a

change in How strocture in dillerent regimes of the parameter apace.

e To study, in detail, e properties of these different modes with a {ocus on determinitg
how the mixing mechanism changes with fow structure, and what possibilities exist

to enhance the combustion performance in different regimoes,

o To provide support to the experimental investigation by answering quostions that are

well suited to computational aookysis.

1.5.1 Parameter Space

Our parameter space is extensive but by oo means exbavstive: the effects of compress-
ibility, heat release and the flow-stream ratins of density, equivalence, and velocity have
been analyzed to determine bow these parsmeters change the Sow structure and what ime-
phications this has for mixing and combustion performance.

'The effect of compressibility is parameterized by the convective Mach number, M, {egua-
tion 1.1). Given the exporimental evidence {see section 1.3.2) that guestions the validity of
the symmelric agsumption that leads Lo the M, definition, thiz pacameter should be only
viewed as a generalized moeasure of compressibility, The expression for M, can be further

gsimplified for lowa ol uniforin molecular weight, A, 1o yield

_ My y/pa(t — U)
L+ yE

where p iz the densily, M is Lhe Mach number, the subsoripts (1) and (2} vefer to the faat

M, f1.4)

and slow streame, and the variables have heen nondimensionalized by their fast-stream val-
ues. The present study assumcs a uniform composition, iImplying constant molecular weight
atd gpecific heat ratios ihroughout the layer. The nnHorm molecniar weight assumption,
albhough acknowledped as a simplification of the parameter space, is jostified for the com-
preasible reacting mixing layer experimental cases of Miller et of. {1998} where N, was used
as the fuclstreamn diluent. It does not apgree, however, with their third case thal used e

a5 the dilnent, although thia case appearr to be less realistic in practical applications.
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The presence of combustion is modeled through a single-atep chemical reaction
FinQ = (n+1}P, {1.5)

where n indicates the mamber of nil-masses of oxidizger that stoichiometrically react with
one nnit-mass of fuel. The amomt of heat release imparted to the layer is measured through

a nondimensionslized enthalpy of combustion (heat release parameter)

_ ARV |

ST+ ) (1-03)
 —lle kg, — nad - Akl ¥y 0
- o T+ ) * (.61
=Ty — 1, {1.6c)

where AH} is the enthalpy of combustion per unit mass of Tuel, ¥ o i3 the fuel mass
fraction on the slow side, ¢ s the specific heat, &h}:z is the enthalpy of formation for
species k, and 77" the temperature on the fast side of the mixing layer. Under this definition,
the heat release parameter has the concise relation fo the adiabatic lame temperatnre, T,
piven m equation (1.6¢) (Williams 1085). The cqgmvalence ratio is also included in the &

equation, and its definition is

b ool Yosrooheat 2o (1.7)
{Yf.—meaﬁmjsmich Ya,—l—m

‘Fhe remaining parameters of the investigation are the density and velocity ratics s = pf /p/

ﬂ,nd F= U;;‘r[ﬂr;.

1.5.2 Owverview

In broad lerms, this investigation employs three different techoiques. First, the density-
weighted vorticity profile i used to provide basic understanding and prediction of #ow
structure, Then lincar stability methods are wiilized to develop o full apprecistion for how
this structure changes as a function of 2 large pavameter apace. And fnally, the parabolized
stability cquations are apphied to the detailed study of different How structures to addross
isanes of mixing and interaction, The numerical aspects of these techmiques and their
validation are provided in Chapter 2.

Chapier 3 presents results from a parametric study of the compressible reacting mixing

layer uming linear atability analysia. Owur study fommses on how these parameters affect
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the dominam flow strocture of the mixing layer; reghme charts are pregented to provide
& complete view of the structure change, Issues surrvunding velocity ratio scaling of the
amplification rate in compressible reacting conditions are also Investigated,

A more detailed view of the How structure 18 presented in Chapter 4 using resulte from
a nonlinear analysis method, the parabolized stabilily equatioms. Details on the cvolution
and mmxing of the different How structurcs will be discursed. An analysis of colayer Hows,
where {wo modes are equally amplified, is presented to identify what capabilities exiat,
for cabhancing mmixing and to determine how prevalent these modes are in practical flow
confignrations. Finally, the strong correlation between linear stability gprowth rates and the
nonlinear phenomenon of vortex paiving will be demonstrated. This correspondence helps
to cxplain why lincar stability theory offers such an acourate prediction for the meassured
growih rates of fully twrbulent mixing layers.

The conclusions drawn from these results are suwmmarized in Chapter 5. In addition,

recomnmendations and aress of inferest for finture mvestigations are outlined here.
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Figurs 1.1 Schematic of the flow configuration with specified input conditions,
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Figure 1.2: {a) Schematic of 4he incotnpressible nonrescting density-weighted vorticity profile that
reanlts in the contral mode structure pictured in (b)),
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Figure 1.3: {a) Schematic of the compressible reacting density-weighted vorticity profile that results
inn the cuter mode structure pictnred in (b}.
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Figure 14: Schenvatic of the mixing mechanism in (a) contral and (b} nuoter mode dominated fows,
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Chapter 2

Analytical Models and Solution Methods

This chapter offers a detailed discussion of the mnnerical methods that were applicd to
gtudy compressible reacting mixing layers. The choive of numerical technigques was guided
by this project’s intent: (o gain a broad understanding of the flow stability, structure, and
mixing ascrosa a full parsmeter apace. The first phase of this effort required an extensive
parametric investigation, where the expanse of conditions to be studied demanded the uese
of the computationally cheap—alihough physically insightful —approach of linecar stability
theory {L5'T"). This technique provides a fundamental understanding of Lhe fow struninre,
but it understandably cannot predict the interaction of stability modes.

Building on tha foundation of the LST parametric study, the second phase ol the project
required a nonhnear technigue to study How structure inderaction and its implications on
mixing. ‘The parabolized stability equationa (I’SE) offer an execellent tool for this task
by combining the low cost of a stability technique with the quantitative accuracy ol a
nonparalicl, ponlivesr method. This combination allows [or & considerable advantage in
Bexibility over direct mumerical or large eddy simulations within certain restrictions: the
computations are Hinited to convectively unstable flows and can only be accurately carvied
to a moderately-noniinesy stage. A Turther advantape comes from the spatial nature of this
gtability method that, in comparison to temporal simulations, permits modeling velocity
and density profile asymmetry.

This chapter will first congider the methodology for ealenlating solutions of the laminar
meat How which ave reqnired for both linear and parabolized stability methods. These
solutions of the compressible boundary layer equations will be used in the development of
linesy stability theory in the next section. Finally, the chapter will close by addressing the
evolntion of the LST approach to incorporate both flow nonparalieltsm and nonlinearity in
the PSE method.

23
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2.1 Mean-Flow Development

This section outlines the governing equations for the mean How and how they are ma-
nmipulated to vield selfsimilar solutions for the wmean velocity, density, temperature, and

passive scalar profiles.

2.1.1 Mean-Flow Equations

Doevelopment of the mean-flow solution begins with the two-dimensional compressible
boundary layer equations for lsminar reacting flow, In dimensional form, the simplificd
equations for copfimuily, siremmnwise momentnm, ensrgy, species mass Faction, and e

tdeal pas equation of state are {Kuo, 1486)

dp*u*  Bp*

o o 0, {2.1a)
x *aii* *ﬂ‘!f-* — !ap*
P (u o + v 53;*) = ﬂ ( ) {21k}
B £ 04 (py 200

. + Y )
+ @ Z(Lek L_ l}hkﬁ;] } {2.1¢)

R ~ e dn
o (u ) = (PT‘LL;; oy 4wy, (2.1}

=p'R'T, (2.1e)

where * denotes a dimensional quantity; ©* and y* are the streamwise and normal coordinate
directions; u* and ¢* ave the velocity components in those directions; o*, g% and T are the
denaity, presaure, and temperature, respectively; ¢° i the viscosity; ¥, is the mass fraction
of specics &, where £ is one of oxidizer, fiuel or product, and the sum of £'s s K; 1wy is Lhe
time rale of production of speeies k; and R* is the gas constang. Murther, the Lewis and

I'randt]l wumbers are defined as

Ley = *A"* = and Pr= cp;:!. . (2.2)
o e | ’}"c:

where D} i3 the diffusivity of the specics &, ¢f the specific heat at constant pressurc, and

A% the conductivity. The energy equation {2.1c) is cast in torms of the total enthalpy A}
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that encompasses both internal and kinetic formes of energy with the definiiion

K
i =3 Yihp +u'2/3, {2.3)
k=1
where the internal contribution is further subdivided into sensible and chemical components

T#
b= T+ AR | (2.4)

These egnations were nondimensionalized with the respective fast-stream value {denoted
Iry the subscript 1) for all low variables. The length scale was chosen to he the initial
vorticity thickness,
Uy -3

§f =t 2 2.5
e dﬁ*:"fdy;lax,ﬂ @5)

This normahization procedure gives

u* o ™ " hy L+ LN
H=—_—, = T:——* = fpo= —5, fﬂT. 2.6
U‘f p pi T] L] p pi 4 U;ﬂ ﬁwﬂ { }
These parameters result in a reference Reynolds number definad as
I}
Re, = P10 (2.7)

w1
The equations are further simplified by assuming unity Prandtl and Lewis numberr. and

negligible streamwise pressure gradient to yield the nondimensional system

% + % =0, (2.81)
P Ju 1 & ¢ Ou
Ohy ahy 1 8y dhy
ik dy ~ Re,dy (‘Mﬁ) ! (2.8c)
Yy, i) 1 & ¢ dY, .
b -+ Gy Ron Eiy( By ) +F ity {2.8d)
T = 1, {2.8¢)

The derivation of the mean profiles in a similarity form requires the chemistry to be

simplified down to a single step of the form

F+20 -+ (n+ 1)F, (2.9}
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where n represents the mass of oxidizer thatl stoichiometrically reacls with one unit-mass

of fued to produce v + 1 unit messes of product. The passive scalar 2 s defined as
Z=Y;~Y,/n {2.10}

Under the assumption of infinitely-fast chemistry, it follows that fuel amnd oxidizer cannot
co-exist and that all chemical reaction is confined to a single point in a one-dimensional
profile, and & ling in two or a surface in three dimensions. With this agsumption the species

equation can be expressed in passive scalar form as

o)A 42 1 &y o0&
- S Pt 21
Mo TPy _chaHO‘ay) (211)
Finally, the streamn function definition for compressible flow is
4
ML= id and g = _% (2.12)

y g’
which implicitly satisfics contimuity and climinates equation (2.8}, and can be used to sim-
plify the system, These definitions recast the equations for the conservation of momentbimn,

species (passive scalar), and cocrgy as

Spdu dpdu 1 8 Bu
Oy dz  Bedy  Re,dy ('“' ay)’ {2.13a)
402 HpHZ 1 B¢ 8z

EE - mﬂ_y " Re, ﬂy( th ' (2.130)
by Ohy O ik, 1 8 %

dy e A Dy _Rﬂn iy (""E ey ) (2.13c)

2.1.2 Similarity Solutions

A similarity solutien can be fonnd by first introducing Howarth'’s coordinate fransfor-

mations [Schlichting, 1874)
f Y
s=x and n= %f prely. {2.14}
2 o

Then, by assnming that the mixing layer is fully developed and that quantities are only

dependent on 7, the giream fimnction, passive scalar, and total enthalpy have the lorm

Baw) = o), A =20), amd Mny)=h(n. (219
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In thiz form the streamwise evolulion is contained only in the stremnfunction, and its
appearance in the energy and passive scalar equations then defines the evolution of these
guantitivs explicitly. After substiotion inlo equalions (2.13a) 1o {2.13¢) and aimplification,

the governing system takes the form

By "o .

(TF) L FE =1, (2.162)
!

(52} + 52 =0, - (2.16b)

Hoy i _ .

(Tm) + FH =0, (2.16¢)

where ' denotes differentiation with respeet to 5. The additional, but not required, as-
sumption that the nondimensional viscosity and temperature are linearly relaied yields the

further-simplified form

F'"+ FF" =g, (2174}
2"+ FZ' =0, {2.17b)
i + Fhy = 0. (2.17c)

This system of equations was solved using the shooting method of Sandham {1989) with
some refinements and additions that will be outlined Lere. Obtaining ihe solution for F is

the first step, and it muat satisfy the boundary conditions

Fi{mo) = 17, (2.18a}
F{y =0, (2.18b)
Fllwoo) = Uy, (2.18c)

where the second condition comes from specifying v = 0 at the contechine, and U and T/
are the nondimensional velocities in the fast and stow streams. The shooting method iv as

follows.

» Guess F'{8) and FY{0). Setting F'{0}} equal to the mean velocity and F*(0) = 0.1

were found to be robust guesses.

¢ Integrate F' to n = o0 using a variable step, fifth-urder Runge Kutta method from
Press ef of (1992}, The approximation oo = 1564, was found to be more than

stufficient.




28

« Exploit the invariance of equation (2.17a) to the transform Ffan) = F{n)/a to make
the three-paint bonndary value problem (eactable, Set the constant a equal to Fioa)
and recast equation {2.17a} in F so that boundary conditions (2.18a) and (b) are

directly satisfied.
» Integrate F 10 n = —oa using F{0) = 0, F{0) = F'(0}/e, and F7(0) = F"(0)/a.

¢ Compare F{—o0) to Uz (the boundary condition 2.18¢) and use a secanit method to
force agreement within a tolerance of 107 by adjusting F(0),

This procedure will drive e towards unily, but 1% will not reach this goal unless F7{0) is also
allowed to vary. And additional, outer iteration loop adds this capahbility.

¢ Repeat the secant iteration loop with F/(0) set to the final value of F(0) in the
provious iteration. Continue ihe outer iteration until @ = 1 is satisfied within a 1867%

tolerance.

This dual-feration procedure vields F(7), which can then be used to obtain b () and
Z{n) from eguations (2170} and (2.17¢) following the method of Planché (1992}, These
solutions can be arrived at in one shot because both equations are linear. For example, the

invariance 7 = bZ + ¢ can be used to gatialy (ke bwo boundary conditions
Zloo) =Yy and Z{-w) = -Y,/n {2.15)

The solution for k; follows exacily the same procedure with the boundary conditions

TRT

i(oa) = oD + Yoo}, + UF /2, {2.208)
TRy P ‘
ﬁ.t{""DCI] = m + Y_ﬁ_mﬂh?j + Ug 32 [EEE}I:-]

Theae e.quai;inns are nondimensionalized by +2, and appear with the assumption of con-
stand speciic heats, v = v = 9 = 1.4, and uniform molecular mass, A4, in the mixing
tayer. The laller assumpion yields a unilotm gas constant and, more hnportanthy, a recip-
rocal relationship between g and T through the ideal gas equation and the this-shear-layer
agsumption of uniform presaure,

After the solutions for F(n), k{n), and Z(n) were obtained, the Y;(n} profiles were fonnd

from the passive scalar definition {equation 3.10}. The mean velocity, passive scalar, and
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temperature profiles were evainated as

wiz,y) = ), {2.21a}
1 2&. '

wan) = ooy g [ - Fin)] (2.21h)

Z{w,y} = Z(n) {2.21¢)

Tievyt = {(hlw) — YeARS; — Vo, ARG, ~ w*(n)/2) /o, {2.21d)

The heats of formation were determined from equation {1.6c) for & prescribed value of ©
with the assumption that the chemical veference species included both the product and

oxidizer, and hence h‘?. 7 is the only nonzers contribution (o AH.

2.1.3 Streamwise Darivatives

The streamwise evolution of mean-How quantities was obtained by laking the » derivative
of the equations (2.21a} through (2.21d). Applying the chain rale to equation {2.21z), for
example, vields

Judn  Bu g

7 Y = o0z T 3 oo (2.22)

where the second term drops out because ulz, y) = u{n). Applying this procedurs to each

equation yiclds

%{m‘,y} = B ?—-, (2.23a)

o 1

e = \ahe [T'[?}II{HF’{TJJ ~ F(n)) +aT(n}F "{n}lgﬂ (2.23h)

9z Sy = 7 g-g (2.23¢)
By~ YARS, ~ YiAR, - F'F'] ay

T = ﬂp X (2234)

The evaluation of dn/0x requires some development. Consider the coovdinate Lranslorma-
tion Jacobian and its inverse

Lx Sy
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Their product is defined by
JJ_I - taTy + Syl Galy + Gy _ 1 ¢ , {225}
Ny T My¥e  Tlon + Tyl 01
and this yiclds the relation
dide  Ondy
B ds  Qydc
Using the definitions of ¢ and 7 from equakion (2.14), this can be expressed as

By _ B Oy 5 07
Bz 4 20 d¢ (2:27)

Evalnation of dy/&; can he determined from

i a Re, /‘“ )
e — - o 2.28
g =0 ag(\} 2e %)) (2.28)

(2.26)

or
thy 2r n
—= —. 2.29
& Re, 2px (2.29)
A corahination of eguations (2.27) and (2.29) then provides
in 7
= e, 230
o e (2.80)
Using this expression in equations (2.23a) and {2.23d} provides the tractable form
2 4
Y = —t— (2.31a)
du 1 o ' i
— = —Nif === - i 2.31b
o) = o [TOOF ) - F@) +aToF )], (2310)
aZ na!
ey = -3 (2.810)
Bt — YIARS — YIARG — F'FY
o () ol = YpRky, - YoAkg, 3 (2.314)
Jx 7 2% cp

Finally, to return 1o the original coordinate system, Howarth'’s transforsm was reversed

iy 2, 1 .
= e with  y{0) =0 (2.32}
iy Re, pln)

whete 2, the distance from the vivinal origin, is determined for a given He, by the condition

by integrating

that 6, = I. Resulis will be presented in terms of @ = &' — ©,, where &' originates at the

virtual origin.
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2.2 Linear Stability Theory

This section outlines the methodology for a linesr stability analysis of the compressible
reacting mixing layer, The analysis begins with the development of eguations that govern
the lincar growth of How-ficld distuerbances. A gonoral form for disturbances is then chosen—
in this case a (hree-dimensional (raveling wave—and the systetn of linearized equations is
reduced to an eigenvalue problem. The sohution of this problem yields eigenvalues and
cigenfunctions that provide fundamental insight inko the growth rate, length and time acales,
velocity, and three dimensionality of flow distuwrbances. In sunmary, this method provides
fundamcental, qualitative insight into the Hlow structure at the negligible computational coat

of solving an etgenvalue problems,

2.2.1 Linear Disturbance Equations

The sirmlation and analysis of compressible reacting flow vequires solution of the conti
nuity, momentitm, energy, species. snd state cquations. In this inveatigation, thess equatinns
were simnplificd by assuming that the flow ia invieeid. This shmplification is physically jus-
tifled by the inviscid nature of Lhe Kelvin-Helmholtz instability and has been numerically
validated in the viscous stability calenlations of Ragab and Wu (1988}, where results were
ghown to be independent of Reynolds mumber for fe > 1000.

[k follows that ithe Euler equations, obtained by dropping the diffusiom ferms irom the
Navior-Stokes eguations, can be used as the starting point for the linear stability analysia.
The dimensional Buler equations for contimnty, momentum, passive scalar {spoecies), and
total enthalpy are (Kuo, 1986)

dg*t dptug

Tt = 0 (2.33a)
p*(%?%*"“}g%:::) — _.:% (2.330)
p*(%m;g%) _— (2.33¢)
p‘(%?*”fgié) — ‘3% (2.33d)

And for ideal compressible fluids the perlect gpos law

P BT {2.34)
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can be applied ag the state velation to close the system of equations. Using the definilion
of #f, the perfect gas law, and the continuity equation, the energy equation (2.33d} can be

recast as
ﬂT“ ar* dey, Oy Oul
* t:_ ﬁTﬂf .y _ * 1 . !
Pl - R]( 35$;)+ﬂ (m tU G ) P (2.35)
With the agsumption of constant specific heats to this can be further simplified to
™ & —p*{y — 1} Bul
* : * . 2.36
(3!'+35'm) R 0o (2.36)

Nondimensionahzation was done with reference variables from the fast side of the Iayer
and the initial vorticity thickness, which is consistent with the mean-flow derivation of

gection 2.1.1. The nondimensional system of governing equations then becomes

dp e _
Bt = O (2.372)
Sy Huy 1 &p
2t = e 2.37h
p(ﬂt +H“?Ha:j) SoME By (2.37h)
p( z u‘?ﬂn‘j) = 0, {2.97¢)
cJ'f-u.a

( -Hsjd ) = —ply - 1} {2.3%d)
p = pl, (2.37¢)

where, similar to the development of the mean Sow, the sassumption of constant molecular
weight hasg been made.

With the governing system cstablished, the developinent of the linear disturbance equa-
tiong can be addressed. This procedure begins with the decomposition of all physical vari-
ahles into their mean and fuctuating paris, where the mean components correspond to the
laminar solutions that were developed in the previous scetion. The flow is agsumed to be
guagi-parallel, i.e. mean velocities in the cross-stream and spanwise directions, 4 and @,
are neglected, leaving only a contribution n the streamwise dircction. Consistent with the
high Reynolds number assumption, the slow streamwise variation of mean-flow guantities
in neglected and a onc-dimensional solution in 4 results. Finally, the pressure is assumoed

to be uniform throughout the mixing layer and therefore it has a normalized mean value of
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umty. With ihese restrintions, the decompositions become

p=i+ it =1 4 i,
1 =T+ 7T, =1,
{2.38}
p=1+p, W=,
Z=Z+7,

where I[_} and (} denote mean and Auckuating quantities, respectively,
The process of substituting these decomposilions into the governimg equations, elimi-
nating the terms that satisly the averaged equations, and neglocting nonlinear torms yickds

the following systom of linearized disturbsnce equations

3.!':" Al dp diy i

ot Pz T M om J””E" thE, - Y (2:402)
% + ﬁ% + (p8s + J’“‘"J} + il iul = _%? (2:40b)
p% + pfﬁ + {fi; + .mat}c}z + fit—— gz = {2.460¢)
L | ey LY

5 = pF+ 5T (2.400)

Note that there iz 50 mechanizm in these equations to acemmt for density variations caused
by chemical reaction and heat release. This is in keeping with the results of Shin and

Ferziger {1991}, who showed that il this coupling has a negligible effect on stability results.

2.2.2 Eigenvalue Problem Development

The Nuctuating compouents are modeled with the peperal form of three-dimensional

traveling waves,

[& T, 5,0, B, Z|(w, 0, 2,8) = €, [, T, p, 8, o, , Z]{g) ™48 4 ppe {2.41)

where €, 18 the initial smplitede of the disturbance; ﬁ,f’, 4,4, w0, and % are cotplex eigeti-
functions dependent only on y; o and § are the complex wavenumbers in the streamwise
and spanwise directions; w s the disturbance frequency; and it c.c. denotes the complex
conjugate which is included o make sure thal ihe lefl. hand side is real valued. For the

spatial stability analysis conducted in this invesiigation, disturbances grow in space and
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not in time and thas we considerer the case where w iz purely real and o complex. The
comverse ja true for temporal analyais: disturbances are allowed fo grow in time but not
in space by requiring o to be purcly real and w complex. The spsnwise wavenumber § is
reqquired 10 be real in order to prevent waves from amplifying as z — £oo. It is related to

the atreamwise wavenember o through simple geometry,

tand = £ _ (2.42)

¥y
where # ia the obligque angle of the disturbance with respect to the streamwise direction.
Three-dimensicnal disturbances are equally likely to travel at positive and negative values
of 8.
Substituting the traveling wave model of equation (2.41} into the linearized disturbance

cguations yields the aystem

pilo® — w) + 57 + pli{ed + 30) + 8 =0, {2.43a)
T . apy _ —iexf
pli(oT ~ wit + 7]} = r}?ﬂﬁ’ {2.43b)
pilodl — w)b = ﬁj}’l (2.44c)
BT — wip = J%;;JI (2,43}
Flilati —w)Z + 62} =0, (2.43¢)
Plila® — )T + 0T | = —{y — 1) [ilad + g8) + ¥, {2.43f)
p=pl + T {2.43g)

where {)* denotes the operator d/dy. Algebraic reduction of this systemn beging by raultiply-
ing the linearized continnity equation (2.43a) by T before adding it to the encrpy equation
{2.43f). The uniform pressure assumption gives 85/dy = 0, i.e. F’T-i—ﬁ = 0, allowing the
resulting expression to be written as

i{of — w)[fT + pT| = —[i{nit + Ba} + 8]y, (2.44)
which can be further simplified with equation {2.43g) to give an equation m f,
i — wip = —fi{ed + fair) + . (2.45)

Eguations (2.43b) and (2.431) are then nsed to eliminate # and 4t from equation {2.45).

This result and the linearized v mwementum equaation {2.43¢) together form a coupled set of
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two ordinary differentisl equations in & and §

A s tagp
w—e)f —dw = —, {2.46)

{ ) o M?

e n i
ol ~ el = ——, 2.47
i - ) nM{ 240
where g is defined as
3
g= PRI Wape e (2.48)
g ¥

andl ¢ is the complex velocity {the real part of which is the phase speed)

cm =, (2.49)

o

For the purpose of recovering both $he eigenvalue and eigenfunctions it is preferable (see
seotion 2.2.4) to directly nse this eoupled set of cquations. However, in the move common
situation where interest lies in the growth rate, —a;, only the eigenvalue needs to be calen-
lated. For this task it is computationally more efficient to rednce the coupled system fo &
single equation through the method of Gropengiesser (1970}, This approach introduces the
composite variabla
iap
= — 2.50

which allows equations {246} and (2.47) to be combined into the following first order,
nonlincar ODE
x(ZIxg+@}

T—6

(M

—_Eﬁuc—- .
X Tﬁr{ ) (2.61}

The appropriate boundary conditions can be developed by evalusiing the asymptotic
behavior of equations {2.46} and {2.4%) in the free siream, where @' is zero. With this

aimplification as y — Foo, the coupled sel of equations hecome
# = polgh (2.52)
= potgh (2.53}

It ig cleay from these equations that both & and § will decay with the same exponential form

TV in the two froe stremins. Therelore, the composite variable y goes to a constant
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as y — Loo. Setting x' and @' egual to zoro in equation {2.51) provides the appropriate

free-stream bonndary conditions
xly = oo} = $/ffg al@ - o), (2.54)

where the signa ave specified such that g > 0, where ¢ = ¢ +ig; = o/py (Gropengiesser,
1470},

Note that equation (2.51) was derived without the assumption of a constant specific
heat ratio. Consistent with the mean-low derivation, this sssumption was made and it

resnlts in equation (2.51) simplifying to the original Gropengiesser formulation

2 el
r H— e
The iterative golulion procedure for egquation (2,51} is identical to that of {2.55}, which
is outlined below for the spatial stability problem ibat was studied in ihis investigation.

The method is adapted, with enhancements, from Sandham and Reynolds {1989).

s A puess was made for the complex elgenvalue o for a piven real-valued .

» Equation (2.55) was integrated from cach free stream to the mixing layer centerline
at 4 = . A variable step, Bfth-order Rungs Kutta integrator from Press ef. ol
{1992} was used with an error control of 107%, Intcgrations were started ten vorticity
thicknesses away from the centerline, s sufficiently large distance to not affect the

resules,

» The integeations from cach free stream yield two estimater for y at the centerline.
A complex-valued, Newton-Rapheon procedure was used to terste on the cigenvahue
until the difference between 370} and ¥ {0} was driven helow 1077,

It should be noted that all spatially amplifying eigenvalues (e < 0} obtained in this
manney are nob necessarily valid. It is possible to cncounter evancscent (nonphysical}
modes; in thie mvestigation they were found in condilions that combined large density
vatios {pefp1 > 2} with compressibility. These modes woere characterized by prowth rates
which were an order of maguitide larger than the true instability modes, cigenfunction
profiles that radiste cnergy into both free streams, and their tendency {0 have o, — 0
af nonzere o Bevond Lhese idenlifying characteristics, their status as evanescent modes

can: casily be verified with a computational test developed by Driggs (1964). Although the
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mathematical development is intensive {see section 2.3.3 of this reference), tho result is
simple.

{lonsider an eigenvalue solution for what we suspect ia a spatially amplifying mode: the
imaginary part of she complex wavenumber o is negative and the freguency, w, is purely
real and positive. For a mode to be truly spatially amplifying, the hmaginary part of o st
change sign (e, cross the axis} when the imaginary part of the frequency, w;, 8 increased
from zero. Evanescent modes will typically start moving towards the sxir and then deflect

back into negative e territory when w; is further ncreased.

2.2.3 CUrowth Rate Calvulation

The caleulation of linear stabihty growth rater introduces two additional parameters of
freguency and obligquity to the five-dimensional space of physical parameters outlined in sec-
tien 1.5.1. This additional complexity in the parameiric study can be removed by reporting
only the maximum amplification rate, —oq , , that was found for each specific mode by
sesrching the {w, 8) palar plane. This shinplification is justified because this iz the value
that will grow with the largest exponential rate downstream, and therefore determines the
developing flow structure. Further, this is also the value that correlates with experimontal

growth rates (see Hgires 1.5 through 1.7). The {w, #) search algorithm is outlined a3 follows,

» Converge on a complex eigenvalue o for specified wy and @ values according to the

procedure of the previous section.

o Increment w, forward and backward from the converged starting point until —ay is
maximized. Ay was monttored to constrain the change in —~o; to between 6.1 and

1% hetween steps.

o Index # forward sud backward {rom the original value, while searching wye at cach
valie, mitil —ey; decreases in each direction. A# was initially set to 2° althongh this

could be sutomatically reduced i eigenvalue convergence problems were encountered.

2.2.4 Eigenfunction Calcwlation

The approach adopted for the cigenfunction caleulation follows a difforent method than
that of Gropengiesser by retsining equations (2,46} and {2.47) as a system in a modified

form rather thar combining them into a single equation. While it is straightforward to
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obtain the eigenfunctions wilth eguation (2.55) (see, for example, Sandham and Reynolds
1989), retaining the coupled syatem was found Lo be a tore robust approach. Bpecifically, in
regicms of the parameter space where evanescent modes were encountered, the Gropengiesser
{ormutation occagionally resulted in nonphysical eigenfunction solutinng that expanded ay
4 —+ *oo; the alternate formmulation did not share in this hehavior. However, it does
reginre the integration to twor coupled equations, which has twice the vost of Gropengiosser's
approach. Two new etgenfunctions are defined to shophify this formnlation. The firat holds
s resernblance to the stream function definition and the second 18 & normabized version of

the presaure eigenfunction

i

o= o ‘ {2.56)

. A
T o= —. 2.57
YL ME (25

With these variables the coupled aet of equations {2.48) and {2.47) become

(G- —&¢ = g (2.58)
o’ pla— e = & {2.59)

I &' is zero in the free stream, the solntions of these equations exbibit exponential decay of
the form

ge? oy —-mo e 3o -
and o= : {2.60}
moe Wy -3 oo boe ™ § 9 oa

where a3 3 and &) 3 are complex constants and ¢ = vy /Fg. Because the equations are invari-
ant to mmltiphcation by a constant, the value of both a1 and 25 can be set to (1,0)—although
there is no requirement that they be equal—without loss of generality. The equalions 1hen

deiermine the by g velues as

b= ‘-"CE\/EFE{JE e C} a =~y {2[}1]

The procedure for the mtegration and solution of the coupled cigenvalue problem of equa-
tions {2.58) and (2.59) ig similar to that of the previous section, althongh now there are two
eigenfunctions to match at the centerline. A one-dimensional Newton- Baphson method can

stifl be used by exploiting the invariance of the equations to muliiplication by the matching
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factor

0
=0 (2.62)

¥ {0)
This constant was used to evaluate the convergence of # towards cortinuity at the maiching

point by evaluating
Floyw) = a7 (0) — #1{0) ' {2.63)

Tterations were continued wntil F war driven helow a tolerance of 1075,

With the completion of the ieration scguence, the cigenfunctions ¢ and § that corre-
apond 10 the specified w and 4 values are divectly available from the last integrations of
and #. The corresponding eigenfunctions for ﬁ,'ﬁﬂﬂ,f",ﬁ and Z are Lhen easily obtained
through algebrale inanipulation of equations (2.43b) and {2.434) through (2.43f). The result
wag normalized Ly selting the maximum eigenfunction magnitude to unity and the phase
to o value that foreed & to be purely real at the ccnterline. Finally, it is noted that the
adjoini systern provides an alternate set of equations to approach the same solution, and
can serve as a helpfnl check during validation. A derivation of the adjoint system and the

coupled set of stability equations that result is discussed in the appendix section B.2.3.

2.3 Development of the PSE Approach

The parabolized stability equation {PSE) approach was firat conceived and developad
by Herberl and Dertolottl {1987) as a tool that would, under lnited conditions, provide
the guantitative acouracy of a large eddy or direct gimulation while maintaining the low
computational cost and signibicant Bexibility of the mothod it evolves from, lincar stabil-
ity analysis. The advantages of this technigue, which were lirst widely demonsirated in
Bertolotti et of. (1992), stem from the fact that it ia nonparallel and nonlinear, imply-
ing better physical representation and greater quantitative accuracy than linesr, parallel
stability lechniques,

As i linear stability theory, the computational benelit comes from the fact thoat fue-
luationg sre modeled in the streamwise and spanwise diractions ag & time-dependent wave.
This modeking is based on physics: it is well known that convectively-unstalde disturbanoes
take the form of growing waves and thiz iz used (o owr computational advantage. The

restriction to convectively-unstable problems definea the first assumption of the techuigues.
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Absnlutely-unstable fows, such as backward facing steps or any application with a reciveuta-
tion rogion in which disturbance information can be comnmnicated npatream, are excluded
from this analysis. This assumption restricts analysis to the family of shear Hows, which
incindes boundary and mixing layers, wakes, and jets.

The PSE method differs from the more commonly applied lincar stability anslysis by
allowing for several very useful complexities. To begin with, both the eigenvalue and eigen-
fimctions, which will be referrad to as shape functions to differentiate from the LST ap-
proach, are allowsd to vary in the streamwise direction, and hence the eguations become
parabolic. This approach borrows from the more limiled multiscale method (gee, for ex-
amphe, Saric and Nayleh 1975}, where disturbances are decomporsed into s rapidly-varying
wave-like part and & slowly-varying shape function. The wave part of the expression retains
the ellipticity while the parab-:;'lliﬁati{:n can be applied to the shape function. This forme
the second basin assmuption of the IPSE technigue which appears in two parts

&Fé e

@ =1 and aﬂjg

where @ represents the vector of all shape fiinetions and o is the streamwise waverumber.

0, (2.64)

{Note that the frst part does nof imply that sccond derivatives in real space arve nero;
this will be made clear in section 2.3.3.) These assumplions allow the use of a spatial
marching method to caleulate ¢ at micoessive streamwise positions. These marching steps
can naturally be large because an syswmnption has been made aboul the shape of fluctuations
in the streamwise direclion. This allows the Bow feald to be aconrately modeled botwern
sleps. The large-sten, streamwise marching procedure yiclds significant savings over other
computational approaches,

Perlisps the most significant advantage, however, is the ability to incorporate nonlinear
effects in the PSE technique. Beyond simply extending the validity of this techmique past
the lincar regime, nonlinesr modeling alao atlows for the interaction of different structural
modes in the flow, A low-cost technique with this capability was critical for the investigation
of colayer conditions that will be presented in chapter 4.

2.3.1 Governing Equations

The parabolized stability approach begins with a set of governing eguations that are
similar to those employed for the linear stebility analysis. For simplicity, the initial intention

was to carry oub an viscid analysis, which has been showe to be valid at high Reynolds
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number (see the discussion of section 2.2.1). However, it was found helpful o inctide
a subzet of viscous terms in the analysis to atabilize the technigque. In scofion 2.4.5 of
thir chapter, the tendency of the PSE methad to develop nonphysical jitter in the shape
functions will be addressed. This development, which occurs when nonlincaritics are large
and effectively ends the PSE calculation, can be delayed by including visoous damping
and heat conduction terms in the cross-stream {y) direction to counteract the formation of
localby-sharp gradients. This amounts to nothing more than the commonly made thin-shear-
layer approximation. However, unlike houndary layver flows, these terms are not critical to
the physics of mmixing layers and their offect was very amall for the Reynolds mummbers
considered here (typically on crder of 10%).

With these additional refinements to the LS'T approach, the governing equations for the
PSE technique are

%“: N f’g;';? -0, (2.655)
p*(%s +u; g:ﬂ) - gﬁ: + % {2.65b}
P % + u,:g:;) = ﬂii‘ (pf gﬁ) — s, (2.65d)

pt=p"R'T, (2.65f)

' ow) 28w
") mﬂs(ﬂui +#— _3'% éﬁ), {2.66)

3"??‘(”*%5;) if =1, =2,

w 4 3 *3‘!!* il iz ==
_ﬂ-rﬁ _ ) EW-(# F) il i=2, j=2, (267
aﬂfj J

pe(G)  ti=3, =2,

{ athorwise,
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And the heat conduction term, assuming a Fourier form, 1a similarly truncated

*Eﬂ"* p
—AL if =12,
g={ (2.68)

1 otherwise,

In a manner consistent with the mean-flow derivation of section 2.1, the viscosily was as-
sumed to be a linesr fanction of temperatuve, which yields jy = T when nondimensionalized.

Similar to the LST developmont, the PSE formulation applics an infindtely-fast chemistry
assumption. {The complications noted with a finite-chemistry approach are discussed in
seckion 5.2.3.) With this simplification, the production terme in equations {2.65¢) and

{2.65d} vanish and they can be coupled through the conserved scalar
Z=Y; -V {2.69)

This model and the sssumption of constant specific heats allows the energy equation lo be
rewritten as

¥ * L] Y _ .
]ﬂ* (% +ﬂ?a'T ) - l 3 (#*'BT ) _ B {T 1} aﬂ {ETﬂ}

az; Pr 8z d; s -

Iy {ollowing Lhe procedure outlined in section 2.2,
Nondimensionalized with fast-stream reference quantities (U}, 1Y, 55, g} ) and the vortic-

ity thickness (4,), the governing equations {for fast chemiziry in a uniform molecular mass

flow are
%+%ﬂf Y (2.71a)
(‘:;Jrujj:) = _%ﬂﬁc% RL‘;: (2.71h)
o(5rude) = mimanva) 21
P( +’u=5£%) = PTLEH%(#%) P(’}'mliau" (2.71d]
p = T (2.71e)

The decompaosition into mean and fuctuating components is identical 0 that of the litesr
stability theory {equation 2.38) with ihe exception that the mean ¢ component s carried
Lhere to provide a nonparaliel stability method. Bubstituting these decompositions indo

the goverming equations and subdracting equations lov the mean flow from the result, the
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nionlinear disturbance equations for the disturbance vector ¢ = [3, 4, , b, Z, T, PiT are

obtained sz

¢ o¢ 0% o
m As-+ B +G&7+D +Ed = F, (2.72)

where the right-hand-side term F represents the nonlinear terms. The expanded form of

this equation appears in the appendix section A.l,

2.3.2 Linear PSE

Congider firat the case where the nonlinear forcing vector F is assumed to be negligible.
The PSE method assumes that disturbances are periodic in both time and the spanwise

direction, and that they can be represented in the following form

$($1yszsﬂ = i{ﬂ!,y] Eimz_wﬂ + Gy
{z,y) Alx) 92t 4 e, (2.73)

where
Alw) = ¢, exp(i ]: (£} d};') (2.74)

ia the amplification factor, €, 18 the initial disturbance magnitude, @ is the vector of shape
fanctions, and c.c. denotes the complex conjugate, used to obiain a real-valned expression
on the right haned side. Substituting cquation {2.73) into equation (2.72) allows the stability

equations to be represented as

£(g) =0, (2.75)
where
i ) ¢ o
L= —ful'+ Alic + ]+Ba +Cd-y + i D + B.

The linear PSE operator £ differs from the linear stability operator by the inclusion of
streamwise derivative terms, diffusion terms in the cross-stream: direction, snd the mean
velocity in the cross-streamn direction, 5. The complete, expanded form of equation (2.75)

is developed in the appendix section A2,
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2.3.3 Nonlinear PSE

The nonlinear formulation assumes disturbances are of the form

45{:9’:,'! VBt = Z Z ‘i}mn{msy} E:i(,ﬁnx—wmt]! {2.76)

. MS—20fR=—00
where, for base frequency «n and spanwise wavemumber B, win = mwy and 3y = nf;. In

praclice, the modes are truncated to a finite numler

M N
By, 2,8) = z Y Gz, y) eiifnrmumt), (2.77)

m=—Mp=ci

Note that the addition of a complex conjugate is already included here; because the fluc-
.I.

tuations are real valued, §_,n _, = &, and the conjugate {denoted by ) that explicitly
appears in equation (2.73) is included in the expansion. This also implies that the modes
m < 0 are dependent and do not nead to be evaluated. The computational cost may be
further reduced by applying & symmetry condition about z = 0 in the spanwise divection,
This i3 a good assmmption for free-shear-layer lows, and it forces eigenfunctions to be even

in z, with the exception of ©© which becomes odd, yielding

‘5;"...4; = Eﬁnm:ﬁmm'ﬁmm ~tlmn, Zmn, Tmmﬁmﬂ]- {2~78}

A schematic of the modes that constitute the physical, computational, and symmetry ficlds
is shiown in Jigore {2.1).

Due (o the nonlinear terms, the solution system now has a nonzero right hand side

Lomn {&Mﬂj = Fon, {2,79}
or, equivalently,
¥
Jﬂ‘ml‘l[&rmt} = IIEE ' {28{]}

{Note that the indices here imply a quantity of frequency mode m and spanwise mode n
and not a tensor gnantity — hence indices are not contracted. The operator £ becomes
mode depondent due to wavenumber terms.) The alternatives for evaluating the nonlinear

ternd inclitde explicit accounting

M N
Lonl@un)= 3 Y Flm,ni~m,j-~nd+mj+m) (2.81)
i=wr M f=—I
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or, with the advantages of reduced comgplexity and significant computational savings, the

nonlinesr terms can be evaluated nsing a Fourier transform spproach

Pz, 2t = Z Z Boon(z, -:,r]r*‘{“ﬂl’ “’”1‘} {2.82)
—Mr=—

where F' correaponds to the vector of nonlinear terms in physical spoce. The calculation
procedure starts with an inverse fast Fourier transform (FFT) of the How variables from
Fourier to physical space to produnce distnrbance information at discrete space and time
positiong, Note that the mean-llow distortion component, cfam, should not be included in
this transform; it will be explicitly accounted for in the raean How (see section 2.4.4). The
nonlinear terms arc then cvaluated in real space to produce the total nonlinear foicing
vector, F7. A forward FFT was then wused to determine Fo.,, the forcing contribution to
the different stability modes, in Fourier space. Two-dimensional FFT routines from the
SGL/Cray math library wers usged in these caleulations. Alissing errors were avoided by
performing all transforms with additional zero padding in each dimension according to the
three-halves rule. From a physical perspective, this dealiasing region ia required becanse
the simulation needs an energy sink and viscous scales are not resolved in PSE calenlations.
The expanded form of the real-space nonlinear terms are detailed in the section A.1

of the appendix. These ferms contain real-space dorivatives in the spanwise, sireamwise,
and temporal dimensions that were caleulated by taking the analytical derivative of equa-
tion {2.77) and using an FFT routine to efficiently perform the addition. The streamwise

derivative takes a apecial form within the PSE approximation,

849 Lok,
ik = Z Z (Ekrﬁmlﬂ—ikﬂk ! 5‘2“
m=—M n=—

_; k“ﬂf - I]‘ “)I; —a @.. (?bm n] A Eim"z_wmt}, {283}
Derivativer in the cross-stream direction were evaluated using a fourth-order central dif-
ference method formula and grid stretching, which will be specifically addressed in sec-
tion 2.4.3. This approach represents an evolution from an earlier version thai wnsed a
ffth-order Padé technigue but was found fo causc instability in the PSE eration (see
section 2.4.5 for firther details).
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2.3.4 MNorm-Based Closure Methods

An analysis of cquation {2.73} reveals that the streamwise change of &{z,y) can be
absorbed into either the shape function, @fx,y), or the streamwise wavenumber, ez},
where the latter defines the value of the amplitnde fonction, Af{z). This ambiguity must
be resolved through the introduction of an additional constraint, although there is a lack of
consensus on how this should be achieved. One commonly employed solution is to impose a
congbraint on the strearnwise growth of ¢{z,y). An alternative and more robust approach is
addressed in appendix B, although this adjoint-based technique lacks the ability to handle
nonlinesy simmlations in its current form, As a resnit, the present investigation adopted the
uge of a streamwise nortn.

With the lack of any formal basis in their derivation, there is understandably a wide
range of norms in the litevature. The ICASE report of Chang et el {1993) demonstrated
that the choiee of norm produces a quantitative effect on the PSE results, but the variance is
not significant. While & norm can most essily be applied at o single ¥ position, for cxample,
where the streatnwise velocity has its larpest Huctuation, it is preferable to base it on a
more rigorous integral approach. The version proposed by Herbert {1994) has the benefit
of having a mathematical basis, and it was employed in this investigation.

The development of this integral norm beging with a comparison between the streatnwise
logarithmic derivative of the linear stability formolation {equation 2.41)

(), = ~i%2 = a, (2.84)
¢
and the result of the same derivative for the PSE formulation of equation {2.73)
i {lng), = ﬂ’—tg. (2.85}

For consistency of growth rate definitions it is desirable to equate these expressions by
removing the streamwise dependence term of equation {2.85). This can be realized by
forcing #¢/@ to zero in an integral sense. This approach is constructed by multiplying
both sides of cquation (2.85) by |@[2, integrating over the U domain in y, and dividing by
the integral of |@[2. The procedure yields

 JeldP W@y _ [ é'dudy

x R 2.86
s |42 dy fis 12 dy (286)
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where (1} denotes a conjugate. The second term can be eliminated by choosing

f & b dy =0 (2.87)
H

s the infegral norm to provide closure to the PSE problem.
In practice, the norm definition takes on a more physical meaning if only the velocity
contribution to the vector ¢ is included. This formmlation yields the kinetic energy integral

in the denominator terms of equation (2.86) and presenta the norm as
f #id,dy =0, (2.88)
(]

where # = (&, §,%). BEguation (2.88) was used in all caleulations of this investigation.

2.3.5 Ellipticity Issues

To this point in the analysis, the equation governing the evolution of the shape functiona
Lonn(Brn) = From, {2.89)

has been described as parabolic without further justification. However, the analyscs of Haj-
Hariri (1994) and, in greater detail, of Li and Malik (1998) and Andersson ef of. (1898}
have identified residusl ellipticity in the parabolized equations that make them ill-posed
for a stresmwise marching sotution. The majority of this ellipticity arises from the 85/8z
term and can manifost itsclf by destabilizing the marching prnn&dﬁre in pubronic Howa. One
rather sitngistic yet effective approach to this problem is to maintain a sofficiently large
step size anch that these effects are essentially lost due to their rapid decay. Unbike in
DNS caleukstions, this is an aceeptable strategy because the accuracy of the PSE solution is
fuite insensitive to large step sises; the slowly-varying nature of the shape function solution
enguren thia.

In the presence of the 8fif itz term, the stop-size criterion for subsonic regions becomes
{Hzj-Hariri 1994; Li and Malik 1956)

8z » ———

. 2.90
|al'l"m|1. | |: ]

where m and n ave chosen such that || is 8 ininimum. The problem with a large step sizc
approach appears in nonlinear cases where 42 must be reduced helow this limit in order o

assure convergence of the nonlineay Lerins, This requirement necessitates a more complex
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solution: itmtroduce s damping function, £}, to eliminate the primary source of upstream

infiuence fonnd in the streamwise pressure gradient

I _ o 3p -
Bz = Z Z (iﬂmnﬁ‘mﬂ + £} ar;ﬂ) Amn{m} gtPni—tmt), {2.93)

m=—Mn=—N
Note that even the coarse assumption of sefiing 1} = @ climinates, at worst, a secondary
part of the strecamwise derivative because py,, i9 slowly varying in the gfreamwise direction.
For boundary layer fows this has been shown to be an aceeptably accurate procedure (Li
and Malik 1996} that results in the stability criteria

—o; 1

i > —— ———
ii|(’t'i |'ﬁ!"mﬁ|?

(2.92)

which is at least an order of magnitude less restrictive than the constraint of equation {2.90},
For this study, two different ) models were investigated: € = 0 and the slightly more
refined approach of Malik and Chang {1597,

t = Min (M2, 1}, (2.93)

where M. i3 the local streamwise Mach mumber. ¥or fully supersonic Hows, where the left-
running characteristic associated with the 8p/8x term is absenl, PSE resuliz were nvariant
to the choice of £}, ag expected. For snbasonic Hcws, however, the Malik and Chang model
was found to introdnce instabilities in the iteration procedure (see section 2.4.58) that would
lead to carly termination of the caleulation. Up to the stage of termination, the results
failed to differ from the £ = 0 calculation, and thus £ = 0 was adopted for this study. This
choice will be further validated againat DNS resuita for supersonic flow in section 2.5.3 and
subgonic How in section 4.4.

Finally, it is important to note that cquation (2,91} must be treated differently for the
mean-flow correction. In keepiog with Lhe 5/ 32 = 0 assumption made in section 2.1.1, the
entire slreamwise pressure derivative must be set to zero. Fallure to do this can cause the

ifaration to diverge in the first few steps for subsonic flows.

2.4 PSE Solution Procedure

With the governing equations and basic foundation of the PSE technigue established,
the more problem-specific aspects of initial and boundary conditions, and the numerical
sotution approach will now be addressed,
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2.4.1 Imitial Conditions

The ideal set of initizl conditions for the PSE would come from a nonparallel, Jinesr
eolution of the poverning equations, provided that the input magnitnde of these distur-
bances wag well within the linear range. The multiscale approach addressed in appendix B
for wavenumber advancement can provide such sn mput condition through a nonparallel
correction to the quasi-parailel, linear stability eigenfunctions of section 2.2.4. The initial
condition takes the form -

{ﬁmm = ‘barrmu + &'mﬂ.mﬁ (29*‘1)

where qﬁmnm represents the nonparallel correction to the Hnear stability eigenfunction vec-
tor, cf;mﬂ“, and &mm is the input shape [unction for the stability mode {m, n). This formula-
tion wae fonnd to slightly reduce the magnitude of adjustment required in the eigenfunctions
at the start of the PSE calculation. However, a significant relaxation {from the initial con-
dition still remained in the fivst few steps of the calenlation, mostly due to the introduction
of viscons and heat diffusion terms and the inclusion of a mesn » profile in the PSE cal-
culation (gee mection 2.3.1). ¥or this reason, the multiscale method was avoided in favor
of parallel lincar stability initial condition since it offered listle benefit for its additional
complexity. The mmitial magnitude, €,, of these disturbances was typically set to 0.001 for
the fundamental modes, and 0.0002 for the other input modes.

For nonlinear PSE calculations, it way often necessary to introduce lineariy-stable, high-
frequency or high-S-wavenumber modes during the simultation, when the frequency spec-
trum broadens and energy reaches the shorter length scales by nonlinear interaction, Cal-
culative of the lnear stability solution {or these atable modes in particularly difficult for
gupersonic conditions where a global solution based on the method of matched asymptotic
cxpansions is required to solve the radiated sound field (Tam and Burton 1984}, However,
it is important to note that these modes will be unstable in a nonlinear PSE simulation due
to the input of energy from lower, more cnergetic frequencies. There is littte need there-
fore for the complex, though accurate, approsch for generating these modes by asymptotic
expangions. An approximate method was used instead to generate the shape functions [or
these modes,

This technique required an explicit solution for - according to the PSS poverning
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cquation
E*{‘i'mn} = Fmrn {2-95‘}

where the streamwise derivative terms in £ have been remeoved to yield £%, In order to
generate s reasonable solution, the real part of re,,; was initially phase locked such that
R{omn} = mR{am}, while the imaginary part of ey, was geb slightly negative (1074} o
avold numerical singularities. The frequency and rpanwise wave number were fixed at their
appropriste harmonic leveld, wr, = wmwg and foa = nfe. The result of this proceduce
was normalized according to the same method applied fo the linear stability input functions:
the maxirmm magnitude was set to unity and the phase was specified by requiring that Gy
was purely real along fhe centerlino. For some cases, notably those sindying the interaction
of subharmonic and fundamental frerqpiencies in pairing, the phase of a specific mode was
shifted by an angle ¢, at the inpat condition by muliplying the shape function with an
e factor.

The code waz developed with the capability to dynamically add modes during the cal-
culation. Similar to padding the grid in DN3 caleulations, this mode addition amomnta to
providing enhanced resolusion of the high-wavermimber, high-frequency modes when they
berome significant. This was doue not only to reduce the computational cost but also by
necessity; mput conditions calculated from equation (2.85) were found to cause instabil-
ity in the iteration procedurs if there was insulliclent forcing of the newly-mpnt Fourler
made {see saction 2.4.5). Presumably, this was result of mstabilitics in the numerical proce-
dure overwhelming the solution of physically insignificant modes. This reguired a2 delay in
thaiv introduekion, and the addition was made when the nonlinear forcing on cither of the
streamwise momentum or energy eguations for the mode of interest smrpassed a magnitude
of 1072, {For reference, forcing reached a maximum magnitude on the order of 101 in fully
nonlinesr flow.) Simulations were conducted by specifying a maximum A and NV valne {see
figure 2.1) at input snd adding modes within those bounds were appropriate. The status
of modes—physical, transtent, or unepectfied-—was accounted for in an array table.

It should zlso be noted that a lsrge magnitude of forcing on a mode generated from
equation (2.95) can canse numerical instability in its introduction. The iterative convergence
of all modes s sensitive to the transients associated with mode introduction, where & new
forcing infhience is ‘turned on’ and all shape functions are required to adjust to its presence,

This is typically only a problem for the steady modes (m o= 0, # > @) in the first several
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stepa of the simulation. Tt can be directly addressed by reducing the magnitude of the
linear stability solutions inserted at = = 6, However, & more robust approach, found useful
in the introduction of all modes, was to incorporate a transient period of fve solution steps
where the mode was introduced to the flow but not formally congidered in the iteration
convergence to be discussed in section 2.4.5. This introduction period allows initially large
growth rate transients to attenuate before the mode is officially added to the flow,

2.4.2 Cross-Stream Boundary Conditions

Previous PSE studics have demonstrated that homogeneour Dirichlet bomndary con-
ditions in the free stream are adeguste for accurate simulations (Herberd 1904). This
approach, reasoned from the characteristic exponential decay of disturbances in the free

stream, allows for the approximation
r,5= 0 at = —ocand oo {2.96)

to be applied without adverse effect, provided the boundary equation is applied far—at Ieast
108,,—from the centerline. However, applying the P'SE to superaonic shear lsyer calenlations
often requires the solation of cases where a disturbance travels supersonically relative to
either, or both, free streams. An example of this is shown in figore 2.2 for a slow mode ab
M, == 1.0, This mode is supersonic relative to the fast free stream and therefore diaplays
a3 an oscillatory decay as y — oo, It is clear from this fipure that equation (2.98) s only
appropriate for non-oecitlatory free-stream decay; applying it to both bonndaries will cause
stability problems in the PSE evolution.

In developing an alternative bonndary condition fv these supersonic modes, it iz im-
portant to keep in mind that it is applied to the slowly-varying shape function. In real
apace these ogscillatory perturbations are traveling waves that would require s non-reflecting
boundary condition. However, the cacillations in the shape functions are essentially ata-
tionary: the phase variation in Fourier space is contained in the streamwise wavenumber.
Thir provides considerable simplification to the houndary condition formulation. The com-
plex coefficient of exponential decay, g, defined in secfion 2.2.4, is used fo advankapge in

developing the implicit houndary condition
tf?
-E; =TFg for y— Lo (2.87)

The derivative term was evaluated with a Brst-order difference at the boundary.
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Applying this boundary condition to all modes was found to gencrate mstahbilities in the
PSE solution for disturbances that were nof supersonic relative to a free stream. Therefore,
a combination of equations (2.96) and (2.97) were used according to a disturbance’s sub-

ar super-sotic rtatus

{ .

d=0 fre <o
y— —oa ji'_f {2.98}
1 = m g foree > e :

¢

=0 fore >y

Y — o (2.99)

L
%—=—q for ep < ey

where s is the density ratio, g2/51, and 4. and ¢_ ave the speada of sonic disturbance relative
to the fast and slow stream, respectively (Jackson snd Grosh 1989), For the general mixing
layer with Us # 0 these criteria are

1
=1 — = 2.100
cr=1- = (2.100)
1
_ = e+ U, 2101
o = T+ U {2101}

where M = M) cos(#), the fast atream Mach number in the direction of distnrbance propa-
gation. These boundary conditions were applied at y = £, /2, where the domain thickness,
L, wad typically set to 304, (see Appendix C).

The mean-flow correction receives a different boundary condition treatment that will be
addressed in section 2.4.4.

2.4.3 Discretization

The confiicting needs to offer high resolution of the flow in the shear region while stil)
requiring the computational domsin to extend far into each free stream demand the nse of
erid stretching, The selected mapping is based on a sinh function and takes the form

L, sinh{by, (}
e 2.182
Y= sinkh, ' (2.102)
where by and { are the stretching cocfficient and mapping coordinate. Derivatives in this

direction are then evaliated as

E}_é = i B:fr ard

189 4 18 3 0d
dy Y &

3 = et e (2.103)
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where
¢ oy bycoshlhy, () v L b?! sinh{d, ()
— v —r— E d = =¥ . .
¥ =% Tainhh, e Y Ty Tiinhy, (2.104)

The stretching coefficient was typically set to 2, athough simulations of outer modes, which
have oacillatory solutions in the free streams, often required tailoring this value in combina-
tion with increaging L, to achieve stability in the PSE iteration procedure {see appendix C
for apecific numbers),

For derivatives of a particnlar shape function in the cross-gtrean direction, fourth-order

central difference approximations of the form

B, _ ~Giyn+841 —8b, 1 + b

a 12A¢ (2.105)
and
8%, _ ~Giig+ 16,y ~ 30, + 166, — $;_, (2.106)
¢ 12482 )
are used while ascond-order cenfral differences
3. oy — B 5b, i1 — b+ .
¢'.T — '5}4‘1 ¢.’i|' 1 ﬂnd qu - ¢J+] ¢.7 d’.‘]‘ 1 {21“7]

a¢ 2A8C ace A2
are applied at points adjacent to boundaries. '
The choice of numerical acheme for evaluating streamwisc derivatives was gutded by the
PSE approximation (eguation 2.64),
dz?

Therefore, a first-order approximation will yield good accuracy since the leading error term

Q.

of oxder {Ax? 82 /82%) will be very small where the PSE approximation is appropriate.
Indeed, Herbert {1994} indicated that the second-order central difference provided no ad-
vantage over first-order methods. In its simplest, explicit form, the Arat-order diflerence

15

o

i 1 i+I i -
| A ) (2108}

where £ is the step index in the streamwise direction and c;éﬂb'1 = qﬁ‘{y) = :f;[m,—, ). However,
the ure of explicit methods in the PSE evolution can be shown to lead to instability problems
{Andersson 1998} and therefore the backward, implicit version,

Bpptt 1 i1 s
L T ) (2.109)
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was uscd.
The basic form of the PSE solution {equation 2.75) can be writien as
L =L+ M% =4, {2.110)

where the decomposition into L and M is done to isclate the unknown streamwise shape
function derivatives in the latter operator. Using the backward difference approximation of
equation {2.109} in place of the derivative, the linear problem takes the form '

[AzH + M) §F = Mg (2.111)

where an iteration scheme is used with this equation to reduce the error in the norm to zero
(see mection 2.4.5). For the nonlinear problem, sn additional forcing term appesrs on $he
right hand side

- 117 2+ i, i
[AzLit! + MY 4o = Mitlg,  + :Emﬂm. {2.112)
T

2.4.4 Mean-Flow Correction

Nonlinear interactions between modes will redistribute energy in the Fowrier domain
and will alro resulf in a contribution at zerc frequency and spanwise wavenmnmber, dq0,
which is the nonlinear corvection to the mean flow, At the caleulation inlet, the real part
of the wavenumber and frequency of this imode was set to zero, and the shape function was
evaluated according to the procedure of section 2.4.3. The correction modes were evolved

dowmstream in the same manner as other modes by solving

(BoEi + M5 doy = Mg + i:‘?—ﬁfami (2.113)
00
and constraining the streamwisce growth with enuation (2.88). This approach was found to
be more robust than the procedure proposed by Herbers {1994) where the imaginary part
of gy 1% alse set to zero and the prowth of the mean-flow correction in entirely contained
in -

In order to satisfy mass balance constraints, the boundary conditions must allow for
nonzera dgy 8k the cross-stream limits, Tn most PSE implementations, thia ia done by
getting dgg = 0 with the exception of fiyp, which is treated with

- :

=0 al y = —ooand oo, 2,114
By y {2.114)
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However, due to the coupling betwesn & and # described in equations (2.62) and (2.53),
getting one to zerc and the ciher nongero was found to cause convergence problems while
iterating on the norm. A more consistent approach: was adopted in this study by applying
the wave-based boundary condition of equation [2.97) to the mean-flow correction.

The mesn variables used in the PSE calculation were formed from the snm of the laninar

and nonlinear contributions. For example, the mean streamwise velocity was cvaluated as
# = fiuminar + Boo Aool(), {2.115})

where the laminar solution is the self-similar solution of the compressible boundary layer
equationn described in section 2.1, Derivatives of mean few guantities were ealeulated naimg
the first- and fourth-order methods of gection 2.4.3 for the streamwise and cross-stream
dircctions, respectively.

It shonld be noted thai great care must be taken in the caleulation of the mean How
distortion. This quantity exhibits a very strong dependence an history becauss it acoummn-
lates small changes during streamwise progression {Herbert 1994}, The importance of this
correction to the accuracy of the PSE will be demonstrated in section 2.5.3.

2.4.56 Tteration Method

With an implicit streamwise devivative used to form the PSE problem represented in
equation (2.112}, an iterative technique is necessary for its solutior. A cost function sp-
proach based on the specified norin of equation {2.88) can be developed to yield the following
iteration atrategy for the wavenumber at the next step, o441,

trﬁll = ?+1 = P &i:, Jiﬁ(ﬁ%ﬂ:jﬁ;};}_ ﬁ?}=
i IR ES Y

where n indicates the iteration step number, € iz the vector of velocity shape functions, {

(2.116)

denctes a conjugate, and p; is a convergence constant that was set to unity. In nonlinear
problems this iteration sequence must be simulaneously conducted for all stability modes,
inclading the mean-flow correction, and it was continned until each norm was satisfied
within a. tolerance of 1078, The integrals wore evaluated using a variable-step Runge-Kuita
integration routine from Press et sl (1992), The streamwise integral of the converged
G values, required for the calenlation of the amplitude factor {equation 2.74), was done
with Simpson’s Rule due to its slow variation — in keeping with the PSE approximation of
equation [2.64).
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Az this procedure ia carried downstream in a stepwise fashion, the nonlinear interac-
tions will continue to grow untit the iteration eventually fails to converge. Typically, the
convergence will stall and, 1o the subsequent iterations, the shape Functions will develop
jagged profiles that are nonphysical. This development, which the cross-stream viscons and
heat conduction terms discussed in pection 2,.3.1 help to suppress, will cause the iteration Lo
diverge and eventually overflow. It is the opinion of some PSE researchers (C. Hill, personal
commumnication) that this convergence failure is related to the saturation of the mean-flow
correction and, more prepisely, the inability of the PSE technigue to effectively redistribute
energy leaving this mode. However, this failure is not foo restrictive because it penorally
oocurs just prior to the flow becoming highly nonlinear, at which point the parabolizing

assumption {equalion 2,64}, and hence the PSE resulls, are clearly invalid,

2.4.6 Combustion Maodeling

Conventional application of finite-chemistry methods is mads impossible by the time-
poriodic nature of the PBE calcnlation, The present nvestigation used an infinitely-fast
chemistry assumption to make the application of the PSE to reacting flow tractable. This
assumption is in keeping with the fundamental limitation of studying combustion problems
with the PSE; the lack of resoclution at molecular-mixing levels only aliows for qualitakive—
but stifl highly informative—observations. Most immportantly with fast chemistry, the pas-
sive acalar Z = Yy — ¥, /n becomes coneerved and only one equation needs to be carried
for combustion modeling. The value of Z directly determines the Fuel, oxidizer, and prod-
et masa fraction and temperature fields. However, the use of Z to uniquely determine
the temperature distribution creates o problem in zero or low heat release supersonic fow
conditions where viscous heating effects often ontweigh the influence of combustion on the
temperature profile. Because these cases constitute the majority of the conditions of our
interest, the conflict was resolved by ignoring the influence of the passive scalar on tem-
perature Huctualions. With this approximation, the effect of combustion on the stability
modes is ondy through its modification of the mean flow, as described in seckion 2.1,

In keeping with convention, combustion results were presented in terms of the mixture
fraction, £, which is defined as
_ Yf — Ya;"ﬂ+ }::r‘mf’{ﬂ-

5"" }.},_m +Yﬂ’_m‘||lrﬂ- t Ez-ll?}
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and is casily derived from Z through

Z+ Yo afm

= ] 2118
Y ""’Yn,—m,l"r“ ( )

£

The stoichiometric mixture fraction value defines the Qame sheet position, and this occurs
when 2 ig zero,

Y:J,m;‘r“

2= , 2.119
Y- + Yo-/n ( )

!fs.l

"The mass fractions ¥, and ¥y aro casily extracted from equation (2.117) because they cannot
coexist under the fast-chemistry assumption. And finally, the mass fractions for the produoct
and dilnent species are given by

Y, = (1= £)/{L - &n) if &> L, (2.126)

Eflfat if{ < Eﬁ‘h

It is important to note that the realizability condition 0 < £ < 1 is not divectly bnilt into
the PSE formulation. Thiz is a result of evolving the equations in Fourier space, where the
real-space value of £ is separated inte componcent parts. Even if £ was caleulated at vach step
and & realizabilify violation detected, the question remaing of how to alloeate the correction
to the different stability modes in Fourier space. Some exploration of these methods was
made, but each wag found to be unsatisfactory on the basis of introducing instabilities in
the iteration convergence or arbitrary destruction of masa. In practice, however, violations
were not found to be significant and = simple truncation was applied at the end of the
caleulation when transforming to real space. Further discussion on this topic in connection
Lo the vge of finite-rate chemistry methods with the PSE is mado in section 5.2.3.

2.4.7T Skatistics

The growth rate is determined from two components: the local streamwise wavenumber .
to capture the growth in the amplification factor, and the logarithmic derivative of the

eigenfunction energy to account for its streamwise growth

O = ~Im{imn) + a%[in«.,;’Emﬂ , (2.122)
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where Er,, is the integral energy in the velocity shape funciicns defined as

[a-u]
By, = f (iﬁmnlz + |ﬁmn|2 + |'1-E'mn |2} dy. {2-123]
—0o

2.6 PSE Validation

With the creation of any nonbinsar model puck as this implementation of the PSE
technigue, there i an obyvious need for validation. The adopted approach was a statistical
comparizan of the nonlinear PSE vutput to a full DNS caleulation for a spatially-developing

mixing layer.

2.5.1 DNE Simulation

The DNS code nsed in this study was developed from a round jet version originally
written by J. Freund for scoustic studies. To ready the code for the PSE validation, changes
were made to, in esgence, roll out the cylindrical geometlry to form a rectangular box for
plane mixing layer sitnulations. Details of $he equations and general nuinerical approach are
deseribed in Frenund {1997) in the context of a temporal shnulation, The infiow, outHow, and
crogs-stream boundary conditions for the spatial simulation are detailed in Freund {1%97h).
In summary, a spectral method was nsed in the spanwise dircction, while a fifth-order
Padé method was used in streamwise and cross-stream direction to evaluate derivafives.
Time advancement was done with a fourth-order Runge Kutta method on a grid that was
stretched in both the cross-stream and streamwise directions. The input flow condition
was identical to the IP'SE calculation in its use of mean flow and hinear stability solutions
deseribed in scctions 2.1 and 2.2, The introduction of these modes to the inlet plane was
moderated with a tanh function over time to limit initial transient eflects.

Although the resultant BNS code was capable of three-dimensional simulaticns, it was
not optimized for this purpose and the associated eomputational cost would have been
prohibitive for a validation experiment. ‘To avoid this situation, teat conditions were sclected
o achieve a moderate compressibility that still maintained a dominant two-dimensional
central mode instability: M, = 0.5, r = 0.6, 5 = 1. A spatial simnlation was done at
fe, = 5000 for these How conditions in a computational box that spanned 160 » 30 4,
and was resolved with a 1500 x 200 point grid.

The complementary PSE simntlation was done with eight fregnency modes, Two {re-
quency modes, the fundamental and its first harmonic, were specified ab the input condition



Chapter 2. Analytical Models and Solution Methods b9

using their linear stabiiity solutions normaiized to a maximum real-space fluctuation smagni-
tude of 0.001 and 0.0002, respectively. These two lincar stability modes also constifuted the
DNS initial condition. The subharinenic of the fundamental was not forced in this valida-
tion case ecause there was some concern about the ability of the PSE to model pairing, and
we preferred to eliminate this unknown while validating the basic nenlinear fornnulation. A
geparate discussion of simulating vortex alring with the PSE appears in section 4.4,

Input conditions (o PSE frequency modes m = 3 through wa = 8 were caleulated by
equation {2.95). As the results will demonstyale, all frequencies saturate in this simnulation
at moderate levels, and hence the PSE calculation was able to run through to z = 168

without iteration convergence problems.

2.5.2 WValidation Statistics

For the purpose of validating the nonlinear PSE, it is desirable $o extract the growth
rate of the different modes, the fundamental and its higher harmonics, that were imposed
at the input of the DNS calenlation. ‘The determimation of growth rate information at
different frequencies requires & Fourier-based method where different modal contributions
can easity be separated [rom the whole. This type of growth rate caleulation is based on
the integrated disturbance kinetic energy

(%]

B [ (il + 100+ 00l (2124
where, for example, 4, i the thee Fourler transform coefficient of the w velocity component
at the frequency wy = mw;. This is related to the PSE shape function through 4), =
ftyy - Alz). The calculation of Fourier coefficients can be done dircctly from their definition

i = ue™h {2.125)

where the contribution is added at each step as the simnlation runs through an extent that is
just short of & complete pericd (ie. txy —fp = T). The computation of Fourier cocticients
fromn & FET approach is not practical because of the intensive memory reguirements of
saving fSow ficld information at each step. Further, an FFT application is undesirable due
to it additional complexity and the lack of any significant computational advantage sitcs

this i not a repetitive calculation.
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With the cnergy Ej, awvailable at cach streamwise location, the frequency-dependent
prowth rate can be extracted though the logarithmic derivative
R 4
2B di

(2.126)

whers the 1/2 factor is required since EL, i3 gquadratic. Oblaining simooth growth rate results
from thir caleulation requires two refinements: fivet, the streamwise derivative calentation
must be done with an accuracy no higher than second order, which i3 guite sufficient since
the energy is a amooth function. Second, the devivalive calculation shomld be done inside

the intcgral of .uquﬂtiun {2.124) in order to reduce its sensitivity to nmumerical inaccuracics.

2.5.3 Validation Results

The first validation task is to look at the growth of individual modes from the initial
condition through the linear and nonlinear stages. This iz best done through an indegrated
measure like the modal energy, E , and these results are ahown in figure 2.3 for the fizat
two modes of the DNS and PSE simulations, whoere the lakter are shown for both linear and
nonlinear calculations. Excellent agreement in the linear growth of the m = 1,2 modes,
who together defined the initial condition, confirms that the DNS snd PSE simulations
correctly modeal the linear dmmain. The depsvinre of linear and nonlinear schitione for Lhe
fundamental mode (rp = 1) marks the start of safuration at approximately £ = 80. The
linear achation, which lacks any such physical limit mechanism, continues ils exponential
growth to the end of the simmulation. Figure 2.5 showa that the poat-saturation result for
the ponlinesr PSE 8 indistinguishable from the DNS sulution.

Equally impressive agreement is [ound in e first havmonic {(m = 2) mode, where
the nonlincar PSE solution closcly follows the BNS in the additien of coorgy from the
fundamental mode starting at @ = 25 The saturation of this mode later in the simulation
is also in cxcellent agreement. The differcnce between linecar and nonlinear PSE solutiona
fur the first harmomic is particularly striking. These solutions depart significantly earhier
than thoge of the fundamental (x = 20 verses & = 80} because this mode hecomes stable
without the nonlinear addition of cnergy from the fundamental.

The energy growth of higher harmonics {m = 3,4) of the PSE are shown In figure 2.4,
The inferest in these modes concerns their growth from the initial comdition which was
generated through eguation (2,95} ratber than with linear stability modes, The resulis

demonstrate some disagreement carly in the simadation when these modes are completely
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meignificant, but the comparison becomer excellent when they start to play a role in the
simutlation by receilving energy via the turbulent cascade from lower, more dominant frequen-
cies. ‘T'hese modes also suturate later in the simulation, with the PSE solution predicting a
slightly lower energy level than the DNS in the post-saturation phase,

A more detailed comparison of the growth, sattration, and decay of the primary and
first harmonic modes can be seen in the growth rate plots of figure 2.5, Linear and nonlinear
PSE « results are shown in comparison to the DNS solution for the fundamental and first
harmonic modes. The onset of noniinearity is again demonstrated in the departure of both
the PSE and DNS soelntions from the linear calculation. Both modes saturate {defined by
o = () near z = 1030, The PSE method provides an excellent prediction for the saturation
of both modes, and even covrectly models the post-saturation recovery. This agreement is
surprisingly good considering that the high level of gonlinearity in the flow past z = 100
brings the validity of the PSE assumptions into question.

The integrated energy vesult for all eight modoes of the simulation arve shown in figore 2.6.
The trend of nitial hnear prowth followed by saturation and slight decay is present in all
modes bocause the lsyer has prown sufficiently large to render high freguencies stable.
Normally, growth at this stage would come from the subharmonie mode that was explicitly
neglected in these simulstions. Noie the addition of higher-frequency modes (m > 4) to
the simmulation as the nenlinear forcing becomes significant. Also, it i3 important to point
oul the lack of differentiation in the energy of high-frequency modes towards the end of
the simmlation, which clearly implies poor regolulion of the fine-secale motion. This is not
am aliasing effect becanse dealiasing was applicd according to the three-halves mle to act
ag an energy sink in the simulation. Rather, it is a natural consequence of modeling the
transition to turbulence with only eight frequeney modes. The number of modes woukd
need 10 be raised by at least an order of magnitude to achieve DNS-like resolution and an
encrgy spectram of appropriate shape. Fortunately, however, the focus of this investigation
lies on evaluating mean measures of mixing and layer growth that are dominated by the
accurately-modeled large scales, Resulia that are affected by fine-scale motion, like RMS
caleulations for example, will not be reported.

While the integrated cnergy and growth rate vesults are ingightful for analyzing specific
modes, it is the real-space fiow field and the related statistics that ultimately hold greater
intereat. The first of these plots, showing the streamwize evolution of iy, and tpa,, appears

in Figure 2.7, The figure shows a comparizon between results from PSE sinmulations—both
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with and without cross-streatn diffusion terms—to tho DNS solution. The kinks in the
profiles are simply caused by a change in the location of the maximum fuctuation. In
the finax results of figure 2.7{a) the viscous PSE and DNS results compare extremely well,
with the peak value agreement within 0.6% and the difference between the solutions enly
discernilile at the very late stages of the caleulation. Fhe viscour PSE aolhition oflers hetter
agreement with the DNS in the later atreamwise stages of the calenlation, which is not
surprising considering the DNS-limited Reynolds mumber of 5008, The combination of
excellent agreement with the DNS and only a slight variation from the inviscid solution,
which lessons at the higher Reynolda mumber of interest, justifies the use of the thin-shear-
layer approximation in the current calculations.

The fpax results of figure 2.7(b) offers some insight into the breakdown of the PSE
approximation. The agreement ia still impressive—the estimates of the peak differ by only
2.2%—although the 14% peak Huctuation intensity seoms to snggest a nonlinearity level
where the PBE will start to encounter accuracy problems. The larger discrepancy could
also be a legacy of lincar stability input conditionas that did not sccount for & mean o
profile. In a similar manuer to figure 2.7{a), the difference between inviacid and parvtially
viscous PSE simulations is generally negligible,

A full-field sppreciation for PSE caleulation can be seen in the spanwise vorticily contour
plota of figure 2.8. The streamwise range from £ = 68 to 120 documents the development of
the cenfral mode How structure in the nonlinesr regime, The agreement between the non-
{inear PSE and DNS calculations in figures 2.8{a-c) for the large-scale structure is excellent.
A plot of the linear PSE contowrs in figure 2,8(d) offers an additional perspective on the
importance of nonlincar modeling past z = 65, and clearly shows why a nonlinear analysis
is reqgnired to stndy the large-scale flow structure responsible for initiating mixing.

‘The effect of adding frequency modes to the PSE shmulation iz demonstrated in the com-
parison of figure 2.8(1) and {¢). The highcer spatial rosohution of the M = 8 PSE aimulation
cnables it to better resolve the braid structure belween roliers, but it slso generates o larpe
amount of fine-scale noise that does not appear in the BNS. Thir disagreement between the
DNS and PSE simulations on the smali-scale structure 1s primarily due to the previously-
deseribed resohution problems for fine-acale energy when only eight modes are smployed.
An explicit demonestration of Lhis is shown in figure 2.9, The contours of a test function are
shown in figure 2.9{a}; it has a high value in the center with a sharp-edged decay to a low
value at the edges. The contowr representation of this function with eight Fourier modes
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in each of the r and y directions is shown in figure 2.9{b). This figure shows additional
conbours, the nature of which iz explained in the cross-sectional view of figure 2.9{¢}. The
truncated series sitnply lacks the spatial resolution to resolve the rapidly-changing featires
of the test function. Oscillations result when ihe energy of the highest-resolved mode is not
cancoled out by the absent higher-resolution modes.

A similar problem affects the mrﬁcity field representation when a limited nwunber of
Fourier modes are nsed in a PSE simulation. This is clearly seen in figure 2.10, a plot
of the spanwise vorticity along the centerline for DNS and PSE calculations, where the
latter wag doue with M = 8. The regolution prolilems that exist when a tmode-limnited PSE
gimulation attempts to simulate the fine-scale structure of the braid region are evident.
These oscillations are also likely ecnhanced by thoe lack of strosmwise viscous dissipation in
this implementation af the PSE. In suinmary, the reader is cautiomed againat attributing
the fine-scale structure m contour plots to well-resobved, physical phenomenon.

To demonstrate the gualitative aspectz of mixing in this flow, plofs of the mixture
fractinn are shown in figure 2.11. The complete £ field ia shown along with detailed views of
the oxidizer side (0 < £ < 8.5) and reaction sheet {£ = 0.5) for this stoichivmetric, zero-heat-
release case with infinitely-fast chemistry. These plots demonstrate that the PSE techniqgue
ig fully capable of recreating the large ecale strictures responsible for dominant mixing
processes, documenting the entrainment of species into the resction sone, and profiling the
convolntion and straining of the flame sheet.

The DNS validation can also be used to gain insight into the offect of the mean How
on atability calenlations, In figure 2,12, PSE growth rate predictions with and without the
nonlinesr correction fo the mean How are comparad to the DNS solntion. In the absence of
the correction, the PSE misses the majority of the moderately nonlinesr section of the How
(x = 60}, The sensilivity of stability methads to the accurvacy of the mean fow is well known
{(Monkewitz and Huerre 1982; Jackson and Grosch 1981; Shin and Ferziger 1991), and these
results further reinforce this by demonsteating the mportance of profile corvections to the
accirate modeling of nonlinear behavior. Additional evidence that the mean profile was
accurately calculated appears in figure 2.13, a plot of the vortinity thickness, §,={{/; —
Ua){diifdipnae ). The DNS and IPSE predictions offer near-identical agrecment for this
2-sensitive quantity, and the PSE even manages so capture the secondary growth in the

thickness at the end of the calculation.
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2.5.4 Run Time Comparison

With the accuracy of the PSE now verified, the run time comparison becomes the
critical resnlt. To fil the same domain as the DNB, the PSE calculation ran for fifteen
minttes on a conventional workstation, which was roughly 350 titmes faster than the DNS
caloulation. Based on experience, it seems reasonable fo characterize the speed up as {}{][}3}
and D(I{]‘i} for two- and three-dimensional simulations, respectively. It should be noied
that these rmmbers will reduce slightly when temporal rather than spatial DNS are used
in the comparison. However, temporal simulations, while atatistically very useful, do not
allow certain aspects like aconstics or asymmetry in the velocity profile to be studied.

The cther worthy measure of comparizon 13 memory vsage, The sireamwisc stepping
procedure is extremely memory efficient in comparison to the global-domain-update pature
of the DNS. This efficiency and the low computational cost make the PSE technique an
ideal candidate for desktop worketation solutions of practical flow phenomenon,
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n Conpigate Modes

Symmetry Modes

Fipure 2.1: Schematic representing modes in the physieal field {enclosed in the dashed Hae) and the
moded that are excluded from the computation based on either ronjugate (dark shading) or spanwise
symmetry {light shading) srpumenta. Adapted from Herbort, 1993,
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Figure 3.2: Decay of ihe pressure eipenfunction for a most-amaplified supersonic alow mods in the

twe free streams (M, = 1.0, @ =075, ¢ = 1, s = 1.5, 7 = 0.5). Note the different nature of the
bosttidary eonditions as y — oo,
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Figure 2.3: Comparison of DNS to linear and nenlinear PSE integrated energy results for the fun-
damenta] and first harmonic modey (M.=05, r=0.8, s=1, @ = {, M=8}.
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Fignre 2.4; Comparieon of DNS and PSE integrated energy results for two of the higher harmonics
(M=0.5, r=0.6, =1, © = 0, M=8}. Note that E} results are shifted for readability.
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Figure 2.5: Comparison of both linear and nonlinear PSE growth rate predictions to the DNS resnlts
for the {a} fundamental and {b} first harmonic mode (M. =0.5, r=0.8, s=1, & = 0, M=8).
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Figure 2.7: Comparison of inviscid apd thin-shear-layer PSE predictions to DNS results for the
maximum {a} & and {b) o Auctuation af a given streamwize position (M,=0.5, =06, =1, © =0,
M=8). Note that the kinks - presemt in hoth DNS and P3E calculations—are canesed by the change
in location of the maximum fluctnation,
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Figure 2.8: Comparison of spanwise vorticity contoura for the test case (M, =05, r=0.0, s=1, D=0}
with the contour max and min set to -0.42 and -0.02 and Aw, = 0.04. Results are plotted for (a)

DNE, {b) nonlinear PSE with M=8, {¢} nonlincar PAE with M=4, and {d) linear P'SE.
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Figure 2.9: Comparison of a demonstration function represented with an infinite and truncated
Fourier series. The test function is contour ploticd in {a} with its § ® & Fourer mode representation
shown in (b}. The two fmnetion values along & syimetry line are ahows: in (c), where the solid line
indicates the original Funrction (i.e. an infnite Fourier series) and the dashed line the eight-mode
representation.
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Figyre 2.10: Cowparison of PSE and DNS prediction for the centerline (y=0) spanwise vortieity
{AM,=05, »=08, =1, & =10, M=8).
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Figure 2.12: Comparison of PSE and DNS growth rates for the fundamental and first harmonic with
no mean flow correction (M,=0.5, r=0.6, s=1, =0, M =8).
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Figure 2,13 Comparison of Bnear and nonlinesr PSE prediction to DNS results for the growth of
the vorticity thickness in the test case (M =0.5, r=0.6, s=1, 8 = 0, M =8).
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Chapter 3

Linear Stability Resuits

This chapter presents a dstailed map of the compresgible reaciing mi:_cing layer regimes in
the five-dimensional parameter space of our investigation. Linear stability thecry is used
to provide an efficient but physically insightful analysis tool. The excellent comparison
between linear theory and experimental results (see Aguves 1.5 and 1.8) allows the current
work to explore = wide parameter space with confidence that #s results will hold useful
insight, provided the yuslitative nature of linear stability results is acknowledged when
extrapolating results to fully turbulent, reacting mixing layers.

The objective is to obtain a broad appreciation for how compressibility, heat release,
and the flow-stream ratios of density, equivalence, and velocity affect the flow structure
and what imphlications they have on mixing snd combustion. To that end, the chapter
Degins in section 3.1 with a general introduction to the types of flow sirmcture that exist in
this paraineter space, and an illustration of how the density-weighted vorticity profile can
explain and predict this structure. A more thorough parametric study, where our interest
is specifically focused on understanding how a given parameter can influence a change in
the mixing layer structure, will follow in section 3.2

The perapectives gained from this parametric study are then applied to help develop
regime charts in section 3.3 that describe the change in the dominant flow structure across
two-dimensional planes of the parameter gpace. Particular interest is placed nn the locus
of conditions where two instability modes arc equally amplified, allowing the formation of
‘coluyer’ structure. Combined with an understanding of how each parameter individually
affects instabilitics, these regime charts provide a complete picture of the strneture expected
to prevail in a compressible reacting mixing layer, They will also be used to guide the more
detailed nonlinear stability investigations that will be the subject of the next chapter.

Th
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3.1 Overview of the Parameter Space

3.1.1 Density Weighted Vorticity

Before the parameter apace of the mixing layer is inveatigated in detail, it iz useful to
present o general overview of the comptessible reacting mixing layer. This begins with
a discussion of the denaity-weighted vorticity, 7du/dy, the tool introduced in section 1.2
to explain the basic mechaniam responsible for flow structine in the compressible reacting
mixing layer. This profile will now be used in greater detail to both describe and predict
the first-order hehavior of the mixing layer.

A plot of how this profile changes undor the influence of increasing compresaibility and
heat release iz shown in fgures 3.1 and 3.2, For situations of nonzers ©, the position of
the flame sheet is indicated by .a. kink in the profile caused by the infinitely-fast chemistry.
The profile sequences in these two figures detmonstrate that both combustion (through heat
releass) and compressibility {through the coupling of kinetic and thermal enexgy) ach to
increase the temperature and correspondingly decrease the density along the centerline. The
twin-peaked pdit/dy profile that resulia [rom this density deficit provides an explanation
for the development of the fast and slow outer modes. It is also evident from the extremsa
locations of figures 3.1 and 3.2 that increasing A, and € will move the cuter modes away
from the centerline. Note that a twin-peaked pdi/dy profile is not & necessary condition
for outer modcs to be unstable. Instead, the instability condition of Lees and Lin (1946),
gdu fdy = 0, 1s global in nature and is therefore only suffivient to prediet that the flow will be
unstable {Planché 1992}, For example, the pdi/dy profile developinent with compressibility
it the abhsence of heat release (figure 8.1a) shows only a hint of two onter mede peaks for
M. < 2, although the results of section 3.2.1 will show their first appearance at M, =~ 1,
However, thia does not diminieh the utility of the density-weightad vorticity profile for
providing basic insight inte the flow physics.

The use of the density-weighted vorticity profile as s predictive tool also extends into
forecasting the effects of density, equivalence, and velocity ratic variation on the fiow strue-
ture, Situations of nonuniform density across the layer, shown in figure 3.3, demonstrate
that the stream with highor density will have a larger pdi/dy peak and hence the mode
associated with that stream is expected to he the dominant instability. (Noile that the
density in these profiles has boen normabized by the mean of the two free streama for vi-

attalization purposes; thus it is shown aa py, rather than 5.) Figure 3.4 demonstrates that
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the equivalence ratio affects the pogition of the flame sheet which, for example, will shift
downward in position {j.e. towards the fuel in the slow stream) when the stoichiometry
becomes lean. This shift results in a reduction of the 5di/dy pesk on the slow side coupled
with & corresponding increase on the fast side, snd it has a gimilar effect on the relative
growth tates of the two modes, Finally, increasing the value of the velocity ratio r will
reduce the shear and in $urn the level of all pdit/dy peaks, which results in the attenmation
of all modsal growth rates. '

3.1.2 Eigenfunction Visualizations

Visualizations of flow structure derived from eigenfunction analysis provide a convenient
way o validaie qualitative predictions hased on the Fdifdy profile, and to develop a broad
appreciation for the character of the compressible reacting mixing layer. The elgenfunction
energy profile, 4 (y) = al + 601 + Hut, where { signifies a complex conjugate, provides
an effective means to do this. To create a visualization that combines a view of both the
distritation of vortical energy and the amplification ratc, we define a new variable

g = e g gt (3.1)
— ¥ ax,,
where the encrgy term ﬁ,-ﬁl iz calculated for the instability wawve at the frequency and
obliquity angle of the most amplified mode. The energy was normalized to have a maximum
value of unity before being multiplied by the ratio of the amplification rate at the position
of interest to a reference amplification. The reference chosen here is the canonical case of
an incompressible, nonreacting, egual-density mixing layer with velocity rafio =1}

The T profite that corresponds to this reference condition is showsn in figure 3.5(a) a3 the
firat of thres images that detail the influence of compressibility on the flow structure. There
is only 5 single amplified mode at the reference condition, The peak of the energy profile
is at the center of mixing layer (y = 0) and is therefore identified a8 the central inode. The
broad digtribution of energy in this case is the signature of the well nnderstood large-scale
structure that directly mixes fel and oxidizer together. As compressibility increases to
M, =1 in figure 3.5(b), the growth rate of the central mode drops to ronghly 35% of the
reference growth rate and the width of the energy distribntion decreases. Also appesring
at this compressibility, but at very low amplification rates, are the fast and slow outer

modes. The cuter modes aro two dimensional at M, = I but, in a result compatible with
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hath experimental and computational obscrvations, the central mode has hecome three
dimensional and our calculations prediet it to be most unstable at 8 = 56°.

The difference in the obliquity of the modes resulta from the fact that the outer modes
scale on the velocity difference between the Aame position and the frec stream of interest,
rather than on the foll velocity difference across the entive layer {Planché and Reynolds,
1891; Planché, 1892}, (In the abscnce of heat release the flame position defanlts to the
mixing layer centerline,) Because the outer modes scale on only a fraction of the shear across
the layer, it follows that they will be less susceptible to compressibility effects in comparison
to the central mode, which scales ou the full shear. This is reflected in the lower oblignity
angles of the two outer moder---at M, = 1 they are in fact two ditnensional—relative to the
central mode.

Consistent, with the jdeas pregented in vur discussion bascd on the pdu/dy profile,
the results at M. = 2 in figure 3.5{c} indicate that the growth rates of the cuter modes
strengthen relative to the central mode with increasing compressibility. At this 1f; level,
all modes are three dimensional although the dominant outer modes are, predictably, found
to exist at a shallower angle—56° and 52° for the fast and slow modes, respectively—ihan
the 68" angle of the central mode. Figure 3.5(c) also demonstrates that the distribution
of outer mode energy i3 more compact at high compressibility. Comparitig these compact
profiles to the brosd distribution of the central mode suggests that outer-mode-dominated
flows will be less efficient at mixing reactants from the two streams.

The outer modes will dominate the flow structure when heat release effects become sig-
nificant. This gituation is documented in Hgure 3.6, which shows the effect of increasing heat
release relative to the nonreacting case at M, = 2, A comnparison between the eigenfunction
encrgy profiles at M, = 2, @ = 0 in figure 3.6(a) and M, = 2, @ = 1 in 3.6{h) demonsirates
that the intvoduclion of heat releage at $iog Mach number entircly stabilizes the central mode
but destabilizes the onter modes. Increasing heat release tn @ = 2 in figure 3.6{c} indicates
that the outer mode destabilization contimes with increasing heat releasc — the slow modo
now dominates the How structure. It should be noted that the discrepancy between the fast
and slow cuter mode amplification rates even for this stoichiometric and uniform density
cage results from the slight asymmetry of the sell-similar input profiles. The nature of the
inefficient two-step mixing process that was detailed in the DNS studier of I"lanché (1592}
ta evident in the compact and separate energy distributions shown in figure 3.6(c). Further,
the dominance of the slow mode growth rate for these conditions is expected 10 have an



Chapter 3. Linear Stability Results 79

additional negative impact on combustion by entraining significantly more fuel from the
slow stream than oxidizer from the fast. This situation motivates particular interest in the
‘colayer’ case where these two modes are equally amplified.

The infiuence of the density ratio on the 80w structure is seen in figure 3.7. This sequence
of energy profiles details the effect of biasing the demsity toward the fast (figure 3.7a} and
slow {3.7¢) side relative to the equal density M, = 2, © = 0 case shown in figure 3.7{b}.
The predictions made from considering the fdiz/dy profile are again clear in the resnlis.
Doubling the density on the fast side canses the fast and central modes to be near-equally
amplified, forming one variety of colayer structure in the flow, while the same change is
observed to stabilize the slow mode. The increase in density on the fast side has alse mowved
the position of all three vortical modes upwards in the layer. High density on the slow
side (figure 3.7c} shows the opposite result, with this change causing the formation of a
central/slow mode colayer and a general shift towards the slow side. A comparison of the
relative amplification rates for s = 0.5 and s = 2 reflects the experimentally-ohserved result
that the layer is more unstable when the slow free stream has greater density (Brown and
Roshko, 1974},

More detailed insight into the flow structure can be cbtained by nsing the eigenfunction
results to calculate streakline images for each mode from a flow field generated using equa-
ticne (2.38) and (2.41}. Following the method of Hama {1962}, two-dimensional streakline
profiles emerge from a locus of particle positions that are released at an initial location,
{%a, Yo, at a number of different times, £, and integrated to a common end time according
to

dz

9 afy) + eptly) ostem, (3.20
a .
Er% = e 3{y) Et[m:+,ﬁz—w$}, (3.2b}

where the initisl magnitude, £,, was set to 0.001.

The use of streakline visualizations allows some insight into the development of the scalar
field, which is of particular interest to our investigation. The streaklines for M, = 2,0 =0
shown in figure 3.8 very effectively contrast the compact nature of the outer mode struc-
fure relative to the central mode. Although these visualizations are qualitative in nature,
the conclusion that the outer modes will inhibit the mixing of fuel and oxidizer follows
clearly from the comparison; this subject will be explored more gqnantitatively in chapter 4.
Figure 3.8 is alac useful for providing an indication of the spacing between the large-scale




&0

structures. In proportion with their compact distribution, the outer modes have signifi-
cantly shorter wavelengths than the central mode, with the fast mode being approximately
half that of the slow. These relative wavelength observations hold reasonably well across
the entire parameter space that was investigated. The one exception to this coneerns the
veloetty ratio, which tends to reduce the dominant wavelength difference between modes as

it increases,

3.2 Parametric Investigations

With a general appreciation for the connecltion between struecture and mixing now de-
veloped, the individual effect of the fve parameters is investigaied in more detail. This
study was done fo determine each parameter’s ability to influence change in mixing layer’s
flow structure. This information will be particularly nseful in the development and com-
prehension of the regime charts that map the change in structure of the mixing layer (to be

discnssed in seciton 1.3).

3.2.1 Compressibility

The amplification-rate rerponse of all thres mstability wodes to compressibility ia shown
in figure 3.9 for heat release values stagting from zero with increments of A8 = 4.5, The
commonly-reported curve representing the piahilization of the central mode with rising
compressibility appears in fipure 3.9{a). As discussed in section 1.3.2, the most promising
explanation for this stabilization appears in the work of Vreman ef al. (1996), whe used
a relation Detween the growth rate and the preduction of turbulent kinelic energy, and
data from DNS results to show that reduced pressure fluctuations stabilize the mixing layer
by affecting production through the pressure-strain-rate redistribution term. This theme
will alse be explored in rection 4.4 to cxplain the observed delay of vortex pairing with
compressibility. Results for the central mode in figure 3.9(a} are shown at only three &
values due to a transition in the flow structure at higher heat release valnes that exclndes
the amplification of this mode (see gection 3.2.2 for details). The » symbols in these plots
identify the end points of the locur of conditions where o local muzisnum in Lhe amplification
rate for the specificd mode has been found in the search in the (w, 8} planc, via the method
outlined in section 2.2.3.

The reaults for the cuter modes are shown in figiures 3.9(b} and 3.9(c). Considering



Chapter 3. Linear Stability Reaulis A1

both the fast and slow mode results together, we ree that the growth rate of the outer
modes is alao suppressed, alihough the effect on the cuter modes is, in general, less severe.
Some insight into the reason for this can be found by returning to the density-weighted
vorticity ideas presented in section 3.1.1. As M, increases, the peaks of the pdi/dy profile
begin to develop and therefore suggest that the formation mechanisin for the outer modes
strengthens with compressibility. However, this strengthening is more than balanced by the
attenuating influence of compressibikity that operates on all instability modes; presumably
the pressure-styain mechanism detailed by Veeman ef al. (1996) in their study of the central
mode can be extended f{o predict the effects on the onter mode growth rates. Another
factor that affects the growth rate is the shearing velocity. As mentioned in the previons
section, Planché and Reynolds (1991) introduced the idea that the outer modes scale on the
velocity difference between Lhe Hame positics and the free stroam of interest, rather than on
the full velocity difference across the layer. Again, the intnition hehind this concept comes
from the double-peaked nature of the denaity-welghted vorticity profile that has a minima
at the flame position. This scaling imphies that, in comparison to the central mode, the
outer modes have a lower sengitivity to compressibilify and its attcnuating effect because
they scale on a fraction of the velocity difference rather than on the complete shear across
the layer.

in deseribing these competing factorg, the Arat-order effect is evidenced in the resnlta of
figure 3.9: the amphfication of the outer modes is auppressed with increasing M, alhough
not to the same degree as the central mode, which receives no benefit from the change in
the 5dii/dy profile. Increasing compressibility was also found to increase the wavelength of
the dominant central mode instability {r decreases in a shape similar to figure 3.9a), in
agreement with experimental observations. The slow maode demonsirated the same evolution
bt to & lesser extent, and the fast mode showed relative independence in its dominant
stractire apacing to increasing M., Finally, the effect of compressibility on the phase apesds
of the three modes or, equivalently, on their position in the layer is shown in figure 3,10
Increaring compressibility is seen 0 cause a progression in the position of the outer modes
toward their respective free streams while the central mode location remaing unchanged;
these observations direcily reflect changes observed in the 7di/dy profiles of section 3.1.1.

I& shonld be re-emphasivzed that the amplification rate plois in fignre 3.9 represent
only local maximums found according to the procedure ouilined in section 2.2.3. This
presentation can prcsdm:e what appear to be anomalies in the results. For example, the




82

ouwter mode termination points, marked by e symbols, are not meant to suggest that a
given mode i no longer amplified at M. values beyond this point, but rather that there
is no longer & recognizable maximum for that mode. Acrording to the Hnear stability
maodel of exponential growth rates without saturation, only & local maximum value wiil be
distinguishable froin modes of adjacent frequencics in the developed flow struetnre.

The shorteomings of this procedure are demonsivated in figure 3.11(a) which plots am-
plification against frequency at # = 0° for three M, valucs that bridge the fast and slow
mode introdnction points at © = 0. The corresponding phase speeds are shown directly
below it in figure 3.11{b) to provide identification——bascd on phase speed—of the different
modes. At M. = 0.95, the one peak in the profile is identified as the central mode from
its 0.55 phase speed. (I should be noted thal ite maxinmm amplification rate oceurs at
mnek higher obliguity, € = 56°) At M, = 1.0 the slow mode {dotted line) has appeared
and the fast mode is ncarly defined as a local maximum. By M, = 1.05 the transition ia
complete, and peaks for each of the fast {e. = 0.60), slow (¢ = 0,44} and central (¢, = 0.54)
modes are distinct. In this way, the fast mode is able to firsi appear with increasing M, in
fignre 3.9(b} at a nonzero amplification rate.

3.2.2 Heat Release

Some of the effects of heat release on growth rates of the three instability modes are
shown in the plots of figure 3.0. But to gain more direct ingight into the effeci of this
parameter, it is instructive to plot the amplification factor of cach mode as a function of ©
at compressibility levels starting at zero and incresging ab increments of M. = 0.5, Results
for the central mode are presented in figure 3.12(a) and show the attenuating influence of
heat release on the amplification of the central mode, The similar nature of this effect at
all compressibilities can be seen if the profiles ave normalized by —o; may @l © = 0 for each
value of M, - this procedure provides an excellent collapse of the data. Fach of the plotied
lines ends with a sywbaol: o denotes a transition point from the central to the slow mode
(to be digcussed below) while » again marks the last point where the given mode was found
to be amplified with 2 local maxima in the (w, #) plane.

For the incompressible case, onr central mode growth rate calculations wore shown in
section 1,3.1 to compare well with the experimental vesulis of Hermanson and Dimotakis
{1989), who related the central mode stabilization to a generally observed reduction in
turbulent shear stresses ag heat is added to the flow, In contrast to this, the amplilication



Chapter 3. Linear Stability Resnlis 83

rates of both outer modes increase with heat release (see figures 3.12b and 3.12¢), an
obgervation that follows from the development of the pdi/dy profile. Unfortunately, the
experiments of Herinanson and Dimotakis were limited to the ranpe @ < 0.8, a point shortly
before our calenlations predict that the dominant instability will change to a slow mode at
@ == 0.95. While the stability calenlations predict that the fast mode will first appear at
@ == 0.6, its growth vate is less than half that of the central mode, so it is not inconsistent
that its influence was not observed in the experimental resuits.

Figure 3.12(b) shows that heat release promotes the fast mode ampdification rate when
the infuence of comprussibility is significant {i.e. when M; > (.5) and has litile cffect
helow that level. However, the slow mode reaults of figure 3.12{¢) dernonstrate the opposite
behavior — (he greatest absolute gains in amplification rate with vising © appear in the
domain of low compressibility. The low-compressibility coupling between the central and
slow modes 18 explained in greater detail mn figure 3.13. Plots of the amplification rate
and corregponding phase speed arc shown for heat release values that span-the transition
point at M, = 0.4. Tracing the frequency of the —eny; peak to the phase speed plat below it
identifies the £ = 0.8 and (.9 peaks as central mades, while the distinet drop in o, for poaks
at © > 1.0 are related to slow modes. It ia clear from the profiles of figwre 3.13(a) that the
trangition (rom central to slow mode is specified when —oy juay Yeaches a local minima with
increasing heat release; this measure was used in the plots of figure 3.12.

The change in phage spead for all modes with heat relesse is shown in figure 3.14. Sim-
itar to the affectas of compressibility seen in the previons section, increasing heat release
moves both outer modes Lowards their associated free streams. The central mode ia largely
unaffected by increasing heat release, with a notable exception at M, = 2.0 where ancther
type of central to slow mode transition appears to be underway. The results for the change
in wavenumnber were found to increasc the wavelength of afl ingtability modes. This eft
fect wag sirongest in the outer modes, while the central mode wavclength increased in a
milder manner. At first look, this ontcome appears contrary 1o the experimental results of
Hertanson and Dimotakis (1989) that showed & slight decrease in structure spacing with
increasing heat release {Lhey also noted that this change will cause a derreass in entrain-
ment ratin). They hypothesized that this decrease is cansed hy a suppression of vortex
amalgamation (pairing). In a turbulent Sow where multiple pairings occur, this conld have
the net effect of decreasing the structure spacing deapite a slight increase in the length scale
of the fundamental disturbance. The close correlation between instability growth rates and
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pairing rate, which supports Hermanson and Pimotakis’ theory, will be demonstrated in
scction 4.4, Thus, it seens likely that our linear stabilily conclusions asve congistent with
the experimentsl ohaervations; we just happen to be locking at different parts of the flow

development.

3.2.3 Density Ratio

The cffect of density ratio variation on the amplification vate of the three si;é,bilil;}r modes
ave shown in figire 3.15 at three different comprassibility values, all in the absence of heat
release. Hesults are plotted across the range ol s = 1/4 to s = 4, with ¢ symbols used
here to denote the end limits of this range in the results and, as in the previous sections,
¢ details the point where a given mode iz no longer maximally amplified. Starting at the
incompressible state in figure 3.15(a), we aee that the growth rate of the central mode scales
¢uite strongly with the density ratio parameter in our valculations. The linearity of this
response is striking considering that, from a physical perapeciive, the values of 5 = 1/2 and
# = 2 sre equivalent pertirbations with respect to a2 uniform density flow.

Thege results are consistent with the trend, bt not the scale of Brawn and Roshkao's
{1974} experimental resnlts: they reported that a change in the density ratio from 5 =7
to & = 1/7 resulied in a decresse of the spreading angle by a factor of two for » = &
The discrepancy can paitly be explained by the fact that Brown and Boshko scaled their
# = 7 growth rate results linearly with a volocity parameter A = AUS{TR + 7). However,
stability results of Bandham and Reynolds (1990) predicted that the scaling is gqnadratic.
Their stability calewlations matched Brown and Roshko’s data at A = 0.45 and A = 6.75
for 5 = 7, although with only these two data points, the extrapolation 0 A= 1 {r =8) iz
certainly not conclusive, and it should be noted that sueh conclusions are heavily dependent
omt the mwean How used in the stability analysia.

Frieler (1992} performed the most thorough study to date on density ratio effects. These
experiments looked at the variations fromn s = 1/8 lo 3 = 8 and found a 25% change in
growth across this range at r = §.386. In the range from s = 1/4 to 5 = 4, the growth rate
changed only 15%, compared to the 70% prediction for {inear stability at this v value. The
gignificant discrepancy engeests that the computed velocity and density profiles differ from
thase of the cxperiment. This is indeed the caser Trigler’s How had constand temperature
houndary conditions while our profile, which assumes constant moleeular woight, varics

congiderably in temperature during density changes. The combined effect of density and
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temperature changes in our results causes a considerably more dramatic effect. In discussing
hir results, Fricler also acknowledged the importance of coupling between velocity and
density ratios, He makes the suggestion--seconded here--that a detailed experimentasl
investigation of the density ratio effect at different velocity ratios should be nndertaken to
correctly resolve and izolate these different effecta.

Az compressibility is increased to M, = 1 ia figure 3.15(b), the ceniral mode maintaina
its near-lincar scaling across the entive range of & valnes. At this compressibility valuc the
outer modes are also present, but note that their appearance iz biased toward conditions
where the stream opposite Lo their associated side hag the greater density. For example, at
M, = 1, the fast mode exists as an amplificd instability scross the range s = 1T to s =4
where the slow side is more dense. As the density ratio i3 veduced helow s = 1.7, only
the central and slow modes are present as peaks in the -y surface in the (w, 8) stability
plane. However, as compressibility is incressed to M, = 2 in fguwve 3.15{c), both outer
modes beecome strong enouigh to exist across the fll range of 5 values considered, snd now
it is the weakened central mode that cxists for only a restricted range of values centered
arpund a = 1.

The resnits at this high compressibility are consistent with what was predicted from
the density-weighted vorticity profiles of section 3.1.1: outer modes associated with the
heavier stream will dominate the flow structure with significantly larger growth rates than
the other modes. An interesting aspcct of the amplification rate plots in figure 3.15 ia the
similar responsc of the central and slow mades to changing density ratio for 4, > 1.0, The
ampliication rate of the slow mode increases with s and follows what we wonld predict,
hut the similar response of the central mode, although it is seen in experimental results, is
interesting since the 5di/dy profile offers no a priori knowledge of this. Rather, this mode
is dominated by changes in the baroclinic vorticity generation term (Soterion and Ghoniem,
1995).

It should be noted that our results, which indicate that the destabilization of the central
mode with increasing s i3 present atb zll compressibility levels, arc in contrast to the caley-
lations of Ragab and Wu (1989), who suggested that the same change in g would become
attenuating at hich compressibility values. The discrepancy is likely due to their consider-
stion of only two-dimensional modes, although it is now understond that the mixing layer
i entirely three dimensional under those conditions. '

The modal phase speed resulta ol figure 3.16 offer further insight into the influence of
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the dennity ratio on flow atructure. Plots are shown at three different compressibility levela
along with the prediction from an incompressible vortex gheet tnodel {Drazin and Reed,
1481}
m i+ pals .
T e 33
True comparison of the mnodel and stability predictions is only available at M, = 0, and the
results of figure 3.1G{a) indicate general agreement. The major cause of the discrepancy,
particularly cvident in large 5 values, is the nonsymmetric sel-similar profile of the stability
cateniations. Figure 3.16{c) plots results at M, = 2, where all three modes are well defined,
and the density ratio is found to nearly equally aflect the location jn g of sach mode across
the range of considered conditions. This Bgure also demonstrates that the central mode is
cotirely distinet from the outer modea at the termimation points, a {act that was not clear
in figure 3.15{c}.

The phase speed results shown in figire 3.16 reflect the prediction from the density-
weighted vorticity profile that phase spoeds of all modes move in the direction of the densify
bias. Dimotakis {1986) offerad an explanation for this behavior based on pressure-mmatching
at the stagnation points betwoen the vortical structures. An aliernafive rational wag infro-
ducad by Soterion and Ghoniers (1995}, who developed a model for the movement based
on baroclinic vorticity production. Both explanations can be exiended $o the outer modes
and this 18 seen in practice in the results of figure 3.16.

For sitnations where the outer modes dominate the How structure, the results of this
section suggest that s nomuniform density will adveraely impact the mixing performance
through two means: first, it will heavily bias the amplification of the mode associated with
the heavier stream, causing a one-step, off-center mixing process to develop and second, it
will push the dominant mode further away from the other reactant stream. Through the
inflnrence of these two mechanisms it is clear that the density ratic is & very impaortant pa-
rameter in determining both the structure and mixing performance of compressible reacting

shear layers.

3.2.4 Hguivalence RHatio

The basis for our itrvestipation into the effect of stolchiometry on the mixing layer struc-
ture evolven from the coneept of Planché and Reynolds (1991, 1982) (o (ully parameterize
the equivalence ratio ellfect on growth rafes through the use of a Hame convective Mach



Chapter 3. Linear Stability Results a7

number. The idea behind this new compressibility parameteor is simply to modify the defi-
nition of M, {see equation 1.1) to reflect the fact that the correct convective reference frame
for each of the outer modes is the average of the flame sheet and the relevant free-stream

velocity. This approach yields $wo new parameters,

U - Us U - U3

where f denotes quantities that are evaluated at the flame shest position. In the case
of a nonrcacting flow, the flame sheet velocity simply defanlts to the mean of the two
free-stream speeds. Using the definition of M, and M/ 5 where appropriate, Planché and
Reymolds were able to provide an improved collapse of two-dimensional amplification rate
data compared t0 what had been possible when M, alone was used to parameterize the
effect of compresathility on all three stability modes.

The ability of these pew definitions to parameterize compressibility results provides con-
fidence in the notion that the growth rate of the outer modes seales on the shear between
the flame sheot and the relevant free stream. This has direct implications when congider-
ing the effect of changing stoichiometry on the mixing layer structure. In a conventional
sitnation where the fuel is present in the slow side of the mixing layer, a reduction in the
equivalence ratic will reduce the flame sheet velocity and will therefore cause a drop in the
shear driving the instability of the slow mode and, correspondingly, an increase for the fast
mode, Further, for the same cxample, the emphasia as a whole towards the slower side of
the mixing layer will be reflected in the phase speeds of the most amplified disturbances.

Changes in the shear ave directly correlated to changes in the growth rate, but they
logically also have an effect on the compressibility that is felt by the onter modes. An outer
mode that has had its driving shear reduced (e.g. the slow mode in a sitnation of lean
stoichiometry) will also bo loss susceptible to the attenuating effects of compressibility as
the Mach number increases, One measure of the compressibility influence ia the M, value
where a mode beeomes three dimengional - plots of this appear in fipure 3.17. The mode
transition boundary corresponds to the locus of points where the maximum amplification
rate at § = 0° and 10° are cqual. In contrast to the lack of influence on the contral mode,
the slow mode exhibifa & large extension of the two-dimensional region with decreasing
eqitivalence ratio. The fast mode, which observes an increase in hoth shear and therefore

compresribility, has & progressively earlier transition.
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A more detailed view of the equivalence ratio cffect can be seen in the plote of ampdi-
fication rate against compressibility at a fxed heal release that are shown in figure 3.18.
Fach of the three modes appears at s repreentative heat release value: the central mode
at B = 0.5 and the outer modes at © = L8, The central mode of figure 3.18(a) appears to
stabilize stightly with reducing equivalence ratio, although this effect is only noticeable at
low compressibilities and for most of the dornain the amplilication rate difference is negligi-
ble. The more interesting case oceurs for the outer modes. Starting first with the fast mode
reanlts of figure 3.18(b}, the equivalence ratio reduction and the corresponding drop in the
flame sheet position mercascs the driving shear and this nnderstandably destabilizes this
mode at low M, values. Ifowever, as the Mach mmmber increases, the same high shear that
previously augtmented the amplification rate now makes the mode more susceptible to the
elfects of compressibility. By M. = 1.0 any enhancement provided by a lean sfcichiometry
i essentially lost, Indeed, at M, = L.b the situation actnally reverses itsclf and the lean
stoichiometry appears as an atlenuating influence on the growth of this mode relative to
the ¢ = 1 case.

Exactly the opposite behavior oceurs for the slow mode amplhification rates shown in
figure 3.18(c}. Comparing the aquivalence ratio effect of the two outer modes at low com-
pressibility, we see that the amplification rate of the slow mode is more susceptible to
changes in stoichiometry. However, the slow mode shows the same geneval collapse of the
growth rate predictions for M, > 1.0. It should he noted that the kinks in the growth rate
profiles of figire 3.18(c} are caused by the transition of the slow mode from a case where
it ix subsonic with respeet to both free streams to & situation where it is supcrsonic and
subsonic with respect to the fast and slow sireams, respectively (see Jackson and Grosch,
1589 for details).

These results suggest that the influcnce of the equivalence ratio is essentially restricted
to low compressibility sifuations. Since our primarily inferest is focused on conditions
of significant rompressibility and heat release, Lhis result renders the parameter ¢ a8 an
mteresting but less imporlant factor in determining the dominant mixing layer structure
when compared to the offect of M., €&, and # variations. This perspective will be used to

gimplify the developinent of the regime charts presented in sectiom 3.4.
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3.2.5 Velocity Ratio

Most analyses of the velocity ratio effect on the growth rate of cither experimental ov
computational results are done by considering the scaling performance of the parameter
A = AU/{U1 + Uz). The extension of this parameter to compressible reacting conditions
with puter mode structure will he the subject of section 3.4. For the moment, however, cur
intercst i it evaluating the influcnce of the velocity ratio on the dominant mixing layer
gtructure.

This issuc is best investigated by plotting the change in amplification rate of a given
mode a8 ¢ increases from zero. Four of these plots are presented in figure 3.19 to test
{hie amplification rate response in conditions of high compressibility, high heat rclease, and
two cases where compressibility and heat release appear fogether at low and high valnes,
respectively. The specific values of M, ©, and 5 for vach case were selected {o represent
colayer conditions (f.e. where two or three morles have similar amplification rates). Beyond
providing insight into how changes in r affect the dominant structure, these cheices allow the
semsitivity of colayer conditions o » variation to be tested, a point of particular interest to
the regime chart development of the following section. All calculations wers proceeded nntil
v reached a nondimensional value of 0.5, and this arbitrary termination point is denoted
with & o symbol. It should be noted that maintaining a constant, nonzero &, value requires
the fast stream Mach number to increase as v is increased via equation 1.1

The colayer condition formed at high compressibility between the slow and central mede
at M, = 275, © =}, and 5 = 1 ia pictured in figure 3.19{s). The central and slow modes
decrease in amplification rate with near-identical behavior. The less scnsitive responae of
the fast mode suggests that these conditions will generate three modes of equal amplification
as r incresser. ‘These characteristics generally hold truc across the wide range of conditions
that are presented in figures 3.19(b} through 3.19{d); the slow and central modes share
s similar smplification rate attenuation with increasing r while the fast mode follows the
rame behavior but with slightly less sensitivity, It foHows that the cffect of the velocity ratio
parameter on the structurc manifests itself as a slight bias to the fast mode as r increases.
However, this bias is small in comparison to the effect that compressibility, beat release,
and the density ratio parameters have on determining the dominant ingtability mode. Thig
suggests that varistions ol v are not a primary factor in defermining the flow structure,
Similar to the outcome of our equivalence ratio discnssion, this result can be used to help
simplify the regime chaits that are the next subject to be addressed.




3.3 Regime Charts

Summarizing the resnits from the previous section, our parametric study suggested that
compressibility, heat release, and donsity ratio effects were the most important parameters
m determining the dominant fow structure; the effect of the equivalence apd velocity ratios
were, in general, found to be less critical. This conclugion allows the formmlation of regime
charts of Lhe mixing leyer structure to be restricted to M, 0, and s parameters, provided
certain caveats discussed in the previous section are acknowledged. In particular, the im-
portant effect of atolchiometry at low compressibility levels and a slight bias towards the
fast mode with inrreasing velocity ratio should be kept In mind while viewing these results,
all of which arc for ¢ =1 and r = 0.

With this simplilied perspective the parameter space ia reduced to o three-dinensional
problem axnd the task of presenting regime charts becomes managesble atid the resulis move
meaningful. A good appreciation for the interaction cf the three dominant parameters can
be developed by taking two-dimensional cats through the parameter space to investigate
regions where specific modes will dominate. The important aspects of the three differont
plane views are presented below to help improve our understanding of the mixing layer's

structure.

3.3.1 Regime Charts in the {s, @} Plane

As au Hrst step in the regime chart cescription, the effect of rising compressibility on
flow atrucinre in the (s, €) plane is shown in figure 3.20. Note that the density ratio
axes have been stretched to maintain symmetry aboul & = 1, For example, 2 = 1/2 and
& = 2 are positioned wt eqoivalent displacements from the nniform-density case. Boundaries
separating varions modes were established by bnding the locus of conditions wheve g pa
for the two modes agreed within 0.6%. Considering first the shape of the colayer boundarics
for low M, values in figurc 3.20{a}, we can agnin appeal to the density-weighted vorticity
profile to help explain some of the prominent features of this chart. The evolation of the
jdit/dy profile toward twe vuter peaks with higher heat release ia reflected in the progression
of the regime chart from a central to outer mode structure with incressing 6. Also, the
correlation of regions where an outer mode {{ast or slow) dominates with regione where
their rompanion streams have greater density follows from predictions based on the p dit/dy

preofike,
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The wedge shape of the central mode region in figure 3.20{a) can be explained by the
observations of sections 3.2,2 and 3.2.3 that addressed the influence of the heat release and
density ratio parameters on modal growth rates, The effect of increasing heat release to
stabilize the central and destabilize the outer modes is reffected in the diminishing denaity
ratio range where the central mode dominales as heat release is increased; the outer modes
require less biaa in the density ratio value to match the central mode amplification a8 the
6 value rises. This situation continues umtil @ = 1.5 {T,4 = 2.5} for the incompressible
case, at which point the central mode is vverwhelmed by the two outer modes and ne longer
dominates at any density ratio value, The conditions of particular interest in this regime
chart are the locus of poinis that form the boundaries between modes. For these conditions,
the fow will develop two vortical modes that coniribule to the mixing of the fast and slow
streamns and therefore hold promise for enhanced mixing performance, Unforinnately, due
to the difficulties associated with obtaining sufficient combination of heat release and com-
pressibility for colayer conditions in a laboratory facility, no direct experimental evidence of
this mixing enhancement, enrvently exists. However, gualitative evidence has been observed
in diffusion flames (see section 5.2.2) and a new shock-tube facility discussed by Rossmann
el ol (1908} holds promise for obtaining quantitative measurements in the near future.

I figure 3.20(a), the colayer lines between the central and outer modes extend to larger
density ratio valnes until a poiut (identified by a » symbol) where two equally amphficd
peaks in the {w, #} plane no longer exist. To explain what this means $o the fully devcloped
mixing layer structure, it is useful to consider an analogy to the critical point on a chart
of thermodynamic properties. In that situation, on either gide of the critical point we are
elearly able to identify the state of the substance, liguid or vapor, but the region ahove the
critical point the mixiure defies strict categorization. Applying this analogy to our regime
chart, wo describe the Aow structure past the termination point of the colayer boundary
a3 conbtaining a single vortical mode with characteristics that share aspects of the two
previousky-identifisble modes.

Shifting Incus now to the results at M, = 0.5 that also appear in figure 3.20(a), we
see that the dominant fealures of the previous chart vemain unchanged but hers the outer
modes occupy a larger region of the chart. This follows directly from the fact that both
compressibility and heat release generate conditions where onter modes dominale the strue-
ture. The other observation of note in this figere s the relatively vertical orientation of
colayer boundary formed between the fast- and slow-outer-mode-dominated regions at high




£ values. This demonstratcs that the relative amplification of these two modes dependa
principally on which atream is heaviér and thus the boundary location iz only weakly af-
facted by compressibility. ‘This boundary rests slightly below the density ratio value of uniiy
due to the slight asymmetry of the selt-similar input profiles for % and T.

Ag eompresgibility is further increased to M, = I in figure 3.20({b), the area of ren-
tral mode influence is reduced further and its dominsnt structure will be entirely three
dimensional, Al this M, level, the onter modes can appear in eithey a two- or three-
dimensional orientation. Fhe generally horizontal orientation of the dimensionslity bound- -
ary demonstrates the eflect of increasing heal velesse to force the outer modes toward a
two-dimensional strueture. The final frame in the progression of increasing compressibil-
ity is shown in figure 3.20{c), where colsyer bounduries are plotted for M, values of 1.5
and 2. The downward progression in the centralfouter mode boundaries has contimed
and at M, = 2 it becomes possible to maintain a colayer structure in nonreacting How,
pravided the density ratio i3 carefully chosen. Al modes wil! appear maost amplified in a
three-dimensional oricotation at these high compressibility values.

Several ‘triple points’ are evident at discrete values in the regime charis of figire 1.20
where all three instabitity modes ace cqually amplified. The specific nature of these modes
at a moderate compressibility and heat releage triple poinl (M.=1.0, ©=0.90, 5=0.94) are
shown in figure 3.21 in the form of amplification rate contours in polar (w,#) coordinates.
Indications of the & angle are shown around the periphery of these plots, and freguency
radil extend out from the origin to the boundary, where the latter gignifies the loens of
zero-amplified neutral modes. This figurc shows that three distinet and equally-amplified
instabifity modes are indeed present under these conditions, The central and fast mode
peaks appear it the same astability map of figure 3.21(a}, but at significantly differcnot
frequency and obliguity valucs. The focus on the central mode n figure 3.21{1) indicates
that its peak ocetrs at an obliquity of ¢ = 567, in contrast to the outer mades which
are just on the verge of becoming three dimensional af this compressibitity. The behavior
of the central mode also contrasts with the outer modes in its well-defined position; the
peak contours {—a; = .08} of the outer modes (the fast mode in particular} encompass a
stguificantly larger area (han that of the central mode. This suggesta that the outer modes
may be difficult to view in experimental conditions because many diflerent combinations of

frequency and obliguity waves are near-equally amplified.
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3.3.2 Regime Charts in the {s, M) Plane

While the initial cuts into the regime space aloig a density ratio and heat release plane
are umeful, a full appreciation for the flow structure requires investigation from other per-
spectives, A study of the structure in the {s, M) plane was also carried out and the results
are shown in figure 3.22. A comparison of the low M, regime charts ol figure 3.20(a) and
the low © charts of figure 3.22(a) demonstrates the strong shnilarity that exists between
the eflecta of heat rclease and compressibility. Inereasing both parameters forces a transi-
tion from central to outer mode structure, which was predicted from their similar effcct of
developing a hi-modal fdit/dy profile,

T'he similarity between the effects of heat release and compressibility aliows us to restrict
discussion of the {a, M.} regime chart to only itz unique featurea. One such observation con-
cerns the central mode's boundary between two- and three-dimensionglity. The boundaries
at @ = 0 and 0.5 in figure 3.22(a} are both nearly horizontal and almost overlay one another,
stiggesting that its position is only a funclion of compressibility and is ahnost invariant to
heat release and deusity vatio effects. Figure 3.22(¢) is also notable in ita demonstration
that a fast/slow colayer exists at incompressible conditions for this and greater heat release
valnes. This observation has significant implications for pear-field mixing in diffusion flames

and will be the suhject of further discussion in section 5.2.2,

3.3.3 Regime Charts in the (14,,0) Plane

Figure 3.23 completes the set of regime charts by oflering a perspective of the (M., @)
plane for a variety of density ratios. These planar cuts allow discussion of the mixing layer
development from the reference condition of an incotnpresgible, nonreacting case (located
inn the lower left corner) to a fully compressible reacting flow over a range ol lixed density
ratios. It ix useful to start the discussion with the reference case of 8 = 1 that is shown in
figure 3.23{b). Under the conditions of M, = D and © = 0 the familiar, centrally-located,
two-dimensionsl, large-scale strnetnre will be present and dominant, With increasing com-
pressibility there is first a transition to three dimensionality and then, for M, > 2.5, the
central mode gives way to the slow three-dimensional mode as the dominant fow structure.
With increasing heat release the progression from central to slow mode structure s again
observed. At this unity density ratio value, the slow mode will oud-pace the fast and it dom-
inates the regions of both high compressibility and heat release. Figure 3.23(b) also provides
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a convenient visw to contrast the dimensionality boundaries (i e. the compressibility effcct)
of the central and outer modes that was explained in section 3.2.4.

For the case of a fast side density bias of a = 2/3 pictured in figure 3.23{a), the cen-
tral/outer mode colayer boundary maintains the same characteristics as in the s = 1 case,
but here the fast mode replaces the slow as the dominant outer structure. However, cven
with this fast side density bias, a high heat release and low compressibility combination
can atill promote a region where the slow mode will dominate. The s = 1/2 case also
shown in figure 3.23{a) demonstrates that colayer regions are almost entirely eliminated at
this level of density bias; only a small region where the central and fast three-dimensional
modes are cqually amplified remains prerent. Therefore, there will be anly one discernible
mixing mode in the fiow for the vast majority of this parameter plane. When the density
biar is moved to the slow side of the layer in figure 3.23(3s}, the location of the central fslow
colayer is at lower M, and © values and is shorter compared to the equivalent density case
of figure 3.23{(a). When the density ratio is increased further to s = 2, the eolayer boundary
is ali but climinated. This result is similar to what was found in the equivalent but oppasiie

dengity bias of the 2 = 1/2 case.

3.4 Parametrizing the Velocity Ratio Effect

The ability of the velocity ratio pavameter A = (U7} — Us)f{Uh + U5}, the difference
gver the sum of the fast and slow free-stream velocities, to parameterize the growth rate
of incompressible, nonrescting, and uniformn-density mixing layers has been well demon-
strated in both experimental {Brown and Roshiko 1974) and computational (Monkewitz
and Huerre 1982) studies. However, the use of this parameter to collapse growth rate data
in compressible, reacting, and variable-density conditions has not been thoroughly explored.

Additional guestions l:eg&rding the validity of this parameter arise in regions, docui-
mented m the previons section, where owter modes dominate. Since the conventional A
parameter has no means to account for this change in fow structire, e utility under these
conditions needs to be investigated, The results of this section will evalunate the ability
of the A parameter to collapse growth rates across a range of compressible, reacting, and
variable-density conditions and will consider simple additions to extend its relevance to all

nosaible types of shear layer structure.
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3.4.1 Ewvaluation Methodology

Previous studies have shown that the growth rate, o, is linearly related to A in incom-
pressible, nonreacting, equal-density Hows. Hence, the ratio o /A (the slope) shonld remain
constant as Uy [& = A{Uh)] is varied, and we wish to test this hypothesis for a variety of
conditions, This ratio takes on the value of ¢ (U = &) because A ({2 = 0) i unity. We can
therefore determine the accuracy of the growth rate collapse by comparing the value of o/
at soroe nongero Uy to the value of o (U, = 0). To efficiently pregent information from a
fﬂﬁl‘-—pm‘amei:er study {M,, B, 2, and }), we fixed IFy = 0.5 as the valoe for the compariron.
Resutlés are plotted as contours of T, which represents a normalized accuracy for the scaling
parameter (here, &) defined ag
ol =045)f A(lh = 0.5)

¥ rT{Ug 2{]} '

(3.4)

where 5 unity value implies a perfect collapse. The cholce of Ua = 0.5 ag the cvaluation
point is an arbitrary but reasonable sclection; the specific choice ia not important becanse
the scaling error is approximately proporiional to the magnitude of Us and hence these
results can be extrapolated to other values.

3.4.2 Central Mode Scaling

The ability of A to collapse the growth rate of the central mode in Lhe regime ol com-
pressible reacting How is evaluated in fgure 3.24. The contours in this plot were apline
interpolated from information at AM, = AQ = 0.1 and they extend throughenl the region
of M. = 2 where the central mode exists as a local maximnm amplification rate.

The excellent scaling performance of the A parameter in itcompressible nonreacting
gonditions i3 evident in the near intersection of the mnity-valued T contour with the origin
of fipure 3.24. These results also indicate that the acaling sccuracy beging to degrade, but
not too severcly, as compressibility and heat rolease are added to the fiow. Specifically, this
plot demonstrates that the ealing ervor is largest for reacting conditions in the absence of
compressibility, and when the compressibility approaches levels ag high as M, = 2. Both
of these condilions corespond to a significant modification of the mean density profile {or
cqually, the temperature profile); this points to the likely souree of the scaling problems.
But the complex nature of the density prohile evolition with increasing M, and @ prevents
the use of uny density-bused parameters in a modified A ﬂeﬁnitinn to achieve a global
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improvement in the sealing accuracy. A similar conciusion was reached by Ragal and Wa
(1989} in their study of two-dimensional compressible nonreacting mixing layers, althongh
pur resulia demonstrate that this holdr even when the more dominant three-dimensional
effects are taken into account {in compressible conditions} and also extend the ohservation
to inchide reacting flows. However, it should be noted that figure 3.24 validates the use
of A for very accurate growth rate scaling {within 5% for this calculation) for the range
M. < 1.25 and @ < 0.5 that encompasses the large majority of experimental resulis,

The errors that can result from using A to scale growth rate information in variable-
density, incompressible flows are evident, buat not directly discussed in the resuits of Sand-
ham and Reynolds (1990} and Lu and Lele (1994}, A direct measure of this inaccuracy is
shown in figure 3.25, where T is plotted for the central mode in a region of variable-density,
compressible conditions: (.2 < 5 < 5 and M, < 2. Note that the density ratio axis has been
stretched fo maintain symmetry about § = 1, which is shown here as a2 dotfed Hoe. The
predominantly horizontal nature of the contours in figure 3.25 indicates shat the density
ratic haa a far sironger effect than compreasibility on the scaling performance. Indeed, a
density difference of 50% is enough to cause significont scaling errors at most compressibility

values.

3.4.3 Outer Mode Scaling

It seems sensible to propose new velocity ratio parameters that are based on the fact that
ouber mode growth rates depend on the shear formed by the velocity difference between the
flame sheet and the respective free strears {Planché and Reyuolds, 195%1; see section 3.2.4
for further discussion}. This result can be casily incorporated into the definition of A by
changing the appropriate velocity terms to generate two new mode-specific parameters

G A0, S =0 v

(3.5)

and

where Ap and Mg are the fast and slow mode flame-based scaling parameters, and Iy is the
velocity at the flame sheet position. To maintain a zere to unity range in all X definitions,
a normalized version of Ap was defined ag Ap- = Ar/Armax, where Apwma, ccomrs when
g=1u.

Scaling results for the fast mode repime in uniform-density conditivns are shown in
figures 3.26(a) and {b) for the A and Ap. parameters, respectively. This outer mode is



Chapiter 3. Linvar Stability Results a7

understandably absent in the region surrounding the origin, where there is insufficient de-
velopment in the density-weighted varticity profile to form this instability, In the low heat
release regimne (& < 1}, figure 3.26 demonstrates thai growth rate collapse with the con-
ventional A parameter is more precise, while the fagt mode parameter Ags i3 supetior in
high-heat-relesse regimes. The extent of these two scaling regimes ronghly corresponds to
the regions where the central and onter modes are dominant {see gection 3.3.3), The colayer
line where these modes are egual in growth rate has heen nsed in fighre 3.26 to delineate
shaded regions where the A and Ape parameters should each be applied. Experimentally,
this boundary should be eagily observable since it corresponda to a change in fow strnictyre.
In summary, the Ap parameter provides pood accuracy for scaling the fast mode growth
rate in regions whare it will be a significant part of the flow structure.

BResults for scaling the slow mode growth rate are shown in figere 3.27. It should be
noted that thera is & region roughly defined by © < 0.4 and M, > 1 wherse results are not
presented becaunse the slow mode is weakly amplified for Uy = 6 and in fact disappears when
I = 0.5, Comparing the results in figures 3.27{a) and (b) suggests a conclusion similer to
that of the fast mode: the conventional definition of A performs best in regions of low heat
release while the slow mode Ag parameter should bo used when there is significant beat
addition to the flow., Unfortunately, the colayer Loundary (shown asz a dashed line in this
plot} does not perform as well here as it did for the fast mode (see fignre 3.26) to separate
the two scaling regimes. Further, the close spacing of contours in the low compressibility
(M, < 0.5) region of both plots implies that neither sealing parameter is veliable there —
the dominance of the heat relesse over the driving shear 1o this region seems to be the cause.
However, in higher compressibility regimes (M, > 0.5), the following rule can be applied
with acceptable accuracy: X should be vsed for @ < 1.6 while Ay provides better accuracy
when © > 1.6.

3.5 Chapter Summary

This chapter has presented a detailed hvestization into the effects of compressibility,
heat release, and the How-stream ratics of denuity, equivalence, and velocity on the struc-
ture of the compresaible reacting mixing layer. The density-weighted vorticity profile was
employed as a frst step to develop an understanding for the offect of each parameter.
Eigenfunction visualizations hared on linear stability theory were then used to llustrate
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ihe general behavior of the three different instability modes.

An extensive parametric study—also using linear stability—evaluated the inlluence of
each parameter on the flow structure: Compressibility and heat release were found to exert
very similar effects: both canse the flow to fransition from central to suter mode dominance.
The density ratio was identificd as a third important parameter, exerting considerable
influence on alt modal growth rates, and selecting which cuter mode deminates in high-
heat-release and compressibility situations. Variation in the equivalence ratio was shown to
have only a slight effect on the central mode. However, its influence on the vuter modes wag
heavily dependent on compressibility, producing a arge cffect at low M, values by adjusting
the effective shear on each mode, but negligible influence at higher M, due fo balancing
compresstbility effects. Changes in the velocity ratio reduced the growth rates of all modes
nearly equally, Based on these resnlts, compressibility, heat releage, and the density ratio
were identificd as the critical parameters for determining Bow structure and regime charts
were developed to document their combined effect.

The ability of sealing parameters to account for the growth-rate influence of the ve-
lacity ratio was investigated, The conventional A parameter, developed in incompressible
nonreacting flows, was shown to perform well for all three stability modes in moderate
compressibility and heat release regimes of equal-density flow. However, the accuracy de-
teriorates rapidly with increasing demsity ratio. Two new flame-based parameters were
introduced and shown to provide better parameterizing of the outer mode growth rates in
conditions of significant heat release.
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values: (&) M.=0, 0.5; (b} M.=1.0, and (c) M.=1.5, 20 (¢ = 1,+ =0}
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Figura 3.21: Polar contour plots of the amplification rate in {w, #) voordinates for {4} central and fast
modes, (b) focus on central mode, and {v) slow mode at a triple point (M, = 1, @ = 0.9, s = 0.94,
¢ = 1), Contonur min at [, max at 0.08, and Aey = 0.004.
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Figure 3.26: T vontours using {a) A and {b) Ap. parameters for scaling the fast mode growth rate
itt compressible reacting conditions {s=1, ¢ = 1).
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Figure 3.27: T contours using {a) A and (b} Ag parameters for scaling the slow mode growth rate in
compressible reacting conditions (s=1, ¢ = 1). The dashed line represents the coleyer boundary.



Chapter 4

Nonlinear Stability Results

The different regimes of the compressible reacting mixing layer were established in the previ-
ons chapter. The detailed apalysis of both single and multiple mode (colayer) Aow structure
is now addressed. The nature of these investigations, with their focus on the downstream
evolution and mixing characteristics of different modes, reqguires a computational technique
that can accurately simulate development in the nonlinear regime. Further, the broad,
regime-based porspectives developed in the last chapter demand an analysiz method shat
can be applied to a large number of #ow conditions. These requirements have motivated
our developinent of the parabolized ztability equations, which provide accurate nonlinear
madeling at reduced computational cost.

Our nonlinear investigations begin in section 4.1 with a discussion of the different cases
and a detailed look at how one of these cases evolves. Results from zingle mode flow structure
sirnulations are discussed in section 4.2, The nonlinc:sr development of the different modes
and their related mixing properties will be addreszsed. In section 4.3, the understanding de-
veloped from single mode flows will be applied to interpret vesults from colayer simulations.
The finak scction of this chaptor will demonstrate the ability of the PSE to simubate vortex

pairing and will investigate the effect of compressibility on the pairing process.

4.1 Overview of the Nonlinear Calculations

To obtain reasonable conclusiens regarding mixing from simulation resnits, it is desirable
to calculate the fow beyond the saturation point of the fundamental mode. However, the
relatively-rapicd growth rate change at saturation can cause difficulty for the PSE calenlation,
which is based on the assumption of a elowly-varying flow. In the presemt study, this was
addreased by taking advantage of observations from section 3.2.5 that increasing the velocity
ratic provides near-cqual reduction in growth rate for all instability modes. By seiting the
velority ratio at v = 0.5, the growth rates were reduced to a thivd of their v = 0§ values,
allowing PSE calculations to run through saturation in most cases. Becsure this growth

rale change ocours for all modes, our observations from the last chapier with ¢ = B remain
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valid here. Confirmation of this appears in figure 4.1, a regimo chart in (s, @) coordinates
at M, = 1,0 and r = 0.5. The equivalent chart at r = 0 appears in figure 3.20(b}, and their
comparison reveals only a slight change in the boundaries between various regimes,

Figure 4.1 also shows the six flow conditions that form the basis of the nonlinear mves-
tigations described in this chapter. For single mode studies, two cases where the central
mode i dominant were investigated with and without heat release in uniform-density con-
ditions. At the same @=0.75 value of the former case, ihe density ratio was changed to
5= 2/3 and 3/2 to bias the flow structure towards cither a fast or slow mode. Two colayer
conditions were also evaluated: a fast/slow case at {s = 0.94, © = 1}, and a central/slow
came at (5 = 3/2, © = 0.45).

4.1.1 Modal Interactions

Before presenting nonlinear stability results in section 4.2, it is instrnctive to first explain
how instability modes interact in nonlincar PSE simulations. An example of this is shown
in figure 4.2 for a two-dimensional colayer fow simulated with sighteen frequency modes.
A typicsl initial condition is shown in figure 4.2(a} where energy is specified at m =1 and
m = 6 for the fast and slow modes, respectively, The energy distribution at an early point
of the flow development s shown it figure 4.2{b), where energy from the initialized modes
(black dots) has interscted to form modes at other frequencies (grey dots).

The nonlinesr interactions shown in figure 4.2(b) work on a simple addition principle
according their discrete Fourier representation (eq. 2.77}. For example, the interaction
between energy in frequency modes m = 2 and m = 4 makes a contribution te m = 6
throngh

— Bt

fig e teat

w'e' =iz e
= fig ity g Wet 4

where (... ) represents additional terms from the interaction of modes with themselves and
their conjugates. In this manner, energy can trausfer from low to high frequencies. The
reverse communication path, for example, involves the interaction of energy at m = 7 and
a conjugate mode, i = —8, to make a contribution to m = 1. Section 4.3.1 will further
address the computational issues of colayer simulations.

Energy development it & three-dimensional PSE simulation of the central mode at M, =
1, & = 0.75 is ghown in figure 4.3. Modes that are present at a given streamwise location
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are indicated by & circle, which is shaded according to logarithm of integrated energy in that
mode. The flow has been initislized with energy in the fundamental mode (1,1} and the
two-dimensional mode {1,0). The maximum initial fluctuation magnitude of these modes
was set to 0.001 and 0.0002, respectively. (Full documentation of the input conditions is
provided in Appendix C.)

Interactions with a second Fourier dimension work in the same manner as described
above. The fundamental mode at (1,1} interacts with its conjugate {-1,-1) to contribute
o the mean-flow correction (0,0), and with #self to produce energy at (2,2). The mean-
flow correction contains significantly more energy than the instability modes becaunse is
magnitude scales on the energy of the mean flow. With increasing downstream distance,
other modal interactions cause the Fourier map to fill according to the addition criferia
discussed in section 2.4.1. A considerable amount of this development occurs between
r = 150 and 250 when nondinearities in the flow become significant.

It shonld be pointed out again that PSE simmilations offer resolution of only the large-
scale motion in the mixing layer by simulating the flow with (in effect) a severely truncated
Fourier domain. This is quite clear in figure 4.3(f) where, at z = 250, there is & significant
amount of energy at the finest scales of the simulation, althongh we note that this map only
shows the resclved modes. The domain with dealiasing actually extends out fo M = 8 and

N =T to provide an energy sink for the PSE.

4.2 Single Mode Flow Structure

This section presents results from nonlinear simulations of fows with s single, dominant
instability mode. Our focus is specifically placed on nnderstanding the mixing mechanisms
of the different flow atructures. The central mode will be addressed first because it provides

5 reference point for the discussion of outer mode structure that follows in section 4.2.2.

4.2.1 Central Mode Mixing

There has heen a considerable amount of imvestigation into the effect of compressibility
on the mixing properties of the ceniral mode. Experimental observations (reviewed comnt-
pletely in section 1.3.2} by Hall (1981}, Dimolakis and Leonard {1994), Clemens and Paul
{1995), and Island {1997) suggest that compressibility has negligible cffect on the mixing ef-
ficienicy of the central mode, and possibly even causes a slight increage. It shonld be clarified
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that this conclusion does not imply an increase in the ameunt of mixed fluid; the reduced
growth rate of the layer will certainly cause this to drop. Instead, this result states that
the fraction of molecularly-mixed fnid inside the layer remains approximately the ssme as
compressibility rises.

There hawve been no studies, however, into the effect of heat release in the presesnce
of compressibility. This section will present results from two simulations done with the
PSE at M,=1.0 in both cold {© = 0} and hot {@ = 0.75) conditions. We mention from the
outset that the PSE can only be used as a first-order model of the mixing process. The PRE
inherently Jimit simulation to only the first step in the formation of product: the entrainment
of finid that is governed by large-scale atructure. However, the two subzequent steps of
molecular mixing and chemical reaction are either ignored, in the case of molecular mixing,
or simplified, in the case of the fast-chemistyy assumption for chemical reaction. That
notwithstanding, there in value in making general comments on the change in PDF shape
beiween different flow conditions, particularly for regimes that have not been previcusly
addrossed by either experiment or computation. These caleulations will slso serve as a

useful basis of comparison to the cuter mode PDFs to be discussed in the following section.

Energy Development

Energy devclopment it the reacting central mode case at M, = 1.0, 8 =075, and s = 1
was discuased generally in section 4.1 in relation to modal interactions. A more detailed
picture of the development is shown in figure 4.4{a) for a selection of prominent stability
modes throughout the entive shmnlation. The importance of the streamwise vorticity mode
{0,2} is noted in this plot. The caleulation ends when the large energy content in multiple
three-dimensional tnodes (i.e. the fransition to furbulence) prokibits convergence of the
PSE iteration at m = 345. Simulations of the three-dimensional central mode were the only
calenlations that werce unable to run to saturation for this reason.

It should be noted that no phase shift was applied between the {1,1) and (1,1} modes.
In lower compressibility simulations, the phase difference can produce appreciable changes
in the How structure: zero shift produces a ‘bulging’ mode while & /2 ghift results in a
‘translative’ mode, as described in Piervehumbert and Widnall's (1982} sccondary stability
studies, At high compressibility lovels, however, the oblique modes grow more quickly and
quite independently of the two-dimensional wave. Therefore, the effect of this phase shift
on fiow structure becomer progressively weaker (Sandham 19589), A4 M, = 1.0 this effect is
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negligible, as demonstrated hy the significant energy difference between the (1,1} and {1,0)
modes in figure 4.4(a}.

A similar set of energy profiles (not pletted here) ave observed for the nonrcacting
case at the same compressibility, although their dewelopment oceurs more quickly because
heat release attenuates the central mode growth rate (see section 3.2.2). A summary of this
effect is clearly seen in figure 4.4(b}, which plots the energy development of the fundamental
modes for both reacting and nonreacting simulations. A point of equal energy in the two
fundamentals, marked on this fignve a4 2 = 166 and x = 316 for the nonreacting and reacting
cases, was chosen for comparison of the mixture fraction PDFs that will be disenssad helow.
It should be noted that the shght discrepancy in energy at the input condition is caused hy
the different eipenfunction shape in the two conditions — both simulations were initialized
with the same magnitude.

Fffect of Heat Release on the Scalar Field

Mixture fraction contours of the scalar field in the ¥y = 0 spanwise planc are shown
in figure 4.5 for the hoi and cold cases. Both contour plotz exhibit the type of three
dimengional structure that is associated with this compressibility level. Comparison of the
two figures reveals the effect of heat release to lengthen the scale of large structures in
both the sireamwise and spanwise directions. The orientation angle between disturbance
gtrnctures in figure 4.5 s unchanged between the two cases; the effect of heat release to
orient the flow towards two dimensionality is only seen in the outer modes {ree figure 3.17
and the related discussion in section 3.2.4},

A comparison of streamwise structure in the z = 0 planc of the scalar field appears
in figure 4.6. The range of = values in this figuwre were chogen to represent regions of
spproximately equal fundsinental-tnode energy and scalar thickness in the two simulations.
The larger-scale structure of the reacting case {figure 4.6a} is equally apparent in this view,
with a fandamental mode strcamwise wavelength of 314, versus 184, for the nonreacting

case.

Mixture Fraction PDFs

Probability density functions provide a compact dercription of the time- snd spanwise-
averaged ecalar field. It indicates the probability of finding fluid of mixture fraction £ &
AE/2 at a given streamwize and cross-stream position in the fow and I8 subject to the
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normalization

]

| Peamd =1, (4.1)
PDFs for the rcacting and nonreacting cases are shown in fignre 4.7. The streamwise
locations were chosen at equal energy levels (see figure 4.4b), and this correaponds to 99%
sealar thicknesses of . =2.4 and 2.2 for the hot and cold cases, respectively. SBeven PDF's
are shown at positions of equal spacing, Ay = 1/8dy,, between y/dys = —3/8 and +3/8.
The probabilify distributions were constructed by sampling 400 times across the period
of the fuindamental mode and, at each time, 400 samples were taken across the largest
spanwisc wavelength, The results were distributed into 50 bins to yvield AL = 0.02. The hin
corresponding to £ at each position is shaded in on the Ggure io provide s reference point.
Both PPF*s show a tilted behavior, which is consistent with the observations of Freund
(1997} in well-resolved direct numerical simulations of & compressibie jet. Based on the
resulis of Rogers and Moser {1994}, we do not expect to obiain the marching PD¥s viewerd
in compressible experiments because of our highly-forced input condition {sce scction 1.3.2
for Further discussion).

Apain, we reiterate that these PDBFs provide only & general nnderatanding of the veal
shape because they lack molscular-mixing ellects. However, there are some useful compar-
taoma to make between the two distributions of figure 4.7. The firat obaervation of note
is the tendency of the reacting case £o have a larger range of representation and a higher
probability across that range in the PDFg ab the two edges {y = +3/84,45). This trend
continucs toward the central part of the layer, whers the reacting PDFs have sigrificanthy
higher concentrations of pure Aubd {pure oxidizer at £ = 0 and pure fuel at £ =1} than the
reacting case. The contrast is particularly noticeable at the centerline, where the pure fluid
concentration in the cold flow i3 neglizgible in comparizon. As & result, the nonreacting case
sunggests better mixing, in the sense of having a larger integrated probability of mixed fluid,

F,., inside the layer where

1AL
%@M=L{fﬁmw@- (4.2)

The reacting case, however, with its lavger lenglh scales, offers better stirring of the free-
stream fluid into the reaction zone. The presence of molecular mixing would moderate some
of this behavior by enhanciog the diffusion of pure Auid {indeed, this iz the reason why P,
was not directly evaluated), but the cbserved trends are still expected to dominate when

this effect iz included,
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Finally, it should be pointed out that thess comparisons are made at equivalent pointa
of atreamwise development. If they had been made instead at the same streamwise posi-
tion, the larger growth rate in the nonveacting case would clearly resnit in hetter mixing
and entrainment inte the fiow. This cffect was scon in the incompressible experiments of
Hermanson and Dimotakis (1589),

4.2,2 Outer Mode Mixing

The regime chart of figure 4.1 demoenstrates that a 50% density bias in either free stream
can result in 2o outer-mode-dominant Bow stracture 2t A, = 1.0 and & = 0.75. The scalar
fields and assoviated PDFs for these two cages are addressed beiow. Both simmistions are
done with five frequency modea and fonr spanwise moden even though the dominant fast
and slow instabilities at this compressibility level are still two dimensional.

Fast Mode

Mixture fraction contours for the fast mode case (M, = 1.0, @ = 0.75, ¢ = 1, and
5 = 2/3) are shown for spanwise and streamwise cross-sections in figure 4.8, Contours in
the spanwisc planc demonstrate the largely two-dimensional nature of the fow structure.
The streamwise view details the porition bias of the vortical structure entirely to one side of
the layer, which results in httle direct mixing in the reacting zone and almost no convolution
of the fame shest (shown as the dotted contour).

This one-sided isolation is clearly seen in the PDF profiles plotted in figure 4.9 at
z = 230, a streamwisc position just past the saturation of the fast mode fundamental
instability. The lack of mixing on the slow side of the layer is evident in the near deita-
function behavior of the PDF for y < 0 positions, Even at the centerline position there
g only a modest range of mixture fraction walues in comparison to what was seen with
the central mode. The majority of the rixing influence is, understandably, concentrated
on the fast side, although these PDFa alao demonstrate a fairly limited range of populated
mixture fraction values. Each of these three fast side PDF locations also feature a dominant.
probability of pure Huid. These distributions suggest a combustion process that is well
supplied with oxidizer from mixing action on the fast side but is limited by the delivery of
fuet through diffusion from the slow stream.
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Slow Maode

A similar ret of planc views and PDF plots for the slow mode case are shown in fig-
nres 4.18 and 4,11, The larger growth rate of the slow mode resuits in fandamental-mode
saturation at x = 125. Similar to the fast mode, the Aow stencture is largely two dimen-
gicmal, and exists entirely on one side of the flame sheet. A comparison of these PIWs to
the fast mode cage indicates an even greater polarization to one side. The delta-function
behavior extends zlt the way to the center of the layer, implying that no appreciable mixing
action extends down to the flame sheet position. Inztead, the mixing influence from the
slow tmode is enly present in the thres positions on the slow side of the layer. Each of these
pagsitions demonstrates a similar probability distribution, having & strong bias towards pure

fuel concentrations and a range of populated bing that extend out to £ = 0.5,

4.2,.3 Equivalence Ratio Effect on Outer Mode Mixing

The poor distribution of mixed fiuid that was found in both outer mode cases provides
motivation to investigate mixing enhancement techniques. One proposed approach, requir-
ing no physical intervention to the flow, is simply to adjust the equivalence ratio to move
the flame sheet towards the stream with the dominant flow structure. Presumably, placing
the reaction zone closer to the area of vortical mixing would provide direct enhancement to
the combustion process.

The slow mode case was chosen for this investigation and two lean equivalence ratios, ¢ =
.25 and 0.25, were compared to the base case at ¢ = 1. Centours of the mixture fraction
are shown in figure 4.12 for the three cases at similar regions of streamwise development, A
corparison botwern plots indicates that the flamc sheet does indeed move closer to the How
structure, althongh both elements are seen to shilk towards the slow side as the equivalence
ratio drops. An nnderstanding of this behavior was developed in section 3.2.4, where the
slow mode position, growth rate, and compressibility effact were shown to scale on the shear
hetween the flame sheet and the slow stroam. At M, = 1.0, a relatively low value for the
outer modes, the reduction in shear outweighs the henefit from the reduced compressibility
effect and a net reduction in growth rate results when ¢ is lowered. This effect is seen in the
longer stresmwise digtance it takes to develop observable flow structure in the progression
from figure 4.12(a} through {¢) — note the shift in the x coordinate,
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However, this cbeervation dous not directly addresa the guestion of combustion enhance-
ment. For this task, & measure based on the amount of product formmation was developed
to offer direct comparison between the mixing performance of different casea. This ia con-
structed by integrating the dengity-weighted product mass fraction {see eguation 2.120)
over the period of the fundamental mode, T, and acrose the span of the simniation in the

cross-stream direction to yiekl

T o I
Wi(a) = f f oY, dydt. (4.3)
1] a0

This constructed ¢uantity must be normalized in a consistent manner hefore comparisons
can be made. The factor T to remove the time basia is obvions, bui the choices for density
and longth scales only become clear by looking at the inlet profiles of p, Y, and their
product, which are plotted in figure 4.13. The profiles in figures 4.13{a} and (b) show that
the minimem {Hame} density and product thickiess both increase as ¢ drops, resulting in
a larger integral of the p¥), profile. These effects can be removed by adding the iniet values
of flame density, py,, and vianal thickness to the normalization of equation (4.3) to give

1 Ty o
S Y, iy dt. 4.4
Wiz) T Svis, 214, ﬁ ]:nup r (44)

Flots of the intcgrated product for the three equiivalence ratio cases are shown in fig-
ure 4.14 in addition to profiles of the fundamental-mode energy development. The good
collapee of base-line W values that is cvident in fignre 4.14 allows for direct comparison
between the diferent cases. These profites start fo grow measurably when nonlinear effects
become Bigniﬁmt, and this point is closely correlated to the energy development shown
in figure 4£14{b). The cffect of ¢ on the growth rate i3 also clearly seen in the energy
developmsnt,

For an analysis of combustion enhancement, our interest lies in the peak values of W,
which are seen to rise for ¢ = 0.5 relative to ¢ = 1 but fall for ¢ = 0.25. This implies
that moving the fiame closer to the flow structure provides sone initial benefit to product
creation, but continued movement of the lame sheet eventually pushes the How structure so
far to the slow gide that this benefit ia lost. With the coupled effect of reducing the prowth
rate also taken into account, the evaluation of combustion enhancement from equivalence
ratio variation is not enconraging: meoderate ¢ reduction can, at best, provide a slight et

benefit but further changes will have a negative effect on product formation.
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it shonid be noted that at the end of the W growth period {corresponding to the satu-
ration of the fundamental mode) some nonphysical behavior ocenrs in figure 4.14{a) when
a reduction in total prodnct is predicted despite the irreversible nature of fast chemistry.
This is another limitation of the model, snd is a direct consequence of evolving the mixture
fraction field in Fourier space (see the mode detailed discussion to follow in section 5.2.3)

bt it does not affect the nature of our conclusions.

4.3 Colayer Investigations

The previous gection providad a detsiled nnderatanding of the single mode flow strue-
tures that dominate most regimes of the compressible reacting mixing layer. In this section,
however, wi focus our stitention on the special case of colayers where fwo modes are eqoally
amplified. The development of this flow strocture and its potential for mixing and com-
hustion enhancerment will be addressed. Nonlinear PSE calculations will also explore the

practical extent of colayer conditions in the parameter space,

4.3.1 Colayer Modeling with the PSE

There are several compiications involved with the PSE simulation of colayer flow and
there will be addressed before results arc presented in section 4.3.2. The challenge with
muiti-inodal Hows occurs when two or more stability modes of different phase speed, € =
w/fe, are dominant in the same (g, F,) position of Foorier space. In this case, the tradi-

tional PSE representation of a disturbance,

&'{ﬂ:r ¥, %, ﬂ = E ‘imnf:’ﬂ: y] ci{'ﬂnx_mmt}, E‘iﬁ]
= 3 lm, y) Alw) fPAemat) (4.6)

where A{z) i= given by equation (2.74), lacks the ability to describe more than one magni-
tude and phase of & (i.e. one stability mode) for each (wy, f)} value. This overlap wonld
require the introduction of a third Fotrier dimension for the streamwise waventnber, o, to

regolve this ambiguity. This Fouvier representation would take the form

&J{I,y, 2, t:} — Z £s %kmn{m: y] ’F::I{.if.:r_'rl:1:-!-n.,B1z—-n-r,t.nlp‘f}lP {41?-}

Eown
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although it iz unclesr how the reference alpha, e, would be chosen becanse « is a caleniated
quantity, unkike wand 8. Herbert (1954) briefly outlined an explicit-accounting approach for
this three-dimensional formulation, but it is preferable to avoid the vonsiderable complexity
and compataiionsl cost of this method, i possible.

Fortumately, the colayer physics of mixing layer flows allow for a simpler approach be-
cause the different modes do oot significantly overlap in Fourier gpace. The case of a triple
point where all three— fast, slow, and central - -modes have equal growth rates is particu-
larly well snited for a demonstration of this fact. The polar contour plota of the triple point
in figure 3.21 can be re-plotted in Cartesian Fourier coordinates (via cquation 2.42) with
the result plotted in fignre 4.15. The general observations from Hgures 4.15(a) and (b} hold
trne across all flow conditions: the fast mode pesk oceurs ab a frequency that is significantly
greater than the slow mode, the slow node is amplified at slightly higher frequencies than
the central mode, and the central mode occurs at at higher spaowise wavesumber than
gither of the fast or slow modes in compressible Aows. The most telling plot appears in
Bgure 4.15(c), where the contoms of the near-peak amplification rates of all three modes
are shown to cxist in distinctly separate regions, The lack of overlap muggests that an ad-
diticnal dimension in Fourier apace ia not requred to resolve the different instabilities; this
assnmption was made in our calculations.

A final note on colayer caleulations ittvolves the method of introducing additional modes
to the PBE simulation. As digeussed i section 2.4.1, the initial phase of these modes was
gpecified in relation to the fundamental mode, e.g. 'R{trmﬂ} s mR{am}. However, in
colayer Hlows there are two [ondamentals to consider. Modes that were input at Fequencies
higher than the {ast mode where input in phesce with the fast mode, while lower frequency
wavenumbers were phage-specitied by the slow mode. Variation in this procedure did not

seem to aflect the simmlation reanlts.

4.3.2 Fast/Slow Colayers

The Now physics of the colayer formed between fast and slow modes was explored ex-
tensively in the DNS simulations of Planché (1992), and it forms the basis of the two-step
mixing process ontlined in section 1.2. It is also the only variety of colayer that will exist in
conditions of high heat release and compressibility. PSE simulations of this colayer struc-
ture were performed to allow direct comparison betwevn the mixing of both cuter modes in
identical conditions. The computed PDEF distributions can alsn be compared to Planché’s
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three-dimensional DNS resulta to confirm that our PSE calculstions capture the impartant

trends of better-resolved computations before we set out to answer new questions.

Flow Development

A fastfslow colayer caze was simnlated for the conditions M, = 1, © = 1, 8 = (.94,
a point that lies directly on the regime boundary of figure 4.1. This chart alto shows the
two-dimensionally dominance of the outer modes in these conditions and, eorrespondingty, a
two-dimensional PSE simulation was run. To investigate the Jong-term development of this
fiow structure, subharmonics of the fundamental meodes were also forced at the inlet. More
specifically, the fundamental fast and slow modes were forced at the frequencies m = 6 and
me = 4, a ratio that was chosen to correspond to the most uestable fregnencies defermined
by linear stability. The subharmonics were forced at m = 2 (slow) and w = 3 {fast) with
half the magnitude of the fundamental and a phase shift of ¢, = 7 /2 to opiimize their
interaction with the fundamental modes (Planché 1992). The sccond gubbarmonie of the
slow mode was also introduced with negligible forcing at m = 1. Full details of this input
condition are given in Appendix C (case 6).

Energy development of the principle modes is shown in figure 4.16 with civcles marking
the points where energy in a subharmenic overtakes the fundamental made. The colayer
nature of the fiow is evident in the similar {(exponential) growth rates of the two fundamental
modes; the slight difference results from forcing these instabilitics at discrete frequencies
prescribed by the PSE. Interestingly, the slow mode reaches saturation first at 50% of
the fast mode coergy level. Both {undamentals decay in energy with further streamwise
development and are eventually overtaken by their subharmonics at & = 330 for the slow
mode and £ = 395 for the fast, The second subkarmonic of the slow mode grows rapidly
throughonut the shmulation and eventually overtakes the first subharmonic at & = 420,

Three views of the corresponding developinent in the mixture {fraction ficld are shown
int fipure 4.17. The earliest view in figure 4.17(a} corresponds to the ficst satvration point
and the dominance of cnergy in the two fundamental modes results in clearly observable
flow structure on both sides of the layer. This mixing ficld appears to be a superpesition of
two single mode simulations: the vortical mixing is completely isolated to either side and
the convolution of the Aame sheet i1a neglipible, implying little mixing in the reaclion zone,
This i3 exactly the nature of the independent, two-step mixing process that was described

carlier in geetion 1.2,
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With longer streamwise development, the fiow structure becomes convoluted by the
competing influence of the fundamental and subharinonic modes, which are now at eqnal
energy levels. Compared to the slow incdes, the fast fundamental and subharmonic contain
the larger amount of energy and their combined presence has increased the thickness of
the layer and, in the final view of Agure 4.17, has pughed the flame sheet towards the slow
side. However, thig increase in thickness has occurred without the vortex-pairing mechanism
that marks the interaction between the central mode fundaments] and subharmonic (see
section 4.4), DNS studies by Planché and Reynolds {1992} {and Planché 1992 in greater
detail) showed the same phenomenon and gave it the term ‘gulping’. Analysis of vorticity
generation terms in the DNS revealed the presence of a large baroclinie torque that acts to
prevent outer mode structures from pairing. They also identified the clongated shape and
absence of roli-np in the outer mode vortices as factors in producing the gulping behavior.

Mixtore Fraction PDFs

The mixing characteristics of this flow were investigated with a thres-dimensional PSE
gimulation of the same caso, but without resclving the subharmonice. Three-dimensional
simulations are required for PDF construction because they provide a second statistical
dimension $o the flow, which resulis in a far better realization of the PD¥ than sampling
over the time period alone. Plots of the mixture fraction contonrs through the z = 0 plane
are shown at three different times to detail the structure evolution in figure 4.18, The
plots sre separated by At = 7 where, for the speeial case of this simulation, the periods of
the fast and slow modes are 2 and 47, Dofted lines are drawn between plots to ndicate
the displacement in time of a specific fast and slow mode structure. The difference in slope
between theso hines is proportional to the phase speed difference of the modes: 0.54 and 0.88
for the slow and fast fundamentalr, respectively. The difference would be more significant
if the velocity ratio was reduced, but r = 0.5 was set constant in all simulations.

The mixture fraction PDF of this Aow structure at 2=230 is shown i fignre 4.19 using
the same plotting convention ss the previous section. Similar to the mixture fraction field,
the colayer PDF has the appearance of being constructed from half of each single mode PDF
sequence of figures 4.9 and 4.11. Again, this implies very little comumunication between the
different sides. However, the presence of mixing on both sides of the layer, even without
direct interaction, represents significant enhancement relative to the single mode PEFs of
section 4.2.2, Tt is alse noted that fipnre 4.19 s very similar to the PDFs from Planché's
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{1992} three-dimensional DNS simulations. Om PSE-baged PDF at the cenferline even
replicates the probahility bias towards the slow stream that was ohaerved in Planché’s DNS
resultts. This was attributed to the betier performance of the slow mode in entraining pure
flnid {0 the reacting zone.

4.3.83 Central/Outer Colayers

Beyond documenting the shape of the fast/dslow colayer boundsry in the parameter
gpace, the regime charts of section 3.3 also identificd a new type of colayer structure created
between the central and either of the fast or slow modes. A central/slow mode colayer was
choren for investigation, The specific low conditions were obtained by redncing € from
the slow mode case (M, = 1, © = .75, and 3 = 3/2} until its growth rate was equal to
the central mode, which occurred at @ = 0.45 (sue fgure 4.1). The energy development
for a selection of modes in the three-dimensional PSE simulation of this case are shown
in figure 4.20. The initial condition consisted of equal-magnitude forcing of the three-
dimensional eentral meede (1,1} and the two-dimensional slow mode {3,0). However, the
intograted energy of the central mode is atill significantly larger than the slow mode at the
inlet because of s broader scale (see section 3.1.2).

The downetrearn developmend of central and sluw mode cnergy is approximately equal
until the slow mode saturates at z = I75. The mixture {raction contours of figure 4.21(a)
detail the How structure in this region and the presence of slow side mixing is observable,
Figure 4.21(b} presents a view further downstream, just before the calculation was forced
to terminate. At this point the energy of the central mode completely deminates the How
giructure with soine additional mixing present on the slow side of the layer. The PDF
distributions for this flow are shown in figure 4.22 at two streamwise positions. The earhier
pogiticn (2 = 180), has a PDF that features & strong bias towards mixing slow-side Quid
(¢ > (.5) but is more widely distributed than the PDF [rom the slow mode alone {shown in
fgure 4.11}. At x = 215 the PDFs now more closely resemble ihe central mode probuability
distributions of figure 4.7{a}), with & broad population of bins and pure fluid from both
sides present at most positions. Evidence of the slow mode is seen in the slighily higher
probability of mixed Auid {0 < £ < 1) on the slow side of layer. Thus, the slow mode
pregence offers some benefit to mixing but it is largely overwhelined by the higher encrgy
level of the central mode in this class of colayer. The same conclusion is expected to result
int central/fast colayer conditions.
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4.3.4 Colayer Regimes

With the mixing enhancement of colayers now established, there is a need to determine
how difficult these conditions are to reproduce in & real How. Specifically, the question con-
cerns the effective *thickness' of the colayer lines that were plotted in the regime charts of
section 3.3: how close to those boundaries do the flow condifions need to be to obeerve co-
layers? Linear stability resulis suggest that the boundaries are very thin; a slight difference
in exponential growth rates will eventually iead to the dominance of one mode over ancther.
In reality, however, thers is a saturation mechanism in place that limits this exponential
growth. If saturation occurs before the difference in growth rates can cffectively separate
the modes, then colayer conditions will be observed iz the resulting flow structure.

Several PSE simulations of a fast/slow colayer were condncted to determine the sensi-
tivity of this duakmode flow to changing conditions. Starting at a fast/slow colayer point,
the density ratio was increased to move in a direction normal to the colgyer bonndary; the
progression of these points on the (5,8) regime chart is shown in figure 4.23(a). The corre-
sponding linear stability growth rates of the fast and slow modes appear in figure 4.23(b},
which pravides s imther view of the strong effect the density ratio hag on the relative ampli-
fication of the outer modes (see section 3.2.3). The energy development of the fundamental
fast and slow modes are plotied in figure 4.24 for the four different density ratio cases.
At the true colayer condition (s = 0,94}, the similar growth rates of the modes lead to
saturation of the fast and slow moder at the same general streamwise position. But as 5
iz increased, the energy profiles of the fast and slow modes hecome increasingly disparate.
At 8 = 1.125, for example, the fast mode energy is two orders of magnitude lower than the
glow mode when it saturates,

A gualitative view of what this does to the How structure is seen in the mixture fraction
contours of figure 4.25. The 30% change in density ratio between the first and last casc
is enough to apparently erase the fast mode flow structure. The fast mode will eventuslly
appear with further strearmwise development, although probably only after the point that
the slow mode has interacted with its subharmonics and grown appreciably in both size
and enexrgy. Our conclusion is that the range of fast/slow colayer conditions—and hence
the mixing echancement they provide—will be relatively limited in the parameter space.

A final note concerns the presence of conditions lor colayera between the central and
outer modes. The calculations of the previous section suggest that the central mode infli-

ence will extend into the outer mode regimes, with the onter mode structure becoming a
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mere dominant part and appearing earlier in the flow development ag either M, or 8 i3 in-
creased to favor their growth rate over the central mode. In practice, this will manifest itself
as an early coneentration of mixing energy on one side of the layer that persists even as the
broadly-distributed central mode becomes appearent. This change in downstream structure
will be the idemtifying mark of this colayer eondition, rather than the co-development of

ouler modes seen in a fast fslow colayer case.

4.4 Simulation of Central Mode Vortex Pairing

The pairing of vorfices is the dominant growth mechanism for the central mode (Winant
and Browand 1974; Picrrehumbert and Widnall 1982; Monkewitz 1988) and it is thercefore
gssential that simulation technigues- regardless of their approximation—are sble to cap-
iure the fiow physics of this process. This presents a significant challenge to the parabolized
stability equations. By construction, parabolic methods exclude upstream propagation of
informmation, allowing the compntation to proceed in a streanwise advancing procedure.
This wonld seem at odds with one explanation Ioy the mechanism of vortex pairing which
is based on the interaction between vortices—their coupling and induced co-rotation—that
implies an elliptic effect. Comparison of PSE resulis to DNS computation are provided
for both subsonic and supersonic conditiona to demonstrate how the PSE approach can, in
fact, accurstely simulate vortex merging. This observation brings Further support to the
viewpoint {Monkewitz 1988} that pairing is simply dominated by the growth of instabil-
ity modes rather than governed by the Biot-Savart (elliptic) interaction between vortices.
With its Adelity confirmed, PSE simulations can also be used to investigate an cutstanding

guestion concerning the delay in vortex pairing with compressibility.

4.4.1 Suhsonic Vortex Pairing

The dircet numerical simulation of Colonius et al. (2097) at Re = 5000, M, = 0.125,
4 =1, and r=(1.5 1s an cxcellent comparison case for the PRE. Their spatial simulation, which
was conducted to evaluate the acciracy of acoustic analogics, used an input velocity profile
from the boundary-layer equations coupled with the most-amplified {lundamental) linear
instability disturbance snd its first three anbharmonica at the initial conditions, all with a
norinalised inlet magnitude of (.08, A PSE simulation was constructed in a nearly identical

manner. For sirmulations with a fixed number of harmonics of the fundamental—three in



Chapter 4. Nonilinear Stability Results 137

thiz case--the inclusion: of each subharmenic requires doubling the number of modes. For
this reason, onky the first two subbarmonics were included it the PSE calculation to yiebd
a total of 16 freguency modes, In this configuration, the hmdamental mode correrponds to
m = 4 and the frst and second subharmonics to e = 2 and m = 1, respectively.

A phase shift was applied to the first subharmonic to minimize the distance between
pairings. This was done by cnsuring that ¢ at the centerline for the m = 2 inode was
cxactly out of phase with both m = 1 and m = 4. With the phase of each input mode sct
to be purely real at the centerline by default {see section 2.4.1), this shift simply amounted
to multiplying the o = 2 mode by & at the initial condition. Colonius ef al.  applicd
small shifts to each input mode because of their different phase normalization procedure.

A direct, visnal comparison between DMNS and PSE calculations can be made in the
spanwise vorticity contour plota of figure 4.26, The gualitative agreement is excellent con-
sidering that the PPSE is done using only sixteen frequency modes, The large-scale features
are nearly identical, with the loecation of the two vortex peiving events occurring at the
same streamwise position. (A precise comparison of the pairing location should be done
by comparing the vorticity thickness evolution, but this data is unfortunately not available
for the DNS.) Similar to the DNS comparisons made during the validation of section 2.5,
the PSE results indicate «, finctnations inside the vortices of the fundamental {between
=40 and 98} which are caused by insufficient resolution in the frequency domain. The
wavelength of the v = 16 mode in this simulation is approximately two nondimensional
lengths; features on and below this size in the streamiwise direction are not being accurately .
modeled.

A quantitative comparison of the two simulations is shown in figure 4.27, where inte-
grated energy in 4 for the three input modes ave plotted. The PSE results for the sub-
harmonic modes (m=1 and 2) are nearly indistinguishablo fromr the DNS solution. (There
ig some early disagreement in the m = 1 mode dus to llow adinstment in the DNS but
this dissppears when the energy in the mode becomes significant.) The agreement in the
fundamental mode {m = 4} is also impresgive but with some discrepancy in the later stages

which, again, is most likely due to insufficient frequency resolution.

4.4,.2 PSE Insight into the Nature of Vortex Pairing

The excellent agresment betwesn PRE and DN calenlations in the accurately-modeled,
large-scale flow features demonstrates that the PSE approximations have nat eliminated
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the important physics of the problem. Returning to the discussion of ellipticity given in
section 2.3.5, we recall that the rapid part of the streamwise pressure derivative is retained
even with our approximation of 2 = 0 in equation (2.91). A testament to the imporiance
of this term appears in figure 4.28, which plots the energy comnparison for the PSE simula-
tiom with the streamwise pressure derivative completely removed, rendering the technique
completely ineffective.

A further simulation with the PSE was done to investigate the degree of interaction
between the modes by removing forcing of the fundamental. The coergy development for
thia case is shown in figure 4.20. Comparison to the DNS results and to the PSE results
for the fall simulation in figure 4.2Y roveals little difference in the enerpy development of
the two remaining modes, The only observable change s a slightly carlier saturation in
the first subharmonic (v = 2), mest likely cansed by the absence of the effect from the
fundamental mode on the mean Bow to grow the layer thickness. An understanding of
what this does to the flow strocture is seen in figure 4.30, where we compare spanwise
vorticily contours between the complete PSE solution and the PSE solution initialized
without the fundamental mode. The only missing feature in fgure 4.30(b) are the vortices
of the fundamental modes; all of the other largescale features—even early in the flow
development—are neacly identical.

The close agreement betweet: these plots sugpests that the growth of the stability modes
is the controlling mechaniem and that mmtnal pairing interactions play only a secondary
role. However, the relative importance of mutual induoction {Biot-Savart) between vortices
cannot be established without a detailed analysis that lies beyond the scope of this inves-
figation. Regardless of the exact mechaniam, however, these ohservations show that the
overall development of the layer through vortex pairing is closely connected to the growth
rate of the ingtability modes. Thia result extends the similar conciusion of Monkewits
{1988) that was limited to studying weskly nonlinear interactions. Indeed, as Monkewits
pointa out, this chservation may provide s physical explanation for the accuracy of linear
stability calculations. Winant and Browand (1974) demonstrated that the rate of pairing
interactions determines the spreading rate of mixing layers and thuas lincar stability analy-
sis, which accurately models the appropriate physica of the pairing process (the growth rate
of instability waves), should also closely predict experimentally-observed spreading rates.
Some agreement with this hypothesis can be found in the suggestion of Hermsnson and

Dimotakis {1989) that the mechanisms for vortex amalgamation {e. g. pairing) are inhibited
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by heat release. This rame effect was noted in the linear stability growth rate predictions
of gection 3.2.2. This connection will be explored further in section 4.4.4.

4.4.3 Supersonic Pairing Casge

A second vortex pairing comparison to direct simulation results was conducted for the
M. =05 38 =1, and r = (.4 flow that scrved to validate the PSE huplementation in
section 2.5. Tu this case, however, the subharmonic was forced at a phase shift of ¢, = 7/2 to
promote pairing. The PSE simulation for these conditions was done with sixtoen frequency
modes, Figure 4.31 compares PSE and DNS results for both modal energy and vorticity
thickness. The noticeable feature of the energy development shown in figure 4.81(a) is the
early divergence of the subharmenic mode {m = 1) solstions. The PSE solution grows more
rapidiy and predicts saturation at an earlier streamwize position than the DNS.

The larger energy in the subharmonic mode causes a similar divergence between the vor-
ticity thickness resulis shown in figure 4.31(b}. However, the PSE solution retains the same
overall shape characteristics, predicting the firgt platean that corresponds to the saturation
of the fundamental, the gharp change that cccurs when two inflection points develop in the
mean velocity profile, and the point of maxtmum thickness when the vortices have rotated
U0* around each other (Sandham 1994). The point of maximum thickness will be used to
identify the pairing distance in the next section; the PSE solution differs only slightly from
the DNS on this measure, predicting pairing at & = 1524, veraes x = 1594, from the DINS
result,

Some inslght into the disagreement between the PSE and DINS solutions can be fonnd in
comparing the prowth rates of the fundamenta) and subbarmonic modes in figure 4.32, The
sgreement for the fandamental mode in figure 4.32(s) is guite good until the growih rate
undergocs a stcep change at @ = 125, This rate of change is contrary to the slowly-varying
approximation of the PSE formulation, snd this may explain some of the discrepancy. The
behayior of the subharmonic growth rate is more difficult fo explain, The PSE solution
predicts an increase in growth rate atarting very sarly in the streamwise development and
well before nonlinear interaction becotnes important. This appears to be due to some type
of resonance that is present in the PSE but not the DNS simulation. The reason for this
regonance, which is the source of dizagreement in the energy development of fignre 4.31{a},

is not currently understood,
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4.4.4 The Effect of Compressibility on Vortex Pairing

With the ability of the PBE Lo siinuiale vorlex paiving now demonsirated, the lechnique
can be used to address an outstanding guestion concerning the delay in vortex pairing
caured by compressibility. In an investigation of this effect, Sandham (1994} identified

three albernate explanations:

s The oheerved elongation in vortex shape caused by comaprensibility was affecting their

ability to eo-rotate;
« the rate of rolation of vortices was affected by compressibility;

» or, the well-know suppression of instability growth rales related to compressibility was

resprnsible for the delay.

Sandhar used a vortex sheet model in comparison to DNS results to first show that the
maodel was an accurate represeniation of pairing and, second, that changing the effective size
of the vortices in this model did not account for the ehserved deolay in pairing. He also con-
ducted direct simulations of simple co-rotating vortices to demmonstrated that Mach number
changes resulted in only a serondary effect on their rotation rate. Thus, by disconnting the
first two explanations, Sandham {1994) concluded that the ‘most likely cxplanation is that
compressibility offects ... continue to play a role in the vortex pairing process.’

The observationg of the previons sections tend to support this hypothesis. The demon-
strated independence of the different instability modes in the pairing process supports
the conchision that their growth-rate suppression will directly delay the onset of pairing.
The parabolized stability equations were used to further investigate this conclusion. Six
simulations, equally spaced between M, = 0 and M, = 0.625, were conducted with the
two-dimensional PSE using eight frequency modes for otherwire identical input conditions
{(r=0.5, a = 1, Re = 5008). The vorticity thickness evolution for these simulations is shown
in figure 4.33. The delay in pairing, a8 measured by the location of maximum vorticity
thicknesa, is clearly seen with increasing compressibility, A direct comparison of this delay
to the growth rate suppression of the most-amplified {i.e. fundamental) mode from linear
stahility calculations is shown in fipure 4.34. Both the linear stability growth rate and paic-
ing distance, the latter for bath PSE and DNS results, have been normalized by their values
at M, = 0. Plotted in this manner, the direct relationship between the two effects becomes

clear. Thus, the attenuation of instability waves with compressibility, which impacts bath
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linear and nonlinear processes equally (Lue ef al. 1996; see also section 1.3.2), can be scen

to directly account for the delay in vortex pairing.

4.5 Chapter Summary

The parabolized stability equations were applied to study the nonlinear evolution of
the compressible reacting mixing layer. In single mode studies, three-dimensional PSE
calculations demonstrated the effect of heat releaso to reduce the growth rate of the central
mode but increase the scale of the flow structure. Comparison of mixture fraction PDFs
between the hot and cold conditions at positions of equivalent streamwise developent
suggested better mixing in the nonreacting caso, while the larger scales of the reacting
cage resulted in better stirring. Probability distributions {rom simulations of single ocuter
ntode flows documented the poorly-distribuied, one-sided mixing that accompanies this fow
structure.

Colayers formed between the fast and slow modes produced a flow with little interaction
between mixing zones on either side of the flame sheet. This situation persists well into
the nonlinear regime, and even after the subbarmonic maodes have become dominant. The
fast fslow colayer was shown to he sensitive to changing density ratio and, therefore, the
mixing enhancement offered by this flow structure will only appear in limited regiong of
the parameter space. Colayers between the central and outer modes, however, will have a
larger presence and will appear as an outer mode flow structure that becomes overwhelmed
by the central mode with increasing streammwise evolution,

Finally, it was shown that the PSE can accurately simulate vortex pairing of the central
mode. This result extends tho conclusion of Monkewitz (1988) into the fully nonlinear, non-
parallel domain: vortex pairing appears to he determined rimply by the independent growth
of instability waves. While our demonstrations cannot definitively exclude the muinal in-
duction mechanism {Biot-Savart), they do suggest that induction ia of secondary importance
to the growth of atability modss in controlling vortex pairing. This observation received
further support in the demonstration that the delay in pairing caused by compressibility
was very closely correlated to the attenmation of instability growth rates.
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Figure 4.1: Plot of PSE Cases un the mid-compressibility (2,80) regime chart with » = (0.5 (M.=1,
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Figure 4.2: Map of energy locations at {a) the iniiial condition and {b) a point of early development
in a typical colayer simulation where examples of interaction from low to high frequency and vice
versa are shown,



Chapter 4. Nonlinear Stability Results

143

4 s
3 Ll
2 20 o
= 2
1 o t ]
o# o aw o 0
0 1 2 8 2 5 H 1 2 3 4 5
T ™
{a) x=0 (b} x=10
4 4
3 3 s} o
20 o a 20 o a
® =
14 > s} i I ] 5] 0
(1] YE— o) {3 a L e
a 1 2 3 4 5 o 1 z 3 a 5
Fi ! ki)
{v) x=60 () x=100
4 4 o . o a o
) 3 o 8 - o - @ »
20 o @ z L . = . o
] B
f I . o o 1 . B . " »
o i) z___...‘ .......... F - L "SR »—8
[+ 1 2 2 4 5 i} i 2 3 4 B
T i
fe] k=150 {t) =250

-10 -6 -B

7 6 5 -4 -3

-—

Figure 4.3: Development of the Log{ &l ) mwap in Fourier space for a cenfral mode in cornpressible
reacting conditlons M, =1.0, 9 =075, ¢=1,5= 10, r = 0.5




144

— {11

12} dy

et
wmn

2 + D l® + |

wn J.
T

-!n.'m' L 1 L A . 1 L
o 100 200 J00 400

1’ - . . . . :

|7} dy
2
:
2

f
nh

|2 + |

f
rylid

i

e (1,18 =0
---- 1,39 =075

2+

!
ll’I"l'.l'il.'l't

i\

nd

f
W

o 100 200 300 400

(B}

Figure 4.4: {a) Energy development for selocted modes of the central mode compressible reacting
case [M.=1, @ = 0.75, ¢=1, s=L{}, r=05, M=0, N=4)}, and (b} a comparison of energy in the
fundamental mode [1,1) with and without hoat relense for the same case; locations corresponding
micture fraction PDFe are also marked.
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Figurs 4.5: Comparlson of the spanwlse miciure fraction field of y = O for the ventral mode in
{2} reecting (& = 0.75) and (b) nonreacting (@ = 0} compressible conditions {M.=1, ¢=1, s=1.0,
r=0.5, M=5, N=4). Mixture fraction contours with Af = 0.08, fpa = 0.8, and £nn = 0.02;
contours for £ < 0.5 are dashed.
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Figure 4.6: Comparison of the sbreamwise mixtore fraction Beld at & = () for the central mode in (a)
reacting and {b) nonreacting conditions {see caption for figure 4.5}, Flame sheet at £=0.5 marked
as & dotied line.
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Figure 4.7: Mixturc fraction PDFs of the central mode at 2 = 0 in (a) compressible reacting flow
{8 = 0.7h, = = 310} and (L) eompressible nonreacting Bow (& = 0, £ = 168) at the conditions of
figure 4.5. Seven symmetric y positions are repressnted with Ay = 0.1256,5.. The probability axis
has been truneated for visualization purposes and the bin corresponding to £ has been shaded in.
The = locations were selected to have equal energy in the fundamental modea (see figure 4.4).
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Figure 4.8; Mixture fraction feld for a fast mode in compressible reacting conditions across (a)
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at £==0.5 marked as a dotted lice.
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Figure 4.10: Mixture fraction Beld for a slow mode in compressible reacting conditions across (a)
streamwise {z = 0) and (b} spanwise [y = —0.58) planes (M,=1, @=0.75, ¢=1, s=2/3, r=0.5, M=k,
N=4}, Mixture fraction contours with A£ = 0,08, £ = 0.98, and £nin = 0.02 and the fame sheat
at £=0.5 marked as a dotted Lne.

10

F'I:E,}s

] T

Y
)

¥/By=—0.25 . I_I_,,:x_

n Pi

Pl
6 nf 1°

Figure 4.11; Mixture fraction PDF at #=340 for the slow mode of fpure 4.10. Seven symmetric
¥ positions are represented with Ay = 0.1258;,. The probability axis has heen truncated for
visnglization purposes and the bin corresponding to £ has been shaded in.
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{c}

Figure 4.12: Eifect of equivalence ratio on the slow mode mixture fraction contours for (a) ¢ = 1.0,
(b} ¢ = 0.5, and {c} $=0.25 with the Oame sheet contour shown as a dashed line at { = 0.5, 0.66,
and 0.8, reapectively {M,=1.0, @=0.75, s=L.5, r=0.5, M=6, N=0).
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Figure 4.13: Effect of equivalence ratio on initial conditions profiles for {2} mean density, (b) mean
product mass {raction, and {c} the product of prafiles (a) and {b) (M =10, 8=0.75, s=1.5, »=0.5).
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Figure 4.14: Effect of equivalence ratic on the slow mode () integrated product and {b) fiundamental
maode energy profiles (M. =110, 8=0.75, s=L1.5, r=0.3). Nonphysical behevior iz noted in {a} when

the total product decreasea deapite the irreversibility of the reaction -- this is a limitation of the PSE

implementation.
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Figure 4.15: Contour plots of the LST growth rate in {w,#) caordinates for {(a} central and fast
modes and (b} slow mode at the triple point (M, = 1, 8 = 0.9, s = 0.94, ¢ = 1). Conlow min at 0,
max at 0.08, and Aq; = 0.004, The Jocation of the 0.075 contour for all three modes s show in (c).
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Figure 4.16: Energy evolution in a fast/slow mode colayer case with subharmonicy of hoth the fast
and slow modes initialized with ¢, = 7 /2. (M.=1, @=1, ¢=1, s=0.94, r=0.5, M=24, N=0. The o
symbols denote a change in dominance vom & Iigher to lower harmonie.}

Figure 4.17: Bvolution of the mixfure fraction feld for the fast/slow colayer of figure 4.16. Two
vigyalizatinng are shown at = locations where {&) the fandamental modes dominate (2 = 200) end
where a imode transition is takiog place at (b} =300 and (¢} x=400. Mixiure fraction contours
with Af = 008, £une = 198, and Eup = 002 and the Aamwe sheet at £=0.5 marked ar 5 dotted Hne.
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Figure 4.18: Mixture fraction field for a fast fslow colayer in compreasible reacting conditions visual-
ized at £ =0, t =, and ¢ = 27 (M.=1, B=1, ¢=1, s=0.04, r=0.5, M=4, ¥=4). Mixture fraction
contonrd with Af = 0.08, £qpe = 098, and o, = 0.02 and the flame sheet at £=0.5 marked a8 a
dotted line. Lines joining plots indicate the streamwise movement of a fast and alow structure.
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Figure 4.19: Mixture fruction PDF at 2=230 for the fastfslow colayer of figure 4.18. Seven sym-
metric y positions are represented with Ay = (.125 4,55, The probubility axis has heet truncated for
visnalization purposss and the hin corresponding to £ haa been shaded in.
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Figure 4.20: Encrgy evolution in a central/slow mode colayer case with initial condition forcing of
the central (1,1) and glow (3,0) modes (M =1, @=0.45, ¢=1, s=1.5, r=={Lh, M=0 N=]).
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Figure 4.21: Mixture fraction field for & cenbralfslow rode colayer in (a) early {slow mode dominant)
and (b} late {central mode dominant) downstream positions (M,=1, ©=0.45, ¢=1, s=1.5, r=0.5,
M=0, N=3). Mixture fraction contours with Af = 0.08, £nax = 0.98, and £pin = 0.02 and the
Aame sheet at £=0.5 marked as a dotted Line.
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figure 4.21. Seven symmetric ¥ positions arc represented with Ay = 00125 due. The probability axis

has been truncated for visnalization porposes,




0.0
i
05 - i
E .04 +
[#] =
&
! o0d
g ! . L . wems o2 i
Q .5 1 2 2 0.8 2
& &
(a) {b}

Figure 4.23: Location of colayer width tost cases on () the {5,©) regime chart and {b) LST growth
rate plot with density.
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Figure 4.24: Evolution of fast and slow mode energy growth with incressing slow side density bias
starting from a colayer case; (a} s=0.94 (colayer), {b} s=1.10), {c) a=1.125, and (d} s=1.25 (M.=1,
8=1, r=0.5, p=1.0, M=85).
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Figure 4.25: Evolution of the mixture fraction field for & colayer casc with increasing slow side
density bias: {a) s=0.04 (colayer), (b} s=1.0, {c} s=1.125, and (d} s=1.25 {M,=1, G=1, r=L.5,
d==1.0, M=8). Mbdure fraction contours with AL = 0.08, &y = 0.98, and o, = 0.02 and the
Hame sheet at £=0.5 marked as a dotted line.
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Figure 4.26: Comparizon of spanwise vorticity contourd for () DNS results of Colonius ef al. {1897),
and {b) PSE simulation with M = 16 for a low compressibility pairing case (M, =0.125, r=0.5, s=1,
G=0). The contour levels are set with Aw, = 0.04, w;,,, = —0.26, end w,__ = §.02. Ths normal
axis is expunded by a factor of 2.5; both images are plotted to the same scale.
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Figure 4.21: Comparigon of 4 energy hetween the DNS of Colonius et al (1897) and PSE simulation
results for the fundamental {m = 4}, frst subbarmonic (m = 2}, and second subharmonie (m = 1)
modes {M,=0.125, r=0.5, s=1, §=0).
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Figure 4.28: Efect of removing the rapidly-varying portion of the streamwise pressure derivative on
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Figure 4.29: Comparison of £ energy to the DNS solution for the low M. pairing case with only the
twa subbarmonics initialized in the simulation.
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Figure 4.30; Comparison of spanwise vortlcity contours for {a)} the completely-specified PSE, and
{b) P8E sitnnlation nitialized without the fundamental mode for the low M, pairing case, Refer to
figure 4.26 caption for case details,
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Figare 4,31: Comparizon of DNS and PSE rosults for # high compressibility paiving case shown for
(a) modal energy and (h} vorticity thickness (M, = (L5, r = 0.6, s = 1, M=16}.
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Fipoare 4.32: Compayison of DNS and PSE results for the modal growth rates in a high compressibility
pairing case shown for the (a) fundamental and {b) subharmonic frequencies (A4, = L5, r = 0.6,
s =1 M=16).
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Figure 4,33 Effect of compresaibility on the onset of pairing as visualized in the developiment of the
vorticity thickness profile for 2D PSE simulations (r=005, s=1, @ = (, Re = 5000, M=8}.
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Figure 4.34: Comparison of the compressibility effect on the exbension of pairing length and the
suppression of the LE8T prowth rate, Lotk of which are normatized on the incompressible resulk
fr=0.5, s=1, & = 0, Re = 500, =8}
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Chapter 5

Conclusions and Recommendations

This dissertation has presented a study on the development of flow structuve in compressible
reacting tnixing layers thronghont a five-dimensional parameter space specificd by compress-
ibility, heat release, and the fow-stream ratioy of density, equivalence, and velocity. The
density-weighted mean vorticity profile was nsed to develop a basic nnderstanding for the
fiow structure and to predict the influence of each parameter. Linear stability methods
were then employed to conduct a complete parametric study, and these results guided the
development of flow-structnre regime charts. Finally, a nonlinear stability method—basad
on the parabolized stability equations—was applied to further detail the flow physica of
each structure and to lend insight into Huid wixing. The principle conclusions from this
investigation are listed below and a discusston of topics for future research is presented in

gention 5.2,

5.1 Conclusions

5.1.1 Diagnostic Development

The parabolized stability equations were applied to the study of both reacting fows
and mixing layers for the firgt time. A comprehensive and very favorable comparison of the
technigue to DINS requlis was provided for sub- and super-sonie conditions, thereby validat-
ing the technigue—and this implementation in particnlar-—for the study of free-shear-fayer
Hows. The abilily of the PSE to accurately model vortex pairing was also demonstrated
by detailed comparison between PSE andd DNS results. In snbsonic conditions, the PSE
simulations ravealed the critical importance of the rapid portion of the streamwise pressure
derivative to the correctly capture vortex pairing. In contyast, the slowly-varying contribu-
tion was found to be inzignificant and waas ignored in our computations.

This investigation has demonstrated the ability of the PSE to be wseful in qualitotive
mixing studies with fast chemistry. The limitationa of this implementation were discnased,

most notably the lack of moleenlar mixing in girlations that are congtricted to modeling
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only large-scale motions, Further thoughts on the simmilation of reacting flows with the PSE
are offered in section 5.2.3 in connection to future work recommendations.

Additional technical contributions of this investigation include the development of an
implicit boundary condition for the simulation of snpersonic flows with radiative instabili-
ties, a critical clement to this work in the study of oufer modes. This boundary condition

haz applicaticn to PSE simulations of acoustic instabilities in boundary layers.

5.1.2 Parametric Study

The use of the density-weighted vorticity profiles to explain and predict the effect of
each parameter on flow structure waa demonstrated. Higenfunction visualizations, provided
by congidering both encrgy profile and streakline results, were used to illustrate the peoeral
characteristics of the three instability modes and the natnre of the vortical structure shat
will appear in the mixing layer. Encrgy profiles also served to explain how a transition in
the flow from a broad central mode to 3 compact and off-center outer mode structure would
negatively impact mixing.

Deatailed parametric studics highlighted the similar role that compressibility and heat
release plsy in the emergence and eventual dominance of the onter modes. In conditiong
of sufficiently high © and M, to generate multiple modes, the density ratio was shown to
he an important parameter in defermining the relefiee smplification rates of the ditferent
mstabilities, The parametric study also demonstrated that the equivalence and velocity
ratio valies were, in comparison, less important factors in determining the dominant fowr
structure. One itaporiant exception to this is the equivalence-ratio effect on the outer modes
it regimes that combine low compressibility with high heat release.

Insights from the parametric study were used to create regime charts which demonatrate
the coupled effect of M, @, and s on selecting the dominant instability mode. This allowed a
complete appreciation to bo developed for the structure of the compressible reacting mixing
layer. These regime charts provide s clear view of the cenbral to outer mode transition
cansed by both heat release and comprassibility, and showed how the density bias selects
the dominant outer mode,

The sbility of the scaling factor A = (U4 — Ua)/(Th + [Fy) to collapse linear-stability
growth rates in vompressible reacting conditions was investigated, This factor was shown
to perform well for the cemtral mode throughout the majority of its nuniform-density regime
gpace. Two new scaling pavameters---tailored apecifically 1o the outer modes in reacting
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conditions—were shown to provide accurate scaling of these modes when heat release wasg
significant; the conventional A definition worked acceptably well in most Jow-heat-release
regimes, Finally, the utility of all parameters was shown to be limited to the case of near-

uniform density,

5.1.3 Single Mode Flow Structure
Centrat Mode

Studies of the central mode flow structure demonstrated that vortex pairing occurs
with very little interaction between the fundamental meode and its subharmonics. With
rising compressibility, the delay in vortex pairing was shown to precisely correlate with
the attenuation of instability growth rates, confirming that neither changes in shape nor
the rate of rotation of the vortices wore the responsible mechanism. Further, the accurate
prediction of pairing—a mechanisin that is responsible for the nonlinear growth of mixing
layerg-—from Hnear growth rates offers insight into why hpear stability theory iz such an
effective analydis technigue,

The eflect of heat release on the central mode in compressible conditions was cvaluated.
Beyond the prowth rate reduction observed in the parameiric study, nonlinear stability
results demonstrated the eflect of heat release to broaden the spanwire and atreamwise
scale of the fiow structure. A comparigon of the mixture fraction PDFs between these
two cases at cqual points of energy dmiupment mdicated hetter stirring of the reaclants
in the presence of heat release although, morve importantly, the cold case provided better
mixiug. Thia observation was attributed to the latger length scales of energetic mnotion in
the reacting case, However, it wag noted that a comparison at points of equal streamurise
position would heaﬁly favor the nonreacting cause in both mixing and stirr.ing because of
it significantly higher growth rato.

Outer Modes

Mixture fraction 'DEs penerated by outer mode 8ow structure domonstrated o marching
set of profiles in the cross-atream direction. Their shape was relatively compact on the side
associated with the mode, while the PDF approached the delta-function behavior of laminar
How on the opposite side, This i3 a clear indication that the impact of the ouler modes on

mixing ia entirely localized to one side, and ir separated from the other by the flame sheet.
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The location of the fiame sheet ouiside the region of prominent mixing motivated interest in
adjusting the equivalence ratio to position the flame sheet cloger to the vortical structure. It
was found, however, that this wovement alzo displaces the cuter mode in the same direction,
providing only marginal benefit to product formation. Further, maving the flame sheet was
shown to reduce the instability prowth rate, which scales on the shear between the flame
sheet and the free stream; the net result was a decrease in mixing performance.

5.1.4 {Colayer Structure

Two new typer of colayer structure were identified that correspond to equivalent growth
rates between the central and both the fasi and slow modes. An investigation of the
central/slow colayer in the nonlinear regime revealed that outer modes saturate at & far
lower energy level than the central mode. This resuits in the early developinent of observable
flow structure on the slow side of the layer, only to be later overwhelmed by the development
of the central mode, Mixture fraction PDFs indicated similer evolution, with the shape of
the distributions being dictated by the ceniral mode with some additional mixing on the
slow side. These observations supgest that colayers between the central and outer modes
will be difficult to discern: from regular central mode flowa in experimental conditions.

The nonlinear development of the fast /siow colayer was also studied. Subharmonics of
the outer modes were found to overtuke the fundamental without pairing. This process
peemrred withont any interaction between the different sides of the layer. Mixture fraction
PDFs indicated a similar lack of communication across the Bame sheet. They appested
to have been formed by the snperposition of two PDFs from Hows where the outer modes
individually appeared. While this colayer flow presents a significant enhancement of mixing
relative to a single-outer-mode configuration, it does not approach the degree of mixing
provided by the central mode. Further, nonlinear stability studies indicated that the width
of fastfslow colayer conditions on the regime charts was, in practice, quite limited: a 25%
change in density ratio relative to & colayer case resulted in complete dominance of flow
gtructure on the density-bissed side.
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5.2 Recommendations for Future Work

5.2.1 Compressible Reacting Mixing Layers

The linear stability studies of this hvestigation, in addition to the experiments con-
ducted by Fricler (1992), indicate a strong inferaction between the density snd velocity
ratio that remains to be fully understood, The effect of different types of mean flow,
corresponding t¢ houndary conditions of equal molecular weight pr,' alternatively, equal
temperature, should also be investigated in conoection with the density ratio effect.

With a full knowledge of the parameter space now developed, selective DNS inves-
tigations would be helpful to establish quantitative comparisons of the mixing efficiency
between different flow striuctures. The question of which outer mode—fast or slow—olters
better ixing remains partially nnanswered. The presence of mixing jsolated to one side
of the layer alen prompis questions concerning the ‘effective stoichiometry' of chemical re-
actions: if vne reactant is preferentially transported into the reaction zome thiz may have
an interegting effect on combustion, similar to whet is seen when the equivalence ratio is
changed. However, it should be noted that the acourate simulation of these problems would
recuire sufficient resolution to capture molecular-mixing effects (Freund, 1997}

Finally, the retatively poor mixing performance of the outer moden also motivates inter-
cst in using specific enhancement mechanisms, such o forcing the development of stream-
wise vortices. Significant mixing enhancement work has been done in compressible flows
dominated by the central mode (e.g. see Island 1997; Gutmark et ef. 1995}, Tt is not clear

if these techoigues will work on ottter mode flow structure.

5.2.2 Colayers

A productive area of continuing work for both computations and experiments concerns
the creation of colayers in incompressible conditions. This colayer regime holds spesific
intorest becanse it is the least difficult to replicate io laboratory cxperiments. Indeced, the
visualizations of Chen et of. (1988) of & buovant CH; diffusion flame shown in figure 5.1
indicate a stmilar type of colayer structure that we have discussed. The underlying physics
of this case are identical to the mixing layer: velocity shear exits in the presence ol & density
doeficit cansed by chemical heat release. This, in furn, produces a bi-modal density-weighted
vorticity pwofile that generates the fasi and slow vortical modes that are clearly seen the

visualization.
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A mixing layer simnlation of the same flow was attempted lor comparison, Figures 5.2(n}
and (b) plot the mean density and wclocity profiles for the same conditions as in the exper-
iment. A comparizon of these figures shows that the extreme equivelence ratio of ¢ = 3.048
in this diffnsion flame remsnlta in a flame sheet position at y = —1, where the mean stream-
wise velocity is nearly at the slow stresm boundacy condition. As a result, there ia little
difference in shear hetween the Hame position and the slow stream, causing the slow mode
to become only slightly unstable while the fast mode dominates the flow structure. This
unequal relatiouship i8 clearly seen in the normalized eigenfunction encrgy profiles in fig-
ure 5.2{c) (see equation 3.1 for a definition of T).

The large growth rate difference between fast and slow modes does not mateh the cxper-
iment because the calenlation of the input velocity paofile in Ggure 5.2{h) lacks the correct
physics. A profile that accomnted for the effects of buoyancy and entrainment wonld extend
& and T gradients far into the slow stream. That notwithstanding, gualitative comparison
to the experiment can be made by selecling a moderately-lean eguivalence ratio, ¢ = 0.3,
The mixture fraction contours for this PSE simulation are shown in fignre 5.2(d}. Simi-
faritivs to the experitnent inchide the early development of East-side vortical structure, the
larger wavelength of the slow mode, and the partial wrapping of the flame sheat into the
slow mode. The latter Hame sheet effect has been identified as the spuree of Hame Hicker
{Chen et of. 1988).

While this initial evidence of the existence of colayers is enconraging, an experiment
with PIV and some type of temperature moasurement would provide the required data for
proper comparizon. The cuvvent PSE code conld be extended Lo this type of axd-symumetric
flow by incorporating buoyvancy and a confining boundary condition on the fast side to

sirmmiate the jet centedling symrnetry,

5.2.3 Helevant Extensions to the PSE

Further investigation into the modeling of the mean-How correction in the PSE could
improve both the accuracy and the dnration of the simulation. & better understanding
of how coergy dissipates from the mesn-How correction is a suggested starting point for
thin snzlysia. There is also a peneral need to remove (he ambiguity in the streamwise
evolution norm by introducing s universally applicable and cigorously developed closure to
the parabolized stability equations. Some initial $houghts on a procedure for deing this are
developed in Appendix .
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The coupling of the PSE to an acoustic analogy such as Lilley’s equation for sound ficld
calculations ig a notable area for future research. Understandably, this would be restricted
to analyzing the sound generated by large-scale siructures. A direct comparison to DNS
results should be done to determine how well the PSE approximation works within the
mherent sengitivity of aconstic calenlations.

The PSE have significant potential for realizing & cost-effective design tool for combas-
tion problems. Future work done with the parabolized eguations in reacting Hows requires
improvements in modeling chemical reaction. A firsé step would be to develop an approach
that allows both chemical and viscons heating effects to coexist in a stable PSE calculs-
tion. Fast chemistry does not allow this, strictly spesking, because the temperature field is
completely specified by the mixture fraction field. Reformulating the problem with a fotal
enthalpy equation might prove useful.

Finite-rate chemistry would be the second and more complex step. This implementa-
tion would be Hmited to some type of equilibrium approach because of the time-periodic
nature of the Fourier-space caleulation. A second complication of this extension is a careful
consideration of the mass fraction constraints. Specifically, they are

Y, =1
ZY" =1 or 2 Vi {5.1a)
k daYe=0
for the system, and
0=<¥ <1 (5.1L)

for individual species. The constraint {5.1b} poses the most serions probietn for a stability
method becanse it can only be eviluated in real gpace 89 the sum of the mean and fluctn-
ating components at a given position. This requirement is cotirely ab odds with the PSE
technigue, which polves the mean and perturbation Helda separately and, further, evolves
the perturbation ficld in Fourier space. A precuraot to the application of finite-rate chem-
istry methods to the PSE requires a rigorous method to apply these constraints in Fourier

Space.
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Figore 5.1: Evidence of colayer structure in a buoyant CHy jet. diffnsion flame from Chen ef ol. (1988)
{K.=1890, r=0.05, M,=0., #=0.048). Visuvalization done wilh a laser sleel and Fi(k; sending,
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Appendix A

PSE Term Expansions

A.1 Nonlinear Contributions

In what follows, for completeness, the time derivatives of the mean fiow compornents
and the streamwise derivative of the mean pressure have been included although these are
zero for the calcnlations in this work. The equations are presented in tensor notation for
compactness; it should be noted that there is no mean flow in the 2z direction in &; terins,

A.1.1 Thermodynamic Variables

For the ideal pas law in nondimensional form,
p=pRT, A1)

a uniform molecular weight assumption gives the base and linear decomporitions

Base Flow :p= pT=1 {(A.2a)
Linear :ji= Tp+T {A.2b)
Nonfincar :0= pT (A.2¢)

The derivative of pressure that occurs in the momentum equations is decomposed as follows

Base Flow g’l = ‘gﬁ; + ﬁ% {A.3)
. as _oT
Linear : 36% = EJ:: + P e A.3b)

Note that there is no nonlinesy contribution to this term becanse it originslly appeasrs in .
linear form. The inclusion of this incorrect forcing term can cause considerable problems in

the atakility of the technique,

¥
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A2 Continuity Equation

Mext consider the development of the nondimensional continuity equation in compress-
ible form '

Bp | dpwy
Friud =0 (A.4)

Decomposing the fiow variables into mean and fuctuating components and grouping the

terms inta bagse flow, linear, and nonlinear categovies yields

Ea‘p lifih
Bage Fl : = .
ase Flow o + 3z, 0 {A.Ba)
. 9p .0 ap Oy dp
Line : 1k — = .
insar 5 P o + i Fr +hg— —|— T 0 {A.5b)
. O dp
Nonlinear PE:E 4+ ﬂ‘ﬁf; =0 {A.5c)

A.1.3 Momentum Equation

The nondimensionsl inviscid momentum equations are

3%; 5'1.!«,', Eip i 3’5‘13

i SR R L A6
P M g, = " 8a; T Re, 0ay (&.6)
Decompoging and collecting into ltke-order groups yields
_o1; B4 dp ogr & o
Base Flow - o 9 A
ase Flow : pg+pu jd " B i Re, Jg ( Koz, ) (A.78)
2 TTR S T, . ML O

Lineas : P+ fzr +(pms+ Pl + Pl
' 4] i

8 o [ 8 (. O e dit;
B ﬂ.’l-‘i' + o |02 (pﬂmg) + b2 Jzy (,u. g)] (A-7H)

. I/ TP i
Nonlinesr : j dtl + il ﬂ 2t (P + Pty + puj}a—:‘_:_
i

o 8 O
= Tew B (“a*) (&.7¢)

where o, is 4/3 for ¢ = 2 and is 1 otherwise, according to the thin-shear-layer approximation.
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A.1.4 Species Equation

Here we develop the formulation for the evointion of & conserved scalar, Z. Start with
the inviscid form of the species conservation equation, retaining the cross-stream moleculax

diffusivity term as per the thin-shear-layer assumption

37z 0z 1 a oz
P + i) = Tl s M) (A.8)
Decomposing this equation into mean, linear, and nonlinear compenents yiclds
0z 82 X 7 8z
, B SR+ Wil S i Rl A
Rese Flow : p-o7 “’“‘a—n, Re,Sc Gzy (’“"a_«:z) (A.92)
S, . DRI
near pdt Pat ¥ Pu”f' p‘ﬂ: aﬂ;;
1 [a3 (.02 a (_9Z
T — | f— A%b
Reaﬂc[ﬂmz (“am,,) +d‘$g( H o, N (A.9b)

: 82 8Z ., _ 1 &8 (.32
Nonlinear : fiz- +‘m‘5_m,; + {B%: + pil; +p'u-l} e = ToaGe 6‘;1:2( A s ) (A.9¢c)

A.1.5 Energy Eguation

Finally, consider the inviscid form of the energy equation for fast chemistry. Note that
this equation appears with the assumption of constant molecular weight across the layer,
and hence the gas constant is also uniform.

o s = —plr - D32+ el (g (.10)
This equation decomposes inte the follow ferms (recall that the mean pressure is unity in
the following)

3f1 .. &r _ ¥ d { 8T
Base Flow : p— 5 + pliy— B, =—p{y— ]] Ren Pr iz, ( —652) {A.11a)
ar &l .. . d‘T ar 0 Ol
Linear : ﬂﬁ“l‘ﬂat {p‘ﬂ; +p‘1.!1}a t-l-—p'u.ia : {T—l:}( a—+pd_)

1 8§ f.8r 5T '
+RauPr[ﬂ_m(#E) ayz( a_)} (A-11D)

6T aT e y ST
MNonlinear : Pﬂt +pu«; + (;mi-l-PHi-l-Pﬂi]F
'l

— ply— E"}; 19 (9T
=y ) Rt:qu E}‘mg( ﬂmg) (A Lle)
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A.2 Expanded System of PSE Equations

The linear system described in cquation (2.75) I8 expanded below. Note that terin
collection is done for readability and not raleulasion efficiency; since the terma are evaluated

separately in the matrix their collection is irrelevant

ou g4 8p  _0p i
Py gy +igg + g+ Alilam=u) + 5] |
., N VI ,
+U£+Uﬂy+p[zfﬂﬂ+ﬁw}+ﬂi} =0 [A.12a)
“[F'g +p§-—}+p[{au w}u-r—t:d—_-!-u% -t—pvfm
fexp N o 1 { gfida  an Em 4 a6 ]
_ 98 _ =0 (A12b
nM} T AMidc  Reo| 8y oy Toyay Moy ey ( )
oF N fagi O
il + +‘—+ O — Wil 4 oo o i +
'“’["a ‘”a} e ”[( ) By 31] ‘””ay
1 & 4 [dnds  Bad _@] .
+—;,n1Mf3y EREQ[B:;:??J+&J5‘1J+ 6‘:2+pﬂyﬁ =0 ([A.12c)
1& i i3 1 Ellu.dw d‘;“:[
fHE— W+ i—| + +i—1=10 A124
i P+ 9]+ e Rl oy 3y P (A1)
32 1. 8% 6% s L 0Z 8%y, , 0%
pua—-l—p[ud— -i—uE] —l-p[ (vt =~ w ]E-}-v-é;- u::;r +pu§§-
1 {850z  9Z o AN
_Rgcﬂcirﬁyﬁy i F+ ayz}-{} (A12¢)
JoP g of efy dT 8T, __aT
ua—m+p{ud$+ 2 } p[{auwm}T+ﬂ~&§+vay] +pu§1-j-
du By O% L, oy OB
+ (¥ — {( ay)+'a‘£+%(&ﬂ+ﬂw)+'§;]
¥ BpdrT  aren T &7y
R.F,ﬂpf'[ﬂya_;-l_ﬂyﬂ g Thigy | =0 (8130
p-pl - pT =10 (A.12g)

df of" . 8p [ @
+TB +T5 +p Pag

where the derivative of equation {A.12g} can be taken to close the system of equations
{A.13)

8z far



Appendix B

Adjoint Methods for PSE Evolution

This appendix outlines a more tigorons method for closing the system of PSE equations
than the conventionally-applied nortm of equation (2.88). This offort s not expected to
provide improved accuracy, bub rather to remove some of the subjectivity in selecting a
closure method by introdnecing a standardized approach, While the adjoint-based closure
developed here achieves this, it can only be applied in linear PSE calculations because of
its bagis in expansions of lincar stability solutions. lir inclusion here is meant to provide
ideas for further extension to nonhinear domains or, perhaps, for a completely different

formulation.

B.1 Conventional Multiscale Approach

To provide s basis for understanding this adjoint-based approach, it is helpful to first
outline the methodology behind conventional multscale methods. These methods seek a
local sclution to the stability problera of the form

‘i*[ﬂ‘}, y] = 'i}[! + ‘;‘i}'l: and ﬂ!E::I?:I = ¥y + ¢, {B*l}
where
B s s . 3%z, _ _ dofzy)
{=z-zy Py= 'I'{:I:n,y], P = O RS ﬂ'{m'ﬂ}, ] = T

Substilnting equation {B.1) into equation {2.75) results in the system of equations

. . s b . .
~iwD&g + Aliapds + &) + BF;’- +iBCHy + Dd =0, (B.2)

s s . ad, o
—iwEd®, + Ailog®; + oy@g) + HE +i80®, + Dd, =10 (B.3)

The equations (B.2) and {B.3) define fourteen eguations for sixteen unknowns; the two

additional equations come from the normalization condition, applied here bo 4 in the form

Bitg (17 max) 1Y max)
T L LA | = i, B.4
By gy { )

whera ¥ mex 16 the location where the respective eigenfunction is a maxinnitn.
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B.2 Adjoint Method for Alpha Advancement

Following in the apirit of a multiscale approach to find a local solution, an approximation

for mesn flow quantitics is made with
&(z,y} = oy} + eR1{y)e + OKY), (B.5}
where

T o 3‘5{9:[., y]

‘i‘n = ‘i‘fa’:n,y], E@]_ A y & — I

Foliowing the method of Ling and Reynolds (1973), the eigenfunctions are expanded differ-
ently with the form

$(zy) = Boly) + @1y 6) + 0P (B.6a)
&1(y.c) = D) +c¥nly) {B.6b)

to allow differentiation between nonparallel (&) and strcamwise evolution {$11} correc-

tions. Similarky, the wavenumber is expanded to account for these two separate influences
= o + eonp + a1 < + 02, {B.7)

Beranse there is a physical basis to argue that the frequency will not change in the stream-
wise direction (further, expansion of this parameter would cause significant problems with

the nonlinear formulation) we define
e = L. (B.8)

Substituting these expansion expresgions into the governing equations and colleciing
terms of O(c?} yields the syatem

L{®y) =0, (B.9)
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i81
where ¢ = [, 4, 8,1, 2, T, 5T and the operator and its adjoint are given by
-L11 Lng Ina By 0 0 0 ]
0 L Loy O 0 0 Lot
0 0 Lga O 0 0 Lir
L=0 0 0 Ly 0 8 Lyg (B.10)
0 0 Lga 0 Ly @ 0
0 FLgs FEgy Lgs 0 Lgg 0
_Ln 0 a 0 0 FLrs L-.r-;r_
fn 0 0 0 0 0 Ly
Ly Lyg 0 0 0 L5 O
L31 L3z Lga 0 Las L 0
L=1Ly 0 0 Ly 6 Ly 0 {B.11)
9 0 0 0 Lz 0 0O
0 0 0 8 0 Lsg Ler
|0 Ly L3 L 0 0 Lo




et
kot

where

L1 = i{entin — wo)

Ly = ipperg
N B
Lz = ;; + - 3y
Ly =iff
L3 == ipg{epily — wp)
_ o
Loz = ﬂuan
[141))
f—
27 - Mlg
Lz = igp{ontiy — wy)
| I
Ly = ——5—
7 1 ME By

L4 = ifig{tip — wy)

i
Dgp =
47 TlMia

az
Lss = fo 3;

Lyg = ipo{ontio — wo)

Lgn =iy — 1}
aT

i
Lgz = ﬁﬂa—; +{7— 1}53‘;

i

Lgg =iy — 1)

Lgs = ipg{antn — wy}

Ly =-T
Ly = —po
Lpp =1,

Ly =L
Li7 =Ln
Ly =Lz
Lg9 = Loy
Log = Ly

b

£y = o e

341 Fi ay
L3z =Lz
L33 =Ln
L35 = Lga

ﬁaﬂ—ﬁ-‘na——{’f— ]—

L4 =Ly
L44 =Ly
Lag = Lpa
L5 = Lgg
Lgs = Leg
Loz = Loy
£93 = Lag
1 2
Lrg=—— o
BT T ME By
firg = Lyz
L7 = L.

(B.12)

Thiz system corresponds to the typical lincar stability spproach whers, with homogeneous

boundary conditions, equation (B.9) defines an eigenvalue problem for ay. Collecting terms
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of O(e's!) for the streamwise evolution corrections gives a system of the form

L(®) = —an6G +H, (B.13)
and terms of @(e'c®) for the nonparallel correction results in the system

L{#p) = —apP +Q, {B.14)

where

e -

iAoy + 557
i tigil
ifintigfip

G= ipyigiby (B.15}

il Zg
i(potioTy + {7 — 1)iia)
{}

~iBocrots + 90 S — By (i o + 8y + G0)
—poldagiido + ﬂu%%}) - ('!' {~wp + ag Hg) g + i E’%ﬂ)
—ifgantiyfo — £ B (—wo + ao lip) fo
H= —ifpoegTytdy — & p1 (—wg + o Up) ilp (B.16)
—_ 4 - o - 62 = - = = e az
~ falioglii Zp + ”“”5?.-1]' — 7 |t {—wo+ oo o) Zo+ Po ‘550')
fﬁﬂ(i&ﬂﬁITu + ﬂn%"] — |1 (~wp + agig) T + g %{.‘1)

poTy + pr Ty
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The boundary conditions follow directly from those for @, yielding

“i'n —H), &‘m —+ E],

B.2.1 Solveability Condition

i(foita + oy}
i{ Gododiy -+ ,ﬁ—%l;)
iButiubn
3 By dbyriitg

ipaita 2y

i(ﬁnﬁnﬁl + (v - nﬁn)

)

[ — {pr1fig + A1 + Fiig1)
- (ﬁuﬂuﬂ1 + Botigliyg — ﬂhz)

— Bryilydiyy

—potgiing

- (ﬁnﬁﬂzt + polinZy + ﬂufﬁt])

- (ﬂDTII{ﬁﬂ + B} + doitTh} 4 (v — TH#Epo + ﬂ-u})

0

and ‘i‘l}_ — 0 for ¥ —+ koo,

(R.17)

(B.18)

(B.19)

The use of the adjoint o the operator I provides a means to solve these systems of

equaticns without having to incorporate s normalization condition. The adjeint systemn

and corresponding cigenfonction take the form

with the boundary condition

A—=0D for g+ 200

LA =08,

(B.20}

(B.21)
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For any iwo vector finctions f and g that satisfy the boundary conditions of equation (B.19),

an important property of the adjoint eystem ia the relation
| rieea = [ gmislan (B.22)
Thus, for an inhomogeneous problem {e.g. equation B.13 or B.14) of the form
Lih) = M, ' (B.23}
it follows from eqguations (3,20}, (B.22), and (B.21) that

1
f AT Mdy =10 (B.24}

—00

B.2..2 Solution Procedure

The sohition procedure begins with solving the linear stability problem of eguation (8.9}
{or, egnivalently, the adjoint of this equation) to defermine oy for given values of vy and
An. With this result the adjoint elgenfunciion vector A can be caleulated. The solveability
condition of equation (B.24) can then be applied to the inhomogeneous equation {B.13) to
determine the one unknown on the right hand side:

) - %) -
Ay = [ AT Hdy / Al Gdy. (3.25)
—a —20

With a; known, equation (B.7) provides a rigorous basis for evaluating the downstream

wavennmber evolution as

elee i
o/ B.25
dr €iI¥i1 ( t']
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B.2.3 Adjoint Eigenvalue Problem

The system of equations with O{e"<"}) has the form

NV Cdey o, L . o
Bot{oTy — wa} + Uﬁ_é-? + By [t{aguu + fhdg) + @?] =1, (B.27a)
— [y — .. g | donfe
i [:{cuuun wo bt + Yo By ] + TLMIE =0, {B.27b)
: 1 8y '
ot (o — wy )y + - =1}, B.27c
ot = )i+ s (B.270)
ATy ~ )by + zﬂpﬂz =0, (B.27d)
M

T . 0F ;

By [t[cru.uu ~ o) &y -+ 4ig Eﬂ] =1, (B.27=)
e~ . . OT I . i
o [z[cm-u.u —wpiTo + WED] +{y -1} [-a.[(mun. + i) + Ej-] =, (B.271)
fio ~ PyTh — iTo =0, (B.27g)
which can be reduced to the coupled system
(@ — co)fh— W' = goto, {B.28}
o Bulis ~ cols = 4y, (B.29)
where
~ g . iy L+ (Bofoo)? v, 0 g

L sl gg = - WO MNpeme o2 B.20
Yo = ey ved o 7y ~ (@ —c) {B.38)
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The adjoint of Lhis system is
i il ~ wo)fiy — Topy = &, (B.31a)
oy o P + Pole Bt — wolilg + ao {y — 1T =8, (B.31b)
iy Qg
= i % -+ gy ~a—" iy + 'Epu{ﬂ!a fig — tvg }Op
8%y - [ ]
+n — — (=1} = =", B.alc
g (y- 1 o (B.3lc}
8 pa b + folon -ﬂn—wu:uwu +8(y- 13 =0, (B.314)
Bl By — wo) 2y = 0, (B.31e}
ifiy (o0 5o = wo)y — 53] =0, (B.31f)
1 |, . 8l |
= *y =0, B.31
oy ['i-{m}uu + fu) 6’y] +p =0 (B.31g}
which can slso be reduced to two coupled equations of similar form;
(-9 = gufy, {B.32)
of o (8o ~ o) 95 = #3, (1.33)
where
P8 =8 and &) = —vi. (B.34)

Shooting methods applicd to both sets of coupled equations (regniar or adjoint) will

yield the same cigenvalue, ag, for apecified wy and B values.




188




Appendix C

Code and Pata Archive

This appendix is intended to give some guidance to researchers who are inferested in em-
ploying the PSE. This appendix evulved partly out of & desire for completencss, and partly
a3 & response to the Iack of publicly available information on the technigue; Herbert {1997}
points out that the commercial potential of the technigue has resulied in sparse commu-
nication about PSE details in thoe literature. In what follows, the basic structure of the
archived code, suggested changes to it, and a detailed list of input conditions that were
used in the current study are outlined. Researchers interesterd in obtaining this code should

dircct reguests to day@stanfordalumni.org.

C.1 PSE Code Archive

To begin with, a general disclaimer: despite extensive validation {documented herein),
ertors most certainly remain in & code of this size and complexity and thus its accuracy
is not puarantced. However, at the very least, the current version should provide insight
into some details of the technigne that took considerable time and effort to sort out, The
program elements are described below. As the file name extensions suggest, the code is-
written in Fortran 90 and makes use of FFT routines froin the SGI/Cray Math Library and
scveral spline and integration routines from Numerical Recipes (Press ef ol 1992). These

rantines are specified n the supphied makefile.

pse_main.f90 Contains the modulo declarations, main program subrou-
tines, and the program wumits for memory allocation, mode

addition, grid initialization, and output file writing.

pge.calc.£90 Subroutines for caleulating statistical quantities, both for di-
agnostic and operativnal tasks (e.g. energy integrals}.

pee_evoluticon. £90 Controls the streamwise stepping of the shape functions,
which involves sctfing up equation (2.112) and applying the

iteration procedure of equation (2.116).
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pea.dars. 90 Streamwise and erogs-siream derivalive routines.

pse_ic.£90 Routines lor developing the initial condition, including the

subroutines for caleulating LST solutions.

pee.nonlinear. f0 Manager the calenlation of the nonlinear forcing vector, F,

af equation {2.112).

pse_profiles.£30 Subroutines for evaluating the mean-flow similarii:,:,r solutions.

The PSE code outputs a data Gle of information [rom the simulation. A post-processing
code was developed to process thig file and output nseful quantities and statistica. It contains

the following parts:

pRe_pastpro.f30 Manages the file input, memory allocation, data interpolation
to a Ane prid, and the caloulations of some basic yuantities

like vovticity.

pee_statistica. 80 Subroutines for caleulating secondary statistical quantities
like the encrpy, PDF, and integrated reaction rates.

pee_postders . £80 Post-processing derivative routines.

C.2 Code Changes

The PSE code has evolved considerably from its carlicst incarnation as a lincar code to
a3 present statug ag a fully oombinear simulation tool. Naturally, this developrent history
has resulted in a mamber of legacy issues in the code, e.g. constructs that have changed so
many times that thelr present form is lesy than optimal. As such, the archived code should
he thonght of as a reference pomt for the development of entirely new PSE implementatione.
It should be well suited to this task because, within limits, a concerted cffort was made to
document and organise the code in & senaible fashion,

Faturve versions shonld also be developed from incaption te incorporate the ability for
porallel computations. Parallelization would be very successful in a PSE code because ifs
mode-specific nature allows for simple decomposition of computational tasks and the low

memory requirernents would render message-passing coslg ingignificant.
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C.2.1 PBE Case Conditions

The following tables outline the details of several representative PSE cases.

Parameter { Le | Pr{ Sc | « M
Yalue 1 1 (1 14 Constant

Tatde £.1: Thﬁmmd:,r.namic propertics common to all PSE simndationa.

Clage Descriphion M, o ¢h ] r Re
1 DNS Central Mode Validation 0.5 0 N/A L 1.0 [ 06 5000
2 Nonreacting Ceniral Mode 1.0 0 |NJA L 1.0 | 0.5 ] 10,000
3 Reacting Central Mode 1.0 {075 1.0 [ 1.0 | 0.5 ] 10,000
4 Fast Mode Mixing 1.0 {075 1.0 | 2/3 | 0.5 ] 10,000
5 Stow Mode Mixing L0 075 ] L0 | 3/2 | 0.5 § 10,000
& | Fust/Slow Colayer w/ Subharmonics | 1.0 § 1.0 | 1.0 |0.94 | 0.5 { 10,000
7 Central/Slow Colayer L0 j 045} 1.0 | 3/2 | 0.5 | 10,000
8 Subsonic Pairing 01251 0 [ NJA | 1.0 |05 500
9 Supersonic Pairing 0.5 0 IN/A| 10 |05 5000

Table C.2: Flow Parameters for selected PSE caser.

Cage | M (N | dz | ny | Ly | By
i § | 0| 04 15074 30 | 20
2 5 | 4 |07 [ 160 30 | 2.5
3 5 | 4| 04 | 150§ 30 | 2.5
4 5 | 3|04 |200f 50 | 25
b b | 3§03 |250] 50 |25
6 15| 0| 03 | 300§ 50 | 2.0
T 213085 | 280 50 |20
B 16 | 0§ 0.2 | 400 ) 208 | 3.0
2 8 | 002 | 300 50 | 2D

Table €.3: SBimnclation-specilic parameters for the selected PSE cases of table C.2.
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Case | Mode £g @ W B P
1 | (1,00 | £.0005 |(0.7197,-0.06806) [ (9.5781,0) | (60) | ©
(2,0) | 8.0001 | (1429, -0.000097} | (1.156,0) (0,0) b
2 | (1,0) | ©.0001 | (0.3355,-0.01392} | (0.261,0) (0,0) 0
(11) | 0.0005 | {0.3456, -0.04300) | (026100 | (0.50) | ©
3 | (1,0) | 00001 | (0.2166, -5.01444) [ (0.154,0) (0,0} 0
{1,1) 0.0005 | {02039, -0.02014) {0.154,8) {0.29,0) 0
4 | (1,0) | nooos | {10978, -0.03170) | (0.970.8) | (0000 | ©
(L1) | 0.0002 | (10977, 0.03169) | (0.97008) | (0.2950} [ o©
5 | (1,0 | 0.0005 | {11672, -0.04877) | (6.711,0) (0,6} 0
(1,1) | 00002 | {11711, -0.04652) | (6.711,0) | {06760} ] 0
6 | {L0} | 0.000001 | {£.1729, -0.01204) | (0.125,0} (0,0} 0
(2,0} | 0.00025 | {0.3682,-0.02260) | {0.25,0) 00} | =2
(3.0) [ 0.00625 | {0.4515, -0.62262) | (0.375,0) 00 |a/2
(4,0) | 00085 | (0.7792,-0.83231) | (0.50,0) oy | o
(6,0} [ 0.0005 | (0.8526, -0.03115) | (0.75,0) {0,0) 0
7 | (1,00 | 00005 | (0.1976, -0.05526) | {0.1575,0) (0,0) 0
(2,0) | 00005 | (0.4050,-0.09473) | (0.315,0) (00 | x/2
(4,00 | 0.0005 | (0.8336,-0.1253) | {063, 0) (0,0) B
8 1 (L0} | 0.0005 1 (0.3550,-0.05166) | (0.28005, 0) | (0,0) | «/2
(2,00 { £.0005 | (0.7167,-0.06808) | (0.57810,0) | (0,0) B

Table C.4: Input modes and their initial eigenvalue guesses for fhe cases of table C.2. Note ihat
initial amplitudes, ¢,, are cffectively doubled when the complex conjugate i teken into account (see
cquation 2,731,
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