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Abstract

This research develops a novel, non-dissipative discretization for the drift-diffusion ex-
pression of electron flux in capacitively-coupled, radio-frequency plasma discharges.
The new discretization is more robust and accurate than commonly used numerical
techniques when applied to the solution of the plasma fluid equations. On a relatively
coarse grid, the method provides results within a few percent of the grid-converged
solution. Low-order upwinding, a common method for discretization of the electron
flux, introduces significant robustness. However, on the same coarse grid, the plasma
density can differ from the grid-converged result by nearly a factor of two. Another
popular discretization of the electron flux is the Scharfetter-Gummel method. Al
though it is accurate on coarse grids, it is more expensive computationally due to its
non-linear nature, and it introduces an additional approximation. It neglects the elec-
tron temperature gradient in the flux expression; this can affect the plasma density
as much as 20%.

A formal method for accelerating the solution towards the periodic, steady-state
solution in one and multiple dimensions is also described. Direct integration of the
governing equations in time will lead to the harmonic steady-state, but this may
require tens or hundreds of thousands of radio-frequency periods when the plasma
discharge contains significant neutral species that develop on a time-scale much longer
than a radio-frequency period. In contrast, the acceleration scheme can reach the
periodic steady-state in a few hundred to a few thousand radio-frequency periods.

Previous efforts that used formal acceleration schemes were limited to one dimension.

iii




Finally, a fluid model of an argon plasma is developed and compared to experi-
mental data at conditions relevant to low-pressure, capacitively-coupled plasma. dis-
charges. The computed results agree reasonably well with the experiments both
quantitatively and qualitatively. This model is then used to investigate the impact of
an alternative method of pulsed, capacitively-coupled power deposition in the plasma.
discharge. Proper application of power to the plasma can result in greater ion flux
uniformity and a lower average electron temperature, which are desireable character-

istics in plasma processing.
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Nomenclature

Roman symbols

A B,C
Aglec
A,

Ag

A,

C

Arrhenius source term coeflicients
electrode area

area of radial face on computational cell
area of azimuthal face on computational cell
area of axial face on computational cell
capacitance

block diagonal matrix, diffusion coefficient
electric field

unit of elementary charge

generic vector function of a vector

relative velocity

identity matrix

capacitor current

Jacobian matrix

electron number density flux

ion current

average ion current

reaction rate coefficient

Boltzmann’s constant

momentum transfer collision coefficient

vi



M  monodromy matrix
my mass of background gas
me electron mass
m; lon mass
N number density of background gas
np number density
ne electron number density
n; lon nmumber density
flaqey  UNIL surface normal vector
P1,2,.. non-dimensional coefficients
m momentum transfer collision cross-section
¢ unit of elementary charge
ge electron thermal flux
R banded block matrix
r radial coordinate, radial direction
r residual vector
S source term
T duration of a period
t time
Ty temperature
T. electron temperature
Ty temperature of background gas
u,v,w species velocities
u, v generic variable vector
V. capacitor voltage drop
Veen  volume of computational cell
Vac  voltage bias
v; ion velocity
x spatial coordinate
z axial coordinate, axial direction
banded block matrix
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Greek symbols
dz, Az grid spacing
¢ dielectric constant, energy, or small number
€0 permittivity of free space
Ap Debye length
4 mobility
p12 ion collisional drag coeflicients
electron plasma frequency
ion plasma frequency
radio frequency
electric potential
collision cross section or surface charge

reflection coeflicient

q>®qve+:§§;€

azimuthal coordinate, azimuthal direction
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Chapter 1

Introduction

1.1 Motivation and objectives

Plasmas exhibit a rich variety of complex, non-linear behavior, and are heavily used
in industry. The applications of plasma processing are quite broad; the ability of
a chemically active plasma to change the surface of materials plays a key role in
such industries as aerospace, automotive, steel, biomedical, and toxic waste manage-
ment (see [25] and [44] for examples). The various types of commercial reactors are
discussed by Grill {25], Hershkowitz [30], and Lieberman and Lichtenberg [44].
Broadly speaking, processing plasmas are used to alter the properties of a surface,
add material to a surface, or remove material from a surface. One example of surface
modification by plasma processing is the activation of polystyrene. Polystyrene is
commonly used to make disposable culture dishes; however, cells do not grow well
on untreated polystyrene. But plasma treatment of the surface of the polystyrene
allows the cells to grow effectively [25). Plasma processing is also used to implant
nitrogen in a metal part to harden the surface and increase wear resistance; grow
amorphous, hydrogenated silicon films for solar cells; grow diamond or diamond-like
films to improve cutting tools. These applications and more are discussed in [25].
The semiconductor manufacturing industry uses processing plasmas extensively.
Plasmas can etch extremely fine features in silicon wafers; feature sizes are currently

on the order of 0.18 m and are anticipated to decrease to 0.05 pum by 2012 according
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to the semiconductor industry’s “National Technology Roadmap” [30]. Plasmas are
also used in integrated circuit fabrication to deposit thin films and clean residual
material from the circuits (“ashing”). Semiconductor manufacturing technology is
constantly evolving, and designers have to deal with fundamental problems such as
plasma uniformity and contamination of the plasma by particulates [30].

The design of plasma reactors includes, but is not limited to, the plasma generation
mechanism (the coupling of the electricél power to the plasma), plasma chemistry
(the composition of the feedstock gases), and the operating conditions (pressure and
flowrate of the feed gases and the reactor geometry). The central question is: what are
the plasma characteristics such as plasma density, ion fluxes, electron temperature,
etc.?

The development of reactors and processing methods is heavily dependent on
trial and error. Simulations can shed light on the complex physics that take place
even in the most seemingly simple plasmas. Through greater understanding of the
detailed operation of a reactor, more effective designs can be made. Thus, the primary
objective of this research is to develop a numerical method that can accurately and

efficiently solve the equations used to describe processing plasma behavior.

1.2 Literature survey

The development of numerical models to simulate processing plasmas has been on-
going for over two decades, with the most rapid growth occuring during the past
decade. Prior to 1990, simulations were typically one-dimensional, either with a fluid
model or a particle model of the plasma; since then, two- and three-dimensional
models with detailed chemistry have been developed [40]. Some examples of two-
dimensional simulations can be found in [6], [11], [26], [48], {49], [58], [64], {82], and
[84]; three-dimensional simulations are more rare, but references [35}, [41], and [42]
contain representative calculations. These tools, most of which were developed in
academia or the national laboratories, are actually being used by industry as part of

the design process [40].
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Processing plasma simulations are particularly challenging due to the sheath re-
gions that form adjacent to reactor walls and other surfaces. The near-zero electron
densities in the sheaths, and the steep gradients that accompany them, introduce a
very large amount of stiffness into the spatial discretization. Furthermore, in dis-
charges that use capacitive coupling, the sheaths are unsteady in time as the radio-
frequency voltage oscillates, and the clectron density can vary enormously throughout
the period. A discharge simulation may require thousands of radio-frequency periods
or more to reach the harmonic steady-state condition. Thus, the numerical problem
is stiff in time as well.

Robustness is commonly introduced into the numerical solution of the plasma
equations by upwinding the spatial discretization, in particular, the discretization
of the electron flux. One method of upwinding the electron flux is described by
Barnes, et al. in [2]. Upwind biasing the spatial discretization of the electron flux
(and sometimes the ion flux) is used almost universally to circumvent the stability
problems posed by steep gradients at the sheath edges and very low electron densities
(see, for example, [13], [21], [41], and [78]).

Another method used to alleviate the stiffness due to the electron flux is discussed
by Scharfetter and Gummel in [74]. Some examples of its use can be found in [4], [6],
[26], [58], and [64].

While low-order upwinding and the Scharfetter-Gummel discretizations are effec-
tive at reducing stiffness, they each have drawbacks. Low-order upwinding on coarse
grids can provide results that are quite far from the grid converged solution. Accuracy
on coarse grids is crucial for simulations in multiple dimensions, particularly when
complex chemistry is used. When large errors accrue due to the numerical method,
modellers run the risk of having the numerical errors exceed the errors from the ap-
proximations in the model. Although Scharfetter-Gummel is reasonably accurate on
coarse grids, it introduces another approximation into the fluid model. It neglects the
contribution of the electron temperature gradient to the electron flux. Furthermore,
the Scharfetter-Gummel discretization leads to more expensive computations due to

its extremely non-linear nature,
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Although the vast majority of published plasma simulation results use either up-
winding or Scharfetter-Gummel, a few simulations have been done with non-dissipative
methods. For example, Huppert, et al. [33] used Gauss-Lobatto-Legendre polynomi-
als as the basis functions for the finite elements in their spatial discretization. Also,
Lin and Adomaitis [45] used a psuedospectral, Chebyshev collocation discretization
for their simulations. Both of sets of simulations were performed in one dimension.

A variety of acceleration schemes, both formal and informal, have been used to
increase the rate of convergence to the periodic steady-state. Informal schemes tend
to advance alternately different sets of the plasma equations in time. For example,
the relatively slow-moving neutrai species may be advanced in time, or accelerated in
some fashion, to bring them into equilibrium with the current electron density and
temperature. Then, the charged species would be advanced in time to bring them
closer to equilibrium with the new estimates for the neutral species. This process is
repeated until the change in the variables is sufficiently small from one iteration to
the next. This technique has been effective in both one dimension, see [46] and [78§],
and multiple dimensions, see [47] and [82]. However, it essentially relies on direct
integration in time to reach the steady-state.

More formal approaches seek the periodic steady-state in a more analytical fashion.
One technique for the direct calculation of the periodic steady-state is to treat it as
a boundary value problem in time; that is, each semi-discretized variable should
have the same value at the end of the period as at the beginning. The Newton-
Raphson method is used to find the initial conditions that satisfy these boundary
conditions. Examples of this technique can be found in [21], [45], and [55]. A less
common approach is to express each variable as a Fourier series in time and use
Newton-Raphson iterations to find the Fourier coefficients; this method is discussed
in [24]. In another method, similar to the Fourier decomposition in time, the plasma
equations are decomposed into a set of time-averaged and time-dependent equations;
such an approach is explained in [63]. While the more formal acceleration schemes
may reach the steady-state with less computational effort than the informal time-
advancement schemes, implementation in more than one dimension is challenging.

For example, the introduction of additional dimensions significantly increases the size
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of the Jacobian matrix for the acceleration techniques based on Newton-Raphson. All
the applications of the formal computations of the periodic steady-state have been to

one dimensional simulations.

1.3 Accomplishments
This research has:

e Developed a novel, non-dissipative discretization for drift-diffusion problems.

e Demonstrated that this new discretization is more robust and accurate than
commonly used numerical techniques when applied to the solution of the plasma

fluid equations.

e Developed a method for accelerating the solution towards the periodic, steady-

state solution in multiple dimensions.

e Developed a fluid model of an argon plasma and validated the proposed model

and code at conditions relevant to the plasma processing of materials.

e Investigated in three-dimensional simulations the impact of an alternative method
of pulsed, capacitively-coupled power deposition on plasma characteristics such

as ion flux uniformity and the sheath potential.




Chapter 2

Physical principles and modelling

2.1 Plasma discharge phenomena

Plasma discharges encompass an extremely wide range of conditions and applications.
A high-pressure (i.e. atmospheric pressure) arc discharge with the plasma in thermal
equilibrium with the background gas, at a temperature of order 10,000 K, might be
used to weld or cut metal. In contrast, a low-pressure discharge, at tens of mTorr, with
the background gas at room temperature and only the electrons at a high temperature
might be used to etch microscopic trenches on the order of 0.1xm wide into a silicon
wafer. This work will focus on conditions for low-temperature processing of material
for semiconductor manufacturing and, in particular, the capacitively-coupled reactor.

Plasma processing reactors typically contain a gas at fairly low pressure, anywhere
from a few mTorr to thousands of mTorr, depending on the application. The gas is
usually at approximately room temperature, and it flows through the reactor at a slow
rate, from a few scem (cubic centimeters of gas per minute at standard temperature
and pressure) to a few hundred. The background gas is often a mixture of inert gases,
like helium or argon, with reactive gases, such as oxygen or chlorine or silane, added
for processing purposes. When a sufficiently high voltage is applied, the gas breaks
down and forms a plasma. In most cases the ionization fraction, the ratio of the
charged particle density to the neutral background gas density, is very small, 1076 or

less in capacitively-coupled reactors.
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Omne of the most significant features of these plasmas is that the electrons are
not in thermal equilibrium with the background gas. This is because the electrons
exchange kinetic energy very poorly with the other particles due to their much smaller
mass. The plasma is sustained by the highly energetic electrons which collide with
the background gas to generate ions and more electrons as well as chemical radicals.
Power is input to the electrons by the electric field; in a capacitive discharge, this
field is generated by the applied radio frequency voltage. In other types of reactors,
for example inductively-coupled plasma discharges, the electric field arises from the
fluctuating magnetic field.

The ions in the plasma are relatively steady in time since their characteristic
frequency is less than the radio frequency of the fluctuating voltage. For example, in a
helium discharge with a plasma density of 10° em™, the ions’ characteristic frequency
is about 3 MHz (w;/27 = 1/e?n;/egm; [ 2m), and the radio frequency is typically on
the order of 10 MHz. The ion density and velocity do not change appreciably during
each radio-frequency period.

In contrast, the characteristic frequency of the electrons for the same plasma
density is nearly 300 MHz (w./27% = ./e?n./eéame / 2m), much higher than the radio
frequency. Consequently, the electrons are subject to significant changes in each
radio-frequency period as they try to follow the fluctuating voltage.

The plasma is electrically neutral on the whole, with thin sheaths forming near
the boundaries. These sheaths form because the lighter, faster moving electrons
quickly escape to the container walls. This creates a net positive charge in the sheath
region and an electric field that acts to prevent additional electrons from escaping and
to accelerate the ions through the sheath. Sheaths in a capacitive radio-frequency
discharge are extremely unsteady, and their maximum thickness is generally a few
tens of Debye lengths (Ap = 1/eokpTo/e?ng &= 0.5 mm for ng = 10° em™ and Tp =
45,000 K). A more complete description of the physics of a plasma discharge may be
found in references [44], [56), and [67].
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2.2 Modelling methods

Plasma simulations generally fall into one of two categories: fluid models or particle
models., A particle model is usually considered the more physically accurate represen-
tation of a plasma; however, particle models can become very expensive computation-
ally. Fluid models are regarded as sufficiently accurate at moderately low pressures,
and they can be significantly less expensive than particle models.

A rigorous treatment of the plasma dynamics would assume that each species
obeys its own Boltzmann equation that describes the evolution of its distribution
function. The distribution function determines how many particles of a particular
species are in a unit volume of configuration-velocity phase space; in general it is
a function of space, time, and velocity. Interactions between species are accounted
for by collisional source terms that depend on the collision cross sections, which are
functions of the relative velocity of the collision partners.

In a particle method, each plasma species is represented by numerous computa-
tional particles, with each corﬁputational particle representing millions or more real
particles. The position and velocity of each particle is advanced in time using New-
ton’s equations of motion. Collisions between neighboring particles are accounted for
randomly, and particles may split into smaller particles or merge into larger ones.
As more computational particles are used, the distribution function of the computa-
tional particles approaches that of the real particles for the given set of collision cross
sections. The greatest sources of error for a particle method are an insufficient num-
ber of computational particles to resolve the distribution function and uncertainty in
the collision cross sections. For a more detailed description of particle methods, see
Hockney and Eastwood [32].

Fluid models involve treating the plasma as a continuum and taking velocity
moments of the Boltzmann equations to obtain conservation equations for mass, mo-
mentum, and energy of each species. To determine the collisional terms, velocity
distribution functions must be assumed for all the species, and the collision cross
sections must be known. If the particles of a species undergo enough collisions, their

velocity distribution approaches the well-known Maxwellian distribution function.
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The principal weakness of the fluid model is the assumed velocity distribution func-
tion, which is typically Maxwellian. However, uncertainty in the cross sections, which
the particle method relies on also, can have as large an impact as uncertainty in the
velocity distribution [54].

For the particles in a particular flow field to be sufficiently collisional, the Knudsen
number, the ratio of the mean free path to the characteristic length scale of the flow,
must be less than 1. Flow with a Knudsen number much less than one is characterized
as collision-dominated, and when the Knudsen number is greater than one, the flow is
considered free-molecule flow. The mean free path of a particle can be estimated by
1/(No), where N is the number density of the collision partner and ¢ is the collision
cross section. For a background gas at 100 mTorr and 300K, assuming it’s an ideal gas,
the number density is 3.2 X 10'® cm™3; in weakly ionized plasmas, the background gas
is the dominant collision partner. Elastic and charge transfer collision cross sections
are typically greater than 5 X 107*¢ cm? [56], so the mean free path for an electron
or ion would be approximately 0.6 cm or less. Since the electrodes in a capacitively-
coupled reactor are usually separated by several centimeters, the Knudsen number
will be less than 1. Other researchers have compared fluid and particle simulations
of plasma discharges and determined that fluid and particle results agree well down
to 100 mTorr (5], [59], [81].

The other major task in the fluid model is to close the higher moments that
appear in the conservation equations for momentum and energy, in particular the
shear stress and heat flux. These terms arise when velocity moments are taken of the
Boltzmann equation and the velocity is decomposed into a mean component and a
random thermal, also called peculiar, component. With the help of kinetic theory and
some suitable assumptions about the deviation of the velocity distribution from the
Maxwellian, these higher moments can be estimated using the dependent variables
for which the conservation equations are written, namely, the density, mean velocity,
and energy. A detailed discussion of the calculation of these coefficients can be found
in [56] and [83].
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2.3 Governing equations and assumptions

The governing equations are given below. The variables n, and —g-nekBTe denote the
electron number and energy densities respectively, and the electron number density
flux and thermal flux are represented by j. and ge.. The ion number density is given
by n;, and v; represents the ion velocity. The density of the neutral background
gas, its mass and temperature are given by N, my, and Ty, respectively. ® and E
denote the electric potential and electric field, respectively. The various source terms
represent the effect of inelastic collisions and are typically the sum of Arrhenius-type
reactions, e.g. S,, = An.NTP exp(—C/T.), where A, B, and C are constants.

a;e +V.§. = S, (2.1)
] 1
Je = TN (gn.E + V(n.kpT,)] (2.2)
O 3n kpT, . 3nekme N,
_(_2_@5__,2 Vige = —qje E~ ”—m;“—(Te —Tw) (2.3)
_SnekBTe (2'4)
5. nekBT
e = EjekBTe kth v(kBT ) (2~5)
877,1
s + V- () = S, (2.6)
Oy
8" tvp- Vo = miE — bvi — polvi] v (2.7)
V. (V@) = —g(n;—~ne) (2.8)
E = V& (2.9)

The electron inertia is neglected in the electron momentum equation (2.2), and
this leads to the well-known “drift-diffusion” approximation for the electron fux.
Due to their significantly lower mass, the electrons lose little of their kinetic energy in
elastic collisions with the other particles, and their temperature can be significantly
higher than the other species. For example, while the heavy species may be at room

temperature, approximately, the electron temperature can be several eV. As noted
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earlier, the energetic electrons are essential for sustaining the plasma. Thus, it is
important to solve for the electron energy. In the electron energy equation (2.4), the
directed kinetic energy of the electrons (i.e. m.n.v?/2) has been neglected compared
to their thermal kinetic energy. The momentum transfer collision coefficient for elastic
electron-neutral collisions is assumed to be constant.

Simulations performed with the ion pressure gradient were negligibly different
from those without. The ion pressure is much lower than the electron pressure be-
cause their temperature is lower. Also, since the ion momentum equations (2.7) are
written in non-conservative form here, they should contain an additional “drag” term
accounting for the generation of ions. Simulations that included this term were per-
formed to test its significance, and the results were virtually identical to those without
it. Simulations were also performed with the conservative form of the ion momentum
equations, and the results were in agreement with the non-conservative form. The
non-conservative form was chosen for ease of application of ion boundary conditions.
Since the ions essentially obey a form of the Euler equations, shocks can form; how-
ever, they have not been observed in practice due to the expansive nature of the ion
flow. No energy equation is solved for the ions as their temperature is assumed to
be identical to that of the background gas, which is considered to be stagnant at
constant temperature and pressure.

Justification for this particular form of the fluid conservation equations can be
found in [80]. Surendra and Dalvie [80] took velocity moments of a particle-in-cell
Monte Carlo collision calculation of s model plasma to determine the variation in
space and time of each term in the conservation equations. For sufficiently high pres-
sures (i.e., high collision frequencies), they found that the inertial terms in the electron
momentum equation are negligible compared to the pressure gradient, Lorentz force,
and collisional drag, except in the sheath regions. Also, they noted that the electrons’
kinetic energy is significantly less than their thermal energy. For the jon momentum
equation, the inertial terms, Lorentz force, and collisional drag are all significant
while the ion pressure gradient is essentially negligible. They also found that at high

enough pressures, the ion temperature is roughly equivalent to the background gas
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temperature, except in the sheaths. The implication of the fluid model approxima-
tions on accuracy in the sheath regions is not certain, but densities are generally low

in the sheaths (particularly for the electrons), so the impact is not expected to be

large.




Chapter 3

Numerical method

3.1 One-dimensional development

The plasma equations are non-dimensionalized using scales relevant to the plasma
bulk. First, densities are non-dimensionalized by a characteristic electron density,
ng = 1x10° cm™3, and this density is used to compute the electron plasma frequency,
which non-dimensionalizes time. Second, a characteristic temperature of Ty = 45,000
K is defined for the electrons, and it is used to non-dimensionalize energy and, in
conjunction with the characteristic density, determine the Debye length, which is for
non-dimensionalizing length scales. The one-dimensional form of the equations, with

the non-dimensional parameters are given below.

ane 336 _ “““P2/Tg
ot + oz Prle® (3.1)
: O(n.T,
o ["E““—(a—l} (3.2)
d §ne’I:3 q. ' ‘ _
(26}t ) + 8?1: = —JoE — psnee /T — PeMe(Te — Theut) (3.3)
5 o7,
Y (3.4)
O —a(ni%) = —p2/Te
5t " og | Prmec (3.5)

13
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8y dxg
Axy
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k=112 k+1/2
—& * . 4 x @ —
k1 / ’ T J+
n]; ne: j!!' qex
neTe, o E, Ui

Figure 3.1: Storage locations of variables on the non-uniform, staggered grid; the x’s
are located halfway between the e’s.

61)1; 8‘2)4, _
ot + Ui—ga-;* = ng p4l’U,|’U1 (36)
5P
o
= .8

E 52 (3.8)
p = AN2r/w, pa = C/Ty
ps = 4n’me/m; Pa = NApps
D5 = E,;ZANZW/kBTgwe Dg = 3mekth27l‘/mee
D7 = 27rws/kth Ds = 5p7/2

The dependent variables are discretized on a non-uniform, staggered grid. A
staggered grid was chosen because of the conservative properties it provides for the
non-linear fluid equations [29]. Figure 3.1 illustrates the staggered positioning of
variables. The equations governing n, and n.T. are quite stiff, and an implicit time
advancement scheme is therefore necessary. Furthermore, the accuracy and stability
of the electron equations depend critically on the discretization of the flux, j,. The
ion equations do not exhibit such stiffness, and an explicit time advancement scheme

is adequate. The spatial and temporal discretization are described in detail below.
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3.1.1 Semi-discretization

The discrete density equations and electron energy equation were derived using the
finite volume method while the discrete ion momentum equation was derived using
second order finite differences on a non-uniform grid. The following semi-discretized

equations were used to advance the dependent variables in one dimension.

Electron continuity:

d ek 1 : . —
Erral “m(Je,kH/z — Jesu—1/2) + P1 Mgy € P2/ Teb (3.9)

‘The discretization of j, significantly impacts the robustness and accuracy of the so-

lution and is discussed in detail later.

Electron energy:

3 d’!’bETE,k 1
ET = _"““A"":"Lf;(q'z,k+1/2 - Q'e,k—l/Z)
1/, :
73 (Je,k—l/zEfc—l/z + Je,k+l/2Ek+1/2)
— D5 e € P Tek e pe et (Tok — Toeut) (3.10)
5. Neleri1 ML\ [ Tepr1 — Tep
Qe f+1/2 = ‘Q‘Je,k+1/2 Te,k+1/2 —Ds ( * 5 ) ( : 7N )
Tor + 71
Toryrys = (“—ICTELI)
Ion continuity:
dng . 1 Tk T+ 1 k1
it Az 2 Vikt1/2
- (?“'_‘“_1_2_!:_7}33_’?_) 'Ui,k—l/z] + D1 N e*iﬂa/TE,k (3_11)
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Ton momentum:

d Vs pr1/2 =' _ Vikda/2 JAY: .
dt A+ Asgyy | Dy FH2
(A Az AT
A,‘I,'k+1 Amk 1,k+1/2 Amk 2,’0—1/2
+ 23 Bpr1/z — P4 |Vikr12] Vigr1se (3.12)
Poisson’s equation:
Bpyp — By Bp— Py — 1
- = —Azi (nig—ne 3.
5.’Ek (5:’%*1 Ty (n k& . ,k) ( 13)
Qpr1 — Dy
B = — . 3.14
hot1/2 5o (3.14)

The flux locations in the grid were determined using tanh-stretching to cluster
the points adjacent to the electrodes and provide a smooth variation in cell size. The
cell center locations were calculated by placing them such that the flux locations were
midway between the cell centers. To find a unique set of cell centers, the distances be-
tween the cell centers and the adjacent flux locations were minimized using Lagrange

multipliers, see Appendix C.

3.1.2 Boundary conditions

A characteristic analysis of the one-dimensional form of the governing equations
was performed to determine the number of boundary conditions required (see Ap-
pendix A). For the electron equations, the analysis showed that boundary conditions
should be specified on both sides of the computational domain. The boundary condi-
tions are obtained from the one-way fluxes of particles and energy for a Maxwellian

velocity distribution; they are applied on both sides of the domain:

Jo = Fponey/T. (—at x=0,+ at z = L) (3.15)
g SkBTg
= -8
Ps p) p— (1 )
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K—@——
12 32

Figure 3.2: The discretization of the computational domain at the left edge; the
discretization at the right edge is similar. The storage of variables is the same as in
Figure 3.1.

¢ = 2jekpT. (at z =0and L) (3.16)

Reflection is accounted for with ©; a value of 0.25 is commonly used [59], [81]. Sec-
ondary electron emission is neglected.

Characteristic analysis of the ion equations indicates that no boundary conditions
should be specified. The characteristics point in the direction of v;, and, since E is
generally directed out of the plasma close to the walls, the positive ions always flow
out of the computational domain. Thus, no boundary conditions are specified for the
ion equations.

The boundary conditions for the Poisson equation for & are a sinusoidal radio-
frequency voltage at £ = 0 and ground at z = L. The amplitude of the voltage is
typically in the neighborhood of 100 V, and the frequency is often 13.56 MHz. The
spacing between the electrodes is commonly a few centimeters.

At the boundaries, the domain is discretized as illustrated in Figure 3.2. Since
the electron density is not known at the edge, the electrons are assumed to obey
the Boltzmann relation [44], and the electron density at the edge is given in non-

dimensional terms by:
(D172 — 1)

Te,1/2 = Me,1 €XP [ T
e,l

Thus, the electron flux at the left edge, for example, is:

) Dy — P
Je,1/2 = —PgNe,1 EXP ( 1/;1 ) 1) \/Te,l (3‘17)

The ion flux at the wall is found by linearly extrapolating the ion density from

the two grid points nearest the wall and then multiplying by the velocity at the wall.
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Since the ion momentum equation is evaluated at the wall, one-sided diferences are
taken Fr the spatial derivatives. If the ion velocity at the wall points into the doman,
it is set to zero. |

An earlier discretization of the domain at the boundary reembled Figure 3.2
except that an additional node (¢) wa located at the "1/2". This provided the
electron number density immediately at the edge Fr the fux bouday conditions,
ad it also gave the ion number density and velocity at the same location so that the
ion fux out of the domain could be calculated directly. This earlier scheme provided
the same results as the scheme described in Figure 3.2 but wa more cumbersome to
implement (particularly in multiple dimensions).

3.1.3 Time advancement

The semi-discrete equations were advanced in time using the semi-implicit Runge-
Kutta method described by Zhong [86]. For the implicitly advaced portion of the
system of equations, both fully implicit and linearized implicit tecniques were exam-
ined. While cheaper per time-step than the fully nonlinear formulation, the linearized
algorithm requires a smaller time step for accuracy.

Earlier time advancement attempts used a standard, Furth order Runge-Kutta
scheme to advance the ion equations and either implicit Juler or trapezoidal time
advancement Fr the el ctrons. Both fully nonlinear and lineaized time advacement
methods Fr the electron equaions were considered, and the behaior wa simila
except that again the fully implicit methods were more accurate. The implicit Euler
method was Fund to perform adequately. The trapezoida method wa unsatisfactory
since oscillatory solutions were obtained unless very small time steps were used. The
results using this earlier time advancement were equivalent to the results using the
semi-implicit Runge-Kutta method to within the accuracy of the iterative solution of
the implicit electron equations.

A Newton-Raphson iterative technique was used to solve the nonlinear equations
resulting from the fully implicit formulations. The Jacobian Fr this systemisneal a
full matrix, since both the continuity and energy equations involve the electric feld,
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which is a function of the net charge density throughout the domain. The charge
density depends on the electron and ion number densities. When advancing from
time level n to n + 1, the ion density is explicitly advanced and the electron density
_ is implicitly advanced. Thus, the ions’ contribution to the charge density is known
at n + 1, but finding the electrons’ density involves solving the nonlinear equations
for the electrons at time level n + 1. So the equations for nyf' and n.Tp4" are
functions of nf 1, n2tt, ..., i, ni} . However, close examination of the Jacobian
matrix reveals that the sub-matrices which are more than one block off the main
diagonal have terms that are much smaller in magnitude than the sub-matrices on
the main diagonal and those immediately adjacent to it. This indicates that, in the
iterative solution of the system of equations, blocks not adjacent to the main diagonal
have little impact on the solution at sub-iterations. Thus, the full Jacobian can be
approximated by a block tri-diagonal Jacobian. The results obtained with the reduced
Jacobian are virtually the same as the results with the full Jacobian, and the time
savings is significant (O(N) operations to invert the reduced Jacobian matrix versus
O(NV?) with an iterative solver).

The integration time step is chosen so that the radio-frequency period is ade-
quately resolved; this is the basic physical limit. With approximately 100-200 steps
per period, which is generally what is required to achieve time step independence,
the CFL’s for the ions are usually very low, O(0.01) on a coarse 20 point grid, which
indicates that ion convection is not the limiting factor. Interestingly, the only real
numerical limitation on the stability of the system is in the implicit advancement of
the electron equations. Although the advancement is implicit, the root must be found
to a very non-linear system of equations, which is not always an easy task, much less
guaranteed to be successful [66].

Robustness can be added to the root finding by using a modified Newton method,
see [66] and [79], but the computational overhead generally exceeds the effort saved by
using larger time steps. A more effective way to add robustness to the root finding,
which was done here, is to advance equations for Inn. and Inn.7;., which can be
derived by dividing equations (3.9) and (3.10) by n., and n.T., respectively; the

root is then sought in terms of Inn. and Inn.7,. The iterative root-finding for the
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implicitly advanced equations is stopped once the Newton-Raphson update to the
Runge-Kutta substeps for the advancement of the log of the electrons’ densities falls
below a certain absolute tolerance, typically 1072, Note that this means the relative

tolerance for the electron densities is 1073, That is, if Inn™! = Inn? + dlnn, + ¢,

where ¢ is the absolute error in the Runge-Kutta substep and |¢] < 1073, then nf+! =
n® exp(d Inn. ) exp(e) = n? exp(dInn,)(1 + €). So in this case the relative accuracy of

the computed n?*! is 0.1%.

3.1.4 Acceleration to periodic steady-state

The periodic, steady-state solution can be found by integrating the semi-discrete
equations in time until the relative change in the variables from period to period
becomes sufficiently small. While this can be effective for simple descriptions of a
plasma discharge, where ionizing collisions might be the only reaction, it is ineflicient
when multiple species and reactions are considered. For example, a model for a helium
discharge in one-dimension, with only ionizing collisions considered, can typically
require 500 radio-frequency periods to achieve a relative change from period to period
in the peak ion density of less than 1075, that is the ion density changes by less
than 0.001% from period to period. A model for an argon discharge that includes
metastable states of argon can require over 100 times more radio-frequency periods
to achieve the same amount of relative change.

Consider a vector of variables w(t) that is advanced in time with a non-linear

system of ordinary differential equations:

d,u_

_d“t‘—f(u)-

Assuming that a periodic solution exists for this systern, and that the period, T is

known, the following equation must be solved:
r(ug) = w(T;up) — ue =0,

The values at the start of the period are given by wg; note that the values at the
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end of the period are a function of those at the beginning of the period. This is a

boundary-value problem.

This non-linear equation can be solved with Newton’s method. The update to the

initial values, dup, can be found by solving the linear system:

Jéug = —7r(uo).
The Jacobian, J, is found from:
or  o0u(T;up)
g Oug Ouyg 4 (T) -1,

where M (t) = u(t;uo)/Oup is the monodromy matrix and is computed by advancing

the following matrix system in time:

dM _of = . B
F —%M, with M(O)—I

The equation for the monodromy matrix can be found by performing the following

operations beginning with the original system of ordinary differential equations:

atiug) = [ Flultue)d +uo

ouft,iug) ¢ Of(u(t';uo)) Ou(t';ue) ,,
Oug N /o du dug Gl
dOu(tiug) _ Of (u(t;uo)) Ou(t;uo)

dt Oug B Ju Oug

For autonomous systems, where f is an explicit function of « only and not time,
the original system of equations to be solved, ¥ = 0, must be augmented by an
equation that enforces a phase condition to eliminate the translational invariance in
time. Any point in the period could be selected as the initial value ug since ¢ does
not explicitly appear in f. Phase conditions that are typically used include either
setting one of the elements of ug to a certain value or enforcing the condition that
one of the elements of du/dt is zero at the start of the period. Also, the period

is not known with autonomous systems, so the additional equation for the phase is
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necessary to find the period. The plasma discharge equations are non-autonomous
due fo the sinusoidal voltage boundary condition. Thus, the period is known and
no phase condition must be applied. For more detail on the computation of periodic
systems and their stability, see [76].

The computation and storage of M, much less the inversion of J, will quickly
become prohibitive as the number of variables in u grows. However, J can be in-
verted without computing its elements by using a Krylov-subspace technique that
only requires matrix-vector multiplies [10]. The effect of J on a vector v can be

approximated by a finite difference:

Jv = (M-Iv
_ (ou(m)
N ( Bug B I) Y
u(T;up + ev) — w(T; ug)

Q

— v+ O(e)

Higher order differences can be derived, but usually the first-order difference with
e~ 1072 to 10728 is adequate when using double-precision arithmetic.

Since the Jacobian is generally a non-symmetric matrix, the Krylov-subspace
methods that will be effective are limited; one of the most robust is the Generalized
Minimum Residual (GMRES) method. This technique, among others, is described in
greater detail in [70]. The matrix-vector multiply is accomplished by advancing the
non-linear system for « for one period. The matrix-free Jacobian inversion has been
widely used, see [10}, [12], {38], and [57] for examples.

Ideally, GMRES would invert a matrix using significantly fewer matrix-vector
multiplies than the number of elements in w. However, to make the GMRES method
effective, a good preconditioner is often necessary. In this case, since the matrix
elements are unknown, finding the preconditioner is challenging. Guidance can be
found by examining the derivation of the monodromy matrix.

The plasma variables can be arranged in the vector w so that variables local to a
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cell are close to each other. That is, the variables could be ordered as:
T
[e1 Melen i Vix Nea MNedep oo Men Neleny My v 0 0 0 v ny)”.

Note that an additional cell (N + 1) is needed due to the staggered locations of the
ion velocity, but no densities are associated with this cell, Now the Jacobian of the
differential equations (8f/0u) has a compact block-tridiagonal structure due to the
compact stencils, with the exception of the global effect of the electric field on the
electron number and energy densities and the ion velocity. That is, the electron
densities and the ion velocity at each cell is a function of the electron and ion num-
ber densities everywhere in the domain, Using this block-tridiagonal Jacobian, an
analogous block-tridiagonal matrix can be advanced in time, with the semi-implicit
Runge-Kutta scheme of {86] and the same time stepping as the plasma equations, to
approximate the monodromy matrix, M(¢). So rather than using a full matrix for
M, only a block tri-diagonal subset is time advanced. This approximate mondoromy
matrix, M , is used to construct the preconditioner X = M — 1.

The effectiveness of the acceleration method can be seen in the application of the
argon model (to be derived in Section 5.1) to a one dimensional simulation of the
symmetric parallel plate discharge described in Section 5.2. Direct time integration
to the periodic steady state required nearly 40,000 radio frequency periods to reach a
point where the maximum relative change in ion or metastable density at any location
in the discharge was less than 107¢. The presence of the slowly evolving metastable
state is the chief cause of the long run time. In contrast, the acceleration technique
described here required about 350 radio frequency periods to achieve the same level

of convergence when started from the same initial conditions.

3.2 Extension to multiple dimensions

The extension of the semi-discretization and time advancement/acceleration tech-
niques to multiple dimensions is generally straightforward. However, the implemen-

tation becomes more complicated as tri-diagonal matrices become penta-~diagonal or
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(periodic) hepta-diagonal matrices. Also, the increase in geometric complexity intro-
duces new features such as dielectrics, with an accompanying surface charge, and a
blocking capacitor to eliminate a steady, direct current through the discharge. Most
reactors have azimuthal symmetry; thus, cylindrical coordinates were used for multi-
dimensional simulations.

The non-dimensional form of the equations in multiple dimensions is analogous
to the one-dimensional form except that gradient and divergence operators replace
the spatial derivatives. Note that now the effect of variable dielectrics in the com-
putational domain is included in Poisson’s equation. Furthermore, equations for the
surface charge density, o, must be included for the surfaces, with normal fig,¢, where
the plasma contacts a dielectric. Also, a Poisson equation for the displacement current
must be solved to obtain the total current, [, flowing through the blocking capaci-
tor, of capacitance C, which is used to obtain the voltage drop across the capacitor,
V.. The blocking capacitor is inserted between the power supply and the powered
electrode to eliminate the development of a steady, direct current flowing through the
plasma. The time-average of V, is the voltage bias, Vg, that develops on the powered

electrode. The non-dimensionalizing parameters are the same as before.

a;: +V o = pimee®/7 (3.18)
je = —pr[m.E + V(nIe)| (3.19)

o(3n,.T, )
""(_2'_8?—‘)' + v Qe = —Je- E - psnee—pz/Te - psne(Te - Tneut) (320)
ge = —Z—jeTe — pgned, V1, (3.21)
887? + V- (nw;) = pnge /T (3.22)
a—’; v Vo = pE—palvivi (3.23)
V- (eV®) = —(n;—mn.) (3.24)
E = —V& (3.25)

o] - (%)
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Figure 3.3: A generic computational cell is illustrated in (a); a e denotes the “cen-
tral” node. The cell volume and the area of the faces are used in the finite volume
discretization., In {b), the principle locations of the variables are sketched. Scalar
quantities like 1., n;, n.Te, Te, and & are stored at the 4, j, k node roughly in the cell
center. The vector quantities are stored at the cell surfaces and are located halfway
between the nodes; the vector component at each face is the component normal to
the cell surface. The vector components stored at the cell faces are those for: je, ge,
V4, and F.

OF 0P

m_ om) .
1%, A

'5;"' = (ni'vi - Je) * Mhsurf (328)
AA I,

L= 2 (3.29)

3.2.1 Semi-discretization

A structured, staggered grid is used, and scalar parameters, like n, or 7., are located
in the cell interior. Vector quantities, like j. or v;, are stored on the cell faces, and
the component normal to the face is stored at the face. The staggered grid scheme
and the variable locations are illustrated in Figure 3.3, and the grid parameters are
shown in Figure 3.4. The grid is stretched in the z and r-directions, but it is uniform
in the #-direction.

The finite volume method is used to discretize the electron and ion continuity

equations, the electron energy equation, and Poisson’s equation. The ion momentum
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Figure 3.4: The locations of the different grid parameters used in the finite difference
discretizations and in the flux calculations.

equation is kept in its primitive form, and it is discretized with finite differences. For
Poisson’s equation, a discrete Fourier transform is performed in the periodic azimuthal
direction for the three dimensional simulations. The semi-discretized equations are

presented below in two dimensions for conciseness:

Ion continuity:

dn,

Veell pr

= —A, (fn,

ise1/2,i Vrirreg T nii—uz,j”ze—m.z‘)
~ At sy gV gaae T A DU
— Te. -
+Veel 21 Te; ; € P2/Tes (3.30)

Where nodal values are required at the flux locations, simple averaging is done since

the flux Jocations are midway between the nodes, for example, n;,,,, = (ni,, +
Tisyr s )/ 2.
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TIon momentum:

dvzi-i-llz,j _ Urit1/2,5 57'
dt o+ 57"JH 57" Va1
dr; or;
- Vs, L= U, ,
5?"3 5?‘, 1 Fit1/2,j (5Tj_1 Fi1/2,4-1
Vzirry2,5 [Azzw "
Azgy+ Az ] | Az 432
A.Zg'_] A.Zz Azz
- Az - Az 4 Veivazes — N lvzt‘—l/ﬁ.j
) .
+Ps E Zit1/2,5 p4\/?)zz+1/2 i +v Tit1/2,5 ’Uzi+1/2.:i (331)
AVr41p0 _ Ti+1/2 Arj .
dat AT‘j + A’T‘jml A'I‘j Thit3/2
A’I"jm_l AT‘J' ATj
- Urisprz Urij-1/2
AT'J A’I"j_l Wi ATJ'_I M

_ Veiitis2 021 .
$z;_1 + 0z §z; L2

021 0z bz
— — Up. . — U, .
5% (52@'_1 T d+1/2 522__1 Ti-1,j+1/2

4+ 2

7'1 J1/2 Uri:j+1/2

03 By j41)n — Da (3.32)

z, J+1/2

Some of the velocity components are required at locations where they are not normally
stored (e.g., vy, " /213_); these values are computed by linear interpolation and averaging,

see Figure 3.5.

Electron continuity:

d e,
L — - : o _ .
—Vcell - AZ (jz,-.,.l/g i j.?a‘i__]_f'g i ) A’f"".?’l‘.i,j_;_l/g

dat
+A,- .771 4172 + Ve 21 They ; pz/Tei’j (3.33)

The electron flux discretization will be described later.




CHAPTER 3. NUMERICAL METHOD 28

Y S —— -
| I
| |
B Al Sl 1*
l H
A
Leoidy
r | |
e

Figure 3.5: To compute the value of the radial velocity (v,) at the axial velocity (v,)
location, first the radial velocities are interpolated onto the cell nodes (indicated by
#’s}. These interpolated values at the two nodes, which are equidistant from the axial
velocity location, are then averaged to obtain the radial velocity at the axial velocity
location. One-sided extrapolation is used adjacent to boundaries.

Electron energy:

3dn.d,,
%ell‘z““T = —A, (qzi+l/2,j - qzi—l/?,j)
—A+ Trigorn T Ar‘qﬁ,j—m
1

T Veell (jzi—l/Z,J'Ezi—l/2aj F Jaigjag Prinagog
+JT«:,§—1/2 E""z‘,j—l/ﬁ + 3’"1‘,3’4»1/2 E""i,j+1/2)

—p2/Te; 4
— Veeli P5 The, 4 € / Ehd

_Vceli Pe nei,j (Te,-,j - Tneut) (334)

The electron energy fluxes are defined as:

_. § : T _ T T6i+1,j — Tei,a‘
Yrivajng = Plmsipitesipg T P8Tetenyy; 52

— _‘LE 1 T —penT Tea‘.j+1 — Tet',j
Grigirz = 23Ti,j+1/2 eijrirz  PBTete;jpam 51
§
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Poisson’s equation:

Byyy s — B By — by
Az 1 13 3:3) —_— 4y ¥

D01 — iy D5 — Biyo
A'r"l' (i{-—"——“—i) - A:r‘_ (Lﬁ‘l) = — Veell (n’ii,j _nﬁi,j) (3'35)

dry ory

The matrix resulting from the discretization of Poisson’s equation is solved with a
conjugate gradient method that is preconditioned with a relaxed, modified incomplete

Cholesky decomposition {16].

3.2.2 Time advancement and boundary conditions

The time advancement is largely identical to that in one dimension. The new vari-
ables, for the surface charge densities and the capacitor voltage drop, are advanced
explicitly. As before, the Jacobian matrix for the multi-dimensional case is nearly a
full matrix due to the global effect of the electric field. Frequent inversion of such a
matrix would make a multi-dimensional simulation impossible. Similar to the one-
dimensional simulation, the calculation and inversion of the Jacobian ignore the effect
of a change in local electric field due to a change in charge density in a non-adjacent
(distant) cell. The neglect of non-adjacent terms is even more justified in multiple
dimensions since now the change in electric field due to a change in charge density
diminishes with distance, which was not the case in one dimension. The Jacobian
matrix is no longer block tri-diagonal, and it is not practical to invert it directly, It
is inverted by alternating sweeps through the 2 and r-directions.

The same boundary conditions for one dimension are used in multiple dimensions.
That is, one-way Maxwellian fluxes of particles and energy are used for the electrons,
and no boundary conditions are specified for the ions. The Poisson equation uses

Dirichlet conditions.




CHAPTER 3. NUMERICAL METHOD 30

3.2.3 Acceleration to periodic steady-state

The need for acceleration becomes particularly acute in multiple dimensions as the
new surface charge and capacitor voltage variables can change slowly from period to
period. In principie the acceleration is the same as for one dimension; however, now
the precpnditioner, M, has a block penta- or hepta-diagonal structure, and it is no
longer trivial to invert it.

The plasma variables can be ordered in a similar fashion as for the one-dimensional
case, where “cell” = [n. n.T. n; vy; Unsl:

w=1[.. cellj;_y ... cell_1;celly; celliyr; ... cellijpr .7
Now the Jacobian matrix 8 f /0w used to advance the approximate monodromy matrix
M in time has a block penta-diagonal structure due to the small stencil width of
the semi-discretized equations, The following equation is solved to determine M ,
analogous to the one-dimensional treatment:
%ﬁ = g—ﬁﬂ; with M{0) = I.

The approximate monodromy matrix M has the same penta-diagonal structure as the
Jacobian 8f /Ou. Also as in the one-dimensional case, the approximate monodromy
matrix is advanced in time with the semi-implicit Runge-Kutta scheme of Zhong [86].

GMRES is used again to invert the preconditioner, M-I , and the precondi-
tioner for this second application of GMRES uses an approximate factorization of
the original preconditioner. This is illustrated for the two dimensional case, where
M is decomposed into the main diagonal, D, the adjacent upper and lower diagonals
from the z-discretization, Z, and the more distant upper and lower diagonals from

the r-discretization, R.

M-I = D+Z+R-1I
= (O-DI+(D-n"Z2+ (D~ A
- (D—I)[H(D—I)—IZ][I+(D—1)*lR]—-Z(D—I)*1R
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Thus, the preconditioner for the GMRES inversion of the original preconditioner,
M -1, is

K=@D-D[1+®-0"2][I+(D-1"E|,
- and it can be inverted with one block diagonal and two block tri-diagonal solves. The
matrices (D — )7}, (D — I)7'Z, and (D — I)"'R are computed once the original
preconditioner has been formed and are stored for future use.

Should the cost of the second application of GMRES to invert the preconditioner
become prohibitive, the full preconditioner can be replaced by the above factorization
of itself. That is, rather than inverting M ~ I, its factorization K is inverted.

The preconditioner only uses the equations for the plasma variables; that is, equa-
tions for dV,/dt and Oo /0t are not used in constructing the preconditioner due to
the increased complexity and the fact that preconditioner’s performance is adequate

without them.




Chapter 4
One-dimensional simulation results

The stiff nature of the electron equations makes even one-dimensional simulations
challenging. The spatial and temporal variation in n, and n,T, depend on the exact
conditions imposed, but the electron densities within the sheaths can change by dozens
of orders of magnitude over the course of a radio-frequency period. Also, the electron
density and temperature are sensitive to the discretization used for the electron flux.
The ion density and velocity are much better behaved, and they generally change by

no more than an order of magnitude throughout the domain during a period.

4.1 Resolution of numerical methods

In this section, the consistency and accuracy of the various methods for discretizing
the electron flux will be shown. Also, the results of the different time advancement
methods will be discussed. All the computations are run with same model and at
the same condition as Case 1 in reference [59]: helium gas at 250 mTorr and 300 K,

applied radio-frequency voltage of 500 V at 12 MHz, and a gap spacing of 4 cm.

32
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4.1.1 Standard, central-difference flux
The most straight-forward discretization of 7, using central differences is as follows:

eTe,k-}~1 - neﬁ,k
(5$k

) Thek + Nk mn
Jekt1/2 = —D7 K“‘e—“z—ﬂ) Eip12 +

(4.1)

While this is a natural approach, it requires very fine grids to capture the wide
spatial variations in n, and n.7.. Even with a tanh-stretched grid, about 400 grid
points are required. At this resolution, the minimum grid spacing (at the edges of
the domain) is about 3% of a Debye length, and the maximum (in the center of the
domain) is nearly half a Debye length. Using fewer grid points results in unphysical
negative values for n, or n.T, in the sheath regions (where these two variables become
extremely small), which makes the computation unstable.

Simulation results using 400 points on a stretched grid and 250 time steps per
radio-frequency period (T) with the fully implicit second order Runge-Kutta method
are shown in Figure 4.1. This computation required approximately 30 minutes to run
for 100 periods on a Silicon Graphics Iris Indigo 2 workstation (195 MHz processor);
about 500 periods were needed to reach the periodic steady state. Calculations with
a refined grid (800 points) and with a refined time step (500 steps per period) are also
shown in Figure 4.1. The change in the peak plasma density due to the change in
grid or time step is less than a percent. The result with 400 points and 67 = 0.004 T
will be referred to as the “exact” result. The solution at these conditions will be used
as a benchmark to evaluate the other discretizations discussed below. The drastic
variation of the electron density during the radio-frequency period is shown in Figure
4.2,

The need for approximately 400 grid points and the long runtime make three-
dimensional solutions of this problem impractical with this discretization. Assuming
that roughly 100 grid points would be needed for the other two dimensions and 500
radio-frequency periods to reach steady state means that a three dimensional calcu-
lation would take 10,000 times longer, or almost three years on the same computer,
assuming (optimistically) that the computation time would still depend linearly on

the number of grid points.
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4.1.2 Upwinded flux

Upwind biasing the spatial discretization of the electron flux (and sometimes the
ion flux) is used almost universally to circumvent the stability problems posed by
steep gradients at the sheath edges and very low electron densities (see, for example,
Barnes, et al. [2]; Colella, et al. [13]; Gogolides, et al. {21]); Sommerer and Kushner
[78]; and Kushner, et al. [41]). However, some simulations have been published with
a non-dissipative discretization for the electron and ion equations. Huppert, et al.
(33] used Gauss-Lobatto-Legendre polynomials as the basis functions for the finite
elements in their spatial discretization and found that upwinding affected the peak
density by approximately 30 %. Also, Wilcoxson and Manousiouthakis [84] found
that the low-order upwinding of Barnes, et al. [2] on a coarse grid increased the
plasma density by nearly a factor of two relative to their grid-converged results.

We evaluated a first order upwinded approach similar to that used in Barnes, et
al. [2]. The sign of the electric field at .12 determines the discretization of the
drift component of the electron flux. All the other variables are calculated in the

same fashion as beflore.

eTe —neTe .
—Dr [ne,kEIc+1/2 + W} H if Ek+1/2 <{

Jek+1/2 = (4.2)

nt’-Te k+1_ﬂaTe k

—pr [ﬂe,k+1Ek+1/z + o ] ;A By >0

Although more robust, this approach is not as accurate as the central-difference
technique discussed previously. For the same stretched grid as the “exact” calculation,
the upwinded calculation still shows grid dependence, see Figure 4.3. Not surprisingly,
the effects of upwinding are most noticeable in the electron quantities; the upwinding
only indirectly affects the ions. The period-averaged ion density simply reflects the

increased average electron density, and the ion velocity is hardly affected.

4.1.3 Scharfetter-Gummel

The Scharfetter-Gummel discretization {74] is also a popular method to overcome the

stiffness in the drift-diffusion form of the electron flux. Some examples of its use
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can be found in [4], [6], [26], [58], and [64]. The non-dimensional form of the flux

discretization using this method is:

. Te k The k-1
Jert1/2 = —P7 Bgyay + (4.3)
1 —exp By dag 1—exp ~Epq1/2 Tk
Tert1/2 Tebtrifz

All the other variables are calculated in the same fashion as before, like with the
evaluation of the upwinded method.

The accuracy of the Scharfetter-Gummel method is reasonably good, as shown
in Figure 4.4 with the period-averaged electron number density. However, the grid-
converged result differs noticeably from that of the central-difference or upwinded
techniques; the plasma density is nearly 20% higher. As with the upwinded calcula-
tions, the increase in ion density reflects the increase in electron density, and the ion
velocity is hardly affected. The results using the Scharfetter-Gummel discretization
differ because in the limit as dzy, tends to zero, the modified equation for j, 44.1/2 does

not reduce to equation (2.2):

je($k+1/2) = —pr [ne(ﬂfkﬂ/z)E(ﬂ?kﬂ/z)

One
FL(zenp) 5| +O(})] (44)
Thti/2

The electron temperature has been taken out of the pressure gradient, and an ad-
ditional approximation has been introduced into the fluid model. The Scharfetter-

Gummel discretization is inconsistent with the originally posed problem.

4.1.4 Mean velocity flux

1t is evident from the linear variation of n, in the sheath regions of Figure 4.2 that the
electron density varies exponentially in the sheath region. Thus, the derivative of the
logarithm of n, would be more accurately calculated numerically than the derivative of
an exponentially varying quantity like n.. An alternative approach that exploits this

behavior and is non-dissipative, yet robust, is derived below. The robustness of the
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method is proven for a simple model problem in [27]. In essence, a central difference
discretization of the model drift-diffusion problem leads to oscillatory solutions when
the grid Peclet number is greater than one. However, as shown in [27], the mean
velocity method does not exhibit this problem.

The drift-diffusion approximation can be rearranged and then integrated to de-
termine the mean electron velocity. Since the electron flux, j., equals n.v,, where v,
is the electron velocity, the drift-diffusion equation (2.2) can be divided by n, and

rearranged via the chain and product rules to yield:

(4.5)

dlnn., O7,
Oz Oz

Ve = —pr (E—;—Te——_ +

Here, quantities that vary more linearly are being differentiated. Since m, varies
exponentially in z, Inn, varies “linearly” in z, and 7, is observed to have only a weak
dependence on z.

With the electric field expressed as the gradient of the potential, equation (4.5)
can be integrated from xy to 234, Using the midpoint rule for the 7, 81nn,/8z term
yields the following expression for the mean electron velocity:

Dpi1 = P | Toptrye I Meji1

i Te’k_'.l ”" Te,k
Ve kt+1/2 = — D7 [ 537k + 552]0 Ne ke + 527k

(4.6)

The electron flux at the midpoint is now simply the product of the average velocity

and the average number density.

. Nek + Mek m
Jept1/z = (“ﬁk—"z—ﬂ) Ve b+1/2 (4.7)

The solutions obtained with this new method (henceforth referred to as the mean
velocity method) on several different stretched grids are compared against the “exact”
solution in Figure 4.5. The solution using 80 points with the mean velocity flux
discretization is virtually indistinguishable from the “exact” solution in Figure 4.5.
The peak density in the 80 point solution differs from the “exact” solution by less

than one percent; the 40 and 20 point solutions differ by one to two percentage points.
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The results from a 20 point upwinded calculation and a 20 point calculation with
the new method are compared with the “exact” solution in Figures 4.6—4.8. The
electron velocity technique is close to the “exact” answer while the upwinded method
is noticeably inaccurate. The discrepancy between the two methods is apparent not
only in the bulk plasma parameters, but also in the sheath region where the electron
densities can be extremely low. Figures 4.7 and 4.8 show the large errors with the
upwinded calculation for the electron energy (3kg7.) and for the electron density
in the sheath regions. The electron energy from the mean velocity method differs
slightly from that for “exact” solution in the sheaths; this difference disappears as
more points are added to the sheath regions. The variables actually being solved for
are 1, and n.7,, both of which are very nearly zero in the sheaths; the electron energy
is found from the ratio of the two.

Besides being more accurate than the common low-order upwinding, the mean ve-
locity method provides two advantages over the Scharfetter-Gummel discretization.
Not only does it retain the electron temperature in the pressure gradient, it is com-
putationally less burdensome. The run times and floating point operation counts are
compared in Table 4.1 for three similar runs that used the upwinded, Scharfetter-
Gumimel, and mean velocity methods. The Scharfefter-Gummel technique is clearly
much more expensive than either upwinding or the mean velocity method. This is be-
cause the electric field appears non-linearly in the electron flux discretization, which
makes the caleulation of the Jacobian for implicit time advancement more expensive.
Both the upwinded and the mean velocity methods maintain the linear nature of the

electric field in the flux discretization.

4.1.5 Time advancement

Other time advancement techniques were explored besides the fully implicit second
order Runge-Kutta. The implicit first order Runge-Kutta (Euler) method cost is ap-
proximately half that of the implicit second order Runge-Kutta scheme since only one
iterative solution is required per time step (instead of two). Also, with suitable relax-

ation of the Newton-Raphson iterations, as large a time step as desired can be taken
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Floating point

Method Time (sec) operations
Scharfetter-Gummel 141 6.00 x10°
Upwinding 72 2.78 % 10°
Mean velocity 100 3.54 x10°

Table 4.1: A comparison of the computational cost of the Scharfetter-Gummel, up-
winded, and mean velocity methods, All three simulations were run on the same
computer (Silicon Graphics Iris Indigo 2) for 100 radio-frequency periods (T) on
identical 20 point, tanh-stretched grids with second-order implicit Runge-Kutta time
advancement and 4¢ = 0.004 T.

with the implicit Euler, provided the ion CFL’s do not become limiting. However,
the implicit Buler is less accurate than the second order Runge-Kutta and requires
smaller time steps for the same level of accuracy, which causes longer runtimes. Re-
sults from both the fully implicit methods using the same 20 point stretched grid and
the mean velocity method are shown in Table 4.2. While the fully implicit second
order Runge-Kutta is time step independent at 250 steps per radio-frequency period,
the implicit FEuler still shows time step dependence at 1,000 steps per period.
Linearized implicit versions of the fully implicit methods were also examined. Al-
though the runtimes were dramatically shortened (by factors of 4 or more, depending
on how many Newton-Raphson iterations were needed for the fully implicit solution),
the accuracy suffered. The smaller time steps required for greater accuracy result in
runtimes longer than the fully implicit calculations. Results from both the linearized
methods using the same 20 point grid discretized with the mean velocity method are
shown in Table 4.2. The linearized implicit Euler is quite inaccurate, and even at
4,000 steps per period—a time step 16 times smaller than the time step for the con-
verged fully implicit second order Runge-Kutta—it still shows time step dependence.
Similarly, the linearized implicit second order Runge-Kutta shows some error at, 4,000
steps per pertod. For suitably small time steps, all the time advancement methods
converge to the same result. These results are discussed in a more general context in

Appendix B.
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Time Steps per Peak Density Run time
Advancement Period (10%" m=?) for 100 T (s)
Fully implicit 1,000 3.26 252
2% order Runge-Kutta 500 3.26 164
250 3.26 100

Fully implicit 1,000 3.14 174
Euler 500 3.01 113
250 2.62 150*

Linearized implicit 4,000 3.36 283
2" order Runge-Kutta 2,000 3.45 142
1,000 3.65 70

Linearized implicit 4,000 3.56 146
Euler 2,000 3.87 73
1,000 4.52 36

Table 4.2: A comparison of the different time advancement methods. All simulations
were performed at the conditions of Case I in Nitschke and Graves {59], and they
used the mean velocity method on a 20 point, stretched grid. The fully implicit Euler
with 250 steps per period (*) required a relaxed Newton-Raphson method for stable
implicit advancement, hence the longer-than-expected run time.

4.2 Validation of mean velocity method

The mean velocity discretization of the electron flux is validated by comparing the
results against the previously published results of Nitschke and Graves [59]. Nitschke
and Graves reported using 100 to 400 grid points to obtain their solutions. Thus, as
shown in Figure 4.3, the overall impact of the upwinding is likely not large. Validation
is not performed against experimental data at this time as Nitschke and Graves’
model was developed to compare fluid and particle simulations. Comparisons with
experimental data should be made with a model that represents more of the plasma
chemistry, for example, metastable species and their reactions.

The fluid simulations presented in reference [59] are repeated here for the three
conditions simulated: 50 mTorr with a 12 cm gap, 100 mTorr with a 6 cm gap, and
250 mTorr with a 4 cm gap. All the cases were run with an applied voltage of 500
V at a frequency of 12 MHz. The overall plasma properties predicted by the mean
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velocity method are compared in Table 4.3 against the “exact” 400 point simulations.
The most noticeable difference between the results here and those of Nitschke and
Graves is in the electron energy at 100 mTorr; Nitschke and Graves reported a value
of 5.9 eV, while a value of 7.0 eV is obtained with the mean velocity method (and
also with the standard flux discretization on a 400 point grid). This discrepancy
is unusual since all the other parameters in the table, including those at different
pressures, agree to within several percentage points. Profiles of various parameters
from a 20 point mean velocity simulation at the conditions of Nitschke and Graves’
Case 1 are shown in Figure 4.9 and compared against the “exact” 400 point solution.
The parameters plotted are not the dependent variables that are advanced in time but
are “secondary” variables that are generally nonlinear combinations of the principal
dependent variables. The agreement is quite good. Other comparisons between the

mean velocity method and the “exact” solution were shown in Figures 4.6 to 4.8.

4.3 Benchmark model

‘The significance of accurate simulations is also observed in comparing various simu-
lation results from a benchmark model developed by Surendra for helium {81] with
results from a modification of the benchmark using the model of Nitschke and Graves
[59]. Surendra developed a benchmark model for helium that was implemented by sev-
eral different simulation groups with a variety of modelling and numerical methods.
The benchmark neglected secondary ionization and only accounted for ion-neutral
charge exchange collisions, electron-neutral ionizing collisions, and electron-neutral
excitation collisions. The electron-neutral inelastic collision rate coefficients were
determined from DC swarm parameters. In essence — with the exception of the ex-
citation collisions - it is quite similar to Nitschke and Graves in what it models but
not in how it models inelastic collisions. Nitschke and Graves determined the ioniz-
ing collision reaction rate by integrating the collision cross section with a Maxwellian
velocity distribution, and they ignored excitation collisions.

Significant differences between the simulation groups can be seen despite the os-

tensibly same benchmark model. The reasons for the variations are most likely due to
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400 points, 40 points, 20 points,
standard mean velocity mean velocity
50 mTorr
power (W/m?) 200 207 204
current amplitude (A/m?) 4.9 15.0 15.4
plasma density (10*® m=3) 1.33 1.33 1.33
electron energy (eV) 6.52 6.54 6.56
100 mTorr
power (W/m?) 280 277 283
current amplitude (A/m?) 18.9 18.9 19.5
plasma density (10* m™3) 1.47 1.45 1.44
clectron energy (eV) 6.97 7.00 7.04
250 mTorr
power {W/m?) 514 511 524
current amplitude {A/m?) 28.2 28.2 29.2
plasma density (10 m=3) 3.31 3.27 3.26
electron energy (eV) 6.05 6.07 6.11

Table 4.3: Comparison of overall plasma properties computed with the mean velocity
method using 20 and 40 grid points against the converged, 400 point “exact” solutions
for the different cases of Nitschke and Graves [59].

the different sets of equations used (for example, some groups solved momentum equa-
tions or otherwise accounted for inertia while others used the drift-diffusion approx-
imation), different boundary conditions (for example, using g. = 5/2 j.T. instead of
9. = 2 j.T.), or different numerical methods (spectral elements, Scharfetter-Gummel,
etc.). Despite the other modelling differences, all the groups used the same inelastic
collision terms for the electrons. These inelastic electron collisions are sometimes
noted as a source of error for fluid models, particularly at low pressures, when they
assume a Maxwellian velocity distribution for the electrons [53], (80]. In the present
implementation of the benchmark model, the same ion momentum equation as used
by Nitschke and Graves was used here since when ion inertia is neglected, the ion
drift velocity reduces to the expression provided by Surendra.

To assess the sensitivity of the results to drastic changes in the inelastic collision
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terms, the benchmark model was modified by replacing the electron-neutral ionization
and excitation collision terms with the ionization collision from Nitschke and Graves
model. Results from the benchmark model, the modified benchmark model, and
some of the most, similar simulation groups from [{81] are shown in Figure 4.10. It is
interesting to note that at low pressure, the results using modified benchmark model
are indistinguishable from the other simulation results. The difference in models is
noticeable only at higher pressures. Given the potentially large affect of upwinding
on coarse grids discussed in section 4.1.4, this implies that an inaccurate numerical
method can completely obscure the impact of changes to a model. Thus, an accurate

numerical method is imperative if meaningful changes are to be made to a model.

4.4 Plasma features

Two significant features of the physics in the present one-dimensional discharge sim-
ulations are noted here. First, the accuracy of the Boltzmann relation for describing
the electron density in the sheath regions is discussed. Then, the importance of
the temperature gradient in the drift-diffusion representation of the electron flux is

demonstrated.

4.4.1 Boltzmann equilibrium

Boltzmann’s relation is often used in sheath modelling (see, for example, [44] and
[23]) and probe theory (see [44] and [67] for applications). Using this relation, the

electron density in an electrostatic field is given by:

[6(@(511;3"?(%))]

ra

e (Z) = n.(Zp) exp

The Boltzmann relation is found to hold in the sheath regions of the radio-
frequency discharge when using the non-dissipative mean velocity discretization. Two
simulations were run at the conditions of Case I in Nitschke and Graves [59]. One sim-

ulation was done with the mean velocity method and 20 grid points, and the second




CHAPTER 4. ONE-DIMENSIONAL SIMULATION RESULTS 43

simulation used the upwinded discretization and 100 grid points. The actual electron
density, and the density as given by the Boltzmann relé,tion starting from a point in
the sheath (given by n, =~ 0.01 X n;) at two times during the period are shown for
the right sheath in Figure 4.11. The solution from the upwinded discretization does
not obey the Boltzmann relation in the sheath region, even with a 100 point grid.

Given that the drift-diffusion approximation is used for the electron flux, it is not
surprising that the Boltzmann relation holds in the sheath region. Since the drift-
diffusion approximation neglects the electron inertia, the electrons respond instan-
tancously to applied fields and achieve equilibrium immediately. The applicability
of the Boltzmann relation also supports the use of the flux boundary condition in
equation (3.17).

4.4.2 Temperature gradient

The temperature gradient is commonly neglected in the drift-diffusion representation
of j.; however, this can significantly affect the results of the simulation. The first and
second term in equation (4.5), though much greater in magnitude than the third term,
cancel with each other to a large extent. Their sum is comparable in magnitude to the
temperature gradient term; thus, the temperature gradient can affect the electron flux.
Figure 4.12 shows the electron current and the contribution of each of the three terms
that make up the current at two times in the radio-frequency period for a simulation
using the mean velocity discretization on a 20 point, tanh-stretched grid. To test the
effect of the temperature gradient term on the overall solution, simulations were run
at the conditions of Nitschke and Graves’ Case I without the temperature gradient
in the mean velocity discretization of the electron flux on several grids. The results
converge to the same value as the Scharfetter-Gummel discretization, which provides
further confirmation that this discretization neglects the temperature gradient in the
electron flux.

Others have observed the significance of the temperature gradient in the electron
flux calculation. Surendra and Dalvie [80] concluded that the collisionless component

of the period-averaged heating cannot be captured using a simplified drift-diffusion
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approximation for j. where the temperature gradient is neglected. They formed a
period-averaged, mechanical energy equation for the electrons from the electron mo-
mentum equation to determine the contributions to the period-averaged heating of
the electrons (j.%). They found that the two most significant contributors were the
collisional ohmic heating term (§2Rop,y,) and the pressure gradient portion of the “col-
lisionless” heating (v.0(n.kp1.)/0z). When the temperature gradient was neglected

and v.kpT.0n./0x was calculated, the resulting quantity was significantly different

than the original pressure gradient contribution. Nitschke and Graves [59] also found

that neglecting the temperature gradient changed the heating of the electrons.
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Figure 4.1: The period-averaged profiles of: (a) electron density, (b) electron energy
density, (c) ion density, and (d) ion velocity. Three different simulations at the
conditions of Case I in reference [59] were performed to establish convergence with
respect to grid and time step: 800 points, 6t = 0.002 T (—); 400 points, & = 0.004
T (- -); 400 points, 8t = 0.002 T (- -).



CHAPTER 4. ONE-DIMENSIONAL SIMULATION RESULTS 46
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Figure 4.2: The variation in the instantaneous electron number density at four dif-

ferent times in radio frequency period for the “exact” solution shown in Figure 4.1:
t=05T(—),t=062T(--),t =075T (-~),and t = 0.875 T (-- ).

Figure 4.3: The period-averaged electron number density at the conditions of Case I
in [59] for four different calculations: the “exact” solution (—); 400 points, upwinded
(= -); 200 points, upwinded (- -); 100 points, upwinded (---). All the simulations
used the second order implicit Runge Kutta with 6 = 0.004 T, and the grids were
stretched using a tanh function.
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Figure 4.4: The period-averaged electron number density at the conditions of Case I
in [59] for four different calculations: the “exact” solution (—); 80 points, Scharfetter-
Gummel (— -); 40 points, Scharfetter-Gummel (- -); 20 points, Scharfetter-Gummel

(-+-). All the simulations used the second order implicit Runge Kutta with &t = 0.004
T, and the grids were stretched using a tanh function.
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Figure 4.5: The period-averaged electron number density at the conditions of Case I
in reference [59] is shown for four different simulations: the “exact” solution (—); 80
points, mean velocity (——); 40 points, mean velocity (- -); 20 points, mean velocity

(+--). All the simulations used the same time advancement and tanh-stretching for
the grids.
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Figure 4.6: The period-averaged electron number density at the conditions of Case
I in [59] is shown for three different simulations: “exact” solution (—); 20 points,
mean velocity (¢); 20 points, upwinded (c). All the simulations used the same time
advancement and tanh-stretching for the grids.
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Figure 4.7: The instantaneous electron energy profiles at 4 times during the period
for simulations run at the conditions of Case I in [59]: (a), t = 0.5 T; (b), t = 0.625
T; (c), t = 0.75 T; and (d), t = 0.875 T. The three different calculations are the
“exact” solution (—); 20 points, mean velocity (¢); 20 points, upwinded (o). All the
simulations used identical time advancement and tanh-stretching for the grids.
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Figure 4.8: The instantaneous electron density profiles at 4 times during the period
for the conditions of Case I in [59]: (a), t = 0.5 T; (b), t = 0.625 T; (¢}, t = 0.75
T; and (d), t = 0.875 T. The three different calculations are the “exact” solution
(—); 20 points, mean velocity {¢); 20 points, upwinded (o). All the simulations used
identical time advancement and tanh-stretching for the grids.
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Figure 4.9: Instantaneous plasma parameters for Case [ in reference [59]: (a) electron
current, (b} ion current, (¢) electric field, and (d) joule heating (j.E). The line
styles and symbols represent two different times in the radio-frequency period for the
“exact” solution, 0.75 T (—) and 0.875 T (- -), and for the 20 point mean velocity
solution, 0.75 T (o) and 0.875 T (o). The coarse 20 point simulation agrees quite well
with the resolved 400 point simulation. ' _
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Figure 4.10: Compar'ison between results from some simulation groups of reference
[81} (<, MIT; 7, UH; >, CNRS-F), the present implementation of the benchmark
model (O), the modified benchmark model (<), and experimental data (*). Results
are shown for (a) the voltage required to achieve a current density of 1 mA/em?, (b)
the average power input, (c) the bulk plasma density, and (d) the average electron
energy in the center of the discharge.
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Figure 4.11: Two times from the radio-frequency period are shown for a mean velocity
simulation: (a) t = 0.5 T and (b) t = 0.75 T. The actual density from the simulation
(o) and the density given by the Boltzmann relation {x) are shown. Two times from
the period are also shown for an upwinded simulation: (¢) t = 0.5 T and {d) t = 0.75
T. The actual density from the simulation (—) and the Boltzmann relation density
(- ~) are plotted. For all the cases the reference point for the Boltzmann relation is
a point within the sheath, where n. = 0.01 X n;.
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Figure 4.12: Profiles of the electron current and the contribution of the various drift-
diffusion terms to the electron current at two different times in the period: (a) t =
0.5 T and (b) t = 0.75 T. The solid line (—) denotes the electron current (—ej.),
the dash-dot line (— -) represents the electric field contribution, the dashed line (— -)
represents the T,01Inn./0z term, and the dotted line (---) denotes the temperature
gradient contribution. '




Chapter 5

Two-dimensional simulation

5.1 Argon model development

The model was developed by first examining the literature to determine which species
and reactions were most significant. Then, the appropriate cross sections were located
in the literature. The collisional terms in the fluid equations were determined by
integrating the cross sections with an assumed velocity distribution function. Where
cross sections were not available, estimates for collision rates were used from the
literature.

The most important argon species are assurmed to be the ground-state atoms,
the two lowest-energy metastable levels (1ss and lss, also written as Ar(3P;) and
Ar(*Fy) or 4s{3/2], and 4s'[1/2]), and the ions. In reference [8], Bogaerts, ¢t al,
present an extensive collisional-radiative model for argon that includes 65 energy
levels. They apply the model to a glow discharge at 1 Torr pressure with 1 kV
applied between electrodes 2 cm apart. Their calculations show that the population
of the two lowest metastable levels is significantly higher than any other excited state,
Furthermore, Lymberopoulos and Economou [46] and Rauf and Kushner [69] found
that the inclusion of energy levels above the Ar(4s) level had only s small irnpact on
the population of the Ar(4s) levels in their plasma discharge models. Since the energy
levels of the two lowest metastable states are so similar (11.548 eV and 11.723 eV [8]),

these two species are lumped together and designated as Ar*, as is done in [46]. Rauf

05
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Process Reaction
Ground state ionization Ar+ e — Ar" + e + e (R1)
Step-wise ionization Ar* + e — Art 4+ e” + e (R2)
Metastable pooling Ar* + Ar* — Ar + Art + e (R3)
Ground state excitation Ar + e — Arr + e (R4)
Quenching to resonant  Ar* +e” — Ar" + e~ — Ar + hv + ¢ (R5)
Two-body quenching Ar* + Ar — Ar + Ar (R6)
Three-body quenching Ar* 4+ Ar + Ar — Ary + Ar (R7)

Table 5.1: Collision processes between electrons and argon atoms.

and Kushner lumped together all 4 Ar(4s) levels (both the two metastable and the
two non-metastable levels) into one excited-state species.

The reactions between electrons and argon atoms are listed in Table 5.1, The only
difference between this set and that of reference [46] is that superelastic collisions,
the inverse of reaction (R4), are neglected. Lymberopolous and Economou found that
the superelastic collision losses of metastables was negligible [46]. The reaction set
of Rauf and Kushner [69] is similar to that of Lymberopoulos and Economou except
that they neglect two- and three-body quenching collisions between metastables and
ground-state argon atoms. Also, Rauf and Kushner estimate a rate of radiative decay
for their excited-state of argon and do not include quenching of metastables to a
resonant, radiatively-decaying state by electron collisions.

Where collision cross sections as a function of electron energy were available, the
following integral was performed to obtain the electron-argon reaction rates as a

function of electron temperature;

1 9 3/2 reo
— —e/knTe
e (szTe) fo ole)ee de

This assumes that the electron energy distribution function is predominantly Maxwellian.
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Reaction A B C AE Reference
R1 1.61e-17 0.728 182720.0 15.8 [68]
R2 3.78¢-14 0.148 477940 4.2 [51]
R3 6.00e-16  0.000 0.0 (17, [36]
R4 6.78¢-17 0.445 133320.0 116  [9], [73)
R5 2.00e-13 0.000 0.0 00 [1], i3]
R6 2.70e-21  0.000 0.0 (39]
R7 1.00e-29  0.000 0.0 [39]

Table 5.2: Rate coefficients for the Arrhenius form A TP exp(—C/T,) for the reactions
listed in Table 5.1; A has dimensions of m?®/s (except for reaction RY7, for which it
has units of m®/s), B is dimensionless, and C has units of Kelvin. Also shown is the
energy loss per collision (AE) in eV for the electron energy equation.

These rates were then fit to an Arrhenius function of the form:
ke(T,) = ATE /T

where the coefficients A, B, and C were determined by a least-squares fit. Table 5.2
lists the reaction coefficients for all electron and argon collisions and the energy loss
per collision.

The cross section for ground-state excitation into the two lowest metastable states
given by reference [9] is the apparent cross section. The apparent cross section in-
cludes the direct contribution, which is due to electron impact, as well as the cascade
contribution, which is the result of decay from higher energy levels, The measure-
ments of Schappe, et al. [73] agree well with Borst [9]. Kolts and Setser experimentally
determined the two- and three- body quenching rate constants for the 1s; and 1s;
metastable states in [39]. The quenching rate coefficients for the simulation were cal-
culated by assuming that the balance of the metastables would be approximately 80%
1s5 and 20% ‘153, which is similar to the ratios reported by Schappe, et al. {73] and
by Boffard, et al. [7], and weighting the rate coefficients provided in [39] accordingly.

To find the collisional drag term in the ion momentum equation, the momentum
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transfer cross section for elastic and charge-exchange collisions was integrated with
a drifting Maxwellian velocity distribution. The background argon gas was assumed
to be stagnant with a Maxwellian distribution. The ions and background gas were
assumed to have identical masses, m, and temperatuves, 7. The drag term for the

primitive form of the ion momentum equation is found from the following integral:

N T 3 o0 o0 _ M B ) ) \ o \
2 (2wk3T> /-oo/_meXp{ g T [(v— ) +w]}9 Qm(g) § Pw d'v

where N is the number density of the background gas, v is the velocity of the ions,

u is the drift velocity of the ions, w is the velocity of the background gas, g is the
relative velocity of the ions and background gas (g = {7 — #]), and Qmn(g) is the
momentumn transfer cross-section as a function of the relative velocity. More detail
on the development of collision integral terms can be found in [56]. Phelps provides

a recommended @, for Ar-Art collisions in reference [65]. This integral can be

\/;;;/ Qul9) &° exp[ T T(g +u)]

mgu 2kpT ( mgu ) .
h
U [COS (2kBT) magu sinh 2kgT dg

simplified to:

The integral was evaluated numerically at different values of « for a given temperature
T, and the resulting drag as a function of ion velocity was then fit using least squares
to a function of the form —N(au + bu?)i. The values calculated for a and b are
4.98 x 1071 m3/s and 3.90 x 107" m?, respectively, for a temperature 7" of 300 K.
The metastable transport is assumed to be dominated by diffusion. The diffusion
coefficient, D, is determined from [39] where DN = 1.8 x 10 molecule/cm s. A
one-way Maxwellian particle flux was used for the metastable boundary condition.
As was done earlier in the one-dimensional simulations, the electron-neutral col-
lision frequency is taken to be constant for the computation of the electron flux and
thermal flux. The product of discharge pressure and electron mobility of 3.3 x 10°
cm? Torr/(V s), from Raizer [67], was used. Since the mobility, p, equals e/mek, N,
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the momentum transfer collision coefficient, k,,.;, was determined to be 1.65 x 10713

m?® /s, for an assumed temperature of 300 K.

5.2 Grid refinement

The resolution of the mean velocity method in two dimensions was investigated at
the experimental conditions of Godyak, et el. [19]. The simulation geometry is shown
in Figure 5.1 with a 20 x 20 grid. The discharge chamber is cylindrical and bounded
from above and below by electrodes separated by 6.7 ¢m, and the .plasma is confined
radially by a 5 mm thick glass wall with an inner diameter of 14.3 cm. Only the
lower electrode is driven, the upper electrode is grounded, and a zero electric field
boundary condition is enforced at the outer diameter of the glass wall to ensure
symmetry. Thus, no displacement current is permitted out the glass wall to ground,
and the powered and grounded electrodes have the same area. Since the discharge is
symmetric, no blocking capacitor is included in the simulation, and at the periodic
steady-state no DC component is present in the current, which justifies the absence
of the blocking capacitor. The conditions for the simulation are argon at 300 mTorr
with an applied voltage of 100 V at 13.56 MHz. Godyak, et al. obtained a current
density of 3 mA/cm?, and in the center of the discharge they measured a plasma
density of 1.2 x10'° cm™3 and an electron temperature of 3 eV {19).

The simulations on the 20 x 20 grid agree very well with those on a 40 x 40 grid.
The peak ion and electron densities predicted in the 20 x 20 simulation are 5.66 x
10 ¢m~3, and in the 40 x 40 simulation they are 5.75 x 10" cm~3. The metastable
densities are also in good agreement, with the 20 x 20 simulation predicting a peak
density of 1.47 x 10! and the 40 x 40 simulation predicting a peak of 1.46 x 10,
Also, both simulations predict electron temperature in the center of the discharge
to be 1.3 eV, and the 20 x 20 simulation has a current density of 1.54 mA/cm?
while the 40 x 40 simulation has a current density of 1.55 mA/cm?. Contours of the
ion number density, metastable number density, ion axial and radial velocities, and
electron density and temperature are shown in Figure 5.2 for the 20 x 20 grid and
Figure 5.3 for the 40 x 40 grid. The contour plots indicate that both grids predict the
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Figure 5.1: Shown here is a sketch of the experimental arrangement of Godyak,
et al. [19], (a), where the centerline is indicated by the dash-dot line and the glass
exterior wall is shown in gray; the upper electrode is grounded and the lower electrode
is powered. The 20 x 20 grid for this geometry is shown in (b).

same profiles for all the densities, Although agreement with the experiment could be
better, Godyak, et al. [20] in a similar series of experiments determined that different
interpretations of Langmuir probe data could affect the prediction of basic plasma
parameters such as plasma density and electron temperature by a factor of 2 to 5.

More will be said on the comparison between simulation and experiment below.

5.3 Comparison to experiment

Two-dimensional simulations were run at a variety of conditions in the Gaseous Elec-
tronics Conference (GEC) Reference Cell geometry. The reference cell is a paraliel
plate, capacitively-coupled plasma reactor that is suitable for experimental studies as
well as theoretical modelling. It is described more completely in [28] and {60]. The

reference cell geometry is ilustrated in Figure 5.4. Typically the spacing between



CHAPTER 5. TWO-DIMENSIONAL SIMULATION 61

the electrodes is 2.5 cm, but 2.25 cm was chosen for these simulations for comparison
with experimental metastable density profiles. Simulations were performed at 13.3
Pa, 33.3 Pa, 66.7 Pa, and 133.3 Pa with applied radio-frequency voltages of 43 V
and 115 V at 13.56 MHz. The temperature of the background gas was 300 K. Com-
parisons are made with voltage and current measurements, averaged electron density

measurements, and metastable density profiles.

5.3.1 Voltage and current

A number of researchers have measured the current and voltage characteristics at the
powered electrode in the GEC reference cell. Although care must be taken in the
measurement, errors are generally less than a few percent {77). Results from the sim-
ulations are shown in Table 5.3 for the DC bias, the voltage and current amplitudes
at the fundamental harmonic, and the phase difference between the voltage and the
current. Comparisons are made to experimental data in Figure 5.5. Although the
computed current shows the same trends as the experimental values (increasing cur-
rent with either increasing voltage or pressure), the agreement diverges as pressure or
voltage increase. Similarly, the calculated phase difference between the voltage and
current has the same trends as the experiment, though in general the computed phase
difference is slightly more capacitive (i.e. tending toward 90°) than the experiments.
Both these errors combine to produce calculated powers that again have the same
trends as the experiments but the quantitative agreement is lacking. The agreement
is better with the DC bias predictions; however, the computations don’t show the
same sensitivity to pressure as the experiments. Note that not all the voltage applied
(Vis in Table 5.3) ends up at the powered electrode (V7). This is because some of
the voltage is dropped across the blocking capacitor; the capacitor and reactor in
series act like a voltage divider. Since the blocking capacitor is large compared to

capacitance of the reactor, very little voltage is lost across it.
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Pressure Vis Ve Vi I ¢ Power

(Pa) V) (V) (V) (wA) (deg) (W)
13.3 430 -207 423 66 -80.3 0.24
1150 -954 113.1 174 -83.8 10
33.3 430 -295 423 96 -79.7 0.7
1150 -96.0 113.1 241 -8.6 15
66.7 430 -288 423 123 -789  0.51

115.0 -95.1 113.0 311 -83.0 2.2
133.3 43.0 -28.0 423 156 -77.6 0.72
115.0 -94.0 113.0 410 -82.0 3.2

Table 5.3: Simulations were performed at different pressures and applied radio-
frequency voltage amplitudes (Vf), and results are shown here for various electrical
characteristics at the powered electrode: the DC bias (Vy), the voltage amplitude
(V1) at the fundamental frequency (13.56 Mz}, the current amplitude (/1 ), the phase
of the voltage relative to the current (¢y), and the resulting electrical power input to
the plasma.

5.3.2 Electron number density

The electron number density in a radio-frequency plasma discharge is commonly
measured with either a Langmuir probe or microwave interferometry. Comparisons
between the two methods in a radio-frequency, GEC reference cell have shown large
discrepancies, though. The interferometry measurements are generally higher than
the probe results, by up to a factor of 2 to 4 at higher pressures and voltages [61].
Overzet and Hopkins found in [61] that the interferometer measurements were more
credible than the probe measurements since fewer assumptions were required to inter-
pret the data. Also, Godyak, et al. {20] found that, depending on the interpretation
of probe data, the predictions of basic plasma parameters such as plasma density and
electron temperature can vary by a factor of 2 to 5. One drawback to the interfer-
ometer data is that it provides the spatially averaged electron density instead of the

point measurement of the probe.
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In reference {62], Overzet compiled microwave interferometry measurements of
radio-frequency discharges using different gases, including argon, in the GEC reference
cell; the experimental accuracy was considered to be within 30%. Data from other
groups presented in [62] was generally within a factor of two of Overzet’s data; the
differences are likely due to differences in the reactor construction and the details of
the measurement method. For example, some experimenters used a more collimated
microwave beam, which had a beam width less than the interelectrode space, while
others used beams that essentially filled the interelectrode space, which would include
the electron-deficient sheath region in the measurement. Also, different assumptions
were made for the radial electron density distribution. The electron density profile is
needed to determine the relationship between average electron density and the phase
shift measured in the microwave beam as it passes through the plasma. These data
are compared against line averaged electron number densities from simulations in
Figure 5.6.

The comparisons between the calculated and measured electron number density
show similar behavior to the voltage and current comparisons. The computations
display the correct qualitative behavior since the density increases with increasing
pressure and voltage. The quantitative agreement is good at low pressure (13.3 Pa),
but it becomes increasingly worse as pressure is increased. To account for the fact
that some of the experiments had microwave beams that were as wide as the electrode
spacing, the electron density can also be averaged axially. When the electron density
in the simulations is averaged over the axial spacing between the electrodes as well
as radially, the average electron density is reduced by about 30% relative to the peak

radially averaged density shown in Figure 5.6.

5.3.3 Metastable profile

Measurements of the metastable state in a radio-frequency plasma discharge are
scarce. McMillin and Zachariah have measured the relative profile of the predom-
inant 1ss metastable state of argon in a GEC reference cell at a variety of conditions

(652]. Although they did not measure the absolute density, they note that previously
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others have measured the order of magnitude of the lss metastable density to be
10" cm~3 at similar conditions [75]. Although the simulation does not distinguish
between the 1s; and the 1s; metastable states, the 1s; state makes up about 80%
of the long-lived metastable species, and the experimental order of magnitude is in
agreement with the simulation results shown in Figure 5.7. The computed metastable
profiles between the electrodes are rescaled and plotted at the same contour levels
as the experiment in Figure 5.8. The computed results are scaled so the maximum
density is 10% greater than the peak contour line of the measured relative density.

The simulations have the same qualitative behavior as the experiments; as the
pressure is increased, the peak in the metastable density shifts closer to the powered
electrode and becomes sharper. However, the experiments do not show as strong
a dependence on voltage as the simulations do. Also, in general the experimental
metastable profiles are more sharply peaked than the computational profiles. This
may be due in part to the fact that the experiments had a gas flow rate of 10 scem
while the simulations assumed the background gas was stationary. The experimental
flow rate corresponds to an average flow velocity of approximately 20 cm/s for the 13.3
Pa case either entering the reactor through the showerhead in the upper electrode
or exiting the interelectrode space. However, this is much less than the computed
peak diffusion velocities, determined from the simulation with — DV log n,,, which for
the 13.3 Pa case were approximately 6,400 cm/s. Note that this diffusion velocity
is significantly less than the average thermal velocity for argon, which at 300 K is
about 40,000 cm/s. As pressure is increased, the average flow velocity and the peak
computed diffusion velocity decrease, but the diffusion velocity remains much higher
than the average flow velocity. Nonetheless, the background flow might shift the
metastable profile slightly.

5.3.4 Model assessment

It is clear from the comparisons to experiment that qualitatively the model is sound;
however, in some instances the quantitative agreement is not as good, particularly

at higher pressures. The disagreement between computation and experiment in the
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electron number density and input power at high pressure indicates that too much
ionization is taking place too cheaply or that the plasma is contained more easily than
it should be. Only at lower pressure does the right balance seem to be struck between
power input to the plasma, the plasma generation rate, and the loss of plasma to the
reactor walls.

The under-predicted current for a given driving voltage implies the computed
plasma impedance is too high. The ions contribute only a small amount to the total
current; the predominant current carriers are the electrons in the plasma bulk and
the displacement current in the sheaths. The displacement current is a result of the
changing electric field as the sheaths form and collapse due to the electron motion.
This suggests that the electron flux is not being modelled properly. The present model
assumes a constant electron-neutral elastic collision frequency. Given the complex
elastic collision cross section for electrons with argon atoms (e.g. the Ramsauer
minimum at low energies), perhaps this assumption is weak. A reduction in the elastic
collision rate constant for the benchmark model would decrease the plasma density
since the electrons would experience less drag. One dimensional simulations with
reduced elastic collision rate coeflicients show this to be the case. Also, the collision
rate coefficient could be expressed as a function of electron energy. Of course, this
change will also affect the thermal flux of the electrons, and the additional complexity
will increase the computational cost. Alternatively, the drift-diffusion approximation
could be removed, However, this would increase the cost of the simulations, probably
significantly, since more equations would need to be advanced in time, implicitly
likely, for the electron momentum,

The assumption of a Maxwellian velocity distribution could possibly cause an
excess of ions and electrons, particularly for argon, Others have found in kinetic
simulations [80] and in experiments [19], [22] that the electron energy distribution
function is generally non-Maxwellian at conditions relevant to radio-frequency dis-
charges. For argon, as the pressure of the background gas increases, the distribution
function has a high-energy tail that is depressed relative to a similar Maxwellian that
may match the lower energy distribution. Although in either case the number of

high-energy electrons is quite low relative to the number of low-energy electrons, it
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is these electrons that enable the ionizing collisions to take place. However, as shown
with the benchmark model in Section 4.3, changing the inelastic collisions to recognize
the non-Maxwellian behavior of the electrons is not a panacea. Interestingly, in that
case the Maxwellian-based ionization source term provides accurate predictions of
the electron number density. Experimental data from [19} indicate that the electron
energy distribution is more nearly Maxwellian for a helium discharge than an argon
discharge.

Another possible explanation for over-production of ions and electrons could result
from the argon metastables. Metastables provide an easier, stepwise pathway to
ionization; rather than requiring an immediate 15.8 eV from an electron to ionize a
neutral, 11.6 eV are required to excite the atom to the metastable state, and then
another 4.2 eV are needed to ionize the metastable. The population of electrons
with a minimum energy of 11.6 ¢V is much larger than that for 15.8 eV. Although
the production of metastables from inelastic collisions with electrons accounts for
the cascade of more energetic argon atoms down to the lowest metastable state, the
energy cost to the electrons does not reflect this. That is, all excitation collisions are
considered to place the argon atoms into the lowest metastable state, even though
some inelastic collisions may place the atoms in a more energetic state, at least
initially. A more careful accounting would weight the energy loss to the electrons
(per metastable generated) by the rate at which an excited state is created that
results in a metastable over the total metastable creation rate. This should reduce
the electron energy, which will reduce the reaction rates for ionization and excitation

collisions and result in a lower plasma density.

5.4 One and two dimensional comparison

Modellers frequently simulate parallel plate, capacitive discharges with only one di-
mension, the space between the electrodes. To examine the extent to which this
assumption is valid, one dimensional simulations at the same conditions as the above
qualification runs for grid refinement and model validation were performed using the

same interelectrode grid and the same time step. In general, the agreement between
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s Vi L &1 Power

simulation | (mA/cm?) (V) (mA/cm?) (deg) (mW/cm?)
one-dimensional 0.027 100 1.69 -8556 6.45
two-dimensional 0.034 100 1.54 -85.1 6.56

Table 5.4: One dimensional and two dimensional simulations of the symmetric dis-
charge discussed in Section 5.2 are compared with respect to the period-averaged
ion current density at the powered electrode (j;), the voltage (V,) and total current
density (I,) amplitudes at the fundamental harmonic and their phase difference (¢,),
and the resulting power density.

the one dimensional results and the values from the centerline of the two dimensional
simulations is quite good.

The best agreement might be expected at the conditions of the grid refinement
case, since that geometry is symmetric like the one dimensional simulations. Pro-
files of the ion and metastable density are shown in Figure 5.9. The agreement in
metastable density is remarkable, but the ion density is significantly higher for the
two dimensional simulation, although it has the same general profile. This is because
the two dimensional simulation has regions of higher metastable density in the cor-
ners (see Figures 5.2 and 5.3), which lead to the generation of more plasma. The
agreement between the electrical characteristics, as shown in Table 5.4, is good.

The agreement between the two dimensional qualification simulations of Sec-
tion 5.3 and analogous one dimensional simulations is not as good, however, since
the GEC geometry does not provide a symmetric discharge. The area for current to
flow to ground is significantly larger than the area for the powered electrode. Compar-
isons between the ion and metastable density profiles from the different simulations
at lower pressure (13.3 Pa) are shown in Figure 5.10, and comparisons at higher pres-
sure (133.3 Pa) are shown in Figure 5.11. The principle difference is that the one
‘dimensional simulations are unable to capture the asymmetric axial profiles; how-
ever, the one dimensional simulations still capture overall densities reasonably well.
At low pressure, the asymmetry in the two dimensional density profiles is not as evi-

dent, and the metastable profiles agree well, but the ion density is again significantly
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underpredicted by the one dimensional model. At high pressﬁre the asymmetry in
the metastable profile from the two dimensional simulation is strong, but the one
dimensional simulation still approximates the average density well. Interestingly, the
agreement in the ion profile is better at high pressure. One dimensional simulations
seem to provide a reasonable enough approximation to the bulk plasma characteristics

to justify using them for rapid model development.
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Figure 5.2: Period-averaged results for (a) metastable density, (b) ion density, (¢) ion
axial velocity, (d) ion radial velocity, (e) electron number density, and (f) electron
temperature from the 20 x 20 grid simulation are shown here. The metastable density
is plotted with ten contour lines from 1.4 x 10* ecm=® to 1.4 x 10 em™3. Contours
of the ion and electron density are plotted with ten, evenly-spaced contour lines from
5.6 x 10° cm™® to a maximum level of 5.6 x 10' em™3, The ion axial velocity is
plotted from -3,500 m/s to 3,500 m/s with contours spaced by 700 m/s; non-negative
velocities are indicated with the solid line (—) and negative velocities are indicated
with the dashed line (- -). The radial jon velocity is plotted from 200 m/s to 2,000
m/s with contours spaced by 200 m/s. The electron temperature is plotted from 1.4
eV to 3.4 eV with contour lines separated by 0.2 eV.
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Figure 5.3: Period-averaged results from the 40 x 40 grid simulation are shown here
for (a) metastable density, (b) ion density, (¢) ion axial velocity, (d) ion radial velocity,
(e) electron number density, and (f) electron temperature, The contour levels plotted
here are the same as those in Figure 5.2. The most significant difference between this
figure and Figure 5.2 is that the contour lines are smoother due to the finer grid. The
only quantitative difference is that the peak average electron temperature is 3.0 eV.
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Figure 5.4: A sketch of a Gaseous Electronics Conference (GEC) Reference Cell,
The powered electrode is indicated by the hatched box, and the blocking capacitor
is shown between the powered electrode and the power supply. The other walls of
the chamber are assumed to be grounded. The reactor has azimuthal symmetry; the
centerline is indicated by the dash-dot line,
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Figure 5.5: Various electrical characteristics computed at the powered electrode
(x — - x) are compared with the experimental measurements of [77] (o — o} and
[15] (A — A); the four curves for each set of data represent the four different pres-
sures (13.3 Pa, 33.3 Pa, 66.7 Pa, and 133.3 Pa), and pressure increases from bottom
to top in all cases. The amplitude of the radio-frequency current is shown in (a)
versus the amplitude of the voltage at the powered electrode; the phase difference of
the applied voltage relative to the current is given in (b); the DC bias that develops
on the powered electrode is shown in (c); and the average power input to the plasma
is plotted in (d).
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Figure 5.6: Computations of the maximum line-averaged electron number density
in the radial direction (x) are compared against the experimental data provided in
reference [62] for the Sandia group (o), Overzet (A), and the Wright-Patterson Air
Force group (0). Results are shown for (a) 13.3 Pa, (b) 33.3 Pa, (c) 66.7 Pa, and (d)

133.3 Pa.
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Figure 5.7: Contours of the metastable density are shown at intervals of one-tenth
the peak density at several pressures and radio-frequency voltages: (a) 13.3 Pa, 42V,
peak density = 1.08 x 10" em™?%; (b) 13.3 Pa, 113 V, peak density = 2.25 x 10*! em™3;
(c) 33.3 Pa, 113 V, peak density = 2.69 x 10 cm™>; (d) 66.7 Pa, 113 V, peak density
= 2.89 x 101 cm™2; (e) 133.3 Pa, 42 V, peak density = 2.19 x 10" cm™>; (f) 133.3

Pa, 113 V, peak density = 4.15 x 10" em™3,
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Figure 5.8: Computed relative metastable density profiles are shown at several con-
ditions: (a) 13.3 Pa, 42 V; (b) 13.3 Pa, 113 V; (c) 33.3 Pa, 113 V; (d) 66.7 Pa, 113
V; (e) 133.3 Pa, 42 V; (f) 133.3 Pa, 113 V. The simulated metastable densities are
rescaled and plotted at the same contour levels as the relative experimental densities
in [52].
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Figure 5.9: Profiles of (a) the metastable density and (b) the ion density are shown
as they vary with distance from the powered electrode at the conditions of the grid
refinement study in the symmetric discharge (see Section 5.2}. Results from the one
dimensional simulation are shown with o and the values from the centerline of the
two dimensional simulation are shown with A.
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Figure 5.10: Profiles of (a), (c) the metastable density and (b), (d) the ion density
at (a), (b) 43 V applied voltage and (c), (d) 115 V applied voltage are shown as
they vary with distance from the powered electrode for argon at 13.3 Pa in the GEC
geometry (see Section 5.3).
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Figure 5.11: Profiles of (a), (c) the metastable density and (b), (d) the ion density
at (a), (b) 43 V applied voltage and (c}, (d) 115 V applied voltage are shown as they
vary with distance from the powered electrode for argon at 133.3 Pa in the GEC
geometry (see Section 5.3).



| Chapter 6

Three-dimensional simulations

6.1 Motivation and concept

The dry-etch process is common in semiconductor manufacturing, where narrow
trenches (approximately 0.2 pm or less in width and about 1 um deep when the
photoresist is included) are cut into silicon. Ideally this processing step will have
high uniformity (the silicon is etched at the same rate over the entire wafer), high se-
lectivity (only the silicon is etched and not other materials that may become exposed
to the plasma), and a high etch rate (the faster the silicon can be removed, the faster
the fabrication proceeds). Frequently these requirements conflict.

Another consideration is the buildup of surface charge on the feature being etched,
which can have a detrimental effect. Charge accumulation on gate electrodes can
cause dielectric breakdown of thin gate oxides [71]. Also, charge buildup has been
implicated as a cause of notching during the overetch of silicon trenches on top of
a silicon dioxide base. Notching occurs when the SiO, at the base of the trench
is exposed and the bottom corners of the trenches form crevices due to sidewall
etching. Hwang and Giapis [34] and Kinoshita, et al. [37] found that the bottom of
trenches accumulated positive charge from the high-energy, anisotropic ions once the
SiO, at the bottom of the trench had been exposed during the overetch. The isotropic
electrons were unable to reach the bottom of the trench and accumulated at the trench

entrance. Kinoshita, et al. also found that as the trench aspect ratio increased, the
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charging effect worsened. They also concluded that lowering the electron temperature
lowered the barrier to the electrons entering the trench. The accumulation of positive
surface charge is believed to redirect the incident ion velocity into the sidewall foot
for trenches that are adjacent to large open areas. Hwang and Giapis {34] actually
modelled the notch formation process, and they obtained very good agreement with
experimental measurements of notch profiles.

Experimenters have found that pulsing the power applied to the plasma alle-
viates some of the charge buildup problems and improves selectivity. For example,
Samukawa and Mieno [72] investigated Cly etching of polycrystalline silicon over 5i0;
in an electron cyclotron resononace reactor. They found that pulsing the power re-
duced damage to the gate oxides, prevented notching, and enhanced the selectivity
of the poly-Si etch. For a pulsed power time of 10 ps with a 10 us interval between
pulses, they found that the selectivity of the poly-Si etch relative to the SiO; etch
increased by about a factor of 2 with only a slight decrease in the poly-Si etch rate.
They concluded that, since the electron temperature fell quickly during the first 10 us
after the power was turned off, lower electron temperatures led to thinner sheaths and
a reduced sheath potential, which mitigated the charging at the base of the trench.
Fujiwara, et al. [18] in a similar experiment found that the notch depth increased
with the trench aspect ratio, and they also found that pulsing the plasma reduced
the notch depth.

Power can be pulsed spatially as well as temporally. That is, for a capacitively-
coupled discharge in a GEC-fype geometry, rather than oscillating the voltage on the
entire electrode face at a radio frequency, the voltage can be applied to a portion
of the electrode. Also, that portion where the voltage is applied can be made to
rotate around the electrode. In this way the power deposition to the plasma can
be varied in space and time. Thus, potentially a capacitively-coupled plasma could
be generated that would reduce the energy of the electrons above the lower powered
electrode and make the ion flux to the powered electrode more uniform. A voltage
amplitude envelope could be made to rotate around the electrode, and the radio-
frequency voltage would oscillate within the envelope as it moves. This concept is

illustrated in Figure 6.1. Others have performed pulsed-power simulations, but those
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Figure 6.1: The voltage amplitude envelope is sketched here for the surface of the lower
(powered) electrode; the radio-frequency voltage oscillates within the envelope, and
the envelope simultaneously rotates around the electrode in a counterclockwise fashion
wheén viewed from above. The oscillation of the radio frequency can be synchronized
with the rotation of the envelope (that is, the maxima and minima of the voltage
occur at the same azimuthal locations) or unsynchronized. The amplitude envelope
smoothly goes to zero at the origin from all directions to avoid singularities.

efforts have been limited to one dimension with pulsing in time [50], [85]. Also,
Lieberman and Ashida investigated the effect of pulsing the power with a global
model [43].

6.2 DBase case

The baseline two dimensional simulation used to measure the impact of the rotating
power deposition is the first qualification case from Section 5.3: argon at 13.3 Pa with
43 V applied voltage at 13.56 MHz in a GEC reference cell geometry. This condition
showed some of the best agreement with the experimental data, so it should provide
the best indication of the effectiveness of the rotating power deposition. The period-

averaged ion and metastable number densities are shown throughout the reactor in
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Figure 6.2. The peak ion density is 1.7 x 10° em™3) and the peak metastable density
is 1.1 x 10" ecm™3.

The average ion current density to the powered electrode and the electron temper-
ature immediately above the powered electrode are given in Figure 6.3. The electrons
just‘ above the powered electrode have a typical value of 2.4 eV and a peak tempera-
ture of 2.9 eV adjacent to the corner of the electrode, as seen in Figure 6.3. The ion
flux to the electrode is relatively uniform except in the last 0.5 cm, where it nearly
doubles due to the strong electric fields as the electrode corner is approached. To
obtain a measure of the uniformity of the ion current (7;), the average ion current
(%) and the root mean square (rms) were computed as follows over the area of the

powered electrode face (Agee):

1
_i = '1' dS
J Aelec /t;lec J

. 1 .
ms j; = \/Al .llec(ji_Ji)g ds

The average ion current to the electrode over the entire face is 0.115 A/m?, and the

root mean square of the current relative to the average is 0.0173 A/m?. When the rms
current is divided by the average current, a normalized rms of 0.150 is obtained. The

closer the normalized current is to zero, the more uniform the current distribution is.

6.3 Synchronized power deposition

In the first rotating power deposition case, the rotation of the voltage amplitude
envelope is synchronized with the oscillation of the radio-frequency period. The volt-
age envelope makes one trip around the electrode every two radio-frequency periods.
Thus, the locations of the voltage maxima and minima occur repeatedly at the same
places on the powered electrode face. The path of the envelope and the locations
of the maximum and minimum voltage are shown in Figure 6.4. In this case, the
acceleration technique was extremely expensive due to the large size of the problem,

and time advancement was used to reach steady-state. The grid was 40 x 40 x 16 in
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the r, z, and # directions, and — with 7 variables in each cell — the discrete problem
had approximately 180,000 variables. The maximum relative change from period to
period for the ion or metastable densities, the slowest changing species, was less than
0.05%, and their maximum relative change in the peak value was less than 0.005%
per period.

With the exception of how the voltage is applied to the powered electrode, the
conditions are the same as for the base case. Rather than applying 43 V to the entire
face of the powered electrode, the voltage is essentially “masked” by the voltage

amplitude envelope. The functional form of the envelope is:
: 1 9
sin(wyst) —2-(005(9 — wt/2) + 1) exp(—a/r?).

In this case, the constant a was chosen to be 100 when 7 is non-dimensionalized by
the Debye length.

The effect of the synchronized power deposition on the plasma characteristics is
shown in Figures 6.5 to 6.7. The locations of maximum plasma generation are rein-
forced each period, and the plasma takes on the oblong shape seen in the isosurfaces of
the ion and metastable densities in Figure 6.5. The ions and metastables are aligned
along the axis defined by the voltage maxima. The peak ion and metastable densities
are reduced to 8.5 x 10 cm™ and 6.7 x 10'° cm™3, respectively, approximately half
the base case values.

The reason for the oblong shape of the plasma can be seen in the period-averaged
electron heating and plasma generation rate in Figure 6.6. On average, the electrons
are heated most strongly adjacent to the locations of the voltage maxima, at a height
of 0.6 cm above the powered electrode. The drop in electron heating near the center
of the electrode is a result of the amplitude envelope going to zero at the centerline.
Although the impact of the synchronized voltage envelope rotation on the electron
heating has been reduced at the midplane, some azimuthal variation is still evident.
Consequently, the electrons and ions are generated most rapidly near the regions of
the strongest power input to the electrons, and the plasma takes on an elliptical

shape.
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Because of the synchronization of the envelope with the radio-frequency period,
the uniformity of ion flux to the powered electrode is severely degraded, as shown
in Figure 6.7. The average ion current density to the electrode surface is reduced to
0.0411 A/m? and the root mean square of the ion current on the surface is 0.0116
A/m?. Thus, the normalized rms current is 0.282, much higher than for the baseline
case. The range of the electron temperature is reduced, though, from a minimum of

2.18 eV to a maximum of 2.42 eV, a significant improvement relative to the base case.

6.4 Unsynchronized power deposition

The poor uniformity of the synchronized power deposition can be improved by break-
ing the resonance of the radio-frequency period with the rotation of the voltage am-
plitude envelope. In this case, the amplitude envelope makes one trip around the
electrode every 1.5 radio-frequency periods, and the path of the envelope is shown in
Figure 6.8. Each location on the powered electrode experiences the voltage applied
180 degrees out of phase with the previous pass of the envelope, which should help
mitigate the non-uniformity introduced with the synchronized power deposition. As
before, the acceleration method was too expensive to be effective, and time advance-
ment was used to reach the steady-state. The convergence level was the same.

The conditions for the unsynchronized power deposition are the same as for the
base case with the exception of how the 43 V is applied on the electrode face. Now

the functional form of the envelope is:
1
sin(wirt) 5(005(0 — wyt/1.5) + 1) exp(—a/r?),

where the constant ¢ was again chosen to be 100 with r non-dimensionalized by the
Debye length.

The unsynchronized power deposition results are shown in Figures 6.9 to 6.11. In
this case, the plasma is more azimuthally uniform than for the synchronized case,
particularly considering the ion density. However, it is apparent from the metastable

isosurface in Figure 6.9 that the plasma is somewhat aligned with the locations of
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the voltage maxima during the rotation of the amplitude envelope. The peak ion and
metastable densities, 9.2 X 108 em™ and 7.1 x 10 cm™3, are still approximately
half those of the baseline case.

As with the synchronized case, the shape of the plasma is strongly affected by the
power deposition, shown in Figure 6.10. The average power deposition is highest at
the voltage maxima locations, despite the fact that these locations also experience the
voltage minima. The plasma generation rate in the plane 0.6 cm above the powered
electrode reflects the azimuthal variation in power deposition. Although the effects
are diminished noticeably at the plane approximately midway between the electrodes,
some slight variation in power deposition and plasma generation rate are still evident,
The electron heating dips close to the centerline due to the reduction in the voltage
envelope as the centerline is approached.

'The trefoil shape of the plasma is also evident in the period-averaged ion current
density to the powered electrode surface in Figure 6.11. The average ion current
density is 0.0449 A/m?, and the root mean square current is 0.0107 A/m?, which
gives a normalized rms current of 0.237. This is an improvement over the synchronized
power deposition, but it is still inferior to the base case. However, the range of the
electron temperature, from 2.20 eV to 2.36 eV, is reduced even further, and it is
significantly better than the range of 2.4 eV to 2.9 eV for the base case.

The results for all three cases are summarized in Table 6.1. The rotating power
deposition offers some improvement in the electron temperature above the powered
electrode, with the peak electron temperature reduced by as much as 19%. However,
the uniformity of the ion flux is degraded, especially with the synchronized power
deposition, and the normalized rms ion current density is increased by 58% or more.
Perhaps having the envelope travel around the electrode an irrational number of
radio-frequency periods, for example m periods, will help to improve the uniformity

of the ion flux further while maintaining a smaller electron temperature.
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maximum normalized

electron rms ion current

temperature (eV) density

base case » 2.9 0.150
synchronized 2.42 0.282
unsynchronized 2.36 0.237

Table 6.1: This table summarizes the results from the rotating power deposition
cases. The normalized rms current density is the ratio of the rms current density to
the average current density.
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Figure 6.2: The period-averaged profiles of (a) the ion number density and (b) the
metastable density are shown for the baseline case. The ion density contour lines
start at 1.7 x 10® cm™® and reach a maximum at 1.7 x 10° em™® and are spaced by

1.7 x 10® em™3. The metastable density contour lines go from 1 x 101 ¢m™2 to 10
x 10'% em™3, spaced by 1 x 100 cm™3,
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Figure 6.3: Plotted here are the period-averaged radial profiles of (a) the ion cur-
rent density impinging on the powered electrode and (b) the electron temperature
immediately above the electrode.

Figure 6.4: The path of the voltage envelope for the synchronized rotating power de-
position case is shown here, viewing the powered electrode from above. The maximum
and minimum voltages occur at the same locations each period and are indicated by
the + and —, respectively. The radio-frequency voltage is essentially applied only on
the half of the electrode where the envelope is present. The initial position of the
envelope on the circumference of the electrode is indicated by the arrow. Since the
applied voltage uses a sine function, the first voltage peak occurs at m/4 radians from
the initial position.
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v

Figure 6.5: Isosurfaces of the period-averaged ion density (a) and metastable density
(b} are shown here for the synchronized power deposition case. The isosurface of the
ion number density is at half the peak value, 4.25 x 10® cm™®, and the metastable
isosurface is at one third the peak density, 2.2 x 10'° cm™3. The reactor walls are
indicated by the wire mesh; the upper electrode and part of the reactor surface has
been removed for clarity.
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Figure 6.6: Contours of the period-averaged plasma generation rate in two different
planes above the powered electrode at heights of 1.2 em and 0.6 cm are shown in
(a) and (¢), respectively, for the synchronized power deposition case. The contour
levels are indicated on the plots, and the levels are in units of cm™ s, Similaxly,
contours of the period-averaged volumetric heating of the electrons in the same two
planes are shown in (b) and (d), respectively. Contour levels are listed on the plots
and are in units of W/m®, The plane at 1.2 cm is approximately midway between
the electrodes, and it has the highest period-averaged rate of plasma generation, The
plane at 0.6 cm has the highest period-averaged volumetric heating of the electrons.
The perimeter of the powered electrode is shown with the dashed line.
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Figure 6.7: Contours of the period-averaged ion current density through the powered
electrode face are plotted here for the synchronized rotating power deposition case.
‘The values of the contour levels are indicated on the plot, and the units are A/m?,
The perimeter of the powered electrode is indicated by the dashed line. The oblong
shape of the plasma is reflected clearly in the ion flux to the powered electrode.
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+ -/_\
Figure 6.8: The path of the voltage amplitude envelope for the unsynchronized rotat-
ing power deposition case is shown here, viewing the powered electrode from above.
The maximum and minimum voltages occur at the same locations as each other but
at different times during the rotation. The maximum and minimum locations are
indicated by the 4 and —, respectively. The initial position of the envelope on the
circumference of the electrode is indicated by the arrow. Since the applied voltage

uses a sine function, the first voltage peak, the first + on the inner-radius, occurs at
7 /3 radians from the initial position.
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Figure 6.9: Isosurfaces of the period-averaged ion density (a) and metastable density
(b) are shown here for the unsynchronized power deposition case. The isosurface of
the ion number density is at half the peak value, 4.6 x 10® em™2, and the metastable
isosurface is at one third the peak density, 2.4 x 10 cm™3. The reactor walls are
indicated by the wire mesh; the upper electrode and part of the reactor surface has
been removed for clarity.
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Figure 6.10: Contours of the period-averaged plasma generation rate in two different
planes above the powered electrode at heights of 1.2 cm and 0.6 cm are shown in
(a) and (c), respectively, for the unsynchronized power deposition case. The contour
levels are indicated on the plots, and the levels are in units of cm™3 s7!. Similarly,
contours of the period-averaged volumetric heating of the electrons in the same two
planes are shown in (b) and (d), respectively. Contour levels are listed on the plots
and are in units of W/m® The plane at 1.2 cm is approximately midway between
the electrodes, and it has the highest period-averaged rate of plasma generation. The
plane at 0.6 cm has the highest period-averaged volumetric heating of the electrons.
The perimeter of the powered electrode is indicated by the dashed line.
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Figure 6.11: Contours of the period-averaged ion current density through the powered
electrode face are plotted here for the unsynchronized rotating power deposition case.
The values of the contour levels are indicated on the plot, and the units are A/m?.
The perimeter of the powered electrode is shown with the dashed line. The trefoil
shape of the plasma can be seen readily in the ion flux to the powered electrode.




Chapter 7

Conclusions and Recommendations

7.1 Conclusions

A novel discretization of the electron drift-diffusion flux, the mean velocity method,
was developed in one dimension and extended to multidimensional applications in
radio-frequency, capacitively-coupled plasma discharge simulations. The method was
shown to be robust and accurate even on coarse grids. The sensitivity of the solution
to the discretization of the electron flux was also demonstrated. One of the more
popular robust flux discretizations, the low-order upwinding of [2], was shown to be
quite inaccurate, up to a factor of 2 on coarse grids. The Scharfetter-Gummel dis-
cretization [74], another common numerical method for the electron flux, was proven
to infroduce an additional approximation to the fluid model. This method neglected
the electron temperature gradient in the electron fiux, which increased the predicted
plasma density by about 20%. Furthermore, due to its non-linear form, Scharfetter-
Guminel was shown to be more expensive computationally.

A method was developed to accelerate the solution towards the periodic steady
state for both one dimensional and multidimensional simnulations, FEarlier formal
acceleration schemes were only developed for one dimensional problems ([21], [45],
and [55]). The acceleration scheme reduced the computational cost by two orders of

magnitude.
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A fluid model for an argon discharge was derived and compared against experi-
mental data. The model was shown to capture the qualitative behavior of the data
and in some cases match the data quantitatively. This model was then used to explore
alternative methods of pulsing power in a capacitively-coupled discharge. The power
was pulsed in a spatially varying as well as temporally varying fashion. When the
power input was synchronized, that is, with repeated application of power to the same
spatial locations, performance was worse than with no pulsing. Ion flux uniformity
was significantly degraded, although the electron temperature above the electrode was
reduced. However, when the input power was unsynchronized with the power applied
in a non-reinforcing fashion, the ion flux uniformity was partly improved. In either
case, the electron temperature was reduced, which could help with charge-induced
damage during etch processes. A more asynchronous power deposition than exam-
ined here (with a multiple of = radio-frequency periods per trip around the electrode,

for example) would likely lead to better ion uniformity.

7.2 Recommendations

The quantitative agréement of the argon model with experimental data can certainly
be improved. More extensive sets of collision cross sections are necessary to do this
effectively, especially for the collisions between electrons and the excited electronic
states of argon. These cross sections can be used to determine the rates at which the
excited states are populated and depopulated. Although not all the states may have
significant densities, their effect on the electron energy density may be important.
Also, a method that avoids assuming a Maxwellian distribution for the electrons and
can self-consistently determine the electron energy distribution function may also help
to improve the agreement, However, this would likely increase the computational cost
significantly and would likely be feasible only for one dimensional simulations.

Since many industrial reactors today are of the inductively coupled type, the
addition of a Helmholtz equation to the algorithm to find the induced azimuthal
electric field would increase the applicability of the mean velocity method. However,

these reactors are typically operated at low pressures, less than 100 mTorr, which
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are below the range where fluid and particle methods agree. This makes the need to
remove the Maxwellian assumption more acute.

Also, a broader range of plasma discharges than those in noble gases could be
investigated. For example, electronegative gases such flourine or chlorine are often
used in etch applications. Indeed, industrial processes often use complex chemistry
that can involve many species, some of which will break into reactive fragments from
collisions with energetic electrons. The desire to expand the range of chemistry that
can be simulated should be weighed against the availability of reaction rate and colli-
sion cross section data for model development as well as experimental measurements

of plasma discharge characteristics for qualification of the modelling,




Appendix A
Boundary conditions

The proper implementation of boundary conditions is often very important for the
successful numerical solution of partial differential equations. With this in mind, a
characteristic analysis for the electron and ion governing equations was performed to
determine the proper number of boundary conditions. As will be shown, implementing

boundary conditions where none should be enforced can lead to non-physical results.

A.1 Characteristic analysis

The characteristics of the conservation equations for the electrons and ions in one
dimension (see Section 3.1) were analyzed with the method discussed by Hirsch [31].
First, the equations were written as first-order, quasi-linear systems, and the source
terms were dropped. Next, plane wave solutions to the quasi-linear systems were
sought. A more extensive discussion of the method of characteristics can be found in
Courant and Hilbert [14].

9%
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A.1.1 Electron conservation equations

The governing equations for the electrons can be written in a first-order, quasi-linear

form with the primitive variables n, and T, as follows:

on. e (E+ 2(‘31’} on, —*P7Te-§" @1_8 —pmei aT, - 5.
Oz \ Oz

ot 0z } Oz oz \ bz
o1, AET, 4 4T, 8T, \ On. 7 o 1001, \ 0T,
ot ! 31, 3n, dxr | Ox Pris 3 0z ) Oz
2 T29 (on, 7 a (o7,
3P B (893) — 3Prley (83:) = Su.T.:

The terms S,, and S,,r, contain all the remaining terms that do not have derivatives

of n, or n.T.. A vector of primitive variables U = [n. T, o 3|7 then satisfies the

equation:
100 0]
0100|8U
0000]0d
000 0]
—
—pr(E +20) 0 ~piT.  —pre | S
| (B RE) e (B4 8) il T |0U | Sum
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I 0 1 0 0 | 3

=4,

The characteristics of this system are found by seeking solutions to A.0U/0t +
Ay0U/Bx = 0 that are of the form U = Upexpli(kz — wt)], where Uy is a com-
plex constant and ¢ = /—1. These solutions exist when | — wA; + kA.| = 0 has
non-trivial solutions for £ or w. For the electron system of equations, the equation
| — wA; + kA;| = 0 forces k£ = 0, and leaves w undetermined. The values of k and
w determine the normals to the characteristic surfaces. Since & = 0, the normals

point along the time axis, and the characteristic surfaces (lines) are parallel to the
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space axis, which indicates the system is parabolic. The governing equations for the
electrons represent an initial boundary value problem, and two boundary conditions

must be imposed on each side of the domain,

A.1.2 Ion conservation equations

In a similar fashion, the conservation equations for the ion density and momentum
can be written in first-order, quasi-linear form with the primitive variables n; and v;

as.;

on,; % dv;

Bt T T ap T S
%—I—v'% = 5
ot O

The source terms S, and S,, contain all the terms without derivatives of n; or v,.

Equivalently, this system can be written with the vector U = [n; v]T as follows:
10 oU Sy,
01 O S |

S ——

A Ag
Now when non-trivial solutions of the form U = U expli(kz — wt)] are sought, w/k =

ou

ot

v Ty

O'U.,;

v; satisfles the equation | — wA; + kA;| = 0. This means the characteristic surfaces
propagate in the direction of the ion velocity. So when the ions flow out of the domain,
no boundary conditions should be specified, but if they flow inwards, two boundary

conditions must be specified.

A.2 Impact of ion boundary conditions

The effect of adding boundary conditions to the ion density and momentum equations
was tested by incorporating the boundary conditions of Nitschke and Graves [59].
They used On;/0z = 0 on both the left and right sides of the domain, and they set

Ov;/0z = 0 on the left side [59]. In the simulations here, the ion density conditions
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Figure A.l: The period-averaged ion number densities at the conditions of Case I
in [59] for (a) the left edge of the domain and (b) the right edge. One simulation
was performed without ion boundary conditions (¢ — ¢), as specified in 3.1.2, and
the other simulation employed ion boundary conditions (o — — o) as specified above.
Both simulations used a 20 point, tanh-stretched grid with second-order fully implicit
Runge-Kutta time advancement with 250 steps per period.

were implemented by using a zeroth-order extrapolation of the ion density to the edge.
That is, the value of the ion density at the boundary was assumed to be the value
of the ion density at the nearest scalar grid point, so at the left side of the domain,
for example, the ion flux is n;;v;1/2 (see Figure 3.2). The ion velocity boundary
condition was enforced by setting v;1/2 == v;3/2.

The simulations bear out the characteristic analysis as indicated in Figure A.1.
When boundary conditions are enforced for the ions, the ion number density shows
oscillations close to the edge, especially the left edge where two boundary conditions
are given. With the removal of the boundary conditions, the oscillations in the ion
density disappear also. Nitschke and Graves upwinded their discretization of the ion
conservation equations, and they did not note any point-to-point oscillations in the
ion number density [59], Despite the oscillations at the boundaries, the bulk plasma,

density is unchanged by the ion boundary conditions.
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Fully implicit vs. linearized

implicit time advancement

Stiff systems of differential equations are usually solved with some sort of implicit
solver. The implicit discretization can be linearized to increase the efficiency of the
nurierical algorithm., However, it is possible that the linearization can significantly
impact the accuracy of the solution method. Consider a general ODE:

W _ i)

at
A fully implicit Euler method to solve this ODE is shown below. The modified
equation for this equation shows that the leading order error term, due to the time

. . * v 2
discretization, is %%‘5.

5
5—?; = F(t+ 6ty +6y)

To avoid the expense of a Newton-Raphson, iterative solution to this potentially
“troublesome non-linear equation, the right hand side can be linearized. Now the
discrete ODE appears as below. The leading order error term due to the linearization

. 2 2 * » 0 . »
is %;ég%’)—; the error due to the time discretization is the same as before.
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by af
== = f{t + 4t -0
5 = S+ oty) + 2,
" Typically, the linearization error term is thought of as being O(3t%), since &y can
be approximated by fét. Thus, one might assume that the error introduced by the
linearization is less than the error due to the time discretization since it is of higher

order in §t. However, this is not always the case. An example of such a situation is:

dy_ y—i
EI;_B

The analytical solution of this equation is:
y(t) = —1In (e‘y" +et— 1)

where g is the initial condition at £ = (. This solution can be used to derive exact ex-

dt? 2
These error terms are shown as a function of time in Figure B.1 for gy = —1 x 107°
and 46t = 0.1.

Since the linearization error is significantly larger than the time discretization

. : . o 2 o 25 (5y)?
pressions for the time discretization error (£22) and the linearization error (g«g}{«@—gl-).

error, it would seem that the fully implicit Euler method would be more accurate
than the linearized implicit Buler. This is confirmed when the results from these two
time advancement methods are compared with the exact answer, see Figure B.2,
The relative accuracy of the nonlinear and the linearized time advancement is a
function of the initial condition. A change in the initial condition, to ¥, = —1, gives
a solution which the linearized implicit Euler can capture well. The discretization
error and the results from the different time advancement methods are shown in
Figures B.3 and B.4, respectively. In this case, the linearization error is less than the
time discretization error, and the linearized and nonlinear approaches give virtually

identical results.
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Discrete error

Figure B.1: The time discretization error (—), %}%%, and the linearization error (- -),

g—:'é@, for yp = -1 x 1075,

Figure B.2: Comparison between fully implicit Euler (- -), linearized implicit Euler
(), and the exact solution (—) for yy = -1 x 107%.
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Figure B.3: The time discretization error (—), %%, and the linearization error (- -},
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Figure B.4: Comparison between fully implicit Euler (- ), linearized implicit Euler
(~ ), and the exact solution (—) for yo = -1.
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Grid generation method

The computational grid is structured and staggered, and it employs hyperbolic tan-
gent stretching to concentrate mesh points where needed for computational efficiency.
Points are generally clustered close to walls to capture the time-dependent behavior of
the plasma sheath as it forms and collapses. Both the axial and radial directions use
stretching, but the azimuthal grid is uniform for the Fourier transform of the Poisson
equation in that direction. The grid is generated for the axial and radial directions
in two steps: first, the flux grid points are determined, then Lagrange multipliers are
used to compute the scalar variable grid locations.

Since the flux locations are needed at the edge of the domain, the flux grid points

are determined first with the following tanh-stretched expression:

tanh [y(¢ — 1+ ig)] — tanh{vyig) :
i = Tmin - ; max — Lmin/ » =1>'°'> .
i = Fmin + {tanh [¥(N — 1+ 4p)] — tanh(vyip) (2 Bmin) » {0 )

This will place N grid points from Z i, t0 Zmax With v controlling the degree of tanh
stretching. The index for the points is 4, and 1y is an offset that determines where
to begin placing points along the tanh curve. For example, when stretching the axial
grid between two electrodes, the grid should achieve the same resolution adjacent to
each electrode, hence the stretching needs to be symmetric, and i; should be set to
—(N —1)/2. In this case, equal lengths of the positive and negative portions of the

tanh curve are used. However, when establishing the radial grid from the centerline
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Figure C.1: This illustrates the radial flux variable locations (x ) for the discretization
of the symmetric parallel plate discharge in Section 5.2. Each computational cell is
bounded radially by two flux locations, A total of 20 cells (21 radial flux locations)
are used here: 17 from the centerline to the inner edge of the glass wall and 3 inside
the wall, the dashed line (— ) divides the two sets. The first set of 17 cells was defined
using N = 18, v = 0.12, and iy = 0, and the second set of 3 cells was determined using
N =4, v = 0.45 (to match the stretching in the first set), and 4y = -3 (to provide
the coarsest grid at the outer diameter). Since the grid is continuous, the eighteenth
point of the first set and the first point of the second set overlap for a total of 21
radial flux locations.

to a wall, a fine grid is not desireable at the centerline, since the radial gradients tend
to zero there, but a fine grid is required at the wall. In this case, iq would be set to
0, and only the positive portion of the tanh curve is used.

The same expression can be used to join consecutive sections of the grid in a
particular dimension, where the Nth point of the first section coincides with the first
point of the second section. An example of this is in the discretization of the radial
direction for the two-dimensional grid refinement, geometry (see Section 5.2). A coarse
grid is suitable close to the centerline, but a fine grid is needed as the glass wall is
approached. In the glass wall at the inner surface, the grid should be fine to match
the grid spacing in the plasma, but it can be coarsened as the outer edge of the glass
is reached since the boundary condition for the electric field is zero there, This is
illustrated in Figure C.1 for the case of 20 computational cells in the radial direction:
17 cells for the space between the centerline and the inner edge of the glass wall, and
3 cells for the wall itself. The grid matching is done by equalizing d=z;/0i on either
side of the flux point where the two differently stretched sections connect; usually

gamma is adjusted in one of the two regions to make the dz;/8’s equal.
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Once the flux locations have been determined, the cell “centers”, where the scalar
quantities such as densities and potential are stored, must be found. They should be
spaced as evenly as possible subject to the constraint that the flux locations between
two scalar grid points should be placed at the midpoint, Lagrange multipliers are
used to minimize the distance from one scalar or flux grid point to the next and to
constrain the interior flux grid points to be midway between the scalar grid points.

Let the fixed z; locations of all the flux points in a particular direction be given
by G;, where ¢ = 1,..., N, and the unknown locations of the scalar points are given

by c;, wherei=1,...,N — 1. The N — 2 constraints are:

o tay = 206
ot o = B
an_a+ay-1 = fn-1,

and the function to be minimized is

I = (on— B2+ (o~ Bl + - + (= B)* + (o — Bepn)? + -
(o1 — Bn-1)? + (an—1 — Bv)*

The scalar function that expresses this constrained minimization problem is

o= I+ Mlar+oy—28) 4+ + Ml + s — 20541) + -+
+An_a{an-os+an_1 —28y5_1).

Now /N —1 equations are obtained from satisfying 0F/8o; =0 (i =1,...,N—1) and
the N — 2 constraints are satisfied with 0F/0X\; =0 (1 = 1,...,N — 2). Since this
set of equations is linear in a; and A;, they are uniquely determined. The flux grid
point locations with the corresponding scalar grid points are shown in Figure C.2 for

syminetric discharge geometry discussed above.
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Figure C.2: The grid locations of the flux variables (x) and the scalar variables (o)
are shown here for the same symmetric parallel plate discharge case described above.
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