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Abstract

Flow fields of engineering interest often involve complex turbulence dynamics. So, many
times the fluid dynamics must be investigated computationally as detailed experimental
investigation is precluded by the severity of the operating environment. Computational
simulation of complex turbulent flows necessitates the use of turbulence models. While
many standard two-equation models provide adequate results for some engineering flow
fields, they lack much of the detailed dynamics necessary to reflect accurately the important
physics of the flow field.

. The Algebraic Structure-Based Model (ASBM) is presented here. Its algebraic for-
mulation ensures computational efficiency while the structure basis of the model captures
the important turbulence physics. The ASBM draws heavily on Rapid Distortion Theory
(RDT) and Direct Numerical Simulations (DNS) for mode! constants and closure.

The ASBM was applied to compute a variety of flow solutions to demonstrate its ac-
curacy. Homogeneous mean flow solutions were computed for irrotational and rotational
mean deformations. The effects of frame rotation were also included. The homogeneous
results show that the model predictions match the RDT limit states of turbulence, match
DNS and experimental results for homogeneous shear with and without frame rotation, and
display the proper material indifference of 2D turbulence to rotation.

One-dimensional spatially-developing free shear layer solutions were computed for a
mixing layer, a plane jet, and an axisymmetric jet flow. The free shear layer analysis
compared solutions using the standard k-¢ model, Wilcox’s k-w model, and the ASBM
coupled with the k-¢ and &-{ scale equations {where ( is the large scale enstrophy). Results
show that ASBM k-¢ solutions agree with experimental results and compute the correct

spreading rates for both the plane and the round jet.

iii




iv



Acknowledgments

Finanecial support for this work was provided by the Air Force Office of Scientific Research.
The authors thank professor Stavros Kassinos and Carlos Langer for very helpful discussions
and technical support on many aspects of this project. We also thank Professor Paul A.
Durbin and Professor M. Godfrey Mungal for their comments and suggestions on the draft
of this report. We are grateful to Mrs. Deborah Michaels for her assistance with the final

production of this document,




vi



Contents

Abstract
Acknowledgments
List of Tables
List of Figures

1 Introduction

1.1 Motivation and Objective . . . . . . . . . .. . e
12 Background ... oo e e e e
1.2.1  Turbulence Structure. . . . . . . .. ... . L L . o

1.2.2 Particle Representation Model . . .., . ... ... .........

123 EddyAxisModel . . . . ... . .. ..

1.24 RDMedel. . .. . . . . e

125 QModel. . . ... e

1.26 AlgebraicModel . . . .. .. . ...

1.3 Overview . . . . . e e e e

2 The Algebraic Structure-Based Model Formulation

21 BEddy-AxisTensor. . . . . . ... v v i i i, P
211 Mean Strain. . . . . . L e e e e e
2.1.2 Rotational Transformation . . .. ... ... .............

2.2 Turbulence Parameters. . . . . . . . . . . . e e
221 Flattening . . . . . . . . e e
222 Turbulence Scalars . . . . . . . . ... . .. L .

2.3 Model Summary . . .. . L e e e e e
2.3.1 Eddy-Axis Tensor . . . .. . .« 0 i it e
2.3.2 Structure Parameters . . ... ... ... ... ... ... ...
2.3.3 Componentality and Dimensionality . .. ... ... .........
2.3.4 Structure Flattening . . . . . . . . . ... ... e

vii

iii

xi

xiii

LS W N =

12
13
15
17




3 Model Results

3.1 Homogeneous . . ... .. ... .. ... . .
3.2 Free Shear Layer . . . . . . . .. . e
3.2.1 TSI Equations for a Spatially-Developing Free Shear Layer . . . . .
3.2.2 Computational Approach . . ... ... ... ... ... .. .....
3;2.3 Mixing Layer . . . . ... ... . ...
324 Jebt . ... e
3.25 Near EdgeBehavior . . ... ... ... .. ... . . ... . .....
3.3 Bummary ... .. e e

4 Conclusions and Future Work

4.1 Conclusions . . . . . .. .

A Normalized Invariant Map
A1l Normalized Invariant Map . . . . . . . .. .. . i
A1l Normalized Invariants . . .. .. ... .. ... ... ........
Al2 MapDetails . ... ... ... .. ..
A1.3 Additional Flow Field Examples . . .. ... .. ..........
A.2 TUniqueness of Normalized Invariant Map Points . . . . .. ... . ......
A.2.1 Coincident Velocity Gradient Tensors . . .. ... ... .......
A2.2 NIM Utility in Turbulence Modeling . . . . . ... .. ........
A3 Critical Point Theory . . . .. . . .. . .. . . .
A4  Solution Trajectories . . . . .. .. . . . . i i
A5 Homogeneous DNS . . . . . . it it e e
Ab5.1 Charted Regions . . .. .. ... . .. ... e
Ab52 Uncharted Regions . . . .. .. ... .. .. ... ...
AB Summary . ... e

B The Normalized Invariant Map ~ Supporting Mathematics
B.1 Eigenvalues of the Velocity Gradient Tensor . . . . . ... ... .......
B.2 Canonical Forms of The Velocity Gradient Tensor . . . ... .. ... ...
B.3 Evolution of Invariants . . . . . . . ... ... ... . . .. .. .. ... ...

B.4 Solution Trajectories from Velocity Gradient Tensors in Jordan Form . . .

viii

49
49
54
54
58
59
66
75
82

169
109
110

111
112
112
116
118
123
124
126
127
128
131
131
133
137

149
149
151
152
155



B4l Casel . . e e e e e
B42 Case?2 . ... ... . .. .. e e,

C The Eddy-Axis Vector
C.1 Eddy-Axis Vector: Fixed Frame . . . . .. .. ... ... ... .. ......
C.2 Properties of the Rotating Frame . . . ... . ... ... ... .. ... ...
C.3 Eddy-Axis Vector: Rotating Frame . . . . .. .. .. ... ... . ... ...

D Free Shear Layer Similarity Equations
D.1 Mixing Layer . . . . .. v v e e e e
D2 Jet . . e

E Free Shear Layer Similarity Equations in a Rotating Frame

ix







List of Tables

3.1
3.2
3.3
3.4
3.5
3.6
3.7

Al
A2

Computed Solutions . . . . . . . . . . e 8b
Experimental Results for Homogeneous Shear . . . . . .. ... ... .... 85
DNS Results for Homogeneous Shear . . . . . ... ... ........... 85
Mixing Layer Spreading Rate Results. . . . . .. ... ... ... ...... 86
Planar Jet Spreading Rate Results . . . .. ... ... ... ... ...... 86
Round Jet Spreading Rate Results . . . . . . . ... ... ... .. ... .. 86
Near-EEdge Behavior . . . . . .. . ... . e 87
DNS Cases of Blaisdell & Shariff . . . . ... ... ... ... ... ..... 134
DNS Casesof Shariff . . . . . . ... ... ... .. ... ... ... ..., 134

xi




xi



List of Figures

2.1

3.1
3.2
3.3
3.4
3.5
3.6
3.7
3.7
3.8
3.9
3.10
3.11
3.12
3.13
3.14
3.15
3.16
3.17
3.18

Al
A2
A3
Ad
A5
A6
AT
A8
A9

Turbulence Parameter Modeling State Space . . . . ... ... ... . ... 47
Homogeneous Anisotropy Invariant Map ... . . ... ... .......... 89
Homogeneous Axisymmetric Contraction . . . . . .. ... ... ....... 90
Homogeneous Axisymmetric Expansion . . . .. .. ... ... ....... 91
Homogeneous Plane Strain . . . . . . .. ..., .. ... ... .. ...... 92
Homogeneous Shear . . . . . . . . . . . o e e 93
Turbulence Parameters in Homogeneous Shear . . . ... ... ....... 94
(a-b) Homogeneous Shear in Rotating Frame . .. ... ........... 95
(c) Homogeneous Shear in Rotating Frame . . . . .. .. ... ........ 96
Mixing Layer Mean Profile . . . .. ... ... ... . .. ... ....... 97
Mixing Layer Turbulence Profiles . . . . . . . ... ... .. .. ... .... 98
Mixing Layer Structure Profiles for ASBM k- . . . ... ... ....... 99
Plane Jet Mean Profile . . . . ... .. ... . .. ... .. . . ... 100
Plane Jet Turbulence Profiles . . . . . .. . ... ... ... .. .. ..... 101
Plane Jet Structure Profiles for ASBM k¢ . . . . ... .. .. ... ... ... 102
Axisymmetric Jet Mean Profile . . . . . .. ... .. .. . . . . .. . . ... 103
Axisymmetric Jet Turbulence Profiles . . . . ... .. ... ... .. .... 104
Axisymmetric Jet Structure Profiles for ASBM k-¢ . . . ... .. ... ... 106
Edge Behavior of Standard k-e Model . . . .. ... .. ... ........ 106
Edge Behavior of ASBM k-e Model . . . . . . .. ... ... ... ..... 107
Detail of Normalized Invariant Map . . . .. ... . ... ... ... ... 139
Flow Examples on Normalized Invariant Map . . . . . ... ... ... ... 140
Variation of @* in Rotafing Frame . . . . . . ... ... ... ... ..... 141
Coincident Velocity Gradient Tensors. . . . . . . . . ... v 142
Evolution of Reynolds Stress Anisotropies . . . . . ... ... ... .. ... 143
Planar Solution Trajectories . . . . . . . .« v v v i v v e e 144
Hyperbolic Solution Trajectories . . . . ... ... ... ... ... ..... 145
Parabolic Solution Trajectories . . . . . . . . . . . 0 v i v v i e 146
Elliptic Solution Trajectories . . . . . . . . . . . . .. o 147




A.10 Homogeneous DNS Charted

...........................

Xiv



Nomenclature

Acronyms

AIM
ASBM
AXC
AXE
DNS
FSL
IPRM
NIM
PDE
PRM
PS
RD
RDT
RST
SH
TSL

Anisotropy Invariant Map
Algebraic Structure-Based Model
Axisymmetric Compression

Axisymmetric Expansion

" Direct Numerical Simulation

Free Shear Layer

Interacting Particle Representation Model
Normalized Invariant Map
Partial Differential Equation
Particle Representation Model
Plane Strain

Reynolds-sfress Dimensionality
Rapid Distortion Theory
Reynolds Stress Transport
Shear

Thin Shear Layer

Universal Notations

T
(1)

Any quantity or variable

Ensemble average of T

Ensemble average of T conditioned on quantty a

Denotes freestream quantity
Denotes vector component (i)

Denotes tensor component (%,7)

Xv




T Denotes axisymmetric quantity

Roman Symbols

@ Normalized eddy-axis vector

Ay Bddy-Axis tensor

Qs Normalized eddy-axis tensor

a? Second invariant of the normalized eddy-axis tensor
dgj Anisotropic normalized eddy-axis tensor

as; Normalized eddy-axis tensor resulting from mean strain only
by; Anisotropic normalized componentality tensor

Cij Inhomogeneity tensor

Cij Normalized inhomogeneity tensor

Dy; Dimensionality tensor

d;j Normalized dimensionality tensor

E Turbulent dissipation rate in similarity coordinate
Fy Circulicity tensor

fig Normalized circulicity tensor

E Eddy-flattening tensor
F Stream function in similarity coordinate

F. Value of F at jet edge

Gij Mean velocity gradient tensor

GY; PRM effective mean velocity gradient tensor

Gy PRM effective mean velocity gradient tensor

H;;  Eddy-axis rotational transformation tensor

J Momentum flux per unit mass in the FSL jet flows
k Turbulent kinetic energy

xvi



524

ir

w2

Turbulent kinetic energy in similarity coordinate

Material element along eddy-axis vector

Squared magnitude of material element along eddy-axis vector

Turbulent length scale
Homogeneous turbulent length scale
Inhomogeneous turbulent length scale

Turbulent length scale in similarity coordinate

Homogeneous turbulent length scale in similarity coordinate

Inhomogeneous turbulent length scale in similarity coordinate

Fourth moment tensor of PRM v; n; product
PRM gradient vector

Normalized PRM gradient vector

Magnitude of PRM gradient vector

Eddy viscésity in similarity coordinate

PRM pressure

Production of turbulent kinetic energy
Production rate of turbulent kinetic energy
Production rate of large-scale turbulent enstrophy
Twice the turbulent kinetic energy

Third rank structure tensor

Stropholysis tensor

Componentality tensor, also Reynolds stress tensor
Normalized componentality tensor

R;; conditioned on n;

ri; conditioned on a;

xvii




PRM stream function vector

Normalized PRM stream function vector

Magnitude of PRM stream function vector

Mean strain rate tensor

Magnitude of mean strain rate tensor

Anisotropic mean strain rate tensor

Invariant of eddy-axis tensor and mean strain rate tensor
Turbulent time scale in similarity coordinate
Instantaneous velocity vector

Mean velocity vector

Mean velocity component in z-direction

Fluctuating velocity vector

Fast stream velocity in FSL mixing layer flow

Slow stream velocity in FSL mixing layer flow

Centerline velobity in FSL jet flows

Mean velocity in similarity coordinate

U normalized between U; and Us in the FSL mixing layer flow
PRM velocity vector

Normalized PRM velocity vector

Magnitude of PRM velocity vector

Mean velocity component in z,-direction

Coordinate direction vector

State space strain parameter

Physical coordinate streamwise to the FSL flow direction

PRM vorticity vector

xviii



3

Ye

Zijpqg
Zifqu
Z;qu
Z%pq

Z

State space rotational parameter

Inverse turbulent time scale in similarity coordinate
Physical coordinate transverse across the FSL flow direction
Physical coordinate at edge of FSL

Fourth moment tensor of a;

Fourth moment tensor of PRM s;

Fourth moment tensor of PRM v;

Fourth moment tensor of PRM n;

Large-scale turbulent enstrophy in similarity coordinate

Greek Symbols

s

Turbulent diffusion coeflicient
Eddy-helical vector

Mean shear rate

Kronecke delta tensor

Thickness of the FSL

Levi-Civita alternating tensor

Turbulent dissipation rate

Large-scale turbulent enstrophy (root-mean square turbulent vorticity/2)
Viscous coordinate

Viscous coordinate at edge of FSL
Frame vorticity in similiarity coordinates
Mean strain rate

Distance to jet edge

Turbulent eddy viscosity

Similarity coordinate

Xix




Similarity coordinate at edge of FSL

¢ coordinate corresponding to U (¢) = % in FSL mixing layer flow
¢ coordinate corresponding to () = & in FSL mixing layer flow
¢ coordinate corresponding to U (¢) = 1 in FSL jet flows
Turbulent time scale

PRM modified turbulent time scale

Turbulent shear stress

Structure contraction scalar

Eddy-jetal parameter

Eddy-flattening scalar

Pope’s vortex stretching invariant

Instantaneous vector stream function

Mean vector stream function

Fluctuating vector stream function

Mean rotation rate tensor

Total (mean and frame) rotation rate tensor

Mean vorticity vector

Frame vorticity vector

Total (mean and frame) vorticity vector

Invariant of eddy-axis tensor and mean rotation rate tensor
PRM modified vorticity vector

Magnitude of PRM modified vorticity vector

Inverse turbulent time scale

XX



Chapter 1

Introduction

1.1 Motivation and Objective

Flﬁw fields of engineering mterest involve complex turbulence dynamics. Through pro-
fessional industrial experience, this author has performed computational simulations to in-
vestigate such complex flow fields as film cooling on rocket nozzle skirts; fuel-air mixing in
supersonic combustion engines; the aerodynamic efficiency of compressor and turbine blades
in turbojet engines; the cooling efficiency of secondary cavity flows; and the aerodynamic
characteristics of aircraft wing/body configurations. Much of the fluid dynamics investi-
gated computationally precluded detailed experimental investigation due to the severity of
the operating environment. Hence the need for accurate computational simulation.

Computational simulation of complex turbulent flows necessitates the use of turbulence
models, While many standard two-equation models provide adequate results for some engi-
neering flow fields, they lack much of the detailed dynamics necessary to reflect accurately
thg important physics of the flow field.

All turbulent flows of practical engineering interest are fully three-dimensional. Two-
dimensional small disturbance analysis, however, does describe some important {ransitional
effects in two-dimensional turbulence, Schlichting (1951). It is also instructive, especially
in the fundamental development of a turbulence model, to examine some of the properties
and behavior of two-dimensional turbulence. '

One important aspect of two-dimensional turbulence is that, when it is subjected to
frame rotation with its axis of independence aligned with the frame rotation vector, it is
materially indifferent to the frame rotation. That is to say, the turbulence is not dynamically
affected by the frame rotation. This fact was investigated by Speziale (1981) who showed
that the general form of the fluctuating vorticity equation contained a Coriolis term, a fact
which indicated its dependence on the frame rotation. However, in case of two-dimensional
turbulence with the fluctuating vorticity vector aligned with the frame vorticity vector, the
Coriolis term vanishes indicating that the fluctuating vorticity is materially indifferent fo

the frame rotation.




Speziale also showed that, in this specific case, the Coriolis term in the fluctuating
momentum equation simplifies fo a scalar potential which is absorbed into the fluctuating
pressure. Thus, rotational dependence of the momentum equation in two-dimensional tur-

“bulence is completely absorbed by the fluctuating pressure. A turbulence model seeking to
capture accurately the dynamics of turbulence in a rotating flow must reflect this property
of being materially indifferent.

The key point to this discussion of two-dimensional turbulence and material indifference
to rotation is for one to recognize and appreciate the distinction between the dimensionality
of the turbulence and it’s componentality (which is represented by the Reynolds stress
tensor). An accurate turblence model must also recognize this distinction and correctly
account for the associated physics.

There is no free ﬁmch, however. Increased physical accuracy is almost always accompa-
nied by increased computational complexity. It is not uncommon for accurate computational
simulations of complex flow fields to take days, even weeks or longer, to compute a solu-
tion. Thus, a balance is sought between the desire for physical accuracy and the need for
computational efficiency.

A model is presented here that produces physically realistic turbulent Reynolds stresses
in a computationally efficient mathematical model of three dimensional turbulence. The
Algebraic Structure-Based Model (ASBM) captures the turbulent physics in an algebraic
formulation by modeling the important structure of the turblence. The algebraic formula-
tion ensures computational efficiency while the structure basis of the model captures the

important turbulence physics.

1.2 Background

Much progress has been accomplished in the structure-based turbulence modeling ef-
fort, but not without its share of near-misses and failures. This section will offer a bit
of background as to the basics of structure in turbulence, and to the various models that
led to the development of the ASBM. The models presented in the following sections were
developed from RDT analysis of homogeneous flow, with aid from DNS results. The models
represent the determination of turbulent structure information, most notably the Reynolds
stress tensor. The turbulent length and time scales are determined from two turbulent scale

equations.
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1.2.1 Turbulence Structure

The concept of structure in turbulence is detailed in the work of Kassinos and Reynolds
(1994). A detailed exploration of structure in turbulence using DNS analysis is given in
Kassinos et al. (2001). A brief overview of that work will be presented here as a precursor
to the development of the ASBM.

Using Reynolds decomposition, the instantaneous velocity and vector stream function

are defined as a mean quantity plus a fluctuating quantity,

Ui =u; +uy U, = af; + P (1.1)

The fluctuating vector stream function is defined as

) = eijpthl ; Pk =0 Vi, = W} - (1.2)

The Reynolds stress tensor is defined as the averaged second moment of the fluctuating

velocity which, using (1.2), can be expressed in terms of the fluctuating stream function,

= CipgCirsPap¥is
wjul = Gy — P = PP+ U Pl (1.3)
Ry = 8;q° — Dy — Fyy+ 0 +Cyi .

The second moment structure tensors are defined as

Ry = ujuy Componentality

D;; = m Dimensionality (1.4)
E, = W.—k Circulicity

Ci = m Inhomogeneity

where ulul, = Ry = ¢%. Thus, we have the following constitutive equation relating all

of the second-rank strucfure tensors,

Rij + Dyj + Fyj — (Cij + Cji) = 654" . (1.5)




For homogeneous flow, (1.5) reduces to,

Rij+ Dij + Fyy = b;5¢° . (1.6)

The normalized structure tensors are,

rij = % dij = % £y = %’t e = %2- . (17)

The structure tensors are symmetric with six independent components. These energy
containing one point statistics carry information about the structure of the turbulence in
the flow field. The componentality carries information about the fluctuating velocity, the
dimensionality carries information about the directions of independence of the turbulence,
the circulicity carries information about the large scale fluctuating vorticity, and the inho-
mogeneity carries information about the degree of inhomogeneitytof the turbulence.

As an example, if the turbulence field is strictly two dimensional with the direction of
independence in the z3 direction, then dss = 0. This does not imply, however, that the
componentality in that direction, r33, is also zero. The dimensionality carries structure
information that is separate and complimentary to that contained in the componentality.
In fact, an examination of (1.6) clearly shows that if dg3 = 0, then 733 + f33 = 1.

An additional structure tensor is the third rank structure tensor which is defined as

Qi = ~U5 WL, = €inatWls Wl - (1.8)

The third rank structure tensor contains 27 independent components. Using (1.2) and
the definitions of the second-rank structure tensors, (1.4), the following relationships can

be constructed.

EimpWmjp = Rij Qikj —~ Qihi = €ijppp
€impQpmi = Dij — Cy Qjit — Qijk = €ijp (Dpt — Cpg) (1.9)
€imp@ipm = Fij — Cy Qrji — Qri; = €ijp (Fpr — Crp)

1 1 1 1
Qijr = gfz'jkff + g€ikploj + 3€iip (Dpk — Cpk) + g6njp (Fpi = Clip) + Qi (1.10)
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where Q?jk is the fully symmetric portion of the third rank structure tensor, defined as

1
Qi = 5 [Quik + Qi + Qi + Qg + Quig + Qus] - (1.11)

This fully symmetric tensor is the stropholysis. This tensor is nonzero only in the
presence of mean or frame rotation. Note that, from (1.9), the third rank structure tensor
can be used to generate each of the second moment structure tensors. Thus, the third rank
structure tensor contains all of the turbulence structure information.

For the case of homogeneous turbulence, the inhomogeneity tensor, Cj;, vanishes in all
of the above expressions. The importance of structure in turbulence is illustrated in the
following,

Bardina et of. (1985) used DNS and LES results to confirm the experimental results of
Traugott (1958) which showed that the primary effect of rotation on turbulence is to decrease
the turbulent dissipation. Bardina et al. also showed that, in the presence of rotation, the
Reynolds stresses remain nearly isotropic. Additionally, the energy cascade is inhibited (due
to the decrease in the turbulent dissipation) and that there is an increase in the turbulent
length scales in the direction of the rotation axis. These effects were explained by stating
that in isotropic turbulence, the energy cascade is facilitated by the mutual deformation
of randomly oriented vortices. Rotation-induced Coriolis forces tend to align the vortices
in the direction of the rotation axis, i.e. Taylor-Proudman two-dimensionality. Because of
this aligning of vortices, the energy cascade is suppressed. Hence, the dimensionality of the
turbulence is important.

As already noted in Section 1.1, Speziale (1981) showed that two-dimensional turbulence
subjected to frame rotation with its axis of independence aligned with the frame rotation
vector is materially indifferent to the frame rotation.

Thus, it is important to realize that the dimensionality of the turbulence is distinct from
the componentality of the turbulence. Also, the dimensionality and componentality tensors
contain complimentary information about the state structural state of the turbulence.

Mansour et al. (1991) expanded on previous work by Reynolds by investigating the
effects of rotation on initially isotropic turbulence. It was shown through DNS experiments
and RDT analysis using a mode! spectral tensor that initially anisotropic turbulence sub-
jected to rotation experiences damped oscillations in the Reynolds stress anisotropies. It

was further shown that under rapid rotation the final state of the turbulence is function




of the initial dimensionality and eddy structure. Current turbulence models do not reflect
this result.

Kassinos and Reynolds (1994) showed, through a homogeneous RDT analysis of the
rapid pressure-strain term in the Reynolds stress transport equation, that the model of
Launder et el. (1975) which is linear in the Reynolds stress anisotropy tensor failed to
compute the damped oscillations reported by Mansour et al. (1991). Kassinos and Reyn-
olds also showed that even a pressure-strain model which was nonlinear in the Reynolds
stress anisotropy tensor was unable to correctly compute the damped oscillation of ini-
tially anisotropic turbulence subjected to rotation. Kassinos and Reynolds asserted that a
pressure-strain model which relied only on the turbulent Reynolds stress tensor, i.e. com-
ponentality, was lacking important information about the state of the turbulence. Thus,
Kassinos and Reynolds proposed a model which was linear in both the anisotropic compo-
nentality and the anisotropic dimensionality. This model was also found to be missing key
turbulence information. Kassinos and Reynolds next proposed a model which was linear in
the anisotropic componentality, the anisotropic dimensionality, and the third rank symmet-
ric structure stropholysis tensor, ij » This model was able to predict undamped oscillations
in the anistropic componentality, thus more of the key information about the structure of
the turblence was being used in the model. This investigation led to the development of
the eddy-axis transport model which is discussed in Section 1.2.3.

So, it is clear that the state of the structure of turbulence, and the structure tensors
which describe this state, are important to any model that seeks to accurately compute the

rotational physics of turbulence,

1.2.2 Particle Representation Model

A more thorough explanation of the Particle Representation Model (PRM) can be found
in Kassinos and Reynolds (1994) and Kassinos and Reynolds (1996). A brief overview will
be presented here as a precursor to the development of the ASBM.

For the case of inviscid, homogeneous turbulence, the RDT formulation of the fluctuating
velocity equations are linear, The PRM solves the exact RDT equations for homogeneous
turbulence with no modeling assumptions. In the PRM, a collection of hypothetical particles
represent the building blocks of the turbulence structure. Properties are assigned to each
particle and evolution equations govern the variation of these properties over time. Ensem-

ble averages are constructed from the collection of particles to compute the homogeneous
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structure tensors defined in Section 1.2.1

The particle properties are given as

V = velocity vector

N = gradient vector
8 = stream function vector
P = pressure

W = vorticity vector

where V, N, and S are mutually orthogonal. The relationships between properties are

1
Vi = €ipgNpSyg S; = _'j\Té'Wf {1.12)
V?=N25? ViVi + 8iS;N% + N;N; 8% = N25%6;; . (1.13)
The normalized particle properties are

Vi
Y = T/- Vo= A/ Vka (1.14)

N;
i = N N = /Ny Ny, (1.15)

8; = é—‘i S '\/SkSk; ' (1.16)

The evolution equations for the normal vector are

N; ~G% N, (1.17)

fi; = *G};,;nk -+ G;knmnkni . (1.18)




The evolution equations for the velocity vector are

V; = -G}Vi - PN; (1.19)
P = —(GLn+G) % (1.20)
Vi = —GiVi+ (Gl + GR) Vinams (L.21)
U = —GRup + (Ghym + Ghn) Vmngni + Ghy UmUkv; (1.22)

The effective mean velocity gradient tensor includes both rapid and slow effects, and is
defined as

rendis Pindis
G = Gij + Oy G = Gy + Cp =" (1.23)
where
« k
T = 2 Cv Tnpdpq?"qn T T = z‘ Gvu = 1 Gn, = 2-2 . (1-24)

The inclusion of the effective mean velocity gradient tensor into the PRM models the
effects of particle-particle interactions which, effectively, provides an addition to the mean
deformation rate. This can be seen more readily by formulating the evolution equation for

the turbulent kinetic energy from the second moment of the velocity using (1.21),

V2 = AV;Vi) (1.25)

and noting that the effective gradient facilitates the dissipation term, Hence, the model
is termed the Interacting Particle Representation Model (IPRM). From the particle cluster
equations of the IPRM we have

R = ~Glp Ry — GlBRins + (Gl + Ging) (Rlimmng + Rignmns) (1.26)
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However, to include the slow rotational randomization effect, ¢.e. the randomization of
V vectors around n vectors in the presence of mean rotation, the evolution of the velocity

vector was modified to be

where dW;(t) is the Wiener process defined by Arnold (1974) and Durbin and Speziale
(1994) (See also Kassinos and Reynolds 1995). The properties of this “white-noise” process

are

dW; =0 AW, dW; = dtdi; VidW; =0 (1.28)

The resulting evolution equation for the Reynolds stress tensor for a given n vector is

By = —GYBl; ~ GluBin + (G + G) (Bltnmn; + Rlnmn )
~Cr [2RY] - Rls,, (65 — niny)| (1.29)
where
8.5, . .
Cr = —T“Q fpgripmy 0F = /5,08, D = EmpgTghdrp - (1.30)

Results from PRM calculations show excellent agreement with DNS solutions for various
homogeneous RDT flows Kassinos and Reynolds (1996).

1.2.3 Eddy Axis Model

The eddy axis concept was introduced by Kassinos and Reynolds {1994) as a method
through which to formulate the structure principles of Section 1.2.1 into a turbulence model.

Consider a single turbulent eddy. This eddy is characterized by the following structure
parameters: its axis vector, its jetal (along the axis vector) and vortical (circumferential to
the axis vector) velocity components, and a measure of its cross-sectional axisymmetry.

This single turbulent eddy defines an instance of 2D-3C turbulence. It is 2D (two

dimensional) in that the eddy axis defines the direction of independence along which no
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gradients exist in the fluctuating velocities. Gradients in the turbulence exist only in the
plane normal to the eddy axis, hence 2D. It is 3C (three component) in that three fluctuating
velocity components exist; one along the eddy axis (jetal component) and two in the plane
normal to the eddy axis (vortical component).

A field of these 2D-3C turbulent eddies, each having different orientation and charac-
terizing parameters, defines a field of 3D-3C turbulence. The Reynolds stresses are then
assembled from the statistical averages of structure parameters in this 3D-3C field.

The Reynolds stress tensor is determined from an algebraic constitutive equation of
the turbulent structure. This algebraic relationship is constructed based on the statistical

averages of the 2D-3C turbulent eddies. The normalized Reynolds stress equation is

1 i
rij ={1—¢) 3 (855 — ag;) + day; + 5Tk (Eikplp; + €ikptip:) (1.31)

where a;; is the eddy axis tensor, ¢ is the eddy-jetal parameter, and -y is the eddy-helical
vector.
The turbulent eddy has an axis vector which defines its orientation in space. An element

along that eddy axis vector defines the unit normal of the axis

£;
V2

which are simply the direction cosines of the axis vector of a turbulent eddy in space.

2 = 1.4, (1.32)

a; =

The orientation of the eddy axis vector is determined by the mean flow gradients to which
it is subjected. Note that the axis vector is only kinematically affected by rotation, there
are no dynamic effects due to rotation.

The normalized eddy axis tensor a;; represents the energy weighted average of the eddy

axes and is defined as

Asj = (V?ai05) = gay; . (1.33)

As the eddy axis defines the direction of independence, the eddy axis tensor also carries
information on the dimensionality of the flow field. In fact, the dimensionality structure

tensor is defined as
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i
Di; = q25 (0s5 — ay) . (1.34)

Based on the incompressible RDT evolution of the eddy axis a;, the eddy axis tensor

evolves according to

iy = G‘E]aqj + G;'lqaqi +(1+ ¢) G,Ykak,-aij — QG;qquij (1.35)
+ (1 = 34) Gy Brkis — (Gryp + Gir) Ymekmg (Zgrij — Qgri)

where fourth rank tensor Z;;p, is the fourth moment of the eddy axis, defined as

1
Zijpqg = ?(Vgaiaj“p“q) . (1.36)

The evolution equations for ¢ and -y are determined from the Reynolds stress tensor

conditioned on the eddy axis, which is denoted as

R = (ViVila) = ¢rl5 .

A least squares fit of the modeled r?lj

tions, as determined from the exact PRM equations, is used to develop evolution equations

to that determined from the exact transport equa-

for both for ¢ and ;. Those evolution equations are

$ = —-3¢6(1-¢)Gryoim (1.37)
+ (¢G;<:rm "' (1 - ¢‘) G‘f‘;’lk + G;clm) Tr€knplpm

(e au)ic = (~36% - 6% - Gl + 34G% ) o
(L= 20) Gy = Gy~ (1= ) ) mkppr
+7 (Gl + G~ 3Gg + G) T
“:15 (G + G = 3G+ G ) iy (1.38)
~3 (G + G}, — 363 ~ 3G1) o
+7 (7= 128) Gy —5G0) Zokmm
— (G5, + GY) (€sngZarmkYm + €smplprYi) Yn -
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A model for the fourth moment Z;jp,,, which is linear in the tensor a, was constructed
which is strictly valid only for small anisotropies. The eddy axis model performed reagsonably
well within this regime. Much investigation and analysis was performed in pursuit of a non-
linear fourth moment model that might be valid for greater anisotropies. However, no such
model could be determined which satisfied the necessary constraints in all flow conditions,
most notably that for two-component turbulence. Hence, an alternative approach, the RD

model, was examined.

1.2.4 RD Model

Moving from the eddy axis model, a Reynolds Stress Dimensionality (RD) Model was in-
vestigated. The basic elements of the model are presented by Kassinos and Reynolds (1997).
This effort sought to develop a model for the componentality and dimensionality from the
exact PRM equations for homogeneous flow, and then extend them for inhomogeneous flow.

The evolution equations for the componentality and dimensionality were determined
from the exact PRM equations, (1.17) through (1.22), to be

Ry = ~GYByj— GRBui+ (Gl + G%%) (Mikms + Migms)
(1.39)
Dij = —G3Dg; — G;-lkai = 2G Y Mmki; + ZG?quzfj,.k .
The fourth rank tensors are defined in terms of the PRM properties as
d 10 2 4
Zijpg = q_2<v MM NpTlg) Mijpg = (Vvivingng) . (1.40)

Suitable models for these moments must be constructed to properly maintain symmetry,

realizability, and other constraints. The fourth moment M;;p, is exactly decomposed as

1 1
Mijh, = 5‘12 [Z{;kz — Bl — Zgjkz] +3 (ks Qriz — €riz Qi)

1
+5 [—36ij0k29" + 2 (835 Riy + 04 Dyj) + 4 (855 Dpy + 8 Rij)] - (1.41)

The additional fourth rank tensors are defined in terms of the PRM properties (Sec-
tion 1.2.2), '
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(V25;858p5,) yAY 1

o1 _
Z; ) ijpg — qz

upe T g2 <V2Ui'ujvpvq) . (1.42)

Q;ij is the symmetric portion of third rank structure tensor, called the stropholysis,
and is defined in Section 1.2.1. As with the Eddy Axis Model (Section 1.2.3), a suitable
model for the fourth moment tensors Z;, , Zgqua and Zz'fqu could not be determined which
satisfied the necessary constraints in all flow conditions. Therefore, focus was changed to

an investigation of the Q Model.

1.2.5 Q Model

As stated in Section 1.2.1, the third rank structure tensor (};;; contains the second
rank componentality, dimensionality, circulicity, and inhomogeneity structure information.
Hence, if a transport equation for the third rank strucuture tensor may be constructed,
that single equation would be sufficient to determine the second rank structure tensors and,
hence, the state of the turbulence.

The third rank strucuture temsor is defined in terms of the PRM properties (Sec-
tion 1.2.2),

Qije = ~{S;V; Ny} . (1.43)

Using (1.43), the homogeneous transport equation for the third rank strucuture tensor
is constructed (Kassinos ef al. 2000). It consists of a homogeneous term derived from
the ensemble averaging of the IPRM equations (Section 1.2.2), and three terms which seek
to recover randomization effects due to shear and rotation that were lost in the ensemble
averaging of the IPRM. Linear models, which are more appropriately applicable for weak
anisotropies, are used to close the higher moments. As given in Poroseva et al. (2002) the

model is

Qijk =@, — QL — Q% - Qff} (1.44)

where
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ik

Qfi
Qi
Qfi
Qi

Csa

and

and

— G limk — G Qijm — Gopeits Mimpz + (G + Girpy) Qi
8.0
—G it Miskm + 2G,Qijkpm — -T—Q*qu (Qijkpg + Qiikpg)

1

5\/ Qpﬂqdpq (Q'ijk - ﬁf)

1 2

6 (€:jkq° — €ikmDms + 2€im Dk — €kjmDmi)

1
gc'snﬁijm (Rmk — Dpng)

1
Eosszéikm (Fijm — Dijm)

\/Sijsji\/nmﬂndmn
/S35 + O Qndn,

Miqu = eikakjmpq )

(1.45a)

(1.45b)

(1.45¢)

(1.45d)

(1.45¢)

(1.45f)

(1.46)
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1 17
Qijmpq = eijm( 12 42RP‘I 25 )

1 7
+€i.?';l7( 12 qu q émQ)

1 17
+€ijq (_ 1“2'Dmp - @Rmp + ﬁ‘ﬁqgfsmp)
1

+84 Dkq (“85mp€z'jk “+ 5jpfikm + 5jm€ikp)

+5 qu (—28mpeijr + SipEikm + OjmEitkp)

1
8 37 Dbr (~88mgeijk + Sigtikm + SjmEikq)

+aRkp (—20mg€ijr + 0jq€ikm + SimeEikq)
1

+8 7 Diom (=80pq€ijic + djgcikp + jpeing)

1

— 17 D (Bogtitm + Omq€ikp + bmpeing)

1
‘““f 4k (5pq€ikm + l'&f»".cgf‘?ik;p + Jmpfikq)

1
'*'— (53111@%77: + 6qu;jp + ‘5me3}:} + 5%‘3’ Q:npq)

(Jﬂqump + SJPszq + 6ij:pq + 5z'qQ;mp

The Q Model has been applied to the calculation of a rotating pipe flow by Poroseva
et al. (2002) with considerable success. However, the need to solve 28 transport equations
(27 third rank structure tensor components and one dissipation equation) makes application

of the @ Model to engineering type flow fields prohibitive in computational cost.

1.2.6 Algebraic Model

In an attempt to simplify the aforementioned models and provide a model which would
be computationally efficient for the calculation of engineering flow fields, algebraic formu-
lations were investigated.

Pope (1975) stated that the fundamental assumption upon which any algebraic formu-

lation is based is that the Reynolds stresses can be related only to the local mean rates
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of strain and local scaling parameters. In high Reynolds number flow where the molecular
viscosity may be neglected, two scaling parameters are sufficient.

For the Reynolds stresses to be related only to the local mean strain and rotation rates,
the transport terms must be negligible. This is strictly applicable only for homogeneous,
or near homogeneous, mean flow. The equilibrium hypothesis is assumed in which the
convective and transport effects can be neglected. This hypothesis holds in homogenous
turbulent flows in equilibrium or even in inhomogeneous flow regions where the production

of b;; equals its dissipation. Hence,

D Ry 1
o7 (big) =0 bij = —;;1 = 30 - (1.48)

This equilibrium assumption allows the transport term, resulting from small departures

from homogeneity, to be modeled by

Rij 2

By _ By
k Dt

(k)= =4 (P-¢) . | (1.49)

2 (m) =

Pope (1975) formulated all of the linearly independent tensor combinations of the mean
strain and mean rotation rate which are symmetric and trace free. This set of tensors formed
the integrity basis. The anisotropic Reynolds stresses were assumed to be a function only
of the integrity basis. From this, and using the equilibrium hypothesis and the modelled
Reynolds stress equation of Launder et al. (1975), Pope (1975) formulated his explicit
algebraic equations for the Reynolds stress anisotropy.

As part of the present work, the methodology of Pope (1975) and Gatski and Speziale
(1993) was applied to develop algebraic formualtions for both the Eddy Axis Model and the
RD Model. For the case of the RD Model formulation, it was analytically determined that
it was not possible to specify a single set model coefficients that matched both the RDT
limit states for irrotational homogeneous turbulence and the DNS data for homogeneous
shear flow.

Model coeflicients for the Eddy Axis formulation were sucessfully generated to formulate
an implicit expression in terms of the eddy axis tensor a;;, the mean gradients, and the
turbulent scales. However, this formulation is non-linear, which precludes application of the
techniques detailed by Pope (1975) and Gatski and Speziale (1993) to formulate an explicit
expression. The details of the Eddy Axis Mode! formulation are presented in Chapter 2.
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1.3 Overview

Chapter 1 discussed the motivation for the development of the ASBM as well as the
background of the model development leading to the formulation presented here. Chapter
2 outlines the mathematical formulation of the ASBM. Chapter 3 shows model results for
homogeneous flows and one-dimensional free shear flows. Finally, Chapter 4 provides a
summary of conclusions and recommendations for future work. Additionally, Appendix
A discusses the development of the Normalized Invariant Map (NIM) for the mean flow

velocity gradient tensor and its possible application to turbulence modeling.
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Chapter 2

The Algebraic Structure-Based Model Formulation

The ASBM of turbulent flow prediction discussed in this chapter was the collaborative effort
of the structure based modeling team. Professor W.C. Reynolds, Dr. S.C. Kassinos, C.A.
Langer, and the author all contributed in its development. The ASBM was formulated from
the foundation of the structure-based concepts and development of Kassinos and Reynolds
(1994). The concept of structure in turbulence and the key features used in the development
of the ASBM were highlighted in the Section 1.2.1,

~The eddy axis formulation was pursued as a method for computing the structure tensors
from a statistical average of infinitesimal turbulent eddy elements. The basic concept behind
the eddy axis approach is as follows. A single turbulent eddy is characterized by its structure
parameters: an axis vector, vortical (circumferential to the axis vector) and jetal (along the
axis vector) fluctuating velocity components, and a measure of the eddy cross-sectional
axisymmetry. This single turbulent eddy defines an instance of 2D-3C turbulence, 7.e. 2D
as the eddy axis vector is a direction of independence and 3C as there are two vortical
and one jetal component of fluctuating velocity. A flow field of these turbulent eddies,
each eddy having distinct orientation and characterizing parameters, defines a field of 3D-
3C turbulence. The structure tensors are assembled from the statistical averages of the

structure parameters in the 3D-3C field.

The structure parameters computed from the 3D-3C turbulent flow field are as follows.
The eddy-axis tensor a;; is the energy weighted average of normalized eddy axes. The eddy-
jetal parameter ¢ is the fraction of energy contained in the jetal mode. The eddy-helical
vector -y, is the correlation of the vortical and jetal motions arising from mean or frame
rotation. The eddy-flattening scalar ) and eddy-flattening tensor Fi’; are, respectively, mea-
sures of the magnitude and direction of the axisymmetry in the eddies’ energy distribution.
The energy normalized componentality (or Reynblds stress) and dimensionality are com-
puted from the following algebraic relationships to these structure parameters (Kassinos
et al. 2001) :

19
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1
rij = ¢aij + (1 — ¢) 5 (85 — aig) + 125’" {€kpittps + €kpi®pi) (2.1)
1
dz'j = 5 (51'3' — az-j) . (2.2)

The above constitutive equations relating the second moment turbulence tensors to the
structure tensors assume an axisymmetric distribution of turbulence energy about the eddy
axis. The modifications to account for asymmetry are shown in Section 2.2.1.

In the ASBM formulation, the structure parameters are computed based on algebraic
relationships to the local mean velocity gradient tensor and turbulent scales. Thus, local
equilibrium is assumed. Two scalar transport PDE’s are solved for the turbulent scales (k-&
or k-w or k-{). These turbulent scalars provide the turbulent time scale and length scale.

The following sections detail the development of the ASBM. Section 2.1 examines the
algebraic formulation of the eddy-axis tensor, first for the case of irrotational, strained-
only flow, then with the inclusion rotational flow effects. Section 2.2 examine the algebraic
formulations for the remaining turbulence parameters which include the eddy-jetal param-
eter, the eddy-helical vector, and the eddy-flattening parameters. Finally, the transport

equations for the turbulent scalars are given in Section 2,2.2.

2.1 Eddy-Axis Tensor

The eddy-axis vector defines the axis of independence of a two-dimensional turbulent
eddy. This eddy may have velocity components along (jetal) and/or circumferential to
(vortical) the eddy-axis. The superposition of a field of these eddy-axes, each characterized
by its individual orientation and velocity distribution, defines a three-dimensional, three-
component turbulent field, Much like a material line, these eddy-axes are kinematically
determined by the mean velocity gradients and tend to become aligned with the direction
of greatest mean deformation. In the presence of mean and frame rotation, the eddy-axes
are kinematically rotated. The eddy-axis tensor a;; is the energy weighted ensemble-average

of the eddy-axis vectors (see Kassinos et al. 2001)

. (V?laiag)

a'?-J - (Vz) (2'3)
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An implicit algebraic expression for the eddy-axis tensor was initially developed in terms
of the mean strain rate S;;, mean rotation rate ;;, frame vorticity Qi, and higher moments
of those tensors. Strict interrogation of the resulting expression led to the determination
that it produced unrealizable eddy-axis tensor states in the presence of mean rotation.
Further investigation concluded that including rotational effects in such an expression was
physically dubious due to fact that the eddy-axis vector is not dynamically affected by
rotation. The eddy-axis vector is only kinematically affected by mean and /or frame rotation
(see Appendix C). Thus, a new approach was considered.

The determination of the eddy-axis tensor was formulated into a two-step approach.
First, an implicit algebraic expression was developed for the determination of the eddy-axis
tensor in the presence of mean strain rates only. Then, a rotational transformation was
applied to modify the strained-only eddy-axis tensor. Since, by definition, the invariants
of a;; remain constant under coordinate transformation, the eddy-axis tensor remained
realizable after the rotational modification was applied.

~ The following sections detail the development of the algebraic formulation for the eddy-
axis tensor. Section 2.1.1 examines the formulation for the case irrotational, strained-only
flow. Section 2.1.2 then examines the inclusion of rotational flow effects into the model

formulation,

'2.1.1 Mean Strain

Based on the PRM analysis of Kassinos and Reynolds (1994), the evolution equation

for the non-normalized eddy-axis tensor is

Aij = Gy Akj + GirAri — ZQEGPqquij - 2(quRg‘;aiaj) . (2.4)

The term A;; is the non-normalized eddy-axis tensor, which has the dimensions of V2,
and is defined in (1.33). The term Z,4; is the energy normalized fourth moment of the
eddy-axis vector a;, and R,';;, is the Reynolds stress tensor averaged over a given eddy-axis
vector. From the definition given in (1.33), it is clear that contracting the indices on Ajy;

should result in the turbulent kinetic energy,

A = (Vi) = ¢Pay = ¢°. (2.5)
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Hence, the contraction constraint on (2.4) results in the turbulent kinetic energy evolu-

tion equation as follows:
Ay = GipApi + G Api ~ 24°Grpg Zpii — 2(GpgRl2a0;)

g% = 26 Api - 24" Gpqtpg —~ 2GpeRyp = —2GpqRyp . (2.6)

Note that the production term is present in (2.6), but the dissipation term is absent.
Previous deriviations have resolved the inclusion of a model of dissipation by using effec-
tive mean gradients (see Kassinos and Reynolds 1996). However, for the purposes of this
derviation, it is sufficient to include an ad hoc dissipation term to (2.4) in order to satisfy

the above contraction constraint. This is achieved as follows:

. . 2
Az‘j = GikAkj + ijAk:z' - 2q2ququ,;j - 2(quRl;az-aj) - 565@' . (2.7)

We now substitute the PRM expression for Rl;;, in terms of the eddy-axis vector (see

Kassinos and Reynolds 1994),

a 1 1
le = 5 (1= 6){dij — aiag) + dasa; + 5¥m (€imq8q@j + €jmqaq0i) (2.8)
and average to obtain the following result.

2

1 1
“26}’2@7,&; (5 (1 - 95) (‘Skra'ij — Zkrij) -+ QSZkrij + '2"7m (kaqzqrij + Erquqkij))

fi,;j = Gydg + Gk Ari — 2q2ququ1;j -

where Z,,;; is the energy-normalized fourth moment of the eddy-axis vector a; defined
in (1.36), ¢ is the ratio of vortical-to-jetal fluctuating velocity component, and vy, is the
vortical/jetal fluctuating velocity correlation vector. In the absence of mean rotation, both

¢ and y, are identically zero and (2.9) reduces to

. 2
Ay = Gz‘kAch “+- Gj,tcAm' — q2ququij — qukka,;j — gsé}j . (2.10)
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As stated in Section 2.1, the analysis in this section is concerned only with irrotational
mean strain; the inclusion of rotational mean flow effects is examined in Section 2.1.2.
Consequently, the mean velocity gradient tensor (G;; may be replaced with its symmetric
component S;;. Also, given that both A;; and Z,,;; are fully symmetric, only the symmetric
portion of the mean velocity gradient contributes in the evolution equation. Thus, there
is additional analytical evidence that rotational effects for the eddy-axis tensor are purely
kinematic and not dynamic. So, for irrotationally strained turbulence, the model for the

evolution of the eddy-axis tensor is

: 2
Aij o= ikAlcj + SjkAki - qzquzpqij - qZSkkaz-j - gséij . (2.11)

Following the methodology of Rodi (1976), the time dependent term becomes

Ay = Aijp Ay (P —¢) (2.12)
k k
where P is the turbulent kinetic energy production and ¢ is the turbulent kinetic energy
dissipation.

Equating (2.11) and (2.12), we have an implicit algebraic equation,

Aij 2 '
% (P - E) = Sz'kAkj + SjkAM - ququpqij - ngkka,;j — 3-652'_7' . (2.13)

The basic assumption in performing these simplifications is homogeneous flow in equi-
librium, or inhomogeneous flow in regions where production-equals-dissipation. This equi-
librium hypothesis, the one applied in the derivation of all algebraic stress models, is one

in which convective and transport effects can be neglected. Thus,

Daiy 1 ég_g.

Di =0 where Gij = Gj5 — 551'5; aij = o (2.14)

-is the energy normalized, anisotropic eddy-axis tensor. Also, assuming nearly isotropic
turbulence, we have the following linear form for the fourth moment tensor in terms of the

anisotropic eddy-axis tensor:
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I
Zpgi = 5 (Gpqgdij + Opidqs -+ Opjls) (2.15)
1 . . . - - -
+-,-?- (Opglii; + OpiGas =+ Opjlgi -+ Ogiltps + 6gip; + 6,;japq) .

Using (2.14) and (2.15), (2.13} can be simplified to

_ 1 P 5 . . i, .
(aij + -3-(51'3-) (? - 1) = = (Sﬁkakj + Sjplie; — gSpqapqc?z-j) T (2.16)
‘ 8 2 8 ., . 1
+ESi_-;’J’ - gSkkaz‘j'T - ?Skkaz-j'r - 5851“
where 7 = k/e is the turbulent time scale. Incorporating the anisotropic mean strain
rate
Sig = Sij — 3Smm0ij Sig = S5+ 3 Smmij (2.17)
we have
. 1 P 5 o 5o - 1 .
(Gz‘j + 5%’) (~E— — 1) = ?kaakj'r + ?S;‘kaki?’ - ?S;qapqﬁijf (2.18)
2 2 8 ., 1
—gskka,;j‘r - gSnnaz'j'T + E,S'z-j'r - g&,‘j .
Now, note that
P = =51 (2.19)

and that, for irrotationally strain flow,

e 2. .
Rij=5 (0 —ay) =k ('3"5z‘j = aia‘) ) (2.20)

S0 tha,t

2
P = —kby (%5@' — &5j) == “EkSz'jéij + kSia4 = —%ksm + kS 8.5 . (2.21)
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Using (2.21), we can now reduce (2.18) further to

. (P 5 » T
i (; - 1) = 5 (S?kﬂfcj + Sjuliri — gsﬁq%q%) T (2.22)

8 2., .
+ES%T - ;O;Skkaij?‘
An alternative to the dissipation term added to (2.4), we consider the following ad hoc
dissipation term added to (2.4),

Aij = GikAkj + ijAki - 2q2ququij - 2(quR!;';‘,a,;aj) - 2€az—j . (2.23)

Recall that the trace ay = 1. This form of the dissipation term has the advantage of
ensuring that the normal components of the energy weighted eddy-axis tensor are never
driven negative by the dissipation term. Proceeding through the previous analysis, the final

result for the implicit, algebraic, normalized, anisotropic eddy-axis tensor is

g (g) = :?‘ ( ks + Sipfri — %S;?q&qufz‘j) T
8 . 2., .
+H1E ST — 3 Sy (2.24)

Note that the expressions in (2.22) and (2.24) are identical except for the left-hand-side
coefficent.

At this point, we note that competing assumptions were made in order to obtain (2.22).
Equilibrium was assumed in order to decompose the time derivative of the energy weighted
eddy-axis tensor in terms of the time derivative of the turbulent kinetic energy in (2.13).
However, near-isotropy was assumed in the application of the linear model for the fourth
moment tensor Zjp, in (2.15). Since equilibrivm and near-isotropy are competing con-
straints, we must conclude that (2.22) is not self consistent. Thus, (2.22) will be modified
to obtain a fully consisent form.

One reason that the equilibrium algebraic formulation was pursued was because the evo-
Iution equation for the eddy-axis tensor could not be properly closed with an appropriate
model for the fourth moment tensor Z;j,4. The linear model worked well for near-isotropic
conditions, but failed in regions of greater anisotropy. More complicated, nonlinear mod-
els for Z;;p, were investigated, but none could be derived which satisified the necessary

constraints to properly close the model,
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Thus, we assume the form of (2.22) as a starting point for the model and proceed to
use limiting RDT states to determine the proper coefficients. We begin with the following

form for the algebraic model:

Gij = ] (S:kakj -+ S;Ic&kz') T+ OQS;q&pq5ijT e 035%7’ + O4Skk&?;jT . (2.25)

We now examine the RDT limiting states for several irrotationally strained mean flows,

Axisymmetric Compression For the case of axisymmetric compression, the mean strain

rate tensor, in principal coordinates, is as follows.

A0 0 A 0 0
Si=|0 -iA o0 Si=10 -ia o0
0 0 -—iA 0 0 -iA

From limiting RDT analysis, the energy normalized eddy-axis tensor is as follows.

100 2 0 o0
a; =1 0 0 0 ' ;=10 ~3 0
000 0o 0o -%

Matching components, we have the following for the limiting conditions:

app = ¢4 (ka&'kl -+ ka&'ki) T+ OQS;q&WJHT -+ CgSﬁT + CySppbir
2 2 2 2 i 1
< SALE o Ny A
3 C‘1(3A+3A)T+C'2(3A+6A+6A)'r+03 T
2 4
§ = 501AT + CoAT + C3Ar
1 3 3

— = 201 + "2*02 +:2-03
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dzy = C1(Shbnz + Sopdra) T+ C255,8pglo2T + C38557 + CaSkpbonT
1 1 1 2 1 1 1
"5 = G} (EA-}- EA)T‘*'Oz (§A+EA+-6-A)T-—03§AT

1 1 1

—3 = §C1AT + CoAr — 503/\‘1“
1 3

A—T' == “01'—302"{“'2"03 .

The equation for the limiting @33 component is the same as that for the limiting g2
component. The following constraints result for the limiting case of axisymmetric compres-

sion:

3 3 1 3
201-}-—2-024-503:——- —01—302+-2-C3=

= (2.26)

1
AT’
Plane Strain For the case of plane strain, the mean strain rate tensor, in principal

coordinates, is

A 0 0 A 0 0
S5=10 —-A 0 S5=10 -A 0
0 0 O 0 0 0

From limiting RDT analysis, the energy normalized eddy-axis tensor is

100 2 0 o0
a=|0 0 0 Gg=|0 -3 0
000 0o o -i

- Matching limiting components, we have




a1 = 4 (S{k&kl -+ kafnk;) T+ OQS;q&pq5117' + 035'?1’?' + CySprtin 7

2 2 2 2 1
3 = Ch (§A+§A)T-§-Gz (§A+§A)T+03AT
2 4
3 = §C1A'T + CoAT + CsAr
1 3 3
K—'T— = 204 + 502 4 :9:03
dgy = OS50k + Sopare) T+ Czsgqﬁ.pqtfzg'r + C38557 -+ CySprdoaT
1 1 1 2 1
"'"é- = (-S;A + gA) T+ Oy (EA + §A> 7 — CaA7r
1 2
-3 = gclAT + CoAT — C3AT
1
— = =201 —-3C+3C,
ATt

azgy = 4 (S;kfbkg + S;k&k;;) T+ CgS;q&pq(S%T + 03S§3T + CySppiiasT

1 2 1
s = 02(§A+§A)T

3
—él- = OQAT
1

T3 - O

Thus, we have the following constraints for the limiting case of plane strain:

3 3 1 1 1
2O1+"2"02+~2-03—— - 20, —3C5 + 3C3 = = C'2~—-—3—A;.

AT AT (2.27)
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This system can be solved for the coefficients with

171 1/ 1 171
asi(F) et ani(l) e

This set of coefficients also solves the set of equations determined from the axisymmetric
compression case. Note that the coefficient C4 does not appear in either of the preceeding
case analyses. Given that the formulation is based on the incompressible Navier-Stokes
equations, the term containing the coeflicient €4 will never appear. Thus, we can specify
(4 to be zero with no loss of generality in the given analysis.

For completeness, we continue with the axisymmetric expansion case. Before doing so,
it is important to express these coefficients in more general terms. From the above analysis

it is clear that the more general form for the coefficients is

1 1 1 1 1 1
Ci=-{ ——— O = —= Cy == . 2.20
T2 (S;q&qu) ? 3 (Sﬁqaqu) T3 (Sﬁq&pﬁ) (2.29)

Thus, the implicit algebraic equation for the anisotropic eddy-axis tensor becomes

(Stying + St = 2Spafipadis + 355 ) 7 | 20)

T
2Spqapq'r

&ij =

Axisymmetric Expansion For the case of axisymmetric expansion, the mean strain rate

tensor, in principal coordinates, is

-A 0 0 —A 0 0
Si=1 0 A 0 Sg=1 0 3A O
0 0 3A 0 0 3A

From limiting RDT analysis, the energy normalized eddy-axis tensor is

00 0 -+ 00
aj={0 % 0 Gg=1 0 £ 0
00 3 0 o %
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Matching components, we have

~ ~ 2 -
(S1xbn1 + Stpbigy — 2873,8pg011 + 257) 7
2S;‘q&pq1—

ann =

1 (FA+3A -2 (3A+ LA+ SA) - 2A) 7

3 2(3A+ LA+ L) 7
1 (BA-3A-2M)7

3 Ar
1

3 3

G2 = 28 GipgT

1 _ (A+HA-2(3A)+3(30) 7
6 2(%1‘\)1

1 @A)

6 AT

1 _1

6 6

The equation for the limiting @33 component is the same as that for the limiting &y
component.

We have concluded, given the form (2.25) derived from the equilibrium analysis, that
the coefficients which satisfy the RDT limit states,

* o P <L BT SR ¥ o

283 lipgT ’ (2:30)

Qi =

are consistent for all three cases examined. Or, using (2.14), we can express {2.30) in

terms of the energy normalized eddy-axis tensor as

i i 3~rg

Shear; + Sipani = §5; aqusif) T
28} apgT

(2.31)

i
a5 = 55?;3' + (
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Now, since (2.31) was developed based on equilibrium and on RDT limit states, we

attempt to include some slow effects by adding an additional term as follows:

1 (Sé"kaka +5] kalm - 3Spq%q5e'j) T
iy = —?;(S»ij +

2.32

With the addition of the slow constant ag, we are forced to take precautions to ensure
that (2.32) does not become singular, i.e. that the denominator remains nonzero. To ensure
this, we must replace the contraction Spq0pg with an equally descriptive, yet positive-definite

quantity. This was accomplished with

(S:ka’kj + S*ka.ki it 3Spqapq 'U)

This new denominator does not alter the coefficients that were determined from the

i
i = 56,'3' + (2.33)

RDT limit state analysis. At this point, the inclusion of rotational flow effects must be
examined. In order to differentiate between the eddy-axis tensor computed solely from the
mean strain and that which includes rotational effects, the former will now be written as

§
af;. Hence,

(S*k“m + Sfual; — §87403, 23)
ap + 21 fS kqu

The inclusion of mean rotational effects is examined in the next section.

(2.34)

2.1.2 Rotational Transformation

As stated in Section 2 and shown in Appendix C, the effect of mean or frame rotation
on the eddy-axis vector is kinematic only. This fact facilitated the separation of strain and
rotation effects in the ASBM. The strained-only formulation was developed in Section 2.1.1.
We now seek a rotational modification to the strained eddy-axis tensor. This modification
should account for the mean and turbulent rotational effects on the eddy-axis tensor. From

Reynolds et al. (2000), we start by assuming the following form for the modification.
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aij == HiPqua';q (2.35)

where ag, is the strained only eddy-axis tensor given in (2.34). We next model the
transformation function Hj; in terms of the mean rotation rate tensor €. The most

general functional form is

Hyj = Cobyj + C1Q45 + Cofdip {2y (2.36)

where,

1
~(Gy —Gu)T 7 = turbulent time scale . (2.37)

Q@'j= 2

Now, the transformation tensor must satisfy the following orthonormal conditions:

HyHjp = HyHyj = 6;5 . (2.38)

These conditions will be used to determine the function coeflicients.

HyHiry = (Codix + Cifhx + CafinSni) (Cobji + C18% + CoipQpk)

8 = 0362-3- + CoC1 82 + CoCalljppi + CoC105 + Olgﬂikﬂjk + C1C20:582p 0
+C0 02285 + C1Coin Qri Qs + Ogﬂmﬂnkﬂjpﬂpk

i = Cibi;+ (2CCy — CF) Q% + 3O,

From Cayley—Hamﬂton, we have

Q= —éﬂz% 0 = —-%ﬂzﬂfj where 0 = Qun . (2.39)

Now, incorporating the Cayley-Hamilton result into the orthonormal condition,
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1

8y = C§diy + (200C; - CF) O — 5 C3Q;

1
&; = CRay+ (20002 - O - 50392) 0 .

- Thus, we have

i
Cs=1 2090y — CF — 50392 =0.
Clearly, Cy = 1. Thus, we proceed to determine the other two coefficients such that
1
2
Applying the quadratic formula, we obtain

CiV -20,+C2=0.

o _ 2E /I 3PCT
2= '

02
In order to force the coefficient €y to vanish in the limit of zero mean rotation, we take
the minus sign in this expression. Thus, we have a relationship between the two coefficients.

If we define O and (5 as

o p
Gy = 0 Gr= Gz s (2.40)

then the following relationship between the two coefficients holds:

B=2-v4-202 (2.41)

We now set the coefficient o by examining the RDT limit for combined strain and

rotation. Let the mean strain and mean rotation tensor be

0 € O 0 w 0
Si=| e 00 Q=] —w 0 0
60 0 0 0 00
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The eddy-axis is defined by material lines, so we examine the evolution equation of

material lines and evaluate their equilibrium states:

d d
551 =Gl = (e+w)ly afz =Gyl = (e —w)

& 04 &
an=(g) en=(5) m=(3 E=£+4.

At equilibrium, the materials lines remain constant in time, as does the ratio of #; to

£y, Thus, we have

a E_I lig __gldg
dt\fy) ~ Lodt " Bdi’
1
0 = —gz(e—l-w)ﬂg —g(e—w)ﬂl
&
0 = (etw)-H(e-w)
2
ﬁ _ etw
2 e-w’

From this, we can evaluate the equilibrium values of the eddy-axis tensor as

e+ w e~ Ww 62 bl w2
— = T — — >0, 2.42
a11 = % (250} % a1z % € W 2 ( )

Now, the ASBM first computes the equilibrium values for strained only portion of the
eddy-axis tensor. We can also compute this by assuming w = 0 in the above expression,

which results in

01 - (2.43)

LT I
LS E

o
fon]
fane]
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We now apply the rotational transformation,

Hyj = 65 + aﬂ“” + R "’“Q’” where 02 = Qs = 202, (2.44)

to compute the final equlhbnum values for the eddy-axis tensor.

9] Q10

Hu = dn+a—+p Ik k1=1—"ﬁ
Q 2
Q 902

Hp = dpto 22"’[3 2%k kzml_g

2 1482
Hyp = 512+am3,2_+ﬁmm=£,

921 Q2kﬂk1 8
Hyy = & =L = e
21 21 + o B \/5

Now, substituting these expressions for the components of the rotational transformation

into (2.35), and using the RDT equilibrium values for the eddy-axis tensor from (2.42) and

(2.43), we can solve for the coefficients in the rotational transformation.
a1 = HuHnai + 2Hi Hely + HigHigag,
et+w B\* B o o?
= _2 -2 = — 2.45
== (-8) (-2 () (5 045

5
azy = HoHpnaly + 2Hy Hoaly + HopHpzad,

= ()@ e

If we closely examine (2.45) and (2.46), we note that their sum reduces simply to 1 = 1.

Subtracting (2.46) from (2.45), however, results in

:2(-2)(3)
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Using (2.41), we have

2114 0-v) () -+ (%) (3

This expression can be rewritten as

w

2 2
_ A _ (¥ 2 &
r=4(1-42)4® where 7= (6) and 2= S (2.48)
(2.48) is solved for «y in order to determine the coeflicient « as
al=1+v1-7 r<i. (2.49)

Since we want oo — 0 as the mean rotation approaches zero, r — 0, we choose the minus
sign in the & option. We now apply this solution to the equilibrinm value for a;s to validate
the solution:

a2 = HyHpaiy + HiiHypaly + HipHaaj) + HigHogas,

_ L

T2 2
1 1

= -2 (1-vITY)
2 2
1

= 5 1—7r
2 — 2

Gz = 2e

We see that definition (2.49) satisfies the RDT equilibrium state for the a;5 component
of the eddy-axis tensor. Now, for the case where the mean rotation rate is greater than the

mean strain rate we rewrite the expression for « as

?=1+4/1-=  r>1, (2.50)
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The expression for r can be generalized for the ASBM to

2
i Qgr SrppgT
SknSnmlmkT?

Thus, the rotational model is summarized as

Gig = H,;I,qua;q (2.51&)

Qi ij

o where 0% = Q. 0np = 2w° (2.51b)

Qs
Hi; m(s@j-!-a—s:;i +

B=2—1/4-2a2 0P = (2.51c)

2
, = QgrSrplpgT

 SinSnmampr? (2.51d)

2.2 Turbulence Parameters

- The eddy-jetal parameter, ¢, is one of the structure parameters used to compute the
Reynolds stress tensor, (2.1). It is a scalar parameter which indicates the fraction of the
energy that is contained in the jetal velocity. For example, ¢ = 0 indicates that all of the
energy is contained in the vortical (circumferential to the eddy-axis) velocity component.
Conversely, ¢ = 1 indicates that of the energy is contained in the jetal (along the eddy-axis)
velocity component; this represents the equilibrium state for turbulence subjected to mean
shear. The case for which ¢ = 1/2 indicates that the eddies’ energy is equally distributed
between the vortical and jetal modes, which is the equilibrium state for rapidly rotated
turbulence, Thus, in the presence of irrotational strain the value of ¢ remains unchanged.

The eddy-helical vector, <y, is one of the structure parameters used to compute the

Reynolds stress tensor, (2.1). It is typically aligned with the total (mean plus frame)
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vorticity vector and is a measure of the the correlation between the vortical and jetal velocity
components. Thus, for both purely vortical (¢ = 0) and purely jetal (¢ = 1) turbulence,
the eddy-helical vector vanishes and v = 0.

The flattening scalar, x, and flattening tensor, F};, provide the measure of asymmetry in
the energy distribution about the eddy-axis. Flattening is incorporated into the ASBM (see
Section 2.2.1) by projecting the componentality and dimensionality (determined using the
axisymmetric constifutive equation) into the plane of asymmetry. The tensor F{; provides
the projection transformation tensor. The scalar y provides the degree of projection, i.e.
x = 0 for purely symmetric eddies and x = 1 for fully flattened eddies. Both the flattening
tensor and scalar are functions of the total (mean plus frame) vorticity.

In addition to the eddy-axis transport equation shown in Section 2.1, Kassinos and
Reynolds {1994) also developed transport equations for the eddy-jetal scalar, ¢ and the
eddy-helical vector, ;. Aftempts to formulate algebraic expressions from these transport
equations in the same manner as that done for the eddy-axis tensor proved unfruitful.
However, an extensive RDT analysis of 2D turbulence in the presence of homogeneous
shear and frame rotation performed by Kassinos and Reynolds (1999) elucidated many
RDT limit states for ¢ and -y;. These limit states facilitated the formulation of algebraic
expressions for the turbulence parameters [see Reynolds et al. (2000)].

Three invariants of the mean flow and eddy-axis tensor were used to specify the turbu-

lence parameters. These invariants are

8% = S5 k045 07 = Qg;ﬂ};caij o = aiiQij - (2.52)

Using these invariants, the following state space parameters were constructed:

_ 02 X = kaﬂfkaij
32 4+ 02

2 _ oo
51 o = aijai; - (2.53)
The turbulence parameters are specified with respect to the state-space of {W, X, a%}.
Figure 2.1 shows this state space. The turbulence parameters are known exactly only along
the line a? = %, which corresponds to isotropic turbulence, and on the perimeter of the
circle a? = 1, which corresponds to the RDT limit state in which all of the eddy-axis are

aligned. The expressions given for ¢, are the RDT limiting states of 2D-3C turbulence in
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the presence of shear in a rotating frame, Kassinos and Reynolds (1999). All other states

are interpolated using functions derived based on other RDT results and analysis,

The following equations are applicable in all four quadrants of the {W,X,aQ} state

space:

p= A ot (b= d) I (] do= 5 W

A@ﬂ:l—EUmfﬂm

0F
’Yk=‘fﬁ

The following equations are quadrant specific:

Quadrant I
= 1-W
ﬁb* = A (a2) ¢0

Quadrant 11

X 1—n
F = o X=—"
Xe ¢ 1+(1-—’I])2
_W+E _ 2
Y142 e=1-a".
-1 3z
(| FE) =513

G=20" (1~ ¢ 1 - (2)]

1(&—@—%)2—:@);

W, (3 + X)

z

1-9
e = e

f(2) =

G = 2¢* (1~ ¢*)

(=)

(2.54a)
(2.54b)

(2.54c)

(2.55a)

(2.55b)

(2.55¢)

(2.56a)
(2.56b)

(2.56¢)
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Quadrant 11T

Quadrant IV

W n-1 3

¥4
—w P51 =3

=1 =
K + 2n -1

=404, G=+2¢(1- N1 -W)[l-f(2)]

2.2.1 Flattening

(2.57a)

(2.57b)

(2.57c)

(2.58a)

(2.58b)

(2.68¢)

The assumption implicit in the development of the constitutive equations for the com-

ponentality r;; and dimensionality d;;, Equations 2.1 and 2.2, is that the energy distribution

is axisymmetric about the eddy axis. RDT analysis has shown that this is, indeed, the case

for irrotationally strained flow fields, RDT analysis has also shown that in the presence of

rotation, either mean or frame rotation, the eddies become asymmetric (see Kassinos and

Reynolds 1999). For example, in the case of homogeneous shear, the RDT limit state of

the normalized dimensionality tensor is
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1 3
dip =0 dp =7  dn=7
The energy distribution about the eddy becomes flattened in a direction aligned with

the total flow field vorticity. The ASBM includes this flattening effect by a projection of

(2.59)

the axisymmetric componentality and dimensionality into a plane normal to the flattening
direction (see Reynolds et al. 2000),

ri; = D2F},Ff ro% dij = DIF} F} dsst (2.60)

" The Hattening transformation is

QTQT
F; = (5 —x QTQT) (2.61)

where Q7 is the total flow field vorticity and  is the flattening parameter defined in
Section 2.2. The normalizing constants, D, and Dy, are defined such that the trace of the

flattened componentality and dimensionality remain unity,

QTQT ﬂam'i - QTQT axi -
pi=texe-agrepn|  pi=[lexa-2grmen] o e

2.2.2 Turbulence Scalars

Although the structure parameters are computed algebraically from the mean flow, the
two turbulence scalars, from which the turbulent length and time scale are derived, are
computed from transport equations. The current formulation of the ASBM may be used
with any formulation of turbulent scalars, e.g. k-g, k-w, k-(; it is required only that the
particular scalar equations implemented specify a turbulent length scale and turbulent time

‘scale. The scalar transport equations used in this analysis are detailed in the Chapter 3.

2.3 Model Summary

Given the mean flow strain rate tensor, S;;, the mean flow rotation rate tensor, £2;;, the

f
i§?

computed using the following algebraic equations which constitue the ASBM.

frame rotation rate tensor, €2., and a furbulent time scale, 7, the turbulence structure is
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2.3.1 Eddy-Axis Tensor

* 8 * o8 2g% .8 £
Shai; + Sipak; — B"Spq%qfsm) T

Strain
o (
Rotation
Hz'j = Jz‘;, + a’“-é'l + ﬁ zgzkj
B=2—+4-2a?

r =

2.3.2 Structure Parameters

Invariants

G2 _ ok ook
S —Siijka,,j

where QZ; =y + Q{?
State Space Parameters

Q2

WEA—":"‘
52 4 2

ag + 2, /S;kS;kagq T

ai; = H iijqa;q

where

2
Qg SyptipgT
Sannmamk 2

A2 ol o ., ..
£} -»Qikﬂjkam

o
G = GijQi;

Sk
52402

02 = Qo Qppe = 2w?

(2.34)

(2.51a)

(2.51b)

{2.51c)

(2.514)

(2.52)

(2.53)
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Quadrant Equations

The following equations are applicable in all four quadrants of the {W, X, az} state

space:

b= A ot B~ 9 ()] bo= W (2542)

A =1-Ba-ay]” X g, o 1om 2.54b

(a®) 5 (1-a?) i=x o g (2.54b)
T

7k=~g%g W*=T~W-_~*_~_~%§ e=1-a° (2.54c)

The following equations are guadrant specific:

Quadrant I
_ W =1 32
n=lt\i—~% ¢e-——2nw1 f(z)-2+z (2.552)
$=A(?) g G=IFA-FI1—1(2)] (2.55b)
3 1IN - (b -w,)?—x2
x=3(*3)3 (4 W.(1+%) 12.55)
Quadrant IT
_ w _1l-q %
1=1-\1T% ¢e—m Fz) =5 (2.56a)
¢t =6 g=+2¢*(1-¢*) (2.56b)

37, 1 1(i-(1-w,)?-x2
X=‘§(G“'§) [1m§(4 VQV*(%—~X) )} (2.56¢)
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Quadrant 1

Quadrant IV

$=A0" ¢,  G=+/20(1— ¢ )41 -W)’[1- f(2)]

D)

2.3.3 Componentality and Dimensionality
axt 1 Tk
rift = daij + (1~ ¢) 5 (95 — ayg) + 5 (chpitps + enpjips)

.1
dij' = 5 (Bij = ayj)

(2.57a)

(2.57b)

(2.57¢)

(2.58a)

(2.58b)

(2.58¢)

(2.1)

(2.2)
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2.3.4 Structure Flattening

i = DEFLF ro dij = D3F}Fy do (2.60)
ofof
Fy = | & — XQTQT (2.61)

where Q{ Ezpq QT

arqr -1 ) Qrar -1
Di=[texe-n oA Di=[lext-o rpen]  ee
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% A ¢ (1 =m)(l+n) sm-biezn-1)
%e— Xe—
1/2—

oM

consta

n=1 7] N=—® 4’512
0 odm) 12 =W

~1/2+ \/

$.=0" 6 =(n-1)/(2n-1)
€ 14 (1-n)? 1+ (1-m)°

Figure 2.1: Turbulence parameter modeling state space.
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Chapter 3

Model Results

The ASBM, as summarized in Section 2.3, was used to compute a variety of flow solutions
to demonstrate its accuracy. Results were compared to either the RDT limit states, DNS
results, or experimental data as available. Homogeneous mean flow solutions were com-
puted for irrotational and rotational mean deformations. The effects of frame rotation were
examined. One-dimensional spatially-developing free shear layer solutions were computed
for mixing layer, plane and axisymmetric jet flows. The free shear layer solutions were
computed using the standard k-g model, Wilcox’s k-w model (Wilcox 1998), and the ASBM
coupled with the k-g and k- scale equations (where ¢ is the large scale enstrophy defined in
Reynolds et al. 2002). Table 3.1 lists the solutions that were computed. The homogeneous
results show that the model predictions match the RDT limit states of furbulence, match
DNS and experimental results for homogeneous shear, and display the proper material in-
difference of 2D turbulence to rotation. The free shear layer results show that solutions
computed using the ASBM coupled with the k-¢ scalars compare well with experimental
results and compute the correct spreading rates for the plane jet and the round jet (see
Section 3.2.4). An analysis of the edge interface between the turbulent and nonturbulent

flow vegions concludes this chapter.

3.1 Homogeneous

Homogeneous solutions were computed for following flow types: Axisymmetric Contrac-
tion (AXC), Axisymmetric Expansion (AXE), Plane Strain (PS), and Shear (SH). Solutions
were computed both with and without frame rotation.

For each flow, the magnitude of the mean strain rate, S, is computed as

1 Ju;

533 S5 where S = 3 (Gij + Gy1) Gij = ook (3.1)
J

The strain magnitude S is used to normalize the frame vorticity so that frame rotation

rates are specified as Qf /S. Results are plotted against the ratio of mean to turbulent time

49
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scale ST.
Recall from Section 2.2 that in the presence of irrotational mean deformation the eddy-
jetal parameter and the eddy-helical vector are zero, ¢ = 4 = 0. Thus, Equations 2.1 and

2.2 reduce to

1
ri =dig = 5 (8 — aig) (3.2)

We should expect the componentality and dimensionality to be equivalent for these
cases. Iigure 3.1 shows the variation of the eddy-axis, componentality, and dimensionality
tensors on the Anisotropy Invariant Map (AIM) for the homogeneous mean flows that
follow. It is clearly observed that the componentality and dimensionality are equivalent for
the irrotational cases, i.e. AXC, AXE, and PS. For the homogeneous flow cases that follow,

the model constant was set to ag = 2 unless otherwise indicated.

Axisymmetric Contraction (AXC) The mean velocity gradient tensor that was used

to compute the AXC solutions ig

1.0 0
3
Gi=A{ 0 -1 o §=1/54. (3.3)
0 0o -1

Figure 3.2 shows the model results for the homogeneous axisymmetric contraction flow
field. Figures 3.2(a) and 3.2(b) show how the model coefficient ag in the denominator of
Equation 2.33 modifies the eddy axis and componentality with S7. The coefficient was
varied between the values of 2 and 3 and shows small, but significant changes in the degree
of anisotropy for a given value of S7. More significant results associated with the coefficient
ag will be shown for the homogeneous shear and the free shear layer solutions.

Figure 3.2(a) shows the eddy axis becoming more aligned with the direction of axisym-
metry as S7 increases. Hence, a;; — 1 while agp,a3g — 0. As predicted by RDT, the
componentality is becoming two-dimensionally isotropic in the plane perpendicular to the
direction of axisymmetry.

Figure 3.1(a) confirms on the anisotropy invariant map that, while remaining realizable,
the eddy axis is being driven toward the one-component state while componentality and

dimensionality are being driven toward the two-component state.



Chapter 3. Model Results 51

In the presence of frame rotation which is aligned in the direction of axisymmetry,
Figure 3.2(c) shows that the eddy axis remains unchanged from the case without frame
rotation. Figure 3.2(d) shows that componentality experiences a significant reduction in
anisotropy with frame rotation. This result is experimentally confirmed by Leuchter and
Dupeuble (1993). As the value of ST increases, however, the alignment of the eddy axis
along the axisymmetric direction returns the componentality toward its irrotational RDT

limit state. Thus, material indifference to rotation is demonstrated by the ASBM results.

Axisymmetric Expansion (AXE) The mean velocity gradient tensor that was used to

compute the AXC solutions is

-1 0 0
3
G,,;j=A 0 % 0 S= —2—A (3.4)
0 0 1%

Figure 3.3 shows the model results for the homogeneous axisymmetric expansion flow
field. Figures 3.3(a) and 3.3(b) show how the model coefficient ag modifies the eddy axis
and componentality with 57. The coefficient was varied between the values of 2 and 3 and
shows a small, but significant changes in the degree of anisotropy for a given value of S7.

Figure 3.3(a) shows the eddy axis becoming isotropic, as S7 increases, in the plane
perpedicular to the direction of axisymmetry. Hence, ay; — 0 while asz,a33 — % As
predicted by RDT, the componentality is remaining two-dimensionally isotropic in the plane
perpendicular to the direction of axisymmetry while the component in the axial direction
is becoming more dominant.

Figure 3.1(b) confirms on the anisotropy invariant map that, while remaining realizable,
the eddy axis is being driven toward the two-component state while componentality and
dimensionality are not too far from the isotropic state.

In the presence of frame rotation which is aligned in the direction of axisymmetry,
Figure 3.3(c) shows that the eddy axis remains unchanged from the case without frame
rotation. Figure 3.3(d) shows that componentality experiences a significant reduction in
anisotropy with frame rotation that persists as the value of S7 increases. Clearly, the frame
rotation in this case has a strong influence on the distribution of the componentality which

tends to resist the growth of anisotropy.
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Plane Strain (PS) The mean velocity gradient tensor that was used to compute the PS

solutions is

1 0 0
Gi=Al 0 -1 0 S =+v2A. (3.5)
0 0 0

Figure 3.4 shows the model results for the homogeneous plane strain flow field. Fig-
ures 3.4(a}) and 3.4(b) show how the model coefficient ay modifies the eddy axis and com-
ponentality with §7. The coefficient was varied between the values of 2 and 3 and, as with

“the AXC and AXE cases, shows a small but significant changes in the degree of anisotropy

for a given value of St.

Figure 3.4(a) shows the eddy axis becoming isotropic, as ST increases, in the plane -
perpedicular to the direction of axisymmetry. As with the AXC case, a;; — 1 while
agg, asz ~ 0, although for this case age and ags proceed to zero s different rates. As
predicted by RDT, the componentality is becoming two-dimensionally isotropic in the plane

perpendicular to the direction of axisymmetry.

Figure 3.1(c) looks similar to that for the AXC case with the exception that the

anisotropy invariants lie slightly off of the axisymmetric borders.

In the presence of frame rotation which is aligned in the direction of axisymmetry,
Figure 3.4(0) shows that the eddy axis remains unchanged from the case without frame
rotation. Figure 3.2(d) shows that componentality experiences a significant reduction in
anisotropy with frame rotation. As the value of S7 increases, as in the AXC case, the align-
ment of the eddy axis along the axisymmetric direction returns the componentality toward
its irrotational RDT limit state. Thus, material indifference to rotation is demonstrated by
the ASBM results.

Shear (S8H) The mean velocity gradient tensor that was used to compute the SH solutions

is
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010
1
G-gj:P 0 0 0 S = 75—:[‘ F=Gp=1. (3.6)
6 00

For this case, I' is the shear rate and is used, instead of the strain magnitude §, to
normalize the frame vorticity, e.g. /T,

Figure 3.5 shows the model results for the homogeneous shear flow field. Figures 3.5(a)
and 3.5(b) show how the model coefficient ay modifies the eddy axis and componentality with
S7. The coefficient was varied between the values of 2 and 3 and, once again, shows a small
but significant change in the degree of anisotropy for a given value of S7, More significant
in the shear case, however, is the comparison of normalize Reynolds stress components
{componentality) against those reported in experimental and DNS results.

Irom Table 3.2 and Table 3.3, it can be seen that the critically important shear stress
component is well matched against both the experimental and DNS results for all of the given
model coefficient values. The normal components appear to best match the experimental
results for the model coefficient value ag = 2.5, whereas agp = 3.0 appears to be the better
match for the DNS results. )

Figure 3.1(d) shows how the presence of mean rotation has altered the dimensionality.
Although the shear aligns the eddy axis with the direction of mean strain as in the AXC
and PS cases, the dimensionality in the SH case is now aligning in the same direction. This
is an indication that the eddies are becoming less vortical and more jetal. Indeed, Figure 3.6
shows the turbulence parameter ¢ approaching one {purely jetal eddies) with increasing S7.

Figure 3.7 compares the behavior of the ASBM k-¢ computed componentality in the
presence of frame rotation against the DNS results of Kassinos and Reynolds {(2003) and
various other models, which include the standard k- model (k-¢), the non-linear k- model
(k-e NL), the Launder, Reece, & Rodi model (LRR), the Rotta & Kolmogorov model (RK),
and the Shih & Lumely model (SL). As for the case of no frame rotation, the RDT limit
state of the eddy axis is @17 — 1 and agg, agz ~ 0 for all values of frame rotation §2//8 .
The distribution of Reynolds stress components, however, changes vastly with the degree
of frame rotation. In Figure 3.7(a), it is seen that the anisotropy in the normal stress
components is diminished while the shear stress component is increased for a small frame

rotation rate (Qf,,c /8 = 0.1). This is agreement with the DNS results. Figure 3.7(b) shows
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a larger frame rotation rate (Qg /8 = 0.5). The normal stress component anisotropies are
diminished further and the shear stress component is further increased. For the larger frame
rotation rate (Qg /S = 1.0) in Figure 3.7(c), it is scen that the normal stress components
begin to become more anisotropic and shear stress component begins to diminish. All of

these results are in agreement with the DNS results.

3.2 Free Shear Layer

This section presents analyses and results for the spatially-developing free shear mix-
ing layer, plane and axisymmetric jet calculations. The governing flow equations are the
high Reynolds number, zero-pressure-gradient, thin shear layer (TSL) approximation to the
Reynolds-Averaged Navier-Stokes equations. The TSL equations were transformed into a
similarity coordinate and the computed solutions were compared with experimental data.
The ASBM model coefficient was set to ap = 2 for all free-shear layer results.

Frame rotation effects are not included as the TSL equations in a rotating frame do
not admit a similarity solution that has a realistic physical interpretation. That is to say,
although mathematically the TSL equations in this form may be computed and a solution
obtained, this author is unaware of any physical analog to the solution of the similarity
equations which include frame rotation. In order to maintain the similarity transformation,

the physical frame vorticity would have to vary with the streamwise coordinate as

=40

f 11
= 0y, (E.11)

of (2)

2

where Q{ is the physical frame vorticity, U7 is the mixing layer fast stream velocity, and
@{ is the transformed frame vorticity (see Appendix E).

Ending this section is an analysis of the edge behavior of the numerical solutions.

3.2.1 TSL Equations for a Spatially-Developing Free Shear Layer
Mean Flow

The TSL formulation for the spatially-developing free shear layer is
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ouw 19 ,,
i 7 By (") = 0 (3.7a)
Ou Ou 19,,
—_ —_— 3-
u‘am Uay yn ay (y Tﬂ?y) ( 7b)

where y is the radial coordinate, n = 0 for the mixing layer and plane jet flows, and
n = 1 for the axisymmetric jet flow. These mean flow equations are solved coupled with
one of the following two-equation formulations for the determination of the turbulent scales
and turbulent shear stress. The turbulent shear stress 74y is computed from either the eddy

viscosity formulation or the ASBM.

k-¢ Formulation

The k-g formulation is the standard form taken from Jones and Launder (1972),

ok ok Bu 18 [ vrok
Tl = Sy TR 8
“am”ay T”@y E+y"6‘y[ dkay] (3.8a)
fc  Oe € ou\ . e? 18 [ ,vroe
“5 T %y Cer, (Tmy'@ = Ceap + e [y EEE] (3.8b)
where
O k k3/2
Toy = VTCT)_y_ v = O“k'?' T = "é-‘ {= O#—E-— (39&)
C, = % Cy=144  Cu=192 op=1 o.=13.  (3.9b)

k-w Formulation

The k-w formulation is taken from Wilcox (1998) and is
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ok = 0k du ., 10 [ ,vrok
U + ﬂé“y = 'rmy@ Bwk + 9y [ - 8_@;} (3.10a)
Ow ow w8 9 1 0| vrow
u=t Uay = ar Ty Pw + 7 By [ ;;55] (3.10b)
where
Toy = VT% vr =kt T=— e =f"hw = g (3.11a)
13 .
a=r B=0.fs B* =B fsn o) = 2 Oy =2 (3.11b)
_ 9 1+ 0y _ 1825582555
Po=125 18 = T3 50y, T (3.11c)
9 1 Xk <0 1 8k dw
By = —— far = Xk = o — (3.11d)
¢ 100 14680y w3 8z; O,
1+400x% Xk >0

Reynolds Stress Formulation With k-¢ Turbulent Scalars

The Reynolds stress formulation using k- turbulent scalars is as follows. The equations

for the turbulent scalars are essentially the same as those in the standard k-¢ formulation,

with the exceptions that the shear stress 7., is specified by the shear component of the

Reynolds stress tensor and that the diffusion coeflicients are also functions of the Reynolds

stress tensor. The Reynolds stress tensor is computed from the ASBM (see Section 2.3).

LU s+-3—-~6—[”3-‘?E (3.122)
dr oy ™ oy y* y | oy Oy ’
de  Oe £ du e 18 ,ade

u% -+ 'Ua—y L GElE (‘Tmya— - CEZE + y—n(,—aa [ -0'—.53—3,!-] (3.12b)
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where
k K3/
9
C'u = ﬁ GEl = 1.44 CEQ =1.92 Op = ]. Tz = 1.3 . (3.13b)

Reynolds Stress Formulation With k-( Turbulent Scalars

The Reynolds stress formulation using k- turbulent scalars, where ( represents the
large-scale enstrophy, is taken from Reynolds et al. (2002). The Reynolds stress tensor, as
well as structure dimensionality d;; and the structure circulicity f;;, is computed using the
ASBM (see Section 2.3).

ok ok 1 0],«adk
vy = Bi—et——o Y —o 14
ua$+v8y Py E+y”8y [y or ay] (3.14a)}
O wvVE 18 [ ,ad
ua:c +’Uay = Fr—(Cer Ggpq)) 7 -+ By Y o0 By (3.14b)
where
Ju kvE ou
Pk = 'Tmya_y £ = CEkT Pg = 2§f12 (@) (315&)
2 2 72 2 k | 2 1 a 2 2
‘ ‘
CTay = —Rw = -‘“zkf'lg T= o = C’,,Zkrng P = grijdjksz‘ (3.150)
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C, = 0.260 Cor, = 0.10 — 1.00 Cor = 2.3C Cop=16Cy;  (3.15d)

o, = 1.0 o¢=1.0. (3.15e)

3.2.2 Computational Approach

"The governing equations were transformed into a similarity coordinate ¢, thus reducing
the two-dimensional TSL equations into a set of coupled one-dimensional equations. These
equations were solved numerically by adding an unsteady, or time dependent, term to each
equation and then integrating through time to reach a steady-state solution. Euler implicit
time integration was used and standard second order numerical approximations were applied
to the spatial gradients.

Initial attempts to numerically solve these equations met with no success. Numerical
instabilities were encountered near the edges of the shear layer, These instabilities were
a consequence of the fact that the location of the edge of the turbulent region was not
known ¢ priori. These instabilities were also observed by others, Rubel and Melnik (1984),
Paullay et ol. (1985), and these authors proposed an additional, vicsous transformation.
This tranformation stretched the similarity coordinate, £, according to the transformed

turbulent viscosity N (¢) into a viscous coordinate 7,

.
N (£)

This transformation decoupled the governing equations and effectively transformed the

dn = de . (3.16)

edge of the turbulent region to infinity. The transformation into this viscous coordinate, 5
facilitated computation of the numerical solutions.

The analytical details of the governing equations specific to the particular flow are
presented in this section. The details of the similarity formulation and coordinate transfor-

mations are included in Appendix D.
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3.2.3 Mixing Layer

In this section, the similarity equations and corresponding boundary conditions are given
for the for the case of the two stream mixing layer where U is the fast stream velocity and
Uy is the slow stream velocity. Computational solutions from each of the model formulations

will be compared with experimental results.

k-¢ Similarity Formulation

In the k-¢ formulation, the boundary conditions applied to the T'SL equation variables

u(®,y), k(z,y), and € (z,y) for the case of the mixing layer are

u(z,00) = Uy u(z, —00) = Uy k(z,£o00) =0 e(z,+o0) =0. (3.17)

The transformed TSL equations are

FUJ’ + Umw? == O (3.183«)
FKy+(Uy) ~NE+ ;1-—~K,7m = 0 (3.18b)
k
B E? 1
UNE + FEy+Ca U - CaN g + By = 0 (3.18¢)
where
1 Tle K2
Ul = 5Fn F(g)= [ UNdp N (n) = Cu5 - (3.19)
e
The transformed boundary conditions are
Us
U (ne) =1 U(—ne) = T F(0)= (3.20a)

K (+50) = 0 E(+n) =0. (3.20b)
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The transformation to physical coordinates is

1

- _Y -
dn = mdf = u(z,y) = Fe(£) (3.21a)
3
v(@) =D [-FQ+EFe©)  klay) =UIKE  eloy)= 1B (321)
3/
7{z,y) = 'f%% £(z,y) = a:CMKE i . (3.21c)

k-w Similarity Formulation

In the k-w formulation, the boundary conditions applied to the TSL equation variables

u(z,y), k(z,y), and w (z,y) for the case of the mixing layer are

u(z,00) = Uy u{z, —o0) = U k(z,too) =0 w(m,+o0) = 0.

The tranformed TSL Equations are

FUp+Ugy =
1
FK,+ (U.n)z ~*NWK + J_Km =
k
W 9 9 1
w

where

Un) = =Fp F)= [ NUdy N (1)

ST

(3.22)

(3.23a)

(3.23b)

(3.23¢)

(3.24)
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The transformed boundary conditions are

U =1 Ulm)=gf  FO)=0 (3.25a)

K (£50) = 0 W (xn) =0. (3.25b)

The transformation to physical coordinates is

dn = K,i@de ¢=1 u(5,9) = UrFy (€) (3.26a)

V(@) =V [F O+ O] k) =UIKE)  wlny)= W)
(3.26b)
D)= EmEaTO = =el© . (269

Reynolds Stress Similarity Formulation With k-¢ Turbulent Scalars

In the Reynolds stress formulation with k- turbulent scalars, the boundary conditions
applied to the TSL equation variables u (z,y), k (z,¥), and € (z,y) for the case of the mixing

layer are

u (3, 00) = Uy u{x, —00) = Uy k(z,%o0) =0 e{z,L£o0) =0, (3.27)

The turbulent shear stress 7gy and the turbulent diffusion coefficient @ in the TSL
Equations (3.7b), (3.12a), and (3.12b) are formulated in terms of the Reynolds stress tensor.
The Reynolds stress tensor is calculated using the ASBM.

The transformed TSL Equations are
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FUy, + [—2KT‘12],n = 0 (3.28a)

1
FKp+(-2Krig)Uy - NE+ —Kpq = 0 (3.28b)
k

E L |
FE,+UNE+ Cey— (-2Kr2) Uy — C’EgNE— +—E;; = 0 {3.28¢)
K K C¢
where
‘ -
Un)=Fy F(m= [ NUdp N(n) =2K (n)r22T (n) . (3.29)
—ne
The transformed boundary conditions are
Uz
Ulne) =1 U(-ne) = v F(0)=0 (3.30a)
K(£n) =0 E(+n.)=0. (3.30b)
The transformation to physical coordinates is
dy = —ode =Y u(z,y) = UrFe €) (3.312)
N (£) z ’ ’

V@) =U-FO+EF @] k) =TKE©  c(nn) = DEE @3

2 T 3/2
reY) =Gy o TE  len=s0 o =en©) . (331
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Reynolds Stress Similarity Formulation With k- Turbulent Scalars

In the Reynolds stress formulation with k- turbulent scalars, where ( is the large-scale
enstrophy, the boundary conditions applied to the TSL equation variables u (z,y), k (z,y),

and ¢ {(z,y) for the case of the mixing layer are

uw(z,00) = U3 u{z, —00) = Us k{(x,+o00) =0 ¢(z,+to0)=0. (3.32)

The turbulent shear stress 75, and the turbulent diffusion coefficient « in the governing
Equations (3.7b), (3.14a}, and (3.14b) are formulated in terms of the Reynolds stress tensor.
The Reynolds stress tensor is calculated using the ASBM.

The transformed TSL Equations are

FU,T,-F(‘-—zKle),n = 0 (3.33&)

KvkK 1
KvEK 1

FK},-, + (—-2K7‘12) U:ﬂ — O N 7 o

Ku = 0 (3.33b)

2ZvK 1
FZ,+2UNZ+ (2Z f12) Uy — (Cer — Cep®) N ;5/_ + ;EZ,,,m = 0 (3.33c)
where
Tle .
Uln) =Fp F(ng)= | NUdy N(n) = C2KrpT . (3.34)
e
The transformed boundary conditions are
Us

U(ne) =1 U(—ne) = A F0)=0 (3.35a)

K (£n,) =0 Z(£n)=0. (3.35b)
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The transformation to physical coordinates is

d=gEk  E=L  ulny) =UiFE
V) =GFO+ERE] k@ =UIKE (@)= D2
B (o) = o = a2 (g)
8 @9) =G (%})2 = wﬁce (—8%)2 =2’ L} (¢)

£ (z,y) = &y + €] = 2® (Lf () + L] (§)) = a°L* (¢)

14 z L x
===
) = GoVE T TGRS T ®)

o (z,y) = Cy2kronT = U1aCy2KryT = UraN (£) .

Results

(3.36a)

(3.36b)

(3.36¢)

(3.36d)

(3.36e)

(3.36%)

(3.36g)

Experimental data to which the computational solutions were compared were taken from
Wygnanski and Fiedler (1970). The data included the mean velocity and turbulent stress

tensor components, which were provided in AGARD case SHLOO.

Wygnanski and Fiedler reported the freestream tunnel conditions as U; = 12 m/s with

0.1% turbulence intensity. All measurements were nondimensionalized by the freestream

velocity U1, A single hot-wire and an X-wire were used to obtain data, and both provided

essentially the same results,
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A trip wire was used in the inlet portion of the test section to eliminate the long transition
region. The mean velocity profile was observed to attain similarity by 12 in. downstream
of the trip wire, The turbulent fluctuation data indicated that the low was self-preserving
at Re, = 3 x 105,

The definition of spreading rate for the mixing layer flow is

gg =6 -4 (3.37)
where
a-{eve-5)  a-{ave-5) (3.39
7oy - (U6 = Up)?
U= AR (3.39)

Figure 3.8 shows the comparison of the computed mean velocity profile with the ex-
perimental resulfs. The computed solutions agree with the experimental results to varying
degrees. That is, the k- and the ASBM &-¢ solutions appear in good agreement in the slow
stream edge region and less so in the fast stream edge region. Conversely, the k-w solution
appears in good agreement in the fast stream edge region and less so in the slow stream
edge region. The ASBM k- solution appears to have difficulty in both of the edge regions.

The spreading rates for the solutions shown in Figure 3.8 are tabulated in Table 3.4.
The spreading rate computed from the k-e solution compared most favorably with the
experimental result. Additional solutions were computed in order to evaluate the effect of
the model constants on the mixing layer spreading rate. These solutions verified that the
spreading rate varied inversely with the model coefficient a,, ¢.e. all other conditions being
equal the larger the value of a, resulted in the smaller the spreading rate.

Plots of the kinetic energy and Reynolds shear stress component are shown in Figure 3.9.
Figure 3.9(a) shows that the peak magnitude of the computed turbulent kinetic energy is
underpredicted. Also of note is the fact that the peak in the experimental data is shifted
slightly toward the fast stream region. Wygnanski and Fiedler (1970) note this shift in
the experimental data onlyuto comment that “The reason for the lateral shift . . . is not

mnderstood”.
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Figure 3.9(b) shows that the peak in the Reynolds shear stress component computed
by both of the ASBM model formulations is within 10% of the experimental result. Again,
the peak in the experimental data is shifted to the fast stream.

Figure 3.10 shows the variation in the structure quantities, the eddy-axis tensor and the

dimensionality.

3.2.4 Jet

In this section, the similarity equations and corresponding boundary conditions are given
for the case of the plane and axisymmetric jet flows. J represents the momentum flux of
the jet per unit mass, which is constant, and U, represents the centerline velocity of the
jet, which is a function of the streamwise coordinate. Computational solutions from each

of the model formulations will be compared with experimental results.

k- Formulation

In the k- formulation, the boundary conditions applied to the TSL equation variables

u(z,y), k(z,y), and € (z, y} for the case of jet flow are

(symmetry line/plane) y = 0 %3 = g—’: = % =qy=0 (3.40a)
(jetedge)y=ye : u=k=e=0. (3.40b)

The transformed TSL equations are

i F 1
( -;n) [(5—”) U”’J“NUZ]“LET» 'Uql, = 0 (341a)

1
£Moy

{(1+m) B: (E) K,+ UNK] + Uy -NE + [E"Kgl, = 0 (3.41b)

E'n

% [(1 +n) (ﬂ) B, + (5+3n) UNE} +

gn
E._ . B2 1
Corgg (Un)" — Callgr + 5

[E"EB,l, = 0 (3.41c)
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where

F (&)
§n

_Fe _1 ®m _vr
U =3 = /0 e Ud N () (3.422)

U,z

7
Fln) = f NUds . © (3.42b)
0
The transformed boundary conditions are

(symmetry line/plane){ =0 : F(0) =K (0) =E;(0) =0, F¢(0)=1 (3.43a)

ot edge)é =€, : K(£)=E () =0. (3.43b)

The transformation to physical coordinates is

a-gak o=t n-(gim) G

3
we) =Vl k@i =@r© @)= cuw)
7 (2,y) = g = Ujm)% = Ujm)T(G) (3.44c)

k3/2 K3/2




68

k-w Formulation

In the k-w formulation, the boundary conditions applied to the TSL equation variables

u(x,y), k{z,y), and w (z,y) for the case of jet flow are

, Ou Ok B¢
(symmetry line/plane) y =0 prial il v=0 (3.45a)
(jetedge) y=v9e : u=k=0 w=0. (3.45b)
The transformed TSI Equations are
T4n F 1
(—2—) [(f—n) U, +NU2] U], = 0 (3.46a)
(1+n) [% (g;) Kq+ UNKJ +
1
(U,)? — B*NWK + Fior €Ky, = 0 (3.46b)
1 F
5 [(1 +n) (gfn) Wa+ (3 +n) UNW] +
S (Ua) ~ BNW? = —— ["W,], = 0 (3.46c)
aK i - 5no.w MHn T 200
where
- 1Fa Flp) _ 1 (™. _vr
U= 5 pl=m | eNUEn N@w=FE. e

The boundary conditions for the similarity variables transform to

(symmetry line/plane) =0 : F(0) =K, (0) =W, (0)=0 (3.48a)

(Getedge) n =1, : K(n)=W(n)=0. (3.48b)
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The transformation to physical coordinates is

1

n=gEk o=t G@-(Gim) )

Wen) =t L ke =BE@KEO  wey)="Twe o
7(z,y) = ;1; = Uoﬂzm) ili = %@)T (&) (3.49¢)

0(z,y) = c%‘/-’g - a;ou% — oL (E) . (3.49d)

Reynolds Stress Formulation With k-¢ Turbulent Scalars

In the Reynolds stress formulation with k-g turbulent scalars, the boundary conditions
applied to the TSL equation variables u (z,y), k (,y), and ¢ (z,y) for the case of jet flow

are

(symmetry line/plane)y = 0 % = g—g = g; =v=0 (3.50a}
(jetedge)y =% @+ u=k=e¢=0. (3.50b)

- The turbulent shear stress 7, and the turbulent diffusion coeflicient « in the TSL
Equations (3.7b), (3.12a), and (3.12b) are formulated in terms of the Reynolds stress tensor.
The Reynolds stress tensor is calculated using the developed ASBM.,

The transformed TSL Equations are
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(1 ;”‘) [(g) U, + NU2] + gla[ "(~2K7r1a)], = O (3.51a)
(1+n) E— (g;) Ky + UNK} +
(~2Kr3) Uy — NE + ;:5—“ €K, = 0 (3.51b)
(%) () 2o (55 e
Cor g (~2Krsa) Uy — G 4 o_:gﬂ "B, = 0 (3.51c)
where
Uy = -]1\7 (%) F 551’7) = gin One E"NUdy N () = C,2KrT . (3.52)

The transformed boundary conditions are

(symmetry line/plane) =0 : F(0) = K ,0)=E,0)=0 (3.53a)

(jet edge) n=1c : K(ne) = E(n) =0. (3.53b)

The transformation to physical coordinates is

1 J_\?
d',v? = -N—--(-é-)-dg E(m,-‘.‘) = % Uo (IB) = (W) (3.54&)
3 &
o=@ L ke =BE@KEO o ="Tre) @)

r(@u) =t = Uow(m)% = 5O (3.54¢)
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0(z,y) = GN%’E <50, % f—{ = 2L (¢) (3.54d)
a(z,y) = Cy2kraer = U1aC,2Kr2T = Uz N (€) . (3.54e)

Reynolds Stress Similarity Formulation With k-( Turbulent Scalars

In the Reynolds stress formulation with k;f turbulent scalars, the boundary conditions
applied to the TSL equation variables u (z,y), k (z,y), and ¢ (z,y) for the case of the mixing

layer are

(symmetry line/plane)y =0 : % = -g-g = g—g =v=0 (3.55a)
(jetedge)y=y. : u=k=(=0. (3.55b)

The turbulent shear stress 7, and the turbulent diffusion coefficient « in the governing
Equations (3.7b), (3.14a), and (3.14b) are formulated in terms of the Reynolds stress tensor.
The Reynolds stress tensor is calculated using the ASBM.

The transformed TSL Equations are

(1 +n) [(F) v, -|—NU2] + gin " (—2Krip)], = 0  (3.56a)

2 &
1{F
(1+n) [E (g_ﬂ) Ky+ UNK] + (—2Kr12) Uy —
KVE | 1 it _
CepN——+ T [E"Kyl, = 0 (3.56b)

(“’—”) (5) Zy+ (34 n)UNZ + (=22 f3) Uy

2 £n
VK L 1 ez =0 (3560)

—_ i)
(Cer — Cep@) N— p e
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where

Un) = % (%) F E(J’) = 21; [0 " E"NTdn N (n) = C,2KryuT . (3.57)

The transformed boundary conditions are
(symmetry line/plane) n =0 : F(0)=K,(0)=2,(0)=0 (3.58a)
(jetedge) n=1n. : K(n)=2Z(n)=0, (3.58b)

The transformation to physical coordinates is

=gt fen=L U@= (5;5%;—) (3.500)

W) =@ hey=werEe  cen="Eze @)
b @) = 5 = o5 =2'L3 0 (3.500)

Ez,y) = 10 (3;;*‘ ) c (a;’;) =22 L2 (¢) (3.59d)

e (z,y) = b + £ = 2* (L (&) + L} (§)) = 2°L* (¢) (3.59)

T L T

T4
T(:E:y) = ng\/]; - Uo (m) ng\/f = Ua (.G‘L')T (5) (359f)

o (x,y) = Cy2kroyr = Uy () £C,2Kr9eT = U, (z) zN (£) . (3.59g)
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Results

Experimental data to which the computational solutions were compared were taken from
Gutmark and Wygnanski (1976) for the planar jet and Hussein et al. (1994) for the round
jet. The data included the mean velocity and turbulent stress tensor components which
were provided in AGARD case SHL31 and SHL30, respectively.

The traditional definition of spreading rate for the jet flows is

Sotn weo  au={tjv@=1}. (3.60)

Figure 3.11 shows the mean velocity profile comparison for the plane jet. It appears
that the ASBM k-e solution compares most favorably with the experimental data over
the extent of the jet. Table 3.5 shows the spreading rates calculated from the computed
solutions. With the exception of the k-e model, all solutions calculated spreading rates that
agreed well with the experimental data.

Figure 3.12 shows the comparison of the turbulent kinetic energy and Reynolds stresses.
Although none of the computed solutions agree well in magitude with the turbulent kinetic
energy, both of the ASBM solutions match the Reynolds shear stress remarkably well.
The normal stress components suffered from both the mismatch in the magnitude of the
turbulent kinetic energy, as well as in their degree of anisotropy at the centerline.

Figure 3.14 shows the mean velocity profile comparison for the round jet. A solution
computed using Pope's correction (Pope 1978) to the standard k-¢ model is included for
comparison and to which this paper refers as the k-g-x model. Hussein et al. (1994) report
a spreading rate for the round jet of 0.094. This value differs from the previously reported
and often referenced value of 0,086 found by Wygnanski and Fiedler (1969). Hussein et al.
(1994) attribute this discrepancy to specific experimental error in the Wygnanski and Fiedler
(1969) results. Generally, the range of values from 0.086 to 0.096 is reported due to these
disparate results.

Table 3.6 shows the spreading rates reported in the experiment and computed using the
various models. As reported by numerous other researchers, the standard k- model greatly
overpredicts the spreading rate. The results computed using the k-e-y and the k-w models
slightly under predict the spreading rate. It should be noted, however, that these models
contain coeflicients which were tuned to give the previously referenced 0.086 spreading rate.
The ASBM k-e-x and the ASBM k-¢ models under predicted the spreading rate to an even
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greater extent, The ASBM k-¢ model slightly over predicted the reported experimental
spreading rate. Worthy of note, however, is that the same ASBM model coefficient used to
compute the planar jet solutions, i.e. a, = 2.0, was also used in the round jet computations.

Additional solutions showed that, as with the mixing layer solutions, the spreading rate
for the plane and round jets varied inversely with the model coefficient a,, i.c. all other
conditions being equal the larger value of ¢, resulted in the smaller spreading rate.

Figure 3.15 shows the comparison of the turbulent kinetic energy and Reynolds stresses.
The solution computed using the ASBM k-¢ model agreed best with the experimental data
for both the turbulent kinetic energy and the Reynolds shear stress.

Figures 3.13 and 3.16 show the variation in the structure quantities, the eddy-axis tensor

and the dimensionality, for the plane jet and round jet, respectively.

Round Jet/Plane Jet Anomaly

Pope (1978) suggested an explanation for the round jet plane/jet anomaly. He stated
that the small scale fluctuations are independent of the mean flow, thus the small-scale
turbulent vorticity has no preferred direction. On the other hand, the large-scale turbulent
varticity tends to be aligned with the mean vorticity. Therefore, in regions where the mean
vorticity is being stretched the turbulent vorticity is also.

In the two-dimensional plane jet, vortex stretching cannot occur as the mean strziin and
the mean/turbulent vorticity are always orthogonal. However, in the round jet the rings
of vorticity are stretched circumferentially as the jet spreads. Pope argued that the vortex
stretching in the round jet increases the dissipation. This, in turn, reduces the turbulent
kinetic energy, resulting in a lower effective viscosity and a reduced spreading rate. Looking
closely at Figure 3.15(a), one can clearly see the marked reduction in turbulent kinetic
energy from the k-¢ solution to the k-e-x solution. Pope achieved this reduction with his
vortex strefching invariant y, which he added to the dissipation equation in order to increase
the dissipation in the presence of vortex stretching. Note that the centerline value of the
turbulent kinetic energy in the k-¢-x solution is very nearly the same as that computed in
the k- solution in the plane jet. Thus, the increased production of turbulent kinetic energy
in the k-¢ model in the presence of vortex stretching is countered by Pope’s y term in the
dissipation equation in the k-e-y model.

In the ASBM k-e model, the production terms and the destruction terms in both 3.51b

and 3.51c¢ are a function of the Reynolds stress tensor, which is computed using the ASBM.
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The increase in dissipation and decrease in turbulent kinetic energy due to the presence
of vortex stretching are realized through the structure based formulation of the Reynolds

stress tensor.

3.2.5 Near Edge Behavior

The high Reynolds nmumber assumption is made in the formulation of the free-shear
layer equations. Thus, the turbulent transport dominates the viscous transport and the
molecular viscosity terms have been neglected.

The turbulence exists only within the confines of the free-shear-layer flow field. The
freestream is considered to be a non-turbulent region. There is a definite interface between
the turbulent shear layer region and the non-turbulent free-gstream region. Thus, a singu-
larity occurs at the edge of the shear-layer as the turbulent kinetic energy and dissipation
rate vanish near this interface. For the k- turbulent scalar equations, the structure of the
edge singularity was defined by Paullay el al. (1985) and Cazalbou ef al. (1994).

The energy budget for the kinetic energy equation in a plane mixing layer is given by
Castro and Bradshaw (1976). The data indicate that, while the production and dissipation
terms dominate in the interior of the shear-layer, it is clear that the mean transport and
turbulent diffusion dominate at the shear-layer edge.

The specified free-stream values of & and ¢ have little effect on the behavior of the
turbulence inside the shear layer. Small finite values were specified which best matched
the experimental data to which the numerical solutions were compared while maintaining
the numerical stability of the calculation. However, the manner in which those free-stream
values behave as the edge of the turbulent region is approached depends on the model
constants. ‘

For the standard k-e model in a free-shear jet flow, Paullay et al. {1985) delineated
how the mean and turbulent quantities behave near the free-shear-layer edge. Define the

distance to the jet edge as

A=¢ —¢. (3.61)

Paullay et al. showed that the flow quantities and scales decay according as

0~ Ame) (3.62a)
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&~ A B~ alm) (3.62b)
T~ ,\(%——%) L~ ,\(2:::::) (3.62c)

Following the methodology of Paullay et al., the behavior of the ASBM k-¢ formulation
was determined. The near-edge analysis was applied to the Reynolds stress formulation
with k- turbulent scalars for the mixing layer (see Section 3.2.3). The results are equally

applicable to the jet formulation. The transformed TSL equations are

FU¢+[-2Krip), = 0 (3.63a)
1
FEg+(-2Krp)Ug — B+ —[NKg, = 0 (3.63b)
E B2 1 .
FEg+UB+Cag (-2Kr1) Ug — Cea g + . [NEg, = 0. (3.63c)

Note that the above equations are transformed into the similarity coordinate £ = y/z,
but not into the eddy viscosity coordinate 7, (3.16). The eddy viscosity transformation is
necessary to attain a numerical solution to the equations, but is superfluous in the following
near-edge analysis.

As with Paullay et al., let A be the coordinate distance from the edge of the shear layer,
defined in (3.61), and the dependent variables, to leading order in A, be defined as

F=F,— A\ U=F¢=aAX! K = BX E=0). (3.64)

Fy is the edge value of the transformed streamfunction, all exponents and coefficients
are positive, and a > 1 for the velocity to exhibit proper decay. Given that the analysis
is valid only near the shear-layer edge (A — 0), we can assert that the principal Reynolds

stress components are very near isotropy, i.e. ry; = d3/3. This assertion is predicated on
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the assumption that the product of the mean strain rate and turbulent time scale goes to

zero, i.e. ST = 0. Thus, the turbulent diffusion coefficient becomes

N () = G2K (T (6) = Ot e (3.65)

Also, the Reynolds shear-stress component 713 behaves linearly with nondimensional

strain,

R
r1g = 5;(—2 = —CRpS1T , (3.66)

where Cp, is the slope of r1 with S for near isotropic conditions. Later in the analysis, it

will be shown how the coefficient Cg relates to model coeflicients in the ASBM formulation.

“Substituting (3.64) and (3.66) into the momentum equation (3.63a), we have

CFAN —(a+2b—c—2) BXOp)® =0 . (3.67)

Matching the exponents and coeflicients, we have

2
%B—c—1=0 Fem(a—l)%—OR. (3.68)

Substituting (3.64), (3.65), and (3.66) into the kinetic energy equation (3.63b), and
applying (3.68), we have

33

“(aul)bc,

A2R2 3
CrA" 4 (0 — 1)20,2—6”,5 CrA?=3 —oX®-1 ¢ gbﬂ%g—:fk"“i =0. (3.69)

The terms represent, respectively, mean convection O(b — 1), production O{2a — 3),
dissipation O{2b— 1), and diffusion O(b — 1). Clearly, the O(b— 1) terms are of lower order
than the O(2b — 1), but how they compare to the O(2a — 3) is uncertain. Thus, we are

forced to examine the following two cases.

i. We assume that the O(b — 1) and the O(2a — 3) terms are of comparable order. This

represents a balance of the mean convection, diffusion, and production.
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ii. We assume that only the O(b ~ 1) are the leading order terms. This represents a

balance of the mean convection and diffusion.

The physics of the near edge flow suggests that Case (ii) should prevail since Cazalbou
et al. (1994) and Castro and Bradshaw (1976) have shown that the production and dissi-
pation are negligible at the edge of the shear layer as compared to the mean convection and

turbulent diffusion. However, for completeness, we examine the two cases mathematically.

Case (i): Matching exponents and coefficients on the O(b — 1) and the O(2a — 3) terms
in (3.69), we obtain

b=2(a—1) (3.70)
26°BC, + 3 (g) [(%) a?A? — bB] Croy, =0. (3.1)

Solving this equation for the exponent a, we find

2B
=3y (= . .
a \/3A2CRUk (—4C, + 3Croy) (3.72}

Since the exponent ¢ must be a positive, real number greater than one, we have the

following constraint:

(—4C, + 3CRoy) > 0 %ak > % . ‘ (3.73)

We must now evalute the model constants Cg, €y, and o}, to determine if this constraint
is satisfied. If the constraint in (3.73) is not satisfied, we must proceed to Case (ii). The
constants C, and oy, are set in the scale equations, The constant Cg, however, is set in the

ASBM formulation. We next show this.
The normalized Reynolds stresses are computed from the ASBM using the following

algebraic relationship,

1
T = (1—¢) 3 (6i5 — @ig) + day; + 125 (€kpittps + Ekpitpi) - (2.1)
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As the edge of the shear-layer is approached, A — 0, the turbulence is very nearly
isotropic so that the eddy-jetal parameter ¢ and the eddy-helical vector «y; each vanish.

Thus, the normalized Reynolds stress tensor becomes

(8i5 — aij) - (3.74)

NSl =

Tij =

So we see that, in this weakly anisotropic regime, the normalized Reynolds stress tensor
is a function solely of the normalized eddy-axis tensor. Recall that the eddy axis tensor is
determined first by the irrotational mean strain rate, (2.33), then a transformation, (2.35),
is applied to account for the mean rotation rate. However, the rotational parameter r, and

consequently the rotational transformation Hj;, become

r=0+0 [(ST)2] —  Hy=08;+0 [(37)2] . (3.75)

Thus, we need only examine the irrotational mean strain rate on the eddy axis tensor.

In the near edge region, (2.33) becomes

1 2g..
ay = 50 + & aj”" (3.76)
Substituting this expression into (3.74) we have
1 1
rij = =8 — —8iT . 3.77
48 3g, (3.77)
The resulting shear stress becomes
Tig = — . ST (3.78)
12 = T g o .
and, when compared to (3.66), the following relationship is determined:
Cr=— (3.79)
B 3a, '

Typical values for the associated parameters are




&0

ap = 2 C, =0.26 op=1. (3.80)

Substituting these vahies into (3.73), we have

Cr_  (3) ;1\ _ 4
G0k = 0 (1) =0.64 # 3 (3.81)

Thus, (3.73) is not satisfied, and we must proceed to Case (ii). This is the preferable
case, as mentioned earlier, because it requires that the energy balance near the shear-layer
edge be between the mean convection and the turbulent diffusion. To ensure that this is

the case, we place the following requirement on the ASBM constant:
Tk
o St 3 2
Ao > ic, ( 8 )
Case (ii): Matching coefficients on the O(b — 1) terms in (3.69), we have

bB3
_ 3Coy

[26C, — 3 (a — 1) Crow] = 0. (3.83)

Solving this equation for the exponent b we find that

(3.84)

Substituting (3.64), (3.65), and (3.66) into the dissipation energy equation (3.63¢), with
(3.68), we have

— [6ACA® + (a + 2b — 2ab — 1) B*Cg] A%~2
+ (2~ 1)? a2 A2BCRC,  A20 -4

2 2 C,
—% 51A3”‘2+§(1—2b2)32;3)«2"‘2 = 0. (3.85)
£

The terms represent, respectively, mean convection O(2b — 2), production O(2a + b ~ 4),
dissipation O(3b — 2), and diffusion O(26 — 2). Clearly, the O(2b — 2) terms are of leading
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order and represent a balance between mean convection and turbulent diffusion. Matching
the coeflicients of the O(2b - 2) terms and using (3.84), we have the following solutions for

the exponent a:

B C, B 20,
a=l+gnte =1t e o (3.86)

The first solution for the exponent o produces unrealistic expressions for exponents b

and ¢. Using the second solution, we have

_ 20,
~ 3Cg (201 — o)

— Tk c Jg
205 — O,

b (3.87)

a—1 =
205 — 0¢

Using (3.64) and (3.79), we have the following expressions for the behavior of the mean

and turbulent parameters as A — 0:

B\ Cr=r) (3.88a)

K ~ M) B~ () (3.88b)
oy—oe fop-oe

T~ )\(z“k“"ﬁ) £ )\( 2G:ME ) . (3.88¢)

Recall that the assumption was made earlier that the product of the mean strain rate
and turbulent time scale goes to zero, ST = 0, near the edge of the free-shear layer. This
assumption facilitated the assertion that the principal Reynolds stress components are very
near isotropy, ri; = 8;;/3, near the edge of the free-shear layer. We can now evaluate the
validity of this assumption using the expressions just derived. The mean strain rate near

the edge of the free-shear layer is

(3.89)
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The product of the mean strain rate and the turbulent time scale is then

(20uug—2dk+0’g) (crk—r.re )
ST ~ A 204 ~0¢ A 2o) -0

20pan -0y )

sr ~ AU (3.90)

As long as the exponent in (3.90) remains greater than zero, then we can be assured
that S7 = 0 as the edge of the free-shear layer is approached. Hence, the constraint on the

ASBM constant a, becotnes

Uk
Qg > 55; . (391)

Note that the constraint in (3.91) is more restrictive than that in (3.82). And, for the
typical values given in (3.80), the lower limit on a, is approximately 2.

"These results show the behavior the of the turbulence quantities as the edge of the shear
layer is approached. Figure 3.17 and Figure 3.18 show computational results near the shear
layer edge for the k- model and the ASBM k-2 model, respectively.

Table 3.7 shows the near-edge behavior of the turbulence quantities when similar anal-
yses are applied to the different model formulations considered in this text. It is clear that,
as the shear layer edge is approached, the ASBM formulations differ from the two-equation
formulations only in the behavior of the mean velocity. The ASBM formulation behaviors

include a dependence on the C, and a, model coefficients,

3.3 Slimmary

The ASBM was applied to the homogeneous mean flows of AXC, AXE, PS, and SH both
with and without frame rotation. The correct RDT limiting behavior of the eddy axis a;,
componentality r;;, and dimensionality d;; tensors was shown. The material indifference of
2D turbulence to rotation about its axis of independence was demonstrated by the computed
model results. Also, computed model results for the SH case showed excellent agreement
with DNS and experimental results,

The ASBM was then applied in the one-dimensional, spatially-developing free shear

flows of mixing layer, plane jet, and axisymmetric jet. Solutions were computed using the
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k-¢ model, the k-w model, and the ASBM coupled with both the k- and k-¢ turbulent
scalars.

The computed mixing layer mean profiles showed varying degrees of agreement. with the
experimental results. The spreading rate computed from the standard &-e solution agreed
most favorably.

The solutions for the plane jet showed that computed spreading rates for all models,
except the k-¢, were within 1% of the experimental value. The Reynolds stress shear
component was matched by both ASBM meodels, k-¢ and &-(. Performing best for the case
of the round jet was the ASBM k-¢. Using the same model coefficient as that for the plane
jet, the ASBM k-¢ computed a spreading rate only slightly higher than the experimental
result for the round jet. It also agreed with the kinetic energy and Reynolds shear stress
distributions remarkably well.

Finally, the behavior of the mean and turbulent quantities was examined as the edge
of the free shear layer was approached. It was shown that, as the shear layer edge is
approached, the ASBM formulations differ from the two-equation formulations only in the
behavior of the mean velocity. It was also shown that the lower limit on the ASBM model
coefficient a, was a function of the model coefficients C, and oy. For typical values of
these coefficients, the lower limit on the ASBM model coefficient was a, =~ 2. The ASBM

formulations include a dependence on the €, and a, model coefficients.
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Homogeneous

Plane Strain

Axisymmetric Compression

Axisymmetric Expansion

fixed frame; axial frame rotation; g, = 2.0,2.5,3.0

Shear

fixed frame; transverse frame rotation; a, = 2.0, 2.5, 3.0

Free Shear Layer

Mixing Layer
Plane Jet
Round Jet

fixed frame; oo = 2

k-e 3 k-w ; ASBM k-¢ ;
ASBM k-¢

Table 3.1: Computed Solutions.

Experiment ap =20 ap=25 ap=3.0

11
23
Tag

712

St

0.61 £0.04 0.58 0.63
0.22 £ 0.02 0.16 0.19
0.27 £ 0.03 0.26 0.29
-0.16 £ 0.01  -0.16 -0.16
4.60 £ 0.50 4.67 4.67

.49
0.21
0.30
-0.16

4.67

Table 3.2: Equilibrium results for homogeneous shear compared against the experimental results of
Tavoularis and Karnik (1989) as reported in Kassinos and Reynolds (1996).

DNS apg = 2.0 ag = 2.5 ag = 3.0

ri1 0.62 0.63 0.57
rog 0.19 0.14 0.16
rzz 0.29 0.24 0.27
rig -0.16 -0.16 -0.16
St 5.5 5.5 5.0

0.53
0.19
0.29
-0.16
5.5

Table 3.3: Equilibrium results for homogeneous shear compared against the DNS results of Rogers

and Moin (1987).




Model | dd/dz

Experiment | 0.1
k-e | 0.098
k-w 1 0,105
ASBM k- | 0.082
ASBM k-¢ | 0.093

Table 3.4: Mixing layer spreading rate results.

Model | dé/dz

Experiment | 0.1
k-¢ | 0.109
k-w | 0.101
ASBM k-¢ | 0.101
ASBM k-¢ | 0.099

Table 3.5: Planar jet spreading rate results,

Model | dé/dz

Experiment | (0.094
k-2 | 0.120

k-e-x | 0.086

k-w | 0.087

ASBM k- { 0.101
ASBM k-e-x | 0.070
ASBM k-¢ | 0.075

Table 3.6: Round jet spreading rate results.
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U K E/W/Z T L
kg 1 <83 Te [ % O —T¢
20, —ac pL 2e,—0e 20, —0¢ 2op—0g
3
i 2Cu 84 Tk ae O —Cc 50k—0Te
ASBM k-¢ 205, —0c 20 —0¢ 2o, —0¢ 20, —0¢ 205 —0Ce
1
Lot 1 oy T —Fy 0k~ COw
Ofp—Cw Op—yw (24 e - 7] Tlp—Cw Th~ O
1
. 20, ag oy Ow —~F SO0k~ Tw
ASBM k-w OOy OTh O O —Ow O~y Oy—Tu
. 8Cya, 4oy 4o —a,—20¢ gy —2a¢
ASBM & C 3o —20¢ 3o —2o¢ 3oy —2o¢ oy 20, 3oy —20,

Table 3.7: Near-edge behavior.
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Figure 3.1: Anisotropy invariant map for the eddy axis a;;, componentality r;;, and dimensionality
d;; tensors in homogeneous flows with finite deformations.
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Figure 3.2:. Eddy axis tensor and Reynolds stress tensor in homogeneous axisymmetric contraction
(AXC).
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Figure 3.3: Eddy axis tensor and Reynolds stress tensor in homogeneous axisymmetric expansion
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Figure 3.4: Eddy axis tensor and Reynolds stress tensor in homogeneous plane strain (PS).
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Figure 3.5: Eddy axis tensor and Reynolds stress tensor in homogeneous shear (SH).
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Figure 3.6: Turbulence parameters in homogeneous shear,
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Figure 3.7: (a-b) ASBM computed Reynolds stress tensor for homogeneous shear in a rotating frame
compared with Kassinos & Reynolds (KR) DNS and solutions from the standard k-¢ (k-¢) model, the
non-linear k-e (k- NL) model, the Launder, Reece, & Rodi (LRR) model, the Rotta & Kolmogorov
(RK) model, and the Shih & Lumley (SL) model.
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Figure 3.7: (c) ASBM computed Reynolds stress tensor for homogeneous shear in a rotating frame
compared with Kassinos & Reynolds (KR} DNS and solutions from the standard k-e (k-e) model,
the non-linear k-e (k-&¢ NL) model, and the Rotta & Kolmogorov (RK) model.
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Chapter 4

Conclusions and Future Work

This dissertation has presented an investigation into the development and application of
the ASBM. A review of structure in turbulence was given, as well as a recitation of the
extensive background research leading to the development of the ASBM. The ASBM was
developed using the eddy axis model ground work laid by Kassinos and Reynolds (1994).
RDT and DNS results were used extensively to formulate turbulence parameter models and
to set model coefficients. The ASBM was then applied in homogeneous and free shear layer
flow fields. Computational results were compared with DNS and experimental results. The
principle conclusions from this investigation are given in Section 4.1 and a discussion of

topics for future research is presented in section 4.2.

4.1 Conclusions

The ASBM was developed and analytically shown to compute correctly the RDT limit
states of turbulence, Homogeneous solutions confirmed that the ASBM correctly matched
DNS and experimental results for homogeneous shear flows. The response of the computed
results to variations in the model coeflicient a, was investigated. '

Solutions for various homogenous flows with frame rotation confirmed the ability of the
ASBM to compute a Reynolds stress tensor which correctly responds to the presence of
the frame rotation. Material indifference to rotation was demonstrated in the AXC and PS
cases for which, after large values of S, the eddy axes began to become aligned with the
axis of rotation. This was not the case, however, for the AXE case in which the eddy axes
began to become confined to the plane normal to the axis of rotation.

Solutions for various free shear flows compared favorably against experimental results.
The computed mixing layer results showed that k-¢ and ASBM k-e¢ appeared to perform
better in the slow stream region of the mixing layer, whereas Wilcox (1998)'s k-w model
appeared to match experimental results better in the fast stream region. All models, save
the ASBM k-£, computed spreading rates that were within 10% of the experimental value.

Additional solutions verified that the computed spreading rate varied inversely with the
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model coefficient a,.

The solutions for the plane jet showed that computed spreading rates for all models,
except the k-g, were within 1% of the experimental value. However, the computed % fell
short of the experimental values. This affected the magnitude of the computed principle
Reynolds stress components. However, the shear component was matched by both ASBM
models, k-¢ and &-(. Performing best for the case of the round jet was the ASBM k-¢. Using
the same model coeffient as that for the plane jet, the ASBM k-¢ computed a spreading
rate only slightly higher than the experimental result while agreeing with the kinetic energy
and Resrnolds shear stress distributions remarkably well. Thus, the ASBM k- model does
not suffer from the well known round-jet/plane-jet anomaly from which the standard k-e

does sufler.

4.2 Recommendations for Future Work

Clearly, the application of the ASBM to a broader range of flows would provide insight
into its performance. While the algebraic nature of its formulation may seem, at first, to
constrain its applicability, the encouraging results from the presented set of homogeneous
and free shear layer flows motivates further investigation. At the time of this writing, the
author’s friend and colleague Carlos Langer was in the final stages of applying algebraic
structure-based concepts to investigate near wall and rotating channel type flow regions. If
this work proves fruitful, then expanding into the realm of the two-dimensional engineering
type flow fields would be the next logical step to further validate the concept of algebraic

structure-based turbulence modeling,



Appendix A

Normalized Invariant Map

In the effort to construct a structure-based turbulence model that exhibited the proper RDT
limiting behavior, it was proposed that the RDT limit state of turbulence subjected to a
mean velocity gradient tensor might be characterized by some parameter space uniquely
defined by that mean gradient temsor. This idea was pursued through the examination
of the invariant characteristics of the incompressible mean velocity gradient tensor. Also,
Critical Point Theory was employed to examine the solution trajectories of the velocity
gradient tensors.

In Section A.1, the mean velocity gradient tensor was normalized such that its invariants
(P, Q, R) became bounded to form the Normalized Invariant Map (NIM). Different regions
of the map were analyzed to characterize the tensor. It was shown that a point on the NIM
was uniquely identified by a set of normalized invariants and eigenvalues, which thereby
characterized a unique flow topology. However, the associated velocity gradient tensor was
not uniquely identified. Tt was shown that multiple, distinct velocity gradient tensors may
possess the same eigenvalues and, thus, occupy coincident locations on the NIM.

In Section A.2, attempts were made to define a parameter space of the normalized
invariants of the mean velocity gradient tensor that might facilitate a unique mapping
between the NIM and the velocity gradient tensor and, hence, the RDT limit state of the
associated turbulence. However, it was shown (Section A.2.1) that no such parameter space
could be identified. It was concluded that the normalized invariant parameter space was
insufficient to provide a one-to-one mapping between the velocity gradient tensor and the
RDT limit state of turbulence subjected to it. '

However, the NIM remains instructive for characterizing mean flow velocity gradients. In
Section A.4, the solution trajectories resulting from the mean velocity gradient tensor were
characterized by the location of its normalized invariants on the NIM. Finally, in Section A.5
the mean flow velocity gradients representing the current database of homogeneous DNS
results were identified on the NIM. It was shown that this database of homogeneous DNS
solutions is small with respect small with respect to the domain of the NIM. Additional

homogeneous flow fields were suggested for DNS calculations to capture a broader region
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on the NIM,

A.1 Normalized Invariant Map

It was proposed that a parameter space comprised of the invariants of the mean velocity
gradient tensor, G, might be constructed such that this parameter space be sufficient to
allow the characterization of the RDT limit state of turbulence subjected to that mean flow
field. Therefore, the mapping between the parameter space and the mean velocity gradient

tensor must be unique, i.e. a one-to-one relationship must hold.

A.1.1 Normalized Invariants

We begin with an examination of the invariants of the velocity gradient tensor, G. Since

G is a second rank, three dimensional tensor it has three invariants which are

i 1
P =Gy Q= “‘EGéjGji R= _EGijijGki . (A.I)

It is clear that these invariants are unbounded since they scale with the magnitude of
the velocity gradient tensor, Thus, we seek to normalize the invariants in such a manner as
they become bounded. The Frobenius Norm, F, of the velocity gradient tensor is a strictly

positive quantity and is defined as

F = /GGy . (A.2)

If we normalize the velocity gradient tensor by F, we have

Gii
oy =L, (A3)

By definition, P, @, and R are invariant under rotational transformation. Hence, the
velocity gradient tensor Gy; can be transformed into its canonical form (diegonal or Jordan)
éij and the invariants will remain constant under transformation. For example, if Bi; is a
tensor representing a non-singular coordinate transformation which transforms the velocity

gradient tensor into its canonical form, then the first invariant transforms as
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P(G) = 0;;Gij

= Gy
= Bz‘;r:' C:‘man‘
= BuiBiGumn
= énmémn
= émm
P(@G) = P (G) . (A4)
The following can similarly be shown:
Q@) =q(6) R(G)=R(&) . (A.5)

As expected, the coordinate transformation B;; does not change the invariants. However,

this is not true for the Frobenius norm. If transforms as follows:

W=

F = (GyGy)
= (B;}GynBn;iB GpyByj
im - MNERSip Spgta)

b

b3

= (B;ﬂ: Bﬂsz';lBQj émn épq)

F(G) # F(G) (A.6)

Thus, the Frobenius norm is not invariant. Consequently, the normalized invariants

«_F R

are not themselves invariant. The fact that the normalized invariants are not, indeed,
invariant will later call into question the original proposal of a unique mapping between the

parameter space of invariants and the mean velocity gradient tensor.
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We now claim that the invariants of the normalized velocity gradient tensor, G*, are
bounded and examine the limits of these normalized invariants. The focus of the remaining
analysis is on incompressible flow, thus the first invariant is identically zero, P = 0.

"The velocity gradient tensor, G, is transformed into its canonical form, éij {the reader
is referred to Appendix B.2 for a discussion of canonical forms for the velocity gradient

tensor),

a W 0
Gi=1 —w b 0 : (A.8)
0 0 —{a+b)

The Frobenius norm, (F'), and invariants, (Q, R), are

F = /2(a%+ab+b% + w?) (A.9)
Q = —(P+abt b —u?) (4.10)
R = (a+0b)(ab+u?) . (A.11)

To evaluate the limits of the normalized invariants we first consider the following obser-
vations of the second invariant Q. For a flow which is irrotationally strained, the velocity

gradient is purely symmetric. Thus, one limit on the second invariant is

(4] 1.5:;5;; 1
. Aot it L A2
=7 28355 2 A2

Similarly, for a flow which is purely rotational, the velocity gradient tensor is completely

antisymmetric. Another limit on the second invariant is

Q* = _Q_ - _iﬂijnji — lﬂijﬂji _
F2o 2040 2040

1
5 (A.13)

Therefore, the bounds on the second invariant are
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1 1
Fol—=, =} . Al4
@[5 3] (A14)
To determine the limits on the third invariant R, we first eliminate the rotational com-

ponent of the velocity gradient tensor in favor of the second invariant,

a® + ab + b - w?

@ = " 2(a? + ab + b2 + w?)

2 _ (@ +ab+d?) (1420

w T30 (A.15)
Substuting this expressions into the expression for the third invariant, we have
b) [2ab+ (a2 + 52) (1 +2Q%)] (1 — 2Q*)2
g = B _ (a+b)[2ab+ (a® +°) (1+2Q1)] (1-20%) (A.16)

3 8(a2+ab+bz)%

The extrema of R* was determined by solving the following system of equations:

R . (A.17)

OR*
da 0 Ob

The result of this analysis was that the extrema of B* occurred for a = b. Substituting

this result into Equation A.16, we have the following expression for the limits of R*,

1+ Q%) (1 - 20%)7
v . (A.18)

Substituting the result ¢ = b into the definition of the canonical velocity gradient tensor,

R*mi(

we have

Gij=| —w a 0 : (A.19)
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Note that the vorticity vector is aligned in the direction of maximum strain rate. This
analysis was conducted with the mean vorticity vector aligned in all three coordinate di-
rections. The result of each analysis confirmed that the extrema in R* occurred when the
vorticity vector was aligned in the direction of greatest strain rate.

For a given incompressible velocity gradient tensor, we can plot its normalized invariants,
Q* vs. R*, to form the Normalized Invariant Map. This map, with its bounding curves, is
shown in Figure A.1.

Chong et al. (1990}, performed a more detailed analysis of the velocity gradient tensor
invariant parameter space for the classification of three-dimensional flow fields. This analysis
was not restricted to incompressible flow. The invariants, however, were not normalized.
Thus, the P-Q-R parameter space was unbounded.

It was the work of Perry and Chong (1987) and Chong et al. (1990) that inspired the
author that such analysis might be applied in turbulence modeling. Although the NIM as
presented here was developed independently by the author, a similar map was constructed

by Olbricht ef al. (1982) as one approach to characterize flow strength.

A.1.2 Map Details

We now examine, in greater detail, the various regions of the NIM and the character of
the associated velocity gradient tensors in those regions. The combination of a normal strain
rate component and a rotation rate component in the velocity gradient tensor gives rise to
the particular form of its eigenvalues, and thus the nature of the flow field characterized by
the tensor. Appendix B.1 details the computation of the eigenvalues of the velocity gradient
tensor.

The different regioﬁs of the NIM are characterized by the eigenvalues of the associated

velocity gradient tensor. The curves defined by the expression

R =y (@ (A.20)

demark the region corresponding to three real, two repeated eigenvalues which is as-
sociated with parabolic flow. Below these curves denotes the region of three real, distinct
eigenvalues which correspondes to hyperbolic flow. Above the parabolic curves lies the
region associated with one real and one complex pair of eigenvalues which corresponds to

elliptic flow. The line corresponding to R* = 0 denotes the region of one zero eigenvalue
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which is associated with the strictly 2D flows. These curves and regions are annotated in
Figure A.1.
The following additional points of interest, corresponding to some canonical flow topolo-

gies for strain, rotation and shear, are also shown on the NIM in Figure A.1:

1 0 0 F = 2
Plane Strain Gyi=|0 -1 0 Q* = —% (A.21)
| 0 0 0 R* = 0

+—4
o
=
"z
i
=

Axisymmetric
. Gij=]0 -1 o Qr = -1 (A.22)
Compression 2 2
1 2
0 0 -3 R = —-é-\/;
~1 0 0 F o=/}
Axisymmetric a . . (A.23)
= i L 3 .
Expansion W 0 30 Q 2
1 _ 1. f2
0 0 1 R = L,/2
010 F =1
- Shear Gi;=1 00 0 Qr =0 (A.24)
0 ¢ 0 R = 0
0 10 F o= /2
Pure Rotation “Gy=| -10 0 Q= i (A.25)
0 00 R* = 0

Thus, we have a clear picture of the character of various velocity gradient tensors based
on the location of their invariants on the NIM, Figure A.1. The NIM has clearly marked

regions where different flow characters dominate. The hyperbolic flow area of the NIM
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demarks regions where the normal strain rates of the velocity gradient tensor dominate, The
elliptic flow area of the NIM demarks regions where the rotation rates of the velocity gradient
tensor dominate. Thus, though a particular flow field may have a rotational component to
its velocity gradient tensor, its eigenvalues and, thus, location on the NIM clearly indicate
the dominate component.

It should be evident at this point that any two velocity gradient tensors which share
a set of eigenvalues will necessarily share locations on the NIM. The character of each
particular velocity gradient tensor will, therefore, be indistinct and we have lost our one-
to-one mapping. However, at this point it is unclear whether two velocity gradient tensors
which share a set of eigenvalues are, indeed, indistinct. This point will be examined further

in Section A.2.

A.1.3 Additional Flow Field Examples

To better appreciate the ability of the NIM to characterize the mean velocity gradient
tensor, several additional flow field examples were plotted on the NIM. Section A.1.2 detailed
key lacations on the NIM corresponding to some canonical flow topologies associated with
strain, rotation, and shear. We now examine combinations of these canonical flow topologies
in a fixed coordinate frame that span a large portion of the NIM.

The following velocity gradient tensors were used to define combinations of the canonical
flow topologies. In all cases, the parameter 8 was varied from 1 to 0. The traces of
corresponding normalized invariants were computed and plotted on the NIM, as shown in
Figure A.2.

Plane Strain B (1-p) 0
+ Rotation Gi=1| ~(1-p) -8 0
{on axis) 0 0 0

™
o
|
—_
|
=
™
<
=

Plane Strain
+ Rotation Gy = 0 -8 0 Gi=|0 -8 (1-5)
(off axis)
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For the cases of Plane Strain + Rotation, (on azis) denotes that the rotation rate vector
is aligned normal to the plane containing the principle strain rates. Conversely, (off azis}
denofes that the rotation rate vector is aligned parallel with one of the principle rates of
strain in the plane of action. Both (off azis) orientations of the rotation rate vector were

included as they traverse different regions of the NIM.

Axisymmetric 8 0 0
Contraction

+ Rotation Gi=]0 -3 (1-8
(on awxis) 0 —(1-8) —%ﬁ
Axisymmetric 3 1-8) 0
Contraction

+ Rotation ' Gyg=| ~(1=-8) -3 0
(off axis) 0 0 ~-1ip

For the cases of Axisymmetric Contraction + Rotation, (on axzis) denotes that the
rotation rate vector is aligned in the direction of the axial strain rates. Conversely, (off
azis) denotes that the rotation rate vector is aligned normal to the axial strain rate. Since
the flow field is symmetric about the axial strain rate, only one (off azis) rotation rate

need be illustrated.

Axisymmetric ~B 0 0

Expansion

+ Rotation Gi=| 0 8 (-8
(on axis) 0 -(1-8) 38

Axisymmetric _B (1-8) 0

Expansion

+ Rotation Gij = —(1-5) %ﬁ 0

(off azis) 0 0 %ﬁ

For the cases of Axisymmetric Expansion + Rotation, {on exis) denotes that the rota-
tion rate vector is aligned in the direction of the axial strain rates. Conversely, (off azis)

denotes that the rotation rate vector is aligned normal to the axial strain rate. Once again,
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symmetry negates the need to illustrate more than one (off azis) rotation rate.

Axisymmetric
Contraction g (1-8) 0
+ Shear Gii=1 0 —-1B 8
+ Rotation

) 0 -8 -3
(on axis)
Axisymmetric
Expansion -8 (1-p) 0
+ Shear Gy = 0 % ;i B
+ Rotation

0 - i

(on axis)

For the cases of Axisymmetric Contraction/Expansion + Shear + Rotation, (on azis)
denotes the rotation rate vector orientation as mentioned in the other axisymmetric cases.
The shear is also in the direction of the axial strain rate. One could envision this combina-
tion of canonical flow fields to represent a small, locally homogeneous region of a rotating

turbomachinery flow path.

Shear in a Rotating Frame

In addition to the fixed frame examples given above, an example of shear in a rotating
coordinate frame is examined where the frame vorticity vector is aligned normal to the
plane of the shear. The mean velocity gradient tensor in the fixed framed is composed of

the frame rotation component and the shear component in the rotating frame,

0
aQ Go f [ _ 1 —_
i = gy + Qij Q@j = ”2“€jikﬂk £ = 0 (A.26)
W

To determine the gradient tensor in the fixed frame, the rotating frame gradient tensor,

which is given as
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0T 0
Gi=100 0], (A.27)

0 00

must be transformed to the fixed frame by the orthogonal transformation, B;;, as

cos (wt) sin{wt) 0
G = Bj,!GpeBys Bij=| —sin(wt) cos(wt) 0 | - (A.28)

0 0 1

The gradient tensor in the fixed frame transforms into

—I" sin (wt) cos (wt) I cos? (wt) 0
Gy = ~T sin? (wt) T'sin (wt) cos (wt) 0 | - (A.29)
0 0 0/
The velocity gradient tensor in the fixed frame is then
~TI'sin (wt) cos (wt) Teos? (wt) — 3w 0

Giy =G + szj =| -Tsin®(wt)+ jw Isin(wt)cos(wt) 0 | - (A.30)
0 0 0

The Frobenius Norm and invariants are computed as

F=\/w2(02-~o‘+-§) Q:—%wz(a—%) R=0, (A.31)

where 0 = I'/w is the relative magnitude of the shear rate to the frame rotation rate.

The normalized invariants are then
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1 (0 - 1)
R e e R*=0. A.32
@ 2(c?—0o+ %) ( )
As expected, the invariants do not vary with time as does the velocity gradient tensor.
The invariants, of which ()* is the only nonzero quantity, depend only of the relative mag-
nitude of the shear rate and frame rotation rate. Figure A.3 shows the variation of Q* with

o, Note the limit

lim Q*=0. (A.33)

c—too

Plane Strain in a Rotating Frame

We now examine plane strain in a rotating coordinate frame where the frame vorticity
vector is aligned normal to the plane of the strain. The mean velocity gradient tensor in the
fixed framed is composed of the frame rotation component and the plane strain component
in the rotating frame ( See Equation A.26 ), To determine the gradient tensor in the fixed

frame, the rotating frame gradient tensor, given as

S 0 0
G'z‘j =10 -85 0 (A.34)
¢ 0 0

must be fransformed to the fixed frame by the orthogonal transformation, B;;, as in

Equation A.28. The gradient tensor in the fixed frame transforms into

cos (2wt) —sin(2wt) 0
G =8| —sin(2wt) —cos(2wt) 0 | - (A.35)

0 0 0

The velocity gradient tensor in the fixed frame is then
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S cos (2wt) —Ssin{2wt) — fw 0
Gij = G + Q{; = | ~Ssin(2wt) + iw —S cos (2wt) 0 (A.36)
0 0 0
The Frobenius Norm and invariants are computed as
Foem g jw? (20+—;-) Qz—%w (20—%) R=0, (A.37)

- where o = S/w is the relative magnitude of the strain rate to the frame rotation rate.

The normalized invariants are then

p——
NI

=)

0’+;i‘

Q= — R*=0. (A.38)

[N
o——

Seme”

As expected, the invariants do not vary with time as does the velocity gradient tensor.
The invariants, of which ¢* is the only nonzero quantity, depend only on the relative
magnitude of the strain and frame rotation rate. Figure A.3 shows the variation of Q* with
o. Note the limnit

lim Q* = --% . (A.39)

T30

A.2 Uniqueness of Normalized Invariant Map Points

- We examine the uniqueness of points in the NIM. That is, we investigate the relationship
of points in the map with their associated velocity gradient tensors to determine if, indeed,
a non-singular mapping between velocity gradient tensors and their associated normalized
invariants can be established.

Posit a velocity gradient tensor which is diagonalized as

Gi' = Q;;Aannj . (A-40)
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Ay represents the diagonal matrix whose elements are the eigenvalues of Gij, and Qi
represents the matrix whose columns are the eigenvectors of Gij. We can define a different

velocity gradient tensor as

Vi = Mz.;laquqj = Mé;;lQ;,}LAanonqj = K 1 ApnKyj . (A.41)

This matrix has the same cigenvalues and, thus, has the same flow topology and invari-
ants, and occupies the same point on the invariant map. This transformation is called a
similarity transformation . Matrices Y , G, and A are said to be similer matrices and,
as such, they represent the same velocity gradient tensor in different coordinate systems.
That is to say, that the velocity gradient tensor G in a coordinate system defined by the
columns of M (which need not be orthogonal) is precisely the same as the velocity gradient
tensor Y in the lab reference cartesian coordinate system. Similarly, A in a coordinate
system defined by K is precisely the same as Y in the lab reference.

This confirms the assertion made in Section A.1.2 that every point on the Normalized
Invariant Map identifies a unique set of velocity gradient tensor eigenvalues with a unique
flow topology. However, it is still unclear whether this fact negates our proposed non-
singular mapping between normalized invariants and the velocity gradient tensor as it has
yet to be determined whether velocity gradient tensors which share eigenvalues, and hence
normalized invariants, are distinct in character, i.e. lead to differing RDT limit states of
turbulence.

To investigate this situation further, the following numerical experiments were con-
ducted.

A.2.1 Coincident Velocity Gradient Tensors

Recall Section A.1.3 in which the traces of different velocity gradient tensors, composed
from the combination of the canonical strain, rotation, and shear topologies, were plotted
on the NIM in Figure A.2. Note that three traces, those of Plane Strain + Rotataion
(PS + Rot) on azis , Axisymmetric Compression + Rotation (AXC + Rot) off awis, and
Axisymmetric Expansion + Rotation (AXE + Rot) off awzis, coincide in the hyperbolic
region of the NIM at R* = 0 (See Figure A.4). The value of 3 for each of these combinational

topologies was computed at the point of conicidence.



on awxis

Appendix A. Normalized Invariant Map 125
Plane Strain + Rotation (on awis)
B (1—,5) 0 Fpg = \/2(1—2ﬁ+2ﬁ2)
Gy=| -(1~8) -B 0 s = gmaeT (A.42)
0 0 0 Rbg = 0
Axisymmetric Compression -+ Rotation {off awxis)
B (1-B) 0 Faxc = yJ2~48+5p°
1-2p+% P
Gyi=| -(1-B) -1ip 0 @huxc PRI (A.43)
—38(2-4p+5°
2 AXC = o a1
Axisymmetric Expansion + Rotation (off ezis)
-8 (-8 0 Faxp = Faxc ’
GiJ' = —~(1-p3) %ﬁ 0 QZXE = Qixc (A.44)
0 0 3B Ryxg = —Rixc
The point of coincidence at B* = 0 corresponds to
1
Bps =3-6 Baxc = Baxp =2—V2 V=-1" (A.45)
The eigenvalues for the these three flows are
- PS 2681
Al = = 2l
+ Rot A -Ap B=38-6 (A.46)
Az = 0
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AXC/AXE = (LY —£.

+ Rot v : B=2-v2. (A.47)
) By _ (V2 BV -TR24328-18

off axis 23 = (T) \JA—8p+7p"

Each of these eigenvalue expressions evaluates to

As=0. (A.48)

As expected, these three flows share the same set of eigenvalues as well as normalized
invariants, which means that their canonical flow topologies are identical. Tt was hoped that
velocity gradient tensors that share these quantities would be indistinct with respect to their
RDT limit states, thereby permitting the non-singular mapping. This, however, is not the
case. The RDT limit states of turbulence for these three flow ficlds are distinctly different
(Kassinos and Reynolds (1994)). It appears that the chosen parameter space from which

to develop this non-singular mapping to the RDT limit state of turbulence is insufficient.

A.2.2 NIM Utility in Turbulence Modeling

It has been shown that coincident points on the Normalized Invariant Map necessarily
share the same normalized invariants, eigenvalues, and flow topologies. All points on the
map are uhique with respect to these parameters.

It was hoped that we could carry the uniqueness hypothesis one step further, that is to
say that all mean velocity gradient tensors associated with a given point on the NIM are
associated with the same RDT limit state of turbulence. It was also shown that this is not
the case. Though the three mean velocity gradients described in Section A.2.1 all occupy
the same point on the NIM, the limiting RDT state to which each drive homogeneous
turbulence is different.

Note that only the Plane Strain mean flow gradient remains constant in time. The
vorticity associated with the AXC/AXE mean flow gradients diminishes/grows according

to the vorticity transport equation

€4 = QuSki — QuSkn (A.49)
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where Sg; = 0 for the incompressible flow fields considered in this analysis. The vorticity
in these flow fields is concentrated in the z3 direction. Therefore, the solution to the varticity

transport equation is

Q3 = QgeSest (A.50)

or, more specifically,

PS: Qg = AXC: Qg = Qe 2Pt AXE: Q3 =03 .  (A.51)

Thus, it is clear that the vorticity in the AXC case will diminish until only mean strain
drives the turbulence; the vorticity in the AXE case will grow until only mean rotation drives
the turbulence; and the vorticity in the PS case will remain constant. The evolution of the
normalized invariants is analyzed in Appendix B.3. Figure A.4 shows the variation of the
normalized invariants as the vorticity evolves in time. The traces are plotted emminating
from the point of coincidence. Figure A.5 shows the different RDT limit states of the
Reynolds stress anisotropies, as computed from the PRM (Kassinos and Reynolds (1994)),
to which the the three normalized mean flow gradient tensors of plane strain, axisymmetric
contraction, and axisymmetric expansion drive isotropic turbulence.

It is clear that flows having different mean velocity gradient tensors can have the same
eigenvalues and normalized invariants, but evolve differently in time and have vastly dif-
ferent effects on turbulence. We must, therefore, conclude that we are not able to make
any statement about the RDT limit sﬁate of turbulence based solely on the mean velocity

gradient tensor information provided by the NIM as it is currently defined.

A.3 Critical Point Theory

Let us choose an arbitrary point O in the flow field and expand the velocity u; in terms

of the spatial coordinates x; about this point.

uj = B = A; + Az + Ajpzjag + -0 (A.52)

Now, let point O be a critical point, i.e. a point in the flow field where all the velocity

components are zero and the streamline slope is indeterminant. This is accomplished if we
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assume that point O is the origin of a coordinate system which translates without rotation
following a fluid particle. Consequently, the zeroth order term in the Taylor Series expansion
is equal to zero and, according to Perry and Chong (1987), the second order and higher

terms may be neglected (for the examination of solution trajectories) with the result

& = Ag; . (A.53)

Thus we have a set of three first-order coupled linear ordinary differential equations.

The matrix A;; is then rate of deformation, or velocity gradient tensor, given as Gj;.

Jui

o (A.54)

Gij .=

A.4 Solution Trajectories

It was shown in Section A.1.2 that every point in the NIM is unique with respect to the
eigenvalues of the velocity gradient tensor. That is, every point on the NIM is associated
with a unique set of eigenvalues. We now show that the eigenvalues associated with each
point on the NIM describe a unique solution trajectory for the flow topology.

To examine solution trajectories, we transform the velocity gradient tensor, Gy, into

Jordan canonical form. This is accomplished as

.’b.,.; = Gz-jwj
; —~1A

. 1A
Bit; = ByB; GpupBnjiz;

By, = 6kaA'manj$j
Bigd; = GinBnjz;
£y = Ginln . (A.55)

If G is diagonalizable and has a complete set of eigenvectors, then G is a diagonal matrix

given as
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M 0 0
G=1| o Ay D . (A.56)
0 0 A

The columns of B are then the eigenvectors of G. The eigenvalues are either all real, or

contain one real and one complex pair where

A2 = 0w Az=0b. (A.57)

In the case of a complex pair of eigenvalues, the canonical form may be written, as

detailed in Appendix B.2, in the form

c —-w 0
G=|w o O ‘ (A.58)
0 0 b

This decoupled system of equations has the following solutions:

&y () = eM? o (1) = &2t &3 (t) = et (A.59)

These solutions give the particle trajectories at a critical point (as defined in Sec-
tion A.3). Hence, any two flows which have the same eigenvalues will necessarily have
the same particle trajectories and, thus, the same canonical flow topology.

The relationship of the eigenvalues to the invariants of G through its characteristic
equation are given in Appendix B.1. ,

It is not always possible, however, that a transformation will diagonalize G into the
canonical form above. Nevertheless, there will always exist a transformation B that will

reduce the velocity gradient tensor into one of the following Jordan canonical forms:

M 0O X100
G=| 0 A1 oo G=]o9o aA1]- (A.60)

0 0 A 0 0 A
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For the first case, the solution trajectories are

i () = et o (t) = (t + D) 23 3 (t) = e (A.61)

or, equivalently,

20 = () a2 1n (C2a) (A.62)

as determined by Chong et al. (1990), where C and D are constants of integration
related by

C =l (A.63)

For the second case, the solution trajectories are

I (t) = (%tz + Dt + E) I3 i (t) = (i + D) I3 Ig (t) = eMt (A.64)

or, equivalently,

B (t) = (%) o In (@3) + (-2%) £y In (Fis) 22 () = G) B30 (C#s)  (A.65)

where ', D, E and F are constants of integration related by

P =) C=eP, (A.66)

The analysis of the solution trajectories for these Jordan forms is detailed in Ap-
pendix B.4, Figures A.6 through A.9 show computed, instantaneous streamlines about
critical points whose mean velocity gradients are located in various regions of the Nor-

malied Invariant Map.
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A.5 Homogeneous DNS

It has been established that the parameter space used to create the Normalized Invariant
Map is insufficient for its propsed application in a turbulence model. However, the NIM
does provide interesting and useful insight into the current database of homogeneous DNS

results.

Homogeneous DNS results are widely and successfully used in the turbulence modeling
community to validate and compare model performance. They allow the homogeneous
terms of a prospective turbulence model to be validated independently of the more complex
physics of the transport and diffusion processes. When the normalized invariants associated
with the mean flow gradients which correspond to the current database of homogeneous
DNS turbulence results are plotted on the NIM, it becomes clear that a very large region

of uncharted territory still exists.

A.b5.1 Charted Regions

Figure A.10 shows the normalized invariants which correspond to the velocity gra-
dient tensors which are representative of the current database of homogeneous DNS re-
sults. This database is composed of solutions computed for irrotational strain flows and 2D

strain/rotation flow combinations.

Lee and Reynolds (1985) performed DNS simulations on the following irrotationally

strained flow fields:

S = 25548
5 0 0 s
Axisymmetric 1 = 7
‘ Sii=-—=1 0 =15 ¢ 2 A.67
Contraction RV 2 @ = -1 (A.67)
0 0 -is "l
*
R* = -gy/3
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§ = 1/231‘j8ij

-5 0 0 <
Axisymmetric = _1_ 0 9 o F = 7 (A.68)
Expansion V3 2 Qf = _%
0 0 %S o
R = a\/;
6 0 o S = 1/23,‘3'Sij
1 Fo= 5
Plane Strain Si=-10 =5 0 (A.69)
2 o = -1
6 0 §
R =0

Rogers and Moin (1987) calculated DNS results for the case of homogeneous shear.

0 50 F = 5
Shear Gi=10 0 0 Q* = 0 (A.70)
0 0 0 R = 0

Blaisdell and Shariff (1996) performed direct numerical simulations of homogenous tur-
bulence flows in which the combined effects of mean strain and solid body rotation combined
to produce elliptic streamlines. These elliptic streamline flows were defined using the fol-

lowing velocity gradient tensor which combined plane strain & with rotation w.

0 0 ~w-« F = /2(w?+o?)

Gij = 0 0 0 Q* = %(g;..;,g;) (A.71)
w—a 0 0 R = 0

The cases examined were computed with varying ratios of strain and rotation rate. This

ratio was defined as

a E?-1
il e (A.72)
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For a given value of F, the strain rate o was held constant and the rotation rate w was
computed from the above equation. The cases computed by Blaisdell and Shariff are shown
in Table A.5.1.

Shariff! calculated DNS solutions of homogenous turbulence flows in which the effects
of mean strain and solid body rotation were combined with frame rotation. The frame

rotation Q{ was aligned normal to the plane strain I' and rotation W.

0 0 W-T 0 coswt 0 —sinwt
Gij = 0 0 0 of = | 2w Byi=| 0o 1 o0
-W - 0 0 0 sinwt 0 coswt

é"-ij is the velocity gradient tensor in the rotating frame, Q{ is the frame rotation vorticity
vector, and Bj; is the transformation tensor from fixed frame to rotating frame. Applying

the'tra,nformation, the velocity gradient tensor and invariants in the fixed frame are

—T sin (2wt) 0 W ~Tcos(2wt) —w
Gij = 0 0 0 (A.73)
—W —~Tcos(2wt) +w 0 [ sin (2wt)

F =v2T? + W2 — 20W + u?

R=0.

Q*—E 1?4+ W? - 20W + w?
T2\ T2 W2 - 2wW + w?

Table A.5.1 shows the cases that were computed by Shariff.

A.5.2 Uncharted Regions

It is clear from Figure A.10 that much of the NIM remains uncharted with respect to
homogeneous DNS results. The following mean flow gradients represent a few recommended
cases to expand the database DNS turbulence results while exploring a greater region of
the NIM.

I7'his work was not published
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E & w @ R
L1 1 0095 0491 0
1.25 1 02195 0454 0
15 1 03846 0371 0
2 1 06 0235 0
3 1 08 0110 0
o 1 1 0 0

Table A.1: DNS Cases of Blaisdell & Shariff,

r W w W/ /T Q R
0529 0 5568 0 10525 0.4911 0
4157 0 6928 0  1.667 0.2353 0
8078 0 13463 0 1667 02353 O
20784 0 6928 0 0333 04 0
4157 0 0 0 0 05 0
20784 6.928 0 0333 0 04 0

Table A.2: DNS Cases computed by Shariff,
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Shear in a Rotating Frame One case might be that of shear in a rotating frame in

which the frame rotation is aligned axially in the plane of the shear.

0T 0 % 10 0
Gi=10 0 o0 of=1 o Bij=| 0 coswt sinwt
0 0 0 ] 0 —sginwt coswt

éij is the velocity gradient tensor in the rotating frame, Q{ is the frame rotation vorticity
vector, B;; is the transformation tensor from fixed frame to rotating frame, and I' is the
shear rate. Applying the tranformation, the velocity gradient tensor and invariants in the

fixed frame are

0 T'cos(wt) I'sin{wt) F = T%4 202
Gij=1| .0 0 w Q = ﬁ.f{v__;.ﬁ : (A.74)
0 —w 0 R =0

Axisymmetric Compression in a Rotating Frame Another case might be that of
axisymmetric compression in a rotating frame in which the frame rotation aligned with

axisymmetric, or axial, direction.

-3 0 0 0\ coswt sinwt 0
Gij = 0 -3 0 ol =1 o Bijj =] —sinwt coswt 0
0 0 « 2w 0 0 1

éij is the velocity gradient tensor in the rotating frame, Q{ is the frame rotation vorticity
vector, Bj; is the transformation tensor from fixed frame to rotating frame, and o is the
strain rate. Applying the tranformation, the velocity gradient tensor and invariants in the

fixed frame are
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-2 w 0 F = 4/ %(ﬂ + 202
Gi=] ~w -2 0 Q= 3 (%%E) : (A.T5)
0 0 a R = o {e4?)

_
V2 (3a244u?)3

Axisymmetric Compression and Shear in a Rotating Frame Consider the case
of axisymmetric compression and shear in a rotating frame in which the frame rotation is

aligned with axisymmetric, or axial, direction.

1 0 0 o« T 0 2w
Bij=1 0 coswt sinwt Gyi=|0 - £ 0 ol =1 o
0 —sinwt coswt 0 0 -3 0

é‘ij is the velocity gradient tensor in the rotating frame, Q{ is the frame rotation vorticity
vector, B;; is the transformation tensor from fixed frame to rotating frame, « is the strain
rate, and I is the shear rate. Applying the tranformation, the velocity gradient tensor and

invarianis in the fixed frame are

a Tcos(wt) Tsin(wi) F = \/ 302 + 172 4 2w?
—_9n,2 2
Gi=l0 -§  w o =} (i) - A

0 —w -z B = -4 ——-L%-(a2+4w2
2 V2 (3024202 +4w?)

Axisymmetric Expansion in a Rotating Frame Consider axisymmetric expansion

in a rotating frame in which the frame rotation is aligned in the axisymmetric, or axial,

direction.
7 0 0 0 coswt sinwt 0
éu = 60 5 0 Q{ = 0 B;; = —sinwt coswt O
0 0 -« Qw 0 0 1
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G‘ij is the velocity gradient tensor in the rotating frame, Q{ is the frame rotation vorticity
vector, B;; is the transformation tensor from fixed frame to rotating frame, and « is the
strain rate. Applying the tranformation, the velocity gradient tensor and invariants in the

fixed frame are

% w 0 Fo= w%a2+2w2

Gy=| ~w & 0 e = () (A.77)
0 0 -« B o= o _(otH?)

V2 (302 +4w?)

Axisymmetric Expansion and Shear in a Rotating Frame Consider the case of
axisymmetric expansion and shear in a rotating frame in which the frame rotation is aligned

in the axisymmetric, or axial, direction.

-a I 0 2w 1 0 0
éz’j = 0 § 0 Q{ = 0 Bij=| 0 coswt sinwt
0 0 5 0 0 —sinwt coswt

' (ﬂ}'ij is the velocity gradient tensor in the rotating frame, ﬂ{ is the frame rotation vorticity
vector, B;; is the transformation tensor from fixed frame to rotating frame, « is the strain
rate, and I' is the shear rate. Applying the tranformation, the velocity gradient tensor and

invariants in the fixed frame are

—a Tcos(wt) Tsin(wt) F = \/%az + T2 + 2w?
’ . 2
Gi=1| o0 a w Q* = (3——r—%——” dodie ) . (AT8)
_ e x _ a a?+duw?
0 W 2 B V2 (3024972 4402) %

A.6 Summary

It was shown that the mean velocity gradient tensor could be normalized such that its

invariants became bounded to form the NIM. It was concluded, however, that the normalized
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invariant parameter space was insufficient to provide a one-to-one mapping between the
velocity gradient tensor and the RDT limit state of turbulence subjected to it.

Although the one-to-one mapping of mean velocity gradient tensor to RDT limit state
was not found, it was shown that the NIM remained instructive for characterizing mean
flow velocity gradients, as demonstrated by the mapping of the database of homogenous
DNS solutions onto the NIM,
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Figure A.1: Detail of Normalized Invariant Map for incompressible flow (P*

canonical flow topologies associated with strain, rotation, and shear.
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Figure A.2: Flow examples on Normalized Invariant Map. Example flows are defined using combi-

nations of strain, rotation, and shear canonical flow topologies.
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Figure A.4: Plots of coincident (a) hyperbolic and (b) elliptic velocity gradient tensor normalized
invariants. The large circle indicates the coincident. initial location of the normalized invariants; the
lines indicate the time evolution traces.
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Figure A.5: Evolution of Reynolds Stress Anisotropies for the cases of plane strain, axisymmetric
contraction, and axisymmetric expansion as computed from the PRM.
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Figure A.6: Planar solution trajectories produced by the 2D velocity gradient tensors identified as
squares on the NIM. The streamlines trace the flow topology as viewed at a critical point in each
particular velocity field.



Appendix A. Normalized Invariant Map 145

0.6

0.4

0.2

T
Pure Rotation
Plane %Strain
i

-0.4
-0.6

0.6
0.4
-0.2 [

Figure A.7: Hyperbolic solution trajectories produced by the velocity gradient tensors identified as
squares on the NIM. The streamlines trace the flow topology as viewed at a critical point in each
particular velocity field. Three coordinate views are shown for each point.
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Figure A.8: Parabolic solution trajectories produced by the velocity gradient tensors identified as
squares on the NIM. The streamlines trace the flow topology as viewed at a crifical point in each
particular velocity field. Three coordinate views are shown for each point.
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Figure A.9: Elliptic solution trajectories produced by the velocity gradient tensors identified as
squares on the NIM. The streamlines trace the flow topology as viewed at a critical point in each
particular velocity field. Three coordinate views are shown for each point.
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the current database of homogeneous DNS furbulence results. Note that much of the NIM remains
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The Normalized Invariant Map - Supporting

Mathematics

B.1 Eigenvalues of the Velocity Gradient Tensor

The eigenvalues, ), for the velocity gradient tensor, Gj;, are determined from the solution

of the tenor’s characteristic equation, which is

M4PX+QA+R=0.

(B.1)

P, @, and R are the respelctive first, second, and third invariants of G;;. This expression

may be reduced by substituting the following:

A=¢-

which leads to

L
3

Etat+b=0

where

1

1

27

a=§(3Q—-P2) b= — (2P® -9PQ +27TR) .

The roots of this equation are

= A+B
_ _A—;—B A;Bm
A+B A-B
¢ = - ; g v
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(B.2)

(B.3)

(B.4)

(B.5)
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where

L
b 5 a3\°®
=2 —+— 1 . ' B.
B (2+ 4+27) ( 6)

b
I
/"l"‘\
bS] o
+
| T
-+
(%
SI%
——
4]

Hence, from the discriminant we can determine the nature of the eigenvalues as

< 0 1real,1 complex pair
— +55 4 =0 3real, nondistinet . (B.7)
>0 3 real, distinet

For the case of purely incompressible flow,

P=G;=0, (B.8)
the equations reduce to
MLQAy+R=0 (B.9)
A=¢ a=(Q b=R (B.10)
:
R Rz Q3 R Rz (P

S U B A = | —— . B.11
4 (2+ 4+m) B @+ T (B.11)

Hence, the discriminant becomes

RZ Q3

D= T + 97 (B.12)

The boundary between real and complex roots is defined by

4
Rmid—ﬁQ& (B.13)
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B.2 Canonical Forms of The Velocity Gradient Tensor

Let Gy; be any arbitrary velocity gradient tensor. This tensor may be tranformed into
it diagonal, or Jordan form.,

If the tensor G has complex eigenvalues

Mg =0+ iw Ay =b (B.14)

then its canonical form is written as

c —w 0
G= w o 0 . (B.15)
0 0 b

To demonstrate that this canonical form has the above eigenvalues, we compute the

eigenvalues of G as

{fo—A) -—w 0
det w (o =X 0 = 0
0 0 (b-N ]

(b- ) [(U-A)2+w‘*: = 0

(b— X [A -20r+ (c®+w?)] = 0.

The roots of this characteristic equation are

A=b and A=

o

[— (—20) £1/(~20)? - 4(1) (o2 + w?)] , (B.16)

which reduce to the following
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A=b A=otiw. {B.17)

B.3 Evolution of Invariants

We now examine the evolution of the invariants in the presence of strained vorticity.

The temporal evolution of the vorticity in the presence of strain is given by

wi = WSk — Wi Skk (B.18)

where

1
Wy = Eijk‘ij = Eijkaj Qz’j = "Z'Eka'wk . (B.]_Q)

Since we are constraining this analysis to incompressible flow fields, the vorticity evolu-

tion equation is modified as

Wi = WSk . '(B.20)

We assmue the irrotational strain field remains constant with time and only the vorticity

field evolves with time. Hence, we perform the following analysis:

G%m%zi—ﬁ,—ﬂ=—£—f+—ﬁ—=ﬁ'§‘j+ﬂ% (B.21)

where F' = /G35 is the Frobenius Norm. The evolution of the normalized invariants

is governed by

gf P*) = ;% (5) =0 (B.22)

a8 18 .
59 =5 (ﬁ) =52 (D~ 27 5 (F) (B.23)
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10 R 0

o (B~ 8o (F) (B.24)

Now, we examine the evolution of the non-normalized invariants and Frobenius norm:

0 18
5{; (Q) - 2 Bt (GzJGgm)
1
= 77 Gi c')t (Gm) + Gij 5 I (Gyz)]
it
= —‘2‘ (Szy +Q45) + Gzy 9t (S5 + Qﬂ)]
1
= -3 Gjia Q) + G;‘j“a—t“ (ﬂﬁ)}
) 1)
5 @ = Gz Q) , (B.25)
g 18
T (7)) = ~3% (Gij ijsz)
17 a
= -5 [onug @) + GsGu (@) + GG gy @]
11 8
= ‘“'3;' ijsz (Szj + ﬂz_y) + G:,kaz (Sjk + Qﬂc) + GzJG_yka (Skz + ka)]
T
= 73 GJkGM (Qn) + Gzkaz (ﬂjk) + GGk a (ka)]
s, a
5 (B = —Gulig (i), (B.26)
o o
5 () ot (V Gij G”)
118
2F 8t (GiiGis)
1 7]
G (Gig)
1 J
7 Cigg (S + )
a 1 a8
ot (F) —FGijéz (ng) . {B.27)
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We now have the evolution equations for all of the invariants in terms of the evolution

of the anti-symmetric rotation tensor. The evolution equation for this rotation tensor is

o g f1

E(Qij) = a(ﬁfkjiwk)
! "6( )

= gCkiigy Wk

= %fkjiwpspk
= %Ekjiﬁprngnrspk
= % [8kp (800in — Sjndir) + Or (8jnbip — Bjpdin)
+0kn (G0 — G50 03p)] Qnr Spk
= 5 1S~ Qi + S — Vs + QS — g

1
= 5 [ZQj,-S@r + 20045]
o
. i = iy risdgr . .
2 () = Oy + 048 (B.28)

Substituting this expression into the evolution equations for the invariants, we have

a 0 '
T (@)= Gijéz (45} = Gij (Q4r Sip + 748y) (B.29)
d a8
3 (R) = GakajEt- (i) = Gix G (QjrSir + 07i8;0) (B.30)
o 1 a i
v (F) = FG“'J'E (QZJ) = };Gﬁ (Qj,-Sir + QT,;SJ',-) . (B.31)

Now we can fully evaluate the evolution equations for the normalized invariants as
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O ony = L0 gy 488
5@ = 5@ - 2555 )

72 F3 |F
= Gij (1 - ZQ*) (Q;TSET + Q:zS;r)

1 1
= [Gs5 (57 S + Q7iS5r)] = 29— =G (47 Sir + QriSjr)]

% (@) = (1-2Q%) Gy (9555 — Q5.5%) | (B.32)
a ., . 1 d RO
gf) = @B dmy ()
i RI1
= s [Gikaj (ersir + QT,;Sjr)] - 3-15? [FGij (erSir + QriSj,-)
1 * * *
= (FGMGM - 3R Gﬁ) (erSz'r + Q:ig;,.)
8 & 1 * % ¥ % ®
'é"; (R ) - 'FG,;kaj - 3R ng (erSm' - erSrj) . (B.33)

B.4 Solution Trajectories from Velocity Gradient Tensors in

Jordan Form

B.4.1 Case 1

Tf the tensor G is in the following Jordan canonical form

AL OO |
G = 0 X 1 , (B.34)
0 0 A

then the solution trajectories are determined as

A

&; = G . (B.35)

Hence,
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31 = My &y = gy + B3 by = Mgs . (B.36)

By inspection, we can write the solutions for the #; and %3 directions as

B (1) = eMt 3 (t) = e, (B.37)

We now examine the £ direction

- /\.‘132 = 5)3 (B.38)

and determine the solution by multiplying through by integrating factor e=** to obtain

s
e ML oAM= My
d
&_i(e—)még) = Mt
d ¢ _x
—— ALS = 1
dt (e m)

e Mio = t+D

29 = (t+D)eM

B = (t+D)iy. (B.39)

This solution can be manipulated such that the term involving # can expressed only in

terms of #;:
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g = (t+D)&a

(M + AD) #

Bt | et

- % #31n ( e(At+AD))

= i—ﬁ;; In (e)‘tew)

By = —)1:933 In (Os)

where

B.4.2 Case 2

If the matrix G is in the following Jordan cancnical form

A1 0
G = 0 X 1 )
0 0 A

then the solution trajectories are determined as

o

&y = Gij:?:j .

Hence,

Ta = AIa g = Afg + &3 B = Ad 4+ 2.

(B.40)

(B.41)

(B.42)

(B.43)

(B.44)
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From Case 1, we can write the solutions for the #5 and &3 directions as

g (2) = e g = (t+ D) 3. (B.45)

We now examine the £; direction

dy

—7 = My =8 (B.46)

and determine the solution by multiplying through by integrating factor e~* to obtain

d#
It it SRt FAES |
e p Ae iy e g
-""; (e_'\ta“:l) = E‘,_ML (t + D) 5%3

(e_}‘ti‘i) = ¢ M (t+ D) e

d

pr (e“‘"‘"‘a’él) = {+D

At 1

e " o= §t +Di+ FE
. 1, At
T = ~2~t +Dt+E e
. 1, .
T = -2~t + Dt E | &3 .

This solution can be manipulated such that the terms involving ¢ are expressed only in

terms of 2,
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where

B2 | et

[»-t? + Dt +E] Z3

[y

[E(t—i«D)twk%Dt-i-E} #a

1 1
5(t-HD)s?:atJr~2~(Jf)t~+-2E):ﬁ3

1, D 2AEN .
-"2~5L’2t+ 2—)"\' ()\t + —'5—) I3

!, DT (eeBE)] -
2Am2At+ﬁln [e D ]3:3

2 In [e”e(¥)} &g

i:ﬁg In [e)‘t] -+ X

2X

1\. . Dy .
(-2—}‘-) ) In [:273] + (ﬂ) s In [F(Bg]

(B.47)

(B.48)
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Appendix C

The Eddy-Axis Vector

1t is shown that the eddy axis is kinematically rotated by frame rotation, but not dynam-
ically affected. The evolution equation for the eddy-axis vector will be derived. Then, a
brief review of some of the principal properties regarding the rotating frame transformation
tensor will be given. Finally, the evolution equation for the eddy-axis vector in the rotating
frame will be derived. It will be shown that the evolution equation for the eddy-axis vector
in ‘the rotating frame is identical to that in the fixed frame. No additional Coriolis type

terms result from the transformation. Thus, the eddy-axis is not dynamically affected by

rotation.

C.1 Eddy-Axis Vector: Fixed Frame

The eddy axis vector is defined in terms of a material element along that axis,

a; = %— where 2 =00, . (C.1)

The fixed frame evolution equation for a material element is

d
5 W) = Gigt; . (C2)

From (C.1) and C.2), the fixed frame evolution equation for the eddy-axis vector is

d

g (a;) = Gija; — Gpeapaqa; - (C.3)

In the presence of mean rotation only, (C.3) reduces to

d
&E (az) = Qijaj y (04)

hence the kinematic rotation of the eddy-axis vector.
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C.2 Properties of the Rotating Frame

The orthogonal tensor representing the transformation from the fixed frame to the ro-

tating frame is denoted by B;;(t). An example may be

cos (wf t) sin (wf t) 0
By =1 —sin (wf t) cos (wf t) 0 (C.5)

0 0 1

for the case in which the frame vorticity vector is aligned in the z3 direction. B;; satisfies
the orthogonality relations
B! =By BixBuy = BiBg, = biz , (C.6)

and the Rogallo relation

Bnk + Q‘}kanj =0, (C.7)

where Q{T is the frame rotation rate tensor. Using (C.6) and (C.7), additional relations

may be obtained,

B‘nk = Qi'an Bnanz - Qiz Bknan - —Q;J:z (0'8)
3
BipB; Y, = 0f, BipBigSt, = 0 (C.9)

(C.9) simply states that the frame rotation rate is invariant under transform. We use
the notation (*) to denote quantities in the rotating frame. The position vector transforms

between the fixed and rotating frame as

&; = Byjz; wi = Byj'#j = By . (C.10)
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Using (C.8), (C.9), and {C.10), the velocity transforms as

tTodtt
d
= @ (Bijzs)
= Bymj+ Bija;
= BijByjtp + Biju;
= —Qgpi‘:p + Byjuy
iy = Byjuj — Q{pﬁp u; = Bjilj + Q{p% ' (G.11)

Using (C.9), (C.10}, and (C.11), the veiocity gradient tensor transforms as

A ot;
Gy = 7

azﬂj

= 5% (Bz'k“k - ka‘ﬁk)

_ Buk 6.'12;. f
- o (32) (32) -

= BuGipBip — U ,

éij = BipBijpGrp — ﬂ{,’ Gy = Bkinjékp + Q;‘G . (C.12)

C.3 Eddy-Axis Vector: Rotating Frame

| Using the relations developed in Section C.2, we are now prepared to transform (C.3)

into the rotating frame. The eddy-axis vector transforms as

a; = Bjja; a; = By . (C.13)}

The eddy-axis vector evolution equation transforms as
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gg (Gi) = gg (Bija;)
= & (By)aj+ Bz-j% (a;)
= Bipﬂjfpaj + By (Grar — Gpgapaga;)
= B, Brjin + Bij (G Bukdn — GpgBraplim Bigi Bsjits)
= Q,fn-ﬁn + Bij Bt Giklin — By BijBrnp BtgGpqlmbids
= 0 by + (G‘m + Q{n) fn, — Jgi (G'mt + Q-fnt) Grndids

= —Qf b, + Gintn + QY dn — Crsdimbnds — O, dmésd;
d A N oA A A A oA
7 (@) = Gindn — Grulimsi (C.14)

Note that the forms of (C.3) and (C.14) are identical. Therefore, it is shown that there

is no dynamic effect of frame rotation on the eddy-axis vector.



Appendix D

Free Shear Layer Similarity Equations

In this section, the details are given for the transformation of the TSL equations (Section 3.2)

into a similarity coordinate, with the corresponding boundary conditions. Included are the

developments for the spatially evolving mixing layer and jet, both plane and axisymmetric,

using the k-e model. Developments for other models is essentially the same.

D.1 Mixing Layer

In the k-& formulation for the mixing layer, the boundary conditions on u (z, ), k (z,¥),

and e (z,y) are

u{z,00) =01

w(x, —o0) = Uy

k(x,to0) =0

We next introduce the stream function as

U

=5y

-

g(z,+o0) =0. (D.1)

_

or ’ (D-2)

Mean continuity, (3.7a) is satisfied identically and the TSL equations (3.7b), (3.8a), and

(3.8b) reduce to

a3 () "3 (3)

5;;" Oz \ Oy 8z Ay \ By
04 9k _ 0y 2k
oy 8z Oz Oy
& 0 _ 0y 0c
Oy 0r Oz Oy

with boundary conditions on 4 of

165




166

%'gb (z,00) = Uj (%15 (z,~00) =Tz . (D.6)

At this point we chose a similarity variable of the form

£ = -(-5—-?;5 where d(z) = Az . (D.7)

Since the turbulence length scale is determined as part of the solution, the similarity
variable may be scaled arbitrarily. For simplicity, the scaling coefficient A is chosen to be

unity. Thus, we employ the following forms for the similarity transformation:

e=2 ¥ (2,9) = %o () F (£) Yo (@) = Uiz (D.8)

u(e,y) = UiF ¢) v () = U1 [=F (&) -+ £F (&) (D.9)

Fan) =K el = LB (0.10)

@) =L =g = T Lo =62 a0, Kl a0y

Substituting these forms, (D.3), (D.4), and (D.5) transform into functions of &:

FU¢ +[NUg, = 0 (D.12)
FK§+N(UE)2—E+(—71;[NK§]E = 0 (D.13)

E E? 1
FE5+UE+051—I—{-N(U§)2—C’82—R—+U—E[NEg]E =0 (D.14)

where
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U(¢) = F F(f)—fooUd£+O’ Ny =2 -0X . (D
T - —oo - U1$ Bty E '

The constant of integration C for the transformed stream function F' (£) is determined

from the transverse velocity, Since £ = 0 corresponds to the dividing stream line along

which the transverse velocity v = 0, (D.9) requires that F(0) = 0. The boundary conditions

transform to

U (o0) = 1 U (—00) = =2 F(0)=0 (D.16)

K (%o00) =0 E(o0) =0, (D.17)

" Using values of identically zero for the freestream turbulent kinetic energy and turbulent
dissipation was not possible due to numerical difficulties in the calculation of the eddy
viscosity. However, the k-¢ solution is insensitive to the freestream values of K and E,
Wilcox (1994), Cazalbou et al. (1994), Menter (1991), Kok (2000). Thus, small finite
values were imposed that best matched the reported experimental freestream conditions
while retaining numerical stability in the calculation.

The solution strategy applied to these equations was to add an unsteady, or time de-
pendent, term to each equation and then numericallly integrate through time.

Initial attempts to numerically solve these equations met with no success. Numerical
instabilities produced wild oscillations near the edges of the mixing layer. This phenomenon,
due to the fact that the location of the edge of the turbulent region is not known a priori,

" was also observed by others, Rubel and Melnik {1984}, Paullay et ol. (1985). An additional

transformation was suggested that stretched the similarity coordinate according to

L
N (£)

This transformation decouples the governing equations and effectively transforms the

dn = de . (D.18)

edge of the turbulent region to infinity. With the addition of the afore mentioned unsteady

term, this additional eddy viscosity transformation reduces the governing equations to
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au
ﬁ = FU,? + [Un]n
0K 2 1
5 = FK, + (Uy) _NE-'_E;[K’?}H
OF E 2 E? 1
where
1 e K2
U =wF  Fo= [ UNk  N@=Gl
N e E
and the boundary conditions become
U
U(ne) =1 U(~1) =5 F(0)=0
1
K (xn,)=0 E(fn.)=0.

(D.19)

(D.20)

(D.21)

(D.22)

(D.23)

(D.24)

These equations are solved numerically by integrating through time to a steady state

solution. Euler implicit time integration is applied and standard second order numerical

approximations on a uniform grid are applied to the spatial gradients.

D.2 Jet

In the k-¢ formulation for the plane and axisymmetric jet, the boundary conditions on

u (@), k (z,y), and ¢ (z,) are

du Ok B¢

(symmetry line/plane) y = 0 % 5~ Oy

(jetedge)y =1y, : u=k=e=0.
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Let J represent the momentum flux of the jet per unit mass. Momentum is conserved

which results in the additional constraint

J= 27r“f uly™dy . (D.25)
0

We next introduce the stream function as

oy oy
n Ty —
Yy = T yro=—o-. (D.26)

Mean continuity, (3.7a) is satisfied identically and the TSL equations (3.7b}, (3.8a), and
(3.8b) reduce to

1040 (og\ o8 1oy _ 8, 9 /(10%
7 By O (ay) 3z By (y ay) - 'ééi[y "oy \" By (D-21)
Lopok 1oydk _ [8 (18y
Y oyds Yy ozdy [By(” )] (D:25)
1_@{ nvr Ok
g akBy

10pde 18y _ 8 2 €2
yn Oy dz  yn Oz By Caj; BT [Em (y“ By)] - Cay, (D-29)

At this point we chose a similarity variable of the form

£ = ;f%g?) where d(z) = Az . (D.30)

 As with the mixing layer, Section (D.1), the turbulence length scale is determined as
part of the solution. The similarity variable may be scaled arbitrarily. For simplicity, the
scaling coefficient A is chosen to be unity. Thus, we employ the following forms for the

similarity transformation:
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(=1 W (2,) = o (z) F ()
yn“(“”y)=%F' - ”(m’y)=m§bin?_n:Uo()Fg§)'

We now use the integral constraint on J to determine 1, (z) as

J=2z" /00 uydy = 2'fr"‘v~—~—({!)g /00 (F')zf_“dé
0 zl+m f, '

Now, enforcing the condition that
[ epene () eas
0
we have

Jml+n

i (w) = — Up(z) = (%—ngm’,’;)i :

Thus, we assume the following forms for the similarity solution:

§(ay) =2 ¥ (2,9) = o () F (§) Yo (a) = Uy (a) 2™ +"
ANt oy PO
U (z) = (W) u(z,y) = Us (2) i
k(o,9) = U2 (0) K (&) cy) = 2D p
" 3/2
re) =t e EmT® L) =G =an(

(D.31)

(D.32)

(D.33)

(D.34)

(D.35)

(D.36)

(D.37)

(D.38)

Substituting these forms, (D.27), (D.28), and (D.29) transform into functions of £:
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(C)[(EJucrd im0 o

1/F 1.
(1+4n) [5 (é—n) KE+UK} +NU - E + Fion E"NKe, = 0 (D.40)

%[(1 +n) (g) Ee + (5+ 3n) UE]

E E? 1
+051f—(-NU§ -052}3--&» P [E"NEe, = 0 (D.41)
where
_Fe F_ 1 [m _ b

U© -5 D2 [Teve  No-7%.  ©n)

. The boundary conditions for the similarity variables transform to
(symmetry line/plane)é =0 : F(0)=K;(0)=E;(0) =0, F:(0)=1

(jetedge)t =¢ : K(¢)=E(f)=0.

As with the mixing layer, Section (D.1), using values of identically zero for the freestream
turbulent kinetic energy and turbulent dissipation was not possible due to numerical diffi-
culties in the calculation of the eddy viscosity. However, the k-£ solution is insensitive to the
freestream values of K and E, Wilcox (1994), Cazalbou et al. (1994), Kok (2000). Thus,
small finite values were imposed that best matched the reported experimental freestream
conditions while retaining numerical stability of the calculation.

The solution strategy applied to these equations was to add an unsteady, or time de-
pendent, term to each equation and then integrate through time using Euler Implicit time
integration.

- Again, as mentioned in Section (D.1), an additional transformation was applied to the

similarity coordinate according to
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1

dn=md§.

(D.43)

This transformation decoupled the governing equations and effectively transformed the

edge of the turbulent jet to infinity. The governing equations reduce to

(1 ;“”) [(-g-.) U, + NUZ] + 51; €Uy, = 0 (D.A4)
(14n) E- (EER) K, + UNK} LU~ NE+ é_% €K, = 0  (D.45)

% [(1 +n) (g) Ey + (5 -+ 3n) UNE]

B, 1
K = {ho,

E
+Ca1 U2 — CeaN

% 6By, = 0. (DAS)




Appendix E

Free Shear Layer Similarity Equations in a

Rotating Frame

In this section, the details are given for the transformation of the TSL equations in a rotating
frame into a similarity coordinate. It will be shown that mathematically the transformation
can be made, however, physically the transformation does not make much sense as it requires
that the magnitude of the frame rotation vary with the streamwise coordinate in order to
maintain similarity. Although the details given here will focus on the mixing layer, the
result is equally applicable to other free shear layer flows.

The TSL formulation for the spatially-developing free shear layer in a rotating frame is

Ou v
e =0 (E.1)
ou du ! f _ J
un + v-a—?; + Qw - Qzv = 3 (Tay) (E.2)

where y is the transverse coordinate and Q{ is the frame vorticity, The z-coordinate
velocity, w, must be a constant in order to maintain the TSL assumption, i.e. no gradients

in the 7 direction. The boundary conditions are

u(z,00) =U; u(z,—oc0) =Us. (E.3)

As in Appendix (D), we introduce the stream function
G O

e i = e, E'4

u 8y v Oz (E4)

Mean continuity, (E.1) is satisfied identically and, modeling the turbulent stress using

an eddy viscosity assumption, the TSL equation (E.2) reduces to
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¥ i 8 (3 f 0 @ o
By d (aq)“555(6 )+9 +Q35"5-_5§[V Tay (By)] (5:5)

Using the similarity variable determined in Section D.1, we have the following forms for

the similarity transformation:

£= P (z, y) =1, (z) F (5) Yo (w) =Uz (Eﬁ)

] jw

u(z,y) = UrF (¢) v(z,y) = Ur[-F(£) + £Fe (€)] (B.7)

Substituting these forms into (E.5), we have

FU + ©fW + 0f (F - ¢U) + [NU], = 0 (E.8)
where
U =F Pe) = /_ Ude +C (E.9)
of = 0fs W= N(¢) = (E.10)
: Ul - U]_ U}:B '

The constant of integration C' for the transformed stream function F (£) is determined
from the transverse velocity. It is clear from (E.10) that the transformed frame vortic-
ity must be a function of the streamwise coordinate in order to maintain the similarity

transformation. Hence, we have

0f (z) = ef (E.11)

Mathematically, the FSL equations in this form may be computed and a solution ob-
tained. However, the physical interpretation of the solution would be dubious as it would
require the unrealistic condition that the frame vorticity diminish with streamwise coordi-

nate.
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