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Abstract

The study of jet noise has long remained an important research problem due to the chal-
lenges of accurately predicting aeroacoustic noise, and the practical consequences of envi-
ronmental noise pollution. Previous investigations into jet noise have relied on large scale
DNS or LES computations to resolve the relevant scales and features of the aeroacous-
tic problem, but their relatively high computational cost is prohibitive. In this study, we
present a more efficient method to predict aeroacoustic radiation based on the Parabolized
Stability Equations (PSE), which seek to represent flow disturbances as a set of slowly
evolving instability waves. As applied in our work, the nonlinear PSE is used to compute
the near field hydrodynamics and noise sources in the problem, which can then be cou-
pled to an acoustic analogy approach to predict the far field noise. For slowly developing
flows where the PSE approximations are valid, we find that using the hybrid PSE-acoustic
analogy method results in predictions with accuracy similar to DNS, but with an order of
magnitude improvement in speed.

This method is first applied to a variety of subsonic and supersonic compressible two-
dimensional shear layers, both with and without heating effects. In each of these cases
the determining parameter for the level of acoustic radiation was the phase speed of the
instability wave relative to the speed of sound: Mp, = Real {%} For the isothermal
supersonic, heated supersonic, and high transonic shear layers — where Mp, = 1.99, 1.88,
1.10, respectively — we find the PSE solution is reasonably accurate throughout the entire
domain. The nonlinear PSE method captures the Mach wave radiation in the far-field, as
well as the large scale phenomena occurring inside the shear layer. In addition, the nonlinear
PSE method was applied to an isothermal subsonic, heated subsonic, and low transonic
shear layer where the phase velocities of M,;,=0.37, 0.32, and 0.85, respectively, were less
than unity. For these computations, we observed that the PSE solution captures the near

field hydrodynamics and underpredicts the acoustic radiation. However, when combined

iv
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with Lilley’s acoustic analogy, reasonable agreement is found with DNS calculations.

When this method is applied to jet flows, similar results are also obtained. Using the
nonlinear PSE method to calculate supersonic jets with M, > 1, we found the simulations
predicted strong Mach wave radiation that agreed well with the DNS calculations. However,
in the subsonic jet calculations, the accuracy of the PSE method was limited to the near
field hydrodynamics. For these cases, the combination of the PSE method with Lilley’s
acoustic analogy was necessary to arrive at reasonable far field predictions.

In the last portion of this report, we present an extension to the PSE formulation that
is based on the method of multiple scales. We show how the multiple scale PSE method can
be used to handle more general inlet forcing schemes and capture additional frequencies not
present in the traditional nonlinear PSE approach. This extended method is also applied to

supersonic and subsonic shear layers, and compared to results from similar DNS calculations.
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Chapter 1

Introduction

1.1 Motivation

The sound associated with large scale structures in jets and mixing layers has been of major
interest to the aeroacoustics community and studied intensely in recent years. Although
the overall jet noise radiated from modern jet engines contains contributions from many
sources, including turbulent mixing noise and screech tones, this work focuses on the study
of sound from large flow structures active in simplified free shear flows. Although highly
idealized, such flows allow us to study the fundamental processes relevant to aeroacoustic
noise problems, and refine the techniques used in the analysis.

The use of high fidelity numerical simulations to capture the acoustic radiation emitted
from these flows has been previously used with some success (Mitchell et al., 1999; Colonius
et al., 1997). However, the computational resources required by current Direct Numerical
Simulations (DNS) or Large Eddy Simulations (LES) limit the casual application of these
methods. What is ultimately desired is a fast, accurate computational method which can
resolve not only the near field hydrodynamic behavior of the flow, but also capture the
acoustic field away from the near field regions. The development of such a method using the
Parabolized Stability Equations (PSE) accomplishes these objectives and offers a predictive
tool which can be used in certain aeroacoustic applications. In the development of such a
method, we also seek to answer some questions regarding the link between instability waves

and radiated sound, and seek to understand the dynamics of more realistic free shear flows.
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Figure 1.1: Schematic of (a) mixing layer geometry and (b) round jet geometry.

1.1.1 Problem Statement

In this work we examine two free shear flow configurations: a laminar, compressible, two-
dimensional planar mixing layer, and a laminar, compressible round jet. Both flow geome-
tries are shown schematically in figures 1.1a and 1.1b, respectively. In the planar mixing
layer, a high speed stream with velocity U;, density p;, and temperature 7T travels above
a lower speed stream of the same fluid with velocity Us, density p2, and temperature T5.
The characteristic length scale in this flow is the initial mixing layer length &y. In the case
of the round jet, fluid exits the nozzle with velocity Uj;, density p;, and temperature T}.
The ambient velocity, density, temperature, are Ux, poo, and T, respectively, and the
characteristic length scale of the flow is set as the jet radius R.

In both instances, we assume that the mean flow is purely two-dimensional, and neglect
the effects of any solid boundaries. When compared to the characteristic instability mode
wavelength, the laminar mean flow is also assumed to evolve slowly in the downstream

direction x, which will permit the use of the PSE in the analysis of the flows.

1.2 Previous Work

1.2.1 Experimental Observations and Results

Historically, the structure and aeroacoustics of jets and shear layers has been the focus of

a large number of investigations and has led to a significant body of literature. Some of
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CHAPTER 1. INTRODUCTION 3

more notable and relevant work is discussed in this section. In the case of the mixing layer,
Ho & Heurre (1984) have provided an exhaustive survey of the early research in this area,
highlighting both experimental and computational contributions from many authors. For
instance, in the initial pioneering work by Winant & Browand (1974), they first documented
the discrete vorticity roll up and vortex pairing that was present in the flow field of a laminar
shear layer. This vortex pairing mechanism was found to be responsible for the growth of
the shear layer. Similar research by Brown & Roshko (1974) also showed the importance
of large scale, two-dimensional structures in the development of the turbulent mixing layer.
The work of Ho & Huang (1982) established the role of the subharmonics in the vortex
pairing processes of forced mixing layers. By including a perturbation at the subharmonic
of the most amplified frequency, they found that vortex merging would occur downstream,
near the measured peak of the subharmonic.

Recent studies have also confirmed these results for the supersonic compressible shear
layer, through the work of Clemens & Mungal (1995). Other studies have focused on the
amplitude growth and the phase behavior of the subharmonic in shear layers (Gordeyev &
Thomas, 1999), while other experiments have used such techniques as proper orthogonal
decomposition to analyze the coherent structures in a planar jet (Gordeyev & Thomas,
2000, 2002).

It was also found that similar mechanisms govern the dynamics and behavior of round
jet flows. Crow & Champagne (1971) found that forcing a turbulent jet at its fundamental
and subharmonic frequency would result in large scale orderly structures, not unlike the
interactions seen for the mixing layer. Crow (1972) then built models of the acoustic sources
which behaved similar to the instability waves which grow and saturate as the jet develops.
Later, the experiments of Laufer & Yen (1983) examined a low Mach number jet and were
able to find a correspondence between the vortex pairing location, acoustic source region,
and the nonlinear saturation point of the instability wave. The link between the vortex
pairing mechanism and acoustic radiation was also expounded on by Kibens (1980), who
discovered that the most significant sound occurred at distinct frequencies related to the
subharmonies. McLaughlin et al. (1975) and Troutt & McLaughlin (1982) also showed that
large scale structures in supersonic jets are a direct source of noise, and explored the con-
nection between instability waves and their acoustic radiation. Other notable experiments
of that time period include the subsonic jet measurements and comparison by Ahuja &
Bushell (1973), and the comparisons between heated and unheated jets by Mani (1976).
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Since then, substantial experimental evidence has been gathered and compared against
newly developed theories, often with the stated goal of noise reduction. Measurements by
Seiner (1992) investigated the Mach wave radiation in supersonic jets, both for circular and
elliptical geometries. In their experiments, Bridges & Hussain (1992) found good agreement
between standard aeroacoustic theory and their measurements in a low Mach number jet.
Their results indicated that a stationary, axisymmetric quadrupole was responsible for the
directivity of the sound field. Very recently, Viswanathan (2004) undertook a systematic
study of heated subsonic jets, and noted changes in the spectral shape of the acoustic

radiation at high jet temperatures.

1.2.2 Instability wave theories

Given the importance of instability waves to the structure and behavior of jets and shear
layers, significant effort has been expended to create accurate models for the growth and
dynamics in free shear flows. Many of these models have been used to link the behavior of
the instability waves with the acoustic fields of jets and shear layers.

The initial steps in this direction were taken by Michalke (1965, 1984), who was able to
use inviscid, parallel linear stability theory to determine the effects of the mean flow profile
on the growth and development of instability waves in mixing layer. Additional work on the
spatial stability of compressible boundary layers was carried out by Gropengiesser (1970)
and also by Blumen (1970) and Blumen et al. (1975) regarding the shear layer instabilities
of inviscid compressible fluids. Similarly, the stability analysis for axisymmetric jets was
dealt with in the work of Batchelor & Gill (1962), Lessen & Singh (1973), and Merkine &
Liu (1975) for the planar turbulent jet. '

However, because parallel theory neglects any streamwise changes in the mean flow, this
leads to the inaccurate depiction of the downstream evolution of the instability wave. In
realistic cases, the slowly spreading nature of the mean flow helps to limit the growth of
unstable instability waves, and prevents the waves from reaching infinite amplitudes. This
prompted the later work by Crighton & Gaster (1976), who developed methods to take
into account slowly diverging mean through the use of the method of multiple scales. For a
slowly diverging jet flow, Crighton introduced a slow spatial scale X = ez, and found that

the solution to the disturbance stream function 9’ had the following WKB-like form:

P ~ A(X)g(r, X) exp {z /: alet) d§' - iwt} .

0
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By considering the governing equations at the next asymptotic order, Crighton was able to
derive equations for the amplitude factor A(X). Similar ideas have been expressed by Ling
& Reynolds (1973) and Saric & Nayfeh (1975) in dealing with boundary layer flows. Both
used the method of multiple scales to obtain non-parallel corrections to the traditional
stability equations. Later papers by Monkewitz et al. (1993) and Huerre & Monkewitz
(1990) also examined the theory of instability waves in spatially developing media, but in
terms of a global analysis. In these papers, they also applied the multiple scale methods to
a Ginzburg-Landau model equation, as did Hunt & Crighton (1991).

The use of stability methods in studying the vortex pairing mechanism was also explored
by Monkewitz (1988). Using a weakly nonlinear analysis of instability waves with a locally
parallel mean flow, he was able to describe many of the large scale phenomena in a mixing
layer, including the interaction between the fundamental mode and subharmonic which
leads to vortex pairing.

The role of instability waves in the prediction of aeroacoustic jet noise was subject
of several investigations, beginning with Tam (1971, 1975). In Tam & Morris (1980), an
extension of the instability wave solution was found to be uniformly valid in both the near
field and the far field regions. This was then used to predict the acoustic radiation from a
planar turbulent mixing layer. Further refinements by Tam & Burton (1984a,b) improved
the mathematical procedures to handle the global instability wave solutions for high speed
flows, when the phase speed of the instability wave is supersonic. Comparisons by Tam
& Burton (1984b) to the Mach 2.1 jet of Troutt & McLaughlin (1982) showed very good
agreement between the analytical model and experiments. Additional work by Crighton
& Huerre (1990) modeling the envelope shape of a traveling instability wave-packet in a
planar shear layer demonstrated that non-compact sources leads to superdirective acoustic
fields.

More recently, the work of Goldstein & Leib (2005) examined the role of instability
waves in jet noise through the use of the vector Green’s function and a weakly nonparallel
mean flow, and found better agreement for the small-angle spectra from supersonic jets. Wu
(2005) examined the nonlinear evolution of supersonic instability modes and their associated
Mach wave radiation for planar mixing layers and circular jets. Using a matched asymptotic
expansion in conjunction with a multiple scale method, he found good agreement with

numerical calculations and experimental results.
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1.2.3 Large Scale Computational Studies

In contrast to the analytical models of the instability waves and flow fields mentioned in
section 1.2.2, another approach to the problem of aeroacoustic noise prediction has been
the use of large scale computational methods. These studies have also attempted to di-
rectly simulate as much of the flow as possible, in order to capture the hydrodynamic and
acoustic behavior as accurately as possible. The Direct Numerical Simulations (DNS) of
the compressible mixing layer performed by Lele (1989) and Sandham & Reynolds (1991)
captured the large scale structures in the flow through the effects of vortex roll-up and
pairing. Subsequent DNS done by Colonius et al. (1997) on a subsonic mixing examined
the contribution of the vortex pairing mechanism to the far field acoustic radiation, and
compared against the acoustic analogy predictions from Lilley’s equation.

Similar computations have been carried out for compressible, laminar, round jets. In
the DNS studies by Mitchell et al. (1999), the presence of fundamental and subharmonic
instability waves lead to distinct roll-up and vortex pairing inside the shear region of the
jet, and the instability waves were largely responsible for the acoustic radiation emitted by
both subsonic and supersonic jets. Comparisons were then made between the predictions
from Lighthill’s equation and the direct calculations.

However, the direct simulation of jets and shear layers can be computationally time-
consuming, especially for complex three-dimensional jets. The numerical simulations of
Freund et al. (2000) for a Mach 1.92 turbulent jet required 22 million grid points to resolve
both the near and far field regions, even the Reynolds number Re = 2000 was fairly modest.
Less expensive methods, such as hybrid simulations or Large Eddy Simulations (LES), have
also been employed. The work of Bodony & Lele (2005) used LES simulations in the near
field to resolve the hydrodynamic features, which was then coupled to Lighthill’s acoustic
analogy in the far field.

Other LES computations were carried out by Bogey et al. (2000) and Shur et al. (2003).
Bogey et al. used LES to calculate the dynamics and the pressure field of a Mach 0.9,
Re 65,000 circular jet, and found evidence to suggest that the location of sound sources
were near the end of the potential core, and that the predominant acoustic noise was linked
with the breakdown of shear layers in the jet. Shur et al. also simulated a Mach 0.9
jet at Reynolds number 10,000 using compressible LES, and predicted the noise using the

Ffowcs-Williams Hawkings approach.
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1.2.4 Parabolized Stability Equations

The use of the Parabolized Stability Equations (PSE) can be seen as an intermediary tech-
nique between the simpler instability wave models in 1.2.2 and the large scale computations
in section 1.2.3. Nonlinear PSE can model slow, spatially evolving shear flows fairly accu-
rately, while retaining the computational efficiency of instability wave methods. Originally
developed by Herbert & Bertolotti (1987) and Bertolotti et al. (1992) and to study boundary
layer transition, PSE incorporates many of the ideas put forth by Crighton & Gaster (1976),
including using the multiple scales approach on a slowly diverging mean flow. However, the
development of nonlinear PSE also enables it to capture nonlinear, nonparallel, and modal
interactions in a natural and straightforward manner. Since its initial development, PSE
has been applied to many applications, include boundary layer, receptivity, and transition
studies (Herbert, 1997).

One particularly relevant example of a PSE application has been the work of Day et al.
(2001) on the compressible reacting mixing layer. Using a nonlinear PSE formulation,
Day investigated the effects of compressibility and heat release on the flow structure and
mixing effectiveness of shear layers. With increasing density ratio and heat release, the
parametric study found conditions where the “outer” instability modes would dominate
over the “central” Kelvin-Helmholtz type instability modes. Day also found that nonlinear
PSE could very accurately simulate the central-mode vortex pairing process in mixing layer
and capture the large scale features using nonlinear interactions between instability modes.

The application of PSE to supersonic jet noise problems has also been studied in many
instances. Balakumar (1994, 1998) used linear PSE to calculate the instability wave be-
havior for Mach 2.1 cold jet. Using the method of Tam & Burton (1984b), Balakumar
extrapolated the far field pressure using the wave equation and found agreement with the
results of Troutt & McLaughlin (1982). However, no comparisons were made showing the
behavior of PSE solution itself in the far field. On the other hand, Yen & Messersmith
(1998, 1999) also used linear PSE in their study of jet instabilities and noise from a Mach
2.1, and found that the direct application of the PSE solution to the acoustic field was able
to correctly predict the resulting Mach wave radiation. In the absence of mean flow gra-
dients and nonlinear interactions, they recognized that the linear PSE equations correctly
asymptote to the wave equation in the far field.

Further calculations were carried by Malik & Chang (1997, 2000) on a supersonic, low

Reynolds number jet using both linear and nonlinear PSE. The computed evolution of the
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disturbances and far field pressure disturbances was found to be in qualitative agreement
with previous experiments. Through the use of nonlinear PSE, they also noted that non-
linear interaction of helical modes was respousible for the growth of other harmonics and
greatly influenced the evolution of the jet.

More recently, the work of Piot et al. (2006) used linear PSE to investigate the the
dynamics of a Mach 0.7 and Mach 2.0 axisymmetric hot jets. For the supersonic jet, (Piot
et al., 2006) found that PSE could predict the evolution of the pressure perturbations well
when compared to linearized Euler calculations. However, their comparisons of linear PSE

and LES calculations for the subsonic jet, only LES was able to capture the radiated sound.

1.3 Acoustic Analogy Methods

Although the vast body of existing literature prevents us from describing all of the work
related to the acoustic analogy method, in this section we provide a brief survey of the
method and its notable achievements. Additional descriptions regarding the previous work
can be found in the review by Wang et al. (2006). One of the largest advances in the
theory of aerodynamic noise came in the early 1950’s, when Lighthill (1952) developed an
“acoustic analogy” approach toward the solution of jet noise problems. In his pioneering
work, Lighthill was able to refashion the exact set of governing equations of fluid motion into
a single wave equation with a nonhomogeneous source term on the right hand side. If certain
assumptions are made to decouple the right hand side source term with the wave operator
on the left hand side, then the problem of sound generation and propagation simplifies
immensely. For instance, if all of source terms are known and happen to be concentrated
within the near field region, then the problem of predicting the far field sound collapses to
the standard wave equation problem in classical acoustics (Crow, 1970).

The acoustic analogy method has been successful in predicting the sound from a number
of flows. Using this approach Lighthill was able to obtain the famous U® scaling law for
jet noise. For high Reynolds number cold subsonic jets, this relation provides a very good
estimate of the jet noise when compared to observations. Other successes from acoustic
analogy methods have been predictions of noise from rotor blade-vortex interactions, fan
duct noise, and others.

Despite their successes, one general criticism against acoustic analogy methods has been

the arbitrariness regarding the source term. In the derivation of the acoustic analogy
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equation, the placement of terms on the left hand “wave operator” side versus the right
hand side “source term” side is not necessarily unique, which leads to some debate regarding
the appropriate form of the source term. Many analyses depend heavily on knowing the
general form of the source term — whether it is monopolar or quadrupolar — so different
conclusions may be reached depending on the assumptions present in the acoustic analogy
(Goldstein, 1984; Ffowcs-Williams, 1982).

In addition, other complaints about acoustic analogy methods have also been lodged. It
has been noted that a particular acoustic field does not necessarily correspond to a single,
uniquely identifiable source field — different source fields may yield identical acoustic fields.
This again hints at some arbitrariness regarding the acoustic analogy. Other, more practical
concerns have also been raised. Due to the complexity of the source terms in some acoustic
analogies, full knowledge of the source field can be difficult to achieve. Studies have pointed
out that small errors in the calculation or measurement of the source term can affect the
acoustic field Doak (1972).

Nevertheless, there has been substantial work on improving the accuracy and robustness
of acoustic analogy methods. In Lilley’s original theory the source terms were treated as
convecting through a stationary medium. This disregarded the source term/mean flow
interaction and refraction effects present in realistic flows with velocity gradients. Phillips
(1960) addressed this issue by rearranging the governing equations in the form of a moving-
medium wave equation. However, Phillips’ equation only partially accounted for the mean-
flow acoustic interaction, since his source term contained terms associated with acoustic
propagation which should have been included with the wave operator.

Another attempt at deriving an acoustic analogy with complete propagation effects
was carried out by Lilley (1974). Lilley arrived at a third order wave equation with a more
involved source term that properly divided the convection and refraction effects between the
wave operator component and the source term component. However, this rearrangement
comes at the cost of additional complexity to the wave operator and the source terms,
requiring additional effort to solve.

Additional analysis of Lilley’s acoustic analogy was carried out by Goldstein (1976a,
1984, 2001). A simplification of Lilley’s equation is possible in the case of low Mach number
flows without large temperature or entropy fluctuations. Goldstein (19765) argued that it
was possible to use the mean velocity and speed of sound values in the wave equation part

of the sound. For the transversely sheared flows of interest, Goldstein also approximated
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the total derivative operator D/Dt with the mean operator Dy/Dt = 8/0t +U8/0x;. Fur-
ther simplification was possible by enforcing the incompressibility condition and additional
manipulation to obtain Goldstein’s equation, where the source term has a quadrupolar term
arising from the quadratic combination of the fluctuating velocities.

In cases where the temperature and entropy gradients play a larger role, it was shown
that an additional dipole source term is needed (Goldstein, 1984) which is proportional to
the temperature fluctuations. Later work by Goldstein (1984) showed that an appropriate
choice of variables is possible where the velocity quadrupole-temperature dipole source
terms can be derived from the Euler equations directly without the need for any special
approximations.

A rational basis for extending the work of Lighthill, Phillips, and Lilley was provided
by the development of a generalized acoustic analogy (Goldstein, 2003). By choosing the
appropriate dependent variables, it was shown that the Navier Stokes equations can always
be rearranged into the convective form of the linearized Navier Stokes equations. On the
right hand side of these equations are the generalized Reynolds stresses and the generalized
stagnation enthalpy flux, which contain the nonlinear terms from the equations. For specific
choices of the dependent variables and the mean flow, one can show that this method results
in Lilley’s acoustic analogy. Goldstein argues that in some instances, it may be advantageous
to use a more complicated mean flow, such as a Favre-averaged nonparallel base flow, to

overcome problems with unidirectional, transversely sheared base flows used in the past.

1.3.1 Previous computations

Some initial predictions based on Lilley’s equation were computed using some asymptotic
approximations. Goldstein (1976b) computed the sound from multipole sources in axisym-
metric sheared flows in the low frequency limit, and also considered the high frequency limit
for moving multipole sources as well (Goldstein, 1982). Tester & Morfey (1976) compared
the theoretical predictions from Lilley’s equation with experimental results on a number of
jets, and also found good agreement for low and high frequency excitations.

The use of acoustic analogy methods in large scale computations was also notable in the
work of Colonius et al. (1997) and Shur et al. (2003). Colonius et al. carried a detailed eval-
uation of different combinations of Lilley source terms using a DNS of a low Mach number

mixing layer, and found that Goldstein’s simplified source term was a good approximation
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for acoustic predictions. Numerically, he also found that the resulting acoustic field was sen-
sitive to the cancellations that occurred between various source terms. Similarly, in the work
of Shur et al., also they examined the sound produced by a subsonic jet. Their simulations
used LES to calculate the near field region of the jet, while relying on the Fiowcs-Williams
Hawkings method to calculate far field sound. Although good agreement with experimental
results was obtained by Shur et al., some issues were encountered regarding the surface
location and the end-cap regions of the Ffowcs-Williams Hawkings surface.

In studies of low Reynolds number laminar jets, Mitchell et al. (1999) also found good
agreement between DNS calculations of the far field sound and results using Lighthill’s
acoustic analogy. Mitchell et al. found that noncompactness of the source terms required
some modeling in order to account for sources outside of the “active” region, but this was
not an issue in cases where the source terms had decayed sufficiently near the exit region
of the computational domain.

Avital et al. (1998a,b) also employed acoustic analogy approach in their studies of Mach
wave radiation from supersonic mixing layers. Their model of the source terms in the mixing
layer consisted of a continuous transverse assembly of wave packets, which was then used
in the context of Phillip’s equation. They found that the directivity and frequency spectra
calculated from the acoustic analogy method agreed well with predictions from their direct
calculations.

Further work on generalized acoustic analogy methods was also carried out by Goldstein
& Leib (2005), who used this approach with a weakly non-parallel mean flow. From their
results, they found that linear instability waves must also be included in order to develop

the appropriate “casual solution”.

1.4 Outline and accomplishments

The bulk of this report will discuss the methodology, results, and interpretation of the
current work. The theoretical and numerical methodology behind the standard nonlinear
PSE formulation and Lilley’s acoustic analogy method is presented in chapter 2. This
chapter covers all of the procedures used in the calculation of the mean flow, parallel linear
stability problem, and PSE marching method, as well simplifications and solution methods
for Lilley’s third order convective wave equation.

This is followed by a discussion of results for the two dimensional mixing layer in chapter
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3. Results are shown for six of the mixing layers calculated for this work, including both
supersonic and subsonic, heated and isothermal shear layers. The behavior of the solutions
in both the near field and the far field will be examined.

Similar results for the round jet are shown in chapter 4. Again, both supersonic and
subsonic, heated and cold jets are investigated using the nonlinear PSE and acoustic anal-
ogy method. Many of the same near field and far field comparisons are shown, and the
conclusions drawn from the shear layer will be extended to the round jet configuration.

In chapter 5, a generalization of the nonlinear PSE formulation is presented. This
formulation is based on a multiple scales expansion of the parabolized stability equations
in both space and time variables, and allows more general inlet forcing for nonlinear PSE
problems. Some examples of the multiple scale PSE calculations are shown using the mixing
layer geometry.

Finally, chapter 6 contains a brief summary of this work, restating some of the basic
conclusions of this research and offering some ideas for future research.

Below we summarize some the important accomplishments and central findings of this

study.

e Two fully nonlinear PSE codes were developed to simulate the mixing layer and the
round jet. When compared to traditional Navier-Stokes calculations, it was found that
these PSE codes offer considerable computational advantages when studying spatially

evolving flows.

e Both PSE and DNS computations were carried out for a variety of subsonic and
supersonic mixing layers. In the computations of supersonic mixing layers, it found
that the nonlinear PSE solution was accurate in both the far field region and the near
field region. In the computations of the subsonic mixing layers, the results showed
that the nonlinear PSE method captured only the near field hydrodynamics, and

underestimated the far field pressure amplitudes.

e Both PSE and DNS computations were carried out for subsonic and supersonic round
jets. The general findings established in the mixing layer computations were also
found to be true for jets. Namely, while the nonlinear PSE simulations of supersonic
jets agreed well with DNS computations, the PSE simulations of subsonic jets agreed
only in the near field region. Again, it was found that the far field pressure amplitudes

for subsonic jets were underpredicted by PSE.
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e Lilley’s acoustic analogy was applied to the nonlinear PSE computations of subsonic
shear layers and jets. In this approach, the PSE simulations calculated the near field
acoustic source terms, which were then used in the solution of Lilley’s equation to
predict the far field pressure. Estimates of the far field sound using this method, in
both shear layers and jets, were found to be in better agreement with DNS calculations
than just the direct PSE solution.

e A multiple scale PSE formulation was developed to handle more general forcing
schemes in nonlinear PSE. By considering the slow time scales associated with phase
changes of the inlet disturbances, as well as the long length scales associated with the
slowly developing flow, a consistent formulation was found that could handle “phase

jittering” of instability waves and aperiodic excitations of jets and shear layers.

e The multiple scale PSE formulation was applied to supersonic and subsonic shear
layers. In these simulations, the shear layer forcing included modes which were not
harmonically related to the fundamental, and also modes with a time-dependent phase
drift. The simulations of the multiple scale PSE method were found to agree favorably

with the corresponding DNS computations.

Ultimately, for simple, laminar, free shear flows with harmonic forcing, we demonstrated the
capabilities of the PSE method and Lilley’s equation to resolve the overall hydrodynamics

of the flow and capture the acoustic radiation.
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Chapter 2

The NPSE and Acoustic Analogy
Methods

2.1 Introduction

In the following chapter we present an overview of the theoretical formulation and numer-
ical methods that were used in this study of mixing layers and jets. In particular, the
formulation underlying the hybrid PSE-acoustic analogy method is discussed, as well as the
details related to the numerical implementation and other mathematical issues. Overall, we
have found the PSE-acoustic analogy method to be a promising approach for aeroacoustic
problems because it combines the efficiency of the Parabolized Stability Equations with the
far-field prediction capabilities of the acoustic analogy method.

The first portion of this chapter is devoted to explaining the major elements of the non-
linear PSE calculations. This includes the scaling of the governing equations, the use of the
compressible boundary layer equations for the mean flow, and the parallel linear stability
solutions for the PSE initialization. Later sections describe the Parabolized Stability Equa-
tions themselves, the iterative solution technique, and the eventual marching procedure.
The latter portion of this chapter will describe the acoustic analogy method used to couple
the PSE solution to the acoustic far-field. Related to the discussion is the theory behind
Lilley’s equation and numerical methods used in solving the equation.

Throughout this chapter the description of the PSE and acoustic analogy equations
appears in the context of the two dimensional mixing layer. The complementary equations

for the round jet solution can be described in an analogous manner, and any significant

14
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differences between the two geometries are noted in chapter 4.

2.2 Governing Equations

2.2.1 Non-dimensionalization

The variables and equations appearing throughout this work are non-dimensionalized through
the usual acoustic scaling. Namely, for the two-dimensional mixing layer, the initial vorticity
thickness 83 and the speed of sound a} in the upper stream are taken as the reference length
and velocity scales, respectively. It should also be noted that all variables denoted by an
asterisk refer to dimensional quantities. This leads to the dimensional and nondimensional

coordinates z; and time ¢ variables related by

zj = &gzi,  t* = (al/8)1.

The density p, velocities u;, and temperature T are further scaled by

p*=pip, ui=ajuy, TF= (a’{z/c;‘,’l)T )
where p] is the ambient density in the upper stream, T} is the ambient temperature in the
upper free stream, and 02,1 is the specific heat at constant pressure in the upper stream.
The value for the ratio of specific heats v = cj ; /c; ; is taken to be 1.4. The pressure P and
viscosity p are scaled by

*2
1

P* = plai"P, p*=pip,

where p} is the fluid viscosity in the upper stream. Finally, the nondimensional Reynolds

number Re and Prandtl number Pr are chosen to be

*a*(s* *C*
Re = 22%1% 19 Pr:—'ul*’1
1250 ki

where k7 is the thermal conductivity of the fluid in the upper stream.
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2.2.2 Conservation Equations

Using the nondimensionalized variables from section 2.2.1, the equations for the conservation

of mass, momentum, and energy of a single phase compressible fluid are

Op 0

a + 8_.’171 (puz) =0 (2.1&)

Ou, Ow)_ _OP 1 9 .
E)t Jaxj - 8.77, Re 81‘]' Y

or aryN v o oT\ Ou; 1
P ( ot +u]8xj) " RePr <<9xjﬂ<9xj) P (amj) * Req)’ (2.1c)

where 7;; is the Newtonian viscous stress tensor. In equation (2.1c) the dissipation term is

(2.1b)

represented by ®. In addition to this set of equations, we use the following nondimensional

equation of state

—1
pP= 7TpT. (2.1d)

Using the thin-shear layer approximation (Day et al., 2001), the usual divergence of the

Newtonian viscous stress tensor

8Tij . 0 Bui au]' . 2% )
dx; Oz {H ((%j T Ox; 30z %

is truncated to the following form

2 (u3) i G)=(1,2)
7 =35 (Wg) fG)=@22) (22)
0 otherwise

and inserted in equation (2.1b). A power law relation p*/uf = (T*/Ty)" between the
viscosity and temperature is also used in mixing layer calculations, which reduces to the

non-dimensional form

p=((y-1I)", (2.3)

where n = 1 for all cases considered in chapter 3.
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2.2.3 Boundary layer equations

To calculate the laminar mean flow used in the PSE calculations, we consider the boundary

layer equations (White, 1991) for continuity, streamwise momentum, and energy

0 0
32 (puz) + By (puy) =0, (2.4a)
Ouy Ou, 1 0 Oug
Page TP Gy T Redy (“ By ) ’ (2.45)
oh Oh 1 8 ([ 9T\, p [Ou\’
Pleps P ey = ReProy (“8_.1/) " Re ( 3y ) ’ (240)

where the enthalpy h is defined in terms of the pressure, density, and internal energy e as
h=e+ P/p.

The mean pressure is assumed to be constant P = 1/+. Using the Stewartson-Illingworth
transformation, a similarity solution to the boundary layer equations (2.4a-2.4c) can be

found in terms of the coordinates

Re [Y ,
(=2, n—,/?/o pdy. (2.5)

If the streamwise velocity and temperature are expressed as functions of 7, such that u, =
f'(n), T = g(n), then the continuity equation (2.4a) is automatically satisfied, and equations
(2.4b) and (2.4c) reduce to

2 /
7+ o (%f") =0 (2.6a)

2 1 ! 2
mﬁ (ggl) + fg' + 7—_—15_)“”2 =0. (2.6b)

These two equations can be closed by using the the power-law viscosity relation (2.3) ex-

pressed in similarity coordinates

w(n) =[(v—1)g]".
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The boundary conditions for equation (2.6a) are taken from the free stream conditions of

the mixing layer and specification that v = 0 at the centerline of the mixing layer.

flln—o0) =M1, f(n—~-00)=MyT/Ti, f(0)=0. (2.7)

Further details on the choices of boundary conditions for equation (2.6a) can be found in
Schlichting et al. (2004). Similarly, for equation (2.6b) the boundary conditions on g(n) are

expressed in terms of v and the temperature ratio T5/T}

1 Ty

1
g(n — o0) = g g(n — —o0) = P (2.8)

1

The solution to the two-point boundary value problem of equations (2.6a) and (2.6b) with
end conditions (2.7) and (2.8) was calculated via a shooting algorithm adapted from Press
et al. (1992). An initial guess for f/(0), f”(0), g(0), ¢’(0) was first assumed. The values
of f and g were then integrated then from n = 0 to n = oo, and also from = 0 to
17 = —oo using a variable step size, fourth order Runge-Kutta routine. In practice, the
integration was usually terminated at n = +80 away from the centerline. The calculated
values of f/(00), f/(—o0), g(c0), and g(—oc) were then compared to the boundary conditions
(2.7) and (2.8), and the initial guesses were subsequently modified according to a globally
convergent Newton’s method. With the new initial guesses, the procedure was repeated
until the boundary conditions were satisfied to a tolerance of 10~%. The converged values
for f'(0), f”(0), g(0), and ¢'(0) used for the shear layers of chapter 3 can be found in
appendix section D.1.

Once f(n) and g(n) are calculated to accuracy desired, the mean flow values for the den-

sity, streamwise and cross-stream velocity, and temperature are found through the relations

1
¥ —1g(n)
az(n) = f'(n)

1

_ _ nf'=f . (Y0P ,
uy(n) = p[2 e f A &Edy}

Tn) = gn),

respectively. To find these values at a particular location in physical space, equation (2.5)

is inverted to give the mapping
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z =, yz(v—l)\/%/ong(n’)dn'

back to the original coordinates (z,y).

Because this solution to the compressible boundary layer equations is assumed begin at
a virtual origin in the similarity coordinate space, an additional condition must be imposed
to fix the origin in physical space. For this work, the initial starting point for the mixing

layer is set where the vorticity thickness 4, is unity, or at the location { = x;, Where

lMl — M2\/T2/T1‘ .

% = Tam/5y

max
is satisfied. Henceforth, all of the results for the mixing layer are given in terms of the
coordinate z = =’ — Tyn.

2.2.4 Parallel Linear Stability Solution

Once the mean flow values has been established through the boundary layer equations, the
initial growth of the disturbances upon the flow can be predicted through a linear stability
analysis.

In the following sections, we assume that the vector ¢(x,y,t) containing the flow vari-
ables

T
¢=[p Uy Uy T} (2.9)
can be decomposed such that
¢ = ¢(z,y) + (=, y,1),

where ¢ represents the mean flow variables and é represents the disturbance components.
For three dimensional jet flows, the corresponding vector ¢ is shown in section 4.2. Accord-
ing to linear stability theory, the disturbance variables can be further written in terms of a

modal expansion

Bz,4,1) = ()it 4 G (y)eTiorariat (2.10)

for a given eigenfunction gi;(y), wavenumber «, and temporal frequency w. The complex
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conjugate is added to the first term of equation (2.10) to insure that the disturbances
remain real-valued.

Another critical assumption required in parallel flow linear stability theory is that the
mean flow vary only in the cross-stream direction, with no vertical velocity component such
that

ﬂx(xay) = Uz(y)v ﬂy(x,y) =0. (2'11)

In cases where this is only approximately true, such as the slowly developing shear layer,
this is referred to as the the quasi-parallel approzimation. For the PSE method described in
section 2.3, condition (2.11) is relaxed, although it leads to a more complex set of stability
equations.

Inserting (2.10) and (2.11) into the governing equations (2.1a-2.1d), and neglecting any
higher order products of q3 as well as the viscous terms results in the following equations

for the conservation of mass, momentum, and energy:

(aUy — w)ip + iapiy + ﬁyj—z + ,5(2—1;1’ =0 (2.12a)
P [i(aﬁx —w)lg + ﬁy%] = —iaP (2.12Db)
— dp
plilaUy —w)iy| = —— 2.12¢
e . dl o db
p [z (aUz — w) T+ uy@] =—v [zauz + d_yx] (2.12d)

Additionally, the equation of state (2.1d) in this context becomes

j % (ﬁT + pT) , (2.12¢)

where the assumption of a constant mean pressure P = 1/v is again used. Equations
(2.12a-2.12¢) can be combined into a single, linear, ordinary differential equation known as

the compressible Rayleigh equation (Michalke, 1965; Gropengiesser, 1970):

(2.13)

d*ty _ [1dg] diy a d&U,  « ld_gde a?pg 4
dy?> ~ |lgdy] dy ' |aU;—w dy?  aU,-wgdy dy  y-1] ¥
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where the function g(y) is given by

y—-1 (v = D(aU; — w)?
p a? '

With the appropriate boundary conditions, the spatial linear stability problem defined by
equation (2.13) constitutes an eigenvalue problem for the velocity eigenfunction 4,(y) and
eigenvalue a. The boundary conditions can be determined by examining the behavior of
the differential equation in the free stream, where dU,/dy — 0 and dg/dy — 0 as y — F00.

This reduces equation (2.13) to the simpler version

d?t, [o?pg) .

with solution

Gy (y — +o0) ~ exp (Fqy), (2.15)

where ¢ = y/a?pg/(v —1). The sign in the exponential function is chosen such that dy(y)
always remains finite in the free stream.

Given equation (2.13) with the boundary conditions (2.15), the two point boundary
value problem can be solved by using an iterative shooting method. First, an initial guess
of the eigenvalue « is made, and equation (2.13) is integrated from y = —oo to the matching
point at y = 0, obtaining the temporary solution 4, (y), and also from y = 400 to y = 0,
obtaining 4 (y). A scaling factor A = @, (0)/4, (0) is obtained, and used to scale the upper
solution to ensure that 4.} (y) and 4, (y) are continuous at the centerline. The difference
between the derivative of 4, and the derivative of the scaled function Aﬁ; is then recorded

as
_ diy,

da
£ = —=
dy

dy

y=0 y=0
Based on the value of €, a new guess for the eigenvalue « is obtained through a globally
convergent Newton’s method (Press et al., 1992). The entire shooting process is repeated
until the difference in ¢ is smaller than a prescribed tolerance. This iterative shooting
method ensures that both the function 4y (y) and the derivative diy,(y)/dy is continuous at
the centerline, and satisfies the boundary conditions (2.15).

Once the eigenfunction 4y(y) is determined, the other functions p(y), 4z (y), T(y), and

P(y) can be found by inverting equations (2.12a-2.12¢).
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2.3 The Nonlinear PSE

2.3.1 Governing Equations

Whereas in parallel linear stability theory, the formulation explicitly required that the
mean flow be parallel or quasi-parallel and the disturbances remain infinitesimally small,
the nonlinear PSE formulation allows these assumptions to be relaxed. Although this
generalization comes at the cost of additional complexity to the system of stability equations,
it still retains many features of the eigenvalue problem. While much of the formulation
presented in this section is similar to the work of Day et al. (2001), it is included here for
the sake of completeness and as a source of comparison against the formulations used in
chapters 4 and 5.

Using the same flow variable decomposition ¢ = ¢ + ¢ as before, the PSE theory also

assumes that the disturbance components can be expressed in an expansion of the form

$(z,y,1) Z P (2, y) A (z)e ™", (2.16)

m=—M

where the amplitude portion A, (z) is written as

A (z) = emexp {z/ox am(x')da:’} . (2.17)

In equations (2.16) and (2.17), an initial amplitude €., is provided for the eigenmode qAbm,
with an associated wavenumber ¢, and temporal frequency w,,. The temporal frequency
of each mode is set to be an integer multiple of a base frequency w, so that wy, = mw. In
contrast to parallel linear stability theory, both qASm and «,, are allowed to evolve down-
stream in z. This construction bears some resemblance to the WKB type expansion used
in Crighton & Gaster (1976), and both theories rely on the assumption that the spatial
wavelength of the instability mode is much smaller than the length scale over which the
mean flow changes. The slow rate of evolution in the mean flow usually translates into the

assumptions

1645 5%¢
Re Oz ox?

and can be ignored in the PSE formulation. Similarly, the PSE restricts the downstream

< 0O(1), and < 0O(1), (2.18)

changes in the eigenfunction and growth rate by assuming that
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3dm oy,
E < O(1), and 522 < 0(1), (2.19)

and can be neglected as well. The final restriction on the disturbances admissible in PSE

is that the instability waves are convective instability, and not absolutely unstable (Huerre
& Monkewitz, 1990). This ensures that for any given region, any oscillations will remain
bounded in time.
Using equation (2.16) and assumptions (2.18) and (2.19) in the governing equations
(2.1a-2.1c) yields a set of nonlinear disturbances equations
L {m} = i—:, (2.20)
which form the basis of the PSE. In equation (2.20), the linear operator £,, can be broken

down in terms of

, . 0 0 0? Oa
[:m = —iwG+A (za+%> +Ba—y+ca—y2+D+£N,
where the matrices A, B, C, D, G, and N are functions of the mean flow variables ¢ only.
The right hand side of (2.20) contains the nonlinear forcing function F;, due to the higher

order products of disturbances ¢. The full form of equation (2.20) is given in appendix A.

Normalization conditions

An additional constraint must be placed on equations (2.20) in order to make the sys-
tem solvable. The need for this additional normalization constraint arises from the extra
degree of freedom inherent in the representation (2.16). Any downstream changes in the
disturbance ¢ can be accommodated by changes either in o(z) or ¢(z,y). This streamwise
ambiguity in z can be solved by placing an additional normalization constraint on either
the eigenfunction, the eigenvalue, or both. Many normalization conditions have been pro-
posed that limit rapid changes in the eigenfunctions (Bertolotti et al., 1992). For instance,

possible choices include

-
/ afnag—;"dyzo, (2.21a)
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Oy

v* M qy =0 2.21b
| enma-o, (2.21)

Odm Fim

|l =0 =0 2.21
oz T T v (221)
y/
A T -

where Vv = | O Om  Wm } is the vector of velocity eigenfunctions and ¢’ is some chosen

location in flow, such as the point where |dA>m[ Or |{p,| is a maximum. The complex conjugate
operator in equations (2.21a) and (2.21b) is denoted by the asterisk. Generally, integral
norms such as (2.21a) and (2.21b) are preferred over local norms like (2.21c). In the work
of Day et al. (2001), norm (2.21b) was used since it also implied that the integrated kinetic
energy % |\7'm|2 remained independent of the streamwise location. For this work, equation
(2.21b) is generalized to include all of the eigenfunctions

o0 ~ ~ N ~
/ [Wl s OPm W, (a;%’;’ﬂ + é)”—m) + Wi} T dy =0, (2.22)

% ™ dz ™ Oz ™ Ox

where the weights W1, Wa, W3 correspond to different normalization conditions. For the
kinetic energy norm (2.21b), W; = W3 = 0 and W, = 1, and for a more inclusive energy
based norm, we set Wy = (v — 1)T/vp, Wo = j, and W3 = p(y —1) /(v*TP). In prac-
tice, the choice of weights had negligible impact on the overall results, although the latter
conditions were used in cases of large density or temperature variations (Ray, 2006).

Ideally, the choice of the normalization condition in the PSE system would not affect
the calculation of the disturbances ¢ in equation (2.16), and yield the same final result
regardless of the norm. However, the subjectivity involved in selecting a conventional norm
has prompted some research into more mathematical rigorous approach to closing the PSE
system (Dobrinsky & Collis, 1995). In chapter (5) we propose a closure method to a
multiple-scale PSE method based on the adjoint formulation of PSE.

Mean Flow Correction

When the amplitude of the eigenfunctions in nonlinear PSE calculations reach a finite size
and modal interactions start to play an important role in the flow dynamics, the nonlinear
terms will inevitably redistribute some amount of energy to the mode qASO at zero frequency.
This redistribution of energy indicates that the disturbances have grown to the extent that

they are capable of modifying the mean flow, and a nonlinear correction to the mean flow is
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Figure 2.1: (a) An example of grid stretching in the y direction, with L, = 80 and b, = 2.9.
(b) An example of grid stretching in the z direction.

in order. This correction can be accommodated by adding components of the zero frequency

mode to the original laminar mean flow components

¢ = &+ do(z,y) Ao (x). (2.23)

Although the zero-frequency mode is solved in a similar manner as all of the other finite-
frequency modes, the mode is not present at the initial step of the PSE calculation. When
the maximum of nonlinear forcing term f‘o exceeds a set threshold, the zero frequency mode
is initialized by solving equation (2.32) with wy = 0 and ap = 0 initially. The growth of
the mode is controlled by changes in ag;, and the boundary conditions are identical to
the conditions (2.26) imposed on other modes. The influence and importance of the mean
flow correction on shear layer flows is evident in chapter 3, especially in cases where vortex

pairing causes rapid changes to the thickness of the shear layer.
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2.3.2 Discretized equations

In the discretization of the governing equations (2.20) a coordinate transform was first

chosen to efficiently allocate grid points in the computational domain. The sinh mapping

Ly sinh (by¢)

y(Q) = 2 sinh by,

(2.24)

was used to map the coordinate —1 < ¢ < 1 to the physical domain —L,/2 < y < L,/2
given a stretching parameter b,. This mapping effectively concentrates grid points near the
centerline of the domain, where sheared region of the flow exists (see figure 2.1a). Based on
mapping (2.24), the first and second derivatives of the eigenfunction were calculated as

9 1 99 0% 1 8% y'(C) 9o

oy (¢ a2 y(?a y(()PaC

(2.25)

respectively. Fourth order central differences were used to calculate the derivatives on the
¢-grid, so that

3_<ZA5 _ —jtr2+ 8pjr1 — 8pj—1 + Pj—2
aC 12A¢ ’

and

>’ _ —@j42 + 166541 — 300; — 16¢;_1 — ¢j_»
o¢? 12A¢2 '
For grid points next to the boundaries of the computational domain, second order central

difference formulas

B¢ bji1 —20; + i

9 _ dip1— i1 %9
ocz 2A(2

oc 2AL

, and

were applied to calculate the derivatives. For grid points located on the boundaries of
the computational domain, boundary conditions were developed using equations (2.14) and
(2.15) from parallel linear stability theory. Namely, in the free stream regions of the flow,
g—j = +q¢, fory — Foo, (2.26)
with ¢ defined as in section 2.2.4.
For derivatives in the streamwise direction, a simple first order implicit scheme was

applied, where
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3(25
oz

(QS“H ¢) . (2.27)

In general, this approximation is compatible with the formulation of the PSE, which assume
that the second derivatives of the eigenfunction are small by comparison. Higher order
differentiation schemes have been shown to be of negligible benefit (Herbert, 1994), and
explicit schemes have been shown to be unstable when marching the equations downstream
(Andersson et al., 1998). In addition, the spacing Az is not required to be uniform, and can
be decreased in regions of greater hydrodynamic activity (see figure 2.1b for an example).
Generally, the spacing Az is chosen to keep the number of iterations required to converge
at every streamwise location within a set range.

Using the implicit scheme in (2.27) to discretize equations (2.20) results in the discrete

system
z+ 1

Az+1

[AZLE + ME? + (0! — of) NI gt = MY 6F + (2.28)
where the linear operator £,, has been separated into Lm® = Ly + Mma%qﬁ + Nm—‘g%qg,
with the matrix L,, containing no streamwise derivatives. Hence, given an eigenfunction
i, at location z; and eigenvalues /! and o, equation (2.28) can be solved for ¢! at
the next point x;4;. Inversion of the matrix on the left hand side of equation (2.28) was
accomplished through the LU decomposition routines of the SuperLU libraries (Demmel
et al., 1999).

Along with equation (2.28), the normalization condition also must be satisfied for the
PSE solution to be advanced. The appropriate value of aif! is determined by iteratively

solving the normalization condition

i f(z)i+1,n (qu'+1,n _ qun) d
Az I

i+ln+l _ . i+ln
oy, =a,

(2.29)

qgi+1,n 2 dy

in conjunction with equation (2.28) until the difference aii1" ™! — o%F1™ falls within a
specified tolerance.

The calculation of F',,, at each iteration follows the same procedures as Day et al. (2001).
All nonlinear terms are first computed in physical space to obtain F(z,y,t) and later Fourier

transformed in time to obtain F,, (z,y). This procedure avoids having to explicitly account
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for each of the mode interactions and reduces the complex bookkeeping associated with
tracking each of the nonlinear terms. The full expressions of the nonlinear components
in physical space are given in section A.l for the shear layer and section A.4 for the jet.
All one dimensional and two dimensional Fourier transforms were calculated with platform
independent routines from the FFTW libraries (Frigo & Johnson, 2006). To avoid the errors
associated with aliasing in the nonlinear terms, the Fourier transforms in each direction were
zero padded according to the three-halves rule. Additionally, to maintain consistency with

the mean flow correction, the representation of the nonlinear terms in physical space

M

F(CE, Y, t) = Z ﬁ‘m(.’lf, y)e_iwmt
m=-M

does not include the contributions from the zero frequency mode qASO because their influence
is already accounted for in equation (2.23). Eigenmodes which are not yet active in the flow
also do not participate in the computation of the forcing terms. The dynamic allocation of
modes is addressed in section 2.3.3.

The physical space derivatives of ¢ that appear in F are computed using expressions
obtained through the analytical derivatives of (2.16), to take advantage of the computational
efficiencies of the FFT routines. For instance, the cross-stream derivatives are computed

via

~ M ~ ~ M A
o0 Z Opm —iwmt 82¢ 62¢m —lwmt
= = —Ap(z)e7™™" and — = Z — 5 Am(T)e™ ™, (2.30)
8y m=—M ay m=—M 8y
where the sum operation is handled by the FFT routines. Similarly, the physical derivatives

in the streamwise direction are computed by

ak(l; . .k k2 . k—1 6q§m ~k(k - 1) k-2 Oa ; —iwmt
5ok = ;z " P, — ko p e e a(bm Ame , (2.31)

where the PSE approximation (2.19) is used to eliminate the higher order derivatives of
Oy Oz
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o o Number of iterations required to converge
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lteration number n X

(a) (b)

Figure 2.2: (a) Iterations required for convergence of o . (b) The number of iterations
required vs. x.

2.3.3 PSE solution procedure

Once the discretized equations are formulated, a downstream marching algorithm can be

developed to advance the nonlinear Parabolized Stability Equations in space.

1. Using the method outlined in section 2.2.3, the laminar mean flow ¢ at the location

Zi+1 is obtained.
2. The mean flow is updated according to equation (2.23).

3. The nonlinear terms F' are calculated, using the most up-to-date eigenfunctions bm
available at the current location x;, and subiteration step n. If this is the first subiter-
ation step n = 1, then the converged eigenfunctions and eigenvalues from the previous
location z; are used instead. In the case that this is the initial PSE step as well (i =1
and n = 1), then the linear instability modes and eigenvalues from section 2.2.4 are

used instead.

4. Equation (2.28) is solved to determine the eigenfunction ™ for the mode m, at

location x;41, and at current subiteration step n.
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5. Equation (2.29) is solved to determine the eigenvalue o™ for the the mode m,

at location z;41, and at the next subiteration step n + 1.

6. If the difference between the eigenvalues of one subiteration and the next was less

. i+1,n+1 i+1,
than some prescribed tolerance, or ot nt — ol

< €q, then the mode m was
considered to be converged, and removed from the iteration process. Generally the

tolerance €, was set between 1076 and 10~7 for the iteration process.
7. Steps 2-6 are repeated until all of the modes are converged.

8. To advance to the next x location, steps 1-7 are repeated.

Several additional notes should be made to the preceding steps. First the initial amplitude
and phase of all eigenmodes was set so that max (|<]3mD = 1 and the centerline vertical
velocity was purely real, so ¥y, = 0. In cases where subharmonic vortex pairing was
expected to occur, the phase was further modified by multiplying the eigenfunction by €.
The phase factor 8; for each of the shear layers computed is given in section D.1.

Second, notice that the algorithm does not require that all PSE modes be active initially.
In cases where higher frequency modes are initially stable, those modes play a very negligible
role in the dynamics of the flow in the early region and can be excluded. To accelerate the
computation of the PSE solution, the option of dynamically activating modes is allowed.
Higher frequency modes can be declared inactive as long as the nonlinear forcing for that
mode remains below a certain threshold. Once max(iﬁ’m’) > Fiaz, the PSE code finds an
initial solution for dA)m by solving

Lo {dm} = gﬂ, (2.32)
m
where L;nq& = LquS, and any components involving streamwise derivatives are dropped, so
that M, = 0 and N,,, = 0. The real part of the initial wavenumber for these modes were
set so that oy, = mair, and given a small initial growth rate o, ; = —10~* to avoid any
singularities in solving equation (2.32).

The typical number of iterations required for the convergence of a particular mode is
shown in figure 2.2a. In general, higher frequency modes for the shear layer required a
larger number of iterations to converge to the same tolerance. By adjusting the stepsize
Az, the number of iterations required at any streamwise position will usually fall between

a specific range, between 8-20 iterations for high frequency modes, as shown in figure 2.2b.
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Lastly, the PSE solution process is particularly well suited towards calculations on par-
allel machines. Once the nonlinear terms F' have been calculated in step 3, the LU decom-
position of (2.28) and iteration calculations in steps 4 and 5 do not depend on the results of
any other mode calculations. Hence, these steps can be carried out in parallel on multiple
processors, with each processor handling a single mode or a small number of modes. This
accelerates the computation of the PSE solution, especially when all modes converge equally
fast. In this work the PSE codes were written using MPI routines and libraries for use on

parallel computer clusters.

2.3.4 Ellipticity and Stability of PSE

Questions regarding the degree of ellipticity in the PSE formulation have been raised by
several studies on the mathematical nature of the PSE. It should be noted that the PSE
formulation only parabolizes the governing set of equations, and does not guarantee that
the resulting set is parabolic. In the work of Haj-Hariri (1994), Li & Malik (1996), and
Andersson et al. (1998), it was discovered that some degree of ellipticity remained in the
PSE formulation which hindered the streamwise marching procedure. Haj-Hariri performed
an analysis of the characteristics present in the PSE system, and found two sources of el-
lipticity in both incompressible and compressible shear flows. The first source, the acoustic
propagation of dilatation disturbances, could be suppressed by proper modification of the
streamwise pressure derivative. The second source of ellipticity was due to the upstream
propagation of disturbances due to viscous diffusion. This second source was only prob-
lematic in the case of incompressible flows, when it would lead to imaginary values for the
eigenvalues of the characteristics matrix.

In Day et al. (2001), the first source of ellipticity was eliminated by replacing the physical

streamwise pressure derivative with

~ M

8_P = E <iamf3m + Q%> A (z)e~twmt
oz
m=—M

where €2 could be adjusted to suppress upstreamn pressure disturbances. In the simplest

scheme, setting 2 = 0 retains only the iam Py terms in pressure derivatives, but also

relaxed the stability criteria for streamwise marching to allow for

(2.33)
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More sophisticated choices for ©? have been proposed by Haj-Hariri (1994) and Malik &
Chang (1997). Malik & Chang used the criteria

Q = Min (M, 1),

where M, is the local streamwise Mach number. In supersonic flows, this criteria offered
no advantages as pressure disturbances generally propagated downstream naturally. In
subsonic flows with nonlinear interactions between modes, however, Day et al. found that
this criteria was not as robust as 2 = 0, and would cause instabilities in the iteration
procedure. Hence, the choice of @ = 0 was adopted in their PSE formulation and is also
adopted for the subsonic and supersonic flows calculated in this work. Our shear layer
calculations confirmed earlier results that the choice of 2 made little difference to the
overall result in supersonic cases, while 2 # 0 resulted in stabilities for the subsonic cases.
Andersson et al. (1998) also addressed questions regarding the stability of the PSE
marching procedure described in section 2.3.3. The presence of an elliptical component
in the equations tends to destabilize the marching scheme, requiring large step-sizes and
an implicit method to obtain a stable solution. Interestingly, the PSE are limited by a
minimum step size, below which the solutions would diverge, especially in the presence of
large nonlinear forcing. An additional stabilization mechanism proposed by Andersson et al.
is to modify the governing PSE system through an additional term $L,8¢nm, /0z, yielding
9
oz

O

da -
8.7,' + Nm%qﬁm - Fma

Ln®m + $Ln—— + My,

where s is a positive real number used to control stability. Andersson et al. argues that the
additional term falls well within the truncation error the first order implicit Euler method,
and Lmaésm /Oz also falls inside the range of neglected terms in the PSE approximation.
Using this formulation, Andersson et al. were able to exceed the step size restrictions of
traditional PSE approaches and obtain, stable, smooth solutions for very small Az. In
practice, however, his stabilization technique is not widely used in nonlinear PSE because
situations which require a Az below the minimum restrictions of (2.33) will also tend to fail
to converge based on the normalization iteration process as well. Hence, the stabilization

method of Andersson et al. was not used for the calculations shown here.
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2.3.5 Comparison with DNS

In order to validate and compare the results of the PSE calculations, mixing layer and round
jet simulations were also carried out using DNS. The DNS code responsible for calculating
the development of the mixing layer was provided by Lui (2003), and the DNS code used
in the round jet simulations was provided by Bodony & Lele (2005). Although the details
concerning each DNS code can be found in the references provided, a summary of the
methods employed by each is provided below.

The high fidelity, compressible DNS code from C. Lui used a Fourier spectral method to
evaluate derivatives in the spanwise (z) direction, while a sixth order, compact finite differ-
ence scheme with spectral-like resolution (Lele, 1992) in the transverse (y) and streamwise
(z) directions. For time advancement, a two-step fourth order Low Dissipation and Dis-
persion Runge-Kutta (LDDRK) scheme (Hu et al., 1996) is used in the code because its
relaxed restrictions on the CFL conditions allow for greater computational efficiency with-
out significant increases in error. The boundary treatment upper and lower regions of the
domain is composed of combination of Thompson’s non-reflecting boundary conditions and
a dampening sponge to absorb outward traveling acoustic waves. In the outflow boundary
zone, an artificial convection term is added to the governing equations to force all char-
acteristics of the flow to be out-going and prevent reflection back into the computational
domain.

To calculate the counterpart simulations of round jets, the LES code used by Bodony
in his studies of turbulent jets was adapted for use in DNS calculations. As in the mixing
layer DNS code, a similar sixth-order compact finite difference scheme was used to calculate
derivatives in the radial (r) and axial (x) derivatives, while a Fourier spectral representation
was used in the azimuthal (#) direction. Time advancement was also handled by the LD-
DRK scheme, implemented in the low storage form. The centerline coordinate singularity
was handled by an expansion of the governing equations in r and 8, as described by Con-
stantinescu & Lele (2002). Similar to Lui’s code, the outflow boundary conditions imposed
a sponge region which drove the solution toward a precomputed reference solution.

The comparison between the DNS solutions and the PSE simulations were often carried
out in the frequency domain. To obtain the Fourier transform of a time domain DNS

solution, the basic discrete transform was used
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4

1

Frnl@,) = 3 D 9@y, t)etnts (2:34)
g

Il
o

where the N samples were gathered over a multiple periods T' = 27/wp, of the frequency of
interest. Because of the interest in transforming entire flow fields at one specific frequency,
rather than many obtaining the frequency spectrum at one particular location, this discrete
transform was chosen over FFT algorithms. While FFT methods offer advantages in terms
of computational efficiency, their storage requirements can be prohibitive when considering
the number of grid points used in the entire domain (typically ranging from 3 x 10° to
1.3 x 108).

One major statistic used in comparing the eigenmode behavior between the DNS and
PSE simulations is the integrated modal energy of the eigenmode. While the energy of the
mode used in (Day et al., 2001) involved only the kinetic energy components, the definition
used here stems from the work of Chu (1965), and includes the energy due to temperature

and density fluctuations.

e [

In the calculation of the energy contained in PSE eigenmodes, we take

2

_1 NV /_)T,,{n
ﬁ;n|2>+’y |pm| +

~1 |2
|+ Y 2T

dy (2.35)

(%n(xay) = ésm(x’ y)Am(l‘)’

while in the DNS calculations, ¢A>;n is defined by (2.34).

2.4 Lilley’s Acoustic Analogy

For certain jet and mixing layer cases we find it becomes necessary to combine the near field
PSE solution to an acoustic analogy method in order to obtain reasonable predictions of the

far field sound. In this section we describe Lilley’s acoustic analogy and the methodology
used to couple it with the PSE formulation.

Using the governing equations for mass, momentum, and entropy

9 . 9 (pu;) _

5+ o, 0 (2.36a)
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8 0 oP an
En (pu;) + a—x] (puiu;) + 5 7z, (2.36D)
28 Oui _ 94 (2.36c)

=0 gt
Dt ”81‘]' Ox;’

where the entropy is defined as s = ¢p1n (Pl/ v/ p) and g; is the heat flux vector, Lilley
(1974) showed that it was possible to obtain a single equation

D <D2n i 26H)+28uii28ﬂ__6uj%8ui

E dz; 6_mi8xjc 6.'1:1' a 6.'1:1' ij 3£L‘k +v (2'37)

Dtz axic ox;
for the logarithmic pressure variable
II= l In £

v B
In equation (2.37), the square of the speed of sound is ¢ and ¥ represents the effects
of entropy fluctuations and fluid viscosity on the source term. Although this reduces the
Navier-Stokes equations to a single equation of one variable, the complicated nature of
the third order wave operator on the left hand side limits the number of general solutions
available. Most often, a simplification is possible in terms of a parallel, sheared mean flow,

varying only in the transverse direction, such that
a1 =U(zq), =0, T=T(x3),and P=FR,.

This converts equation (2.37) to an inhomogeneous Pridmore-Brown equation (Pridmore-
Brown, 1958) of the form

Lo{Im} =T, (2.38)

where the reduced operator is

Dt2 Bmi € 8.’1‘,

- _Do (D} 00 U 8 -8
Dt

Lo=— o, axlc B
and the source term is given by I'. As shown by Colonius et al. (1997) and others, the full
form of the source term I' is extremely complicated and difficult to accurately reproduce
computationally. However, Goldstein (2001) noted that it was possible to rearrange the

Euler equations to obtain a similar third order convected wave equation with a simpler
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source term. This new source term consisted of a velocity quadrupolar component, plus a
fluctuating thermodynamic dipole component. Goldstein achieved this by adopting a new

set of dependent variables

P 1/~ N
v = (F()) 1y, (2.39a)
P\
™= (Fo) -1 (2.39b)

The new pressure variable 7 then approaches the pressure fluctuations in the free stream

1P "
T———, as P —0.
v Po
Using the variables (2.39a) and (2.39b) with additional manipulation of equations (2.36a-

2.36¢), Goldstein arrived at

= Dodfi 20(76_]3

Lom = — - 2.4
O = Dt oz, oz; 0z’ (2.40)
where the forcing term was defined by
0 T
fi = o, (14 7) Ggady — 028_301-’ (2.41)

and & = (y — 1) T. Note that the first term in (2.41) represents the velocity quadrupolar
component, while the second term represents the thermodynamic dipolar component.

In general, the solution to the parallel flow Lilley’s equation (2.40) will consist of a
particular solution plus homogeneous solutions. Goldstein & Leib (2005) point out that
these homogeneous contributions correspond to spatially growing instability waves which
have the potential to grow unbounded far downstream in the flow. Their solution to this
problem was to use a vector Green’s function approach on a slightly non-parallel flow. The
diverging, non-parallel base flow would then ensure that the instability waves contributions
grow and eventual decay. However, in this work, the mean flow U(z3) is generally chosen
at, or slightly after, the point of saturation of the eigenmode solution. After the point of
saturation, the PSE solution for the instability waves were found to be either neutral or
decaying, which would suggest that they would remain bounded downstream. On the other

hand, if the base mean flow was set near the inlet position, where the fundamental and
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subharmonic instability waves were initially unstable, then the (Goldstein & Leib, 2005)
concerns about the unbounded growth of the homogeneous solutions would be of concern.
For a given source term I', we can find the particular solution to equation (2.40) using

a Fourier representation of 7 in the streamwise coordinate z and in time ¢

m(z,y,t) = e “ii(z,y) = e_i“’t/1/)(k:,y)e““C dk. (2.42)
Applying the transformation to equation (2.40), we obtain the inhomogeneous Rayleigh
equation
Tk
cy= —LEY) (2.43)
WUk — 1)c?

where the left hand side operator is
dy? Uk—wdy 2dy | dy 2

k = k/w, and the Fourier transformed source term is

Pk, y) = et / T(z,y)e*= da.

The particular solution to equation (2.43) can be found in terms of the Green’s function
G(y,ys), which is defined by

LG (y,ys) = 6(y — ys)- (2.44)

Equation (2.44) can be solved numerically using techniques similar to those used in the
solution of the Rayleigh equation in section 2.2.4. A three point boundary value problem
is to be solved, using adaptive quadrature to integrate a function G~ (y, ys) from y = —oc0
to a designated matching point ys, and a function G*(y,ys) from y = +o0o to ys. In the
Green’s function problem, we replace the Dirac delta function on the right hand side with

the jump conditions at the match point

G+

=0, (2.45a)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 2. THE NPSE‘AND ACOUSTIC ANALOGY METHODS 38

+ -
dor| | (0
Yy Ys Y Ys
and instead solve the homogeneous ODE
LG(y,ys) = 0.

Again, a variable step size, fourth order Runge-Kutta routine from Press et al. (1992) was
employed in the actual integration.
The boundary conditions are found by examining equation (2.44) in the free stream,

where the derivatives dU/dy and dc—2/ dy vanish, resulting in

2 12
:—yQ + w? (—(U’% D 1)} G(y,ys) = 0.

c

This yields far field solutions in terms of decaying exponentials, where

G(y,ys) — exp {iqy}, asy— Foo,

the variable ¢ is defined as ¢ = w (\/(Un —1)2/¢2 — 1), and the sign on the square is
always chosen to yield a decaying function for G as y — Fo0.
Although the numerical solution to equation (2.44) can be calculated rather quickly for
a single matching point y,, the complete solution for ¢ in equation (2.43) stated in requires
G(y,ys) to be found for many matching points ys. Fortunately, a reciprocity relation exists
for the the Green’s function at hand
Cl.ys) __ Gy (2.46)
(U(y)k —w)2 (Ul(ys)k —w)2‘

and can be used to calculate G(ys,y) at any y, once G(y, ys) is calculated over the y domain

(Ray, 2006). To obtain the final solution, the convolution integral is used
v = [T EED g6 ae
’ —oo (U(€)k —w) ¢ ’
to find ¢(k,y) at a particular wavenumber k. To find # at a specific frequency w, ¥(k,y) is

calculated at a number of points k, and equation (2.42) is used to transform v into (z,y)

space.
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2.5 Conclusions

In this chapter we presented the formulation underlying the nonlinear Parabolized Stability
Equations (PSE) and Lilley’s acoustic analogy. This included a description of the major
elements required for the solution of the PSE, and the methodology we employed to combine
the PSE solution with Lilley’s equation. Two of the major elements of the solution process
described were the solution of the compressible boundary layers to yield the mean flow, and
solving the parallel linear stability equations for the PSE initialization. In the PSE solu-
tion process itself, we also described the streamwise marching procedure and the iterative
solution technique to satisfy the normalization condition. The theoretical and numerical

methods used to solve the linearized Lilley’s equation was also presented.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Chapter 3

Results for Two-dimensional Shear

Layers

3.1 Introduction

In this chapter the methods of chapter 2 are used to calculate the dynamics and acoustics
of two-dimensional, compressible shear layers. A variety of shear layer cases are considered,
including heated and unheated, subsonic and supersonic shear layers. The accuracy of each
simulation is judged both in the near field and far field regions, and the capabilities of the

combined PSE-acoustic analogy method is assessed against similar direct calculations.

3.2 Simulation parameters

The results of six two-dimensional shear layers simulations are presented in this chapter,
with an overview of the flow conditions corresponding to each shear layer listed in table
3.1. In each of the shear layers, we computed both a nonlinear PSE calculation and a
complementary DNS calculation for comparison. As will be discussed in later sections,
the determining parameter for the level of acoustic radiation was the phase velocity of the

instability waves relative to the speed of sound in the free stream, as defined by

My = Re {221,

ai

40
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[7 Identifier M, My, Ty / T Re Sto Mph |
Isothermal supersonic 2.5 1.5 1.0 3000 0.230 1.99
Heated supersonic 25 18 1.5 3000 0.306 1.88
High transonic 140 090 1.0 3000 0.302 1.10
Low transonic 0.95 0.75 1.0 1000 0.557 0.85
Isothermal subsonic  0.50 0.25 1.0 10606 0.201 0.37
Heated subsonic 0.50 0.25 1.5 1000 0.185 0.32

Table 3.1: Flow conditions for the four mixing layer computations.

In table 3.1, Mp;, was calculated for the lowest frequency mode at the inlet. This Mp, value
was representative of the initially unstable modes at the inlet of the shear layer, and the
value generally remained constant in the downstream direction (see figure 3.1).

The parameter M, allows us to organize the six simulations into two general categories:
supersonic shear layers with Mp, > 1, and subsonic shear layers with Mp, < 1. In each
category we calculate both an isothermal shear layer and a heated shear layer, which allows
us to examine the effect of heating on the acoustic radiation and the shear layer dynamics.
Additionally, a transonic shear layer, with Mpy, slightly above or below unity is included
in each category to allow us to investigate the change in character of the nonlinear PSE
simulations as My, approaches the speed of sound.

In each simulation a fundamental frequency wp, corresponding to a nondimensional
Strouhal number Sty = wpdo/ (2rAU), is selected based on the most amplified frequency
at the inlet of the calculation. For the supersonic simulations, the inlet forcing consisted
of modes at this fundamental frequency and the higher harmonics of wy. For the subsonic
calculations, the first subharmonic mode was also included, so that the shear layer was forced
at wo/2, wo, 3wo/2, 2w, etc. Most of the nonlinear PSE calculations shown here included
a total of 8 modes, plus the zero frequency mode to handle the mean flow correction.

The initial amplitudes for these modes in both the PSE and the DNS calculations were
generally set to be less than 0.01% of the upper free stream speed of sound a;. Modes with
frequencies higher than the fundamental (and subharmonic, if applicable) mode in each
calculation were also typically started with amplitudes 5-10 times smaller, and allowed to
amplify as required by the calculation. In general, the overall evolution of the shear layers
was found to be independent of the initial amplitudes of the higher harmonics, and it is

worth noting that the DNS calculations did not include higher frequency modes which were
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Figure 3.1: (a) Plot of the velocity My for the isothermal supersonic (solid —), heated

supersonic (dashed ——), and high transonic (dash-dot — - —) shear layers. (b) Plot of the
velocity Mpp, for the isothermal subsonic (solid ——), heated subsonic (dashed ——), and
low transonic (dash-dot — - —) shear layers

initially stable at the inlet of the calculation. These modes were naturally activated by the
DNS, without having to be explicitly included, as in the PSE calculation.
Additional details regarding the flow conditions and numerical parameters can be found

in appendix D.

3.3 Supersonic shear layers

We first examine the results of the three supersonic cases: the isothermal supersonic, heated
supersonic, and high transonic shear layers. In each of these cases we will compare the near
field dynamics of the PSE calculations with those from the DNS calculations. Further

comparisons regarding the behavior of the far field pressure in both sets of simulations will

also be made in section 3.3.2.
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Figure 3.2: Comparison of the disturbance energy E,,, as defined by equation 2.35, between
DNS and PSE calculations. (a) £ (fundamental) and E» (first harmonic) for the isothermal
supersonic shear layer and (b) E; and s heated supersonic shear layer (¢) modal energies
E5 and E4 for the isothermal supersonic shear layer (d) modal energies F3 and F4 for the
heated supersonic shear layer
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3.3.1 Near field results

As an initial measure of the results obtained from the nonlinear PSE and DNS calculations,
we first examine the integrated modal energy, defined in equation (2.35), of the first two
modes in the isothermal supersonic shear layer. The graph in figure 3.2(a) displays the
excellent level of agreement between the two methods of calculation, for both F; and Es.
When initialized with the same conditions and same level of energy in the fundamental
mode, we can see that both DNS and PSE simulations show similar exponential growth
in the initial linear stability region, followed by a similar saturation level afterward. The
point of saturation is also well predicted by the PSE method compared to the DNS, at
approximately x = 115 for F; and £ = 100 for FEo.

Likewise, a similar agreement between the DNS and PSE solution exists for the heated
supersonic shear layer. As depicted in figure 3.2(a), both DNS and PSE calculations predict
that E; and E5 will amplify and saturate at similar rates, with E; saturating with about an
order of magnitude more energy than the first harmonic. From these graphs we can surmise
that the nonlinear PSE is able to accurately capture the modal behavior of instability waves
at specific frequencies, at least in terms of the energetics.

A better visualization for the growth and subsequent saturation of the instability modes
is shown in figure 3.3, which plots the real component and magnitude of the amplitude
factor Ap,(z) for the fundamental mode $1. For the isothermal supersonic shear layer we
can see the peak occurring at zs = 115 with an overall gain of about A;(z,)/.A1(0) = 450,
while in the heated supersonic case, the peak occurs at approximately z; = 130 with a
gain of approximately A;(zs)/A1(0) = 825. In effect, this amplitude factor A,, acts as
an envelope function modulating the behavior of the instability wave eigenfunction qZ)m.
Contrary to some models for the growth and decay of the eigenfunction, figure 3.3 reveals
that a very slow decay of the instability after its saturation point and is unlikely to be
modeled accurately by a Gaussian envelope in the streamwise direction.

With the growth of these instability waves leading to finite amplitudes downstream in
the flow, it becomes important to consider the interactions between the instability waves and
the mean flow itself. In the initial region the mean flow governs most of the behavior of the
instability waves, while the infinitesimal amplitude of the instability waves have little impact
on the mean flow in return. This situation is dramatically altered when the instability waves
grow to sufficient amplitude. Through nonlinear interactions, the instability waves begin to

modify the mean flow and impact the growth of other instability waves as well.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 3. RESULTS FOR TWO-DIMENSIONAL SHEAR LAYERS 45

0.5 T 1 1 1 1
Real[A(x)]
o4r- == [AX)] 7
-0.4} .
-0.5 1 1 L I 1
0 50 100 150 200 250 300
X
(a) T1/T2=1.0, M1=2.5, Mp=1.5
1 T 1 T 1 1
Real[A(x)]
o8- = [A)] ]

0 50 100 150 200 250 300
x

(b) T1/T2=1.5, M1=2.5, M2=1.8

Figure 3.3: Comparison of the amplitude factor A;(z) for (a) isothermal supersonic shear
layer and (b) heated supersonic shear layer
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Figure 3.4: Comparison of the mean vorticity thickness for (a) isothermal supersonic shear
layer and (b) heated supersonic shear layer

This phenomena is evident when examining the mean vorticity thicknesses of the shear
layers shown in figure 3.4. In the initial region of both shear layers, for about z < 60,
the growth of the mean vorticity thickness closely follows that of the underlying laminar
boundary layer flow. However, when the instability wave begins to reach magnitudes of
order O(1071), some modification to the vorticity thickness is evident. A sharp growth of
the vorticity thickness subsequently occurs, followed by a peak with a maximum thickness
of approximately 4, = 2.5. In both shear layers the sudden expansion and peak vorticity
thickness occur near the same point of saturation of the fundamental instability wave.

Although the phase speed for the instability modes in the high transonic shear layer
are lower than the other supersonic cases (Mp, = 1.1 vs Mp, ~ 2.0), similar results can be
found for that case as well. In figure 3.5(a), the modal energy comparisons between the DNS
and PSE calculations are of similar quality for the first two modes. Notice that while the
initial energy of the fundamental mode £ matches in both calculations, the PSE simulation
initializes the first harmonic with higher energy F» than in the DNS. However, the nonlinear
PSE simulation accounts for this higher level energy and suppresses the growth of this mode
in the initial region. After = 40, the energy levels in both DNS and PSE again agree, and

eventually both reach saturation at the same location and similar levels. The modification
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Figure 3.5: (a) Comparison of the disturbance energy for the fundamental (F;) and first
harmonic (E») modes for the high transonic shear layer (b) Comparison of the mean flow
thickness.

of the mean flow in the high transonic shear layer (figure 3.5b) also appears to be captured
in the nonlinear PSE simulation, although not as accurately as in the previous two cases.
Both predict a sudden growth at the same location in the shear layer and a peak in vorticity
thickness at around = = 100.

A more qualitative view of the dynamics of the supersonic shear layers can be seen
in the plots of the instantaneous flow variables. Figures 3.6 - 3.8 show contours of the
spanwise vorticity w, at selected instants in time. In figure 3.6, we can see that the large
scale structures in the flow are accurately captured in the PSE simulation. When visually
compared to the DNS results, we find that the vorticity roll-up and vortex pattern formation
are both closely replicated. Some differences can be seen in the interior of the vortex cores,
where the PSE flow field contains more fluctuations than in the DNS flow field, but the size
and distribution of vortices is comparable.

Similar agreement can be seen in the vorticity plots corresponding to the heated super-
sonic shear layer (figure 3.7) and the high transonic shear layer (figure 3.8). In these cases
vortex roll up occurs at similar streamwise locations in both the DNS and nonlinear PSE

simulations, and the strength and distribution of vortices are approximately equal. Greater
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Figure 3.6: Spanwise vorticity contours w,, for the (a) PSE and (b) DNS computations of
the isothermal supersonic shear layer. Contour levels range from —1.0 to —0.3 in steps of
0.025.

vorticity fluctuations inside the vortex cores also generally appear in PSE simulations, while
the DNS simulations appear smoother.

The flow fields of selected thermodynamic variables are shown in figures 3.9 - 3.12. In
figures 3.9 and 3.10, we can see the development of entropy in the isothermal supersonic
shear layer and the heated supersonic shear layer. The plots of entropy in both shear
layers qualitative resemble those of vorticity: the entropy rolls up into discrete units with
spacing corresponding to vortices. As expected, in the isothermal supersonic case, the
entropy generation inside the shear layer is significantly less than in the heated case, and
fluctuations deviate only about 7-10% from the mean entropy value s = 1, compared to 50%
or greater in the latter case. In the heated shear layer plot (figure 3.10), the nonlinear PSE
calculation was also less able to capture the braids and roll-up of entropy. Consequently,

the entropy structures appear less organized.
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Figure 3.7: Spanwise vorticity contours w,, for (a) PSE and (b) DNS computations of the
heated supersonic shear layer. Contour levels range from —2.0 to —0.5 in steps of 0.1.
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(a) PSE

Figure 3.8: Spanwise vorticity contours w,, for (a) PSE and (b) DNS computations of the
high transonic shear layer. Contour levels range from -0.8 to -0.01 in steps of 0.05.
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Figure 3.9: Contours of entropy for the isothermal supersonic shear layer. Upper figure:
NPSE computation, lower figure: DNS computation. Contours levels range from 1.02 to
1.07 in steps of 0.0025.
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Figure 3.10: Contours of entropy for the heated supersonic shear layer. Upper figure: PSE
computation, lower figure: DNS computation. Contour levels range from 0.75 to 1.5 in

steps of 0.05.
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Isothermal supersonic: Density p
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Figure 3.11: Contours of density for the isothermal supersonic shear layer. Upper figure:
PSE computation, lower figure: DNS computation. Contour levels range from 0.9 to 1.1 in
steps of 0.01.

Similar statements can be made concerning the development of density and temperature
in the shear layer. Much larger density fluctuations and gradients are found in the heated
shear layer (figure 3.12) than in the isothermal shear layer (figure 3.11). In the case of the
heated shear layer, the organization of the density fluctuations also resemble the large scale
structures of vorticity and entropy.

The ability of PSE to capture the frequency spectrum generated in the shear layer is
shown in the next sequence of graphs. The spectrum of the streamwise velocity at the
centerline %(z,y = 0) is plotted as a function of frequency at three axial locations in each
of the three supersonic shear layers. To obtain the frequency spectrum in the DNS com-
putations, a time record at each of these three locations was saved and later Fast Fourier

Transformed. In figure 3.13, the evolution of the frequency spectrum is illustrated for the
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Figure 3.12: Contours of density for the heated supersonic shear layer. Upper figure: PSE
computation, lower figure: DNS computation. Contour levels range from 0.75 to 1.5 in
steps of 0.05.
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isothermal supersonic shear layer. Initially, at x = 40, only one small peak corresponding
to the forced fundamental can be observed in both DNS and PSE spectra. Near the point
of saturation, the maximum amplitude of the peak can be seen, as well as the peaks cor-
responding to the higher harmonics that are also excited. Downstream of the saturation
point, only the peak from the fundamental mode remains, with minimal contributions from

the higher harmonics.

3.3.2 Far field Pressure Results

Having seen the overall comparisons between the PSE and DNS solutions in the near field
regions of the flow, we now examine the behavior of pressure in each of the three supersonic
mixing layers. Of particular interest to this investigation is the behavior of the pressure as it
transitions from the near field region to the uniform free-stream away from the mixing layer.
We expect that in the sheared regions of the flow, the pressure fluctuations should exhibit
an exponentially decaying nature, which is characteristic of linear instability waves (see
section 2.2.4). Away from the sheared regions, however, the pressure fluctuations should
decay less rapidly in the cross-stream direction, and behave more characteristic of acoustic
radiation than instability waves.

We first present the results regarding the isothermal supersonic mixing layer. In figure
3.16, we can see a qualitative similarity between the DNS and PSE calculations for the
pressure P, at the fundamental frequency Stg. Both contour plots for the DNS and PSE
pressure show an initial region from 0 < z < 100 where the growth of the instability wave is
still occurring and little acoustic radiation is emitted from this initial region of the mixing
layer. However, after the point of saturation, around z = 100, strong Mach wave emission
is seen radiating into the upper free stream, with weaker Mach wave radiation visible in the
lower free stream. The angle of emission, approximately 7 — 8° from the downstream axis,
is similar between the two calculations.

More quantitative comparisons for the streamwise development of P; is shown in figure
3.17. In the upper free stream region of the flow, near y = 15, the pressure fluctuations
P grow exponentially in the initial, until saturating at a level of about |f’| ~ 2 x 1071,
From figure 3.17a, we can see that both DNS and PSE simulations calculate the location
of saturation around z = 100, and saturation levels for pressure are comparable. Similarly,
in the lower free stream at y = —15, the initial growth in the PSE pressure fluctuations is

followed by region of saturation, where amplitudes are predicted by both the PSE and DNS

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 3. RESULTS FOR TWO-DIMENSIONAL SHEAR LAYERS 56

(a) x=40
0.05 T T T T T T

0.04 - 1
0.03 - 1
0.02 1

0.01 1

®

(b) x=100
0-05 T T T T T T

0.04 - B
0.03 .

0.02 =

0.01 l 1

0 1 2 3 4 5 6
w
(c) x=160
0.05 T T T T T T

0.04 - B

0.03

0.02 -
0.01 * i
0 . . L - .

0 1 2 3 4 5 6

-

Figure 3.13: Spectrum of @ along the centerline for the isothermal supersonic mixing layer.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 3. RESULTS FOR TWO-DIMENSIONAL SHEAR LAYERS

(a) x=40
0.08F T T T T T
0.06 B
0.04 | 1
0.02 -
0 1 - - 1 L 1 L
0 1 2 3 4 5 6
()
(b) x=100
0.08F T T T T T —7
0.06 e
0.04 :
0.02 B
0 ‘ 4 1&_ I 2
0 1 2 3 4 5 6
®
(c) x=160
008 T 1 T T T
0.06 i
0.04 E
0.02 R
0 . Jk . | - A el
0 1 2 3 4 5 6
[O)]

57

Figure 3.14: Spectrum of % along the centerline for the heated supersonic mixing layer.
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Figure 3.15: Spectrum of 4 along the centerline for the high transonic mixing layer.
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Figure 3.16: Real part of the pressure at the fundamental frequency, Re{f’l}, for (a) PSE
and (b) DNS computations. (Isothermal supersonic shear layer). Contours range from
—2x 1073 to 2 x 1073 in steps of 2 x 1074,
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Figure 3.17: Plot of the pressure |}31(a:, y)l for the isothermal supersonic shear layer at (a)
y=15 and (b) y=-15.

calculations to be {}51’ ~ 1074,

The cross-stream behavior of the pressure in the isothermal supersonic mixing layer
shows a significant difference between the initial development region and the subsequent
regions where Mach wave radiation occurs. Inside the initial region, at the streamwise
position x = 50 (figure 3.18a), the decay of the PSE pressure ’pl‘in the y direction is
entirely exponential, and in the both upper and lower free streams the calculated pressure
amplitude falls below machine precision. Downstream of the saturation point, however,
there is a substantial change in the transverse decay of pressure (see figure 3.18b). Near
the centerline of the mixing layer, from —10 < y < 10, the exponential decay of pressure
is still visible, and the rate of decay matches the predictions from DNS. Outside of the
region |y| > 10 the pressure Pi(z = 250,y) suddenly switches to a slower algebraic decay.
The cross-over from the exponential to algebraic decay of P is also in agreement with the
calculations from DNS, suggesting that PSE is capable of capturing both instability wave
phenomena and its associated acoustic radiation for this supersonic shear layer.

When considering the heated supersonic shear layer, similar agreement can be found

between the PSE and DNS calculations. In figure 3.19, the qualitative similarities between
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Figure 3.18: Plot of the pressure ’]51 (m,y)| for the isothermal supersonic shear layer at
streamwise locations (a) x=>50 and (b) x=275.

the fundamental pressure P; in PSE and DNS calculations become apparent. Here the initial
growth of the pressure instability wave occurs from its infinitesimal amplitude at £ = 0 to
O(10~1) amplitudes by = = 130. After reaching the point of saturation of the fundamental
mode, strong Mach wave radiation is emitted into the upper and lower freestream regions
of the mixing layer. As in the isothermal supersonic shear layer, the majority of the noise
radiated occurs at very low angles to the downstream axis, with almost no radiation in the
upstream direction. In the heated shear layer, we can also see the radiation is stronger in
the low speed stream, rather than into the heated high speed stream.

The downstream development of pressure illustrated in figure 3.20 is similar to the
downstream profiles shown in figure 3.17. The initial exponential growth of pressure at y =
—20 (figure 3.20b) peaks after reaching a saturation point and remains relatively constant
downstream. In the upper strcam at y = 20 (figure 3.20a), the period of exponential growth
remains longer, and only begins to reach its saturation amplitude by the end of the domain
at x = 300.
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Figure 3.19: Real part of the pressure at the fundamental frequency, Re{ﬁl}, for (a) PSE
and (b) DNS computations. (Heated supersonic shear layer). Contours range from —2x1073
to 2 x 1073 in steps of 2 x 1074
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Figure 3.20: The pressure lﬁl(x)‘ for the heated supersonic case at (a) y=20 and (b) y=-20.
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Figure 3.21: The pressure ‘Pl (y)| for the the heated supersonic case at (a) x=>50 and (b)
x=275.
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In the heated supersonic shear layer, we find that the cross-stream behavior for the
pressure P is similar to that in the isothermal shear layer. Upstream of the saturation
point, at the streamwise location x = 50, the pressure disturbance peaks near the centerline
and decays exponentially as y — oo (figure 3.21a). However, downstream of the saturation
point, the exponential decay of the pressure P; is only maintained for ly| < 10 (figure
3.21b). Beyond this region, the pressure exhibits a much slower decay as a function of y,
more characteristic of acoustic (Mach wave) radiation than instability wave behavior. The
point of transition between the two regions is approximately the same in both the DNS and
PSE calculations, and the resulting far-field amplitudes for the pressure are also in relative
agreement.

In the third supersonic case — the high transonic shear shear layer — we can see that
the same general trends persisting, although the agreement between the DNS and PSE
calculations is not as close as in the previous cases. Contours of the real component of the
pressure Re {151 }, illustrated in figure 3.22, show acoustic radiation emitted from both the
DNS and PSE calculations of the shear layer. However, in the PSE calculation, a larger
degree of acoustic radiation is seen on the high speed stream side than on the lower speed
stream. This is apparent in figure 3.23b, where the pressure P, around z = 250 is over-
predicted in the PSE simulation when compared against DNS. In the high transonic shear
layer the initial development region for the pressure is also not as apparent. As opposed
to figure 3.17 or 3.20, figure 3.23a for the high transonic shear layer does not show a clear
region where the far field pressure experiences exponential growth, and which is followed
by saturation at specific amplitude.

However, some similarity with the isothermal and heated supersonic shear layer is visible
in the analysis of pressure cross-sections in the y direction. In figure 3.24a, the pressure
eigenfunction P clearly peaks near the centerline y = 0 and decays exponentially fast away
from the sheared region. In figure 3.24b, this exponential decay in the free stream transitions
to a slower algebraic decay for |y| < 10, in both the DNS and the PSE calculations. This
change in behavior of the pressure eigenfunction seems to be well captured by the nonlinear

PSE in all of the supersonic cases.
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Figure 3.22: Real part of the pressure at the fundamental frequency, Re{f)l}, for (a) PSE
and (b) DNS computations. (High transonic shear layer). Contours range from —2 x 1076
to 2 x 1078 in steps of 2 x 1077,
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Figure 3.23: Plot of the pressure ‘Pl(m,y)} for the high transonic shear layer at vertical
locations (a) y = 0 and y = 20, and (b) y = 0 and y = —20.
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Figure 3.24: Plot of the pressure ‘151 (z, y)i for the high transonic shear layer at streamwise
locations (a) x=50 and (b) x=300.
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3.4 Subsonic shear layers

The ability for nonlinear PSE to capture the near field and far field behavior of the su-
personic subsonic layers provides an impetus to examine the same phenomena in subsonic
shear layers. In this next section we compare the PSE and DNS results from the isothermal
subsonic, heated subsonic, and low transonic shear layers, and determine whether PSE can

accurately capture the noise generation process in the subsonic case.

3.4.1 Near field results

As an initial measure of the accuracy of modal behavior in the PSE calculation, we again
examine the integrated modal energy E,, (defined in equation 2.35) for the subsonic shear
layers. In figure 3.25a the calculated energies for the isothermal subsonic shear layer are
shown, for both the subharmonic frequency (E;) and the fundamental frequency (E;). At
each of these frequencies the energy calculated by the PSE simulation closely matches that
of the DNS. In both of the simulations, the saturation point of E; and Es occurred at
z =~ 100, with the maximum energy levels of about Eime. ~ 1.7 X 1072 and Es mes =
1.4 x 1073, However, this close agreement in the isothermal subsonic shear layer can be
contrasted with the modal energy behavior in the heated subsonic shear layer. In figure
3.25b the computed energies E] and Es from the PSE simulation are plotted along with
the corresponding predictions from DNS. At both the subharmonic and the fundamental
frequency, a discrepancy in the peak energy amplitude can be seen. Whereas the nonlinear
PSE calculation predicts a peak subharmonic energy level of about E1 mez = 0.11 at location
z ~ 84.3, the DNS calculation predicts a lower maximum energy Fimq; ~ 0.06 and at a
further downstream location z = 102.8. At the fundamental frequency, the PSE calculation
also over predicts the maximum energy (E1masz =~ 3.8 x 1073 in PSE, versus 2.4 x 1073 for
DNS) and also further upstream relative to the DNS calculation (z ~ 89.4 in PSE, versus
r = 108.2 for DNS). Similar comparisons for the energies E3 and E4 can be seen in figure
3.26.
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Figure 3.25: Comparison of the disturbance energy for the fundamental (E;) and first
harmonic (F2) modes for the (a) isothermal subsonic shear layer and (b) heated subsonic

shear layer
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Figure 3.26: Comparison of the disturbance energy E3 and Ej4 for the (a) isothermal subsonic

shear layer and (b) heated subsonic shear layer
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Figure 3.27: Comparison of the vorticity thickness (a) isothermal subsonic shear layer and
(b) heated subsonic shear layer ‘

The differences between the DNS and PSE predictions in the heated subsonic shear
layer are also evident when comparing the mean vorticity thickness. In figure 3.27b, the
vorticity thickness é(x) is plotted for both the DNS and PSE calculations. During the
initial development region, from 0 < z < 50, the growth in vorticity thickness is fairly
similar between the two methods. However, the subsequent peak in vorticity thickness is
over predicted in the PSE calculation by about 10%, giving 6pee = 4.8 whereas in DNS
dmaz &~ 4.35. The location of the maximum thickness in the heated shear layer is also
shifted upstream in the PSE calculation, to x = 77.3 from z = 99.0 in the DNS calculation.
Downstream of the first maximum, the vorticity thickness calculated by DNS also undergoes
a sudden expansion after = 200, and is caused by the presence of additional vortex pairing
in flow. These structures will be examined later in this discussion.

In contrast, the vorticity thicknesses calculated for the isothermal shear layer (figure
3.27a) appear to agree favorably between the two methods. The maximum shear layer
thickness was calculated to be 40 = 5.27 in the PSE shear layer, and 4,4z = 5.17 in the
DNS shear layer, an agreement within 2%. The location of maximum thickness was also in

agreement, occurring at x = 93.6 in both calculations.
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Figure 3.28: (a) Comparison of the disturbance energy for the fundamental (E;) and first
harmonic (E3) modes for the low transonic shear layer. (b) Comparison of the vorticity
thickness of the low transonic shear layer.

In the third subsonic shear layer, the (isothermal) low transonic shear layer, the com-
parisons of modal energy and vorticity thickness also agree favorably. in figure 3.28a, the
predicted energies for the subharmonic (E;) and fundamental (F2) eigenmodes do not differ
significantly between the PSE and DNS calculations. The maximum energy of the subhar-
monic mode is calculated to be Ey e &~ 0.01 and occurred at = ~ 304 in both methods.
For the fundamental mode, the maximum energy was calculated to be E2 maz =~ 5 X 10~4
and occurred at z = 284 in both DNS and PSE simulations.

The behavior of the vorticity thickness in the low transonic shear layer is depicted in
figure 3.28b. As in the isothermal subsonic shear layer, the location and the amplitude of
the maximum shear layer thickness is fairly well predicted by the PSE calculation. The
maximum shear layer is computed to be 4, mez = 4.9 and occurs at a location of about
x ~ 285. The level of agreement in both isothermal shear layers, and the discrepancies
shown in the heated shear layer, suggest that PSE calculations may not be able to entirely
capture the effects of heating inside the shear layer.

A qualitative assessment of the structures occurring inside each of the shear layers is

provided by instantaneous snapshots of the vorticity field, as shown in figures 3.29-3.31.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 3. RESULTS FOR TWO-DIMENSIONAL SHEAR LAYERS 71

(a) PSE

~“-eefi§ 1@ ﬁ?'@@ @b @, @? 1@ @’ 1’ ‘@ @»

1 1

50 100 150 200 250
(b) DNS

ommmmmnntsy ) 000000000
5}
10, = 100 150 200 250

Figure 3.29: Spanwise vorticity contours w,, for (a) PSE and (b) DNS computations of the
isothermal subsonic shear layer. Contours range from —0.20 to —0.05 in steps of 0.01.

These figures provide some insight to the effect of heating on the PSE calculation of shear
layers, and also provide some clues to the discrepancies discovered earlier. We first examine
the vorticity fields for the isothermal shear layer. As illustrated in figure 3.29, we find
that the nonlinear PSE simulation captures the same large scale hydrodynamic structures
as in the DNS. This was also noted in the investigations by Day et al. (2001). During
the initial development of the shear layer, vortex roll-up can be seen in both simulations,
which is then followed by vortex pairing. The location of vortex pairing coincides with
the saturation point of the subharmonic mode, around x = 100, and also occurs near the
location of maximum shear layer thickness. Given the important role of subharmonics and
vortex pairing in the dynamics of shear layers (Winant & Browand, 1974; Brown & Roshko,
1974; Ho & Huang, 1982), it is reassuring to note that nonlinear PSE is able to resolve
the large scale structures once it has accurately captured the behavior of the subharmonic

mode.
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Figure 3.30: Spanwise vorticity contours w,, for (a) PSE and (b) DNS computations of the
low transonic shear layer. Contour levels range from -0.30 to -0.01 in steps of 0.02.

In the low transonic shear layer, a similar phenomena is also shown by both the PSE and
DNS calculations (figure 3.30). Although the growth of the fundamental and subharmonic
mode requires a longer development region, both vortex roll-up and vortex pairing can be
seen to occur. Again, the location of the completed vortex pairing occurs near the location
of the maximum shear layer thickness 4, and maximum subharmonic energy E;. As in the
previous case, the internal structure of the vortices are relatively well captured and similar
in both PSE and DNS calculations. The fine structure of the braids in between each of the
vortices are better resolved in the DNS calculation, but otherwise the size and overall shape
of the vortex structures are comparable.

On the other hand, the vortex structure of the heated subsonic shear layer (figure 3.31)
shows some disagreements between the DNS and the PSE shear layers. While both compu-

tations show vortex roll-up and the first vortex pairing occurring, the ability of nonlinear
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Figure 3.31: Spanwise vorticity contours w,, for (a) PSE and (b) DNS computations of the
heated subsonic shear layer. Contours range from —0.20 to —0.05 in steps of 0.01.

PSE to resolve all of the features is decidedly worse. After the initial vortex pairing, the
vortices in the region 100 < z < 200 of the PSE calculation are more irregular and asym-
metric compared to the DNS calculation. The appearance of the filaments surrounding the
vortices also has a different, more speckled character than the DNS filaments, suggesting a
lack of resolution in the PSE simulation.

One feature that is noticeably absent in the PSE calculation of the heated subsonic
shear layer is the second vortex pairing. In the DNS calculation (figure 3.31b), an addi-
tional pairing is seen to occur around x = 275, and sparks further growth of the shear layer.
This second vortex pairing is responsible for the sudden rise in vorticity thickness seen in
figure 3.27b. The presence of a second vortex pairing is evidence of an additional subhar-
monic mode in the DNS calculation, which is explicitly excluded from the nonlinear PSE
calculation. This second subharmonic mode will appear in the analysis of the frequency

spectrum of the subsonic shear layers, to be considered later in this section.
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Figure 3.32: Contours of entropy for the isothermal subsonic shear layer. Upper plot: PSE
computation, lower plot: DNS computation. Contour levels range from 0.98 to 1.02 in steps
of 0.001.

The contrast between the heated and the unheated subsonic shear layers can also be
visualized in terms of thermodynamic quantities such as entropy and density. In figure 3.32,
the instantaneous contours of entropy s are shown for both the PSE and DNS computations.
Similar to the vorticity contours in figure 3.29, the roll-up and pairing of vortices are visible,
and the internal structures of the vortices are equally well resolved in each computation.
It should be noted that the amount of entropy generation in this isothermal shear layer is
relatively small, as the fluctuations general fall below 2% of the mean entropy value.

Similarly, the small fluctuations of entropy which are generated in the low transonic
shear are displayed in figure 3.33. While the vortex pairing structures are not evident
through this plot, the entropy contours are generally in good agreement between the PSE

and DNS computations.
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Figure 3.33: Contours of entropy for the low transonic shear layer. Upper plot: PSE
computation, lower plot: DNS computation. Contour levels range from 1.005 to 1.015 in
steps of 0.0005.

The situation is dramatically different for the heated subsonic shear layer shown in figure
3.34. In this case the entropy fluctuations generated by the shear layer can be fairly large,
and the differences between the PSE and DNS simulation become apparent. In the initial
developing region of the flow, the vorticity contours are fairly similar, but as the vortices
start to pair in the shear layer, the entropy structures appear to develop differently. As in
figure 3.31, the internal composition of the entropy structures is less organized in the PSE
computation, and the braids in between the entropy structures are not as well resolved.
These differences in the thermodynamic variables will also affect the computation of the
thermodynamic source terms, as will be examined in section 3.5.

Similar conclusions can be drawn by examining the behavior of density in each of the

three shear layers. In figures 3.35, 3.36, 3.37, contours of density p are plotted for the
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Figure 3.34: Contours of entropy for the heated subsonic shear layer. Upper plot: PSE
computation, lower plot: DNS computation. Contours levels range from 0.75 to 1.5 in steps
of 0.05.
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isothermal subsonic, low transonic, and heated subsonic shear layer, respectively. For both
the isothermal subsonic and low transonic shear layer, the density fluctuations remain fairly
small, and both DNS and PSE simulations show similar behavior. In figure 3.35 pairing
of density disturbances can be observed using both calculation methods, and the overall
structure remains consistent between the two. For the low transonic shear layer, the density
fluctuations remain confined to the shear layer region, and the differences between the DNS
and the PSE calculations remains small.

When comparing the density contours of the heated subsonic shear layer, the differences
in behavior are reminiscent of the entropy contours shown in figure 3.34, and vorticity
contours in figure 3.31. Large density structures are formed through a similar roll-up and
pairing process and convect downstream. In figure 3.37, the differences in density contours
appear in the PSE calculation as speckled density fluctuations amid the organized struc-
tures, and the braids connecting the structures are more well defined in the DNS calculation
than in the PSE.

The spectrum of frequencies that is resolved by each of the DNS and PSE calculations
is shown in figures 3.38 and 3.39. For the isothermal subsonic shear layer (figure 3.38), the
initial dominance of the subharmonic and the fundamental frequency is readily apparent.
At locations z = 40 and x = 100, both the PSE and DNS predict peaks at frequencies
corresponding to wg/2 and wg. In contrast to the supersonic shear layers discussed in
section 3.3, the frequency spectrum of the DNS simulations displays broader peaks, but
the main contributions are still centered at the frequencies wg/2 and wy. Downstream of
the vortex pairing location, the only frequency that remains dominant in the DNS and
PSE calculation is at the subharmonic, with negligible contributions from higher frequency
modes.

For the heated supersonic shear layer (figure 3.39), the frequency spectrum at the initial
streamwise positions remains similar in both the DNS and PSE simulations. At z = 40, the
subharmonic and fundamental frequency are the most dominant frequencies. Downstream
at z = 100, the amplitudes of these two frequencies are still the largest, but a sizable
contribution from higher frequencies is also visible, including the frequencies %wo, 2wy, %wo,
and 3wg. Further downstream, however, the greatest discrepancies between the PSE and
the DNS calculations become apparent. At z = 200, contributions from lower subharmonic
frequencies are dominant over the first subharmonic. The amplitudes of frequencies lower

than w < 0.1 eventually become an order of magnitude larger than the subharmonic or
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Figure 3.35: Contours of density for the isothermal subsonic shear layer. Upper plot: PSE
computation, lower plot: DNS computation. Contour levels range from 0.98 to 1.00 in steps
of 0.001.
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Figure 3.36: Contours of density for the low transonic shear layer. Upper plot: PSE
computation, lower plot: DNS computation. Contours range from 0.98 to 1.02 in steps of
0.001.
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Figure 3.37: Contours of density for the heated subsonic shear layer.
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fundamental. Because these low frequencies are not explicitly activated in the nonlinear
PSE simulation, their dynamics are not captured using that method, leading to the absence

of the second vortex pairing or the lack of energy transfer to frequencies lower than wgp/2.

3.4.2 Far field results

Having compared the behavior of the DNS and nonlinear PSE solutions in the near field
regions of the shear layer, we now direct our attention to the far-field behavior of pressure
in subsonic shear layers. Similar to the comparisons made in section 3.3.2, we wish to
determine whether both PSE and DNS can capture the changes in pressure behavior as it
transitions from the near field hydrodynamic region to the far field acoustic region.

In the first comparisons shown in figure 3.40, the pressure P; at the subharmonic fre-
quency is displayed as a function of downstream distance z at the vertical locations y = 0
and y = 30. For the isothermal subsonic shear layer (figure 3.40a) both the DNS and PSE
pressure P; (z,y = 0) show an initial development region where the instability wave grows
exponentially before reaching the saturation point near the vortex pairing location. The
growth rate and the saturation amplitudes for P (z,y = 0) are well predicted by the nonlin-
ear PSE computation, even though the inlet pressure for the DNS computation is set lower.
These observations for the centerline pressure are repeated for the heated subsonic shear
layer in figure 3.40b, where both the DNS and the PSE predict an initial exponential growth
in 151(3:, y = 0), followed by a saturation near the first vortex pairing. However, one should
note that the PSE computations predict a slightly earlier location of saturation, which is
consistent with the earlier observations regarding the modal energy of the subharmonic.

Away from the centerline, the predictions from the PSE and the DNS computations
begin to diverge. At the vertical location of y = 30, the PSE calculations generally under
predict the pressure radiated to the far field, in both the isothermal subsonic and heated
subsonic shear layers. The under prediction of pressure is generally inaccurate by an order
of magnitude or greater, except near the vortex pairing location, where the pressures are
comparable. In contrast to the supersonic shear layers, the pressure behavior in the far
field does contain a region of initial exponential growth, suggesting that noise is radiated
in both the downstream and upstream direction of the vortex pairing location.

This behavior is further explored by considering the cross sections of the pressure in
the y-domain at different streamwise locations. In figure 3.41, the subharmonic pressure

]31(:1: = 50,y) is considered at a point upstream of the vortex pairing location, for the
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Figure 3.38: Spectrum of 4 along the centerline for the isothermal subsonic mixing layer.
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Figure 3.39: Spectrum of 4 along the centerline for the heated subsonic mixing layer.
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Figure 3.40: The pressure ‘Pl(z,y)’ at y = 0 and y = 30 for the (a) isothermal subsonic
shear layer and (b) heated subsonic shear layer.

isothermal and heated subsonic shear layer. Both shear layers depict a similar phenomena:
the DNS and nonlinear PSE calculation both agree in the near field region (Jy| < 20), but
the pressure calculated by PSE shows a much larger region of exponential decay versus its
DNS counterpart. The DNS calculated pressure shifts to the slower algebraic decay at an
earlier point than PSE, leading to larger predictions of pressure in the far field.

Near the vortex pairing location the far field behavior of pressure is more comparable
between DNS and PSE calculations. At the streamwise location of z = 125.0 (figure 3.42),
both calculation methods predict a similar transition point between the exponential and
algebraic decay of the pressure eigenfunction. Near this location the far field pressure
calculated by the PSE simulation are generally on the same order of magnitude as the
DNS. In the isothermal subsonic shear layer this region of agreement is limited to around
120 < z € 130, and is slightly larger for the heated subsonic shear layer.

Further downstream of the vortex pairing location the PSE and DNS far field predictions
again diverge. At position z = 250.0 (figure 3.43), the pressure calculated by nonlinear
PSE is approximately two orders of magnitude smaller than the DNS predictions, and

approximately one order of magnitude smaller for heated subsonic shear layer. Inside the
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Figure 3.41: The pressure l]f’l(x, y)‘ at streamwise locations z/8y = 50.0 for the (a) isother-
mal subsonic shear layer and (b) heated subsonic shear layer.

-40 -20 0 20 40 -50 0 50
y/8, y/8,

(a) x/o = 125.0 (b) x/80 = 125.0

Figure 3.42: The pressure |]51(:z:, y)! at streamwise location z/dy = 125.0 for the (a) isother-
mal subsonic shear layer and (b) heated subsonic shear layer.
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Figure 3.43: The pressure |131i at streamwise location x/dy = 250.0 for the (a) isothermal
subsonic shear layer and (b) heated subsonic shear layer.

near field region, however, the PSE method still predicts similar hydrodynamic behavior
for the subsonic shear layers.

For the low transonic shear layer, the behavior of the pressure eigenfunction follows
similar trends as the other subsonic shear layers. Near the centerline, the PSE predictions
for the pressure show excellent agreement with the DNS calculation. However, in the free
stream regions, the nonlinear PSE vastly underestimates the amount of noise radiated from
the shear layer. As illustrated in figure 3.44, the upstream pressure calculated by PSE
at y = 30 falls more than three orders of magnitude below the DNS predictions. Further
downstream, that difference is smaller as one approaches the vortex pairing location.

In figures 3.45 and 3.46, we can see how the DNS captures the unsteady flow and the
far field sound generated by the flow quite naturally. In contrast, the NPSE method only
captures the near field flow dynamics. At the initial downstream locations z < 300, the
nonlinear PSE method predicts almost an almost entirely exponentially decaying behavior
for P, for the domain —40 < y < 40, while the DNS computation predicts pressure in the far
field around P; ~ 10~7 to 10~°. Near the end of the domain, at z = 400, the PSE computed

pressure also shifts to the slower algebraic decay, but the resulting far field amplitudes are
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Figure 3.44: The pressure |I51(x, y)’ for the low transonic shear layer at location y = 0 and
y = 30.

still under predicted compared to the DNS.

3.5 Comparisons using Lilley’s equations

In this section we present the far field noise predictions based on the hybrid PSE-Acoustic
analogy method, which was previously described in section 2.4. While it was determined
that inaccurate acoustic predictions arise from nonlinear PSE calculations of subsonic shear
layers, the near field hydrodynamic variables were still found to be accurate for the isother-
mal shear layers. Given this information, we determined that an accurate representation
the noise source terms were possible, and by using Lilley’s acoustic analogy, reasonable far

field predictions could still be obtained from the nonlinear PSE calculations.

3.5.1 Source terms

We first consider the overall structure of the source terms computed by DNS and PSE
computations. The source term at the fundamental frequency I') (z, ) (as defined in section

2.4), is divided into momentum <fm> and thermodynamic (f‘t) components in order to
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Figure 3.45: The pressure ’]51 (y)‘ for the low transonic shear layer at (a) x=100 and (b)
x=200.

-40 -20 0 20 40 -40 -20 0 20 40
/3, R

(a) x/d0 = 300.0 (b) x/80 = 400.0

Figure 3.46: The pressure 1]31i for the low transonic shear layer at (a) x=300 and (b) x=400.
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determine their relative contributions to the predicted far field sound. For each of the source
term calculations, the mean flow ¢ is taken near the point of subharmonic saturation, at
z = 100 for the isothermal subsonic shear layer and £ = 75 for the heated subsonic shear
layer.

The results shown in figure 3.47 provide a qualitative sense of the accuracy with which
nonlinear PSE can calculate the near field source terms in the isothermal subsonic shear
layer. By comparing figure 3.47a with the equivalent DNS contour plot of ‘f‘m‘ in figure
3.47a, we can note that both calculations predict the peak of the momentum source near
the vortex pairing location at £ = 100, with the dominant portion of the source term
concentrated within 50 < 2 < 150 and —10 < y < 10. Relative to the thermodynamic
source terms plotted in figures 3.47¢c,d, the momentum sources are approximately an order
of magnitude larger.

Cross-sections of the source terms for the isothermal subsonic shear layer, displayed in
figure 3.48, also provide a means of comparison between the DNS and PSE calculations. In
figure 3.48a, the transverse structure of the momentum and thermodynamic source terms is
shown at the location of vortex pairing (z = 100). At this location, one can see the compact
nature of the source terms in the y-direction. Both the DNS and PSE methods predict that
the source terms decay exponentially rapidly outside of —10 < y < 10 and are essentially
negligible in the free stream. In figure 3.48b, the streamwise structure of the source terms
is also visible. Similar to the modal energy plots in 3.25a, the momentum source term
f‘m(x,y = 0) displays an initial development region from about 0 < z < 60, and peaks
near the vortex pairing location. Downstream of the vortex pairing location the source
terms decay by approximately an order of magnitude by = 200. In both the DNS and
PSE predictions, the thermodynamic source terms for the isothermal mixing layer are small
compared to the momentum source terms. Although the PSE version predicts a slightly
higher peak than the DNS [';(z,y = 0), it is still negligible compared to the momentum
source term.

Similar results can be examined for the source terms of the heated subsonic shear layer.
In figure 3.49, the source terms f‘m and f‘f are plotted for both the nonlinear PSE and DNS
computations. For this shear layer, one can observe a sizable difference between the source
terms calculated by DNS and nonlinear PSE simulations. In the DNS computations of I'n,
and f‘t in figures 3.49b,d, the large source term contributions from the second vortex pairing

are visible, and are absent from the corresponding PSE source terms in figures 3.49a,c.
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Figure 3.47: Plot of the source terms for the isothermal subsonic shear layer. Contours for
figures (a) and (b) range from 107 to 107> in steps of 107¢. Contours for figures (c) and
(d) range from 10~7 to 107° in steps of 1076.
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Figure 3.48: Source terms for the isothermal subsonic shear layer. (a) Cross section of
source terms ]f‘m‘ and ‘f‘t‘ plotted versus y at = 100 (b) Cross section of source terms

’f‘m‘ and }f‘tl plotted versus x at the centerline y = 100.

Additionally, the source term amplitudes calculated by the PSE method are noticeably
larger than the DNS calculations.

The disagreement in predictions is also apparent from the plots shown in figure 3.50.
Both DNS and PSE methods show that the source terms are fairly compact in the trans-
verse direction and the thermodynamic terms dominate over the momentum source terms.
However, in figure , the thermodynamic source term I;(z,y = 0) from nonlinear PSE cal-
culations maintains a significantly higher amplitude in the first vortex pairing region when

compared to the DNS computations.

3.5.2 Lilley’s far-field predictions

Given the source terms calculated in section 3.5.1, it is possible to obtain revised predictions
for the radiated sound from the subsonic shear layers. In this section we use equation 2.43 to
calculate the far field pressures 7 away from the shear layer and compare them to previous
values calculated by the DNS and PSE methods directly.

In figure 3.51 we first compare the accuracy of the acoustic analogy predictions for the
isothermal subsonic shear layer. Upstream of the vortex pairing location at * = 75, the

calculations from Lilley’s equation correctly predict the far field behavior in the upper and
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Figure 3.49: Plot of the source terms for the heated subsonic shear layer. Contours for
figures (a) and (b) range from 1075 to 10 in steps of 1075. Contours for figures (c) and
(d) range from 10~2 to 1072 in steps of 1073.
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Figure 3.50: Source terms for the heated subsonic shear layer. (a) Cross section of source
terms |f‘m| and \f‘t‘ plotted versus y at = 100 (b) Cross section of source terms ’f‘m' and

{f‘tl plotted versus z at the centerline y = 0.

lower free-stream, while the pressure eigenfunction in the PSE method continues to decay
exponentially. Upstream of the vortex pairing location, at z = 75, the predictions from
Lilley’s acoustic analogy also correctly predict the amplitude of sound radiated away, while
the PSE method alone underestimates the pressure by approximately an order of magnitude.

The streamwise behavior of the far field pressure is also improved using predictions from
the hybrid PSE-acoustic analogy method. Upstream and downstream of the vortex pairing
location, the pressure amplitudes at y = 30 are comparable to those calculated in the DNS
method (figure 3.52).

In figures 3.54 and 3.54, similar comparisons are computed for the heated subsonic shear
layer. Predictions based on Lilley’s acoustic analogy are improved over the direct solutions
from nonlinear PSE. However, compared to the DNS, the hybrid method over predicts the
upstream pressure in the upper freestream compared to the DNS predictions (figure 3.53a).
Inaccuracies based on the acoustic analogy predictions may be caused by inaccuracies in
the source term calculations for the heated subsonic shear layer. Ultimately, the inability of

the nonlinear PSE to accurately resolve all of the entropy and thermodynamic fluctuations
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Figure 3.51: Far field acoustic predictions from DNS, PSE, and hybrid PSE-acoustic analogy
methods for the isothermal subsonic shear layer. (a) ’131 (y)‘ at ¢ = 75, and (b) ‘Pl(y)‘ at
z = 175.
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Figure 3.52: Far field acoustic predictions, ‘Pl(m)‘ at y = 30, from DNS, PSE, and hybrid
PSE-acoustic analogy methods for the isothermal subsonic shear layer.
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Figure 3.53: Far field acoustic predictions from DNS, PSE, and hybrid PSE-acoustic analogy
methods for the heated subsonic shear layer. (a) ’I:’l(y)‘ at £ = 60, and (b) ‘1—:’1 (y)l at

x = 250. DNS (solid line — ), PSE (dashed line ——), Lilley’s prediction (dash-dot line —
)

in the shear layer may limit the accuracy of the thermodynamic source term I, and affect

the final far field acoustic predictions.

3.6 Accuracy of Convective and Viscous Terms

To gain a better understanding of the origin of the errors arising from the PSE approxima-
tions, we can examine the accuracy to which the PSE method calculates various terms in
the governing equations. The two terms discussed in this section are the convective term
“g_: + U% and viscous term %%ﬁ belonging to the streamwise momentum equation. In
figures 3.55 and 3.56 these two terms are shown for the isothermal supersonic shear layer,
respectively, while in figures 3.57 and 3.58, the convective and viscous terms are plotted for
the isothermal subsonic shear layer, respectively.

In both figures 3.55 and 3.57, we can see that the instantaneous snapshots of the con-
vective term calculated by the nonlinear PSE method closely resembles the convective term

calculated from the DNS method. However, in figure 3.56, some differences can be seen
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Figure 3.54: Far field acoustic predictions, 1151(:1:, y)’ at y = 40, from DNS, PSE, and hybrid
PSE-acoustic analogy methods for the heated subsonic shear layer.

in the calculations for the viscous term. Near the centers of each of the vortex cores, the
viscous term calculated by PSE is larger than that calculated from DNS, and the symmetry
of the viscous term about the centerline is not retained in the PSE calculation. For the
isothermal subsonic shear layer in figure 3.58, the differences between the viscous terms are
even more dramatic. The viscous terms inside the vortex core regions are noticeably higher
in the PSE calculation, and in the braid regions between vortex pairings, the viscous terms
are also not well resolved in PSE.

These differences in the resolution of the viscous terms might underlie the visible dis-
crepancies seen in the vorticity and entropy field, especially in the heated shear layers. In
regions where large spatial gradients exist, such as near the braids between vortex pairings,
the viscous terms are inadequately resolved and results in the significantly dirtier appear-
ance of the vortex cores and filaments. However, because the viscous term %%ﬂ is several
orders of magnitude smaller than the convective term, nonlinear PSE can still capture a

majority of the flow dynamics.

3.7 Comparisons Between Linear and Nonlinear PSE

Thus far, all PSE shear layer simulations shown were calculated using the nonlinear PSE

formulation. In this section we illustrate the necessity of including the nonlinear terms in
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Figure 3.55: The convective term u - +v d" for the isothermal supersonic shear layer.
Contour levels range from -1 to 1 in steps of 0 1.

(a) Viscous Term: PSE
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Figure 3.56: The viscous term %%ﬂ for the isothermal supersonic shear layer. Contour

levels range from —1073 to 1073 in steps of 1074
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(a) Convective Term: PSE
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Figure 3.57: The convective term u 6“ +'v for the isothermal subsonic shear layer. Contour
levels range from -0.01 to 0.01 in steps of 0.001.

(a) Viscous Term: PSE
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Figure 3.58: The viscous term R—ag; for the isothermal subsonic shear layer. Contour

levels range from —10~% to 10~ in steps of 1075,
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Figure 3.59: Comparison of energies for the linear and nonlinear PSE simulations. (a)
Isothermal supersonic shear layer, (b) isothermal subsonic shear layer. Solid line (—):
nonlinear PSE, dash-dot line (~ - —): linear PSE, dashed line (——): linear PSE with mean
flow correction

PSE by comparing the results from nonlinear PSE calculations with equivalent linear PSE
calculations.

The two cases we consider in the comparison are the same isothermal supersonic shear
layer and isothermal subsonic shear layer shown in table 3.1. In the linear calculations, the
nonlinear term J, in equation 2.32 is set to be zero, and only the modes which are linearly
unstable at the inlet are initialized in the flow. The first set of linear PSE calculations used
the mean flow from section 2.2.3 without any modification, while the second set of linear
PSE calculations used the corrected mean flow saved from the nonlinear PSE simulation.

The differences in modal energy behavior can be quite dramatic, as shown in figure 3.59
and using the kinetic energy portion of F,, from (2.35). In the isothermal supersonic shear
layer, the energy growth of the fundamental mode (E}) is initially very similar between the
nonlinear and the two linear simulations. However, while the nonlinear PSE calculation and
linear PSE calculation with mean flow correction show a saturation point near x = 100,
the uncorrected linear PSE calculation continues to grow downstream, eventually reaching

unphysical amplitudes. The behavior of the first harmonic is also noticeably different in the
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linear PSE calculations. While the nonlinear PSE simulation shows that the mode has an
initial exponential growth followed by a point of saturation, the two linear PSE simulations
predict that the first harmonic mode remains relatively neutral, and stays at a relatively
small amplitude before eventually decaying downstream.

For the isothermal subsonic case, the linear PSE and nonlinear PSE simulations show
good agree in the initial linear regime. Both the subharmonic mode (F;) and the funda-
mental mode (F») grow at similar exponential rates. However, as seen in figure 3.59b, the
uncorrected linear PSE simulation does not capture the saturation point of the subhar-
monic, while the nonlinear and mean flow corrected linear PSE calculations do. In the case
of the fundamental mode, all three simulations depict the energy F» eventually saturation,
although the final amplitude of the linear PSE calculations do not agree with the nonlinear
PSE calculations.

The physical differences in the flow between the linear and nonlinear PSE simulations
are illustrated in figures 3.60 and 3.61. When compared to the equivalent vorticity contours
in figures 3.6 and 3.29 for the nonlinear PSE simulations, we can conclude that the linear
PSE calculations fail to completely capture the vortex roll-up and pairing mechanisms. In
the uncorrected linear PSE simulations, the perturbations in the fundamental mode lead to
alternating patterns of vorticity, but the roll-up phenomena is not present. The unbounded
growth of the mode also causes increasingly high concentrations of vorticity which are
eventually exceed the contours of the plot. The inclusion of the corrected mean flow helps
to alleviate this problem, but the vortex roll-up pattern is still seen to be incomplete. In
figure 3.29, the mean flow corrected linear PSE simulation eventually results in discrete
vortices, but the pairing process near x = 100 is still very different from the phenomena
shown in figure 3.29. These results are in good agreement with the findings of Day et al.

(2001), who also compared linear and nonlinear PSE simulations of mixing layers.

3.8 Conclusions

In this section we presented the results of several shear layer calculations and their corre-
sponding far field noise predictions. Both nonlinear PSE and DNS methods were used to
simulate heated and unheated two dimensional shear layers, and their results were com-
pared. Overall, the findings can be separated into two broad categories.

For supersonic shear layers — those containing instability waves with My, > 1 — the
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Figure 3.60: Spanwise vorticity contours w, for the isothermal supersonic shear layer. Upper
plot: uncorrected linear PSE calculation; lower plot: linear PSE calculation with corrected
mean flow. Contour levels range from -1.0 to -0.3 in steps of 0.025.
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Figure 3.61: Spanwise vorticity contours w, for the isothermal subsonic shear layer. Upper
plot: uncorrected linear PSE calculation; lower plot: linear PSE calculation with corrected
mean flow. Contour levels range from -0.20 to -0.05 in steps of 0.01.
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dynamics and far field acoustics of the shear layers was accurately predicted by the nonlinear
PSE method. Not only did PSE accurately capture the hydrodynamics associated with the
instability waves and dynamics of vortex roll-up, it accurately predicted the far field Mach
wave radiation in the far field. This was found to be true for the isothermal and heated
supersonic shear layer, as well as the high transonic shear layer. In general, this confirms
some of the results found by the previous investigations of Wu (2005).

For subsonic shear layers — those containing instability waves with M, < 1 — nonlinear
PSE was only able to capture the near field dynamics of the shear layers with reasonable
accuracy. In the heated subsonic shear layer, nonlinear PSE also failed to capture the
thermodynamic and entropic fluctuations in the shear layer when compared against DNS
calculations. In the far field region, the PSE solution under predicted the acoustic radiation,
although it did predict a transition point away from the exponential decay behavior of
instability waves. However, for the isothermal subsonic shear layer, it was determined that
the PSE method was able to accurately reproduce the noise source terms in the near field.
Thus, by using Lilley’s acoustic analogy to determine the far field sound, the combined PSE-
acoustic analogy method was able to achieve results comparable to the DNS calculations.
Predictions for the heated subsonic shear layer achieved less favorable agreement due to

inaccuracies in the resolution of the thermodynamic source terms.
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Chapter 4

Jet Computations

4.1 Introduction

In this chapter we apply the PSE and acoustic analogy methods to subsonic and super-
sonic round jets. Although the general theory and methodology remain unchanged, some
differences do arise because of the geometry and flow differences. These will be discussed in
section 4.2, and followed by a discussion of the robustuess of jet PSE calculations in section
4.3. Results for the subsonic and supersonic jet will be presented in section 4.4, and then

followed by a description of Lilley’s acoustic analogy as applied to the subsonic jet.

4.2 Differences between jet and shear layer computations

4.2.1 Non-dimensionalization

Because of the differences in flow geometry between the round jet and the shear layers
considered in chapter 3, different dimensionalizations are used for the equations and results
presented in this chapter. Here, we choose the jet radius R* as the characteristic length
scale and the ambient speed of sound a?, as the characteristic velocity scale. This leads to

the following set of scalings:

ot = R*z;, t* = (a’./R*)t

uf = abui, p*=php, T =(a52/cpo)T

104
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P* = piaP, p* = plop,

* Lk
p;oa;,R* _ HooCp,co
* ’ Pr = k*
Moo 0

where p}_ is the ambient density, T5 is the ambient temperature, and u}, k%, , and c;,oc

Re =

are the values for the viscosity, thermal conductivity, and specific heat at constant pressure
in the free stream, respectively. Whereas the calculations for the shear layers relied on a
power law relation for the non-dimensional viscosity, the jets calculations discussed here use
Sutherland’s Law (White, 1991) for the viscosity

(= 1)7)3?
T (y-1)T+ S’

with the constant S = 0.4, corresponding to the values of air in temperature range 210-1900

K.

(4.1)

4.2.2 Governing equations

For all jet calculations, we take the vector of flow variables ¢ to be defined by

T
¢=[p Uz Up UG T]

and the decomposition of ¢ in to mean ¢ and disturbance ¢~> components is identical to
the procedure described in section 2.3. For full generality, we allow for three dimensional

disturbances, using a modal decomposition in the azimuthal direction as well:

o(z,r, 0,t) = Z Z ¢mn z,7) Amn(z)e” nf—iwmnt (4.2)

-Nm=-—M

The amplitude factor A, () is expressed in a manner similar to equation 2.17:

Anin(Z) = €mn €xp {z’/amn(:v') dx'} (4.3)

In addition to equations (4.2) and (4.3), the PSE approximations (2.18) and (2.19) also
apply in this case. Inserting these equations and the approximations into the Navier Stokes

equations, and removing the base flow equations yields the governing PSE equations
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Lonn {‘lgmn} = j:: . (4.4)

Similar to the governing PSE equations (2.20) for the shear layer, the linear operator L,
includes only first order derivatives in the streamwise direction, and the nonlinear term
Fmn contains all higher order products in the fluctuations ¢. Details on the exact equations
represented by (4.4) can be found in appendix A.

The normalization condition employed in the jet PSE calculations is similar to the
normalization (2.22) used in the shear layer. In this case the radial domain is integrated

from 0 < r < o0, and is also weighted by a factor of r, leading to

/ Bl 220 dr o, (4.5)

Discretization and solution of the jet PSE method is similar to the discretization de-
scribed in sections 2.3.2. With minor changes, the steps outlined in section 2.3.3 can also
be applied to solve the jet PSE. In the iterative technique used to satisfy the normalization

condition, the discretized form of equation (4.5) is used

2i+ln [ Zi+ln i,
. B o __ 3 r dr
i+lntl _ gitln ﬂfd) (¢ ¢ )

o - 3 , (4.6)
QL rdr

and in the application of the mean flow correction, the zero frequency forcing term is also
applied to the boundary layer equations (see section 4.2.3). In addition, the initialization
for the PSE marching procedure uses the parallel linear stability solutions for jet flow. Es-
sentially, the initial solution is obtained from the eigenfunction solutions to the compressible

Rayleigh equation in radial coordinates

2P 1dP ., n? 2\ A
W-}—;E—(a +ﬁ—p(aUx—w)>P—0. (4.7)

Similar to the parallel linear stability solution for the shear layer, this requires the solution
of a boundary value problem for given values of the frequency w and for an eigenvalue «.

Details regarding the derivation and solution of equation (4.7) are found in appendix A.3.
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4.2.3 Mean flow treatment

In order to calculate the mean flow components ¢, we adopt a similar approach as in sec-
tion 2.2.3. However, instead of a seeking a self-similar solution, the mean flow components
are computed numerically from the boundary layer equations directly. In cylindrical coor-
dinates, the boundary layer equations for mass, streamwise momentum, and temperature

are

0 (pz) , O(pUr) | Py

— =0 4.
oz | or T ' (4.82)
_oa __0u, pd*u, p§ Ou,
Pyt P G ~Re B2 T rRe or (4.85)
_ 8T 8T v 19 ( _dT v _ [ Bug\?
> * P or ~ Re Prror (”‘E) M Re’' ( or )’ (48c)
respectively. These equations are completed by providing the equation of state for a ideal
gas,
— -1 -
P= %—pT. (4.8d)

The solution of the boundary layer equations is based on the procedure outlined in
Appendix A of Mitchell (1995) and chapter 15 of Flectcher (1991). Stated briefly, the
method is first order accurate in x and uses a second order Crank-Nicholson discretization
in r. Modifications to Mitchell’s method include the accommodation of Sutherland’s Law in
the boundary layer equations (4.8b) and (4.8¢c) and the use of equation (4.8¢c) to calculate
temperature instead of the Crocco-Busemann relation.

In addition, the modification to the mean flow due to finite amplitude disturbances
is handled differently than in the shear layer case. Rather than using the zero frequency
eigenfunctions to modify the mean flow directly, we force the boundary layer equations (4.8a-
4.8c) through the zero frequency nonlinear terms Fog, resulting in the modified boundary

layer equations

0(ptz) | 9(pw) , pir

s or = fp,oo (4.9&)

__ duy __ Oty 0%ty o Oig
v - — |5 — = .9b
Pl TP, [Re 52 7 Re or Fz.00, (4.9b)
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Figure 4.1: An example of grid stretching in the radial direction, with r, = 0.5, r, = 1.5,
Se = 0.2, 55 = 0.5, and w, = wp = 0.05. (a) r(&) vs. £ (b) (&) vs. &
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This treatment of the mean flow correction proved to be more robust in nonlinear PSE
jet calculations. While zero frequency mode ®gg corrections were suitable in the shear
layer computations, in the jet computations, their convergence was sensitive to the initial

amplitudes. By including the forcing terms Fgo in the boundary layer equations directly,

higher amplitude corrections could be accommodated.

4.2.4 Radial Grid Mapping

In the laminar jets that will be considered later in this chapter, the need to resolve acoustic
radiation located far away from the centerline is also tempered by the need to resolve the
near field hydrodynamics occurring near the lip-line of the flow. Because of the size of the
radial domain, a uniform grid designed to satisfy the most restrictive grid requirements in
the near field would result in an unnecessarily large number of grid points. Therefore, a
coordinate mapping similar to the one used by Manning (1999) was chosen to efficiently

allocate grid points in the computational domain. The computational radial coordinate
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& was uniformly spaced from 0 < £ < 1, and used to generate a nonuniform mapping in
function g(£). Three distinct grid zones were created by the mapping: an interior potential
core region, the shear layer region, and the outer flow region. The two control points rq,
and rp defined the boundaries of the regions, and corresponded to control points s, and s
on the £ grid. The slopes corresponding to each region are defined by

Ta _ Tb—Ta

, Mg = ,and mg = .
Sa Sp— Sq 1—5s

1—7‘5
my =

Based on the tanh functions used to smoothly transition between one zone to the next, the

mapping function g(§) was written as

_ omat+mg. mg—m £ — Sa
g(é.) = 5 £ + 5 Wgq In |:COSh (w_a):|

+wwa In [cosh (s_a>]
2 W

+wwbln cosh S’ + T2 _mgwbln cosh 2 ,
2 Wp 2 Wp

where w, and w; define the width of the transition region between the zones. To arrive at

the final physical radial grid, g(£¢) was scaled to fit in the radial extent rpyin < 7 < rmgs:

T(é) = g(ﬁ) (Tmin - Tmaz) + Tmin- (4.10)

Derivatives of ¢ were calculated using mapping (4.10) and derivative transformations anal-

ogous to those in equation (2.25).

4.3 Robustness of NPSE calculations

The conditions under which NPSE could successfully simulate laminar, harmonically forced
jets was also examined during the course of this investigation. While the PSE approxima-
tions (2.19) demand that changes to the eigenfunctions q@mn and the wavenumbers oy,
very rapid streamwise growth in the overall amplitude of the modes can also inhibit the
nonlinear PSE simulation from converging during the solution procedure.

In this section we consider the streamwise behavior of a forced Mach 0.80 laminar jet,

very similar to the isothermal subsonic jet detailed in section (4.4). The initial momentum
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Figure 4.2: (a) Development of momentum thickness versus z at different Reynolds numbers
for the Mach 0.80 jet. (b) Amplitude Ago(x) of the fundamental mode for various Reynolds
numbers.

thickness of the jet was set to be /R = 0.1, where the momentum thickness is defined by

8(x) _ /°° g (z, 1) — Uz (w, 00) (1 _ Og(myr) - az(:c,oo)) dr,
0

R Ug(x,0) — tg(x, 00) Uy (x,0) — Ug(x,00)

and the jet Reynolds number Re varied from 1000 to 2000. As shown in figure 4.2a, decreas-
ing the Reynolds number leads to larger growth in the momentum thickness and a faster
divergence of the jet. While it may seem that at higher Reynolds numbers, the slower
evolution of the jet would be beneficial to the PSE approximation, the higher Reynolds
numbers also leads to larger amplitude growth of the instability waves. In figure 4.2b, the
amplitude factor Ago(z) for the fundamental mode is shown for various Reynolds numbers
in the initial region of the simulation. At lower Reynolds numbers, the fundamental mode
quickly became stable and saturated, and ultimately decayed to negligible amplitudes be-
fore the end of the simulation at £ = 150. At the higher Reynolds numbers of 1750 and
2000, the initial amplitude growth was more rapid, but the nonlinear PSE calculation failed
to converge early on in the simulation.

It should be noted that the higher Reynolds numbers did not necessarily correspond to
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Case Mj Tj /Too Re Sto Mph

Cold supersonic 250 044 630 0.194 1.40
Heated supersonic  1.97 2.3 2500 0.101 1.24
Cold subsonic 090 086 1000 0.211 0.65
Isothermal subsonic 0.80 1.0 1500 0.199 0.63

Table 4.1: Flow conditions for the four round jet computations.

an earlier point of failure in the marching procedure. While the Re = 1750 simulation failed
to converge near x = 18.0, the Re = 2000 simulation failed near the point x = 32.7. In
these cases where the nonlinear PSE failed to converge, the iteration process described in
section 2.3.3 either produced diverging estimates for a1 or the forcing terms applied
to the boundary layer equations (4.9a-4.9¢) failed to yield a consistent mean flow.

The failure to converge for very rapidly growing modes may indicate a fundamental
limitation for nonlinear PSE simulations. In situations where the sudden increase in eigen-
mode amplitudes may also cause rapid mean flow corrections, it may contradict certain
assumptions regarding the slowly developing nature of the PSE mean flow (see equation
2.18). While a more robust iterative method may help convergence, such simulations may

be beyond the scope of nonlinear PSE.

4.4 Simulation parameters

Similar to the simulations of two dimensional shear layers, nonlinear PSE calculations were
carried out for both supersonic and subsonic round jets. The flow conditions corresponding
to each of these jets is summarized in table 4.1. A short description of each jet is given
below, and additional parameters and details on each jet PSE simulations can be found in
appendix D.2.

The cold supersonic jet is based on an axisymmetric version of the jet calculated by Malik
& Chang (2000), which was also studied by Morrison & McLaughlin (1980). In this jet our
predictions for both the near field and the far field regions are compared against similar
DNS calculations, using code provided by D. Bodony. The second case, a heated supersonic
jet, includes the first azimuthal modes n = +1 to explore the effects of nonaxisymmetric
forcing. In both of these two supersonic cases, the jets are excited at the fundamental

frequency Sto and at its higher harmonics.
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The cold subsonic jet represents a laminar version of the MO8TRO086 jet calculated
by Bodony & Lele (2005) using LES, which was also used in the investigations of Tanna
(1977). However, as expected from a nonlinear PSE calculation, the forcing for this jet is
more organized than in MO8TRO86 (the PSE included the fundamental plus 7 harmonics
of Stg, versus a frequency spectrum of St = 0.2 — 0.53 in MO8TRO086). In the isothermal
subsonic jet, the conditions are similar to the thick M; = 0.8 jet explored by Mitchell
et al. (1999), albeit at a slightly lower Reynolds number (1500 versus 2500). Nonlinear
PSE computations of the isothermal subsonic shear also included cases with subharmonic,
to study the phenomena of vortex pairing inside the axisymmetric jet.

In general, the computation times for jet PSE calculations were at least an order of mag-
nitude faster than the corresponding DNS calculations. For instance, while the nonlinear
PSE computation of the cold supersonic jet required 21 CPU-hours, the counterpart DNS
computation required over 2000 CPU-hours. Similarly, for the cold subsonic jet calculation,
the nonlinear PSE required 144 CPU-hours, while the DNS required over 4600 CPU-hours.

4.5 Supersonic Jets

Of the two supersonic jets calculated, we first consider the DNS and PSE predictions for
the cold supersonic jet. The comparison of the overall jet structure and vorticity shown in
figure 4.3 reveals that both DNS and nonlinear PSE simulations predict similar evolution
and similar flow structures. In figure 4.5, the near field pressure 1510 at the fundamental fre-
quency is also compared between the two computational methods. At the radial position of
r = 0.5, the pressure P displays favorable agreement between DNS and PSE calculations,
with both methods growing at similar rates and predicting a peak amplitude near z = 85.

Comparisons of the far field pressure for the cold supersonic jet are shown in figure 4.4.
At the fundamental frequency wg, prominent Mach wave radiation can be seen to be emitted
from both jets, and is similar to the acoustic predictions of Malik & Chang (2000). Radial
profiles of the pressure illustrated in figure 4.6 indicate that the decay of the pressure is well
predicted by nonlinear PSE in both the near field and far field regions. At the streamwise
positions x = 20 and = = 80, the pressure ‘1510(7*)‘ peaks near the lip-line of the jet before
entering a short region of exponential decay. Further away from the sheared region, the
pressures decays slower, but the amplitudes of the PSE predictions remain comparable

to DNS. As is evident in figure 4.6b and 4.4, most of the acoustic radiation is oriented
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Figure 4.3: Vorticity wg of the cold supersonic jet. Contours levels range from 0.5 to 2.5 in
units of 0.1.
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Figure 4.4: Real part of the pressure at the fundamental frequency, Re{ﬁlo}, for (a) PSE
and (b) DNS computations of the cold supersonic jet. Contours range from —1 x 1072 to
1 x 1072 in steps of 1 x 1073,
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Figure 4.5: Comparison of the pressure Pjo(z,r) at /R = 0.5 for the cold supersonic jet.
Plotted are the real part Re {]510} and the absolute value ‘Pw;.

downstream at low angles to the jet.

The ability of nonlinear PSE to capture downstream radiation from supersonic jets is
not unsurprising, given the results of the supersonic shear layers shown in chapter 3 and
the previous work of Balakumar (1994, 1998), Yen & Messersmith (1998), Malik & Chang
(1997, 2000), DeBonis & Scott (2002), and Dahl et al. (2003). In general, it has been
observed that simpler linear PSE predictions have also sufficed when the instability waves
can couple directly to the acoustic field and emit Mach wave radiation. The advantages
of nonlinear PSE become apparent when considering the dynamics of subsonic jets in the
following section.

In three dimensional simulations of the heated supersonic jets, similar Mach wave radi-
ation is predicted at the fundamental frequency. However, a large qualitative difference can
bc seen between the axisymmetric and nonaxisymmetric modes of the system. Figure 4.7
shows the relative growth of the first axisymmetric mode and the first helical mode. Even
though the initial amplitude for the axisymmetric (1,0) mode is set 20 times larger than the
helical (1,1) mode, the latter mode is initially more unstable and is amplified tremendously.

Whereas the maximum gain |Ann(x)/Amn(0)| for the (1,0) mode is approximately 1.9, the
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Figure 4.7: The amplitude factors A;¢ and Ap; for the first axisymmetric and helical mode
of the heated supersonic jet.
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Figure 4.8: Real part of the pressure at mode (m,n), Re{Pp,}, for (a) Py and (b) Pj; of

the heated supersonic jet. Contours range from —2 x 107> to 2 x 107 in steps of 2 x 1076,
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maximum gain for the (1,1) mode is about 1.1 x 103. These findings are consistent with
the linear PSE observations of Ray (2006), who found that for lower Strouhal numbers in
a heated Mach 1.22 jet, the helical n=1 modes were more energetic than the axisymmetric
modes.

The consequences of this differences in amplification can also be seen in the far field. In
figure 4.8 we compare the far field pressure for the two modes at the fundamental frequency.
Although the pressure corresponding to the axisymmetric mode successfully radiates into
the free-stream, it is relatively weak and decays after x = 100. In contrast, the Mach wave
radiation corresponding to the first helical mode is noticeably stronger and its effect can be

felt much further from the centerline, even near the end of the PSE domain.

4.6 Subsonic jets

As in the previous section, a similar analysis of the results for the subsonic jets can be
conducted. We first examine the results for the cold subsonic jet, and later consider the
simulations of the isothermal subsonic jet.

In the cold subsonic jet, the amplitude of the initial disturbances remained relatively
small in comparison to the mean flow. With the fundamental mode initialized at an ampli-
tude of € = 5 x 1073, the peak gain experienced by this mode was about A10 maz/A10(0) =
175 near x = 48.0. Thus, the instability disturbances remained of order O(10~3) through-
out the domain of the calculation. In figure 4.9, the comparison of vorticity shows that the
mean flow remains relatively unaffected by the instability waves in both the DNS and PSE
calculations.

Comparisons of the near field pressure for the cold subsonic jet show good qualitative
agreement between the two calculations as well. Plotted in figure 4.10 are contours of
Re {151} at the fundamental frequency. In both figure 4.10a and 4.10b, the near field
pressure grows to a peak around z = 50, and decays to a negligible value around = =
100. Further analysis also reveals that the values of the centerline pressure have a very
Gaussian-like envelope characterizing the growth and decay of the instability wave. In
figure 4.11a, the amplitudes and real component of ﬁl(z,r = 0) are plotted, and both
DNS and PSE calculations show the same Gaussian shape. However, this close agreement
between calculations is lost farther away from the centerline. At a distance of r = 20.0, the

PSE calculation predicts a pressure amplitude which is approximately an order of magnitude
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Figure 4.9: Vorticity contours for the cold subsonic jet. Contour levels range from 0.3 to
1.3.

smaller than the DNS calculation (figure 4.11b). This finding is consistent with the nonlinear
PSE results for the subsonic shear layers (section 3.4), where the far field pressures where
also under-predicted by an order of magnitude.

The region of agreement between the calculation methods is shown in figure 4.12. At
a streamwise location of x = 60, the pressure amplitudes agree in near field, when r <
15. Inside this region both DNS and PSE calculations show that the pressure ]510 decays
exponentially fast in 7. In the region r > 15, the DNS calculation shows that 1510 transitions
to a slower algebraic decay, while the Pig from the PSE calculation continues its exponential
decay until the end of the domain. In terms of directivity, the corresponding downstream
angles over which the methods agree is approximately 0 < # < 20. These results again follow

the same trend for the subsonic shear layers, where the PSE was also not able to capture
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Figure 4.10: Real part of the pressure at the fundamental frequency, Re{P,}, for (a) PSE
and (b) DNS computations of the cold subsonic jet. Contours range from —1 x 1073 to
1 x 1073 in steps of 1 x 1074,
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Figure 4.11: (a) Real and absolute values of the centerline pressure Pyo(z,r = 0) for the cold

subsonic jet. (b) Cross-sections of the pressure ‘1310‘ at a distance r/R = 0 and r/R = 20.
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Figure 4.12: (a) Amplitudes of the pressure |Pyo(xz = 60,7) (b) The pressure ‘Plo(x,r)’
plotted versus downstream angle 6 at distance of 40R away from the jet inlet.
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Figure 4.13: (a) Pressure cross-sections 11320 (z,r = O)‘ and ‘1320(:17, r = 30)| for the isother-

mal subsonic jet (b) the pressure ‘Pgo(x = 50,7‘)‘ for the same jet

the transition from exponential decay and algebraic decay in the transverse direction.

Directing our attention now towards the second jet calculation, we next determine
whether similar trends are observed for the isothermal subsonic jet. In this jet, the fluctua-
tions caused by instability waves play a greater role in the near field hydrodynamics of the
jet. Although initialized at low amplitudes of ¢g = 10~*, the maximum gain encountered
by the fundamental mode was approximately A20maz/A20(0) = 768 near x = 61. This
causes the observable roll-up of vorticity in figures 4.14a and 4.14b. In simulations were the
subharmonic mode was included, vortex pairing could also be observed to occur (figures
4.14c and 4.14d). As with the subsonic shear layers, the nonlinear PSE is able to capture
this phenomena reasonable well as judged by comparisons to DNS.

The predictions of near and far field pressure for the isothermal subsonic jet follow
similar trends as the cold subsonic jet. In figure 4.13a, we find that the pressure at the
fundamental frequency is in much better agreement near the centerline than in the far field.
At a distance of r = 30, the pressure predictions calculated by nonlinear PSE are at least
an order of magnitude smaller than the equivalent DNS pressure. As in the previous jet,

both calculation methods are able to capture the exponential decay region of the instability
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Figure 4.14: Vorticity contours for isothermal subsonic jet (Mitchell’s Mach 0.80 jet) (a)
PSE without subharmonic (b) DNS without subharmonic (¢) PSE with subharmonic (d)
DNS with subharmonic. All contours range from 0.3 to 1.3 in steps of 0.08.
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waves in the near field (approximately 0 < r < 20 at z = 50). Further away, however, the

DNS pressure flattens and assumes a much slower rate of decay than the PSE calculation.

4.7 Comparisons using Lilley’s equations

Given the similarities in the behavior of pressure between the shear layer and jet calculations,
one may wonder if the application of Lilley’s acoustic analogy would also yield reasonable
predictions for the far field sound when combined with the PSE method. In this section we
discuss the hybrid PSE-acoustic analogy method as it applies to the cold subsonic jet.
Similar to the methodology presented in section 2.4, we first use the nonlinear PSE to
calculate the source terms in the near field of the jet, then use the linearized Lilley’s equation
(2.40) to predict the far field acoustic pressure. For all results shown in this chapter, the
far field predictions were calculated using an acoustic analogy code graciously provided by
P. Ray. Following his conventions, the pressure amplitudes are calculated at a distance

“asymptotically far” from the jet inlet, defined as

PI@)=| Lm P, 6)|r.
Wi [ Qg —r00
Comparisons between pressure calculated by PSE, DNS, and Lilley’s equations are then
compared assuming a specific value of r’. Additional details regarding the conventions and
calculation method for this code are found in the thesis of Ray (2006).

Plotted in figure 4.16 are contours of the source term (2.41), divided into momentum and
thermodynamic components. The mean flow used in the calculation of the source terms was
taken at x = 47.8, near the peak of the fundamental instability wave. As expected for the
cold subsonic jet, the momentum source terms are more dominant over the thermodynamic
source terms at the fundamental frequency. However, also noticeable in figure 4.16 is that
the peak of the momentum source occurs near x = 30, while the thermodynamic source
terms peak farther downstream near x = 55.

Inserting these source terms into Lilley’s equation and calculating the pressure at a
distance of 7'/R = 40 produces the results shown in figure 4.15. At shallow angles, from
approximately 0 < 6 < 18°, the pressure disturbances show on typical instability wave
behavior, and both DNS and PSE calculations for pressure agree. However, a transition

point occurs near ¢ = 18°, after which the PSE method is inaccurate. However, Lilley’s
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Figure 4.15: Comparison of Lilley’s equation predictions with DNS and PSE results for the
cold subsonic jet.

acoustic analogy combined with the pre-computed source terms is able to capture the sound

radiated at these angles.

4.8 Conclusions

From the results presented thus far, we can observe several similarities between the calcula-
tions for the jet and the corresponding calculations from the shear layer. First, in supersonic
jet calculations where My, > 1, nonlinear PSE was able to capture both the near field hy-
drodynamics and far field acoustics. Similar to the supersonic shear layer examples, the
instability waves inside the jet directly coupled to the far field resulting in strong Mach wave
radiation, and nonlinear PSE predictions were found to agree well with DNS calculations.
Secondly, in subsonic jet calculations, we found the near field results of the PSE also agreed
with the DNS calculations. Both DNS and PSE methods were capable of capturing phe-
nomena such as vortex roll up and pairing in the isothermal subsonic jet. However, as was
observed in the subsonic mixing layers, far field predictions from PSE underestimated the
pressure amplitudes far away from the centerline. Lastly, we found that this discrepancy
could be resolved by applying Lilley’s acoustic analogy to source terms computed by PSE.

For the cold subsonic jet, the acoustic predictions were then found to be comparable to the
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Figure 4.16: Computed Lilley source terms for the cold subsonic jet. Contours range from
—107% to 10° in steps of 1078,
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DNS calculations.
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Chapter 5

Multiple Scale Nonlinear PSE

5.1 Introduction

In this chapter we present a generalization of the nonlinear PSE formulation to handle more
realistic inlet forcing schemes and slow time perturbations to the PSE eigenmodes. This
formulation is based on the method of multiple scales, involving an analysis of the multiple
spatial and temporal scales present in the flow.

The first section in this chapter outlines the motivation for pursuing such an approach
to the problem, and is followed by a discussion of the asymptotic expansion of the PSE
equations. The adjoint PSE is also described in some detail, as well as the solvability
conditions required in this new formulation. This method is illustrated with a simplified
model equation, and lastly, some results from the multiple scale PSE method are shown
regarding both supersonic and subsonic shear layers.

Although the derivation of this method occurs in the context of planar, two-dimensional
shear layers for reasons of simplicity, it is important to note that this formulation can be

applied to jets in a straightforward manner.

5.2 Motivation

In the traditional formulation of nonlinear PSE — as outlined in section 2.3 - the disturbances
which excite the flow are assumed to be expressible as the sum of discrete eigenmodes.
Each of these eigenmodes has a prescribed frequency wy,, = mwi, which is set a priori

to be a multiple of the lowest frequency w;. While this choice is not considered unique,

128
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using a set of harmonic frequencies as inlet forcing is advantageous in the PSE formulation,
since it simplifies much of the accounting of nonlinear terms and allows the use of Fast
Fourier Transforms in the calculation process. The results of chapter 3 have also shown
that harmonic forcing can reproduce certain large scale phenomena such as vortex roll up
and pairing, and can capture the effects of disturbances on the mean flow.

However, the limitations of such an organized forcing scheme become apparent when the
flows calculated in chapters 3 and 4 are compared against more realistic, three dimensional
turbulent flows. For instance, in jets examined by Bodony & Lele (2005) and Freund (2001),
large scale structures are seen in the flow, but the overall aperiodicity of the fluid motions
and the presence of much finer scales also play an important role in the dynamics of the
jet. The inlet forcing of jets calculated by Bodony & Lele (2005) was also much more
broadband in nature, involving a large set of eigenmodes and a range of frequencies (St =
0.20 — 0.53) which were not harmonically related. To further inhibit any periodic motions
from developing in the flow and to avoid phase-locking between modes, the simulations also
used a “phase-jittered” approach in the inlet forcing. This random-walk process allowed the
relative phases between the modes to drift stochastically during the course of the simulation.
A description of the implementation of phase jittering is described in greater detail in the
work of Lui (2003).

The broadband nature of jets and shear layers can also been seen in the spectral re-
sults of chapter 3. While the DNS results of the supersonic shear layers showed that the
frequency spectrum was reasonably well represented by a discrete set of modes, the spec-
trum of subsonic shear layers presented additional complications. In the early region of the
shear layers the sharp frequency peaks corresponded well to the forced modes at the inlet,
but downstream of the vortex pairing locations, nonlinear interactions caused significant
broadening of the peaks, leading to “side-band” frequencies which were not captured in the
PSE simulations. These nonlinear interactions and broadening of the frequency spectrum
can have significant implications in terms of acoustic radiation, as mentioned in Sandham
et al. (2006).

The traditional formulation of nonlinear PSE excludes the possibility of using phase-
jittering in the inlet forcing, and also limits the broadband nature of the selected eigenmodes.
At the start of the PSE calculation, the relative phases between eigenmodes can be set
arbitrarily, but because of nonlinear interactions and the presence of the nonlinear terms on

the right hand side of equation (2.20), the phases cannot be adjusted later downstream in
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the calculation. The requirement that w,, = mw; also sets limits on the number and type
of modes that can be included in a nonlinear PSE simulation. Typically, the inclusion of a
very low frequency mode will require the addition of many higher harmonics of that mode,
all of which must converge for the PSE marching procedure to be successful.

While linear PSE does not face the same limitations on the set of eigenmodes which
can be included, it also more limited in the phenomena which it can capture. Because
a solution of the linear PSE system can be multiplied by any constant and still remain
a valid solution, its phase can be arbitrarily adjusted. This freedom would allow for the
possibility of phase-jittering. Additionally, because of a lack of modal interactions between
solutions of linear PSE, any frequencies Can’be included in the system, not just harmonically
related eigenmodes. On the other hand, linear PSE fails to capture many relevant physical
phenomena, such as vortex pairing, which would ultimately limit its use in simulating
realistically forced jets.

What is desired is a nonlinear PSE formulation which would be able to handle non-
periodic inflow forcing and more general phase shifts of the eigenmodes. This would allow
it to retain the computational efficiency of the PSE method, but it would also gain the
ability to handle more realistic, natural flows. In the following sections, we describe an
extended PSE formulation, based on the multiple-scales method, which can meet these

requirements.

5.3 Formulation

A key observation in the original nonlinear PSE formulation is to note the existence of
two spatial scales in the flow: a short spatial scale based on the wavelength L, of an
instability mode, and a longer scale Ls based on the slow streamwise evolution of the mean
flow variable. The relationship between the two scales is sketched schematically in figure
5.1b, and typically, the shorter scale is on the order of L, ~ O(1/a;), while the longer
scale varies as Ls ~ §/ %, where § is some measure of the mean flow thickness (such as
vorticity thickness, in the case of the mixing layer). The ratio between these two scales can
be characterized by a small parameter
L, 1 dé

EZL_gza,«SE'
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Figure 5.1: (a) Schematic of the temporal scales T,, and Ty in the multiple scale problem.
(a) Comparison of the spatial scales L, and Ls associated with the instability wave and
mean flow spread, respectively.

In applications such as boundary layer flows, € might vary as O(Re_l/ 2). This ratio is also
used to define the slower spatial coordinate X = ex.

Simultaneously, however, we can also consider the time scales involved in the problem of
general phase shifts. The first time scale of importance is that of the instability mode itself,
usually characterized by the period T,, = 27 /w. In addition, we also consider a longer time
scale Ty, which represents the length of time required for a sizable phase shift to develop
in the instability mode. In simulations where phase jittering is employed, an appreciable
phase shift might only accumulate after tens or hundreds of periods, so the process can
be considered as slowly varying (see figure 5.1a). Since modeling the individual discrete
phase jumps shown the figure may be nearly impossible in a PSE formulation, we limit this
analysis to general phase shifts which occur slowly and in a smooth, continuous fashion.

A second small parameter can be constructed from the ratio of the two time scales

B = Tw/Tda

which is also used to define a slower time variable 7 = ut. We can then relate the spatial

scales to the temporal scales via the parameter A\ = u/e. In this work we assume that
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A is of order 1, to simplify some of the algebra involved in the multiple scales expansion.
In situations where the A > 1 or A <« 1, some care has to be applied to ensure that
the expansion occurs in the correct sequence and all of the terms are of the same order.
However, when A = O(1), this sets the effects of the mean flow spreading on the same
order of importance as the instability wave drift. This requires that both be considered
simultaneously, and the expansion can occur with respect to one small parameter only
(here selected to be €).

Similar to the usual PSE method, the vector of flow variables ¢ is first split into a time
independent base state ¢ and perturbation variables ¢, with the base state taken as the
compressible boundary layer solution for the mixing layer. The perturbation component is

then expanded in an asymptotic expansion in e

&z, X,y,1,7) = > _ Ao (&53)(1',@/) + edl) (z,y) + - ) e!m@XT) (5.1)
m

with eigenmodes é%)(x,y). The phase function 8,,(z, X,t,7) is defined by the partial

derivatives

00, O,

E - asg)(X, T)a W = _w'sg)(X7T)a (52)
00 06,,
a_;(n:ag)(XaT)a Fz_wr(rp()qT)'

(n)

At every order n, the eigenmodes g&%’) and wavenumbers ay,’ are also assumed to vary

slowly in the streamwise direction and satisfy similar PSE assumptions

el 920 ™
o<1, and - <L (5.3)

However, in the multiple scales formulation, we allow both the wavenumbers aﬁ,rf) and

frequencies wﬁ,’f ) to vary as function of both the slow coordinate X and slow time 7.
‘After inserting the representation (5.1) for ¢ into the Navier Stokes equations (2.1a)-
(2.1d), and making the substitutions for the derivatives
0 0 0 0 7] 0

%_’g‘f‘fa—X, and a—*a+)\€a—T,
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yields an expansion of the governing equations in terms of €. After collecting terms of like

order, one can arrive at the following set of equations at order O(e%)

o dl| -
O {0} = [LSP + M,&?’@] o = F, (5.42)
and, at order O(e!),
A d ] ~
W L0V = (10 4 o L] 50 = £
c {¢m} [Lm + M{ dI] o0 = F, (5.4b)

The linear operator 1252’ depends on the frequencies wﬁg), a,(g), and the mean flow quantities

¢’. For cases where the frequency wy(,?) is constant, and a§2) does not depend on the slow

time 7, equation (5.4a) is identical to equation (2.20) of the original PSE formulation, with

an identical nonlinear forcing term .7-',22 ) composed of higher order products in qAS(O). The

O(€!) linear operator, 55,11), is also identical to the operator ng), except for a further shift

in the base flow:

¢ = ¢ + ¢ (z,y) Am(z) (5.5)
where ¢’ contains the effect of the mean flow correction from equation (2.23). Unlike FO ,
the inhomogeneous term at order O(e!) can be written explicitly in terms of q£$2>, a,(,i), and

w',(;)l

FY = ol +oVH (5.6)
i(/\w,(,i) — aS}JU)pﬁg) — iag)ﬁﬁgg)
i ()~ oD0) al) D0 (507 1 7197)
pi (Al — aT) )

pi (Mol = 0) TR - (7 = V5 (ia)) af?

In .7-}(,%) , only onc single cigenmode (/;52) appears, with no contributions from eigenmodes
at other frequencies at either the O(e®) or the O(e!) level. Because of this, 1 can be
calculated in a straightforward manner without resorting to Fourier transforms to physical
space.

At every order, an additional equation links the behavior of the spatial wavenumber
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a(l)(X, T)

7\, N\ , -
N~ N =X

Figure 5.2: The variation of o(*) (X, 7) in both spatial and temporal coordinates.
o (X,7) with the temporal frequency w,(r?)(X,T). The propagation of o (X,7) and
wﬁf ) (X, ) in the X — 7 plane must obey certain restrictions according to the conservation of

phase (Whitham, 1974). Setting the total cross-derivatives of the phase function é(z, X, t, )

to be equivalent yields

o 06 o o o o
525t (%+37> (a“%)” (5:7)

By collecting terms at each order from equation (5.7), the following set of characteristic

equations can be obtained:

0 )
0y . (0) (0) =
O(e”) : 5 &m (X, 7)+ Bpm (X,7) =0, (5.8a)
0 0]
1y . (0) (0) = 5.
O(e') : /\aTam (X, 1)+ X W (X, 1) =0, (5.8b)
0 ad
0(62) : ga%)(X, T) + ﬁwg)(X, T) =0. (58C)

At the lowest order, equation (5.8a) can be satisfied automatically if a&?’ and w,(,g) are

assumed to be independent of the fast coordinates ¢ and z, respectively. Additionally, if
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w(©® is constant, as in the original PSE formulation, then equation (5.8b) is also satisfied
automatically. The remaining equation (5.8c) governs the change of ag) over the long times
7, and w() over the slow coordinate X (see figure 5.2). To solve equation (5.8¢), however,
requires that some initial wavenumber a%)(X ,7 = 0) be prescribed, and the boundary
condition wiy (X = 0,7) be given. The behavior of Wi (X = 0,7) at the inlet can be
specified based upon the phase jittering desired, as long as it is an acceptably slow function

in 7.

5.3.1 Adjoint PSE

As in most multiple scale problems, an additional constraint must be imposed on the equa-
tions (5.4a) and (5.4b) before the solution can be completely specified. Often this con-
straint appears from the need to eliminate secular terms. A formal method for finding such
constraints on multiple scale problems is to apply the solvability conditions, which will be
discussed in the following section. However, before the solvability conditions can be applied,
the adjoint solution to equations (5.4a) and (5.4b) must be determined. In this section we
describe the adjoint formulation of the problem and how it relates to the PSE system at
hand.

Once the appropriate adjoint governing equations are found, the adjoint PSE system can
be derived in a manner analogous to section 2.3. However, because only the linear system
needs to be determined, the solution of the adjoint problem is less complex. Previous
works in the literature have used the adjoint Navier-Stokes equations and the adjoint PSE
method to study receptivity problems (Hill, 1995; Dobrinsky & Collis, 1995), or mixing
layer noise control problems (Freund & Wei, 2005). In this study, we derive the adjoint
PSE formulation with the intention of using it in the nonlinear multiple scales problem.

Following Hill (1995) and Barone & Lele (2005), the derivation of the continuous linear
adjoint equations begins with the Euler-Lagrange identity

é- (%’%LT {qﬁ}) =%+V-J(¢B,¢T) (5.9)

for the normal solution ¢ and the adjoint solution ¢! . Equation (5.9) can be derived
by taking the vector dot product of ¢ with the governing equations, and the repeated

application of integration by parts. From equation (5.9), we can identify the governing
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equation for the adjoint solution as

aaij 4Lt {qg} —0. (5.10)

The scalar term Y in the time derivative of (5.9) is defined as
T =p'p+ pulii; + pT'T

and the bilinear concomitant J (&, ¢') is defined by

Jy = Upppl + pUs (ujal + TTT) + pul + plig
1 P t~ Y _ - 0T 8T 6;1 ~
— g —uls,+ T— 7t _ 22 prt
+Re {um Ui Tik F Pr s ( Ay, oxy, Bka
with the adjoint pressure
p'=pp' + (v - 1) pTT". (5.11)

If the linear stress tensor used in the normal governing equations is defined as

A ou; Oy, - [ 0u; Oy, —aﬂj ~ Ot
= (g 5e) 7 (st B )~ (W Vg ) o

J

the corresponding the adjoint stress tensor is written as

oul  oul _Bul
f —oNT7y — |1 ‘ k N
T = 2714 Tk l,u (axk &Ei) +/\axj51k

The complete set of linear adjoint equations for (5.10) can be found in appendix C.

Similar to equation (5.1), the adjoint solution is also expanded in terms of €

812, X,0,t,7) = 3 (B0, 1) + edlD(z,p) + - ) e Tm@XD (51)

m

with 6*(z, X,t,7) the complex conjugate of the phase function in (5.2), and A (z,9)

taken as the adjoint eigenfunctions. We also assume that the adjoint eigenfunctions qgj,s")

vary slowly in the streamwise direction, and that the approximation (5.3) also holds for the
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adjoint quantities. Inserting (5.12) into the adjoint equations (5.10) and collecting terms

at each order yields the following equation at order O (€°)

A . . o1 -
10 [ 41O — | fO 4 pr©@ 2| 310) =
Ly {¢m } [ m + M &U] o =0, (5.13a)

and a corresponding equation at O (el)

£ {qgfm} ~ 10 4 o 2| gt = o), (5.13b)
The adjoint linear operators EI,(LO) and EI,(ll) are functionally equivalent, and depend only

on the values of a,‘ﬁ’, w,(,?), and the mean flow variables ¢. However, in equation (5.13b),

the mean flow ¢ is given by equation (5.5), which has been updated not only by the mean
flow correction (2.23), but also by the O(e?) solution. To solve the linear adjoint problem
at every order, which is required for the solvability condition, we ignore the inhomogeneous
term of (5.13b), so FIY = 0. From the definition (5.2) we can see that the same phase
conservation relations (5.8a-5.8c) also apply to the adjoint wavenumbers a:rE") and wr*,sn) ,
obviating the need to derive a similar adjoint set of relations.

It should be noted that the instability waves in the adjoint equations (5.13a) and (5.13b)
travel in the opposite direction of their PSE counterparts. While the instability modes in
PSE are restricted to traveling in the downstream direction, the adjoint instability modes
travel in the upstream direction. Hence, the initial conditions imposed at £ = O serve as an
end state which the adjoint PSE solution must satisfy when integrated backwards, whereas
they are considered as inlet boundary conditions for the normal PSE system. In both cases,
the conditions at # = 0 were determined by the solutions to the parallel flow, linear stability
equations.

For the adjoint equations, the parallel flow linear stability solutions assumed the eigen-

function form
o' = (e =,
which leads to the following adjoint ODE for the vertical velocity eigenfunction ot

d%ot v, of 1dg] dot
_ _ 4% 200t = 0 5.14
dy? dy w— otlUy; + gdy| dy Hatpgy ’ (5.14)
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with the function g(y) defined by

(w — aTUz)2 af? 4+ g2
9(y) = al? -

paf?

In the initialization of both the O(e°) adjoint equation (5.13a) and O(e!) adjoint equation
(5.13b), the adjoint wavenumber in equation (5.14) was set equal to of = (ag))*, where
the asterisk denotes complex conjugation.

When marching the adjoint PSE system, an instability due to the residual ellipticity
in the equations eventually arises, directly analogous to the instability discussed in section
2.3.4. As with the normal PSE formulation, stabilization of the adjoint PSE marching
scheme is possible if the streamwise pressure term in the momentum equation is modified

to the following form

e~ (@ Xot).

oP1 . R opI®  gpt)
o —io 0% ( ptO) #(1) ™ m
5 Z { iy, (Pm + P ) +Q ( e +e€ B

m

where {2 is chosen in the same manner described in section 2.3.4. Additional stabilization
schemes for the adjoint PSE system are discussed in Dobrinsky & Collis (1995).

Typically, the solutions to the adjoint PSE (5.13a) and (5.13b) were much sharper near
the centerline than the corresponding PSE solutions. As shown in figure 5.3, the adjoint
solutions decayed very quickly away from y = 0, and required a substantial amount of
grid clustering to resolve accurately. For higher harmonics, the sharpness of the adjoint
eigenfunctions was even more pronounced. Because both the normal and adjoint PSE
solutions were computed on the same numerical grid, this limited the size of the domain in
the vertical direction and the type of adjoint modes which could be resolved.

The sharp peaks in the adjoint PSE eigenmodes are consistent with the results of pre-
vious studies of instability waves in mixing layers. Suzuki & Lele (2003a,b) also found that
the instability wave solutions of the adjoint eigenmode have narrow peaks compared to the
regular solutions. In their problem, this would lead to a strong dependence of the receptiv-
ity to the acoustic source location. Suzuki & Lele have suggested that at lower Reynolds
numbers, the viscous term would act to broaden the adjoint eigenmode and allow coarser

grids to resolve the adjoint solutions.
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Figure 5.3: A comparison between the normal solutions 4;,” and the adjoint solutions &LSO)
at the shear layer inlet z = 0. Plots for the streamwise velocity eigenmodes at (a) the
fundamental frequency and at (b) the first harmonic.

5.3.2 Solvability

Once the adjoint linear PSE problem has been defined, it is possible to examine the solv-
ability conditions on the multiple scale PSE problem. In the context of many multiple scale
problems, a solvability condition is often required to remove secular terms and ensure that
the asymptotic expansion is uniformly valid (Kevorkian & Cole, 1996). In the context of the
PSE formulation, we can also see that the original ambiguity in the representation remains
— the multiple scales expansion has not yet specified how the streamwise dependence on z is
to be divided between the phase function 6, (x, X,t,7) and the eigenfunctions (fbﬁff) While
some normalization of the type (2.22) or (2.21b) can be applied, the physical justification
for a particular choice becomes less obvious at each order O (¢™). Hence, a more systematic
approach to the closure of the PSE equations is desired.

A mathematically rigorous approach to imposing a solvability condition is offered by
the Fredholm alternative theorem. Summarized briefly, it states that the solution to the
inhomogeneous problem Lu = f exists if and only if (v, f) = 0, for all solutions v that satisfy
the'adjoint equation £Tv = 0. Some previous work by Day et al. (2001) had discussed the

use of such a solvability condition to close the PSE system. However, Day et al. initially
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applied the condition to close the linear PSE system. When applied to the current nonlinear

system, we can see that a solution to equations (5.4a) and (5.4b) can only exist if

<<?>I,§”>, F,(,l"> =0 (5.15)

is satisfied simultaneously. In equation (5.15), the inner product of two vector functions f

and g is defined as
o0
(f, g) =/ f*-gdy.
—00

With w,(,?) held constant, the complete set of order O(€®) equations for the multiple scale

PSE problem becomes

L;g){&g)} = FO), (5.16a)
LI {éﬁlff’} = 0 (5.16b)
<qg;7(10),f7(79)> = 0. (5.16¢)

At every point z; and for every mode 4352), equations (5.16a-5.16¢) must be solved iteratively
until some tolerance is reached on the wavenumber aﬁ?). In practice, however, we found
that enforcing condition (5.16¢) directly in the iteration procedure was not as robust as the
iteration procedure shown in equation (2.29). Two major causes have been suggested for the
lack of robustness. First, because of the complicated nature of the nonlinear forcing term
]-",(,? ), equation (5.16¢) did not yield a closed form expression for aﬁ,‘l) which could be used
in the iterative process. Secondly, the very sharp nature of the adjoint eigenfunctions led
to problems in resolving the evolution of higher frequency modes. Small errors in capturing
the peaks of the adjoint eigenfunctions could lead to difficulties in satisfying the solvability
condition. Because of these difficulties and the computational infeasibility of using separate
grids for the adjoint and normal PSE modes, we replaced the solvability condition (5.16¢)
with the normalization condition (2.22), resulting in an order O(e°) problem identical to
the standard nonlinear PSE problem.

Several tests were conducted to determine if the satisfaction of normalization condition

(2.22) could simultaneously satisfy solvability condition (5.16¢). As illustrated in figure 5.4,
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Figure 5.4: A comparison between the different norms.

the first iteration step of equation (2.29) yielded a decrease of approximately one order of
magnitude in normalization condition (2.22), and at least four orders of magnitude for the
solvability condition (5.16c). However, subsequent iterations only decreased normalization
condition (2.22), and left the adjoint solvability condition unchanged. Thus, although
equation (2.29) only guarantees the satisfaction of (2.22), it also partially satisfies the adjoint
based norm. Figure 5.4 also suggests that a robust iterative scheme for (5.16c) may require
fewer iterations for the overall convergence of adjoint and normal PSE eigenfunctions.

On the other hand, for the order O(¢!) problem, an additional simplification to the
solvability condition can be found. Substituting the expression for }}(,} ) given by (5.6) into
(5.15),

<§?>I,(Ll), ]-‘,(,%)> = oV <¢§Ir(bl), G> +wiD) <(£Ir(zl)» H> —0

(1)

yields a simplified expression for the wavenumber ay,’ at every point (X, 7)

(550, m)

oA(X,7) = = A ( X, 7)—L. (5.17a)
m <¢;T(1) G>
moy
Equation (5.17a), when combined with the equations
) {éﬁi’} =7, (5.17b)
£Hn {&1,2”} =0, (5.17¢)
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0 0
ay (X, )+ wy! (X, 7) =0, (5.17d)

form the governing equations for the quantities (Z)S,ll), AI,(,"), a,(rlL), and wg). To completely

specify the solution, the phase variation w,(,%)(X = 0,7) of each mode must be provided at
the inlet x=0 for all times 7. A method to find a solution of equations (5.17a-5.17d) is

outlined in the next section.

5.4 Solution Procedure

A complete solution to the multiple scale PSE problem requires a multiple marching proce-
dure for both the spatial coordinate z and the slow time 7. As long as the characteristics of
equation (5.17d) remain well-behaved and the step-sizes Az and At are selected sufficiently
small, the order of marching can be chosen for greatest convenience. In this implementation,
the solution is first integrated in the time coordinate T before advancing in the downstream
direction z. When implemented as a series of nested FOR loops, this procedure reduces the

amount of memory required to store the solution.

1. Using steps 1-7 from section 2.3.3, the O(e%) solution is obtained at position z;.
Because the normalization condition (2.22) remains the same as in the original for-
mulation, the adjoint solution at O(e®) is not required in the procedure.

Then, for each perturbed O(e') mode:

2. The temporal frequency wg) (x:,7;) is updated through the equation

Az
Wi (23, 7)) = W (@io1,75) — “Ar (asrlz)(zi:Tj) - a&?(zi,rj_l)> .
At the inlet, the shift in phase wr(,p(:v = 0, 7) is specified as a boundary condition, and

at time 7 = 0, we assume the derivative da() /80X = 0.

3. The mean flow ¢” is updated through equation (5.5), based on the solution of As,?)

from step 1.

(1)

4. The nonlinear term Fy,’ given in equation (5.6) is updated based on the current values

(© (1) (0) (1)

I\O)
Ofamvamawm,wmaa'nd¢’£n-
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5. The nonlinear PSE equation (5.17b) is solved to obtain the eigenfunction 43%)
6. The linear adjoint equation (5.17¢) is solved to obtain the adjoint eigenfunction qABI,(LU.

7. A new wavenumber aﬁ}) (xi, ;) is obtained by solving equation (5.17a) with the adjoint

I,(ll) and nonlinear term .7—'7(,% ). If the new wavenumber differs from the

eigenfunction ¢
wavenumber aﬁ}) (z;,7;) at the previous iteration by less than a specified tolerance,
then the multiple scale PSE system is converged at this position z; and time 7;. If

not, steps 2-7 are repeated for the position z; and time 7;.

a

8. Once all of the wavenumbers am) have converged for position z; and time 7;, the time
is advanced by 7;41 = 7; + AT, and the iteration process in steps 2-7 is repeated for

at time 7;41.

9. When the O (El) solutions have been integrated to the specified 7,42, the streamwise
coordinate z is advanced x;+1 = z; + Az, and steps 1-8 are repeated at this new

position.

Because each of the eigenmodes &711) is uncoupled from the others, this procedure is also well
suited for parallel computations, and the computation of the nonlinear terms T(,% ) could be
handled locally on each processor as well. In addition, typically only 2-3 iterations were
required for sufficient convergence of each wavenumber asrlb) per time step Ar. Although
5-20 iterations were generally required for the order O(e°) problem, only one O(e°) solu-
tion was need at every position z. Thus, despite the fact that the multiple scales PSE
method required the solution of two PSE equations per iteration, the method still remained

computationally efficient.

5.5 Model Problem

Before applying the multiple scale PSE formulation to the full shear layer problem, we first

considered a simpler model problem based on the complex Ginzburg Landau equation

v v PR
=7 = A+ B(X)7— + C(X) 53— + D(X) |0 ? ¥ (5.18)

(see also Appendix B). Equation (5.18) contains many of the same features as in the

full shear layer system, and has been studied before by Monkewitz et al. (1993), Pier &
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Figure 5.5: Error of the multiple scales solution to the Ginzburg-Landau model problem.
Plotted above is the maximum Ly error 8. incurred over the 7 domain, as function of the
small parameter e.

Huerre (1996) in the context of global stability modes, and also by Bernoff (1987) for slowly
varying wavetrains. Here the model considers only one single scalar eigenfunction ¥(z,t)
as a function of one spatial coordinate x, but the effects of convection and diffusion can be
included in the model. As in the full PSE system, the nonlinearity present in the last term
drives some of the dynamics and prevents an arbitrary phase changes from being applied to
the eigenmodes. The coefficients A(X), B(X), C(X), and D(X) are assumed to vary slowly
in space with the slow variable X = ez, and the phase of the function ¥(z,t) is assumed to
drift slowly over time as a function of 7 = Aet.
In applying the multiple scale PSE approach to this problem, we seek a general solution
of the form
U(z,t) — (w(o)(:c) +ep®(z) + - ) ¢ibla Xt (5.19)

with a phase function similarly defined by equation (5.2). Through the multiple scales
procedure, a set of direct and adjoint equations can be found at both order O(¢®) and
O(€'), and solvability condition (5.15) can be applied to close the system. Additionally, a
set of phase conservation equations govern the propagation of 6(z, X,¢,7) in both X and 7

coordinates.
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LCase € @ b, /AU w,(,?) Inlet phase shift

N
A 0025 145 145  mo  ewD =TT
0 form>1

B 000 148 1.48 mo et =0
L {26T form=1

C 0.010 1.45 1.45 mo  ewm =
0 form>1

Table 5.1: Computational case parameters for the supersonic mixing layer. All mixing
layers had an upper stream Mach number M; = 2.5, lower stream Mach number My = 1.5,
temperature ratio 71 /75 = 1, and a Reynolds number Re = 1000.

Simulations using this multiple scale formulation and verified by direct solutions of (5.18)
showed that this method remained accurate up until € = 0.1 (see figure 5.5). Beyond these
values of € the slowly varying assumptions begin to break down and the formulation is no
longer valid. Nevertheless, this model solution provides some verification of the methods
used in the full PSE problem, and provides some information about the formulation’s limits.
A more thorough discussion of the details and results involved in this model problem is given

in Appendix B.

5.6 Shear Layer Results

5.6.1 Supersonic shear layers

Using the multiple scale PSE method, we computed the solution to three supersonic mixing
layers. All mixing layers had a mean flow with upper stream Mach number M; = 2.5, lower
stream Mach number My = 1.5, temperature ratio 71/75 = 1, and a Reynolds number
of Re = 1000. We set convection Mach number M, = (w(o) /a(o))r /c for the instability
modes in these mixing layers to be supersonic, allowing these modes to radiate directly into
the free stream. In the baseline case, we set the fundamental frequency @ = 1.45, and all

modes are prescribed with the frequency w,, = m& for m > 1.

e For the first calculation, case A, we set the order O(e°) exactly the same as the baseline
case, but add a small frequency perturbation to the m=1 mode. We set the small

(1 (1)
1

parameter € = 0.025 and the O(el) frequencies w; ' = @, wy,” = 0 for m>1.

e In the second calculation, case B, we use a slightly higher fundamental frequency
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w = 1.025 x 1.45 = 1.48 than the baseline case, but no frequency corrections are
applied to the modes and no O(e!) is computed. This forms a “frequency shifted

PSE” case, and we compare the results of this solution with case A.

¢ The third calculation, case C, again uses the baseline solution with @ = 1.45, wy, = m&
(m > 1) for the O(e®) frequencies. In this case, however, the the m=1 mode is
perturbed by a time dependent phase shift at the inlet, wgl)(X =0,7) = 27. We set

the small parameter ¢ = 0.01, and solve for the time 0 <7< 1.8

These frequency parameters are summarized in table 5.1. All O(e®) calculations are done
with a total of 8 modes, plus one mean flow correction mode. For these cases we also
calculated DNS solutions with the equivalent forcing using the code provided by Lui (2003).

We first examine the results from the cases with constant frequency shift, cases A and B.
To compare the modal growth rate from each simulation, we calculated the kinetic energy
E, = I |tm|? + |9m|? dy for the m=1 mode. Plotted in figure 5.6 are the E; energies
for case A, both with and without the correction, the shifted PSE case B, and the DNS
simulation. The DNS, shifted PSE, and PSE with O(e!) correction all predict saturation of
the fundamental at about the same energy. Using only the O(e®) solution, the calculated
saturation level is over-predicted by about 11%.

To illustrate the effect of the shift in wavenumber, we consider the amplitude portion of

the representation for q~5 given in equation (5.1)

A (.’L‘)—A ei(fagg)dx—{—fa%)dX)
m — 410

where Ag is the initial amplitude of the disturbances. In all of the supersonic cases, the
initial amplitude at the inlet for the fundamental mode was Ag = 0.00125. In figure 5.7(a),
the amplitude function 4;(z) is shown for case A, both with and without the first order
correction agl) to the wavenumber component. Without the first order correction, the phase
error in the O(e®) solution progressively accumulates downstream, and the magnitude of the
solution is also overestimated. When compared to the shifted PSE simulation (case B) in
figure 5.7(b), the first order corrected solution accurately captures the phase and amplitude
due to the shift in frequency.

Similarly, the effect of the wavenumber correction can also be seen in the plot for the

pressure eigenfunction at a distance y=15 away from the centerline. In figure 5.8(a), the

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 5. MULTIPLE SCALE NONLINEAR PSE 147

0.1 T .

— — - O(0) PSE
0.09 | e O(0+1) PSE / 1
- — -+ — Shifted PSE /
0.08 DNS

0.07

0.06 |-
0.05r
004
0.03r
0.02

0.01r

0 f . ) L L .
0 20 40 60 80 100 120 140 160

Figure 5.6: The modal energy E; for case A, order O(e®)only (dashed line); case A order
O(€%) plus O(e!) correction (thick line), the shifted PSE case B (dashed dot line), and the
DNS simulation (solid line).

phase for the uncorrected pressure pjat the fundamental frequency progressively worsens
compared to the order O(e!) corrected pressure. When compared against the DNS solution
in figure 5.8(b), the phase error is noticeably reduced. Given the supersonic convection
Mach number My, = 2.0 for the fundamental mode, we found that his mode was able to
radiate directly into the far field.

In more complicated forcing schemes, a time-varying phase drift also affects the phase
and growth rate of the eigenmode downstream. For case C, the phase drift at the inlet is
prescribed to be wgl)(X = 0,7) = 27 with the initial phase perturbation wgl) (X, 7=0)=0.
As the solution is marched in time 7 and downstream in x, both agl)(X ,T) and wgl) (X,71)
are updated according to equation (5.8c). The effects of the drift on wgl)(X ,T) are shown
in figure 5.10. In figure 5.10(a), one can see that changes in w®) upstream are not felt
downstream until some later time 7. The changes in phase also affect the temporal stability
of the mode, as seen in figure 5.10(b). The imaginary component of wi(l) tends to dampen
the growth of the mode as time increases.

Over time, the effects of dampening appear in the kinetic energy plots for case C. As
increases, the total energy F; contained in the first order corrected mode decreases, but the

saturation location for the mode remains constant (figure 5.11). A similar trend also appears
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Figure 5.7: Effects of the first order correction to the amplitude function A, (z). Shown are
the real and absolute value parts of 4; versus streamwise coordinate x. (a) Comparison of
Ai(z) for case A, without the first order correction of!)(dashed line), and with first order
correction (solid line). (b) Comparison of A;(z) for the shifted PSE case B (dashed line)
versus the first order corrected case A (solid line).
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Figure 5.8: The real part of the pressure p;(x,y) at a distance of y=15 from the centerline.
(a) A comparison of the uncorrected pressure (dashed line) with the O(e!) corrected pressure

p1 (solid line) from case A. (b) A comparison between the the O(e!) corrected pressure p;
(solid line), and the DNS solution for p; (dashed line).
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Figure 5.9: Plot of the real and imaginary components of a{1)(X,7) over the  domain at
the times 7 = 0.2, 0.3, and 0.5.
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Figure 5.10: Plot of the real and imaginary components of w(!)(X,7) over the x domain at
the times 7 = 0.2, 0.3, and 0.5.
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Figure 5.11: The modal kinetic energy E; for case C plotted for various times 7. (a) the
PSE solution (b) the DNS solution
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Figure 5.12: The maximum kinetic energy FE,,,; for the fundamental mode plotted as
function of the slow time 7.

Figure 5.13: The physical vorticity w, plotted as function of the slow time 7.
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in the complementary DNS solution for case C. The decrease in energy is quantitatively
compared in figure 5.12, which tracks the maximum energy E; in the fundamental mode
as a function of 7. Both the DNS and PSE solutions show that as the phase shift perturbs
the mode away from the O(e®) state (initially set at the most unstable frequency), the
maximum Elenergy at saturation decreases.

The drift in phase for case C also affects the behavior of the large scale structures in the
flow over the long time scale. In figure 5.13 we illustrate the effects of this slow phase drift to
the overall vorticity field. In the initial period of the phase drift, the roll up of the mixing
layer occurs normally and compact vortices appear, similar to those in the undisturbed
case. As the phase drift progresses, however, the periodic structures in the mixing layer are
inhibited from forming, and the vortices begin to appear less well developed. By 7 = 1.8,

the vortices are no longer elliptical and the braids between the structures have been broken.

5.6.2 Subsonic shear layers

Case € @ 6, /AU w,(,?) ewg) —l
o form=1
D 001 0158 0630 mo el =0 M
0 form>1
E 00 0159 0636 mo ew) =

Table 5.2: Computational case parameters for the subsonic mixing layer. Case E corre-
sponds to a nonlinear PSE calculation with every wy, shifted by 1%, and no O(e!) correc-
tion.

In addition to the supersonic mixing layers above, we also examined subsonic mixing
layers with an upper stream Mach number M; = 0.50, lower stream Mach number M; =
0.25, temperature ratio 71 /75 = 1, and a Reynolds number of Re = 1000. For the baseline
case, we set the fundamental frequency @ = 0.158, and all modes are prescribed with the

frequency wy, = mw for m > 1.

o For the first subsonic calculation, case D, we set the order O(e%) exactly the same as

the baseline case, but add a small frequency perturbation to the m=1 mode. We set

the small parameter ¢ = 0.01 and the O(e') frequencies wgl) =, wi =0 for m>1.

¢ In the shifted subsonic PSE calculation, case E, we use a slightly higher fundamental

frequency @ = 1.01-0.158 = 1.59 than the baseline case, but no frequency corrections
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Figure 5.14: The magnitude and real parts of the amplitude function function A4;(z) for
the subsonic shear layer. (a) A comparison between the uncorrected O(e°) A;(z) from case
D (dashed line) with the first-order corrected solution A;(z). (b) A comparison between
the shifted PSE solution from case E (dashed line) with the first-order corrected solution
A;(z) from case D.

are applied to the modes and no O(e!) is computed.

The frequency perturbation parameters for the subsonic calculations are listed in table 5.2,
and all calculations are also done with a total of 8 instability modes. For the subsonic cases,
however, the convection Mach number Mp, = 0.37, and the modes cannot radiate directly
into the free stream.

As in the supersonic case, the comparison of the amplitude function .A;(z) between the
solutions of case D and case E illustrates the effect of the agl) correction. In figure 5.14(a),
the uncorrected O(e°) solution to case D accumulates phase error relative to the corrected
O(e€') solution. When measured against the shifted PSE solution (case E in figure 5.14(b)),
the corrected solution shows very little deviation in phase or amplitude.

The comparison of the modal energies E; for the subsonic cases show greater disagree-
ment than in the supersonic cases. In figure 5.15, we see that the O(e!) corrected solution
to case D under-predicts the energy at saturation relative to the DNS solution, and all PSE

solutions fail to track the energy after x > 120.
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Figure 5.15: The modal energy E; for the subsonic mixing layer. Plotted is DNS solution
to case D (solid thin line), corrected case D solution (thick line), shifted PSE solution to
case E (dashed line), and the order O(€°) solution to case D (dashed-dot line).
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5.7 Conclusion

In this chapter, we presented an extension of the nonlinear PSE formulation to handle
more general, non-periodic forcing. Long timescale phenomena were captured by consider-
ing phase variations on a slow timescale; and using a multiple-scale representation of the
disturbance quantities, we were able to develop a series of asymptotic Parabolized Stability
Equations to govern their evolution. The adjoint solution to the PSE equations was intro-
duced to impose a solvability condition on the PSE solution, with additional restrictions on
the wavenumber and temporal frequency arising from the conservation of phase.

We applied the multiple scale PSE method to two dimensional supersonic and subsonic
shear layers and found that the corrected solutions properly accounted for the adjustments in
phase and amplitude of the eigenfunctions. These corrections also appeared when examining
the far field pressure away from the centerline. The multiple scale methods also accurately
predicted the changes in modal energy when the inlet phase varied as a function of time.

Future work in this area may also focus on combining this method with an acoustic
analogy method to predict the sound radiation for shear layers with subsonic convecting
instability modes. In this case, source terms are constructed from the PSE solutions with
imposed phase drifts at the inlet, and the far-field sound is then calculated from the acoustic

analogy.
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Conclusion

6.1 Summary

In the analysis of practical aeroacoustic systems, obtaining accurate and reliable predictions
of far field sound can be a time consuming and computationally expensive endeavor. This is
due, in part, to the challenges of aeroacoustics problems themselves. Accurate predictions
often require the ability to compute and resolve the multiple length and time scales asso-
ciated with the hydrodynamics and the acoustics of the flow. Separating the acoustically
radiating components of the flow from the nonacoustic components can also be a formidable
computational and theoretical challenge.

The principal goal of the present study has been to develop an efficient, yet accurate
means of predicting the far field sound from harmonically excited shear layers and jets. This
was achieved through a combination of the nonlinear Parabolized Stability Equations (PSE)
and Lilley’s acoustic analogy. The use of the PSE allowed us to accurately capture slowly
evolving instability waves in the flow, while the use of Lilley’s acoustic analogy permitted
the prediction of far field sound from pre-computed near field sources.

Results from the two dimensional shear layers calculated using this approach yielded
several major conclusions. First, for the supersonic shear layers in which the instability
waves had a phase Mach number My, > 1, the PSE solution was found to be accurate in
both the near field and the far field regions of the flow. In these cases we found that the
instability waves were able to couple directly to the acoustic far field, resulting in noticeable
Mach wave radiation emitted from the shear layer. Secondly, in subsonic shear layer cases,

where the instability wave phase Mach number M, < 1, the PSE solution agreed well with
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the DNS reference solution ouly in the near field region. While the nonlinear PSE was able
to capture the large scale structures and vortex pairing patterns in the shear layer, the far
field pressure amplitudes were underpredicted by the PSE solution. However, when used in
conjunction with Lilley’s acoustic analogy, the far field sound predictions were reasonable
when compared to the DNS solutions.

Very similar trends were also found in the calculations of jet flows. PSE simulations
of supersonic jets corresponded very well to their counterpart DNS solutions in both near
field and far field regions of the jet. PSE calculations of subsonic jets also showed similar
behavior to the subsonic mixing layers. While near field pressure amplitudes and vortex
pairing phenomena were captured very well, far field predictions were again underestimated
by PSE. As expected, this deficiency in the jet calculations could be remedied by using
Lilley’s acoustic analogy with source terms provided by PSE.

The capabilities of the nonlinear PSE method were also extended during the course of
this investigation. By considering a multiple scale extension of the Parabolized Stability
Equations, more general forcing schemes could be considered in PSE simulations. This
involved the addition of a slower time scale to accommodate slow phase changes in the inlet
forcing of the instability waves. It was found that the generalizations in the multiple scale
PSE method could also allow it to capture forcing schemes which were aperiodic, resulting
in more realistic simulations of shear layers. Tests conducted on supersonic and subsonic
shear layers agreed favorably in comparison to solutions calculated from DNS.

Despite this extension of the PSE method, it is important to note that several restrictions
on the formulation still exist. First, the PSE method is limited to slowly evolving mean
flows with convectively unstable instability modes. Although nonlinear PSE allowed for a
correction to the mean flow, all of the jets and shear layers calculated in this work still used
a laminar base flow. Fine scale, turbulent motions were also excluded the simulations, as
the PSE method lacks the capability to resolve those features. In each of these flows the
geometry was also simple enough that a single direction could be easily identified as the
marching direction. For three dimensional flows with complex geometry, the direction of
parabolization may not be as evident. The fundamental approximations to the PSE method
also limited the streamwise changes in the eigenfunctions and wavenumbers. However, given
these restrictions, the PSE simulations shown in this work were capable of replicating the

behavior of the DNS simulations to a large degree.
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6.2 Future directions

While both supersonic and subsonic jets and shear layers were studied over the course of
this investigation, some unresolved questions still remain regarding these two categories
of flows. For instance, based on this work, one may ask if it is possible to modify the
nonlinear Parabolized Stability Equations so that they can capture the far-field sound of
subsonic instability waves directly. If possible, such a modification would negate the need to
couple the PSE method with an acoustic analogy, and yield even more efficient aeroacoustic
predictions.

The nature of the acoustic source terms near the transition region from subsonic to
supersonic instability waves also warrants further investigation. Recent experimental work
by Petitjean et al. (2005) found that a dramatic difference in the spectral characteristics of
the pressure waveforms occurred when the convective Mach number of jets exceeded unity.
Their analysis of the Howell-Morfey indicator suggested that this difference is due to a shift
in nonlinear energy transfer among frequencies as the convective Mach numbers enters the
transonic regime. The understanding of these nonlinear effects could be further deepened
by using nonlinear PSE to examine the characteristics of the nonlinear terms for transonic
jets and shear layers. Indeed, a thorough analysis of the nonlinear terms in this regime
might also yield further insight into the behavior of the nonlinear PSE and suggest possible
improvements to the method itself.

An additional topic which remains to be explored is the use of turbulence models in PSE
calculations. Previous PSE computations have used different models and different choices
of mean flows. For instance, the work of Ray (2006) employed a RANS mean flow with
the modified & — € model of Thies & Tam (1996), and a radially constant eddy viscosity
model in the PSE. The work of Choi & Lele (2001) involved a mean flow solution from the
parabolized Navier Stokes equations and the v2f turbulence model. Whether an appropriate
choice of mean flow and turbulence model exists for nonlinear PSE, and the impact they
have on the final solution, remains an open question.

While the basic machinery of the multiple scale PSE method has been presented in
chapter 5, it only lays the groundwork for further exploration. Many improvements could
still be realized in this formulation, and many questions still remain concerning to its overall
capabilities. First, with regards to the use of the adjoint method for closure of the first order

equations, some means could be developed to handle the fine resolution required for the
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adjoint eigenmodes. This may be accomplished through the use of separate grids for solving
the direct and adjoint modes. Secondly, a robust iteration procedure should be developed to
handle the adjoint closure condition (5.16¢) in order to take full advantage of the procedure
at first order.

Although these were not discussed in chapter 5, more complicated simulations using the
multiple scale PSE method are possible. A suggested extension of this work is to include
several O(e!) modes to the heated subsonic shear layer calculation of chapter 3. This
may aid in the resolution of broadened frequency spectrum and help the PSE method in
capturing the nonlinear shear layer dynamics at lower Strouhal numbers.

An additional unresolved question is the effect of the multiple scale PSE method on far
field sound. Because of the challenges in resolving the adjoint modes for very large domains,
the multiple scale PSE calculations of chapter 5 were computed only for the near field. As-
suming that separate grids were used to resolve the direct and adjoint PSE solutions, larger
scale computations could be carried out that resolved the far field. These computations
would be able to answer questions of whether the multiple scale PSE method would yield
more accurate acoustic predictions than the traditional PSE formulation, especially for the
subsonic cases.

Lastly, future work in this area might also focus on applying the multiple scale PSE
method to jet calculations. This would be a particularly straightforward extension of the
method, as long as there are no difficulties associated with solving or resolving the adjoint
PSE for jet calculations. Similar to the shear layer cases, multiple scale PSE jet simulations
would allow for more general inlet forcing of the jet, and would provide a more complicated

picture of the harmonically forced jets discussed in chapter 4.

6.3 Final comments

Given the findings of this work, we can see that the nonlinear PSE method, as applied to
the laminar shear layers and jets, can yield results which are very similar to direct Navier-
Stokes calculations. For relatively simple, slowly evolving, and convectively unstable flows
which allow for the parabolization approximation, we can recommend this method as a
more efficient alternative to resolve the large scale features of the flow. In addition, when
combined with an appropriate acoustic analogy method, nonlinear PSE can also serve as a

means to predict the associated acoustic field.
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Appendix A

The Complete PSE System

In this section we provide complete linear and nonlinear disturbance equations referenced
in section 2.3. Equations are provided for both the shear layer and the jet flows, although

they are expressed in manner more suitable for presentation than practical implementation.

A.1 Shear layer disturbance equations

Based on the decomposition of flow variables in a mean and a fluctuating component,
¢ = ¢ + ¢, the following disturbance equations can be derived for
linear mass conservation:
op op
dd + ﬂz—p
ot ozx;

linear momentum conservation:

_0u; _0t; . 0p
+p— +p— +1u

azi axi 18_2:2 = Fp (Ala)

D %4.‘.%.*_”.% _;’_" %+—.%
P\t "oz, T Yoz ) TP\ ot T Yo,

oP or O |:_6ﬂi ~8ﬂi:|

= Fn (A.1b)

61,‘1' B ﬁa_xg Maxg + “612

linear energy conservation:
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_(af _ar ~aT)
Pl ——+U—t+ui— |+

ot ox; ox; p
_0u; 00 vy 8 [_oaT _oT
K [ ox; + 8%1 Re Pr oz, (ﬂc’)xg + M812> (A-lc)

linear equation of state:

- S -
p=21"- (,ET + ﬁT)
Y
The nonlinear right hand sides of equations (A.la)-(A.1c) can be written in the following
manner for

nonlinear mass:

0u; . 0p
F,=—p— —a;— .
P paa:i b 8%’,‘ (A ld)
nonlinear momentum:
__ o _ {01 . 0t . Ot _ 0wy or 0 _ 0,
= B hudini] ) et St i 1
Fims Pl Oz £ ( ot Y Ox; T ox; U Ox; " Re O0xa Mazg (A.1e)
nonlinear enerqgy:
g o= b fof of _of _of
¢ T TP%e P\ ot T Yo T “om T Mo
- (D1, vy 8 (_oT
P — = Af
al (B:cz) + Re Pr 0z, (“ax2> (A.1f)

A.2 Shear layer PSE Equations

From equations (A.la)-(A.1lf), the following PSE equations for the eigenfunctions é =
[,6 40w T] can be derived. On the last line of each equation are the terms which in-
volve 8¢/ dx.

Mass conservation:
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. _ Oopl. 0p, o
+[zap+%]u+av+pa + i8pw
8p _oa
+ux6 +p69: =0
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P:u(pT+pT)

A.3 Jet Parallel Linear Stability

In this section we present the detailed equations used in the derivation of the parallel linear

stability theory for jet flows (see section 4.2). Beginning with an assumption that all modal

disturbances can be expressed as

é(r,z,0,t) = d(r)ezp (iax — iwt + ind)
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166

the following set of equations can be used to express the conservation of mass, momentum,
and energy.

- A dp
z(aux—w)p-}-zapuz%-( p

2\ . _diy in_.
dr+r>uT+pdr + Tpu(;—O (A.2a)
o, . _dug | oA
ip(0dly — w) Uy + p, U+ iaP =0 (A.2b)
r
N . dP
ip(aty —w) b, + e 0 (A.2¢)
o . in 2
ip(ailiy —w) g + 7P =0 (A.2d)
R ~ ar -1
ip(aty —w)T +iayPi, + (ﬁd— + 'yP;) Uy (A.2e)
r
+’)’pdur + ’ypm’ﬁ,g =0
dr r
These are combined with the equation of state for an ideal gas,
_ v — 1_-
P=—pT. (A.2f)
8
Equations (A.2a-A.2f) can be combined into a single differential equation

2P (L] dp 20 dug\ dP
dr? r pdr «Qiy—w dr ) dr

— (QZ + n_z — ﬁM)
r

Frst

>

(A.3)

known as the second order Rayleigh equation. In the regions where the mean flow is constant

— either in the free stream or in the potential core region — the mean flow gradients dg/dr
and dU,/dr disappear and equation (A.3) simplifies to

2P 1dP 5  m? (aliy — w)?\ »
— - — — —p—————— | P=0.
d7‘2 * T dr (a + 7’2 P FLS’T )

The general solution can be written as a combination of modified Bessel functions I,(x)

and K,(z) of the first and second kind, respectively. In order for the solution to remain
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bounded at both ends of the radial domain, we see that the solution must behave as

P(r) ~ AL{()\r) asr—0, (A.4a)

P(r) ~ BK,(\r) ast — oo. (A.4b)

Using equations (A.4a-A.4b) as boundary conditions to equation (A.3), the eigenvalue prob-
lem can be solved using an iterative shooting technique similar to the method described in
section 2.2.4.

A.4 Jet PSE

A.4.1 Base equations

Again using the decomposition of primitive variables into mean and fluctuating components,
d=0¢+ <z~5, we can derive a set of equations involving only the base components ¢, which

can then be subtracted from the rest of the system.

mass
op 0 ,__ 10 ,__ 3] 1. __ .
2 T o (pir) + -y, (pig) + 2 (PUz) + ~(pur) =0 (A.5a)
x-Momentum
Oty __ Oy  plg Oy  __ aaz P
Par TP e YT a0 TP T
_ 1o (0n o +L£ Oy | 100
- Reor or lokv Re 08 r 08
1 0 [, 0u, _ Ou; 1 [pou;  [dur
" Redz [2“E+“"a_] Re [?a_ . 83:] (A.5b)
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r-Momentum
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(A.5d)

A.4.2 Disturbance Equations

After the removal of the equations (A.5a)-(A.5d) involving only the mean components of

the flow, the following disturbance equations can be derived for the conservation of

mass

9 0

o o __ 170 ,__ o .
ot + ar (ptir) + ar (piir) + e (Ptig) + 5 (piig)

a  _. o __ 1,._. N
+£ (Piig) + 5z (Pz) + - [Pl + py] =~ Fp (A.6a)
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z-Momentum

Ug

B "7 T a0 “ar Yz
+p 6ﬁz+_%+@%+a(‘3—ﬂg€ +8_]3
“Tar r 06 7 bz ox

10 (O O (0% O

Re or H or oz " or oz

1 0 [_[0tg 100y . {Oug 10U
_E%{“(%+230)+“(%+FW)]

_ii [2_8uz +2ﬁ8ux

(B, | _ Oy | Oy g Oin g Oy | Dy | O
P\t Tl Tt

YTt Y u]

Re 0z # Ox oz
1 [_ /o4, i, _ {0ty Ou,
" Rer [“(ar + 8x>+ﬂ(8r + 8:5)}
= F, (A.6b)

r-Momentum

o T o0 Ty os Ty Ty

(% _% . Ou, ugbOu, 190U, _ O, _,8@,)

_ (0, _ Ou, uydur _ Ou, 25_ . Py OP
N (Bt T T T o8 Tl 8x)+ Tu9u9+ru9+ or
18, 084 0 _=o— _ 0 (U
" Redr [2MW 20 or +,u,,V-u+/_n"ar ( r )]
1 o0 [pdi, _ 0 [ug i O, . 0 /g
“Rer 06 [?W TSy (—) e T (7)]
_ii T % + % iy % + Oy
Re 0z a or Ox K or Or
1 _Ou, _Ou,
" Rer [2 (,u or Th or )}
1 2 p’% Flar H% Pler
Ror | \r 86 | r 56
= F; (A.6c)

6-Momentum
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_(Oug _ Oug _ Oug UgOlg g 8'LLO Oug . Oug
”(W T T T a0 T a0 e Y

_{Oug Jug Ug 6a9 Oty P, . . E 18P
+ (8t U T o0 T ax>+r(“’“"+“’“")+»yBMgraa

_RLE [gaar +rpl <%) L ade 0 (ﬂ_e)]
edr |r 00 or \r r 06 or \r

A B B () T
L2 [ﬁ% ML By ﬁagj;]
e |5 i () + B ()

= F (A.6d)

Energy

+ Ug

3T+ oT 8T+u98T+uo8T _a_:ﬁ _aT
ot T T, 50 a0 oz oz

_[(oT oT ueaT ~
n (E+’ar a) fva u+ PV u]
|18 3_T+ +Lo 0y oT Lo (T oT
Re Pr |ror “‘a 2 06 TE ) T s \Far TPer
’y..,
_a _F A
Req)L[N F, ( 66)

Nonlinear Equations

In equations (A.6a)-(A.6e), the nonlinear right hand side terms are explicitly written as

10 o 1__
F, = — (pi,) + -— (p’ng) p (puz) + — Py (A.6f)

%“lm

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



APPENDIX A.

THE COMPLETE PSE SYSTEM

171

(O, O, | 05,  _ Ol
B = ”(atwrar uT8+T8r
r\ "0 T e "5 oz | “ar "o
= ~%+ua%+~ Oy, L 1 0 8uz ~8ur
P\ 730 "™z ) TRear " or T#5
1 1[_06y [0, 1 8 Oty
Jm;[“% Tae]+aa[2“ AV “]
O, Ou,
Rer [ or 8:17] (A.6g)
o ~ Bur+a(9ﬂr aaar ~8ﬁ
r T TP\ e T ar T e
+_1_ 3ur+ 8ur+ Oty +_%+~8ﬂr+~%
P \"0gg gy TGy ) Tlagy Ty Yy
Ot, ig 0ty . Oty pus  po 2
p(ur or + - 58 + Uy oz - " (2u9ua+u9)
1 0 Bur
" Re Br[ or TRV “}
112 E(’)ur _ 9 ﬁ_ 8ﬂz+8ﬂr
Rerd6 | r 06 T Re 8x or oz
1 [pow, . =—~— 11 |adug
_ R YL, 6h
Re[ + AV ] Rer [r89 +,u +,uVu] (A.6h)
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1/_ 0ug . dug . Oug _ Oug . Oug . Oug
T (“f’%“““ew“‘a%) 5z ax>

_ (. O0u ug Oug . Oug DUy Ug o, _ . - - -
—p (ura—: + — 50 + Uy 5 ) purts _ é (2T, tig + UrUg + Urig)

ol 100
or ' r 08

12 [ada, . & (i .
*Rer [r 26 M ar (T)] (A.61)

Uy

E—}_ or

+l —6_1?+~8_T+"£ _{.‘@4_"@4_"8_7_1
r\Y0og TH0hg T 0hg | T ey THagy TUs

. (ﬂrf"_T+ uea_T+ 3T> LEO =D se

_ﬁ(a’f ar _oT _oT

or - 90 "B

12 ”8_T + lz 6T + 2 "a_T
ror\ Por | T2 o6\ 58 ) T 9z \" oz
Y .
a A6
+Re‘I’NL (A.6))

Y
+Re Pr

The mean and fluctuation components of the dilatation are written as

V__%—FEE@-F%
u= ar rr 08 oz’

ﬁ—%+gﬁ+l%+a&T
- ar r r 08 oz’

while the base, linear, and nonlinear components of the dissipation are expressed as
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& = 2uDp+p (Vou)

®piv = 24Dy + 2iDg + 25,V -uV -u+ (V-u)’ i,

@y = 2uDwi+2iDy + 2Dz + (Vu) A
127w (T70) i+ (F70) A,

where the variables Dpg, Dy, and Dyj are written as

SNy

:)

1 'Er 2 2 8 ﬂe 2 3 u
*‘72( e) T (a(?) 5 B 7)
[(0E5\% 1 [(9T,\> 200, 9u,
3 (7 ﬂ—a(w) t oz 96
[ /8a,\? [0, \®> _Ou, da,
— 2
* (8r +(8:v) 2 Bs

ou, Ou, n 2817@ Oty
or Or Oox Ox
3 [aﬁg Oty Olg Otg _ ]

D, = 2

26 06 " o T pg U Tl

[ 188, 04, _ 0a, 8 (@> Dy 8 (%) 02

(72 00 90 96 Or 00 or \ r ar or \ r

0y 05 | 100 9 | 19009, | 1 90 07
|9z Oz rdx 99 rox 90  r? 08 06
08,00 05,00, 00208 0%, 04
| Or Or Or oz or Ox Oz Oz
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Appendix B

Multiple Scales Ginzburg-Landau

Equation

Many previous studies, including the work of Monkewitz et al. (1993), Pier & Huerre (1996),
and Bernoff (1987), have used the Ginzburg-Landau equation as a simplified system to probe
various global and absolute stability phenomena. In this study, we also applied the spatial-
temporal multiple scales method discussed in chapter 5 to the complex Ginzburg-Landau
equation. This scalar, one dimensional model problem serves to illustrate some of the same
mathematical machinery of the full problem, but in a more tractable manner.

For the non-dimensionalized, complex Ginzburg-Landau equation of the form

ou oT 820
5 = A+ BX) -+ C(X) 5

5 o + D(X)|¥*y, (B.1)
we seek a solution ¥(z,¢) that varies not only on the short spatial scale x and short time
scales t, but also on the long spatial scale X = ex and long time 7 = ut = Aet scale, where
€, u < 1 and A = O(1). The coefficients A(X), B(X), C(X), and D(X) in (B.1) are assumed
to vary slowly in space. The boundary condition on ¥(z,t) at the inlet of the domain is

specified by the function
U(z = 0,1) = Yy V00,

e

where ¥;,, and w(® are constants, and w;,,’ is the inlet phase drift function which varies on

the long time scale only.
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The solution ¥(z,t) is expanded as an asymptotic function in e:

U(z,t) = (1/)(0) (z) + eV (z) + -- ) W@ X 47) (B.2)

with the phase function 8(z, X,t, 7) defined by the derivatives

a0 o6

A (1) A (1))

e o (X, 1), 5 wN(X,T),
o0 o0

AN ¢y T

53X oM (X, 1), e WX, 7).

As in the full problem, the zeroth order temporal frequency w(® is held constant, and the
zeroth order wavenumber a(®) does not depend on the time scales ¢ or 7.

Inserting equation (B.2) into the complex Ginzburg Landau equation (B.1), and as-
suming that both the 8% /922 and 82a(™ /dx? derivatives can be neglected, yields two

non-homogeneous, ordinary differential equations at order ¢ and €!:

d
£O {pO} = Ly© 1 My = FO, (B.3)

d
£® {w(l)} = L'yp@ 4 x4 M%¢(1) =F, (B.4)

The coefficients in (B.3) and (B.4) are given by
2
L=A+id9B+iw®C - C (a(")) . M=B+2id9¢C
2 2 2
L'=A+id9B +iw®C — (a(°>) C+2D }zp(‘))‘ e ["—D (1,[)(0)) e~ 2

and the non-homogeneous terms F(® and F(1) given by

FO - _p ‘¢(0)‘2 »(©
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. . _ o 9a®
M — _ i@ iB — ©) ,® (1) , (0)
F {Mw + (LB 2Ca ) at + 2 C 5 +1iC X P .

To define the linear adjoint problem at order O(e®), we use the inner product (a, b) =

/. :1 % a*b dx over a region x1; < T < x9 and also exploit the identity

(v!, c{v}) = (! {u'}, v) +¢,
where £ are the boundary terms resulting from integration by parts. If the adjoint problem
defined as

d
F0) [ ptO L — (00 _ ¢ & 00 —
L {w } L*y M dacw 0 (B.6)
is satisfied, then the solvability condition becomes

2

<¢’r(0), ;<o>> - W(m* ( B 2m<°>c) w(o>]z

At the next order O(e!), a complication in the solvability condition arises because equa-

=¢0O), (B.7)

1

tion (B.4) is linear both in (1) and its complex conjugate 1/(1*. In this case, we can define

the inner product as either the real or the imaginary part of the O(e°) inner product, i.e.,

1 [*
{a, b)y = —/ a*b + ab* dz.
2 /s

1
Both versions of the inner product, {(a, b), and (a, b)_, must be used to define the solvability
conditions because each inner product returns only a real-valued scalar quantity, while the
eigenvalue o) is complex valued. Therefore, to provide the iteration procedure two degrees
of freedom to converge on the appropriate oW, two versions of the adjoint problem must

be used:

* * d
iyl = 2O £ Ll - a2yl o, (B.8)
The solvability conditions and the boundary terms at order O(e!) are then given by

1 * * x| ™2
(0, 700 =€ = 5 el hag ) g0 ary 0] (®9)

z1

This issue of the dual inner products does not arise in the full mixing layer problem because
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equations (5.4a) and (5.4b) only involve the eigenfunctions q@ﬁ,’f) and not their complex
conjugates. In addition, the boundary terms £M™ disappear in the solvability condition
(5.15) for the full mixing layer problem because the integration in the cross-stream direction
extends to y = +oo.

Lastly, for constant w(®, the equations for phase conservation are trivially satisfied at
orders O(e®) and orders O(ex). However, using equation (5.8c), the relation between the

wavenumber a(!) and frequency w(?) is found to be

0 0
Z M — @ =
5% (X, 7)+ XY (X,7)=0. (B.10)

-

The complete solution at order O(e®) found by simultaneously satisfying equations (B.3),
(B.6), and (B.7) as the solution is marched downstream in z. Once the solution ¥ is
found, the order O(e') solution P is solved by marching downstream in X and 7, and

simultaneously satisfying equations (B.4), (B.8), (B.9), and (B.10).

B.1 Results

To validate the multiple scales approach described above, we computed two solutions to
the Ginzburg-Landau equation with the following parameters: € = 0.05, A = 1, A(X) =0,
B(X)=-U(1-X),C(X) =0.001+0.05 X, D(X) = 0.04, U=0.15. The base frequency and
phase drifts were w(©® = 0.7 and w® (X = 0,7) = 0.12%sech®0.4(r — 5). The first solution
used a direct numerical method to solve (B.1) over a discretized domain from 0 < z < 3 and
from 0 < 7 < 10. The direct method consisted of a two stage LDDRK4 time-advancement
scheme (Hu et al., 1996) and a 6th order compact finite difference scheme (Lele, 1992). Using
a windowed Fourier transform, the solution ¥(x,t) was then transformed at frequency w(©
to produce ¥(z,7).

The second solution solved the O(e®) and O(e!) equations (B.3), (B.4), (B.6), (B.8)
with restrictions (B.7) , (B.9), and (B.10) satisfied iteratively. For a solution over the same
domain in x and 7, this approach outperformed the direct method by a factor of 3-4 with
about 5 times the grid resolution in x.

A comparison of the two solutions is shown in figure B.1. Both solutions of ¥(z, 7) agree

well at the plotted instances of 7=2, 6, 8, 10. To quantitatively compare the error between
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Figure B.1: Solutions to the model Ginzburg-Landau equation with ¢ = 0.05. The base
frequency is w(®) = 0.7 with the inlet phase drift set as w(}) (X = 0,7) = 0.12Zsech?0.4(7—5).
The solution using the direct numerical method is marked by crosses; the equivalent PSE
solution is shown by the solid line.
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the two methods, we also examined the maximum Lo error

mar o= (/03 1®DNS - @PSE‘Q dr) :

incurred at any point 7. Shown as a function of the small parameter € in figure 5.5, the
error in the multiple scales PSE formulation drastically increases for € greater than about
0.1. After that point, the approximations in the formulation break down, and the solutions

are no longer valid.
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Appendix C

The Adjoint Equations

In this chapter, we include the adjoint disturbance equations mentioned in chapter 5. Given
the representation (5.12), these equations can be used to derive the adjoint PSE system.
The adjoint equations shown here also appear in Barone & Lele (2005).

Linear adjoint continuity equation:

8l = 9" 90U v (v-1) 5%
—_— —= C.1
ot + kaxk kaxku’ Y sz (C-1a)
6U1C oT
—(y-1 T ~U——T" = 0
(v-1) k32s
Linear adjoint disturbance momentum equation
oul __ 8ul  oU, ; opt T 5198
p—rt + pUp—= — p =TT — C.1b
7o P e P o Pan ! P o, (C.1b)
Uy + 1+ Op 1 97},
U = —==
+p8:c R ’“aa: Re Oxy,
Linear adjoint disturbance temperature equation:
aTT ATt (y—1)_oul
—F—p—= C.1
Par T PUkg + - Pg (C1e)
—ply - )8 e [p[?* Uk& }T B Eq) RePr" oz
181
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Adjoint dissipation

O (0m; Oum\ dul O\ Ou; Oul
ot = £ i Uk OU | OA OU;i Oy '
T <8xk * Bxi) 9z | OT ba; Oz (C.1d)
0u; (0w | duk\ 4 . (0uk\” .4
i (6% (3Ik - 3%)” " (3_% A
Adjoint stress tensor:
oul  oul _oul
I =9yTry — B[ == k s,
Tk = <71 Tik lﬂ (8% + 8:c,~> + /\ij 6zk] (C.1e)
Adjoint equation of state:
p' = po'+ (v - 1) pTT" (C.1f)
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Appendix D

Simulation Parameters

D.1 Shear layer conditions and numerical parameters

Supersonic shear layers

Parameter | isothermal supersonic | heated supersonic | high transonic
M 2.5 2.5 14
M, 1.5 1.8 0.9

T, /T 1.0 1.5 1.0
y 14 14 14
n 1.0 1.0 1.0
Re 3000 3000 3000
Pr 1.0 1.0 1.0

Ny 600 800 600
Ly 80.0 60.0 80.0
by 2.9 1.5 2.9
EAa 10-¢ 5x107¢ 106

Tstart 0.0 0.0 0.0

Zend 450.0 300.0 400.0
M 8 8 8
N 0 0 0

183
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Subsonic shear layers

Parameter | isothermal subsonic | heated subsonic | low transonic
M, 0.50 0.50 0.95
M, 0.25 0.25 0.75

Ty /To 1.0 1.5 1.0
~ 1.4 1.4 1.4
n 1.0 1.0 1.0
Re 1000 1000 1000
Pr 1.0 1.0 1.0
Ny 500 1000 500
Ly 85.0 120 85.0
b, 2.9 3.25 2.9

EAa 5x 1076 5x 1076 5x 1076
Tstart 0.0 0.0 0.0
Zend 300.0 300.0 450.0
M 8 8 8
N 0 0 0

Isothermal supersonic forcing

Mode (m,n)T €0 } o(Zstare) W, I R
(1,0) 6.2 x 10~ (0.7197, -0.06806) 1.44525 | 0O
(2,0) 1.9 x 1077 (1.42987, -0.009094) 2.89050 0

All other modes initialized according to:
| (mn) [025x10°7 |  (men,,-00001) | mwy |0

Heated supersonic forcing

I Mode (IH,II)T €0 | O‘(mstart) Wm 05

| 10 | 72x10™* | (07027,-0.06680) | 1345 | 0 |
All other modes initialized according to:

| (un) 0.25x107% | (may,, -0.0001) mor |0
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Low transonic forcing

Mode (m,n) €0 o(Zstart) W 05
(1,0) 2.45 x 107 (0.8235, -0.076816) 0.95 0
(2,0) 2.45 x 1074 (1.6417, -0.017115) 1.90 0

All other modes initialized according to:
(m,n) 0.5 x 107* (may r, -0.0001) mw; 0

Isothermal subsonic forcing

[Mode (m,n) l €0 | o Zstart) \ W 05
(1,0) 2.5 x 1074 | (0.40502, -0.094733) 01575 | «
(2,0) 2.5 x 1074 (0.83365, -0.125260) 0.315 0

All other modes initialized according to:
(m,n) 0.5 x 1074 (maa r, -0.0001) mwy 0

Heated subsonic forcing

Mode (m,n) €0 O (Tstart) Wm b5
(1,0) 2.5 x 1074 (0.41688, -0.12810) 0.145 T
(2,0) 2.5 x 1074 (0.877625, -0.168256) 0.290 0
(3,0) 0.5 x 10~* | (1.338676, -0.1274976) 0.435 0

All other modes initialized according to:
(m,n) 0.5 x 107* (may -, -0.0001) mw, 0
High transonic forcing

Mode (mn) | e Om(@sart) | wm |6,
(1,0 2.5 x 107* | (0.40988, -0.0335955) 0.35 7
(2,0) 2.5 x 1074 (0.8226876, -0.44451) 0.70 T
(3,0) 0.5 x 1074 (1.234932, -0.037368) 1.05
(4,0 0.5 x 10~% | (1.644653, -0.0147393) 1.4

All other modes initialized according to:
| @mn) [ 05x10¢ | (moy,, -00001) | mw 0|
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Initial boundary layer parameters

Shear layer f )y | ") | g¢(0) g'(0)
Isothermal supersonic | 2.0226 | 0.3990 | 2.6247 | -0.009032
Heated supersonic 2.0091 | 0.4096 | 2.2353 0.3214

High transonic 1.1598 | 0.1513 | 2.5312 | -0.001490

Low transonic 0.3825 | 0.0432 | 2.5078 | -0.0003251
Isothermal subsonic | 0.3633 | 0.0496 | 2.1257 0.1390

Heated subsonic 0.8521 | 0.0520 | 2.5050 | -0.0001111
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D.2 Jet conditions and numerical parameters

Supersonic Jets

Parameter | Cold Supersonic | Heated Supersonic
M; 2.5 1.95
My 0.0 0.0

T;/Ts 0.444 2.30
5y 14 14
Re 630.0 2500
Pr 0.72 0.72
S 04 04
N, 800 800
Tstart -0.8 0.0
Tend 100.0 200.0
Az 0.4 0.4
Tmin 0.0 0.0
Tmaz 25.0 45.0
Ta 0.5 0.5
Th 1.5 1.5
Sa 0.2 0.2
Sp 0.5 0.5
we 0.05 0.05
Wp 0.05 0.05
Zo,BL 1.2 -1.2
6(zo.B1)/R 0.0624 0.089
M 8 6
N 0 1
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Cold supersonic jet forcing

Mode (m,n) €0 am(Zstart) Wm
(1,0) 7x 1073 | (0.7101537, -0.10345) | 1.016
(2,0) 1x 1074 | (1.533284, -0.154549) | 2.032
(3,0) 1x10~% | (2.3157,-0.161017) | 3.047
(4,0) 1x 104 | (3.065314, -0.15346) | 4.063
(5,0) 1x107% (3.78952, -0.134578) 5.079
(6,0) 1x107% | (44930, -0.106707) | 6.095
(7,0) 1% 104 | (5.179425, -0.072268) | 7.110
(8,0) 1x 104 | (5.851745, -0.0327556) | 8.126

Heated supersonic jet forcing

‘ Mode (m,n) l €0 I am (Tstart) i W I
(1,0) 1x 1074 | (0.39988, -0.053071) | 0.94
(2,0) 1x10™4 (0.8896353, -0.05182858) | 1.88
(3,0) 1 x 104 (1.1874, -0.01226) 2.82
(1,1) 1x1076 (0.6672485, -0.2734815) | 4.063
(2,1) 1x 1074 | (1223855, -0.1593777) | 5.079
(3,1) 1x1074 | (1.640747,-0.067724) | 6.095
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Subsonic Jets

l Parameter | Cold Subsonic | Isothermal Subsonic
M; 0.90 0.80
My 0.0 0.0

T;/Too 0.86 1.0
y 1.4 14
Re 1000 1500
Pr 0.72 1.0
S 0.4 04
N, 800 1200

Istart -0.8 -0.6

Zend 100.0 150.0
Az 0.4 0.3
Tmin 0.0 0.0
Tmaz 25.0 40.0
Tq 0.5 0.5
Th 1.5 1.5
Sa 0.2 0.2
Sp 0.5 0.5
W 0.05 0.05
Wy 0.05 0.05
To,BL -1.0 -1.0
6(zoBL)/R 0.10 0.10
M 6 10
N 0 0
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Cold subsonic jet forcing

Mode (m,n) €0 m(Zstart) Wm
(1,0) 5 x 10~% | (0.7607409, -0.2727884e-01) | 0.555
(2,0) 1x 1075 | (2.024461, -0.5878445¢-01) | 1.110
(3,0) 1% 107° | (3.260882, -0.3767015e-01) | 1.665
(4,0) 1x 1075 | (4.240214, -0.2634599¢-02) | 2.220

Isothermal subsonic jet forcing

l Mode (m,n)\l €0 ’ A (Zstart) W,
(1,0) 5x 10~3 | (0.3255458, -0.07380294) | 0.25
(2,0) 5x 1075 | (0.7047999, -0.2664611) | 0.50
(3,0) 1x107% | (1.234157,-0.5198018) | 0.75
(4,0 1x 1075 | (1.925505, -0.6377849) | 1.00
(5,0) 1 x1075 | (2.587850, -0.5745454) | 1.25
(6,0) 1x107% | (3.163371, -0.4311637) | 1.50
(7,0 1x107% | (3.668551, -0.2583903) | 1.75
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