




Abstract

The accurate prediction of combustion processes in turbulent reacting 
ows is essential for

the design of e�cient, low emission, and stably operating combustion devices. Numerical

simulations can be used to viably address this design challenge if adequate models for

the prediction of multiphysics processes are available. In this work, computational models

that predict these processes are developed for application in large-eddy simulation (LES).

The di�erent models are integrated into the 
amelet/progress variable (FPV) approach,

thus allowing for a consistent treatment of di�erent combustion-physical e�ects in a uni�ed

framework. In particular, three di�erent modeling aspects are considered: 
ame extinction

and reignition, formation of nitrogen oxides, and noise-generation by combustion.

The FPV model is extended to allow for the prediction of extinction and reignition

by employing a statistically most-likely distribution as a model for the �ltered density

function of the reaction progress parameter. The major advantage over other presumed

PDF models is that both higher-order moment information and time scale information can

be incorporated into the presumed PDF. The model is analyzed in an a priori study and

applied in LES of a partially premixed jet 
ame con�guration.

A model for nitric oxide (NO) formation that consists of the consideration of radiative

heat losses and the additional solution of a transport equation for the NO mass fraction

is developed. The model is analyzed for the three dominant NO formation mechanisms

and applied in LES of a jet 
ame con�guration and a Pratt & Whitney aircraft engine

combustor.

A hybrid model is developed for the prediction of noise, generated in open turbulent


ames. This model is based on Lighthill’s acoustic analogy and employs the FPV formula-

tion as a closure model for the acoustic sources due to unsteady heat release. The e�ciency

and spatial distribution of the individual source term contributions was analyzed, and the

sound pressure level and acoustic directivity of a jet 
ame are computed.
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Nomenclature

Upper-Case Roman Symbols
C progress variable

D characteristic diameter

G LES �lter kernel

H enthalpy

I identity matrix

R gas constant

S entropy

S rate-of-strain tensor

U characteristic velocity

W molecular weight

X mole fraction

Y mass fraction

Z mixture fraction

Lower-Case Roman Symbols
a speed of sound, Planck mean absorption coe�cient

g body force vector

k = 1
2 jju00jj2, turbulent kinetic energy

‘ characteristic length scale

p pressure

t time

u axial velocity component

u = (u; v;w)T, velocity vector

v radial velocity component
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v di�usion velocity vector

w azimuthal velocity component

q source term

q heat 
ux vector

x spatial coordinate vector

= (x; r; ’)T for cylindrical coordinate system

= (x1; x2; x3)T for Cartesian coordinate system

Upper-Case Greek Symbols
� LES �lter width

� temperature

� reaction progress parameter

Lower-Case Greek Symbols
� molecular di�usivity

� thermal conductivity

� heat di�usion coe�cient

� dynamic viscosity

� kinematic viscosity

�; � viscous stress tensor, Stefan-Boltzmann constant

� time scale

� generic variable, fuel-air equivalence ratio

� scalar dissipation rate

 vector of thermochemical quantities

 generic variable

_! chemical reaction rate

Superscripts
( � )� dimensionless quantity

( � )00 residual quantity

Subscripts
( � )B bulk quantity
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( � )F fuel stream

( � )O oxidizer stream

( � )R radiation

( � )ref reference quantity

( � )i generic summation index

( � )� species �; no summation over Greek indices

( � ) species  

( � )1 background quantity

Symbols
Dt = @t + u � r, substantial derivative

eDt = @t + eu � r, Favre-�ltered substantial derivative

R universal gas constant

@� = @
@� , partial di�erentiation with respect to �

Da Damk�ohler number

Ec Eckert number

Fr Froude number

Mi time scale ratio characterizing mixing

M Mach number

Ra time scale ratio characterizing radiation

Re Reynolds number

Sc Schmidt number

St Strouhal number

E SLF-relation, parameterized by Z and �Z;st, Eq (2.33)

F FPV-relation, parameterized by Z and �, Eq. (2.37)

G 
amelet library, parameterized by Z and C, Eq. (2.42)

H Heaviside function

Abbreviations
CDF cumulative distribution function

FDF �ltered density function

FPV 
amelet/progress variable

LES large-eddy simulation
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LHS left hand side

OASPL overall sound pressure level

PDF probability density function

RANS Reynolds-averaged Navier-Stokes

RHS right hand side

RQL rich-burn, quick-quench, lean-burn

SLF steady laminar 
amelet

SMLD statistically most-likely distribution

SPL sound pressure level

USFM unsteady 
amelet model

UHC unburned hydrocarbon

ppm parts per million

ppm root mean square

x



Contents

Abstract iii

Acknowledgments v

Nomenclature vii

1 Introduction 1

1.1 Motivation and Objectives . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.2 Large-Eddy Simulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

1.3 Non-Premixed Combustion Models . . . . . . . . . . . . . . . . . . . . . . . 6

1.4 Accomplishments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

2 Mathematical Model 9

2.1 Transport Equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

2.2 Simplifying Assumptions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

2.3 Dimensionless Equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

2.4 Mixture Fraction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

2.5 Flamelet Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

2.6 Flamelet/Progress Variable Model . . . . . . . . . . . . . . . . . . . . . . . 21

2.7 Progress Variable . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

3 Large-Eddy Simulation 29

3.1 LES Filtering Technique . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

3.2 Dynamic Models for the Residual Stresses and Fluxes . . . . . . . . . . . . 31

3.3 Model for Residual Scalar Variance . . . . . . . . . . . . . . . . . . . . . . . 33

3.4 Presumed PDF as Model of FDF . . . . . . . . . . . . . . . . . . . . . . . . 37

xi



4 Extinction and Reignition 41

4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

4.2 Extended Flamelet/Progress Variable Model . . . . . . . . . . . . . . . . . . 45

4.3 Statistically Most-Likely Distribution . . . . . . . . . . . . . . . . . . . . . . 46

4.4 A Priori Study . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

4.4.1 Direct Numerical Simulation . . . . . . . . . . . . . . . . . . . . . . 47

4.4.2 Extended FPV Model . . . . . . . . . . . . . . . . . . . . . . . . . . 48

4.4.3 Conserved Scalar . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

4.4.4 Reactive Scalar . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

4.5 A Posteriori Study . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61

4.5.1 Mathematical Model . . . . . . . . . . . . . . . . . . . . . . . . . . . 61

4.5.2 Application to Sandia Flame E . . . . . . . . . . . . . . . . . . . . . 64

5 Formation of Nitrogen Oxides 83

5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

5.2 NOx Formation Mechanisms . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

5.3 Extended FPV Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85

5.3.1 Time Scale Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . 85

5.3.2 Model Formulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87

5.3.3 Model Application in LES . . . . . . . . . . . . . . . . . . . . . . . . 89

5.3.4 Sandia Flame D Results . . . . . . . . . . . . . . . . . . . . . . . . . 90

5.4 Model for the Prediction of Nitric Oxide Formation . . . . . . . . . . . . . . 93

5.4.1 Model Formulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94

5.5 Model Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95

5.5.1 Formulation of the Model Problem . . . . . . . . . . . . . . . . . . . 95

5.5.2 E�ect of Radiation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98

5.5.3 Zeldovich Mechanism . . . . . . . . . . . . . . . . . . . . . . . . . . 98

5.5.4 Nitrous Oxide Mechanism . . . . . . . . . . . . . . . . . . . . . . . . 101

5.5.5 Prompt Mechanism . . . . . . . . . . . . . . . . . . . . . . . . . . . 102

5.6 LES Application . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106

5.6.1 Sandia Flame D Simulation . . . . . . . . . . . . . . . . . . . . . . . 107

5.6.2 Pratt & Whitney Combustor Simulation . . . . . . . . . . . . . . . . 109

xii



6 Combustion-Generated Noise 123

6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 123

6.2 Mathematical Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 125

6.2.1 Acoustic Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 126

6.3 Application to DLR Flame A . . . . . . . . . . . . . . . . . . . . . . . . . . 131

6.3.1 Experimental Con�guration . . . . . . . . . . . . . . . . . . . . . . . 131

6.3.2 Computational Setup . . . . . . . . . . . . . . . . . . . . . . . . . . 132

6.4 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 133

6.4.1 Flow Field Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . 133

6.4.2 Combustion Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . 135

6.4.3 Acoustic Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 139

7 Conclusions and Directions for Further Work 151

A A Priori Study Using Sandia Flame Experiment 155

A.1 Conserved Scalar . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 155

A.2 Reactive Scalar . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 157

B Reaction Mechanism for NO Formation 161

B.1 Zeldovich Mechanism . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 161

B.2 Nitrous Oxide Mechanism . . . . . . . . . . . . . . . . . . . . . . . . . . . . 162

B.3 Prompt Mechanism . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 163

xiii



xiv



List of Tables

2.1 Results of the optimization problem for two chemical systems. . . . . . . . . 27

4.1 Parameters used in the DNS. . . . . . . . . . . . . . . . . . . . . . . . . . . 48

4.2 Parameters used for the numerical simulation. . . . . . . . . . . . . . . . . . 54

4.3 Conditions for Sandia 
ame experiments. . . . . . . . . . . . . . . . . . . . 65

5.1 Condition for the Pratt & Whitney combustor con�guration. . . . . . . . . 111

5.2 Comparison between experiment and simulation for averaged mean temper-

ature and NO mole fraction at the combustor exit plane. . . . . . . . . . . . 113

6.1 Reference parameters for the reactive jet simulation. . . . . . . . . . . . . . 132

A.1 Comparison of the L2-norm obtained with the di�erent models: statistically

most-likely distribution with i = f2; 3; 4g and beta distribution. . . . . . . . 157

xv



xvi



List of Figures

1.1 World marketed energy consumption in Quadrillion Btu by energy source

from 1980 to 2030. Renewable energy sources include solar, geothermal,

biomass, wind, and hydroelectricity (International Energy Outlook, 2007). . 1

2.1 Solution of the steady 
amelet equations for methane/air combustion (�F =

300 K, �O = 750 K, p = 1 bar); left: S-shaped curve showing the stoichiomet-

ric temperature �st as function of the stoichiometric scalar dissipation rate

�Z;st. The turning point between the upper and the middle branch is denoted

by �Z;q, and �Z;i corresponds to the point separating the lower and middle

branch; right: three temperature pro�les for �Z;st = 1 s�1, corresponding to

the lower, middle, and upper branches, respectively. . . . . . . . . . . . . . 20

2.2 Comparison of (a) steady laminar 
amelet model with (b) 
amelet/progress

variable model; methane/air combustion (�F = 300 K, �O = 750 K, p = 1

bar). The dashed line shows the solution of the steady 
amelet equations

and the solid lines represent the accessible solution in the SLFM and FPV

model. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

2.3 Flame structure of three di�erent 
amelets for identical FPV condition;

�e and �r represent extinguishing and reigniting unsteady 
amelets; �s

represents a steady 
amelet at conditions near quenching. The solid line

in the right panel represents the stoichiometric condition Zst = 0:055 for

methane/air combustion (�F = 300 K, �O = 750 K, p = 1 bar). The

progress variable is de�ned as C = YCO2
+ YCO + YH2O + YH2

. . . . . . . . . 24

xvii



3.1 Model turbulent and scalar energy spectra (top row) for increasing Taylor-

scale Reynolds number and Sc = 0:7. The Obukhov-Corrsin constant is set to

COC = 2=3 and CE = 1:5: The energy spectra are scaled by the Kolmogorov

length scale �. The mechanical-to-scalar time scale ratio C�Z
and C"=Cu as

function of the dimensionless �lter width �=� is shown in the bottom row. 36

4.1 Reignition scenarios; (a) triple 
ame: 
ame propagation along surface of

stoichiometric mixture; (b) 
ame-
ame interaction: external heat transfer

perpendicular to stoichiometric surface. . . . . . . . . . . . . . . . . . . . . 43

4.2 The evolution of the mean, variance, normalized skewness, and kurtosis of

mixture fraction, extracted from the DNS. Additionally, M4 of the beta

distribution, using Eq. (4:18b), is shown. . . . . . . . . . . . . . . . . . . . . 50

4.3 Comparison of the shapes of the presumed marginal PDFs obtained from

the beta distribution and ePSML;i(Z) using the second and fourth moment

(i = f2; 4g) as constraint, with ePDNS(Z) extracted from the DNS. . . . . . . 51

4.4 The evolution of the mean progress variable eC invoking steady 
amelet as-

sumption for four di�erent models for the a priori PDF of ePSML;2(�jZ) com-

pared with the beta distribution model and DNS data for A=80,000 (mod-

erate extinction) and A=30,000 (strong extinction) for i = 2. . . . . . . . . 55

4.5 Comparison of the conditional PDF ePSML;2(�jZst) for di�erent a priori PDFs

at � = 1:00 and � = 2:00 for A=80,000 (moderate extinction, left column)

and A=30,000 (strong extinction, right column) for i = 2. The chemical

source terms are shown by the dashed lines in the upper panels. . . . . . . . 56

4.6 The evolution of the mean progress variable eC invoking steady 
amelet as-

sumption with increasing number of prescribed moments i = f0; 1; 2; 3; 4g for

ePSML;i(�jZ) compared with DNS data for A=80,000 (moderate extinction)

and A=30,000 (strong extinction). . . . . . . . . . . . . . . . . . . . . . . . 57

4.7 Comparison of the conditional PDF ePSML;i(�jZst) with increasing number of

prescribed moments i = f0; 1; 2; 3; 4g at � = 1:00 and � = 2:00 for A=80,000

(moderate extinction, left column) and A=30,000 (strong extinction, right

column). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

xviii



4.8 Comparison of conditional PDFs, ePSML;i(�jZ) and ePDNS(�jZ) for increasing

number of prescribed moments i = f0; 1; 2; 3; 4g for A=30,000 (strong extinc-

tion) at � = 0:25 (left) and � = 2:00 (right). For the a priori PDF, �0 = 1:0

and vm = 1:0 are used. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

4.9 The evolution of the mean progress variable eC invoking steady 
amelet as-

sumption and Eq. (4.23) compared with DNS data for A=80,000 (moderate

extinction) and A=30,000 (strong extinction) for i = 2. . . . . . . . . . . . . 60

4.10 The evolution of the mean progress variable eC invoking steady 
amelet as-

sumption and Eq. (4.24) compared with DNS data and beta PDF model for

A=80,000 (moderate extinction) and A=30,000 (strong extinction). . . . . . 62

4.11 LES grid stretching diagram: (left) axial direction; (right) radial direction.

The inlay panel in the right graph shows a zoom of the grid around the fuel

nozzle. Only every second grid point is shown by the symbols. . . . . . . . 66

4.12 Instantaneous and averaged temperature �elds for (a) Sandia 
ame D and (b)

Sandia 
ame E. The solid lines show the location of stoichiometric mixture

fraction. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69

4.13 Comparison of measured (symbols) and calculated (solid lines) mean and rms

statistics of axial velocity and mixture fraction along the centerline for 
ame

E. Experimental data are plotted with estimated uncertainties. . . . . . . . 70

4.14 Comparison of measured (symbols) and calculated (solid lines) mean and

resolved rms statistics of axial velocity at di�erent axial locations for 
ame

E. Experimental data are plotted with estimated uncertainties. . . . . . . . 71

4.15 Comparison of measured (symbols) and calculated (solid lines) mean and

resolved rms statistics of mixture fraction (left) and temperature (right) at

di�erent axial locations for 
ame E. Experimental data are plotted with

estimated uncertainties. The dashed lines in the plots of rms temperature

show the location corresponding to the stoichiometric mixture. . . . . . . . 72

4.16 Comparison of measured (symbols) and calculated (solid lines) conditional

mean mass fractions of temperature and major species at x=Dref = 7:5; 15; 30

and 45 for 
ame E. Experimental data are plotted with estimated uncertain-

ties. The dashed lines at x=Dref = 7:5 correspond to results of the Sandia


ame D simulation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73

xix



4.17 Comparison of measured (symbols) and calculated (solid lines) conditional

mean mass fractions of major and minor species at x=Dref = 7:5; 15; 30 and

45 for 
ame E. Experimental data are plotted with estimated uncertainties.

The dashed lines at x=Dref = 7:5 correspond to results of the Sandia 
ame

D simulation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

4.18 Scatter plots of Favre-�ltered temperature as function of mixture fraction for

Sandia 
ame E; left: experimental data; right: numerical simulation. The

lines correspond to a laminar 
amelet at �Z;st = 50 s�1. . . . . . . . . . . . 75

4.19 Scatter plots of Favre-�ltered mass fraction of CO2 as function of mixture

fraction for Sandia 
ame E; left: experimental data; right: numerical simu-

lation. The lines correspond to a laminar 
amelet at �Z;st = 50 s�1. . . . . 76

4.20 Scatter plots of Favre-�ltered mass fraction of CO as function of mixture frac-

tion for Sandia 
ame E; left: experimental data; right: numerical simulation.

The lines correspond to a laminar 
amelet at �Z;st = 50 s�1. . . . . . . . . 77

4.21 Scatter plots of Favre-�ltered mass fraction of H2O as function of mixture

fraction for Sandia 
ame E; left: experimental data; right: numerical simu-

lation. The lines correspond to a laminar 
amelet at �Z;st = 50 s�1. . . . . 78

4.22 Scatter plots of Favre-�ltered mass fraction of H2 as function of mixture frac-

tion for Sandia 
ame E; left: experimental data; right: numerical simulation.

The lines correspond to a laminar 
amelet at �Z;st = 50 s�1. . . . . . . . . 79

4.23 Scatter plots of Favre-�ltered mass fraction of OH as function of mixture frac-

tion for Sandia 
ame E; left: experimental data; right: numerical simulation.

The lines correspond to a laminar 
amelet at �Z;st = 50 s�1. . . . . . . . . 80

4.24 Comparison of conditional PDFs of temperature and mass fractions of CO2,

H2O, and OH at three axial locations: x=Dref = 7.5, 15, and 30. The dashed

lines for the location x=Dref = 7:5 correspond to the simulation results of

Sandia 
ame D. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81

4.25 Burning indices of 
ames D and E as function of axial distance to the fuel

nozzle. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82

4.26 Comparison of computed scalar dissipation rates for Sandia 
ames D and E. 82

xx



5.1 NO mole fraction as function of scalar dissipation rate at stoichiometry for a

methane/air 
ame at standard condition (left) and corresponding dependence

of XNO on temperature (right). . . . . . . . . . . . . . . . . . . . . . . . . . 84

5.2 Time scale ratios as function of axial distance in the jet 
ame, obtained from

the unsteady 
amelet simulation at conditions corresponding to the Sandia


ame D experiment. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87

5.3 S-shaped curve as solution of the steady 
amelet equations showing the tem-

perature as function of the scalar dissipation rate at stoichiometric mixture

fraction Zst = 0:351 for a partially premixed methane/air 
ame. The solid

line corresponds to the solution of the steady 
amelet equations without

radiative heat losses; the steady 
amelet solution under consideration of ra-

diation e�ects is shown by the dotted line; symbols correspond to solutions

of the unsteady 
amelet equations with radiation. . . . . . . . . . . . . . . 89

5.4 Comparison of measured (symbols) and calculated (solid lines) mean and rms

statistics of axial velocity, mixture fraction along the centerline for 
ame D.

Experimental data are plotted with estimated uncertainties. . . . . . . . . . 92

5.5 Comparison of the predicted mean temperature as function of h eZi along the

centerline with experimental data. . . . . . . . . . . . . . . . . . . . . . . . 93

5.6 Axial evolution of the stoichiometric scalar dissipation rate (left) and 
amelet

life time (right), obtained from the LES. . . . . . . . . . . . . . . . . . . . . 96

5.7 Comparison of the 
amelet structure for temperature and NO mole fraction

at three di�erent locations in the jet, obtained from an unsteady 
amelet

simulation for two di�erent scalar dissipation rate pro�les. . . . . . . . . . . 97

5.8 E�ects of radiation on the 
amelet temperature and NO mole fraction. . . . 98

5.9 Comparison of the model results for the Zeldovich mechanism at four di�erent

axial locations. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99

5.10 Comparison of the model results for the N2O mechanism at four di�erent

axial locations. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101

5.11 Comparison of the model results for the prompt NO mechanism at four dif-

ferent axial locations. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103

xxi



5.12 Trajectory corresponding to the solution of the representative unsteady 
amelets

(dashed line) and the pathway in the 
amelet library (vertical arrow). The

small symbols denote the unsteady 
amelet solution for the generation of the


amelet library. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104

5.13 Comparison of measured (symbols) and calculated (lines) mean NO mass

fraction along the centerline for 
ame D. . . . . . . . . . . . . . . . . . . . . 107

5.14 Comparison of measured (symbols) and calculated (lines) conditional NO

mass fractions at di�erent stream-wise locations in the 
ame. Experimental

data are plotted with estimated uncertainties. . . . . . . . . . . . . . . . . . 108

5.15 Instantaneous temperature contours at di�erent cross sections in a Pratt &

Whitney aircraft engine combustor at take-o� condition. . . . . . . . . . . . 115

5.16 Instantaneous NO mole fraction �eld at di�erent cross sections in a Pratt

& Whitney aircraft engine combustor at take-o� condition; for de�nition of

cutting planes see Fig. 5.15(a). The solid lines show the location of stoichio-

metric mixture (Zst = 0:0635). . . . . . . . . . . . . . . . . . . . . . . . . . 116

5.17 Mean temperature contours at di�erent cross sections in a Pratt & Whitney

aircraft engine combustor at take-o� condition; for de�nition of cutting planes

see Fig. 5.15(a). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117

5.18 Mean NO mole fraction �eld at di�erent cross sections in a Pratt & Whitney

aircraft engine combustor at take-o� condition; for de�nition of cutting planes

see Fig. 5.15(a). The solid lines show the location of stoichiometric mixture

(Zst = 0:0635). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118

5.19 Azimuthally averaged statistics at the combustor exit plane: (a) normalized

temperature and (b) temperature pro�le factor. . . . . . . . . . . . . . . . . 119

5.20 Azimuthally averaged NO mole fraction pro�le at the combustor exit plane. 119

5.21 Mixture fraction-conditioned data as function of the injector coordinate ��

(see Fig. 5.15(a)); left column: simulation with radiation; right column: sim-

ulation without radiation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120

5.22 PDF of Favre-�ltered mixture fraction and cumulative distribution function

as function of injector coordinate computed for a Pratt & Whitney aircraft

engine combustor at take-o� condition. . . . . . . . . . . . . . . . . . . . . . 121

xxii



6.1 Model de�nition for aerodynamically generated sound; (t;x) denotes a point

in the source region 
F and (�;y) represents the point of perception in the

acoustic domain 
A. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 125

6.2 LES grid stretching diagram: (left) axial direction; (right) radial direction.

The inlay panel in the right graph shows a zoom of the grid around the fuel

nozzle. Only every second grid point is shown by the symbols. . . . . . . . 134

6.3 Comparison of measured (symbols) and calculated (solid lines) mean and rms

statistics of axial velocity and mixture fraction along the centerline for DLR


ame A. Experimental data are plotted with estimated uncertainties. . . . . 135

6.4 Comparison of measured (symbols) and calculated (solid lines) mean and

resolved rms statistics of axial velocity (left) and mixture fraction (right) at

di�erent axial locations for DLR 
ame A. Experimental data are plotted with

estimated uncertainties. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 136

6.5 Comparison of measured (symbols) and calculated (solid lines) mean and

resolved rms statistics of temperature at di�erent axial locations for DLR


ame A. Experimental data are plotted with estimated uncertainties. . . . . 137

6.6 Comparison of measured (symbols) and calculated (solid lines) conditional

temperature and mass fractions of CH4, CO, and CO2 at x=Dref = 5; 10; 20;

and 40 for DLR 
ame A. Experimental data are plotted with estimated un-

certainties. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 138

6.7 Comparison of measured (symbols) and calculated (solid lines) conditional

mean mass fractions of major and minor species at x=Dref = 5; 10; 20; and 40

for DLR 
ame A. Experimental data are plotted with estimated uncertainties.139

6.8 Time series of acoustic source terms for four di�erent locations along the jet

lip line. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 141

6.9 Temporal energy spectra of acoustic source terms for four di�erent locations

along the jet lip line. The vertical dashed line indicates the location of the

cut-o� �lter. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 142

6.10 Acoustic source term distribution to the far-�eld pressure at location r� = 50

and y� = 0: The solid lines correspond to the advection cut-o� Strouhal number.146

6.11 Comparison of measured (symbols) and calculated (solid lines) sound pres-

sure level at two far-�eld locations. . . . . . . . . . . . . . . . . . . . . . . . 147

6.12 Comparison of experimentally measured SPL for di�erent far-�eld locations. 148

xxiii



6.13 Acoustic source term contribution to the SPL at two far-�eld locations. . . 149

6.14 Overall sound pressure level at a distance of 100 Dref . Experimental data

are rescaled. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 150

A.1 Comparison of the shapes of the presumed marginal PDFs, obtained from

the beta distribution and PSML;i(Z), using up to the fourth central moment

(i = f2; 3; 4g) as constraint, with experimental data, extracted from Sandia


ames D, E, and F. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 156

A.2 Comparison of the shapes of the condition PDFs, obtained from the beta

distribution and PSML;i(�j0:375 � Z � 0:425), using up to the fourth central

moment (i = f2; 3; 4g) as constraint, with experimental data, extracted from

the Sandia 
ames D, E, and F for x=Dref = 7:5 and 15. . . . . . . . . . . . 159

B.1 Reaction 
ux diagram for Zeldovich mechanism of a partially premixed methane/air


ame (Tab. 4.3) at �Z;st = 50 s�1. . . . . . . . . . . . . . . . . . . . . . . . 162

B.2 Reaction 
ux diagram for N2O mechanism of a partially premixed methane/air


ame (Tab. 4.3) at �Z;st = 50 s�1. . . . . . . . . . . . . . . . . . . . . . . . 162

B.3 Reaction 
ux diagram for prompt NO mechanism of a partially premixed

methane/air 
ame (Tab. 4.3) at �Z;st = 50 s�1. . . . . . . . . . . . . . . . . 164

xxiv



Chapter 1

Introduction

1.1 Motivation and Objectives

The world energy consumption is projected to increase by 57 percent from 2004 to 2030

according to the reference case forecast in the International Energy Outlook (2007). Espe-

cially the steady economic growth in the nations of the developing Asia, including China

and India, is accompanied with a faster growth in the energy consumption, compared to the

rather slow growth rate in the industrialized world. Figure 1.1 shows the history and pro-

jection of the world marketed energy consumption by energy source from 1980 to 2030. Two
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Figure 1.1: World marketed energy consumption in Quadrillion Btu by energy source from 1980
to 2030. Renewable energy sources include solar, geothermal, biomass, wind, and hydroelectricity
(International Energy Outlook, 2007).
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main observations can be made. First, renewable energy sources, including solar, geother-

mal, biomass, wind, and hydroelectric energy, cover only about eight percent of the overall

energy supply over the projected period. This is partly associated with the relatively low

fossil fuel prices for electric power generation, and partly due to the relatively early stage of

the development of the renewable technologies. Over the forecast period, petroleum remains

the dominant energy source. Second, while the oil demand in the industrialized nations is

predicted to increase mainly in the transport sector, not withstanding increasing presence

of new technologies such as fuel cell vehicles, oil consumption in the developing world is

projected to grow in all end-user sectors.

Combustion of fossil fuels is presently and in the foreseeable future the major technology

for the conversion of chemically-bound energy into electrical, mechanical, or thermal energy.

With combustion of hydrocarbon-containing fuels, unburned and partially burnt hydrocar-

bons (UHC), carbon monoxide (CO), carbon dioxide (CO2), nitrogen oxides (nitric oxide

(NO) and nitrogen dioxide (NO2)), and particles in the form of soot are released into the at-

mosphere. CO2, methane (CH4), and nitrous oxide (N2O) are the major greenhouse gases,

which are considered to be responsible for global warming. For instance, energy-related

CO2-emissions, resulting from the combustion of petroleum and natural gas, contributed to

about 85 percent of the anthropogenic greenhouse gas emissions in the United States in the

year 2004 (Documentation for Emissions of Greenhouse Gases in the United States, 2006).

Other pollution concerns are related to smog, acid rain, and ozone depletion.

Under the given �nite fossil fuel reserves, and current and future stringent emission laws,

it is utterly necessary to develop combustion devices, which are characterized by high fuel

e�ciency, stable and safe operation conditions, and low pollutant emissions.

The development of compact combustors in advanced propulsion systems is an example

of recent achievements in order to meet con
icting requirements of increased performance,

reduced speci�c fuel consumption, and improved durability with reduced engine weight and

reduced nitrogen oxide emissions. In jet engines, nitric oxide is considered to be produced

mostly via the thermal or Zeldovich mechanism. This mechanism is su�ciently fast only at

high temperatures. Consequently, a decrease of the 
ame temperature or the residence time

reduces the NO production through this mechanism. The residence time of conventional

combustion chambers is typically proportional to the axial length of the system. There-

fore, minimization of the combustor volume results in a reduction of the residence time and

may lead to a decrease in NO formation. However, intermediate products, such as carbon
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monoxide and unburned hydrocarbons, may be emitted due to incomplete combustion. In-

complete combustion not only leads to elevated pollutant emissions, but also to a reduction

of the device e�ciency, since not all of the chemically-bound energy is converted into heat.

Heat release in non-premixed combustion is almost entirely determined by the mixing

rate (Bilger, 1976). Rapid mixing of the initially separated fuel and oxidizer is required to

maximize the heat release rate and overall e�ciency of such compact combustors. The rate

of mixing in non-premixed combustion is expressed by the scalar dissipation rate

�Z = 2�Z jrZj2 ; (1.1)

where �Z is the molecular di�usivity of the mixture fraction Z. If the scalar dissipation rate

exceeds a critical value, which is dependent on chemical composition and 
ame environment,

the 
ame can locally be quenched and extinguished. The unburned fuel/air mixture can

reignite by reduction of the scalar dissipation rate and su�cient heat and radical transfer

from the burning regions surrounding the extinguished pocket. If large regions of high

scalar dissipation rate occur, especially near the fuel nozzle, locally extinguished premixed

pockets remain unburned without reignition. This may lead to lift-o� and subsequent 
ame

blow-out.

Numerical simulation techniques have the potential to provide valuable information for

the design of combustion systems, if adequate models are available. The development of

such models for the description of di�erent physical phenomena in such complex combustors

requires the consideration of a wide range of length scales and time scales, which are dictated

by the 
ow regime and the combustion chemistry. Furthermore, 
ow unsteadiness, including


ow separation, swirl, or 
ame lift-o�, requires accurate prediction in order to guarantee

stable operation conditions. Also, e�ects such as the generation of combustion-induced

noise gain increasing attention in the design of combustors. The reason for this is that noise

pollution can be a nuisance, and future regulations, for instance in the certi�cation process

of aircraft, will enforce severe limitations on the overall noise emissions.

In the present work, a 
amelet-based combustion model is employed for the prediction

of non-premixed combustion. In this model, a turbulent di�usion 
ame is considered as an

ensemble of laminar 
amelets embedded in a turbulent 
ow (Peters, 1983, 1984), and all

thermochemical species are described by a reduced set of scalars. In this respect, a 
amelet

model can be considered as a lower-dimensional manifold representation of the chemistry,
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which is combined with a multiscale model. In applications to turbulent reactive 
ows, the

model employs a presumed PDF approach as closure for the �ltered thermochemical quan-

tities. Apart from its simplicity, the main advantage of this model over other approaches is

that it can account for complex chemistry by employing a tabulation technique. Further-

more, the computational cost for this combustion model is modest, since only the solution

of a reduced set of scalars is required for the parameterization of all species.

Recently, Pierce & Moin (2001, 2004) developed a so-called 
amelet/progress variable

(FPV) model for application in LES. In this work, they successfully predicted 
ame lift-

o� in a con�ned combustor con�guration; however, extinction and reignition and also the

consideration of slow chemical processes, such as radiation and NO formation, have not

been addressed.

The objective of this work is to generalize the FPV model by systematically and con-

sistently integrating physical phenomena which are crucial for the accurate prediction of

non-premixed combustion devices. Speci�cally, the characterization of extinction and reig-

nition e�ects, and also the prediction of NO pollutant formation are essential components in

a high �delity simulation method for turbulent combustion in the design of next-generation,

low emission combustion systems. Additionally, a model for the prediction of combustion-

generated noise has been developed from the FPV model by employing Lighthill’s acoustic

analogy. These model extensions represent essential components towards a generalized

combustion model for the prediction of non-premixed turbulent combustion.

An important part in the model development consists in the validation of the indi-

vidual model components. Therefore, highly accurate measurements of well-characterized

experimental con�gurations are required, which are designed to study the di�erent phys-

ical phenomena in isolation. Despite the enormous advancements in the development of

modern measurement techniques, it is important to appreciate that accurate measurements

inside complex combustor devices are di�cult to perform. Reasons for this are the hos-

tile environment, the unsteady and three-dimensional 
ow regime, and the limited access

for non-intrusive measurement techniques. In the absence of comprehensive experimen-

tal data for a complex combustor con�guration, which would be of interest in this work,

the developed components of the combustion model are validated using canonical 
ame

con�gurations, which have been extensively studied and documented over recent years.
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1.2 Large-Eddy Simulation

In LES, the large, energy-containing and geometry-dependent scales of motion are numer-

ically resolved, while the e�ects of the numerically unresolved scales onto the large scales

require modeling. The residual scales typically extract energy from the turbulent 
ow �eld,

which is then dissipated into heat by viscous e�ects.

Reynolds-averaged Navier-Stokes (RANS) calculations are often employed when the

choice of the simulation method is determined by the turnaround time, rather than the ac-

curacy. This is often the case when parameter sensitivities are studied, in which qualitative

rather than quantitative predictions are of interest. Compared to RANS simulations, LES

typically provides results of higher accuracy, which is particularly important for the pre-

diction of pollutants. However, the improved accuracy is achieved at considerably higher

computational costs. Despite the costs, high �delity LES is an attractive alternative to

physical testing, and its popularity is increasing with further advancements in computer

technology.

In turbulent non-premixed combustion, the initially separated fuel and oxidizer are

stirred by macroscopic mixing over a wide range of turbulent scales. However, only the

mixing of the reactants on the molecular level enables chemical reactions, which is only

facilitated by molecular di�usion. Since the chemical reaction and heat release is most active

on the small scales, it is evident that - similar to RANS - the chemical source term requires

modeling in LES. Therefore, it appears somewhat paradoxical that LES provides substantial

advantage for the prediction of turbulent reactive 
ows over RANS simulations. However,

LES predicts the unsteady scalar mixing process and the dissipation rates, and thereby

the combustion process, with considerably improved accuracy compared to RANS (Pitsch,

2006). For instance, Pitsch (2002) performed numerical simulations using an unsteady


amelet model, in which the scalar dissipation rate appears as external parameter. In this

work, it was shown that the consideration of the resolved 
uctuations of the �ltered scalar

dissipation rate results in substantially improved predictions of minor species.

In the present study, combustion models are developed with focus on application in LES.

The essential objective here is the development of closure models for the residual quantities,

which arise from the LES �ltering procedure. Di�erent validation cases are carefully selected

in order to test the performance of each model component.
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1.3 Combustion Models for the Prediction of Non-Premixed

Turbulent Flames

Several models have been proposed for the prediction of non-premixed turbulent combustion

processes. Among these are the 
amelet models (Peters, 1983, 1984), the transported

probability density function (TPDF) method (Pope, 1985; Dopazo, 1994), the conditional

moment closure (CMC) method (Klimenko, 1990; Bilger, 1993; Klimenko & Bilger, 1999),

and linear eddy modeling (Kerstein, 1992a,b; McMurtry et al., 1993). A comprehensive

review of turbulent combustion models can be found in the monograph by Peters (2000).

Over recent years, application of LES to chemical reacting 
ow has been a subject of

growing interest and signi�cant advancements have been achieved. The steady laminar


amelet model has been employed in a priori studies of LES combustion models (Cook &

Riley, 1998; de Bruyn Kops et al., 1998), and also in LES applications of jet 
ames and

blu�-body stabilized 
ames (Kempf et al., 2002, 2005; Renfro et al., 2004; Stein et al., 2007;

Stein & Kempf, 2007).

Pitsch & Steiner (2000) successfully employed an unsteady 
amelet model in LES of a

piloted methane/air di�usion 
ame (Barlow, 1996; Barlow & Frank, 1998). In this work, an

unsteady 
amelet solver was coupled to the LES to provide information about the �ltered

thermochemical quantities required to integrate the turbulent reactive 
ow �eld in time. In

this model, the 
amelet life time is expressed in terms of a Lagrangian time, which limits

the application of the model to canonical 
ows.

Pierce & Moin (2001, 2004) developed a 
amelet/progress variable (FPV) model for

application in LES. This model is based on the steady laminar 
amelet concept; however,

in addition to the mixture fraction, it uses a reaction progress variable instead of the scalar

dissipation rate for the parameterization of all thermochemical quantities. A transport

equation for the �ltered progress variable is solved, and the �ltered chemical source term is

closed using a presumed PDF approach. The FPV model is similar to models by Janicka

& Kollmann (1978), Bruel et al. (1990), and Zhang et al. (1995), where a parameterization

with a reactive scalar was also used. Furthermore, the model can also be interpreted as an

intrinsically low dimensional manifold (ILDM) model (Maas & Pope, 1992) with the ILDM

constructed from the solution of the 
amelet equations.

In the CMC model, originally proposed for application in RANS, mixture fraction condi-

tioned transport equations for all reactive scalars are solved (Klimenko, 1990; Bilger, 1993;
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Klimenko & Bilger, 1999). In this model, the mixture fraction is introduced as independent

variable in addition to the time and the three spatial coordinates. The CMC model has been

formulated by Kim & Pitsch (2005) for LES and applied in LES of a blu�-body stabilized


ame (Kim & Pitsch, 2006).

Bushe & Steiner (1999) developed a conditional source term estimation method. This

model is based on the CMC hypothesis, in which the conditionally averaged composition

vector and temperature are obtained by mapping the corresponding spatially �ltered scalar

�elds into the mixture fraction space. The robustness and model capability has been demon-

strated in LES application to a methane/air 
ame using a two-step mechanism (Steiner &

Bushe, 2001).

The transported PDF method has been applied in RANS simulations of turbulent re-

active 
ows (Pope, 1985; Chen et al., 1989; Xu & Pope, 2000). While the chemical source

term appears in closed form, the major shortcoming of this method is that the molecular

mixing requires multipoint information and has therefore to be modeled. Only recently,

the TPDF method has been applied to LES of jet 
ame con�gurations by Raman et al.

(2005) and Raman & Pitsch (2007). The main challenges are the computational cost and

the robust formulation of the algorithm in LES application.

The linear eddy model (LEM) has been proposed by Kerstein (1992a,b) as a method for

simulating molecular mixing on a one-dimensional domain which is embedded in a turbulent


ow. The turbulence evolves in a one-dimensional domain with su�cient resolution to

include all physical relevant length scales. Menon & Calhoon (1996) have used the LEM

formulation as residual scale model in LES application, in which scalar mixing at moderate

heat release was investigated under the consideration of one-step chemistry. Recently, the


ow structure of two blu�-body stabilized 
ames was studied by employing LES-LEM by El-

Asrag & Menon (2007).

1.4 Accomplishments

The following list summarizes the important contributions of this work:

� A priori analysis of the FPV model for the prediction of 
ame extinction and reigni-

tion, in which modeling of the presumed joint PDF of mixture fraction and reaction

progress parameter and consideration of unsteady e�ects have been identi�ed as po-

tential areas for the improvement of the FPV model.
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� Extension of the FPV model by including higher-order moment information in the

construction of the presumed PDF. The extended FPV model was applied in LES of

Sandia 
ames D and E.

� Extension of the FPV model to account for radiative heat loss e�ects by including the

total enthalpy as additional parameter in the FPV model; Demonstration that the

model results in considerably improved predictions for temperature in application to

Sandia 
ame D.

� Development of a model for the prediction of nitric oxide formation by solving a

transport equation for the NO mass fraction; Development of a consistent model

for the chemical source term for NO, and demonstration of the accuracy in model

analysis for three major NO formation mechanisms. The model was applied in LES of

Sandia 
ame D and a Pratt & Whitney PW 6000 combustor con�guration at take-o�

condition.

� Development of a framework for the generation of optimal arti�cial neural networks

(ANNs) using a generalized pattern search algorithm. Demonstration of better accu-

racy and reduced storage requirements of optimal ANNs over conventional tabulation

techniques when applied to chemistry representation.

� Development of a model for the prediction of combustion-generated noise by extending

Lighthill’s acoustic analogy. Identi�cation of di�erent acoustic source term contribu-

tions in LES application to DLR 
ame A.



Chapter 2

Mathematical Model

In this chapter, the detailed set of governing equations describing the spatial and temporal

evolution of a reactive 
ow are presented. Under conditions relevant to applications of

interest, these equations can further be simpli�ed resulting in a working set of equations,

which will be employed in the following sections.

The 
amelet model for non-premixed combustion is introduced in Section 2.5. This

model represents the foundation of the LES combustion model applied throughout this

work. Therefore, a concise model derivation is presented, and the underlying assumptions

in the derivation are discussed.

2.1 Transport Equations

The governing equations describing transport of mass, momentum, species mass fractions,

and enthalpy together with the equation of state for a multicomponent reacting ideal gas

mixture, written in coordinate-free vector notation, are

Dt� = ��r � u ; (2:1a)

�Dtu = �rp+ r � � + �
X

�

Y�g� ; (2:1b)

�DtY� = �r � (�v�Y�) + � _!� ; (2:1c)

�DtH = Dtp+ � : ru� rq + �
X

�

Y�g� � (u+ v�) � _qR ; (2:1d)

p = �R� : (2:1e)

9
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The viscous stress tensor, appearing in Eq. (2:1b), can be written as

� = 2�S + �B(r � u)I with S =
1

2
[ru+ (ru)T] : (2.2)

The di�usion velocities may be obtained from the implicit expression for the mass di�u-

sion (Williams, 1985)

rX� =
X

�

X�X�

���
(v� � v�) +X�

�
W�

W
� 1

�
r ln(p) +

�

p

X

�

Y�Y�(g� � g�)

+
X

�

X�X�

����

�
��;�

Y�
�
��;�

Y�

�
r ln(�) ;

(2.3)

in which ��� denotes the binary mass di�usion coe�cient matrix element. The �rst term

in Eq. (2.3) describes the Stefan-Maxwell di�usion, the second term is the di�usion due

to pressure gradients, the third term is the body-force driven di�usion, and the last term

represents mass di�usion due to temperature gradients. The solution of the linear system

for v� is computationally expensive when the number of species becomes large (Poinsot

& Veynante, 2001). Therefore, simpler expressions such as Fick’s law or Hirschfelder and

Curtiss approximation are often employed (Co�ee & Heimerl, 1981).

The heat 
ux vector can be written as

q = ��r� + �
X

�

v�Y�H� + R�
X

�

X

�

X���;�

W����
(v� � v�) : (2.4)

The �rst term in the above equation describes heat conduction, the second term is the

heat 
ux due to species di�usion, and the third term represents heat 
ux due to density

gradients.

Since the total mass of the system is conserved, the summation of Eq. (2:1c) over all

species � = 1; : : : ; Ns yields the mass conservation equation

X

�

Y� = 1 : (2.5)

This, in turn, requires that X

�

_!� = 0 (2.6)
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and X

�

Y�v� = 0 (2.7)

The mass fraction of species � is related to its mole fraction by

Y� =
W�

W
X� (2.8)

and

W�1 =
X

�

Y�
W�

: (2.9)

2.2 Simplifying Assumptions

In order to make numerical simulations computationally tractable, simplifying assumptions

are employed. In these assumptions, physical e�ects which are unimportant for the class of

combustion problems of interest in this work are neglected (Williams, 1985; Peters, 2000).

The individual assumptions resulting in the working set of equations are listed below.

1. Buoyancy e�ects: The ratio of inertial force to buoyancy force is characterized by the

global Froude number, de�ned as

Fr =
Urefp

jjgjjDref

: (2.10)

The primary 
ows of interest in this work are turbulent shear 
ows at low Mach num-

bers and standard conditions with characteristic length scales of Dref � O(10�2 m).

For these 
ow con�gurations the global Froude number is typically Fr � O(102).

Becker & Yamazaki (1978) established a criterion by which the local buoyancy e�ect

in a 
ame can be quanti�ed. They de�ned a non-dimensional stream-wise coordinate

� with

� = Fr�2=3 x

Dref

�
�1

�ref

�1=3

: (2.11)

This expression accounts for the density di�erence between the jet and ambient 
uid.

Buoyancy e�ects are considered to be negligible for � < 1. Performing the calculation

for the case of equal density fuel and oxidizer streams in a turbulent round jet con-

�guration shows that buoyancy e�ects are non-negligible for x > 25Dref : Therefore,

buoyancy e�ects are considered in the following numerical simulations. In a numerical
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study of turbulent round jets it has been found that buoyancy e�ects have a negli-

gible e�ect on the axial decay of velocity and scalars; however, buoyancy results in

a considerable increase in the jet entrainment rate compared to a reactive jet with

in�nite Froude number (Ihme & Pitsch, 2007). The body force vector in Eq. (2:1b) is

assumed to be identical for all species, so that g = g�.

2. Bulk viscosity: The isotropy of the pressure acting on the surface of a control volume

�V requires that trace(�) = 0, so that the mechanical pressure is identical to the

thermodynamical pressure. This condition leads to Stokes’ hypothesis (Stokes, 1845)

with �B = �2
3�.

3. Viscous dissipation: The term describing viscous dissipation in Eq. (2:1d) scales with

O(Re�1Ec�1), where Re and Ec denote the Reynolds number and the Eckert number,

respectively. Since we are interested in high Reynolds number exothermic 
ows, this

term is neglected.

4. Di�usive 
uxes: Using Fick’s law, the di�usion velocity can conveniently be expressed

in terms of the mixture di�usivity �� (Williams, 1985), which then reduces to

v� = ���r ln(Y�) : (2.12)

5. Pressure e�ects: It can be shown that the substantial derivative of the pressure in the

enthalpy equation scales with O(Ec�1) and will therefore be neglected here.

In a low Mach number, variable density approximation, acoustic and incompressible

e�ects are neglected. Therefore, variations in the thermochemical composition with

respect to small changes in pressure are neglected, or

 (H;Y ; p+ �p) =  (H;Y ; p) + �p @p jH;YYY| {z }
=0

: (2.13)

6. Di�erential di�usion e�ects: The Lewis number, de�ned as

Le� =
�

cp��a
; (2.14)

represents the ratio of thermal to species di�usivities. It has been shown by asymp-

totic analyses (Williams, 1985) that di�erential di�usion, characterized by non-unity
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Lewis numbers, in
uences the structure and stability of laminar 
ames. E�ects of

non-unity Lewis numbers in turbulent di�usion 
ames have also been observed ex-

perimentally (Drake et al., 1981, 1986; Bergmann et al., 1998; Meier et al., 2000).

Because of the small Lewis number of H2/air di�usion 
ames, di�erential di�usion ef-

fects are more pronounced in these 
ames. However, non-unity Lewis number e�ects

have also been reported for hydrocarbon 
ames (Bergmann et al., 1998; Meier et al.,

2000), and have also been con�rmed by numerical simulations (Yeung & Pope, 1993;

Nilsen & Kos�aly, 1997; Kronenburg & Bilger, 1997; Nilsen & Kos�aly, 1999; Pitsch,

2000). Generally, the importance of these e�ects decreases with axial distance to the

nozzle and with increasing Reynolds number (Drake et al., 1986; Meier et al., 2000).

Therefore, the e�ect on turbulent 
ames of technical relevance is usually negligible.

In a turbulent di�usion 
ame, the thin reaction zone is surrounded by a molecular

transport layer, and embedded within the turbulent 
ow. In the case of su�ciently

fast chemistry, as for instance for methane/air combustion, reaction and molecular

di�usion occur in thin layers of approximately equal di�usivities. However, in the

case of more general chemistry, such as heavy hydrocarbon combustion, the fuel is

�rst converted into intermediate species, which can occur in broader layers. The


ame structure in these layers is determined by molecular e�ects and di�erential

di�usion requires consideration. The regions outside of the laminar transport layer

in the fuel-lean and fuel-rich part of the 
ame are governed by turbulent mixing, and

molecular transport is usually small. Since transport of species and temperature in the

turbulent 
ow region are governed by the same mechanism, this can be characterized

by a turbulent Lewis number of unity.

In the present work, the structure of the 
ame is characterized using the laminar


amelet concept. In this model, the thermochemical composition of the 
ame is

described with respect to a conserved scalar, and e�ects of the turbulent 
ow �eld on

the 
ame structure are accounted for by the scalar dissipation rate. The turbulent

transport outside of the molecular transport layer is modeled by equal di�usivities,

corresponding to unity Lewis numbers for all species.

It is important to note that the consideration of di�erential di�usion e�ects outside

of the molecular transport layer is important in laminar 
ames or 
ames at low and

transitional Reynolds numbers. In this context, it is important to appreciate that
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the heat release and the temperature dependence of the molecular properties have

a laminarizing e�ect in the nozzle-near region of turbulent di�usion 
ames. In this

case, di�erential di�usion e�ects may become important. This has experimentally

been con�rmed by Bergmann et al. (1998) and Meier et al. (2000) for a CH4/H2/N2-

air 
ame. Numerical simulations of this 
ame have been performed by Pitsch (2000),

where it is shown that results obtained with unity Lewis number assumption are in

better agreement with experimental data compared to detailed molecular transport.

It was also shown that these results can marginally be improved, when di�erential

di�usion e�ects are considered in the region up to ten diameters downstream of the

fuel nozzle.

From these �ndings it is concluded that the choice of unity Lewis numbers is more ap-

propriate for turbulent di�usion 
ames at high Reynolds numbers, which are of interest

in the present work. Therefore, equal species di�usivities are invoked throughout this

work.

These simplifying assumptions result in the following system of governing equations:

Dt� = ��r � u ; (2:15a)

�Dtu = �rp+ r � � + �g ; (2:15b)

�DtY� = r � (��rY�) + � _!� ; (2:15c)

�DtH = r � (��rH) � _qR ; (2:15d)

p = �
R

W
� : (2:15e)

2.3 Dimensionless Equations

The governing equations presented in the previous section are here written in dimensional

form. In some of the simplifying model assumptions, non-dimensional groups were employed

to identify small terms compared to the leading order terms. In this section, the simpli-

�ed governing equations are written in non-dimensional form by employing the following
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dimensionless variables:

D�
t =

Dref

Uref
Dt ; r� = Drefr ; u� =

u

Uref
; �� =

�

�ref
;

p� =
p

�refU
2
ref

; �� =
�

�ref
; �� =

�

�ref
; _q�

R =
_qRcp;ref�ref��ref

Dref
; (2.16)

H� =
H

cp;ref��ref
; �� =

�

��ref
; ��

Z =
D2

ref

�ref
�Z ; _!�

� =
_!�Wref

Y�;ref�refAref
exp

�
Eref

R��ref

�
;

�� =
��Dref

�ref�refUref
:

With the assumptions and simpli�cations of Section 2.2, the system of governing equa-

tions (2.1) may be written in dimensionless form as:

D�
t �

� = ���r� � u� ; (2:17a)

��D�
tu

� = �r�p� +
1

Re
r� � �� +

1

Fr2
bex� ; (2:17b)

��D�
t Y

�
� =

1

Re Sc
r� � (����r�Y �

� ) + Da�� _!�
� ; (2:17c)

��D�
tH

� =
1

Re Sc
[r� � (����r�H�) � _q�

R] ; (2:17d)

p� =
1

Ec
��R��� : (2:17e)

As a result of the non-dimensionalization, the similarity parameters are de�ned as

Reynolds number: Re=
UrefDref

�ref
;

Schmidt number: Sc =
�ref

�ref
;

Damk�ohler number: Da=
Dref

Uref

�refAref

Wref
exp

�
�

Eref

R��ref

�
;

Eckert number: Ec=
U2

ref

cp;ref��ref
;

Froude number: Fr =
Urefp
jgjDref

;

Mach number: M =
Uref

aref
;

Strouhal number: St =
fDref

Uref
:
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2.4 Mixture Fraction

In non-premixed 
ames, fuel and oxidizer streams are separately fed into the combustion

system. Subsequent mixing of the reactants occurs on a molecular level and results in the

formation of a stoichiometric surface. In the proximity of this surface, a reaction zone is

established, in which the heat release due to the exothermic reaction leads to a temperature

increase. The di�usion of reaction products and temperature out of the reaction-di�usion

layer, and the subsequent mixing of the products with the reactants, leads to a rapid termi-

nation of the chemical reactions outside the reaction zone. Therefore, non-premixed 
ames

can mainly be characterized by a local balance between di�usion and reaction. Since the

time scales associated with the chemical reactions are typically several orders of magnitude

smaller than the characteristic time scales of convection and di�usion, heat release and

chemical conversion rates are mainly determined by di�usion e�ects (Peters, 1983).

In the limit of in�nitely fast chemical reactions, the reaction zone has zero thickness. In

this case, Burke & Schumann (1928) de�ned a coupling function from the mass fractions

of the reactants. Using this coupling function, they were able to analytically characterize

the reaction zone in a di�usion 
ame. In the case of �nite rate chemistry, the concept of a

coupling function remains useful, and, in fact, represents one of the fundamental bases for

the characterization of di�usion 
ames.

A conserved scalar, often called mixture fraction, can be de�ned by using a coupling

function. In the case of a single-step chemical reaction,

X

�

� 0
�M� ! P ; (2.18)

a coupling function can be derived using elementary mass fractions (Williams, 1985; Bilger,

1976)

Z� =
X

�

n��W�

W�
Y� ; (2.19)

with n�� denoting the number of atoms of element � in molecule �, and W corresponding

to the molecular weight.

A transport equation for Z� can be obtained by applying the linear operator

L = �Dt � r � (��Zr) (2.20)
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to Eq. (2.19), resulting in

L(Z�) = � _!
X

�

a��W��
0
� : (2.21)

The chemical source term in this equation can be eliminated by choosing a linear combi-

nation of di�erent elementary mass fractions, for instance � = fC;Hg (Barlow & Frank,

1998). The de�nition of the coupling function with

� =
ZCP

� n�CWC� 0
�

�
ZHP

� n�HWH� 0
�

(2.22)

leads to a conservation equation for �

L(�) = 0 : (2.23)

The normalization of � with the elementary composition in the fuel and oxidizer streams as

Z =
� � �F

�O � �F
(2.24)

results in a convection-di�usion equation for the mixture fraction

�DtZ = r � (��ZrZ) : (2.25)

The di�usivity is thereby related to the thermal di�usivity.

2.5 Flamelet Model

In the laminar 
amelet model, a turbulent di�usion 
ame is considered as an ensemble of

laminar 
amelets (Peters, 1983, 1984). At su�ciently large Damk�ohler number or su�-

ciently high activation energy, chemical reactions and heat transfer occur in a thin layer.

If the characteristic length scale of this layer is smaller than that of the surrounding tur-

bulence, the turbulent structures are unable to penetrate the reaction zone and are unable

to destroy the 
ame structure. The e�ect of turbulence in this so-called 
amelet regime

results in a deformation and stretching of the 
ame sheet. With this notion, a 
amelet can

be considered as a thin reaction zone surrounded by a molecular transport layer, which, in

turn, is embedded within a turbulent 
ow (Williams, 2006). In strongly turbulent 
ows, in
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which time scales characterizing convection and di�usion e�ects are comparable to chemi-

cal times scales, non-equilibrium e�ects become important and require consideration. The

structure of the 
ame in the 
amelet regime can be described by the 
amelet equations.

The one-dimensional laminar 
amelet equations can be derived by introducing a new

coordinate system which is locally attached to the surface of stoichiometric mixture. In this

coordinate system, the x2 and x3 directions are aligned with the stoichiometric surface and

the x1 direction is perpendicular to it. Furthermore, replacing the x1 coordinate with the

mixture fraction results in a Crocco-type transformation with

(t; x1; x2; x3) ! (t; Z(t;x); Z2; Z3) ; (2.26)

in which x1 = Z, x2 = Z2, and x3 = Z3. It is important to point out that this particular

transformation results in a non-orthogonal system. Other choices for the directions in Z2 and

Z3 are equally valid and result in identical 
amelet equations to leading order (Klimenko,

2001). Using relation (2.26), the transformation of the operators can be written as (Pitsch,

1998b)

@t ! @t + @tZ@Z ; (2:27a)

r ! rZ@Z + rZ;? with rZ;? = (0; @Z2
; @Z3

)T : (2:27b)

Applying the transformations (2.27) to Eqs. (2:17c) and (2:17d), and making use of Eq. (2.25)

results in the 
amelet equations

�@t �
1

2
��Z@

2
Z � _m = � �u � rZ;? + rZ;? � (��rZ;? )

+ 2��rZ � rZ;?@Z + @Z(��)rZ � rZ;? ;

(2.28)

with  = (Y T;H)T, _m = (� _!T;� _qR)T. In this equation, �Z = 2�jrZj2 is the scalar

dissipation rate, which represents an inverse characteristic di�usion time scale, describing

the local rate of mixing of fuel and air.

In an asymptotic analysis, Peters introduced a stretched coordinate,

� =
1

�
(Z � Zst) ; (2.29)

in which � is a small parameter related to the inverse of the activation energy. By introducing
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� in Eq. (2.28), he showed that the terms on the RHS are of higher order in �, and can

therefore be neglected over changes in 
ame surface normal direction.

In Eq. (2.28), the scalar dissipation rate appears as an external parameter and has

to be speci�ed as function of the mixture fraction. An analytical expression for �Z can be

obtained from the solution of a one-dimensional mixing layer problem. Peters (1983) showed

that for this case the scalar dissipation rate has the following form

�Z(Z) = �Z;st exp
n

2
��

erfc�1(2Zst)
�2

�
�
erfc�1(2Z)

�2�o
; (2.30)

which is only a function of Z and a reference scalar dissipation rate at stoichiometric con-

ditions.

Pitsch et al. (1998) argued that a semi-in�nite mixing layer, modeled by homogeneous

boundary conditions on the fuel side, allows for a better description of the complete mixing

of the fuel with the surrounding air. The analytical expression to this problem is

�Z(Z) = �Z;st
Z2

Z2
st

ln(Z)

ln(Zst)
: (2.31)

With an expression for the mixture fraction dependence on the scalar dissipation rate,

such as Eqs. (2.30) and (2.31), the 
amelet equations, Eq. (2.28), can be solved as function

of a single parameter �Z;st. By omitting the temporal derivative in Eq. (2.28) the stationary

laminar 
amelet model (SLFM) is obtained. In this steady state model, de�ned by

��Z@
2
Z =

_m

�
: (2.32)

The solution of Eq. (2.32) can be represented by the so-called \S-shaped curve" and is

shown in Fig. 2.1(a). The lower and upper branches of this curve describe the stable burning

and non-reacting steady states, while the middle branch is unstable. The thermochemical

structure of a 
amelet can then be represented by a two-dimensional manifold of the form

 = E   (Z;�Z;st) : (2.33)

This model is particularly appealing for engineering calculations, because steady 
amelet

pro�les can be compiled into a library accounting for complex chemistry (Peters, 2000).

Neglecting 
ame-dynamic e�ects in Eq. (2.32) assumes that the 
ame structure has an
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Figure 2.1: Solution of the steady 
amelet equations for methane/air combustion (�F = 300
K, �O = 750 K, p = 1 bar); left: S-shaped curve showing the stoichiometric temperature �st as
function of the stoichiometric scalar dissipation rate �Z;st. The turning point between the upper
and the middle branch is denoted by �Z;q, and �Z;i corresponds to the point separating the lower
and middle branch; right: three temperature pro�les for �Z;st = 1 s�1, corresponding to the lower,
middle, and upper branches, respectively.

in�nitely fast response time to changes in the scalar dissipation rate, or, in other words,

�Z changes on a su�ciently slow time scale. Haworth et al. (1988) proposed an ad hoc

modi�cation of SLFM in application to simulations of reactive jet 
ows. In this work,

they accounted for �nite 
ame response by limiting temporal changes in �Z . In a later

work, Mell et al. (1994) analyzed the contribution of the unsteady term in a DNS for an

incompressible, one-step, irreversible reaction using activation energy asymptotics (AEA),

where they proposed a criterion to assess quasi-steadiness.

In modeling of jet di�usion 
ames, using an unsteady 
amelet model, Pitsch et al. (1998)

compared the 
amelet life time with a di�usion time scale

Mi =
�u

�m
; (2.34)

with

�u =

Z x

0
[ux(�)jZst

]�1d� ; (2:35a)

�m =
Z2

�Z

����
Zst

: (2:35b)
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In the case that Mi � 1 the mixing time is fast compared to the Lagrangian time. Thus, the


amelet is able to respond to rapid changes in �Z , and the unsteady term in the 
amelet

equations can be neglected.

Based on a two-dimensional DNS of a 
ame-vortex interaction using one-step chemical

reaction, Cuenot & Poinsot (1994) developed a spectral diagram in which they identi�ed

region where the quasi-steady assumption is valid. In a more recent work, Swaminathan

(2002) re�ned Mell’s criterion for the validity of SLFM approximation using rate ratio

asymptotics.

2.6 Flamelet/Progress Variable Model

The thermochemical state relation of the steady 
amelet equations can be written in the

form of Eq. (2.33). However, a unique parameterization of the entire S-shaped curve is not

possible using this expression since multiple solutions exists for values of the scalar dissipa-

tion rate in the range �Z;i � �Z;st � �Z;q. Therefore, in applications of the 
amelet model,

typically only the burning branch of the S-shaped curve is considered (see Fig. 2.2(a)). This

implies that any state for �Z;st > �Z;q cannot be described, and that any transitional state

between the upper and lower stable branch be projected onto the burning solution curve.

Hence, the 
amelet model parameterized with the scalar dissipation rate corresponds to a

vertical projection onto the S-shape curve.

In order to overcome the ambiguity of the steady 
amelet model, a reaction progress

parameter � has been introduced in the FPV model (Pierce & Moin, 2001, 2004). This

parameter is chosen so that it uniquely identi�es each single 
ame state along the S-shaped

curve, including the unstable branch. Flamelets experiencing a transition from the burning

to the extinguished 
ame state or those which are likely to reignite are then projected

horizontally onto the S-shaped curve (see Fig. 2.2(b)). Di�erent choices for the de�nition

of the reaction progress parameter are possible, as long as its de�nition allows for a unique

identi�cation of all 
amelets (Ihme et al., 2005). A second constraint on the de�nition

of � is that it be statistically independent of the mixture fraction. This condition will

later result in model simpli�cation of the joint PDF (see Sec. 3.4). The de�nition of �

makes use of a reaction progress variable C, which can itself be represented, for instance,

by the temperature or by a linear combination of major reaction product mass fractions.
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Figure 2.2: Comparison of (a) steady laminar 
amelet model with (b) 
amelet/progress variable
model; methane/air combustion (�F = 300 K, �O = 750 K, p = 1 bar). The dashed line shows the
solution of the steady 
amelet equations and the solid lines represent the accessible solution in the
SLFM and FPV model.

Therefore, a possible de�nition of the reaction progress parameter could be

� = CjZst ; (2.36)

corresponding to the value of the progress variable of each 
amelet, evaluated at stoichio-

metric conditions. With this, the 
amelet library in the FPV model could be written as

 = F   (Z;�) : (2.37)

Note that this is di�erent from Eq. (2.33), as it includes all solutions of the steady state


amelet equations. The reaction progress variable C can then be expressed as

C = FC(Z;�) : (2.38)

An equation for � can be obtained by inserting Eq. (2.38) into the transport equation for

the progress variable

�DtC = r � (��rC) + � _!C : (2.39)
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Applying the chain rule and utilizing Eq. (2.25) with �Z = � leads then to

�Dt� =r(��r�) + � _!C@c�

+ ��@C�
�
jrZj2@2

ZC + 2rZ � r�@Z@�C + jr�j2@2
�C
�
:

(2.40)

In principle this equation can be solved; however, the terms in square bracket require

modeling in numerical simulations of turbulent 
ows which is non-trivial. Instead, it appears

to be more convenient to solve Eq. (2.39) and use C to parameterize the 
amelet table. In

the FPV model this is done as follows. Under the assumption that FC is invertible, � can

be expressed in terms of Z and C

� = F�1
C (Z;C) ; (2.41)

requiring that FC is bijective. Eliminating � by inserting this expression into Eq. (2.37)

allows all thermochemical quantities to be expressed in terms of the mixture fraction and

progress variable only. With this, the state relation can be written as

 = G   (Z;C) ; (2.42)

where G   (Z;C) = F   (Z;F�1
C (Z;C)).

Pierce & Moin (2001) interpreted the FPV model in the context of an unsteady 
amelet

formulation. Under the assumption of equal 
ame structure between both models, they

were able to relate the unsteady term to a relaxation term due to the discrepancy of the

scalar dissipation rate between the FPV model and the steady state solution. With this,

the trajectory during the relaxation of a 
amelet towards the steady 
amelet solution is

in
uenced by an e�ective scalar dissipation rate. In this respect, the FPV model is similar

to the equivalent strain rate formulation by Cuenot et al. (2000).

It is important to appreciate that the 
ame structures between steady and unsteady


amelets are di�erent for equal FPV conditions, namely the same � and Z values. This is

shown in Fig. 2.3. The left panel of this �gure shows the S-shaped curve and three di�erent


ame states. The two unsteady 
amelets, denoted by �e and �r represent extinguishing

and reigniting 
amelets, respectively. The steady 
amelet is denoted by �s. All three states

have an identical 
amelet parameterization in the FPV context, despite the di�erences in


ame structure, shown in the right panel of Fig. 2.3.
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Figure 2.3: Flame structure of three di�erent 
amelets for identical FPV condition; �e and �r rep-
resent extinguishing and reigniting unsteady 
amelets; �s represents a steady 
amelet at conditions
near quenching. The solid line in the right panel represents the stoichiometric condition Zst = 0:055
for methane/air combustion (�F = 300 K, �O = 750 K, p = 1 bar). The progress variable is de�ned
as C = YCO2

+ YCO + YH2O + YH2
.

These di�erences can be understood by considering the unsteady transport of a 
amelet

during extinction and reignition (Ihme et al., 2005). The chemistry in a di�usion 
ame

takes place in a thin layer around Zst. During extinction and reignition, the stoichiometric

composition changes due to an imbalance between chemistry and di�usive transport. The

time to reach a quasi-steady state throughout the 
amelet is given by a di�usive time scale,

which can be approximated by Eq. (2:35b). The functional form of the scalar dissipation rate

dependence on the mixture fraction can be described, for instance, from a counter
ow or

mixing layer con�guration (Peters, 1984, 2000). It is signi�cant that in these con�gurations

the dissipation rate tends to zero when the mixture fraction approaches its minimum and

maximum possible value. It follows then from �m that the di�usion time tends to in�nity,

which prohibits the chemical species from reaching a steady state solution in these regions.

The characteristic time scale for extinction is related to �m and hence, the structure of a


amelet during the extinction process is, at high and low values of Z, di�erent from that of

a corresponding steady 
amelet.

Following this analysis, the assumption of equal 
ame structure by Pierce & Moin (2001)

will be relaxed and it is shown that their expression corresponds to the leading order term

in an asymptotic analysis.

Flame structure corresponding to 
amelets on the S-shaped curve are obtained from the
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steady 
amelet equations

�
1

2
�Z@

2
ZY = _! ; (2.32)

and the unsteady solution for the 
amelets �e and �r are obtained from

@tY
u �

1

2
�u
Z@

2
ZY

u = _!u(Y u) ; (2.43)

and the superscript \u" refers to the unsteady 
amelet solution. If the FPV model is

interpreted as unsteady 
amelet model evaluated with the steady state reaction rate of

Eq. (2.32), the equation for the species mass fractions in the FPV model can be written as

@tY
FPV �

1

2
�FPV
Z @2

ZY
FPV = _!(Y FPV) ; (2.44)

since we require that _! = _!FPV: Furthermore, if we expand Y FPV in terms of the steady


amelet solution as

Y FPV(t; Z) = Y (Z) + �(t; Z) ; (2.45)

_!(yFPV) may be expanded in a Taylor series to �rst order

_!(Y FPV) = _!(Y ) + � _!0(Y ) + O(�2) : (2.46)

After inserting Eqs. (2.45) and (2.46) into Eq. (2.44) and utilizing Eq. (2.32), the following

expression for the temporal evolution of the species mass fraction in the FPV-model is

obtained

@tY
FPV =

1

2
(�FPV
Z � �Z)@2

ZY +
1

2
�FPV
Z @2

Z� + � _!0(Y ) : (2.47)

The �rst term on the RHS is identical to the relaxation term derived by Pierce & Moin

(2001), and the last two terms correspond to the reaction-di�usion balance of �.

2.7 Progress Variable

The reaction progress variable C plays a central role in the FPV model. In this model, C is

de�ned so that it uniquely identi�es all thermochemical states in the 
amelet table. Further-

more, Pierce & Moin (2001) recommended that C should represent a reaction-controlling

parameter. Under these constraints, the de�nition of C is somewhat arbitrary since di�er-

ent choices are possible for multistep chemical systems. Pierce & Moin (2001) de�ned the
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reaction progress parameter for methane/air chemistry as C = YCO2
+YH2O. However, this

de�nition does not provide a unique mapping of all states on the fuel-rich side. Therefore,

they later included CO and H2 in the de�nition of the reaction progress variable, which

resulted in a better mapping over the complete mixture fraction space.

In the following, the reaction progress variable is obtained from the solution of an

optimization problem (Shunn, 2007). With this method, the ambiguity in the ad hoc choice

of C is reduced. In this optimization problem, the reaction progress variable is de�ned to

be a linear combination of a set of species mass fractions:

C =
X

�

w�Y�(Z;�) ; (2.48)

and w� denotes the weight for species �. This general expression includes the special

de�nition of Pierce & Moin (2001) with � = fCO2;CO;H2O;H2g and w� = 1. Note

that Eq. (2.48) is a particularly convenient choice since it simpli�es the derivation of the

transport equation for C, which requires solution in the FPV model. The reaction progress

parameter � is implicitly de�ned by C via Eq. (2.36). From the monotonicity requirement

on C, namely

@�C > � � 0 ; (2.49)

a cost function L can be de�ned as:

L =

ZZ
jC�jH(�� @�C)dZd� ; (2.50)

where H denotes the Heaviside function, � is a small parameter to guarantee strict mono-

tonicity, and jC�j is introduced in order to weight regions with large values of C. Note

that C� corresponds to the normalized progress variable, such that C� 2 [0; 1]. With this

de�nition, the optimization problem may be formulated as

min
fw�g

L

subject to � 2 S ;

(2.51)

where S denotes a pre-de�ned set of species used for the de�nition of C. The progress vari-

able and the reaction progress parameter, which are obtained from the solution of Eq. (2.51)

can be normalized in a succeeding step.
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In principle, Eq. (2.51) constitutes a unconstrained non-linear optimization problem.

However, the optimization problem, stated in Eq. (2.51), is in the following reduced to

a constrained optimization problem with w� 2 [�1; 1], and a pattern search method is

employed to �nd fw�g which minimizes L.

� fw�g L

CH4/air 
ame, Zst = 0:055

fH2O, CO2g f0:292;�0:078g 5:28 � 10�3

fH2O, CO2,CO, H2g f1; 1; 1; 1g 2:43 � 10�4

fH2O, CO2,CO, H2g f0:130; 0:845; 0:875; 0:912g 7:13 � 10�5

air-diluted CH4/air 
ame, Zst = 0:351

fH2O, CO2g f0:031; 0:940g 1:90 � 10�2

fH2O, CO2,CO, H2g f1; 1; 1; 1g 1:57 � 10�2

fH2O, CO2, CO, H2g f�0:938; 1; 1; 0:931g 5:49 � 10�3

fH2O, CO2,CO, H2, OH, O2g f�0:939; 0:984; 1; 0:967;�0:439; 0:039g 4:74 � 10�3

Table 2.1: Results of the optimization problem for two chemical systems.

Results for the de�nition of the optimal reaction progress variable, obtained for two

di�erent chemical systems are summarized in Tab. 2.1. The �rst case corresponds to a

methane/air 
ame with equal temperature of 300 K in the fuel and oxidizer streams. The

second case is a partially premixed methane/air 
ame (Tab. 4.3). The �rst column shows

the set of species used in the de�nition of C and the corresponding weights are given in

the second column. The cost function for this linear combination is evaluated in the third

column.

The results for both examples con�rm that the inclusion of the species CO and H2 in the

de�nition of C results in a reduction of the cost function, which is equivalent to increased

global monotonicity. Furthermore, the results also indicate that unity weights for all w� do

not necessarily result in an optimal progress variable. In fact, the ‘optimality’ of C with

respect to the monotonicity can be further improved using the approach presented in this

section.

The application of the method to chemical systems which are of interest in the following

section gave only modest improvement in the de�nition of the progress variable. Therefore,

the previously suggested form of C, namely C = YH2O+YCO2
+YCO+YH2

, is used throughout

the remainder of this work.

In conclusion, the development of a formal framework for the de�nition of a progress
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variable provides a methodology that entirely eliminates required knowledge, which was

hitherto necessary for the speci�cation of C.



Chapter 3

Large-Eddy Simulation

In this work, the reacting 
ow equations are numerically solved using large-eddy simulation

(LES). In LES, the large, energy-containing scales are numerically resolved and the e�ects

of small, unresolved structures are modeled.

In this chapter, the LES �ltering method is reviewed and applied to the governing

equations presented in the previous chapter. Thereafter, the modeling procedure for the

residual stress contributions is given, and the presumed PDF approach in the context of

the FPV model is discussed.

3.1 LES Filtering Technique

The LES technique is based on a separation of large and small scales in a turbulent


ow (Sagout, 1998). The decomposition into the di�erent scales is achieved by apply-

ing a �ltering operator to the �eld quantities. Since this work is concerned with variable

density 
ows, �ltering in the Favre-sense is employed. A Favre-�ltered quantity is de�ned

as

e (t;x) =
1

�

Z
�(t;y) (t;y)G(y;x; �)dy ; (3.1)

with G satisfying the normalization condition

Z
G(y;x; �)dy = 1 : (3.2)

29
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The residual �eld is then de�ned as

 00(t;x) =  (t;x) � e (t;x) : (3.3)

Reynolds decomposition, denoted by an overbar, is applied to volume-speci�c quantities,

such as �, p. Favre-decomposed quantities are related to Reynolds-�ltered quantities by

e =
� 

�
: (3.4)

In the present work, implicit �ltering is employed. In implicit �ltering, the �lter is de�ned

by the numerical grid, and is therefore grid-dependent. In order to eliminate the grid-

dependence on the �lter kernel, explicit �ltering can be employed (Ghosal & Moin, 1995;

Gullbrand & Chow, 2003).

The Favre-�ltered form of the governing equations describing reactive 
ows in the FPV

model can be obtained by applying the �lter operator to these instantaneous equations

eDt� = ��r � eu ; (3:5a)

� eDteu = �rp+ r � � + r � �res + �g ; (3:5b)

� eDt
eZ = r � (�e�r eZ) + r � � res

Z ; (3:5c)

� eDt
eC = r � (�e�r eC) + r � � res

C + �e_!C ; (3:5d)

and

� = 2�e�
�
eS �

1

3
(r � eu)I

�
; (3.6)

�res = �eueu� �fuu ; (3.7)

� res
 = �eu e � �fu : (3.8)

This set of equations is supplemented with a state equation relating the Favre-�ltered

thermochemical quantities to eZ and eC, and possibly other higher moments.

Since the viscosity and molecular di�usivity are functions of temperature, and therefore

temporally and spatially varying quantities, an unclosed term appears in the �ltered viscous

stress tensor and di�usive term of the �ltered scalar transport equations. In principle, these

terms require modeling. However, in high-Reynolds number turbulent 
ows away from walls
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their magnitude is typically small compared to �res and � res
 , and can therefore be neglected.

The residual stress tensor and residual scalar 
ux, which appear as unclosed terms in the

Favre-�ltered equations, require modeling. Dynamic models for these residual contributions

are presented in the next section.

Note also that it has been assumed in the derivation of Eqs. (3.5) that the �lter operator

commutes with partial derivatives, which is only guaranteed for homogeneous �lters, i.e.,

G(y;x; �) = G(y; �). The error introduced by spatially dependent �lters has been analyzed

by Ghosal & Moin (1995) and Ghosal (1999) and is often neglected.

3.2 Dynamic Models for the Residual Stresses and Fluxes

The residual stresses and scalar 
uxes appearing in the Favre-�ltered equations are modeled

using a dynamic approach (Germano et al., 1991; Moin et al., 1991).

Employing �rst an eddy-viscosity assumption, �res is modeled as

�res = �eueu� �fuu = 2��t
eS �

2

3
�ekI : (3.9)

Note that the contribution of the residual kinetic energy is usually small, and will therefore

be neglected (Pierce & Moin, 2001). In the next step, the eddy viscosity is modeled using

the Smagorinsky model (Smagorinsky, 1963):

�t = C��
2jeSj : (3.10)

Similarly, the residual scalar 
uxes are modeled as

� res
 = �eu e � �fu = ��tr e ; (3.11)

with

�t = C �2jeSj : (3.12)

The value of the coe�cients C� and C in the Smagorinsky model are dependent on the

local 
ow regime. The dynamic procedure, proposed by Germano et al. (1991) and extended

and modi�ed by Lilly (1992) and Meneveau et al. (1996), is a methodology which allows the

determination of these local values. In the dynamic model, similarity between the turbulent

scales is implicitly assumed (Pope, 2004). Information about the residual scales is obtained
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from the smallest resolved scales by applying a test �lter of �lter width b�, which is larger

than �. Analogous to Eq. (3.4), a test-�ltered quantity can then be de�ned as

� =
c� 
b�
: (3.13)

This test �lter is applied to the resolved �eld in order to de�ne a �ltered stress tensor T .

It is assumed in the dynamic model that this test-�ltered stress tensor can be modeled

analogously to the residual stress tensor. With this, the expression for T is

T = b��eu�eu� d�fuu = 2C� b�2b�j
�eSj

�eS �
2

3
b��ekI : (3.14)

Subtracting from this the expression for the test-�ltered residual stress tensor

b�res
= d�eueu� d�fuu = 2C��2�jeSjeS �

2

3
c
�ekI (3.15)

yields Germano’s identity

L = b��eu�eu� d�eueu = 2C� b�2b�j
�eSj

�eS � 2C��2�jeSjeS : (3.16)

Equation (3.16) constitutes an equation for the determination of the coe�cient C� . How-

ever, this system of equations is over-determined, and is solved in a least-square sense under

the assumption that C� varies only slowly in space and time:

C� =
1

2

hL Mi

hM Mi
with L = b��eu�eu� d�eueu and M = b�2b�j

�eSj
�eS � �2�jeSjeS ; (3.17)

where the brackets indicate averaging in spatially homogeneous directions.

The coe�cient C for species  in the residual scalar 
ux model can similarly be com-

puted

C =
1

2

hL Mi

hM Mi
with L = b��eu�e �

d
�eu e and M = b�2b�j

�eSjr
�e � �2�jeSjr e : (3.18)
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3.3 Model for Residual Scalar Variance

Information about the residual variance of conserved and reactive scalars, such as the mix-

ture fraction and progress variable, are often necessary for combustion modeling. In fact,

the shape of the PDF in presumed PDF models is determined from a �nite number of scalar

moments. Accurate modeling of the unresolved scalar 
uctuations is particularly impor-

tant, since the mixing and the subsequent chemical reactions occur mainly on small scales.

The modeling of the variance of a conserved scalar is presented in this section, and a model

for a reactive scalar variance is given in Sec. 4.5.1.2.

The residual scalar variance of the mixture fraction, de�ned as

gZ 002 = fZ2 � eZ2 ; (3.19)

can be obtained from the solution of a transport equation:

� eDt
gZ 002 = r � (�e�rgZ 002) + r � � res

gZ002
� 2�û00Z 00 � r eZ � �e�res

Z ; (3.20)

with

e�res
Z = 2e� ^jrZ 00j2 ; (3.21)

and the turbulent scalar transport, appearing in the production term, is modeled by a

gradient transport assumption (Poinsot & Veynante, 2001).

Alternatively, Cook & Riley (1994) proposed a scale similarity model to predict the vari-

ance of a passive scalar. Pierce & Moin (1998a) developed a model for the residual variance

of a passive scalar by assuming local equilibrium between production and dissipation. The

model coe�cient in the resulting expression is then computed using the dynamic model,

and can be summarized as follows:

gZ 002 = CZ�2jr eZj2; CZ =
hL Mi

hM Mi
; L = � eZ eZ � b��eZ �eZ ; M = b�b�2jr

�eZj2 � ��2jr eZj2 :

(3.22)

Raman et al. (2005) and also Pera et al. (2006) instead proposed to solve a transport

equation for the second raw moment of the mixture fraction,

� eDt
fZ2 = r � (�e�rfZ2) + r � � res

fZ2
� 2�e�jr eZj2 � �e�res

Z ; (3.23)
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in addition to the transport equation for the Favre-�ltered mixture fraction in order to

compute gZ 002 from Eq. (3.19). Similar to Eq. (3.20), this equation contains the residual scalar

dissipation rate, which represents an unclosed sink term and requires modeling. Motivated

by the work of Colucci et al. (1998), Raman et al. (2005) modeled the sum of the �ltered

and residual scalar dissipation rate as

2e�jr eZj2 + e�res
Z = CZ

(�+ �t)

�2
gZ 002 ; (3.24)

with CZ = 2 and �t is obtained from a dynamic model.

In the present work, the residual scalar variance of the mixture fraction will be obtained

from the solution of Eq. (3.20), and a model for e�res
Z is developed which is derived from

spectral arguments. Therefore, it will be assumed that the 
ow �eld is locally homogeneous

and can be described by energy spectra of the form (Pope, 2000; Fox, 2003)

Eu(�) = CEh"i2=3��5=3fL(�L)f�(��) ; (3:25a)

EZ(�) = COCh�Zih"i�3=4�5=4(��)��(��)fL(�L)fB(��) ; (3:25b)

in which fL and f� denote the large and small scale cut-o� functions, respectively. Similarly,

the function fB corresponds to the small scale cut-o� in the passive scalar energy spectrum

and is dependent on the Schmidt number. All expression for fL; f�, and fB can be found

in Fox (2003), and are not repeated here. Note that e�res
Z is �rst modeled in a statistical sense.

Therefore, mean quantities are denoted by brackets, which can, for instance, be obtained

by averaging over spatially homogeneous directions. In order to arrive at an expression for

the instantaneous residual scalar dissipation rate for LES applications, the spatial averaging

will then later be dropped.

A model for the residual scalar dissipation rate can be developed by relating the me-

chanical time scale to the scalar time scale

C�Z
=
� res
u

� res
Z

=
hekresi

he"resi

he�res
Z i

hgZ 002i
: (3.26)

The mean turbulent viscosity can be related to hekresi, and under the assumption that
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production equals dissipation, viz. h"i = hP resi ’ 2h�tihjeSj2i, it follows

h�ti = Cu�hekresi
1=2

=
h"i

2hjeSj2i
: (3.27)

The residual dissipation rate is

he"resi = C"
hekresi

3=2

�
: (3.28)

If we assume, for simplicity, that a sharp spectral �lter is used, the quantities hekresi; he"resi,

and hjeSj2i can be directly computed from Eq. (3:25a) as follows

hekresi =

Z 1

�c

Eu(�)d� ; (3.29)

he"resi = 2�

Z 1

�c

�2Eu(�)d� ; (3.30)

hjeSj2i =

Z �c

0
�2Eu(�)d� ; (3.31)

and �c = �=� denotes the cut-o� wavelength. Likewise, he�res
Z i and hgZ 002i can be obtained

from Eq. (3:25b).

Inserting Eqs. (3.27) and (3.28) into (3.26) and solving for he�res
Z i yields

he�res
Z i =

C�Z
C"

Cu

h�ti

�2
hgZ 002i : (3.32)

Note that this equation is a function of Re, Sc, and �lter width �. For a given Reynolds

number and Schmidt number, the ratio C"=Cu as function of �=� can be obtained from

C"
Cu

= 2
he"resi

h"i

hjeSj2i

hekresi
�2 ; (3.33)

and C�Z
can be computed from Eq. (3.26).

The coe�cients C�Z
and C"=Cu as function of the ratio �=� are computed from the

model spectra Eu and EZ , and are shown in Fig. 3.1. Results for increasing Taylor scale

Reynolds numbers Re� =f20, 63.2, 200, 632, 2000g are presented. The Schmidt number

is Sc = 0:7, CE = 1:5, and COC = 2=3: The energy spectra are scaled by the Kolmogorov
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Figure 3.1: Model turbulent and scalar energy spectra (top row) for increasing Taylor-scale
Reynolds number and Sc = 0:7. The Obukhov-Corrsin constant is set to COC = 2=3 and CE = 1:5:
The energy spectra are scaled by the Kolmogorov length scale �. The mechanical-to-scalar time
scale ratio C�Z

and C"=Cu as function of the dimensionless �lter width �=� is shown in the bottom
row.

length scale �.

The lower left panel in Fig. 3.1 shows the dependence of C�Z
on �=�: C�Z

converges to

a value of 2.25 for small �=�, which is in agreement with the value of C�Z
= 2 found in the

literature (Peters, 2000).

The dependence of the ratio C"=Cu on the �lter width and Reynolds number is shown

in the lower right panel. The asymptotic value for large Re is presented by the horizontal

dotted line and corresponds to �2: The pronounced peak at around � = 5� can be observed.

Since the �lter width in LES applications is usually in the inertial subrange, at su�ciently

high Reynolds numbers, C"=Cu is in the range �2 � C"=Cu � 20. Neglecting the averaging,

the proposed model for e�res
Z can be formulated as

e�res
Z =

C�Z
C"

SctCu

�t

�2
gZ 002 ; (3.34)
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with Sct = 0:4 (Pitsch & Steiner, 2000). This model is similar in structure to that of

Eq. (3.24) except for the value of the coe�cient.

In this context it is interesting to point out that in the case of homogeneous isotropic

turbulence, Eq. (3.23) simpli�es to

dtgZ 002 = �
1

�
gZ 002 ; (3.35)

with � = SctCu�2=(C�Z
C"�t). Under the assumption of constant turbulent viscosity and

�lter width, the solution to this equation is

gZ 002(t) = gZ 002(0) expf�t=�g : (3.36)

Therefore, the di�erence in the coe�cients between the models (3.34) and (3.24) is re
ected

in the di�erent decay constant of the residual scalar variance.

3.4 Presumed PDF as Model of FDF

Filtering in LES results in a loss of information about the residual velocity and scalars.

A �ltered density function (FDF) has been introduced by Pope (1990) to describe the

local and temporal residual state. This FDF corresponds to a weighted distribution in a

computational cell. The FDF is de�ned from a random instantaneous �eld in a cell, and

does not represent a statistical property. Therefore, any model for the FDF is expected to

represent the FDF in a statistical sense (Wang & Tong, 2002).

Fox (2003) discussed a method for the construction of an LES-PDF in a statistical sense.

This method requires conditional information about the resolved velocity �eld, and possibly

other non-local e�ects. In particular, Langford & Moser (1999) and Tong (2001) showed

that the correct prediction of all single-time multi-point statistics requires also information

about its spatial derivatives.

In the FPV approach, the �ltered thermochemical quantities, such as e_!C , �, eY�, and all

molecular properties, are modeled using a presumed PDF closure:

e = eF   =

ZZ
F   (Z;�) eP (Z;�)dZd� ; (3.37)



38 CHAPTER 3. LARGE-EDDY SIMULATION

where eP denotes the density-weighted PDF with

eP (Z;�) =
1

�
�(Z;�)P (Z;�) : (3.38)

Note that eP (Z;�) is a function of space and time. For simplicity, this will not be explicitly

denoted here. Also, no explicit di�erentiation between stochastic variables and sample space

variables will be made.

In principle, it is possible to solve a FDF-transport equation for eP (Z;�), and then

integrate Eq. (3.37) to obtain e . Because of its computational complexity in the LES

application, and necessary modeling of the mixing term in the FDF transport equation,

this approach has not been pursued in this work.

Instead, a presumed PDF-approach is used to evaluate the integral in Eq. (3.37). With a

presumed shape for the FDF, the integral in Eq. (3.37) can, prior to a numerical simulation,

be evaluated and stored in a table. Data from this library can then be retrieved during the

numerical simulation. In such an approach, a speci�ed and �nite set of moments is related

to a functional form of the PDF and e is related to these moments.

The shape of the joint PDF is chosen from a family of distributions, and parameterized

by a �nite number of moments. Using Bayes’ theorem, the joint PDF for the residual scalar

quantities can be expressed in terms of a marginal PDF of Z and a PDF for � conditioned

on Z,

eP (Z;�) =
�

�
P (Z)P (�jZ) =

�

�
eP (Z) eP (�jZ) : (3.39)

From the de�nition of the reaction progress parameter (see Sec. 2.6) follows that the con-

ditional PDF of � can be reduced to a marginal PDF, and Eq. (3.39) can be simpli�ed

to

eP (Z;�) =
�

�
eP (Z) eP (�) : (3.40)

Note, however, that this assumption is only valid in the steady 
amelet limit. Ihme et al.

(2005) showed in an a priori study that conditional e�ects become important, in the case

when 
ame extinction and reignition require consideration.

Di�erent choices for the presumed PDF of the mixture fraction and reaction progress

parameter can be made. An often employed model for the presumed PDF of the mixture

fraction is the beta distribution. It has been shown in a priori studies that the passive

scalar distribution can reasonably be approximated by this PDF (Cook & Riley, 1994;
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Jim�enez et al., 1997; Wall et al., 2000). Tong (2001), however, showed in experimental

studies that the FDF can substantially deviate from the beta PDF, especially in strongly

sheared 
ows. This suggests, that higher-order moment information becomes important

and requires consideration.

The beta distribution is parameterized by its �rst two moments and, for a random

variable Z in the interval [Z�; Z+], is given by

�(Z; eZ;gZ 002) =
�(a+ b)

�(a)�(b)
(Z � Z�)a�1(Z+ � Z)b�1(Z+ � Z�)1�a�b ; (3.41)

with

a =
eZ � Z�

Z+ � Z�

 ; b =

Z+ � eZ
Z+ � Z�


 ; 
 =
( eZ � Z�)(Z+ � eZ)

gZ 002
� 1 : (3.42)

and � denotes the gamma function. This distribution is parameterized by the �rst two

moments. The higher-order moments are constrained by eZ and gZ 002.

Contrary to the modeling of the presumed shape of a passive scalar, a reactive scalar

cannot easily be represented by a presumed distribution, as its often multi-modal shape

strongly depends on

� turbulence-chemistry interaction,

� chemical time scales,

� accessed region in composition space, and

� higher moment information.

Often employed approximations for eP (�) include (double) delta functions, (clipped) Gaus-

sian functions, and the beta distribution.

In the model of Pierce & Moin (2004), it has been assumed that a residual state in a

computational cell is represented by one particular 
amelet. In this single 
amelet model,

the marginal PDF is then described by a delta distribution

eP (�) = �(� � e�) : (3.43)
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Thus, the state equation can be written as

eF   ( eZ;gZ 002; e�) =

ZZ
�

�
F   (Z;�)�(Z; eZ;gZ 002)�(� � e�)dZd� ; (3.44)

and inversion of this relation results in a 
amelet library, which can be used in the FPV

model

e = eG   ( eZ;gZ 002; eC) : (3.45)

Note that this expression is identical to that by Pierce & Moin (2001, 2004); however,

the formal introduction of the reaction progress parameter rather than the progress variable

results in a more general formulation, which makes the modeling of P (�) more convenient.

It is also noteworthy that the computation of the 
amelet table eG   from eF   can implicitly

be solved, eliminating the inversion of eF   . Then, the problem reduces to �nding e� for

eGC( eZ;gZ 002; eC) �

ZZ
�

�
FC(Z;�)�(Z; eZ;gZ 002) eP (�; e�)dZd� = 0 : (3.46)

Solving this problem rather than Eq. (3.44) and inverting eF   is particularly attractive

when the parameterization of P (�) requires additional moment information, and subsequent

higher-dimensional 
amelet tables. An examples for this is presented in Sec. 4.



Chapter 4

Extinction and Reignition

4.1 Introduction

The compact design of modern non-premixed combustion devices, for instance household

burners, furnaces, or aircraft engines, leads to a reduction of the residence time. In order

to ensure su�cient mixing between the initially separated reactants, di�erent technologies,

such as turbulent or swirling 
ow con�gurations, are employed. Enhanced mixing rates,

which can be characterized by the scalar dissipation rate, can locally exceed the 
ame-

speci�c critical value �Z;q (see Fig. 2.1). In this case, di�usive heat losses exceed the

local heat release, resulting in a reduction of the 
ame temperature and the leakage of

reactants through the reaction zone. Furthermore, chain termination reactions become

important over chain branching reactions. If �Z exceeds �Z;q for a su�ciently long time,

the 
ame is considered to be extinguished (Hewson & Kerstein, 2002). Since large mixture

fraction gradients occur in the shear layer close to the fuel nozzle, 
ame quenching and local

extinction is likely to occur in this region, which can lead to unstable operation conditions

and 
ame blow-o�.

After the 
ame is locally extinguished, mixing between fuel and oxidizer continues, re-

sulting in a locally premixed mixture, which may reignite. Depending on the evolution

of the local scalar dissipation rate and the thermochemical composition of the region sur-

rounding the extinguished pocket, di�erent reignition mechanisms can be characterized.

The di�erent reignition scenarios are described in the following.

The �rst reignition mechanism is related to auto-ignition. In this scenario, a locally

extinguished 
ame pocket reignites when �Z decreases to cross the unstable branch of

41
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the S-shape curve (see Fig. 2.1). In this case, radicals are formed from chain-branching

reactions which initiate the exothermic reaction and facilitate transition to a fully burning


ame state (Hewson & Kerstein, 2002). Even though this mechanism does not rely on heat

transfer from the surrounding, pre-heating of the gas mixture can result in acceleration

of the auto-ignition process. In typical hydrocarbon 
ames, the critical value for auto-

ignition, �Z;i, at typical 
ame conditions is about six orders of magnitude smaller than

�Z;q. This implies that a nearly homogeneous fuel/oxidizer mixture is required in order

to favor reignition via auto-ignition. However, these favorable conditions are usually not

present in typical combustion devices near the inlet. Therefore, this scenario does not

represent an important reignition pathway.

The other reignition scenarios rely on external heat transfer from regions surrounding

the locally extinguished pocket and have been characterized by Sripakagorn et al. (2004)

using DNS data.

In the independent 
amelet scenario, high frequency perturbations of small amplitude in

�Z around the critical value do not result in signi�cant reduction of the 
ame temperature.

The locally nearly extinguished 
ame pocket recovers to its burning state without signi�cant

interaction with its surrounding. Furthermore, the time scale on which this event occurs is

only of short duration, preventing complete mixing of the reactants.

If the local scalar dissipation rate exceeds the critical value over a longer time period,

the 
ame is not able to recover to its burning state without the ignition source from its

surrounding. Depending on the direction of the convective and di�usive heat 
ux vector

q = �cpu� � �r� ; (4.1)

the following two reignition scenarios can be identi�ed: triple 
ame or edge 
ame and


ame-
ame interaction or 
ame engulfment (Sripakagorn et al., 2004; Hewson & Kerstein,

2002). In the case that the heat transfer is directed along the stoichiometric mixture fraction

surface, i.e., ĵt �qj > jn̂ �qj, reignition of the premixed mixture via a propagating edge 
ame

occurs (see Fig. 4.1(a)). A triple 
ame propagates along the stoichiometric surface and

provides so an external heat source.

On the other hand, folding and wrinkling of the stoichiometric surface can result in

favorable heat transfer in normal direction between extinguished and burning 
ame region

(see Fig. 4.1(b)). E�cient heat exchange for the 
ame-
ame interaction requires that both
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stoichiometric surface, Zst

q

t̂n̂

burning region

extinguished pocket

(a) triple 
ame scenario

q

t̂n̂

(b) 
ame-
ame interaction scenario

Figure 4.1: Reignition scenarios; (a) triple 
ame: 
ame propagation along surface of stoichiometric
mixture; (b) 
ame-
ame interaction: external heat transfer perpendicular to stoichiometric surface.

surfaces are in close proximity. The heat source is either a premixed 
ame, propagating in

perpendicular direction to the stoichiometric surface or a non-premixed 
ame, characterized

by thermal heat conduction in 
ame-normal direction.

Hewson & Kerstein (2002) pointed out that high dissipation rates, exceeding �Z;q

and resulting in 
ame extinction, occur over a very short time period. They estimated the

associated time scale �ext using the unsteady 
amelet equations. The maximum heat release

before 
ame quenching can be estimated as

_!max
� � �

�Z;q
2
@2
Z� : (4.2)

The unsteady 
amelet equation for the temperature, evaluated at stoichiometric condition,

for �Z;st > �Z;q and heat release close to _!max
� can be written as

@t� �
�Z;st

2
@2
Z� � _!max

� : (4.3)

By assuming a piecewise linear temperature pro�le, similar to work by Pitsch & Fedotov

(2001), the di�usive term can be estimated as

@2
Z�
��
Zst

� �2
�

Zst(1 � Zst)
: (4.4)
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A characteristic time scale for extinction can then be estimated using Eqs. (4.2)-(4.4)

�ext �
Zst(1 � Zst)

�Z;st � �Z;q
: (4.5)

A single time scale for the characterization of reignition can only be estimated for the

autoignition scenario. Reignition via 
ame-
ame interaction or triple 
ame scenario depends

on the turbulence-chemistry interaction between the extinguished region and its burning

surrounding. In this case, three time scales, associated with turbulent mixing or 
ame

propagation, heat di�usion on molecular level, and chemical reaction, can be identi�ed.

Reignition in the 
ame-
ame interaction process relies on mixing of burning and non-

burning regions which are separated by a non
amable mixture (Hewson & Kerstein, 2002).

Assuming that the spatial extend of the non
amable region is of the order of the char-

acteristic turbulent length scale, the time associated with large-scale mixing can then be

estimated as �L = O(k="):

In the case of the triple 
ame reignition scenario, an edge 
ame propagates along the

surface of stoichiometric mixture towards the extinguished region. The time scale associated

with 
ame propagation is �sL
= O(‘=sL), where sL is the laminar 
ame speed and ‘ is a

characteristic length scale of the order of the extinguished 
ame pocket.

Following the turbulent mixing, thermal heat conduction and radical di�usion on the

molecular level takes over (Hewson & Kerstein, 2002). The characteristic time associated

with the thermal di�usion is obtained from the Corrsin scale and the thermal di�usivity,

and can be estimated as �C = O(‘2
C=�).

After thermal di�usion towards the extinguished region reaches a su�cient high level,

thermal runaway occurs, and the extinguished pocket reignites by chemical reaction. The

time scale which characterizes chemical reaction is � _! = O( _!�1
� ).

It has been pointed out by Hewson & Kerstein (2002) that the time scales associated with

molecular di�usion and chemical reaction are usually fast compared to turbulent mixing and


ame propagation. Therefore, the characteristic time scale describing reignition is limited

by �L for 
ame-
ame interaction scenario and by �sL
for the triple 
ame scenario.

In the following, an extension of the FPV model is presented in Sec. 4.2, which is able to

predict 
ame extinction and reignition. In this model, a so-called statistically most-likely

distribution is used as model for the presumed PDF of the reaction progress parameter.

After formulating the mathematical model, the extended FPV model is tested in an a priori
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study and compared to the single 
amelet closure, previously proposed by Pierce & Moin

(2004). Thereafter, the model is applied in an a posteriori study to LES of Sandia 
ames

D and E.

4.2 Extended Flamelet/Progress Variable Model for the Pre-

diction of Extinction and Reignition

The FPV model for application in LES has been presented in the previous chapter. In this

approach the Favre-�ltered thermochemical quantities, appearing as unclosed terms in the

governing equations, are modeled using a presumed PDF approach for the joint FDF of

mixture fraction and reaction progress parameter:

eP (Z;�) =
�

�
P (Z)P (�jZ) =

�

�
eP (Z) eP (�jZ) : (3.39)

Presumed PDFs as model for the FDF are discussed in Sec. 3.4, in which the beta dis-

tribution was introduced as model for the marginal FDF of mixture fraction. With the

objective of employing this PDF as model for eP (Z) within the FPV model, its validity will

be assessed in Sec. 4.4 and Appendix A.1 using data from a homogeneous isotropic DNS

and also experimental data for a reactive jet 
ow.

The distribution of the progress variable was modeled by Pierce & Moin (2001, 2004)

using a delta distribution, assuming that only a single 
ame state is present in each compu-

tational cell. However, especially when local and rapid 
ame dynamics are important, for

instance during 
ame extinction and reignition, the combustion process is only insu�ciently

described with this closure model.

It was found in an a priori study that the presumed delta distribution for the marginal

PDF of the reaction progress parameter leads to an over-prediction of the mean temper-

ature (Ihme et al., 2005). In this work it was also shown that using a presumed beta

distribution for the reaction progress parameter results in a signi�cant improvement in the

mean temperature when compared with results obtained using a delta function, especially in

the case of strong local extinction and reignition. However, although the beta distribution

improves results for the averaged quantities, it cannot represent the often complex shapes

of the PDF. Reasons for this are that higher-order moment information and that chemical

time scales cannot be incorporated in this PDF.
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Therefore, a so-called statistically most-likely distribution (SMLD) is introduced as

model for the reactive scalar FDF. This presumed PDF has the potential to overcome

the previously mentioned model-shortcomings by allowing for the consideration of higher-

order moment information and chemical time scale information. The concept of SMLD is

presented in the next section, and will be employed as presumed PDF closure in the FPV

approach to model 
ame extinction and reignition.

4.3 Statistically Most-Likely Distribution

The statistically most-likely distribution is used as presumed PDF for the FDF of the

reaction progress parameter in the extended FPV model. This PDF is constructed from

a limited set of statistical information about the mixture fraction and reaction progress

parameter. Enforcing only this information, a PDF can be formulated which contains a

maximum amount of entropy or, in other words, is of maximum uncertainty. A measure of

the uncertainty or entropy, S, of the possible states of a stochastic variable can be de�ned

as (Good, 1963; Pope, 1979a; Heinz, 2003)

S( eP ( )) = �

Z

 

eP ( ) ln

 
eP ( )

Q( )

!
d ; (4.6)

where Q( ) is a so-called a priori PDF of  (Pope, 1979a). The entropy S tends to �1

for a deterministic state of  with zero variance, and S ! 1 when the variance approaches

in�nity. For a conserved scalar, Q( ) = q is constant. The a priori PDF Q( ) of a reactive

scalar accounts for the bias in composition space (Pope, 1979a): The probability of �nding

a state in the composition space is inversely proportional to its velocity in composition

space caused by molecular mixing

vm =
 0

� 
=
� 
 0

(4.7)

and chemical reactions

vr = _! : (4.8)

In Eq. (4.7), � denotes a characteristic mixing time scale,  0 =

q
g 002 is the standard

deviation of  , and � is the scalar dissipation rate of  . Whereas large values of Q( )

lead to a bias at these values of  , small values for Q( ) reduce the probability of �nding
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a possible state. A suggested form for Q( ) by Pope (1979a,b, 1980) reads as

Q( ) =
1

 0

"
1 +

�
vr
vm

�2
#�1=2

; (4.9)

where the norm jj�jj was introduced to guarantee that the a priori PDF is a positive quantity.

Using calculus of variation, the PDF which maximizes the entropy is found to have the form

ePSML;i( ) = Q( ) exp

8
<
:

iX

j=0

aj 
j

9
=
; ; (4.10)

where the subscript i denotes the number of enforced moments and the free parameter

vector a is determined subject to the constraints

Z

 

ePSML;i( )d = 1 ; (4:11a)

Z

 
 ePSML;i( )d = e ; (4:11b)

Z

 
( � e )j ePSML;i( )d = g 00j for j = 2; : : : ; i ; (4:11c)

which can formally be written in matrix form as

ePPP(a) = 0 : (4.12)

The root of a for the non-linear set of equations can be found using, for instance, a secant

method, such as Newton’s method or Broyden’s method (Press et al., 1992). Because of

better convergence properties, Broyden’s method is employed in the following.

4.4 A Priori Study Using Direct Numerical Simulation Data

4.4.1 Direct Numerical Simulation

In the following, the statistically most-likely distribution is used for the PDF-closure in

the FPV model, and the results are compared with data obtained from DNS of decaying

isotropic turbulence with a one-step reversible chemical reaction at di�erent levels of local

extinction and reignition (Sripakagorn et al., 2000, 2004). In this numerical simulation,
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a chemical reaction without heat release has been studied. It is well-known that heat

release a�ects the 
ow �eld signi�cantly. However, it has been found that results from

incompressible DNS can nonetheless capture important dynamic features, such as extinction

and peak temperature (Swaminathan & Bilger, 1997; Bushe et al., 1998). In this DNS, fuel

(F) and oxidizer (O) react to form a reaction product (P)

F + O 
 2P : (4.13)

The chemical source term of this one-step, reversible reaction is a function of Z and the

normalized temperature � only. It is given by

_!� =2A�eddy exp

�
�
�

�

�
exp

�
�

�(1 � �)

1 � �(1 � �)

�
�

�
Zst(1 � Zst)

�
Z

Zst
� �

��
1 � Z

1 � Zst
� �

�
�

1

K
�2

�
;

(4.14)

where A denotes the frequency factor, � = (�st,c��st,u)=�st,c is the heat release parameter,

� = ��a=�st,c is the Zeldovich number, �a the activation temperature. �st,c and �st,u

are the temperatures for complete adiabatic conversion and the unburned temperature

evaluated at Zst = 0:5, respectively. K is the equilibrium constant of the global reaction,

and �eddy is the initial large-eddy turn-over time based on the integral length scale and rms

velocity. All parameters used in this study are summarized in Tab. 4.1 and can be found

in Sripakagorn et al. (2000, 2004).

Case A � � K �eddy Zst

moderate extinction 80,000 0.87 4.0 100 1.015 0.5
strong extinction 30,000 0.87 4.0 100 1.015 0.5

Table 4.1: Parameters used in the DNS.

4.4.2 Extended FPV Model

For a one-step global reaction, the mass fractions of the chemical species are linearly related

to the temperature, so that in addition to the mixture fraction equation only an equation

for the temperature needs to be solved. For the comparison with DNS data, the normalized

temperature � is used as reaction progress variable, i.e., C � �. In this idealized problem,

the isotropic turbulent 
ow �eld is incompressible, and hence, the 
ow is decoupled from
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the chemical reaction process.

The equations for the �rst two moments of mixture fraction and progress variable,

constituting the extended FPV model, reduce for homogeneous isotropic turbulence to

@� eZ = 0 ; (4:15a)

@�gZ 002 = �2� ^jrZ 00j2 ; (4:15b)

@� eC = e_!C ; (4:15c)

@�gC 002 = �2� ^jrC 00j2 + 2Ĉ 00 _!C : (4:15d)

In the present a priori study, only Eq. (4:15c) is integrated. All other quantities and higher-

order moment information for the closure of the presumed PDFs in Eq. (3.39) are directly

extracted from the DNS data base.

In order to resolve the larger, energy-containing turbulent scales, the LES �lter width,

�, should be located well inside the inertial subrange. However, because of the rather low

Reynolds number of the simulation, the length scale ratio between integral length scale and

Kolmogorov length is ‘0=� � 27, and an inertial subrange is not present. Therefore, �ltering

over the entire DNS-volume is performed and all statistical quantities are computed from an

ensemble average, which for isotropic turbulence can be approximated by spatial averaging.

Because of its generality, it is appealing to apply the statistically most-likely distribution

to both the marginal PDF of Z and the conditional PDF in Eq. (3.39). From experiments

and DNS studies, it is known that the PDF of the conserved scalar Z can often be reasonably

approximated by the beta distribution, which is parameterized by its �rst two moments,

eZ and gZ 002. However, Pope (1980) and also Tong (2001) showed that in turbulent shear


ows, the consideration of higher-order moment information for Z can be of importance.

Although there is currently no model for the higher moments, it is interesting to examine

whether or not a presumed form of the PDF that considers these can provide any advantage.

Therefore, �rst the SMLD closure of eP (Z) is analyzed in the context of the FPV model.

Then, closure of the PDF of � conditioned on the mixture fraction using SMLD is investi-

gated.

4.4.3 Conserved Scalar

In the following, the statistically most-likely distribution is applied as a presumed PDF

model for the marginal PDF of the mixture fraction. Within the FPV model, the mean
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chemical source term in Eq. (4:15c) can be written as

e_!C =

Z

�

Z

Z

�

�
F _!C

(Z;�) ePSML;i(Z) ePDNS(�jZ)dZd� : (4.16)

Here, � ePDNS(�jZ) = � ePDNS(Z;�)= ePDNS(Z) is extracted from the DNS using 400 bins of

equal size in both Z and � directions. For the construction of ePSML;i(Z), information up

to the fourth moment has been used, where

M1 = eZ ; M2 = gZ 002 ; M3 =
gZ 003

gZ 002
3=2

; M4 =
gZ 004

gZ 002
2 � 3 : (4.17)

The skewness M3 is a measure of the asymmetry of the PDF and the kurtosis M4 � �2

is the degree of the peakedness or the dispersion around the values of M1 � M2 of a

distribution (Moors, 1986). All four central moments are shown in Fig. 4.2.
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Figure 4.2: The evolution of the mean, variance, normalized skewness, and kurtosis of mixture
fraction, extracted from the DNS. Additionally, M4 of the beta distribution, using Eq. (4:18b), is
shown.

In the DNS, the conserved scalar is initialized in discrete blobs with smooth transition

from Z = 0 to Z = 1, after the turbulence is fully developed. This distribution is close

to a double delta function for eP (Z) with a mean value of eZ = 0:5 and a scalar variance

gZ 002 = 0:25. The scalar mean value obeys the equation d� eZ = 0, and hence remains

unchanged. The decay of the variance follows a power law with M2(�) / ��� and � � 1:2.

The initially symmetric PDF is expected to retain a symmetric shape around Z = eZ
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during the simulation. This is manifested by the near-zero skewness and ePDNS(Z) remaining

platykurtic (M4 < 0) during the simulation.

The �ve models ePSML;0 to ePSML;4 for the presumed PDF of Z have been tested against

the DNS data and the presumed beta distribution. Central moments up to the fourth

order have been extracted from the DNS in order to constrain the parameter vector a.

From Eq. (4.9) follows that the a priori PDF Q(Z) in Eq. (4.10) for the conserved scalar

is Q(Z) =
p
gZ 002, and the variance is only dependent on time. A qualitative comparison of

the shapes of ePSML;2 and ePSML;4 with the beta distribution and DNS is shown in Fig. 4.3.

The beta distribution is in good agreement with ePDNS(Z). It is straightforward to show

that the third and fourth central moment of the beta distribution can be expressed in terms
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ePSML;4(Z)

Figure 4.3: Comparison of the shapes of the presumed marginal PDFs obtained from the beta

distribution and ePSML;i(Z) using the second and fourth moment (i = f2; 4g) as constraint, with
ePDNS(Z) extracted from the DNS.
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of eZ and gZ 002 only

gZ 003
� =

2gZ 002
2
(2 eZ � 1)

eZ( eZ � 1) � gZ 002
; (4:18a)

gZ 004
� =

3
�

7 eZ2gZ 002 + eZ2 � 2 eZ3 + eZ4 � 7gZ 002 eZ + 2gZ 002
�
gZ 002

2

�
eZ2 � eZ � 2gZ 002

��
eZ2 � eZ � gZ 002

� : (4:18b)

For the present case with eZ = 0:5, the beta distribution has zero skewness according to

Eq. (4:18a). The kurtosis obtained from Eq. (4:18b) is shown in Fig. 4.2. Not surprisingly,

given the level of agreement shown in Fig. 4.3, M4 from the beta function is in excellent

agreement with M4 from the DNS.

The statistically most-likely distribution does not predict the sharp gradients of the

PDF at the boundaries of the mixture fraction space for early simulation times, especially

if the number of prescribed moments is i < 4.

As can be anticipated from the evolution of M3, consideration of the third central

moment in the construction of ePSML;3(Z) does not result in major improvements of the

approximation of ePDNS(Z) over ePSML;2(Z). Therefore, ePSML;3(Z) is not shown in Fig. 4.3.

When the fourth moment is included in the formulation of ePSML;4(Z), the distribution

displays an unphysical peak around Z = eZ at early times.

From the present a priori analysis, it can be concluded that the results obtained using

the beta distribution as presumed PDF are more accurate than those obtained using the

statistically most-likely distribution. This can be attributed to the fact that the SMLD

cannot predict the initial distribution of the nearly unmixed mixture fraction states accu-

rately. In order to analyze this in more detail, the a priori analysis has been extended in

Appendix A.1 to the data of the partially premixed Sandia 
ame experiment. Using the

experimental data it is found, that the SML predicts the strongly skewed conserved scalar

distributions better than the beta distribution, especially if more than two moments are

enforced.

4.4.4 Reactive Scalar

The SMLD is proposed as a model for the PDF of a reactive scalar, in particular, for the

reaction progress parameter �, appearing in the FPV model. To test this model, the SMLD

is applied as presumed PDF of � conditioned on Z, where the marginal PDF of Z from the
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DNS is used. Then, the mean value of the chemical source term appearing in the transport

equation for the progress variable has the form

e_!C =

Z

�

Z

Z

�

�
F _!C

(Z;�) ePDNS(Z) ePSML;i(�jZ)dZd� ; (4.19)

and the statistically most-likely distribution is

ePSML;i(�jZ) = Q(�jZ) exp

(X

i

ai�
i

)
with Q(�jZ) =

1

�0

"
1 +

�
vr

vm

�2
#�1=2

(4.20)

with Eqs. (4.7) and (4.8) for vm and vr, respectively. Using the 
amelet assumption, the

progress variable is expressed in terms of the mixture fraction and reaction progress param-

eter, C = FC(Z;�). In this section, the following questions will be answered:

(1) What is the in
uence of the a priori PDF on ePSML;i(�jZ) and the evolution of eC(�)?

(2) Do ePSML;i(�jZ) and eC(�) converge to the DNS data if higher-moment information is

provided?

(3) Can the a priori PDF and the constraints on � be expressed in terms of the progress

variable rather than the reaction progress parameter?

4.4.4.1 A Priori PDF for the Reactive Scalar

The concept of SMLD is a general theory which can account for higher-moment information

and, with the a priori PDF, for the competition of time scales of molecular mixing and

reaction. The latter aspect is described by the a priori PDF, and a proper model for Q( )

is of crucial importance in the description of ePSML;i( ). In the present section, the suggested

form of Q( ) is tested in the context of the FPV model. In a �rst step, the conditional

SMLD given in Eq. (4.20) is used. The four di�erent models for Q(�jZ), summarized in

Tab. 4.2 with i = 2, are tested against DNS data and the beta distribution model for the

conditional PDF of �. Models 1 and 2 use the conditional variance of the reaction progress

parameter and the scalar dissipation rate conditioned on Z for the construction of the a

priori PDF. The di�erence between these models is the description of the reaction speed vr.

In model 1, the chemical source term _!� = _!C@C� from Eq. (2.40) is used and in model 2

_!C is used for vr. With this, the in
uence of vr on the mean progress variable is investigated.
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From the de�nition of the reaction progress parameter it follows that the derivative of �

with respect to C at Zst is unity, and the reaction speed is identical for both models.

Models 3 and 4 are mainly motivated by the later application of the model in LES, where

conditional information of the reaction progress parameter is not directly available, and the

variance of the reaction progress parameter � and the scalar dissipation rate of � are used

to model the mixing time scale. The �nal objective is to construct ePSML;i(�jZ) only from

information about the moments of the progress variable, for which transport equations are

solved. This question is addressed in Sec. 4.4.4.3.

Model �0 vm vr

1

q
�̂002jZ ]��jZ=

q
�̂002jZ _!�(�; Z) = _!C@C�

2

q
�̂002jZ ]��jZ=

q
�̂002jZ _!C(�; Z)

3
p
g�002 f��=

p
g�002 _!�(�; Z)

4
p
g�002 f��=

p
g�002 _!C(�; Z)

Table 4.2: Parameters used for the numerical simulation.

The evolution of the mean value of the progress variable for the four di�erent models

for Q(�jZ) and Q(�) together with results of the beta distribution model and the DNS are

shown in Fig. 4.4. Although the results obtained with the beta distribution closure model

are in reasonable agreement with the DNS data for both the moderate and strong extinction

case, it is shown in Fig. 4.5 that the shapes do not agree with the distribution from the

DNS. Especially for the strong extinction case, the skewed bimodal distribution cannot be

captured by this model. The PDFs in Fig. 4.5 are shown in a logarithmic scale to emphasize

the contribution at low values of � caused by local extinction. It is obvious from Fig. 4.5

that the beta distribution for the moderate extinction case leads to substantial errors for

the region of high probability.

Good agreement with the DNS data is obtained for models 1 and 2 where the conditional

average of �� and the conditional variance of � are used for the construction of Q(�jZ).

The shapes obtained using SMLD are in good agreement with those from the DNS data

in regions of large probability. The results for the evolution of the mean progress variable

are virtually identically for models 3 and 4. With both models, 3 & 4, eC is over-predicted

for the moderate extinction case. The reason for this can mainly be attributed to the over-

prediction of the PDF for � ! �max, which is shown in the upper left panel in Fig. 4.5.
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Figure 4.4: The evolution of the mean progress variable eC invoking steady 
amelet assumption for

four di�erent models for the a priori PDF of ePSML;2(�jZ) compared with the beta distribution model
and DNS data for A=80,000 (moderate extinction) and A=30,000 (strong extinction) for i = 2.

However, good agreement between model and DNS data is obtained for the case with strong

extinction.

It is generally observed that the functional shape of the PDF for a reactive scalar,

obtained using SMLD, is in better agreement with the DNS data compared to the beta

distribution. The PDF, and hence the evolution of eC, is dependent on the a priori PDF.

From this analysis, it can be concluded that the models which employ mixture fraction-

conditioned data yield slightly better results. However, mixture fraction-conditioned infor-

mation is not available in the FPV model. Therefore, the a priori PDF in the FPV approach

is constructed from unconditioned information. Since models 3 and 4 lead essentially to

identical results, in the following we will use _!C instead of _!� to construct the a priori PDF.
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Figure 4.5: Comparison of the conditional PDF ePSML;2(�jZst) for di�erent a priori PDFs at
� = 1:00 and � = 2:00 for A=80,000 (moderate extinction, left column) and A=30,000 (strong
extinction, right column) for i = 2. The chemical source terms are shown by the dashed lines in the
upper panels.

In this study, the model PDF ePSML;2(�jZ) has been constructed by enforcing the �rst

two moments only. It was argued by Cha & Pitsch (2002) that at least three moments

are required in order to model bimodal-shaped PDFs which occur during extinction and

reignition. Therefore, in the next section higher-order moment information is used for the

SMLD.

4.4.4.2 Higher-Moment Information

In this section, the question is answered whether the results for eC obtained using the SMLD

converge to the DNS solution, when higher central moments are prescribed. In the present

study, the �rst four conditional moments are extracted from the DNS. In order to allow

for a comparison of the di�erent PDF models, independent of the variation of the a priori
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PDF, the following form of Q is used:

Q(�jZ) =
1q

1 + _!2
�(�; Z)

: (4.21)

The evolution of eC for the �ve di�erent models for i = f0; 1; 2; 3; 4g is shown in Fig. 4.6,

and the respective conditional PDFs are shown in Fig. 4.7.
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Figure 4.6: The evolution of the mean progress variable eC invoking steady 
amelet assumption

with increasing number of prescribed moments i = f0; 1; 2; 3; 4g for ePSML;i(�jZ) compared with
DNS data for A=80,000 (moderate extinction) and A=30,000 (strong extinction).

From these �gures, it can be observed that statistical information up to the third and

fourth central moment needs to be enforced for both cases of moderate and strong extinction

in order to obtain excellent agreement with the DNS data. This suggests that higher-order

moment information, i.e. i > 2, need to be provided to obtain accurate predictions of
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extinction and reignition processes. The bimodal shape of the PDF for both cases is in

good agreement with ePDNS(�jZ), if the fourth moment is enforced.

Figure 4.7 shows that the probability of �nding states on the pure mixing line, i.e. � = 0,

is virtually zero for the DNS, whereas the SMLD over-predicts the values at this location.

However, the probability decreases with increasing number of prescribed moments (see for

instance the right column of Fig. 4.7). This discrepancy is not of major concern, as the

chemical source term is very small or zero near � = 0.
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Figure 4.7: Comparison of the conditional PDF ePSML;i(�jZst) with increasing number of prescribed
moments i = f0; 1; 2; 3; 4g at � = 1:00 and � = 2:00 for A=80,000 (moderate extinction, left column)
and A=30,000 (strong extinction, right column).

Figure 4.8 compares the conditional PDFs ePSML;i(�j0:4 � Z � 0:6) for A=30,000 at

� = 0:25 (left), when local extinction starts to become important, and � = 2:00 (right),

where reignition is taking place, with the conditional distribution from the DNS. This

interval corresponds to the region, in which the chemical source term is substantial. The

segment for i = 0 shows the rescaled a priori PDF so that the normalization condition is

enforced. For � = 0:25 the DNS shows that the maximum probability across this section
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is approximately constant with a peak at � � 0:7, which is accurately represented only

by ePSML;4(�jZ). ePDNS(�jZ) at � = 2:0 resembles the nearly fully burning state at �max,

which is well predicted for ePSML;i(�jZ) with i � 2. However, nearly extinguished 
ame

states around � � 0:15 are only accurately recovered with ePSML;4(�jZ).
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Figure 4.8: Comparison of conditional PDFs, ePSML;i(�jZ) and ePDNS(�jZ) for increasing number
of prescribed moments i = f0; 1; 2; 3; 4g for A=30,000 (strong extinction) at � = 0:25 (left) and
� = 2:00 (right). For the a priori PDF, �0 = 1:0 and vm = 1:0 are used.

4.4.4.3 Description of ePSML;i(�jZ) in Terms of Progress Variable

Solving a �ltered form of the transport equation for the reaction progress parameter is fairly

complicated compared with a typical reactive scalar equation, since the equation involves

additional unclosed terms. However, since the reaction progress parameter can be expressed

as function of the mixture fraction and progress variable, a simpler approach is to eliminate

the reaction progress parameter and formulate the model in terms of the progress variable.

Ihme et al. (2005) showed that this is a valid approach, and hence the higher moments of
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C can be used as constraints for the determination of PSML;i

Z

�

ePSML;i(�jZ)d� = 1 ; (4:22a)

Z

�
FC(Z;�) ePSML;i(�jZ)d� = gCjZ ; (4:22b)

Z

�

�
FC(Z;�) � gCjZ

�j ePSML;i(�jZ)d� = Ĉ 00j jZ for j = 2; : : : ; i : (4:22c)

We will use

q
Ĉ 002jZ and the conditional mean value of �C = 2�jrCj2 in the a priori PDF.

The model for ePSML;i(�jZ) can then be written as

ePSML;i(�jZ) =
1q
Ĉ 002jZ

2
641 +

0
@ _!C

q
Ĉ 002jZ

]�C jZ

1
A

2
3
75

�1=2

exp

(X

i

ai�
i

)
; (4.23)

where a is determined subject to the constraints (4.22). In the present a priori study ]�C jZ

is taken from the DNS. A model for the dissipation rate of the reactive scalar is presented in

Sec. 4.5.1. Results obtained with the presumed PDF model for i = 2 are shown in Fig. 4.9.

The evolution of eC for the case with moderate extinction is in good agreement with that of
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Figure 4.9: The evolution of the mean progress variable eC invoking steady 
amelet assumption
and Eq. (4.23) compared with DNS data for A=80,000 (moderate extinction) and A=30,000 (strong
extinction) for i = 2.

model 1, shown in Fig. 4.4. The mean temperature for A=30,000 is slightly under-predicted

after � � 0:5, which can be attributed to the approximations made for the a priori PDF: In



4.5. A POSTERIORI STUDY 61

Eq. (4.23) it is assumed that the mixing velocity of progress variable and reaction progress

parameter show a similar behavior, which is essentially only valid for � > 1:0.

4.4.4.4 PDF Model for eP (Z;�)

From the knowledge obtained from Section 4.4.3 and 4.4.4, a model for the presumed joint

PDF of Z and � can be written as

eP (Z;�) =
�

�
�(Z) ePSML;i(�jZ) ; (4.24)

with i = 2 for the present case. The conditional values of the variance and the scalar

dissipation rate of the reaction progress parameter have been used in the a priori PDF.

Results obtained with this model are shown in Fig. 4.10. Additionally, results obtained

from the delta distribution model (Ihme et al., 2005) are also shown for comparison. The

results obtained with the beta distribution model for the reaction progress parameter seem

to be in better agreement with the DNS data at late times for the case with moderate

extinction. This, however, is not the case for strong extinction where very good agreement

with the DNS data is achieved using model equation (4.24).

4.5 A Posteriori Study

In Section 4.4.4.3 a model for PSML;i(�jZ) has been presented, which requires only infor-

mation about the progress variable and its dissipation rate. In the present a posteriori

study, the SMLD is used as model for the FDF of the reaction progress parameter. For the

description of the functional shape of the SMLD, the mean and variance of the progress

variable are used. The extended FPV model requires then, in addition to the solution of

transport equations for eZ;gZ 002; and eC, also the solution of a transport equation for gC 002.

After presenting the full model in the next section, the extended FPV model is applied

in LES of Sandia 
ame E, and results are presented in Sec. 4.5.2.

4.5.1 Mathematical Model

4.5.1.1 Extended Flamelet/Progress Variable Model

From the de�nition of the reaction progress parameter follows that � and Z are statistically

independent, if the turbulent reactive 
ow �eld can be described by the steady 
amelet
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Figure 4.10: The evolution of the mean progress variable eC invoking steady 
amelet assumption
and Eq. (4.24) compared with DNS data and beta PDF model for A=80,000 (moderate extinction)
and A=30,000 (strong extinction).

equations (Ihme et al., 2005). Under this assumption and with Eq. (2.37), the constraints

in Eq. (4.22) can be expressed in terms of the progress variable only

Z

�

�Z

Z

�

�
�(Z; eZ;gZ 002)dZ

�
ePSML;2(�;a)d� = 1 ; (4:25a)

Z

�

�Z

Z

�

�
FC(Z;�)�(Z; eZ;gZ 002)dZ

�
ePSML;2(�;a)d� = eC ; (4:25b)

Z

�

�Z

Z

�

�

�
FC(Z;�) � eC

�2
�(Z; eZ;gZ 002)dZ

�
ePSML;2(�;a)d� = gC 002 ; (4:25c)
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where only the �rst two moments of the progress variable are enforced. According to the

results of Section 4.4.4, the a priori PDF can be written as

Q(�) =
1p
gC 002

2
41 +

 
_!C(Zst;�)

e�res
Z (Zst;�)


CgZ 002

p
gC 002

!2
3
5

�1=2

; (4.26)

and the time-scale ratio


C =
�C
�Z

=
gC 002

gZ 002

e�res
Z

e�res
C

(4.27)

has been used to replace the unknown residual dissipation rate of the progress variable

e�res
C . The chemical source term and the scalar dissipation rate, appearing in Eq. (4.26), are

evaluated at the stoichiometric mixture fraction.

Equations (4.25) suggest an e�cient method for the construction of the four-dimensional


amelet library eG   ( eZ;gZ 002; eC;gC 002), which eliminates the intermediate generation and sub-

sequent inversion of eF   . This has already been mentioned brie
y at the end of Sec. 3.4.

Since Eqs. (4.25) do not contain information about the moments of the reaction progress

parameter, the roots a of the set of equations can be solved as function of eZ;gZ 002; eC;gC 002.

After a is obtained, PSML;2(�) can be computed as follows:

eG   ( eZ;gZ 002; eC;gC 002) =

ZZ
�

�
F   (Z;�)�(Z; eZ;gZ 002) ePSML;2(�;a( eZ;gZ 002; eC;gC 002))dZd� :

(4.28)

This method was successfully applied here.

4.5.1.2 Model for the Residual Scalar Variance of the Reactive Scalar

In the extended FPV model for the prediction of extinction and reignition, all thermo-

chemical quantities are represented in terms of a four-dimensional manifold, consisting of

eZ; eC;gZ 002; and gC 002: The �rst three scalar quantities are obtained from solutions of Favre-

�ltered transport equations, which have been presented in Secs. 3.1 and 3.3. In addition to

these three scalar equations, a transport equation for the residual variance of the progress

variable is solved. The Favre-�ltered form of this equation can be written as

� eDt
gC 002 = r � (�e�rgC 002) + r � � res

gC002
� 2�û00C 00 � r eC � �e�res

C + 2�Ĉ 00 _!00
C : (4.29)
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Similar to the model closure of Eq. (3.20), the turbulent scalar transport is modeled by

a gradient transport assumption, and Ĉ 00 _!00
C is obtained from the presumed PDF-model.

The term e�res
C can be expressed in terms of 
C ;gZ 002, and e�res

Z using Eq. (4.27), and e�res
Z is

modeled using Eq. (3.34).

4.5.2 Application to Sandia Flame E

The extended FPV model, described in the previous sections, is applied in LES of the

piloted Sandia 
ames D and E. Simulations were performed under identical conditions, and

results were compared with experimental data and are presented in Sec. 4.5.2.4.

4.5.2.1 Experimental Con�guration

In the Sandia 
ame experiment, piloted partially premixed methane/air di�usion 
ames at

di�erent Reynolds numbers have been studied by Barlow & Frank (1998). By increasing

the Reynolds number from 22,400 (
ame D), 33,600 (
ame E), to 44,800 (
ame F), the


ame characteristic changes, and local extinction and reignition becomes important. Here,

the Reynolds number is based on the nozzle diameter, jet bulk exit velocity and kinematic

viscosity of the fuel jet. The central jet nozzle has a diameter of Dref = 7:2 mm, and the

annular pilot nozzle diameter is 18:2 mm. The oxidizer air at 291 K is supplied by a co-
ow.

The fuel jet velocities are 49:6 (�2) m=s, 74:4 (�2) m=s, and 99:2 (�2) m=s, and the pilot

gas velocity is 11:4 (�0:5) m=s, 17:1 (�0:75) m=s, and 22:8 (�1) m=s for 
ames D, E, and

F, respectively. The co-
ow velocity is 0:9 (�0:05) m=s: The jet 
uid consists of a mixture

of methane and air in a volumetric ratio of 1 : 3 with a stoichiometric mixture fraction

of Zst = 0:351. The pilot stream is a lean premixed gas mixture of C2H2;H2;CO2;N2;

and air with an equivalence ratio of 0:77 and a similar equilibrium composition as the jet

fuel with Z = 0:27. It has been reported that these 
ames burn as di�usion 
ames and

exhibit no signi�cant premixed reaction zone in the fuel-rich region. Point measurements

were obtained at streamwise locations x=Dref = 7:5; 15, 30, and 45. The statistical errors of

the measurements for the mean major species and temperature are below 5 %, and for CO

below 10 %. The operation conditions and geometrical con�guration of the Sandia 
ame

experiments are summarized in Tab. 4.3.
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Parameter Flame D Flame E Flame F

Jet bulk velocity [m/s] 49.6 (� 2) (=Uref) 74.4 (� 2) (=Uref) 99.2 (� 2) (=Uref)
Pilot gas velocity [m/s] 11.4 (� 0.2) 17.1 (� 0.75) 22.8 (� 1)
Co-
ow velocity [m/s] 0.9 (� 0.05) 0.9 (� 0.05) 0.9 (� 0.05)

Reynolds number 22,400 33,600 44,800

Fuel stream [{,K] YCH4
= 0:156; YO2

= 0:196; YN2
= 0:648;� = 291

Oxidizer stream [{,K] YO2
= 0:233; YN2

= 0:767;� = 291
Stoichiometric condition [{] Zst = 0:351

Pressure [bar] 1.00616
Inner jet diameter [mm] 7.2 (=Dref)

Inner pilot diameter [mm] 7.7
Outer pilot diameter [mm] 18.2

Table 4.3: Conditions for Sandia 
ame experiments.

4.5.2.2 Computational Setup

The �ltered equations for mass, momentum, mixture fraction, and progress variable are

solved in cylindrical coordinates (Pierce & Moin, 2001). The geometry has been non-

dimensionalized by the jet nozzle diameter Dref and the computational domain is 80Dref �

26:5Dref � 2� in axial, radial, and circumferential directions, respectively. The radial di-

rection is discretized by 160 unevenly spaced grid points concentrated in the fuel and pilot

stream. For the fuel jet nozzle radius and pilot annulus, 18 and 33 grid points are used.

The grid in axial direction uses 256 points and is stretched in downstream direction while

the circumferential direction is equally spaced and uses 64 points. The total number of grid

points used for the simulation is approximately 2.6 million. The minimum and maximum

�lter widths in the domain are �min = 4 � 10�2 Dref (boundary layer in the fuel jet) and

�max = 1:12Dref (outermost grid cell at the out
ow plane). For comparison, the size of

the probe volume is 0.104 Dref . The corresponding grid spacing diagram in axial and radial

direction is shown in Fig. 4.11.

The turbulent inlet velocity pro�le is generated by separately performing a periodic pipe


ow simulation, where the mean axial velocity, as measured by Schneider et al. (2003), has

been enforced.

The numerical simulation is run over ten 
ow-through-times to obtain a statistically

stationary 
ow �eld, and statistics are collected thereafter over �ve 
ow-through-times.

In the following section, ensemble averaged and conditional statistics obtained from the
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numerical simulation will be compared with experimental data. For clarity, the following

notation is introduced:

h e i(x; r) =
1

2�T

t+TZ

t

2�Z

0

e (t; x; r; ’)d’dt ; (4:30a)

h e 002
< i(x; r) =

1

2�T

t+TZ

t

2�Z

0

h
e (t; x; r; ’) � h e i(x; r)

i2
d’dt ; (4:30b)

where h e 002
< i is the resolved variance.

4.5.2.3 Chemistry Mechanism

Steady 
amelet calculations have been performed using the FlameMaster code (Pitsch,

1998a). The chemistry is described by the GRI 2.11 mechanism (Bowman et al., 1997),

consisting of 279 reactions among 49 species.

In the present simulation, the progress variable is de�ned as C = YCO2
+YCO+YH2O+YH2

.

Radiation has not been considered in the present simulation. As a result, the peak

temperature in the downstream region is presumably over-predicted by about 50 � 100 K

using the present model. Thermal radiation e�ects can be incorporated into the FPV model

by introducing the enthalpy as additional variable. This model extension is discussed in
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the context of the modeling of nitrogen oxide formation in Chapt. 5. Results obtained

with this model con�rm that the mean centerline temperature for 
ame D is reduced by

approximately 100 K for x=Dref > 40.

The library is discretized with 100 uniformly distributed grid points in the eZ and eC
directions. For both, the gZ 002 and gC 002 directions, 15 points are used, and the grid spacing

follows a geometric growth law. The maximum size of the chemistry library is limited by the

available memory. Other tabulation techniques, such as arti�cial neural networks (ANNs),

can be used to represent the thermochemistry. Compared to the tabulation technique, an

ANN approximates a particular function during a training process by adjusting the so-

called synaptic weights. Thus, an ANN library requires only the storage of the synaptic

weights together with the network architecture, resulting in a considerable reduction of the

memory requirement. A framework for the generation of optimal ANNs has been developed,

which can be employed to identify a network architecture resulting in the most accurate

representation of a particular thermochemical system (Ihme et al., 2007).

In the present simulation, the time scale ratio, appearing in Eq. (4.27) is set to 
C = 1.

In principle, a model based on the mapping closure following Cha & Trouillet (2003a,b)

could be employed for a better prediction of 
C . This, however, would then introduce 
C

as a �fth independent parameter in the FPV model. The coe�cients in the model for e�res
Z

have been set to C�Z
= 2 and C"=Cu = 2, respectively.

4.5.2.4 Results

In this section, numerical results are compared with experimental data of Sandia 
ames D

and E. In this order, the level of local extinction increases. Numerical simulations for these


ames under identical conditions have been performed in this work. For the validation

of the extended FPV model, 
ame E has been selected as test case, and results of this


ame calculation are presented in this section. This choice is motivated by the fact that


ame D shows only a moderate amount of extinction, which is insu�cient to challenge the

combustion model. On the other hand, it has been reported by Barlow & Frank (1998) that


ame F shows signi�cant local extinction and is close to global extinction. Furthermore, it

has been found in transported PDF calculations by Xu & Pope (2000) that this 
ame shows

strong sensitivity to boundary conditions. However, it was only recently shown by Cao &

Pope (2005) that this conclusion strongly depends on the chemical mechanism. In fact, Cao

& Pope showed that the 
ame structure has only little sensitivity to boundary conditions
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when complex mechanisms, such as GRI 2.11 or GRI 3.00, are used. This �nding is an

indication of the pronounced turbulence-chemistry interaction, which was only insu�ciently

described by the augmented reduced mechanism in Xu & Pope (2000).

While mostly focusing on results of 
ame E, the 
ow structure and integral 
ow �eld

quantities for 
ame D will also be presented for comparison.

The computed instantaneous and averaged temperature �elds of 
ames D and E are

shown in Fig. 4.12. Although the instantaneous 
ow �eld allows only for a qualitative

comparison, it is informative to study the e�ect of the increasing jet exit velocity on the 
ame

structure. It can be seen from the instantaneous temperature �eld of 
ame D that the shear

layer surrounding the jet core region is dominated by quasi-laminar structures, which can

mainly be attributed to the increase in the molecular properties due the heat release (Ihme

& Pitsch, 2007). The 
ow structure in the neck region of the 
ame (3 . x=Dref . 10) shows

di�erences between both 
ames. While 
ame D exhibits only some large-scale oscillations,

the contour of stoichiometric mixture is considerably wrinkled in 
ame E. Since the velocity

ratio between the jet and the pilot is held constant and e�ects of the di�erence in the co-
ow

velocities are typically small in the transitional region (Han & Mungal, 2001), the di�erence

in the 
ame structure between both cases is mostly due to the decrease in the Damk�ohler

number rather than the 
ow kinematics. Coherent structures of high scalar dissipation

rate lead to 
ame stretching and eventually to local extinction in 
ame E, which is not so

apparent for 
ame D.

Figure 4.13 shows axial pro�les of the mean and resolved rms statistics of axial velocity,

mixture fraction, and temperature along the centerline for 
ame E. The correct represen-

tation of the mixture fraction �eld in the numerical simulation is essential for the accurate

prediction of non-premixed turbulent 
ames. The calculated mean and rms mixture frac-

tion pro�les, shown in the middle row of Fig. 4.13, are found to be in good agreement with

experimental data. Temperature pro�les of this 
ame are presented in the bottom row of

this �gure. The temperature is over-predicted by approximately 100-150 K. Possible e�ects

of radiation on the 
ame temperature are discussed in the context of the modeling of NO

formation in Sec. 5.3. Radial velocity pro�les for 
ame E at the axial locations x=Dref = 15

and 45 are shown in Fig. 4.14. The experimental data are shown with estimated uncertain-

ties. Measurements for locations closer to the nozzle were not available, so that only these

data are used for the comparison of the computed velocity �eld. Results for both mean

and resolved 
uctuations of the velocity are in overall good agreement with experimental
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Figure 4.12: Instantaneous and averaged temperature �elds for (a) Sandia 
ame D and (b) Sandia

ame E. The solid lines show the location of stoichiometric mixture fraction.

data. Similarly good agreement is obtained for the radial pro�les of the mixture fraction,

shown in Fig. 4.15(a). Mean and rms temperature pro�les in radial direction at four ax-

ial locations are shown in Fig. 4.15(b). Mean temperature pro�les are in good agreement

with experimental data. The vertical dashed lines in the graphs for the rms temperature

indicate the location of stoichiometric mixture fraction, extracted from the experiments.

The fuel-rich and fuel-lean part of the 
ame correspond to the left and right side of this

line, respectively. The reason for the local minimum of

q
he�002

< i at this location can be

understood by approximating the temperature 
uctuation as

q
he�002

< i � �� = @ZG��Z + @CG��C : (4.31)

The temperature at stoichiometric condition reaches a maximum, so that the �rst term

on the RHS is zero. Since the second term in the expansion is typically also small, the

rms temperature reaches a minimum at Zst. Furthermore, approximating the temperature
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Figure 4.13: Comparison of measured (symbols) and calculated (solid lines) mean and rms statistics
of axial velocity and mixture fraction along the centerline for 
ame E. Experimental data are plotted
with estimated uncertainties.

gradient on the fuel-lean and fuel-rich side by

@Z�jlean �
��ref

Zst
; (4:32a)

@Z�jrich �
��ref

1 � Zst
; (4:32b)

it can be inferred that the temperature 
uctuations are larger in the fuel-lean region which

corresponds to the observed behavior in Fig. 4.15(b).

Turbulent non-premixed combustion is strongly a�ected by the interaction of turbulent

mixing on the small scales, di�usion between fuel and oxidizer, and chemical reactions.

For an assessment of only the combustion model, it is essential to perform a 
ow-�eld

independent comparison of the chemical species and temperature with experimental data. In

the following this is done by analyzing mixture fraction-conditioned data with experimental
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Figure 4.14: Comparison of measured (symbols) and calculated (solid lines) mean and resolved
rms statistics of axial velocity at di�erent axial locations for 
ame E. Experimental data are plotted
with estimated uncertainties.

results in Figs. 4.16 and 4.17.

Conditional data for temperature and mass fractions of CH4, O2, and H2O are presented

in Fig. 4.16. For this 
ame, signi�cant extinction is observed for the �rst two measurement

locations. After x=Dref > 15, the 
ame recovers and reignites. Local 
ame extinction leads

to leakage of unburned oxygen and methane through the reaction zone, which is accurately

predicted by the calculation. The incomplete consumption of reactants leads to a reduction

in the peak 
ame temperature compared to Sandia 
ame D (shown by the dashed line).

The predicted water mass fraction, shown in the last row, is in reasonable agreement with

the measurements on the fuel-lean side of the 
ame, and over-predicted for eZ > 0:5.

In this 
ame, CH4 is the primary source of CO and CO2. The fuel consumption is over-

predicted on the fuel-rich side of the 
ame, which, in turn, results in an over-prediction

of CO. This can be seen in the second row of Fig. 4.17. Mass fractions for CO2, and the

minor species H2 and OH are also shown in this �gure. The CO2 mass fraction is in good

agreement with the measurements throughout the 
ame. The peak hydrogen mass fraction

is over-predicted by approximately 30 %, and OH is under-predicted for x=Dref = 15 and

30.

In summary, the mixture fraction conditioned results are overall in reasonable agreement

with experimental data. From the conditional data it can be concluded that the extended
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Figure 4.15: Comparison of measured (symbols) and calculated (solid lines) mean and resolved
rms statistics of mixture fraction (left) and temperature (right) at di�erent axial locations for 
ame
E. Experimental data are plotted with estimated uncertainties. The dashed lines in the plots of rms
temperature show the location corresponding to the stoichiometric mixture.

FPV model is able to capture strong local extinction and subsequent reignition events.

Scatter plots, conditional PDFs, and burning indices will be presented next.

Scatter plots of temperature and species mass fractions of CO2, CO, H2O, H2, and

OH versus mixture fraction are shown in Figs. 4.18-4.23. The data from the simulation

are sampled at the same radial locations as the measurements, and only a subset of about

4,000 samples is shown in the �gures. In these graphs, a 
amelet pro�le of a counter
ow
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Figure 4.16: Comparison of measured (symbols) and calculated (solid lines) conditional mean mass
fractions of temperature and major species at x=Dref = 7:5; 15; 30 and 45 for 
ame E. Experimental
data are plotted with estimated uncertainties. The dashed lines at x=Dref = 7:5 correspond to
results of the Sandia 
ame D simulation.

con�guration at �Z;st = 50 s�1 is included for visual comparison. Despite the fact that the

instantaneous measurements allow only for a qualitative comparison, the sample data are

useful to assess the instantaneous 
ame structure.

The scatter plots for e� and eYCO2
compare well with the measurements. At x=Dref = 7:5,
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Figure 4.17: Comparison of measured (symbols) and calculated (solid lines) conditional mean mass
fractions of major and minor species at x=Dref = 7:5; 15; 30 and 45 for 
ame E. Experimental data
are plotted with estimated uncertainties. The dashed lines at x=Dref = 7:5 correspond to results of
the Sandia 
ame D simulation.

the broad temperature distribution is evident, which provides an indication for the proba-

bility of local 
ame extinction. With increasing distance to the nozzle, the 
ame recovers,

resulting in a narrow temperature distribution. In this context it is interesting to point

out the broad scattering of measurements on the fuel-rich side of the 
ame, which cannot
















































































































































































































