








Abstract

Computer simulations have the potential to viably address the design challenges of
modern combustion applications, provided that adequate models for the prediction
of multiphysics processes can be developed. Heat transfer has particular signi cance
in modeling because it directly a ects thermal e ciencies and pollutant formation
in combustion systems. Convective heat transfer from ame-wall interaction has
received increased attention in aeronautical propulsion and power-generation appli-
cations where modern designs have trended towards more compact combustors with
higher surface-to-volume ratios, and in diesel engines where enclosed volumes and
cool walls provide ample conditions for thermal quenching. As intense ame-wall
interactions can induce extremely large heat uxes, their inclusion is important in
computational models used to predict performance and design cooling systems.

In the present work, a amelet method is proposed for modeling turbulence/chem-
istry interactions in large-eddy simulations (LES) of non-premixed combustion sys-
tems with convective heat-losses. The new method is based on the amelet/progress
variable approach of Pierce & Moin (2004) and extends that work to include the
e ects of thermal-losses on the combustion chemistry. In the new model, chemical-
state databases are constructed by solving one-dimensional di usion/reaction equa-
tions which have been constrained by scaling the enthalpy of the system between
the adiabatic state and a thermally-quenched reference state. The solutions are pa-
rameterized and tabulated as a function of the mapping variables: mixture fraction,
reaction progress variable, and normalized enthalpy. The new model is applied to
LES of non-premixed methane-air combustion in a coaxial-jet with isothermal wall-
conditions to describe heat transfer to the con nement. The resulting velocity, species



concentration, and temperature elds are compared to experimental measurements
and to numerical results from the adiabatic model. The new method shows distinct
improvement in the prediction of temperature, mixture composition, and heat ux in
the near-wall regions of the combustor.
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generic scalar
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mass density
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time scale, non-dimensional time
viscous stress tensor
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transformed progress variable coordinate
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response values

N<X<x30O0ZrImno®°
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™ Favre Itered quantity
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(92 variance (Favre ltered)
h( )i spatially or temporally averaged quantity
o() order of accuracy
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beJ =@ )+ uj%(—)q), substantial (material) derivative
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Superscripts
ad adiabatic
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wall wall value
Subscripts
1 far- eld or background quantity
, molecular or elemental species (no summation)
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e extinction
eq equilibrium
i ignition
i,k generic summation index
R radiation
RF reference frame
st stoichiometric
t turbulent
tree binary tree approximation
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Chapter 1

Introduction

1.1 Motivation and objectives

It is di cult to overstate the importance of energy research in today’s dynamic and
globally competitive environment. Analysts expect worldwide energy consumption
to increase by approximately 50% by the year 2030 compared to 2005 (see U. S.
Department of Energy, 2008), increases fueled largely by growing demand in develop-
ing countries. Despite a projected increase from nuclear and renewable sources, the
fractional contribution from fossil fuels (petroleum liquids, natural gas, and coal) is
expected to change by less than 1% over the next 20 years (see Figure 1.1). Given
their importance in the transportation sector, petroleum liquids are expected to re-
main the world’s primary energy source, while coal will continue to supply roughly
half of the world’s electricity through 2030 and beyond. With these trends, it is ob-
vious that combustion of hydrocarbon fuels will dominate the energy landscape for
the foreseeable future.

Despite the maturity of combustion-based energy, a host of technological chal-
lenges remains. The inherent scarcity of fossil fuel reserves, coupled with rising de-
mand, highlights the urgency of developing more fuel-e cient combustion devices.
In addition, environmental concerns and the prospect of global-warming has led gov-
ernments to enact stringent restrictions on the emission of pollutants. As these re-
quirements push devices into leaner combustion regimes, considerations of stability

1
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Figure 1.1: World marketed energy use by fuel type from 1980 to 2030. Renewable
energy sources include solar, geothermal, biomass, wind, and hydroelectricity (source:
U. S. Department of Energy, 2008).

and safety present practical limits to combustor designs. Addressing these issues,
with their complex economic, political, and environmental implications, requires a
better understanding of the fundamental physics of combustion and the development
of tractable methods for modeling and analyzing combustion systems.

To facilitate the design of e cient, low emission, and stably operating combus-
tion devices it is essential to accurately predict combustion processes. Prediction in
this sense, comprises both understanding the processes that drive key phenomena
and translating those processes into mathematical statements that approximate (or
model) real systems. Until recently, experimental observation and theory were the
primary means of developing predictive models. However, with the advances in com-
puter technology and algorithms of the last half-century, numerical simulation has
emerged as a full complement to experiment (in understanding fundamental phenom-
ena) and to theory (in predicting the behavior of physical systems).

Computer simulations have the potential to viably address the design challenges
of modern combustion applications, provided that adequate models for the prediction
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of multiphysics processes encountered in combustion systems can be developed. In
well-designed combustors, for example, ow unsteadiness, separation, swirl, and/or

ame lift-o can all combine to ensure stable operation of the device. Additional
complexity is introduced by secondary mixing and reaction, heat transfer, quenching
and re-ignition, pollutant formation, and acoustic interactions. Models that e ec-
tively describe these systems must consider the vast range of scales and conditions
dictated by all the component physics.

In the present work, a amelet-based combustion model is used to describe non-
premixed combustion. In the amelet framework, multiscale analysis is used to de-
scribe a turbulent di usion ame as an ensemble of laminar amelets embedded in a
turbulent ow (Peters, 1983, 1984). Thermochemical species are represented by map-
ping the amelet information to low-dimensional manifolds parameterized by globally
descriptive scalars. A salient advantage of amelet methods is their simplicity and
ability to e ciently account for complex chemical kinetics by pre-computing the ther-
mochemical relationships and tabulating them for easy retrieval. The computational
cost of the model is modest, since only the solution of the low-dimensional set of
mapping scalars is required to represent all of the thermochemical properties.

Recently, Pierce & Moin (2001, 2004) developed a amelet-based methodology for
large-eddy simulation (LES) called the amelet/progress variable (FPV) model. The
new approach was used to predict ame lift-o inacon ned combustor, with favorable
comparison to the experimentally measured velocity, mixture fraction, and product
concentration elds. The FPV model, however, did not account for convective heat
transfer to solid surfaces, radiative transfer e ects, or slow chemical processes such
as pollutant formation. Discrepancies between the simulation and experiment were
attributed to these shortcomings.

Heat transfer, in particular, can dramatically a ect the thermal e ciency and
pollutant formation in combustion systems. In diesel engines, for example, the en-
closed volume and cool walls of the engine cylinders provide ample conditions for

ame-wall interaction (FWI). Intense FWI can lead to local ame quenching and a
corresponding decrease in engine performance. Although negative impacts on the
thermal e ciency are generally small, FWI notably a ects pollutant formation and
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provides a dominant mechanism for the emission of unburnt hydrocarbons. Similar
e ects are observed in aeronautical propulsion and power-generation applications,
particularly as designs trend towards more compact combustors with higher surface-
to-volume ratios. As ames interact with walls before quenching, extremely large
heat uxes can be induced. The maximum heat ux values are important to consider
when designing structural components and cooling systems.

The primary objective of this work is to extend the FPV model to include a
general description of convective heat transfer for gas-phase combustion. In the ex-
panded model, chemical-state databases are constructed by solving one-dimensional
di usion/reaction equations which have been constrained by scaling the enthalpy of
the system between the adiabatic state and a thermally-quenched reference state.
The solutions are parameterized and tabulated as a function of the mapping vari-
ables: mixture fraction, reaction progress variable, and normalized enthalpy. This
model extension represents an essential movement towards a generalized combustion
model for the prediction of non-premixed turbulent combustion.

It is also recognized that to usefully leverage computer simulations, the predictive
capability of the numerical methods and models must be demonstrated. The process
of establishing this predictive capability is generally referred to as veri cation and
validation, or V&V. The term veri cation describes the process of demonstrating
that a code correctly solves the intended governing mathematical equations. A code
that has been properly veri ed, therefore, is likely free of programming errors (bugs)
that a ect the theoretical order-of-accuracy of the numerical algorithm. Veri cation
is a largely mathematical endeavor, and ordinarily carries clearly identi able metrics
of success or failure for a speci ¢ test. The term validation, on the other hand, is often
used to imply favorable comparison of numerical simulation results with data from a
controlled laboratory experiment. The goal of validation is to probe the applicability
or suitability of a proposed numerical approach (or model) to solve a given real-world
application. Validation e orts, in the end, require a judgement call about whether or
not the right computational model is being used to describe the physics of the target
application.

As the demand for high- delity simulations in science and engineering grows and
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simulation codes become correspondingly more complex and sophisticated, V&V prac-
tices must assume an early and integrated role in establishing the predictive capa-
bilities of simulation software. Only after careful and proper V&V, can simulation
results be used with con dence to predict the behavior of applications and provide
the understanding necessary to improve them. In the present work, strong emphasis
is placed towards the development of V&V tests amenable to the low-Mach number,
variable-density combustion codes that are popular in propulsion and automotive
applications.

1.2 Literature discussion

1.2.1 Large-eddy simulation

In large-eddy simulation (LES), large energy-containing motions in a turbulent ow
are explicitly represented, whereas the e ects of smaller-scale motions are modeled. In
the spectrum of computational expense, LES lies between Reynolds-averaged Navier-
Stokes (RANS) methods, where all turbulent stresses are modeled, and direct nu-
merical simulation (DNS) where all scales are resolved. RANS computations are
relatively fast and inexpensive, but can be inaccurate for ows where unsteady dy-
namics and separation are important. DNS is the method of choice for detailed stud-
ies at low-Reynolds numbers, but its enormous cost makes it infeasible for complex,
high-Reynolds number ows. LES is a promising compromise for many engineering
applications because it directly captures the dynamics of large-scale motions, but
replaces the vast computational expense of representing the smaller scales with sim-
ple models. Since large-eddy simulations are three-dimensional and time-dependent,
they incur considerable computational costs relative to RANS methods. Despite this,
high- delity LES is an attractive alternative to physical testing, and its utility is
increasing with further advancements in computer technology.

Much of the pioneering work on LES was motivated by meterological applications
(Smagorinsky, 1963; Lilly, 1967; Deardor , 1974). Later development and testing fo-
cused on simple ows such as isotropic turbulence (Reynolds, 1976; Kraichnan, 1976)
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and fully-developed turbulent channel ow (Deardor , 1970; Schumann, 1975; Moin
& Kim, 1982; Piomelli, 1993). A driving objective in current research is the appli-
cation of LES to complex geometries for engineering analysis (Ghosal & Moin, 1995;
Mahesh et al., 2004; Ham & laccarino, 2004; Ham et al., 2006; Kassinos et al., 2007).
Overviews of the developments and history of LES can be found in the collection
of papers by Galperin & Orszag (1993) and the reviews of Mason (1994); Lesieur &
Metais (1998); Moin (1997, 2002); Meneveau & Katz (2000).

Signi cant e ort has been spent on the formulation of subgrid-scale (SGS) stress
models for LES. Most SGS models are a variation on the constant coe cient eddy-
viscosity model proposed by Smagorinsky (1963). A signi cant contribution was the
development of the dynamic Smagorinsky model where model coe cients are com-
puted automatically from resolved quantities, thereby eliminating the uncertainty of
tunable model-parameters (Germano et al., 1991; Moin et al., 1991; Ghosal et al.,
1995). To further improve the dynamic method, Lilly (1992) proposed that least-
squares averaging of the dynamic coe cients be performed in statistically homoge-
neous directions to provide additional robustness. For complex ows where spatial
averaging is problematic, Meneveau et al. (1996) applied time-averaging along La-
grangian pathlines with success. These and other variants of the dynamic Smagorin-
sky model have been applied in a variety of ows with generally good results (Piomelli
& Liu, 1995; Akselvoll & Moin, 1996; Wang & Squires, 1996; Ghosal & Rogers, 1997,
Wu & Squires, 1998; Haworth & Jansen, 2000). Alternatives to Smagorinsky-type
models include scale-similarity approaches (Bardina et al., 1980), renormalization
group techniques (Yakhot et al., 1989; Smith & Woodru , 1998), structure function
models (Metais & Lesieur, 1992), deconvolution methods (Domaradzki & Saiki, 1997,
Stolz & Adams, 1999), fractal-based approaches (Benzi et al., 1993; Juneja et al.,
1994), optimal-estimation methods (Berkooz, 1993; Chorin et al., 1998), stochasti-
cally synthesized velocity methods (Kerstein, 2002; Schmidt et al., 2003), and recent
algebraic eddy-viscosity formulations (Vreman, 2004; You & Moin, 2007).
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1.2.2 Turbulent non-premixed combustion

Several models have been proposed for predicting turbulent non-premixed combus-
tion. Common approaches include amelet models (Peters, 1983, 1984), probability
density function (PDF) methods (Pope, 1985, 1990; Dopazo, 1994), conditional mo-
ment closure (CMC) models (Klimenko, 1990; Bilger, 1993; Klimenko & Bilger, 1999),
linear-eddy models (LEM) (Kerstein, 1992a,b), and the related one-dimensional tur-
bulence (ODT) approach (Kerstein, 1999; Kerstein et al., 2001; Echekki et al., 2001).
The monograph by Peters (2000) o ers a comprehensive review of turbulent combus-
tion models.

Many of these established modeling approaches have recently been applied to LES
of chemically reacting ows. A review of developments in the eld of LES applied
to combustion was conducted by Pitsch (2006). The steady laminar amelet model
was tested in LES of homogeneous turbulence (Cook et al., 1997) and a priori studies
of DNS data (Cook & Riley, 1998; de Bruyn Kops et al., 1998). Steady amelet
methods have additionally been used in LES of jet ames and blu -body stabilized

ames (Kempf et al., 2002, 2005; Renfro et al., 2004; Stein & Kempf, 2007; Stein et al.,
2007). Lagrangian and Eulerian versions of unsteady amelet models have likewise
been applied to LES (Pitsch et al., 1998; Pitsch & Steiner, 2000; Pitsch, 2002).

Pierce & Moin (2001, 2004) developed an approach for LES of non-premixed
combustion termed the amelet/progress variable (FPV) model. The FPV model is
conceptually similar to the steady laminar amelet method, but parameterizes the
chemistry using the mixture fraction and a reaction progress variable rather than by
the mixture fraction and scalar dissipation rate (as is common in traditional amelet
methods). Several other combustion models have employed similar parameterizations
(Janicka & Kollmann, 1978; Bruel et al., 1990; Zhang et al., 1995), and the model is
in some ways analogous to the intrinsic low-dimensional manifold (ILDM) (Maas &
Pope, 1992) and amelet-generated manifold (FGM) methods (van Oijen & de Goey,
2002). The FPV model has recently been recast in an unsteady version (lhme &
Pitsch, 2004) and expanded to better describe ame extinction and re-ignition (Ihme
et al., 2005; Ihme & Pitsch, 2008a,b). The generality and utility of the model has
been demonstrated in LES of engineering ows (Mahesh et al., 2006).
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The CMC approach models turbulent combustion by solving transport equations
for reactive scalars which have been conditioned on the mixture fraction (Klimenko,
1990; Bilger, 1993; Klimenko & Bilger, 1999). The model was originally formulated
for RANS simulations, but has recently been modi ed for application to LES (Kim
& Pitsch, 2005) and used to simulate a blu -body stabilized di usion ame (Kim
& Pitsch, 2006). A variant of the CMC technique, called conditional source-term
estimation, was proposed by Bushe & Steiner (1999) and applied to LES of a piloted
methane/air di usion ame (Steiner & Bushe, 2001).

Transported PDF methods have long been applied in RANS simulations of tur-
bulent combustion (Pope, 1985; Chen et al., 1989; Xu & Pope, 2000). One attractive
aspect of these methods is that, contrary to most other combustion models, reactive
source terms appear in closed form and require no closure modeling. A limitation of
the model, however, is the inherent high dimensionality of the PDF-transport equa-
tion and the need for cumbersome modeling of molecular mixing terms. Transported
PDF methods have recently been applied in LES of jet ame con gurations (Raman
et al., 2005; Raman & Pitsch, 2007). The method remains very costly due to its
reliance on Monte-Carlo methods with large numbers of Lagrangian particles.

Another approach to account for non-equilibrium chemistry in turbulent com-
bustion is the linear-eddy model (LEM). LEM was originally formulated for non-
reacting ows (Kerstein, 1988), but later extended to model reactive scalars (Ker-
stein, 1992a,b). LEM deterministically simulates one-dimensional di usive mixing,
but models turbulent advection as a series of stochastic \rearrangement events" whose
size and frequency are chosen randomly from a PDF designed to represent inertial-
range scaling. LEM can be used in \stand-alone™ mode to represent simple combus-
tion scenarios (McMurtry et al., 1993; DesJardin & Frankel, 1997) or can be coupled
with LES to model residual scalar uxes and chemistry (Menon & Calhoon, 1996; El-
Asrag & Menon, 2007). The core ideas in LEM have recently been extended beyond
scalar modeling to also include the velocity eld. The resulting model, called one-
dimensional turbulence (ODT), is a self-contained formulation that does not require
assumptions about the energy-cascade (Kerstein, 1999; Kerstein et al., 2001). The
ODT framework has been used to successfully predict many properties of turbulent
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jet di usion ames (Echekki et al., 2001; Hewson & Kerstein, 2001).

In addition to the computational models discussed here, a vast literature of ex-
perimental investigations of non-premixed combustion exists. An early example is
the series of coaxial-jet combustor experiments conducted at the United Technol-
ogy Research Center (Spadaccini et al., 1976; Owen et al., 1976; Johnson & Ben-
nett, 1981, 1984; Roback & Johnson, 1983). The results consist of relatively com-
plete measurements of velocity, species, and temperature for a variety of swirling and
non-swirling con gurations. Another notable example is the turbulent non-premixed

ame (TNF) library established by Sandia National Laboratories to provide well-
documented ames for model validation and basic combustion research (Sandia Na-
tional Laboratories, 1996). The library includes experimental data from simple jet

ames, piloted jet ames, blu -body ames, and swirl ames with a variety of reac-
tants and ow conditions represented. The TNF workshop’s focus on geometrically
simple, canonical ames is not only indicative of the challenges of producing high-
quality measurements of combustion phenomena, but also re ective of the relatively
early stage of development that characterizes many computational combustion mod-
els. At present, most LES studies in complex geometries have not been subject
to validation against comprehensive experiments. Future developments in this eld
would greatly bene t from quantitative experimental data in complex con gurations.

1.2.3 Heat transfer and combustion

Flame-wall interactions (FWI) have been the subject of many investigations, with
a prevalent focus on laminar and turbulent quenching of premixed ames near cold
boundaries. Results from laminar ame experiments indicate that quenching events
near cold surfaces correspond to maximum values of the gas-solid heat ux (Jarosinski,
1986; Lu et al., 1990; Ezekoye et al., 1992), a result con rmed numerically (Westbrook
et al., 1981). Computational modeling has also been used to evaluate how quenching
is a ected by turbulent ow conditions (Poinsot et al., 1993; Bruneaux et al., 1996,
1997; Alshaalan & Rutland, 1998), detailed gas-phase kinetics (Popp & Baum, 1995,
1997; Dabireau et al., 2003), and heterogeneous gas-solid surface chemistry (Popp
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et al., 1996; Aghalayam et al., 1998; Raimondeau et al., 2002). Bruneaux et al. (1996)
report that peak gas-solid heat uxes from turbulent premixed ames are comparable
to values in laminar con gurations, a result suggesting that similar dynamics control
the quenching process in both ow regimes. In many numerical studies, radiation
e ects are neglected and simple one-step chemistry is used. This approximation
appears to correctly describe FWI for the case of low-temperature walls, however,
detailed chemical kinetics are required to accurately predict the gas-solid heat ux
for wall-temperatures greater than 400K (Popp & Baum, 1995; Popp et al., 1996; Popp
& Baum, 1997), indicating that FWI is a complex phenomenon with both thermal
and kinetic contributions.

Studies of FWI in non-premixed con gurations are less common. Vance & Wich-
man (2000) studied gas-solid heat transfer in triple ames, comparing Burke-Schumann
and nite-rate chemistry e ects. Numerical simulations of di usion ames in laminar
stagnation-point ow, where the ame directly impinges on a cold wall, indicate that
guenching strongly depends on the strain rate of the ow (de Lataillade et al., 2002;
Dabireau et al., 2003). For the hydrocarbon-air ames studied by de Lataillade et al.
(2002), peak heat ux values were larger than in corresponding premixed ames.
However, the extremely large strain rates prescribed in these ames, may have con-
tributed to unrealistically short quenching distances and excessive heat uxes. More
recently, Wang & Trouve (2006) conducted a two-dimensional DNS of non-premixed
FWI, reporting maximum heat ux values about one order of magnitude smaller than
the de Lataillade et al. (2002) ames. Despite the simpli cations in the DNS (i.e.,
two-dimensional domain, one-step chemistry, no radiation, etc.), the results are well-
suited for amelet applications as the chemical and thermal structure of the ame
is analyzed using classical variables such as mixture fraction and scalar dissipation
rate. Future studies should target more quantitative results by removing the modeling
limitations mentioned above.

A signi cant body of work related to heat transfer and FWI has been motivated
by re safety and industrial combustion applications. In these disciplines, a common
experimental con guration locates ames either adjacent to, or impinging on surfaces.
Measurements of the time-averaged heat ux in enclosure res have been obtained for
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the case of ammable vertical walls (Ahmad & Faeth, 1978, 1979; Babrauskas, 1995;
Lattimer, 2003), inert walls adjacent to a separate burner (Quintiere & Cleary, 1994;
Back et al., 1994; Babrauskas, 1995; Lattimer, 2003), and horizontal walls exposed
to impinging buoyancy-driven ames (You & Faeth, 1979; You, 1985; Kokkala, 1991;
Babrauskas, 1995; Lattimer, 2003). In many re applications the magnitude of the
wall heat ux depends strongly on the radiative properties of the ame. In small
non-sooty ames, the gas-solid heat ux is controlled by convective heat transfer,
whereas radiation is the dominant contributor in large ames with signi cant smoke
production. In industrial applications, measurements have been conducted for jet

ames impinging normal to cylinders (Hargrave et al., 1987; Hustad & S nju, 1991;
Hustad et al., 1991, 1992) and plane surfaces (Milson & Chegier, 1973; Hargrave &
Kilham, 1984; Hargrave et al., 1987; Popiel et al., 1980; van der Meer, 1991; Eibeck
et al., 1993; Rigby & Webb, 1995; Mohr et al., 1996; Baukal & Gebhart, 1998). Useful
reviews of experimental ame impingement studies are available (Baukal & Gebhart,
1995a,b; Baukal, 2000).

1.3 Accomplishments

Important contributions of this work include:

Demonstration that insu cient resolution of the equation-of-state (i.e., mass
density, reactive source terms, etc.) in variable-density ow simulations can
lead to numerical instabilities that prevent solution convergence and/or lead to
unphysical ow features.

Derivation of a family of symmetric quadrature rules for e cient numerical
integration over tetrahedral volumes.

Application of the quadrature formulae to evaluate the equation-of-state in
variable-density simulations. The new method was shown to mitigate errors
and produce a more physical evolution of the ow eld at a modest computa-
tional cost.
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Development of 1-D and 2-D test problems for veri cation of low-Mach number
combustion codes using the method of manufactured solutions (MMS). The
various MMS test problems were implemented in combustion codes at Stanford
University and Sandia National Laboratories.

Development of an unstructured, tree-based tabulation technique for e cient
storage and retrieval of thermochemical properties used in combustion simula-
tions. The tree-based method displayed improved accuracy and reduced storage
requirements when compared to conventional tabulation techniques.

Extension of the amelet/progress variable (FPV) model to include the e ects
of generalized heat-loss on combustion chemistry. The extended model was
applied in a LES of a coaxial jet combustor with isothermal walls.



Chapter 2
Mathematical model

In this chapter, the governing equations for gas-phase reacting ows are presented,
simplifying assumptions are detailed, and a nal \working set™ of equations is out-
lined.

2.1 Governing equations

Gas-phase combustion is governed by the equations for mass, momentum, and energy
conservation, species transport, and a thermodynamic equation-of-state. The follow-
ing description is valid for a mixture of ideal gases in local thermodynamic equilibrium
and chemical nonequilibrium (see Williams, 1985).

Mass: @ +r (u)=0 (2.1a)

Momentum: @ ( u)+r (uu)= rp+r + XY g (2.1b)

Energy: @] (e+3(u u))l+r [u(e+3(u u))=]1: (2.1¢)
r[pu+( u) ql+ XYg (u+v)

Species transport:  @( Y )+r (uY )= r :(1 vY)+ ! (2.1d)

Equation-of-state: p= R XY =M (2.1e)

=1

13
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The viscous stress tensor appearing in equation (2.1b) can be written in terms of the
symmetric rate-of-strain tensor  as

=2 + (r ul where =iru+(ru)'] (2.2)

The heat ux vector in equation (2.1c) is given by

X XX xp
q= r + vYh +R

- _ M D

=1 =1 =1

(v vV )+ Qg (2.3)

Working from left to right, the terms in equation (2.3) describe heat ux due to:
conduction, species di usion, mass/density gradients (or the Dufour e ect), and ra-
diation. The temperature is implicitly related to the internal energy and enthalpy
through
X p X
e= Ye() and h=e+ == Y h () (2.4)

=1 =1

where e and h are the species internal energies and enthalpies per unit mass.

The species di usion velocities v are determined from the implicit vector equation

HKx x

X = v v)+@r x)H)XP (2.5)
X XxX D D r
+5=1YY(9 g)+:1D v v

Here the terms from left to right indicate intermolecular multicomponent di usion (or
Stefan-Maxwell di usion), pressure-gradient di usion, di usion due to body-forces
on individual species, and temperature-driven mass di usion (or the Soret e ect).
Conversion between species mole and mass fractions is accomplished using

Y =M X M

X =ge—— and Y =gz—— (2.6)

Y =M XM
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Summing the scalar transport equations (2.1d) over all ng species leads directly
to the equation for total mass conservation (2.1a). A consistent description of these
ns + 1 equations, therefore, requires that the di usion velocities and chemical sources
satisfy the conditions

YVv =0 and I =0 2.7)

Molecular transport, thermochemical, and chemical kinetic properties are needed
in order to complete the speci cation of the governing equations. Transport proper-
ties include the viscosity coe cients and , thermal conductivity , binary mass
di usion coe cients D , and thermal di usion coe cients D . Thermochemical
properties include the species enthalpies h and molecular weights M . Chemical ki-
netics provide the species production terms ! as a function of temperature, pressure,
and mixture composition.

2.2 Simplifying assumptions

For many combustion systems it is advantageous to simplify some of the physics
embodied by the equations of Section 2.1. In the following, the various simplifying
assumptions employed in this work are enumerated and justi ed.

2.2.1 Low-Mach approximation

A commonly invoked simpli cation for combustion systems is the so-called \low-
Mach number approximation.” This refers to two key assumptions, namely that
compressibility e ects and viscous heating are both negligible. It is appropriate to
note that, even in ows at nominally low Mach number, either of these phenomena
can play important roles. As an example, consider a lubricating ow where the Mach
number is small, but viscous heating is critically important. Consequently, while a
low Mach number is necessary for these assumptions to be valid, it is by no means a
su cient justi cation for their use.
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The exclusion of viscous heating is a solidly defensible approximation in high-
temperature reacting ows. In most of these systems, heat release from combustion
patently overwhelms the relatively limited dissipation of energy due to viscous mecha-
nisms. To a good approximation, therefore, the viscous work term in equation (2.1c),
r (u), can be dismissed.

Neglecting compressibility e ects (including acoustic interactions) is a far more
restrictive approximation. This simpli cation assumes that the ow is characterized
by a relatively constant background pressure py with weak deviations p. It is fur-
ther presumed that thermodynamic quantities, such as density and temperature, are
largely una ected by the small variations in the total pressure p, + p, and depend
only on the base pressure. For a system of ideal gases this means

P
3
R Y =M

=1

(2.8)

Note that although the density is formally decoupled from changes in the pressure,
it is still allowed to vary with the local temperature  and mixture composition Y .

A well-known implication of the low-Mach number approximation is revealed by
expressing the density as a function of the independent thermodynamic quantities
pressure and entropy. In the low-Mach number framework this leads to

0]
(pr+ p;s)= (P;9)+ p — (2.9)
|_@f%_}

Since the speed of sound in the mixture, a, is related to the isentropic change in

density with respect to pressure, equation (2.9) implies that sound waves propagate

at nearly in nite rates in these ows
s

a= g_p [ (2.10)

S
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2.2.2 Mass transport

It is convenient to replace the rigorous, but unwieldy description of species di usion
in equation (2.5) with a simpler expression. A commonly used approximation is to
assign mixture di usivities to each species and use Fick’s law to describe the
corresponding di usion velocities

v = — (2.11)

The mixture di usivities  can be thought of as e ective binary di usion coe cients
for species in the mixture, and are calculated from the binary di usivity matrix
according to the formula of Bird et al. (2002)

1 X
D—
6

The above formula is rigorously true only for the special case when all of the species
& have the same velocities. Nevertheless, it is frequently used to approximate
multicomponent systems.

Nondiscriminatory use of equation (2.11) can lead to numerical inconsistencies
since the resulting di usion velocities do not necessarily satisfy the mass-conservation
criteria identi ed in equation (2.7). A simple remedy is to apply Fick’s law for the

rst ng 1 species and assign the residual to the nal component
1 <
Vg = o— vY: (2.13)
Yrs _,
Kee et al. (1990) suggest that equation (2.13) be applied to the species in excess,
which for many combustion systems is nitrogen N,. Owing to these simpli cations,
there is no explicit representation of di usion due to pressure gradients or body-force
interactions.

The non-dimensional Lewis number is de ned as the ratio of the thermal di usivity
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to the mass di usivity. For species , therefore, the Lewis number is
le =—=—=— (2.14)

where Sc and Pr are the Schmidt and Prandtl numbers. Williams (1985) demon-
strated by asymptotic analysis that di erential di usion (as characterized by non-
unity Lewis numbers) in uences the structure and stability of laminar ames. Di erential-
di usion e ectsin turbulent ames have likewise been observed in experiments (Drake

et al., 1981, 1986; Bergmann et al., 1998; Meier et al., 2000) and numerical simula-
tions (Yeung & Pope, 1993; Nilsen & Kosaly, 1997, 1999; Kronenburg & Bilger, 1997;
Pitsch, 2000). Generally, the importance of di erential di usion decreases with axial
distance from the initial point of mixing and with increasing Reynolds number (Drake

et al., 1986; Meier et al., 2000).

Throughout this work, Lewis numbers are assumed to be unity in all of the
resolved-scale transport equations (where turbulent advection dominates), while dif-
ferential di usion is included in the description of subgrid-scale mass transport (the

amelet model). The Soret term identi ed in equation (2.5) is likewise included in
the amelet model for completeness. This approach has been demonstrated to yield
reasonable results in con ned hydrocarbon jet ames (Pierce & Moin, 2001, 2004).

2.2.3 Thermal transport

For consideration of the thermal eld, it is useful to express the energy equation
(2.1c) in terms of the enthalpy. This conversion is accomplished by subtracting the
transport equation for kinetic energy, %(u u), from equation (2.1c) and combining
the result with equation (2.4)

e( h) p >

D
W+r(uh)—ﬁ+ 'ru r g+ Yg Vv (2.15)

For the systems under consideration here, the approximation that p, is spatially
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and temporally uniform is valid and

Dp Dpax _ .
55 b =O (2.16)

Substituting equation (2.3) into (2.15), and neglecting viscous heating, body-forces,
and Dufour di usion gives
e h) >

ot +r (uh)=r r vYh or ; (2.17)

and recasting the di usion term in light of equation (2.11) produces

1
%+r (uh)=r r > hrY o : (2.18)
=1
Detailed treatment of radiative transfer within a turbulent ame is computation-
ally expensive. In order to include the e ect of radiation in combustion models
without signi cantly increasing computational cost, a simpli ed treatment of radia-
tive losses is needed. Here, an optically-thin approximation is adopted. The utility
of such an approach has been demonstrated for hydrogen (Barlow et al., 1999) and
methane jet ames (Frank et al., 2000; Zhu et al., 2002; Coelho et al., 2002).
Assuming that each radiating point has an unimpeded, isotropic view of the uni-
formly cold surroundings, the radiative loss rate per unit volume can be approximated
as (Barlow et al., 2001)

r R=Qr=4("* %) pa (2.19)
=1

where is the Stefan-Boltzmann constant, , is the background temperature, p

and a are the partial pressure and Planck mean absorption coe cient of species

, and the summation is performed over all radiatively important species. Species

typically included in the calculation for hydrocarbon fuels are CO,, H,O, CH,4, and
CoO.

Incorporating the simpli cation from equation (2.19) into equation (2.18), and
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using the following identity to eliminate r

rh=c,r + h ry (2.20)

leads to the enthalpy equation

>
%ﬁur (uh)=r rh+ hory  Qr (2.21)

Under the assumption of unity Lewis numbers this reduces to

_@(@th)+r (uhy=r ( rh) Og (2.22)

2.2.4 Additional simpli cations

The complete stress tensor (including the thermodynamic pressure p) is given by

Tij= pPij+2 i+ «ij- A mean, mechanical pressure can also be de ned by
averaging the diagonal terms of the stress tensor, p %Tii. Equating these two
de nitions of the normal stress component, p and p, leads to the condition = % )

This assumption, which is analogous to the hypothesis of Stokes (1845), simpli es the
viscous stress tensor to

=2 Xr ull=2s (2.23)

where S is the deviatoric rate-of-strain tensor.

For most of the simulations in this work body-forces are negligible, and therefore,
not considered. In cases where body-forces are present, it is assumed that they act
identically on all species. The body-force vectors in equations (2.1b) and (2.1c) are
therefore equivalent, andg =g =g.

In the general case, the equation-of-state (2.8) is a function of ns + 1 independent
scalars, specifying the temperature, pressure, and composition of the mixture. In the
context of amelet modeling, however, the equation-of-state is ultimately expressed as
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a function of a lower-dimensional set of mapping scalars and tabulated for convenience
and e ciency. This is indicated generically by the notation

=T( 15 2;0): (2.24)

2.3 Working equations

The simplifying assumptions of Section 2.2 result in the following system of equations
which will used throughout this work:

Mass: @ +r (u)=0 (2.25a)
Momentum: @( u)+r (uu)= rp+r (2 95) (2.25b)
Energy: @( h)+r (uh)=r ( rh) Qg (2.25c¢)

Scalar transport:  @( )+r (u )=r ( r )+ ! (2.25d)
Equation-of-state: =F( 1, 2;:0) (2.25e)

Note that due to the simpli cations applied to the energy equation, equation (2.25c)
has been reduced to a special case of equation (2.25d). In this work, scalar transport
equations are solved for three quantities: mixture fraction z, reaction progress variable
¢, and total enthalpy h. All other thermochemical quantities are interpolated from a
property database as functions of these scalars.

2.4 Chemistry models

2.4.1 Mixture fraction

In non-premixed combustion, initially separated fuel and oxidizer are combined in a
common region where they mix and burn under continuous interdi usion. Within the
mixture, conditions suitable for combustion typically only exist in relatively narrow
regions of space where the reactants have mixed in the proper proportions. In these
\reaction zones," heat release from exothermic combustion creates high temperatures
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and supplies energy necessary for continued reactions. Simultaneously, however, reac-
tion products and heat di use outward from the reaction zone and mix with reactants
and other products. Competition between the relative rates of heat and mass di u-
sion, compared with the rate-limiting steps of the chemical reaction, largely deter-
mines the local behavior of the non-premixed ame. Since the time-scales associated
with chemical reaction are often several orders of magnitude faster than characteristic
convection and di usion time-scales, heat release and chemical conversion rates are
mainly determined by di usion e ects (Peters, 1983).

In the limit of in nitely fast chemical reactions, the reaction zone is in nitesi-
mally thick. For this case, Burke & Schumann (1928) de ned a coupling function
using reactant mass fractions which allows an analytical characterization of di usion

ames. Since their pioneering work, the \conserved scalar" variable (called the mix-
ture fraction z) has been an essential component in predicting global properties of
non-premixed jet ames such as the ame length. In the fast chemistry approach,
all scalars such as temperature, species concentrations, and density are uniquely re-
lated to z. Since the mixture fraction variable is chemistry-independent, however, it
is equally useful for describing nite-rate chemistry processes, and, in fact, remains
a fundamental tool in di usion ame theory. For a review of the conserved scalar
approach see Bilger (1980).

Roughly speaking, the mixture fraction is a conserved scalar quantity that in-
dicates the fraction of mass at a given location that originated from a particular
reactant stream. For a system that has n separate inlet streams, n 1 mixture frac-
tion variables are needed to completely describe the mixing processes. By convention,
a mixture fraction is assigned a value of one in the stream from which it emanates
and zero in all others.

Since z is a conserved scalar, its transport equation can be formally derived by
taking linear combinations of other species transport equations such that the reaction
source terms mutually cancel. The particular combination of species that comprise a
mixture fraction depends on details about the fuel and oxidizer. Barring di erences
due to boundary conditions and how the di usion velocity is speci ed, all conserved
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scalars obey the same generic advection-di usion equation

@ z

s +r (un)=r ( ,rz): (2.26)

Although z can be de ned using several di erent conventions (Burke & Schumann,
1928; Bilger, 1976, 1988; Pitsch & Peters, 1998), most de nitions provide a fairly
similar characterization of the ame structure with subtle distinctions. In this work,
the de nition of z proposed by Pierce & Moin (2001, 2004) is used. First, the mass
fraction of each element is computed for all ng distinct atomic elements in the system.
Denoting N as the number of atoms of element in a molecule of species and
A as the atomic weight of element , this is accomplished using

_XN A
M

Y for =1;2;:Ng: (2.27)
=1
An average mixture fraction for a system with two inlet streams is then given by

normalizing the result with the element mass fractions in the oxidizer and fuel streams
( ®and 1, respectively):

j o (2.28)
A consistent di usivity for this de nition of the mixture fraction can be computed

by similarly combining the di usive uxes of elements

. XN A
1= M

Y v for =12, ng (2.29)

=1

and equating the normalized result to the di usive ux of z

- - X.- - X.
Arzi= i ] j

=1 =1

i (2.30)

Jointly solving equations (2.26) and (2.30) is then equivalent to using (2.28) to de ne
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the mixture fraction z.

2.4.2 Steady laminar amelet models

There are situations in turbulent reacting ows where local di usion time-scales are
comparable to the rate-determining combustion reactions. In this case, the fast chem-
istry assumption is not valid and non-equilibrium e ects must be accounted for. The
steady laminar amelet (SLF) model o ers a convenient framework to do so.

The SLF model views a turbulent di usion ame as an ensemble of thin, quasi-
laminar reaction zones embedded in a turbulent ow eld. This concept was intro-
duced by Williams (1975) and further developed by Peters (1983, 1984). At su -
ciently high Damkohler number or su ciently high activation energy, a ame’s re-
action zone is characterized by length-scales that are smaller than the surrounding
turbulence. In this regime, turbulent structures can deform and stretch the ame
sheet, but are unable to penetrate the reaction zone and alter its structure. This sup-
ports the notion of a \ amelet,” or a thin di usive-reactive layer in a turbulent ow,
where the local chemical state resembles that of a laminar ame. In other words, in
the amelet regime, combustion chemistry is largely decoupled from the turbulence.

Flamelets exhibit one-dimensional structure in the direction normal to the ame
surface, and can be characterized by the iso-surface of stoichiometric mixture fraction,
z(x;t) = z. The amelet equations are derived by transforming equations (2.25c)
and (2.25d) into a coordinate system tied to the mixture fraction. For simplicity,
unity Lewis numbers are adopted in the following derivation, implying that all species,
temperature, and enthalpy share a common di usivity . A more general derivation
including the e ect of non-unity Lewis numbers is given by Pitsch & Peters (1998).
The transport equations are transformed from (X;t)-space to (z; )-space using the
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transformation

e _@¢ L0z
gt @@ @@t@Z

Z
g %8 2.31
Ox:  @xq @z (2:31)
0 0 020 o3

0x 0z @x 0z
By de nition z is a coordinate locally normal to the stoichiometric mixture surface,
z, and z3 are tangential to z, and is the transformed time coordinate. Applying
(2.31) to equations (2.25c) and (2.25d) results in
2
%—z %—i+ urz r ( rz) + @@—= jrzjz@@7+m+R (2.32)
where = (Y ";h)Tandm=( !T; Qg)T. The quantity in braces on the left-hand
side of equation (2.32) is merely a restatement of the z transport equation (2.26), and
is identically zero. The term R on the right-hand side of equation (2.32) is

_ X eze e e @ g

2 g 233
@x 0z 0z @z @z 0z, (2:33)

All of these terms involve derivatives with respect to z, and z3, and are of low-order
when compared with derivatives in the normal direction. The unsteady amelet
equations are comprised of the remaining terms in equation (2.32)

@ 2 m

-— =+ = .

0 2 022 (2.34)
In this equation, =2 jrzj? is the scalar dissipation rate, which has units of inverse

time and characterizes typical di usion times in the amelet. An alternate derivation
of equation (2.34) using two-scale asymptotic analysis is given by Peters (2000). By
omitting the temporal derivative in equation (2.34), the SLF model is obtained

‘ o
™

_m

(2.35)

2 dz2

o
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Figure 2.1: Solutions of the steady amelet equations for methane-air combustion
(p = 3:8 atm, ™ = 300K, o4 = 750K). S-shaped curve (left) and selected
temperature pro les (right). The stoichiometric mixture fraction is zg = 0:055.

In order to solve equation (2.35) additional assumptions are needed to obtain as a
function of z. Peters (1984) obtained an analytic expression for (z) from a similar-
ity solution of mixing in a laminar counter- ow con guration, reducing the amelet
problem to solving a non-linear two-point boundary value problem along the stagna-
tion streamline. Given a suitable chemical mechanism, equation (2.35) can be solved
as a function of a single parameter, s = (zs). This provides a unique relationship
between the scalars and z (for a given value of ).

Numerical solutions to the amelet equation (2.35) are shown in Figure 2.1. The
plot on the left shows the locus of stoichiometric temperatures, = (Zs), as a
function of the mixture fraction dissipation rate. This curve is commonly referred
to as the \S-shaped™ curve for laminar di usion ames. The plot on the right in
Figure 2.1 shows the thermal structure of three selected amelets along the S-shaped
curve. As noted in the gure, the S-shaped curve can be divided into three general
regions, describing di erent regimes of mixing and burning. The upper branch of the
curve, extending from the upper left of the plot to the point marked \ ¢," represents
stably burning solutions of the amelet equations. The lower branch of the curve,
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from the bottom right of the plot to the point marked \ ;," describes non-burning
or purely mixing solutions. The middle branch, located between the points \ ;" and
\ ¢,"” contains intermediate or partially-burning solutions to the equations. It should
be noted that although these intermediate states are mathematically admissible, they
are also highly unstable and are not observed experimentally.

The S-shaped curve illustrates some interesting aspects regarding ignition, burn-
ing, and extinction in di usion ames. Recall that the scalar dissipation rate, ¢,
designates a characteristic inverse time-scale for di usive mixing in amelets. Large
values of ¢ describe short mixing-times and rapid di usion, while small values of

st translate to long mixing-times and slow di usion. In di usion ames, the mixing
time-scale is in direct competition with the chemical time-scale. For example, in a
reacting ow on the upper branch of the curve, if mixing is slow compared to the
chemistry, the reactions proceed vigorously and have ample time to progress towards
equilibrium. As the dissipation rate increases, di usion accelerates until mixing and
reaction occur on similar time-scales. Under these conditions, heat generation from
combustion balances the heat transfer out of the reactive zone due to conduction
and species di usion. This state corresponds to the extinction condition indicated
in Figure 2.1 by .. Any additional increase in ¢ results in ame quenching and a
rapid transition to the lower, non-burning branch. Similarly, for mixing ows on the
lower branch, a decrease in the rate of dissipation will eventually bring the system to
the ignition point, ;. Here, reaction time-scales again balance di usion time-scales,
however, e due to strongly temperature-dependent reaction kinetics. Further
reductions in g induce ignition and a sudden shift to the burning (upper) branch.

As explained earlier, the SLF model parameterizes the ame state by the mixture
fraction and its dissipation rate. The thermochemical states of the amelet are then
represented by a two-dimensional manifold of the form

=F (Z; st): (236)

This model has proven useful for engineering calculations because the one-dimensional
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steady amelet pro les can be computed using arbitrarily complex chemical mecha-
nisms and then tabulated as a function of z and ¢ for e cient use in applications.
Note, however, that the state-relation given by equation (2.36) does not provide a
unique parameterization of the S-shaped curve, since multiple solutions exist in the
region bounded by ; st e. In practical implementations of the SLF model,
ames with e are projected onto the upper (burning) branch of the S-shaped
curve, and ames with > . are mapped onto the lower branch. This is indi-
cated by the vertical arrows in Figure 2.2. For many combustion codes, large density
uctuations caused by the sharp discontinuity at . can cause numerical instabilities.
For this reason, the lower non-reactive branch is often omitted from consideration.

2.4.3 Flamelet/progress variable model

The amelet/progress variable (FPV) model was developed as an alternative to
the SLF model, and o ers a di erent, more complete parameterization of the so-
lutions to equation (2.35). In the FPV model, the amelets’ dependence on the
reaction-coordinate is described by a reaction progress parameter instead of the dissi-
pation rate. ldeally, this amelet parameter is chosen such that it uniquely identi es

ame states along the entire S-shaped curve, including the upper, lower, and middle
branches.

Many de nitions of the reaction progress variable are possible. Pierce & Moin
(2004) suggest using a sum of the major-product mass fractions: ¢ = Yco, + Yu,0 +
Yco + Yu,. lhme et al. (2005) formalize this de nition by introducing a amelet
parameter that samples the functional ¢ at the stoichiometric mixture fraction in
each amelet

= CjZst: (2.37)

An advantage to this approach is that is statistically independent of z, whereas ¢
and z have an obvious functional relationship. This is a distinct convenience when
formulating models for the joint PDF of the thermochemical variables.

In practice, however, the di erence between using ¢ and  to parameterize the
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Figure 2.2: Solution of the steady amelet equations for methane-air combustion
(p = 3:8 atm, ™ = 300K, o9 = 750K). The solid line represents the accessible
solutions in the SLF model. The dashed line represents the accessible solutions in the
FPV model. The arrows indicate how intermediate states \a" and \b" are mapped
onto the S-shaped curve in di erent amelet models.

amelet database is extremely subtle. One motivation in de ning tabulation param-
eters is to provide quantities that are easily obtained from transport equations or
modeling. This is consistent with choosing ¢, but not necessarily , whose transport
equation involves complicated model terms. In order to avoid this inconvenience,
Ihme et al. (2005) propose a table inversion to eliminate in favor of ¢

c=Fd(z; ) ¥ =F.Yz0): (2.38)

Thermochemical quantities of interest can then be obtained from the tabulated amelet
solutions
=F (z;, )=F (z;F. z;0): (2.39)

The FPV tabulation provides a description of burning and quenched ame states
that is identical to the SLF model, but o ers a di erent pathway between the two
by including the unstable branch of the S-shaped curve. This is shown in Figure 2.2,
where the intermediate conditions \a™" and \b" are projected horizontally onto the
middle branch in the FPV approach.
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2.4.4 Physical-space amelet formulation

In this work, an alternate amelet formulation is used in place of equations (2.35).
This formulation solves a set of di usion-reaction equations in physical coordinates
(rather than mixture fraction space) to obtain the mixture composition, Y , and
temperature, . Once the composition has been determined, a mixture fraction can
be computed using equation (2.28), at which point processing and applying data from
the present formulation becomes procedurally identical to the classical approach.

The physical-space amelet equations are derived by simplifying equations (2.1)
for steady (@; = 0), one-dimensional (@x,= @x,= 0) combustion, with no external
velocity (u = 0). This results in the following system of di usion-reaction equations

dCYv) _

i 1 : (2.40a)
d d( ) X
dx dx _
< '
=p1. R Y =M (2.40c)
=1
h= Y h(): (2.40d)

=1

Equations (2.40) can be solved once the domain length, x,, and reactant condi-
tions, fuel yfuel  oxid gng yoxid are speci ed. In this work, the amelet di usion
velocities, v , are de ned using Fick’s law with mixture-averaged di usivities and
Soret contributions (see Section 2.2.2). The heat ux, gp, in equation (2.40b) is the
Dufour term from equation (2.3). The total enthalpy is determined from equation
(2.40d). The reactant states are applied as Dirichlet boundary conditions at x = 0
and X = X.

Equations (2.40) were introduced by Pierce & Moin (2001, 2004) who argued
that assuming a velocity eld of zero may be a more general model for chemistry
in turbulent ows than prescribing the velocity for the speci ¢ case of a laminar
counter- ow ame. Whether this is actually the case is still a matter of debate.
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Solving equations (2.40) leads to pro les of scalar dissipation rate that exhibit broad
regions of nearly constant (z) and local maxima on each side of the reactive zone.
Although the conditional scalar dissipation rate in most experiments tends to zero
at the endpoints, at doubly-peaked pro les have been observed in turbulent jets
(Karpetis & Barlow, 2002, 2005) and turbulent counter- ow ames (Kelman & Masri,
1997; Geyer et al., 2005). In the work of Geyer et al. (2005), the measurements
were complemented with a LES of the experiment, where they concluded that the
correct behavior could not be reproduced using the conventional SLF model with unity
Lewis numbers. Contradicting these ndings, other investigators have experimentally
measured turbulent scalar dissipation rates that closely resemble the pro les imposed
in the laminar counter- ow SLF model (Mi et al., 1995; Pantano et al., 2003; Markides
& Mastorakos, 2008). To complicate the picture, some researchers have observed
statistical independence between z and (Mi et al., 1995; Chen & Mansour, 1997),
while others note signi cant non-linear interdependence (Starner et al., 1997; Pantano
et al., 2003; Mellado et al., 2008).

The diversity of these results suggests that a comprehensive understanding of
the scalar dissipation rate still eludes the combustion community. Indeed, Peters
(2006) and Pitsch (2006) have both identi ed a need to revisit common approaches
to modeling ne-scale mixing quantities such as scalar dissipation. For high Reynolds
number ows, where strong turbulent uctuations and intermittency complicate the
formulation of such models, the zero-velocity assumption used to derive equations
(2.40), with its implications for (z), seems to have at least limited support from
experimental observations. In the absence of a realistic stochastic description of (z)
and u(x), the zero-velocity di usion-reaction equations (2.40) provide a reasonable
approximation as a amelet model.

Although Pierce & Moin (2001, 2004) were the rst to use equations (2.40) as a
amelet model in LES, application of these equations to other combustion problems
is not without precedent. An identical system of one-dimensional equations and
boundary conditions was used to model a stagnant di usion layer between porous
plates (Sohn et al., 1999). A schematic of this problem is shown in Figure 2.3. A
similar formulation has been used to study fuel-side heat loss in di usion ames,
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Figure 2.3: Example physical-space amelet con guration: stagnant di usion-
reaction layer between porous walls.

although the nal equations were transformed and solved in mixture fraction space
(Ray & Wichman, 1998). A variant of the porous plate con guration with fuel-side
convection has likewise been proposed and solved in physical coordinates to analyze
thermal-di usive instabilities in non-premixed ames (Kim et al., 1996; Vance et al.,
2001). Recently an experimental apparatus that is conceptually similar to Figure
2.3 has been constructed to study one-dimensional unstrained di usion ames (Lo
Jacono et al., 2005).



Chapter 3
Large-eddy simulation

In this work, the reaction ow equations are numerically solved using large-eddy
simulation (LES). In this chapter, the basic premises and approximations inherent
in LES are reviewed, the LES equations and standard dynamic closure models are
presented, and the presumed PDF approach for amelet models is discussed.

3.1 Filtered LES equations

The LES methodology is a multiscale approach for uid dynamics based on the sep-
aration of large- and small-scale motions in a turbulent ow. In LES a Itering
operation, denoted here by an overbar, is introduced to formally separate the ow
into resolved and unresolved scales. The large scales of motion are directly simulated
while the smaller, dissipative scales are modeled. All eld variables are decomposed
into resolved and unresolved (or subgrid-scale) components using either a Reynolds
decomposition (for volume-speci ¢ quantities)

= + (3.1)

or the density-weighted Favre decomposition (for mass-speci ¢ quantities)

=€+ 0 (3.2)

33
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Favre-decomposed quantities are related to Reynolds- Itered quantities by

€= = 3.3)

Filtering the continuum Navier-Stokes equations yields equations for the resolved-
scale variables: density , pressure p, velocity g;, and transported scalars € . The
Itering process removes instantaneous small-scale uctuations, but these sub Iter
quantities still exert a statistical e ect on the resolved scales via residual ux terms
which require modeling.
Applying this procedure to the working equations of Section 2.3 yields the Itered
LES equations for variable-density reacting ows:

' =Q (3.4)

'= S+ = 28 g; +Q (3.5)

€ rvl Je . +Qe (3-6)

=f( 1; 2 3.7)
The resolved-scale stress in equation (3.5) involves the rate-of-strain tensor

0e; @Bj .
@—Xj+@—xi : (3.8)

Si=eij :ijew Wwhere e :%

For generality, a generic volumetric source term Qx has been added to the right-
hand side of each transport equation in (3.4){(3.6). For the reactive scalar equation
(3.6), the source term could be written using the more descriptive notation Q. =
® . however, the less explicit form above is retained because of its utility in the
veri cation methods discussed in Chapter 5. In addition, this generic notation allows
for the inclusion of the simpli ed energy equation (2.25c) in the uniform description
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of scalar transport presented in equation (3.6). All of the unclosed transport terms
are embodied in the residual stress gi; and residual scalar ux ge i terms of equations
(3.5) and (3.6). These residual terms, as well as all volumetric sources and the state
equation (3.7), require some form of closure modeling.

3.2 Subgrid-scale models

3.2.1 Turbulent stress and scalar ux

The sub Iter residual stress gj; in equation (3.5) is modeled using an eddy-viscosity
assumption

Gj 30k ij = WOy &g = 2 (Sj: (3.9)

In the current work, the isotropic part of the residual stress, gk, is not explicitly
treated, but is instead absorbed into the pressure term of the momentum equation.
This is admissible in low-Mach number formulations where the pressure is decoupled
from the thermodynamic variables. However, in compressible simulations this term
should be properly modeled (see Moin et al., 1991). The eddy-viscosity is related to
the resolved rate-of-strain tensor by the model proposed by Smagorinsky (1963)

«= C ?%j: (3.10)

C is adimensionless scaling coe cient and is the Iter width, which is often taken
to be a characteristic length-scale of the local computational grid. The residual scalar
ux in equation (3.6) is modeled in a manner similar to the turbulent stress

«=C ?j§j: (3.12)
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The values of the coe cients C and C in equations (3.10) and (3.12) depend on the
local ow conditions and can be estimated dynamically from the resolved elds.

The dynamic procedure is a general method for calculating the values of the
dimensionless scaling coe cients in subgrid-scale models (Germano et al., 1991; Moin
et al., 1991; Ghosal & Moin, 1995). In the dynamic procedure, information about the
smallest resolved scales is used to estimate the properties of the residual scales via an
implicit assumption of scale-similarity. The smallest resolved scales are isolated by
applying a second, \test" Iter of width b> tothe ow guantities. On uniform
grids, the test Iter width is often taken to be twice the width of the grid Iter,
b=2 . Analogous to equation (3.3), a test- Itered quantity is de ned as

e= e=b. (3.13)

In the dynamic procedure, the test Iter is applied to the resolved eld to compute
a stress tensor based on test- Itered quantities. It is assumed that this stress tensor
can be represented by a model of the same form as the residual stress tensor

Qj= wm bes = 2bc bsjs;: (3.14)

The residual stress tensor is likewise test- Itered to produce

o o /\
mj = Gy; 8;8; = 2 C ngjgiji (3.15)

Using Germano’s identity (Germano et al., 1991), the Leonard stresses L;; can be
expressed in terms of Qj; and gj;

Lij = Qij Gij = 8ig; bBiBj =2 C ngjgij 2bC szgjgiji (316)

Remarkably, all of the terms in equation (3.16) can be computed from the resolved
ow variables. The right-hand side of the equation is referred to as the \model™ term
and assigned the notation M;;. Under the assumption that C varies weakly in space



3.2. SUBGRID-SCALE MODELS 37

and time and can be removed from the Itering operation, equation (3.16) can be
re-written as
Lij =2C Mij . (317)

This system of equations is over-determined, but can be solved in a least-squares
sense (Lilly, 1992) to provide numerical values for the model coe cient

_ 1 hLijMiji .

C =-—p—r;
2hM|(|Mk|I

(3.18)

where the angled brackets indicate a spatial-averaging operation. The dynamic pro-
cedure applied to the subgrid turbulent stress model in equation (3.9) can then be
summarized as

hLijMiji —

1 —
C =-—F=-"——;
2hM|(|Mk|I

I—ij = 88 bBiBj; Mij = ngjgij b szgjgiji (3.19)
Similarly, dynamic treatment of the subgrid scalar ux model from equation (3.11)
yields

hL; M;i - —

cC = ;€ be®; M= %§je;e  bDb2sjg e . (3.20)

RETVHY N
The ratio of the two model coe cients de nes the subgrid turbulent Prandtl number,
Pry = C =C . In the present work, a single eddy-di usivity eld is computed using
the mixture fraction, and then this eld is applied to all other transported scalars in
the ow.

3.2.2 Subgrid chemistry closure

In LES of non-premixed combustion, many important mixing and reaction processes
occur at scales that are unresolved on the computational grid. Combustion-related
variables such as the mixture fraction and progress variable are uctuating quantities
and their statistical distribution needs to be considered. Subgrid uctuations in the
combustion variables can have a dramatic impact on the mean properties of the ow
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due to the sensitivity and non-linearity of combustion chemistry. Tractable methods
to accurately describe these subgrid uctuations are necessary in order to predict the
resolved-scale behavior of the system.

The presumed-shape approach to model the joint probability density function
(PDF) of subgrid-scale scalar uctuations has been successful in a variety of amelet-
based models (see Peters, 2000). In this approach the joint PDF is directly modeled
by a priori selecting a distribution with a simple, analytical form. The success of the
method depends on the ability of the presumed PDF to capture the true statistics of
the subgrid uctuations.

In the case of the FPV model, all thermochemical quantities are a function of the
random variables z and , whose Favre-weighted joint PDF B(z; ) must be modeled.
Mean values are obtained by integrating with the PDF over the sample space

Z 7z
e = (z; )P(z; )dzd : (3.21)

The Favre-weighted PDF is related to the conventional PDF by

Bz )=1 @ P& ): (3.22)

The joint PDF can be rewritten as a product of the marginal and conditional PDFs
ZZ
€ = (z; )B@)PB( jz)dzd : (3.23)

For convenience, the conditional PDF B( jz) is simpli ed by assuming independence
between and z. The validity of this assumption was investigated by Ihme et al.
(2005), and shown to be well-founded for the de nition of used here. This leads to
the factorization 7 7

€= (z; B(2)PB( )dzd : (3.24)

The individual PDFs are then modeled using the presumed-shape PDF approach.
The mixture fraction PDF, B(z), is well-represented by a beta distribution (Cook &
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Riley, 1994; Jimenez et al., 1997), parameterized by its rst two moments

B2 = (e =211 2) l% (3.25)
where
a=e(e 22 )= and b= BE 2 B):=E: (3.26)

In the work of Pierce & Moin (2001, 2004), the reaction progress PDF, B( ), is
assumed to be a delta-function that samples the distribution at its mean value

B()=( ©) (3.27)

The physical implication of this assumption is that subgrid-scale uctuations in the
reaction progress parameter do not alter the thermochemical state predicted by the
model. While this assumption is not rigorously defensible, it can be argued that
progress variable uctuations are of secondary importance compared to the mixture
fraction, due to the relative steepness of thermochemical gradients in each of those
dimensions.

With these assumptions, the thermochemical properties of the ow are determined
by evaluating

77
€= @ ) @e®) ( e)dd = (g#;e): (3.28)

As discussed in Section 2.4.3, the resulting database ¥ can be manipulated during
post-processing to map the dependence of the functions € from € to e, resulting in a
collection of amelet states that can be easily used in the FPV model

e=r (g e): (3.29)

The vector € contains the Itered values of all of the thermochemical quantities
necessary to run and analyze the LES, e.g., ; e ; €. Qgr; €; ¥ ; etc.
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3.2.3 Residual scalar variance

As indicated in Section 3.2.2, amelet-based combustion models for LES require the
subgrid, or residual, variance of the mixture fraction 22 in order to determine the
local thermochemical state of the mixture. Indeed, the accurate prediction of the
residual variance has been shown to be a key factor in obtaining good results with
presumed PDF methods (Cook & Riley, 1994; Wall et al., 2000). The residual scalar
variance of the mixture fraction is de ned as

B=p g (3.30)

Several methods have been proposed to model 2 in LES. A classic approach that is
used in both RANS and LES is to solve a transport equation for il (Poinsot & Vey-
nante, 2001). The resulting transport equation contains unclosed terms for turbulent
transport, production, and dissipation which must be modeled. Alternatively, Cook
& Riley (1994) proposed a scale-similarity model for passive scalar variance. Pierce
& Moin (1998) modeled the residual variance by assuming local equilibrium between
production and dissipation and using the dynamic procedure to determine a suitable
model coe cient. Raman et al. (2005) noted that numerical inaccuracies in comput-
ing gradients of the Itered mixture fraction can contribute to under-prediction of
the residual variance with both the variance transport equation and dynamic models.
As an alternative, they advocate solving transport equations for both the Itered
mixture fraction, g, and its second moment, £, then computing il using equation
(3.30). The transport equation for £ is simpler to model than the variance equation
in that it does not contain a production term

02 08 _0 02 , o OB 0B 027020

ot 0X; 0x; e@—Xj T2 0x; @x; 0x; 0%;

(3.31)

The expression in braces on the right-hand side of the equation represents a dissipation
term with both resolved and subgrid contributions. Raman et al. (2005) modeled
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these jointly as

@E @B @ZUU @ZUO ﬁ
2e——+2 ——= Cuh2Z
@Xj @Xj @Xj @Xj £

( + 4.

(3.32)

with C, =2 and  determined from the dynamic procedure.

A similar approach is followed in the present work, with the residual mixture
fraction variance computed from (3.30) after solving transport equations for & and
£, Here, however, the resolved and subgrid portions in the dissipation term are
handled separately. The resolved term is computed directly as 2 ejregj?, and the
sub Iter term is modeled as

0 0
2 g%g% = C,® 3. (3.33)
The non-dimensional coe cient C, is set statically to 40 for the current simulations.
This value comes from estimates of the turbulent and scalar-mixing time-scales de-
rived from model energy and scalar-energy spectra (Ihme, 2007). The eddy-di usivity
¢ 1S determined from the dynamic procedure.

3.3 Numerical algorithm

The simulations throughout this work are performed using the unstructured large-
eddy simulation code CDP. CDP is a set of massively parallel unstructured ow
solvers developed speci cally for LES by Stanford’s Center for Integrated Turbulence
Simulations as part of the U. S. Department of Energy’s Advanced Simulation and
Computing (ASC) Alliance Program.

CDP uses a collocated, unstructured version of the algorithm of Pierce & Moin
(2001, 2004). This algorithm employs a temporally-staggered variable arrangement
in which velocity components are staggered in time with respect to density and other
scalar variables. The equations are spatially discretized using low-dissipation, node-
based nite-volume operators developed by Ham et al. (2006). The variables are
implicitly advanced in time using a fractional-step method, and an iterative approach
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is used at each time level to repair splitting errors and enhance stability. The ma-
jor features of the iteration process at each time step are listed below. Here the
superscript m is used to denote the outer-iteration number.

1. The scalar equation(s) (3.6) are advanced in time. This yields ()™*!, from
which a provisional estimate for is obtained by b= ( )m+i= m,

2. The momentum equations (3.5) are advanced to obtain provisional velocities:

;.

3. The provisional scalar values are used to evaluate the density from the equation-
of-state: M1 = f(D).

4. The updated density is used to correct the scalar(s) to ensure primary conser-
vation: M+l =( )m+i= m+l

5. A Poisson equation is solved for pressure, and the result is used to correct the
velocity eld to discretely conserve mass.

6. The process is repeated from step 1 and continued until convergence.

The linearized scalar and momentum equations (steps 1-2) are solved using a
Jacobi method, and the Poisson solve (step 5) is accomplished using the HYPRE
algebraic multigrid solver (Falgout & Yang, 2002; Henson & Yang, 2002). Linear
analysis indicates that the iterative approach outlined above is second-order accurate
when at least two outer iterations are employed (Pierce & Moin, 2001). Additional
iterations may improve the stability of the scheme, but do not increase the order of
accuracy. Formal veri cation of the second-order behavior of the algorithm requires
convergence of the system at each time step.



Chapter 4
Equation-of-state evaluations

For the case of low-Mach number combustion, the variable-density equations for react-
ing ows can realize substantial e ciency gains relative to fully compressible formu-
lations. In variable-density formulations, pressure and density are formally decoupled
by de ning the density through an equation-of-state (EOS) in terms of one or more
transported scalars: = ( 1; »;::). The EOS may be given by an analytic ex-
pression, or as is common for complex reactive systems, it may be precomputed and
tabulated as a function of the scalars.

When the variable-density equations are discretized and solved numerically, it
is common to use a fractional-step formulation where a constant-coe cient Poisson
equation for pressure is derived through a constraint on the divergence of u; coming
from the continuity equation. The resulting equation for pressure has the time deriva-
tive of the density as a source term, and is solved and used to correct the velocity

eld and enforce mass conservation discretely. For large density variations (character-
ized by density ratios of approximately three or greater), instabilities are commonly
encountered and resolved by largely ad hoc techniques whose e ect on the solution
cannot easily be quanti ed. For example, Pierce & Moin (2001, 2004) characterized
the problem as \spurious heat release™ related to inconsistencies between the mass
and scalar transport, and resolved the instabilities by spatially Itering the computed
@ =@t source term several times. While this does not alter the mass in the simulation
(assuming a conservative lter), it does spatially redistribute mass in a way not called
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for by the governing equations. Forkel & Janicka (2000) performed temporal Itering
of the density to stabilize their calculations. This introduces an additional complexity
and hysteresis to the state equation whose e ect is di cult to quantify.

Other authors have reformulated the numerical method to solve a variable-coe cient
Poisson system by constraining the divergence of velocity with the energy equation.
While these approaches stably support higher density ratios, it appears necessary to
relax the conservation properties of the scheme (Nicoud, 2000), or allow the state to
wander somewhat from the state equation (Pember et al., 1998).

In the present study the instability problem is resolved by recognizing that non-
linearities in the state equation can introduce a multi-scale resolution problem that is
not supported by the grid. This problem can be largely resolved by simply evaluating
the density (and other tabulated source terms) using an accurate integral over the
computational control volume.

4.1 Stable and accurate state evaluations

4.1.1 EOS-induced instabilities

When the time-stepping algorithm presented in Section 3.3 is applied to real combus-
tion problems, it is generally not iterated to convergence. Normally, a xed number
of outer-iterations are performed (typically 3{5) and then the solution at a time step
is considered to be \converged.”" For many of the combustion problems investigated,
however, rigorous convergence of the scheme was not possible. For example, Figure
4.1 shows the values of three scalar quantities sampled from one spatial location in
a combustion simulation at successive outer-iterations of a single time step. In this
example the density is obtained as a function of two transported scalars: the mixture
fraction, z, and a reaction progress variable, c. Clearly, the system is non-convergent
irrespective of the number of outer-iterations that are used, presenting a serious im-
pediment to veri cation.

Much simpler problems can be studied to try to reproduce and understand the
sources of these instabilities. Consider, for example, the 1-D problem depicted in
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Figure 4.1: Scalars versus outer- Figure 4.2: Example spatial pro les of mixture
iterations at a single location in a fraction, density, and product source term in a
non-convergent combustion simula- combustion problem.

tion.

Figure 4.2, which shows the mixture fraction, z, as a function of the spatial coordi-
nate, X. Also shown are the density and product source term, ., from an EOS for
non-premixed methane chemistry at slightly elevated pressures. An example compu-
tational grid is denoted by the solid symbols along the mixture fraction curve. Note
that although the mixture fraction transition in the gure is reasonably resolved, the
highly non-linear behavior of the density and source term would be grossly under-
represented on this grid. Instabilities can develop as the under-resolved, non-linear
features of the EOS are transported through the grid.

Consider the case of convective scalar transport (no di usion) with the density
given as a continuous function of one scalar, i.e.,

@ +@Ui

ot o =0; = () 4.1)

Together with continuity,

+——1=0 (4.2)
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these equations are equivalent to passive scalar advection and a divergence-free ve-
locity eld, i.e.,

Y @—+ui@— =0; % =0 (4.3)

ot 0x; 0x;

This continuous equivalence is exploited in some numerical approaches for multi-
phase ow, such as the level set method, where equation (4.3) is discretized and solved.
For the case of turbulent combustion, however, discrete conservation is considered
important, so it is preferable to discretize and solve the conservative form of both
scalar transport and continuity. Due to discretization errors, this equivalence is not
realized discretely and manifests itself in some non-physical divergence in the velocity

eld.

One way to reduce this non-physical divergence can be seen by considering the
leading truncation error associated with the second-order approximations normally
used in discretizing equations (4.1) and (4.2). Consider the 1-D case inside a con-
trol volume of size x. The volume integration of density associated with the time
derivative in the continuity equation is

2 RN

— 4
~ O&= v o o g Tpr ok, TOO0 @9
X=2

and the volume integration of density times the scalar associated with the time deriva-
tive in the scalar transport equation is

1 7
X () dx= (o) ot
Xx=2 .
NG 2 @ o 2
2 %% T o, T ) (43)
0 @2 2 e 2 N
05 OWO 05z 0 @_Xo +O( x%):

By introducing a higher-order reconstruction of density in the control volume, it
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is clear that the truncation errors associated with both of these approximations can
be reduced. For example, introducing a more accurate approximation for the density
in the control volume, b
" 2#
b= (0)+_X2 @_ @ +@ @_ (4.6)
24 @ 0x2, 0° ex ,

0

removes all of the second-order error in equation (4.4) and two of the four second-
order terms in equation (4.5). Numerical experiments indicate that eliminating the
curvature term involving @ =@ 2 is particularly important, as this term is normally
dominant.

The optimized quadrature rules presented in Appendix A can be used to accurately
approximate the density in  ow computations on grids of arbitrary polyhedra in three-
dimensions. Example problems using this technique and a simple cost comparison of
the method are presented in the following section.

4.2 Results

4.2.1 1-D example problem

The 1-D combustion problem shown schematically in Figure 4.3 has been designed
to demonstrate the impact of EOS evaluations on a ow simulation. Here an initial
transition from fuel (z = 1) to oxidizer (z = 0) is imposed and allowed to evolve
subject to di usive mixing. A constant reference-frame velocity ugrg can be supplied
to translate the entire system through the computational grid.

For this problem, a polynomial state-relationship of the form

=2z+(1 2)¥® 4.7

is used to describe the density. This EOS exhibits strong non-linear behavior in the
region z  0:2 (see Figure 4.4), and is indicative of the general behavior expected
in non-premixed combustion systems. In particular, the density minimum around
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air

02 04 06 08 1
mixture fraction, z
Figure 4.3: 1-D combustion problem. Figure 4.4: Model reactive EOS.

z 0:12 suggests a region of reaction and heat release caused by the mixing of
relatively dense fuel at z = 1 with moderately dense (preheated) air at z = 0.

As the fuel front in Figure 4.3 di uses, the low-density reactive region broadens
and forces mass out of the right-hand side of the domain. The velocity at the exit,
Uout, Can be used to monitor the global rate-of-change of mass in the system:

7L
1d

x=L &
0

dx: (4.8)

(uout URF) =

In the following, the outlet velocity is used to gauge the e ectiveness of di erent
density-evaluation methods.

The 1-D di usion problem was solved numerically using two di erent EOS-evaluation
methods. In the rst method, the mean density at a node is computed by simply eval-
uating the EOS using the mean mixture fraction value for that node. This method is
referred to as \node evaluations.” In the second approach, the independent function
(z in this case) is reconstructed linearly and continuously in the polyhedral region
around each grid node. Each polyhedral control volume is then tessellated into tetra-
hedral subvolumes involving a combination of nodes, vertices, edges, and faces. A
quadrature rule is applied within each subvolume to accurately integrate the state
equation in space and construct an appropriate approximation to the density. This
evaluation technique is referred to as \tetrahedral integration™ (T1). 128 points in X
were used in all of the simulations, and the most accurate (56-point) quadrature rule
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was applied in the T1 evaluations (see Appendix A).

Figures 4.5 and 4.6 show numerical solutions to the 1-D di usion problem with
reference-frame velocities of ure = 0 and ure = 0:2, respectively. Solutions using
node evaluations and the T1 method are compared in each gure. Three cases, de-
noted as (a), (b), and (c), were run for each EOS-evaluation technique. In case (a),
the EOS (equation (4.7)) was evaluated analytically to compute the density. In cases
(b) and (c), the EOS was interpolated linearly from a grid of uniformly-spaced points
in mixture-fraction space. Case (b) used 101 points in z ( z = 0:01), and case (c)
used 51 points in z ( z = 0:02). Cases (b) and (c) are of practical interest due to
the widespread use of tabulated state-relationships in industrial computations. Inter-
polation of the EOS at these z-resolutions is not unreasonable. The maximum and
average errors in the density for case (b) are max =3:5 10 2 and ag = 1:5 10 4,
For case (c) the errors are approximately four times larger: max = 1:3 10 2 and

aig =60 10 “

At the beginning of the simulation, the outlet velocity starts from some initial
value dictated by the rate of di usion and decays smoothly as the mixture fraction
gradient decreases. This behavior is captured very well with both EOS-evaluation
techniques when the analytic EOS is used to compute the density, as indicated in
case (a) shown in Figures 4.5 and 4.6. When linear interpolation is used to evaluate
the EOS, however, interpolation errors cause unphysical oscillations in the velocity.
These errors are clearly shown in cases (b) and (c) of Figures 4.5 and 4.6. The
node-based EOS evaluations are particularly susceptible to these errors.

To examine the cause of the unphysical oscillations, consider the evolution of the
stoichiometric mixture fraction value, zi. This value indicates the ratio of fuel to
air that leads to chemical reactions, and can be loosely identi ed in this example
as the density minimum in Figure 4.4. As the ow evolves, the location of zi (and
the corresponding non-linear density region) moves through the computational grid
under the e ects of di usion and reference-frame translation. When the EOS is under-
resolved on the computational grid, this can lead to subtle errors in the instantaneous
density eld. These errors, when summed globally, lead to uctuations with respect
to time in the total amount of mass contained within the computational domain. In
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Figure 4.5: 1-D combustion problem with reference-frame veloc-
ity urr = 0:0. (a) analytic EOS evaluation, (b) linear interpo-
lation z = 0:01, (c) linear interpolation z = 0:02.
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Figure 4.6: 1-D combustion problem with reference-frame veloc-
ity urr = 0:2. (a) analytic EOS evaluation, (b) linear interpo-
lation z = 0:01, (c) linear interpolation z = 0:02.
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pressure projection methods, any erroneous mass is instantaneously removed from the
system by adjusting the pressure and velocity to \correct™ the global mass-balance
of the system. As a consequence, spurious density uctuations give rise to spurious
velocity and pressure uctuations. The velocity and density in turn in uence the
evolution of the scalar eld in a highly non-linear manner, further compounding the
errors. The end result is that small errors in the EOS evaluation can amplify and
lead to very large errors in the velocity and scalar elds.

Another way to explain these errors is to consider the implications of the piecewise-
linear EOS used in cases (b) and (c). This representation is characterized by discon-
tinuous rst derivatives and unde ned second derivatives of the density in mixture-
fraction space. Examination of equations (4.4) and (4.5) shows that these derivative
terms are important for accurate approximation of the density. Neglecting these
terms, as is done with node evaluations, can lead to large errors in the numerical
results.

The TI method is more resistant to this type of error because the Tl-evaluated
density re ects a subgrid average over the control volume, including features of the
EOS that are not resolved on the computational grid. Small oscillations are still
observed in the TI results, but the errors remain small and do not overwhelm the
physics as in the case of the node evaluations.

4.2.2 2-D example problem

In more complex systems, EOS-evaluation errors can lead to signi cant errors in
the time evolution of the ow, including the development of spurious ow structures
and unphysical mixing. This is demonstrated through the 2-D problem shown in
Figure 4.7. The initial con guration is similar to the classical Rayleigh-Taylor mixing
problem, however, the density is given by the \reactive” EOS used in the previous
example (equation (4.7)). As the initial disturbance evolves under the in uence of
gravity, the low-density region around zg is con ned to a thin region around the
fuel-oxidizer interface. Discretely representing these highly complex mixing patterns
is a challenging computational problem.
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Figure 4.7 compares the time evolution of the 2-D mixing problem using node-
based density evaluations and the T1 method. Simulation results on four di erent
grids are presented to show the e ects of grid re nement on the solution and to give
a point of comparison to judge the physical realism of the coarse-grid solutions. For
each EOS-evaluation method, the coarsest solution is shown in the left-most column
of the gure matrix, and time increases from top to bottom. The most accurate
(56-point) quadrature rule was applied for all evaluations in the T1 computations. A
non-dimensional viscosity of =8:0 10 4 was used in all cases, while the mixture
fraction di usivity was set to zero.

After only a short integration time, distinct di erences emerge between the two
EOS-evaluation methods. These di erences are particularly pronounced on the coarser
grids shown in Figure 4.7. In the case of the node-based evaluations, the interface
develops unphysical corrugations that numerically amplify as the solution progresses.
After some time, the ow eld is contaminated with spurious ow structures evolving
from an unphysical mixing-history. The coarse-grid results for the TI method, while
still unresolved on the computational grid, tend to better preserve the characteristics
and appearance of the resolved solutions. The di erence between the two methods is
clearly noticeable in Figure 4.8, which shows the long-time evolution of the ow eld
onab50 150 grid. The di erent evaluation techniques are shown side-by-side with a
more resolved solution for comparison purposes.

4.2.3 Adaptive tetrahedral integration

The hierarchical nature of the quadrature rules in Appendix A lends itself naturally to
an adaptive EOS-evaluation procedure. Such an adaptive approach should e ciently
focus additional quadrature work only where it is needed and apply lower-order meth-
ods in regions that do not demand special treatment. One implementation strategy
would be to adaptively select the quadrature rule based on the local spatial gradient
of the scalar eld. A computational cell that spans a large region of scalar-space
would, for example, select a high-order, multi-point quadrature rule, whereas a cell
with relatively homogeneous composition might only require a one-point evaluation.
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Figure 4.7: 2-D Rayleigh-Taylor instability. The left gures use node EOS-
evaluations, and the right gures use T1 56-point EOS-evaluations. (top to bottom)
t=0,t= 156, t = 3:08 t = 4:64. (left to right) 25 75, 50 150, 100 300,

200 600 grids.
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e v

Figure 4.8: 2-D Rayleigh-Taylor instability at t = 5:2. (left to right) Node evaluations
on 50 150 grid, T1 56-point evaluations on 50 150 grid, T1 56-point evaluations
on 100 300 grid.
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Table 4.1: Execution time of simulations.

total time average no. of MG cycles
method time steps (min) outer-iterations per iteration

node 1120 180 40.1 12.3
T1 56-point 1120 211 34.1 9.05
TI adaptive 1120 178 34.5 9.00

The minimum and maximum values of the scalars at the vertices of tetrahedral sub-
volumes is a natural choice for gradient estimation in such a method.

The adaptive method described above has been applied to the 2-D Rayleigh-Taylor
mixing problem (see Figure 4.9). The criterion for rule selection in this example re-
quired at least one quadrature point per z of 0:005. The time evolution of the
solution is shown in Figure 4.9. The upper gures show the evolution of the density,
and the lower gures show the concentration of quadrature points used in the sim-
ulation. It is clearly seen that the bulk of the EOS-evaluation work is concentrated
in the thin interface region of the solution. Figure 4.10 compares the solution us-
ing the adaptive procedure with that obtained by universally applying the 56-point
quadrature rule. The solutions are virtually indistinguishable.

The total execution time of the simulations was monitored for the 100 300 grid
case, and the results are presented in Table 4.1. In all of the simulations, a su cient
number of outer-iterations was performed at each time level to converge the maximum
density di erence j ™1 Mj to less than 1:0 10 . Using TI with the 56-point
quadrature rule incurred an increase of approximately 20% in the total execution
time compared to node-based density evaluations. The adaptive Tl method was the
least computationally expensive approach. In this case, the extra EOS-evaluation
work was o set by a decrease in the number of outer-iterations per time step and
multi-grid cycles per Poisson-solve required to achieve the given levels of density and
pressure convergence, respectively.
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Figure 4.9: 2-D Rayleigh-Taylor insta- Figure 4.10: 2-D Rayleigh-Taylor instabil-
bility on 100 300 grid using adaptive ityon100 300gridatt = 5:2. Tl adaptive
TI1 evaluations. Density on top, concen- (left), Tl 56-point (right).

tration of quadrature points on bottom.

(left to right) t = 0, t = 1:56, t = 3:08,

t = 4:64.
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4.3 Summary

A method for consistent and accurate EOS evaluations in variable-density ow simu-
lations has been developed and implemented. Several example problems were studied
demonstrating that under-resolving the EOS can lead to numerical instabilities and
unphysical ow features. A hierarchy of symmetric quadrature rules for tetrahedral
volume integration was developed and used to e ciently integrate the EOS in uid
dynamics simulations. The new method, termed tetrahedral integration (TI), was
shown to reduce EOS-evaluation errors, mitigate many of the undesirable numerical
artifacts that result from other techniques, and produce a more physical evolution of
the ow eld. The extra cost of the Tl method is o set by better convergence and
stability properties of the numerical solution.
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Chapter 5
Code verifcation using MMS

The term veri cation, when applied to a ow solver, describes the process of demon-
strating that the code correctly solves its governing mathematical equations. A code
that has been properly veri ed, therefore, is in likelihood free of programming errors
that a ect the theoretical order-of-accuracy of the numerical algorithm. As such,
code veri cation is an early and integral step in building con dence in the predictive
capabilities of simulation software.

Over the past several decades, the complexity of computational algorithms in sim-
ulation codes has grown in response to demands for high- delity simulations in science
and engineering. State-of-the-art simulation codes often involve complex exchanges
of information amongst various physics modules, each of which may solve di erent
equations using di erent algorithms on di erent grid topologies. As simulation codes
become more sophisticated, thorough veri cation becomes increasingly challenging
and time consuming, yet also more essential.

In this work, attention is focused on hydrodynamics codes amenable to low-Mach
number combustion where acoustic e ects are unimportant. In this framework, a
variable-density formulation of the Navier-Stokes equations is often used due to its
computational e ciency relative to fully compressible formulations. In the variable-
density equations, the pressure and density are formally decoupled by de ning the
density through an equation-of-state (EOS) expressed in terms of transported scalars.
The EOS may be given by an analytical expression, or as is common for complex
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reactive systems, it may be precomputed and tabulated as a function of the scalars.

Tabulated state-equations are heavily used in many popular combustion models.
Examples include laminar amelet models (Peters, 1983, 1984), conditional moment
closure (CMC) methods (Klimenko, 1990; Bilger, 1993; Klimenko & Bilger, 1999),
and some transported PDF methods (Pope, 1985, 1990; Dopazo, 1994). These com-
bustion models are used in a variety of codes, targeting applications that include
the design and optimization of engines and power systems, prediction of pollutant
formation in combustion devices, and modeling and prediction of res. While valida-
tion studies of combustion codes are routinely performed, the application of system-
atic veri cation studies is less common. In particular, the rami cations of tabulated
state-relationships on the convergence and accuracy of combustion codes has not been
widely investigated. As the EOS in typical combustion systems is multi-dimensional
and highly non-linear, its implications on code performance are not straightforward.

Owing to the non-linear character of the governing equations, it is common to
use iterative algorithms to solve the discretized system of equations. With these
methods, solutions are iteratively re ned from an initial guess until all equations are
approximately satis ed at a given point in time. Iterative approaches, by de nition, do
not exactly satisfy the discrete equations, and therefore, unavoidably involve certain
residual errors. The matter of how small residuals must become for the numerical
solution to be a valid approximation of the governing mathematical equations is of
obvious and practical relevance. In large-scale computations it may be prohibitively
expensive to converge all solvers to machine precision. A popular execution mode,
therefore, is for a solver to perform a xed number of iterations and then proceed
to subsequent steps in the algorithm. The rami cations of such an approach on the
evolution of the solution are di cult to conjecture.

A powerful technique that can unravel this complexity and ultimately help to
verify these solvers is the method of manufactured solutions (MMS). Manufactured
solutions are exact solutions to a set of governing equations that have been modi ed
with forcing terms. This concept has been around since the early days of computer
codes (see, for example, Burggraf, 1966) and has been more recently formalized under
the name MMS in a series of papers (Roache, 1998a,b, 2002; Knupp & Salari, 2003;
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Oberkampf et al., 2004; Roy, 2005). The objective of this work is to use the method
of manufactured solutions to explore the e ects of tabulated constitutive relation-
ships and iteration errors on the computational performance of low-Mach number
combustion codes.

5.1 Method of manufactured solutions

5.1.1 Background

The method of manufactured solutions (MMS) is a general procedure that can be used
to construct analytical solutions to the di erential equations that form the basis of
a simulation code. The resulting solutions, while not necessarily physically relevant,
can be used as benchmark solutions for veri cation tests. The accuracy of the code is
gauged by running the test problems on systematically re ned grids and comparing
the output with the analytical manufactured solution. The behavior of the error is
examined against the theoretical order-of-accuracy inherent in the code’s numerical
discretizations. Thus, a veri cation test using MMS provides an unambiguous result
as to whether or not the algorithm is implemented correctly. MMS has been success-
fully applied in a variety of applications including uid dynamics (Roy et al., 2004;
Bond et al., 2006), heat transfer (Brunner, 2006; Domino et al., 2007), uid-structure
interaction (Tremblay et al., 2006), even turbulence modeling (Eca et al., 2007).
Application of MMS is conceptually straightforward. Consider a generic system
of di erential equations
D( )=0 (5.1)

where is a vector of unknown variables and D() is a di erential operator whose
speci ¢ form depends on the governing partial di erential equations. In MMS, the
analyst selects a su ciently di erentiable function b to describe the desired evolution
of the variables in space and time. Since b does not necessarily satisfy the original
governing equations (5.1), a corresponding set of source terms Q are \manufactured”
by simply applying the di erential operator to b in order to balance the system
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D(P)=0Q : (5.2)

The new set of equations given by (5.2) constitutes an exact analytical solution that
exercises all of the same di erential terms as equation (5.1) (provided that b is
su ciently di erentiable). Consequently, equation (5.2) can be used to test numerical
codes designed to solve equation (5.1) with minimal additional coding.
As the generality of the current discussion demonstrates, there is near limitless
exibility in constructing manufactured solutions. A useful set of guidelines for the
e ective design and application of MMS are contained in the monograph by Knupp
& Salari (2003).

5.1.2 Example problems

In this section we introduce example MMS problems which attempt to illustrate
\canonical™ phenomena in variable-density ows. It has been argued that because
code veri cation is a purely mathematical exercise, manufactured solutions need not
be \realistic" (Roache, 2002). While this statement is unquestionably true, it does
not fully acknowledge the utility of well-crafted manufactured solutions in identify-
ing the vulnerabilities and strengths of a computational algorithm. For instance, a
manufactured solution that is suggestive of some elementary physics, provides not
only a statement about the code’s order-of-accuracy, but also gives a preview of how
the code might perform in more complex problems where the mimicked physics are
pervasive.

In this spirit, the current examples are constructed such that they identically
obey a subset of the governing physics without extra source terms (for example, they
analytically conserve mass), and apply manufactured sources to satisfy the remain-
ing conservation laws. Mass conservation is a orded preferential treatment in these
examples due to its central role in the solution algorithm presented in Section 3.3.
The resulting manufactured solutions attempt to balance simplicity with realism in
an e ort to understand how the code performs in \representative™ scenarios.

The veri cation problems in this report are based on the EOS for isothermal
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binary mixing between miscible uids:

()= —+1
1 0

(5.3)

Although this EOS is simple, it is deceptively nontrivial. Large density ratios result in
extremely non-linear behavior that can challenge variable-density solvers in a manner
similar to the reactive state-equations associated with combustion chemistry. The
scalar variable in equation (5.3) is known as the mixture fraction and assumes
values ranging from 0 to 1. A similar mixture fraction variable is ubiquitously used
in combustion modeling to describe the \mixedness™ between fuel and oxidizer. The
quantities o and ; are the pure component densities, i.e. o = ( = 0) and
1= ( =1).

The rst example problem is a one-dimensional manufactured solution re ective

of binary di usive mixing:

exp( kit) cosh(woxexp( kat))

1 =
exp( kit) 1 - cosh(woxexp( kat))
. . 1
xy = B, b (5.4)
1 0
o 1 bx & 1)(arctanb Z)!

uix;t) = 2k,exp( kit)

x;t) b2+1 N wo exp( kot)

where b = exp(woxexp( kot)) and wp; ky; and k, are constant parameters. Note
that equation (5.4) satis es the continuous continuity equation (3.4) with Q = 0,
but produces a non-zero source term in the scalar transport equation (3.6). No
source term is speci ed in the momentum equation, instead the pressure is allowed
to compensate to satisfy equation (3.5) with Qg, = 0. If interested, one could solve
for the analytical pressure distribution by integrating equation (3.5) with respect
to x. The relevant manufactured scalar source term is computed by substituting
equation (5.4) into equation (3.6) and solving for Q. . The spatio-temporal evolution
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Figure 5.1: 1-D manufactured solution. (left to right) u(x;t), (x;t), Q (X;t).

Table 5.1: Parameter values for 1-D
manufactured solution problem, equa-
tion (5.4).

Table 5.2: Parameter values for 2-D
manufactured solution problem, equa-
tion (5.5).

parameter value

0 20 parameter value parameter value
L 1 0 20 a 1/5
Ky 4 1 1 b 20
k2 2 URre 1 k 4
Wo 50 VRE 1/2 1 3/2
e = 0.03 e 0.001 0.001

of equation (5.4) is shown in Figure 5.1 for the parameter values in Table 5.1. The
computational domain for this problemis0 x 2and0 t 1. A similar
problem was investigated in Chapter 4, although not within the framework of MMS.

Figure 5.1 shows that the initial, steep pro le of (x) broadens, or \di uses,”
over time. This pseudo-di usion is actually controlled by the relative values of the
parameters k; and kj, and is independent of the physical scalar di usivity, e . The
di usivity still appears in the MMS problem, but only a ects the shape and magnitude
of the source term, Q. . If ky =k, in this problem, then the integrated mass of the
system 01 (X) dx is constant. A value of k; > k; is selected in order to provide a
positive velocity at the out ow boundary, and avoid the possibility of in ows due to
(small) numerical errors.

A second MMS problem involves a two-dimensional corrugated front with advec-
tion and di usion:
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1+ tanh(bkexp( !t))

ity = (I+2)+(@ - tanh(bkexp( 11))
e . 1
coyty = ¥l (XYY
1 0
ey — 10 Ik Urr
Uyt = o B ap@mexp( 1)+ 1 (5:5)
N ' log(exp(2bkexp( 't)) +1)
2bexp( 1t)
V(X;y;t) = Vre
pey;t) = 0

where R(X;y;t) = uret X +acos(k(vget y)) and a;b; k; !; urg; and vge are con-
stant parameters. Equation (5.5) satis es the continuous continuity equation (3.4)
with Q = 0. Non-zero source terms appear in the x and y momentum equations (3.5)
and the scalar transport equation (3.6). The evolution of the density eld described
by (5.5) is shown in Figure 5.2 given the parameter values in Table 5.2. The compu-
tational domain for this problemis 1 x 3, 1=2 vy 1=2,and0 t 1.

In order to focus on the e ects of density, the viscosity and the \dynamic"
di usivity e inequations (3.5) and (3.6) are assumed constant in the MMS examples
presented here.

5.2 Results

The MMS problems of Section 5.1.2 were implemented in the unstructured LES code
CDP. In all of simulations reported in this chapter, the code was run in so-called
\DNS" mode, wherein all subgrid models were disabled.

A spatial grid-re nement study using the one-dimensional example problem equa-
tion (5.4) was conducted to assess the convergence properties of CDP’s numerics.
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Figure 5.2: 2-D manufactured solution: (Xx;y;t) (top to bottom) t = 0, t = 1=3,
t=2=3, t=1. (black: =1, white: = 20).
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Computational grids consisting of 64, 128, 256, 512, 1024, and 2048 control volumes
were used. A time step of t = 0:00125 was applied in all cases, leading to maximum
CFL numbers in the range 0.048 to 1.53. The boundary conditions at x = 0 were
u=0and @ =@x = 0. At the domain exit, an \out ow" boundary condition was
used

%—t + ucg—n =0; (5.6)
where is any scalar variable or velocity component, u. is the convective velocity,
and n is the outward normal at the boundary. This condition was applied at x = 2,
a location su ciently removed from the problem dynamics so as not to introduce
signi cant errors in the solution. The velocity, pressure, and scalar values were solved
from equations (3.4){(3.6), and the density was evaluated using the analytical function
equation (5.3) and the instantaneous scalar eld. The convergence tolerance for
solving transport equations and the pressure Poisson equation was 1 10 8. Outer
iterations at each time step were continued until the maximum density di erence
between iterations j M*? Mj was less than 1 10 8. This was typically achieved

after 20{25 outer iterations. Additional problem parameters are listed in Table 5.1.

The maximum error (L4 -error) and volume-averaged (L,-error) for u(x;t), (x;t),
and (x;t) were monitored throughout the simulation. The error trends toward
second-order convergence with respect to x for all variables, as seen in Figure 5.3.
Detailed convergence results are tabulated in Table 5.3. Plots of the L,-error versus
time for u(x;t) and (x;t) are shown in Figures 5.4 and 5.5. Note that the error
smoothly decays with time in each simulation as the ow features di use and become
more easily resolved. The L4 -error behaves similarly on all grids except the n, = 2048
grid, where iteration and time errors begin to contaminate the solution after t  0:5.
As part of a separate temporal-re nement study (not shown here) the time step was
halved to t = 0:000625 and the simulations were repeated on the ny, = 1024 grid.
The results were almost indistinguishable, with a maximum di erence on the order
of 10 © for all variables. This suggests that the results are \converged" in a temporal
sense, and that time errors are subservient to spatial errors on all of the grids with
ny 1024.
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Figure 5.3: 1-D manufactured solution: L,-error at t=1.
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Table 5.3: 1-D manufactured solution: L, - and L,-error at t=1 versus spatial grid
re nement.

no. of Lq-error observed Lo-error  observed Lq-error observed Lo-error  observed
points u(x; t) order u(x; t) order (x;t) order (x; 1) order

64 1.4587e-02 1.4409e-03 2.6407e-02 6.7197e-03

128  2.5261e-03 2.53 2.4485e-04 2.56 3.2633e-03 3.02 9.5846e-04 2.81
256  6.5204e-04 1.95 7.6850e-05 1.67 1.1724e-03 1.48 3.5391e-04 1.44
512 1.7155e-04 1.93 2.2545e-05 1.77 3.5933e-04 1.71 1.1075e-04 1.68
1024  4.4133e-05 1.96 6.3385e-06 1.83 9.9106e-05 1.86 3.0840e-05 1.84
2048  1.1976e-05 1.88 1.6845e-06 1.91 2.6574e-05 1.90 8.2872e-06 1.90

Table 5.4: EOS lookup table: resolutions and errors.

no. of max error avg error
points ()= o ()= o
21  8.0591e-02 3.6803e-03
31  4.7323e-02 1.6942e-03
51 2.2125e-02 6.2316e-04
101  6.9391e-03 1.5738e-04
201  1.9681e-03 3.9449e-05
401  5.2606e-04 9.8689e-06
801 1.3613e-04 2.4676e-06

In order to evaluate the e ect of EOS tabulation on code performance, are nement
study was conducted in which the EOS equation (5.3) was interpolated linearly from
successively-re ned tables of uniformly-spaced points in -space. A summary of the
tabulation resolutions and their associated errors is found in Table 5.4. Interpolation
of the EOS at the coarsest resolutions in Table 5.4 would not be uncommon in many
engineering calculations where property tables are multi-dimensional (typically 3{4)
and memory is limited.

The simulations were e ected on a grid of 1024 control volumes with a time step of
t = 0:00125. The boundary conditions and solver convergence limits were identical
to the spatial grid-re nement study above. The full convergence results are tabulated
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in Table 5.5, and plots of the temporal evolution of the L,-error for u(x;t) and (x;t)
are shown in Figures 5.6 and 5.7. The \n = 1" label indicates results using the
analytical or non-interpolated EOS.

The data clearly indicate a degradation of accuracy when using a tabulated EOS.
Velocity convergence inclines towards rst-order behavior, while scalar and density
convergence appears to be closer to second-order (with respect to ). These trends,
however, are speculative at best as the data are not well converged, even with 801
interpolation points in the EOS. It is likely that convergence of the scalar outperforms
velocity because of the manufactured source term in equation (3.6). In the simula-
tions, the scalar source was evaluated as a function of x and t, rather than u(x;t),

(x;t), and (x;t). The source term, therefore, implicitly used the analytical EOS
and was partially shielded from the in uence of tabulation errors. It is not surpris-
ing, therefore, that scalar convergence was less a ected than velocity, especially when
considering the relative strength of the scalar source term in this example (see Figure
5.1).

In addition to poor convergence rates, it is clear that EOS interpolation dramati-
cally a ects the character of the error in the eld variables. The smooth error decay
exhibited in Figure 5.4 is replaced by the unsteadiness apparent in Figure 5.6. These
numerical uctuations result from the tight coupling between density, velocity, and
pressure in low-Mach number projection methods. Density errors arising from the
tabulation are readily translated into velocity errors as the pressure acts to \cor-
rect” changes in the global mass-balance. The velocity and density in turn in uence
the evolution of the scalar eld in a non-linear manner, adding further complexity.
The end result is that small errors in the EOS evaluation can amplify and produce
relatively large errors in the velocity and scalar elds.

The numerical uctuations induced by EOS interpolation errors undoubtedly nd
expression in the ow variables on a macro-scale. This is readily visible in Figure 5.9,
which shows the convective outlet velocity u(x = 2;t) for di erent EOS resolutions.
Here, interpolation errors cause dramatic uctuations about the exact MMS value.
The presence of these uctuations, whose genesis is entirely numerical, holds serious
implications for subgrid modeling of combustion and turbulence.
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Table 5.5: 1-D manufactured solution: maximum Lq- and L,-error versus EOS
lookup table re nement.

no. of Lq-error observed L,o-error  observed Lq-error observed Lo-error  observed
points u(x; t) order u(x; t) order (x;t) order (x;t) order

21 3.0450e-02 2.3991e-02 5.4061e-02 1.8100e-02

31 1.8274e-02 1.31 1.4032e-02 1.38 2.8370e-02 1.66 9.5723e-03 1.64
51 9.2087e-03 1.38 8.5121e-03 1.00 1.1613e-02 1.79 3.9251e-03 1.79
101  3.5173e-03 141 3.2208e-03 1.42 3.2998e-03 1.84 1.1030e-03 1.86
201  2.0185e-03 0.81 1.9794e-03 0.71 9.6504e-04 1.79 3.0885e-04 1.85
401  9.2466e-04 1.13 8.6672e-04 1.20 3.4493e-04 1.49 9.9923e-05 1.63
801  5.2006e-04 0.83 4.3319-04 1.00 1.5400e-04 1.17 4.1577e-05 1.27

Issues relating to time-accuracy and the error-contribution from iteration residuals
have also been studied using MMS. Here the two-dimensional problem (equation
(5.5)) was simulated on computational grids of 200 50, 400 100, 800 200, and
1600 400 hexahedral control volumes with a uniform time step of t = 0:00125. This
time step produced maximum CFL numbers ranging from 0.15 to 1.18 on the various
grids. Dirichlet boundary conditions were imposed at x = 1, an \out ow" boundary
condition (equation (5.6)) was applied at x = 3, and periodic boundary conditions
were used at y = 1=2. Tolerances for the scalar, momentum, and pressure solvers
were set to 1 10 ° in all simulations. Additional problem parameters are supplied
in Table 5.2.

A major focus of this study was to investigate the e ect of applying multiple
non-linear iterations to \fully" converge the system of equations at each time step.
Figure 5.10 shows the spatial-convergence of the L,-error of the ow variables when
20 outer iterations are employed. At this level of iteration, the bulk of the time
error is eliminated and all variables tend toward second-order convergence with grid
re nement | con rming the expected accuracy of CDP’s spatial operators. Figure
5.11 shows how the convergence is a ected when fewer outer iterations are used at each
time level. The observed convergence is approximately rst-order when 10 iterations
are applied, and even less accurate with fewer iterations.

The errors depicted in Figure 5.11 are a combination of spatial and temporal
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Figure 5.10: 2-D manufactured solution:  Figure 5.11: 2-D manufactured solution:
L,-error at t = 1 using 20 outer itera- L,-error of u(x;t) at t = 1 for di erent
tions. numbers of outer iterations.

contributions that combine in a complex manner on di erent grids and time steps.
A closer examination of the temporal component of the error is instructive. Figure
5.12 shows the convergence of the L,-error with respect to t for a simulation on
the 800 200 grid and applying only one outer iteration per time step. Under these
conditions, the dominant error derives from the time advancement which is clearly
rst-order accurate. Additional outer iterations help to reduce the time-errors by
increasing their accuracy towards second-order and/or reducing their magnitude.

In a related study, the simulations of Figure 5.11 were repeated using a more
moderate density ratio of o= ; = 5. In this case, second-order convergence was
observed after 5{10 outer iterations versus the 15{20 iterations for the o= ; = 20 case.
This accelerated convergence is encouraging for applications with modest density
ratios, but also indicates an unappealing dependence of the algorithm’s convergence
properties on the EOS.

5.3 Summary

In this study, the method of manufactured solutions (MMS) was used to investigate
the e ects of tabulated state-equations and temporal iteration errors on the con-
vergence and accuracy of the multi-physics hydrodynamics code CDP. Two MMS
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Figure 5.12: 2-D manufactured solution: Lj-error at t=0.1 using 1 outer iteration.

problems were constructed whose evolution is re ective of some of the basic physics
germane to combustion problems, namely: di usive mixing of species and convec-
tion of density fronts. Both of the MMS examples analytically satisfy the source-free
continuity equation, and use manufactured source terms to balance other transport
equations in the system. Grid re nement studies performed using the MMS problems
con rm the spatial convergence rate of CDP to be second-order when an analytical
EOS is used. Convergence of the ow variables to the exact solution was markedly
impaired when the EOS was linearly interpolated in -space. EOS interpolation er-
rors introduce spurious numerical uctuations in the ow variables, with velocity and
pressure being particularly vulnerable. In some problems these errors can accumu-
late with time and potentially alter the temporal evolution of the ow. The variable
density algorithm in CDP has rst-order temporal accuracy when a single outer iter-
ation is applied. Temporal errors were generally not dominant when multiple outer
iterations were performed, making it di cult to con rm the temporal accuracy of the
method with multiple outer iterations.

The present results suggest that, for a given problem, a balance exists between
factors such as the size of the time step and the number of outer iterations that need
to be performed. Determining the optimal operating conditions (i.e. grid size, time
step, number of outer iterations, etc.) is a nontrivial and problem-dependent task
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that deserves more attention than is currently a orded.
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Chapter 6
A amelet model for heat-loss

Heat transfer is a complex phenomenon that can include contributions from con-
duction, convection, and radiation. Each of these processes is driven by di erent
physical mechanisms and therefore requires di erent modeling approaches. Develop-
ing integrated models that account for the combined e ects of these di erent modes
of heat transfer can be challenging. The problem is compounded in reactive systems,
where additional complexity results from the interaction of heat transfer processes
with chemical kinetics and mass transport. In this chapter, a general framework for
incorporating the e ects of heat transfer on combustion chemistry is developed. The
framework is discussed as an extension to the amelet/progress variable (FPV) model
for turbulent combustion, but it could be applied to other models as well.

6.1 Non-adiabatic FPV model

The usual pattern adopted in constructing computational models is to develop a
mechanistic description of the process of interest, and then translate that mechanism
into a system of algebraic or di erential equations that govern the behavior of the
process. In the case of the FPV model, the physical mechanism is embodied at the
highest-level by equations (2.40), which describe conservation of chemical species and
energy. In practice, the solutions to these equations are obtained, and the results
are mapped to a tabulated parameter space for easy retrieval. The nal outcome of

7
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the FPV model, then, is summarized by the simple functional representation which
recovers thermochemical properties from the table

=F (z;0): (6.1)

In extending the FPV model to describe heat transfer, the objective is to expand
the property map expressed by equation (6.1) to describe a more diverse range of
chemical states. Since the goal is to include heat transfer e ects, addition of an
energy-related parameter such as temperature or enthalpy is a logical step. In this
work, the total enthalpy is selected to supplement the parameterization of the amelet
solutions. The enthalpy is adopted over temperature due to the relative simplicity
of its transport equation (the temperature equation includes cumbersome reaction
terms), and the smoothness of its behavior (pro les of h(z) in adiabatic amelets
are nominally linear). The desired end-product of the extended amelet model is
a tabulated description of the resulting thermochemical states using this additional
parameter

=F (z;c;h): (6.2)

6.1.1 Modeling approach

In devising a non-adiabatic amelet model, an alternative to directly modeling the
physics of heat transfer, is to use an ad hoc parameterization of the enthalpy-coordinate
and solve the remaining amelet equations subject to constraints imposed by the
chosen parameterization. This strategy implicitly assumes that the resulting thermo-
chemical state is a unique function of the mapping parameters z, ¢, and h, and is
independent of details about how the enthalpy is speci ed. This general approach is
particularly useful for dealing with convective heat transfer, which is highly dependent
on an application’s geometry. Any considerations of \geometry,"” or the introduction
of solid boundaries to the one-dimensional amelet equations (2.40), tends to spoil
many of the assumptions and symmetries that are assumed in their derivation.

A useful way to parameterize the enthalpy is to scale it linearly between the
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adiabatic state, had, and a reference value, h'ef,

had h
= h where  href = h(yad; refy. (6.3)

Although the choice of the adiabatic and reference states in this expression is some-
what arbitrary, some options o er practical advantages over others. In this work,
the adiabatic state, (Y 29; ha?), is chosen as the equilibrium chemistry solution. Note
that (Y 29; ha?) also de nes the adiabatic temperature, 29, through equation (2.40d).
The equilibrium solution o ers a convenient characterization of the adiabatic state
because it is physically and mathematically well-de ned, relatively easy to compute,
and depends only on the mixture fraction, i.e., = (2). As indicated in equation
(6.3), the reference state, ™', is chosen to be the adiabatic species composition, Y 29,
cooled to the reference temperature, "f. For convenience, the value of " = 300K
is used throughout this study. With this choice for hd and h™f, the parameter can
be viewed as a measure of the change in sensible enthalpy that is required to cool
the adiabatic composition to the reference temperature, . As de ned by equation
(6.3), positive values of the parameter indicate an enthalpy defect, or loss of heat.
Consequently, is referred to as a \heat-loss parameter."

With the enthalpy constrained by equation (6.3), h is no longer an unknown in the
amelet equations (2.40), and the energy transport equation need not be explicitly
solved. The modi ed system of amelet equations,

d(Yv) _

X ! ' (6.4a)
3 =1
=p1. R Y =M (6.4b)
=1
X
h=h¥+ (h* h2d)= Y h(); (6.4c)

=1

is solved for the remaining unknowns Y and . Although the energy equation is
not directly solved in this approach, the non-linear summation that de nes the total
enthalpy in equation (6.4c) ensures a tight coupling between the energy and the



80 CHAPTER 6. A FLAMELET MODEL FOR HEAT-LOSS

production and transport of species in the system. These equations must be mutually
satis ed in order for the formulation to be consistent.

In the current approach, the species equations (6.4a) are solved using a pseudo-
time stepping method to march the solution to a steady state. At each time step,
the enthalpy is constrained to obey equation (6.4c) for a given (constant) value of the
heat-loss parameter, . The temperature is determined at each time step from the
summation term using a Newton-Raphson method with the current estimate for Y .
All of the thermodynamic and transport properties are updated, and the process is
continued until the steady solution is obtained.

Enthalpy pro les corresponding to di erent values of the heat-loss parameter are
shown in Figure 6.1. The uppermost, linear pro le represents the adiabatic amelet
state, while the lower curves with > 0 describe amelets that are experiencing heat-
loss. The e ects of sustained heat-loss on the amelets are depicted in Figures 6.2
and 6.3. Figure 6.2 shows the non-extinguished branches of the S-shaped curves from

amelet solutions with di erent values of . Note that heat-losses tend to weaken the

ames, leading to lower overall temperatures and extinction at smaller dissipation
rates. Several amelet solutions that are close to extinction are identi ed in Figure
6.2 by solid symbols at the critical points (maximum value of ) along their respec-
tive curves. These nearly quenched amelets are shown in greater detail in Figure
6.3, which depicts the temperature and progress variable pro les as a function of the
mixture fraction. As noted earlier, larger values of correspond to decreased tempera-
tures, slower reaction kinetics, and a greater propensity for strain-induced quenching.
On the upper (burning) branch of the S-shaped curve, moving towards lower dissi-
pation rates brings one closer to chemical equilibrium and complete \reacted-ness."
Since non-adiabatic amelets quench at lower dissipation rates, they generally have
formed higher concentrations of combustion products upon extinction than their adi-
abatic counterparts. This trend is visible in the progress variable curves shown in
Figure 6.3, where the mass fraction of major products (i.e., the progress variable) in-
creases with . The low-temperature, well-reacted solutions that result are important
in describing the thermochemical state of combustion gases near cold surfaces.

Flamelet solutions computed using di erent values of are assembled to form a
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Figure 6.4: Temperature contours from Figure 6.5: Temperature contours from a
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of mixture fraction and enthalpy. These mixture fraction and heat-loss parameter.
data correspond to the maximum value of These data correspond to the maximum
the progress variable ( = 1). value of the progress variable ( =1).

library of ame states. The amelet library supplies information about the thermo-
chemical state of the ame as a function of the scalars z, ¢, and h. A section from
such a library is shown in Figures 6.4 and 6.5. The contours of temperature are taken
at the maximum value of the progress variable, cmax = T(z; h), or more appropriately,

= 1. This can be thought of as the temperature that the amelet assumes as it
approaches equilibrium. From Figure 6.5 it is also apparent that the heat-loss pa-
rameter, , 0 ers a convenient framework for the tabulation of properties, as it maps
the quantities cleanly into a well-de ned, orthogonal space. Note the thin peninsula
of high temperatures that extends along the line of stoichiometric mixture fraction,
Zst = 0:055. Evidence of this reactive zone is also seen in Figure 6.3, where localized
peaks are visible in the temperature pro les.

The approach outlined above assumes that a thermochemical database constructed
from the solution of the full, adiabatic amelet equations (2.40), and a database from
solutions of the heat-constrained equations (6.4), will produce the same output for
a given set of inputs (e.g., z, ¢, h, etc.). This assumption was tested for amelets
with weak heat-loss by comparing solutions of the adiabatic amelet equations (2.40)
with solutions of the heat-loss equations (6.4). The adiabatic solutions can be made
to cover a portion of the non-adiabatic parameter space by specifying reactant tem-
peratures that are lower than those used to de ne the reference state (Y 2d; 2ad)
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Table 6.1: Parameters for adiabatic amelets used in comparison test with enthalpy-
constrained amelets.

oxid — 400K oxid — 525K oxid — 650K
xefem] s [KI | xefem] s [K] | X [em] o [K]
100.0 2293.1 | 100.0 2350.4 | 100.0 2406.0
2.000 2182.2 | 2.000 2146.9 | 0.220 2103.7
0.180 19434 | 0.120 1933.0 | 0.090 1926.6
0.144 17405 | 0.113 1788.1 | 0.100 1793.8
0.254  1597.8 | 0.240 1595.1 | 0.240 1582.3
0.699  1315.7 | 0.660 1302.5 | 0.585 1324.2
1.580 888.8 1.390 937.0 1.200 999.4

in the non-adiabatic formulation. In this validation test, a fuel-side temperture of

fuel = 300K was used for all of the amelet solutions. The air-side temperature was

oid = 750K for the non-adiabatic solutions, and between 400K and 650K for the
adiabatic amelets. The full test matrix of air-side temperatures and domain lengths
is speci ed in Table 6.1. These parameters were chosen so as to produce adiabatic
solutions on the burning and intermediate branches of the S-shaped curve, with max-
imum temperatures spaced at roughly 200K intervals from 1200K to 2400K. Results
from the test are shown in Figures 6.6{6.8. The solutions to the adiabatic equa-
tions correspond to the dotted-line pro les of the enthalpy and heat-loss parameter
shown in Figure 6.6. Although these are adiabatic solutions, the heat-loss parameter
is non-zero in this example because is de ned at 4 = 750K.

The one-dimensional solution pro les from the adiabatic amelets were interpo-
lated to 200 test points spaced quadratically along the z-coordinate. Quadratic spac-
ing was used in order to focus points near the reactive region around zg. The solution
values at the test points for some important combustion quantities are shown in Fig-
ure 6.7. Since each test point is also associated with a value for the progress variable
and enthalpy, the results can be directly compared to values retrieved from a non-
adiabatic amelet database in order to validate the assumptions and solution method
used for the non-adiabatic formulation. The non-adiabatic amelet database pictured
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Figure 6.7: Solution pro les from the adiabatic amelets listed in Table 6.1: (a)
density, [kg/m?]; (b) temperature, [K]; (c) product source, . [kg/m3/s]; (d)
CO mass fraction, Yco.
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in Figures 6.1{6.5 was used for the comparison. This database was constructed for
use in LES and is a four-dimensional, Cartesian table with axes for the mean mixture
fraction, mixture fraction variance, mean progress variable, and mean enthalpy. The
table size is 100 30 50 40 for mixture fraction, scalar variance, progress vari-
able, and enthalpy, respectively. All of the lookups for the comparison use a mixture
fraction variance of zero.

Results of the comparison are summarized in Figure 6.8, which plots the values
retrieved from the non-adiabatic amelet database versus the values computed using
the adiabatic amelet equations. The results from 4200 individual test points are
plotted in each gure. Although small deviations are observed, the agreement between
the two formulations is excellent. The largest discrepencies are observed in the most
non-linear regions of the table, and are likely due to interpolation errors committed at
the time of retrieval from the database, or accrued during the many post-processing
steps required to construct the amelet library. All-in-all, di erences between the two

amelet formulations are relatively minor, and both produce nearly the same outputs
for a given set of inputs. This demonstrates that the proposed parameterization of the
enthalpy, with its corresponding constraints on the amelet energy equation, leads to
a consistent framing of the problem and that the solution methodology used for the
non-adiabatic system (6.4) is appropriate.

The approach outlined here for constructing amelet databases is termed the
amelet/progress variable model with generalized heat-loss, or FPV-GHL model.

6.1.2 Application in LES

In Section 6.1.1, the FPV-GHL model was discussed in terms of fully resolved, in-
stantaneous parameters without consideration of turbulence/chemistry interactions.
When applied to LES, the model must account for the e ects of subgrid-scale tur-
bulent uctuations of the chemistry variables. These interactions are approximated
by a presumed-shape PDF in a manner similar to Section 3.2.2. The Itered thermo-
chemical quantities are obtained by integrating equation (6.2) with the joint PDF of
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z, ,and 277
e — (z; ; )B(z; ; )dzd d : (6.5)

Here is the reaction progress parameter, and is a quantity that uniquely parame-
terizes the enthalpy coordinate. The heat-loss parameter, , is a logical choice for
The assumption of statistical independence amongst the arguments is used to factor
the joint PDF into the product of marginal PDFs

Bz, ; )=PB@F( )P(): (6.6)
The individual PDFs are then modeled with simple distributions

B(z) = (z;e,282)
B()= ( © (6.7)
B()= ( ©):

The FPV-GHL model could bene t from more sophisticated models for B( ) and
B( ). A balance must be struck, however, between augmenting the model with
additional inputs and parameters, and keeping the resulting chemistry database a
manageable size and dimensionality. The nal expression for the Itered variables is

72722
e = z; ) ze® ( e ( ©dzd d : (6.8)

The information is ultimately tabulated as a function of quantities that are readily
produced in a LES, for example,

e=r (g eh): (6.9)

The model is implemented by solving LES transport equations for the Itered
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mixture fraction, progress variable, and enthalpy elds

0e 0ee_ @ e

ot ox; =0 ! (e, + t)@Xj

e 08e_ 0 @e

E-F @Xj = E (ec + t)& + ¢ (6.10)
0 0of @ 0f |

ﬁ"‘ 0x; —K (en+ t)7j Qr:

These scalars serve as inputs to the chemistry database, along with the subgrid scalar
variance which is modeled as discussed in Section 3.2.3. All of the transport and
thermochemical properties that appear in equation (6.10) (i.e., ,e , €. Qg, etc.)
are retrieved from the database as needed.

6.1.3 Transformed coordinate system

In actuality, the table axes in the non-adiabatic database presented in Sections 6.1.1
and 6.1.2 do not directly correspond to mixture fraction, scalar variance, progress
variable, and enthalpy. The coordinates are, rather, a set of transformed variables
speci cally designed to span a mutually orthogonal parameter space. The trans-
formation is performed in order to maximize the storage of useful information in
the database, and reduce redundancies and unphysical extrapolations. Consider, for
example, the temperature contours shown in Figure 6.4. Tabulating the data in a
Cartesian table as a direct function of enthalpy requires some kind of an approxi-
mation for the temperature in the white, inaccessible regions above and below the
available data. Extrapolating valid data points to Il these areas can lead to un-
physical estimates of the thermochemical quantities with unpredictable results when
applied to real problems. A conservative, zeroth-order extrapolation could be applied,
Iling the space with a \nearest neighbor" approximation of the data. However, this
approach unnecessarily populates the table with redundant values, taking up valu-
able space in memory that could alternatively be used to increase the accuracy of the

representation. This is likewise an unattractive solution.
In this work, auxiliary relations are used to map the table inputs from their
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physical values (&, e ) to a transformed description (Z, V, C, H). The variable
transformations are:

A Z=p (6.11a)
r
B A v= ﬁ (6.11b)
e @ C= Ce (6.11¢)
max
had §

As shown in equation (6.11) above, an identity map is applied to the mixture frac-
tion, simply returning . The mixture fraction variance is scaled by its theoretical
upper-limit, (1 ). The progress variable is likewise scaled by its local maximum
value, chax = T(Z;V; H), i.e., its maximum possible value given the other abscissae.
Enthalpy is mapped to the heat-loss parameter. In general, h®d and h™" in equation
(6.11d) could be a function of all of the other input scalars (Z;V;C). Due to the de -
nitions adopted in this work, however, their speci cation is much simpler: h3® = f(Z)
and h'" = f(Z; V). lllustrative examples are shown in Figure 6.9.

The coordinate transformations in equation (6.11) ensure that all of the infor-
mation in the nal database is directly traceable to a computed amelet solution {
not the result of an extrapolation or approximation outside of the known values. It
also encourages a more faithful representation of information in the neighborhood
of \pinch" regions that occur when properties converge near domain boundaries and
endpoints. The subtle property variations that occur in these vicinities are often
under-represented on table grids that span the global range of the un-transformed
variable, where only one or two points may cover the region. In addition, the trans-
formations proposed here organize the information into a space that is more natural
for amelet solutions, where gradients tend to align in the (Z;C; H)-direction, rather
than the (z; c; h)-direction. This further alleviates storage requirements by providing
a coordinate system that is more attuned to the data, leading to increased accuracy
when interpolating on grids with a xed number of samples. Although the auxiliary
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quantities Cmax, N2, and h™" must be stored in the database, this extra cost is more
than compensated for by the other reductions that it a ords.

6.2 E cient tabulation using kd-trees

Detailed kinetic mechanisms for combustion can comprise thousands of chemical re-
actions amongst hundreds of individual species. In numerical simulations of these
systems, it is generally not feasible to directly integrate transport equations for each
chemical component due to the large number of species and the disparate range of
important chemical and ow scales. In order to decrease the dimensionality of the
problem, automatic reduction techniques have been developed which project the ther-
mochemical state vector onto a lower-dimensional manifold. For example, in the SLF
and FPV models discussed in Chapter 2, all chemical and thermodynamic quantities
are represented by two scalars. As models are adapted to incorporate more complex
physics such as turbulence, heat-loss, pollutant formation, etc., accurate predictions
might require the use of ve or more independent scalars to describe the system (Pe-
ters, 2000). The thermochemical state variables are typically stored in conventional
tables as a function of the independent parameters. The size of the chemistry database
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increases with the dimension of the parameter space, placing severe limitations on the
resolution that can be a orded in multi-dimensional lookup tables.

Several methods have been proposed to address this challenge, including the use
of orthogonal polynomials (Turanyi, 1994), in situ adaptive tabulation (ISAT) (Pope,
1997), arti cial neural networks (Christo et al., 1996; Blasco et al., 1998; Ihme et al.,
2008), high-dimensional model representation (Rabitz & Alis, 1999), self-similarity
properties (Ribert et al., 2006), and adaptive Cartesian meshes (Xia et al., 2007).

In this section, a multi-dimensional tabulation method that utilizes binary tree
data structures and recursive partitioning to store and retrieve information is outlined
and applied to chemically-reacting systems.

6.2.1 Introduction to binary trees

A kd-tree is a space-partitioning data structure that can be used to organize and
search a k-dimensional region of space. In a kd-tree, each branch in the structure
represents a (k-1)-dimensional hyperplane located at an isovalue of one of the coor-
dinate dimensions. These axis-aligned hyperplanes are used to divide a given region
(the parent) into two distinct sub-regions (the children).

The \root™ node of a kd-tree refers to the upper-most node in the structure and
encompasses the entire region under consideration. Nodes on lower levels of the tree
are designated as either \branch™ nodes if they are a parent to child-regions, or \leaf*"
nodes if they are the bottom-most node in a sub-tree. Figure 6.11 shows an example
of a two-dimensional tree structure and the corresponding partitioning of the region.
Traversing a kd-tree requires a binary test at each branch of the tree (i.e., is the target
point located left or right of this node’s hyperplane?), hence, kd-trees are a special
case of binary space partitioning (BSP) trees.

Many applications have utilized kd-trees for e cient organization of spatial data,
including geographic information systems (GIS), computer graphics, and robotics
control. Tree structures such as kd-trees are also a mainstay in computational geom-
etry and form the basis of many nearest neighbor and range query algorithms. In this
work, kd-trees are used to e ciently search multi-dimensional chemistry databases to
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Figure 6.11: Example kd-tree data structure (left) and spatial partitioning (right).

locate appropriate interpolation intervals.

6.2.2 Partitioning algorithm

The ultimate objective of the tree-construction algorithm is to build a decision tree
for predicting the response, Y, as a function of the predictors, X. The response values
are the np input data points that will be approximated by the nal tree. For each
response value there is a vector of np predictor values, or parameters that classify
that data point. The predictors and response values associated with the learning
sample (input data set) are denoted as Xp and Yp. In the case of the FPV model,
the predictors are the values of the independent scalars: Z, V, C, and the response
values are the thermochemical quantities that need to be tabulated: , ® , € ¥ | etc.
Each quantity for which a tree is to be constructed is considered independently of the
others in order to customize the tree-structure and adaptively t it to the function of
interest.

Tree-structured regression is necessarily a recursive and iterative procedure. A
partitioning algorithm requires two core elements: a criterion for deciding when a
node should be split, and a rule for selecting the \best" split at any node. The
speci cation of these criteria depend on the requirements of the application. For
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example, for approximating thermochemical properties in combustion simulations, a
driving motivation is to maximize the accuracy of the retrieved data while minimizing
the storage requirements of the tree. Other factors such as the overall computational
performance of the algorithm during the construction of the tree, and the creation of
a \balanced" tree, where all of the leaf nodes are approximately the same distance
from the root node, are of secondary importance here.

During the construction of the tree, information about each node is managed in
a linked list. Six basic data elds are associated with each node: the split dimension
icut, the split value X, a link to the parent node igaq, @ link to each child node iigs,
the spatial limits of the node’s bounding-box X, and the value of the response
function at the bounding-box corners Ypox = Y(Xpox). Not all of this information is
needed in the nal tree, but it is convenient to have while building and rearranging
the tree’s structure.

The algorithm begins by initializing the root node and populating its six required
data elds. Fields without a currently applicable value are left null. The values of
the response function at the corners of the node’s bounding-box, Yok, must be inter-
polated from the input data points, Yp. The current code can interpolate from either
structured input data, or from scattered data if a simplicial tessellation of the points
can be constructed. The interpolated Y-values at each node are used to approximate
the response function within the bounding-box by multi-linear interpolation. The ini-
tialization is completed by evaluating the tree approximation at the given predictor
locations, Xp, and computing the normalized error

Ytree YP

Ymax Ymin ’

(6.12)

tree —

where Yyee IS the current approximation provided by the kd-tree.

The code then conducts up to N2 re nement passes to divide nodes and create
sub-trees. At the beginning of each re nement pass, all nodes with errors larger than
some user-speci ed tolerance are agged to be split. Each of these nodes is then

statistically analyzed to determine which dimension should be split.

The overall strategy for re nement is to design a split that con nes the error into
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ever smaller nodal bins. In this way, non-linear regions of the parameter space can be
adaptively re ned to eliminate errors, while nearly-linear regions can be represented
by coarsely-spaced nodes. During the analysis of a node, each of the np dimensions
are considered in turn. For each dimension j, the data points within the node are
sorted in order of increasing values of their predictor Rj. The cumulative sum of the
centered error in the node is calculated using

D = cumsum(bZ),  hbi); (6.13)

where the superscript (J) signi es the jth dimension, the hat accent denotes the
subset of data points that are located in the current node, and the angle brackets
indicate a simple average. The centered error is used to compute the left and right
cumulative means of the error

a) c-(i) a) cg) c-(i)
—_ 1 ) = 1 .
L= and Ri= " Tl (6.14)

where m denotes the total number of data points in the node and i indicates the ith
element in the vector. The left and right cumulative means are combined to form the
following error measure

P=i(Myp+m irn( D (6.15)

Equation (6.15) can exhibit strong, bimodal peaks when the error distribution in
the node is biased in a given direction. Consequently, it is a good indicator for
di erentiating amongst candidate split dimensions. The dimension that produces
the largest value of @ is selected for splitting. This is similar to a split criterion
proposed by Breiman et al. (1984) for general classi cation trees.

To illustrate application of the splitting rule, consider the following example. Sup-
pose that the error in a node is described by the Gaussian function

Xy X2 Xz X9)?

X1 X)) =
(Xq; X2) = exp 2% 2%

(6.16)
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Figure 6.12: Error measures for the tree partitioning algorithm: (a) example nodal

error distribution, equation (6.16); (b) cumulative sum of the centered error, equa-

tion (6.13); (c) left and right cumulative mean error, equation (6.14); (d) node split

criterion, equation (6.15).

This error distribution is shown in Figure 6.12a for X9=0.25, ;=0.05, X3=0.40, and

»=0.15 on a 100 100 grid. The various error measures from equations (6.13){
(6.15) are plotted in Figure 6.12b-d. Since the example error function is biased most
strongly in the X;-dimension, @ exhibits a pronounced peak, signifying that X, is
a good candidate for splitting.

After selecting the split dimension, the nodal hypervolumes are divided, and a
new hyperplane is inserted at 3(X{"" + X{"). The simple bisection proposed here is
not necessarily the optimal split location for the node. Experience with the present
application, however, indicates that more complicated splitting rules o er only small
improvements (if any), and have very little impact on the nal size of the tree. Bi-
section, therefore, is used in the interest of simplicity. In the current implementation,
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a user-de ned limit on the minimum allowable spacing in each dimension is also im-
posed. If a proposed cut would violate this limit, then the largest scaled-dimension
is split instead.

Upon splitting the node, two new child leaves are appended to the tree, par-
ent/child links are updated, and the response function is interpolated to the new
bounding-box locations introduced by the splitting plane. The error estimate from
equation (6.12) is then updated for all of the points in the recently split node. Re-

nement passes are continued until either the supplied error tolerances are met, or
the maximum allowable number of levels, N3%, is reached.

6.2.3 Data storage and retrieval

Not all of the data elds used during the construction of the tree are retained in
the nal data le. Branch and leaf nodes have di erent functions and, therefore,
require di erent information. Branch nodes direct queries down the tree until they
terminate at a leaf. To accomplish this, branch nodes must carry their split dimension
icut, Split location X ¢, and references to each of their child nodes iygs. The storage
requirements per branch node are, therefore, 3 integers and 1 oat. Leaf nodes, on the
other hand, must contain all of the information necessary to reconstruct the response
function within their hypervolume. For the case of multi-linear interpolation, this
includes the minimum and maximum extents of the np bounding-box X, and the
values of the function at the bounding-box vertices Ypnox. This requires 2np + 2"

oats for each leaf node. The tree data le must also contain the dimension of the
parameter space, np, and the number of branches in the tree, nye. Since a properly
constructed tree will contain nge + 1 leaves, there is no need to explicitly save the
number of leaves. The storage requirements for a kd-tree with linear interpolation
can be summarized as follows:

21
Neree(3 1+ R)

dimensions : Np; Neree

leaves : Xbox; Ybox L (ntree + 1)(2nD + 2nD)R
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where \I"" and \R" denote the memory required for a single integer and oat, respec-
tively. Note that this is the most compact (low-memory) storage scheme for the case
of single-precision oats, or when | = R. For higher-precision oats, it can be advan-
tageous to store all of the unique X and Y values in a separate oating-point array,
and reference them with integer maps stored at the node level. The break-even point
for this strategy depends on the dimension of the problem np, the size of the binary
tree nyee, and the fraction of redundancy amongst the oat values. Given the other
errors incurred during tree construction and data retrieval, however, double-precision
arithmetic seems unlikely to provide any practical bene t.

For comparison purposes, the memory requirements for uniform and non-uniform
Cartesian tables are also presented. For a uniform Cartesian table, the storage re-
quirements are:

grid : np; nj; XM XM B |+ np(l + 2R)

h
data array : Y T R nj
j=1
Likewise, a non-uniform Cartesian table requires:
X
grid: np; nj; X;j; ¥ I+npl+R  nj
j=1
¢
dataarray: Y ® R n;:
i=1

The total storage requirements for Cartesian tables and for the kd-trees described in
this report are summarized in Table 6.2. Table 6.2 also indicates the scaling trend
that each method exhibits with respect to the number of dimensions, np. The size of
Cartesian tables increases as  n"o, while kd-trees scale as  2™. This makes kd-
trees an attractive alternative to Cartesian tables for functions of moderate dimension,
say np 10.

Data retrieval is accomplished via a recursive navigation of the kd-tree. Each
query point, Xq, starts at the root node, where it is passed from parent to child
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Table 6.2: Storage requirements for Cartesian tables and kd-trees.

table type integers, | oats, R np scaling
7
uniform Cartesian 1+np 2np + n; n"o
i=1
_ _ > L4
non-uniform Cartesian | 1+ np nj+  n; nne
i=1 i=1
kd'tree 2 + 3ntree ntree + (ntree + l)(an + 2nD) 2nD

down the tree until it arrives at one of the many leaf nodes. At every branch that it
encounters along the way, the point is tested against that node’s splitting plane. If
Xg“‘t) < Xcut, the point is passed to the left, otherwise it is directed right. When the
query reaches a leaf node, the function is interpolated using the information stored
in Xpox and Ypox, and the result is returned to the calling function.

6.2.4 Application to combustion chemistry

In this section, the tree construction method outlined in Sections 6.2.2{6.2.3 is applied
to tabulate amelet data for use in the FPV combustion model. Two-dimensional
examples are presented which demonstrate the method’s accuracy, memory require-
ments, and timing properties.

The learning sample for the trees was prepared by transforming amelet pro les
resulting from the solution of equations (2.40) into (Z; C)-coordinates. The amelets
were solved on adaptively-re ned grids with 200 mesh points in the mixture fraction
dimension. Also, roughly 200 solution pro les were obtained to span the reaction
progress dimension from near-equilibrium burning to pure binary mixing (no reac-
tion). In order to produce a very high-quality learning sample for this illustrative
example, each amelet pro le was interpolated onto a Z-grid of 2000 non-uniformly-
spaced points using one-dimensional cubic interpolation. The grid spacing was deter-
mined by averaging the grids from all of the amelet solutions and scaling the result
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from 200 to 2000 points. A similar procedure was then used to interpolate the data
to a C-grid of 1000 points, creating a nely resolved collection of samples to use as
the starting point for the analysis.

Binary trees were t to the amelet data using error tolerances ranging from
1 10 2to2 10 “*. A representative data structure from the tree-building algorithm
is shown in Figure 6.13. This tree was produced from the density data with a scaled
error tolerance of 1 10 2. More stringent tolerances result in trees with more
branching and deeper sub-trees.

Tree-based approximations of the amelet data are shown in Figures 6.14{6.16
for trees using an error tolerance of 1 10 3. Figure 6.14 compares density from
the original amelet data with the binary tree approximation. The tree’s spatial
partitions are overlaid on the plot to convey the complexity of the nodal structures
and the adaptive nature of the tree approximation. Figure 6.15 shows the mass source
term for the progress variable, c. In the expanded view, note the intense re nement
that results from the sharp non-linear features near the stoichiometric mixture fraction
Zse = 0:055. Tree approximations for the temperature and mass fraction of carbon
monoxide are shown in Figure 6.16. In all of the examples presented here, observe
that each amelet quantity produces a tree with substantially di erent structure than
the others. This underscores the potential value of tting approximations for each
individual property rather than lumping them together in a single database as is often
done.

In order to appraise the e ectiveness of the tree-based approach, the approxi-
mations from the binary trees are compared with tabulations on uniform Cartesian
grids. It is acknowledged that a uniform orthogonal mesh is usually not the most
cost-e cient way to store data. Nevertheless, equi-spaced Cartesian tables o er a
useful and repeatable standard by which to benchmark alternative methods.

The Cartesian tables were constructed by interpolating the learning sample data
from the very ne, non-uniform grid onto a series of uniform Cartesian grids using
bi-cubic interpolating splines. All of the variables were then reverse-interpolated
from the uniform Cartesian tables, back to the original non-uniform mesh, using bi-
linear interpolation. The error incurred by this transaction was assessed in a manner
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Figure 6.13: Binary tree data structure for density with error tolerance of 1 10 2.
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analogous to equation (6.12). Uniform Cartesian tables of size 100 100 to 1000 1000
were investigated, and the maximum errors are shown in Figure 6.17 as a function of
the number of points in each dimension.

As expected, as the Cartesian grids become more re ned, the maximum errors
decrease. However, the directional dependence of the convergence rate is di erent for
each of the quantities that was tested. The maximum errors in the density and the
progress variable mass source, for instance, are almost independent of the resolution of
the C-dimension over the ranges investigated. This is due to the steep non-linearities
in the z-dimension in these functions. Temperature and CO mass fraction, on the
other hand, show fairly steady convergence with both z and C, at least in some regions
of (nz;n¢)-space. For all cases, it is only on the largest grids that were considered
that the maximum error levels in the Cartesian tables approach those of the binary
trees pictured in Figures 6.14{6.16.

From Figure 6.17 it is also apparent that for each of the amelet quantites there
are \optimal™ values of (n,;n;) that give the lowest errors given the total number
of elements in the Cartesian table. These \best" combinations of (n,;n;) have been
extracted and plotted as the black symbols in Figure 6.18, showing the maximum
error in the table versus the memory requirements. Also pictured in Figure 6.18 are
the values for the kd-tree approximations of the amelet data.

Comparing the tree approximations with the uniform Cartesian tables reveals
almost an order of magnitude di erence in the memory required to obtain a given
error tolerance. Additionally, the maximum error in several of the Cartesian tables
stagnates as the table gets large. By contrast, the binary trees, with their capability
for local anisotropic re nement, leads to a smooth and monotonic reduction of the
error. Given the scaling relations shown in Table 6.2, this comparison should only
improve as the number of table dimensions increases.

Accuracy and memory constraints are important factors in gauging the utility of
tabulated chemistry approximations. Data retrieval must also come at a reasonable
cost in order for the method to be viable. To assess the cost of data retrieval, the time
required to perform 1,000,000 two-dimensional table lookups on a single-processor
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workstation was measured. The lookup points were uniformly distributed pseudo-
random numbers that covered the full range of (Z; C)-values.

The kd-trees are compared with several other methods that are used to search
conventional tables: a uniform Cartesian lookup, a \dumb™ search loop that incre-
mentally cycles through each table dimension until it nds the appropriate interval,
and a bisection search suitable for non-uniform table coordinates. With each lookup
a bi-linear interpolation was conducted as part of the test. The Cartesian lookups
were tested on tables of size: 30 30,50 50,80 80,130 130,220 220,360 360,
600 600, and 1000 1000. The kd-trees used in the test are the ones shown in
Figure 6.18. Ten separate timings were conducted for each method and grid, with
the average lookup times reported in Figure 6.19.

The uniform Cartesian lookups are di cult to beat in terms of e ciency. For
small- and moderately-sized tables they show no appreciable scaling with table size.
When arrays become large and are spread over many memory blocks, however, in-
e ciencies accumulate and the scaling behavior is altered. The \dumb" loop search
strategy is comparable with the other methods on small grids, but scales poorly as
the size of the table grows. The bisection search maintains respectable scaling over
the range of table-sizes that were tested. Data retrieval in the kd-trees exhibits sim-
ilar scaling properties as the bisection search. These results suggests that kd-trees
are a competitive alternative to conventional tabulation methods on uniform and
non-uniform Cartesian grids.

The techniques outlined here have been applied to construct a three-dimensional
chemistry database for methane-air combustion at the conditions described in Sec-
tion 7.1. The coordinate transformations de ned in equations (6.11a){(6.11c) were
applied to the amelet data before the binary trees were constructed. In terms of the
coordinate transformation, the only di erence between this three-dimensional prob-
lem and the four-dimensional example in Section 6.1.3 is the functional dependence
of the auxiliary quantity, cmax. For the three-dimensional database cmax = F(Z; V).
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Figure 6.19: Retrieval time for 1,000,000 2-D lookups with linear interpolation using
various search methods. Each point represents an average of ten 1,000,000-point tests.
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Chapter 7

Application to coaxial-jet
combustor

7.1 EXxperimental con guration

The FPV-GHL model has been applied to simulate the combustion experiments per-
formed by Owen et al. (1976). The full experimental study examined turbulent ow
and combustion in a coaxial-jet combustor operated under various conditions and
geometric modi cations. In all, eight separate test cases were documented, exploring
the e ects of swirling in ow conditions, the air/fuel velocity ratio, and pressure. The
present validation of numerical results focuses on the conditions referred to as \Test
1" in the laboratory report (Spadaccini et al., 1976). This experiment was selected
for its simple geometry and boundary condtions, as well as its relatively detailed set
of measurements, including velocity, temperature, and several reactant and product
species. Additionally, this experiment has been the subject of several previous com-
putational investigations, particularly the original LES implementation of the FPV
model (Pierce & Moin, 2001, 2004). In that work, disagreement with the experi-
mental temperature measurements was attributed to the neglect of convective and
radiative heat-transfer e ects. An investigation of this conjecture partially motivates
the current study and the selection of this experiment for validation. Although, this

109
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Figure 7.1: Schematic of the coaxial-jet combustor experiment of Spadaccini et al.
(1976).

combustor is not geometrically sophisticated, its complex recirculation and ow pat-
terns provide a reasonable approximation of conditions in a gas turbine combustor.
An illustration of the experimental con guration is provided in Figure 7.1.

In the experiment, relatively low-speed fuel enters the combustion chamber through
the central pipe, and non-swirling, higher-speed air enters through the outer annu-
lus. The high velocity ratio between the streams results in dramatic mixing directly
downstream of the fuel inlet and the formation of a large recirculation zone. As hot
combustion products circulate in this region, they ignite incoming reactants and sta-
bilize the burning. Highly unsteady dynamics were observed in the experiment near
the nozzle, with intermittent lift-o and reattachment of the ame. The region of
active combustion persisted beyond the 1-meter-long test section of the experiment.

The combustor was fueled with natural gas at 300K and preheated air at 750K.
The entire system was pressurized to 3.8 atm. The walls of the combustor were
water-cooled to maintain a constant wall temperature of approximately 500K. Porous
metal discs were installed upstream of the fuel and air inlets to provide uniform in ow
conditions. Some of the pertinent dimensions and ow conditions of the experiment
are summarized in Table 7.1. Spadaccini et al. (1976) report radial pro les of velocity,
temperature, and selected species concentrations measured at four axial stations. The
velocity was measured using laser Doppler velocimetry, temperature was measured
with a calibrated-heat-loss thermocouple, and species concentrations were measured
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Table 7.1: Combustor dimensions and ow conditions speci ed in the experiment of
Spadaccini et al. (1976).

quantity value quantity value
central pipe radius (R;) : 0.03157 m fuel mass ow rate : 0.0072 kg/s
annulus inner radius (R;) : 0.03175 m air mass ow rate : 0.137 kg/s
annulus outer radius (R3) : 0.04685 m fuel bulk velocity : 0.9287 m/s
combustor radius (Rs) : 0.06115 m air bulk velocity : 20.63 m/s
combustor length : 1.0 m fuel temperature (™) : 300K
overall equivalence ratio ( ) : 0.9 air temperature ( ©9) : 750K
combustor pressure : 3.8 atm wall temperature (") : 500K

using a traversing gas-sampling probe. Mole fraction data were reported for CHy, O,
CO,, CO, NO,, and NO.

Experimental mixture fraction and progress variable pro les were estimated from
these species concentrations according to the following procedure. First, the mole
fraction of H,O was estimated from a linear least-squares t to the adiabatic amelet
data for CO, and CO at the globally-averaged value of the mixture fraction

Zst
=_ =t @ - 7.1
Zavg l + Zst( 1) ( )
For this system, z; = 0:055 and = 0:9, thus, z,,, = 0:0498. The resulting t,

for amelets ranging from pure-mixing conditions (Xp,o = 0) to near equilibrium
(Xu,0  0:18), is shown in Figure 7.2 for the least-squares coe cients co, = 1:8989
and co = 1:7929. Next, the mole fraction of H, was computed from a balance on C
and H atoms: Xy, = 2Xco, +2Xco Xn,o- Ny results from atom balances on N and
O: Xn, = 1:881(2X0, +2Xco, + Xco +Xn,0)- If the sum of the mole fractions at this
point totaled greater than one, the estimated concentrations, Xu,o0, Xu,, and Xy,
were proportionally adjusted so as to preserve the normalization constraint. With
these estimates it was possible to calculate the mass fractions of all of the species,
assuming that only major products were formed. An experimental mixture fraction
was then constructed from the total mass fraction of C and H atoms in the system.
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Figure 7.2: Least-squares t of adiabatic amelet data at z,,, = 0:0498 to predict
Xh,0 UsSINg Xco, and Xco. The linear coe cients are co, = 1:8989 and ¢o =
1:7929.

The progress variable was likewise computed from ¢ = Yco, + Yn,0 + Yco + Yh,.
Six of the data points for Xcp, at the rst measurement station were not provided
because concentrations were out of the calibrated range of the gas analyzer. These
missing data were estimated using the above assumptions and the requirement that
mole fractions should sum to one.

7.2 Computational details

A diagram of the computational setup for the LES is presented in Figure 7.3. Through-
out the following discussion, all references to geometrical dimensions are reported in
the non-dimensional coordinates = x=Rj3 and % = r=R,4. The reference velocity
scale is taken to be the bulk air velocity U249, leading to a non-dimensional time of

= tUd=R;. Air is introduced in the outer annulus at an axial location of = 8,
and fuel enters the system at = 3. A recycling strategy is used to establish
fully-developed in ow conditions in the air and fuel streams. This is accomplished
by sampling the ow pro les at = 2 and recycling the information to the inlet
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Figure 7.3: Computational domain (top) and computational gd (bottom) in non-
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