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Abstract

The global community requires increasing supplies of cheap, clean, and transportable energy.
Combustion devices currently provide for the bulk of these energy needs, but their operation
also produces a variety of undesirable consequences such as instabilities, noise, and pollution.
Accordingly, new energy strategies emphasize the importance of improving combustion
device designs. The design process itself remains a particular challenge, however, and not
even the newest designs can be said to optimally control for the products of combustion.

The technique of large eddy simulation (LES) provides a framework for improving this
device design process. But while a variety of LES combustion models have been proposed, no
champion model yet exists that could be considered truly predictive and regime independent.
This work seeks to improve the accuracy and the predictive capabilities of reactive LES.
The flamelet approach is accepted here as a working baseline model because of its ability
to represent asymptotic combustion physics. Several deficiencies exist in current flamelet
implementations, however. First, premixed flamelet LES models are underdeveloped, and
cannot yet accurately describe the full range of burning behavior seen in many devices.
Second, because the flamelet approach is asymptotic in nature, it only accounts for a single
combustion regime at a time. Flamelet methods therefore fail when applied to arbitrarily
complex or partially premixed flows.

In the first part of this work, a generalized flamelet transformation is derived. This
transformation describes how chemical source terms are balanced in the asymptotic limit
of either the non-premixed, the premixed, or the auto-ignition regime. The transformation
is then used to formulate a method of determining which combustion regime exists locally
in a simulation. The indicator is validated using fully resolved triple flame simulations, and
is applied in a flamelet based LES of a low swirl burner. The simulations show that the
indicator describes combustion regimes more accurately than the traditional flame index.

Next, a level set equation is formalized for use in premixed combustion LES. Level set



methods are employed in the proposed generalized model because premixed flame fronts
tend to be significantly underresolved in LES. Typical transport equation approaches are
consequently subject to significant numerical error. Level set methods have historically
been problematic, however, when applied in the context of a filtering procedure. Once it
has been derived, the appropriate front tracking equation is used to formulate a dynamic
model for the turbulent burning velocity of a flame. This dynamic burning velocity model
is validated in a direct numerical simulation of a propagating turbulent front, and applied
in an LES of a premixed turbulent jet flame.

Finally, premixed flamelet models are considered with respect to the issue of flame
structure. A new variation of a coupled level set and progress variable approach is proposed
in an effort to improve descriptions of turbulence and front interactions. This method is
tested using a direct numerical simulation of a premixed turbulent flame propagating in
the thin reaction zones regime. The new coupling approach is then applied in an LES of
a spray-fueled lean direct injection combustor. This simulation makes use of both the new
coupled premixed approach, and a traditional non-premixed approach. These approaches

are integrated using the proposed combustion regime indicator.
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Nomenclature

Upper Case Latin Characters

progress variable

reference flow lengthscale

scalar diffusivity coefficient

large eddy simulation filter kernel
level set based heaviside function
level set variable

heaviside function or enthalpy
probability density function

heat release rate

gas constant

strain rate tensor

temperature

reference flow velocity

physical domain

molecular weight

mole fraction

mass fraction
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mixture fraction

Lower Case Latin Characters
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specific heat at constant pressure
specific heat of a liquid

total thermodynamic energy
internal energy

body force (usually gravity)
enthalpy

laminar flame thickness

heat of vaporization of a liquid
pressure

spatial integration coordinate
burning (or front propagation) velocity
time coordinate

flow velocity

spatial coordinate

Lower Case Greek Characters

QA T © % T > I > @

\]

beta function

specific heat ratio
delta function
Kolmogorov length scale
heat diffusivity
dynamic viscosity
kinematic viscosity
generic scalar quantity
flow field density
viscous stress tensor
eddy turnover time
chemical reaction rate

scalar dissipation rate
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large eddy simulation filter width
reaction progress parameter
combustion regime index

scalar flux

density-weighted (favre) filter
non-density-weighted filter

density-weighted (favre) test filter
non-density-weighted test filter

conditioned on a filtered quantity
non-dimensional quantity

generic component-wise index

conditioned on the stoichiometric value of mixture fraction
conditioned on the unburned side of a flame
conditioned on the laminar case

quantity involving the subfilter scale

associated with the A filter

Non-dimensional Numbers

B

Spalding mass transfer number
Damkoéhler number

Karlovitz number

Mach number

Nusselt number

Prandtl number

Reynolds number

Sherwood number
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Chapter 1

Introduction

1.1 The Role Of Simulation

In the latter half of the 20" century, an unprecedented explosion of computational infras-
tructure occurred throughout the world. The availability and relatively cheap cost of this
infrastructure led to dramatic changes in the conduct of all variety of human affairs. Com-
putational resources especially affected the methods used to develop scientific knowledge
and to perform engineering design. In particular, the two traditional scientific techniques of
theorizing and experimenting were bolstered by the newly viable technique of simulation.
Moreover, the technique of simulation did not simply keep pace as the speed, volume, and
efficiency of global computational infrastructure grew. Rather, the need for greater simula-
tion capabilities often served as an impetus to the growth of computational infrastructure.

In spite of the broad global demand for computational tools, the deployment and devel-
opment of these tools has occurred at different rates within different fields. The details of
the development process in a given field appear to be related to the effectiveness with which
computers can be applied to the problems in the field. For example, the computational
generation and manipulation of product blueprints and geometric object representations
is virtually standard practice in modern engineering. This is an example of a case where
computational tools have been exceptionally successful at problem solving — specifically,
the problem of information representation and dissemination. However, in fields where the
goal is predictive rather than representative simulation, a second issue that is related to
effectiveness often influences the productivity and use of computational tools. This issue is

resolution.
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Computational simulations predict performance and physical behavior by solving sets
of rules. These rules can be broadly broken down into the categories of resolved governing
equations and models. In one sense most resolved governing equations are themselves mod-
els, but typically they are models that perform with an extremely high degree of accuracy.
In spite of the capabilities of modern computers and cluster arrays, only a relatively limited
spectrum of fundamental, highly accurate governing equations are resolvable. At resolu-
tions that go beyond the limits of computational tractability, models must be employed.
The extent to which a predictive simulation is effective in a given field is therefore, at some
level, a function of the importance of the unresolved processes that occur in the field and

of whether they can be modeled.

Flow physics is an example of a field that has been the subject of relatively intensive
computational simulation. Flow physics is noteworthy both because the underlying equa-
tions are usually partially resolvable, and because the remaining physics can conceivably be
modeled with some degree of accuracy. For example, computations have been very success-
fully applied in the flow physics disciplines of aerodynamics and atmospheric science. In
both of these disciplines, the models that describe the unresolvable portions of the governing
physics are becoming sufficiently accurate that they can be relied upon with some degree
of confidence. More specifically, in-flight simulations of aircraft, and of components such as

wings and fuselages, are now an important part of aviation product development cycles.

An equally well studied but less accurately predicted flow physics discipline is that
of turbulent combustion and reacting flow. The particular difficulty that occurs when
chemical reactions are considered is that the reactions themselves are strongly coupled to
the smallest, unresolved length scales in the flow. This differentiates turbulent combustion
from aerodynamics or atmospheric science. In non-reacting flows, unresolved physics such as
small scale eddies are often said to have a universal nature. This means that their behavior
is, to a certain extent, homogeneous within a given domain of space. This significantly
aids the model development process, although it by no means makes it easy. In reacting
flows, however, the unresolved physics are often very localized and non-homogeneous. Their
behavior strongly depends on the local and often unresolved chemistry and flow fields.
Furthermore, the unresolved physics often directly feed back into, and control, the larger
resolved scales. This feedback process can play a first order role in determining how a flow
evolves. Consequently, predictions about a reacting flow cannot be confidently made unless

very accurate models for the small scale coupling that occurs between reactions and the flow
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are in place. Because of the difficulty of this challenge, simulation is less widely used, and
furthermore less trusted, in the design and development of engines and energy production
devices. Consequently, the significant benefits that the technique of simulation offers have
not been close to fully realized in the field of turbulent combustion.

In brief, the goal of this thesis will be to improve the predictive models that are used to
decribe turbulent reactive flows. This work is motivated by the need to further enable and
allow for the use of these models as a predictive tool. In the remainder of this introduction,
the field of turbulent combustion will be discussed in more detail and placed in context.

The model development work that will form the body of the thesis will then be motivated.

1.2 The Significance Of Turbulent Combustion

Turbulent combustion continues to be a particularly relevant engineering process because
it provides energy to a long list of modern technical devices. When this list is sorted solely
by the volume of energy being produced, the devices that appear at the top are related to
automotive and industrial power generation. In 2008, for example, the combustion of oil,
coal, and natural gas accounted for 86% of global energy use [57]. In spite of an increasing
reliance on renewable and nuclear energy sources, the United States Energy Information
Administration estimates that combustion processes will retain this 86% share of global
energy production in 2030 [57]. Combustion will therefore likely have a place in improved
energy strategies well into the future.

When a list of combustion-powered devices is sorted using other criteria, however, the
importance of the process is emphasized in another way. One of the great advantages of
combustible fuels is that they are characterized by large power densities. This makes them
suitable for use in devices where large supplies of energy need to be transported, such as high
speed aircraft, missiles, and rockets. Even in a scenario in which global carbon emissions
could be dramatically reduced by a move away from combustion based energy, a number of
critical engineering devices will probably remain indefinitely reliant on burnable fuels.

While it seems that the global community will depend on combustion processes well
into the future, it is fair to question whether further research in this area will pay dividends
that are commensurate with the costs. In other words, given a large number of compet-
ing research interests, what is the potential benefit associated with a focus on predictive

turbulent combustion simulation? At first glance, many of the possible improvements to
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combustion based devices appear to have been accomplished. For example, the Boeing 777
airliner released in 1995 is, at least on the surface, strikingly similar in structure to the Boe-
ing 707 that first appeared in 1958. Additionally, the basic components that comprise the
turbofan engines of these two aircraft are closely related. In spite of this superficial likeness,
however, history suggests both that combustion device designs can be improved and that
these improvements lead to significant performance gains. The Intergovernmental Panel on
Climate Change, for example, reports that improvements in engine design alone have led
to a 40% increase in aircraft fuel efficiency between 1950 and 1997 [56]. Furthermore, the
2001 Boeing Airplane Accident Summary indicates that the accident rate during the first
ten years of operation of modern 777-class airliners is more than a factor of 5 lower than
the equivalent rate of older 707-class airliners [8].

Going forward, a simple extrapolation of this historical trend would indicate that further
device improvements are possible. And as energy production devices become more complex
and the amount of data analyzed during a production cycle increases, the benefits that
simulations provide will increasingly be needed to achieve performance improvements. At
some point, however, a peak combustion efficiency may well be reached. At this point,
the issue of combustion device design might switch to an optimization problem that should
maximize robustness, minimize pollutant formation, lower noise, and meet other various
goals. Again, due to the expense associated with experimental testing and the risk of a
costly but failed off-baseline design, it appears unlikely that such an optimzation problem
could be solved without the use of simulation. A trustworthy, accurate, and predictive
simulation tool would allow for the development of performance maps and for low risk
testing of new designs. Such a predictive tool for the simulation of turbulent combustion,

however, does not currently exist.

1.3 Motivation For Research

In chapter 2, it will be shown that many models have already been developed which attempt
to describe the unresolved, flow-controlling interactions that occur between chemistry and
turbulence. Each of these models suffers, however, either because it does not portray a
physically accurate picture, or because it is not applicable across arbitary physical regimes.
For example, thickened flame models [19, 77] are fairly robust and do not make any a priori

assumptions about local burning conditions. These models operate, however, by artificially
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Figure 1.1: Premixed regime diagram for large eddy simulation (LES). The different labeled
regimes (thin reaction zones, corrugated flamelets, etc.) correspond to different modes of
physical interaction between turbulence and chemistry.

altering the timescales that govern chemistry and turbulence interactions. Specifically, they
rescale the ratio of these timescales that is known as the Damkoéhler number. The regime
diagram for premixed combustion [101, 109, 112] that appears in Fig. 1.1 emphasizes the
significance of this rescaling. This diagram contains information both about how turbulence
and chemistry interact, and about how well a given flame is resolved. Moving right along
the diagram’s horizontal axis, for example, corresponds to an increase in turbulence inten-
sity, while a move upward along the vertical axis corresponds to decreasing computational

resolution. In the figure, the variables that these two axes represent are related according

up\* e
Sr, A

where Day is the Damkohler number associated with a particular large eddy simulation filter

to
1/2

A
= - Da¥?, (1.1)

lp

width. An artificial adjustment of Daa changes a flame’s location on this regime diagram
and can correspondingly induce physically incorrect turbulence and chemistry interactions
within a simulation.

Other proposed descriptions of turbulent combustion that will be briefly discussed in
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chapter 2 include transported PDF methods, linear eddy models, and flamelet models. Like
the thickened flame model, these descriptions are all subject to certain failings. Transported
PDF methods have difficulty characterizing molecular diffusion (mixing) processes, and
consequently require coefficient tuning. Linear eddy models must use scaling laws and
empirical coefficients to account for small scale turbulence. Flamelet models require no
tuning and capture correct behavior in most asymptotic limits, but are in general only
capable of capturing one such limit at a time.

A detailed analysis of these approaches confirms that no predictive, champion turbulent
combustion model currently exists. The motivation for the current thesis, then, is to im-
prove the accuracy of modern turbulent combustion models, and to extend their predictive
capability across regimes in a way that does not require tuning and that does not alter
small scale physics. As will be shown, flamelet approaches in particular offer advantages
that suggest they remain in place as the backbone of a more regime independent, gener-
alized model. Chapters 3 through 6 will propose a series of new approaches and a new
framework that extends the flamelet approach across regimes in the desired way. A brief

set of conclusions and closing comments will be offered in chapter 7.

1.4 Summary Of Accomplishments

The following list summarizes the accomplishments discussed in this thesis.

e Development of a physically derived combustion regime indicator. This indicator de-
termines the regime that corresponds to local flame conditions and provides a frame-
work for applying flamelet models without the use of global, a priori, and often in-

correct assumptions.

e Validation and application of the combustion regime indicator. Validation is per-
formed using resolved simulations of partially premixed triple flames in which both
a one-step and a detailed n-Heptane mechanism are used to decribe kinetics. Addi-
tionally, the indicator is actively applied as a model in a large eddy simulation of a

methane / air low swirl burner.

e Development of a filtering approach for 2-D surfaces that is consistent with the broader

large eddy simulation framework. This filtering approach formalizes the use of level
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set approaches in large eddy simulation and clarifies a mathematical framework upon

which dynamic models for 2-D surfaces can be built.

Development of a dynamic model for the turbulent burning velocity of a premixed
flame in the context of large eddy simulation. Burning velocity models are one of
the weaker links in large eddy simulation of the premixed regime, and this model
works to extend the accuracy of flamelet models farther into the regime. The model
is validated using a direct numerical simulation of an isothermal front propagating in
forced homogeneous isotropic turbulence. The model is also applied in a large eddy

simulation of a turbulent Bunsen flame.

A priori analysis of traditional premixed flamelet models using a reacting direct nu-
merical simulation. This analysis includes a comparison of the error sources in these
models and indicates that the coupling which exists between the flow field and level

set must in particular be better described in certain regimes.

Development of an improved method of coupling level set based premixed flame de-
scriptions to large eddy simulation flow fields. This approach is tested using the
premixed flame direct numerical simulation data and is found to significantly reduce

the error associated with the coupling.



Chapter 2

Mathematical Framework

In this chapter the equations that govern a flow field will be presented. These equations are
typically not fully computationally resolvable, and the technique of large eddy simulation
(LES) will be introduced as a means of dealing with the unresolved lengthscales. A set of
LES models that describe subfilter velocity and scalar flux components will be reviewed.

These models will be used and tested later in the thesis.

The second section of this chapter considers the additional layer of modeling that is
required in an LES of a reacting flow. This section will begin with an overview of presently
available combustion modeling approaches from scientific literature. The advantages and
disadvantages of each of these approaches will be used to emphasize the need for a more
predictive champion model. Furthermore, this literature overview will provide a basis for
arguing that flamelet methods are an appropriate framework for a more predictive model.
A more predictive model should be valid in an arbitrary regime, however, and therefore

should move beyond current formulations of flamelet models.

The numerical approach that will be applied to solve the equation sets and models
that are presented will be briefly discussed at the end of the chapter. Although this the-
sis is not directed toward the development of numerical approaches, an understanding of
these approaches, and of their associated errors, is a requisite for developing more accurate

simulations.
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2.1 Computational Flow Modeling

2.1.1 Governing Equations

The evolution of a flow field can be described by the Navier-Stokes equations,

0 0

o (p) + oz, (pu;) = 0, (2.1)
0 0 0 0
9t (pu;) + 87] (Puiuj) = _axi (p) + aij (Uij) =+ pYi, (2.2)

where the viscous stress tensor o;; typically takes the form

1 0
oij = 2u [Sz‘j - 3%83%(%)} ; (2.3)
and the strain rate tensor S;; is

110 0
Sii == | =—(u) + =—(uy) ] - 2.4
5= 3 [t + ()] (2.4)
In a generic compressible flow, an additional equation that accounts for the local energy is
required,

0 0 0 0 T
a(ﬁet) + D [(pet + p)u;] = aTci(Uz‘j“j) + 875] <)\8

> + pQ + pgiui, (2.5)
J

Lj

where the total energy e; includes the effects of both internal and kinetic energy
1
per = pe + SPU Y- (2.6)

Equation 2.5 could equivalently be written in terms of the enthalpy h,

0 0 0 0 8<T
J

0 )
a(ﬂh) + %(Phuj) = a(p) + u]'%j(p) + Uijaiwi(uj) 5 A@g@) +pQ,  (2.7)

where

ph = pe + p. (2.8)



10 CHAPTER 2. MATHEMATICAL FRAMEWORK

An equation of state describing the relationship between thermodynamic quantities is usu-

ally needed in the context of either a compressible or reactive flow

p=f(o1,02,...), (2.9)

and the most typical equation of state is the ideal gas law,

p

= % (2.10)

P

Finally, generic scalars such as the mass fraction of a chemical species evolve according to

0 0 0 0
5 (por) + e (pujdr) = oz, <PDkaxj(¢>k)> + pig. (2.11)

Lj
In the energy and scalar equations listed here, Fick’s diffusion law is assumed. More detailed
diffusion models exist, but they are typically computationally expensive and may involve
the solution of large implicit systems. Furthermore, Fick diffusion models are often very

accurate relative to other sources of error that are present within a simulation.

2.1.2 Low Mach Approximation

The significance of acoustic effects in a flow are in part a function of the local Mach num-
ber, and in part a function of other factors such as the time history of the background
pressure. When acoustic effects do not strongly influence a flow, a useful simplification can
be applied to the above governing equations. This simplification can be obtained by first

non-dimensionalizing the Navier-Stokes equations

0 0

5 () + 5. (ewy) = 0, (2.12)
U =]
0 9 Y iy
a7 (o) + 5= (pwu;) —Re™ o (05) —pg, = —MaT’5-(p),  (213)
z =9 =7 =1

where the specific heat ratio v has been implicitly included in the Ma variable for notational
convenience. This immediately shows that the effect of the pressure gradient on the flow field
scales with the Mach number. A perturbation-type analysis based on this scaling expands
each of the important flow variables as a function of powers of the Mach number [92]. While

Eq. (2.13) suggests that this expansion could be carried out using a Ma? perturbation, for
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clarity the first order power of the Mach number is here used as the perturbation coordinate,

p(zj,t,Ma) = po(zj,t) + pi(zj, t)Ma+ pa(z;, t)Ma® + O(Ma?), (2.14)
plzj,t,Ma) = po(x;,t) + pi(x;, t)Ma+ pa(x;,t)Ma® + O(Ma?), (2.15)
wi(zj, t,Ma) = wo(xj,t) +ui1(wj, )Ma + u; o(zj, t)Ma? + O(Ma?). (2.16)

These expansions can be substituted into the governing equations and the resulting terms
can be grouped by the power associated with their Ma coefficient. In the momentum

equations, for example,

S .
_—axi(Po)} Ma
[0
_ Ma !
+ | Oz, (pl):| *
[ 1 0 0
+ En (Pofz,()) + B (80%70%,0) - %@ (Qij,o) ~ P9 (p,)

+ O(Ma) = 0. (2.17)

Similar expansions can be written for the equation of state and continuity equations. The
expanded equations should hold for an arbitrary Mach number, and for this to be the case
each of the bracketed sets of terms must, in a given asymptotic limit of the Ma variable,

equal zero. Again in the case of the momentum equations, this leads to

5
)| =0 e

R

0 0 1 0 0 ]
{375 (Bo%’,O) + oz, <Boﬂi,0ﬂj,0) " Reox, (2ij0) = Pog; — @(ﬂz) = 0, (2:20)

where similar equation of state and continuity expressions hold for each n'* order expan-
sion. The momentum equation is particularly interesting because the influence of the Ma?
pressure term leads to the conclusion that p, = p (¢) and p, = p,(¢) are not functions of
a spatial coordinate (Eqs. 2.18 and 2.19). This is significant because it shows that the 0"
order equation of state, Py = Boﬂ 0, can be satisfied using the background pressure P,

rather than a spatially varying pressure such as p,.
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When the Mach number in a flow approaches or exceeds Ma = 1, all higher power
multiples of the Mach number are of order unity or larger. Equation (2.17) then indicates
that the terms associated with each of the higher powers of the Mach number are equally
important to the governing equations. When the Mach number is low, however, the non-
zero powers of Ma have significantly different magnitudes and the terms that scale with
them can be reasonably neglected in the governing equations. The important order unity

governing equations in the low Mach limit are therefore

—p, BT, = 0, (221)

gt (Bo) + 63] <B()Qj,0> = 0, (2.22)
gt(pw 0) +a§,~j (Bo@@o@m) Re 8:1: (@ij0) = (;Zi(pz) = 0. (2.23)

P, is a background pressure and is a function only of time. It can be solved for simply using
global or ambient parameters. The T, variable (or a similar variable used in the equation
of state) is typically known from the solution of a transport equation. Equation (2.21) can
accordingly be used to determine the local density Py Interestingly, this means that the
continuity equation’s role is altered slightly in the low Mach limit. Rather than explicitly
determining the density, Eq. (2.22) acts to constrain the interaction of the density solution
predicted by Eq. (2.21) and the velocity solution predicted by Eq. (2.23). The pressure

variable Py is the avenue through which this constraint can be enforced.

In summary, the low Mach number approximation acts to decouple the density field
from any acoustic (pressure based) waves. This prevents the need to perform the computa-
tionally expensive task of resolving high frequency acoustic fluctuations. The only role of
the pressure field p, that is retained in the low Mach approximation is the enforcement of

the continuity equation constraint.

2.1.3 Large Eddy Simulation (LES)

In turbulent flows, a broad spectrum of physical lengthscales exists. In most industrially
relevant flows, the separation between the largest and the smallest of these scales is so great
that this spectrum cannot be fully resolved. Models then have to be applied to describe
the unresolved portions of the flow field. In the Reynolds Averaged Navier-Stokes (RANS)
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modeling approach, flow realizations are ensemble averaged and only the lengthscales associ-
ated with ensemble averaged gradients are directly solved for. The effects of the underlying
turbulent fluctuations must be modeled. The particular drawback associated with RANS in
the context of combustion is that these fluctuation models are forced to represent processes
that are often not statistically homogeneous. Specifically, isolated turbulent mixing events
that occur with low probability can significantly affect the evolution of combustion. The
combustion response can in turn feed back to affect large scale mixing. These heteroge-
neous, unsteady events are very difficult to describe using only ensemble averaged, mean
information. RANS approaches consequently have difficulty predicting some of the essential

features of turbulent reactive flows [108, 115].

In the large eddy simulation (LES) modeling approach, the flow field is filtered rather
than ensemble averaged. This filtering resolves the instantaneous and heterogeneous large
scale fluctuations that affect scalar mixing and combustion. LES, then, applies resources
at a point where less costly approaches such as RANS exhibit weakness. The smaller flow

scales in LES, however, must still be modeled.

Filtered quantities in LES are obtained by integrating flow variables against a filter
kernel F,

o (t,%) = /V F(r) ¢ (t,x + 1) dr. (2.24)

In reactive flows where density weighted values often appear, Favre filtering is employed in

order to minimize the appearance of unclosed subfilter terms,

gk (t,X) = p(tl X)

/v]: (r)p(t,x +r) i (t,x + r)dr, (2.25)

where
pt,x) = /V}"(r) p(t,x+r)dr. (2.26)

Nonetheless, when an LES filtering operator is applied to the Navier-Stokes equations, an

unclosed term does appear

o _ 0o ,__

5 P+ o1, (ptij) = 0, (2:27)
o ,__ o . . 0 0 0 ~
= (U PU;U; = - P —— (045 a 77L'S s g iy 2.2
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where 5 5 )
- = 1 - ~ 1 - -
oij = 2pv | Sij — 36”8:5;9(%)} ) Sij = 5 [%(ui) + %(Uj) , (2.29)
and
Eij,sfs = ﬁﬂza] - ﬁ'L/LZ\U/J, (230)

is the term that requires closure. Similarly, a filter can be applied to the energy and scalar

equations. The filtered scalar transport equation, for example, may be written

0 / ~ o0 (_.~\ 0 [~ 0 ~ 0 = ~
E (Pcbk) + 87301 (P%‘%) = 9 <pDk8mj(¢k)> + 67.70] (‘—‘]k,sfs) + pwi, (2.31)

J
where the unclosed subfilter scalar flux is

—

Sjk.sfs = POKTy — DR, (2.32)

In each of these equations, it has been assumed that the filter kernel F commutes with
spatial derivatives, and that the additional diffusion-type terms that arise due to Favre

filtering are small and can be neglected.

2.1.4 Subfilter Flux Models

A variety of models that attempt to describe the subfilter fluxes 7;; s and Eﬂﬁ sfs have been
proposed in scientific literature. These models are tasked with the very difficult problem
of accounting for a wide variety of subfilter velocity and scalar interactions, and are the
subject of ongoing research. Two of the broader classes of subfilter stress tensor models
that have been developed are Smagorinsky-type models and similarity-type models [86].
The Smagorinsky model [40, 86, 129] attempts to describe the dissipative nature of subfilter

stresses using a turbulent viscosity v,

—~

~ 1 s
Tijsfs = 2pSij + géijp (ukuk — ukuk) , (2.33)
v, = C,A°S, (2.34)
where C,, is a model coefficient and the u,u; term remains unclosed. In a low Mach number

setting, it has been suggested that the isotropic portion of the subfilter stress model could

be lumped in with the pressure term in the momentum equations [103], or neglected in
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—~—

general on the grounds that the unresolved portion of the kinetic energy, upty — upuy, is
usually small [49, 103]. Furthermore, it is often computationally convenient to include in
the model a term that is similar to the isotropic portion of the molecular viscosity stress
tensor, so that the subfilter and resolved portions of the stress can be calculated using the
same methodology. Any errors that result from this addition might also be lumped into the
pressure term in a low Mach approximation. The resulting modified Smagorinsky model

for Tij.sfs is [103]

— _ (3 1 0 -

O'ij,sfs = 2th SZ — g(sl]aigjk (Uk) R (235)
where the expression for v, in Eq. (2.34) remains unchanged.

Similarity models are a second kind of approach that focus on and attempt to describe
the scale-invariant nature of turbulence [5, 21]. The hypothesis associated with these models
is that the behavior of an operator applied to a set of unclosed terms can be well represented
by the application of that same operator to a set of resolved terms. Stress tensor models in
particular are formulated by writing down filtered and test filtered quantities in a way that

recreates the form of @;; s from Eq. (2.30),
_ —x < =
Oijsfs — Csim (p UUj — puiuj> , (236)

where Cg;p, is a model constant and a density weighted test filter is defined as

-
) PU;
U; =

—. (2.37)
p
Stand-alone similarity models provide benefits, but also suffer from disadvantages [86].

Interestingly, they can be combined with Smagorinsky models to form mixed approaches,
_ —x < = N x2S
Oij,sfs = Csim (p UjUj — puiuj> + 2pCl,A SU|S| (238)

Mixed approaches do appear to perform well relative to stand-alone Smagorinsky or sim-
ilarity models under a variety of flow circumstances [86], but they are also the subject
of continuing research. The Smagorinsky model will be employed in the majority of the

turbulent simulations that follow.

A dynamic approach will be used to compute the Smagorinsky model constant C,,. The

dynamic approach was originally proposed by Germano et al. [40] and is well established
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and utilized in literature [4, 55, 87, 104]. This approach relies on the so called Germano
identity, which relates the realizations of a subfilter model that occur at different filter levels.
For example, the Smagorinsky model that appears when the Navier-Stokes equations are

filtered using a test filter is

—x < p— = 2% (X 1 0 3
p Uity — puitty = 2 p C'Z,A2\S] <Sij — géija— <uk)> . (2.39)
Tk
p—
The unclosed term in this equation, pu;u;, can also be generated by test filtering the original

Smagorinsky model,

= = 2o 1. 0 .
PUU; — PUU; = QPC,,A |S‘ Sij - *(51']'7 (uk) . (240)
3 Y Oxy
A closed equation for the model constant C,, can therefore be found by subtracting Eq. (2.40)
from (2.39),

x x = — =, < (% 1 0 x
?uiuj — puiuj = 270VA2’S’ <SZ] — 55”875% (uk)> (241)
P I 1 o -

In constant density flows, the divergence of both the filtered and the test filtered velocity
is zero. In variable density flows, these divergence terms, as well as any other istropic-type
terms that were retained from the original model formulation in Eq. (2.33), are neglected [49,
86, 103]. If it is assumed that C, is independent of filter width, the resulting equation for
the model constant is

Lij = Cy, M (2.43)

where
—x = ﬁjg 55 T)
Ll'j = p uin — puiuj and Mij =2 P A |S|S” — QpA |S|SZ] (2.44)

The dynamic identity in Eq. (2.43) is a tensor relation, but the unknown in the relation
is a scalar quantity. It therefore is an over-constrained system. One of the most widely

applied approaches to dealing with this constraint problem is the least squares technique
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proposed by Lilly [80], in which the M;; tensor is contracted with both sides of the equation

_ LMy

C, = .

(2.45)

A given set of LES-filtered quantities (L;; or M;;) might represent any number of dis-
parate subfilter flow realizations. A subfilter flux model based on filtered quantities can
therefore only attempt to describe the statistical effects of a variety of subfilter distribu-
tions, and not the effects of any one distribution in particular. To obtain an approriate
statistical result, the dynamic identity in Eq. (2.43) often must be solved for in a way that
accounts for more than one local realization of LES filtered flow variables. A statistical sam-
ple can be obtained by, for example, ensemble averaging the numerator and denominator

of the C, equation,
(Lij Mij)
C)=-——". 2.46
T (M M) (248)
Two of the more developed ensemble averaging operations are those in which the averaging
is performed in spatially homogeneous directions, or in which averaging is performed along

Lagrangian particle trajectories [87].

Subfilter scalar flux models can be developed using an approach that closely follows the
development of subfilter stress models. For example, a Smagorinsky-type model for the
subfilter scalar flux is [49, 104]

= — a e ~2,5

Siksss =Dz (d1),  Di=Cph’|S], (2.47)
Ly

where the filtered scalar gradient has replaced the filtered strain rate tensor. A Germano

identity for the scalar flux can then be developed using a test filter

— X J—,\,) — =, < 0 x _ _ 9~ 0 ~
pition — piison = p OpA%S| 5 (&) = OB’ 5 (41 )- (2.48)
J J

Ensemble averaging and a least squares-type multiplication are again needed in the imple-
mentation of this model, leading to the final form
(L Mj)

Cp = m, (2.49)
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where

~ _—

A o5 0 % =23 9 [~
Ly = Py —plyde and M = 7 A%S| (&) — 72 515 (&), (250

2.1.5 Subfilter Scalar Variance Models

In many flows, the subfilter variance of a scalar is needed for modeling purposes. It is
possible to determine the variance of the k" scalar, g/b’\k’i = 5{ — (q~5k>2, by solving a full
transport equation either for the second moment of the scalar, or for the variance itself [49].
These higher moment equations, however, typically involve terms that require further mod-
eling. As a result, simpler algebraic solution methods that nonetheless capture the relevant
physics are frequently employed. Three different algebraic models for the variance will be

presented here. Each of these takes the form
¢ = C, 8|V, (2.51)

where C, is the variance model coefficient. This algebraic model form is selected in part
due to the work of Wall et al. [134], where in the context of a turbulent jet it was found to
describe the mixture fraction variance more accurately than a scale similarity model [21].
The first of the three models that will be presented employs a constant static value for
C,. This value can be developed from a Taylor series expansion of the filtered product of
two variables. Balarac et al. [4], using the work of Bedford et al. [7] and in agreement with
Leonard [79], wrote this expansion specifically for cases in which a non-Favre Gaussian filter

is used

. _ N oafag A ’F 9% 6
fg B fg + ﬁal‘l 8@ + @8:}018% 81‘18113] + 0 (A ) ’

(2.52)
By applying this expansion to the density weighted self product of the scalar f, a similar
expression that is relevant to Favre filtering can be developed. This expression is also

technically valid only for a Gaussian filter

_y, ) 07 0 (190 OF
p ox; 0x; ﬁ@xj 81'3

_7 %% &F 2*(pf) 0*f
8951895] 8.1‘16.%3 83}13%] 6901895]

<2 A7 a7 x4
. A _aofof A
PIT =PI+ 5P 50+ 283

+0 (KG) . (2.53)
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where it can be seen that the fourth order term is considerably more complex in the context
of Favre filtering. Setting f in Eq. (2.53) to be the scalar ¢, and remembering that the
Favre variance is ;5% — (qzk)Z, a low order estimate of the variance coefficient is found to
be C, = 1/12. In the following chapters, the approach that uses this constant value of the

coefficient will be referred to as the static coefficient (SCF) model.

The second model that will be studied uses a traditional dynamic approach to describe
C, [104, 134]. Specifically, Favre consistent Ly and My terms are formed at each point in
the filtered flow field as

—_—

== —x < =, X ﬁ
Ly =0oror — popdy  and Mg = A~p |V — A"p[Vey|. (2.54)

As with the subfilter flux models, the locally calculated Ly and My terms must be sub-
jected to a certain amount of ensemble averaging before they can appropriately describe
the statistical nature of particular turbulent physics. Planar, Lagrangian, or another kind
of averaging might conceivably be appropriate. After the averaging, the coefficient C, can
be written

Cp= 20 (2.55)

where Lilly’s [80] least-squares technique has again been applied. This second model will

be called the dynamic (DYN) model.

The third model for calculating the coefficient C, comes from Balarac et al. [4]. This
model also uses Taylor series expansions to describe how filtering affects the product of two
variables. Specifically, Balarac et al. applied the expansion in Eq. (2.52) to a test filtered
scalar product and compared the result to the traditional dynamic model. Their findings
were that a more accurate dynamic coefficient was produced when the second term in the

expression for My is removed. The remaining term,
p— = P
My = A% Ve[, (2.56)

then serves exactly the same function that My does in the standard dynamic machinery.

The third model for C, can therefore be written

_ (LeMy)
C, = T (2.57)
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This approach is referred to by its developers as the Leonard term Expansion Dynamic
(LED) model.

2.1.6 Front Tracking

The LES framework is used to describe turbulent flows largely because computational re-
source limitations prevent many flow fields from being directly simulated. Subfilter mod-
eling is not the only problem that must be dealt with, however, when underresolved flow
physics are encountered. Additionally, poor resolution often leads to breakdowns in nu-
merical schemes. For example, the gradients associated with phase interfaces and shock
waves are typically not resolvable even when flow turbulence is. Moreover, as discussed in
section 3.2.2; a similar phenomenon occurs in the context of premixed reacting flows.

Standard numerical methods for calculating gradients are error prone in underresolved
situations and can lead to inaccurate or unstable flow predictions. Alternative numerical
approaches are therefore needed to describe interface-like physics. One of the most widely
studied and used alternatives is the level set approach [46, 73, 90, 97, 109, 112]. In a level
set approach, an interface is implicitly tracked using a transport equation. The topology
of the interface is automatically captured by the transport equation, and smooth gradients
are prescribed for the level set field variable away from the front. These smooth gradients
prevent underresolved numerical derivatives from destroying the validity of the interface
solution.

Level set equations can be derived by setting the substantial derivative of a generic field
variable equal to zero at a surface of interest. The resulting expression indicates how the
field variable isocontour associated with that surface evolves. In the context of LES, the
terms that influence front evolution on the subfilter level must be explicitly understood and
modeled. It is therefore important to develop front tracking equations that can be filtered
in an LES sense. The form of a filterable front equation can be found by considering the
example of a premixed flame.

A flame front can generally be defined as an isocontour of a generic progress variable
C'. This variable might represent a non-dimensionalized temperature or the sum of a set of
chemical species mass fractions. The non-conservative form of the equation governing such
a variable’s behavior is

) ) _1a< )

51(C) +115,-(C) pDCawj(C)> +oc. (2.58)

PO
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To derive an equation describing the evolution of a particular C-isosurface, information
from Eq. (2.58) needs to be extracted directly from that isosurface, here generically defined
as C' = Cp. This extraction operation can be performed by multiplying Eq. (2.58) with a
delta function, § (C' — Cp),
0 0 10 0
0 (C—Cy) |=(C —(C)| =0(C—=Cy) |—=— | pPDc=—(C oo | - 2.59
(€= | (@ +wg(€)] =5(C = Co) [ (e (©) +ac] . 259

J J
This delta function does not necessarily need to be an infinitesimally thin Dirac delta.
Rather, here ¢ will be defined as a normalized Gaussian of finite width. As long as this
width is small compared with the length scale of the inner reaction zone of the flame
being considered, multiplication with ¢ (C' — Cj) will effectively give a null result everywhere
except at the flame front. This finite width definition of d is convenient because it eliminates

the problem of dealing with the special mathematical properties of the Dirac delta, yet it

remains easy to write.

Just as Dirac delta functions may equivalently be written as derivatives of heaviside
functions, Gaussians may equivalently be written as derivatives of error functions. Since
the ¢ function that appears in Eq. (2.59) only depends on C', the chain rule may be used to
rewrite the left-hand side of Eq. (2.59). Remembering that what here will be referred to as

the heaviside function H represents an error function of finite width, this procedure gives

0 0 0 0
0(C—Cy) |=(C i—(C)| == [H(C—-C i— [H (C — Cy)]. 2.60
(=) | GH(O) +155(0)] = 5 [ (C = Coll +uy - (H(C =)l (2:60)
To move the delta function on the right-hand side of Eq. (2.59) into the relevant derivatives,
the gradient of the progress variable must first be written in terms of the front normal

direction at Cp, which will be denoted n;,

0 vC

— = — =n, 2.61
52, () = oy IV = IVC1, (261)

where it is assumed that n; = VC/|VC| points towards the burned gases. Use of the
product rule on the diffusive term then gives [33, 100]

0 Onj

0 0
— | pPDo— = pD —_— — (pD, . 2.62
52 (Pegi-(€)) = 1P V€I G2 4 ny 5 (0 V) (2:62)
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Finally, the delta function acts on |VC| as
3(C = Co) IVC|=16(C = Co) VC| = |V [H (C = Co)]l.- (2.63)

Applying the results of these manipulations to the right-hand side of the Cj-isosurface
transport equation (Eq. (2.59)) produces

§(C - Cp) Eai] <pDCa?:j(C)> +wc} _

1 0 .
PerlY [H (€ = Coll +8(C = Co) |y (6P VO + pic| - (260
J
where & is the divergence of the normal vector, or the curvature. Operating on the original
C transport equation with a ¢ function, then, gives
0

5 T (€ = Co)l +uy 5 [1(C = )] =

1 0 .
Dcr |V [H (C —Cy)]|+6(C — C()); nj=— (pDc |VC]) + pwc|. (2.65)

83:]-
Equation (2.65) governs the behavior of a heaviside function that tracks the flame front. It
could immediately be used to write down a fully resolved level set equation. In the next
section, however, it will instead be applied to the development of a level set equation that

is consistent with LES filtering.

2.1.7 Front Tracking Equations For LES

A typical level set equation that is used to track a front cannot be directly filtered. This is
because level set field variables can be arbitrarily defined away from the surfaces that they
describe [95, 109]. The effects of these arbitrary definitions are accounted for in the filtering
process and can therefore influence the location of the filtered front.

Unlike level set equations, the front evolution description in Eq. (2.65) is uniquely defined
at all spatial locations. Consequently, this transport equation for a heaviside function can
be used to develop a LES-consistent level set approach. The development begins with the
introduction of a new variable for the purposes of notational convenience. The variable G
will be defined

G(t,x)=H (C(t,x) — Cp). (2.66)
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The G symbol is intentionally used to denote this variable because of its close relation to the
standard level set variable G [101, 112]. When this definition of G is applied to Eq. (2.65),

the result is

0 0
59 +Uj37:j(g) = (Dok)g, VG| + 51,0,V (2.67)
where 5
1
— | — (2 (pD ' 2.
sucu = vy (g, (Pe IO +pic)] (269

Following Peters [100, 101], the quantity sy ¢, describes the propagation velocity of the
isosurface C' = Cj, which is a function of the density, the normal diffusion term, and the
reaction source term in the progress variable equation, as expected. In the absence of
curvature and strain effects, sy, ¢, reduces to the unstretched 1-D laminar flame speed sy.
In realistic settings, however, these effects exist and might be important [33, 84]. Although
they cause sr, ¢, to deviate from sy, sy is the best first order approximation that can be
made [100, 101]. While it would be possible to introduce a more elaborate dependency such
as a reaction source term that depends on flame stretch, this would not significantly affect

the model development that is to follow.

Because there is nothing arbitrary about its definition, G can be volumetrically filtered.
In the following, the goal will be to develop an equation that describes the evolution of a
filtered G field. This equation will not be numerically tractable for the same reasons that
filtered progress variable equations are not tractable. It will, however, provide the basis for
developing a consistent level set equation and front propagation model for LES. This will
be possible because the filtered G equation will indicate exactly how to separate resolved
and subfilter propagation components. This front propagation model can then be used in

a level set description of the filtered front, or in any other suitable front tracking scheme.

Defining F (r) to be some appropriately normalized filter kernel and then applying it to
the G field gives

G(t,x) = /V]-'(r)g(t,x+r)dr
_ / F(r)H (C(t,x +1) — Cp)dr. (2.69)
|4

This filtering procedure is consistent with LES in the sense that the same filter kernel F (r)

that is used to filter the Navier-Stokes equations can be used to filter a representation of the
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flame front. It is assumed here that the filter kernel F (r) commutes with spatial derivatives.

This same filter may be used on the entire G transport equation. The resulting expression

is

d = 0 _ _ _
a(g> + U]aixj(g) - (IDC/{)T,CO \Vg} + ST,C’O \VQ| y (2.70)
where
s7.co VG| = 51,0[VG] and  (Dew)z o |VG| = (Dok)e, VG, (2.71)

have been used. Equation (2.71) represents the introduction of definitions for the turbulent

burning velocity associated with a certain filter level, s Oy and the filtered curvature,
(DC“)T,CO'

Since the convective term in Eq. (2.70) is not known, it must also be modeled. This term
is interesting because the velocity component under the filter appears next to the gradient
of G. This gradient acts as a ¢ function and the filtered quantity therefore only contains
information about velocities that are conditioned on the density that coincides with the

front location, pc—=c,,

uja?cj(g) = u]-,ccoai(g). (2.72)
The conditioning that appears in this relationship shows that Favre filtered velocities can-
not be directly used to model this term. Conditionally filtered velocities must instead be
employed. The resolved and subfilter contributions to the convective term can be separated

by introducing the variable T'¢,

0 B 0 - =
Uj,c=Cy %(g) = Uj,c=Cy %(g) + Ly (2.73)
J J

Physically, T, describes how subfilter velocity fluctuations convect the filtered front. Equa-
tion (2.73) can be treated as the definition of T'¢,.

The problem with Eq. (2.73) is that conditionally filtered velocities are usually not
available in simulations. It would therefore be convenient to transform the conditionally
filtered velocity into an unconditional velocity, and it has in fact been shown that such a
transformation can be derived using a consistency condition describing mass conservation
through a flame front [109]. Modifying the notation used in that transformation to match

current convention and considering conditioning on the unburned gas (the u subscript), this
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consistency condition produces

NjUj oy = ﬁjﬂj - (pu 5 pb) ((Dcﬁ) + s u) Db, (2'74)

where py is the fraction of gas in the filter volume that is burned. Note that this condition
assumes that the front is very thin relative to the filter size. The insight gained by this
manipulation is that the move from a conditional to an unconditional velocity produces
a term that scales with the burning speed. If a thin front assumption is again made and
the Cp surface is selected to be the unburned side of the front, Eq. (2.74) can be used in
Eq. (2.73),

0 _ 0 = u
Uj,u%j(g) = Ujach(g) - (p - pz;) ((Dc/ﬁ) + s7 u) po |[VG| + Ty, (2.75)

where T, is defined as I', = u,, - VG — 1, - VG. This result can, in turn, be substituted into

the G transport equation,
O+ @) 4T = | (L2 p, 41 [(ipcﬁ)f + 57 Mv§|. (2.76)
ot ]a$j P Tu Tu

The term in the brackets may be further manipulated,

(T U - + u 1- +
(P - Pb) Dy 1= PuPe = oy Pi( Pb) + Popy Pu. (2.77)
p p
and the final filtered equation may be written
0 — . 0 = = Pu
510+, @) +Tu=2 [(DC,.;) + 57 u} VG| . (2.78)

Equation (2.78) cannot itself be used to track a flame front because G is underresolved
on implicit LES meshes. It nonetheless informs the use of front tracking methods. For
example, the derivation of Eq. (2.78) shows how filtering affects the propagation velocity
that appears in a level set equation. Specifically, a level set description of a filtered front

can be developed from an isocontour of G,

Gx,t)=Gy VYV G(xt) =G (2.79)
VG (x,t)|=1 VY G(x,t), (2.80)



26 CHAPTER 2. MATHEMATICAL FRAMEWORK

where the hat on the GG variable denotes that it is associated with a filtered front. A
governing equation for G that is valid at the front can then be derived by taking the
material derivative of Eq. (2.79),

D~ 0, A 0 A
—(G)==(G ~5.—(G)=0 2.81
5i(@)= 50 + g, 5-(G) =0 (281)
where ug ; is the level set velocity. Since the Gy and Gy surfaces must propagate in exactly
the same fashion, the velocity ug ; can be determined from the filtered front equation,
Eq. (2.78). The only intermediate step involves rewriting Eq. (2.78) using an expanded
form of |VG],

0 = U/ W fp— B 0 —

5@+ (7= 2 [(DcR) g, + 51 ) 5@ +Tu =0, (282)
where 7; in this new context is n; = V?/ ‘V?‘ If the levelset G = Gy is to follow the
actual filtered front, then ug ; must explicitly contain all of the terms in the parentheses of

Eq. (2.82). It must additionally account for the subfilter term T',,.

It should be noted that it is also possible to develop and employ a level set which tracks
a filtered, rather than an unfiltered, isocontour of the progress variable. For example, the

application of a § function to the filtered progress variable equation results in
0 . 0 ~
=7(G") +uj5—(G") = Dok VG|
ot J 8xj

~ 1. 90 /_x ~ 0 = ~ ~
+4(C - Co)ﬁ [”jaxj <PDC‘VC’> + 9z, (Ejcsrs) | +(C = Co)we, (2.83)

where

o _VC
—(n;), and n; = ——.
oz, "7 e

g =H(C-Cy), 7= (2.84)

This expression for G* can be further manipulated to duplicate the form of the transport

expression for G that appears in Eq. (2.82),

0 * ~ Pu [ ~ * * 0 *
(G + <uj - [Dau/w sfu] nj> 529 =0, (2.85)
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where the turbulent burning velocity would be defined as

. P 1 [~ 0 [_~ ~ 0 = ] we
= = — | —= |[njz— |pPDc|VC|) + s— (Ejcsts) | + —= , 2.86
Tu ™ p, Zel Jaxj( ’ ‘) 8a:j( J f) VO - ( )
and the normal vector n;‘ is
. VG© _
nj = 7|VQ*| = [nj}ézCo . (2.87)

Interestingly, in this formulation the subfilter terms involve chﬁ ts rather than T..

In comparison with tracking an isocontour of the unfiltered progress variable, tracking
an isocontour of the filtered progress variable offers some advantages and some disadvan-
tages. For example, some of the advantages of tracking the 6(5 — () front are that the
unconditional Favre filtered velocity directly appears (instead of through a model), and that
the diffusive curvature term requires no modeling. The disadvantage, however, is that the
turbulent burning velocity expression is a function of a variety of filtered terms including the
chemical source term, rather than of flamelet-like terms (such as sy, ¢,) multiplied by a sin-
gle turbulence-dependent expression (|VG|). Nonetheless, level sets that track isocontours
of either C or C will always provide results that are closely connected, since a relationship

between the unfiltered and filtered progress variable fields is always maintained.

2.2 Reactive Flow Modeling

In the context of turbulent combustion, models are needed to describe the filtered density,
p, and the filtered chemical source term, fuk, that appear in the governing flow equations.
These models add further layers of complexity to a simulation and must perform in con-
junction with the subfilter flux, subfilter variance, and front tracking models that have been
described. In the next section of this chapter, a brief overview of combustion modeling ap-
proaches from scientific literature will be presented. This overview will be used to suggest
that all presently available models suffer from serious shortcomings, but that flamelet mod-
els in particular are a promising candidate for the backbone of a more predictive and less

coefficient-dependent approach.
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2.2.1 Direct Rate Closure Model

Chemical reactions are most often described using Arrhenius rate expressions. For example,
a process in which a fuel molecule (F') and an oxidizer molecule (O) react to form a product
molecule (P),

verF + 100 — vpP, (2.88)

can be said to occur at a rate

wp = A-[Xp]"F - [Xo]0 T exp <_Rz:1>‘VP'WP
pYr\"™" (pYo\" —E,
- A. (2L N O .7 2 9.
<WF> <WO> exp (o ) P Whp, (2.89)

where A, b, and E, are model coefficients and wp is the source term that appears in scalar

transport equations such as Eq. (2.11).

It is very important to note that when the resolved components of a filtered source term

are separated out,
~ \ VF = \ Yo
~ pY; pY, ~ -FE ~
wp=A- (”) : ("O> -T" - exp (R,Tf> cvp-Wp+Wpsts, (2.90)

the remaining unresolved portion of the source term, W P,sfs, can significantly contribute
to the chemical reaction process. For instance, Peters [101] expanded the unresolved fluc-
tutations asymptotically and showed that they could induce large changes in the filtered
source term’s value. Peters additionally emphasized that many higher order moments of
reacting quantities have to be considered in order to converge the source term. From a
physical standpoint, the higher moments are important because the products of fluctuating
reactive terms are correlated. For example, a large increase in a radical pool will likely
occur at the same location where a large increase in temperature occurs. The product of
the radical fluctuation and the temperature fluctuation is then large. While the unknown
quantity w P,sfs 15 a very important part of the source term, resolved information cannot
be used to accurately estimate its magnitude. Consequently, although direct rate closure
models that take the form of Eq. (2.90) have been proposed [20, 25, 59], they do not appear
to offer promise as a method of treating combustion for larger LES filter widths. Especially

for larger filters, subfilter fluctuations impact the evolution of chemistry to such an extent
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that it is doubtful a model for w p,sfs could ever become sufficiently accurate.

2.2.2 Thickened Flame Model

Thickened flame models also use Arrhenius rate expressions to describe chemical reactions,
but furthermore artificially broaden flame structures in an effort to eliminate the unresolved
components of the source terms. The original thickened flame implementations [19, 77]
focused on turbulent premixed flames, but the model has since been applied in simulations
in which a variety of combustion regimes are expected [9, 77, 123]. The artificial flame
broadening is accomplished by multiplying the diffusive terms in scalar transport equations
by a thickening factor F. Additionally, the reactive source terms are divided by the same
factor. An unfiltered transport equation for a reactive species may then be written

0 0 0
a(pﬁf)k)“‘aixj(puj(bk) e (PFDk (¢k)> p;k (2.91)

where wy, is evaluated using an Arrhenius-type expression. The exact value of the factor F
depends on the width of the LES filter that will be applied, but it is often as large as 10 or
20. While this factor is not strictly constant, it can be reasonably assumed to pass through
LES filtering operations unchanged. LES induced subfilter fluxes, however, will be affected
by the broadening factor and the models used to describe these fluxes may therefore require
adjustment.

The advantages of the thickened flame approach include its robustness and its generality.
For example, it can easily be coupled to an energy equation that accounts for heat loss or
radiation, and it can describe an arbitrarily large number of incoming reactant streams.
As discussed in section 1.3, however, the disadvantage of the approach is that it artificially
alters turbulence and chemistry interactions. Specifically, the empirical thickening factor F'
appears in the relevant Damkohler number as an increased diffusivity,

A s? . A $2 1

Da* = = D 2.92
Wy D, T uy FD, F " (2.92)

Da =

and therefore changes the value of Da. This may push a simulated premixed flame, for
instance, into an incorrect region of the premixed regime diagram that is shown in Fig. 1.1.
Additionally, because of the altered turbulence and chemistry interactions, the thickening

changes the speed at which turbulent (but not laminar) flames propagate. To correct for
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these speed changes, an empirical efficiency function is often introduced into the diffusive
and source terms. Even if this function performs well, the model will continue to incorrectly
describe the physical structure of a flame. This imposed change of physics represents the
biggest drawback associated with the thickened flame model. An additional factor that
must be considered, however, is the size of the chemical mechanism. Because transport
equations are solved for every species of interest, the model is often limited to the use of

relatively low order chemistry descriptions.

2.2.3 Transported PDF Model

Transported PDF models [117, 138] attempt to describe chemical reactions by explicitly
solving for subfilter distribution functions. In LES, these kinds of approaches are often
referred to as transported filtered density functions (FDFs), because the distributions being
considered depict filtered rather than ensemble averaged physics. FDF approaches [20, 58,

119] use a transport equation for the filtered density function as a starting point

a(FL) + T%(quL) + T%(uj‘wzFL)
0 10 )
= "o (pa (#2501 + s<¢m>) F]  293)

where F, is the FDF itself, S(t),,) is the source term which depends on all chemical species
Pm, and ; describes the local values of those species. Fj is a vector quantity, and each
vector element is in turn a function of a sample space that describes the likelihood of finding

a particular density weighted value of a chemical species. Consequently, Fy, can be used to

write -
A(t,%) = / F(r)p(t, x +r)dr = / F o (%, )b (2.94)
\% —o0
where the integration is performed over all scalar sample spaces m, and
o1 (t,x) ! / F(r)p(t,x +r)pr(t,x + r)dr
k ) - —_ b k‘ )
p(t7 X) \4
— [ G0 Fultx, ) (2.95)

Complete knowledge of a filtered density function is therefore equivalent to complete knowl-

edge of all chemistry related terms.
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Unfortunately, the transported FDF description in Eq. (2.93) is computationally in-
tractable. This is because the FDF solution is a function of the sample space of each
species, and therefore depends on many dimensions. An additional difficulty is that deriva-
tives with respect to all chemical species (the 0/, term) appear in the equation, and
this unclosed term is challenging to model. Implementations of FDF approaches therefore
typically use sets of Eulerian or Lagrangian particles as surrogate representations of the
distribution functions that describe chemistry realizations. While chemical source terms
for these particle realizations can be very accurately computed, the diffusive fluxes that
describe the effect of the physical mixing term in Eq. (2.93) cannot. This is because the
particles that are adjacent to one another in physical space are not necessarily conditioned
on the same underlying chemistry description, and therefore cannot be compared using a
physical gradient operator. Empirical mixing models have been proposed in an effort to deal
with this problem. Like the artificial broadening performed in thickened flame approaches,
however, these models often predict small scale mixing behavior that is not consistent with
the underlying physics. Empirical models, for example, usually do not correctly account for
the close coupling between mixing and chemistry that occurs in reactive flows. This causes
special difficulty in the context of premixed combustion, where flames propagate stably only
when diffusion and reaction processes are both correctly described. Until the performance
of mixing models improves, it seems that this aspect of the transported PDF approach will
continue to hinder its ability to robustly predict flames in which molecular mixing is of first

order importance.

2.2.4 One Dimensional Turbulence Model

One dimensional turbulence (ODT) models, which are also referred to as linear eddy models
(LEMs), attempt to explicitly solve for a reduced representation of subfilter chemistry [24,
65, 88, 96]. Within every LES cell, ODT models create a 1-D mesh on which a subfilter

transport equation is considered
*,n+1 t+Adves 0 0 .
p <¢k’ — bk ) = / [me + 5 (PDk(¢k)) + pwk} dt, (2.96)
t x ox

where (QS;;’"H — ¢}) is the local subfilter contribution to a scalar field’s evolution, Fiis
describes subfilter convection, and dt is a global LES time step. The 1-D mesh is aligned with

the direction of the maximum local scalar gradient, and it typically consists of more than 10
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mesh points [65, 96]. In addition to the approximations that this mesh implicitly represents,
the subfilter convective term (F),;,) must be explicitly modeled. This is accomplished using
a triplet mapping procedure [66, 67] that stochastically rearranges the 1-D scalar fields
using specified frequencies and lengths. For example, the stirring frequency A is modeled
as [96]

a2t ”Rg A/ - ) (2.97)
5 A (1= (/D)

where C, is a constant. Arrhenius rates are used to describe the subfilter chemical source

terms, and once the 1-D solutions have been solved, they can be Favre filtered to convey

subfilter information to the flow solver mesh.

One of the particular advantages of ODT models is that they do not require a priori
assumptions about the burning regime. Rather, the 1-D subfilter meshes inherently account
for information regarding the local combustion mode. Additionally, because ODT models
solve small-scale equations in physical space, they are particularly capable of capturing the
timescales and reactive/diffusive interactions that characterize combustion processes embed-
ded in turbulence. As the stirring frequency model in Eq. (2.97) demonstrates, however,
these models introduce empirical constants and scaling laws to decribe turbulence’s effect on
the subfilter chemistry. These user-specified constants and laws will affect the development
of flame structure, and its interaction with larger scales. Additionally, because chemistry is
locally and explicitly solved for, ODT models for combustion can be especially costly. Patel
et al. [96] report, for example, that the introduction of an ODT combustion model using
a three-step chemical mechanism increased the cost of solving a LES of a combustor by a

factor of 10 relative to the non-reacting case.

2.2.5 Flamelet Model

Flamelet models attempt to describe the subfilter evolution of chemistry by mapping combi-
nations of 1-D asymptotic flame solutions into fully turbulent 3-D flows. The 1-D asymptotic
solutions are governed by equation sets that tend to be computationally inexpensive and

that often can be decoupled from a flow solver. The auto-ignition equations, non-premixed
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flamelet equations, and laminar premixed flame equations

0
Par(Pr) = po, (2.98)
p_ 0 :
—§XZ@(¢%) = pWk, (2.99)
0 0 0
pusL,uax(m)—(%(pDk%(m) = puwy, (2.100)

are examples of 1-D asymptotic equation sets, and will be discussed further in chapter 3.
These equations can be solved prior to a simulation, and a reduced set of variables can be
used to parameterize the solutions for storage and then map them into a flow. The mapping

procedure combines solutions by convoluting them with a PDF whose shape is presumed.

Flamelet methods have a long history and were implicitly considered as early as 1928,
when Burke and Schumann recognized the usefulness both of a fast chemistry assumption,
and of an associated coupling function that could be used for mapping [12]. Flamelet
methods were more formally developed in the latter half of the 20" century [98, 99, 115, 110],
and the importance of deviations from the fast chemistry assumption were accounted for
using quantities such as the scalar dissipation rate. A variety of modern flamelet models
for both non-premixed and premixed combustion exist, including Flamelet Prolongation
of ILDM (FPI) [38, 41], Flamelet Generated Manifolds (FGM) [132, 133], the Flamelet
Progress Variable (FPV) approach [50, 105, 74], unsteady or Lagrangian flamelets [22, 108,
115], level set methods [73, 91, 112, 74|, and the Flame Surface Density (FSD) approach [14,
43, 70].

One of the primary advantages of flamelet methods is that they capture the chemical
time scales and diffusion processes that are embedded in turbulent flows without the use of
empirical scalings or coefficients. Additionally, they couple these processes with larger scales
reasonably well, are relatively inexpensive, and can employ arbitrarily complex chemistry.
The disadvantages of flamelet methods include that they are regime targeted, that they have
difficulty predicting unsteady processes such as extinction and reignition, and that they can
only describe a limited number of disparate fuel streams. The issue of regime dependence is
particularly problematic in the context of modern combustion devices. Modern combustors
may use gas, bulk liquid, or spray fuel injection, and may employ premixed, non-premixed,
and partially premixed injector assemblies in close proximity. In these settings, it clearly

becomes inappropriate to rely on a single type of asymptotic flame solution to describe the
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entire chemistry field.

In spite of the difficulties, the advantages that asymptotic flamelet methods offer are
unique. Again, this is because of their ability to capture asymptotic flame physics without
using empirical parameters. While thickened flame, PDF, and ODT models introduce model
coefficients at Kolmogorov to subfilter length scales, basic flamelet implementations do not.
For this reason in particular, the flamelet approach will be considered as a candidate for
forming the framework of a more robust and regime-independent approach to turbulent

combustion modeling.

2.3 Numerical Implementation

2.3.1 Flow Solver Numerical Implementation

The working equation set that has been developed in sections 2.1.1 through 2.1.6 will be
solved using a parallel low Mach, semi-implicit, finite difference code [26, 27, 49, 103].
This code uses Crank-Nicolson type time advancement, and an iterative predictor-corrector
updating scheme. In this section, an overview of these algorithms will be briefly presented.

A spatially-staggered-variable formulation is employed in the code, meaning that discrete
velocity values are located at cell faces, while discrete pressure, density, and scalar values are
located at cell centers. Relative to a collocated formulation, staggering has the advantage
that derivative stencils are more localized in space. This localization contributes to the
accuracy of the stencil. For example, pressure gradients are needed in the code at the
cell faces where discrete velocity values exist. In a staggered formulation, a second order
pressure gradient can be created at a cell face using discrete pressure values that are only
one cell apart. In a collocated formulation, a second order gradient would require discrete
pressure values that span three cells. The localized stencils that are available in staggered
approaches are significantly more accurate than the broader stencils that would be used in
a collocated approach on an equivalent mesh [27, 103].

Additionally, the code uses temporal staggering. The discrete density and scalar solu-
tions that are solved for are offset in time from the discrete velocity solutions by a half step.
Again, this staggering is performed to decrease the width of a discretization stencil — in this
case the temporal stencil. The offset of velocity places the velocity solution at the temporal
midpoint of the scalar transport equation timestep. The velocity solution can therefore be

2nd

directly used in a scalar transport equation with order accuracy. Similarly, the density
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solutions that are used in the momentum equations are most accurate when located at the
midpoint of the momentum time step.

At each new computational time (denoted by an n superscript), the code begins by using
the most recent solution to estimate a new one, i.e. pZ+3/2 = p"t1/2 and u??l =uj'. The k
subscript denotes a subiteration, and to complete a time step the code progresses sequen-

tially through the 6 components of the subiteration and then iterates until the solution is

converged,
1 update scalars (p¢m)z+3/ 2, (p(bm)ZIi’/ 2
2 update level set GZ+3/ 25 GZif/ 2
3 update density pZJrg/ 2. pZif/ 2
4 update velocity (pu)i+t — (pﬁz)Zﬂ
5 solve poisson equation pZIll
6 correct velocity (pﬂz)ZIi — (pul)’gi%

The velocity update, for example, is used to advance the Navier-Stokes momentum

equations. In their unfiltered form, these equations can be written

0
= (pwi) = F; + B, 2.101
= (o) = Fi + (2.101)
where 5 5 5
Fi:—i iUWs — (044 iy Pi:_ . 2.102

In the notation adopted here, the momentum equations are advanced from the n to the n+1
time step, and the temporally 2"® order accurate Crank-Nicolson scheme requires that the
associated F; and P; terms be evaluated at the temporal midpoint, n+1/2. Furthermore, in
predictor-corrector approaches, the discrete quantity that is actually solved for is an update

to the solution,

(6pus) = (pud)itt — (pua)p ™ = o (L, —ulf) = o7+ (Su,). (2.103)
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The density p"t =1/ 2(p”+1/ 24 pnt3/ 2) can be separated out because of its temporal offset,
and furthermore treated as a constant during the velocity update phase of a subiteration.
This leads to the discretization

9 P (ug) + pm gt — (pus)”

5 (pu;) = A7 + O(At?) where At =t""1 — " (2.104)

so that the full equation for the momentum update is

P Ou;) = (pug)" — p" T+ ALESEE 4 AP 4 o(ar). (2.105)

As will be described below, the pressure term can be isolated and used to enforce continuity

P (6us) = p L (bug) + ALP]E (2.106)

and the remaining portion of the momentum equation can be written

)

— n 1 "
() = uf — 2u)'y* + s ((pui)" + AtF,J;rll/z) + O(A) (2.107)

where the density p"*! has again been isolated and

1
uit =< (u? + uggl) (2.108)

is the midpoint velocity estimate from the previous subiteration. The Crank-Nicolson

Fn+1/2

ikl be evaluated using the midpoint velocity from

scheme requires that the quantity

the newest subiteration,

~n+1/2 1 ~ +1/2 1
= 5 (ur Al ) = w5 0w), (2.109)

The velocity correction 1/ 2(5/1;) is unknown, and its influence on the Fln,j +11/ 2

be moved to the left hand side of the equation. This turns the momentum discretization

term should

from Eq. (2.107) into a linear system of equations

(1 - A;A> (Gur) =uf —2uly "+ = ((pui)” + AtFj,jl/Q) +O(A),  (2.110)

where A is the operator that is applied to the velocity field to generate the F' term from
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Eq. (2.102), and where the right hand side of Eq. (2.110) is known. The A operator involves
spatial derivatives, and a variety of spatial schemes such as QUICK or WENO [60] can be
used to compute these derivatives. Such spatial schemes are typically 2" or 3"¢ order
accurate, and the corresponding linear system can be solved using parallel tridiagonal or
pentadiagonal solvers in an ADI [18, 89] framework. Note that if the A operator is set to
zero, an explicit (rather than an implicit Crank-Nicolson) velocity prediction results. Once
(5/12) is known, the new velocity solution can be computed from the previous subiteration’s
midpoint velocity
artly = 2ul P -l (Gu). (2.111)
The pressure field that enforces mass conservation in the (k 4 1) subiteration can be
developed from the temporally discrete form of the continuity equation
n+3/2 _ pnet1/2 9

P I G| i n+1 n+1 2
N + T (b (Guy) + p gt ) + O(AF) = (2.112)

which can also be written

n+3/2 _ n+1/2 9 _ 0
P P O (15 n+1 n+1 2y _ _ A Y [(pntl/2
X + 70 (p (1)) + p ) +O(A) Atg (PMH ) (2.113)

where the expression for (0u;) from Eq. (2.106) has been used. All terms on the left hand
side of this equation are known, effectively making it a Poisson equation for the pressure

field. It can be written in the more accessible form

R 0 0
N (amj (p’““)) ’ 241
where the forcing term R,
n+3/2 _ . n+1/2 o
P 14 n+1-~n+1 2
R= - + 5 (prt1artl)) + o), (2.115)

is known but depends on the latest estimate of the velocity field and again requires the
application of a spatial derivative operator. Once the pressure field is determined it is used

to correct the velocity field estimate.

Finally, this computational approach is noteworthy in that the equations and spatial

operators are written in a conservative form. The code therefore, given certain constraints
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on the equation of state estimation, discretely conserves quantities such as the mass of a
scalar and the momentum. Furthermore, in the limit of constant density, the code dis-
cretely conserves kinetic energy. These conservation properties are known to be critically
important both because of their fundamental physical nature and because of their effect on

the numerical stability of a simulation [27, 49, 103].

2.3.2 Level Set Numerical Implementation

The level set formulation in Egs. (2.79) - (2.81) suffers from a particular problem that
does not appear in the context of standard scalar transport equations. As a level set field
variable evolves in time, the smooth gradients that were initially prescribed for the variable
(Eq. (2.80)) tend to sharpen. This sharpening is a product both of front topology changes
that naturally occur, and of numerical errors. If field variable gradients are allowed to
deviate too far away from their initial constant value, the beneficial properties that make
level sets attractive for front tracking are lost.

Two approaches have been proposed in an effort to counteract these gradient changes.
The first involves solving the level set equation on a more resolved secondary mesh that
is embedded within the primary flow mesh [26, 29, 45, 71]. This finer mesh reduces the
influence that numerical errors have on the level set solution. Additionally, the finer mesh
tends to better resolve level set field variable gradients even when topology changes occur.
A second approach involves periodically reinitializing the level set field variable so that it
obeys an appropriate gradient constraint such as Eq. (2.80) [2, 44, 97]. The reinitialization
procedure that is applied in this second approach can be accomplished using a variety
of methods. For example, a partial differential equation (PDE) for the field variable can
be solved in pseudo time until the desired solution is reached [97]. In this pseudo time
approach, a forcing term is applied to the PDE that drives the field variable toward the
gradient constraint. Or, a characteristics-based approach can be applied to ensure that
the field variable satisfies an algebraic discretization of the gradient constraint [2, 44]. The
algebraic discretization is based on a stencil which considers computational cells that are
closest to the front that the level set tracks.

In the majority of the simulations that will be described in this thesis, a characteristics-
based algebraic reinitialization will be adopted. This reinitialization approach is less costly
than an embedded mesh technique because it prevents the need to solve transport equations

on significantly higher density meshes. Additionally, relative to reinitialization techniques
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that require solving PDEs, this method is advantageous because it involves no CFL con-
straints or arbitrary convergence criteria. Rather, because information is propagated only
along characteristics that point away from the front being tracked, the method converges
after sweeping once through the domain. As the sweep is performed, the algebraic gradi-
ent constraint is enforced at each location near the front. At points that are more than
approximately ten cells away from the front, the reinitialization sweep ceases. The value of
the field variable in these distant cells does not affect the propagation of the front itself and
is therefore irrelevant. The inherent absence of a CFL constraint in this method makes it
especially suitable for implicit and semi-implicit codes such as the flow solver described in

section 2.3.1.

The parallel reinitialization procedure that will be applied in the remaining chapters
stems from the work of Adalsteinsson [2] and Herrmann [44]. The unfortunate drawback
associated with reinitialization is that it alters the location of implicitly defined level sets. In
an effort to leave front locations untouched, therefore, the reinitialization procedure that will
be used in this thesis does not update the one- or two-cell-thick region of space in which the
front exists. This does not entirely eliminate the presence of errors, however. Additionally,
the reinitialized cells near the front will influence the front location at the next time step and
affect accuracy. Reinitialization should therefore apparently not be performed at every time
step. In the work that follows, the reinitialization gradient constraint is enforced within a
band of five to ten cells on either side of the front. Flow solver operation then suggests
that when the CFL number is unity, the level set field should be reinitialized after no more
than approximately five time steps. This prevents the front from reaching the edge of a

previously reinitialized region where gradient errors may become large.

The effectiveness of the level set and reinitialization numerics are highlighted in the two
test cases shown in Figs. 2.1 - 2.6. The first set of these figures shows the Zalesak test case,
describing the solid body rotation of a notched circle. In the second set of figures, front
deformation in the context of an irrotational vortex is shown. A brief overview of these

cases will be presented to support the reinitialization choices that have been made.

Figure 2.1 shows a schematic of the Zalesak test case. In this test, a level set variable

describing a notched circle is placed in the 2-D solid body rotation velocity field

ui(z1,x2,t) = —wxo, ug(z1, 2, t) = wry, (2.116)
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Figure 2.1: Schematic of the solid body rotation of a notched circle, which tests a level
set solver’s performance. Time advances from left to right, and the level set representing
the circle is shown as an isocontour. 7 is the time it takes for the circle to complete one
revolution.

where w is a parameter describing the angular velocity. The simulation is evolved in time
until the notched circle returns to its original location. Figure 2.2 shows the level set
solutions that result when a variety of different schemes and reinitialization procedures are
applied. Figure 2.3 furthermore shows the temporal evolution of the area enclosed by the

notched circle. This area should ideally be conserved, as should the shape of the level set.

Figures 2.2 and 2.3 demonstrate that the process of reinitializing cells which contain
the front tends to be very dissipative in nature. The cases in which the front-containing
cells are reinitialized exhibit the most error, and lose the most structural information about
the notched circle. Interestingly, a reinitialization of the remaining cells performed using
the kind of sweeping algebraic gradient enforcement described above has mixed effects.
When a 7*" order upwind scheme is used to transport the level set field variable, the best
results are obtained when no reinitialization is used. When the more dissipative QUICK
transport scheme is used, however, reinitialization improves the quality of the transported
solution. This is because the enforcement of the smooth gradient condition tends to work
against the dissipation in this case, and to support front structure. Figure 2.2 in particular
shows that the structure of the final solution is heavily dependent on mesh resolution, as
expected. Furthermore, the lack of area conservation exhibited in Fig. 2.3 demonstrates
that the present approach would lead to significant error if it were tasked with conserving
the mass contained in a phase interface. This issue is not expected to be critically important
in the context of reacting flow fronts, however, where front propagation likely overshadows

the numerical errors [71].

Figure 2.4 shows a schematic of the vortex deformation test case. In this test, a level
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Figure 2.2: Numerical solutions describing the solid body rotation of a notched circle. The
level set solution at the time when the circle has completed one revolution (¢ = 7) is shown
for a variety of transport schemes, reinitialization procedures, and meshes.
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Figure 2.3: Time evolution of the area of a notched circle undergoing solid body rotation.
The data is parameterized by different schemes and reinitialization intervals, and by whether
or not the cells containing the front are reinitialized. 7 is the time it takes the circle to
complete a single revolution.
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Figure 2.4: Schematic of the circle deformation level set test. Time advances from left to
right, and the level set representing the circle is shown as an isocontour. For the velocity
field in Eq. (2.117) and the mesh used in this simulation, 7 = 10.

set variable describing a perfect circle is placed in the 2-D velocity field

ui(z1,22,t) = —2-sin’(mzy) - sin(mzs) - cos(may),

ug(x1,9,t) = 2-sin®(way) - sin(mxy) - cos(may). (2.117)

The simulation is evolved in time until the circle has been sheared into a spiral. Figure 2.5
shows the results of this test case when different schemes and reinitialization procedures are
used. Figure 2.6 shows the temporal evolution of the area enclosed by the level set. The

area should ideally be conserved, but the shape of the level set should not.

Figures 2.5 and 2.6 show results that qualitatively support the conclusions drawn from
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Figure 2.5: Numerical solutions describing the deformation of a circle. The level set at
time ¢t = 0.60 7 is shown for a variety of transport schemes, reinitialization procedures, and
meshes. Based on the mesh being used and the velocity field in Eq. (2.117), 7 = 10.
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Figure 2.6: Time evolution of the area of a circle undergoing deformation. The data is
parameterized by different schemes and reinitialization intervals, and by whether or not the
cells containing the front are reinitialized. Based on the mesh being used and the velocity
field in Eq. (2.117), 7 = 10.

the notched circle test case. Again, the reinitialization of the front containing cells leads
to very poor performance, while the reinitialization of all other cells leads to mixed perfor-
mance. Interestingly, in the deformation case the reinitialization process cannot be as easily
ignored as in the notched circle case. For example, if the reinitialization interval is enlarged
beyond 75 time steps, the level set solution will begin to dissipate away at later times due
to the induced stretching. Specifically, the front’s tail is stretched so thin that it becomes
unresolvable on the mesh that is used. This kind of dissipation is apparent in the upper left
plot of Fig. 2.5, in which reinitialization was performed infrequently. Additionally, Fig. 2.6
shows that the reinitialization strongly affects the evolution of the area contained within the
level set. While the level set dissipates away when no reinitialization is used, the process of
even infrequent reinitialization tends to artificially increase the circumscribed area. Specif-
ically, it preserves a certain width of the level set’s tail structure even though this width
should in reality be approaching zero. Near the end of the simulation, the preservation of
the tail causes the area to develop errors on the order of 100%. These errors, however, are
not expected to dominate in reacting flow simulations. In such cases, reaction and diffusion

processes will induce movement in a front that will tend to overshadow the numerical errors.

Test cases such as these are representative and cannot be used to fully characterize or

predict a level set implementation’s performance in a turbulent flow. Nonetheless, they
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indicate that the present method adequately, although certainly not perfectly, represents
the behavior of a front in canonical situations. The more detailed simulations that will be
presented in later chapters confirm that the implementation provides an accurate framework
for describing reactive surfaces. As further research on level set methods leads to improved

numerics, the applicability of these methods can be expected to widen.



Chapter 3

Reactive Flow Regimes

In an effort to create the framework for a multi-regime flamelet model, this chapter begins
by reviewing the three major combustion regimes. These are the the non-premixed regime,
the premixed regime, and the auto-ignition regime. Each of these regimes can in turn be
more closely analyzed, such as is done in the premixed regime diagram shown in Fig. 1.1.
These three broad regimes, however, classify combustion processes in the most general kind
of way. Flamelet model implementations that are appropriate in each of these asymptotic
regimes will then be discussed. The premixed model in particular will be considered in

detail, and will be returned to in chapters 5 and 6.

After a general discussion of combustion regimes, this chapter will review the concept of
the flame index. The flame index is one of the only available methods from scientific liter-
ature that attempts to locally distinguish between combustion regimes. The shortcomings
of the index will be described and used to motivate the need for a more physically oriented

regime indicator.

Finally, the coordinate transformation machinery that is used to develop non-premixed
flamelet models will be revisited. This machinery will be applied to create a more generalized
flamelet transformation designed to hold in all three major combustion regimes. It will be
shown that when this transformation acts on a reactive scalar transport equation, the
term-by-term budget of the transformed equation can be evaluated to determine the local

combustion regime.

46
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3.1 Non-Premixed Regime

Non-premixed combustion occurs when fuel and oxidizer streams enter a domain separately,
and then react as they mix. It has long been recognized that in this regime, changes in
chemistry tend to occur along directions that point from regions of mostly fuel to regions of
mostly air [12, 98]. Combustion will occur only where fuel and oxidizer mix on the molecular
level, and will often occur on a timescale that is fast relative to the local flow timescale.
This physical insight suggests defining a coordinate based on the mixedness of fuel and air

and using it to parameterize chemistry in the non-premixed regime.

3.1.1 Non-Premixed Chemistry Parameterization

The concept of a mixing based coordinate has been formalized using the mixture fraction
variable, Z. The mixture fraction variable can be defined in a number of ways, but most
simply can be said to represent a particular linear combination of reacting scalars. The
scalars are combined in a way that ensures the source term in the mixture fraction trans-
port equation is zero. Z can therefore be theoretically or computationally studied without
introducing chemical source term models.

For example, if a one-step global reaction such as Eq. (2.88) is considered, Z could be

defined using the fuel and oxidizer species as [101]

5 _ Yr— (Yo = Yo,) [(veWr)/(voWo)]
Vi1 + Yo [((veWr)/(voWo)]

(3.1)

where Yr; is the fuel mass fraction in the fuel-rich stream, and Yp 2 is the oxidizer mass
fraction in the oxygen-rich stream. The denominator in this definition ensures that Z is
normalized between 0 and 1. If equal species diffusivities (D = Dy) are assumed, the

corresponding transport equation for Z is

5 (02)+ 5 (s ) = 5 (pvzijw)) . (3.2

More generally, a mixture fraction could be defined by considering the exchange of a
particular element 5 amongst the different molecules « that are present within a chemical

mechanism [101],

NasgW,
Zs =~ Ve, (33)

«
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where n,3 denotes the number of 3 atoms within the o molecule. The evolution of Zg
would also be governed by Eq. (3.2), as would mixture fractions defined by combining Z3’s

based on different elements.

Finally, a mixture fraction could simply be defined as an a priori coordinate that de-
scribes mixing between two streams of different composition [114]. This kind of a definition
requires information about the stream inlet conditions, the Lewis number of the species
involved, and an explicit model for a quantity known as the scalar dissipation rate, which
will be introduced below. This final and broadest definition has proven to be useful in the

context of simulation [114].

A Z-dependent parameterization of chemistry is obtained by transforming the basis of
the scalar transport equation in Eq. (2.11) from physical space into Z space. Specifically,

the transformation accomplishes the coordinate change
() = (Z(x,8), Za(x, 1), Zs(x,8), 7(x, ), (3.4)

where Z(x,t) is the mixture fraction coordinate and Za(x,t) and Z3(x,t) represent local
coordinates that span the remainder of the physical space. The transformation is accom-

plished through use of the rules

o — (aﬂ') O- + (3tZ) 0z + (8tZg) 822 + (at23) 823, (35)
V o (VD)0 + (V2) 0y + (V22) Oy, + (VZ3) O, (3.6)

If the changes within a scalar field are assumed to be small along the Zs and Z3 directions,
the gradients along these directions can be neglected. Furthermore, the spatial gradients
of 7 can be assumed to be small and can also be neglected. The coordinate transformation

then leads to the unsteady flamelet equations [101],

pOr(6x) — p L0 (k) = pi, (3.7)

where the scalar dissipation rate, xz = 2Dz|VZ|?, appears as an external parameter de-
scribing the local influence of diffusion, and a unity Lewis number assumption has been
invoked [114]. Note that the unsteady flamelet equations are defined in a reference frame
that is attached to an isocontour of Z. The time-like coordinate 7 therefore describes the

temporal evolution of the scalar field that is following that isocontour. When combustion
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occurs primarily in a steady fashion, the time-like 7 derivative can be safely neglected. The

steady flamelet equations,
Xz .
—p=5-05(0k) = pir (3.8)

are then the appropriate asympotic non-premixed equation set.

The scalar dissipation rate xz must be modeled when non-premixed flamelet equations
are treated in mixture fraction space. Models for this rate can be determined by solving the
counterflow diffusion flame equations [98, 101] or semi-infinite mixing layer equations [107]
in 1-D physical space. These solutions provide a closed form expression for the dissipation
rate. In the case of a semi-infinite mixing layer, for example, the resulting scalar dissipation

rate expression is
Z? In(2)
Zst In(Zg)’

X2(Z;XZ4) = XZu (3.9)

where the dissipation rate at the stoichiometric mixture fraction, xz,, must be specified as
a parameter. Note that this scalar dissipation rate model often has to be modified to con-
sider variable flow conditions or the presence of a multiphase fuel stream. Throughout the
majority of this work, the FlameMaster program [106] will be used to solve the asymptotic

non-premixed equations presented here.

3.1.2 Flamelet Progress Variable Approach

In this section a particular non-premixed flamelet model for large eddy simulation will be
described. The Flamelet Progress Variable (FPV) approach [49, 103, 105] is a non-premixed
model based on the steady flamelet equations shown in Eq. (3.8). In FPV, these flamelet
equations are solved prior to a simulation using a variety of reference scalar dissipation
rates. The resulting flamelet solutions are then organized for use in LES. This organization
is accomplished by parameterizing the solutions using a small set of variables. In FPV, the
mixture fraction Z is the first of these variables, and the progress variable C is the second.
C' is sometimes defined as a temperature coordinate, but in hydrocarbon chemistry, the

choice C' = Ym0 + Y, + Yoo + Yeo, is also often made [49, 103].

Once Z and C have been selected as flamelet parameterization variables, the FPV
approach determines filtered chemical quantities for LES by integrating the non-premixed

flamelet solutions against presumed subfilter distributions of Z and C. For example, the
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integration that might be used to model the LES filtered chemical quantity ak is

ou(Z,22,23,...,C,C2,C3,...)
://gbk (Z,C)ﬁ(2,0;2,52,23,...,5*,55,53,...) dZdc, (3.10)
Z JC

where the semicolon is used to separate independent function variables from the param-
eters that the function depends on. P is a PDF that exists in Z and C space and that
describes a presumed subfilter distribution of Z and C as a function of the filtered moments
(Z, 25, 23, ...) and (5, 6/’2, CN’?’, ...). After such an integration is performed, the filtered quan-
tities &Fk are stored and tabulated as a function of the filtered Z and C' moments. These
tables can then be accessed in the midst of an LES to determine the density, diffusivity,

and other needed information.

In a typical LES implementation of the FPV approach, filtered transport equations are
solved for Z and 5, and the source term in the C equation is taken from the tabulated
flamelet solutions. The subfilter variance models described in section 2.1.5 are usually
invoked to estimate the filtered moments of order two that involve Z2 and C2. In practice,
models for moments of an order higher than two are not available, and the presumed PDF

P must usually be limited to an exact enforcement of only the mean and the variance.

The modeling of presumed PDFs for non-premixed combustion is a topic of ongoing
research [52, 53, 134] that will only be treated briefly here. When modeling the PDF P
in the FPV approach, it should be emphasized that Z and C are statistically dependent
on one another. This is because C is a function of Z in a given flamelet solution. The
statistical dependence of these variables implies that Pisa joint PDF. One of the most
typical and well-validated joint PDF models involves selecting a beta-PDF to describe the
subfilter behavior of either Z or C. In past FPV approaches [49, 103], a beta-PDF has
been used to describe the Z distribution, while a delta-PDF has been used to model the
distribution of C. The statistical dependence of the Z and C variables is then accounted
for by forcing these PDFs to depend on one another. For example, if beta- and delta-PDF's

are used, the integration of the flamelet solutions would appear as

(2,27, 0) = /C /Z on(Z2.C) - B(Z;2,27) - §(C - C|Z7) dzdC,  (3.11)

where C|Z is the value of a progress variable distribution that has been conditioned on a
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value of the mixture fraction Z. The information that is used to determine C'|Z must come
from the unconditional transported progress variable C , so that when C' is selected as the

¢r in Eq. (3.11) and the progress variable dependence is integrated away, the condition
C— [ clz-o(z:2.27) iz, (3.12)
Z

will in fact hold. In the FPV approach, flamelet solutions determine the relationship between
C and Z. Consequently, the delta-PDF in Eq. (3.12) should set C/’Té as the single flamelet
solution C(Z) that returns C when it is integrated against the beta-PDF. This same flamelet
solution should be used to create all the ng solutions for the given (Z , ﬁ, C~’)

It is interesting to note that the process of tabulating chemistry in the FPV approach
would be simpler if the second coordinate used for tabulation were independent of Z. One
such independent coordinate is the scalar dissipation rate at stoichiometric conditions, xz,,.
This coordinate has only one value within a given flamelet solution, and its value is uniquely
associated with that particular solution. xz, has been used for tabulation, for example, in
the steady flamelet model [103]. Interestingly, however, the use of C' rather than yz, allows
for a broader range of flamelet solutions to be tabulated and accessed. Specifically, flamelet
solutions below the turning point on the so-called S-shaped curve cannot be accessed when
Xz is used for parameterization [49, 103]. Another possible independent tabulation coor-
dinate is the A parameter that will be introduced in section 3.6. The A parameter cannot
be immediately used for tabulation, however, because its governing transport equation is
not computationally tractable. An additional layer of computational machinery has to be

implemented before its value can be determined locally in a simulation.

3.2 Premixed Regime

Premixed combustion occurs when a stream consisting of well mixed fuel and oxidizer
components enters a domain, encounters a heat source, and reacts. In this regime, chemical
activity tends to take place within sheet-like fronts that propagate as they burn. The
front propagation is sustained through a balance between diffusion and reaction. When the
premixed components react, they produce heat. This heat diffuses forward to the unburned
components, and causes the local temperature to rise to a value at which reactions can
readily occur. The unburned components then themselves burn and release more heat, and

this heat again diffuses forward to sustain a continous combustion process.
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In a purely premixed setting, the composition of an unburned reactant stream is com-
pletely uniform. This implies that the mixture fraction variable Z has a single, constant
value throughout the domain. Z is therefore not an appropriate asymptotic coordinate in
the premixed limit. Instead, either a single spatial dimension or a progress variable such
as C' must be used as the independent chemistry coordinate. A parameterization based on
Z can additionally be introduced, but while this parameterization can describe the effects
of changing premixed boundary conditions, it cannot describe the evolution of premixed

chemical processes.

3.2.1 Premixed Chemistry Parameterization

It is possible to conceive of a variety of means of parameterizing premixed chemistry. For ex-
ample, one could proceed through the coordinate transformation described in section 3.1.1,
but use C, rather than Z, as a transformation coordinate. This would lead to equations of

the form
pO-(01) = P50 (0) = pi — pocdc(n), (3.13)

which are analagous to the unsteady flamelet equations expressed in progress variable space.
Here, the scalar dissipation rate is xc = 2D¢|VC|?, and a second source term appears
on the right hand side because unlike the Z variable, C' is not conserved. One of the
difficulities associated with this approach is that, just as in the non-premixed regime, the
scalar dissipation rate xyc must be modeled. A model for this quantity could presumably
be taken from a solution of the 1-D laminar premixed flame equations in physical space.
This model would need to be very accurate, however, since the exact description of the
dissipation rate around the flame’s inner layer would probably strongly affect the accuracy
of a premixed solution computed using Eq. (3.13). A second difficulty associated with this
transformation is that it does not directly provide access to the laminar burning velocity,
Sr,u, Which is a very important premixed parameter. The burning velocity, however, might
possibly be approximated using the modeled dissipation rate xc.

In spite of these difficulties, Eq. (3.13) is interesting from a modeling standpoint. Its
similarity to the non-premixed unsteady flamelet equations could hypothetically provide
a means of smoothly transitioning between non-premixed and premixed flamelet solutions
within a computation. Kostka [76], for example, considered the possibility of transforming

a scalar equation into a combined Z and C' space in an effort to develop a 2-D flamelet
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equation. Because these two variables are not independent, however, partial derivatives are
not easily taken with respect to both quantities. It is therefore difficult to derive exact
equations in a combined (Z,C) space. This issue will be discussed further in section 3.6,
but if a modeling approximation could be made, the cross dissipation rate xz ¢ could then
be varied to create a uniform distribution of flamelets between the fully non-premixed and
fully premixed limits. The importance of such a transition will become more clear in the
latter portion of this chapter.

A more traditional premixed chemistry parameterization can be obtained from the con-
tinuity and scalar transport expressions shown in Egs. (2.2) and (2.11). If steady, 1-D flow

is assumed, those expressions reduce to the steady laminar premixed flame equations,

0 0 0
puSL,u%(Qﬁk) = % <pDk8x(¢k)> + pwi, (3-14)

where the laminar burning velocity, sy, ., appears as an eigenvalue of the problem. In this
parameterization, no models are needed and the burning velocity can be determined easily.
This parameterization will therefore be used throughout the remaining chapters.

As mentioned above, a premixed solution can be tabulated and stored as a function of
either a spatial coordinate or a progress variable. Because the goal of this work is the devel-
opment of a regime independent flamelet approach, it is desirable to promote consistency
between the models used in different regimes. Premixed solutions will therefore be stored
and tabulated as a function of C' in the remaining chapters. A C transport equation can
then be used to aid in the description of chemistry in both the non-premixed and premixed
limits. Furthermore, use of the C variable allows the tabulation methods developed for the
non-premixed FPV approach to be applied to the premixed limit. Finally, it will shown in
chapter 6 that a progress variable tabulation leads to more accurate descriptions of flame
structure than a spatial coordinate tabulation. Throughout the remaining chapters, the
FlameMaster program [106] will be used to solve the asymptotic equations describing the

premixed regime that are presented in Eq. (3.14).

3.2.2 Premixed Flame Resolution in LES

When premixed combustion is considered in the context of large eddy simulation, the issue
of numerical resolution becomes particularly important and must be considered. Premixed

flames are very difficult to resolve in LES, even after they are filtered. Most industrially
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relevant premixed flames exist in either the corrugated flamelets or the thin reactions zones
portion of the regime diagram shown in Fig. 1.1 [73, 112]. The width of the inner reaction
zone of a flame in these regimes is comparable to, if not smaller than, the Kolmogorov length
scale that describes the size of the smallest turbulent eddy in the flow. Flame preheat zones,
which are typically much broader than reaction zones, may also exist on sub-Kolmogorov
length scales in the corrugated flamelets regime. In LES, by definition, the smallest length
scales of a flow are filtered out. As a result, in industrially relevant regimes the transitions

that occur between unburned and burned states occur mostly on subfilter scales.

The majority of modern LES implementations use implicit filtering. In implicit filtering
approaches, the local grid spacing directly corresponds to the local filter width. Therefore,
when a flame front exists on the subfilter scales of a LES, it will probably also exist on
the subgrid scales of that LES. This means that premixed flame fronts are usually resolved
on only one or two LES grid cells [73]. This situation is illustrated in Fig. 3.1, where the
progress variable source term from a premixed flame is shown in both a DNS and a LES
sense. An actual source term from a DNS is plotted on the right, while the left plot shows
that same source term after it has been filtered for LES. A typical LES grid has been placed
over the plot on the left to emphasize that the flame front is no more than two cells wide.
The lack of resolution in the LES case leads to inaccurate numerical representations of the
gradients of density and progress variable that occur at the front. It is well known that

inadequately resolved gradients undermine a simulation and lead to significant errors.

Accordingly, premixed combustion models for implicitly filtered LES that use standalone
progress variable approaches will usually fail. A model is limited by the accuracy of the
schemes it uses to evaluate gradients, and no scheme is capable of resolving the sharp
subgrid transitions that occur in premixed LES near flame fronts. Without any additional
constraints, a standard progress variable based premixed LES is be prone to numerical

errors in the most critical regions of the flowfield.

A variety of methods have been suggested in response to the problem of subgrid transi-
tion. Two of the most widely discussed are level set (or G-equation) methods, and artificial
flame thickening methods. The thickened flame model described in section 2.2.2; for ex-
ample, overcomes the issue of resolution by artificially broadening reactive profiles. The
drawback of this approach, however, is that it changes the nature of the turbulence and

chemistry interaction in the flow.

Level set methods are a second proposed means of dealing with the premixed resolution
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Figure 3.1: Comparison of a premixed flame front in LES (left) and DNS (right). The color
contours indicate the strength of the local chemical source term, and the same scale is used
in both plots. A typical LES grid is overlaid on the LES solution, showing that the front
appears on only one or two grid cells.

problem, and these methods will be adopted and applied in the remaining chapters. In a
level set method, a flame front is implicitly defined using an isocontour of a field variable
and is tracked [68, 101, 109, 112, 137]. At the relevant isocontour, the field variable is
governed by an equation describing how the front propagates, such as Eq. (2.81). Away
from the relevant isocontour, smooth gradients are prescribed for the field variable to ensure
numerical resolution of front dynamics. In these methods, the inner reaction zones of
premixed flames are treated as coherent structures. The effect of the chemical activity that
occurs within a reaction zone appears in the governing front equation almost entirely as a
propagation speed. In the fully resolved case, this speed is approximately equivalent to the
laminar burning velocity that can be defined using either Eq. (2.68) or Eq. (3.14). Due to the
coherent treatment of inner reaction zones, level set approaches suffer from the drawback of
not being able to consider local flame quenching. Conversely, they offer the advantage of not
inducing any artificial interactions between the heat released by the flame and the flow field.
Both the laminar unstretched burning speed and its dependence on the local flame stretch
rate appear as external parameters in level set methods. These parameters are typically
described by both experiments and computational chemical kinetics studies, and can be
modeled in simulations. When level sets are used in the context of LES, however, filtered
descriptions of the burning velocity that account for subfilter turbulence are additionally

needed. A dynamic model describing these subfilter effects will be introduced in chapter 5.
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3.2.3 Combined Level Set And Progress Variable Model

In this section, the framework for a premixed combustion model will be introduced. The
previous section demonstrated that the resolution limitations inherent to premixed LES can
only be dealt with using a special layer of modeling. The proposed modeling framework
therefore relies on a level set solution. Several premixed models in fact describe flame front
chemistry using only a level set [68, 112]. The introduction of a general premixed model-
ing framework can be motivated by asking whether a level set solution provides sufficient
chemistry information.

The problem associated with purely level set based approaches is that they only capture
certain regimes of premixed combustion. This is because the distance coordinate that the
level set variable describes does not have access to information about the turbulent flow
field. Rather, this distance simply connects a local point in space to the nearest inner
layer location on the flame. While this connection allows 1-D laminar flamelet profiles to
be mapped into a flow, it does not provide a means through which small-scale turbulence
can feed back into the chemistry model and influence the local flame structure. Therefore,
although a purely level set based approach may be appropriate in the corrugated flamelets
regime from Fig. 1.1, it will not be appropriate in the thin or broken reaction zones regimes.
In the corrugated flamelets regime turbulent eddies cannot affect premixed flame structure,
and a 1-D flame profile can accurately describe the actual flame physics. But in the thin and
broken reaction zones regimes turbulent eddies can enter and perturb the flame structure.
1-D flame profiles then become incapable of correctly describing flame physics.

In response to the regime dependencies that characterize turbulent premixed flame struc-
ture, Moureau et al. [90] proposed a method in which a level set and a transported progress
variable are coupled. In this method a level set variable is tracked to describe the location
of a flame’s inner layer. The level set solution is then incorporated into the progess variable
transport equation in a way that ensures the progress variable source term is activated at
the correct flame location. The level set coupling effectively acts to overcome the numer-
ical errors that develop due to the sharp gradients in the progress variable solution. The
transported progress variable is itself useful because it can describe how turbulence inter-
acts with the flame structure. When a flame exists in the thin reaction zones regime and
a turbulent eddy disrupts the flame preheat zone, the C solution will be affected. Because
it has access to more information about flame structure than a level set, a C field variable

can theoretically be used to create a more accurate density field for a flow solver.
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In Moureau et al.’s [90] approach, the coupling between the G and C variables is intro-
duced using the progress variable source term, 50. The unfiltered progress variable C' is

first analytically written as a function of the exact level set variable G,

Co-exp (G/ls4) Vv G<O0

1—(1—00)-exp<—Gu£,'78ﬂ“> Vo G>0,

C(G) = (3.15)

where Cj is an inner layer temperature that has to determined, and the characteristic flame
width is Iy ; = Dy/s7,,. The unfiltered source term is also written analytically as a function
of C,

52
2o (C) = pu Clo <(§0 _ 1> gt“] (1= C)- H(C - Cy). (3.16)

The filtered source term Z}C is then determined by assuming the shape of a 1-D LES filter,
further assuming a 1-D subfilter level set profile, and integrating the function we(C(G))
against the filter. This produces a filtered source term, 50(6, 5), that is tied to the LES
level set solution at all points. A filtered density could then presumably be computed from

the C variable that is transported using this source term.

The accuracy of this model will be studied in chapter 6, but apart from accuracy the
model makes assumptions that have important consequences. In the FPV approach for
non-premixed combustion, the progress variable source term is parameterized in terms of
C and Z using a set of flamelet solutions. In Moureau et al.’s approach, flamelet solution
dependencies on C and Z do not appear. Rather, Zuc is parameterized in terms of a level set
variable @, an inner layer temperature Cp, a turbulent burning velocity ST 4y and a flame
thickness /¢ ;. These assumptions lead to less general source term descriptions because they
cannot account for many of the details associated with realistic chemistry. Accordingly, a
move toward a more FPV-like tabulation might improve the model formulation. Addition-
ally, consistency between premixed and non-premixed tabulations would help to promote
the interaction of flamelet models valid for different regimes. It is therefore interesting
to consider a coupled level set and progress variable model that relies more explicitly on

flamelet solutions.

Here, an approach is proposed in which we’s dependence on C' is separated from C’s de-
pendence on G. In this formulation, the filtered progress variable profile can be determined

as a function of an LES level set solution. This determination would involve integrating a
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1-D premixed flame description C'(G) against an LES filter kernel centered at the local LES

level set solution CA},

Ca(G,A) -2 1/2/ C(G exp< (G2 2G) )dG7 (3.17)

where A = o0+/12 is the LES filter width and where it has been assumed that the flame
structure description C'(G) is 1-D on the subfilter level. After this progress variable profile
has been explicitly computed, a filtered source term Z)C can be found by accessing an FPV-
like table parameterized as a function of Z and C. Accessing this table using (~Z'G rather
than the transported C solution would ensure that the level set is used in the calculation
of the source term. But it would also ensure that the fully detailed asymptotic source term
solution is applied in the LES. Other chemical quantities of interest could be accessed from
the same chemistry table, but this access would be based on the transported C solution
rather than 5@.

The C(G) function in Eq. (3.17) will vary throughout a flow as a function of local
conditions. Moureau et al.’s C(G) description in Eq. (3.15), for example, is a function of the
flame thickness [;; and the inner layer value Cy. These quantities depend on parameters
such as the local concentrations of fuel and air. The integral solution should therefore
either be tabulated and stored, or computed analytically, as a function of these parameters.
Because it is preferrable to minimize the number to tabulated data sets in a simulation, the
analytical integration option is proposed for the present modeling framework. This option
introduces a constraint on the complexity of the function, but it will be shown in chapter 6
that the error induced by this constraint is small. Furthermore, while the C(G) profile
in Eq. (3.15) could be used to perform the integration, a dependence on the inner layer
parameter Cy is not strictly required. An alternative profile is therefore proposed in which

C varies linearly between 0 and Cj,q, over the length scale [; describing the laminar flame

thickness,
0 v G < —ly/2
C(G) =1 Crnax(G+17/2) ¥ —l;/2< G< I;)2 (3.18)
Crmaz v G> /2.

Note that the parameters Ci,q, and Iy can both be directly calculated from the solution of
the premixed flame equations, Eq. (3.14), and stored in a standard FPV-like table. When
this new C(G) profile is used, the resulting analytical solution of the integral in Eq. (3.17)
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is

erf (*f(zf/z - é)) — erf <\f(—zf/z - é))]
A —6(lg/2 + G)? —6(l;/2 — G)?
o \/677r exp — Az ) exp B —

1—erf <\f(zf/2 - é))] } - Conazs (3.19)

This function can be evaluated locally in a flow field to determine an entirely level set based

+

1
2

description of the filtered progress varible. This description could then be used to access a

progress variable source term w¢ from a table.

In chapter 6, the coupled level set and progress variable source term model will be
further developed. For the remainder of this premixed discussion, however, the model will
be accepted as is. A premixed tabulation approach based on Z and C' will now be considered

in an effort to close the premixed modeling problem.

In a premixed context, a presumed PDF framework can again be formulated in terms

of a progress variable and a mixture fraction

ox(Z,22,23,...,C,C2,C53,..)
://¢k (2,0)15(Z,C;Z,ZNZ,%,...,5,52,63,...) dZdC, (3.20)
Z JC

where the ¢r(Z,C) are now premixed flamelet solutions. In the premixed regime the Z
and C' variables are still statistically dependent, since at fully burned conditions a change
in mixture fraction induces a change in progress variable. Accordingly, P should be a
joint PDF of Z and C. The simplest PDF that can be developed is one that uses two

delta-functions dependent only on first moments,
15(2,0;2,5) za(sz) .5<0f6*|2>. (3.21)

The second delta-function in this equation is analagous to the delta-function in Eq. (3.11).
In a premixed context, however, C' becomes independent of Z when the Z PDF is described
as a delta-function. C ]Z can therefore be directly used as the argument of the progress

variable delta-function. The double-delta PDF implies that a single laminar premixed flame
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solution should be used to integrate Eq. (3.20). The resulting presumed PDF expression is
O (Z 5) - /qﬁk (Z,C) -6 (z - Z) v (0 . 6|Z) dZdcC. (3.22)

It is well known that the application of a presumed PDF based only on first moments leads
to large errors. Sometimes, this kind of an approach is said to not be a subfilter model at
all, in the sense that it uses only resolved quantities to describe chemistry and effectively
assumes that there is no subfilter distribution. A double-delta PDF will be considered in

chapter 6, however, in an effort to quantify its errors relative to other presumed PDFs.

As the FPV model suggests, the inclusion of higher moments in a presumed PDF would
be expected to increase the accuracy of the approach. Thme et al. [52, 53], for example,
analyze how increasing the number of considered moments affects the performance of the sta-
tistically most likely distribution (SMLD) in the role of a presumed PDF for non-premixed
combustion. In particular, it was found that including higher moment information regard-
ing the reactive parameter helped to better predict extinction and reignition. Interestingly,
premixed turbulent combustion is similar to non-premixed extinction and reignition pro-
cesses in that C, rather than Z, describes the local changes in chemical composition. It is
therefore interesting to analyze how the inclusion of the variance of the progress variable,
rather than of the mixture fraction, affects a PDF’s subfilter accuracy when applied in a
premixed setting. When a beta-PDF is used to describe progress variable distributions, an

expression that is seemingly more relevant to premixed turbulent combustion is found
P (255'5) - /¢k (2,C) -6 (Z - 2) 8 (c; (5,5/5)@) dzdc. (3.23)

In this expression, C is assumed to have been normalized between 0 and 1, and the statistical
dependence of Z and C' has been accounted for by conditioning the beta-PDF on the
premixed flamelet that exists at the appropriate Z. Equation (3.23) will be considered as a
modeling approach and will be also tested in the DNS study presented in chapter 6.

Note that when ak is chosen to be the progress variable source term, the required level
set dependency can easily be introduced to this presumed PDF framework. For example,
the 5(; expression from Eq. (3.19) can simply be substituted into the PDF expression in
place of the transported C solution. The resulting level set dependent version of Eq. (3.23)
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is,
5o (2.66.0%) = /wc (2.0)-5(2-2) - 8(C:(Ce.C)Z) dzdc. (320

This expression would only be used when the progress variable source term, ak = 50, is
being determined. For all other variables, the transported progress variable solution would

be used to access the tabulated premixed chemistry.

3.3 Auto-Ignition Regime

When neither convective nor diffusive transport processes influence the evolution of a com-
bustion event, that event can be said to occur in the auto-ignition regime. The absence of
transport effects is the primary characteristic that differentiates this regime from others.
Transport is typically not important in regions where spatial gradients are small. Conse-
quently, the important variable in the auto-ignition regime is often said to be temporal,
rather than spatial, in nature. Like premixed burning, auto-ignition can only occur where
fuel and oxidizer components are mixed. Although a burning flame does not directly pro-
vide a heat source to reactants in this regime, the temperature of these reactants must still
become sufficiently high before this type of combustion activates.

Since turbulence tends to induce mixing and create large spatial gradients, the auto-
ignition regime will not need to be considered in every turbulent reactive flow. In certain
flows, however, this regime is critically important. For example, it is possible for turbulent
mixing to homogenize the distributions of both a temperature variable and a set of reactants
before any burning takes place. This homogenization, which might occur because of a heated
coflow or in the context of a compression-ignition engine, would then set the stage for an
auto-ignition combustion process. In these flows, models for auto-ignition must be used if

the physics of the system are to be correctly described.

3.3.1 Auto-Ignition Chemistry Parameterization

It is possible to capture auto-ignition processes using the unsteady flamelet equations shown
in Eq. (3.7). This is because the unsteady 7 coordinate can describe the temporal evolution
that characterizes ignition. In the pure auto-ignition regime, however, the mixture fraction

variable will become homogeneous throughout a region of space and the condition yz =
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0 will hold. The unsteady flamelet equations then reduce to the pure auto-ignition, or

homogeneous reactor, equations,

pO-(dr) = puk. (3.25)

Just as in the premixed and non-premixed regimes, the Z and C variables can be used to
parameterize auto-ignition flamelet solutions. The Z variable represents fuel and oxidizer
mixtures of different compositions, while the C' variable represents reaction progress. Inter-
estingly, the reaction progress C' can be thought of as a time-like coordinate in the context
of auto-ignition.

Again in analogy with the premixed and non-premixed regimes, a parameterization
based only on Z and C' makes certain assumptions about the underlying flow field. For
example, this parameterization would typically assume that the unburned temperature in
each flamelet solution is the same. Auto-ignition processes, however, often occur in flows
where the unburned gas temperature can fluctuate. Different unburned temperatures would
of course lead to different characteristic burning times.

Therefore, an additional auto-ignition parameterization coordinate is sometimes very
important. While an additional coordinate may be useful in either the premixed or non-
premixed regime, the auto-ignition regime particularly requires one if temperature changing
events such as preheating, heat transfer, or compression are considered. A typical three
coordinate parameterization might use the mixture fraction and both a progress variable
and scalar dissipation rate to parameterize unsteady flamelet equation solutions [54, 113].
The resulting table would take the form 5,6(2 , 27’/2, C , (7’/2, Xz). Another variable that has
been proposed as a third coordinate is the enthalpy, H [22, 127]. Either of these additional
coordinates can be handled by flamelet models so long as they do not lead to prohibitively

large tabulated chemistry databases.

3.4 Regime Dependencies In Reactive Flow Models

Although 1-D chemistry solutions can be cheaply and effectively mapped using presumed
PDFs, mapping approaches become problematic when partially premixed or multi-regime
combustion environments are encountered. In these environments, it is often not clear
whether a non-premixed, a premixed, or an auto-ignition chemical solution should be ac-
cessed. For example, when fuel is injected into a device by means of a liquid spray, local

evaporation and mixing rates might lead to either premixed or non-premixed conditions.
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Consequently, methods of dealing with multi-regime and partially premixed combustion in
a presumed PDF LES should be considered.

The most convenient mapping method that has been proposed for multi-regime environ-
ments uses one of the 1-D combustion regimes to approximate another. This is the approach
taken in Flame Prolongation of ILDM (FPI), where premixed flamelets are used to approxi-
mate diffusion flamelets [38]. The Flamelet-Generated Manifold (FGM) method [132], which
is in many respects similar to FPI, has also been applied using premixed flamelets as an
approximation of non-premixed combustion [133]. Both the FGM and FPI approaches are
perfectly accurate when 1-step chemistry is used. In 1-step chemistry, only two independent
variables (fuel and oxidizer) exist, and a chemistry parameterization in terms of a different
set of two variables (mixture fraction and progress variable) retains all chemical information,
regardless of whether non-premixed or premixed equations are being solved. In Fig. 3.2,
this accuracy is illustrated through a comparison of isocontours of the 1-step premixed and
1-step non-premixed progress variable source term, we. The right plot shows isocontours of
the non-premixed source term, developed from the solution of Eq. (3.8). The left plot shows
isocontours of the premixed source term, developed from the solution of Eq. (3.14). The
isocontours are plotted in (Z,C) space, and the non-premixed solutions are shown along
with both a weakly strained and a strongly strained flamelet. Figure 3.2 demonstrates that
the source term in the non-premixed flamelet space is perfectly represented by the premixed

source term at corresponding values of Z and C.

Fiorina et al. [38], however, note that the accuracy of these methods deteriorates when
more complicated chemical mechanisms are used. This is due to a breakdown in the accu-
racy of the 2-parameter tabulation and is demonstrated in Fig. 3.3. This figure shows the
isocontours of w¢ that result when a full chemical mechanism for methane-air combustion
is used instead of a 1-step mechanism. When the full mechanism is used, the non-premixed
wc is no longer well-represented by the corresponding premixed we. Specifically, the pre-
mixed source term peaks at approximately C' = 0.21, while the non-premixed source term
peaks at around C' = 0.23. Furthermore, at values of C' lower than these peaks, the pre-
mixed source term tends to broaden in Z space while the non-premixed source term tends
to thin in Z space. Similar behavior would be observed in plots of other chemical species
and properties. Therefore, for more complicated mechanisms, 1-D premixed solutions do
not accurately represent 1-D non-premixed chemistry. Similarly, auto-ignition processes

would not be well represented by either steady non-premixed or steady premixed flamelets.
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Figure 3.2: Isocontours of wo(Z,C) in (Z,C) space. Kinetics are described by the 1-step
mechanism of Ruetsch et al. [121] with 5% inert gas, C' = Yp, and Zy = 0.5. Left: Premixed
source terms from Eq. (3.14). Right: Non-premixed source terms from Eq. (3.8), along with
both a weakly and a strongly strained flamelet. The isocontours range from 3500 to 29500

kg/(m? - s).

A method of choosing a regime-appropriate chemistry mapping is consequently needed if

realistic combustion simulations are to be performed.

3.5 Flame Index

In an effort to meet this need, models have been proposed that select between non-premixed
and premixed solutions based on the so-called flame index. The concept of the flame index
was developed by Yamashita et al. [139], and has been extended by others towards use in
LES [30, 31, 37, 38]. The flame index is more of a defined than a derived variable, but in its
simplest form it does appear as the dissipation rate in the equation describing the transport

of the product of fuel and oxidizer mass fractions,

0 0
ot (PYoYF) + 87:] (pu;YoYF) =

0 0 . .
Er (pDFo (YOYF)> +2pxro + (WrYo +woYr), (3.26)
a:j 6xj
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Figure 3.3: Isocontours of wc(Z, C) in (Z, C) space. The GRI 2.11 methane mechanism [11]
describes kinetics, C' = Yg,0 + Yu, + Yoo + Yco,, and Zg = 0.055. Left: Premixed source
terms from Eq. (3.14). Right: Non-premixed source terms from Eq. (3.8), along with both
a weakly and a strongly strained flamelet. The isocontours range from 25 to 450 kg/(m3-s).

where the flame index ¢ is

VYo - VYr XF.0
_ _ , , 3.97
§ = Yol VYl ~ —Dro VYOI VYA (3:27)

It is typically argued that a positive £ indicates local premixed combustion, and that a
negative £ indicates local non-premixed combustion. Premixed mapping should then the-
oretically be performed where £ > 0, and non-premixed mapping should be performed

elsewhere.

Fiorina et al. [38] showed that this flame index argument breaks down in certain regimes
of counterflow partially premixed burning. In these regimes, gradients of the fuel and
oxidizer species are aligned, but combustion remains diffusion-controlled. In response, it
was suggested that Eq. (3.27) should be modified to additionally account for the relative
significance of diffusion in the burning process. This modification resulted in improved
chemical source term predictions in 1-D partially premixed counterflow flames.

Although these modifications to the flame index have improved its ability to distinguish
between combustion regimes, they have not yet addressed some of the more fundamental
questions associated with the index. For example, it is not yet fully known whether the

1-D geometrical argument underlying the flame index is applicable across a wide variety of
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fully turbulent 3-D flame conditions. Furthermore, the index uses only one fuel species and
is therefore limited when long chain hydrocarbons are burned. Long chained primary fuel
molecules may completely dissociate well before they reach a flame’s central reaction zone,
and the fuel mass fraction gradient that appears in the flame index may accordingly become
insignificant. Finally, the index cannot be used to determine any information about the
local importance of ignition or extinction, and accordingly neglects one of the three major
combustion regimes. In the remainder of this chapter, therefore, an alternative means of
differentiating between combustion regimes will be developed.

To summarize, it has been argued that detailed chemical mechanisms display different
behavior in the non-premixed, premixed, and auto-ignition regimes. When detailed mech-
anisms are used to develop presumed PDF LES solutions, therefore, a criteria is needed to
determine which of these 1-D regimes is applicable within a given region of an LES. The
flame index has traditionally been used for this purpose, but as briefly discussed, this index
fails in certain situations. In what follows, an approach that leverages standard flamelet
transformation machinery will be proposed as an alternative solution to the problem. In
section 3.6, a new coordinate transformation will be developed and will be shown to hold
in each of the three major regimes. Then in section 3.7, the transformation will be used to

form a new regime index. The index will be validated throughout chapter 4.

3.6 Generalized Flamelet Transformation

The steady flamelet equations, Eq. (3.8), are produced by reorienting the coordinate sys-
tem that is used to derive scalar transport equations. Specifically, the coordinate system
is transformed from a generic (x,t) space to a space in which one coordinate is aligned
with the local gradient of mixture fraction, VZ. It is then assumed that changes in the
scalar field along directions not parallel to the gradient of mixture fraction are negligible in
comparison with the changes that occur in the direction of the gradient [101]. In the limit
of premixed combustion, however, this transformation is irrelevant because no gradient of
mixture fraction exists. The goal of this section will be to develop a transformation that
shows how the chemical source term is balanced in all regime limits.

Any transformation that meets this requirement will need to retain the mixture fraction
coordinate direction, since it describes the non-premixed limit. The obvious candidate for a

second coordinate direction that describes the premixed limit is the progress variable. Such
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a selection intuitively agrees with the FPV model, in which chemistry is tabulated in (Z, C)
space. This choice fails, though, because Z and C' are not statistically independent. The
need for statistical independence is manifested most clearly in a non-premixed flamelet. If
the eventual transformation that is to be developed is to reduce to Eq. (3.8) in the non-
premixed limit, the second transformation coordinate must hold steady in that limit. The
progress variable C, however, functionally depends on Z in a non-premixed flamelet. This
implies that partial derivatives of a scalar cannot be consistently taken with respect to
(Z,C) space. For similar reasons, a flame-normal coordinate would fail to appropriately
describe the premixed limit. A flame-normal coordinate might at any time locally align
with a gradient of Z, and therefore might become statistically dependent on Z. The partial
derivatives that are required by the coordinate transformation procedure would again not

be realizable.

It may be possible to correct for the statistical dependence of the Z and C' variables by
applying an appropriate normalization to C. Domingo et al. [30, 31], for example, normalize
the progress variable by its chemical equilibrium value at the local mixture fraction. This
procedure can adequately separate Z and C' in flamelets that are weakly strained and that,
in response to the weak strain, approach equilibrium chemistry. These conditions, however,
are not met for arbitrary fuel and air mixtures. Furthermore, when y 7 is large and a flame is
highly strained, diffusion in mixture fraction space will certainly prevent C from reaching its
equilibrium state. This is especially true around the stoichimetric mixture fraction (Zg),
where the second derivatives of species with respect to Z tend to be highest. In these
regions, statistical independence is not guaranteed even after normalization. While a more
complicated rescaling procedure might solve the underlying problem, a simpler approach

based on a flamelet index can be used to more easily produce the desired statistical property.

In this alternative approach, non-premixed flamelets are indexed, and the value of the
index of each flamelet is treated as a variable. This approach is suggested and discussed by
Ihme et al. [49, 50]. Although a variety of choices for the flamelet index, A, are possible,
a convenient definition can be developed using the progress variable, C'. Non-premixed
flamelets can be isolated using the temperature of the flamelet at Z = Zg. Typical S-
shaped curves [49, 101, 105] show this temperature to be uniquely associated with the
flamelet solution. Within such a solution, C itself depends only on the mixture fraction,

Z. The flamelet index A can therefore be defined as the value of the progress variable that
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occurs at a given mixture fraction (Z = Z) on a given flamelet (17, =17 ),
A=C(Z4,Ty,). (3.28)

Because there is a unique value of A associated with each steady flamelet, dependencies
on A disappear in the non-premixed asymptotic limit. Additionally, since A and Z are
statistically independent, taking partial derivatives of a scalar with respect to (Z, A) space

is consistent.

The same technique that is used to develop the flamelet equations can be used to trans-

form a scalar equation from (x,t) space into
(Z(X7t)?A(X? t)7e(xﬁt)77—) (3'29)

space. In this new space, e describes a direction that is normal to the gradients of Z and
A along which changes in scalar fields are expected to be small, and 7 describes a time-like

coordinate. A transformation to this new space is accomplished through use of the rules

8 — (0) 0, + (8,2) 9z + (OiA) Dy + (Dse) Oe, (3.30)
V = (V1) +(VZ)dy + (VA)dy + (Ve) b, (3.31)

where in this particular transformation 97 = 1 and V7 = 0. Because changes in the scalar
along the e direction are assumed to be small, the associated derivatives, J., will all be
neglected in the transformed equation. This assumption can be formalized by introducing a
parameter such as € into the definition of e [101], but that formalism will not be introduced

here.

These transformation rules may be directly applied to the majority of the terms in
a given scalar transport equation. Because the coordinates Z and A are not necessarily
orthogonal, however, transforming the divergence operator that appears in the diffusive
terms requires rigorously accounting for the curvature of the new space. The divergence
operator in the transformed coordinate system can be developed by forming a generalized
metric tensor using Eq. (3.31), and then accounting for its effects using standard tensor

calculus techniques [3]. In particular, the usual temporal, convective, and source terms
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transform according to

POty —  pO-dr + p(hZ) Ozdr + p (OtA) Or i (3.32)
pu-Vor — pu-(VZ)dz¢k+ pu- (VA)pdy (3.33)
PO — PWE (3.34)

while the diffusive term transforms as

V- (pDV¢y) — P*azébk + P 8A¢k + pxa, ZBA 2Pk

+r {00 [82( > >+8 (v X;;Z)} + O [aA( )+8z( Xgrz)}}. (3.35)

where xp 7z = 2DVZ - VA. The r term in Eq. (3.35) describes the effects of curvature in
(Z,A\) space and may be written r = —Ve - (VZ x VA), where the standard dot and cross
products have been used. In the limit of an orthogonal Z and A space, the importance of

r diminishes and the diffusive transformation reduces to

V- (pDV ) — p L0560k + p 0 R + pxa 20k L0

+ 020k [V - (pDVZ)] + 0p¢i [V - ()DVA)] . (3.36)

For the remainder of this work, Eq. (3.36) will be treated as an effective approximation
of the actual diffusive transformation. This approximation leads to a certain amount of
error in describing the relative significance of the various dissipation terms, and need not
necessarily be made in the future. For the purposes of introducing a model, however, it is

a useful simplification.

When the transport equation for a reactive scalar ¢ is transformed using the rules in
Egs. (3.32 - 3.34) and (3.36), the terms that are multiplied with 0z¢ can be collected to
form the Z transport equation. Because Z is a conserved quantity, these terms must all sum
to zero and therefore disappear. Similarly, the terms that are multiplied by Ox¢r can be
collected to form the main body of the A transport equation. Because A is not a conserved

quantity, however, these terms remain. The resulting transformed transport equation for
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by, is

PO 1, + Or ok, [pOA + pu - VA — V - (p)DVA)] =
p%%m - p’%aim + XA ZOR 2Pk + ook, (3.37)

Eq. (3.37) differs from the flamelet equations in two respects. First, the temporal term
on the left hand side is now joined by a portion of the A transport equation. Second, the
right hand side of Eq. (3.37) contains additional dissipation terms describing diffusion and

cross-diffusion in A space.

Two parameter coordinate transformations such as Eq. (3.37) have been formulated by
other researchers. Pitsch et al. [111] use a transformation into a mixture fraction and a
scalar dissipation rate space to analyze local extinction and reignition. The dissipation
rate is used to characterize premixed burning along mixture fraction iso-surfaces. Cook et
al. [22] transform a scalar transport equation into a basis that consists of the mixture
fraction and the enthalpy. They use this transformed equation to solve flamelet models in
the context of HCCI engines. Domingo et al. [32] transform a standard scalar transport
equation into a basis consisting of the mixture fraction and the progress variable, and then
further manipulate the result using the transport equations for those variables. Domingo et
al.’s approach does not account for the statistical dependence of Z and C, but does yield
an expression approximating how generic species depend on C' in all limiting regimes. The
expression is formulated in terms of a set of Damkohler numbers that describe the relative

importance of each regime.

The remainder of this work will consider a particular form of Eq. (3.37) in which ¢y = C.

This form can be written as

p0-C + O\C [pOA + pu- VA —V - (pDVA)]| =
p%zagc + p%aic + pxaz03 ,C + pioc. (3.39)

Equation (3.38) is significant because it achieves the objective of appropriately describing
how the progress variable behaves in a variety of asymptotic limits. These limiting cases
will be considered individually below, but the two unsteady terms in Eq. (3.38) should first
be discussed in more physical detail so that their contributions to the equation can be better

understood.
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The definition of the coordinate system that is used in this equation implies that deriva-
tives with respect to 7 be taken at constant values of Z and A. The pd,C term therefore
describes how the progress variable changes in time at a given location (constant Z) within
a given flamelet (constant A). In other words, this term describes how the chemical profiles
that exist along a flamelet change with time. The 95C'- pd;A term has a somewhat different
meaning. Derivatives with respect to ¢ are conditioned on space rather than Z or A, so 0;:A
describes how the flamelet index A changes in time at a given physical location. This is
effectively a measure of whether multiple flamelets are passing through that location. When
this time derivative is multiplied with 05 C - p, the term then measures the progress variable
changes that are induced by changing values of the flamelet index. It is important to note
that if a flamelet solution is holding steady at a location in space, the OpC - pd: A term will
be zero even though the value of the progress variable within that flamelet, and at that
location in space, may be evolving. In regimes where the unsteady flamelet equations hold,
it is interesting to note that the pd.C term is the one that balances the chemical reaction

rates. This term would then be more relevant than the OAC - pdiA term.

3.6.1 Non-Premixed Asymptotic Limit

The three major combustion regime limits will now be recovered from Eq. (3.38). In the
non-premixed limit, it is often argued that a realistic turbulent flame can be represented
by an ensemble of non-premixed flamelets [101]. In a given but sufficiently local region of
space, then, a single flamelet accurately describes chemistry. Along such a flamelet, the
flamelet index A is by definition constant and VA = 0. As a result, in this situation the
convective and diffusive terms inside the brackets in Eq. (3.38), as well as the y and xa,z
terms, disappear. If the non-premixed combustion process is furthermore assumed to be
fast relative to other flow timescales, the unsteady pd,;C term in the transformed equation

can be safely neglected. The terms that remain are
pONCOA = p%za%c 1 pac. (3.39)

In the non-premixed asymptotic limit, only a single non-premixed flamelet solution should
be locally important, and the flamelet index A should not be changing in time. The 0;A
derivative will therefore be negligibly small and the steady flamelet expression from Eq. (3.8)

will be recovered. If more than one non-premixed flamelet were important, however, then
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the 0;A derivative would remain and a form of the unsteady flamelet equations would instead
be recovered. Furthermore, if only one flamelet solution were important but the structure
of that flamelet was changing, then the 0;A derivative would be zero but the pd,;C term
that was neglected above would have to be reintroduced. A second form of the unsteady
flamelet equations would then be recovered. This form would account for the temporal

evolution of chemistry within that single non-premixed flamelet.

3.6.2 Premixed Asymptotic Limit

Recovery of the 1-D premixed flame equations is in general less straightforward, but the
procedure is transparent when Z = Zg. In a premixed flame, the mixture fraction field is
homogeneous and VZ = 0. As a result, the dissipation rates xz and xa z are zero, and
the terms in Eq. (3.38) that contain these rates drop out. Additionally, Eq. (3.28) indicates
that when Z = Zg the condition A = C holds. Equation (3.38) therefore reduces to

9cC [p9,C + pu - VC — V - (pDVC)] = p’%cagc + pise, (3.40)

where the 0,C term is zero because a steady flamelet solution is being assumed, and where
derivatives with respect to A now occur with respect to C. These derivatives can trivially
be simplified even further to 0cC = 1 and 3(%0 = 0. The latter of these two simplifications
suggests that dissipation in A space diminishes as A approaches C. In the limiting case

where Z = Z, therefore, the general flamelet transformation simplifies to
poC + pu-VC -V - (pDVC) = puwc. (3.41)

In a steady 1-D situation, pd;C' = 0, the burning velocity replaces u, and the asymptotic
premixed Eq. (3.14) is recovered.

When Z # Zg, it is no longer true that A = C, and the diffusion in A space that is
described by the 8/2\0 term no longer disappears. It is interesting to note that this diffusion
could be negated at any particular Z by redefining A using the local Z value, rather than Zg,
as a reference. Since A must in practice be calculated and tabulated, however, redefining it
locally is not feasible.

The A diffusion term is illustrated in Fig. 3.4, where 9yC and 93 C fields computed using
1-step chemistry are plotted in (Z,A) space. The right plot in Fig. 3.4 shows that 93C is

non-zero on both sides of Zy when A is large. Consequently, A diffusion plays a role in
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Figure 3.4: Left: Contour plot of 9,C in (Z,A) space. Right: Contour plot of 93C in
(Z,A) space. Kinetics are described by the 1-step mechanism of Ruetsch et al. [121] with
5% inert gas, C = Yp, and Zg = 0.5. In this space, horizontal lines represent non-premixed
flamelets, and the black line corresponds to the quenching-limit flamelet, Ag. Below this
line, derivatives are interpolated between Ag and A = 0.

balancing the chemical source term w¢ at conditions away from Zg. Figure 3.4 is generated
by tabulating non-premixed flamelet solutions in (Z, A) space, and then differentiating them
within that space. A discussion of the mechanics that are associated with the tabulation of

A is provided in Appendix A.

The laminar premixed flame equation for C' is difficult to recover away from Zg because
of the 8/2\0 term. It is easy, however, to recover an appropriate laminar premixed equation
for A. Equation (3.38) can be rewritten, again using the premixed constraint xz = xa,z = 0,
in the form

1
PO+ pu- VA =V - (DVA) = 5o [p%aic n pwc] . (3.42)

If a source term for the A variable is defined as

) 1 [XA
WA ==

and steady conditions are assumed, this equation appears consistent with the transport
equation for laminar premixed flames. The only difference is the form of the A source term.

In essence, the presence of A diffusion acts to transform the progress variable source term
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we into a source term for the A equation. The A diffusion term must appear because wc
describes chemistry at local conditions, while wp describes the chemistry that exists at Zg
on an intersecting non-premixed flamelet. When the local mixture fraction does approach
Zgt, A approaches C| the diffusion term approaches zero, and the C' and A equations become

indistinguishable.

The problem of recovering the premixed flame equations can also be viewed from the
reverse perspective. If a 1-D premixed equation (Eq. (3.14)) rather than a 3-D scalar
transport equation is transformed into (Z, A, 7) space using the rules from Eq. (3.31), the
following result is obtained

0 0 0
2OANC | =—(A) — — | pD—
PuSLu - On [ (A) =5 (p p

- (A)>] - p%aic + puc. (3.44)

Dependencies on Z and 7 do not appear here because of the steady, constant mixture
fraction nature of the premixed limit. This equation compares exactly with the steady
limit of the general premixed transformation from Eq. (3.42). Recovering the 1-D premixed
equations using this reverse perspective emphasizes that the d\C terms account for the

differences between physical space and A space.

The diminishing values of 8%0 that occur as Z approaches Zg can be used to formulate
a helpful model. As described in Appendix A, it is very difficult to numerically evaluate 93 C
when complex chemical mechanisms are considered. Neglecting this term would therefore
be convenient, and its disappearance at the most reactive mixture fractions suggests that it
might justifiably assumed to be small. This basic assumption will be applied in section 3.7,

and its validity will be tested in section 4.1.

3.6.3 Auto-Ignition Asymptotic Limit

Combustion processes can only be described by the asymptotic limit of auto-ignition when
they occur in regions of homogeneous composition. The auto-ignition limit is therefore
characterized by negligibly small spatial gradients. When the conditions VA = 0 and
VZ = 0 both hold, the generalized flamelet transformation in Eq. (3.38) reduces to

p0;C + O7C [pOiA] = puc, (3.45)
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and the pure auto-ignition equations are immediately recovered. Interestingly, the unsteady
0;C term that appears in Eq. (3.25) is here separated into two unsteady terms. This
separation further reveals the physical meaning of these two terms. The definition of A
implies that a single value of A represents a single steady flamelet solution. The time
derivative 0;A therefore represents movement through a series of steady flamelet solutions.
A series of steady flamelets parameterized by Z and xzs;, however, cannot represent the
full realizable space of unsteady chemistry evolution. This space can only be represented
if these steady flamelets are allowed to also vary as a function of the temporal coordinate,
7. The temporal evolution process is accounted for in Eq. (3.45) by the pd.C term. This
term describes how the chemical structure of a flamelet could change even as that flamelet’s
progress variable at stoichiometric mixture fraction (A) is held constant. It is only when
both the d;A and 9,C terms are accounted for that a fully unsteady ignition process can

be represented.

3.7 Combustion Regime Indicator For Reactive Flows

The exercise of verifying that the proposed flamelet transformation recovers the three major
combustion regimes isolates the terms that balance w¢ in each limit. This knowledge can
be used to regroup Eq. (3.38) so that each of the terms is associated with an asymptotic
regime. The cross-dissipation term is neglected in this regrouping because the goal is to
determine which discrete regime best describes combustion. In future work, however, it
would be interesting to include this term because it could provide a means of transitioning

between fully premixed and fully non-premixed solutions. The regrouped equation is

( p0-C + O2C [pA + (pu — pusp.un) - VA]) 1

+ (aAc (st [VA| — V- (0DVA)] — pX—QA(?/Q\C'>2

_ XZ 52 — o
+( Iz 820)3—pwc, (3.46)

where n = VA/|VA| is the normal vector pointing in the direction of the gradient of A,
and where a term scaling with the burning velocity, sy, ,,, has been added to and subtracted
from the left hand side. In Eq. (3.46), a subscript convention is adopted in which group
1 terms describe unsteady physics, group 2 terms describe steady premixed physics, and

group 3 terms describe steady non-premixed physics.
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The sr,, variable has been explicitly included in Eq. (3.46) in order to separate steady
premixed behavior from unsteady premixed behavior. The inclusion of sp, causes an
equation governing the propagation of a A-isosurface to appear within the brackets in the
unsteady group. This equation effectively describes the evolution of premixed combustion,
since a premixed flame is a propagating surface. When propagation occurs in a steady
fashion, the A-isosurface equation is conserved. In steady propagation, moreover, the pd,C
term is small. Under such conditions, the entire unsteady group 1 disappears. Conversely,
during the ignition or destruction of a premixed flame front, the bracketed terms in group
1 would not be conserved and the magnitude of the unsteady group would be large. The
explicit addition of sy, ,, to Eq. (3.46) ensures the separation of these steady and unsteady

phenomena.

Equation (3.46) suggests a model for locally determining the nature of a combustion
event. For example, the validity of the steady flamelet assumption that is often made in
presumed-PDF combustion approaches could be verified by forming a time scale ratio, ©1 23,

from the groups in Eq. (3.46),

p0:C + OAC' [pO:A + (pu — pyspun) - VA]
max (OxC [pusLu |[VA| = V - (pDVA)] — p2293C, —p2205C)

O123 = (3.47)
When the condition ©1 23 < 1 holds, the steady flamelet approximation can safely be made
because the unsteady terms in the flamelet equations are relatively small. When this con-
dition does not hold, ignition, extinction, or other unsteady phenomena are important and
should be carefully treated. The ©1 23 parameter could conceivably be evaluated locally in
a flow to determine whether unsteady modeling is needed. In regions where the parameter
is large, a chemistry tabulation based on auto-ignition, for example, could be used to deter-
mine chemical source terms. In the remaining chapters it will be assumed that combustion
occurs primarily in a steady fashion. Nothing fundamental, however, prevents Eq. (3.47)
from being actively computed and used locally within a simulation. The unsteady part
of this equation and its application in modeling unsteady combustion processes should be

addressed in future work.

If the steady flamelet approximation holds, another time scale ratio describing the rela-

tive importance of the premixed and the non-premixed regimes can be formed. This ratio,
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©23, can be created using the group 2 and group 3 terms in Eq. (3.46),

OrC [pusLa |VA| = V - (6DVA)] — pXp33C

Qo n —
23 —pX20%C

(3.48)

The regime that is associated with a steady combustion event can be determined by locally
evaluating ©23. When ©23 > 1, premixed terms act to balance the majority of the w.
budget, and combustion is best described by the asymptotic premixed regime. When 03 <
1, non-premixed terms act to balance the majority of the w. budget, and combustion is
best described by the asymptotic non-premixed regime. In practice, the evaluation of O3 3
requires the use of tabulated chemistry. For example, the d,C, s, and 8%0 terms all need
to be accessed from pre-computed tables. The particular functional form of the tabulated
chemistry is not relevant to the calculation, as long as it can be shown to be consistent with
the parameterization ¢ = ¢ (Z, A). As discussed in Appendix A, however, the 8/2\0 term
may not be readily accessible in a table due to numerical error. Additionally, this term is
expected to be small in regions of intense burning, such as near Z = Zg where 81%0 = 0.
Therefore, a modified time scale ratio © will be used in place of © 3. In this modified ratio,

the 6/2\0 term is neglected,

_ OAC [puspu VA =V - (pDVA)]
—pX20%C

© . (3.49)
© will be used to describe local combustion regimes in the remaining sections. This regime
description will be referred to as the ‘combustion regime index’ so that it may be differen-

tiated from the flame index.



Chapter 4

Flamelet Mapping In

Multi-Regime Environments

In this chapter, three simulations that validate and test the combustion regime index are
presented. These simulations measure the index’s ability to select an appropriate set of
flamelets for local mapping in a flow. First, the combustion regime index, ©, is studied in
an g priori sense using simulations of laminar triple flames. The combustion processes in
these simulations are described by finite rate chemistry. A one-step mechanism is applied
in a first simulation, and a detailed n-heptane mechanism is applied in a second. The triple
flame simulations allow the behavior of the combustion regime index to be evaluated and
contrasted with the behavior of the more traditional flame index.

Next, the indices are considered in the context of large eddy simulation. An LES of a
low swirl burner is performed in which the combustion regime index is used to locally select
whether premixed or non-premixed flamelet solutions should be mapped into the flow field.
Both the triple flame and the swirl burner simulations indicate that the combustion regime

index captures the physics associated with regime dependencies better than the flame index.

4.1 Validation: One-Step Chemistry Triple Flame

A triple flame is a particular type of flame in which a non-premixed reaction zone and
two premixed reacting fronts intersect. Typically, a triple flame develops when a mixture
fraction distribution centered around Z = Zg occurs parallel to a flame front. This forces

one end of the flame front to burn in a lean premixed fashion, and the other to burn in a rich

78
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premixed fashion. Oxidizer and rich combustion intermediates, respectively, leak through
these premixed flames and create a trailing diffusion flame. Triple flames have been the

subject of a variety of experimental and numerical studies [37, 101, 121].

4.1.1 Flame Description

The flame that is presented here was originally studied by Favier et al. [37] in an effort to
understand how partially premixed combustion develops, and how the critical scalar dissi-
pation rate that is associated with flame quenching changes in partially premixed regimes.
Favier et al. strained this laminar flame to its quench point using a vortex pair. The
straining induced partially premixed combustion. After quenching occurred, edge flames
developed at each end of the quenched region, but subsequently receded away even though
the local scalar dissipation rate was lower than the reference quenching value.

This triple flame is simulated using the structured, low-Mach, finite-difference code [27]
described in chapter 2. The continuity and Navier-Stokes expressions from Eq. (2.2), and
a number of the scalar transport expressions from Eq. (2.11), are solved by the code. The

27 order accurate, and in this particular instance is run using

4th

simulation is temporally
explicit time-stepping. A spatially order accurate scheme is used to evaluate velocity
gradients, while a 3"¢ order accurate WENO scheme is used to evaluate scalar gradients.
Because the relevant fluid mechanics are laminar, the simulation is run in two dimensions
using a 256x256 mesh. The mesh is uniform and cartesian, and the length of an entire
mesh edge measures 4.5 mm. This mesh resolves reaction layers on approximately 7 points.

The chemical kinetics in the flame are described using the one-step mechanism of
Ruetsch et al. [121]. This mechanism consists of fuel (Yr), oxidizer (Yp), and product
(Yp) species, and transport equations for each of these species are solved in the code. An
inert gas is universally present in the form of 5% of the total gas mass, and an additional
scalar transport equation is solved to describe the temperature. The Lewis number of each
species is set to one. Within Ruetsch’s mechanism a variety of parameters exist, and the
particular values that are used in this simulation are « = 0.8, § = 8.0, and K = 1.0 x
101 m3/(kg - s). Additionally, the molecular weights of the fuel, oxidizer, and inert gas
are all set to be W = 28 g/mol. These values yield a laminar burning velocity of 1.25 m/s
and a flame thickness of approximately 0.07 mm at stoichiometric conditions (Zg = 0.5).
The widely available DASSL package is used to time-integrate the chemical source terms

that occur in the scalar transport equations. The integration is performed locally within
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each mesh cell, and the integration bounds are set by the size of one simulation timestep.
This integration accounts for the nonlinearity of the source terms. Finally, when A or a
derivative with respect to A is needed in the simulation, it is accessed from a precomputed
table that obeys the functional form ¢y = ¢r(Z, C). This table was created by an approach
that closely parallels the approach used to create Fig. 3.4.

4.1.2 Simulation Results

Favier et al.’s flame is especially useful for evaluating the proposed method of distinguishing
between regimes because a variety of premixed and non-premixed structures appear during
the transition from the initial flame condition to the steady triple lame. The flame is ini-
tialized by superimposing a bulk flow on a velocity field describing a vortex pair. Figure 4.1
shows a series of images from the simulation, and the isocontours in the upper left image
represent the early vorticity distribution. A planar temperature profile is also introduced
during initialization, at a location downstream of the vortices. This temperature profile
ignites the flame, and the top row of Fig. 4.1 shows that it quickly produces a reaction
zone that spans the height of the domain. The mixture fraction field Z is initialized as
uniformly stoichiometric at downstream locations near the flame front. Upstream, however,
Z is initialized so that a gradient exists in a direction parallel to the flame front. This same
gradient is enforced in the upstream fuel and oxidizer boundary conditions. The upper right
plot in Fig. 4.1 depicts the Z field just after initialization, and shows both the downstream
locations where Z = Zg and the upstream locations where the gradient exists.

As the simulation begins, the premixed flame front ignites and commences to propagate
against the bulk flow entering the left side of the domain. The center of the premixed
front is quickly entrained by the vortex pair and is rapidly convected upstream, as shown
in the second row of Fig. 4.1. This convection process produces a thin flame ‘neck’ near
the domain centerline that connects the leading edge of the flame to upper and lower
downstream premixed flame fronts. Additionally, the convection allows a small reaction
zone to form directly along the horizontal domain centerline. As time progresses in the
simulation, the downstream premixed fronts convect out the right side of the domain, and
the reaction zone along the centerline spreads downstream. The leading edge of the flame,
however, continues to move upstream into the mixture fraction gradient. As shown in the
third row of Fig. 4.1, the vortices and the mixture fraction gradient work to vertically spread

the leading edge of the flame. At the same time, the vortices act to quench the connection
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Figure 4.1: Overview of the one-step chemistry triple flame simulation. Each row corre-
sponds to a distinct time, with time progressing from top to bottom. From left to right,
the column contour plots represent: 1) The product mass fraction, Yp; 2) Z; 3) 9rC;
4) |[VA[* [m™2]. These contour plots are overlaid with isocontours of, again from left to
right: 1) Vorticity (black lines); 2)-4) The Yp source term, wp (white line).
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between the leading edge of the flame and the flame neck. At the time when the images
in the third row of Fig. 4.1 are recorded, the connection between the leading edge and the
neck has been completely broken, and the neck itself has been twisted into horseshoe shaped
flamelets. As time continues to progress, though, these horseshoe flamelets also convect out
of the domain, and the reaction zone at the center of the domain spreads upstream to meet
the leading edge of the flame. The fourth row of Fig. 4.1 shows that this eventually produces
a steady triple flame. The triple flame reaches equilibrium by forming rich and lean leading
premixed flame branches. As fuel and oxidizer, respectively, leak through these branches,

the reaction zone at the centerline stabilizes as a weak diffusion flame.

The plots in Fig. 4.1 show several quantities that appear in the general flamelet trans-
formation in Eq. (3.46). 0p\C, for example, is plotted in the third column. d,C is difficult
to intuitively understand, and is plotted so that its physical meaning will become clear.
This term effectively describes whether further reaction progress is possible. As the sim-
ulation progresses in time and mixture fraction values at the flame front begin to deviate
away from stoichiometric conditions, the magnitude of this derivative steadily decreases.
This decrease corresponds to movement in (Z, C') space towards non-stoichiometric burned
conditions, where flamelets tend to cluster around one another and where C' and A tend to
decorrelate. In these regions, further reaction progress is no longer possible, since moving
to a different flamelet cannot produce larger values of C. Premixed descriptions of chem-
istry then cease to be meaningful. In the context of the general flamelet transformation,
therefore, small values of JxC tend to allow non-premixed terms to dominate the source
term budget. Flamelet clustering becomes most apparent when the steady triple flame
develops. As shown in the fourth row of Fig. 4.1, 05C is zero in the regions between the
triple flame’s premixed and non-premixed reaction zones. Accordingly, in these regions the
group 2 (premixed) terms in the regime model are multiplied by zero, and the © variable in
Eq. (3.49) is less than one. 9d5C' therefore forces the use of non-premixed chemistry when
a region of (Z,C') space is reached in which adjacent flamelets overlap. For the most part,

these regions only occur at fully burned conditions.

IVAJ? is plotted in the fourth column of Fig. 4.1. A was chosen as a second transfor-
mation coordinate because it is constant throughtout a non-premixed flamelet. In non-
premixed flames, therefore, |[VA| should be small, while in premixed flames it should be

large. This attribute of A is demonstrated in the figure. For example, in the third and
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fourth rows, a weak but active non-premixed flame exists along the horizontal domain cen-
terline. Although |VA| is not identically zero there, it is small relative to the value of |VA|
that occurs in the leading premixed front. Because |VA| is small in magnitude, the pre-
mixed terms in Eq. (3.49) are small along the horizontal centerline. As a result, © is less

than one, and the combustion regime index will tend to predict non-premixed behavior.

4.1.3 Regime Predictions

Figure 4.2 shows how both the proposed combustion regime index and the more traditional
flame index predict regimes in the one-step triple flame simulation. Because the simulation
is run using finite rate chemistry, the indices are calculated passively and do not affect the
development of combustion. A particular realization of the flame index [31] is evaluated
and shown in the left column of Fig. 4.2. This index is defined as

&=

1 ( ’VYO~VYF > 1)

2 VYo - VYg|

so long as the source term of the product species, wp, is greater than some small cutoff
value €. In regions where wp is smaller than €, the condition £ = —1 is set. The proposed
combustion regime index is evaluated and shown in the right column of Fig. 4.2. This index

is plotted in terms of the variable €, which is defined as
Q=1VvY6O0>1; Q=0V 0<1, (4.2)

so long as, again, wp is greater than e. Just as for &, the condition 2 = —1 is set when
wp < €. These definitions result in premixed combustion being indicated by £ = Q =1 (red
in the figure), and non-premixed combustion being indicated by £ = © = 0 (green in the
figure).

The plots in the first row of Fig. 4.2 show that the two indices are initially indistinguish-
able, and that both predict premixed burning throughout the flame. As time progresses,
however, differences in the ¢ (flame index) and Q (combustion regime index) fields emerge.
In the second row of Fig. 4.2, for example, £ indicates that the reaction zone along the
horizontal centerline burns in a non-premixed manner, while {2 indicates that it burns as
a premixed front. Although Fig. 4.1 suggests that the gradient of A is small along the

centerline in the second row, premixed terms apparently balance a larger portion of the
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Figure 4.2: Regime indicators in the one-step chemistry triple flame simulation. The rows
represent times that correspond to the times in Fig. 4.1. Left column: flame index (§) from
Eq. (4.1); Right column: combustion regime index (€2) from Eq. (4.2). The contour plots
are overlaid with an isocontour of the the Yp source term, wp.
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chemical source than non-premixed terms. In the third row of Fig. 4.2, the value of Q2
along the downstream centerline switches and predicts non-premixed behavior. At these
downstream locations, gradients of A have diminished and non-premixed terms balance the
majority of the chemical source budget. 2 still predicts, however, that the upstream edge

of the centerline flame burns in the premixed regime.

The fourth row of Fig. 4.2 shows that in steady state, the two indices agree very well
on where the non-premixed and premixed regimes occur in the triple flame. Both indices
predict rich and lean premixed flame branches out front, and a trailing diffusion flame at
the centerline. Some slight discrepancies do exist, however. For example, the ) variable
predicts that the very lean and very rich leading edges of the premixed flame actually burn
in a non-premixed fashion. sy, , approaches zero in these regions, and this drives down the
magnitude of the premixed terms in group 2 of Eq. (3.46). Additionally, 2 predicts that two
very thin premixed regions occur near the centerline downstream in the simulation. These
regions are only marginally significant, because they occur where wp is very small and the
flame is only barely burning. But they do highlight how the flame index and the combustion

regime index use different methods to determine the nature of combustion processes.

The triple flame simulation can also be used to assess how neglecting diffusion in A
space impacts the proposed combustion regime index. As discussed in Appendix A, the
A diffusion term must be neglected when the parameterization A = A(Z, C') is not unique
because 812\0 then cannot be accurately computed and tabulated. This diffusion term can
be determined in the case of one-step chemistry, however, because the one-step flamelet
solutions are all unique and derivatives in flamelet space are smooth. The importance of

the diffusion term can then be assessed.

This assessment is performed here by comparing the diffusion term’s magnitude to the
magnitude of each of the other terms that appear in the general flamelet transformation.

Specifically, the terms in the equation

1 |
(aAc [pusie VA — V- (4DVA)] - “a%c) T (— Xza%c) _Ye ()
p 7 2 2 2 3 P

are plotted in Figs. 4.3 and 4.4 along two vectors in space that pass through different
portions of the steady triple flame solution. The values of £ and €2 that occur along these

vectors are also plotted.

Figure 4.3 demonstrates that premixed contributions to the chemical source term budget
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Figure 4.4: Budget from Eq. (4.3) in the trailing diffusion branch of the one-step chemistry
triple lame. The legend from Fig. 4.3 applies here. The disappearance of the signals in the
upper right plot indicates that they have become exceedingly small or negative.

are underpredicted when diffusion in the A coordinate is neglected. The A diffusion term
in Eq. (4.3), —(xa/2)03C, is plotted as a dotted line in Fig. 4.3. The combined premixed
terms in group 2 of Eq. (4.3) are plotted as a solid line. A comparison of these lines in
log space shows that A diffusion is significantly smaller than the other premixed terms at
displacements of up to 0.3 mm along the arrow that is shown in the flame schematic. At
displacements of between 0.3 mm and 0.4 mm, however, the magnitude of the A diffusion
term is approximately equivalent to the magnitude of the remaining premixed terms. This
implies that the approximated premixed budget used to calculate © in Eq. (3.49) is mod-
erately underpredicted. Interestingly, this underprediction does not affect the behavior of
the proposed regime model. The premixed terms dominate the non-premixed terms even
where their contribution to the budget is artificially small. This particular data set therefore
permits the neglect of A diffusion.

Figure 4.3 also highlights that at the very edge of the lean premixed flame branch, the
flame index and the combustion regime index predict the existence of different burning
regimes. The flame index, for example, predicts that the onset of burning occurs in a

premixed fashion. The combustion regime index, conversely, predicts that the onset of
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burning occurs in a non-premixed fashion. The combustion regime index therefore captures
the importance of diffusion controlled transport in parts of the flow where the the local fuel
concentration is too lean or too rich to burn.

Figure 4.4 shows data from another location within the triple flame. This data comes
from the downstream centerline where the non-premixed portion of the chemical source
term budget is dominant. In this figure’s regime budget, the A diffusion term is the largest
premixed term at each end of the plot. If the diffusion term were included in the proposed
regime model, it would predict that four, rather than two, narrow pockets of premixed
burning occur along the plotted arrow. The decision to neglect A diffusion therefore affects
the proposed combustion regime index in this context. But it must be noted again that
at the downstream location being considered, the non-premixed flame only barely burns.
Towards the center of the plot the importance of the diffusion term decreases, and between
displacements of 0.2 mm and 0.4 mm it can once again be safely neglected.

In summary, an examination of Figs. 4.3 and 4.4 suggests that both the mode and the
strength of burning affects the influence that —(xa/2)03C has on the predicted regime. In
regions where the source term is large and where burning tends to occur primarily within
one regime or the other, A diffusion can be safely neglected. In regions where burning is
weak or where burning tends to occur in a mixed mode, the neglect of this term may lead
to an inappropriately predicted regime transition. This shortcoming could be eliminated by
improved chemical tabulation methods that more accurately reproduce the quantity 8/2\0.
A method such as the optimal artificial neural network technique suggested by Thme et

al. [51], for example, might alleviate the problem.

4.2 Validation: Multi-Step Chemistry Triple Flame

A second triple flame simulation that uses a more realistic chemical mechanism will now
be considered. This simulation will test how the flame index and the proposed combustion
regime index behave when combustion evolves as a function of a larger variety of species.
The chemical mechanism that will be used in this simulation is Liu et al.’s [82] reduced n-
heptane mechanism. While this mechanism does not perfectly reproduce the characteristics
of n-heptane combustion, it does provide a self-consistent detailed chemical framework. In
this second triple flame simulation, the indices will again be evaluated passively and will not

influence how the flow develops. In section 4.3, however, the indices will be actively applied
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in a large eddy simulation of a turbulent combustor. They will then actively determine
whether premixed or non-premixed flame solutions are referenced in the computation of

filtered reactive quantities.

4.2.1 Flame Description

The code used to simulate the one-step triple flame in section 4.1 is also used to simulate
the n-heptane flame now being considered. The mesh again consists of 256 x 256 nodes. The
domain size, however, is slightly enlarged to 7.5 mmx7.5 mm, and 22 separate scalars are
solved to describe the 20 non-steady-state species in the mechanism, the temperature, and
the mixture fraction. The progress variable is defined as C' = Yn,0 + Yn, + Yco + Yco,-
The maximum mixture fraction in the simulation is set as Z = 0.5 rather than the Z =
1.0 that was set in the one-step case, and the strength of the initial vortices is adjusted to
account for the altered chemistry. The Z = 0 boundary condition is set as atmospheric air.

Constant, non-unity Lewis numbers are used to describe the diffusivities of all species.

4.2.2 Simulation Results

A schematic of the simulation is shown in Fig. 4.5. Just as in the one-step chemistry flame,
the mixture fraction and the progress variable fields are plotted at several different times in
the first two columns of the simulation schematic. Although these plots generally correspond
to the one-step chemistry plots in Fig. 4.1, two notable differences do appear. First, the
heptane simulation is asymmetric about the centerline, since the chemical properties of the
oxidizer and the fuel strongly differ. Second, the non-premixed flame that develops along
the centerline of the heptane simulation is significantly weaker than the non-premixed flame
that develops in the one-step simulation. The non-premixed flame is weaker in the detailed
case because the abundant reacting species in both the rich and lean branches are largely
converted to weakly burning intermediates before they have time to diffuse to the centerline
in strong concentration.

The third and fourth columns of Fig. 4.5 show the two premixed terms that appear in
the expression for © in Eq. (3.49). These columns highlight an important issue relevant
when the general flamelet transformation is applied to premixed cases. In the inner reaction
zone of a premixed flame, chemical source terms are generally large and chemical reactions

and molecular diffusion processes tend to balance one another. In the preheat zone of
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Figure 4.5: Overview of the n-heptane chemistry triple flame simulation. Each row cor-
responds to a distinct time, with time progressing from top to bottom. From left to
right, the column contour plots represent: 1) C; 2) Z; 3) -0pC(V - (pDVA)) [kg m—3 s71;
4) OrAC(pusp.u|VA|) [kg m™2 s71]. These contour plots are overlaid with isocontours of,
again from left to right: 1) Vorticity (black lines); 2)-4) The COq source term, weo, (white
line).
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a premixed flame, however, chemical reactions are small, and diffusion processes instead
tend to be balanced by convection. In preheat zones, therefore, the source term on the
right hand side of the general flamelet transformation in Eq. (3.46) approaches zero. The
premixed terms on the left hand side of the equation must accordingly cancel with one
another. The third and fourth columns in Fig. 4.5 illustrate this balance graphically. At
all times, —OpC(V - (pDVA)) is strongly negative at the leading edges of the premixed
flames that occur in the simulation. In the inner reaction zones of these flames, this term
changes signs and becomes strongly positive. The other premixed term, OrC(pusr..|VA]),
is positive throughout the flame fronts that appear. As expected, then, the two premixed
terms balance with each other in preheat zones, and balance with the chemical source term

in reaction zones.

In this detailed chemistry simulation, the interaction of these two premixed terms causes
the combustion regime index to predict non-premixed burning along parts of the leading
premixed flame edge. Non-premixed burning is indicated because the large negative value of
the —0\C(V - (pDVA)) term slightly dominates the positive value of the O\C(pysr,u|VA|)
term. This in turn causes the © variable to become negative. A prediction in which the
premixed group of terms sums to a negative value is usually, but not always, unphysical.
These terms may very rarely become negative to balance a negative chemical source. But
either way, such a prediction undesirably affects the way that the combustion regime index
describes different burning modes. The behavior of the terms in Fig. 4.5, for example,
makes it clear that the leading flame is premixed even where © becomes slightly negative.
Furthermore, although the negative value of the premixed group might be physical, it also
might be caused by the neglect of the —(xa/2)03C term that would act to increase the
magnitude of the group. Either way, the regime is being incorrectly accounted for. This issue
apparently arises more readily when detailed chemistry, rather than one-step chemistry, is
used. Chemical source terms are relatively more concentrated in Z and C' space in the
case of detailed chemistry, and the premixed group is therefore large in a relatively smaller

portion of a detailed chemistry flame front.

To correct for inappropriate non-premixed predictions in regions where the premixed
group of terms becomes negative, an additional modification is made to the combustion
regime index. When the premixed term —d,\C(V - (pDVA)) acts to force the magnitude of
the entire premixed group (group 2 from Eq. (3.49)) below zero, the value of this entire group

is set equal to the absolute value of the diffusion term |OAC(V - (pDVA))|. Physically, this
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modification allows the combustion regime index to recognize that the existence of a strong
A gradient denotes the presence of the leading edge of a premixed flame front. Chemical
source terms may be small throughout a leading premixed flame edge and the left hand
side of Eq. (3.46) may be balancing itself. But species and temperature will nonetheless be
strongly diffusing away from the front, and a tabulated premixed chemistry database will
be able to describe this behavior. When the local burning velocity sy, approaches zero,

this modification is no longer made because a premixed front can no longer exist.

4.2.3 Regime Predictions

The combustion regime index that corrects for negative © values in premixed preheat regions
is plotted in Fig. 4.6, along with the flame index. The index contours shown in this figure are
for the most part similar to those from the one-step chemistry simulation, shown in Fig. 4.2.
As discussed above, in the heptane chemistry case the trailing diffusion flame is relatively
weak, and both the combustion regime index and the flame index predict that the primary
reactions in the flow occur in the premixed regime. The differences between the indices
appear most clearly in the fourth row of Fig. 4.6. This row shows the indices at a time
when the flame is nearing its steady state solution, and the flame index predicts that with the
exception of a small region along the centerline, reacting quantities are well described by the
premixed regime. The combustion regime index, however, predicts that large non-premixed
regions exist downstream of the leading premixed flame. In these regions, transport in the
Z direction tends to dominate transport in the A direction. The single exception to this is
the large trailing region of premixed burning that is predicted to exist on the fuel rich side of
the centerline. The combustion regime index predicts premixed burning there because the
burning velocities of relatively rich heptane-air systems are much higher than the burning
velocities of relatively lean heptane-air systems. The higher burning velocities that occur
on the rich side increase the importance of transport in the A direction.

Finally, the heptane simulation can be used to help answer questions regarding how the
flame index responds when the primary fuel molecule in a flow dissociates before it reaches
a fully burning reaction zone. Figure 4.7 shows a conditional plot of the primary fuel mass
fraction, Y,,—c, w5, as well as conditional plots of Yp, and Yoo, along a line that passes
through the steady state heptane triple flame. The plot of Y,,_c. m,, makes it clear that
almost no fuel exists between mixture fractions of Z = 0.04 and Z = 0.12. The flame index

contours shown in Fig. 4.6, however, emphasize that Y,,_c. m,, is not identically zero, since
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Figure 4.6: Combustion regime indicators in the n-heptane chemistry triple flame simu-
lation. Each row represents the same time shown in the corresponding row of Fig. 4.5.
Left: The modified flame index from Eq. (4.1); Right: The combustion regime indicator
from Eq. (4.2). The contour plots are overlaid with an isocontour of the COy source term,
WCO, (White line).
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Figure 4.7: Conditional mass fraction plots in the n-heptane chemistry triple flame. Con-
ditioning is performed along the arrow shown in the flame schematic, and the flame is
approximately in steady state. The mass fraction plots around Z = 0.05 indicate that CO
is being oxidized, and that a weak non-premixed flame exists.

a non-zero gradient of fuel must exist where the flame index is well defined. Apparently, the
flame index is able to extrapolate reaction information even when only negligible amounts
of fuel and oxidizer are present. In spite of this capability, the conditional plots in Fig. 4.7
suggest that the primary fuel molecule is not the most appropriate regime-related quantity
in the interior of a flame. For example, between Z = 0.04 and Z = 0.12 the CO molecule,
which can also act as a fuel, is present in concentrations that are orders of magnitude larger
than the concentrations of n-C7H1g. Within these mixture fraction bounds, CO and other
intermediates undergo oxidation and are converted into more stable combustion products.
This conversion process is not accounted for in the traditional flame index, because the index
accesses only the primary fuel. The combustion regime index, on the other hand, accounts
for the conversion of intermediates in the sense that it measures how all the products
appearing in the definition of the progress variable are affected by the conversion. As each
individual intermediate is converted into a final product and those products are transported
away from reaction zones, the gradients are seen in the general flamelet transformation as

changes along directions that align either with Z or A.
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4.3 Application: LES Of A Low Swirl Burner

In this section, the proposed combustion regime index is tested in an LES of a premixed
low swirl burner. Premixed swirl burners have been the subject of experimental studies by
Cheng et al. [6, 17, 125] and Petersson et al. [102]. Additionally, computational efforts have
been directed toward understanding their behavior [93, 94]. These burners are particularly
notable because they generate lean premixed flames that are quite stable. When considered
in conjunction with the characteristically low levels of NOx that are produced by lean
premixed burning, this inherent stability makes these burners an attractive option for a

variety of industrial applications.

4.3.1 Low Swirl Burner Description

The specific burner that is simulated in this work is a duplicate of the burner studied by
Nogenmyr et al. [94]. This burner consists of a 50 mm diameter pipe that ejects premixed
fuel and air into an open atmosphere at an ambient temperature of 298 K and an ambient
pressure of 101.3 kPa. Upstream of the pipe nozzle, a series of swirl vanes impart an
azimuthal velocity component to the flow and transfer axial momentum from the pipe
center to the pipe edges. The bulk flow velocity of the pipe simulated here is 7.5 m /s, which
produces a bulk jet Reynolds number of about 20,000. A large annular coflow of air moving
at 0.3 m/s surrounds the pipe nozzle. The pipe feed itself consists of premixed methane and
air at an equivalence ratio of ¢ = 0.62. Although this main feed is premixed, the burner
is interesting to study in the context of regime selection because of the coflowing air. This
air begins mixing with the pipe feed immediately after it exits the nozzle. Consequently,
the evolution of the combustion process, and the regime in which combustion occurs, are
affected. A schematic of the low swirl burner is shown in Fig. 4.8.

The LES is performed using the semi-implicit finite-difference code [27] described in
chapter 2. The LES formulation of this code is 2"¢ order accurate in both space and time.
Due to the burner geometry, the LES solution is developed on a cylindrical coordinate mesh.
The mesh is stretched and, in an effort to ensure resolution of the smaller energy containing
scales in the nozzle shear layers, the node density peaks near the nozzle. The mesh consists
of 186 x 158 x 128 nodes in the axial, radial, and azimuthal directions, respectively. In
an early iteration of this burner, the Kolmogorov length scale (1) was estimated to be

on the order of 5.0x107® m [6]. This would very approximately correspond to a A/n of
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Figure 4.8: Depiction of the low swirl burner setup, taken from Fig. 1 of reference [93]. a:
the burner mounted in the co-flow arrangement; b,c : the swirler assembly. The swirler
assembly separates the incoming premixed stream into swirled (outer) and non-swirled
(inner, through the perforated plate) components.

between 5 and 20 in the shear layer, depending on which mesh direction is considered.
The LES subfilter stress tensor and subfilter scalar flux are described using a dynamic
Smagorinsky model that employs a Lagrangian-type statistical averaging procedure [87].
A convective outflow boundary condition is enforced at the downstream exit plane, and a
dirichlet condition is enforced in the radial velocity variable along the side boundaries of

the computational domain.

4.3.2 Low Swirl Burner Combustion Model

The chemical reactions that occur in the flow are treated using a combined FPV [49, 103]
and level set [112] model. This combined model is a particular realization of the presumed-
PDF flamelet approaches that were discussed in sections 3.1 and 3.2. The independent
flamelet coordinates are selected to be the mixture fraction Z and the progress variable
C'. Because this simulation’s goal is the study of regime dependencies, relatively standard
choices are made in the implementation of the flamelet model. A beta-PDF is used to
describe the subfilter distribution of mixture fraction [103, 134], while a delta-PDF is used
to describe the subfilter distribution of the progress variable [103]. The joint PDF P(Z,C)
from Eq. (3.10) is then

P(2,C.2,72",C) = 8 (Z; Z, Zﬁ) ») (C - (5TZ) . (4.4)
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With ]S(Z , C') defined, arbitrary filtered reactive quantities in the LES can be evaluated as,
02,270 = [ [ on(z.0)-5(2:2.27)-5(c-Clz)azac. @9
zZ JC

where the ¢ (Z, C) are solutions to the steady non-premixed flamelet or laminar premixed
flame equations. Prior to the start of the swirl burner LES, the E,Ek are precomputed us-
ing both of these asymptotic regime solutions, and stored in separate premixed and non-
premixed tables. It will be shown below how the combustion regime indicator can be used
to determine which of these tables to access. Note that the form of the presumed PDF is
assumed to be regime independent. This assumption is not necessarily robust, and will be

further examined in chapter 6.

The values of Z and C that are used to access either table are obtained from the solu-
tion of filtered transport equations. The variance of the mixture fraction, 2’5, is calculated
locally in the flow using the dynamic model described in section 2.1.5. The steady flamelet
solutions needed for table generation are determined using the GRI 2.11 chemical mecha-

nism [11] and the FlameMaster program [106].

Because this combustor’s reactant stream consists of premixed fuel and air, the premixed
resolution constraint described in section 3.6.2 must be dealt with. Accordingly, the level
set expression from Eq. (2.81) is solved to track the premixed flame front. The turbulent
burning velocity that appears in this expression will be discussed in more detail in chapter 5,
but is modeled in the low swirl burner LES as [101]

1/2
STy = SLu + U [—fyDaA + ((fyDaA)2 + ’yaDaA> } , (4.6)

where the coefficient values are o = 4 and v = 0.195.

Because the swirl burner represents a multi-regime flow, the role of the level set requires
particular attention. In a multi-regime setting, the level set definition from section 2.1.6
must be kept in mind. This section emphasized that a level set represents an isocontour of
the progress variable, C. Therefore, even though it is not consistent to think of a coherent
flame front in a non-premixed regime, it is consistent to solve for a level set. The level set
is simply treated as an isocontour of the C variable. In non-premixed regimes, progress
variable gradients are somewhat less pronounced than in premixed regimes, and source

terms in reactive scalar equations do not need to be coupled to level sets. The question of
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how to ensure consistency between the level set and the progress variable in non-premixed
regimes then arises. The level set description of the reaction zone is trusted in the premixed
regime, and the progress variable source term is coupled to it as described in section 3.2.3.
In the non-premixed regime, however, the transported progress variable is trusted, and
the level set must therefore be made to consistently track the C equation. To ensure this
consistency, the laminar and turbulent burning velocity expressions in Eq. (4.6) will be used
as the level set propagation velocity in regions that the combustion regime index says are
premixed. In non-premixed regions, the appropriately normalized right hand side of the C
transport equation, Eq. (2.31), will be used to describe the level set propagation velocity.
This non-premixed propagation velocity expression is very similar to Eq. (2.86), but because
a non-premixed regime is considered, the diffusion and reaction terms can for the most part
be modeled independently of one another.

The low swirl burner combustion model can be summarized as follows. Transport equa-
tions for a progress variable, a mixture fraction, and a level set are all solved. The progress
variable source term is coupled to the level set in premixed regimes, in a way that ensures
the flame front propagates at a correct speed. In non-premixed regimes, the level set is
passive, and its coupling to the progress variable is reversed. In this regime, the progress
variable’s diffusion and reaction terms are used to set the level set propagation velocity, and
to ensure that it consistently represents an isocontour of C. Information from the combus-
tion regime index is needed to determine where premixed and non-premixed regimes exist
in the LES, so that appropriate source terms can be set for C and G transport. Finally, the
density field is developed from the solution of the mixture fraction and progress variable
equations using the presumed PDF tabulation in Eq. (4.5). Either the premixed or the
non-premixed table can be accessed to determine density, as well as the viscosity and other
quantities of interest. It will now be shown how the combustion regime indicator can be

used to determine which table to access.

4.3.3 Regime Based Flamelet Selection

At all times and at all mesh points in the LES, one of the two tables qzk = qzk (Z, 2’6, 6’)
must be selected for use. In this simulation, the selection is made based on the values of
the combustion regime index, and of the lammability limits of the local mixture. The issue
of flammability limits will be considered first. Steady 1-D premixed flame equations only

produce realizable burning solutions within a certain range of equivalence ratios. In the case
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of methane and air chemistry, the lean and rich flammability limits occur at equivalence
ratios of approximately 0.45 and 1.75, respectively. Outside of these limits, valid burning
¢ (Z,C) solutions to Eq. (3.14) do not exist. As a result, no useful information is gained
by calling a premixed table outside of these bounds. Therefore, when the local value of Z
is outside of the flammability limits, the non-premixed table is called by default. This first
criteria is consistent with the combustion regime index because the regime index recognizes
that the burning velocity, sy, ., appears in the premixed terms of the general flamelet trans-
formation. As the flammability limits are reached, the burning velocity approaches zero and
the combustion regime index predicts non-premixed behavior. Note that the non-premixed
table contains burning solutions that could account for heat diffusion into regions where Zis
outside the flammability limits. If the diffused heat were to induce any further combustion
beyond these limits, the current approach would predict that the combustion occurs in the

non-premixed regime.

The primary quantity involved in regime selection is the proposed combustion regime
index. Within the flammability limits, both the premixed and the non-premixed tables
provide physically meaningful information. The proposed index can be used to determine
which of these tables should be called. Because only filtered quantities are available in LES,
the terms that appear in the index must be filtered if the index itself is to be used. Filtering

Eq. (3.46) and again neglecting the unsteady terms and diffusion in the A coordinate gives
(o€ (el Vil - v (p5VR)]) +(-5"235C) —pic—pDsrs, (4D
2 3

where

plses = [~ € [STal VAY] + 0nC pusral VAl + [pL030 -5 23] L aw
2 3

describes the subfilter scale contributions to the chemical source term budget. Most of the
terms in the filtered model, Eq. (4.7), can be computed using the well established presumed-
PDF formula found in Eq. (4.5). The exceptions are Xz and the subfilter terms. In the
LES, Xz is calculated using a subfilter turbulent diffusivity and the filtered mixture fraction
gradient VZ, Xz = 2D,VZ - VZ [42]. The subfilter terms in Eq. (4.8) are neglected. The
decision to neglect subfilter terms is made primarily because the process of introducing

closure models is beyond the scope of the present work. This process will need to be
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carried out in the future if the combustion regime indicator is to become more robust. For
now, the LES implementation can be treated as a check on the budget of an artifically
strengthened source term. The strengthening occurs because the wsps term in Eq. (4.7) is
not appropriately removed from we. Using the same regime indicator notation introduced

in section 4.1, the LES model is,
Q=1VvV O>1; Q=0V 6<1, (4.9)
where © is defined as

5 OnC |pustal VA = V- (4DVA) | |

P 05C

(4.10)

Q = 1 indicates that the premixed regime is locally dominant, while Q = 0 indicates
that the non-premixed regime is locally dominant. Q = —1 is set and the non-premixed
table is called when the chemical source term becomes smaller than some cutoff value €.
The flame index in Eq. (4.1), modified to use the gradients of the filtered fuel and oxidizer
fields that are accessed from the tabulated chemistry, is also calculated for comparison.
Unlike the combustion regime index, however, the flame index does not affect the evolution
of combustion in the LES. The subfilter scale flame index models proposed by Domingo
et al. [30, 31] are not used so that regime model implementations based only on resolved

quantities can be compared.

4.3.4 Inflow Generation

The swirl assembly that is shown in Fig. 4.8 creates the primary flow characteristics that
make the low swirl burner unique. Care therefore needs to be taken to accurately capture
this assembly’s influence on the flow. Ideally, the swirler components would be directly
simulated. The structured LES code that is being employed here, however, does not im-
mediately permit the meshing of the curvilinear vanes. Therefore, an approximate swirler
induced inflow will be generated using a series of separate large eddy simulations, stored
as a file, and fed into the swirl burner LES as a function of time. The inflow boundary of
the swirl burner LES is set 35 mm (0.7 pipe diameters) upstream of the nozzle exit. The
process of generating the inflow for this boundary starts from the solution of an LES of a

periodic pipe. The velocity solution along a cross sectional plane in this LES is recorded
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as a function of time. This stored profile is then used as the inlet condition for a second,
non-periodic pipe LES. An azimuthal velocity component is added to this inlet condition
to approximate the effect of the swirler. The magnitude and shape of the azimuthal profile
is critical, as it must accurately describe the flow imposed in the burner pipe by the swirl
vanes. The swirl momentum in the first experimentally measured plane downstream of the
burner nozzle is used to determine these parameters. Velocities in the outflow plane of the
separate pipe LES are recorded as a function of time and then used as inflow conditions
in the swirl burner LES. The agreement of the experimental and LES swirl burner velocity
profiles that are shown below indicate that the upstream boundary conditions are suffi-
ciently well, but not perfectly, captured. The intensity of the turbulence generated by the
perforated plate in Fig 4.8(b), for example, is one of the more important uncertainties in

the simulation.

4.3.5 Simulation Results

The LES results are shown in Figs. 4.9 - 4.13. This sequence of figures begins with a plot of
several instantaneous fields from the simulation. The top portion of Fig. 4.9 shows a com-
parison of a typical experimental swirl burner visualization to an LES depiction of three
progress variable isocontours. Note that the experimental image was taken at a different
set of swirl conditions than the LES, so the comparison is only representative. The LES iso-
contours show various levels of reaction progress, and the darkest isocontour represents the
most intense burning. This region of intense burning compares well with the experimental
visualization, although it has a somewhat less wide profile due to the differences between
the swirler nozzles. The middle part of Fig. 4.9 shows contour plots of vorticity and axial
velocity in the LES. In the bottom part of the figure, the level set representation of the
flame front is shown and is colored by the mixture fraction field, Z. Figure 4.9 illustrates
the general scope of the simulation, and emphasizes that turbulence strongly influences the
shape and dynamics of the flame. The axial velocity plot, in particular, demonstrates that
the swirl vanes induce dual effects: they move momentum from the center of the inflow pipe
to the pipe edges, and they create a strong recirculation region in the flow just downstream
of the nozzle.

Figure 4.10 shows time averaged mean velocity profiles from both the LES and experi-
ments [102] as a function of the burner radial coordinate. In general, the LES predictions

agree very well with the experimentally measured profiles. The two experimental data
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Figure 4.9: Top left: Typical LSB experimental image, from Cheng [6, 17]. Note that the
flow conditions are not the same as in the LES; Top right: Three C isocontours from the
LES; Middle left: LES vorticity; Middle right: LES axial velocity, overlayed with the lean
flammability limit isocontour of Z ; Bottom: LES level set representation of the flame front,
colored by Z.
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sets that are shown in each plot represent information from the two sides of the burner
centerline. These experimental data sets indicate that the flow field is not completely ho-
mogeneous in the azimuthal direction. The upstream swirl vanes are spaced far enough
apart that their azimuthal influence can be measured even downstream of the nozzle. The
boundary condition description in this LES does not account for these small heterogeneous
vane effects, but the LES does accurately describe the azimuthally averaged influence of
the vanes. The two largest deviations from the experimental data that do occur appear
in the upstream azimuthal velocities and in the downstream radial velocities. The peaks
that occur in the upstream azimuthal profiles are slightly too broad, indicating that, again,
the effects of the swirl vanes are not perfectly accounted for. The broadening may be due
either to an inappropriately wide swirl profile imposed on the inflow of the pipe simulation
run to generate boundary conditions, or to an incorrect spreading rate along the pipe. The
peaks in the downstream radial velocity profiles are similarly slightly too broad, although
it is less clear what causes this behavior. The centerline data that is shown in Fig. 4.12
suggests that chemistry is correctly accounted for, but it is possible that heat release is

slightly overpredicted and that this creates an artifically large gas expansion effect.

Time averaged rms velocity profiles are shown in Fig. 4.11. Again, the LES and exper-
imental results in general agree fairly well. Some larger errors do occur in the axial rms
velocities around the nozzle shear layer, but the computed and experimental profiles match
excellently in all other flow regions. Explanations of why overpredictions occur in the shear
layer are not obvious. The mean axial velocities are well described in this region, and the
flame itself never reaches farther upstream than 0.4 pipe diameters past the nozzle exit. It
is possible that these overpredictions are, like the azimuthal velocity errors, a function of

an inadequate description of how the upstream swirl vanes affect the flow.

Figure 4.12 shows time averaged profiles from the centerline of the burner. The mean and
rms axial velocities are shown along with the mean and rms temperatures as a function of
the burner axial coordinate. This figure is particularly noteworthy because it demonstrates
that the central flow feature of the swirl burner is accurately captured by the LES. This
feature is the linearly decreasing centerline axial velocity profile. The decrease in axial
velocity is created by the recirculation region that the swirling flow sets up. The decreasing
velocity profile acts to stabilize the position of the burner’s premixed flame. If the flame
is convected closer to the burner nozzle by an eddy, it sees an increased axial velocity

that works to push it back to equilibrium. If the flame is convected downstream, it sees a
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Figure 4.10: Time averaged swirl burner velocity profiles at sequential downstream loca-
tions. LES solutions ( ); Experimentally measured profiles from each side of the burner
centerline (o 0 o) [102]. Left to right: axial, radial, and azimuthal profiles.
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Figure 4.11: Time averaged swirl burner rms velocity profiles at sequential downstream
locations. LES solutions (——); Experimentally measured profiles from each side of the
burner centerline (o o o) [102]. Left to right: axial, radial, and azimuthal profiles.



106 CHAPTER 4. FLAMELET MAPPING IN MULTI-REGIME ENVIRONMENTS

0.6
1600F
04
~ 12000
)
= 02
800+
0.0
400F
02 0.
600 ‘
02
400t
S
: 0.1
[_‘
200f
0.0F ]
1 1 1 1
82704 06 08 10 12 00 03 06 09 12 15

x/D x/D

Figure 4.12: Time averaged swirl burner centerline profiles. LES solutions ( ); Exper-
imentally measured profiles (o o o) [102]. Axial velocity, axial rms velocity, temperature,
and rms temperature are shown as a function of downstream displacement along the burner
centerline.

decreased axial velocity and is allowed to propagate back upstream. Although accurate, the
LES axial velocity profile is not perfect. It leads the experimental profile on the upstream
side by as much as 15-20% of the burner diameter at x/D=0.6. Interestingly, these errors
do not strongly affect the flame position. The mean LES temperature results do not deviate
from the experimental results by more than 5% of the burner diameter. The combustion
model therefore appears to be working appropriately, and excellently captures the dynamics

of the flame front.

Two additional instantaneous images from the LES are shown in Fig. 4.13. Both the
traditional flame index and the proposed combustion regime index are plotted there. This
figure particularly highlights the contrasting nature of these indices. Unlike in the lami-
nar partially premixed case studied in section 4.1, the indices predict significantly different
regime behavior throughout the LES. Because the simulated burner is lean and premixed,
premixed burning is expected in the immediate vicinity of the upstream flame front. The
flame index and the proposed regime index both accurately capture this leading premixed
flame, but the similarities between the two indices end there. The flame index, for example,

predicts that a thin premixed zone surrounds the level set everywhere in the domain. The
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combustion regime index, however, predicts that a much thicker premixed zone exists around
the entire upstream flame front, and that no premixed burning occurs downstream in the
combustor. While a local combustion regime can of course not be experimentally measured,
simple flame physics suggest that the proposed combustion regime index more accurately
locates the premixed zones. The middle right plot in Fig. 4.9, for instance, shows the isocon-
tour where the mixture fraction equals the lean flammability limit. This isocontour never
extends more than a few pipe diameters past the nozzle, and at locations downstream of
this isocontour the local fuel supply cannot sustain premixed combustion. The combustion
regime index accounts for this flammability constraint because the burning velocity, sz, .,
appears in its definition. Specifically, sy, approaches zero in very lean mixtures. This
diminishes the significance of the premixed terms in the general flamelet transformation,
and forces the magnitude of O in Eq. (4.10) to drop below one. The flame index, on the
other hand, has no access to information regarding whether a mixture is lammable. As a

result, it incorrectly predicts that premixed combustion can occur downstream in the flame.

Another important difference between the regime indices appears near the burner nozzle.
The flame index contours in Fig. 4.13 predict that a non-premixed zone exists in the space
between the nozzle and the leading edge of the flame front. This prediction is a product
of the flame lift off that occurs in the burner. While fuel lean in an absolute sense, the
premixed stream that exits the nozzle is the relatively fuel rich stream in the burner. The
air stream that comprises the coflow is of course relatively oxygen rich. The lifted nature
of the premixed flame allows these streams to form opposing fuel and oxidizer gradients
before they burn. Although these gradients are opposed, they exist within a flammable
gas mixture. A perturbation that moves the leading edge of the flame upstream would
therefore not alter the premixed behavior of the combustion. Apparently, then, the flame
index incorrectly assigns the non-premixed regime to the space created by the flame lift
off. Conversely, the combustion regime index predicts almost no non-premixed behavior
upstream of the flame front. Admittedly, the Q = 0 condition appears along a very thin band
that surrounds the leading edge of the flame. This condition, however, exists only because
Q must transition between a premixed burning ((~2 = 1) and a non-burning (£~2 = —1) state.
In the immediate vicinity of the nozzle, the progress variable source term is identically zero,

and the combustion regime index correctly predicts that neither burning regime is present.

Before leaving this LES analysis, it must again be emphasized that the combustion

regime index was used to actively select amongst tabulated chemistry values within the
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Figure 4.13: Instantaneous fields from the swirl burner LES. Red denotes a premixed regime,
while green denotes a non-premixed regime. Top: Flame index regime indicator model;
Bottom: Proposed LES regime indicator model from Eq. (4.9). The black isocontours show
the level set that describes the flame front.
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simulation. A comparison of the simulation with experimental measurements and an anal-
ysis based on simple flame physics both suggest that this proposed index correctly predicts

the nature of local combustion processes.



Chapter 5

Flame Propagation In Premixed

Regimes

Although large energy containing turbulent flow structures are resolved in LES, the majority
of the physical processes that are important in premixed combustion are not. As discussed in
section 3.2.2, this makes the formulation of premixed models especially difficult, and unique
modeling approaches are needed if premixed flame evolution is to be correctly described in
LES. A wide variety of approaches have been proposed in response to this challenge. Not
surprisingly, most of these approaches share a common trait. In one form or another, they
all depend on the turbulent burning velocity. In this chapter, the turbulent burning velocity
will be examined in closer detail, and a dynamic approach to describing this quantity will

be proposed.

The first section of this chapter will discuss the relationship between turbulent burning
velocity models and LES filter kernels. A typical burning velocity model will be introduced,
and the assumed parameterization of this model will be considered. This parameterization
will remain important throughout the proposed dynamic procedure, and will create a need
for extensive averaging in the eventual model formulation. Next, the influence that subfilter
convection has on flame propagation will be considered. The mathematics of the dynamic
procedure for calculating burning velocity model coefficients will then be introduced. The
resulting dynamic equation will first be tested in a direct numerical simulation of a propa-
gating isothermal turbulent front. It will then be applied in an LES of a turbulent bunsen

flame.

110
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5.1 The Turbulent Burning Velocity In LES

A filtered equation describing the propagation of a flame front was developed in section 2.1.7,

O~ 0~ pule—— o
510) + g, (@)= % (D)7, + 57,4 VG| - T, (5.1)

where T, is the subfilter front convection term, sz, = s1,,|VG|/ ‘V?‘ is the definition of
the turbulent burning velocity, and sz, is the burning velocity of a laminar and steady
premixed flame. It was noted in section 2.1.7 that this same front could be described in a

numerically tractable way by the level set equation

L,
V|

O,z ~ O A Pulm— B ~

VG| (5.2)

As the filter width associated with these equations approaches zero, the |VG| terms in the
ST u, definition cancel with one another, and the laminar burning speed is recovered as a
source term. Conversely, as the filter width increases, the ratio [VG|/|V§| increases and the
turbulent burning velocity becomes larger. It is important to recognize that the turbulent
burning velocity is the primary term describing front propagation in Egs. (5.1) and (5.2).
In the limit of very large filter widths, a single filter kernel can see a tremendous amount
of front wrinkling. The burning velocity model is singularly responsible for capturing how

this wrinkling influences the front propagation speed.

A variety of turbulent burning velocity models exist [19, 36, 100, 101], and a typical
example is the model of Peters [101, 109, 135, 136],

1/2
STy = SLu + U [—’yDaA + ((7D34)2 + ’yaDaA> } . (5.3)

In Eq. (5.3), o and ~ are model coefficients, Day is the Damkdhler number associated
with the LES filter, and «/, is an estimate of the subfilter turbulent velocity fluctuations
that the filter defines. The model coefficients have, relative to Peters’ original model, been
renamed and regrouped. This regrouping forces the coefficient o to appear in the limits of
both large and small Dan, which will be a useful property when the dynamic coefficient
calculation procedure is introduced. The limits of large and small Daa roughly correspond

to the corrugated flamelets and the thin reaction zones regimes from Fig. 1.1, respectively.
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In these limits, Eq. (5.3) reduces to

STy = SLu + %U'A V. Dap>>1, (5.4)
D 1/2
ST = SLu (1 + (ya)'/? (;A“> ) ¥V Dapy <<l (5.5)
u

Typically cited values of the coefficients are a = 4.0 and vy = 0.195 [101].

The most important parameter in the modeled Eq. (5.3) is the velocity fluctuation, u/,.
This fluctuation appears both on its own and as a component of the Damkdhler number.
Although important, an appropriate description of v, is difficult to formulate in LES. This
is partly because the quantity can be defined in different ways, and partly because the
relationships between these definitions and other turbulent variables do not always display
large amounts of correlation. A variety of models that attempt to predict u/, have been
proposed [19, 73, 140], and one such model will be discussed in more detail in the following
sections. Each of these models, however, are subject to certain drawbacks. Furthermore,
it is important to note that sfu’s dependence on this quantity was originally formulated
in a RANS context, where v/, represented an integral scale fluctuation determined from
the turbulent kinetic energy. While this dependency makes sense in RANS, a velocity
fluctuation dependence is less helpful in LES where subfilter fluctuations are often treated
as order-of-magnitude estimates. It will in fact be shown below that, like many turbulence
assumptions equating production and dissipation, the assumption of a strong relationship
between velocity fluctuations and S, May not be instantaneously and locally appropriate
in LES.

The challenge of modeling the turbulent burning velocity continues to call for research
efforts. In response, a dynamic procedure for calculating the coefficient « is proposed below.
A dynamic procedure is promising in the context of the burning velocity because it allows
small scale information to be used to eforce constraints on the modeling difficulties outlined
above. Before this procedure is introduced, however, the T, term that describes subfilter

convection will be discussed.

5.2 Subfilter Front Convection

T, was defined in Eq. (2.73) as Ty, = (u, - VG) — (U, - VG), and appears in Eqs. (5.1)

and (5.2) as an unclosed subfilter fluctuation term. Unlike the Reynolds stress fluctuations
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that appear in the filtered Navier-Stokes equations, however, I';,’s net effect on the filtered
equation is small. This term describes how subfilter velocity fluctuations affect the filtered
flame front. While these velocities tend to wrinkle and perturb the filtered surface, they are
equally as likely to perturb it in the direction of front propagation as they are to perturb it
in opposition to the propagation effect. In other words, some of these velocity fluctuations
convect the flame front forward, and some convect it backward. When the net effects of
these fluctuations are filtered, therefore, they tend to have little effect on the mean front
position. The unique behavior of this subfilter term is directly due to the gradient of G being
non-zero only locally at the front. This insight demonstrates the importance of a correct
filtering approach for isosurfaces, since the application of a filter to a level set equation may

not produce an equivalent result.

The nature of T',, can be illustrated by considering the release of a non-propagating front
in a flowfield of isotropic turbulence. In this situation, subfilter scale velocity fluctuations
certainly exist, and the unfiltered front becomes more and more wrinkled as time advances.
But the mean front position remains stationary because there is no bulk convection, and
because the front does not propagate normal to itself. Consequently, the mean 0G /0t term
in Eq. (5.1) is zero, and this equation reduces to I';, = 0. The steady mean front position

effectively implies that I',, cannot contribute to front motion.

While the subfilter convection term does not by itself cause front motion, it is of course
true that subfilter velocity fluctuations strongly contribute to flame front dynamics. It is
simply important to recognize that these contributions are all made in conjunction with
other physical mechanisms. For example, velocity fluctuations might promote an increase
in flame surface area that, because of the burning velocity, in turn leads to an increased
consumption of unburned mixture. Or, they might promote the growth of subfilter flame
curvature, which would lead to increased heat diffusion and an adjusted burning velocity.
The difference between these cases and the case of passive front release is the presence
of self-sustaining front propagation. Since T',, is uncorrelated with a propagation speed,
however, the approximation I', ~ 0 should hold to a reasonable degree of accuracy. DNS

data testing the validity of this approximation will be presented in section 5.4.1.
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5.3 A Dynamic Turbulent Burning Velocity Identity

Investing in the development of a dynamic ST u model is worthwhile because such a model
can theoretically predict flame speeds in a way that ensures a flame’s position is independent
of LES filter width. A dynamic model can only be only be developed, however, if consistent
filtering procedures are available. Again, this is why the surface filtering machinery that
was presented in section 2.1.7 is particularly important. With this machinery in place, both
filters and test filters can be applied to the front transport equation, Eq. (5.1). A dynamic
identity analagous to Germano’s identity for the subfilter stress [40] can then be determined.
This identity will relate turbulent flame speeds associated with different filter widths and
provide an equation that can be solved to find the value of a model coefficient.

When a test filter operator (denoted by a right arrow over a term) is applied to Eq. (5.2),

that equation becomes
—_ ——
oG - 06 =% Pu e = | Pu -
. r,) = Dk)— — . 5.6
ot oy, + (Tw) 5 (Dw)7, VG| + ﬁsT7uyvg| (5.6)

When a filter and a test filter are applied to the unfiltered transport expression for G in
Eq. (2.67) as a single operator, a different result is obtained. In this second expression, the

terms being modeled appear at the test filter level rather than the filter level,
— +uj— + Fu—_><D/<;) |Vg|+:s%> VGl (5.7)
' P

Equations (5.6) and (5.7) form the basis of the dynamic model. Although these equations
were created using different sequences of filter application, they should produce equivalent
front positions. In other words, since the test filter commutes with time derivatives, the
0G /0t terms in these two equations are the same. Subtracting Eq. (5.7) from Eq. (5.6)

produces a relationship that holds at all times if filtering is being properly performed,

~ oG Pu (75— Pu =
U]aTj (p (DK/)T,U + pST,u) |Vg| —

- 0G u (= w —
ujag _ (1 (m)ﬁ —I—%s?’u> VG|, (5.8)

where the T',, ~ 0 assumption from the previous section has been applied.



5.3. A DYNAMIC TURBULENT BURNING VELOCITY IDENTITY 115

Like the identities used to describe subfilter stress models, Eq. (5.8) does not hold locally
and instantaneously. In part, this is because the propagation speeds ST a, and s%u are only
defined at their respective fronts. These fronts exist at different spatial locations, and the
associated speeds cannot be directly pointwise compared. But additionally, there is a need
for the coefficients in the modeled terms to be reasonably bounded. This will not occur if
satisfaction of the equation is forced for all time and space. Equation (5.8) will instead be
said to hold in a statistical sense over a given number of local flame front realizations. In
dynamic subfilter stress models, an appropriately large number of realizations are ensured

by averaging the terms in the dynamic equation over some volume of the flow. A similar

technique will be used here.

5.3.1 Modeling Gradients In The Identity

Given curvature and burning velocity models, the sz, and Dk terms in Eq. (5.8) can be
calculated in an LES. Terms that depend on G, however, cannot be calculated. This is
because the G variable changes from a uniform value of zero to a uniform value of one
within a single filter width. Gradients of G are therefore computationally unresolvable,
and effectively unavailable. Another means of computing G is needed, and an alternative

approach can be developed by considering the definition of the |VG| term,

VG (x,t)| = ‘V/V}'(r)-H(C(t,x—r) — Cy)dr

(5.9)

)

/f-é(C—Cg)-nj|VC|dr
v

where n; = (0C/0x;)/|0C/0z;| = VC/|VC|. In work by Maz’ja [85] and subsequently
Kollmann et al. [75], it has been shown that the integral in Eq. (5.9) can be rewritten in

terms of the local flame surface area. The applicable relationship is

/ fFx)6(®(x) — ) [VE|dx =/ f(x)dA(x), (5.10)
\%4 S,®(x)=1

where @ is a scalar and 1 is a value of the scalar which describes an isocontour of interest.
Wenzel et al. [135] use this relation to describe the area of flame fronts in their level set based
study of how premixed flames propagate. They leverage the fact that their study permits

treating multiple level set isocontours as equally valid representations of a flame front, and
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go on to integrate this expression over all of these isocontours. They then recover Kerstein
et al.’s [68] expression showing that the magnitude of the volumetrically integrated level
set gradient represents an ensemble averaged flame area. In the present study where the
goal is to extract information from only one isosurface, a different approach will be taken.
Equation (5.10) will be applied to only a single flame front of interest, and no volumetric

averaging will be performed.

Applying the relationship from Eq. (5.10) to Eq. (5.9) produces

VG| =

/.7:-5(0—00)-nj VO dr
1%

/ F n; dA’ = |Nj|, (5.11)
S,C=Cy

where the Nj label is introduced in order to emphasize the particular physics that are
associated with the |VG| term. N, (or equivalently |VG|) defines the front conditioned
filtered normal vector. It is important to note that the presence of the filter kernel F makes
N; a volume weighted quantity, and that there is no restriction on its magnitude as there is
in the case of a typical normal vector. Nj is of course still computationally intractable, but
writing the term this way is interesting because it suggests a model for [VG| and provides

a means of explicitly computing the bounds of that model.

In the well resolved limit in which a flame front appears as a planar surface within a
filter volume, the normal vector n; = VC/|VC| in Eq. (5.11) can be brought outside the
integral. Because |n;| = 1, |N;| reduces to a measure of front area per filter volume. As
the filter width in Eq. (5.11) grows, the possibility of finding subfilter front wrinkling also
grows. When this wrinkling occurs, front normals within the filter volume will point in
misaligned directions. In the limiting case of very large filter widths, a filter volume might
encompass a series of opposed fronts. Front normal vectors would then tend to cancel with
one another when integrated, and \N]] could forseeably approach zero. In regimes between
the completely resolved and the completely unresolved limits, the value of |N;| reflects a
balance between the tendency to decrease in magnitude due to misaligned normals and the

tendency to increase in magnitude due to increased surface area per volume.

Equation (5.11) suggests that a link exists between |N;| and the well known flame
surface density variable, ¥ = [VC|. The flame surface density (FSD) modeling formalism,
where a transport equation is solved for X, has been the subject of several development
efforts. It is therfore interesting to determine whether FSD models could be applied in the

present context. It can be seen in Eq. (5.11) that the difference between ¥ and |N ] lies in
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the appearance of the §(C — Cp) and n; terms in the |N;| expression. The delta-function
can be accounted for in the FSD formalism by considering the ‘fine-grained’ flame surface

density, ¥/ = §(C — Co)|VC] [14, 70]. Just as for 3, a transport equation for ¥’ has been

derived. But X' still does not account for the normal vector n;. The ‘wrinkling factor’
= must therefore additionally be considered if |N}| is to be written in FSD terms. This
wrinkling factor is usually modeled as a direct representation of sz /s, and is defined in

different ways depending on what the local context is [70],
==S/IV0|, E=S/VHC=C), o Z=F/VHEC=Co), (512

where H is the heaviside function. The quantity in the denominator of the latter two
definitions is exactly |N;|, and an FSD expression for this quantity could therefore be
written either as |[N;| = X/= or |[N;j| = ¥//=. Clearly, the details of the assumptions
that are made in each of these approaches would need to be carefully considered before

implementation.

The combination of a transport equation solution for ¥’ and a model for Z could pro-
vide FSD-type closure to ]W]| Pursual of this transport equation option, however, would
introduce an additional set of model variables. This is because several unclosed terms ap-
pear in the equations for both ¥ and ¥’. Furthermore, because premixed flames tend to
be underresolved in LES, equations for ¥ and %/ will also tend to be underresolved. The
original resolution problem that prompted the use of level sets would then reappear in a
different form. Alternatively, ¥ could be described using an algebraic similarity expres-
sion rather than a transport equation. Although this latter approach does not require the
modeling of particular unclosed terms, the approach could itself be viewed as a complete
closure model. The terms in this similarity approach are less sensitive to the problem of
numerical resolution, however, since no transport equations are solved. Because of the mod-
eling challenges associated with FSD, a level set based method will be used to describe | N
in the remainder of this section. The FSD approach nonetheless remains interesting for a
number of reasons. Transport equation and similarity descriptions of the turbulent burning
velocity remain promising because of their ability to account for a variety of local and time

dependent effects.

The |N| regime limits that have been described can be satisfied by a model based on

the area of a filtered flame front that passes through a filter volume, A, and the filter
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volume itself, Va,

Ap

VG| = |N;| ~ A (5.13)

Note that the A4 term can be directly computed from the LES level set solution describing
the flame front. In the fully resolved limit, the filtered flame area corresponds to the actual
planar flame area within the filter volume, in exact agreement with Eq. (5.11). In the poorly
resolved limit, A o will represent the area of a filtered and relatively smooth flame, and thus
will be much smaller than the actual flame area in the filter volume. This reduced area
accounts for the effects of the misaligned normals. In areas where the flame front does not
exist, A, is zero, and Eq. (5.11) is still satisfied. As discussed above, most dynamic models
need to consider multiple realizations of a phenomenon, and an averaging procedure might
therefore need to encompass a multi-cell region of space. In such a case, the area of the

entire filtered flame front that exists within that region might be used to represent A .

The physics that this model for [N;| describes are highlighted in Fig. 5.1. The top and
bottom rows of the figure show how the shapes of two turbulent flame fronts change as
increasingly large LES filters are applied. The top row shows a front propagating in lower
intensity turbulence, while the bottom row shows a front propagating in higher intensity
turbulence. As the filter width grows larger in each row, the area of the corresponding front
representation, A, grows smaller. Conservation of mass suggests that this decrease in area
will be accompanied by an increase in the turbulent burning velocity, so that the amount of
unburned gas being consumed is independent of the filter size. Modeling |N;| (equivalent
to |VG]) as the filtered flame area accounts for this relationship, since Sz, and |VG| appear
together as a product in the transported front expression, Eq. (5.1). The dynamic identity
presented in Eq. (5.8) suggests that this product should be kept approximately constant
even when the filter width changes. As A decreases, therefore, the identity adjusts model

coefficients so as to increase sz . This behavior is consistent with physical expectations.

Once a model has been prescribed for |VG|, the convective terms that appear in the
dynamic identity can be easily dealt with. The gradients in these terms must have the
same magnitude as |VG|, and must point in the direction of the filtered front normal vector,
n; =VG/ ‘V§| Since the previously defined level set variable G describes the same front
as G, it is acceptable to write ; using the level set, 1; = VG/|IVG|. A tractable form of
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Figure 5.1: Filtered realizations of two turbulent flame fronts at particular instants in time.
The top row shows filtered realizations of a front that propagates at a speed of sz, = 2.5u/4,
while the bottom row shows filtered realizations of a front that propagates at a speed of
spu = 10u/y. The front realizations are filtered at widths of, from left to right, A/n = 0,
16, 32, and 64.

the convective terms is therefore

_0G . _ Ay
5.3.2 A Closed Form Of The Identity
The proposed models lead to a new form of the dynamic equation,
Y N — Pu Aa
b b
- — A pu f— pu A’
i - =D =s= | ——, (5.15
’LL] n] VA’ <? < H>;’u+ %)ST,U> VA/ ) ( )

where A’ denotes the test filter width. At this point, it is interesting to note the implica-
tions of the assumption that T', ~ 0. If this assumption had not been made, and if the
conditional velocity u;, had not been reformulated in terms of the unconditional velocity
@, no convective terms would appear in Eq. (5.15). Rather, the combined subfilter and
resolved convection contributions on each side of the equation would have cancelled with

= —
one another. The I';, = 0 assumption is therefore prompting the appearance of u; and u ;
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in Eq. (5.15). This is technically appropriate, since front transport equations do usually
neglect T',. But it is also possible to think of a burning velocity framework in which the
T, ~ 0 assumption is not enforced until after the development of a dynamic identity. As
just mentioned, differences between the filtered and test filtered T',, terms would then ex-
actly cancel with differences between the filtered and test filtered resolved convective terms,
and the dynamic identity would be simplified. Even in this separate framework, however, it
would eventually need to be assumed that I',, has a small effect on front transport, so that
an LES level set equation could be solved without input from this term. In summary, sub-
filter front convection could conceivably be accounted for using several different approaches,

and other criteria may need to be considered to determine which approach is best.

Equation (5.15) is general in the sense that it describes all premixed regimes except the
broken reaction zones regime. But it is interesting to determine whether it can correctly
capture canonical limiting cases. For example, if the convective terms are neglected, and if
the limit of the corrugated flamelets regime where curvature effects are small is considered,

the dynamic equation reduces to

e — =

Pu Ap Pu Ap

— 8, — = —=8§= . 5.16
D STu VA ?ST,u Var ( )

When a flame is statistically homogeneous along directions parallel to the front, the term
on the left hand side of Eq. (5.16) scales as

. A N N
Pug ANpSTuAA(> (5.17)

AA(A'/A)? describes the amount of filtered flame area in the test filter volume, A /. Sub-
stituting this expression into Eq. (5.16) gives
Pu

Pug Ap=Prse A (5.18)
5 Tufd = ZEE A :

Rl

If a location either in front of or behind the flame is considered, so that p ~ %), the

expression can be further simplified to

=
STyu — AA/ (5 19)
S—= ZA’ ’ ’



5.3. A DYNAMIC TURBULENT BURNING VELOCITY IDENTITY 121

This simplified identity is in agreement with Damkdohler’s hypothesis that the turbulent
flame speed scales with the turbulent flame surface area [23]. The proposed dynamic identity
may therefore be viewed as an enforcement of a constant rate of flame mass consumption,
independent of the filter being used. This condition satisfies the stated goal of a having a

propagation model that produces filter independent mean front positions.

To apply the dynamic identity to the determination of a model constant, actual burn-
ing velocity and diffusive propagation models must be introduced. A proposed model for
(ﬁ)fu that considers interactions between resolved curvature and resolved mixing, and
betwee7n resolved curvature and subfilter mixing [109], is

(Dk)7,, = DuF + Dy uF, (5.20)

)

where Dy ,, is a turbulent diffusivity conditioned on the unburned gas density. In this model,
interactions between subfilter curvature and subfilter mixing are left to be accounted for
by the burning speed, s7,. Here, Peters’ model from Eq. (5.3) will be used to describe
s7,.- The coefficient « that appears in this equation will be solved for dynamically, and the

dynamic identity consequently takes the form,

~ _ ZA Pu — — ZA
.24 Pup D 24
U, Va7 (Dyk + Dy yR) )
1727\ A
ot [t (o ) ) B
= — (5.21)
= A p A n
Uj%)j VAA/ — ,0_; (’Du%> + Dt,u%)> VAA/
RN
121\ A a
_ p_ﬁu <3L,u + UIA/ [—’yDaA/ + ((’YD&A/)Q + "YO[D&A/> :|> VA .
P &

Eq. (5.21) is somewhat more complex than a typical dynamic equation for a Smagorinsky
viscosity coefficient. This is because the dynamic « coefficient in Eq. (5.21) appears in an
expression that is raised to the 1/2 power. This prevents « from being explicity solved
for in terms of the other variables in the equation. In a practical simulation, a must be
locally solved by an iterative procedure such as Newton’s method. This requires information
from both the local computational cell and the surrounding cells used in the test filtering

operation. While more expensive than a simple algebraic evaluation, the iterative solve is
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not prohibitively costly, and can be efficiently applied in an LES.

As discussed earlier in this section, Eq. (5.21) is not expected to hold instantaneously for
all flow realizations. The value of « that solves this equation in an LES, for example, might
occasionally become negative. This is physically inconsistent with the model assumptions,
so a certain amount of averaging of the terms in Eq. (5.21) must be performed. Just as in
the computation of Smagorinsky subfilter viscosity coeflicients, averaging can be performed
locally, in a homogeneous flow direction [40], or using more complex techniques [87]. In the
remainder of the chapter, either the subfilter velocity fluctuation vy or the filtered flame
area per unit volume A,/V may be averaged. A final form of the dynamic identity that

includes these averaging operators (denoted as (-)) is

__ /A o /A
U]n] <‘/j> — % (DUKI + Dt7A7u/€) <‘/j>

22 (spa {ula) [ Das) + (7 D222+ (D)) ] ) (42 -
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(5.22)
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5.4 Validation: DNS Of A Turbulent Propagating Front

A DNS of a front propagating in forced isotropic turbulence is performed to validate this
dynamic turbulent burning velocity model. The parameters describing the DNS are shown

in Table 5.1. Turbulence is forced using the linear scheme of Rosales et al. [120], and the

Simulation Constants Turbulence Parameters
Mesh size = 512x256x256 Re) = 48
Cell width, Az =1.0-103 m Re; = 149
v =1.87-10"% m?/s Integral length scale, I; = 32.0- 1072 m
p = 1.16 kg/m? Eddy turnover time, 7 = 0.32 s
Burning velocity, sz, = 0.05 to 0.15 m/s Komogorov scale, n = 5.0 - 1074 m
Forcing coefficient, A = 1.038 Largest eddy size, | = 32.0-1073 m

Table 5.1: DNS Parameters
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Figure 5.2: Snapshots from a DNS of front propagation with u’/sz,, ~ 1.0. The level set
is the wrinkled surface, and the cut plane shows vorticity magnitude. The left image shows
an early time in the simulation, and the right image shows the field several eddy turnover
times later. From this perspective, the front propagates from the upper left to the lower
right.

simulation is run using a constant density flow field to isolate front propagation effects from
heat release effects. A uniform cartesian mesh of 512x256x256 cells is used, where the
domain length is doubled in the first direction to allow the flame brush thickness to grow

to multiple integral length scales. The forced Navier-Stokes equations,

Ou; _
07 (5.23)
0 (pu;) 0 (pujuy) oP 0?u; '
= - A s
ot | oz o, Moz T

are solved to describe the flow physics, and A is the forcing coefficient of Rosales et al. [120].
These equations are solved using a spatially fourth order accurate, temporally explicit ver-
sion of the code from section 2.3. Periodic boundary conditions are applied to the velocity
field in all three coordinate directions. Because linear forcing schemes add energy at every
wavenumber, turbulence is initialized within a 2563 cube and then copied to the adjacent
cube. This prevents the generation of wavenumbers smaller than the inverse of the box size.

Figure 5.2 shows two instantaneous realizations of the flowfield and front.

The level set equation

oG oG

- - = =1 .24
5 +ligy, = stIVGl ¥ G=Go VG =1, (5.24)
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is solved to describe front evolution. Since no curvature terms appear here, the simulation
describes front propagation in the corrugated flamelets regime. A reinitialization procedure
similar to the one described in section 2.3.2 is performed after every three time steps to
ensure the |VG| = 1 condition is enforced.

Front statistics are computed based on information from only one level set isocontour
(G = Gy). The flame front area is calculated from this isocontour using the first order
delta-function scheme of Smereka [130]. Neumann boundary conditions are prescribed for
the level set at each end of the domain in the direction of propagation. The front, however,
is never allowed to come so near these boundaries that their treatment influences behavior.
When the front approaches the edge of the domain in the direction of propagation, a data
shift is performed which moves the front and all the field variables to the opposite end
of the domain. During this shift, the non-level-set variables that pass through one end of
the domain are simply reintroduced at the other end. Periodic boundary conditions are
prescribed for the level set in the directions parallel to the flame front.

Figure 5.3 shows the average turbulent kinetic energy in the domain as a function of
time. Initially, the kinetic energy rapidly decays due to dissipation. After several eddy
turnovers, the effects of the forcing scheme become apparent and the turbulent energy
begins to increase. Once the forcing scheme strikes a balance with the viscous dissipation,
the energy in the domain stabilizes in time. The level set is released and statistics are
recorded after stabilization has occured, at approximately 27.5 eddy turnover times.

Figure 5.3 also shows the energy spectrum of the DNS, computed at the point in time
of level set release. Even though this DNS only captures a very limited inertial range, the
spectrum does indicate that turbulent physics are present. Additionally, the dissipative
falloff occurs smoothly and monotonically, indicating that the smallest scales of the flow are

resolved.

5.4.1 The Influence Of Convection

In section 5.2, it was argued that the T, term in Eq. (5.1) does not contribute to resolved
front propagation. Equation (5.10) can be used to rewrite this term so that it can be
evaluated directly from the DNS data. The validity of the argument can then be assessed.
Applying Eq. (5.10) to the definition of T', results in the expression

fu = / F Ujy Tj dA —Uj7u/ fnj dA. (5.25)
S S
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Figure 5.3: Left: Average kinetic energy, k = % (ujuj), in the DNS as a function of time.
The initial turbulent kinetic energy has largely dissipated by 3 eddy turnover times. The
forcing scheme then increases and eventually stabilizes k. The level set is initialized and
released at 27.5 eddy turnover times. Right: Energy spectrum from the DNS. The spectrum
is computed at the point in time of level set initialization and release. DNS data (o o o),
#x~%/3 scaling (——).

Figure 5.4 shows ', as a function of time for various filter widths. Selecting a location
for the evaluation of T',, is somewhat difficult in the DNS, since the quantity is only defined
on a surface which is continuously moving. The term could either be plotted at every point
along the front at a single instant in time, or a single location on the flame front could
be followed as a function of time. Because the present study concerns how front dynamics
evolve, the second option of following a location on the front is used in Fig. 5.4. In this
context, the single location on the front is chosen by considering a 2-D plane whose normal
points in the direction of mean front propagation. A point within this 2-D plane is selected,
and a vector is extended from this point in the direction normal to the plane. The location
where the vector intersects the filtered front is tracked as a function of time, and data
is collected at that location. A purely Lagrangian front tracking scheme cannot be used,
because instantaneous flame surfaces are always either disappearing due to burnout, or

being created due to the passage of turbulent eddies.

Figure 5.4 highlights two important aspects of I',’s behavior. In an apparent conflict
with the assumption of section 5.2, the data first shows that the T',, =~ 0 condition does not
hold locally or instantaneously. For example, in the A/n = 16 and A/n = 64 plots, the
solid line representing I, often reaches magnitudes that are comparable to the magnitudes

of the dashed line representing the resolved convective term, t-VG. This makes sense when
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Figure 5.4: Time evolution of T, ( )and u- VG (- - - -), evaluated at the flame front.

Note the different vertical axis scales.
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instantaneous data are considered, since for large filter widths the filtered velocity that the

resolved convection term sees will differ from the velocity that the front itself sees.

Although the T, ~ 0 assumption does not hold instantaneously, Fig. 5.4 reveals a second
characteristic of T',, that confirms it does hold in a mean, time averaged sense. The plots
in this figure show that the fluctuations of ', decrease in magnitude as the filter width
increases. An extrapolation of this trend would lead to the conclusion that T, asymptotes
to zero for very large filter sizes. This is only possible if the term is insignificant in an
averaged sense. Additionally, the T, fluctuations always oscillate about a baseline value
of zero. If subfilter convection contributed to flame front propagation, these fluctuations
would necessarily need to have a net positive or negative effect on the evolution of the field
variable G. Consequently, when considered in the context of describing multiple subfilter
realizations, the I', ~ 0 assumption is supported by the DNS data. Note that the resolved
convective terms in Fig. 5.4 also tend to oscillate about zero because there is no bulk velocity
in the DNS.

In the dynamic identity in Eq. (5.22), both filtered and test filtered convective terms
appear. A comparison of these terms helps to clarify the influence that convection has on
the calculation of the dynamic coefficient. This comparison is performed in Fig. 5.5. The
convective terms from each side of the dynamic identity are plotted, just as in Fig. 5.4, as
a function of time at positions that track a location on the statistical front. Plots for two
different filter resolutions are shown, and a third plot shows the differences in the filtered

and test filtered terms parameterized by filter width.

Figure 5.5 demonstrates that the differences between the convective terms on the left
and the right hand sides of the dynamic identity decrease as the filter width increases. This
same behavior was observed when T',, was plotted. It was argued that this indicated T, could
be neglected in a statistical, realization averaged sense. Presumably this same argument
can be applied to the differences between the filtered and test filtered convective terms.
From a physical standpoint, these differences arise because the filtered velocity seen by the
front fluctuates relative to the test filtered velocity seen by the front. The definition of the
test filter, however, ensures that these fluctuations are not biased towards moving the front
in any particular direction. When considered in a realization averaged sense, therefore, the
filtered and test filtered velocities should have the same net effect on the filtered front. The
DNS data thus allows for the possibility, first discussed at the beginning of section 5.3.2, of

omitting convective terms from the dynamic identity.
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Figure 5.5: Time evolution of the u - vg_} and U - VG terms from the dynamic identity.
Top two plots: u - VG ( ) and u-VG (- - - -) at two filter widths. Bottom plot: the

difference between the two terms when A/n = 8 (- - - -) and when A/np = 32 (——). The
test filter width is A’=1.5A.
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Figure 5.6: Time evolution of |VG| (—), and of the model for |VG| proposed in Eq. (5.13),
Aa/Va (- ---). From top to bottom (black to green), the filter resolutions used in the plot
are A/n =4, 8, 16, and 32.

5.4.2 Gradient Model Accuracy

The DNS can also be used to evaluate the model for |[VG| that was proposed in Eq. (5.13).
Figure 5.6 shows the time evolution of both the model and the exact |VG| term at a variety
of filter widths. These quantities are evaluated at the same statistical front locations that
were tracked in Figs. 5.4 and 5.5. While not perfect, the proposed approach displays
reasonable agreement with the DNS data. The A/Va model quite accurately captures
how the magnitude of |V§| scales with the filter width, and how the fluctuations of |VG]
behave for each particular filter. Some errors do appear, however. It is interesting to note
that these errors are not biased toward either over- or under-prediction. In future work,
this model could be compared with a model from the flame surface density framework to

determine how the approaches perform relative to one another.

5.4.3 Importance Of The Dynamic Approach

The accuracy of the dynamic procedure itself will now be considered. Up to this point,
it has been implicitly assumed that a dynamic procedure is necessary, or at the very least
helpful, in predicting how turbulent surfaces propagate. The validity of this assumption
can be checked using the DNS. In Fig. 5.7, some probability distribution functions (PDFs)
of the turbulent burning velocity are plotted. These PDFs are generated using the full flow

and level set fields from a single instant in time that occurs after the front has become fully
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Figure 5.7: PDFs of s7 /SLu, evaluated using an instantaneous data field from the DNS.
In this data set, u'/sr, =~ 2.5 and the test filter resolutions are, from the curve with the
highest peak to the curve with the lowest, A/n = 4, 8, 16, 32, and 64.

wrinkled by turbulence. The PDFs are parameterized by filter width, and the turbulent
burning velocities associated with a given filter width are calculated using the ST u, defini-
tion in Eq. (2.71). Figure 5.7 illustrates that the sz, /sr,. PDF is unimodal, but spread
out. Because of the unimodality, a single model coefficient might reasonably be expected
to describe the ST u distributions. But a question remains as to whether the observed de-
pendencies on filter width can be entirely captured by a constant coefficient ST, model, or

whether the model coefficient needs to be calculated dynamically.

Figure 5.8 demonstrates that it is in fact important to dynamically calculate the model
coefficient. In the left plot in this figure, exact ST a values from locations on a single
time realization of the filtered front are plotted as a function of the corresponding subfilter
velocity fluctuations, u'y. Since front propagation in the simulation occurs in the corrugated
flamelets regime, v/, is the only quantity that the turbulent burning velocity model depends
on. The scatter plot, however, shows that a wide range of turbulent propagation speeds
exist for any given u/y. In this figure, «/, is determined locally at all front locations by
calculating the differences between the kinetic energies of the unfiltered and the filtered

velocity fields,
(up)” =

In this equation the averaging operator ({

((k) = (ka)). (5.26)

< Wi

) represents local ensemble averaging over one

filter width in each direction. k£ = (1/2)(u;u;) is the kinetic energy of the unfiltered velocity
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Figure 5.8: Left: s, /spu vs. u/y for A/n = 32. Right: PDFs of the dynamic coefficient o
in Eq. (5.15), parameterized by filter width. The filter widths are, from the curve with the
highest peak to the curve with the lowest, A/n = 4, 8, 16, 32, and 64. Here, u'/sy,,, ~ 2.5.

field, and ka = (1/2)(u;u;) is the kinetic energy of the filtered velocity field.

The scatter plot in Fig. 5.8 is interesting to consider in the context of the many exper-
imental and DNS studies of the turbulent burning velocity that have been performed [1,
101, 135, 136]. Typically, these studies look for correlations between the ensemble averaged
ST 4, and u/, terms. While the measured correlations are subject to scatter, the variance
of that scatter is not nearly as significant as the variance seen in Fig. 5.8. The differences
between prior experimental or DNS studies and the present study are primarily attributable
to the application (or lack of application in this study) of a RANS-type ensemble averaging
procedure. When ensemble averaging is used, the turbulent burning velocity does depend
on the intensity of turbulent fluctuations in a well behaved way. But in the instantaneous

and local context of LES, a similar dependency cannot be observed nearly as clearly.

Because the relationship between the LES ST 4, and u/, terms involves so much scatter,
the value of the model coefficient @ cannot be constant in a typical LES. This result is
verified by the second plot in Fig. 5.8, which shows PDFs that describe the exact value
of a that is computed from the DNS for various filter widths. Interestingly, the mean
value of @ approaches zero as the filter width is decreased. This implies that the turbulent
burning velocity approaches the laminar burning velocity faster than u/, approaches zero.
This result is consistent with the idea of the Gibson scale [101], which states that eddies

with velocities smaller than sy, ,, cannot affect the flame front. While the use of a constant
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Figure 5.9: Time evolution of s, /s, at a particular location on the propagating front.
The filters used are: A/n =4 ( ), 16 (- - - -), and 32 (— - ).

coefficient o in the sz, model from Eq. (5.3) does not capture this effect, the dynamic

model does.

5.4.4 Statistical Averaging

The turbulent burning velocity is shown as a function of time, parameterized by filter width,
in Fig. 5.9. sz, is evaluated directly from the DNS according to its definition in Eq. (2.71),
and at the same statistical front location that was tracked in Figs. 5.4 and 5.5. Figure 5.9
indicates that, as expected, the use of larger filters tends to result in larger turbulent burning
velocities. The figure also demonstrates that the turbulent burning velocity is a strongly
fluctuating quantity. When a large filter is used, certain sections of a filtered front might
be found propagating at the laminar burning velocity, while other sections might propagate
at a velocity several times as large.

Although dynamic modeling procedures are designed to capture these kinds of fluctua-
tions, it is well known that they do not produce accurate results when used in the absence
of any statistical realization averaging [80, 87]. Fig. 5.10 shows that this is equally true of
the proposed dynamic burning velocity model. There, the dynamic identity from Eq. (5.22)
is used to calculate turbulent burning velocities in the DNS at a single front location as
a function of time. But an averaging operator is applied only to the turbulent velocity
fluctuations, u/,. All other quantities, including Aa/Va, are left unaveraged. This figure
is presented in order to emphasize the poor results that are obtained when no averaging is

used, but if the velocity fluctuations themselves are left unaveraged, the resulting dynamic
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Figure 5.10: Time evolution of the unaveraged dynamic model at a particular location on
the statistical front. The data in the second and third columns is calculated both directly
from the DNS (——), and from the dynamic model (- - - -).

identity occasionally becomes unsolvable.

The differences between the filtered area terms that appear on each side of the dynamic
identity are shown in the left plot of Fig. 5.10. These differences should tend to be positive,
since the application of a filter tends to decrease the area of a flame. Instantaneously,
however, the plot shows that the differences frequently become negative. The negative
values might occur where the application of a test filter creates a test filtered front in a
region between two filtered fronts. The A /VA term at that location would be particularly
small, while the corresponding test filtered term would be relatively large. Even after

Ap/Vy, is test filtered, the difference in the area terms could conceivably become negative.

The consequence of these negative differences appears in the middle set of plots in the
figure, where the model coefficient « is shown as a function of time. While the values of the
coefficient computed based on the exact s7 ,, from the DNS all fall within a reasonable set of

bounds, the values computed from the dynamic model do not. For the purposes of plotting,



134 CHAPTER 5. FLAME PROPAGATION IN PREMIXED REGIMES

« is artificially clipped to remain between the values of negative one and five in this figure,
but it in fact can reach both larger positive, and larger negative, values. These inaccurate
coefficient predictions directly lead to the poor turbulent burning velocity estimates shown
on the right in Fig. 5.10. The poor estimates can be directly traced to the insufficiently
averaged model parameters.

Although the issue of averaging is important in all dynamic models, it turns out to be
especially important in this flame front based model. Significant averaging is needed partly
because of the poor instantaneous correlation between ST 4, and vy observed in Fig. 5.8.
If this correlation is to be used as an LES model, statistically large samples of both the
turbulent burning velocity and the velocity fluctuations must be considered. Furthermore,
averaging is especially needed because information such as the A/Va quantity is only
available along a two dimensional surface. The application of a volumetric filter does not
capture nearly as much information from a quantity defined only on a surface as it does

from a three dimensional field variable.

5.4.5 Dynamic Model Performance

Figures 5.11 and 5.12 show how the appropriately averaged dynamic model from Eq. (5.22)
performs when it is applied to the DNS in an a priori sense. In these figures, the velocity
fluctuation and front area terms are statistically averaged over the entire domain at each
time step. The plots in the figure show, as a function of time, the model coefficient «,
the mean front speed, and the mean front position which results from that speed. In this
context, the ‘mean front’ refers to a completely filtered, or planar, realization of the front.
This front description is used because it allows the evolution of front dependent quantities
to be easily displayed. When LES filters are applied to the DNS, the resulting fronts are of
course more resolved than the mean planar front realization. In each LES model, therefore,
the ratio of the resolved filtered front area and the planar front area is calculated. The mean
front speed is set as the product of this ratio and the filtered front speed. Multiplication
with the area ratio allows front speeds calculated at different filter widths to be compared.

In the position and speed plots, the dynamic LES model is compared with the exact
DNS solution, with an LES model run using a constant value of the coefficient «, and with
a RANS model implementation that also uses a constant value of . Both the LES and
the RANS models employ the turbulent burning velocity expression from Eq. (5.3). In

the dynamic and constant coefficient LES models, v/ is computed using Eq. (5.26), which
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Figure 5.11: A priori peformance of the s7 , models. The mean front position and speed is
shown according to the: DNS data ( ), RANS model (- — - —), Constant coefficient LES
model (-~ - —), Dynamic coefficient LES model (- - -), Laminar propagation speed (OJO).

describes how the filter affects the velocity field. As mentioned, the ({-)) operator in this
equation will here denote averaging over the entire flow domain. Conversely, in the RANS
model, the average magnitude of the integral scale velocity fluctuations is used to compute
u'y. Furthermore, the estimated RANS front speed ST, 1s not multiplied by any ratio of
flame surface areas, since RANS models describe the evolution of mean, planar fronts. Note
that the standard value of the « coefficient was determined through RANS type predictions
of canonical flows such as this DNS [101, 135, 136]. The RANS model is therefore expected

to be accurate.
Figure 5.11 shows that the dynamic coefficient LES model performs better than the
constant coefficient LES model. The constant coefficient value o« = 4 overpredicts the effect

that velocity fluctuations have on the front, and leads to front speeds that are as much as
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Figure 5.12: The sz, model coefficient o as a function of time in the DNS. The constant
coefficient ( ) and dynamic LES coefficients at A/np =8 (- - -) and A/n =24 (— — ) are
shown.

100% too high. This behavior is consistent with Fig. 5.8, which showed that LES coefficient
values in the simulation should be closer to o = 1 than to &« = 4. The dynamic LES model
performs better because it explicitly captures information about how velocity fluctuations
affect the rate of front propagation. The dynamic identity correlates the increase in flame
surface area between the test filtered and filtered fronts with the corresponding change in
velocity fluctuations. Figure 5.12 shows that for A/n = 8, the dynamic coefficient reaches
an equilibrium value of approximately o = 2. This value is still somewhat high, since the
dynamic model does tend to overpredict mean front speeds. But it leads to much more
accurate front predictions than the constant coefficient. As the filter width becomes larger,
however, the value of the dynamic coefficient grows. When A/n = 24, « increases to 3 and

the dynamic model performs less accurately.

Another advantage of the dynamic model is that it captures the transient behavior
which occurs when the planar front is initially released. Figure 5.12 shows that the dynamic
coefficients have values of close to zero at the release point. The coefficients then increase
for approximately one eddy turnover time as the front evolves toward an equilibrium with
velocity fluctuations. The ST, plots in Fig. 5.11 indicate that this coefficient behavior
captures the majority of the ramp up in front speed seen in the DNS. Again, however, the

dynamic model somewhat overpredicts the true speed.

Interestingly, the constant coefficient LES model captures this same initial transient in

s7,,, but to a lesser extent. This is because the resolved LES front changes from an initially
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planar surface to a wrinkled and corrugated surface. The increase in surface area directly
leads to an increase in mean front speed. Although the constant coefficient model captures
this increase qualitatively, Fig. 5.11 shows that its magnitude is dramatically overpredicted.
The constant coefficient ST, 18 approximately twice as large as the dynamic ST a, when the
front is first released, and for the smaller filter width this difference grows as a function of

time.

The RANS model that is shown should not be directly compared to the LES models,
since different assumptions are made in these two simulation techniques. But the RANS
results can be treated as an approximation of an LES case in which the filter width spans
the entire DNS domain. The results are only an approximation because an LES would have
access to flame structure information even at the integral scale, while the RANS model does
not. Figure 5.11 shows that once the front has reached an equilibrium with turbulence, the
RANS model performs reasonably well. Again, this is expected since the coefficient o was
tuned for this exact modeling framework. The RANS results add further support to the
idea that « is a function of filter width. While the value e = 4 overpredicts front speeds for
many typical LES filter widths, it may be appropriate once the ratio A/n reaches upwards
of several hundred. Finally, it must also be noted that the RANS model is incapable of
capturing any part of the initial transient seen in the ST, plots. The dynamic LES model,
even when run with very large filter widths, would presumably still have access to basic

flame structure information and would account for this transient.

These DNS results validate the basic premise of the dynamic model. In flows where
the correlation between velocity fluctuations and turbulent burning velocities is strong or
sufficiently averaged, the dynamic model can improve burning velocity predictions. Pri-
marily, this is because the model reduces the value of the coefficient « so that it correctly
corresponds to the influence that velocity fluctuations have on the front at the relevant
filter width. The model is especially helpful in predicting the transients that occur when
the flame brush thickness is not in equilibrium with the local turbulence. The DNS results
showed that constant coefficient ST u models could not capture these transients with much

accuracy.

In spite of these advantages, this analysis makes it clear that a dynamic procedure cannot
eliminate all of the challenges associated with modeling the turbulent burning velocity. For
example, all the LES models tended to overpredict sz ,. These overpredictions occurred

partly because the burning velocity does not always correlate well with velocity fluctuations
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in LES. Improving upon the relationship between ST a, and vy in Eq. (5.3) in a way that
accounts for more of the resolved information available in LES should therefore be a part
of future turbulent burning velocity research. Additionally, the DNS used a kind of large-
sample-size statistical averaging that may not be possible in an arbitrary LES. To address
this issue, future work on burning velocity models should also in part be directed toward

finding ways of more efficiently averaging information along two dimensional surfaces.

Issues similar to these two challenges have been recognized and discussed by other
researchers. For example, Im et al. [10, 55] observed and commented, regarding their
burning velocity model formulation, on a sensitivity to velocity fluctuation predictions.
Additionally, Charlette et al. [15] showed that in the limit where ST, scales entirely with
uy, the dynamic identity in Eq. (5.15) is incapable of determining c. Specifically, in this
limit the canonical dynamic modeling case from Eq. (5.19) reduces to
@

'\ a, \T
2'LLA> AA/ = <3L7u + EUA/) AA/, (527)

(SL,u +

so that if sy, << u/4, the coefficient « identically cancels from both sides of the equation.
Charlette et al. suggested dealing with this problem by using a burning velocity model

based on a power law.

While Charlette et al.’s comments in particular offer insight into the modeling challenge,
they should not singlehandedly be cause for entirely removing the u/, dependence from
Eq. (5.3). This dependency has been repeatedly experimentally verified in a RANS context,
and the dynamic identity seems to become ill-posed in only a very small subset of flows. For
example, if the modeled S, 18 to become a function of only u/,, two conditions must hold.
The first is that the functional dependency on the Damkéhler number must disappear. If it
did not, the burning velocity would still scale with the filter width. This dependency only
disappears for Damkdohler numbers above approximately 20 [101]. The second condition is
that v/, must be significantly larger than sr,,,. If it is not, then the laminar burning velocity
itself still plays an important role in turbulent propagation. These two conditions lead to a
constraint on the ratio of the filter width and the flame thickness. If they are to be satisfied
only weakly, so that Da = 20 and «/,/sr, = 5, then the equation for the Damkdhler
number shows that A/¢y = 100. In most industrially relevant LES computations, the ratio
A/l is significantly smaller than 100, and the limit where a becomes incalculable is not

approached. Therefore, rather than remove the dependence on 'y, new sz, models for



5.5. APPLICATION: LES OF A TURBULENT BUNSEN FLAME 139

LES might attempt to incorporate the dependency in a more sophisticated manner.

5.5 Application: LES Of A Turbulent Bunsen Flame

A priori studies such as the front propagation DNS presented above are very useful because
they allow modeling errors to be isolated and understood. They do not present a complete
picture of a model, though, because they cannot describe how these errors might actively
affect the evolution of a simulation. It is therefore important to also apply and test models
actively. In this section, the dynamic turbulent burning velocity model will be used and

tested in an LES of a turbulent premixed Bunsen flame.

5.5.1 Case Description

The F-series of turbulent premixed flames were originally set up and experimentally studied
by Chen et al. [16]. The F3 flame in particular is a turbulent Bunsen flame fed by a
stoichiometric (¢ = 1.0) methane-air mixture that exits a jet nozzle at a Reynolds number
of ~ 23,000. A pilot flame of equivalent composition surrounds this jet nozzle, and the heat
from the pilot stabilizes the central premixed flame. The nozzle diameter of the Bunsen jet is
12 mm, and the gas exit velocity is 30 m/s. In the context of the premixed regime diagram
in Fig. 1.1, the F3 flame exists in the thin reaction zones regime. Note that significant
heat losses occur in the pilot flame, and that this reduces the pilot temperature below the
corresponding adiabatic flame temperature.

Because it is experimentally well-characterized, and because of a scarcity of experimental
turbulent premixed data, the F3 flame has been the subject of several numerical studies [46,
81, 112]. The particular study of Pitsch et al. [112] provides a starting point for conducting
simulations which test turbulent burning velocity approaches. Pitsch et al. use a level set
based premixed combustion model to describe chemistry in the F3 flame. This approach is
implemented in the code described in section 2.3, and several simulations are then run. It
is important to note that in these simulations, the density field is defined directly from the
level set. This approach is a more straightforward, but less robust, chemistry model than
the level set and progress variable coupling described in section 3.2.3.

A cylindrical coordinate mesh consisting of 323 x 117 x 64 nodes in the axial, radial,
and azimuthal directions, respectively, is used for this LES. The ~ 2.4 million node mesh is

run in parallel on 32 processors, and the computation of a flow through time takes roughly
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35 wall clock hours. The computational domain of the simulation reaches from a half jet
diameter upstream of the nozzle to 30 jet diameters downstream of the nozzle, and from

the nozzle centerline to a distance of 6 jet diameters in the radial direction.

Three separate simulations are performed in order to test the turbulent burning velocity
approach. In the first, the flame front is modeled as propagating at the laminary burning
velocity, sr,. While this model is of course incorrect, it is worth considering because it
provides a baseline result for comparison. In the second simulation, the turbulent burning
velocity model from Eq. (5.3) is used along with a constant model coefficient. Finally, a run
is performed in which the dynamic procedure from Eq. (5.21) is applied to locally find the
value of the turbulent burning velocity model coefficient. In this LES, the convective terms
that appear in the dynamic equation are neglected. Theoretical and empirical support for
this decision is provided in sections 5.3.2 and 5.4.1, but an additional reason for neglecting
these terms exists. Because the bulk jet velocity in the LES is 30 m/s, the local turbulent
velocity can become as high as 50 m/s. This velocity is larger than the laminar burning
velocity (sr, = 0.4 m/s) by two orders of magnitude. Small numerical errors introduced
in the calculation of the convective terms in Eq. (5.21) might therefore entirely change
the solution of the dynamic identity. Neglecting the convective terms helps to avoid this

numerical sensitivity problem.

The process of solving the dynamic equation is initiated in the LES by evaluating a
heaviside function everywhere in the domain using the value of the local level set field vari-
able. The introduction of this heaviside function allows the flame front to be test filtered
in a mathematically consistent way, as described in section 2.1.7. The test filtering of the
heaviside function is performed using the standard LES test filter prescribed in the code.
Similarly, the local value of the kinetic energy is computed everywhere both before and
after application of the test filter to the velocity field. These kinetic energy estimates will
be needed in evaluating the velocity fluctuations required by the dynamic model. Next,
using the delta-function scheme of Smereka [130], the areas of the filtered and test filtered
flame fronts are computed on a per-filter-volume basis. Finally, to ensure that a statisti-
cally appropriate number of realizations are used in the dynamic calculations, all of these
quantities are averaged in space. In this LES, averaging is performed in the homogeneous
(azimuthal) flow direction. Since the burning velocity is only needed in the vicinity of the
flame front, this averaging procedure neglects all mesh points that are not within a distance

of several cells from the front. The flame area per filter volume is additionally averaged
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in the radial direction, because of the need for large statistical samples described in the
previous section.

Estimates of subfilter velocity fluctuations at the filter level are made by dividing the LES
turbulent viscosity by the mesh cell size, u/y = vy 2/(0z). A Smagorinsky type coefficient
might conceivably be included in this expression [118], or the expression might be calculated
using another approach [19, 140]. In this implementation, however, a direct scaling with
the turbulent viscosity will be treated as sufficient.

While it might seem reasonable to estimate test filtered velocity fluctuations, vy, by
computing test filtered turbulent viscosities, this approach does not work well with the ST u
model in Eq. (5.3). The difficulty with this approach is that nothing guarantees the test
filtered turbulent viscosities will result in test filtered velocity fluctuations that are larger
than their filtered counterparts. If an implementation of the dynamic ST a model were to
encounter a situation in which the condition vy, < u/, held, it would fail. To avoid this
situation, the test filtered velocity fluctuations are computed by taking the difference of the
computed filtered and test filtered kinetic energies, backing out the associated fluctuation

magnitude, and adding it to the v/, estimate,

(1) = () + 2 (ha) — (k). (5.2

This approach guarantees that the test filter scale will contain more energy than the fil-
ter scale. The dynamic coefficient « is finally solved for using a simple Newton-Raphson

technique.

5.5.2 Simulation Results

Figure 5.13 shows images of the F flames from both the LES and the experiments. Axial
velocity is plotted on the left, while temperature is plotted in the middle. The level set
representation of the flame front is shown as a silver isocontour in these LES images. A
visible spectrum image from the F1 flame experiment is shown on the right [16]. F1 differs
from F3 only in that the bulk jet velocity is larger.

In Fig. 5.14, instantaneous data sets from the two LES cases that use turbulent burning
velocity models are plotted. These data sets show the turbulent burning velocity, com-
puted using both dynamic and constant coefficients, as a function of velocity fluctuation

magnitude. Figure 5.14 demonstrates that the dynamic model significantly changes the
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Figure 5.13: Left: Instantaneous axial velocity in the F3 flame LES, ranging from 0 m/s
(blue) to 42 m/s (red). Middle: instantaneous temperature in the F3 LES, ranging from
300 K (black) to 2200 K (bright yellow). Right: Experimental visualization of the F1 flame
from Chen et al. [16]. The level set isosurface is shown in the LES plots.

ST / Spun constant o

Figure 5.14: Instantaneous scatter plot of the turbulent burning velocity as a function of the
local turbulent velocity fluctuation magnitude. Left: sz, is computed locally in the LES
using a static value of a. Right: sz, is computed locall’y in the LES using a dynamically
determined value of a. 7
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computed flame propagation speed. Over a wide range of u/,, the flame speeds associated
with the dynamically computed coefficient are approximately 50% smaller than those as-
sociated with the static coefficient. The resolution of this LES is therefore not consistent
with the assumptions that lead to the standard constant value of a. This same behavior
was observed in the DNS testing in section 5.4.5, where the static coefficient LES model

tended to overpredict sz .

Figure 5.15 shows time averaged statistics from the LES simulations. While the axial
velocity, temperature, and water mass fraction plots each compare favorably with the ex-
periments, some discrepancies exist. The feature of these statistics that is most relevant
to the dynamic model discussion, however, is their very weak dependence on the turbulent
propagation speed. The dynamic propagation model results and the results computed using
the laminar burning velocity virtually overlap. Although this overlap is consistent with the
data shown in Fig. 5.14, it might be expected that the constant coefficient model results,
which predict much larger burning speeds, would noticably differ. But, Fig. 5.15 indicates
that this is not the case. Rather, the constant coefficient model results differ from the dy-
namic results by a few percent at most. These small changes are most clearly visible at the
x/Dg = 12.5 station. No experimental data is available at this location, but the faster flame
speed predicted by the constant coefficient model results in slightly higher temperatures

and water mass fractions relative to the dynamic model.

A comparison of the convection and flame propagation time scales in the burner helps
to explain these time averaged results. A convection time scale can be formed by consid-
ering how long it takes a particle injected at the nozzle to propagate one burner diameter
downstream, t. = Do/Uy ~ 4 x 107* s. A flame propagation time scale can be formed by
considering how long it takes a laminar CH,4 /air premixed flame to propagate radially inward
from the burner nozzle pipe to the centerline of the burner, t; = (Dg/2) /s, ~ 1.6 x 1072 s.
Comparing these time scales reveals ¢ty = 40 t., which implies that a premixed front will
tend to be convected far downstream before flame propagation closes the front off at the
centerline. This time scale disparity is what necessitates the use of a pilot flame in the
burner. Experiments show that the flame in fact closes off 12 to 15 diameters downstream
of the nozzle [16], and that turbulent fluctuations are therefore very important. But this
time scale analysis suggests that purely convective turbulent fluctuations may play as im-
portant a role as flame propagation effects do in determining the flame height. Additionally,

it is important to note that in this simulation the ratio A/n is between five and ten in the
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Figure 5.15: Time averaged statistics from LES of the F3 flame. Left to right: axial velocity,
temperature, and HyO mass fraction at sequential downstream locations. Experimentally
measured values (o o o) are plotted along with LES results computed using propagation
speeds of sp, (——), a dynamic coefficient sz, (-~ -), and a static coefficient sz, (-

,).
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jet nozzle. The LES is therefore fairly well resolved. It is possible that in a coarser LES,
the changes that the dynamic model induces in ST u would appear more readily in the time
averaged results. On the other hand, since the time scale analysis that has been presented
is independent of filtering arguments, the influence of the burning velocity might remain
small. In summary, the flame’s weak dependency on the ST u model can be explained by a
combination of the particular physics of the burner, and the resolution of the LES.

These results demonstrate that the proposed dynamic burning velocity model is appli-
cable in the context of large eddy simulations, and furthermore that the dynamic model
predicts significantly different propagation speeds than the corresponding constant coeffi-
cient model. Due to the F3 burner’s lack of sensitivity to flame speed, however, these results
do not yet offer definitive proof that the dynamic model is more accurate in an a posteriori

sense. Further testing is therefore needed.



Chapter 6

Flame Structure In Premixed

Regimes

In this chapter, analysis of the premixed flamelet approach will be extended beyond con-
sideration of the turbulent burning velocity alone. The premixed limit of the multi-regime
flamelet model proposed in chapter 3 also requires information regarding transported scalar
solutions, variance models, and asymptotic chemistry. Validation studies of level set based
premixed flamelet models for LES are relatively rare, and interactions between the detailed
components of these models are not well understood. Consequently, it is not known how
much each of the components contributes to the total error. The turbulent burning velocity
study in chapter 5 provided insight into the particular errors associated with a single model
component. But in this chapter, the goal will be to assess the validity of the combined
level set and progress variable model. It will therefore be assumed that an accurate level
set depiction of the flame front is known. If the premixed limit of the multi-regime flamelet
model from chapter 3 can be better understood and improved, the strength of the approach
as a whole will improve.

Analysis of the premixed model will begin with the introduction of a direct numerical
simulation of a premixed turbulent flame. This flame exists in the thin reaction zones regime
seen in Fig. 1.1. The assumptions that are inherent in flamelet approaches are particularly
questionable in the thin reaction zones regime, and the flame is therefore a challenging test
for a premixed flamelet model. Data from the DNS are analyzed in an a priori sense to
determine the accuracy of the coupled level set and progress variable approach [72]. These

data demonstrate that a coupled approach can be successful, but also demonstrate that the
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progress variable is a much better independent parameterization coordinate than the level
set. In response to the data, a modification to the premixed model is suggested in which
the level set is only used to determine the innermost layer of the progress variable source
term profile. Outside of this inner layer, the transported progress variable, rather than
the level set, will determine the source term. The modified model continues to describe
premixed flame propagation using a level set, but better captures how perturbed turbulent
flame structures affect the evolution of the transported progress variable. At the end of
the chapter, this model will be applied in an LES of a spray fueled Lean Direct Injection
(LDI) combustor. This LES integrates the premixed coupling approach with the generalized

flamelet modeling components that have been developed in earlier chapters.

6.1 Validation: DNS Of A Turbulent Premixed Flame

The coupled level set and progress variable model described in section 3.2.3 will be tested us-
ing data from a direct numerical simulation of a turbulent propagating premixed flame [72].
This DNS is similar to a simulation performed in a separate context by Kim and Pitsch [69].
The simulation solves the compressible Navier-Stokes equations shown in section 2.1.1. The

thermal conductivity A and the diffusion coefficient D in these equations are defined as
A= pcp/Pr and D = p/(pSc), (6.1)
where ¢, is the specific heat at constant pressure. The viscosity p is prescribed to be

p = pu(T/T,)"T, (6.2)

and (1, is the viscosity at unburned conditions. The Prandtl number (Pr) and the Schmidt
number (Sc) are set to 0.7. Fluid in the simulation is assumed to be an ideal gas with v = 1.4.
Because a fully compressible set of equations is being considered, the code from section 2.3
cannot be used for this simulation. Rather, explicit fourth order temporal [64] and sixth
order spatial [78] numerical schemes are used to solve the equations on a 1024x512x512
mesh. This resolution corresponds to a Reynolds number based on a Taylor length scale of
125. The velocity field is set so that the mesh spacing is dx = 27, where 7 is the Kolmogorov
length scale. The turbulence is initialized to be homogeneous and isotropic, and is then

allowed to decay. Non-reflecting boundary conditions are applied at the front and back
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Figure 6.1: Visualization of an instantaneous data set from the DNS. The C' = 0.50 surface
that is shown in the left plot depicts the turbulent flame front. In the right plot, C' contours
are shown in the vertical cut plane, while wo contours are shown in the horizontal cut plane.

simulation boundaries [116], while the other boundaries are set as periodic. Further details
regarding the fluid mechanics solution can be found in Kim and Pitsch [69].
Chemistry in the simulation is described using a one-step mechanism consisting of an

irreversible reaction rate of the form

Z
d)¢ =A- Y¢ - eXp (—;) . (63)

The rate parameters are set as A = (1.64-10*)u'/l; and Ze = 67T,. The unburned temper-
ature is T, = 300K and the ratio between the burned and unburned temperature is 7 = 6.

The heat release parameter is

-Tu(r = 1), (6.4)

where the gas constant is set such that the Mach number based on the initial turbulent
intensity u’ is Ma = 0.05. Only one chemical species, the reactant ¢ = Yg, is actively
solved for in the DNS that is performed. The progress variable is accordingly defined as
C =1—Ypg. Two images from the DNS are shown in Fig. 6.1.

The Karlovitz and Damkohler numbers associated with the simulation are Ka = lfc /n?
= 496 and Da = (spul¢)/(Iyu') = 0.31. Within the premixed regime diagram in Fig. 1.1,

the simulation is located in the transition region between the thin and the broken reaction



6.2. DNS ANALYSIS: PREMIXED COMBUSTION MODELING 149

zones regimes. No flame quenching or shedding is observed in the simulation because the
chemical mechanism consists of only one reaction and because unity Lewis numbers are
used. Other important simulation parameters at the integral scale are u'/sp = 19.1 and
li/ly = 6.0.

6.1.1 Filtering Strategy

Data from the simulation will be examined at a single time step. At this step, the flow field
is Favre filtered for LES model testing using a clipped and renormalized Gaussian filter

kernel. The kernel is set, using the notation from Eq. (2.25), as

Flr) = 2 exp (_|r|2> : (6.5)

£ 202

where A* = 0v/12 would be the LES filter width if the support for the kernel was infinitely
large. In this analysis, however, the kernel is active only over ¢ = A*/(3dz) mesh points on
both sides of the location where the filter is applied. dz is the local grid spacing, which is
approximately twice the Kolmogorov scale, n. Outside of these ¢ mesh points, the kernel
F(r) is set to zero, and the parameter £ is computed so that the clipped Gaussian integrates
to unity. Note that the clipping tends to cut off the filter approximately 1.150 away from
the filter location. The width of a box filter defined on the same domain of support as
Eq. (6.5) would therefore be smaller than the A* parameter. Consequently, the effective
LES filter width A will be set as A = 2.30 = (2.3/v12)A* = (2/3)A* in this analysis.
Premixed flamelet modeling approaches are generated for analysis from solutions of
the 1-D premixed flame equations shown in Eq. (3.14). These equations are solved for a
temperature and a reactant using the chemical mechanism from section 6.1 above. The

solutions are then convoluted with the presumed PDF's described in section 3.2.3 as needed.

6.2 DNS Analysis: Premixed Combustion Modeling

To establish baseline performance estimates, the premixed flamelet approach will first be
tested in the absence of level set coupling. As discussed in section 3.2.2, uncoupled ap-
proaches are not presently feasible in LES because the flame propagation speed cannot
be computed accurately with a progress variable equation alone. Uncoupled approaches

do, however, provide interesting data for analysis. Next, the proposed coupled level set
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and progress variable model from section 3.2.3 will be tested. Finally, the scalar variance
models that are needed to set presumed beta-PDFs will be analyzed.

To motivate these analyses, the flamelet approach for the premixed regime will be very
briefly reviewed. In this approach chemistry dependent quantities such as the density are
developed for use in LES by integrating 1-D premixed flamelet solutions against PDFs.
If level set coupling is not employed, the flamelet solutions would be parameterized by a
mixture fraction and a progress variable, ¢ (Z, C'). Filtered Z and C scalars would then be
used to map the integrated flamelet solutions into an LES flow field. Conversely, if a strict
level set coupling was employed, the flamelet solutions would be parameterized by a mixture
fraction and a level set field variable, ¢y (Z, G). In this strict coupling, the mixture fraction
and the distance coordinate G would be used for the solution mapping. In section 3.2.3, it
was suggested that the level set might be more accurately coupled to the combustion model
if it was first used to estimate the value of the progress variable, C;(G). The coupled
flamelet solution parameterization would then take the form ¢ (Z, Cq(G)). The uncoupled
and coupled analyses that are performed in the next two sections will consider the accuracy
of these ¢ (Z,C) and ¢ (Z, Cc(G)) parameterizations.

6.2.1 Uncoupled Premixed Flamelet Model

In Fig. 6.2, filtered chemical source terms from the premixed flame DNS are plotted as
a function of the filtered progress variable. The first plot in the figure is an exception,
and shows the solution of the 1-D premixed flame equations rather than data from the
DNS. The figure demonstrates that the filtered data approach the flamelet solution as the
filter width approaches zero. This behavior is expected, and supports the long-established
idea of using the progress variable as a flamelet mapping coordinate. Specifically, the
data show that at the smallest filter width, we and C are perfectly correlated regardless
of whether turbulence has locally thickened the flame. The correlation is perfect here
because a one-step mechanism and a unity Lewis number are used. But even in more
complicated mechanisms, these variables are expected to be highly correlated. Because of
this correlation, the problem of modeling the effect of turbulence is reduced to the problem
of modeling the PDF that describes the subfilter distribution of C'. The work that the PDF
must accomplish is graphically illustrated in Fig. 6.2 by the change in the source term profile
that occurs as the filter width increases. It will be shown below that when a level set is used

in place of C' as an independent mapping coordinate, the filtered profiles never converge to
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Figure 6.2: The progress variable source term vs. the progress variable itself. The first plot
shows the 1-D flamelet solution, while the other plots show LES-filtered data from the DNS
field at a single time step for different filter sizes.

the 1-D flamelet solution. Rather, when level sets are used even perfectly presumed PDFs

introduce errors into filtered chemical source term predictions.

The progress variable based flamelet models from Egs. (3.22) and (3.23) are evaluated in
Fig. 6.3 and Table 6.1. Because the premixed flame DNS is run at a single equivalence ratio,
the Z dependence in these equations is trivially and perfectly captured. The source term
we is selected as the variable to be modeled (¢ in Eq. (3.23)), and the C and C"2 values
that are used to set the delta- and beta-PDF's are taken directly from the filtered DNS data.
The figure and table therefore isolate the errors that are induced by the presumed delta-
and beta-function PDF shapes.
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Figure 6.3: Presumed PDF flamelet model representations of Z;C as a function of the (Zc
evaluated directly from the DNS. Left: presumed delta-PDF. Right: presumed beta-PDF.
@ has units of [s7!], and the solid line represents a perfect model.

A/?] A/lf €5 €3
4 0.2 0.039 0.005
8 0.4 0.116 0.007
16 0.7 0.334 0.027
32 1.4 0.854 0.083
64 29 1857 0.218
128 5.8  3.265 0.440
256 11.5 4.884 0.678

Table 6.1: Error associated with a modeled w¢ when a delta-function (e5) or a beta-function

(ep) is selected as a presumed PDF. The C and C”? values that set the PDFs are taken
directly from the DNS.

Figure 6.3 shows that, as expected, the beta-PDF describes the subfilter distributions
of C significantly better than the delta-PDF. A perfect model would appear in the plots in
this figure as a line with a slope of unity. Deviations from this line represent model errors,
and the delta-PDF model is subject to more pronounced deviations. The model errors can
be quantified by forming a normalized error estimate

1/2
. Z{V (»Tmodel - Iactual)2 7 (6.6)

E{V (Cﬂactual)2

where x is the variable being modeled and N is the number of occurances of x. This

error estimate was used by Wall et al. [134] in their analysis of non-premixed DNS data.
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Even though exact data values appear in the denominator of this expression, the expression
itself is not very sensitive to the number of zero-valued data points in the simulation.
Numerical tests, for example, showed that when data values less than some small cutoff are
not considered, the error associated with the data set only decreased by a few percent. This
is attributable to the fact that the summation operators in Eq. (6.6) are applied before the
division operator is. Larger data values dominate the summation in the denominator, and
the presence or absence of near-zero values is relatively unimportant in most cases.

As shown in Fig. 6.3, the error associated with the delta-PDF is an order of magnitude
larger than the error associated with the beta-PDF'. This result demonstrates the importance
of correctly accounting for the variance of the reactive variable, C'2. These data are further
supported by Table 6.1, which shows the modeled source term error when other filter widths
are considered. In each of these cases, the error associated with the delta-PDF is an order

of magnitude larger than the error associated with the beta-PDF.

6.2.2 Coupled Premixed Flamelet Model

The coupled level set and progress variable model from section 3.2.3 depends on a distance
coordinate (the level set variable). Accordingly, before this model’s ability to predict chem-
ical source terms is tested, the implications of introducing the distance coordinate as a
parameter should be considered. To this end, Fig. 6.4 shows plots of the filtered progress
variable from the DNS as a function of the distance to the nearest filtered flame front. The
distance coordinate in these plots is normalized by the laminar flame thickness. Again, the
first plot is an exception and shows the C solution to the 1-D premixed flame equations as
a function of the physical 1-D flame coordinate. The flame front itself is taken to be the
C = 0.5 isosurface, and the filtered representation of this front is calculated according to
the methodology from section 2.1.7.

Figure 6.4 demonstrates that the C profiles do not converge to the 1-D flamelet solution
as the LES filter width decreases. The amount of scatter that appears in the C profile at
A/n = 2 is not significantly different from the amount of scatter that appears at A/n = 64.
The scatter is caused by turbulent mixing and its ability to thicken and perturb the premixed
flame structure. The lack of convergence confirms the limitations of level sets that were
discussed in section 3.2.3. Specifically, the level set coordinate is not suitable for describing
premixed flame structure in the thin reaction zones regime. If a distance coordinate were

to be chosen as an independent flamelet parameter, the associated presumed PDF would
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Figure 6.4: The progress variable plotted as a function of the distance to the flame front
normalized by the laminar flame thickness, G/lf. The first plot shows the 1-D flamelet
solution, while the other plots show LES-filtered data from the DNS field at a single time
step.

be forced to describe more than the distribution of the local distance to the front. It would
additionally need to account for the distribution of another variance that would be capable
of converging the scatter plots in Fig. 6.4.

Figure 6.5 shows the level set based progress variable model, 6’@(@, A) from Eq. (3.19),
that attempts to describe the data in Fig. 6.4. The Co expression was created by assuming
that the unfiltered C variable depends linearly on G. This assumed linearity introduces
some significant errors into the CNYG function, but a comparison of Figs. 6.4 and 6.5 shows
that even this simple assumed profile captures the low order mean behavior seen in the C

versus G curves. For example, the 5’@ function could accurately represent the filtered data
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Figure 6.5: 60(@, A) from Eq. (3.19) plotted as a function of the distance to the front
normalized by the laminar flame thickness. The model is shown at filter widths of A/n =
2,4,8,16, 32,64, 128, and 256.

plots in Fig. 6.4 if they were conditionally averaged on the G variable. If no conditional
averaging is performed, however, a great deal of variance remains in the data. The 5@
function cannot capture this higher order variance at all. An adjustment to the assumed
linear form of the unfiltered C(G) function would not change the fact that this scatter is
not predicted. Introducing a density weighting to make 6@ a truly Favre filtered quantity
would also do nothing to account for the scatter. While the 5(; function can therefore
be used to describe mean and conditionally averaged effects, it cannot by itself be used
to accurately describe the distribution of premixed reactive quantities in the thin reaction
zones regime. It is important to note that Table 6.1 indicated reactive quantities strongly

depend on higher order effects such as the variance in this regime.

In Fig. 6.6, the filtered progress variable source term is shown as a function of the
distance to the local filtered flame front. Again, the 1-D flamelet solution is plotted first
and the filtered DNS data follow. The scatter that appears in the C plots in Fig. 6.4
directly translates to scatter in the J;C plots in Fig. 6.6. The filtered source term profiles
generally correspond to the shape of the 1-D flamelet solution, but do not converge to that
solution with decreasing filter width. Rather, a large amount of scatter remains even when
the smallest filter is applied. This is further confirmation that in the context of the thin

reaction zones regime, wo cannot be represented by a distance function alone.

The coupled level set and progress variable beta-PDF model from Eq. (3.24) is tested
in Fig. 6.7 and Table 6.2. In these data sets, 5@ is evaluated using Eq. (3.19) at each point

in the simulation. It is then used to compute the modeled filtered source term according to
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solution, while the other plots show LES-filtered data from the DNS field at a single time
step.
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Figure 6.7: The level set based beta-PDF model for wo from Eq. (3.24) vs. the we that
is evaluated directly from the DNS. The mean of the beta-PDF is set as C(Cg, A) while

C”2 comes directly from the DNS. &¢ has units of [s71.

Eq. (3.24). Figure 6.7 shows that the level set based 5@ model is significantly less accurate
than its purely progress variable based counterpart. Errors equivalent in magnitude to the
maximum source term value appear over a wide range of the data. For the particular filter
and time step that is presented in the figure, the quantifiable model error is e = 2.345.
Although this € was obtained using a beta-PDF, it is approximately 25% larger than the
corresponding € that was obtained using no level set coupling and a presumed delta-PDF.
Table 6.2 confirms that this finding is general. This table compares, at a variety of filter
widths, the errors that develop when a beta-PDF is presumed and the PDF mean is set
using either the transported C variable or the level set function 5(;. At the majority of these
filter widths, the errors due to the coupled level set description are an order of magnitude
larger than the errors due to the uncoupled progress variable description. Flamelet models
based only on level sets therefore require further development before they can be treated as
predictive in the thin reaction zones regime. In section 6.3, a modification of the level set

and progress variable coupling will be suggested in an effort to address this issue.

6.2.3 Scalar Variance Models

The three scalar variance models from section 2.1.5 are tested using the progress variable
in Figs. 6.8 and 6.9, and in Tables 6.3-6.5. These three algebraic variance models use either
a constant model coefficient (the SCF model), a dynamic coefficient computed using a
traditional approach (the DYN model), or a dynamic coefficient computed using a recently
formulated Taylor series derived approach (the LED model). Figure 6.8 shows the accuracy
of each of the three models at a given filter width and timestep. The static coefficient (SCF)
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A/n Al er €G
4 0.2 0.006 0.525
8 0.4 0.007 0.420
16 0.7 0.027 0474
32 1.4 0.083 1.179
64 29 0218 2.345

128 5.8 0.440 3.656

256  11.5 0.678 5.326

Table 6.2: Error associated with the Z)C flamelet model when a beta-PDF is presumed and
either the transported progress variable C' (er) or the level set based progress variable Cg

(eg) is used to set the PDF’s mean. In both cases, the PDF variance C”? is taken directly
from the DNS.

model performs the worst in this figure, and suffers from an error that is 15% larger than
either of the dynamic model errors. Interestingly, the SCF model overpredicts the Favre
variance at a variety of flow locations. This stands in contrast to its performance in the
context of non-Favre averaging. Balarac et al. [4], for example, noted that all the higher
order terms in the non-Favre Taylor series expansion shown in Eq. (2.52) are positive. The
non-Favre SCF model with C,, = 1/12 is therefore expected to underpredict the variance.
The different result that occurs when density weighting is used might in part be explained
by the higher order terms in the Favre averaged Taylor series expansion in Eq. (2.53). Unlike
in the non-Favre case, these higher order terms are not necessarily positive. A leading order
description of the density weighted variance might therefore be equally capable of over- or
underpredicting the actual value.

The error associated with the LED model in Fig. 6.8 is slightly higher than the error
associated with the more traditional DYN model. Interestingly, Table 6.3 shows that this
result is dependent on the filter width. At smaller filter widths, the LED model performs
better than the DYN model, while at larger filter widths the models are subject to ap-
proximately equivalent errors. Similarly, the static coefficient (SCF) model is less accurate
than the dynamic models at certain filter widths, and comparable in accuracy at other filter
widths. A discussion of these differences must begin by noting that Balarac et al. [4] found
the LED model to be a significant improvement over the DYN model at all filter widths in
a constant density setting. While the present study is not primarily focused on variance

model development, it is interesting to consider why this conclusion does not hold for all
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Figure 6.8: Modeled progress variable variance, CN'UM = Cﬂ"é, vs. the variance evaluated
directly from the DNS. The static coefficient (SCF), dynamic (DYN), and Leonard term
Expansion Dynamic (LED) models are shown. The solid line represents a perfect model.

the filters in Table 6.3, and whether these results are sensitive to any parameters.

The dynamic procedure that was implemented for this analysis was applied on coarser
meshes than the actual DNS mesh. This was done primarily to minimize computational
storage costs, but these coarser meshes also more closely correspond to an actual large eddy
simulation because they approximate the implicit filtering technique that LES implementa-
tions often use. Although the mesh spacing does not become larger than a third of the filter
width A, it is still possible for numerical errors to develop in the gradient computations
used in the procedure. Kaul et al. [63] recently showed that these numerical errors have
important consequences that may impact the accuracy of the LED and DYN approaches
differently. Furthermore, the fact that the variance of a reactive rather than a conserved
scalar is being modeled may influence the behavior of the various subfilter predictions. And
again, the Taylor series expansions shown in Egs. (2.52) and (2.53) indicate that density

changes are an important part of the leading order model error.

Another factor influencing the dynamic variance model performance is the test filter
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A/n A/lf €SCF €DYN €LED
4 0.2 0.485 0.904 0.423
8 0.4 0.938 0.685 0.261
16 0.7 1.223 1.401 0.748
32 1.4 1.016 2.826 1.513
64 2.9 0.532 0.443 0.453
128 5.8 0.415 0.415 0.449

256 11.5 0.476 0.614 0.682

Table 6.3: C"2 model errors, €, associated with each of the SCF, DYN, and LED variance
models.

itself. Postprocessing revealed that changes to the test filter width, Z, could induce signif-
icant changes in the modeled variance error e. This dependency is highlighted in Table 6.4,
where variance model errors are recorded at the indicated filter widths for various combi-
nations of test filters and mesh spacings. It is important to note that in this table, the test
filter stencil size is kept constant for a given filter width and mesh spacing. Consequently,
larger values of A correspond to more spread out test filter profiles, but not to the use of
more mesh points.

The data in Table 6.4 show that model errors tend to decrease as the filter profile
becomes more spread out. This relationship holds for both the DYN and LED models at
smaller filter widths, but at larger filter widths it tends to hold more for the DYN model
than the LED model. For example, e gp is approximately independent of filter size for
A/n = 32 in Table 6.4, while epyn is not. This suggests that the LED model may have

certain robustness advantages relative to the DYN model.

Table 6.4 additionally indicates that numerical errors may affect the variance results.
Although the coarser meshes referenced in the table resolve the filter width using several
points, the first four lines of the table show that model errors increase as the mesh spacing
increases. Understanding this problem will require further detailed analyses such as those
of Kaul et al. [63]. Apparently, the conclusions that can be drawn from Tables 6.3 - 6.4
are that the LED model is somewhat more robust than the DYN model, and that both

dynamic approaches are subject to errors that need to be more closely addressed.

In a reactive LES application, modeled values of the variance will be used to describe the

shapes of local presumed PDFs. Errors in the variance predictions will therefore propagate
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N

A/m A/A AJér epyn €LED
16 1.5 12 1.663 0.659
16 2.0 12 0.564 0.202

16 1.5 6 2.103 1.225
16 2.0 6 1.401 0.748
16 2.5 6 0.655 0.344
16 3.0 6 0.234 0.166
32 1.5 6 3.639 1.451
32 2.0 6 2.826 1.513
32 2.25 6 2.035 1.499

Table 6.4: C”2 model errors, ¢, associated with the DYN and LED variance models at
different filter and test filter widths. The number of mesh cells used for the test filter basis
of support is constant at a given filter width A. Increasing values of the test filter parameter
therefore represent increasingly spread out test filters, but not increasingly wide test filter
stencils.

through the PDFs and into the predicted values of reactive quantities such as Z)C. In Fig. 6.9
and Table 6.5, the errors that are induced in source term predictions by the variance model
are analyzed. In Fig. 6.9 the traditional dynamic (DYN) model is used in place of the actual
variance from the DNS to regenerate the beta-PDF results of Figs. 6.3 and 6.7. The error
estimates in Fig. 6.9 can therefore be directly compared to these previous estimates and

used to assess the effect of the modeled variance.

When an uncoupled (no level set influence) beta-PDF approach is used, Figs. 6.3 and 6.9
show that the variance model increases the source term error from € = 0.218 to € = 0.564.
This increase of roughly 150% is very significant, but it is still relatively small in comparison
with the error introduced by the level set coupling. In the context of the coupled 5@ beta-
PDF, Figs. 6.7 and 6.9 indicate that the variance model actually decreases the source
term error from € = 2.345 to € = 1.462. Interestingly, the errors that are created by the
level set coupling are so large that the variance model inaccuracies cause unpredictable
effects. In summary, modeled variance values lead to important errors in presumed PDF
flamelet methods, but these errors are not necessarily of leading order when the approach
is considered as a whole. This conclusion is confirmed by Table 6.5, which shows the error
induced by the variance model for a wider range of filters. A comparison of Table 6.2

and Table 6.5 demonstrates that for larger filter widths, the level set coupling introduces
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significantly more error than a variance model.

A/’I? PDF mean €EDNS €EDYN

8 C 0.007 0.065
16 C 0.027 0.308
64 C 0.218 0.564
128 C 0.440 0.999
8 Ce 0.420 0.455
16 Ce 0.474 0.422
64 Ce 2.345 1.462
128 Co 3.656 2.016

Table 6.5: we model error when the presumed beta-PDF variance is either taken directly
from the DNS (epng), or modeled using a dynamic (DYN) approach (epyn).

6.3 A Modified Level Set Coupling Method

Level sets do not appear to be the most accurate flamelet parameterizing coordinate in
the thin reaction zones regime. But as discussed in section 3.2.2, they do serve a critically
important numerical purpose in LES of premixed turbulent combustion. It would therefore
be beneficial if an improved method of coupling a level set to an accurate chemical coordinate

such as the progress variable could be found. Such a coupling will be proposed in this section.
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6.3.1 Modified Coupling Methodology

The problem that plagues the level set description 5(; is that it has no way of reacting to the
perturbations that turbulence creates in the local flow field. These turbulent perturbations
all initially develop within the C variable and then go on to affect chemistry. The function
5@(@, A), however, does not accept any information from the C field and so cannot be
perturbed. Equivalently, it could be said that the problem arises because the level set is
being forced to describe a 3-D field when it only has information about a 2-D surface within
that field.

The solution to this problem is to scale back the level set’s influence, so that it is relied
upon simply for describing isosurface physics. This solution effectively takes the coupling
proposed in section 3.2.3 one step further. Whereas in that section the entire source term
fuc was determined using the level set, in this modified approach the level set is used to
describe we only in some inner region of the flame. A sheet-like inner region can be more
accurately described by an isosurface, and outside of this region the transported C variable
can be used to set the remainder of the source term. Additionally, an inner flame structure
(as opposed to a full flame) would be expected to remain coherent and laminar even within
portions of the thin reaction zones regime.

This reduction of the level set’s role can be accomplished by forming a mixed description
of the filtered progress variable, C M, and using it to access tabulated chemistry in the same
way that 5@ was used in section 3.2.3. C v can be defined from a level set based progress
variable, C'(G), and a transported progress variable, C. These two progress variable solu-
tions are blended so that C(G) is accessed in the inner flame layer, while the transported C
is accessed elsewhere. The blended expression can then be filtered for LES. Mathematically,

and in analogy to Eq. (3.17),

Cu = /}'-C’(G) - exp <_(i;/(g0)2> dr

+/1)/F‘p-0[1—exp<(i,2/§o)2>]drv (6.7)

where the function C(@) from Eq. (3.18) has been employed. Note that in the filtered Cg
expression in Eq. (3.17), the filter kernel is written out as an explicit exponential function.
In Eq. (6.7), however, the kernel has been written as F. The exponential function that

does explicitly appear in Eq. (6.7) describes the progress variable blending. The A’ in this
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function defines the width of the region in which the level set based solution is trusted.

It should be emphasized that the definition in Eq. (6.7) is a model designed to create
a source term we which 1) ensures the transported C field follows the solution of the level
set field and which 2) is evaluated based on C rather than C(G) to as large an extent as
possible. Because Eq. (6.7) is a model, an approximate solution of Car can be used to
represent this equation without the loss of significant accuracy. An approximate solution
will only be appropriate, however, if it can satisfy the same two criteria that C v does. Such

a solution will be developed next.

6.3.2 Development Of An Approximate Expression For éM

The terms in Eq. (6.7) will now be manipulated and simplified in an effort to obtain a
straightforward expression for 5’M. Although approximations will be made, this process
of stepping through mathematics helps to clarify where each of the terms in the final Cu

expression come from. It also helps locate where the errors are introduced.

The Taylor series expansion from Eq. (2.53) can be applied to the filtered terms on the
right hand side of Eq. (6.7) to give

oy =010 -exp G O0) | 220900) 0. [exp Gy

(A)2/6 12 dx; Oz (A")2/6
~ —(G = Gy)? A29C 9 —(G = Gy)?
+C |1 —exp <(A’)2/((5]> SETY [exp <(A’)2/((5]> +0(AY), (6.8)

where again the differences between Favre and non-Favre filtering have been neglected in

the exponential and C(G) functions.

The goal of developing only an approximate C M solution allows the higher order terms in

Eq. (6.8) to be neglected. If only leading order terms are considered, this equation becomes

Cy ~ C(G) - exp <_(G_GO)2> +C (6.9)

(A7)2/6

The C(G) term in Eq. (6.9) is equivalent to Ce(G,A) from Eq. (3.17), while C is the
transported progress variable solution. An expression for the filtered exponential function is

not yet available, however. This expression will be determined using a non-density-weighted
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Gaussian filter,

exp <((GA,%]> : /exp < Gt XA_/‘;Q/)(S GO)Q) exp (;';f) dr,  (6.10)

where £ is a kernel normalization constant. In spite of the presence of the relatively simple

exponential functions, it is not possible to analytically evaluate Eq. (6.10) because the shape
of the G surface is complex. An approximation of the integral can be made, however, by
assuming that the level set representation of the filtered front, @, can be used in place of
the unfiltered representation G. While this approximation unquestionably introduces errors,
there are a minimal number of alternatives given that subfilter geometric front information
is not retained in an LES level set solution. The G field that describes the LES solution has

1-D structure on subfilter scales, and because of this, the approximation G ~ G leads to

_(G -G )2 ~ ~ /
exp (M) ~ ((G(t,x), A, A) (6.11)

where

N G(t X) 4+ 17— Gp)? —(r)?
C(G A, A" U\ﬁ exp( (A6 ) .exp< 502 )dr
@ (—6@—Go>> | 612)

- (A2 + A2)1/8 (A2 + A2)

Here, G(t,x +r) = G(t,x +1n) = G(t,x) + r because G is a distance function and n is the
direction normal to the flame front. Note that the relation A = 0v/12 has again been used.

The mixed expression for the progress variable can therefore be written,
Cor=C + (G, A A (ég(é, A) - 5) . (6.13)

At values of |@ | that are larger than A’; { approaches zero and C) describes the transported
progress variable solution. At values of \@ | that are smaller than A’, ¢ approaches one
and éM describes the level set based ég profile. Note that the level set based solution
should be actively used at least within the computational cells that contain the flame front.

The minimum reasonable value for A’ is therefore the filter width, A. This approximate
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expression for C v leads to a modified premixed delta-PDF source term model,
i (2’ éM) - /wc (2,C) -6 (Z - Z) » (C - 6MyZ) dZdc, (6.14)
as well as a modified premixed beta-PDF source term model,
oo (Z Cor, 5/5) - /wc (2,C) -6 (Z - Z) 3 (c; (Cors (7/5)12) dzdC.  (6.15)

Like ég, the variable C v is only used for source term calculations. The calculation of other
quantities such as density would still be based on the transported filtered progress variable

solution.

6.3.3 Performance Of The Modified Coupling

The mixed expression for the progress variable, C M, is shown as a function of the distance
to the filtered flame front in Fig. 6.10. The parameter A’ is set as the filter width A. As
the filter width decreases, the profiles in Fig. 6.10 converge to the exact filtered profiles that
were observed in Fig. 6.4. This behavior stands in contrast to the behavior of the original
5@ model that was plotted in Fig. 6.5. While the original model captures none of the scatter
that appears in the filtered DNS data, the new model does capture this scatter because of
its dependence on the transported progress variable. As the filter width in Fig. 6.10 grows,
however, the scatter begins to disappear around the inner flame front. Again, the length
scale that describes the distance over which this disappearance occurs is A’. In an LES
application where A’ = A, all the filtered points where the scatter disappears would exist
within a few mesh cells of the flame front. The simplified progress variable profile in this
region is the cost that is associated with the improved numerical flame front description
provided by the level set.

The accuracy of the modifed beta-PDF coupling approach from Eq. (6.15) is tested in
Fig. 6.11 and Table 6.6. Relative to the original coupled level set and progress variable
model, the figure and table show that the C)r based model reduces source term errors by a
significant amount. The error associated with the data points in the top plot of Fig. 6.11,
for example, has been reduced by 52% relative to the original coupled model. Table 6.6
shows similar model comparisons at other filter sizes. Interestingly, this table suggests that

the performance gains associated with the mixed progress variable éM are a function of
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Figure 6.11: we modeled with a beta-PDF vs. we evaluated directly from the DNS. The
beta-PDF mean is set using Cj. The PDF variance is determined - Left: Directly from
the DNS; Right: From the dynamic (DYN) variance model. w¢ has units of [s71].

filter width. At small filter widths, the use of C) results in errors that are an order of

magnitude smaller than the errors associated with the use of 5@. At larger filter widths,

however, the errors reduce by only about 50%.
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A/n AJly  eq em % change

4 0.2 0.525 0.026 -95%

8 0.4 0420 0.053 -87%
16 0.7 0474 0.121 -74%
32 1.4 1.179 0.519 -56%
64 2.9 2345 1.123 -52%
128 5.8 3.656 1.430 -61%
256 11.5 5.326 1.489 -72%

Table 6.6: The modeled (ZC error when a beta-PDF is presumed and either éM (en) or 6@

(€a) is used to set the PDF mean value. In each case, C'? is taken directly from the DNS.
The error reduction associated with the Cj; approach is also shown.

6.4 Application: LES Of Lean Direct Injection Combustor

To study the coupled level set and progress variable approach in a more applied context,
an LES of a spray combustor is performed. Spray combustors present interesting mod-
eling challenges because both premixed and non-premixed regimes are expected to occur
throughout these devices [31, 83]. The regime indicator that was proposed in section 3.7 is
therefore needed so that the corresponding regime dependencies can be correctly accounted
for. Furthermore, the proposed coupling between the level set and the progress variable is
particularly useful in any multi-regime LES such as this one. In multi-regime settings, a
progress variable transport equation needs to be consistent across regime boundaries. If no
level set coupling is used, the transport solution in the premixed regime would break down
because of previously discussed numerical errors. The newly proposed level set coupling
allows the transport equation for the progress variable to seamlessly transition between de-
scriptions of combustion in different regimes. Concern regarding numerical errors can then
be minimized.

Prediction of the liquid fuel injection and the associated multiphase processes adds
an additional layer of complexity to the LES. Turbulent multiphase flows are difficult to
simulate because, just as in the case of reacting flows, multiphase physics interact with
the flow field at the smallest unresolved length scales. For example, a coherent liquid
stream that is injected into a gaseous environment will undergo a cascade process that
begins with primary breakup, transitions to secondary breakup, and eventually results in

evaporation [26]. The final process of evaporation occurs as small liquid droplets are heated
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by combustion and then change phase. The manner in which these droplets form and
evaporate depends on the small eddies that surround the drop, and on the temperature
and composition of the fluid that makes up those eddies. If the performance of modern
combustion devices is to be predicted using simulation, combustion models will need to
become fully coupled with multiphase models. This LES study is a test of how this coupling

functions in the context of the proposed generalized flamelet modeling approach.

6.4.1 LDI Combustor Description

The Lean Direct Injection (LDI) combustor concept was developed and originally studied
by the combustion group at NASA Glenn Research Center [13, 39, 48, 131]. This combus-
tor was designed in an effort to capture some of the benefits of premixed burning while
minimizing the associated instabilities. Premixed burning is particularly useful for control-
ling pollutant and particle formation because when fuel and air are premixed, a particular
equivalence ratio, and therefore a particular maximum temperature, can be set. Control
over temperature directly translates to control over the behavior of a variety of combustion
products. The premixed mode of burning, however, is prone to a variety of instabilities
including flashback, blow-off, and acoustically induced oscillations. Consequently, the use
of premixed combustion is relatively rare in applications such as aircraft engines, where
stability is the first order concern.

In the LDI combustor, fuel and air are injected separately to promote stability, but
through a swirl assembly that creates regions of premixed burning. In this assembly, pure
air is introduced into a combustion chamber through a series of six helicoidal swirl vanes.
The vane angle is 60° at the outer edge of the assembly. These vanes induce a strong
recirculation region in the burner chamber that helps to stabilize the combustion process.
The fuel is injected in liquid form through an atomizer that sits at the centerline of the
swirl assembly. The primary fuel that is used is Jet-A. A schematic of the LDI combustor
is shown in Fig. 6.12.

In order to promote burning at temperatures which correspond to lower pollutant levels,
the combustor is typically operated at a global equivalence ratio of ¢ = 0.75 [13]. The
experiments being considered here [13] are run at atmospheric pressure using a bulk air
injection velocity of 20.14 m/s. The equivalence ratio then dictates that the Jet-A fuel
be injected at a rate of 4.15 - 10~* kg/s. Because fuel is injected in pure liquid form,

a large amount of mixing needs to be induced before the flame can burn in a premixed
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Figure 6.12: LDI combustor. The experimental rig from reference [13] is shown on the left,
and a close up of the swirl assembly that feeds into the rig’s combustion chamber is shown
on the right. Fuel spray is injected from the atomizer that sits along the centerline of the
swirl assembly.

fashion and the temperature can be controlled. The swirl assembly is designed to create
strong shear layers that promote this mixing. The combined effect of the separate fuel and
air injection and the recirculation zone acts to prevent any instabilities that occur in the
resulting premixed flame fronts from growing. It should be emphasized that although the
LDI design attempts to produce a form of combustion in which the equivalence ratio can
be somewhat controlled, fuel and air are nonetheless injected separately. A certain amount

of non-premixed burning is therefore expected in this device.

Several numerical studies of the LDI combustor have been performed. Both RANS [48,
126] and LES [34, 35, 96] techniques have been used, and the spray is most often described
by Lagrangian particle tracking. Patel et al’s [96] LES employed the one-dimensional
turbulence (ODT) combustion model discussed in section 2.2.4 in conjunction with a three-
step chemical mechanism. In that study the flame index from section 3.5 was evaluated
to determine the nature of the combustion events in the flow. It was found that the flame
index predicted non-premixed burning in the immediate vicinity of the spray injector where
the equivalence ratio is very rich. In the outer shear layers where stronger mixing with
the oxidizer occurs, the flame index predicted premixed combustion. In El-Asrag et al.’s
studies [34, 35], a purely non-premixed flamelet model was used in conjunction with a
detailed mechanism for Jet-A. Reasonable agreement with experiments was obtained in

Patel et al.’s and El-Asrag et al.’s simulations. The present LES model is interesting to
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consider in addition to these earlier approaches because it both captures each of the relevant
combustion regimes (an advantage of the ODT model), and makes use of a detailed chemical

mechanism (an advantage of flamelet models).

6.4.2 Model Implementation

The semi-implicit code described in section 2.3 is used to simulate the LDI combustor.
The code is run in an LES mode that is both temporally and spatially 2"¢ order accurate.
A structured cartesian mesh consisting of 313 x 154 x 154 cells describes the combustor
geometry. Since a structured mesh cannot by itself represent the complex features of the
swirl assembly, an immersed boundary (IB) technique is additionally introduced into the
code. This IB implementation closely follows the work of Kang et al. [61, 62], where bound-
ary conditions are enforced through interpolation metrics rather than through a forcing
function. At cell faces adjacent to the IB surface, this implementation constructs a veloc-
ity by interpolating between a known wall solution (a dirichlet condition) and a solution
at the nearest interior fluid cell. In this LDI simulation linear interpolation schemes are
used, and the continuity equation errors that arise due to the interpolated velocity values
are accounted for by offsetting the interpolated velocities by a globally averaged correction
factor. This specific IB implementation was considered by Shashank and Pitsch [124] in
the context of internal combustion engine simulations. The inflow condition in the swirl
assembly is set by solving a periodic concentric pipe LES prior to the combustor LES. Data
from a cross-section of the pipe is recorded as a function of time, and then fed into the swirl

assembly as a boundary condition.

Spray droplets are accounted for using a Lagrangian particle tracking technique devel-
oped by Desjardins and Pitsch [28]. This technique was validated for single droplets by
Luo et al. [83], who also studied it in the context of a spray-fueled one-step chemistry DNS.

The equations that the method solves to describe a drop’s position (z4,;), velocity (uq;),
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temperature (7}), and mass (mg) are [83, 122, 128]

% () = s, (6.16)
% (ugi) = 2 (Wi — uq;) (6.17)
%(md) = 1hg = —?)Sshcitlln(l—i—BM). (6.19)
The particle time constant 74 is defined as
- pdlgzg (6.20)

where py is the density of the drop, dg is the drop diameter, and p4 is the gas viscosity.
The correction factor fi is fitted as a function of a Reynolds number formed using the
drop diameter, gas viscosity, and the difference between the particle velocity and the gas
velocities. The correction fs is fitted as a function of 74, Pr, my, and my. T, y is the LES

filtered temperature of the gas at the particle’s location.

Based on the experimental LDI results [13], the diameters of the droplets that are
injected into the LES are set using a log-normal distribution with a mean of 4-10°m. The
particles are injected with an axial velocity component of 8.5 m/s, and a radial velocity
component of 2.0 m/s. Note that these velocities are uncorrelated with the mass flow
rate of the fuel. The velocity values are also chosen so that they correspond with the

experimentally measured experimental particle velocities [13].

Combustion in the LES is described by the generalized flamelet model from chapters 3
and 4. Filtered transport equations for a mixture fraction and a progress variable, and
a level set equation for the filtered flame front, are solved. This combustion model is
similar to the model used in the low swirl burner LES in section 4.3, but for the LDI
simulation the modified level set and progress variable coupling from section 6.3 is used.
The proposed combustion regime indicator is applied to locally identify premixed and non-
premixed burning modes in the flow. Tabulated flamelet solutions can then be referenced to
determine densities and other chemical information in the LES. Although the DNS study
from the first half of this chapter indicated that the progress variable variance is very

important in these flamelet solutions, initially a beta-PDF will be used to describe mixture
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fraction subfilter distributions, and a delta-PDF will be used to describe progress variable
distributions in the simulation. Laminar premixed flame solutions and non-premixed steady
flamelet solutions are generated for use in the tabulated chemistry databases from the 122
species kerosene mechanism of Honnet et al. [47]. The Jet-A fuel in these solutions is
approximated as a mixture of n-decane (80% mass fraction) and trimethyl benzene (20%

mass fraction) [47].

6.4.3 Simulation Results

Results from the large eddy simulation of the LDI combustor are shown in Figs. 6.13 through
6.19. Time averaged statistics from the non-reacting flow will first be presented. This will
be followed by a discussion of several instantaneous images from the reacting case, and then
by the presentation of the time averaged reacting statistics. Data in each of the figures is
normalized by the half width of the combustion chamber, Dy = 0.0252 m, and by the bulk
air velocity at the entrance to the swirl assembly, Uy = 20.14 m/s. The combustor Reynolds
number defined using these parameters is Re = 31,000. The axial reference point x/Dgy = 0
will be set at the location where the expansion section of the swirl assembly connects with
the combustion chamber.

Time averaged axial velocity statistics from the centerline of the non-reacting simulation
are shown in Fig. 6.13. For averaging purposes, a characteristic time scale can be formed
using the bulk inlet air velocity and the length of the simulated combustion chamber.
Based on this time scale, the data in Fig. 6.13 are averaged over six flow through times.
Recording this data required approximately a week of computational time on 80 processors.
At locations past x/ Dy = 2, the figure shows that the LES is in excellent agreement with the
experiments. The magnitude and axial dependence of the velocity profile are both correctly
captured. Nearer to the swirl assembly, however, some discrepancies between the simulation
and experiments appear. The LES predicts a recirculation zone that is too strong relative
to the experiments (-0.85Uy compared to -0.65U)). The simulated recirculation zone is also
closer to the swirl assembly by approximately 0.5Dy. It is expected that the demands placed
on both the LES subfilter models and the immersed boundary framework would be greatest
near this assembly.

The rms statistics that are also shown Fig. 6.13 would clearly benefit from further
averaging. The LES data do appear, however, to predict the correct magnitude of the

flucutations, and to accurately approximate the experimentally observed negative linear
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Figure 6.13: Time averaged statistics along the centerline of the non-reacting LDI simula-
tion.

dependence on the axial coordinate.

Non-reacting flow statistics from sequential downstream locations in the combustor are
shown in Figs. 6.14 and 6.15. The difference between the simulated and experimentally mea-
sured recirculation zone can again be seen in the axial velocity plot at the first downstream
station. The simulation predicts negative axial velocities that are too large in magnitude,
and rms values that are also slightly too large. Interestingly, however, the IB implemen-
tation capably captures the asymmetry that occurs across the combustor centerline due to
the not-yet-homogenized vane effects. Additionally, at locations further downstream in the
device, the LES data compares fairly well with the experiments. Differences of up to 20% of
the bulk velocity do appear at a limited number of locations, but the profile and magnitude
of both the filtered and rms velocities are well captured.

The radial velocity statistics in Fig. 6.15 exhibit behavior similar to the axial velocity
statistics. The outward flow velocity produced by the swirl assembly is seen to be slightly
overpredicted in the filtered radial velocity profile at the x/Dy = 0.11 station. Additionally,
the radial rms values are slightly overpredicted in the shear layers that exist at that station.
For the most part, however, the radial profiles compare favorably with the experiments.
Stations x/ Dy = 0.36 and x/ Dy = 0.60 would benefit from further computational run time.

A series of instantaneous images from the reacting LES are shown in Fig. 6.16. The
image on the left shows each of the Lagrangian particles that are tracked. There are
approximately 25,000 particles in this image, and they are sized using a scalar multiple
of their diameter and colored by their temperature. The dynamics of the recirculation

zone strongly influence the particles’ evolution. This zone acts to stabilize the flame front
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Figure 6.14: Time averaged axial velocity statistics at sequential downstream stations in
the non-reacting LDI simulation.
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Figure 6.16: Instantaneous images from the reacting LDI combustor simulation. From left to
right: spray droplets colored by their temperature; mixture fraction field; gas temperature
field; and the field showing the proposed combustion regime indicator from section 3.7, with
red indicating the premixed regime and blue indicating the non-premixed regime.

near the exit of the swirl assembly, and the stabilized flame provides the heat required
to evaporate the particles. The strength of the recirculation zone, the particle injection
velocity, the evaporation process, and the mixing that occurs between the evaporated fuel
and air all play a role in determining the angle of the spray cone seen in this image.

The second image shows an instantaneous filtered mixture fraction (Z ) field. Fuel evap-
oration is strongest along the edges of the recirculation zone, and Z reaches a maximum
there that is above even the largest value of 0.12 seen in the legend. In the Jet-A chemistry
that is being used, the stoichiometric mixture fraction is Z = 0.064. The composition of
the gas in the immediate vicinity of the spray cone is therefore quite fuel rich. This fuel
rich stream mixes with the air from the swirl assembly in a radially expanding shear layer,
and eventually gives rise to premixed conditions.

The third image in Fig. 6.16 shows the filtered temperature field. Again, the recirculation
zone dominates the physics of the field. This zone entrains hot burned gas from the middle
of the combustor and pulls it toward the spray nozzle. The supply of hot gas ensures that

there is a heat source for the spray evaporation process. It is interesting to observe that
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the angle formed by the cold incoming air jets is fairly shallow. The time averaged profiles
shown below do not definitively allow the accuracy of this angle to be determined. But
since the angle is a measure of how the most important dynamics in the combustor interact,
further study is warranted. In the future, it will be important to determine how combustion
modeling errors affect this quantity. Finally, it is also interesting to observe the small,
secondary recirculation regions that form just inside the lip of the swirl assembly’s expansion
cone. This recirculation is consistent with the idea of a boundary layer separation, and pulls
hot gas from the combustion chamber a short way upstream of the dump plane. Again,
however, it is not clear from the experimental results whether this behavior is physical,

since no measurements upstream of the dump plane are available.

The fourth image shows the proposed combustion regime indicator. As expected, non-
premixed combustion (a zero valued regime indicator) is predicted in regions very near
the point of spray injection. Since these regions tend to be very fuel rich, they inevitably
lead to large mixture fraction gradients and mixing dominated combustion. But the non-
premixed regions do not extend far downstream. Rather, the intense shear created by the
swirl assembly quickly mixes the fuel with the incoming air stream. The regime indicator
suggests that when the resulting premixed stream encounters a heat source, it tends to
burn as a propagating flame front (a unity valued regime indicator). As pockets of gas pass
through these fronts and reach downstream locations in the combustor, the corresponding
value of the A coordinate from section 3.6 tends to stabilize. Gradients in the mixture
fraction coordinate then return to first order importance, and the non-premixed regime is
again predicted. In future work, the sensitivty of the combustion model to these regime
predictions will need to be more closely studied. For example, a detailed comparison of
the generalized regime model and a purely non-premixed model may provide insight on the

importance of premixed chemistry in this combustor.

Time averaged statistics from the centerline of the reacting case are shown in Fig. 6.17.
In general, the reacting LES statistics compare less favorably with the experiments than the
non-reacting LES statistics do. The axial velocity plot, for example, shows that the LES
predicts a strong recirculation region within x/Dg = 0.25 of the dump plane. Conversely,
experiments show a weaker version of this recirculation region forming around x /Dy = 0.75.
Patel et al.’s [96] LES also overpredicted the strength of the recirculation region relative to
experiments, but the peak negative velocities along that simulation’s centerline were smaller

than those seen here.
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Figure 6.17: Time averaged statistics along the centerline of the reacting LDI simulation.

The centerline temperature plot particularly warrants comment, since the LES overpre-
dicts the experimental measurements by approximately 300 K over a large stretch of the
centerline. It must first be noted that both the premixed and the non-premixed flamelet
solutions used in the LES are consistent with the simulated downstream temperature of
approximately 2000 K. In both of these regimes, the burning of air and Jet-A fuel at an

equivalence ratio of ¢ = 0.75 produces temperatures that are well above the 1650 K value
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seen in the experiments. This suggests that an additional component of physics needs to
be accounted for in the simulation. El-Asrag et al.. [35], for example, showed that the
inclusion of a radiation model in the LES could lower the simulated downstream centerline
temperature to values approaching 1600 K. Radiation could be particularly important in
this simulation because of the spray fuel injection. It might be possible for radiation to
lower the gas temperature enough to begin to affect the spray evaporation process. This

might create a non-linear feedback effect that then lowers the gas temperature even further.

Time averaged mass fractions of CO and COgz are also shown as a function of the
centerline coordinate in Fig. 6.17. The premixed and non-premixed flamelet solutions used
in the combustion model predict burned CO2 mass fractions of approximately 0.15 at the
global equivalence ratio. Experiments, however, show that the time averaged value is closer
to 0.10. It is likely that the issue causing the temperature over-prediction also causes the
COy over-prediction. Similar behavior is again seen in the CO plot. The LES correctly
predicts how CO decays along the centerline, but the magnitudes of the predicted values

are too large.

Reacting axial velocity and temperature statistics are shown in Figs. 6.18 and 6.19.
The axial velocity plots again indicate that the strength of both the recirculation region
and the swirled air jets is very strong relative to experiments. This behavior is the time
averaged version of a phenomenon observed in the instantaneous plots in Fig. 6.16. The
instantaneous temperature plot in particular shows two very coherent cold air jets being
injected into the chamber by the swirl assembly. These jets surround a very hot pocket of
gas that is fed by both the recirculation region and the incoming spray. The time averaged
axial velocity plots show that the strength of these structures holds steady in the mean.
The magnitude of the progress variable source terms in the combustion model likely plays
a large role in establishing such structures in the flow field. Although recirculation feeds
the pocket of hot gas near the spray injector, relatively strong source terms are required to

maintain a flame position so near to the swirl assembly.

The time averaged temperature profile at the first station in Fig. 6.19 is in fairly reason-
able agreement with the experiments. The maximum temperature is well predicted, and the
low temperature values associated with the incoming air jets occur in the correct location.
Further downstream, however, the agreement is poor. The LES solution at the second sta-
tion indicates that the air jets are still coherent, while the experiments indicate that they

have mixed out. Mixing in the experiments is apparently very strong, since a temperature
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Figure 6.18: Time averaged axial velocity statistics at sequential downstream stations in
the reacting LDI simulation.

increase of 600 K occurs at the z/Dy = —0.4 location over a downstream length of only
0.2Dg. As sequential downstream locations are considered, the overpredictions of tempera-
ture that were observed in the centerline plot again appear. As mentioned, the fact that the
experimental temperatures are so much lower than the temperatures predicted in flames
with assumed constant total enthalpy suggests that neither the regime nor the premixed
combustion model is responsible for this particular issue. Rather, a heat loss or radiation
model appears to be needed.

The results of this LDI simulation support a number of conclusions. First, the cold flow
statistics indicate that the structured immersed boundary code being used does capture the
majority of the relevant fluid dynamics in the flow, even though the swirl assembly geometry
is complex. Second, it was observed that the temperature and species predictions in the
reacting case are overpredicted at downstream locations. A comparison of these results with
typical flamelet solutions suggested that these overpredictions are caused by a missing model
component, rather than by the proposed generalized flamelet model. Finally, and most

relevant to a discussion of the regime indicator and coupled premixed model, the simulation
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Figure 6.19: Time averaged temperature statistics at sequential downstream stations in the
reacting LDI simulation.

suggested that the dominant flow features caused by the interaction of chemistry, spray, and
fluid mechanics are well-approximated but not exactly predicted. The proposed generalized
flamelet model was able to capture many of the features of these interactions, but the effects
of the model relative to more standard standalone non-premixed and premixed flamelet
models have yet to be characterized. Future studies will be able to use this simulation to

more carefully analyze the proposed model’s performance.



Chapter 7

Conclusions

This thesis has attempted to extend a variety of flamelet models for large eddy simulation
of turbulent combustion into an integrated, multi-regime approach. It has been argued that
flamelet models are particularly advantageous because they correctly capture the coupling
that exists between small scale flow structures and chemistry without altering the length
and time scales that are inherent in this coupling. Additionally, however, it has been argued
that these models are subject to the particular disadvantage of being regime targeted. This
means that a given flamelet model is only applicable to a specific set of flow conditions. In
response to this disadvantage, a generalized flamelet approach for large eddy simulation has
been proposed. The components of this model, and the resulting conclusions of this thesis,

will be briefly summarized below.

e New Combustion Regime Indicator: A generalized flamelet transformation was derived
from a regime independent, generic scalar transport equation. This transformation
was used to formulate a new regime indicator that allows regime targeted solutions to
be appropriately mapped into a flow. The proposed indicator explicitly considers how
transport and chemical reaction interact, and appropriately differentiates between the
physics that are unique to each regime. The indicator was shown to offer advantages
relative to the more traditional flame index indicator, and removes one of the largest

barriers which prevent flamelet models from being applied to arbitrary flows.

e Level Set Methodology For LES: The thesis also argued that the premixed combustion
regime presented particular flamelet modeling challenges, which largely stem from the

poor flame resolution associated with most premixed LES approaches. Level sets were
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shown to be a means of accounting for this poor resolution, since they describe front
propagation in a way that does not require the flame front to be resolved. A filtering
approach for describing level sets in LES was developed, and this approach elucidated
the closure models that are needed for solving a level set equation in the context of
the LES technique. But level set methods only provided a framework for premixed
combustion modeling, and two specific challenges needed to be addressed before the
applicability of these methods could be extended beyond a limited set of realizations

of the broader premixed regime.

Dynamic Turbulent Burning Velocity Model: First, and similar to almost all premixed
combustion models, the level set method requires the turbulent burning velocity of
a flame front to be modeled. While many burning velocity approaches have been
proposed in the context of RANS, there continues to be a need for development in the
context of LES. A dynamic LES burning velocity model that works in conjunction
with the level set method was therefore formulated. The associated analysis showed
that typical burning velocity model coefficients are very much a function of LES
filter width, and that the standard RANS coefficient values often overpredict the
turbulent flame speed. The dynamic modeling approach significantly improved these
predicitions. But interestingly, the improvements were found to be tempered by the

assumptions that were inherent in the form of the turbulent burning velocity model.

Accurate Level Set And Progress Variable Coupling Procedure: A second challenge
associated with using a level set approach is that it cannot describe three dimensional
flame structure. In regimes of premixed combustion where turbulence can perturb
this structure, additional modeling is needed to account for the perturbations. The
thesis therefore considered a previously proposed coupled level set and transported
progress variable model. This model was analyzed as a coherent premixed combustion
approach, and errors from the different model components were compared with one
another. It was found that the details of the level set and progress variable coupling
were particularly important, and a new coupling method that placed stricter limits on
the level set’s influence was developed. This new coupling was shown to substantially
improve the proposed generalized flamelet model’s ability to describe regimes in which

the turbulence intensity becomes very high.
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The analyses and models that were developed in this thesis help to extend the applica-
bility of the flamelet approach to a wider variety of turbulent reactive flows. In spite of these
advancements, however, combustion modeling challenges continue to persist. For example,
the regime indicator that was proposed here was validated for both the premixed and non-
premixed limits. But the auto-ignition limit was treated only briefly, and a case in which this
limit becomes important was not considered in detail. Furthermore, sufficient effort has not
yet been directed toward understanding the errors that arise when blended premixed and
non-premixed solutions are used to describe arbitrary partially premixed chemistry. The
development of a model that accounts for additional mixing, or that considers additional

timescale differences between these two regimes, may prove to be useful.

With regards to the premixed limit, it was shown that the commonly assumed form of
the turbulent burning velocity model is not as appropriate for LES as for RANS. The model
was derived under ensemble averaged conditions that often are not even moderately well
approximated by the conditions in an LES mesh cell. Consequently, future work should
be directed toward making the baseline turbulent burning velocity model more consistent
with the LES methodology. This might involve having the burning velocity depend on a
quantity such as a turbulent velocity fluctuation in a more refined fashion. Or, it might
involve solving a transport equation for the turbulent burning velocity itself, or for some

length scale such as the flame surface density or flame brush thickness.

The coupled premixed flamelet modeling approach described in this thesis is now capable
of describing a variety of important premixed regimes. But the turbulent burning velocity is
not the only part of this model that would benefit from further research. Rather, accurate
methods of describing the effects of differential diffusion, non-unity Lewis numbers, and
the interaction of these effects with flame curvature have yet to be implemented. Models
for these dependencies may affect both the level set and the transported progress variable
components of the premixed approach. Furthermore, as with all presumed PDF methods,
premixed flamelet models would benefit from further research regarding how to model the
variance of subfilter distributions, and how to appropriately presume the shapes of these

distributions.

Turbulent combustion is a particularly interesting branch of the flow physics field be-
cause of the highly non-linear, small scale dependent manner in which combustion evolves.
Furthermore, due to both the current and the projected global need for energy, turbulent

combustion is also a very relevant field. This thesis attempts to contribute to a much
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broader scientific effort directed towards being able to better understand, design, and opti-
mize, turbulent reactive flow devices. While the needed tools for these tasks are not yet in
place, significant progress is being made. The continuously increasing availability of com-
putational resources will tremendously advance this progress, and will certainly allow larger
and more realistic problems to be simulated in the future. But the increasing tractability
of very highly resolved simulations will be balanced by the need for predictive simulations
that can be run in short turnover times, that allow for the application of optimization
procedures, and that can be quickly parameterized and configured for a variety of design
studies. Modeling capabilities will have to continue to advance if these application oriented

studies are to soon become both predictive and feasible.



Appendix A

Flamelet Index Tabulation

The process of generating Fig. 3.4 deserves attention, since it highlights the importance
of a unique parameterization A = A(Z,C). In the first step of this process, non-premixed
flamelet solutions are introduced into (Z,A) space. The solutions are placed in this space
using the definition of A from Eq. (3.28). Cubic spline interpolation with respect to A is then
used to populate the remainder of the (Z, A) domain. The fully populated domain provides
a coordinate space in which derivatives with respect to A can be calculated using standard
numerical differentiation algorithms. When the derivative 05 C is relatively large and pos-
itive, this technique works well. When 05C approaches zero, however, the A = A(Z,C)
parameterization ceases to be unique. A non-unique parameterization presents no analyt-
ical problems in (Z,A) space, but it does present numerical problems. In regions where
0AC' approaches zero, numerical differentiation errors can significantly affect the quality
of computed derivatives. The magnitude of a numerical differentiation error scales with
mesh size and higher order derivatives, but not with the differentiated term itself. When
the magnitude of a differentiated term decreases, therefore, the relative importance of a
numerical error may increase. Fortunately, numerical errors do not appear to ever strongly
affect 9,C fields when standard 2"¢ order differentiation schemes are used. Furthermore,
Fig. 3.4 demonstrates that when the C(Z, A) field is very smooth (1-step chemistry), these
errors only weakly affect the 95 C field. But when more complicated chemical mechanisms
are used, numerical errors can strongly affect the quality of second order derivatives. Fig-
ure A.1, for example, shows 9xC and (91%0 when a full methane-air mechanism is used to
describe chemistry. While 0pC' is reasonably well resolved, strong oscillations appear in

the 3%0 field. These oscillations are largest when Z is low and A is high: the same region
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Figure A.1: Left: Contour plot of 95C in (Z, A) space. Right: Contour plot of 93C in (Z, A)
space. Kinetics are described by the GRI 2.11 mechanism [11], C' = Y, 0+Ym,+Yco+Yco,,
and Zg = 0.055. Horizontal lines represent non-premixed flamelets, and the black line
corresponds to the quenching-limit flamelet, Ag. Below this line, derivatives are interpolated
between Ag and A = 0.

where the magnitude of dyC is the smallest. The oscillations are so strong that this 93C
field could not be safely accessed in a simulation. Fortunately, as the Z = Z condition
suggests, diffusion in A space usually only accounts for a small portion of the wc budget.
Therefore, when detailed kinetic mechanisms are used in conjunction with a definition of
C that leads to non-unique parameterizations, it will be assumed that diffusion in A space
can be neglected. This assumption is made so that the numerical errors associated with
the computation of 8%0 can be avoided. The validity of this assumption is confirmed in

Section 4.1.
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