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Abstract

Designing quiet mechanical systems requires an understanding of the physics of sound

generation. Among various sources of noise, aerodynamic sound is the most difficult

component to mitigate. In practical applications, aerodynamic sound is generated by

complex flow phenomena such as turbulent wakes and boundary layers, separation,

and interaction of turbulent flow with irregular solid bodies. In addition, sound waves

experience multiple reflections from solid bodies before they propagate to an observer.

Prediction of an acoustic field in such configurations requires a general aeroacoustic

framework to operate in complex configurations.

A general computational aeroacoustics method is developed to evaluate noise gen-

erated by low Mach number flow in complex configurations. This method is a hybrid

approach which uses Lighthill’s acoustic analogy in conjunction with source-data from

an incompressible calculation. Flow-generated sound sources are computed by using

either direct numerical simulation (DNS) or large eddy simulation (LES); scatter-

ing of sound waves are computed using a boundary element method (BEM). In this

approach, commonly-made assumptions about the geometry of scattering objects or

frequency content of sound are not present, thus it can be applied to a wider range

of aeroacoustic problems, where sound is generated by interaction of complex flows

with solid surfaces.

This new computational technique is applied to a variety of aeroacoustic problems

ranging from sound generated by laminar and turbulent vortex shedding from cylin-

ders to realistic configurations such as noise emitted from a rear-view side mirror and

a hydrofoil. The purpose of each test case, in addition to validation of the method, is

to explore various physical and technical aspects of the problem of sound generation
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by unsteady flows. Through these test cases, it is demonstrated that the predicted

sound field by this technique is accurate in the frequency range in which the sound

sources are resolved by the computational mesh. It is also shown that in computation

of sound, acoustic analogies are less sensitive to numerical errors than direct compu-

tations. Finally, a discussion on the efficacy of LES and the effect of sub-grid scale

dynamics on predicted sound is presented.
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Chapter 1

Introduction

1.1 Motivation and objectives

The detrimental effects of noise pollution, together with population growth and higher

demands for rapid transportation have commanded increased public attention over

the past few decades. According to a World Health Organization report, the negative

effect of noise pollution encompasses fatigue, stress, aggression, hormonal imbalance,

and hearing impairment including tinnitus and hearing loss1. A survey carried out

by the National Institute of Deafness and Other Communication Disorders reported

that 30 million Americans suffer from hearing impairment; approximately one-third of

this incidence is caused by exposure to loud noise levels2. Furthermore, noise pollution

interferes with communication, navigation, and reproductive behavior in animals. As

noise pollution is caused mostly by transportation systems, in particular by motor

vehicles and aircraft, stringent noise control codes have been implemented at the

federal and state levels, and enforcement mechanisms have been established to limit

noise levels generated by these systems. As a result, designers in the transportation

industry are seeking new ways to reduce unwanted noise. Designing quiet mechanical

systems requires an understanding of the physics of noise generation, and among noise

components, aerodynamic noise is perhaps the most difficult component to mitigate

1http://www.euro.who.int/noise
2http://www.nidcd.nih.gov/health/hearing
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2 CHAPTER 1. INTRODUCTION

owing to the complexity of the generally unsteady and turbulent flow field and its

associated sound field.

The development of concepts on aerodynamic noise reduction has relied heavily

upon expensive experimental testings. Besides the high cost, lack of a deeper under-

standing of noise sources makes it difficult to effectively design quieter configurations.

Consequently, high-fidelity physics-based models are a prerequisite for new advances

in our understanding of noise generation mechanisms and the development of realis-

tic models for noise reduction. Along with advances in high-performance computing,

computational fluid dynamics (CFD) is emerging as an accurate and cost-effective tool

for engineering design. In practical applications (e.g. fans, trailing edge, and airframe

noise), aerodynamic sound is generated by complex phenomena such as turbulent

wakes and boundary layers, flow separation, and the interaction of turbulent flow

with irregular solid bodies. In addition, sound waves experience multiple reflections

from solid bodies before they propagate to an observer. Prediction of an acoustic

field in such configurations requires a general aeroacoustic framework to operate in

complex environments. Furthermore, the method employed must avoid making sim-

plifying assumptions about the geometry, compactness, or frequency content of sound

sources. The objective of the present work is to develop, validate, and demonstrate

the functionality of such a computational framework.

In the remainder of this chapter, we first describe the technical challenges involved

in the field of computational aeroacoustics by reviewing existing aeroacoustics meth-

ods; then we explain how the method developed here advances the state of the art

by addressing some of these issues. Section 1.3 presents an overview of flow configu-

rations studied in this work; in each case the physical or technical importance of the

problem is described. We will conclude the chapter by listing the accomplishments of

this work.

1.2 An aerocoustics framework for complex flows

Prediction of flow-generated sound must account for the physics of both unsteady

flow and sound simultaneously. Because these two phenomena exhibit very different
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energy and length scales, prediction of flow-generated sound is challenging, especially

from a numerical perspective. Sound waves carry only a minuscule fraction of flow

energy; this difficulty is perhaps best described in the following expression by David

Crighton (1993)

...in the 45 seconds of take-off roll of “terrifyingly loud” Boeing 707, the

total energy radiated as sound is only about enough to cook one egg.

Consequently, in the most natural way of computing sound, i.e., solving the fully

compressible Navier Stokes (NS) equations in a computational domain that includes

sound sources as well as observer(s), an accurate numerical scheme with low dis-

sipation and low dispersion is required to keep the sound waves intact. Although

direct computations are previously used to study the physics of sound for model

problems (Inoue & Hatakeyama, 2002; Desquesnes et al., 2007), the computational

requirements for accurate sound prediction can hardly be met in a general-purpose

compressible flow solver as numerical artifacts caused by unavoidable mesh stretch-

ing and skewed elements are usually large enough to overwhelm sound waves. The

situation is aggravated in low Mach number regimes, not only because sound waves

carry a smaller amount of energy, but also because the acoustic stiffness imposes

extremely small time-steps for resolving both the acoustics and hydrodynamics. Fur-

thermore, the computational domain should extend significantly beyond the source

region to include far-field observers. Accordingly, direct computation of sound within

a compressible solver is inefficient for sound prediction in engineering applications.3

For a discussion on the numerical requirements for direct computation of sound see

the article by Tam (1995).

Acoustic projection methods such as that proposed by Ffowcs Williams & Hawk-

ings (1969) or Kirchhoff’s surface methods (Farassat & Myers, 1988) can resolve some

of the aforementioned problems. In this family of methods, the turbulent flow in the

near-field is resolved by fully compressible NS equations, and the pressure or density

is collected on a surface enclosing all sound sources in the near-field region; these

3In Appendix C we will demonstrate that the direct computation of sound is highly sensitive to
numerical errors.
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quantities will be projected to the far-field by means of analytical expressions. Here,

the problem of extension of computational domain to the far-field is resolved; how-

ever, the simulation time-step is still limited by acoustic stiffness and the numerical

method should accurately carry the sound waves from the source region to the en-

closing projection surface. These methods, although widely used to predict jet noise

(Bodony & Lele, 2008) and rotorcraft noise (Farassat, 2001), are not suitable for pre-

diction of sound generated by low Mach number flows because of small time-steps

imposed by acoustic stiffness.

These computational difficulties can be avoided by adopting the acoustic analogy

of Lighthill (1952) where NS equations are cast into an inhomogenous wave equation

in which the source terms and the wave operator are interpreted as sound generation

and propagation mechanisms, respectively. Thus, the analogy allows for use of dif-

ferent numerical methods suited to each physical phenomenon. In particular, at low

Mach numbers, the unsteady hydrodynamic field is computed by an incompressible

flow solver in which the time-step is not restricted by the acoustic stiffness. This so-

lution is then used to represent the sound sources in a separate acoustic solver. It

should be noted that in decomposing the aeroacoustic problem into sound generation

and propagation and evaluating the sound sources by incompressible solution to NS

solution, it is assumed that sound waves are not significantly altered by the unsteady

flow in the source region; the validity of this assumption and major drawbacks in the

predicted sound using incompressible sources are described by Crow (1970). A major

advantage of using the acoustic analogy of Lighthill (1952) over the theory of vortex

sound (Powell, 1964; Howe, 2003) for computational aeroacoustics is that the analogy

of Lighthill inherently preserves the “multipole structure of basic acoustic source”;

preserving this structure is necessary to avoid overestimation in numerically-predicted

sound (Crighton, 1993). 4

Hardin & Pope (1994) and Seo & Moon (2005, 2006) proposed a different class

of computational aeroacoustic methods suitable for low Mach number flows. In these

4Numerical differentiation of sound sources is avoided in Lighthill’s analogy. However, in the
theory of vortex sound, differentiation is required for computing vorticity.
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methods, hydrodynamics and acoustics are split by expanding compressible NS equa-

tions around the incompressible solution. Hydrodynamics is computed by a low Mach

number or incompressible flow solver, then the perturbation (or acoustic) field is ob-

tained from a separate finite difference solver. These methods are suitable for interior

aeroacoustic problems (e.g., combustion noise) because a coupling is allowed between

the flow variables and sound waves. For exterior problems, which are our primary

interests, either the acoustic computational domain should be extended to include

far-field observers or an acoustic projection method should be utilized.

In many practical applications the unsteady flow interacts with solid bodies; Curle

(1955) demonstrated that the presence of solid bodies significantly increases the ef-

ficiency of sound emission at low Mach numbers. Thus, special care is needed to

calculate the sound generated by the interaction of flow and solid objects.

A popular approach to compute the sound due to the interaction of turbulent flow

and rigid bodies is to use an approximation to Curle’s solution (Curle, 1955). In this

approximation, pressure on rigid surfaces is replaced by hydrodynamic pressure, which

can be easily obtained by solving the incompressible NS equation. The sound is then

evaluated by projecting the near-field hydrodynamic pressure to the far-field. It can be

shown (see Ch. 2) that such approximation is accurate only at low frequencies where

the size of the solid object is much smaller than the acoustic wavelength (compact

bodies assumption).

One way of treating the scattering of sound waves from general non-compact

solid objects is to employ geometry-tailored Green’s functions in the integral solu-

tion to Lighthill’s equation. Analytical methods have been extensively used to cal-

culate trailing edge noise. In several studies (Wang & Moin, 2000; Marsden et al.,

2007; Wang et al., 2009; Roger & Moreau, 2005; Moreau & Roger, 2009), analytical

Green’s functions obtained by Ffowcs Williams & Hall (1970) and Howe (2001) have

been employed in conjunction with the incompressible LES to calculate the sound

generated by turbulent flows over trailing edges. This approach, however, is limited

to scattering from simple geometries for which the Green’s function can be derived

analytically. For complex geometries, the geometry-tailored Green’s function must be
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obtained numerically. A boundary element method (BEM) is applied in several stud-

ies (Manoha et al., 1999; Ostertag et al., 2002; Hu et al., 2005; Takaishi et al., 2007) to

compute the geometry-tailored Green’s function in calculating flow-generated sound.

This numerical technique is particularly attractive for exterior acoustic problems as

it naturally satisfies the causality condition in the far-field; in addition, it is not sub-

ject to dispersion and dissipation errors, in contrast to finite difference, finite volume,

and finite element methods. The main drawback to this approach, however, is that

Green’s functions depend on the location of the observer; thus studying the sound di-

rectivity or sound spectra for numerous observers is computationally intensive owing

to evaluation of the geometry-tailored Green’s function as well as the volume integrals

in Lighthill’s equation for each observer.

Recently, Schram (2009) decomposed the pressure into acoustics and hydrodynam-

ics; then by splitting the volume-distributed source terms into near-field and far-field

regions, he introduced a boundary integral equation for the acoustic pressure; BEM

was employed to solve this equation and compute the sound field. There are a few

major drawbacks in this work: It is not obvious how the source region can be decom-

posed into near-field and far-field. In addition, while the equations are derived for

closed boundaries, the surface boundary integrals are evaluated on unclosed surfaces.

Finally, sound sources are assumed to be compact and are placed in the acoustic

near-field of the scattering object.

In Chapter 2, we introduce an aeroacoustic solver that can operate in an arbi-

trarily complex geometry environment. This is a hybrid method in which unsteady

flow-generated sound sources are computed using the low-dissipation unstructured

incompressible solver of Ham & Iaccarino (2004). These sources are then used as the

input to a BEM-based acoustic solver. In this method, Lighthill’s equation with con-

vection effects is transformed to a boundary integral equation, the solution of which

is the acoustic pressure on the scattering surface of the solid body. This pressure

along with distributed quadrupole sources is projected to calculate sound at observer

locations. The key features of this new approach are listed as follows:

• This formulation is valid for the entire frequency range; no body compactness or

geometrical assumptions are made. This method has no limitations other than
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1. the low Mach number assumption

2. and intrinsic limitations of Lighthill’s theory with incompressible sources

described by Crow (1970). In particular, the effect of unsteady near-field

flow on propagating sound waves are neglected. This effect can be signif-

icant when the size of source region is comparable to or larger than the

wavelength of sound. In other words, this assumption might not be valid

for non-compact flow-generated sources.

• Because of the semi-analytical nature of BEM, propagation of waves is not

affected by dissipation or dispersion errors. In addition, the causality condition

in the far-field is automatically satisfied; thus, the acoustic solver does not

require non-reflecting boundary conditions.

• The acoustic solver does not require a volume mesh; a surface mesh that resolves

the acoustic wavelength and geometrical features of the solid body suffices.

• Numerical differentiation of sound sources is avoided. The error caused by such

differentiations can overwhelm the real sound in the limit of small Mach number.

• The effect of uniform background convection is included in the formulation,

whereas it is neglected in almost all previous BEM-based approaches (Hu et al.,

2005; Wu & Li, 1994; Astley & Bain, 1986)

• In contrast to the BEM-based approaches that evaluate exact Green’s function

(Manoha et al., 1999; Ostertag et al., 2002; Hu et al., 2005), our proposed

method does not require numerical evaluation of the derivatives of the Green’s

functions. Furthermore, sound can be evaluated for multiple observers at little

computational cost.

1.3 Studying various aeroacoustic problems

The hybrid method is applied to a variety of aeroacoustic problems. The purpose of

each test case, in addition to validation of the method, is to explore different physical

and technical aspects of the problem of sound generation by unsteady flows.
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At first, problems of sound generated by laminar and turbulent flows over a cylin-

der are considered. These test cases are canonical problems wherein the result of the

hybrid approach is compared to sound directly computed from a high-order compress-

ible flow solver. Laminar vortex shedding of a cylinder is a challenging problem from

an acoustical perspective because sound generated by this flow includes only tonal

components and the amplitude of tones drops very rapidly in frequencies higher than

the shedding frequency. In addition to validation of the hybrid method, we studied

the effect of background convection and viscosity in sound generation and propa-

gation. In Appendix C we revisited this problem to characterize the sensitivity of

sound prediction methods (in particular, the direct method) to numerical errors. In

the turbulent vortex shedding problem, LES is used for computation of sound source

terms. In addition to validation, we carried a sound budget analysis; in particular,

we studied the contribution of modeled subgrid-scale stress term in computed sound.

This problem is also used to demonstrate the functionality of a more cost-effective

reformulation of the hybrid method in which the rather expensive BEM system is

solved only at high frequencies.

Moving on to more realistic flow configurations, we computed the sound fields

generated by flow overs a side-view mirror and the trailing edge of a hydrofoil. The

results are validated against experimental measurements carried out at the University

of Notre Dame and at Michigan State University (Morris & Shannon, 2007; Morris

et al., 2007). Side-view mirror noise is an example of an engineering-scale problem

where sound is generated by complex phenomena such as turbulent wake, separation,

and interaction of turbulence with an irregular geometry. We use LES on an unstruc-

tured mesh to accurately resolve the unsteady flow field; the hybrid method is used

to calculate the far-field noise due to the interaction of flow and sound waves with the

mirror and the flat surface of the test-table. In the study of the trailing edge noise

we investigate the effect of subgrid-scale dynamics of flow in generated sound at high

frequencies. In order to obtain accurate results at high frequencies, a high-resolution

simulation of flow over an optimal trailing edge (Marsden et al., 2007) is carried out.

We use the database generated in this calculation in an a priori setting to study the

effect of subgrid-scale dynamics to source terms and predicted sound.
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1.4 Accomplishments

The major accomplishments of the present work are listed below:

• Development and fully parallelized implementation of a computational aeroa-

coustic method suitable for complex flows. (Chapter 2)

• Singularity treatment of distributed multipole integrals by extracting the hy-

drodynamic contribution from the integrals. (Chapter 3)

• Detailed validation of the aforementioned method by comparison to directly

computed sound or experimental measurements. (Chapters 4 & 5)

• Investigation of the contribution of subgrid-scale dynamics to predicted sound

by decomposing the sound source to components corresponding to resolved,

modeled, and missing scales. (Chapters 5 & 4)

• Development of an efficient alternative to the hybrid approach by utilizing the

hydrodynamic surface pressure in the entire frequency range and compensating

for the acoustic component only at high frequencies. (Section 2.8)

• Characterization of the effect of temporal and spatial residual errors in predicted

sound by direct methods. (Appendix C)

• Development of an algorithm for zonal mesh refinement using transitional ele-

ments. (Appendix E)
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Chapter 2

Mathematical formulation

In this chapter, we develop a framework to calculate the sound generated by complex

flows in the presence of arbitrarily-shaped solid objects. According to Ffowcs Williams

(1996), in an acoustic analogy, one should separate propagation of sound waves, which

occurs after sound is generated from, the process of generation itself. This separation

is carried out in a hypothetical sense, as true sound sources are not known in general

complex flows. Here, we extract and separate the terms that can be treated in an

analytic or semi-analytic fashion. These terms correspond to physical processes that

are related to propagation, uniform convection, viscous attenuation, and scattering;

the first three are accounted for by modification of Lighthill’s wave equation (or

its frequency domain counterpart, the Helmholtz equation). Scattering, however, is

treated by solving a boundary integral equation (BIE).

This chapter is organized as follows: In the first section, we derive the acoustic

analogy appropriate for uniform background convection and attenuation by modi-

fying the Lighthill’s equation. In the next section we introduce mathematical tools

to be utilized in Sec. 2.3 for transforming the modified Lighthill’s equation to an

integral equation. The hybrid approach and infrastructure developed for its imple-

mentation are introduced in Secs. 2.4 and 2.5. In Sec. 2.6, dimensional analysis of

the hybrid approach is described. In particular, low-frequency approximations to the

hybrid approach are introduced. We then present validation methods applicable to

general aeroacoustic problems.

11
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Figure 2.1: Schematic of sound generation and propagation by flow over a solid object.

2.1 Derivation of acoustic analogy

Figure 2.1 depicts the physical setting from which the acoustic analogy is derived.

Sound waves are generated by unsteady flow and travel to the observer either directly

or after reflections from hard walls. Based on this physical picture, in Lighthill’s anal-

ogy the compressible Navier-Stokes equations are rearranged into an inhomogeneous

wave equation for density ρ with flow quantities as source terms. Following Lighthill

(1952), we start with conservation of mass and momentum:

∂ρ

∂t
+
∂ρui
∂xi

= q (2.1)

∂ρui
∂t

+
∂ρuiuj
∂xj

= − ∂p

∂xi
+
∂eij
∂xj

+ fi , (2.2)

where q and fi are mass and momentum source terms per unit volume, respectively;

eij is the viscous stress tensor.

By eliminating ρui from Eq. (2.1) and Eq. (2.2) and subtracting the acoustic pres-

sure term (c20ρ
′) from both sides, we arrive at Lighthill’s equation:
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(
∂2

∂t2
− c20

∂2

∂xi∂xi

)
ρ′ =

∂2Tij
∂xi∂xj

− ∂fi
∂xi

+
∂q

∂t
, (2.3)

where

Tij = ρuiuj − eij + (p′ − c20ρ
′)δij . (2.4)

In the above equation p′ = p − p0 and ρ′ = ρ − ρ0. Reference quantities are denoted

by null subscript.

In the spirit of the acoustic analogy, by rearranging the Navier-Stokes equation, we

attempt to differentiate sound generation from sound propagation. That is, the r.h.s.

of Eq. (2.3) corresponds to sound sources whereas the wave operator on the l.h.s.

accounts for the linear propagation of sound waves. In this work, sound sources in

the near-field are resolved using a Navier-Stokes solver with linear wave propagation

and scattering calculated using semianalytical methods.

Ideally, terms appearing on the r.h.s. of Eq. (2.3) should be active only in the

sound-generating near-field and vanish elsewhere. This assumption does not hold

when sound waves are subject to either convection or viscous attenuation while prop-

agating in the far-field. The former effect is important in many practical applications

where a freestream flow is present. In the following, the effects of uniform background

velocity and viscous attenuation are extracted from the r.h.s. and included in the lin-

ear wave operator.

Effect of background convection

Assuming a spatially uniform background convection velocity Ui, the velocity can be

written as ui = Ui + u′i. Using Eq. (2.1), the background convection effect can be

extracted from the non-linear part of the source term as

∂2ρuiuj
∂xi∂xj

=
∂2ρu′iu

′
j

∂xi∂xj
+ 2Ui

∂

∂xi

(
∂ρu′j
∂xj

)
+ UiUj

∂2ρ

∂xi∂xj
(2.5)
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=
∂2ρu′iu

′
j

∂xi∂xj
+ 2Ui

∂q

∂xi
−
(

2Ui
∂2

∂xi∂t
+ UiUj

∂2

∂xi∂xj

)
ρ,

and by moving the convection part to the wave operator on the l.h.s. of Eq. (2.3),

(
D2

0

Dt2
− c20

∂2

∂xi∂xi

)
ρ′ =

∂2T †
ij

∂xi∂xj
+
∂(2qUi − fi)

∂xi
+
∂q

∂t
, (2.6)

where

T †
ij = ρu′iu

′
j − eij + (p′ − c20ρ

′)δij, (2.7)

and D0

Dt
≡ ∂

∂t
+ Ui

∂
∂xi

is the material time derivative.

Effect of viscosity

The attenuation effect is extracted from the viscous stress tensor eij = µ
(
∂ui

∂xj
+

∂uj

∂xi

)
+

λ∂uk

∂xk
δij . Let us split velocity to solenoidal (incompressible) and irrotational (acous-

tics) parts as ui = vi + u′i, where ∂vi

∂xi
= 0. Shear viscosity and bulk viscosity are

also decomposing to a constant background plus perturbation. Consequently, viscous

stress tensor can be written as

eij = µo

(
∂vi
∂xj

+
∂vj
∂xi

)

︸ ︷︷ ︸
e0
ij

+µ′

(
∂ui
∂xj

+
∂uj
∂xi

)
+ λ′

∂uk
∂xk

δij
︸ ︷︷ ︸

e†
ij

+ µ0

(
∂u′i
∂xj

+
∂u′j
∂xi

)
+ λ0

∂u′k
∂xk

δij , (2.8)

where e0ij and e†ij are incompressible and residual viscous stress tensors, respectively.

The second derivative of the viscous stress tensor that appears in the sound source

term reads as

∂2eij
∂xi∂xj

=
∂2e0ij
∂xi∂xj︸ ︷︷ ︸

=0

+
∂2e†ij
∂xi∂xj

+ (λ0 + 2µ0)
∂2

∂xj∂xj

∂u′i
∂xi

. (2.9)
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Using conservation of mass, Eq. (2.1), the dilatation is written in terms of density as:

ρ0
∂u′i
∂xi

= −∂ρ
′

∂t
− ρ′

∂u′i
∂xi

− ui
∂ρ′

∂xi
+ q. (2.10)

Substituting Eq. (2.10) into Eq. (2.9) and introducing attenuation viscosity νatt0 =
λ0+2µ0

ρ0
yields

∂2eij
∂xi∂xj

= −νatt0

(
∂

∂t

)
∂2ρ′

∂xj∂xj
+

∂2e′ij
∂xi∂xj

, (2.11)

where

e′ij = e†ij + νatt0 (−ρ′∂u
′
k

∂xk
− uk

∂ρ′

∂xk
+ q)δij. (2.12)

By replacing Eq. (2.11) in Eq. (2.6), we arrive at an analogy that includes the effect

of background convection as well as viscous attenuation in the l.h.s. operator:

(
D2

0

Dt2
−
(
c20 − νatt0

∂

∂t

)
∂2

∂xi∂xi

)
ρ′ =

∂2T ′
ij

∂xi∂xj
+
∂(2qUi − fi)

∂xi
+
∂q

∂t
, (2.13)

where

T ′
ij = ρu′iu

′
j − e′ij + (p− c20ρ)δij . (2.14)

This is still an exact rearrangement of the Navier-Stokes equation and will be the

acoustic analogy employed in the present work. The terms appearing in the r.h.s. of

Eq. (2.13) are regarded as sound sources and calculated by solving incompressible

NS equations in the source region; the sound field is then obtained by solving this

equation for ρ′.

As shown in Eq. (2.9), shear stress resulting from incompressible velocity (i.e., e0ij)

does not appear in the source term. In addition, in the cases studied in the present

work, source terms are calculated using an incompressible, constant viscosity fluid

model and the effect of viscosity as an acoustic source term is negligible (e′ij ≈ 0). At

first, this might seem to disagree with the study of Shariff & Wang (2005), where they
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demonstrated that viscous shear stress can be an effective source of sound. However,

in Sec. 2.4 it will be shown that the role of shear stress in sound appears as a boundary

term. The contribution of this boundary term is found to be important in the problem

of sound generated by flow over a laminar cylinder (see Sec. 4.1).

According to Stokes’ assumption, let λ0 = −2
3
µ0 and νatt0 = 4

3
µ0. If we consider

a wave propagating in a quiescent flow issued from a sound source with angular fre-

quency ω, fundamental solution to Eq. (2.13) (see Eq. (A.14)) exhibits an asymptotic

behavior with viscous decay rate of e−αr, where r is distance from the source and α is

the attenuation factor. According to this solution, α = 2µ0ω2

3ρ0c30
, which is the exact form

of Stokes’ law for the attenuation of sound waves in Newtonian flows (Stokes, 1845;

Morse & Ingard, 1986).

In a discussion by Lighthill (1978), it is described that the energy of acoustic waves

is dissipated by either viscous effects or “less obvious” heat conduction effects. In the

modification of wave operator in the present work, only viscous effects are extracted

and included in the wave operator. The heat conduction is still present in the r.h.s.

and dissipates the wave energy.

In general, the effect of viscous attenuation is negligible unless sound waves travel

thousands of wavelengths; for example, according to Lighthill (1952), sound at a

frequency of 4kHz is attenuated by only 3dB in one mile (about 20,000 wavelengths)

of propagation through the atmosphere.

Fourier transform and convective Helmholtz equation

To avoid the technical difficulties arising when encountering with retarded time, Eq.

(2.13) is transformed to frequency space. Defining the Fourier transform by

g(t) =
1

2π

∫ ∞

−∞
g̃(ω)eiωtdω, (2.15)

where

g̃(ω) =
∫ ∞

−∞
g(t)e−iωtdt, (2.16)
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and introducing an acoustic viscous factor ζ = νatt0 k/c0, Eq. (2.13) is transformed to

a convective Helmholtz equation:

2
2(p̃′a) =

∂2T̃ ′
ij

∂xi∂xj
+
∂(2q̃Ui − f̃i)

∂xi
+ iωq̃, (2.17)

where p′a = ρ′c20 is the acoustic pressure and 2
2 is the convective Helmholtz operator

defined as

2
2 =

(
ik +Mi

∂

∂xi

)2

− (1 − iζ)
∂2

∂xj∂xj
, (2.18)

where Mi = Ui/c0 and k = ω/c0. In Appendix A, analytical free-space Green’s func-

tions corresponding to the l.h.s. operator of Eq. (2.17) are given.

2.2 Integral operators

In this section, a few mathematical notations are introduced to facilitate the deriva-

tion of integral equations from the partial differential equation obtained in the previ-

ous section.

2.2.1 Inner product and corresponding identities

Let f and g be continuous function defined in Ω. The inner product of f and g is

defined as

〈f, g〉Ω ≡
∫

Ω
f(y)g(y)dy, (2.19)

where Ω can be a volume or a surface (i.e., the boundary of a volume ∂Ω); in the

latter, the inner product is defined as a surface integral:

〈f, g〉∂Ω ≡
∫

∂Ω
f(y)g(y)dsy. (2.20)
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If f and g are continuously differentiable functions, integration by parts leads to

〈
f,
∂g

∂yi

〉

Ω

= 〈f, gni〉∂Ω −
〈
∂f

∂yi
, g

〉

Ω

, (2.21)

and if f and g are twice continuously differentiable functions, by applying integration

by parts twice we have

〈
f,

∂2g

∂yi∂yi

〉

Ω

=

〈
∂2f

∂yi∂yi
, g

〉

Ω

+

〈
f,
∂g

∂yi
nj

〉

∂Ω

−
〈
∂f

∂yj
ni, g

〉

∂Ω

. (2.22)

In the above equations, ni is the outward-pointing unit vector normal to boundary

surface ∂Ω as shown in Figure 2.2.

2.2.2 Adjoint Helmholtz operator and reciprocity

The adjoint of the convective Helmhotz operator defined in Eq. (2.18) is given by

2
2† = (ik −Mi

∂

∂xi
)2 − (1 − iζ)

∂2

∂xj∂xj
. (2.23)

For twice continuously differentiable functions f and g, using the inner product and

corresponding properties introduced in Eq. (2.19) to Eq. (2.22) yields

〈
2

2f, g
〉

Ω
=

〈
f,22†g

〉
Ω

+ 2ikMi 〈f, gni〉∂Ω

+ ((1 − iζ)δij −MiMj)

(〈
fnj ,

∂g

∂yi

〉

∂Ω

−
〈
∂f

∂yi
, gnj

〉

∂Ω

)
. (2.24)

As seen from Eq. (2.23), the adjoint operator is identical to the original operator

with the background convection velocity reserved. As a result, the operator is self-

adjoint in the absence of background convection. Additionally, if the Green’s function

corresponding to the adjoint operator is denoted by G†, Eq. (A.31) states that the
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location of the observer and source obey the following reciprocal transformation:

G†(y|x) = G(x|y). (2.25)

2.2.3 Multipole integral operators

x

y ∂Ω

Ω

n

Bǫ

Figure 2.2: Schematic of a distributed source in domain Ω.

Consider a distributed sound source in domain Ω as shown in Figure 2.2. Here we

introduce integral operators as shorthand notations for the effect of this distributed

source on an observer located at x. Let α, µi, and σij be scalar, vector, and tensor

field distribution in an arbitrary domain Ω, respectively. The distributed monopole

(M), dipole (D), and quadrupole (Q) integral operators are defined as

M [α]Ωx ≡ 〈α(y), G(x|y)〉Ω\{x} (2.26)

D [µi]
Ω
x ≡

〈
µi(y),

∂G(x|y)

∂yi

〉

Ω\{x}

(2.27)

Q [σij ]
Ω
x

≡
〈
σij(y),

∂2G(x|y)

∂yi∂yj

〉

Ω\{x}

, (2.28)

where G(x|y) is the Green’s function of the Helmholtz operator with a point source

placed at y. This function is singular at point y = x and therefore this point is



20 CHAPTER 2. MATHEMATICAL FORMULATION

excluded from the domain of integration Ω.

Identities for derivatives of source distributions

Using integration by parts [Eqs. (2.21) and (2.22)], the following identities hold for

derivatives of distributed sources:

M
[
∂µi
∂yi

]Ω

x

= −D [µi]
Ω
x + M [µjnj]

∂Ω+Bǫ

x
(2.29)

D
[
∂σij
∂yj

]Ω

x

= −Q [σij]
Ω
x

+ D [σijnj ]
∂Ω+Bǫ (2.30)

M
[
∂2σij
∂yi∂yj

]Ω

x

= Q [σij ]
Ω
x
−D [σijnj ]

∂Ω+Bǫ

x
+ M

[
∂σij
∂yj

nj

]∂Ω+Bǫ

x

. (2.31)

In the above relations, the singular point x is excluded from the domain in which

the integration by parts is carried out. As a result, a surface term on a small ball

surrounding the singular point appears. This small ball of radius ǫ, denoted by Bǫ, is

shown in Figure 2.2.

The physical interpretation of the above identities is that the sound generated by

the derivative of a volume source is equivalent to that of the original volume source

with higher polarity plus additional surface terms. That is, derivatives of volume

source terms emit sound less effectively due to cancellations.

Singularity treatment at observer location

Assuming the source field is continuous at x, the contribution from Bǫ is evalu-

ated using asymptotic expansions of Green’s functions presented in Appendix A. For

monopole distributions, this contribution vanishes:

lim
ǫ→0

M [µjnj ]
Bǫ

x
= 0. (2.32)

For dipole distributions, the surface integral can be written as

lim
ǫ→0

D [σijnj ]
Bǫ

x
= γ(x)Aijσij , (2.33)



2.2. INTEGRAL OPERATORS 21

where γ(x) is a geometrical factor defined as

γ(x) =





1 x ∈ Ω

1/2 x ∈ ∂Ω

0 otherwise,

(2.34)

and Aij is a diagonal matrix derived from the analytical Green’s function. Assuming

the background convection is in y1-direction, i.e., Mi = Mδ1i, for 2-D problems the

diagonal elements of Aij are

A11 =
αβ

α + 1
(2.35)

A22 =
β

α + 1
, (2.36)

where α and β are defined in Eq. (A.27) and Eq. (A.28), respectively. For 3-D prob-

lems the diagonal elements of Aij are

A11 =
α2β

2(α2 − 1)3/2

(
ln
α +

√
α2 − 1

α−
√
α2 − 1

− 2

√
α2 − 1

α

)
(2.37)

A22 = A33 =
β

4(α2 − 1)3/2

(
− ln

α +
√
α2 − 1

α−
√
α2 − 1

+ 2α
√
α2 − 1

)
. (2.38)

For both 2-D and 3-D problems, one also can show

Aij((1 − iζ)δij −MiMj) = 1, (2.39)

and for a small Mach number the diagonal elements can be well approximated using

Aii =
1 − iζ

d
(1 +O(M2)), (2.40)

where d is the dimension of the problem.
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Exterior problems

Infinite source regions can be treated by introducing a large exterior ball BR of radius

R that encloses the source. Although extra surface terms appear in Eq. (2.29) to Eq.

(2.31), these terms vanish at large distances, assuming that source fields obey the

causality (see Appendix B of Wu & Li (1994)). That is,

lim
R→∞

M [µjnj ]
BR

x
= lim

R→∞
D [σijnj ]

BR

x
= 0. (2.41)

Considering singularity treatment and the causality condition, one can rewrite

multipole integral identities as

M
[
∂µi
∂yi

]Ω

x

= −D [µi]
Ω
x + M [µjnj ]

∂Ω
x

(2.42)

D
[
∂σij
∂yj

]Ω

x

= −Q [σij ]
Ω
x

+ D [σijnj]
∂Ω + γ(x)Aijσij (2.43)

M
[
∂2σij
∂yi∂yj

]Ω

x

= Q [σij ]
Ω
x
−D [σijnj]

∂Ω
x

+ M
[
∂σij
∂yj

nj

]∂Ω

x

− γ(x)Aijσij . (2.44)

These identities are valid for interior as well as exterior problems.

2.3 Integral equation

In Appendix B, tools and notations introduced earlier are applied to transform the

Fourier transform of Lighthill’s equation [Eqs. (2.17) and (2.18)] to the following

integral equation

γ(x)
(
p̃′a(x) + Aij(T̃ ′

ij(x) − ẽ0ij(x))
)

=

− D
[(

((1 − iζ)δij −MiMj)p̃′a + T̃ ′
ij

)
nj
]∂Ω

x
+ D

[
ẽ0ijnj

]∂Ω

x
−M [iωρ̃ujnj]

∂Ω
x

+ Q
[
T̃ ′
ij

]Ω
x

+ D
[
2q̃Ui − f̃i

]Ω
x

+ M [iωq̃]Ω
x
. (2.45)
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Writing the integral operators in terms of volume and surface integrals yields:

γ(x)
(
p̃′a(x) + Aij(T̃ ′

ij(x) − ẽ0ij(x))
)

=

−
∫

∂Ω\{x}

(
((1 − iζ)δij −MiMj)p̃′a(y) + T̃ ′

ij(y) − ẽ0ij(y)
)
nj(y)

∂G(x|y)

∂yi
dsy

−
∫

∂Ω\{x}
iωρ̃uj(y)nj(y)G(x|y)dsy +

∫

Ω\{x}
T̃ ′
ij(y)

∂2G(x|y)

∂yi∂yj
dy

+
∫

Ω\{x}

(
2q̃(y)Ui − f̃i(y)

) ∂G(x|y)

∂yi
dy +

∫

Ω\{x}
iωq̃(y)G(x|y)dy. (2.46)

In Eq. (2.45), acoustic pressure p′a at observer location x is explicitly written

in terms of multipole integral operators acting on distributed volume and surface

terms. For distributed volume terms, as expected, Lighthill’s tensor T ′
ij radiates as

a quadrupole whereas the external force and mass source radiate as a dipole and a

monopole, respectively. The mass source also introduces a dipole contribution when

it is convected with backgound uniform flow. Distributed surface terms include two

dipoles and a monopole; dipoles are caused by acoustic pressure, the normal com-

ponent of Lighthill’s tensor, and incompressible shear stress; the monopole term is

a result of mass flux through the boundary. Dipole and monopole terms are found

equivalent to loading and thickness sound in Ffowcs Williams & Hawkings (1969).

It should be noted that, Eq. (2.45) is an exact rearrangement of Navier-Stokes

equations; no assumption such as incompressibility is made. This equation is valid

for both far-field and near-field and can be applied to both interior and exterior

problems.

Since the causality condition is already applied in the far-field for exterior prob-

lems, non-reflecting boundary conditions such as Dirichlet-to-Neumann (Keller &

Givoli, 1989), perfectly matched layer (Bérenger, 1994), or sponge zones (Bodony,

2005) are not required. Non-reflecting boundary conditions are employed in many

acoustic applications to avoid reflection of sound waves from exterior boundaries of

the computational acoustic domain; most non-reflecting models include free parame-

ters that are tuned by trial and error.

Acoustic pressure, p′a, appears on both sides of Eq. (2.45). Consequently, even
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if a good approximation of sound sources is available, one must know the acoustic

pressure on the boundary of acoustic domain ∂Ω prior to the prediction of far-field

sound. This is not the case for many low Mach number flow configurations where

only an incompressible solution to the flow is available. In the next section, a hybrid

approach is introduced to address this issue.

2.4 Hybrid approach for low Mach number flows

In the current work, we are interested in sound generated by non-reactive, non-heated,

low Mach number flows in the presence of impenetrable solid objects. A schematic of

this configuration is depicted in Figure 2.1. A hybrid method is introduced which em-

ploys Eq. (2.45) to calculate sound as a passive secondary result of flow unsteadiness.

It should be emphasized that this approach is not applicable to cases where acous-

tic waves play an active role in flow instability mechanisms. By neglecting acoustic

effects, a low Mach number flow can be well approximated by the incompressible

Navier-Stokes equations; solutions to these equations are employed to approximate

sound sources used in the hybrid approach.

It is assumed that sound is only generated by flow unsteadiness; i.e., unsteady

external forces and mass sources are not present. This leaves the Lighthill’s stress

tensor T ′
ij as the only sound source in Eq. (2.17). In almost all low Mach number,

non-heated, and non-reactive applications, the non-linear term ρu′iu
′
j in T ′

ij is the

major contributor to the sound sources. We approximate this term by ρ0v
′
iv

′
j , where

v is taken to be the incompressible velocity field. The adequacy and limitation of this

approximation is discussed by Crow (1970). Due to isentropic flow assumption, p′−c20ρ
in Eq. (2.14) is neglected. In addition, the viscous term e′ij is neglected as discussed

in Sec. 2.1. Thus, Lighthill’s stress tensor can be approximated by the incompressible

Navier-Stokes equation,

T ′
ij ≈ T ′0

ij = ρ0v
′
iv

′
j . (2.47)

Since Eq. (2.45) is written for an arbitrary acoustic domain Ω, in the hybrid

approach this domain is chosen to be the entire acoustic medium surrounding the
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solid object (see Figure 2.1). By making this choice, the boundary of acoustic domain

∂Ω coincides with the impenetrable walls of the solid object. In this case, the mass

flux through the boundary is zero and consequently, the monopole surface term in

Eq. (2.45) vanishes; T ′
ijnj in dipole surface term also vanishes. Therefore, Eq. (2.45)

simplifies to

γ(x)
(
p̃′a(x) + Aij(T̃ ′0

ij(x) − ẽ0ij(x))
)

= Q
[
T̃ ′0

ij

]Ω

x

(direct)

− D
[
((1 − iζ)δij −MiMj)nj p̃′a

]∂Ω

x
(scattered)

+ D
[
ẽ0ijnj

]∂Ω

x
(scattered viscous) (2.48)

Based on this relation, far-field sound has two distinct components: direct and

scattered. These two components are depicted in Figure 2.1; the portion of sound

that travels to the observer without encountering the solid object corresponds to the

direct sound, whereas the sound that reflects from the solid objects contributes to the

scattered sound. In Sec. 2.6 we demonstrate that, at low frequencies, the total sound

is usually dominated by the scattered waves because they exhibit a dipolar behavior,

in contrast to the dominant direct quadrupole term.

According to Morfey (2003) the viscosity can be interpreted as a scattering ef-

fect. As pointed out in Sec. 2.1, viscosity plays an insignificant role in the volume

quadrupole term; however, it provides a direct contribution to far-field sound as a

surface dipole term. This interpretation is in agreement with the demonstration of

Shariff & Wang (2005). In the cases studied in this work, this term is found to be im-

portant only in the problem of sound generation by laminar vortex shedding presented

in Sec. 4.1.

Equation (2.48) is at the core of the hybrid approach. Having computed T ′0
ij and

e0ij terms using an incompressible flow solver, acoustic pressure p̃′a remains the only

unknown variable in this equation. In order to calculate the far-field sound, knowledge

of acoustic pressure is required on the solid surface ∂Ω. Pressure on the surface is

computed by realizing that Eq. (2.48) is valid for any observer location x, in particular

for points on the surface of the solid boundary. By choosing x to be on ∂Ω, Eq. (2.48)
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transforms to a boundary integral. The solution to this equation (which is the acoustic

pressure on the surface) is used to calculate the sound field at any observer location.

The above approach can be viewed as a two-step procedure:

1. Solving for p̃′a on ∂Ω: For observer points on the solid surface, assuming a no-

slip boundary condition, T ′0
ij(x) vanishes. Using Eq. (2.40), it can be shown

that Aije
0
ij term is of order M2 and can be neglected. Applying Eq. (2.34) to

determine the geometrical factor γ(x) yields a Fredholm’s integral equation of

the second kind:

1

2
p̃′a(x) + D

[
((1 − iζ)δij −MiMj)nj p̃′a

]∂Ω

x
= Q

[
T̃ ′0

ij

]Ω

x

+ D
[
ẽ0ijnj

]∂Ω

x
x ∈ ∂Ω.

(2.49)

The surface integral appearing in operator D is discretized by meshing the

boundary ∂Ω and using a surface quadrature rule. We employ the BEM with

CHIEF formulation to form a well-conditioned linear system of equations (see

Schenck (1968)). To calculate the r.h.s. of this system of equations, we place the

observer point x at the centroid of each surface element on ∂Ω and evaluate the

quadrupole integral operator Q using a volume quadrature. This is equivalent

to propagating the sound waves directly to the solid surface. This linear system

is then solved to obtain p̃′a on ∂Ω. The details of surface and volume quadratures

as well as forming the linear system is given in Chapter 3.

Alternatively, this system of equations can be formed by choosing the observer

points within the solid geometry where the geometrical factor γ vanishes. This

formulation, however valid, will increase the condition number of the system by

affecting the diagonal dominance of the matrix.

2. Integrating for p̃′a at the observer point x: Having computed acoustic pres-

sure p̃′a on ∂Ω, we simply use surface and volume quadratures to evaluate oper-

ators D and Q on the r.h.s. of Eq. (2.48) and calculate the total sound at any

observer point.

Figure 2.3 depicts the above procedure, which is followed in the hybrid method.
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Figure 2.3: Flow chart showing the structure of the hybrid approach.

Comparison with geometry-tailored Green’s function method

An alternative method to account for the scattering of sound from solid objects is

to employ geometry-tailored or exact Green’s functions. Exact Green’s functions are

fundamental solutions to the Helmholtz equation that satisfy hard-wall boundary

conditions on the surface of the solid object. Ffowcs Williams & Hall (1970), Howe

(2001), and Howe (2003) simplified the geometry of interest and used analytical repre-

sentations of Green’s function tailored for the simplified geometry. For treating more

complicated surface geometries, Manoha et al. (1999), Hu et al. (2005), and Ostertag

et al. (2002) used BEM to numerically evaluate geometry-tailored Green’s functions.

Although the hybrid approach and exact Green’s function method must produce

identical results, the hybrid approach has a few advantages over the exact Green’s

function method. The hybrid method is more cost-effective when sound is desired

for multiple observers. The reason is that in the exact Green’s function approach, a

system of boundary integral equation should be solved for every observer, whereas

in the hybrid approach, this system should be solved only once. From a conceptual

standpoint, according to Farassat & Casper (2006), using exact Green’s function adds

very little to the physical understanding of sound. In contrast, the hybrid approach is

connected to a more physical picture, i.e., scattering and direct propagation of sound.

Additionally, acoustic pressure on the surface is computed as a by-product of the

hybrid approach; this quantity is not available in the other method.

In the next section, we introduce a programming infrastructure suitable for the
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implementation of the hybrid approach and similar computational aeroacoustic meth-

ods.

2.5 Structure of the aeroacoustics code

In the development of the integral solution to Lighthill’s equation and, consequently,

the hybrid approach, a level of generality is maintained. For instance, in the derivation

we specified neither the dimension of computational domain nor the physics of sound

propagation (i.e., whether it propagates in the free-space or is reflected by a large

solid wall); this information is instead contained in the type of Green’s function used

in the derivation. We have developed a general aeroacoustics solver with a modular

structure where one can study a completely different acoustics problem by simply

changing a module.

A modular structure for computational aeroacoustics is presented in Figure 2.4.

Although this structure is used for the present hybrid method, it can be applied to

implement other acoustics projection methods such as FWH surface approach (Ffowcs

Williams & Hawkings, 1969). The structure is composed of five different modules, all

implemented in a message passing interface (MPI) environment. The hybrid approach

is developed within the Center for Turbulence Research’s CDP infrastructure (Ham

et al., 2007). CDP is an unstructured mesh environment designed for development

of multiscale/multiphysics flow solvers on parallel machines. Each module is briefly

described below:

Flow Solver: We use CDP IF2 to compute flow-generated sound sources. This is an

incompressible, second-order, low-dissipation, unstructured, finite-volume LES

solver based on the numerical scheme of Ham & Iaccarino (2004). CDP IF2 is

specialized for high-quality and large-scale calculations of multiscale/multiphysics

problems and is successfully tested in a variety of applications. For more infor-

mation about this solver, see Ham et al. (2007).

The incompressible solver in this module can be replaced by a compressible

solver (e.g., CDP CF2 Shoeybi et al. (2009)) to be employed with the FWH
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Figure 2.4: Code structure used for the hybrid approach.

surface projection method. (see Sec s:fwh-integration)

Fourier Transform: To calculate the Fourier modes of the T ′0
ij term, the time his-

tory of flow is required. This is indeed one of the important technical issues in

computational aeroacoustic methods based on volume-distributed sound sources

(such as the hybrid approach). The problem is that the disk space required for

saving the time history of the entire flow field is enormous. For example, in a

realistic LES calculation where the size of the flow computational domain is as

large as tens of millions of volume cells, the disk requirement is of the order of a

few terabytes. To avoid this problem, a run-time Fourier transform technique is

utilized. In this method, the number and the frequency of the modes of interest

as well as the size of the sampling window are required prior to starting the sim-

ulation. Fourier modes are calculated by adding the terms in the Fourier series

as the simulation advances in time. Time signals are Hanning-windowed using

50% overlap with the previous window, then rescaled with a factor of
√

8/3. A

detailed description of spectral analysis used can be found in Appendix F.

Multipole Integral Quadratures: The integral operators introduced in Sec. 2.2.3
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are core elements of the hybrid approach and other acoustic projection meth-

ods. The kernels of these integrals are the free-space Green’s functions, which

are singular where source and observer locations merge. This singular behavior

requires special attention in developing quadrature rules and will be discussed

in detail in Chapter 3.

Currently, the calculation of multipole integrals is carried out in a brute-force

manner. This process can be accelerated tremendously using the fast multipole

method (FMM). The application of this method for solving general boundary

integral equations is reviewed by Nishimura (2002).

Free-Space Green’s Functions: Sound propagation is solely determined by the

specification of Green’s functions. In this work we developed a library of ana-

lytical Green’s functions that support the following physical conditions:

• Two- and three-dimensional wave propagation

• Background convection

• Viscous attenuation

• Presence of an infinite solid wall.

These analytical Green’s functions are derived in Appendix A.

Linear Solver: The boundary integral equation (2.49) is transformed to a linear

system of equations after discretization. The matrix appearing in this system

is in general non-symmetric, dense, and the entries are complex valued. The

following linear solvers are included in the code for solving this system:

• Stabilized bi-conjugate gradient solver of Van der Vorost (1992): This iter-

ative solver is designed for solving non-symmetric linear systems. Although

this solver exhibits more stable convergence behavior compared to many

other variants of conjugate gradient method, convergence is not guaran-

teed. In fact, the solver diverges when sharp, unresolved corners are present

in the geometry of the scattering body.
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• Direct solver: Where convergence cannot be achieved using Bi-CG STAB

solver, the direct parallel solver of Li & Demmel (2003) is employed. How-

ever, the memory requirement of this direct solver limits the number of

elements on the scattering body. For example, the largest scattering prob-

lem solved on 32 computational nodes with 2Gb/node of memory cannot

contain more than 5000 surface elements.

It is also known that the boundary integral equation for the exterior problem with

Neumann boundary condition is degenerate at certain frequencies. These frequencies

correspond to resonance of the interior problem with Dirichlet boundary conditions.

To resolve this issue, the CHIEF formulation of Schenck (1968) is used. This problem

is discussed in greater depth in Chapter 3.

2.6 Dimensional analysis

In this section, physical scaling and the importance of different terms in the hybrid

formulation are examined. We will demonstrate that, in certain cases, the hybrid

approach can be simplified further for low-frequency ranges. For simplicity, the effect

of background convection attenuation and viscous shear stress are ignored in this

discussion.

Figure 2.5 shows flow-generated sound sources that are uniformly distributed on a

region with a spatial characteristic length l. The strength of these sound sources is of

order ρ̃0v′2. These sound sources are interacting with a solid object of size d, and we

are interested in the resultant sound field at a far-field observer located at distance r

where r >> d, r, and λ.

Scaling analysis depends on whether sound generation and propagation occur in

two or three dimensions. At first, the analysis is carried out for 3-D problems; then

it is shown that identical conclusions can be drawn in two dimensions.

According to Eq. (2.48), acoustic pressure has two distinct components. The first

component is the direct sound; by neglecting the viscous shear stress, this term is due
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Figure 2.5: Length scales of the problem of sound generated by flow disturbances.

to the distributed quadrupoles Q. For an observer at distance r, this term scales as

Q ∼ ρ̃0v′2
d2G

dr2
(r)l3. (2.50)

Similarly, the scattered portion of sound scales as

D ∼ p̃s
dG

dr
(r)d2, (2.51)

where ps is the acoustic pressure (i.e., p′a = ρ′c20) on the solid object. The scaling of

ps is not known and should be estimated using Eq. (2.49). At first, the scaling of the

surface pressure is determined by considering the scaling of boundary integral equa-

tion, then this pressure and quadrupole sources are used for scaling of far-field sound.

The scaling of the free-space Green’s function and the corresponding derivatives ap-

pearing in Eq. (2.50) and Eq. (2.51) depend on the ratio of the acoustic wavelength to

the the distance to the observer. As shown in Table 2.1, at small distances compared

to the acoustic wavelength, Green’s function and corresponding higher derivatives

are dominated by the hydrodynamic component and decay rapidly, whereas at large

distances, the acoustic component dominates and the decay rate is slower.

The scaling analysis is carried out in the entire frequency range for three different

scenarios depending on the size of the source region l and solid object d.

1. Solid object and source region of the same size (l ≈ d)

Sound generated by turbulent wake or vortex shedding of bluff bodies falls
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Hydrodynamic limit Acoustic limit
(r << λ) (r >> λ)

G ∼ 1/r 1/r

dG
dr ∼ 1/r2 1/(λr)

d2G
dr2

∼ 1/r3 1/(λ2r)

Table 2.1: Asymptotic behavior of 3-D free-space Green’s function.

within this category. In the low-frequency range (λ >> d, l), where both the

solid object and the source region are compact, scaling of surface pressure is

determined by the scaling of Eq. (2.49):

1

2
p̃s + p̃s ×

1

d2
× d2 ∼ ρ̃0v′2 ×

1

l3
× l3, (2.52)

therefore p̃s ∼ ρ̃0v′2. (2.53)

Note that in the above scaling, only the hydrodynamic contribution of Green’s

functions is important. As a result, the pressure on the surface is dominated

by hydrodynamic pressure and is not highly influenced by acoustic effects. In

other words, acoustic pressure on the surface can be very well approximated

by hydrodynamic pressure calculated by an incompressible flow solver. This is

more cost-efficient than calculating the acoustic pressure by solving a boundary

integral equation.

According to Eq. (2.51) and Eq. (2.50), dipole and quadrupole terms scale as

D ∼ p̃s
dG

dr
(r)d2 ∼ ρ̃0v′2d

2/(λr) (2.54)

Q ∼ ρ̃0v′2
d2G

dr2
(r)l3 ∼ ρ̃0v′2l

3/(λ2r). (2.55)

The contribution of the quadrupole term to far-field pressure can be neglected
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because Q/D ∼ l3/(d2λ) << 1. Based on this analysis, for computation of low-

frequency sound, it is sufficient to project the hydrodynamic pressure on the

solid surface to the far-field observer using free-space Green’s function. By fur-

ther assuming velocity scales as v ∼Mc0 and noting that flow energy is greatest

at some characteristic frequency (e.g., shedding frequency) with corresponding

wavelength λ ∼ d/M , we obtain the following scaling for far-field sound:

ps ∼ ρ0c
2
0M

3d/r. (2.56)

This results in an M6 scaling in far-field sound intensity that is in agreement

with the analysis of Curle (1955).

Similar analysis can be carried out for a high-frequency range where neither

the solid body nor the source region is compact. Scaling results, reported in

Table 2.2, demonstrate that D/Q ∼ d/l, which shows both direct and scatter

portions, can contribute equally to far-field sound.

The scaling behaviors of surface pressure, scatter sound, and direct sound are

reported in Table 2.2 for the entire frequency range. In this table, frequency

decreases from left to right, pressure terms are scaled by the source strength

ρ̃0v′2, and the most significant term in far-field sound is denoted in the last row.

2. Solid object much smaller than the source region (l >> d)

Consider the sound generated by the interaction of a small solid object with the

wake of a larger body or with a turbulent jet. Dimensional analysis is carried out

for this case and the results are reported in Table 2.3. The analysis suggest that

at high-frequency range where the source is not compact, direct sound is more

significant than scattered sound; however, at low frequencies, both components

can be important. For compact sources, since D/Q ∼ d2λ/l3, the contribution

of scattered sound increases by decreasing the frequency and increasing the size

of the object.

3. Solid object much larger than the source region (l << d)
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Source compactness Non-compact Compact
Body compactness Non-compact Compact

λ 0 d, l r

p̃s (surface pressure) l2/(λd) 1

D (scattered sound) l2d/(λ2r) d2/(λr)

Q (direct sound) l3/(λ2r) l3/(λ2r)

p̃′a (total sound) D+Q D

Table 2.2: Three-dimensional scaling for hybrid approach for l ≈ d. all pressures are
scaled by ρ̃0v′2. Frequency decreases from left to right; dominant term is denoted in
the last row.

Boundary layer noise, roughness noise, and airframe noise are examples of a

configuration in which the scattering body is much larger than sound sources.

In previous cases, we assumed that the magnitude of surface pressure does

not appreciably change on the solid surface. This assumption is not valid for

large solid objects because surface pressure decreases rapidly in the regions far

from sound sources. To improve this assumption, we split the solid surface to

a near region and a far region with corresponding pressure ps
near and ps

far,

respectively. We assume the spatial dimension of the near region is of order l

while that of the far region is d. Dimensional analysis is carried out for scaling of

individual pressures and the results are presented in Table 2.4. Both pressures

were found to contribute to far-field sound equally in the entire frequency range.

The scattered sound is most significant at the low-frequency limit, although at

high frequency, both scattered and direct terms contribute to far-field sound

equally. This conclusion is compatible with the analysis of Powell (1960) where

he demonstrated that sound reflected by an infinitely large wall is equivalent to

sound emitted from the image of sound sources.
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Source compactness Non-compact Non-compact Compact
Body compactness Non-compact Compact Compact

λ 0 d l r

p̃s (surface pressure) l2/(λd) l2/λ2 1

D (scattered sound) l2d/(λ2r) l2d2/(λ3r) d2/(λr)

Q (direct sound) l3/(λ2r) l3/(λ2r) l3/(λ2r)

p̃′a (total sound) Q Q D+Q

Table 2.3: Three-dimensional scaling for hybrid approach for l >> d. all pressures are
scaled by ρ̃0v′2. Frequency decreases from left to right; dominant term is denoted in
the last row.

Scaling analysis of 2-D problems

The asymptotic behavior of 2-D Green’s function is shown in Table 2.5. Based on this

behavior, dimensional analysis is carried out for three cases studied for 3-D problems;

results are presented in Table 2.6, Table 2.7, and Table 2.8. Although the scaling

factors are different from those in the 3-D cases, the relative contribution of direct

and scattered terms to the far-field sound is identical to that of 3-D cases.
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Source compactness Non-compact Compact Compact
Body compactness Non-compact Non-compact Compact

λ 0 l d r

p̃s
near (surface pressure) l/λ 1 1

p̃s
far (surface pressure) l3/(λd2) l2/d2 l2/d2

D (scattered sound) l3/(λ2r) l2/(λr) l2/(λr)

Q (direct sound) l3/(λ2r) l3/(λ2r) l3/(λ2r)

p̃′a (total sound) D + Q D D

Table 2.4: Three-dimensional scaling for hybrid approach for l << d. all pressures are
scaled by ρ̃0v′2. Frequency decreases from left to right; dominant term is denoted in
the last row.

Hydrodynamic limit Acoustic limit
(r << λ) (r >> λ)

G ∼ ln(r/λ)
√
λ/r

dG
dr ∼ 1/r 1/(

√
λr)

d2G
dr2

∼ 1/r2 1/(λ
√
λr)

Table 2.5: Asymptotic behavior of 2-D free-space Green’s function.
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Source compactness Non-compact Compact
Body compactness Non-compact Compact

λ 0 d, l r

p̃s (surface pressure) l3/2/(λ
√
d) 1

D (scattered sound) l3/2
√
d/(λ3/2

√
r) d/(

√
λr)

Q (direct sound) l2/(λ3/2
√
r) l2/(λ3/2

√
r)

p̃′a (total sound) D+Q D

Table 2.6: Two-dimensional scaling for hybrid approach for l ≈ d. all pressures are
scaled by ρ̃0v′2. Frequency decreases from left to right; dominant term is denoted in
the last row.

Source compactness Non-compact Non-compact Compact
Body compactness Non-compact Compact Compact

λ 0 d l r

p̃s (surface pressure) l3/2/(λ
√
d) l3/2/λ3/2 1

D (scattered sound) l3/2
√
d/(λ3/2

√
r) l3/2d/(λ2

√
r) d/(

√
λr)

Q (direct sound) l2/(λ3/2
√
r) l2/(λ3/2

√
r) l2/(λ3/2

√
r)

p̃′a (total sound) Q Q D+Q

Table 2.7: Two-dimensional scaling for hybrid approach for l >> d. all pressures are
scaled by ρ̃0v′2. Frequency decreases from left to right; dominant term is denoted in
the last row.
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source compactness Non-compact Compact Compact
body compactness Non-compact Non-compact Compact

λ 0 l d r

p̃s
near (surface pressure) l/λ 1 1

p̃s
far (surface pressure) l2/(λ

√
d) l/d l/d

D (scattered sound) l2/(λ3/2
√
r) l/

√
λr l/

√
λr

Q (direct sound) l2/(λ3/2
√
r) l2/(λ3/2

√
r) l2/(λ3/2

√
r)

p̃′a (total sound) D + Q D D

Table 2.8: Two-dimensional scaling for hybrid approach for problem l << d. all pres-
sures are scaled by ρ̃0v′2. Frequency decreases from left to right; dominant term is
denoted in the last row.
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2.7 Verification methods

We present two tests to verify the results of the hybrid approach for a general aeroa-

coustics problem:

1. Low-frequency approximation: As shown in Sec. 2.6, at low frequencies, the

acoustic pressure on the surface is almost entirely hydrodynamic. Consequently,

the solution to boundary integral equation for calculating acoustic pressure on

the solid surface should be very close to the surface pressure calculated from

the incompressible solution.

2. Silence inside the solid body: For the points outside the acoustic medium

Ω, i.e., inside the solid body, according to Eq. (2.34) the geometrical factor

γ(x) appearing in Eq. (2.48) vanishes. As a result, dipole and quadrupole terms

should cancel each other for any observer inside the solid body. This test reads

∣∣∣∣∣−D
[
(...)nj p̃′a

]∂Ω

x
+ D

[
ẽ0ijnj

]∂Ω

x
+ Q

[
T̃ ′0

ij

]Ω

x

∣∣∣∣∣
∣∣∣∣∣Q
[
T̃ ′0

ij

]Ω

x

∣∣∣∣∣

= ǫ x /∈ Ω, (2.57)

where ǫ is the discretization error and should decay with the order of the nu-

merical method as the surface mesh is refined.

2.8 Utilizing hydrodynamic wall pressure

In this section we introduce a cost-effective yet accurate alternative to the hybrid

approach. The scaling argument in Sec. 2.6 and numerical experiments in Sec. 4.2.2

and Sec. 4.3 (in particular Figures 4.21 and 4.30) suggest that projection of hydro-

dynamic pressure on the solid object to the far-field can accurately predict sound at

low frequencies, where the sound source and solid object are compact. This method

is much easier to apply than the hybrid approach as the hydrodynamic pressure on

the solid object is computed in the incompressible solver thus, solving a boundary

integral equation (BIE) is not required. The solution to the Helmholtz equation at
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low frequencies using the hybrid method is almost equivalent to the solution to a

Poisson system that is readily solved using the incompressible NS solver. Hence, such

a simplified method can replace the rather costly hybrid approach at low frequencies.

Here we propose a method to extract the hydrodynamic effects from the acoustic

analogy and to use the framework of the hybrid approach to construct the acoustic

(i.e., non-hydrodynamic) effects. By applying this technique, the BIE is solved only

at high frequencies; in addition, the singularity due to the hydrodynamic portion of

the Green’s functions (see Chapter 3) is not present.

Let us decompose the pressure as follows

p′a = p0 + p⋆, (2.58)

where p0 is the solution to the incompressible NS equation and is referred to as

hydrodynamic pressure. p⋆ is the remainder of the pressure and is denoted by purely

acoustic pressure. p0 satisfies the following Poisson equation

∇2(p̃0) =
∂2T̃ ′0

ij

∂xi∂xj
, (2.59)

where T ′0
ij = ρ0v

′
iv

′
j ,

where v′i = vi−Ui is the background-subtracted flow velocity in the incompressible NS

equation. Equation (2.59) is the divergence of the incompressible momentum equa-

tion and is solved by the incompressible flow solver. As Eq. (2.59) can be viewed as a

special kind of Helmholtz equation with k = 0, we can follow the procedure for deriva-

tion of the hybrid approach and write an integral expression for the hydrodynamic

pressure. Similar to Eq. (2.45) we can write

γ(x)
(
p̃0(x) + Aij(T̃ ′0

ij(x) − ẽ0ij(x))
)

= Q0
[
T̃ ′0

ij

]Ω

x

+ D0
[
ẽ0ijnj

]∂Ω

x
−D0

[
nip̃0

]∂Ω

x
.(2.60)

In this equation, superscript ( )0 in the integral operators denotes that the Green’s

function of a Laplace equation, G0, is used. Similar to the pressure, the Green’s

function corresponding to the Helmholtz equation is split into hydrodynamic and
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purely acoustic

G = G0 +G⋆. (2.61)

According to this decomposition, the multipole integral operators in the hybrid ap-

proach are written as the summation of hydrodynamic and purely acoustic operators.

Subsequently, the integral equation in the hybrid approach is written as

γ(x)
(
p̃⋆(x) + p̃0(x) + Aij(T̃ ′0

ij(x) − ẽ0ij(x))
)

=

(Q0 + Q⋆)
[
T̃ ′0

ij

]Ω

x

+ (D0 + D⋆)
[
ẽ0ijnj

]∂Ω

x

−(D0 + D⋆)
[
((1 − iζ)δij −MiMj)nj(p̃0 + p̃⋆)

]∂Ω

x
. (2.62)

Subtracting Eq.(2.60) from Eq.(2.62) yields

γ(x)p̃⋆(x) = Q⋆
[
T̃ ′0

ij

]Ω

x

+ D⋆
[
ẽ0ijnj

]∂Ω

x
−D⋆

[
p̃0ni

]∂Ω

x

− D
[
−(iζδij +MiMj)nj p̃0

]∂Ω

x

− D
[
((1 − iζ)δij −MiMj)nj p̃⋆

]∂Ω

x
. (2.63)

In Eq. (2.63), p⋆ on the solid boundary ∂Ω is unknown. A procedure similar to the

hybrid method is applied to solve for this quantity in the following BIE,

1

2
p̃⋆(x) + D

[
((1 − iζ)δij −MiMj)nj p̃⋆

]∂Ω

x

= Q⋆
[
T̃ ′0

ij

]Ω

x

+ D⋆
[
ẽ0ijnj

]∂Ω

x
−D⋆

[
p̃0ni

]∂Ω

x

− D
[
−(iζδij +MiMj)nj p̃0

]∂Ω

x
. (2.64)

Having calculated p⋆ on ∂Ω, this quantity along with hydrodynamic pressure is used to

calculate sound at the observer’s location. A major technical advantage of applying

Eq. (2.64) compared to the hybrid approach is that the kernel of integral in the

distributed quadrupole term (i.e., Q⋆

[
T̃ ′0

ij

]
) is not singular, thus the approximation
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based asymptotic method presented in Chapter 3 is not required.

The idea of splitting pressure into hydrodynamic and purely acoustic components

has recently been applied by Schram (2009). However, in his work the computational

domain is split into near-field and far-field and it is assumed that the near-field sound

sources are compact. In addition, surface terms arising by splitting the computational

domain are neglected in his formulation. Compared to splitting the physical domain,

splitting the Green’s function carried out here seems to be a more natural way of

extracting the hydrodynamics.

In Sec. 4.2.2 this method is applied to compute the sound generated by turbulent

flow over a cylinder.

2.9 Integration with an acoustic projection method

We introduce an extension to the hybrid approach where sources are evaluated on an

acoustic projection surface (e.g., control surface used by Ffowcs Williams & Hawkings

(1969) abbreviated as FWH surface) and scattering of waves from far-field objects are

accounted for by solving a boundary integral equation. Consider the scenario depicted

in figure 2.6: sound is generated in the vicinity of a solid object and propagates to the

far-field; the propagating waves are affected by a scattering object. Landing gear noise

or jet noise scattered by an airframe is an example of this configuration. For low Mach

number flows, this aeroacoustics problem can be solved using the hybrid framework

where the near-field hydrodynamics is resolved using an incompressible flow solver,

and scattering from both near-field and far-field rigid surfaces (denoted by A and S,

respectively) is accounted for by applying BEM. Now consider the problem of the in-

teraction of airframe and high-speed jet noise where low Mach number approximation

is not valid. To address this problem, one can solve the compressible Navier Stokes

equations in the near-field and provide the hybrid approach with fully compressible

T ′
ij and include the scattering of far-field objects as discussed above. A more cost-

effective way is to apply the FWH-Kirchhoff surface method of Di Francescantonio

(1997) where compressible flow information on a permeable surface is projected to the

far-field. By choosing the permeable surface F as shown in figure 2.6, in the absence
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U0 A
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FWH Surface

Sound Sources

x
Observer

Scattering Object

Figure 2.6: Schematic of sound generation and propagation in the presence of a far-
field object.

of far-field scattering surface, Eq. (2.45) can be written for a far-field observer:

p̃′a(x) = −D
[
((...)p̃′a + T̃ ′

ij − ẽ0ij)nj
]F
x
−M [iωρ̃ujnj ]

F

x
+ Q

[
T̃ ′
ij

]E
x
. (2.65)

In the above equation, all variables on the r.h.s. are available from the compressible

simulation. If surface F is chosen to include all of the sound sources, the distributed

quadrupole source on the r.h.s. vanishes.

In the presence of object S, the effect of scattering from this object can be included

by solving a boundary integral equation to satisfy hard-wall boundary conditions on

S. Depending on the importance of multiple scattering between A and S, two different

scenarios are considered:

1. The effect of multiple scattering between A and S is neglected: If the

effect of scattered sound from object S is negligible on surface A, we use BEM
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to solve for acoustic pressure on S:

1

2
p̃′a(x) + D

[
(...)p̃′anj

]S
x

= − M [iωρ̃ujnj ]
F

x
+ Q

[
T̃ ′
ij

]E
x

− D
[
((...)p̃′a + T̃ ′

ij − ẽ0ij)nj
]F
x

x ∈ S.(2.66)

Surface pressure is then used for the evaluation of sound at far-field point x by

applying

p̃′a(x) = − D
[
((...)p̃′a + T̃ ′

ij − ẽ0ij)nj
]F
x
−D

[
(...)p̃′anj

]S
x

− M [iωρ̃ujnj ]
F

x
+ Q

[
T̃ ′
ij

]E
x
. (2.67)

It should be noted that based on this relation, the acoustics hard-wall condition

on A is not exactly satisfied.

2. The effect of multiple scattering between A and S is included: To ac-

count for the effect of multiple scattering, the hard-wall boundary condition on

both A and S should be satisfied. Accordingly, the boundary integral equation

in Eq. (2.66) should be solved on S∪A instead of S; for the calculation of sound

using Eq. (2.67), both of these pressures should be projected to the farfield.

Above method can be implemented within the same infrastructure introduced in Sec.

2.5.
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Chapter 3

Numerical methodology and

singularity treatment

The integral equations for the hybrid approach derived in Chapter 2 are subject to

two kinds of singularities: The first kind appears in the kernel of multipole integral

operators introduced in Sec. 2.2 when the observer is approaching the source point;

the second kind is the result of an ill-conditioned system at resonant frequencies

corresponding to an interior acoustical problem. In this chapter we first discretize the

integral equation in the hybrid approach, then we present methods to deal with these

singularities.

3.1 Discretization of hybrid method

By assuming low Mach number and discarding attenuation effects, Eq. (2.48) simpli-

fies to

γ(x)p̃′a(x) = Q
[
T̃ ′0

ij

]Ω

x

−D
[
nip̃′a

]∂Ω

x
+ D

[
ẽ0ijnj

]∂Ω

x
. (3.1)

In order to evaluate the above equation numerically, the integrals corresponding to dis-

tributed monopole and quadrupole sources (i.e., D[...]∂Ω
x and Q[...]Ωx ) are discretized.

By meshing the computational domain, volumes and surfaces are divided into small

47
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elements as

∂Ω =
⋃

l

sl and Ω =
⋃

l

vl, (3.2)

and therefore, the distributed integrals are written as

D[...]∂Ω
x =

∑

l

D[...]sl
x and Q[...]Ωx =

∑

l

Q[...]vl
x , (3.3)

where the distributed integrals on domains Ω and ∂Ω are written as the summation of

distributed integrals on smaller domains (i.e., elements) sl and vl. In the present work,

we apply the midpoint rule to discretize Eq. (3.1); more sophisticated representation

is not necessary as sound sources are evaluated using a low-order flow solver. By

applying the midpoint rule, Tij and pa are assumed to be constant on vl and sl,

respectively; thus, they can be extracted from the distributed integrals. Substituting

Eq. (3.3) into Eq. (3.1) and applying the midpoint rule yields the following equation

γ(x)p̃′a(x) = (T̃ ′0
ij)

lQl
ij(x) −

(
(p̃′ani)

l − (ẽ0ijnj)
l
)
Dl
i(x), (3.4)

where superscript ( )l for T ′0
ij , p

′
a, and e0ij denotes that these terms are evaluated at the

centroid of element l. D and Q are sound pressures at x due to surface and volume

sources with strength unity distributed over element l. These terms are evaluated

using Eqs. (2.27) and (2.28) as

Dl
i(x) =

〈
1,
∂G(x|y)

∂yi

〉

sl/{x}

=
∫

sl/{x}

∂G(x|y)

∂yi
dsy (3.5)

Ql
ij(x) =

〈
1,
∂2G(x|y)

∂yi∂yj

〉

vl/{x}

=
∫

vl/{x}

∂2G(x|y)

∂yi∂yj
dy. (3.6)

Note that in Eq. (3.4) we assumed that ∂Ω is divided into flat elements, and thus ni

could be extracted from dipole integrals.

In Eq. (3.4) Tij and eij are provided by the flow solver; the acoustic pressure

at x, p′a(x) is the unknown. Acoustic pressure on surface elements is calculated by

applying a collocation method. In this collocation method, Eq. (3.4), which is an
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integral equation for p′a is satisfied at x = xk, where xk’s are centroids of surface

elements. Applying the collocation method for Eq. (3.4) yields the following system

of equations

Akl(p̃′a)
l = bk (3.7)

where

Akl =
1

2
δkl + Dl

i(xk)(ni)
l (3.8)

and

bk = (T̃ ′0
ij)

mQm
ij (xk) + (ẽ0ijnj)

mDm
i (xk). (3.9)

Note that in Eq. (3.8) Einstein summation does not apply for index l.

3.2 Treatment of singular integrals

Solving Eqs. (3.4) and (3.7) requires the evaluation of Dl
i and Ql

ij terms, which are

sound fields due to element-wise distributed dipoles and quadrupoles. The integrals in

this expression are finite; however, applying ordinary quadrature schemes for multi-

dimensional elements (Stroud, 1971) leads to a quadrature error that can be infinitely

large when the observer is in the vicinity of a source element. This behavior is due to

the singularity of the kernels of these integrals, i.e., the acoustic Green’s function G

and its higher derivative. Aliabadi & Wrobel (2002) among others proposed utilizing

higher-order quadratures as the observer approaches the source element. Although,

this method can improve the result, it is costly and ultimately fails for observers

very close to source elements. This difficulty is demonstrated by studying a simple

two-dimensional Laplace equation. Consider the following boundary value problem

∇2ψ = 0 − 1 ≤ x ≤ 1, − 1 ≤ y ≤ 1 (3.10)

ψ = 0 x = 0, − 1 ≤ y ≤ 1
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ψ = 1 x = 1, − 1 ≤ y ≤ 1

ψ = x − 1 ≤ x ≤ 1, y = 0, 1.

Clearly, ψ = x is the solution to this equation.

We apply boundary integral relations to evaluate the solution inside the compu-

tational domain using boundary values. The boundary of the domain is discretized

into N equal elements. The solution inside the domain is then calculated using the

following integral relation:

ψ(x) = −
N∑

l=1

Hlψ(yc), (3.11)

where

Hl =
∫

sl

∂G0(x|y)

∂yi
nidsy. (3.12)

yc is the centroid of the element. In Eq. (3.12), G0(x|y) = ln(|x − y|)/2π is the fun-

damental solution to the Laplace equation and is singular when x and y coincide. Hl

can be evaluated by either application of quadratures or using the following analytical

expression

Hl = −θl/2π, (3.13)

where θ is the angle subtended by element l at point x. Note that this expression is

non-singular. We evaluated ψ using Eq. (3.11) with analytical expression for Hl with

N = 40 elements and first-order quadrature forHl with N = 40, 80, and 160 elements.

The results are shown in Figure 3.1. Clearly, the accuracy of solution with first-order

quadrature is reduced close to the boundaries due to the singularity of G0. This error

is reduced by using smaller elements; however, it rises again when the observer point

is close enough to a boundary element. As is shown in Figure 3.1, the solution using

analytical expression with 40 elements is more accurate than applying quadratures

with 160 elements in an L∞ sense. For further discussion on this problem see Khalighi
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Figure 3.1: Solution to the Laplace equation (3.11). Iso-contours of ψ =
−1.0,−0.9, ..., 1.0 are shown.
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Figure 3.2: Green’s functions and higher derivatives as a function of distance for
k = 5. , G; , G⋆.

& Bodony (2006).

The integrals appearing in Dl
i and Ql

ij cannot be evaluated analytically for arbi-

trary shaped elements; however, the singular part of these integrals can be extracted

and either evaluated or approximated using analytical expressions. The main idea

for resolving the singularity of the integral is that the singularity of acoustic Green’s

function is due to hydrodynamic effects. That is, if we write the free-space acoustic

Green’s function as

G(r, k) = G0(r) +G⋆(r, k), (3.14)

where G0 is the fundamental solution of the Laplace equation; G⋆ and its higher

derivatives are not singular. This can be easily shown by applying L’Hopital rule to

G⋆ in the neighborhood of r = 0. Magnitude of G, G⋆, and higher derivatives of these

functions are plotted as a function of distance between the observer and source in

Figure 3.2 for three-dimensional wave propagation.

Similar to decomposition of G in Eq. (3.14), D and Q are split into hydrodynamic

and purely acoustic components denoted by ( )0 and ( )⋆, respectively. Application of
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ordinary quadratures for calculating (D)⋆ and (Q)⋆ does not lead to the aforemen-

tioned errors because G⋆ is not singular. Difficulties caused by singularities in (D)0

and (Q)0 are avoided by applying analytical methods instead of numerical quadra-

tures. These methods are described below.

3.2.1 Evaluation of (D)0

(Dl
i)

0 is projected on normal (nli) and tangential (tli) directions with respect to the

surface element l. The normal component can be evaluated analytically as

(
Dl
i(x)

)0
nli =

∫

sl

∂G0(x|y)

∂yi
nidsy =





−θl(x)/2π in 2-D

−Φl(x)/4π in 3-D
, (3.15)

where θl(x) and Φl(x) are two- and three-dimensional solid angles subtended by

element l at point x. The solid angle in three dimensions, Φ, is computed using the

algorithm of Van Oosterom & Strackee (1983).

In contrast to the normal component, a closed form solution could not be found

for the tangential component of (D)0. Accordingly, we used an asymptotic method

to approximate this term. Let ρ be the characteristic size of surface element and di =

xi − yci , where yc is the centroid of the element. Assuming the following asymptotic

behaviors

(
Dl
i(x)

)0
tli ∼ L(x) for |d|/ρ >> 1 (3.16)

(
Dl
i(x)

)0
tli ∼ S(x) for |d|/ρ << 1, (3.17)

the tangential component of (D)0 is approximated by

(
Dl
i(x)

)0
tli ≈ T (|d|/ρ)L(x) + (1 − T (|d|/ρ))S(x), (3.18)

where T is a transition function defined as

T (η) = 0.5(1 + tanh(10(η/α− 1))). (3.19)
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T and T ′ both vanish at η = 0. It has a smooth transition centered at η = α and

becomes unity with zero derivative at sufficiently large η. Based on experience, α = 2

provides sufficiently accurate results.

The asymptotic functions for two-dimensional surface elements (i.e., line segments)

are given by

L(x) =
ditiρ

2π|d| (3.20)

S(x) =
2diti + ρ

2π
√
d2 + ρ2/4

diti, (3.21)

where ρ is the length of the line segment and diti is the distance of source and observer

(d) projected on the tangential direction ti. For three dimensions we have

L(x) =
diti∆s

l

4πd2
(3.22)

S(x) =
2diti + ρ

4π(d2 + ρ2/4)
ρditi, (3.23)

where ∆sl is the area of the surface element. For calculation of S, the surface element

is approximated as a circular element with the diameter ρ =
√

4∆sl/π.

3.2.2 Evaluation of (Q)0

(Q)0 is the volume integral of second derivatives of G0, i.e.,

(
Ql
ij(x)

)0
=
∫

vl

∂2G0(x|y)

∂yi∂yj
dy. (3.24)

Consequently, the divergence theorem is applied to write (Q)0 for the volume element

l in terms of (D)0 for the faces (denoted by f) of that element:

(
Ql
ij(x)

)0
=
∑

faces

∫

sf

∂G0(x|y)

∂yj
nfi dsy =

∑

faces

(
Df
j (x)

)0
nfi . (3.25)
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The singularity of distributed dipole elements (i.e., (D)0) is treated using the tech-

nique developed in the previous section.

3.3 Treatment of singular frequencies

The solution to the boundary integral equation for exterior acoustic problems is non-

unique at discrete frequencies (Schenck, 1968; Burton & Miller, 1971). These discrete

frequencies correspond to resonant frequencies of an interior acoustic problem. To cir-

cumvent this difficulty, we apply the treatment of Schenck (1968) known as the CHIEF

technique. In this approach, the unwanted eigenfunctions of the interior problem are

eliminated by forcing the solution to vanish at arbitrarily-chosen interior points. The

CHIEF method is described below.

For the points inside the scattering object, the geometrical factor γ in Eq. (3.1)

vanishes (see the definition of γ in Eq. (2.34)). Consequently, Eq. (3.1) is written as

Q
[
T̃ ′0

ij

]Ω

x

−D
[
nip̃′a

]∂Ω

x
+ D

[
ẽ0ijnj

]∂Ω

x
= 0. x /∈ Ω (3.26)

Applying the quadratures methods described earlier to the above relation yields

Mrl(p̃′a)
l = br (3.27)

where matrices Mrl and br are evaluated below:

Mrl = Dl
i(xr)(ni)

l (3.28)

br = (T̃ ′0
ij)

mQm
ij (xr) + (ẽ0ijnj)

mDm
i (xr), (3.29)

where xr are arbitrarily-chosen points located inside the scattering object.

To remove the non-uniqueness of the solution at singular frequencies, the “silence

condition” given by Eq. (3.27) is imposed in addition to Eq. (3.7). Since the system

of equations resulting from Eqs. (3.7) and (3.27) is over-determined (but consistent),

a method of least squares is applied to evaluate the surface pressure.
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Figure 3.3: Solution to the problem of wave scattering by a rigid cylinder at an ex-
terior and interior point as function of frequency. , CHIEF method; , no
treatment; ◦ , exact.

To demonstrate the functionality of the CHIEF method, we considered the prob-

lem of wave scattering by a cylinder. The schematic of this problem is shown in Figure

A.1 and the analytical solution is derived in Sec. A.2. In this problem, a monopole

source is placed 2 diameters from the center of the cylinder and the solution is cal-

culated for an exterior point placed 10 diameters away from the center as well as

an interior point placed at r = 0.24D; the point at which the silence condition is

applied is placed at r = 0.49D. We use the hybrid method to solve this problem

for 1000 frequencies spanning from fD/c0 = 1.0 to fD/c0 = 1.8. The magnitude of

the solution at both interior and exterior points as a function of frequency is given

in Figure 3.3; the analytical solution is also plotted. This figure shows that without

applying any treatment, the solution exhibits non-physcial spikes at a set of discrete

frequencies. These frequencies correspond to eigenvalues (or resonant frequencies) of

the interior acoustic problem with a Dirichlet boundary condition. By applying the

CHIEF method, irregular behavior of the solution at these frequencies is avoided.



Chapter 4

Validation

Three aeroacoustic problems are considered in this chapter. The first two are canonical

problems of sound generated by laminar and turbulent flows over a cylinder; in these

studies, the solution of the hybrid approach is compared to the solution obtained

from an accurate compressible solver. The third case is an engineering-scale problem,

namely, the sound generated by flow over an automobile side-view mirror. In this case,

the result of the hybrid approach is validated against experimental measurements

carried out by Morris & Shannon (2007). To avoid ambiguities with respect to scaling

of spectral quantities, all spectral quantities presented in this chapter (and the rest

of this report) are calculated using the procedure described in Appendix F.

4.1 Sound generated by laminar flow over a cylin-

der

Laminar vortex shedding from a cylinder at Re = 100 and M = 0.15 is consid-

ered. The computational domain for flow calculation is shown in Figure 4.1. At this

Reynolds number, the flow is two dimensional and can be entirely resolved on the

computational grid. The mesh size is 300 × 300 in wall-normal and azimuthal direc-

tions; the mesh is extended 28 diameters downstream of the cylinder. After achieving

57
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Sponge layer

Measurement locations

Figure 4.1: Vorticity contour plot of laminar vortex shedding from a cylinder at Re =
100.

a periodic steady state, simulations were advanced for 20 shedding cycles. For acous-

tic calculation using BEM, the surface of the cylinder is divided into 100 boundary

elements.

Wang et al. (1996) demonstrated that silently traveling vortices can generate non-

physical sound when they exit the computational domain. To avoid this, the velocity

field is “silently” damped within a sponge layer, as shown in Figure 4.1. The damping

function by which the velocity components are multiplied is given below:

S(r) = exp
(
−2.28ξ3 − 6.21ξ11

)

where ξ = max
(

r − rmin
rmax − rmin

, 0
)
, rmin = 15.0, rmax = 24.36. (4.1)

In the above equation, r is the radial distance from a point located 1.5D downstream

of the cylinder. Note that damping the flow structures by multiplying the velocity

field by function S(r) is different from usual method of applying sponge zones; that
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is adding a source term to the governing equations in the sponge layer (Bodony,

2005). Using similar damping profiles, modifying the velocity field (and eventually the

Lighthill stress tensor) potentially produces less spurious sound than adding source

terms to the governing equation because in the latter the additional source terms

can radiate sound more effectively as monopoles and dipoles; while in the former

modifying velocity field introduces weaker quadrupole sound source.

Results are compared to sound calculated using the high-order compact compress-

ible flow solver of Nagarajan et al. (2003), where, sound is obtained by direct mea-

surement of density disturbances as well as by applying the formulation of Ffowcs

Williams & Hawkings (1969) (hereafter abbreviated as FWH) to the compressible

flow solution. The computational grid used in the compressible simulation is identical

to that of incompressible simulation (used in the hybrid method) in the near-field;

however, the grid is extended in the far-field to include a smoother and more effective

sponge layer. This sponge layer absorbs the outgoing acoustics waves and prevents

them from being reflected back to the domain. For more details on the analysis and

applications of sponge zones, the reader is referred to the work of Bodony (2005) and

Colonius (2004). For sound obtained using the FWH approach, the solid surface of

the cylinder is chosen to be the FWH surface and volume quadrupole terms are in-

cluded in the calculation. Details of the computational methods mentioned above are

summarized in Table 4.1. Note that the time-step is an order of magnitude smaller in

the compressible simulation because of the acoustic stiffness of the equations at low

Mach number (M = 0.15).

4.1.1 Flow validation

The near-field hydrodynamic results from compressible and incompressible simula-

tions are compared in this section. The Strouhal number of shedding was the same

in both simulations and equal to 0.165, which is in agreement with the study of Fey

et al. (1998). Other integral variables including lift and drag coefficients are compared

in table 4.2 and show good agreement.

A comparison of mean velocity in the wake of the cylinder is presented in Figure



60 CHAPTER 4. VALIDATION

Hybrid Direct FWH

Flow sources Incompressible Compressible Compressible

Discretization
method

Finite
volume

Finite
difference

Finite
difference

Spatial
discretization

2nd order central 6th order Padé 6th order Padé

Temporal
discretization

2nd order implicit
2nd order implicit
3rd order explicit

2nd order implicit
3rd order explicit

∆tU0/D 7.56 × 10−3 4.91 × 10−4 9.82 × 10−4

Table 4.1: A summary of methods used to compute sound generated by laminar vortex
shedding from a cylinder.

Incompressible Compressible
St 0.165 0.165

CD 1.3349 1.3525

Crms
D 0.0067 0.0065

Crms
L 0.2342 0.2320

Table 4.2: Comparison of shedding frequency St, mean drag coefficient CD, r.m.s.
drag coefficient Crms

D and r.m.s lift coefficient Crms
L .

4.2. Because of the symmetry, cross-flow velocity profiles must cross the origin; this

is not the case for cross-flow velocity profiles obtained from the compressible solver

in the last two stations where a small discrepancy (order of 1%) is observed.

4.1.2 Acoustic validation

We studied sound generated at the shedding frequency and its first three harmonics.

Contours of distributed sound sources obtained from the incompressible solver are

plotted in Figures 4.3, 4.4, and 4.5 for these four frequencies. The results indicated

that by increasing the frequency, the magnitude of sound sources decreases rapidly
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Figure 4.2: ū/u0 for three stations in the wake of the cylinder; , compressible;
• , incompressible.
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Figure 4.3: Contour plot of T̃ ′0
11. If T̃ ′0

11 = Aeiθ, A is plotted in grayscale contours,
the maximum amplitude given below each subplot is shown by the darkest color, the
lightest color (white) indicates zero; dashed lines indicate the iso-contour of θ = 0.
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Figure 4.4: Contour plot of T̃ ′0
22. See caption in Figure 4.3.
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Figure 4.5: Contour plot of T̃ ′0
12. See caption in Figure 4.3.

and the corresponding distribution spreads farther to the downstream. In addition,

T ′
12 is the largest sound source in magnitude and spread, followed by T ′

11 and T ′
22.

Sound is calculated at measurement locations shown in Figure 4.1. The measure-

ment points are located on a circle centered 1.86D downstream of the cylinder with a

radius of 12.9D. This circle coincides with the front of a propagating and convecting

sound wave generated at the cylinder. A comparison of sound computed from direct,

FWH surface, and the hybrid approaches is presented in Figure 4.6 for all frequencies.

For each frequency, the relative sound pressure level (SPL) is reported in dB. The

quantity is defined as

SPL = 20log
max(|p̃′a|)
max(|p̃′a|sh)

, (4.2)
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Surface term Volume term Viscous term
fsh −1.8 −14.5 −18.5

2fsh −0.9 −15.8 −20.1

3fsh −0.25 −11.3 −21.3

4fsh −4.6 −8.0 −32.7

Table 4.3: Relative loudness of each term in the hybrid approach in dB levels. The
relative loudness of total sound at each frequency is subtracted from values at that
frequency.

where |p̃′a|sh is the modulus of pressure mode at the shedding frequency. Figure 4.6

demonstrates excellent agreement between all three methods. This agreement is most

notable at f = 4fsh, where the relative loudness level is as small as -80dB.

The directionality of sound is latitudinal and longitudinal at odd and even mul-

tipliers of shedding frequency, respectively. This behavior is due to the fact that lift

force on the cylinder acts only at the shedding frequency and its even harmonics,

whereas the drag force acts at odd harmonics. Consequently, at odd multipliers of

shedding frequency, sound has the characteristics of a latitudinal dipole caused by

the lift force, whereas at even multipliers, sound directivity follows the longitudinal

dipole shape caused by the drag force.

The budget of scattered, direct and viscous term to the total sound is presented

in Figure 4.7. The relative loudness of each term is summarized in Table 4.3. In this

table, the loudness of each relative to the loudness of total sound is given. According

to these results, the scattered term contributes most to total sound; however, this

contribution decreases at higher frequencies, and the direct volume term becomes

significant. This observation is in agreement with the scaling analysis of the hybrid

approach presented in Sec. 2.6. Additionally, the contribution of viscosity is shown to

be small and decreasing at higher frequencies. In Sec. 4.1.4 it is demonstrated that

the viscous effect, however small, is not negligible at low frequencies.
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Figure 4.6: Directivity plot of sound; , hybrid approach; , directly computed
sound; ◦ , FWH based on compressible solution.
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Figure 4.7: Budget analysis of sound in the hybrid approach; , direct quadrupole
term; , scatter term; (red), viscous term;◦ , total sound.
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4.1.3 Effect of background convection

In Sec. 2.1, a uniform convection velocity was extracted from the r.h.s. (source term)

of Lighthill’s equation and moved to the l.h.s. (wave operator). By so doing, the effect

of uniform convection velocity is interpreted as a wave propagation effect instead of an

active noise-generation mechanism. Both formulations of Lighthill’s equation, either

with or without the background convection treatment, are rearrangements of the

Navier-Stokes equations and are exact. In the latter, the r.h.s. does not vanish in the

linear acoustic region and the effect of convection in wave propagation is implicitly

included in the compressible part of r.h.s. in this region. In the hybrid approach, the

r.h.s. is approximated by an incompressible solution; thus the effect of background

convection in the process of wave propagation is not present in the source term.

Consequently, in the hybrid approach, convection of sound waves should be treated

in the wave operator. In fact, as shown in Figure 4.8, the incompressible source term

spreads much farther if the effect of convection is not excluded; however, both source

terms have the same strength because of the following identity

∂2T 0
ij

∂xi∂xj
=

∂2vivj
∂xi∂xj

=
∂2(v′i + Vi)(v

′
j + Vj)

∂xi∂xj
=

∂2v′iv
′
j

∂xi∂xj
+ 2Vi

∂

∂xi

∂v′j
∂xj︸ ︷︷ ︸

=0

=
∂2T ′0

ij

∂xi∂xj
. (4.3)

It is computationally verified that T 0
ij and T ′0

ij produce identical sound fields.

In this flow, the Mach number is small enough to assume that the near-field hy-

drodynamics is incompressible; however, Inoue & Hatakeyama (2002) demonstrated

that in the propagation of sound to the far-field, the effect of background flow should

not be neglected. This effect is studied by setting the free stream Mach number to

zero in the formulation of the hybrid approach and in the Green’s functions. Figure

4.9 demonstrates that by neglecting the background convection effect in wave propa-

gation, directivity lobes are shifted to the downstream direction causing a discrepancy

between the results of the hybrid approach and directly computed sound. This dis-

crepancy is more significant at even multipliers of shedding frequency where sound is

mostly affected by the longitudinal surface dipole.
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(a) Contours of T̃ ′0
11 = ṽ′1v

′
1/U2

0 . Background convection is ex-
tracted.

(b) Contours of T̃ 0
11 = ṽ1v1/U2

0

Figure 4.8: Contour plot of amplitude and phase of T̃ ′0
11 and T̃ 0

11 at the shedding
frequency. See caption in Figure 4.3. The counter levels in (a) and (b) are identical.

4.1.4 Effect of viscosity

To study this effect, we omitted the surface force in the term due to viscous force.

The total sound is compared to the result of direct computations in Figure 4.10. This

plot demonstrates that by neglecting the viscous term, agreement between the hybrid

approach and the direct method is deteriorated. It is also observed that the viscous

effect decreases at higher frequencies; at the third harmonic, this effect is negligible.
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Figure 4.9: Effect of background convection in computed sound for laminar flow over
cylinder using the hybrid approach. The convection effect is included in blue lines
and excluded in red lines. , direct quadrupole term; , scatter term; ,
total sound;◦ , directly computed sound.
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Figure 4.10: Effect of viscosity in computed sound for laminar flow over cylinder using
the hybrid approach. The viscous effect is included in blue lines and excluded in red
lines. , direct quadrupole term; , scatter term; , total sound;◦ , directly
computed sound.
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4.2 Sound generated by turbulent flow over a cylin-

der

We consider turbulent flow over a cylinder at Re = 10, 000 and M = 0.2 as the second

test case for validating the hybrid approach. At this Reynolds number, the flow in

the wake is turbulent and LES with the dynamic model of Germano et al. (1991)

is employed to account for the sub-grid scale stresses. We used periodic boundary

conditions in the spanwise direction. The mesh size is 576 × 320 × 48 in the radial,

azimuthal, and spanwise directions. The spanwise size of computational domain is

chosen to be πD, where D is the diameter of the cylinder; the domain is extended 54D

downstream of the cylinder. After the initial transient phase, both simulations are

advanced for 80 shedding cycles. The non-dimensional time step for both compressible

and incompressible calculations is ∆tU0/D = 4.125 × 10−3. Similar to the laminar

cylinder, a sponge zone with the following profile is applied to damp the velocity

components:

S(r) = exp
(
−5.72ξ3 − 15.6ξ11

)
,

where ξ = max
(

r − rmin
rmax − rmin

, 0
)
, rmin = 21.0D, rmax = 45.5D. (4.4)

r is the radial distance from a point located 9.0D downstream of the cylinder.

A flow snapshot is shown in Figure 4.11. In this picture, obtained from the com-

pressible simulation, vortical flow structures as well as sound waves are visualized.

Clearly, sound waves are mostly generated in the vicinity of the cylinder, and their

length scale is much larger than the flow length scales. According to this figure and

velocity spectra shown in Figure 4.15, the flow contains substantial energy at the

vortex shedding frequency. Same phenomenon was observed in previous experiments

of Kourta et al. (1987) which was carried out in a range of Reynolds numbers from

2000 to 60000 and simulation of Dong et al. (2006) at Re = 10000.
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Figure 4.11: Instantaneous vorticity iso-surfaces in the wake shown over the density
contour plot for compressible flow over a cylinder at Re = 10, 000.

4.2.1 Flow validation

We compared the near-field hydrodynamics by studying first- and second-order flow

statistics. Mean and r.m.s. velocity profiles in the wake of the cylinder are plotted in

Figures 4.13 and 4.14. These results show good agreement between the compressible

and incompressible solutions, particularly in the vicinity of the cylinder.

Table 4.4 summarizes the values of the global flow statistics measured in both

simulations and the comparison with experimet. For validation purposes, we also

provided measures of statistical uncertainity in our results, because this flow has a

slow time scale of the order of 10 shedding cycles and, depending on the time win-

dow chosen for averaging, the calculated averaged quantities can vary significantly.

To evaluate the statistical uncertainity in the quantities presented in Table 4.4 , we

divided the sample into five equal intervals and calculated those quantities in each

interval; assuming that these five realizations are uncorrelated, the statistical error for

each quantity is estimated based on a 95% confidence interval (for the recirculation

length, the statistical error is approximated based on two intervals). The relatively
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Incompressible Compressible Experiment
St 0.196 ± 0.003 0.192 ± 0.005 0.193 Gopalkrishnan (1993)

CD 1.27 ± 0.03 1.29 ± 0.06 1.186 Gopalkrishnan (1993)

Crms
D 0.091 ± 0.013 0.098 ± 0.01 -

Crms
L 0.61 ± 0.05 0.63 ± 0.09 0.384 Gopalkrishnan (1993)

Lc/D 0.69 ± 0.06 0.68 ± 0.01 0.78 Dong et al. (2006)

Table 4.4: Comparison of shedding frequency St, mean drag coefficient CD, r.m.s.
drag coefficient Crms

D , r.m.s lift coefficient Crms
L and recirculation length Lc.

high uncertainty bounds in some quantities such as Crms
D suggest that simulations

should be advanced for a much longer time to obtain more accurate estimates. In

light of the statistical uncertainty, the results in Table 4.4 demonstrate reasonable

agreement between compressible and incompressible calculations. The experimental

measurements for the shedding frequency, mean drag coefficients, r.m.s. of lift coeffi-

cient, and length of recirculation bubble are also presented in this table. The agree-

ment between experiment and simulations is reasonable for shedding frequency, drag

coefficient, and the length of recirculation bubble; however, the difference in r.m.s.

of lift coefficient is quite large. According to Dong et al. (2006) and Gopalkrishnan

(1993) the experimental values for this quantity are widely spread and reported from

0.3 to 0.5 from one experimental realization to another. The comparison of pressure

coefficient on the surface of the cylinder is shown in Figure 4.12. The results from

compressible and incompressible simulations are very similar and both predict an

earlier separation that experiment.

The spectra of crossflow velocity at a pair of points located 5D and 15D down-

stream of the cylinder are shown in Figure 4.15. Clearly, the spectra obtained from the

compressible solution are more energetic at high frequencies, owing to the difference

between the numerical methods. The sixth-order, staggered numerical scheme of the

compressible solver resolves higher wave numbers better than the second-order, col-

located scheme of the incompressible code. The agreement between the two solutions

extends to higher frequencies at the location of probe A; this agreement is attributed

to the better mesh resolution at the location of probe A.
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Figure 4.12: Comparison of pressure coefficient. , incompressible; , com-
pressible; , experiment (Re = 8000) Norberg (1993).
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Figure 4.13: ū1/U0 and urms1 /U0 for two stations in the wake of the cylinder; ,
compressible; • , incompressible.
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Figure 4.14: ū2/U0 and urms2 /U0 for two stations in the wake of the cylinder; ,
compressible; • , incompressible.
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To compare the acoustic source term, which is a nonlinear function of velocity,

the spectra of two diagonal elements of T ′
ij , i.e., u′1u

′
1 and u′2u

′
2, are shown in Figure

4.16. The same trend observed in velocity spectra is also observed here. Also, figure

4.16 demonstrates that the agreement in the latitudinal component of T ′
ij, i.e., u′2u

′
2,

extends to higher frequencies than in the longitudinal component.

4.2.2 Acoustic validation

Several issues need to be considered in computing sound using the hybrid approach.

First, the sound sources should be calculated using the LES solution. That is, having

calculated the filtered velocity, v̄i, the nonlinear portion of Lighthill’s stress tensor is

approximated by

T ′0
ij ≈ TLESij = v̄iv̄j . (4.5)

This approximation can be improved by including the modeled subgrid-scale term,

τij . The contribution of τij to the far-field sound is computed in Sec. 4.2.4 and shown

to be negligible. The second issue pertains to the periodic boundary condition. This

condition is imposed in the spanwise direction in both compressible and incompress-

ible calculations. Consequently, sound waves in a direct computation are subject to

periodic boundary condition and thus scatter from an infinitely long cylinder while

they propagate. Modeling this infinite object is not possible in the current imple-

mentation of BEM. To address this difficulty, we consider the zeroth spanwise mode

(or spanwise average) of sound. Lighthill’s equation is averaged in the spanwise di-

rection and transformed to a two-dimensional wave propagation problem; the source

terms are also averaged and the infinite cylinder is represented by a two-dimensional

cylinder, which can be included in the present implementation of the hybrid method.

By this transformation, sound waves traveling in the spanwise direction are not con-

sidered. These waves appear at frequencies beyond a cut-on frequency f cut−on. This

frequency corresponds to sound waves with wavelength equal to the spanwise extent

of the periodic domain Lz. In other words, waves with wavelength larger than Lz are
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A located at (5D, 0) and probe B located at (15D, 0); , 2nd order incompressible;
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not supported in the compressible simulation. f cut−on is calculated as follows;

λcut−on = Lz ⇒
f cut−onD

StU0
=

c0D

(πD)StU0
=

1

πMSt
≈ 8.16 . (4.6)

Figure 4.17 demonstrates that spanwise averaging does not affect the sound levels at

frequencies below the cut-on frequency. In the remainder of this section, only spanwise

averaged sound is considered.

Contours of distributed sound sources obtained from the incompressible solver

are plotted in Figures 4.18, 4.19, and 4.20 for the shedding frequency and its 1st,

3rd, and 7th harmonics. These figures demonstrate that sound is mainly generated

within two diameters of the cylinder; comparison with sound generation by laminar

vortex shedding (see Figures 4.3, 4.4, and 4.5) shows that sound sources spread less

in turbulent vortex shedding. In addition, T11 and T12 are much larger than T22; a

similar observation was made for laminar vortex shedding.
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Figure 4.17: Spectral density of directly computed sound for an observer located at
(−1.2D, 16.2D); , without spanwise averaging ; with spanwise averaging.
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Figure 4.18: Contour plot of |T̃ ′0
11| for turbulent cylinder; the maximum amplitude

given below each subplot is shown by the darkest color, the lightest color (white)
indicates zero.
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Figure 4.21 shows the sound pressure spectra for two observers located approxi-

mately 16 diameters above the cylinder and 13.5 diameters upstream of the cylinder.

To improve the statistical convergence, these spectra are first octave bin-averaged,

where every octave is divided into six logarithmically equally spaced frequency bands.

In addition, for the observer located above the cylinder, the statistical sample is im-

proved due to the symmetry of the problem and by averaging the spectra in the upper

and lower sides of the cylinder.

A comparison of the directly computed sound with the result of the hybrid ap-

proach demonstrates that similar to sound source spectra, the results are in good

agreement at low- and intermediate-frequency ranges, whereas at high frequencies

the sound calculated from the hybrid approach contains less energy.

In addition to the hybrid and direct methods, we applied the FWH method to

calculate the sound. According to Figure 4.21, the FWH solution is in excellent agree-

ment with the directly computed sound. This is, of course related to the fact that

FWH method uses the compressible solution as the source term, and thus the sound

computed based on this approach has the same energy content as the directly com-

puted sound.

According to the scaling argument in Sec. 2.6, in the limit of compact source

and scattering object, the distributed surface dipole dominates the far-field sound; in

addition, the pressure on the surface is mostly due to hydrodynamics. Considering

these approximations we arrive at the following relation for the far-field sound

p̃′a(x) ≈ −D [((δij −MiMj)p̃hyd)nj ]
∂Ω
x
, (4.7)

where phyd satisfies incompressible NS equations. The application of Eq. (4.7) is far

less demanding than the hybrid method as the pressure on the surface is obtained

directly from the incompressible flow solver instead of the BEM system; in addition,

storage of the distributed volume data is not required. Figure 4.21 clearly demon-

strates that the application of Eq. (4.7) produces accurate results in the low-frequency

range and underpredicts the sound at higher frequencies. The reason why such a sim-

plified method is as accurate as the rather costly hybrid method in the limit of low
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Figure 4.21: Spectral density of sound; , hybrid approach; , directly com-
puted sound; ◦ , FWH based on compressible solution; , projection of hydrody-
namic surface pressure using Eq. (4.7).

frequency is that in this limit, solution to the Helmholtz equation in the near-field is

almost equivalent to the solution of the Poisson equation for pressue in the incom-

pressible flow solver. In Section 2.8 we use this fact to devise a more cost-effective

technique by decomposing the pressure into hydrodynamic and acoustic portions; the

hybrid method is used only to solve for the acoustic pressure at high frequencies.

The method introduced in Section 2.8 is applied to this problem. According to Fig-

ure 4.22, sound due to acoustic pressure is negligible for nondimensional frequencies

smaller than 6. Consequently, projection of hydrodynamic pressure can accurately

predict far-field sound. However, for nondimensional frequencies larger than 8, purely

acoustic and hydrodynamic pressures contribute equally to far-field sound; neglecting

the purely acoustic contribution results in under-prediction of high-frequency sound

by 3 dB.

Figure 4.23 shows the directivity of sound at four frequencies. The measurement

points are located on a circle centered 3.26 diameters downstream of the cylinder
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Figure 4.22: Surface dipole sound calculated at (−1.2D, 16.2D); , due to p0;
, due to p⋆; , due to p0+p⋆; ◦ , using the hybrid approach. Sound generated

by turbulent flow over cylinder at Re = 10000 and M = 0.2 is considered.
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Figure 4.23: Directivity plot of sound; , hybrid approach; , directly com-
puted sound; ◦ , FWH based on compressible solution; , projection of hydrody-
namic surface pressure using Eq. (4.7).

with the radius of 16.8 diameters. We applied the same averaging techniques as those

used in calculating the spectra, i.e., 1/6th octave band bin-averaging and symmetry

averaging. Note that these directivity plots show the energy levels in linear scale;

consequently, the difference between the various approaches is more noticeable in

these figures than it is in Figure 4.21, where the spectra are presented in logarithmic

scale.

The small difference between the directly computed sound and the result of the

hybrid approach at f = fsh and 2fsh is attributed to statistical uncertainty; the sound

field at these frequencies is dominated largely by oscillating lift and drag forces on

the cylinder and, based on the statistical error bounds reported in Table 4.4, the

uncertainty in these quantities can be as high as 15%. The larger difference observed

at f = 4fsh and 8fsh is caused by the discrepancy in the energy content of the sound

sources; Figure 4.16 shows that at high frequencies, the Tij spectra calculated by

the low-order incompressible solver diverge from the compressible solution calculated

by the high-order solver. At mid-frequencies, in particular f = 4fsh, Figure 4.16
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demonstrates good agreement between two solutions in the latitudinal component of

Lighthill stress tensor (i.e. ,T ′
22); however, for the longitudinal component, T ′

11, the

incompressible solution contains less energy. This difference can partially explain the

disagreement in the directivity plot observed at larger angles for f = 4fsh.

As previously observed, very good agreement between the direct computation and

FWH analogy is obtained at all frequencies, and the application of Eq. (4.7) leads to

substantial underprediction of sound at high frequencies.

4.2.3 Budget analysis

The contributions of various terms in the hybrid approach are presented in Figure

4.24. Clearly, sound due to surface dipole term dominates the total sound at the low-

frequency range; however, the contribution of the direct quadrupole term is larger at

higher frequencies. In contrast to laminar shedding, sound due to the viscous term

is four orders of magnitude smaller than that of the two other terms and can be

ignored. Directivity patterns of sound are shown in Figure 4.25 for scattered and

direct components.

4.2.4 Effect of modeled subgrid-scale stress on the far-field

sound

In this computation, subgrid-scale dynamics are accounted for by applying an eddy

viscosity model in which the eddy viscosity is determined by the dynamic procedure

of Germano et al. (1991). The direct contribution of this model is studied by consid-

ering the trace-free subgrid-scale stress tensor (i.e., τij − 1/3δijτij) as a distributed

quadrupole term and calculating the concomitant sound field. According to Figure

4.26, the direct effect of the modeled stresses is very small. This observation does not

imply that the effect of the subgrid-scale model is negligible as the model affects the

sound indirectly by changing features of flow such as mixing and separation.
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Figure 4.24: Budget analysis of sound spectrum calculated at (−1.2D, 16.2D) using
the hybrid approach; , direct quadrupole term; , scatter term; ,
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Figure 4.25: Budget analysis of sound directivity in the hybrid approach; , direct
quadrupole term; , scatter term;◦ , total sound.
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Figure 4.26: Effect of subgrid-scale stress tensor calculated at (−1.2D, 16.2D); ,
total sound; , sound due to τij .
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4.3 Sound generated by an automotive side-view

mirror

In this section we apply the hybrid method to the computation of sound generated by

flow over an automobile side-view mirror. Given the free stream velocity of 22.4 m/s

(50.0 mph) and the mirror width of 20 cm, the Reynolds number is approximately

equal to 300,000. Experimental measurements for flow over this bluff body, flush-

mounted on a test table, were conducted at the anechoic chamber facility at the

University of Notre Dame (Morris & Shannon, 2007) and the wind tunnel facilities of

the Institute for Aerospace Research at the National Research Consortium Canada

(Khalighi & Johnson, 2005). PIV measurements of mean velocity in the wake of the

mirror as well as wall pressure spectra on the body of the mirror and far-field sound

spectra are available for validation of the computational method.

An unstructured mesh was generated for this flow configuration in which a hexa-

hedral mesh is applied to resolve the boundary layers on the surface of the mirror as

well as on the surface of the test table and a combination of tetrahedral, prism and

hexahedral elements were used in the rest of the domain. We homothetically refined

the mesh in a zone containing the mirror and its wake. The refined mesh consists of 25

million cells. After the transient flow convected out of the computational domain, we

collected statistics for approximately 0.8 seconds of physical time. To achieve statisti-

cally converged sound, spectra of nine overlapping samples with frequency bandwidth

of 8 Hz were averaged. The non-dimensional numerical time-step for the flow calcu-

lation was ∆tU0/D = 4.3 × 10−3, where L and U0 are the mirror width and the free

stream velocity, respectively. In this problem, the grid stretching close to the bound-

aries of the computational domain was found to be sufficient to silently damp the

unwanted numerical sound sources.

A velocity snapshot of this flow is shown in Figure 4.27. Streamwise velocity con-

tours show that the flow separates from the tip of the mirror, evolves to a turbulent

shear layer, and then forms a recirculation region behind the mirror. The contour plot

of wall-normal velocity, shown just above the test table, depicts the footprint of an

unsteady vortex filament rolled and bent around the base of the mirror.
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Figure 4.27: Left: Instantaneous streamwise velocity contours in the midplane of the
mirror; contour levels are from −1.79U0 (dark) to 1.12U0 (light). Right: Instantaneous
wall-normal velocity contours on a plane parallel to and 1 mm above the table; contour
levels are from −0.53U0 (dark) to 0.37U0 (light).

Y

X

Z

X

Figure 4.28: Iso-contours of mean streamwise velocity on two planes cutting through
the recirculation region; contour levels are ū/U0 = −0.05, 0, 0.05 ; (blue) , PIV
measurements (Khalighi & Johnson, 2005); (red), LES calculations.
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Figure 4.29: Pressure spectral density for a probe located at the flat surface of the
mirror; , surface pressure transducer measurement (Morris & Shannon, 2007);

, LES calculations.

Figure 4.28 compares LES mean velocity to the results of PIV measurements

along horizontal and vertical planes cutting through the recirculation region. This

result demonstrates that LES is able to accurately predict the size and shape of the

recirculation region.

In Figure 4.29 wall pressure spectra are plotted against the non-dimensionalized

frequency at a pressure probe placed at the center of the mirror’s flat surface. The

non-dimensionalized frequency can be converted to Hz by multiplying by 112. The

simulation result is in agreement with experiments for low- and mid-frequency ranges

(up to 0.8 kHz), but then it descends rapidly. This cutoff behavior is the natural

consequence of using low order numeric and relatively coarse mesh which can only

resolve larger flow structures corresponding to lower frequencies.

The sound reflects not only from the mirror but also from the surface of the

test table. This effect is included in the hybrid approach by using half-space acoustic

Green’s functions. The sound spectrum is calculated at a location 136 cm away from

the mirror and is compared to experimental measurements in Figure 4.30. The statis-

tical error bars are estimated based on 95% confidence intervals using 9 samples of the
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Figure 4.30: Sound pressure spectra at (x, y, z) = (0 cm, 136 cm, 0 cm); (blue),
anechoic wind tunnel measurements (Morris & Shannon, 2007); ◦ (red), hybrid
approach; (green), projection of hydrodynamic surface pressure using Eq. (4.7).

spectrum. In this hybrid approach, the measured sound is predicted in the frequency

range of about 200 Hz to 1.5 kHz and underpredicted in the rest of the frequency

range. The underprediction of sound at high frequencies is due to the limited resolu-

tion of sound sources calculated with LES, whereas at low frequencies, the inaccuracy

of measured sound is largely due to the non-anechoic nature of the tunnel at the cor-

responding frequencies. This assertion is further supported by a separate experiment

whereby a low-frequency peak corresponding to a shedding phenomenon was mea-

sured in this flow configuration (Khalighi & Johnson, 2005). This low-frequency peak

is present in the LES result but not in the anechoic wind-tunnel data, most likely

because the tunnel noise is high enough at low frequencies to conceal this peak.

In addition to the hybrid approach, Eq. (4.7) was employed to predict the sound.

Similar to the case of the turbulent cylinder, this formulation yields accurate results

only at low frequencies and leads to significant underprediction of sound at frequencies

higher than 1 kHz. In the present calculation, the improvement gained from appli-

cation of the hybrid approach does not cover a wide range of frequencies. However,
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increased LES resolution will extend this range to higher frequencies and should high-

light the difference between our approach and that of the approximate method in Eq.

(4.7).

It should be noted that the drop-off frequency observed in sound spectra obtained

from LES (for turbulent flow over mirror and over cylinder) is dependent on the

mesh resolution; however, predicting this drop-off frequency is a not trivial because

defining a single mesh resolution is no possible in these configurations; usually mesh

size varies greatly in the region of sound source; in addition, the grid cells are generally

anisotropic making the mesh size dependent on the direction.
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Chapter 5

Sound generated by an optimal

trailing edge

Trailing edge noise is a classic aeroacoustic problem with complex flow and sound

physics. In this problem, sound is generated by flow unsteadiness caused by turbulent

boundary layers, turbulent wakes, separation and vortex shedding. The presence of

a sharp trailing edge significantly enhances the radiation of sound to far-field by

scattering the waves generated by the turbulent flow (Ffowcs Williams & Hall, 1970).

Wang & Moin (2000) applied LES to compute the sound levels generated by tur-

bulent boundary layer flows past an asymmetric trailing edge of a flat strut at a chord

Reynolds number of Re = 2.0 × 106. They used a structured LES code for resolving

the flow in the near-field region; to calculate the far-field sound, they simplified the

acoustical characteristics of the trailing edge by using the acoustic Green’s function

of a semi-infinite half-plane given by Ffowcs Williams & Hall (1970). Marsden et al.

(2007) used this aeroacoustic framework to optimize the shape of a trailing edge. Their

optimization method was a tailored version of the surrogate management framework

(SMF) (Booker et al., 1999) for noise minimization. Several optimal shapes depend-

ing on the constraints were identified; sound generated by these optimized shapes

were significantly reduced. Figure 5.1(a) shows one of the optimized shapes and the

power spectrum of sound sources; for comparison, the radiated sound sources from the

95



96 CHAPTER 5. SOUND GENERATED BY AN OPTIMAL TRAILING EDGE

(a) LES of Marsden et al. (2007) (b) Measurements of Morris et al. (2007)

Figure 5.1: Comparison of noise emitted from the original trailing edge with that of
an optimized-shape trailing edge. , original shape; , optimal shape.

original shape is also shown. Clearly, the noise of the optimal shape is reduced, in par-

ticular at low frequencies. In a companion experiment, Morris et al. (2007) measured

the sound generated by the original and an optimal trailing edge. This experimen-

tal study confirmed the successful shape optimization method for noise alleviation;

experimental sound spectra for the original and optimized shape are presented in

Figure 5.1(b). According to both simulation and experiment, the noise is reduced

mainly by the elimination of low-frequency vortex shedding. It should be noted that

two different variables are shown in Figures 5.1(a) and (b). In the former, spectra of

sound source is shown; far-field sound can be calculated from this quantity by using

a transfer function; in the latter, the measured sound from a microphone array is

presented.

In this chapter we conduct a high-resolution simulation of the flow and noise issued

by one of the optimized shapes that was recommended by Marsden et al. (2007) and

tested by Morris et al. (2007). The purpose of this high-resolution calculation, in

addition to validation of the hybrid method, is to investigate the effect of subgrid-

scale terms in the prediction of broadband noise. Flow past the optimal trailing edge

is a suitable choice for this purpose because of the absence of large-scale vortical
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structures, which would require a larger spanwise extent of the computational domain

and longer simulation time for convergence.

The resolution of this calculation is close to that required by a DNS in the vicinity

of the trailing edge. Accordingly, the subgrid-scale model in not activated in this

region. Because of the local “DNS-like” resolution and absence of SGS models we call

this simulation a DNS hereafter; however, the mesh independence studies that are

required for a rigorous DNS are not carried out here.

Because of this resolution requirements, we utilized the unstructured mesh capa-

bility of the hybrid method to design a manageable calculation. In this simulation,

we locally refined the computational mesh to resolve the flow structures in critical

regions in the vicinity of the trailing edge and the turbulent boundary layers; the

mesh was coarsened away from these regions.

The major differences between this study and the work of Wang & Moin (2000)

and Marsden et al. (2007) are that

• Modeling the acoustic scattering from the trailing edge is improved by applying

the hybrid method instead of using the approximation of Ffowcs Williams &

Hall (1970) for the Green’s function of the acoustic propagation equation.

• Accuracy of source data is improved by doubling the spanwise extent of the

computational domain.

• An unstructured flow solver is used to resolve the sound sources allowing mesh

density to increase in the vicinity of trailing edge.

• The results of this calculation are validated against a companion experiment

with an identical flow configuration including the collector plates, side plates,

and diffuser (see Fig. 5.2).
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5.1 Flow configuration and simulation parameters

U0

Inlet

Airfoil

L

Suction side microphone array

Pressure side microphone array

Collector plates

Side plates

Diffuser

c

h

Figure 5.2: Schematic of the optimized airfoil in the anechoic wind tunnel of Morris
et al. (2007).

The simulation is designed to mimic as closely as possible the experiment of Mor-

ris et al. (2007). A schematic of this experiment is shown in Figure 5.2. The model

airfoil has an asymmetric beveled trailing edge obtained from the optimization study

(Marsden et al., 2007). The Reynolds number is 1.9 × 106 based on the chord length

and freestream velocity. The leading edge is a 5 : 1 ellipse with boundary layer trips

placed on both surfaces of the model.

In order to reduce the computational cost while capturing the essential physical

processes of interest, simulations are conducted in a computational domain containing

the aft section of the airfoil and the near wake, as illustrated in Figure 5.3. The size

of domain is 18.5h× 8.0h× 1.0h in streamwise, wall normal and spanwise directions,

respectively, where h is the thickness of the airfoil. The cord length of the airfoil

is 18.0h. The inflow boundary conditions to smaller domain are set to mimic the

experimental conditions. To do so, we initially performed a 2-D RANS calculation in
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Figure 5.3: Streamwise velocity in the RANS domain. RANS simulation provides the
boundary conditions for a smaller DNS domain shown above.

an extended domain including the airfoil, nozzle, collector plates and diffuser. In the

RANS simulation we used the k − ω SST model of Menter (1994). The velocity field

from this calculation is shown in Figure 5.3. Clearly, the collectors and the diffuser (see

Figure 5.2) interact with the wake of the trailing edge and shear layer issued from the

nozzle; this interaction affects the loading on the airfoil. These effects are accounted

for in the DNS computation by imposing the mean flow boundary conditions extracted

from the RANS calculation. At the outlet of the DNS domain, the convective outflow

boundary condition (Pauley et al., 1990) is employed and periodic boundary condition

is used in the spanwise direction.

At boundary layer inlets it is necessary to use turbulent inflows with correct statis-

tics and correlations, otherwise a non-physical transition will occur in the simulation.

We use the recycling method introduced by Lund et al. (1998) to generate turbulent

boundary layers at the inflows of the suction and pressure sides of the airfoil; the

thickness of the boundary layer at the inlet is obtained from the RANS computa-

tion. The Reynolds number based on the momentum thickness at the inlet for the

pressure and the suction sides of the airfoil are Reθ = 1713 and Reθ = 1698, re-

spectively. For both sides, the length of the recycling zone is 8.5 times the boundary

layer thickness. Profiles of mean of streamwise velocity and r.m.s. of streamwise and

wall-normal veclocity obtained from the recycling technique for the boundary layer at

the suction side of the airfoil is shown in Figure 5.4. This result is in good agreement
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Figure 5.4: Profile of mean of streamwise (left) and r.m.s. of streamwise and wall-
normal (right) velocity for the turbulent boundary layer; , generated by the
recycling method at the suction side in current simulation Reθ = 1697; , U+ =
2.44ln(y+) + 5.2; ◦ , Spalart (1988) Reθ = 1410.

with previous work of Spalart (1988).

The wall unit at the trailing edge is estimated to be L+ = 2.5 × 10−4h. To ade-

quately resolve the turbulent structures in the vicinity of the trailing edge, a grid size

of y+ = 1, x+ = 10, z+ = 10 is applied in this region. Using the unstructured mesh

capability, the mesh is coarsened in all three directions by moving farther from the

trailing edge. The mesh coarsening is smooth in the x−y plane but is rather sharp in

the z direction. In this direction we use a zonal-type mesh coarsening with a transi-

tion of 2− 1 over 8 cells. The unstructured mesh generated using zonal coarsening is

composed of 100 million computational cells. It should be noted that without resort-

ing to unstructured mesh, the number of computational cells would be approximately

500 million. The effect of zonal coarsening in the unstructured mesh on the predicted

sound sources from an airfoil was previously studied by Moreau et al. (2006). Accord-

ing to this study, the calculated noise source function is highly sensitive to the quality

of mesh in the x−y plane, but is not greatly affected by coarsening in the z direction.

Consequently, we used a Laplacian mesh generator to create a high-quality 2-D mesh

for the trailing edge in x−y plane; this mesh is then extruded in the z direction where

zonal refinement is applied. For more details of the zonal mesh generation technique

see Appendix E.
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The time-step for this computation is ∆t = 2×10−3h/U0, corresponding to a max-

imum local CFL number of 2.0. The simulation is run on a homothetically coarser

grid at the start of the simulation; after convergence is achieved the mesh is refined

and the solution is interpolated to the fine grid. After the solution was deemed statis-

tically converged on the fine grid, we collected flow statistics by storing the velocity

and pressure in the entire simulation domain at every 15 time-steps. This sampling

rate resulted in the Nyquist frequency of fNyq = 16.67U0/h. Flow statistics were

collected for 14.64 flows through the thickness h, which corresponds to maximum

frequency resolution of ∆f = 0.068U0/h. For the problem of trailing edge noise, the

airfoil thickness may not be a proper length scale. A more relevant length scale is the

boundary layer thickness at the trailing edge. Let θm be the momentum thickness of

suction side boundary layer at trailing edge of the airfoil. According to our calcula-

tions, θm = 0.0472h. Using this length scale, time of simulation is 309.88 flow through

θm and the maximum frequency resolution of ∆f = 0.003213U0/θm.

5.2 Flow description and validation

Figure 5.5 demonstrates an instantaneous velocity field obtained from this simulation.

In subplots on top of this figure, three consecutive blow-ups of the velocity field in

the vicinity of the trailing edge are shown; in the last subplot to the right, the

computational grid is also plotted. These figures clearly reveal the richness and scales

of turbulent structures in this flow as well as high mesh resolution in the simulation.

The turbulent boundary layer on the pressure side remains attached but the boundary

layer on the suction side separates before it reaches the sharp edge of the airfoil

(see the top-left subplot). Large-scale vortical structures corresponding to the vortex

shedding are absent in this flow; optimization of the trailing edge shape alleviated the

vortex shedding present in the original shape. In the bottom subplot, a snapshot of

streamwise velocity in the suction side boundary layer at y+ = 10 is shown. Elongated

structures are clearly visible; in addition, it appears that the recycling technique

provides physically realistic turbulent structures at the inlet of the computational

domain.
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For validation, simulation results are compared to hotwire measurements con-

ducted at Michigan State University (Morris et al., 2007). Comparison of the compu-

tational and measured mean and r.m.s. of velocity magnitude at four stations down-

stream of the trailing edge is presented in Figure 5.6. Very good agreement is obtained

for mean velocity both in terms of velocity magnitude and the location of velocity

deficit. For the r.m.s. of velocity, levels, shape and location of velocity deficit are in

reasonable agreement between experiment and simulation; however, there is over-

prediction of r.m.s. levels at around y/h = ±0.4. This over-prediction is a numerical

artifact due to aggressive mesh coarsening. The coarser mesh cannot support the

small-scale structures and since the numerical method is non-dissipative, the energy

contained in small-scale structures appears as numerical oscillations on the coarser

grid. These numerical oscillations are visible in Figure 5.5, in particular, in the top-left

subplot.

Figure 5.7 shows the pressure distribution obtained from RANS, DNS and the

experiment. Results obtained from both simulations are in good agreement with ex-

perimental measurements.

Since the frequency content of flow variables is the most relevant quantity for

the study of noise, we compared the spectrum of velocity magnitude at a location

in the vicinity of the trailing edge. In Figure 5.8 the normalized velocity spectrum is

plotted against the Strouhal number for velocity obtained from both simulation and

experiment. Clearly, the DNS result is in excellent agreement with the experiment.
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Figure 5.5: A snapshot of the flow field obtained from the simulation of the optimal
trailing edge at Re = 1.9×106. Middle: spanwise velocity field. Top: three consecutive
blown up views of flow around the trailing edge; the last subplot to the right shows
the computational grid. The red box in middle and top subplots shows the region of
which the next blown-up view is shown. Bottom: streamwise velocity at y+ = 10 at
the suction side of the airfoil.
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Figure 5.6: Profiles of mean and r.m.s. of velocity magnitude at four stations in the
wake of the trailing edge. , DNS; ◦ experiment of Morris et al. (2007). Top row:
mean profiles; Bottom rows: r.m.s. profiles.
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5.3 Acoustic modeling and validation

In the DNS computation, the spanwise extent of the simulation domain is the thick-

ness of the airfoil h; this length is much smaller than the actual span of the airfoil

L used in the experimental setup (L/h = 11.91). To solve the aeroacoustic problem,

one should consider an extended source that contains the entire span L. If the source

term obtained from the DNS domain is extended to fill the entire span, the size of the

3-D acoustic problem becomes prohibitively large. To circumvent this problem, first

we assume that the source in the entire span is given by periodic extension of the DNS

solution, then we transform the 3-D aeroacoustic problem in the spanwise direction

to a series of 2-D problems; we solve the resulting 2-D problems for each spanwise

wavenumber. Finally, we correct the solution to account for the over-prediction of

sound by assuming the periodicity of sound sources.

To transform the 3-D acoustic problem in the z direction, basis functions on which

the variables are projected should satisfy the boundary conditions at z = 0 and z = L.

These basis functions are obtained in Appendix D. By applying transformation to the

Helmholtz equation in 3-D we obtain

(
∇2
xy + k2 − l2n

)
p̃n = − ∂2T̃ nij

∂xi∂xj

∣∣∣∣∣∣
xy

+ l2nT̃
n
33

− 2

(
∂

∂x

(
∂T̃13

∂z

)n
+

∂

∂y

(
∂T̃23

∂z

)n)
, (5.1)

where k = 2πf/c0, ( )n is the nth spanwise mode of the variable and ln is the corre-

sponding eigenvalue.

The above equation is solved using the hybrid approach according to the following

procedure: Assuming T̃ij is given in the entire span, the first few radiating spanwise

modes T̃ nij that satisfy k > |ln| are calculated. Then for each term, p̃n at x − y

location of the microphone is obtained by applying the hybrid method with 2-D

Green’s functions. Then p̃ is evaluated from p̃n’s using Eq. (D.11) at any z location.

To approximate T̃ij in the entire span of the airfoil, we assumed the source term
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calculated from DNS is periodically extended in the entire span and is damped at

the side walls due to the no-slip boundary condition. By the periodic expansion, the

sound sources are enforced to be in-phase and correlated; due to this unphysical

correlation the sound is over-predicted (Wang & Moin, 2000). To compensate for the

over-prediction of sound due to the periodic assumption, computed sound pressure

levels are divided by L/h = 11.91. Here we assume that the correlation length of

source terms is smaller than the spanwise extension of the computational domain in

the entire frequency range.

Because of the size of the problem and limitation of disk space, we stored the

Fourier modes of the source term at only 11 frequencies that span the entire frequency

range. The sound computed at the center of the pressure side microphone array (see

Figure 5.2) is shown in Figure 5.9 and compared to experimental measurements.

According to this comparison, the predicted sound agrees very well with experiment

at mid- and high-frequency ranges; however the sound is under-predicted at low

frequencies. The reason for this under-prediction can be twofold:

1. Similar to the problem of sound generated by the sideview mirror (see Sec. 4.3),

the flow-generated sound can be overwhelmed by the tunnel noise due to the

non-anechoic nature of the tunnel at low-frequency range. Thus, the measured

sound levels can be higher than the actual sound generated by the flow. Note

that the sound of both the trailing edge and the sideview mirror is measured in

the same experimental facility.

2. Here we assumed that the correlation length of the source terms are smaller than

the spanwise extension of the flow computational domain in the entire frequency

range. Sound sources at lower frequencies correspond to larger structures of

which the correlation length can exceed the span of the computational domain.

By assuming that sound sources are uncorrelated at these frequencies, sound

level is under-predicted.
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Figure 5.9: Sound spectrum at the center microphone of the pressure side microphone
array (see Figure 5.2). ◦ , computation; experiment of Morris et al. (2007).

5.4 A priori analysis of sound generated by subgrid-

scale stresses

The use of SGS models in LES may affect the quality of the flow solution and the

prediction of acoustics. If the turbulent noise source terms are computed using LES,

the Lighthill stress tensor is not available in its entirety; only the low (resolved)

wavenumber part of Tij can be extracted. Let’s decompose the Lightill stress tensor

as

uiuj = ũiũj︸ ︷︷ ︸
TLES

ij

+ (ũiuj − ũiũj)︸ ︷︷ ︸
TSGS

ij

+ (uiuj − ũiuj)︸ ︷︷ ︸
TMSG

ij

. (5.2)

The first term on the right-hand side represents the contribution from resolved scales,

and can be fully resolved using LES; the second term, known as the subgrid-scale

term, is the subgrid-scale contribution to the Lighthill stress at resolved scales. The

subgrid-scale term is generally inaccurate and not fully available from many popular
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SGS models such as the Smagorinsky-type model, in which the trace of the SGS stress

tensor is absorbed into pressure. In Sec. 4.2.4 it was shown that the sound due to this

term is negligible for the problem of turbulent flow over cylinder. Finally, the missing

term represents the unresolved part of the source term which cannot be obtained from

LES and should be completely modeled. In previous noise calculations based on LES

(Witkowska et al., 1997; Wang & Moin, 2000), the sound due to the subgrid-scale

term and missing term was ignored.

There have been only a few studies so far on the effect of subgrid-scale motion

on predicted noise. Piomelli et al. (1997) examined the effect of small scales on the

Lighthill stress and its second derivative
∂2Tij

∂t2
through an a priori analysis of a chan-

nel flow DNS database. However, merely evaluating the magnitude and r.m.s. of the

Lighthill stress (or its time derivatives), as in the case of this study, sheds little light

on the actual noise radiation. For instance, when eddies are convected passively by a

uniform stream, there is little noise, yet significant Tij and
∂2Tij

∂t2
arise.

Seror et al. (2000, 2001) performed a priori and a posteriori analyses of the con-

tributions of the various terms in the Lighthill stress decomposition discussed above

to the acoustic pressure. Their analyses are limited to forced and decaying isotropic

turbulence, which is very different from noise generated in realistic configurations. In

addition, in the case of forced isotropic turbulence, the extra forcing term applied

at lower wave-numbers can act as a dipole source and dominate the sound at low

frequencies.

He et al. (2002) studied the decaying isotropic turbulence with an emphasis on the

effect of SGS models on time correlations. According to this study, time correlation

magnitude is under-predicted by using LES. They showed that the error in time

correlation can severely affect the computed sound by under-prediction at moderate

to high frequencies and shift of the sound peaks to lower frequencies.

Bodony & Lele (2008) reviewed a priori studies of several groups on the influence

of SGS models on jet flow and noise. They conclude that the results are sensitive to

the model used. By using a model, the local mean velocity increases; however the

noise at higher frequencies decreases.

In this section, the budget of subgrid-scale term and the missing term on the
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Lighthill stress tensor is investigated for flow over the trailing edge at Re = 1.9× 106

in an a priori setting. Two top hat filters with different sizes are applied to the source

terms obtained from DNS and the budget of various terms in Eq. 5.2 is studied.

5.4.1 Filtering

selfnbrs

nbrs

nbrs

nbrs

Figure 5.10: Schematic of an unstructured mesh for definition of the spatial filter.

Consider the schematic of an unstructured mesh shown in Figure 5.10. The spatial

filter is defined as follows:

φ̃ =

∑
nbrs+self φi × voli∑

nbrs+self voli
. (5.3)

where ()̃ stands for spatial filtering. This filter will reduce to a top-hat filter on a

cartesian grid with the filter size twice as large as the grid spacing. The size of the filter

depends on the mesh spacing and thus varies in space; the filter is also anisotropic.

In order to determine the size of this filter we assume it behaves similarly to an

anisotropic Gaussian filter with a filter width of (∆x,∆y,∆z). Consequently, we can

calculate 1 the width of the filter using

1Consider a 1-D Gaussian filter with kernel of G(x) = e−x2/2∆
2

√
2π∆

. ∆2 = x̃2 − x̃2, where (̃ ) stands

for Gaussian filtered quantity.
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(∆2
x,∆

2
y,∆

2
z) = (x̃2 − x̃2, ỹ2 − ỹ2, z̃2 − z̃2). (5.4)

The effective filter width is then defined as ∆2 = ∆2
x + ∆2

y + ∆2
z.

The filter defined in Eq. (5.3) is called G1 hereafter. The second filter, G2, is the

result of applying filter G1 twice. Figure 5.11 demonstrates the qualitative effect of

applying G1 and G2 on the instantaneous flow field. As expected, applying the filter

preserves the large-scale features of the flow; however, it diffuses the small scales.

Figure 5.11: Effect of filtering on instantaneous flow field. (left) original field, (center)
applying G1, (right) applying G2.

5.4.2 Results

The frequency content of various components of Lighthill’s stress tensor is studied

at three probe stations in the wake as shown in Figure 5.12. The filter size at these

points is calculated for filters G1 and G2 and is reported in Table 5.1.

The power spectrum of Tij from DNS is compared to TLESij , T SGSij , and TMSG
ij in

Figures 5.13, 5.14 and 5.15. Clearly, the contribution of the sub-grid scale term is

much smaller than two other terms for all components of Tij . This conclusion is in

agreement with the result obtained in Sec. 4.2.4.
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Figure 5.12: Locations of probes p1 to p3.

probe (x/h, y/h) ∆1/θm ∆2/θm
p1 (0.1243,0.066) 0.156 0.21
p2 (1.036,-0.062) 0.402 0.81
p3 (3.001,-0.337) 0.381 0.61

Table 5.1: Probes p1, p2, and p3; relative coordinates with respect to the tip of the
trailing edge and their corresponding filter sizes. Filter sizes are non-dimensionalized
by the momentum thickness at the pressure side of the trailing edge.

The most important result of this section is that the contribution of the missing

term in the sound source is significant and can completely dominate the LES term

and thus should not be ignored at high frequencies. As expected, by applying the

larger filter, G2, the effect of missing term is slightly more significant.

The spanwise correlation function of the longitudinal component of Lighthill stress

tensor, T11, is given for p1, p2, and p3 in Figure 5.16. It can be seen that the correlation

length is larger for downstream probes, implying that turbulent structures grow as

they travel downstream. Moreover, the length-scale of the LES-resolved source term

is the largest, followed by the SGS term and the MSG term. Figure 5.16 also demon-

strates that the correlation length corresponding to terms obtained using the larger

filter, G2, are larger than those obtained by filter G1. In addition, the correlation

function at z/h = 0.5 does not vanish for p3 implying that the size of domain is too

small for downstream wake flow.

Sound due to Tij , T
LES
ij , and TMSG

ij using G2 is calculated at the center microphone

of the pressure side array and is presented in Figure 5.17. Similar to the trend observed

for sound source terms, the contribution of sound generated by the missing term is

significant at high-frequency range and should not be ignored. As expected, at low
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Figure 5.13: Frequency content of decomposed Lighthill’s tensor according to Eq.
(5.2) at location p1; black, T ′; green, T ′

ij
LES; red, T ′

ij
MSG; blue, T ′

ij
SGS. , using

G1; , using G2.

frequencies the total sound is adequately represented by the LES field.
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Figure 5.14: Frequency content of decomposed Lighthill’s tensor according to Eq.
(5.2) at location p2; black, T ′; green, T ′

ij
LES; red, T ′

ij
MSG; blue, T ′

ij
SGS. , using

G1; , using G2.



5.4. SOUND OF SUBGRID-SCALE STRESSES 115

10
−1

10
0

10
1

10
−12

10
−10

10
−8

10
−6

10
−4

10
−2

fh/U0

T̃
′ 1
1
(f

)

10
−1

10
0

10
1

10
−11

10
−10

10
−9

10
−8

10
−7

10
−6

10
−5

10
−4

fh/U0

T̃
′ 2
2
(f

)

10
−1

10
0

10
1

10
−11

10
−10

10
−9

10
−8

10
−7

10
−6

10
−5

fh/U0

T̃
′ 3
3
(f

)

10
−1

10
0

10
1

10
−11

10
−10

10
−9

10
−8

10
−7

10
−6

10
−5

10
−4

fh/U0

T̃
′ 1
2
(f

)

10
−1

10
0

10
1

10
−12

10
−10

10
−8

10
−6

10
−4

fh/U0

T̃
′ 1
3
(f

)

10
−1

10
0

10
1

10
−11

10
−10

10
−9

10
−8

10
−7

10
−6

10
−5

fh/U0

T̃
′ 2
3
(f

)

Figure 5.15: Frequency content of decomposed Lighthill’s tensor according to Eq.
(5.2) at location p3; black, T ′; green, T ′

ij
LES; red, T ′

ij
MSG; blue, T ′

ij
SGS. , using

G1; , using G2.
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Figure 5.16: Spanwise correlation of the components of decomposed Lighthill’s tensor
according to Eq. (5.2). black, T ′; green, T ′

ij
LES; red, T ′

ij
MSG; blue, T ′

ij
SGS. ,

using G1; , using G2.
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array. Computed sound is decomposed according to Eq. (5.2); ◦ , Total sound from
T ′
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MSG; , experiment of Morris

et al. (2007).
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Chapter 6

Summary and outlook

The main objectives of this work are (i) to develop a general aeroacoustics solver for

the accurate prediction of sound generated by complex flows at low Mach numbers

including interaction with an arbitrary solid object and (ii) to validate this method

by applying it to prediction of the sound field from realistic turbulent flows.

The hybrid method developed consists of an incompressible unstructured flow

solver for resolving the flow-generated sound sources and an acoustic solver based on

a boundary element method (BEM). The major challenge in developing the hybrid

method was treating the singularities that are present in the acoustic Green’s func-

tions. This difficulty was circumvented by noting that the singularity in this problem

is caused by hydrodynamics. That is, the singularity is originated from the Green’s

function of the Possion equation. Accordingly, two novel techniques were applied to

resolve the singularity: In the first method, the hydrodynamic part of the acoustic

Green’s function was extracted and used to analytically evaluate the singular integrals

that arise in the derivation of the boundary integral equations (BIE) of the hybrid

method. In the second technique, the hydrodynamic effects were extracted from the

governing equations before solving the BIEs. In this case, singular integrals do not

appear in the final BIEs; instead hydrodynamic wall pressure (available from the

incompressible flow solver) is required as a source term.

The hybrid method was successfully validated in a variety of aeroacoustic problems

including canonical problems of sound generated by laminar and turbulent flows over a

119
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cylinder and realistic applications such as sound generated by flows over an automobile

side-view mirror and over a trailing edge of a hydrofoil. In all these cases, we placed

our emphasize on the detailed validation of the flow and the sound field. The main

conclusion from these studies was that the combination of the low-order unstructured

flow solver and the carefully designed acoustic solver that captures essential features

of sound propagation is adequate for the accurate prediction of sound.

In the problem of laminar vortex shedding, the result of the hybrid approach

was compared to directly computed sound using a compressible solver and the pre-

diction of Ffowcs Williams and Hawkings method. We demonstrated that to obtain

an accurate sound field, one should pay close attention to background convection in

wave propagation as well as to the viscous effects. In addition, we showed that the

sound computed by applying the hybrid method or the Ffowcs Williams and Hawkings

method is less sensitive to numerical errors than it is by direct computation. The effect

of discretization errors in directly-computed sound was characterized; we concluded

that the directly-computed sound is more sensitive to temporal errors than to spatial

errors. In the case of sound generated by turbulent vortex shedding, we concluded

that the sound predicted by the hybrid method is accurate in the frequency range in

which the numerical method and computational mesh resolve the flow structures.

As a demonstration of an engineering application, we studied the sound gener-

ated by flow over an automobile side-view mirror. The result of the hybrid approach

was in good agreement with the experimental measurements in the frequency range

adequately resolved by the flow solver.

We simulated the flow and sound issued by an optimized trailing edge of a hydro-

foil. This calculation was the most elaborate test case in the present work; the goal

of this simulation was to investigate the contribution of subgrid-scale flow dynamics

that is partially or entirely neglected in LES-based computations. We performed a

high-resolution simulation in which the local grid size in the vicinity of the trailing

edge was near that of DNS resolution. This was possible with the available grid flex-

ibility in the unstructured flow solver and the zonal mesh topology. Computed flow

and sound fields were in good agreement with the experimental measurements in a

wide range of frequencies. We used the database generated in this calculation in an
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a priori setting to study the effect of subgrid-scale dynamics. We concluded that the

subgrid-scale stress term modeled in LES is of negligible importance in the entire

frequency range but the dynamics of missing scales that cannot be obtained from

available LES models have a dominant effect at high frequencies. This finding calls

for the development of high-frequency subgrid noise models.

The work presented in this report can be extended/improved in the following direc-

tions:

• Based on the results obtained in cases of turbulent vortex shedding, side-view

mirror noise and trailing edge noise, the sound predicted by LES is inaccurate

at high frequencies because of the absence of sound generated by unresolved

scales. We showed that the subgrid-scale stresses available from LES models is

not adequate to produce this missing portion of sound and thus a subgrid scale

model for noise needs to be developed if prediction of noise at high frequencies

is desired.

• The boundary integral equations in the hybrid method are solved by using a

direct method (see Ch. 2). The size of the linear system becomes prohibitively

large when the number of surface elements are large (approximately more than

10,000 elements). In addition, the effect of volume source terms on each surface

element is computed in a brute-force manner which is computationally intensive.

Both of these issues may be resolved by applying the method of fast multipole

method (FMM) to the hybrid approach (see Nishimura (2002)).

• In the acoustic modeling of the trailing edge flow (see Sec. 5.3), we assumed

that the correlation length of sound sources is smaller than the extent of com-

putational domain in the entire frequency range. This assumption may have

contributed to the under-prediction of sound at low-frequency range. One could

refine this assumption by studying the coherence of sound source terms and im-

prove the acoustic model at low-frequency range by incorporating the coherence

length of sound sources.

• A combination of surface projection method and BEM was proposed in Sec. 2.9.
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This technique should be applied to a realistic problem such as the interaction

of exhaust jet noise with the airframe, flap or fuselage.



Appendix A

Analytical Green’s functions

A.1 Free-space Green’s function of the Helmholtz

operator

We are interested in the fundamental solutions of the Helmholtz equation and corre-

sponding spatial derivatives in an unbounded domain:

2
2G(x|y) = δ(x − y), (A.1)

where 2
2 is the Helmholtz operator and x and y are the locations of the observer and

source, respectively. This equation is subject to the Sommerfeld radiation condition

(causality) in the far-field:

time domain : lim
r→∞

r(d−1)/2

(
c0
∂

∂r
+
∂

∂t

)
G(x|y, t) = 0 (A.2)

frequency domain : lim
r→∞

r(d−1)/2

(
∂

∂r
+ ik

)
G(x|y, ω) = 0, (A.3)

where d is the spatial dimension, k is the wavenumber, and r = |x − y|.
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A.1.1 Ordinary Helmholtz operator 2
2 = −k2 − ∂2

∂xi∂xi

In the absence of background convection, the Green’s function can be written as a

function of the distance of the source and observer r as

G(x|y) = G(r), (A.4)

and the spatial derivatives with respect to the source location (y) are obtained by

∂G

∂yi
= −dG

dr
ni (A.5)

∂2G

∂yi∂yj
=

d2G

dr2
ninj +

1

r

dG

dr
(δij − ninj), (A.6)

where ni = (xi − yi)/r. In the following, the analytical free-space Green’s functions

of the Helmholtz operator in two and three dimensions are given.

Two-dimensional domain

G =
−i
4
H

(2)
0 (kr) (A.7)

dG

dr
=

ik

4
H

(2)
1 (kr) (A.8)

d2G

dr2
=

ik2

4


H(2)

0 (kr) − H
(2)
1 (kr)

kr


 . (A.9)

For the definition and properties of Hankel functions, H
(2)
0 and H

(2)
1 , see pp. 358-361

of Abramowitz & Stegun (1970).

Three-dimensional domain

G =
e−ikr

4πr
(A.10)

dG

dr
=

e−ikr

4πr2
(−ikr − 1) (A.11)
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d2G

dr2
=

e−ikr

4πr3

(
−(kr)2 + 2ikr + 2

)
. (A.12)

A.1.2 Including viscous attenuation

By setting the background convection to zero in Eq. (2.17), we arrive at the following

viscous Helmholtz operator:

2
2 = −k2 − (1 − iζ)

∂2

∂xj∂xj
= (1 − iζ)

(
−k2

e −
∂2

∂xj∂xj

)
, (A.13)

where equivalent wave number, ke, is one root of the equation k2
e = k2 1+iζ

1+ζ2
with

the negative imaginary part; the other root results in a non-physical solution that

grows exponentially in the far-field. Note that the attenuation factor is usually much

smaller than unity. For example, the attenuation factor for sound waves propagating

in the atmosphere at a frequency of 4kHz is equal to 4 × 10−6. Therefore, the effect

of attenuation is negligible unless sound waves travel to far distances.

The Green’s function corresponding to the viscous Helmholtz operator is

Ga(r, k) = G(r, ke)/(1 − iζ), (A.14)

where G is the free-space Green’s function of the ordinary Helmholtz operator and,

depending on the dimension of the problem, is obtained from Eq. (A.7) or Eq. (A.10).

A.1.3 Including uniform background convection and viscos-

ity

In this part, the free-space Green’s function corresponding to Eq. (2.17) is derived.

Without loss of generality, we assume the uniform background convection velocity

is parallel to x1 direction, i.e., Mi = Mδ1i. The convective Helmholtz equation with

viscous effect is written as

(
(ik +M

∂

∂x1
)2 − (1 − iζ)

∂2

∂xj∂xj

)
Gc+a = δ(x − y). (A.15)
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The procedure followed here is similar to a Prandtl-Glauret transformation, i.e., to

cast Eq. (A.15) to an ordinary Helmholtz equation. To achieve this, consider the

following transformations:

x′1 = αx1, x′2 = x2, x′3 = x3, Gc+a = G′eiMkβx′1. (A.16)

Non-dimensional parameters α and β should be chosen to transform Eq. (A.15) to an

ordinary Helmholtz operator. It will be demonstrated that in the limit of small atten-

uation factor ζ , these two parameters are of order (1 −M2)−1/2. In the transformed

coordinates

∂

∂x1
= αeiMkβx′1(iMkβ +

∂

∂x′1
) (A.17)

∂2

∂x2
1

= α2eiMkβx′1(iMkβ +
∂

∂x′1
)2 (A.18)

∂

∂xi
= eiMkβx′1

∂

∂x′i
i 6= 1 (A.19)

∂2

∂x2
i

= eiMkβx′1
∂2

∂x′2i
i 6= 1 (A.20)

δ(x − y) = αδ(x′ − y′). (A.21)

Using the above relations, Eq. (A.15) is transformed to the following equation:

(
A +B1

∂

∂x′1
+ Ci

∂2

∂x′2i

)
G′ = αe−iMkβy′1δ(x′ − y′), (A.22)

where constants are calculated from:

A = −k2
(
(1 +M2αβ)2 − α2β2M2

)
(A.23)

B1 = 2ikMα(1 +M2αβ) − 2ikMα2β (A.24)

C1 = α2
(
M2 − (1 − iζ)

)
(A.25)

Ci = −(1 − iζ) i 6= 1. (A.26)
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To reshape this equation to an ordinary Helmhotz equation, B1 and Di should vanish

and C1 = C2. By applying these conditions, α and β are calculated as

α =
1√

1 −M2/(1 − iζ)
(A.27)

β =
1

(1 − iζ)
√

1 −M2/(1 − iζ)
. (A.28)

Using these parameters, the equation is transformed to

(−k2
e −

∂2

∂x′i∂x
′
i

)G′ = βe−iMkβy′1δ(x′ − y′), (A.29)

where the effective wave number, ke, is the root of the following equation with a

negative imaginary part:

k2
e = k2 (1 − iζ)2 −M2

(1 − iζ)(1 − iζ −M2)2
. (A.30)

The free-space Green’s function corresponding to Eq. (A.15) is obtained by

Gc+a(x|y, k) = eiMkβx′1G′(x′|y′, ke) = βeiMkβ(x′1−y
′
1)G(x′|y′, ke), (A.31)

where G is the free-space Green’s function of the ordinary Helmholtz operator and,

depending on the dimension of the problem, is obtained from Eq. (A.7) or Eq. (A.10).

Higher derivatives of Gc+a with respect to source location y can be written in

terms of the derivatives of G with respect to transformed coordinate y′ using

∂

∂y1
Gc+a(x|y, k) = αβeiMkβ(x′1−y

′
1)(−iMkβ +

∂

∂x′1
)G(x′|y′, ke) (A.32)

∂2

∂y2
1

Gc+a(x|y, k) = α2βeiMkβ(x′1−y
′
1)(−iMkβ +

∂

∂x′1
)2G(x′|y′, ke) (A.33)

∂

∂yi
Gc+a(x|y, k) = βeiMkβ(x′1−y

′
1)
∂

∂y′i
G(x′|y′, ke) i 6= 1 (A.34)

∂2

∂y2
i

Gc+a(x|y, k) = βeiMkβ(x′1−y
′
1)
∂2

∂y′2i
G(x′|y′, ke) i 6= 1. (A.35)
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A.1.4 Presence of an infinite solid wall

In many applications, sound is generated in the presence of a large, impenetrable

wall. The Green’s function corresponding to this half-space domain is obtained using

the method of images as:

Ghs(x|y) = G(x|y) +G(x|yim), (A.36)

where yimi = pi + (δij − 2ninj)(yj − pj). (A.37)

In the above relations, pi and ni correspond to the coordinates of a point on the solid

wall and the unit vector normal to the solid wall, respectively. The half-space Green’s

function presented in Eq. (A.36) naturally satisfies the no-penetration boundary con-

dition on the wall ∂Ghs

∂xi
ni = 0. Derivatives of Ghs with respect to source location are

obtained by

∂Ghs(x|y)

∂yi
=

∂G(x|y)

∂yi
+
∂G(x|yim)

∂yimj
(δij − 2ninj) (A.38)

∂2Ghs(x|y)

∂yi∂yj
=

∂2G(x|y)

∂yi∂yj
+
∂2G(x|yim)

∂yimk ∂yiml
(δik − 2nink)(δjl − 2njnl). (A.39)

A.2 Green’s functions for cylinder and sphere

In this section, the analytical Green’s functions corresponding to a point source in the

presence of a solid cylinder or sphere is derived. We use the method of separation of

variables to obtain the Green’s function. For a review of this method, see Blackstock

(2000). We are interested in the solution of the following system:

−
(
k2 +

∂2

∂xi∂xi

)
φ = δ(x − y) (A.40)

∂φ

∂r
= 0 r = a (A.41)

lim
r→∞

r(d−1)/2

(
∂

∂r
+ ik

)
φ = 0, (A.42)

d is the dimension of the problem. Other variables are defined in Figure A.1.
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R

l
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θ

Figure A.1: Schematic of a sphere or cylinder in the presence of a point source.

To remove the singularity and homogenize Eq. (A.40), the solution is decomposed

into the incident field and the scattered field as

φ = φs +G(l), (A.43)

In this equation, G is the 2-D or 3-D Helmholtz free-space Green’s function evaluated

from Eq. (A.7) or Eq.(A.10). While G represents incident sound waves radiated from

the point source and traveling in an unbounded domain, φs represents the effect of

reflection from the solid boundary. Using this decomposition, φs can be obtained using

−
(
k2 +

∂2

∂xi∂xi

)
φs = 0 (A.44)

∂φs
∂r

= −∂G
∂r

r = a (A.45)

lim
r→∞

r(d−1)/2

(
∂

∂r
+ ik

)
φs = 0. (A.46)

This equation will be solved using the separation of variables. In the following, the
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solutions to the above equation is obtained for scattering from a cylinder and a sphere.

Cylinder

By applying the separation of variables, symmetry with respect to θ = 0, and far-field

radiation conditions, the scattered field is written as an infinite sum:

φs(r, θ) =
∞∑

n=0

AnH
(2)
n (kr) cos(nθ), (A.47)

in which the constants, An, are calculated using orthogonality and the hard-wall

boundary condition on the surface of the cylinder. The hard-wall boundary condition

yields

∂φs
∂r

∣∣∣∣∣
r=a

= − ∂G

∂r

∣∣∣∣∣
r=a

= −ik
4

a− R cos(θ)

l(θ)
H

(2)
1 (kl(θ)) (A.48)

l(θ) =
√
R2 + a2 − 2aR cos(θ),

and using this, the constants, An, are obtained from the following relations:

An =
αn

n
ka
H

(2)
n (ka) −H

(2)
n+1(ka)

(A.49)

αn = − i

2ηπ

∫ π

0

a− R cos(θ)

l(θ)
H

(2)
1 (kl(θ)) cos(nθ)dθ, (A.50)

where η = 2 for n = 0, and it is equal to unity otherwise.

To compute the solution, the infinite sum in Eq. (A.46) is truncated, and for

each term, the integral for calculating αn is evaluated using the rectangle rule. The

number of intervals for the rectangle rule is N/2 max(n, ka), where N is the number

of intervals per cycle. In this work, N is chosen to be 50. To truncate the infinite sum

to m terms, the sum of neglected terms should be smaller than a small number, ǫ:

∞∑

n=m

AnH
(2)
n (kr) cos(nθ) < ǫ. (A.51)

Assuming αn ≈ O(1) and for large orders, the asymptotic behavior of each term in
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the above equation (see p. 365 of Abramowitz & Stegun (1970)) is

AnH
(2)
n (kr) ∼

√
π

2n
(ka)

(
a

r

)n
. (A.52)

By substituting Eq. (A.52) into Eq. (A.51 and evaluating the infinite sum we arrive

at a conservative approximation that guarantees the summation of remaining terms

is smaller than ǫ:

m > −
ln
((

1 − a
r

)
1
ka

√
2
π
ǫ
)

ln
(
r
a

) . (A.53)

As can be seen, the number of terms grows quickly when the observer is in the vicinity

of the cylinder. In this work, ǫ is chosen to be 10−10.

Sphere

A similar approach is used in Crighton et al. (1992) to evaluate the scattered sound

field from a solid sphere. The scattered field is evaluated by

φs =
∞∑

n=0

i

4
(n+

1

2
)


 nJn+1/2(ka) − (ka)Jn+3/2(ka)

nH
(2)
n+1/2(ka) − (ka)H

(2)
n+3/2(ka)


×

H
(2)
n+1/2(kR)H

(2)
n+1/2(kr)√

rR
Pn(cos(θ)), (A.54)

where Pn and Jn are Legendre polynomials and Bessel functions of the first kind,

respectively.
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Appendix B

Derivation of the boundary

integral Eq. (2.45)

The procedure followed here is similar to the direct method of Wu & Li (1994) for

studying acoustic radiation in a uniform flow. The advantage of our method is that

the singular integral including the “static Green’s function” is evaluated analytically.

Multiplying Eq. (2.17) by the adjoint Green’s function G†(y|x), using reciprocity

Eq. (2.25) and integrating over Ω\{x}, yields

〈
2

2
yp̃′a, G

†(y|x)
〉

Ω\{x}
= M


 ∂

2T̃ ′
ij

∂yi∂yj
+
∂(2q̃Uj − f̃j)

∂yj
+ iωq̃




Ω

x

, (B.1)

where the subscript in 2
2
y implies that the spatial derivatives are carried out with

respect to the y coordinate. By applying Eq. (2.24), the l.h.s. of Eq. (B.1) is expanded

and the adjoint of Helmholtz operator 2
2 is moved to the adjoint Green’s function:

〈
p̃′a, 2

2†G†(y|x)︸ ︷︷ ︸
= 0 by def.

〉

Ω\{x}

+ D
[
((1 − iζ)δij −MiMj)p̃′anj

]∂Ω+Bǫ

x︸ ︷︷ ︸
(2.33)

+ M
[(

2ikMj p̃′a − ((1 − iζ)δij −MiMj)
∂p̃′a
∂yi

)
nj

]∂Ω+Bǫ

x︸ ︷︷ ︸
(2.32)

133



134 APPENDIX B. DERIVATION OF THE BOUNDARY INTEGRAL EQ. (2.45)

= M

 ∂

2T̃ ′
ij

∂yi∂yj




Ω

x︸ ︷︷ ︸
(2.31)

+M
[
∂(2q̃Uj − f̃j)

∂yj

]Ω

x︸ ︷︷ ︸
(2.29)

+M [iωq̃]Ωx . (B.2)

The first term on the l.h.s. vanishes as the singular point x is excluded from the

domain. Using the properties of multipole integral equations, the above equation can

be further expanded to

γ(x)
(
p̃′a(x) + AijT̃ ′

ij(x)
)

+ D
[(

((1 − iζ)δij −MiMj)p̃′a + T̃ ′
ij

)
nj
]∂Ω

x

+ M



2ikMj p̃′a − ((1 − iζ)δij −MiMj)

∂p̃′a
∂yi

− (2q̃Uj − f̃j) −
∂T̃ ′

ij

∂yi


nj



∂Ω

x

= Q
[
T̃ ′
ij

]Ω
x

+ D
[
2q̃Ui − f̃i

]Ω
x

+ M [iωq̃]Ωx . (B.3)

By applying conservation of mass and momentum (Eq. (2.1) and Eq. (2.2)), the sur-

face monopole term is simplified to a mass flux term and a viscous term:

M



2ikMj p̃′a − ((1 − iζ)δij −MiMj)

∂p̃′a
∂yi

− (2q̃Uj − f̃j) −
∂T̃ ′

ij

∂yi


nj



∂Ω

x

= M [iωρ̃ujnj]
∂Ω
x

+ M

∂ẽ

0
ij

∂yi
nj



∂Ω

x

= M [iωρ̃ujnj]
∂Ω
x

−D
[
ẽ0ijnj

]∂Ω

x
− γ(x)Aij ẽ0ij(x). (B.4)

By substituting Eq. (B.4) into Eq. (B.3), the resulting integral equation reads

γ(x)
(
p̃′a(x) + Aij(T̃ ′

ij(x) − ẽ0ij(x))
)

=

− D
[(

((1 − iζ)δij −MiMj)p̃′a + T̃ ′
ij

)
nj
]∂Ω

x
+ D

[
ẽ0ijnj

]∂Ω

x
−M [iωρ̃ujnj]

∂Ω
x

+ Q
[
T̃ ′
ij

]Ω
x

+ D
[
2q̃Ui − f̃i

]Ω
x

+ M [iωq̃]Ωx . (B.5)



Appendix C

Sensitivity of sound to truncation

errors

According to Crighton (1993), the “multipole structure” of sound sources should be

respected in computing sound, otherwise numerical error can easily overwhelm the

solution. In this chapter we present a scaling analysis to demonstrate that the direct

computation of sound1 is more sensitive to truncation errors than is application of an

analogy. This sensitivity is due to numerical treatment of the multipole structure of

sources. Using this analysis, we interpret some of the observations made in studying

the sound generated by laminar vortex shedding of flow past a cylinder. We conclude

that the directly computed sound is more prone to temporal residual errors than to

spatial residual errors.

C.1 Scaling analysis

In the direct computation of sound, conservation equations are discretized as follows:

δρ

δt
+
δρui
δxi

= 0. (C.1)

1Acoustic projection techniques such as the method of Ffowcs Williams & Hawkings (1969) is
subject to the same difficulty, as sound on the control surface is directly calculated by solving the
compressible NS equations.
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δρui
δt

+
δρuiuj
δxj

= − δp

δxi
+
δeij
δxj

, (C.2)

where δ denotes discretized operators. For simplicity, the energy equation is not con-

sidered; instead we assume p′ = ρ′c20. Truncation errors introduced by discretization

are approximated using the Taylor expansion as

δφ

δt
=

∂φ

∂t
+ C1

∂nt+1φ

∂tnt+1
∆tnt + ... (C.3)

δfi
δxi

=
∂fi
∂xi

+ C2
∂nx+1fi
∂xinx+1

∆xnx + ..., (C.4)

where nt and nx are the orders of temporal and spatial operators, respectively; ∆t is

the time-step, ∆x is the grid size, and C’s are constants of order unity. By applying

the above expansion to Eqs. (C.1) and (C.2), rearranging the equation as a wave

equation and keeping the leading spatial and temporal residual errors we arrive at

(
∂2

∂t2
− c20

∂2

∂xi∂xi

)
ρ′ =

∂2Tij
∂xi∂xj︸ ︷︷ ︸

S

+ C1
∂nt+2ρ

∂tnt+2
∆tnt

︸ ︷︷ ︸
Et1

+

C2
∂nt+2ρui
∂xi∂tnt+1

∆tnt

︸ ︷︷ ︸
Et2

+ C3
∂nx+2ρui
∂t∂xinx+1

∆xnx

︸ ︷︷ ︸
Ex

+..., (C.5)

where S is the physical source term. Et1, Et2, and Ex are residual errors; the first two

are due to time discretization and the latter is caused by spatial discretization. The

above terms are transformed to Fourier space, and then a three-dimensional free space

Green’s function is utilized to estimate the sound pressure for an observer located at

distance r. Sound pressure due to each term scales as

PS ∼ ρf 2ℓ3M2/r (C.6)

PEt1 ∼ ρf 2ℓ3(f∆t)nt/r (C.7)

PEt2 ∼ ρf 2ℓ3(f∆t)ntM/r (C.8)

PEx
∼ ρf 2ℓ3(f∆x/U)nxMnx+1/r, (C.9)
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where ℓ is the extent of the source region. According to Eqs. (C.7) and (C.8), the

error due to temporal discretization is mostly caused by Et1 at low Mach number.

The relative error due to temporal and spatial residuals can be written as

PEt1/PS ∼ (f∆t)ntM−2 (C.10)

PEx
/PS ∼ (f∆x/U)nxMnx−1. (C.11)

The above relations suggest that computed sound is more prone to temporal trun-

cation errors at low Mach numbers as the relative error scales as M−2 for temporal

residual errors. 2. This can be explained by realizing that error due to time discretiza-

tion errors can radiate sound as effectively as a monopole while spatial errors exhibit

higher-order polarity. Furthermore, Eqs. (C.10) and (C.11) demonstrate that residual

errors are more pronounced at higher frequencies. Note that by applying an analogy

the multipole structure of sound sources is assumed. Consequently, numerical errors

introduced in calculating sound sources do not radiate with lower-order polarity (thus

more effectively) than sound sources, and the aforementioned errors are avoided.

C.2 Interpretation of a numerical experiment

In studying the sound due to laminar vortex shedding of the cylinder (see Sec. 4.1),

we carried out three direct calculations. The computational parameters of these cal-

culations are summarized in Table C.1, and the results for second and third harmonics

are reported in Figure C.1; the results of all three methods are nearly identical for

lower-frequency tones and are not presented here. The fact that the error is more sig-

nificant at higher frequencies is justified by Eq. (C.10). In case A and B we used the

structured flow solver of Nagarajan et al. (2003), while in case C, the unstructured

solver of Shoeybi et al. (2009) is utilized. In both solvers, a 2nd-order implicit time

advancement scheme is applied in the vicinity of the cylinder where the system is

more stiff due to smaller elements; the 3rd order Runge-Kutta scheme is applied in

2If we further assume the acoustic C.F.L. number in computational domain is order of unity, i.e.,
∆x/(c0∆t) ∼ O(1), relative error due to spatial residuals scales as PEx/PS ∼ (f∆t)ntM−1, which
is still less effective than sound emitted by temporal residual error.
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Case A Case B Case C

∆tU0/D 4.91 × 10−4 9.82 × 10−4 9.82 × 10−4

Spatial
discretization

6th order Padé 6th order Padé 2nd order central

Extent of 2nd order
time advancement domain

4D 10D 2D

Table C.1: A summary of the direct methods used to study sound generated by lam-
inar vortex shedding from a cylinder.

the rest of the computational domain.

In Figure 4.6 we demonstrated that direct sound corresponding to case A is in good

agreement with the solution of the hybrid approach and the FWH surface method.

According to Figure C.1, the accuracy of directly computed sound is negatively af-

fected by doubling the time-step size in case B; however, accurate results are obtained

when the quadrupoles and dipoles calculated in case B are projected to the far-field

using Lighthill’s analogy. This observation confirms that applying an analogy is less

prone to error than direct computations.

Another interesting observation is made when more accurate results are obtained

in case C using a lower-order spatial scheme with time-step size identical to that of

case B. This observation can be justified by realizing that the region in which the

2nd order time advancement is applied is much smaller in case C. In other words, the

error produced by the low-order time advancement scheme is smaller.
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Figure C.1: Directivity plot of directly computed in; , case A; , case B;
, case C; ◦ , using Lighthill’s analogy in case B.



140 APPENDIX C. SENSITIVITY OF SOUND TO TRUNCATION ERRORS



Appendix D

Basis functions for modeling sound

absorbing walls

In order to avoid reflection of acoustic waves from walls in the experiment, the side

plates shown in Figure 5.2 are covered with fiberglass. To model the acoustic behavior

of these walls, we assume a non-reflecting boundary condition for perpendicularly-

impinging waves. This boundary condition is written as

time domain c0
∂φ

∂n
+
∂φ

∂t
= 0,

frequency domain
∂φ̃

∂n
+ ikφ̃ = 0, (D.1)

where k = 2πf/c0 and n points into the absorbing wall. We construct basis functions

that satisfy above boundary conditions by considering the following Sturm-Liouville

problem 



d2ψn

dz2
+ l2nψn = 0 0 < z < L

dψn

dz
− ikψn = 0 z = 0

dψn

dz
+ ikψn = 0 z = L

, (D.2)

where ψn and ln are eigenfunctions and eigenvalues, respectively. By substituting

ψn = c1e
ilnz + c2e

−ilnz into Eq.(D.2), the eigenfunctions and eigenvalues are obtained
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from

ψn(z) = (lnL+ kL)eilnz + (lnL− kL)e−ilnz, (D.3)

where ln are calculated by solving

(lnL− kL)2e−ilnL − (lnL+ kL)2eilnL = 0. (D.4)

If we use the ordinary definition of the inner product as

< ζ, η >=
∫ L

0
ζ(z)η∗(z)dz, (D.5)

where ∗ denotes complex conjugate. For a pair of eigenfunctions we have

(l2m − l∗n
2) < ψm, ψn >=

[
ψm

dψ∗
n

dz
− dψm

dz
ψ∗
n

]L

0

. (D.6)

According to boundary conditions presented in Eq. (D.2), the r.h.s. of the above

equation does not vanish, and thus {ψn} is not an orthogonal set; however, if the

inner product is defined as

< ζ, η >=
∫ L

0
ζ(z)η(z)dz, (D.7)

it can be shown that eigenfunctions form an orthogonal set, i.e.,

< ψn, ψm >= 0 m 6= n, (D.8)

and the magnitude of eigenfunctions are

< ψn, ψn >= 2L
(
(lnL)2 − (kL)2 + 2i(kL)

)
. (D.9)

In order to obtain an orthonormal set of eigenfunctions, assume ψn’s are normalized

by < ψn, ψn >
1/2.

The nondimensional eigenvalues, i.e., lnL, are calculated from Eq. (D.4). Let lnL =
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Figure D.1: Eigenvalues of Eq. (D.2)

R+ iI; due to the redundancy of eigenfunctions, only non-zero eigenvalues with posi-

tive real parts are accepted. By solving the modulus part of Eq. (D.4), the eigenvalues

should satisfy the following equation

R = kL coth(I) ±
√

(kL)2 coth2(I) − ((kL)2 + I2). (D.10)

Considering Eq. (D.10), the roots of Eq. (D.4) can be obtained numerically; for kL =

π, 5π, 10π, and 20π, these eigenvalues are shown in Figure D.1.

Function F (z) is expanded on the ψn basis as follows

F (z) =
∑

n

F nψn(z),

F n = < F, ψn >. (D.11)

In this transformation, the inner product is not defined in a conventional way. To

demonstrate that this definition does not introduce difficulties, it is tested on an

arbitrary function f(z) defined below
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Figure D.2: Demonstration of proposed spanwise transformation.

f(z) = 2(1 − i) + e2z cos(10πz) + iez sin(20πz) 0 ≤ z ≤ 1. (D.12)

By choosing an arbitrary frequency corresponding to k = 10, the transformation

coefficients fn are obtained using Eq. (D.11) and presented in Figure D.2(a) . These

coefficients are then used to represent the function in the physical domain. In Figure

D.2(b), we show that by keeping sufficient number of terms, the series converges to the

original function. Furthermore, the Gibbs phenomenon is observed at the boundaries

as the original function does not satisfy the non-reflecting boundary condition on the

walls.
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Zonal mesh generation

Performing careful LES or DNS computations requires a high-quality mesh, with ade-

quate resolution applied in the regions of interest. A high resolution is required in the

vicinity of walls to accurately resolve local high gradients and highly anisotropic tur-

bulence structures; farther from the wall region, this resolution requirement is relaxed

and more isotropic elements are desired. This transition in grid resolution cannot be

achieved easily in a structured grid setting. In contrast, an unstructured mesh can

be refined or coarsened as appropriate to capture the flow features by introducing

transitional type elements (tetrahedrals, prisms, and pyramids). In the simulation of

trailing edge flow in Ch. 5, a high-resolution grid is needed in the vicinity of the trail-

ing edge and the boundary layer nozzle where small-scale and anisotropic structures

are present. Other parts of the flow can easily be captured with a less resolved grid.

For this reason, we have developed mesh generation algorithms by introducing zonal

refinement levels using transitional elements.

Figure E.1 shows a zonal grid designed for an airfoil. In this mesh, a high-quality

2-D mesh is extruded with variable resolution in the z-direction. Progressively higher

resolution in the vicinity of the boundary layers is considered. Farther from the wall,

the scales of turbulence increase and less mesh density is required. Also flow structures

are more isotropic thus azimuthal levels are selected such that the elements aspect

ratios are close to unity.

Figure E.2 demonstrates a zonal grid generated for a round nozzle in a turbulent
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(a) 3-D cut of zonally refined mesh (b) Transitional elements in y−z plane

Figure E.1: Grid with zonal refinement generated for airfoil simulations. x, y ,and z
are streawise, wall-normal and spanwise directions, respectively (see Fig. 5.2).

jet simulation. In this grid the number of azimuthal grid points in various zones as

well as slices normal to the axis of the jet are shown. In this grid the refinement is

applied in the vicinity of the nozzle lip to capture small-scale structures in the thin

shear layer issued from the lip.
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Figure E.2: Grid with zonal refinement generated for jet simulations.
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Appendix F

Spectral Analysis

Assuming variable s is sampled at N time steps with the time resolution, ∆t, the

Power Spectral Density (PSD) of such variable at each frequency can be approximated

by

Φss(fi) =
Ŝ(fi)Ŝ

∗(fi)

∆f
i = 0...(N − 1), (F.1)

where ∆f = 1/(N∆t) and fi = i∆f and Ŝ(fi) is the discrete Fourier transform of

the windowed and normalized signal:

Ŝ(fk) =
1

N

N∑

j=1

swinj e
−i2πk(j−1)

N k = 0...(N − 1), (F.2)

where swinj is the time signal windowed by the standard periodic Hann window. The

windowed signal is normalized to have the same energy as the original signal. To

achieve better statistical convergence, the Power Spectral Density function is aver-

aged in the homogenous direction. The spectral measurements are also bin-averaged.

Assuming the power spectral density function Φss(f) is a piecewise continuous func-

tion with fi’s in the center, the bin-averaged PSD can be calculated as:

Φbin
ss (fcen) =

1

fmax − fmin

∫ fmax

fmin

Φss(f)df. (F.3)

In the present work, octave bin-averaging is used where each octave band in the
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frequency is logarithmically spaced in n intervals and averaged. This operation is

called 1/n’th octave bin-averaging. PSD at each bin is presented in the center fre-

quency which is calculated by fcen =
√
fminfmax. In figure F.1 the raw PSD of a

sample signal and the corresponding 1/10 octave bin-averaged PSD are shown. The

bin-averaged signal captures the essential spectral features of the original PSD and re-

duces the statistical noise. Based on Parseval’s theorem for discrete Fourier transform

we can write:

∫ fM

0
Φbin
ss (f)df =

∫ fM

0
Φss(f)df =

N−1∑

k=0

Φss(fk)∆f =

∑N
j=1 |swinj |2
N

=

∫ T
0 |s(t)|2dt

T
.

(F.4)

assuming fM = N∆f , T = N∆t, and s(t) is a piecewise continuous analog of signal

sj.
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Figure F.1: Comparison of raw PSD and bin-averaged PSD; , raw PSD;
,1/10’th octave bin-averaged PSD.
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