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Abstract

In the present study, we investigate the effects of heating the high speed stream and the

initial state of boundary layer, laminar (LBL) or turbulent (TBL), on the flow dynamics

and acoustic radiation in mixing layers. To evaluate these effects, large-eddy simulations of

spatially developing, compressible mixing layers are conducted. The splitter plate, which

separates the two streams initially, is included inside the computational domain. The effect

of heating the high speed stream is analyzed by keeping the velocity ratio fixed at 0.17

and varying the slow to high speed stream density ratio, 1 and 1.8. It is observed that

heating accelerated the initial instability and associated overshoot in the Reynolds stresses

for LBL cases but the Reynolds stress components in the self-similar state are not changed.

Mixing layers with TBL initially evolve without an overshoot in the Reynolds stresses

with weaker acoustic radiation compared to their LBL counterparts. A simple scaling is

suggested to explain the observed reduction in amplitude of pressure fluctuations inside the

shear layer with heating. Heating is observed to lead to slightly smaller turbulence length-

and time-scales and a reduction in convection velocity. The increase in thickness growth

rate with heating is consistent with the reduction of convection velocity. Acoustic analogy

of Goldstein (2010) with a locally parallel base flow assumption is used to characterize the

changes in sound sources and propagation effects due to heating and initial boundary layer

state. The noise spectrum is expressed as a sum of contribution from sources attributed to

auto- and cross-covariances of momentum and enthalpy fluxes. The source covariances are

expressed as a product of shape (at non-zero separation and time-delay) and amplitude (zero

separation and time-delay) functions in self-similar form. A good collapse of the covariance

shape functions is obtained using the local mixing layer thickness and convection velocity.

The amplitude functions are observed to collapse well when scaled by local values of mean

density, mean turbulent kinetic energy and mean square temperature fluctuations. The

acoustic analogy solution using the fitted covariance and cross-covariance functions yields
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good overall predictions of the noise. It is observed that at high velocities considered in this

study, the momentum flux auto-covariance is the dominant sound source. The momentum-

enthalpy cross-covariance is found to partially cancel the effect of increasing enthalpy flux

source in the acoustic near-field. Momentum flux covariance scales with the square of mean

density and its reduction with heating is observed to be the dominant contributor to the

reduction in noise from heated shear layers.
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Chapter 1

Introduction

The mixing layer that forms between two streams flowing with different velocities is an im-

portant canonical flow that has been used to study the dynamics of turbulence (Dimotakis,

2005; Roshko, 1976). Since the processes of sound generation and turbulent mixing are

connected, the study of mixing layers has significant implications for applications such as

the noise radiation from high speed turbulent jets.

It has been observed that the nozzle inflow conditions, in particular, the jet temperature

and the state of the boundary layer inside the nozzle affect the mixing layer dynamics close

to the jet nozzle and influences the downstream jet development and noise radiation. Both

numerical and experimental investigations of the effects of inflow conditions are difficult

to carry out. This is mainly due to the prohibitive computational cost of simulating the

nozzle flow, where the boundary layers are most likely turbulent, in addition to resolving

the jet turbulence further downstream. Experimental investigations are also difficult as it

is hard to change the inflow conditions independently. These considerations become more

important with increased emphasis on jet noise reduction strategies by modifications in

nozzle geometry (chevrons and lobed nozzles) (Nichols et al., 2011; Mendez et al., 2012;

Zaman, 1999) or by using active flow control strategies using plasma actuation (Samimy

et al., 2007).

The present study aims to explain the observed trends by considering spatially evolving

turbulent mixing layer flow. A brief background of previous investigations on shear layer

turbulence and acoustics is given below.

1



2 CHAPTER 1. INTRODUCTION

1.1 Background

The plane self-similar mixing layers have been a subject of a number of experimental

(Samimy and Elliot, 1990; Papamoschou and Roshko, 1988) and computational (Rogers

and Moser, 1992; Pantano and Sarkar, 2002) studies. Most of the reported computations

have focussed on temporally developing mixing layers (Fortuné et al., 2004; Kleinman and

Freund, 2008). A relatively smaller number of studies have focussed on spatially evolv-

ing mixing layers (Lui and Lele, 2001; Sandham and Sandberg, 2009; Laizet et al., 2010).

Temporal mixing layers are computationally convenient due to their periodicity in both the

streamwise and spanwise directions. However, temporally developing flows only model the

experimental mixing layers in the limit when the velocity difference of the two streams is

negligible compared to the average velocity (Pope, 2000). They miss the entrainment asym-

metry present in a spatially developing flow (Dimotakis, 1984) and because of streamwise

periodicity they are an unrealistic model to study the radiated sound.

The evolution of mixing layers is sensitive to its initial and boundary conditions. For

example, the velocity and density ratios of the two streams or the free stream turbulence

(Chandrasuda et al., 1980) affect the dynamics of mixing layers. One of the main factors

influencing the mixing layer evolution is the state (laminar or turbulent) of incoming bound-

ary layer (Bell and Mehta, 1990). An initially laminar spatially developing mixing layer is

susceptible to Kelvin-Helmholtz instability. It is also unstable to oblique disturbances es-

pecially at higher Mach numbers and this results in increased three-dimensionality. The

bending of the spanwise vortex rollers in the streamwise direction leads to generation of

streamwise vorticity in the braid regions, observed as arrays of rib vortices extending from

bottom of one roller to the top of next (Lin and Corcos, 1984). The Reynolds number based

on the local thickness increases downstream as the shear layer grows. The transitioning to

a turbulent mixing layer is marked by the appearance of finer scales. Turbulent mixing

layers can grow either by a pairing mechanism (Winant and Browand, 1974) or by tearing

(Moore and Saffman, 1975) before eventually becoming self-similar. Brown and Roshko

(1974) showed the significance of these large scale coherent structures in the dynamics of

turbulent mixing layers.
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1.2 Aeroacoustics of shear flows

Jet noise has been found to vary with location of observer with respect to the jet axis: it

is peaked at low angles (roughly 30◦) in the downstream direction and reduces at larger

angles away from the jet axis. The spectrum at low angles is observed to be dominated by

low frequency sound and have a broadband peak whereas at larger angles, high frequency

sound is more important with comparatively flatter spectral shape (Tam et al., 2008). The

peak frequency of noise at large angles shows a dependence on jet velocity (shows a Strouhal

number scaling) whereas at small angles, it has been found to be independent of Uj (shows

Helmholtz scaling) (Lush, 1971). The original scaling with eighth power of jet velocity is

valid only for observers located close to 90◦ from the jet axis for low subsonic jets. The

Doppler effect due to eddy convection was included in Lighthill’s analysis (Lighthill (1952)

and Ffowcs Williams (1963)) to explain the peak noise radiation in jets. It was argued

that the Doppler effect would result in a directivity factor proportional to (1−M cos θ)−5

(Ffowcs Williams, 1963), where M is the eddy-convection speed and θ is the angular position

of the observer from the jet axis, and gives rise to preferential radiation at angles close to the

jet axis. Goldstein (1975) accounted for the presence of gradient of mean Mach number, M ′j ,

to derive the quadrupole directivity as cos4 θ|M ′2j |(1−M cos θ)−9 at low frequencies. It was

in better agreement with experimental data from Lush (1971) than Lighthill’s correction at

observer angles close to the jet axis.

Large scale structures or instability waves play a significant role in the generation of noise

from shear layers. Crighton and Huerre (1990) showed that the non-compactness associated

with the sound sources due to convecting instability waves can lead to superdirective sound

fields. This was also observed in experiments by Laufer and Yen (1983) of low Mach number

forced jets and in direct numerical simulation of two-dimensional compressible mixing layer

by Colonius et al. (1997); Cheung and Lele (2009). Supersonically convecting instability

waves are known to produce Mach wave radiation. At subsonic Mach numbers, the growth,

saturation and decay of instability waves along the mean flow direction leads to a highly

directional sound radiation. Pressure fluctuations associated with subsonic instability waves

decay exponentially fast away from the hydrodynamic flow region. Far from the near-field

hydrodynamic region, the flow solution comprises of propagating acoustic waves which decay

algebraically. Solution to the classical compressible hydrodynamic stability does not include

acoustic radiation from instability waves. Tam and Morris (1980) showed an analytical
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procedure to extend the method of multiple scales solution for the linear instability wave

to the far-field for low Mach number flows. For mixing layers at supersonic convective

Mach numbers, Tam and Burton (1984a) further refined their method to predict Mach

wave radiation from linear instability waves. Extensions to calculate sound radiation from

nonlinear evolution of instability waves have been provided by Wu (2005) for supersonic

and Sparks and Wu (2008) for subsonic waves.

Variable density mixing layers arise in the context of heated jets where the temperature

ratio (Tj/T∞, where Tj is the jet temperature and T∞ is the ambient temperature) is an

important parameter and has been identified to affect its noise radiation characteristics.

It has been observed that jet noise radiation increases with increasing jet temperature

keeping jet velocity fixed, when the acoustic Mach number (Ma = Uj/a∞, where Uj is the

jet velocity and a∞ is the ambient speed of sound) is less than 0.7. An opposite trend is

observed when the acoustic Mach number is greater than 0.7. At low Mach numbers, the

differences in noise characteristics of heated jets is usually attributed to the existence of a

dipole sound source due to temperature fluctuations in addition to the quadrupole source

due to Reynolds stress fluctuations present in isothermal jets. At 90◦ to the jet axis where

the convection effects would be absent, the noise intensity due to heating-associated dipole

source scales with U6
j (∆T/Tj)

2. Analyses in studies by Morfey and Szewczyk (1978) using

the experimental data of Tanna et al. (1975) confirmed these observations. The existence

of dipole source and scaling of sound intensity with sixth power of jet velocity has been

refuted by Viswanathan (2004, 2009) who raised concerns about the reliability of Tanna’s

experimental database. More recently, trends observed in Tanna’s experimental database

have been reconfirmed in studies by Bridges and Wernet (2007); Harper-Bourne (2007).

Moreover, most of the studies on the effects of heating have focussed on low-speed jets

where the thermal sources are dominant over hydrodynamic sound sources. Apart from a

few studies, such as those of Bodony and Lele (2008) and Afsar et al. (2011), much less

attention has been given to the sound reduction observed with increasing temperature in

high-speed jets and so the underlying physical mechanism remains unclear.

Apart from jet temperature, the state of incoming boundary layer plays a crucial role in

the evolution of shear layer turbulence downstream. The effect of boundary layer thickness

at the nozzle exit on acoustic radiation of a round jet has been studied numerically by Bogey

and Bailly (2010). In their study, the jets originate from a pipe nozzle, with prescribed

laminar boundary layer profiles with or without random forcing at the pipe inlet. Their
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study reveals that inlet forcing results in reduction of noise generated due to vortex pairing

in the initial jet shear layer with good comparison to experiments. It is observed that much

thinner turbulent boundary layers need to be accounted for in the simulations to match the

flow development and noise radiation observed in the experiments. The effect of inlet forcing

on jet noise and on vortex pairing has also been experimentally studied by Zaman (1985,

1986) demonstrating the possibility of reducing the noise levels from unheated subsonic

jets by tripping the nozzle boundary layer. Bridges and Hussain (1992) found that the

vortex asymmetry plays an important role in the vortex pairing noise in low Mach number

unheated jets. Viswanathan and Clark (2004) observed insensitivity of noise from unheated

jets to changes in initial conditions due to modifications internal nozzle contours. Hussain

and Clark (1977) also observed that the growth rate of jet and the centerline velocity decay

depend on the inflow conditions for a plane turbulent jet. The recent study of Zaman

(2012) suggests that the state of boundary layer in the nozzle, turbulent or a disturbed

nominally laminar boundary layer, causes differences in noise radiation from nozzles of

the same diameter but different internal contouring. This may explain the differences in

measurements of subsonic jet noise taken in various experimental facilities.

1.3 Overview of the present study

This paper presents a detailed study of the effects of heating and initial boundary layer

state on the aeroacoustic behavior of turbulent mixing layers flow using large-eddy simula-

tions (LES). The overall problem formulation is discussed in section 2 and validation of LES

approach is briefly discussed in Appendix A. Turbulence statistics for heated and unheated

mixing layers are characterized first. The differences in flow development are described in

terms of modifications of mean flow, turbulence intensities, density and pressure fluctuation

intensities. If the upstream boundary layer is turbulent, the shear layer develops without

an early Kelvin-Helmholtz instability. The turbulence statistics show a gradual increase

to their self-similar values in the mixing layer. Their laminar (LBL) counterparts show an

early overshoot followed by a gradual relaxation to self-similarity. The self-similar state is

observed to be relatively unaffected by the state of initial boundary layer. However, heat-

ing the higher speed stream is observed to decrease the pressure fluctuations and increase

the density fluctuations. These observations including the velocity and pressure spectra
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are given in section 3. After characterizing the flow, we turn to calculate the sound ra-

diated from mixing layers. We observe that the noise radiated from heated mixing layers

is lower that their unheated counterparts. We also observe a reduction in radiated noise

if the upstream boundary layer is turbulent. In section 4, we use the Goldstein’s acoustic

analogy with locally parallel base flow as the framework for identifying changes in sound

propagation (associated with Green’s function of the base flow) and sound sources (associ-

ated with covariances of momentum flux and enthalpy flux) with heating. We represent the

acoustic spectrum as a sum of contributions due to auto-covariance of momentum flux, auto-

covariance of enthalpy flux and the cross-covariance of momentum flux and enthalpy flux.

We observe that the dominant contribution to sound comes from the momentum flux term

which scales with the square of the product of mean density and turbulent kinetic energy.

At high Mach number, the heated shear layer becomes quieter mainly due to the reduction

in mean density. The scaling relations obtained from the present study suggest that at low

Mach number, the enthalpy flux term is the dominant contributor and its increase causes

the radiated sound to increase with heating.

1.4 Large-Eddy Simulations

The schematic of the flow problem is shown in Fig. 1.1. The two streams separated by

a splitter plate merge downstream of the splitter plate edge, defined as x = 0, to form a

mixing layer. The higher speed stream, at Mach number M1, is on the upper side of the

plate, whereas, the slower stream, at Mach number M2, is on the lower side of the splitter

plate. The upper and lower stream densities are ρ1 and ρ2 respectively. The convective

Mach number is denoted by Mc, which is defined here as Mc = ∆U
c1+c2

, where c1 and c2 denote

the free stream speed of sound in upper and lower streams, respectively. This definition of

Mc follows from Papamoschou and Roshko (1988) when the two streams have the same γ

(ratio of specific heats), as is the case in the present simulations. We use ∆U = U1 − U2

to represent the velocity-difference and wp to denote the splitter width. These also provide

suitable reference scales for non-dimensionalization. For physical clarity, other scales for

velocity and pressure are sometimes used in the results shown later. They will be defined

when used. Table 1 below describes the test cases we consider.

The geometry of the splitter plate is prescribed as a flat plate with the trailing edge

defined as a super-ellipse (of aspect ratio AR = 6) given as,
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Figure 1.1: Schematic of flow problem setup.

Case r = U2
U1

s = ρ2
ρ1

Mc M1, M2 Incoming Reδθ,1
δθ1
wp

δθ2
wp

x′/wp

boundary layer

A 0.17 1 0.5 1.2, 0.2 Laminar 190 0.11 0.05 61.0
B 0.17 1 0.5 1.2, 0.2 Turbulent 800 0.06 0.05 6.0
C 0.17 1.8 0.4 0.9, 0.2 Laminar 181 0.12 0.05 33.0
D 0.17 1.8 0.4 0.9, 0.2 Turbulent 800 0.06 0.05 6.0

Table 1.1: The parameters for the test case considered. Reynolds number, Reδθ,1 =
∆Uδθ,1
ν1

,
is based on free stream conditions on the boundary layer thickness in the high-speed side,
velocity difference ∆U and kinematic viscosity based on free stream conditions on the
high-speed side. The apparent sound source location, x′/wp, is the streamwise coordinate
along the lipline from which the sound waves are assumed to originate. It is chosen as
the streamwise location of peak energy associated with Kelvin-Helmholtz instability mode
shown in Fig. 2.9 for cases with LBL and is fixed visually for cases with TBL. The distance
measured from this location, r′ is used to account for radial spreading of the sound waves
for data presented in Fig. 2.18.
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(
x

wp

)4

+

(
ARy

wp

)2

= 1 (1.1)

The governing equations for large-eddy simulations (described in Appendix A) are dis-

cretized using a staggered grid 6th order compact finite difference scheme (Lele, 1992). Time

advancement is done using 3rd order Runge-Kutta scheme combined with Beam-Warming

implicit scheme close to the solid boundary. The overset method is used in order to include

the splitter plate inside the computational domain. Two meshes, a background grid and a

body-fitted curvilinear grid are used for the problem. The body-fitted grid wraps around

the splitter plate and is overset on the background grid. Further details of mesh generation

can be found in Sharma (2012) and of the verification and validation of flow solver can be

found in studies by Bhaskaran (2010) and Nagarajan (2004).



Chapter 2

Characterization of Turbulence

and Acoustic Radiation

The visualization of instantaneous density and vorticity magnitude contours for case A in

Fig. 2.1 and for case B in Fig. 2.3 gives an overall picture of the flow field. The early region

of the mixing layer in case A is laminar which is followed by a transition region (marked by

spanwise rollers with small scale fluctuations superposed over them) and then a turbulent

mixing layer region. Visually, the outer boundaries of the mixing layer grow laterally in a

linear fashion. The radiation of sound into the lower speed stream, dominant between 30◦

and 40◦ angle, is also visible in Fig. 2.1. The apparent source of this radiation is located

between streamwise locations of 30wp and 140wp from the splitter plate edge. There is also

a weak radiation in the upstream direction towards the splitter plate. The flow structures

are visualized using the iso-surfaces of the second invariant of the velocity gradient tensor

in Fig. 2.2. Rib vortices in the early region close to the splitter plate edge can be noticed

whereas a random organization of hairpin structures is observed further downstream.

In cases B and D, the flow consists of high-speed turbulent boundary layer in the upper

stream and a lower speed laminar boundary layer on the lower side of the plate. In Fig. 2.3,

there is a visible signature associated with the small adjustment of turbulent boundary layer

data to the trailing-edge body-fitted mesh which supports a finer mesh in the x-direction.

The sound associated with this adjustment appears to be limited to the region downstream

of the Mach line emanating from start of this mesh. There is also a small pressure ad-

justment as the turbulent boundary layer detaches from the splitter plate and sets up a

weak shock wave. Close to the splitter plate trailing edge, sound radiation into the lower

9
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Figure 2.1: Visualization of density contours (plotted from 0.95ρ2 to 1.05ρ2) overlayed
with vorticity magnitude contours in the mid X-Y plane for Case A. The portion of the
computational domain shown above extends from −15 < x/wp < 340 and transverse extent
from −90 < y/wp < 90. Origin is located at the trailing edge of the splitter plate.

Figure 2.2: Visualization of the iso-surfaces of the second invariant of the velocity gradient
tensor (Q = 0.01) for case A. The isosurfaces are colored by 10 equally spaced contours
(between 0.1 and 1.2) of streamwise momentum. The region around the splitter plate edge
(in black color) is shown. The size in the spanwise direction that is shown is 90wp where
wp is the plate width.
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Figure 2.3: Visualization of density contours overlayed with vorticity magnitude contours
in the mid X-Y plane for Case B. The density contours are plotted between ρ2 ± 0.05ρ2

and vorticity (normalized by ∆U/wp where wp is the plate width) contours between 0 and
5. The portion of the computational domain shown above extends from −35 < x/wp < 55
and transverse extent from −25 < y/wp < 25.

speed stream is observable. This radiation is directed, both downstream and upstream in

the low speed stream and appears to emanate from the trailing-edge region. This radiation

is associated with the noise generated by the passage of the turbulent boundary layer over

the splitter plate tip. The noise radiated by the turbulent mixing associated with the shear

layer appears to be much weaker and is not visible at the contour levels plotted here. The

linear spreading of the turbulent shear layer can be visualized from the vorticity magnitude

contours in Fig. 2.3. The flow structures are also visualized using the iso-surfaces of the

second invariant of the velocity gradient tensor in Fig. 2.4. The hairpin vortices in the

turbulent boundary layer upstream can be observed to persist downstream into the shear

layer. An increase in size of haripin structures downstream can be clearly observed.

After a certain development length downstream of the splitter plate, a mixing layer is

expected to grow self-similarly. Self-similarity is realized in all the cases in the present

discussion, characterized by linear growth of thickness with streamwise distance shown in

Fig. 2.5, collapse of mean velocity profiles (shown in Fig. 2.7) and normalized Reynolds

stresses in the transverse direction. The initial development is, however, different and

depends on the initial state of the streams before they merge. The mixing layers with
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Figure 2.4: Visualization of the iso-surfaces of the second invariant of the velocity gradient
tensor (Q = 0.1) for case B. The isosurfaces are colored by 10 equally spaced contours
(between 0.1 and 1.2) of streamwise momentum. The region around the splitter plate edge
(in black color) is shown. The size in the spanwise direction that is shown is 10wp where
wp is the plate width.
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Figure 2.5: Growth of mixing layer vorticity thickness with streamwise distance. (a) Initial
laminar boundary layer cases. Case A: solid line; case C: dashed line (b) Initial turbulent
boundary layer cases. Case B: solid line; case D: dashed line. The red line indicates a linear
fit to mixing layer thickness in the transitional region of faster growth whereas the blue line
is the linear fit to thickness in the self-similar region.

initially turbulent boundary layers (cases B and D) become self-similar faster than their

laminar counterparts (cases A and C). The mixing layer with initially heated laminar stream

(case C) was found to transition earlier than its unheated pair (case A) and can be expected

to become self-similar earlier. The growth rate of shear layer thickness is higher initially in

the transitional region before it relaxes to a self-similar value as shown in Figs. 2.5(a) and (b)

for cases A to D. The growth rates of the mixing layers with an initial turbulent boundary

layer are lower than their counterparts with laminar boundary layer. This is consistent

with observations in experimental study of Karasso and Mungal (1996). The enhancement

of thickness growth rate with heating can also be clearly observed. The numerical values of

the peak and self-similar growth rates for each of the cases are indicated in Table 2.

The mean velocity profiles close to the splitter plate (x/wp . 41 for case A and x/wp . 5

for case B) contain a non-zero wake component due to the presence of plate (shown for cases

A and C in Fig. 2.6). The decay of wake component is faster and therefore the self-similarity

in mean profiles is achieved earlier for cases with turbulent boundary layers initially (about

x/wp & 10 for case B and x/wp & 200 for case A).

The results of linear stability analyses (Lee and Morris, 1997; Zhuang and Dimotakis,

1995) indicate that the presence of large wake defect in the mean velocity profile or an in-

crease in high-speed stream temperature may make the flow locally absolutely unstable. The
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Figure 2.6: Mean velocity (Umean = ũ/∆U) profiles in the transverse direction (y/δω(x))
shown for streamwise locations close to the splitter plate for cases A (in red) and C (in
black). −: x/wp = 2; −−: x/wp = 18; − · −: x/wp = 38.

0 0.5 1 1.5
−8

−6

−4

−2

0

2

4

6

8

U
mean

y

(a)

0 0.5 1 1.5
−8

−6

−4

−2

0

2

4

6

8

U
mean

y

(b)

Figure 2.7: Variation of mean velocity (Umean = ũ/∆U) in the transverse direction
(y/δω(x)) shown in the self-similar region for case A in (a) and case B in (b). Legend
for (a): −: x/wp = 209; −−: x/wp = 234; − · −: x/wp = 259; · · ·: x/wp = 284; −4−:
x/wp = 318. Legend for (b): −: x/wp = 16.7; −−: x/wp = 21.2; − · −: x/wp = 26; · · ·:
x/wp = 31.2; −4−: x/wp = 37.
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presence of absolutely unstable region may provide a mechanism for self-sustaining shear

instability in the absence of forcing by allowing the disturbances to propagate upstream and

re-excite instability via receptivity of the splitter plate. However, for the present cases A

and C, the results of impulse response study described in Sec. 2.0.2 do not indicate presence

of absolute instability which may be expected due to the presence of co-flow and moderate

convective Mach number (Juniper, 2006). This suggests another mechanism that may be op-

erative in the mixing layers described here where the vortex interactions downstream would

re-initiate downstream-propagating instability waves by perturbing the receptive shear layer

near the trailing edge via upstream-travelling acoustic waves. Laufer and Monkewitz (1980)

argued that such a feedback loop must be responsible for self-sustained instability in the

near-nozzle region of jet and studies by Kibens (1980) and Grinstein et al. (1986) support

its existence.

An initially laminar spatially developing mixing layer is characterized by two-dimensional

vortical structures associated with Kelvin-Helmholtz (KH) instability and separated by re-

gions of high strain or braids. As shown in Fig. 2.8, the frequency associated with the early

KH waves is observed to be around Stθ = fδθ,1/∆U ∼ 0.01, where δθ,1 is the boundary

layer thickness of the exiting higher speed stream, for cases A and C. This is close to the

values observed in previous experiments (Narayanan and Hussain, 1996) and obtained from

linear stability analyses (Michalke, 1965). The spectra for the unheated shear layer have a

broadband peak whereas the heated shear layer spectra can be seen to be more tonal. The

subsequent transition process involves development of subharmonics and secondary span-

wise instability and has been analyzed in detail previously (Nikitopoulos and Liu, 1987;

Moser and Rogers, 1993). The initial mean flow spreading of the transitional shear layer

is determined by the rapid transfer of energy from the mean flow to the fundamental KH

mode. However, the meanflow spreading is slower further downstream as part of the energy

pumped into the growing secondary instability is extracted from the decaying fundamental

mode. Such an energy transfer process is evident in the streamwise evolution of integrated

modal energy shown in Fig. 2.9 for cases A and C. This mechanism may provide a possi-

ble explanation towards an initial rapid growth of shear layer followed by a slower growth

observed in Fig. 2.5(a) and (b).
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Figure 2.8: Spectra of pressure fluctuations shown for cases A (in red) and C (in black) for
streamwise locations close to the splitter plate. −: x/wp = 18; −−: x/wp = 25.5; − · −:
x/wp = 32.7.
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Figure 2.9: Evolution of modal energy, En, at different temporal frequencies (fn) for case

A in (a) and case C in (b). En is defined as En(x) =
∫ Ly
−Ly PSD(u′′)(fn)dy and is averaged

in the spanwise direction. Here, Ly is the domain size in the cross-stream direction and
PSD(u′′) is the power spectral density function of the streamwise velocity fluctuations
about the Favre-averaged mean. − ◦ −: the fundamental KH instability frequency, f ,;
−4−: second harmonic, 2f ; −�−: second sub-harmonic, f/2; −�−: third sub-harmonic,
f/3.
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Figure 2.10: Variation of Reynolds stresses in the streamwise direction. ũ′′2/∆U2: solid

line; ṽ′′2/∆U2: dashed line; w̃′′2/∆U2: dashed dotted line; −ũ′′v′′/∆U2: dotted line. (a)
Case A (b) Case B.

2.0.1 Turbulence statistics

The differences in the shear layer development due to the initial state of boundary layer can

be further observed in the variation of Reynolds stress components with streamwise distance

shown in Fig. 2.10. For case A, each of the components first have an overshoot and then

gradually relax to self similar values which is roughly half of their peak values. For case B,

the Reynolds stress values increase monotonically from their values in the boundary layer

to mixing layer. The peak self similar Reynolds stress values for turbulent case is observed

to be slightly lesser than their laminar boundary layer counterparts. The Reynolds stress

components for shear layer in case C (not shown), which is the heated counterpart of case A,

has an early incipient instability and rises to a peak value greater than the unheated case.

However, the peak Reynolds stress values in the self-similar region are similar for both the

cases. The self-similar peak Reynolds stress values for all the cases can be found in Table 2.

Here, the symbol, σ, is used to denote the components of Favre-averaged Reynolds stresses

and is defined as,

σ2
u = ũ′′2/∆U2 , σ2

v = ṽ′′2/∆U2 , σ2
w = w̃′′2/∆U2 , σuv = −ũ′′v′′/∆U2 (2.1)

The levels of anisotropy in the self-similar regime are compared for different cases in

Table 3. The values observed here are close to the values observed in experiments (Samimy
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Self-similar values Peak values

Case dδω
dx

dδθ
dx σ2

u σ2
v σ2

w σuv
dδω
dx

dδθ
dx σ2

u σ2
v σ2

w σuv
A 0.07 0.028 0.025 0.012 0.017 0.009 0.18 0.03 0.05 0.028 0.043 0.021
B 0.062 0.021 0.023 0.012 0.015 0.009 0.15 0.025 0.025 0.015 0.018 0.01
C 0.09 0.031 0.025 0.014 0.017 0.008 0.19 0.035 0.052 0.035 0.041 0.022
D 0.072 0.022 0.023 0.012 0.015 0.008 0.15 0.025 0.025 0.015 0.019 0.009

Table 2.1: Comparison of growth rate and self-similar turbulent intensities for cases A
through D. Here, the vorticity thickness is defined as, δω = ∆U/[∂ũ∂y ]max and momentum

thickness as, δθ =
∫∞
−∞[(ρ/ρ2)(ũ− U2)(U1 − ũ)/∆U2]dy.

Case σ2
v/σ

2
u σuv/σ

2
u σ2

w/σ
2
u U2/U1 Uc,is/U1 Uc,corr/U1

A 0.48 0.36 0.68 0.17 0.58 0.68
B 0.5 0.41 0.6 0.17 0.52 0.64
C 0.52 0.32 0.68 0.17 0.58 0.68
D 0.53 0.39 0.6 0.17 0.52 0.64

Bell and Mehta (1990) (Mc = 0) 0.60 0.31 0.6
Samimy and Elliot (1990) (Mc = 0.51) 0.44 0.34 0.51
Pantano and Sarkar (2002) (Mc = 0.7) 0.45 0.32

Table 2.2: Comparison of self-similar values of anisotropy for cases A through D. Here, Uc,is
is the isentropic estimate of convection velocity, Uc = (c1U2 + c2U1)/(c1 + c2) and Uc,corr is
the convection velocity along the lipline which is discussed in section 2.1.3 obtained from
the spatio-temporal correlation defined in equations 2.21 and 2.23.

and Elliot, 1990; Bell and Mehta, 1990) and DNS study of Pantano and Sarkar (2002).

It can be observed that the spanwise turbulent intensity is higher and the transverse in-

tensity is lower for cases with laminar boundary layers than their turbulent counterparts.

Note, however, that cases with turbulent boundary layers were computed up to a smaller

streamwise distance, due to the much higher computational cost.

The transverse profiles for Reynolds stresses are shown in Fig. 2.11 for Case A. A good

collapse of Reynolds stress components can be clearly observed indicating self-similarity. A

good collapse of Reynolds stresses was also observed for other cases in this study but is not

shown here for brevity.

The streamwise development of density and pressure fluctuation amplitude is compared

in Fig. 2.12(a) and (b) for cases with initially laminar boundary layers, A and C. It can be

observed that the density fluctuations increase with heating whereas the pressure fluctuation

amplitude, normalized by ρ2∆U2, decreases with heating. A similar trend, where the density

fluctuations grew proportionally to the difference in free-stream densities and a reduction
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Figure 2.11: Self similar profiles of turbulent intensities for case A plotted as function of
y/δω(x). (a) σ2

u, (b) σ2
v , (c) σ2

w and (d) σuv as defined in Eqs. 2.1. −: x/wp = 266; −−:
x/wp = 287; − · −: x/wp = 309; · · · x/wp = 330.
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of pressure fluctuations with heating, was also observed in the two-dimensional simulations

of shear layers in the study of Sharma and Lele (2011). The r.m.s of pressure fluctuations,

scaled by ρ2(Uc−U2)2, is seen to collapse for the heated and unheated case in the self-similar

region as shown in Fig. 2.12(c) and (d) for cases with initially laminar (cases A and C) and

turbulent (cases B and D) boundary layers respectively. Here, isentropic estimate of the

convection velocity, Uc, is used (Papamoschou and Roshko, 1988). In the frame of reference

of the ’large scale structures’ or eddies (which move with the convection velocity Uc), the

difference between stagnation pressure and the ambient pressure can be written using the

isentropic relation as,

∆p

p∞
≡ p01 − p∞

p∞
=

(
1 +

γ − 1

2
M2
c1

) γ
γ−1

− 1 ≈ 1

2

ρ1(U1 − Uc)2

p∞
=

1

2

ρ2(Uc − U2)2

p∞
(2.2)

Here, we use p01 to denote the stagnation pressure and the isentropic estimate for

Uc = c1U2+c2U1
c1+c2

. The above relation indicates that the r.m.s pressure fluctuations, which

should vary as ∆p, scale with ρ2(Uc−U2)2 = ρ1(U1−Uc)2 and explains the trends observed

for pressure. However, at higher Mc, this scaling may require modification. In the study

by Freund et al. (2000), convective Mach numbers upto 2 were considered and the increase

in pressure fluctuations was found to be restricted by the reduced transverse scale of the

turbulent eddies. A modification to incorporate this would be required at higher Mc.

The temporal spectra for the streamwise velocity fluctuations are shown in Fig. 2.13 for

laminar case A. The data is shown for different streamwise locations and the spectra are nor-

malized by the local streamwise turbulent intensity and local shear layer vorticity thickness.

The vorticity thickness and free-stream velocity difference are used to non-dimensionalize

frequency and obtain the Strouhal number, Stδ. The spectra are observed to have a dis-

tinct Kolmogorov inertial subrange in the turbulent flow region. It can be seen that more

of the inertial subrange is captured as the local Reynolds number increases downstream.

The pressure spectra appear to fall off with f−5/3 in the inertial subrange. This can be

observed in Fig. 2.13(b) for case A and Fig. 2.14(b) for case B. At low Reynolds numbers

(Taylor Reynolds number, Rλ < 600), the −5/3 power law scaling has been observed for

the pressure spectrum in both experiments and direct numerical simulations (Gotoh and

Rogallo, 1999). However, the power law scaling of f−7/3 is expected at high Reynolds

numbers (Tsuji and Kaneda, 2012; George et al., 1984). There is a gradual increase in
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Figure 2.12: (a) Comparison of streamwise variation of r.m.s peak and lipline levels of
pressure fluctuations scaled by ρ2∆U2 for cases A and C; (b) Comparison of peak and
lipline r.m.s density fluctuations for cases A and C. (c) Comparison of streamwise variation
of peak r.m.s pressure fluctuations scaled by ρ2(Uc−U2)2 for cases A and C; (d) Comparison
of streamwise variation of peak r.m.s pressure fluctuations scaled by ρ2(Uc−U2)2 for cases
B and D. Legend for (a), (b) and (c): Solid line with symbols: lipline values for case C;
dashed line with symbols: peak values for case C; solid line: lipline values for case A; dashed
line: peak values for case A. Legend for (d): dashed line with symbols: peak values for case
D; dashed line: peak values for case B.
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Figure 2.13: Temporal spectra of streamwise velocity fluctuations in (a) and pressure fluctu-
ations in (b) shown for case A at different streamwise locations. The spectra are normalized

by the local variance, σ2
u = ũ′′2/∆U2 for velocity fluctuations, σ2

p = p′2/ρ2
2∆U4 for pressure

fluctuations and the local vorticity thickness denoted here as δ. The non-dimensionalized
frequency is denoted by Stδ = fδω/∆U . −: x/wp = 75; −−: x/wp = 130.6; − · −:
x/wp = 270.2; · · · : x/wp = 340 and blue dashed line: Reference lines f−5/3 and f−7/3.

correlation integral time scales going downstream. The temporal spectra can be observed

to shift to greater contribution from the lower frequencies. However, the extent to which

this trend can be seen depends on the amount of shear layer growth that has been captured

within the computational domain. The domain for the laminar boundary layer cases was

larger than the turbulent boundary layer cases and consequently the percentage shear layer

growth from the initial thickness to the final was larger for the former.

The spanwise correlation functions for cases A and B are shown in Fig. 2.15(a) and (b).

The correlation functions are plotted against spanwise separation until half of the spanwise

domain size to account for the periodicity in this direction. The correlation length, taken

to be the first zero crossing of the correlation function, can be observed to be roughly 0.25

times the local vorticity thickness.

2.0.2 Impulse response

The evolution of a two-dimensional disturbance placed in a parallel mean flow is analyzed

here using linearized Navier-Stokes equations. The details of the linear solver can be found

in Sharma (2012). The LES mean flow profiles are extracted at a fixed streamwise location

and extruded in the streamwise periodic direction. The mean streamwise velocity profiles at
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Figure 2.14: Temporal spectra of streamwise velocity fluctuations in (a) and pressure fluctu-
ations in (b) shown for case B at different streamwise locations. The spectra are normalized

by the local variance, σ2
u = ũ′′2/∆U2 for velocity fluctuations, σ2

p = p′2/ρ2
2∆U4 for pressure

fluctuations and the local vorticity thickness denoted here as δ. The non-dimensionalized
frequency is denoted by Stδ = fδω/∆U . · · · : x/wp = 2.5; −: x/wp = 4.6; −−: x/wp = 9;
− · −: x/wp = 19.2. Blue dashed line: Reference lines f−5/3 and f−7/3.
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Figure 2.15: Spanwise correlation of streamwise velocity fluctuations shown for case A in
(a) and B in (b) at various streamwise locations. Legend for (a): −: x/wp = 75; −−:
x/wp = 130.6; − · −: x/wp = 270.2; · · · : x/wp = 340. Legend for (b): −: x/wp = 9; −−:
x/wp = 14.2; − · −: x/wp = 19.2; · · · : x/wp = 47.1.
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Figure 2.16: Variation of wavepacket amplitude with group velocity for cases A (a-c) and
C (d-f). (a,d) x/wp = 2, (b,e) x/wp = 18 and (c,f) x/wp = 38.

the selected locations are shown in Fig. 2.6. It can be noted that the first location which is

close to the splitter plate has a substantial wake component and a small layer with negative

velocity.

The initial disturbance is specified as a two-dimensional divergence-free vortex. The

wavepacket amplitude is computed as the integral of absolute value of pressure disturbance

in the transverse direction. The amplitude is plotted against the group velocity, vg =

(x−xo)/t, for different mean flow profiles in Fig. 2.16(a)-(c) for case A and (d)-(f) for case

C. Here, xo = 50 is the location where the disturbance is initialized at t = 0.

It can be seen by comparing Figs. 2.16(a) and (d) that the growth rate of disturbance is

higher for case C for the first streamwise location. The left edge of the wavepacket in Figs.

2.16 (a) and (d) corresponds to a small but positive group velocity which suggests that the

flow is convectively unstable. It can be inferred that the wake-defect and the heating of the

high-speed stream are not strong enough to make it locally absolutely unstable. For the

second streamwise location the range of group velocities shifts to higher positive values as

shown in Figs. 2.16(b) and (e) because of the diminishing wake-defect. The analyses shown
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here is for two-dimensional disturbances. The extension to three-dimensional disturbances

is currently in progress.

2.0.3 Summary: Effect of heating and initial boundary layer state on flow

and turbulence

Heating the higher speed stream leads to an early development of instability and higher

growth rate of mixing layer thickness. The peak values of Reynolds stress components

increase a little bit for cases A and C but the self-similar values are impacted by relatively

small amount. It is observed that heating leads to a decrease in the time- and length-scales

which imply a shift to higher frequency in spectra. The density fluctuations were observed

to increase with heating most likely due to the presence of mean density gradient.

The following argument is considered to explain the increased shear layer growth with

heating. In a characteristic eddy turn over time ∆t, an eddy convecting with velocity, Uc,

moves a distance Uc∆t, whereas the change in shear layer thickness can be written as,

dδ ∝ v′∆t, where v′ is the cross-stream velocity fluctuation proportional to the difference

in free-stream velocities, ∆U . The change in thickness with the stream wise coordinate

can then be estimated as dδ ∝ ∆Udx/Uc which yields dδ/dx ∝ ∆U/Uc. (A more rigorous

derivation can be followed in Pope (2000) for an incompressible shear layer using the self-

similarity argument). This suggests that with heating, there is a decrease in convection

velocity and the growth rate increases provided the velocity difference is kept the same.

The expected reduction in convection velocity with heating was observed in the present

study (indicated in Table 3). The linear stability analysis in Zhuang and Dimotakis (1995)

and the impulse response study in Sharma (2012) also indicate that the disturbance growth

rate increases with heating. Assuming that the disturbance growth rate is indicative of the

shear layer growth rate, the linear analysis correctly predicts the observed increasing trend

in thickness growth rate. A trend towards a locally absolutely unstable region close to the

splitter plate was observed with heating in the impulse response study discussed in Sharma

(2012), however, clear evidence of disturbnace growth with a negative group velocity was not

observed. This is also accompanied by appearance of more tonal pressure spectra shown in

Fig. 2.8. This is most likely a combined effect of presence of splitter plate wake and increase

in temperature. Sandham and Sandberg (2009) reported an absence of global instability in

simulations of an isothermal mixing layer downstream of an infinitesimally thin plate.

The pressure fluctuations inside the shear layer were observed to decrease with heating.
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As we observe later in section 2.1, this acts as a precursor to the reduction of pressure

fluctuations in the acoustic near field also. A simple scaling relationship was obtained for

the pressure, p′ ∝ ρ2(Uc − U2)2.

The effect of boundary layer state, laminar or turbulent, can be seen in the Reynolds

stress variation along the lipline. In cases A and C with laminar boundary layers, the

region of transition from laminar boundary layer to turbulent mixing layer is marked by an

overshoot in Reynolds stresses which gradually relax to self-similar values, roughly half of

the peak values. A similar trend is observed in profiles of mean square pressure fluctuations.

Reynolds stresses for cases B and D with initially turbulent boundary layers are observed

to increase monotonically to their self-similar values. The sound radiation is observed to be

affected by the state of the boundary layer exiting the splitter tip: for laminar boundary

layers the quasi-two-dimensional roll up and pairing and the breakdown to three-dimensional

flow dominated the sound generation. For turbulent boundary layers the flow adjusted

from the wake affected regime to the shear-layer behavior without any major ‘instability’

resulting in a significantly weaker acoustic near-field which resembled the trailing-edge noise

radiation.

We observe that a mixing layer which forms from a turbulent boundary layer has a

slightly lower initial growth rate than the one developing from a laminar boundary layer.

This is consistent with experimental observations of Karasso and Mungal (1996). The peak

level of fluctuations in the transverse velocity is lower for TBL cases B and D as compared

to LBL cases A and C. This suggests a possible cause of reduction in the thickness growth

rate for TBL cases. The reduction in transverse velocity may most likely be due to velocity

induced because of inward moving, strong counter-rotating streamwise vorticity pairs that

persists from the upstream turbulent boundary layer. A connection can also be made

between shear layer growth rate and potential core length of jets. The above findings are

consistent with the observations that heated jets have shorter potential core whereas the

jets with initially turbulent boundary layers have a longer potential core.

2.1 Acoustic Radiation

Before a clear cause can be associated with the observed noise reduction, a distinction be-

tween effects related to sound generation and propagation must be made. Sound is not

intrinsically defined inside a non-uniform compressible flow. Any formal definition requires
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first the selection of a base flow through which sound propagates. This introduces am-

biguity in separating propagation from generation. Lighthill’s acoustic analogy has been

generalized to include effects of sound production due to bodies undergoing unsteady mo-

tion Ffowcs Williams and Hawkings (1969), or effects of interaction of propagating sound

with the non-uniform mean flow Dowling et al. (1978). Another general approach to include

the latter effect within the propagation operator of the acoustic analogy was to consider

fluctuations about a parallel or weakly non-parallel mean flow field. The result is a third

order wave equation (Lilley, 1974) which includes effects of mean flow-acoustic interaction

in a detailed manner. However, the difficulty is that the exact Lilley’s equation has a non-

linear left hand side. Usually, solving it will require linearization about some mean flow and

bringing some of the non-linear terms to the right hand side and possibly neglecting others.

This equation simplifies if a parallel mean flow approximation is made where the left hand

side reduces to the Pridmore-Brown operator. The solution to the Lilley’s equation also in-

clude the non-trivial instability wave solutions of the homogeneous equation which further

require distinction from the acoustic field. The generalized acoustic analogy (Goldstein,

2003) is an exact rearrangement of the governing equations thus providing a consistent def-

inition of acoustic sources associated with the choice made for the base flow. Furthermore,

it reduces to other acoustic analogies depending on the choice of mean flow. For example,

choosing a parallel base flow reduces it to Lilley’s equation about the chosen base flow. An-

other property it has is that the left hand side of this equation is the same as the linearized

compressible Euler equations. Therefore, the representation of sound propagation is similar

to the linear inviscid fluctuations about a prescribed mean flow.

The focus of the present section is on the calculations of the noise radiated from mixing

layers. The framework of Goldstein’s generalized acoustic analogy (GAA) (Goldstein, 2003)

is used. The locally parallel base flow and the sound sources defined as fluctuations of

momentum fluxes and enthalpy fluxes about their Favre-averaged mean, obtained from the

LES calculations are utilized. The calculations using a uniform base flow have been reported

by the present author in detail elsewhere (Sharma, 2012).

The schematic for (r′, θ) coordinates of the observer locations on the slow speed stream

side is shown in Fig. 2.17. A clear reduction in pressure amplitude can be seen in Fig. 2.18

(a) and (b) as the mixing layer is heated or if the upstream boundary layer is turbulent

instead of laminar. The data plotted here is obtained directly from LES. In presenting the

prms data, the observer locations are fixed at a common transverse coordinate of y/wp = −65
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Figure 2.17: Schematic showing the (r′, θ) coordinates and far-field observer locations. For
cases A and C (with initially laminar boundary layers), observers 1 to 6 are located at a
common transverse coordinate, y/wp = −65, and equispaced streamwise coordinate, x/wp,
varying from 50 to 300. For cases B and D (with initially turbulent boundary layers), the
streamwise coordinate of observer locations, x/wp, varies from 0 to 90 with a transverse
coordinate, y/wp = −20.

from the splitter plate edge but at different angles, θ, to the lipline. Due to periodicity in

the spanwise direction, the sound waves reaching the observer locations are not necessarily

fully three-dimensional. Therefore, the pressure amplitude is presented after multiplying by

the radial distance, r′, which accounts for three-dimensional spreading from the apparent

source location in Fig. 2.18(a) and (c) and by r′1/2 in Fig. 2.18(b) and (d) to account for

two-dimensional spreading. The peak radiation is observed to occur at roughly 30 degrees

and is slightly broader for the heated case. The noise levels are observed to decrease away

from the peak radiation angle.

2.1.1 Acoustic analogy with parallel base flow

Assuming a locally parallel base flow (the mean flow varies only in the cross-stream direction,

ũ = ũ(x2) and c̃2 = c̃2(x2)), GAA equations governing the acoustic radiation reduces to

(Goldstein, 2010), [
D

Dt

(
∂

∂xi
c̃2

∂

∂xi
− D2

Dt2

)
− 2

dũ

dx2

∂

∂x1
c̃2

∂

∂x2

]
p′e = Q (2.3)

where D
Dt = ∂

∂t + ũ ∂
∂x1

. The above equation is written in terms of modified pressure,

p′e ≡ p′ + γ−1
2 (ρv′′2 − ρṽ′′2) which reduces to pressure fluctuations in the far-field. The

right hand side source term, Q, is decomposed into Qh and Qt, where Qh represents the

hydrodynamic contribution and Qt, the thermodynamic contribution. The expressions for

the source terms are,
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Figure 2.18: Pressure amplitude normalized by ρ2∆U2 and adjusted by a factor of r′/wp in
(a) and (c) and (r′/wp)

1/2 in (b) and (d) (where r′ is the radial distance from the apparent
sound source location) is shown for LBL cases A and C in (a) and for TBL cases B and
D in (b). The data presented here is obtained from LES simulation directly. Black line:
Temperature ratio = 1; Red line: Temperature ratio = 1.8.
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Qh =
D

Dt

(
∂

∂xi
c̃2
∂e′ij,‖

∂xj

)
− dũ

dx2

(
2c̃2

∂2e′2j,‖

∂x1∂xj
+ (γ − 1)

D2e′12,‖

Dt2

)
(2.4)

Qt = −(γ − 1)
D2

Dt2

∂η′j,‖

∂xj
(2.5)

Here, e′ij,‖ and η′i,‖ are the momentum and enthalpy fluxes in terms of velocity and

temperature fluctuations about the chosen parallel base flow given by,

e′ij,‖ = −ρv′′i,‖v
′′
j,‖ +

γ − 1

2
δijρv

′′
k,‖v

′′
k,‖ (2.6a)

η′i,‖ = −ρv′′i,‖(T
′
‖ +

v′′k,‖v
′′
k,‖

2
) (2.6b)

Although it would be more appealing to use the non-parallel base flow we adopt a

simpler approach to using the parallel flow base flow. However, to facilitate comparison

with covariance measurements in jet flows and to provide a data set useful for jet noise

source modeling we post-process the covariance of deviations about the non-parallel base

flow with e′ij,‖ ≈ e
′
ij and η′i,‖ ≈ η

′
j . The approximate source terms are given by,

e′ij = −ρv′′i v′′j +
γ − 1

2
δijρv

′′
kv
′′
k + ρṽ′′i v

′′
j −

γ − 1

2
δijρṽ′′kv

′′
k (2.7a)

η′i = −ρv′′i (T ′ +
v′′kv
′′
k

2
) + ρ

(
ṽ′′i T

′ +
ṽ′′i v
′′
kv
′′
k

2

)
(2.7b)

where v′′i and T ′ are fluctuations about their local mean. Since the mean of source terms

is time-independent and does not contribute to acoustic radiation, the acoustic sources in

equation 2.7 are written purely as fluctuations about a zero mean. The exact relation

between the sources in equation 2.6 and equation 2.7 is given by,

e′ij,‖ = e′ij + e′ij,NP + e′ij,TAS (2.8a)

η′i,‖ = η′i + η′i,NP + η′i,TAS (2.8b)

where the extra terms e′ij,NP + e′ij,TAS and η′i,NP + η′i,TAS are divided into non-parallel
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(’NP’) and time-averaged source (’TAS’) terms given by,

e′ij,NP = −ρṽi′v′′j − ρv′′i ṽj ′ + (γ − 1)δijρṽk
′v′′k (2.9a)

e′ij,TAS = −ρṽi′ṽj ′ +
γ − 1

2
δijρṽk

′ṽk
′ − ρṽ′′i v′′j +

γ − 1

2
δijρṽ′′kv

′′
k (2.9b)

η′i,NP = −ρv′′i
(
T̃ ′ +

2ṽk
′v′′k + ṽk

′ṽk
′

2

)
− ρṽi′

(
T ′ +

2ṽk
′v′′k + v′′kv

′′
k

2

)
(2.9c)

η′i,TAS = −ρṽi′
(
T̃ ′ +

ṽk
′ṽk
′

2

)
− ρ

(
ṽ′′i T

′ +
ṽ′′i v
′′
kv
′′
k

2

)
(2.9d)

Here, ṽk
′ = ṽk − ṽk,‖ and T̃ ′ = T̃ − T̃‖ represent the difference between the averaged

velocity and temperature obtained from the local mean and chosen parallel mean flow.

Thus, the approximation e′ij,‖ ≈ e′ij and η′i,‖ ≈ η′j involves neglecting the extra terms that

appear on the right hand side in equation 2.9. This assumption can be justified based on

small differences between the local mean and the parallel mean flow due to slow growth of

shear layer in the streamwise direction. The extra ’TAS’ or the time-averaged source terms

do not contribute to the acoustic spectrum. In section 2.1.4, we provide verification using

directly computed acoustic field in LES that neglecting e′ij,NP and η′i,NP is permissible.

The solution for the pressure fluctuations is written in terms of the adjoint Green’s

function as,

p′e(x, t) =

∞∫
−∞

∫
V
G†(y, τ |x, t)Q(y, τ)dydτ (2.10)

where the adjoint Green’s function, G†(y, τ |x, t), satisfies,

−D
3G†

Dτ3
+

∂

∂yi
c̃2

∂

∂yi

DG†

Dτ
+ 2

∂

∂y2

(
dũ

dy2
c̃2
∂G†

∂y1

)
= δ(y − x)δ(τ − t) (2.11)

The method of solving the above equation for the adjoint is described in Appendix B.

The spatial and temporal derivatives that appear in the source terms are transferred to the

Green’s function and the above formula is re-written as,



32CHAPTER 2. CHARACTERIZATION OF TURBULENCE ANDACOUSTIC RADIATION

p′e(x, t) =

∞∫
−∞

∫
V
Ghij(y, τ |x, t)e′ij(y, τ)dydτ +

∞∫
−∞

∫
V
Gtj(y, τ |x, t)η′j(y, τ)dydτ (2.12)

where,

Ghij =
D

Dτ

∂

∂yi

(
c̃2
∂G†

∂yj

)
− 2δi2c̃2

dũ

dy2

∂2G†

∂y1 ∂yj
− (γ − 1)δi1δj2

dũ

dy2

D2G†

Dτ2
(2.13a)

Gtj = −(γ − 1)
D2

Dτ2

(
∂G†

∂yj

)
(2.13b)

Eq. 2.12 relates the far-field pressure in terms of fluctuations in the near-field mo-

mentum flux and enthalpy flux. The Green’s function acts as a filter and selects only the

radiating components of the near-field fluctuations. In the next section, we relate the far-

field pressure spectrum to the statistics of near-field sources. In our discussion, we associate

the sound sources with the fluctuations in momentum flux and enthalpy flux whereas all

the propagation effects are lumped into the Green’s function.

2.1.2 Relation of noise spectrum to turbulence statistics

In the following steps, the temporal correlation function of p′e fluctuations is expressed as a

sum of contributions due to auto-correlation of hydrodynamic sources and thermodynamic

sources plus a cross-correlation of the two. The approach adopted here is similar to the one

used by Goldstein and Leib (2008) who derive a formula for acoustic spectrum with the full

non-parallel, time averaged mean flow as the base flow.

Rpepe(x, τ) =
〈
p′e(x, t)p

′
e(x, t+ τ)

〉
= Ihh + Itt + Iht (2.14)

where we define the time-averaging operator as < · >≡ 1
2T

T∫
−T
·dt.

Ihh =

∞∫
−∞

∞∫
−∞

∫
V

∫
V

〈
Ghij(y1, τ1 − t|x)Ghkl(y2, τ2 − t− τ |x)

e′ij(y1, τ1)e′kl(y2, τ2)
〉
dy1dy2dτ1dτ2

(2.15)



2.1. ACOUSTIC RADIATION 33

The above expression can be further simplified by defining variables t′ ≡ τ2 − τ1, ξ ≡
y2 − y1 and t1 ≡ τ1 − t. We have

Ihh = −
∞∫
−∞

∞∫
−∞

∫
V

∫
V
Ghij(y1, t1|x)Ghkl(y1 + ξ, t1 + t′ − τ |x)

Rhhijkl(y1, ξ, t
′)dy1dξdt1dt

′

(2.16)

where the momentum flux auto-correlation function is defined as,

Rhhijkl(y1, ξ, τ0) =
1

2T

T∫
−T

e′ij(y1, t)e
′
kl(y1 + ξ, t+ τ0)dt (2.17)

We now define,

Ghhijkl(y1, ξ, τ0|x) =

∞∫
−∞

Ghij(y1, t|x)Ghkl(y1 + ξ, t+ τ0|x)dt (2.18)

to get the expression,

Ihh = −
∞∫
−∞

∫
V

∫
V
Ghhijkl(y1, ξ, t

′ − τ |x)Rhhijkl(y1, ξ, t
′)dy1dξdt

′ (2.19)

Similar steps can be followed for the terms Iht and Itt. Taking the Fourier transform

and recognizing the above expression is in convolution form, we have

Spepe(x, ω) =

∫
V

∫
V
Ĝhhijkl(y1, ξ,−ω|x)R̂hhijkl(y1, ξ, ω)dy1dξ + (2.20)∫

V

∫
V
Ĝhtijk(y1, ξ,−ω|x)R̂htijk(y1, ξ, ω)dy1dξ +∫
V

∫
V
Ĝttij(y1, ξ,−ω|x)R̂ttij(y1, ξ, ω)dy1dξ

The above formula dissects the noise spectrum into contributions from the momentum

source (first term), heat source (third term) and the coupling between momentum and heat

sources (second term). The source terms which appear as auto- and cross- covariances of

momentum and enthalpy fluxes are a turbulence property. They are usually approximated
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or modelled as a convected gaussian function with local parameters determined from a

Reynolds-averaged Navier-Stokes solution. In the next section, we analyze the covariance

functions determined from the full unsteady simulations and assess to what extent they can

be simplified. We also describe the effect of heating the high speed stream or having an

upstream turbulent boundary layer on the structure of sound source covariance functions.

2.1.3 Turbulence sound source statistics

The source covariance functions in equation 2.20 are related to the generalized Reynolds

stress auto-covariance tensor defined as (Goldstein, 2010; Afsar et al., 2011),

Rνjµl(y, ξ, τ) = [ρu′′νu
′′
j − ρu′′νu′′j ](y, t)[ρu′′µu′′l − ρu′′µu′′l ](y + ξ, t+ τ) (2.21)

The parallel base flow requires that the velocity and temperature fluctuations be defined

about the chosen mean flow at a particular reference streamwise location. As discussed

previously in section 2.1.1, in the present study, we take the fluctuations about their actual

mean and neglect the mean flow interaction effects which would otherwise remain in the

exact source function for parallel flow GAA. Thus, u′′i = ui − ũi for i = 1, 2, 3 denotes

the fluctuating velocity components in the three directions about the Favre-averaged mean.

The allowed values for subscripts are j, l = 1, 2, 3 and ν, µ = 1, 2, 3, 4. Here, u′′µ = uµ−ũµ for

µ = 1, 2, 3 denotes the usual fluctuating velocity components in the three directions about

the Favre-averaged mean. The fourth component u′′4 = (γ − 1) [h′ + u′′ku
′′
k/2] is related

to the stagnation enthalpy fluctuations in the frame of reference of the local base flow

velocity (Goldstein, 2010). This choice does not cause significant change in the computed

sound sources as the meanflow variation in the short streamwise region of dominant sound

generation is relatively small.

In general, evaluating or modeling the spatio-temporal variation of all the components

of the Rνjµl tensor would be extremely cumbersome. To simplify, each component of the

covariance tensor is expressed in terms of an amplitude and a shape function, given by

Rνjµl(y, ξ, τ) = Rνjµl(y, 0, 0)S(ξ̄, τ̄) (2.22)

where ξ̄ and τ̄ are the separation vector and time-delay normalized by local length- and

time-scales. This is a considerable simplification because we have collapsed the shape func-

tion independent of the vector y in terms of only the separation vector and time separation
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normalized by local scales, that is, the local vorticity thickness and convection velocity.

The shape functions associated with 1111 and 1212 components of the Reynolds stress

covariance tensor have been shown for different streamwise locations along the lipline in

Fig. 2.19 for cases A and C and in Fig. 2.20 for cases B and D. A fairly good collapse of

the covariance functions at different streamwise locations is obtained when the separation

vector is scaled by local shear layer thickness and the temporal separation is scaled by

the difference in free-stream velocities, ∆U and local thickness. The covariance function

is normalized by its value at zero time and spatial separation. This collapse suggests that

the spatial variation of Rijkl(ξ, τ) can be simplified and a single shape function could be

used to describe the covariance tensor once the local length- and time-scales are chosen to

normalize ξ and τ . The shapes in Figs. 2.19 and 2.20 are shown as functions of only the

streamwise component of the separation vector and time-delay. The dependence on other

components of the separation vector could be reduced in a similar way.

The convection velocity obtained from covariances of different components of the co-

variance tensor is the same. It is also equal to the value obtained from the space-time

correlations of the streamwise velocity fluctuations (shown later in Fig. 2.23). However,

the different components of the the covariance tensor do not necessarily collapse to same

shapes as seen in Fig. 2.21. The decay time for the correlation function of each component

follows R1111 > R1212 > R3333 > R2222 as observed in Fig. 2.21(a). It can also be observed

in Fig. 2.21(b) that correlation functions of the heated cases C and D have shorter decay

times than their unheated counterparts. The enthalpy flux auto-covariances and momen-

tum flux-enthalpy flux cross-covariance have been shown in Fig. 2.22 for case C. It can be

noted that these covariance shapes show a larger spread from the local scaling for ξ and τ

discussed earlier.

The space-time correlations of the streamwise velocity fluctuations, as defined in Eq.

2.23, are shown in Fig. 2.23 for cases A and C. For streamwise separation, the reduction

of peak correlation emphasizes the non-frozen nature of turbulence in the shear layer due

to growth of eddies. The R1111 correlations can be observed to decay more rapidly in space

and time than the R11 correlations, the shorter life span being consistent with a greater high

freqency content. However, both components are convected at essentially same convection

velocity. The Ruu functions also have a noticeable negative loop.

Ruu(y, ξ, τ) = u′′(y, t)u′′(y + ξ, t+ τ) (2.23)
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Figure 2.19: The components of Reynolds stress covariance tensor at different streamwise
locations along the lipline for cases A in (a,b) and C in (c,d). (a) R1111 for case A; (b)
R1212 for case A; (c) R1111 for case C; (d) R1212 for case C. Red: x/wp = 187; Black:
x/wp = 228.5; Blue: x/wp = 270. Solid line with symbols: ξ1/δ = 0; Solid line: ξ1/δ = 0.1;
Dashed line: ξ1/δ = 0.25 and Dashed-dotted line: ξ1/δ = 0.5. Here δ is taken as the local
vorticity thickness at each value of x/wp and is used for scaling ξ1 and τ .
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Figure 2.20: The components of Reynolds stress covariance tensor at different streamwise
locations along the lipline for cases B in (a,b) and D in (c,d). (a) R1111 for case B; (b) R1212

for case B; (c) R1111 for case D; (d) R1212 for case D. Red: x/wp = 20; Black: x/wp = 35;
Blue: x/wp = 50. Solid line with symbols: ξ1/δ = 0; Dashed line: ξ1/δ = 0.25 and Dashed-
dotted line: ξ1/δ = 0.5. Here δ is taken as the local vorticity thickness at each value of
x/wp and is used for scaling ξ1 and τ .
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Figure 2.21: (a) The components of Reynolds stress covariance tensor at different streamwise
locations along the lipline for case A. Red: R2222; Black: R1111; Blue: R3333; Magenta:
R1212. (b) R1111 component compared for cases A through D. Black: Case A; Red: Case
C; Blue: Case B and Magenta: Case D. Solid line with symbols: ξ1/δ = 0; Solid line:
ξ1/δ = 0.1; Dashed line: ξ1/δ = 0.25 and Dashed-dotted line: ξ1/δ = 0.5. Here δ is taken
as the local vorticity thickness at each value of x/wp and is used for scaling ξ1 and τ .
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Figure 2.22: Different components of generalized Reynolds stress covariance tensor at dif-
ferent streamwise locations along the lipline for case C. (a) R4141; (b) R4111. Legend: same
as in Fig. 2.19. Shown only for three streamwise locations of x/wp = 187, 228.5 and 270.
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Figure 2.23: Ruu at different streamwise locations along the lipline for case A in (a) and
case C in (b). Red: x/wp = 187; Black: x/wp = 228.5; Blue: x/wp = 270. Solid line with
symbols: ξ1/δ = 0; Solid line: ξ1/δ = 0.1; Dashed line: ξ1/δ = 0.25 and Dashed-dotted
line: ξ1/δ = 0.5. Here δ is taken as the local vorticity thickness at each value of x/wp and
is used for scaling ξ1 and τ .

The shape function is often modelled as an exponential function and both the moving-

frame and fixed-frame models have been used to predict jet noise(Goldstein and Leib, 2008;

Leib and Goldstein, 2011). Leib and Goldstein (2011) found that the fixed-frame model was

in better agreement with the experimental data of Harper-Bourne (2003) than the moving-

frame model. The shape functions obtained in the present study for case A are compared

to jet data of Harper-Bourne (2003) and Pokora and McGuirk (2008) in Fig. 2.24. In

order to compare, the spatial separation distance and time separation are normalized using

shear layer thickness and convection velocity for the shear layer whereas the jet data is

normalized using jet diameter, D, and convection velocity. The computed mixing layer

data can be observed to compare well with the jet data of Harper-Bourne (2003). The

spread of the shape functions also depends on the ratio, δ/D, and this is the most likely

cause of differences observed between the computed correlations in a mixing layer and the

experimental data.

The direct influence of each source component on far-field sound is through its magnitude

function. The degree to which each component is important can be compared by comparing

their amplitudes (covariance at zero spatial separation and time delay). The streamwise

variation of the amplitude of R1111, R2222, R3333 and R1212 is shown in Fig. 2.25(a) for case

A and Fig. 2.25(c) for case C. Each of the functions are observed to reach a peak before
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Figure 2.24: Comparison of Ruu and R1111 component for case A (in black lines) with
experimental jet data of Harper-Bourne (2003) (in red symbols) and Pokora and McGuirk
(2008) (in blue symbols). The indicated separation ξ1/δ = 0.2, 0.4 and 0.6 correspond to
ξ1/D = 0.2, 0.4 and 0.6 for the jet data. Similarily, the x-coordinate τUc/δ corresponds to
τUc/D for the jet data where D is the jet diameter.

settling to constant values downstream. This behavior is similar to that of the Reynolds

stress components shown in Fig. 2.10 (a) for case A. It can be observed by comparing Fig.

2.25(a) and (c), that the amplitude values of the covariance tensor components are smaller

for case C (heated) than for case A (unheated).

For components of Rνjµl which are related to the momentum flux only denoted here

as Rijkl, where i, j, k, l take the values 1, 2, 3, the amplitude function can be related to the

local mean turbulent kinetic energy, k, and mean density, ρm, as

Rijkl(y, 0, 0) ≈ Cijkl(ρmk)2 (2.24)

where Cijkl is the scaling constant (Leib and Goldstein, 2011; Karabasov et al., 2010).

The components normalized by (ρmk)2 are shown in Fig. 2.25(b) for case A and Fig.

2.25(d) for case C. It can be observed that the Cijkl values become constant at relatively

short streamwise distances (roughly x/wp ≈ 30) from the splitter plate edge for both the

cases. The Cijkl values are reported in Table 4. The normalized values of the amplitude

are about the same for all the cases and this justifies the use of above scaling. The peak

values of the Reynolds stress components do not vary much with temperature and so does

the turbulent kinetic energy. This scaling implies that the amplitude of 1111, 2222, 3333

and 1212 components should fall with heating due to reduction in mean density.
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Case C1111 C2222 C3333 C1212 C1122 C1112 C1313 C2323

A 1.22 0.45 0.81 0.45 0.11 −0.38 0.51 0.23
B 1.25 0.49 0.75 0.49 0.13 −0.45 0.53 0.29
C 1.26 0.46 0.78 0.46 0.11 −0.42 0.51 0.23
D 1.25 0.48 0.73 0.48 0.15 −0.47 0.50 0.24

Table 2.3: The amplitude constant for different components of the Reynolds stress covari-
ance tensor for cases A through D.
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Figure 2.25: Streamwise variation of different components of Reynolds stress covariance
tensor along the lipline for case A in (a), (b) and case C in (c), (d). Dotted line: R1212;
Solid line: R1111; Dashed-dotted line: R3333; Dashed line: R2222.
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Case C ′4141 C ′4242 C ′4343 C ′′4111 C ′′4122 D′4141 D′4242 D′4343 D′′4111 D′′4122

C 0.18 0.09 0.1 0.22 0.07 0.6 0.35 0.4 0.4 0.1
D 0.18 0.08 0.1 0.24 0.08 0.6 0.38 0.4 0.42 0.13

Table 2.4: The amplitude constants for different enthalpy related components of the Rνjµl
tensor for cases C and D.

The enthalpy fluctuations are non-negligible for heated flows. The components related

to enthalpy flux auto-covariance (R4141, R4242 and R4343) and enthalpy-flux momentum-flux

cross-covariance (R4111, R4122 and R4133) defined in Eq. 2.21 are shown in Fig. 2.26 for

case C. It can be observed that similar to momentum-flux auto-covariances shown in Fig.

2.25(a), covariance components peak before settling to constant values downstream. Clearly,

the amplitude of enthalpy related components reaches the same order of magnitude as the

R1111 component. The auto-covariance components shown in Fig. 2.25(b) are normalized

by (ρmCpTrms)
2k and the associated scaling constants denoted by C ′νjµl are indicated in

Table 5. The cross-covariance components, when normalized by ρ2
mCpTrmsk

3/2, yield the

constants, C ′′, indicated in the table. Similarily, the constants D′ and D′′ are obtained

after normalizing the auto- and cross-covariance components by ∆U2R1111 and ∆UR1111

respectively. Notably, the values of the constants obtained for cases C and D are roughly

the same independent of the initial state of the boundary layer. This suggests the scaling

relations given by,

R4j4l(y, 0, 0) ≈ C ′4j4l(ρmCpTrms)2k and R4jkl(y, 0, 0) ≈ C ′′4jklρ2
mCpTrmsk

3/2 (2.25)

2.1.4 Evaluation of the acoustic near-field

In this section, we evaluate the acoustic spectra using the framework laid out in section

2.1.1. The formula for acoustic spectrum in equation 2.20 requires the calculation of adjoint

Green’s function. The details of the calculation are given in Appendix B. The Green’s

function is computed using the meanflow profiles at x/wp = 70 for LBL cases and x/wp = 20

for TBL cases. The location for base flow is chosen to lie within the region where the

dominant sound waves are observed to originate. The results are not found to vary much

as the base flow location is varied. Note the wake influence of the splitter plate is negligible

in this region. As discussed in section 2.1.3, the auto-covariance tensor of equation 2.21 is
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Figure 2.26: Streamwise variation of different enthalpy-flux related components of Reynolds
stress covariance tensor, defined in Eq. 2.21, along the lipline for case C. Solid line: R4141;
Dashed line: R4242; Dashed-dotted line: R4343.
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Case R1111 R2222 R3333 R1212 R4141 R4111

A (1.7, 7.0) (2.5, 13.4) (2.1, 12.6) (2.1, 9.9)
B (1.5, 6.7) (2.3, 13.0) (2.4, 12.8) (2.3, 10.2)
C (2.2, 7.7) (3.3, 14.8) (2.7, 14.0) (2.8, 11.0) (2.4, 7.0) (1.6, 5.5)
D (1.7, 7.0) (2.5, 13.2) (2.1, 12.2) (2.1, 9.6) (2.2, 7.0) (1.4, 5.3)

Table 2.5: The constants (a1, a2) used for fitting functions of the form implied by equation
2.26 to the shape functions of different components of the auto-covariance tensor. The other
two constants are prescribed as a3 = 12.3, a4 = 12.6 for all the components for cases A and
C and a3 = 12.5, a4 = 12.9 for cases B and D.

evaluated using the fluctuations defined about their local mean instead of the mean at base

flow location. Neglecting the extra terms in the parallel flow GAA shown in equation 2.9

can be justified based on the slow growth of the shear layer in the streamwise direction.

Comparison of acoustic predictions using the approximate source terms with the directly

computed acoustic field available from LES shown in Figs. 2.27, 2.28 and 2.29 validates this

approximation. The free space Green’s is used which means the scattering of sound waves

from the splitter plate tip is not taken into account. While the contribution of scattering to

sound field in case of initially laminar boundary layers is likely to be insignificant, for cases

with initially turbulent boundary layers some acoustic radiation is observed to originate

from region close to the trailing edge. The acoustic source region between 30 < x/wp < 300

and −50 < y/wp < 50 is considered. The reduced scaled forms of the acoustic sources

analyzed in the previous section 2.1.3 are utilized. It is observed that the shape functions are

well-approximated by the functional form given below (Leib and Goldstein, 2011; Harper-

Bourne, 2003). The parameters (a1, a2, a3, a4) used for some of the components of the

auto-covariance tensor are given in Table 6.

S(ξ̄, τ̄) = exp

−
√
a2

1

ξ2
1

δ2
ω

+ a2
2

(
Ucτ

δω
− ξ1

δω

)2

+

(
a2

3

ξ2
2

δ2
ω

+ a2
4

ξ2
3

δ2
ω

)2
 (2.26)

The spatial variation of shape functions (equations 2.22 and 2.26) is captured through

the growth of vorticity thickness, δω, and the changes in convection velocity, Uc. Similarily,

the spatial variation of amplitude function (equation 2.22) is associated with mean turbulent

kinetic energy, mean density and r.m.s fluctuations in temperature (required for tensor

components related with enthalpy flux) as given by relations 2.24 and 2.25. As evident

from Figs. 2.25(b,d) and 2.26(b), the scaling constants remain essentially flat for x/wp > 30,
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Figure 2.27: Comparison of pressure fluctuation amplitude obtained from acoustic analogy
solution and LES simulation directly for cases A and C. Black line: LES data for case A;
Black symbols: acoustic analogy solution for case A; Red line: LES data for case C; Red
symbols: acoustic analogy symbols for case C.

which encompasses both the developing and self-similar region of the mixing layer.

For the unheated cases, the tensor components related to the enthalpy-flux are neglected.

For cases with laminar boundary layers, the acoustic sources are evaluated over a time

window of T∆U/wp ≈ 300 with a sampling frequency of fswp/∆U ≈ 3. For cases with

turbulent boundary layers, the acoustic sources correlations are obtained over a time horizon

of T∆U/wp ≈ 100 with a sampling frequency of fswp/∆U ≈ 5.

The acoustic pressure amplitude calculated from acoustic acoustic analogy is compared

with LES data for cases A through D in Fig. 2.27. The acoustic spectra for observer

locations (x/wp, y/wp) = (150,−65) and (x/wp, y/wp) = (250,−65) are shown in Fig. 2.28

for cases A and C. A similar comparison is made for cases B and D in Fig. 2.29 for

two observer locations. It can be observed that the decrease in pressure amplitude with

heating is predicted well using the acoustic analogy solution. A good comparison is obtained

between the spectra computed directly from LES data and the one from the acoustic analogy

formula.

In Fig. 2.30(a) and (b), the acoustic spectrum observed at (x/wp, y/wp) = (250,−65)

for case C and (x/wp, y/wp) = (40,−20) for case D is computed with and without the

second term, i.e. the contribution of cross-correlation of enthalpy and momentum sources,

of equation 2.20. It can be seen that the second term, associated with the coupling of

momentum and enthalpy flux, has a negative contribution and the spectral levels are lower
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Figure 2.28: Comparison of noise spectra obtained using acoustic analogy formula and from
LES data (cases A and C). The spectra for case A are shown in solid blue line and those
for case C in solid red line for observer location (x/wp, y/wp) = (150,−65) in (a) and
(x/wp, y/wp) = (250,−65) in (b). The result obtained using the acoustic analogy formula
in Eq. 2.20 is shown in black line with symbols.
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Figure 2.29: Comparison of noise spectra obtained using acoustic analogy formula and
from LES data (cases B and D). The spectra for case B are shown in solid blue line and
those for case D in solid red line for observer location (x/wp, y/wp) = (40,−65) in (a) and
(x/wp, y/wp) = (80,−65) in (b). The result obtained using the acoustic analogy formula in
Eq. 2.20 is shown in black line with symbols.
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Figure 2.30: Comparison of spectra obtained from the total contribution of all the terms
in Eq. 2.20 shown in − ◦ − and in the second case only the first and third terms shown
in − 4 − with the spectra obtained from LES shown in red line. (a) Shown for case
C for observer location (x/wp, y/wp) = (250,−65); (b) Shown for case D for observer
location (x/wp, y/wp) = (40,−20). This indicates that the second term in Eq. 2.20 has a
negative contribution and thus, the momentum flux and enthalpy flux sources are negatively
correlated in the acoustic near field.

when it is included than without it.

The propagation effects are related to the Green’s function that appears in equation

2.20 and is associated with the chosen base flow. In order to understand the changes in

propagation effects due to changes in base flow due to heating, the contours of real part of

the adjoint Green’s function are shown in Fig. 2.31 for an observer located at (180,−65)

for cases A and C. The slight difference in Green’s function observed here is mainly due to

increase in mean speed of sound with heating on the high speed side of the layer. Similarily,

only a slight difference in Green’s function was observed for cases B and D. The differences

due to change in initial boundary layer state (between A & B and between C & D) were also

found to be small and related only to the thickness of the mean flow profiles at the selected

location. The changes in Green’s function at different frequencies are not significant to

account for changes in the spectra for cases A and C or cases B and D. This clearly suggests

that the observed changes in acoustic radiation with heating are related to changes in the

source structure than in the propagation effects.

The Green’s function shown in Fig. 2.31 suggests that the acoustic spectrum at an

observer location picks up contribution selectively from acoustic sources that are located

slightly upstream inside the shear layer. It also suggests that the streamwise location where
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(a) Case A: <(G†(x, y, k3 = 0)) (b) Case C: <(G†(x, y, k3 = 0))

Figure 2.31: Contours of the real part (denoted as <(·)) of adjoint Green’s function shown
for frequency, fwp/∆U = 0.1 for case A in (a) and case C in (b).

the acoustic source amplitude peaks in Figs. 2.25 and 2.26 (which also corresponds to a

peak in mean turbulent kinetic energy in Fig. 2.10 through the scaling relations in equations

2.24 and 2.25) plays an important role in determining the acoustic spectrum in the peak

noise radiation direction (in Fig. 2.27). However, only a small percentage of the total

energy contained in the turbulent motion contributes to the acoustic spectrum due to its

weighting with the Green’s function correlation and the cancellations which occur during

the process of volume integration. But if the changes in Green’s function are small, the

difference in acoustic source, that is, the absence of peak in acoustic source amplitude for

cases B and D with initially turbulent boundary layers (associated with absence of transition

via Kelvin-Helmholtz instability and a monotonic increase in mean turbulent kinetic energy

with streamise distance in Fig. 2.10(b)), is the most likely reason why shear layers in cases

B and D are quieter compared to their laminar counterparts (cases A and C).

2.1.5 Summary

Acoustic analogy of Goldstein (2010) with a locally parallel base flow assumption is used to

characterize the changes in sound sources and propagation effects with heating. The sources

are related to the cross-covariance tensor, Rνjµl(y, ξ, τ), defined in Eq. 2.21. In Eq. 2.20,

the noise spectrum is shown to comprise of contributions from covariance of momentum and

enthalpy sources and the cross-covariance of momentum and enthalpy source. As shown in

Fig. 2.28(b), the momentum and enthalpy sources are negatively correlated in the near-field

and the third term of Eq. 2.20 partially cancels out the effect of the enthalpy flux source

term with increased heating.
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In section 2.1.3, we observed that the sound source statistics can be simplified and their

spatial dependence can be decomposed into amplitude and shape functions as, Rνjµl(y, ξ, τ) =

Rνjµl(y, 0, 0)S(ξ̄, τ̄), where ξ̄ and τ̄ are the separation vector and time-delay normalized by

local length- and time-scales. The modification of amplitude of the noise sources is used

to explain the changes in noise spectrum with heating and modification of initial bound-

ary layer state. The amplitude of the momentum source, enthalpy source and the cross-

covariance term scales with ρ2
mk

2, (ρmCpTrms)
2k and ρ2

mCpTrmsk
3/2 respectively. If the

mean turbulent kinetic energy, k, is assumed proportional to the square of difference in

free stream velocities, ∆U2, and r.m.s of fluctuations in temperature, Trms, is assumed pro-

portional to ∆T , the above scalings can be simply written as ρ2
m∆U4, (ρm∆T )2∆U2 and

ρ2
m∆T∆U3 respectively. The mean density, ρm, decreases with increasing the temperature

of high-speed stream. The above scalings mean at low velocities (the momentum sources

will decrease with the fourth power of ∆U) the enthalpy source will become more important

if the temperature ratio is high enough. So the radiated noise increases with increasing tem-

perature. At high velocities, the momentum source is the dominant source which decreases

as the temperature increases. The cross-covariance of enthalpy and momentum fluxes can-

cels out the contribution due to increase in enthalpy sources with increasing temperature

leading to an overall reduction of radiated noise.

2.2 Conclusions

The effect of heating and the state of incoming boundary layer on the dynamics of spatially

evolving, turbulent mixing layers is investigated using large-eddy simulations. Both, the

early evolution and the self-similar development of the mixing layers, are characterized in

terms of Reynolds stresses, shear layer growth rates and density and pressure statistics.

The Reynolds stresses in the self-similar state are observed to be similar regardless of

the initial state of the boundary layer or the initial temperature. High-order sound source

statistics, identified as the space-time covariances of momentum and enthalpy fluxes are first

expressed as a product of amplitude and shape functions. The shape functions at different

locations are observed to collapse well when local values of thickness and convection velocity

are used whereas amplitude functions collapse well when scaled with local values of mean

density, turbulent kinetic energy and mean square temperature fluctuations. The growth

rate is observed to increase with heating. The mixing layer with a turbulent boundary layer
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upstream is observed to have an initially lower growth rate.

The early evolution of the shear layer depends on the upstream conditions. The sound

radiation from mixing layers with initially laminar boundary layer is connected to the region

of early instability, characterized by overshoots in the Reynolds stresses, density and pres-

sure fluctuations. The statistics of mixing layers with initially turbulent boundary layers

evolve smoothly to their self-similar values and are much more quieter due to absence of

instability associated with transition. Heating the mixing layer leads to a reduction in ra-

diated sound. The pressure fluctuations inside the shear layer and in the acoustic near-field

and far-field are all observed to decrease with heating. This phenomena is understood in

terms of the acoustic analogy of Goldstein (2010) with a locally parallel base flow assump-

tion. The acoustic source field comprises of contributions from fluctuations in momentum

flux, enthalpy flux and cross-covariance of momentum and enthalpy fluxes. The changes in

propagation effects due to heating are related to the Green’s function of the parallel base

flow. It is observed that the reduction of the mean density with heating leads to reduction of

the momentum source which are the dominant sound sources at high velocities (considered

in the present study). The enthalpy fluctuations increase with heating but their effect is

made ineffective with the simultaneous increase of negative cross-covariance of momentum

and enthalpy source.



Appendix A

Governing equations

In the present study, the large-eddy simulation equations for compressible fluid flow in gen-

eral curvilinear co-ordinate system
(
x1, x2, x3

)
are solved. The LES equations are obtained

by low-pass filtering the conservation equations and require closure models for the subgrid-

scale stress tensor and the heat flux vector. The governing equations can be written in

non-dimensional form in curvilinear coordinates as (Aris, 1990; Nagarajan, 2004),

∂
√
gρ

∂t
+

∂

∂xk

(√
gρ ṽk

)
= 0 (A.1)

∂

∂t
(
√
gρ ṽi) +

∂

∂xj

(√
gρ ṽiṽj

)
+ Γiqj

√
gρ ṽqṽj = − ∂

∂xj

(
gij
√
g p
)
− Γiqjg

qj√g p

+
∂

∂xj

(√
gτ ij

)
+ Γiqj

√
g τ qj

−∂ sgsτ
ij

∂xj
− Γiqj sgsτ

qj (A.2)

∂
√
g E

∂t
+

∂

∂xj

[√
g(E + p) ṽj

]
= − ∂

∂xj

(√
gq̃j
)

+
∂

∂xj

(√
gτ ij gik ṽ

k
)

− ∂

∂xj
(
sgsq

j
)

(A.3)

Here, the density, temperature, total energy and viscous stress tensor and pressure are

denoted by ρ, T , E, τ ij and p respectively. In these equations, the general tensor notation

due to Einstein is used (subscripts and superscripts denote covariant and contravariant

tensors respectively). gij and gij are the covariant and contravariant metric tensors and

Γijk is the Christoffel symbol of the second kind. The contravariant velocity components

51
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are denoted by vi. The subscript , j indicates the covariant derivative. The LES equations

are written in terms of filtered variables (̃· or ·). Any tensor Ai1···imj1···jn may be filtered as

Āi1···imj1···jn (x, t) =

∫∫
Ω

∫
Ai1···imj1···jn (x′, t)G

(
x− x′

)√
gdx′ (A.4)

Here, G(x) is a filter with compact support in the domain of interest Ω. The curvilinear

equivalent of Favre filtering can be written as,

Ãi1···imj1···jn =

√
gρAi1···imj1···jn√

gρ
(A.5)

The resolved and sub-grid stress tensor and heat flux vector are

τ̃ ij =
µ̃

Re

(
gjkṽi,k + gikṽj,k −

2

3
gij ṽk,k

)
(A.6)

q̃j = − µ̃

RePr
gjk

∂T̃

∂xk
(A.7)

sgsτ
ij =

√
gρ
(
ṽivj − ṽiṽj

)
(A.8)

sgsq
j =

√
gρ
(
T̃ vj − T̃ ṽj

)
(A.9)

In addition, the equation of state becomes

√
gp =

γ − 1

γ

√
gρT̃ (A.10)

and the expression for pressure in terms of the conserved variables becomes,

√
gp = (γ − 1)

[
√
g E − 1

2

√
gρ gij ṽ

iṽj − 1

2

√
gρ gij

(
ṽivj − ṽiṽj

)]
(A.11)

The LES equations are closed by models for the sub-grid scale (SGS) stress tensor sgsτ
ij

and heat flux vector sgsq
j . The sub-grid models in curvilinear co-ordinates are developed

following that of the dynamic sub-grid models for LES (Moin et al., 1991; Germano et al.,

1991) with the modifications proposed by Lilly (1992).

An additional simulation apart from those tabulated in Table 1 was carried out as a

validation case. The chosen simulation parameters, velocity ratio, r = 0.36, density ratio,

s = 0.64, and Mach number of the high speed stream, M1 = 1.8, were similar to experiments
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Figure A.1: Variation of mean velocity (Umean = ũ/∆U) in the transverse direction
(y/δω(x)) for the validation case. (a) Close to the plate (on left) −: x/wp = 17.5; −−:
x/wp = 33; −·−: x/wp = 47; · · ·: x/wp = 60; −4−: x/wp = 73. (b) and far from the plate
in the self-similar region (right) −: x/wp = 245; −−: x/wp = 293; − · −: x/wp = 342; · · ·:
x/wp = 390; −4−: x/wp = 438.

of Samimy and Elliot (1990). However, the boundary layer in the simulation was considered

to be laminar in contrast to turbulent boundary layer in experiment. The experimental

Reynolds number based on initial boundary layer momentum thickness was Reδθ = 21000.

The Reynolds number in the simulation was Reδθ = 800.

The mean velocity profiles for case A2, as shown in Figs. A.1(a)&(b), have a prolonged

wake component in the streamwise direction (upto about x/wp ∼ 73). The mean velocity

profiles collapse after x/wp ∼ 245 when scaled with ∆U and transverse coordinate is scaled

with local vorticity thickness.

The transverse profiles of intensities taken at different streamwise locations are shown in

Fig. A.2 for the validation case. The profiles are observed to collapse when the transverse

coordinate is normalized by the local mixing layer thickness.The self-similar intensity profiles

are observed to agree well with those obtained from experiments of Samimy and Elliot

(1990).

The turbulent boundary layer for cases B and D is generated by the rescaling-recycling

technique of Urbin and Knight (2001). The details of the implementation can be found in

Sharma (2012). The turbulent boundary layer statistics are validated for case B in Fig. A.3.

The Van-Driest transformed mean velocity shows a distinct log law which can be expected

at a Reynolds number Reδθ = 800. The turbulent intensities are found to be in agreement

with the DNS data of Spalart (1988).
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Figure A.2: Comparison of self similar profiles of Reynolds stresses for Case A3 plotted as
function of y/δω(x) to experimental data of Samimy and Elliot (1990) (shown in symbols

4). (a) ũ′′2/∆U2 (b) ṽ′′2/∆U2 (c) w̃′′2/∆U2 (d) ũ′′v′′/∆U2. Legend: −: x/wp = 342; −−:
x/wp = 366; − · −: x/wp = 390; · · · x/wp = 415.
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Figure A.3: Profiles of mean Van-Driest transformed streamwise velocity (on left) and
fluctuation velocities (on right) for the simulated turbulent boundary layer. (a) dash black:
u+, dash blue: v+, dash red: w+. Symbols: DNS data of Spalart (1988) Lines: from
present computations; (b) blue line: from present computations, dashed lines: reference
lines u+ = y+ and u+ = 2.5 lny+ + 5.5.



Appendix B

Solution for adjoint Green’s

function

In this section, the method we use to solve for the adjoint Green’s function for the Prid-

more Brown operator (equation 2.11) is described. Defining the Fourier transform in the

streamwise, spanwise and time directions as,

f̂(k1, x2, k3, ω) =

∞∫
−∞

∞∫
−∞

∞∫
−∞

f(x1, x2, x3, t) exp[i(ωt− k1x1 − k3x3)]dx1dx3dt

(B.1a)

f(x1, x2, x3, t) =
1

(2π)3

∞∫
−∞

∞∫
−∞

∞∫
−∞

f̂(k1, x2, k3, ω) exp[−i(ωt− k1x1 − k3x3)]dk1dk3dω

(B.1b)

The resulting ordinary differential equation after Fourier transforming equation 2.11 by

the above rule is given by,

d2Ĝ†

dy2
2

+ f(y2)
dĜ†

dy2
+ g(y2)Ĝ† =

−i
ũk1 − ω

exp[i(ωt− k1x1 − k3x3)]δ(y2 − x2) (B.2)

where,
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f(y2) =
1

c̃2

(
dc̃2

dy2
+

4k1c̃2

ũk1 − ω
dũ

dy2

)
(B.3a)

g(y2) =
1

c̃2

[
(ũk1 − ω)2 − c̃2(k2

1 + k2
3) +

3k1

ũk1 − ω
d

dy2

(
c̃2
dũ

dy2

)]
(B.3b)

The ordinary differential equation reduces to

d2Ĝ†

dy2
2

+
1

c̃2

[
(ũk1 − ω)2 − c̃2(k2

1 + k2
3)
]
Ĝ† = 0, y2 → ±∞ (B.4)

We look for oscillatory solutions in the far-field. This eliminates the instability wave

solutions which decay exponentially away from the shear layer and also avoids the critical

layer singularity. This condition is ensured as long as k1 and k3 are together not equal to

zero and,

C = (ũk1 − ω)2 − c̃2(k2
1 + k2

3) > 0 (B.5)

The right hand side source term of equation B.2 is prescribed as a jump condition in the

derivative of Green’s function at the observer location. The resulting homogeneous equation

is solved as a boundary value problem by shooting method with the jump conditions at the

observer location and radiation boundary conditions in the far-field given by,

Ĝ†
+
− Ĝ†

−
= 0, y2 = x2 (B.6a)

dĜ†
+

dy2
− dĜ†

−

dy2
=

−i
ũk1 − ω

exp[i(ωt− k1x1 − k3x3)], y2 = x2 (B.6b)

dĜ†
±

dy2
±
√
−C±Ĝ†

±
= 0, y2 → ±∞ (B.6c)

where C± is,

C+ = (U1k1 − ω)2 − c̃2
1(k2

1 + k2
3), y2 → +∞ (B.7a)

C− = (U2k1 − ω)2 − c̃2
2(k2

1 + k2
3), y2 → −∞ (B.7b)
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We show a verification test for the solution of generalized acoustic analogy using a model

problem: sound field due to a localized Gaussian source placed in a uniform subsonic flow

(M = 0.5). The result from the acoustic analogy is compared to the analytical result known

for this problem (Bailly and Juvé, 2000). With ∆ as the Laplacian operator, the linearized

Euler equations can be reduced to a single equation in pressure after Fourier-transforming

in time as,

k2p̂− 2ikM
∂p̂

∂x
−M2 ∂

2p̂

∂x2
+ ∆p̂ = −iωŜ −M∂Ŝ

∂x
(B.8)

Here k = ω/c∞ and the prescribed frequency is ω = 2π/6. The prescribed source

function is Ŝ = 0.1 exp [A(x2 + y2)] where A = −0.8ln2. For M = 0, the left hand side

reduces to the standard Helmholtz operator, for which the Green’s function is G = i
4H

2
0 (kr).

Denoting (ξ,η) and (x,y) as the source and observer coordinates respectively, the Green’s

function for the above equation is (Lockard, 2000; Bailly and Juvé, 2000),

G(x, y; ξ, η) =
i

4α
exp

(
iMk(x− ξ)

α2

)
H2

0

(
kr

α2

)
, when M < 1 (B.9a)

Here, H2
0 is the Hankel function of the second kind and order zero. For M < 1, r =√

(x− ξ)2 + α2(y − η)2, α =
√

1−M2. The solution can then be written as a convolution

of Green’s function with the source function as p̂(x, y) =
∫

Ωξ

∫
Ωη
Ŝ(ξ, η)G(x, y; ξ, η)dξdη.

This integral is numerically computed. The comparison of analytical result and acoustic

analogy prediction is shown in Fig. B.1.
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Figure B.1: Comparison of real part of pressure fluctuations obtained from acoustic analogy
solution and analytical solution at y = 29.7 for source placed in subsonic flow (M = 0.5).
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