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Abstract

Bubble generation and air entrainment on ocean surfaces and behind ships are com-
plex phenomena which usually accompany turbulent flows. Non-linear wave-breaking
events entrain air and generate turbulence. Turbulence consequently fragments the
entrained air into smaller bubbles. This process drastically increases the flux of air
into the oceans and rivers, which is important for both aerating the water bodies and
reducing greenhouse gases from the atmosphere. Wave breaking and bubble genera-
tion behind ships also have important effects on the hydrodynamics of ships and on
their performance. The bubbly flow as a result of ship passage generates ship trails
which remain for several minutes thereafter.

Although turbulence is responsible for the fragmentation of larger bubbles into
smaller ones, it cannot be the cause of the generation of micron-size bubbles. These
bubbles are observed in ship wakes and natural waves and are associated with liquid-
liquid impact events.

These phenomena, due to their complexity, are far from being completely under-
stood. In addition, there is missing quantitative connection between the large-scale
non-linear wave-breaking events and the micron-size bubble generation as a result of
impact events. There is a large-scale separation between these two phenomena which
makes elucidation of the problem very challenging.

The aim of this study is to use direct numerical simulations of turbulent hydraulic
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jumps as canonical representation of non-linear breaking waves, to study the air
entrainment and large bubble generation. Furthermore, this study provides statistics
of liquid-liquid impact events, which are precursors to micro-bubble generation in
these flows. As far as we know, the present work is the first direct numerical simulation
of turbulent hydraulic jumps, as well as the first attempt to obtain interface impact
statistics in a stationary turbulent breaking wave.

In addition to bubble generation, we investigate turbulence statistics such as mean
and turbulent velocity fluctuations, Reynolds stress tensors, turbulence production
terms, energy spectra and one-dimensional energy budget of the flow. Finally, we
present investigation of the effect of relevant non-dimensional parameters such as
Weber number and Reynolds number on both large bubbles and impact statistics in

these flows.
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Chapter 1

Introduction

1.1 Non-linear breaking waves

Non-linear breaking waves are abundant in a wide range of natural as well as in-
dustrial processes involving two-phase air-water systems. On the surface of oceans,
breaking waves are responsible for transferring energy from the atmosphere to the
water bodies and directly affect turbulence and mixing in the oceans. Turbulent
breaking waves also occur as a result of ship movement in the oceans. Non-linear
bow waves, boundary layer breaking waves, and bores at the stern of ships are ex-
amples of such interactions. These waves act as an energy-transfer mechanism from
the ship to the water bodies, and they greatly impact the ships’ hydrodynamic per-
formance. Other instances of wave breaking occur in rivers and canals. In addition
to their role in turbulence generation and air entrainment, breaking waves are also
responsible for scour, erosion, and sediment transport in such systems (van Rijn 1993;

King 1995). Despite the prevalence of non-linear breaking waves, important aspects
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of their actions are not fully understood. Examples of such aspects include: turbu-
lence generation and transport, turbulence interaction with the free surface, bubble

generation, and air entrainment.

Each plunging event in a breaking wave typically entraps a large volume of air
and simultaneously sets vorticity generation in the water. The interaction of the
entrapped air with turbulence causes the air mass to break into smaller bubbles, a
process which increases the area of contact between air and water. The subsequent
process of the dissolution of air into water is crucial for living organisms as well as
for transferring greenhouse gases from the atmosphere to the ocean. The oceans play
an essential role in atmospheric conditions. The weight of the first 10 meters of a
water column in the ocean is equivalent to the weight of the entire air column above
it, and the heat capacity of the first 2.5 meters of a water column is equal to the heat

capacity of the entire atmospheric (dry) air column above it (Melville, 1996).

In recent years, air entrainment by free surface flows has received considerable
attention in both experimental (Chanson 1996, Deane & Stokes 2002, Liu & Duncan
2003, Liu & Duncan 2006, Murzyn & Chanson 20095, Kiger & Duncan 2012), and
computational (Lubin et al. 2006, Moraga et al. 2008, Lubin et al. 2009, Lakehal &
Liovic 2011, Ma et al. 2011b, Ma et al. 2012) studies. In the context of breaking waves
there are two types of regimes that can encounter air entrainment. The first regime
involves transient waves, such as plunging breaking waves ( Lamarre & Melville 1991,
Deane & Stokes 2002), and spilling breakers (Duncan et al. 1999, Qiao & Duncan 2001,
Duncan 2001, Liu & Duncan 2003, Liu & Duncan 2006). The second regime involves
statistically stationary waves, such as bores (Rodriguez-Rodriguez et al. 2011; Leng
& Chanson 2015), bow waves (Dong et al. 1997, Wilson et al. 2007), and boundary
layer waves (Tahara & Stern, 1996).
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1.2 Air entrainment in breaking waves

Bubble generation in spilling breakers and plunging breakers is a complex phenomenon.
Kiger & Duncan (2012) reviewed the air entrainment phenomenon in the literature by
first considering a simpler scenario of entrainment by plunging jets, followed by the
analysis of air entrainment in more complex breaking waves. A milder and less violent
scenario of air entrainment than that of the plunging breaker is a spilling breaker,
which has been investigated by Duncan et al. (1999), Qiao & Duncan (2001), and Dun-
can (2001). These authors studied the crest formation and evolution of the spilling
breakers by a Particle Image Velocimetry (PIV) technique. They showed that at the
initial stage of breaker formation a bulge is formed in the front face of the wave with
a toe beneath it which is in a steady position relative to the crest. No vorticity was
observed at this early stage. In the next stage however, the toe starts to move down
the wave face, and vorticity generation is observed. Air entrainment in spilling break-
ers is much lower than in plunging breakers; however, since this scenario is speculated

to be more frequent on ocean surfaces, both must therefore be considered.

Numerical investigations have also been performed in order to better understand
the structures of the bubbles entrained and the turbulence interaction with waves
and bubble generation. Lakehal & Liovic (2011) have studied turbulence structures
and bubble generation in a transient breaking wave event. They used LES numerical
technique with VOF method to track the phase interface to model a weak plunging
breaker, and showed that energy transfer from the mean flow to the wave modes
energizes the wave propagation and growth. They also showed transfer of energy from
wave modes to turbulence eddies. Air entrainment structures are studied in the work
of Lubin et al. (2006) and Lubin & Glockner (2015). Using LES technique coupled
with VOF method for the phase interface, Lubin & Glockner (2015) showed that for
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strong plunging breakers such as steep breakers observed on the ocean surfaces, large
quantities of air is entrained aligned with the streamwise vortex lines. These tube-like
aerated regions become unstable and break into bubbles.

Surface tension significantly affects the process of wave breaking and air entrain-
ment. Surface tension effects become apparent for waves of wave length less than
a few meters, and suppress the overturning jet for waves of wave length lower than
50 cm (Tulin, 1996). Song & Sirviente (2004) studied the effect of the Bond number
(Bo = p,gL? /o), which represents the importance of the gravitational forces relative
to surface tension, and concluded that the surface tension effect significantly reduces
the speed of wave breaking, and the amount of air entrained. Chen et al. (1999) also
atributed the creation of smoother jets and less entrainment of air, to the surface

tension effects.

1.3 Hydraulic jumps

A hydraulic jump is a canonical form of nonlinear breaking waves in which bubbles are
generated in a statistically stationary manner, while turbulence and interface interact
with each other. Investigations of turbulent hydraulic jumps date back many decades
(Rouse et al., 1959). However, it is still an active topic of research (Wang et al.,
2014). Rouse et al. (1959) used a wind tunnel with a solid top wall to imitate the
flow conditions of a hydraulic jump. Although their method did not involve relevant
coupling with a free interface, it provided insight into the momentum and energy
balance in such flows. Resch & Leutheusser (1972) studied the turbulence intensities
and Reynolds stresses in a hydraulic jump with Froude numbers of 2.85 and 6, and
noted the significant influence of the conditioning of the upstream flow (e.g., fully

developed vs. not developed) on their measurements.
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Madsen & Svendsen (1983) developed a theoretical model for the velocity field and
interface profile of hydraulic jumps using a simplified £ — ¢ model. Their model was
successful in predicting the height-integrated one-dimensional energy production and
dissipation; however, the prediction of Reynolds stresses and interface height was less
successful. Hornung et al. (1995) performed a control-volume analysis of a hydraulic
jump in order to study the downstream mean vorticity as a function of Froude num-
ber. They compared their predictions of average vorticity with experimental results
obtained by the Digital Particle Image Velocimetry (DPIV) technique and observed
approximate agreement. They qualitatively explained the vorticity generation at the

interface by a surface reconnection phenomenon occurring at the wave breaking.

Using high-speed photography, Long et al. (1991a) studied the vorticity structure
at the roller region of hydraulic jumps and their interactions downstream. They
quantified the length scales of roller vortices as a function of streamwise location, in
Froude numbers raging from 4 to 9. Later, Liu et al. (2004), used Micro Acoustic
Doppler Velocimetry (MicroADV) to study the turbulence structures of hydraulic
jumps at low Froude numbers, and reported energy spectra of the velocity field.
In a more recent study, Misra et al. (2008) studied the turbulence and mean flow
structures in a weak hydraulic jump with Froude number 1.19, using a Particle Image
Velocimetry technique. They observed that for such small Froude number hydraulic
jumps, the coefficient of variance (the ratio of standard deviation to the mean value)

of interface fluctuations is correlated with the regions of high air entrainment.

Rodriguez-Rodriguez et al. (2011) investigated the dynamics of bores, which are
very similar to hydraulic jump configurations, using the Bubble Image Velocimetry
(BIV) technique. Their study focused on the dynamics of large eddies responsible

for air entrainment. They reported similarities in flow features between bores and
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turbulent shear layers. These similarities include the generation of an array of coher-
ent vortices which convect downstream with a constant velocity, linear growth of the
vortex size, and self-similar profiles of mean velocity and Reynolds stresses. Among
the differences, they observed the vortices have larger convective velocity in the shear
layers, but faster growth of size with distance in the bores. In another study, Lin
et al. (2012) employed PIV and BIV to investigate stationary hydraulic jumps, and
reported mean velocity profiles, turbulence intensity, Reynolds stresses and energy
spectra. They established the usefulness of their BIV technique for the investigation
of aerated regions of stationary hydraulic jumps. They also reported that the velocity

spectra from bubbles follow a power law different from that for water.

1.4 Air entrainment in hydraulic jumps

In addition to turbulence production, hydraulic jumps also involve complex air en-
trainment processes. A series of investigations have focused on various aspects relating
to air entrainment including the distribution of void fraction, bubble size distribu-
tion, as well as interface statistics. Chanson (1995) used a single-tip conductivity
probe, to detect air-bubbles and reported void fraction in hydraulic jumps and plung-
ing jets. Chanson & Brattberg (2000) studied void fraction distribution, turbulence
statistics and bubble frequency measurements for high Froude number flows, and re-
ported significant aeration. Chanson (2007a) investigated the bubble clustering and
void fraction distributions in high Froude numbers ranging from 4.6 to 8.6. Murzyn
& Chanson (2009a) studied free surface fluctuations and free surface profiles for a
similar range of Froude numbers. Current knowledge of air entrainment and flow
characteristics in hydraulic jumps is summarized by Chanson (2009).

In other studies, void fraction, bubble size and bubble frequencies in relatively low
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Froude numbers (2 < Fr < 5) are investigated. Murzyn et al. (2005) distinguished
two regions with different void fraction properties in hydraulic jumps. In the lower
or shear region of the flow, they confirmed that the void fraction follows a Gaussian
distribution, whereas in the upper region which is dominated by free surface inter-
actions, the void fraction follows an error function profile (Brattberg et al., 1998).
Following this research, Murzyn et al. (2007) investigated mean and turbulent flow
fluctuations near the free surface, and quantified a measurable length scale associated
with surface undulations. They observed that the position of maximum free surface
fluctuations does not depend on Froude number; also the interface length scales are
independent of Froude and Weber numbers. Misra et al. (2008) studied the interface
dynamics of a weak hydraulic jump, and defined the index of entrainment to be the
coefficient of variation of the interface fluctuations. They showed that this index
reaches its maximum at the breaking wave regions associated with the most intensive

alr entrainment.

Chanson (2007b) and Murzyn & Chanson (2008) studied how scaling the flow,
with a fixed Froude number, would affect air entrainment in a hydraulic jump. In
addition to the Froude number, which represents the relative importance of inertia
and gravity, the problem demands more dimensionless parameters to involve viscos-
ity and surface tension as well. Chanson (2007b) introduced the Reynolds number,
Re = pUh/u, and Morton number, Mo = gu’ /(p,0?), as other dimensionless pa-
rameters. The Reynolds number compares the effect of inertia and viscosity, whereas
the Morton number is only a function of fluid properties. The latter is a combination
of Froude, Reynolds, and Weber numbers as Mo = We?/(FrRe*). Chanson (2007b)
observed a strong influence of system scale on the bubble-generation. Maintaining

the Froude number fixed, their smaller model with smaller Reynolds number showed
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a significantly lower bubble count and less dimensionless air entrainment. He at-
tributed the differences of air entrainment in the two cases to the effect of Reynolds
number, i.e., viscous effects compared to inertial effects. The problem with this con-
clusion, however, is that the effect of surface tension, a very important parameter in
air entrainment, is hidden in Mo, and is not directly assessed. As we shall see, in
turbulent hydraulic jumps, air entrainment is more sensitive to surface tension than

to viscosity. We will analyze this problem by independently varying We and Re.

1.5 Computational studies of hydraulic jumps

Despite the relatively large number of experimental investigations of breaking waves,
numerical investigations on this subject are limited. Gharangik & Chaudhry (1991)
among others considered one-dimensional Boussinesq equations to describe the height
and velocity change of a hydraulic jump on a slightly sloped bottom wall. Long et al.
(1991b) solved the two-dimensional RANS equations with the k& — e turbulence model
to describe the surface profile and mean velocities in hydraulic jumps. They employed
“body fitted coordinates” to describe only the water phase and fit their mesh to the
water body. Chippada et al. (1994) employed a similar methodology, but with a
moving body-fitted mesh to track the interface. Zhou & Stansby (1999) extended
such calculations to the transverse direction, but solved only two-dimensional shallow
water equations. Ma et al. (2001) considered a two-dimensional £ — ¢ model and an
additional VOF equation to track the evolution of the free surface, and thus eliminated
the need for use of complex body-fitted mesh algorithms. They used an earlier version
of the VOF method which did not utilize the recent sharp surface reconstruction
algorithms. Carvalho et al. (2008) performed a similar RANS calculation, but with

a VOF method that utilized geometric surface reconstruction. More recently, Lubin
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et al. (2009) attempted to use VOF to perform LES of a 2D hydraulic jump without
a RANS model. However, despite integrating the equations for a long physical time,
they were not able to make the jump stable and stationary. All the two-dimensional
studies mentioned above become unrealistic in terms of the stationarity of flow. The
three-dimensionality of the flow is necessary to make the jump stable and stationary.
Ma et al. (2011b) simulated a 2D RANS and a 3D DES hydraulic jump with a two-
fluid model. The RANS model procudes a smooth interface and unrealistic results.
DES model captures the strong fluctuations at the interface better, however this
method is not predictive in terms of air entrainment results. They proposed an air
entrainment model which was tuned based on the kinetic energy of the fluid and the
mean velocity gradient near the interface. Their model involved multiple parameters
that were tuned against experimental results such as PDF of bubble size distribution.

The literature however lacks a high fidelity Direct Numerical Simulation of a
turbulent hydraulic jump in which the interface dynamics and bubble generation is

captured directly without resorting to subgrid scale modeling.

1.6 Bubble size distribution

Bubble size distribution is one of the most important properties typically analyzed in
bubbly flows. Knowledge of the bubble size distribution is essential for RANS-type
air entrainment modeling (Moraga et al., 2008). It is also crucial in determining the
light-scattering effect of bubbles in the ocean (Zhang et al., 1998), or the air diffusion
process due to bubbles in the oceans (Woolf, 1997).

The Hinze scale (Hinze, 1955) refers to the smallest length scale at which turbu-
lence energy can overcome surface tension, and this represents the size of smallest

bubbles that can be fragmented by turbulence. Above the Hinze scale, turbulence is
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the main mechanism for the fragmentation of bubbles, and surface tension energies
are negligible. Garrett et al. (2000) arrived at a Probability Distribution Function
(PDF) for bubble size with a power law with a slope of —10/3. Experimental mea-
surements of Deane & Stokes (2002) confirmed this power law for bubbles larger than
the Hinze scale and occurring right after the wave-breaking event. Deane & Stokes
(2002) also found another power law for bubbles smaller than the Hinze scale with a
slope of —3/2. These bubbles cannot be generated by turbulence fragmentation pro-
cesses. Rather, they are postulated to be result of ligament breakup events similar
to air entrainment in impinging jets. By considering surface tension as an important
parameter for these bubbles, Deane & Stokes (2002) arrived at a power law which
was found experimentally. At later times after the formation of bubbles, the larger
bubbles leave the domain due to buoyancy and alter the size distribution function,
for bubbles both larger and smaller than the Hinze scale. Martinez-Bazan et al.
(2010) investigated evolution of bubble size distribution theoretically, and developed
symmetry condition and volume conservation conditions that must be satisfy by the
distribution functions.

In this study we refer to bubbles larger than the Hinze scale as macro bubbles. As
discussed, these bubbles are dominantly generated due to fragmentation by turbu-
lence. Conversely, we refer to bubbles smaller than the Hinze scale as micro bubbles,

and next we discuss the mechanism responsible for generating these bubbles.

1.7 Micro-bubble generation

Micro bubbles, generated by typical breaking waves, are considered to have diameters
between about 8 um to 200 um. these bubbles are too small for turbulence to be

able to fragment them.
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Pumphrey & Elmore (1990) investigated different bubble-entrainment regimes
when a water droplet impacts on a pool of water. They parameterized these regimes
as a function of impact velocity and the diameter of the impacting droplet. They
observed micro-bubble generation in relatively low impact velocities and drop diam-
eters on the order of 1mm. However, they did not provide a clear bound on the
region of the micro-bubble generation zone. Esmailizadeh & Mesler (1986) performed
further experimental investigations of this phenomenon, and observed hundreds of
micro bubbles can be generated in a chandelier form. These micro bubbles were fur-
ther convected deep into the water by vortices generated at the impact, sometimes

retaining a bubble trail behind.

What the mechanism of generation of these bubbles is has been an active research
topic. Sigler & Mesler (1990) investigated the gas film which is trapped when a drop
impacts a pool, and attributed the observed micro bubbles to the Rayleigh-Taylor

instability due to the acceleration of the interface induced by impact.

With the emergence of high-speed cameras, researchers were able to look at the
moment of impact with unprecedented time and spatial resolution. Thoroddsen et al.
(2003) investigated the retraction of a thin air-film formed at the impact and observed
azimuthal instabilities growing at the rim of the film. For small impact velocities with
We < 22, they observed air-film cushioning and micro-bubble generation. Mills &
Saylor (2011) examined the reproducibility of micro-bubble generation in water. They
found that the frequency of micro-bubble generation reaches its maximum in two
Weber numbers,; in a bimodal fashion. This bimodal behavior is typically observed
in phenomena in which bubble oscillations exist (Saylor & Grizzard 2003, Rodriguez
& Mesler 1987). Saylor & Bounds (2012) changed their fluid from water to silicon
oil and observed highly repeatable and more predictable behavior in micro-bubble

generation. Thoroddsen et al. (2012) observed that air cushioning occurs at the
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impact and a thin air film is generated and becomes thinner until the impact occurs
at one or more points on the thin film. The film retracts as a result of surface tension
forces and sheds micro bubbles on its way. Multiple points of impact would result in
generation of bubble lines which extend from the top to the bottom of the thin film,
retaining micro bubbles of varying sizes corresponding to the local film thicknesses.
Tran et al. (2013) also performed accurate and more quantitative studies of the thin
air-film thickness and evolution at the impact point.

Micro bubbles are also generated on ocean surfaces as a result of breaking waves.
The interface impacts in breaking waves are not as simple and regular as a drop
impact on a surface. However, these impacts result in the same phenomena of air-film
entrapment and subsequent break up leading to micro-bubble generation. Acoustical
measurements of Trevorrow et al. (1994) show that micro bubbles generated by the
waves as a result of ship movement can remain under the surface for 10 or more
minutes, whereas the large bubbles (diameter of 150 um or more) have enough rise
speed to come to the surface in tens of seconds. The signature of micro bubbles fades
away after several minutes due to their diffusive absorption into the water. They can

be convected down, up to 10 m deep into the water.

1.8 Overview and achievements of this study

The present work is the first high-fidelity simulation of a turbulent hydraulic jump
in which spatio-temporal scales associated with turbulence and the interface are re-
solved in three dimensions, as shown in figure 1.1. Our simulations resolve the Hinze
scale and do not resort to any modeling to predict turbulence or air entrainment.
In addition, our results provide data for turbulence dissipation and production in a

turbulent breaking wave. Previous studies have shown a direct connection between
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Figure 1.1: Calculation of a turbulent hydraulic jump with Fr = 2,
Re = 11000 and We = 1820.

turbulent dissipation and bubble size (Hinze 1955, Li & Garrett 1998, Garrett et al.
2000, Deane & Stokes 2002) in the form of scaling laws. However, under realistic
conditions, the dissipation field is not uniform, and thus different pieces of the en-
trained air can experience different dissipation intensities depending on their path in
the flow. Still unclear is the degree to which the non-uniformity of the dissipation
field plays a role in influencing the bubble size distribution. By providing spatially
resolved turbulence dissipation fields, our DNS allows more direct investigation of the
processes determining bubble size distributions in breaking waves.

Our results also provide:

e Simultaneous measurements of flow statistics, such as mean velocity fields and

Reynolds stresses, as well as air-entrainment statistics for a breaking wave. This
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information provides crucial benchmarks for developing reduced-order models
or new RANS models for air entrainment in breaking waves. Given the intimate
coupling between turbulence equations and interface equations, it is crucial that
such models be verified against high fidelity simulations that simultaneously
provide statistics of flow as well as air entrainment. Data from a hydraulic jump
provide an excellent benchmark for such model developments since hydraulic
jump is the most canonical form of a turbulent breaking wave that can be
fully characterized with a minimum number of parameters. Additionally, its
statistical homogeneity in one spatial direction as well as in time allows for the
collection of many ensembles and a meaningful reduction of statistics in lower

dimensional space.

e A one-dimensional (cross-section averaged) accounting of various energy terms
in the Navier-Stokes equations in the simulated hydraulic jump. In addition
to providing insights about the nature and extent of the energy-exchange pro-
cesses downstream of hydraulic jumps, these results can be used for the develop-
ment and verification of one-dimensional wave-breaking models (e.g., Madsen
& Svendsen 1983, Richard & Gavrilyuk 2013). The present simulations also
shed new insight into coherent structures in turbulent hydraulic jumps and
their dynamical role in air entrainment. Specifically, we have identified a vor-
tex shedding phenomenon through which spanwise vortices entrain air in the
form of patches of bubbles as they are shed from the toe of the jump. This is
the first reported observation of semi-periodic bubble generation phenomena in

hydraulic jumps.

e The first estimation of micro-bubble generation resulting from liquid-liquid im-

pact events, by developing a post-processing tool to identify these events and
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computing statistics involving relative principal curvatures and impact veloc-
ities at the impact. Collecting these statistics allows mapping of individual
impacts to the drop-impact problem for which there exits quantification of mi-

cro bubbles.

e Finally, a parameter study is performed in order to identify the most impor-
tant non-dimensional parameter besides Froude number controlling the air-
entrainment process. The effect of Weber and Reynolds numbers is quantified in
the air entrainment, bubble size distribution, interface characteristics, as well
as interface impact events and micro-bubble generation. The Weber number
was found to be more important then the Reynolds number in controlling these

phenomena, contrary to previous reports in the literature.



Chapter 2

Computational Framework

2.1 Two-phase flow numerical simulations

This section briefly introduces numerical approaches for tackling two-phase flow prob-
lems. To describe the behavior of the two phases, the conservation of mass and mo-
mentum are represented as one set of equations for both phases, on one computational
grid. Properties such as density and dynamic viscosity vary in the domain depend-
ing on the local fluid. At the interface of the two phases, the surface tension force

introduces a pressure jump normal to the interface.

In addition to solving equations representing conservation of mass and momen-
tum, additional equations must be solved in order to track the location of the phase
interface and track the local fluid. This information should also enable us to obtain
the curvature of the interface, which is a necessary parameter determining the surface

tension force in the momentum equation.

There are two categories of methods to track the interface in two-phase flow sim-

ulations. In the first category, called front tracking methods (Unverdi & Tryggvason

16
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1992, Tryggvason et al. 1992, Popinet & Zaleski 1999), the interface is tracked via
massless particles seeded at the interface with fluid velocity. The interface is defined
by connectioning these particles. These methods can be very accurate in terms of
tracking the position of the interface and curvature calculations. However, they can-
not handle drastic topological changes of the interface. This drawback renders them

unsuitable for complex flows such as wave breaking simulations.

In another category of interface tracking, called front capturing methods, a field
is introduced which implicitly defines the position of the interface. The motion of the
interface is described by an advection equation for the field. The three main methods
in this category are Volume of Fluid methods (VOF) (Hirt & Nichols 1981, Rider &
Kothe 1998, Weymouth & Yue 2010), Level Set methods (LS) (Sussman et al. 1994,
Osher & Fedkiw 2003, Herrmann 2008) and Diffuse Interface methods (DI) (Anderson
& McFadden 1998, Ding et al. 2007, Chiu & Lin 2011).

VOF methods introduce a field called volume of fluid, f, representing the ratio of
the liquid volume to the total volume. An advection equation describing the evolution

of the volume of fluid is derived

of B
S tu -Vi=o. (2.1)

For incompressible flows the combination of equation 2.1 and the definition of f
guarantees conservation of the volume fraction. Therefore, the VOF methods intrin-
sically are mass conserving, provided that the discretization is performed properly.
Since f introduces a sharp jump at the interface, the discretization of this equation
is not trivial, and is critical to the accuracy and mass conservation properties of this
method. The Piecewise Linear Interface Construction (PLIC) technique gives second-

order accuracy of the position of the interface (Rider & Kothe, 1998). VOF methods
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suffer from another difficulty, computation of the curvature at the interface. The
sharpness of the VOF' field makes the curvature calculations less accurate although

methods such as height function are introduced to tackle this problem (Popinet, 2009).

Level Set methods (LS) introduce a distance function as a field to describe the
position of the interface implicitly. This field represents the distance of each point in
the domain to the interface. Therefore, the zero-level of this field corresponds to the
interface itself. Similar to VOF methods, the dynamics of the LS field is described

by an advection equation

oG
- tu VG =0. (2.2)

Unlike the VOF methods, the advection equation of the LS field does not guarantee
mass conservation properties of the fluids. The reason for this difference is that in
VOF methods the volume of fluid is directly advected, however, in LS methods volume
of fluid is defined as the volume inside the zero iso-contour of G. Therefore, mass or
volume conservation is not an intrinsic property of the LS methods. Furthermore,
the advection equation would cause the property of G being a distance function to
deteriorate. Therefore, another step, usually called a reinitialization step, is necessary
to ensure the distance function property, |[VG = 1|. A pseudo-time integration is
used in order to bring the LS field back to be a distance function again. Ideally, the
reinitialization PDE is designed such that the position of the interface is not altered.
However, discretization errors move the position of G = 0 isocontour (interface), and

this degrades mass conservation further.

Contrary to the VOF field (f), the LS field (G) is smooth. This makes the advec-
tion of this variable less complicated. High order WENO schemes are usually used

to discretize this equation. The smoothness of the G field makes these methods very
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(a) LS method (b) VOF method

Figure 2.1: Comparison of the VOF and LS numerical methods in
calculations of a hydraulic jump with Fr = 2,
We = 1820, and Re = 11000.

accurate for curvature calculations. However, both LS advection and reinitialization
steps introduce numerical mass loss in the domain, which is one of the most important
drawbacks to such methods. Refined Level Set methods are introduced to advect the
LS variable on a finer grid than that of the flow solver, which does not eliminate the

problem but does mitigate it (Herrmann, 2005).

Figure 2.1 compares two calculations for a turbulent hydraulic jump with the
same physical dimensions, Froude number, Reynolds number and Weber number.
The grid resolution for the VOF and LS fields are also the same. However, the
results of the LS calculation shows significant presence of numerical dissipation and
interface smoothening. In addition, the bubble generation is suppressed in the LS
calculation due to the dissipative nature of this method. On the other hand, the
VOF method appears to be more physical and includes bubble generation which

matches the experimental measurements as we will discuss in chapter 3.
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The third class of methods for interface capturing is called Diffused Interface (DI).
Here the sharpness of the interface is relaxed and the interface is assumed to have
a finite thickness. The transition from air to water is typically represented with a
smooth tangent hyperbolic variable called the phase field, ¢.

s

1+ tanh(2—€)}, (2.3)

DO | —

o=

where € determines the sharpness of the transition region. The width of the interface
can be characterized as 3v/2¢. The governing equation for this variable reads (Chiu

& Lin, 2011)

WV (w6 =V eV o1~ )], (2.4)

where 7 is usually taken as the maximum velocity in the domain, and € is usually
chosen to be proportional to the mesh size. A value of € ~ 0.7h is chosen in Chiu &
Lin (2011), where h is the grid size. In equation 2.4, 77 is the normal unit vector to
the interface, and is defined as 0 = V¢/|V4|.

Equation 2.4 is in conservative form; therefore, the total mass in the domain
remains constant. Furthermore, due to the relative smoothness of the phase-field

variable, the curvature calculations are accurate.

2.2 Geometric Volume of Fluid coupled with Level
Set

This section describes the numerical method utilized to track the interface evolution.

This method, developed in Le-Chenadec & Pitsch (2013), is called Hybrid Lagrangian
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Eulerian Method (HyLEM). We here provide a brief description of this method and

elaborate on some details regarding parameters selected for our simulations.

In the HyLEM method the VOF advection equation is solved with a geometric
unsplit Lagrangian-Eulerian method which we will elaborate on below. In addition,
an LS advection equation is solved, and its information is used to obtain accurate

curvature and normal vectors to the interface.

Rather than considering equation 2.1 to advect the volume fraction field, the

employed method considers the weak form of this equation which reads

Dy,

— f(z,t)de =0, (2.5)
where m denotes the material derivative, and €2, represents the material control

volume.

An unsplit backward HyLEM scheme (Le-Chenadec & Pitsch, 2013) is used to
integrate this equation. The basis for this method is that the integral of volume
fraction in a material control volume does not change due to advection with the

solenoidal velocity field (equation 2.5).

The first step to integrating equation 2.5 is to reconstruct the interface with a
Piecewise Linear Interface Construction (PLIC) technique on the structured Eulerian
mesh (we call it QF), using the volume fraction information, f”, and the normal
vectors to the interface, obtained from G, where the superscript n denotes time step
n (the current time step). A plane in the direction of the normal vector is moved in
the cell iteratively so that the value of f" is reached.

After the interface is constructed at time step m, the next step is to track the
Eulerian material control volume at time step n + 1, Q%™ back in time (—At) to

reach a Lagrangian control volume at time step n, 2%. According to equation 2.5, if
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the advection process is performed exactly, the integral of the volume fraction in the
two control volumes is the same, and thus, the mass of each fluid is conserved. In the
method developed by Le-Chenadec & Pitsch (2013) a velocity interpolation is used

that results in third-order accuracy in mass conservation.

The last step is to compute the volume fraction in each deformed Lagrangian
control volume 27 from the reconstructed VOF field on the Eulerian mesh Qf by
projection. In addition to solving for the VOF field, the method also solves for the LS
variable, equation 2.2, and a reinitialization equation to keep the Eikonal equation,
|IVG| = 1, satisfied. The employed method uses a third-order WENO scheme to

integrate the LS advection equation and the reinitialization step.

In the coupled VOF /LS methods, a correction in the LS field is needed for the two
variables to be consistent. A distance function (d) is built from the VOF information
with which G is modified. The modification, however, is relaxed for places where
|G — d| < I, where I/ denotes a discrepancy tolerance. The modification of the LS

variable is according to

Gm =wG + (1 —w)d, (2.6)

where w is a relaxation parameter defined as

|G —d] >
—= —1,0 ] (2.7)

w= exp[—amax(

For the computations presented in this study A’ is set to be equal to 1% of the mesh

size, and a = 10 is set as a relaxation parameter.
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2.3 Mass and momentum conservation

The governing equations for mass and momentum conservations for incompressible

two-phase flows are

V.-u =0,
(2.8)

p(aa—r‘f%—(u V)u) =-Vp+V .7+ pb,
where 7 = p(Vu + V7Tu) is the viscous stress tensor, and b is all the body forces
including gravity and surface tension. These equations are valid for both liquid and
gas phases simultaneously; however, the physical properties such as density and vis-
cosity change in space for liquid and gas. At the interface we have a pressure jump

condition described by

[p]r =0k + Q[M]FHTVU n. (2.9)

Away from the interface, the set of equations 2.8 is solved assuming viscosity and
density are constant for the two fluids. Second-order central discretization is used
on a uniform staggered grid, which results in conservation of momentum and kinetic
energy (Morinishi et al., 1998). Near the interface, however, the fluid properties
have a jump and applying the same strategy would result in large numerical errors.
Instead, the integral form of the set of equations 2.8 is considered, and a geometric
non-split discretization is performed similar to the scheme described in section 2.2
for the advection transport terms. The geometric advection scheme which is used for
the momentum advection term in the momentum equation near the fluid interface is
not central and act similar to an upwind scheme. Therefore, the kinetic energy near

the interface is not conserved. Since this numerical dissipation is restricted only to a



CHAPTER 2. COMPUTATIONAL FRAMEWORK 24

narrow band around the interface, the results are not affected significantly.

The Poisson equation is coupled to a Ghost Fluid Method (GFM) (Fedkiw et al.,
1999) to incorporate the abrupt jump in the pressure field due to the surface tension
force. The use of next time step density instead of a linear interpolation of density by
Le-Chenadec & Pitsch (2013) proved the method to be more robust for large density
ratios compared to the original GFM. This method allows the effect of the surface
tension force to transfer directly to pressure jump and reduces the spurious currents

around the interface.

2.4 Problem configuration

In this work a statistically stationary hydraulic jump with Froude number of Fr =
2 is chosen as a model problem for a continuous wave-breaking scenario, with a
periodic boundary condition in the spanwise direction. This configuration gives two
homogeneous dimensions, the temporal and the spanwise directions, which result
in sufficiently large statistical ensembles. Temporal homogeneity also enables us to
obtain one-dimensional temporal spectra which gives important information on the
dominant frequencies in the system.

The goal of this thesis is to investigate a statistically stationary hydraulic jump
as a model problem for breaking-wave phenomena, and to study the energy transfer,
macro-bubble generation, and interface impact events which can lead to micro-bubble
generation.

Figure 2.2 shows a schematic of a hydraulic jump and a coordinate system, with
x, y, and z representing the streamwise, crossflow, and spanwise directions, respec-
tively. The origin of the streamwise and crossflow coordinates are set to be at the

inflow and the bottom wall, respectively. The water inflow has a uniform velocity,
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Figure 2.2: Schematic of a hydraulic jump, with A as the inflow
height and U as the water inflow velocity.

U, with height h, and the jump occurs at some distance downstream of the inlet.
The physical dimension for the inlet velocity and inlet height in the experiment is
U = 1.5m/s and h = 5.9cm, respectively (Murzyn et al., 2005). After the jump,
the water height increases. This height jump can be obtained from the mass and
momentum balance, in an ideal case of uniform inflow and outflow, neglecting the
bottom wall friction. The analytical value of the outflow height can be shown to be

ha/h = (=14 v/8Fr2 +1)/2 = 2.37, the so-called the Bélanger equation.

In realistic scenarios, the problem involves a boundary layer on the bottom wall.
Under conditions wherein the displacement thickness of the boundary layer is much
smaller than the inlet height, h, the effects of boundary layer on jump dynamics can

be neglected. Since the focus of this thesis is wave-breaking phenomena, we consider a
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simple canonical scenario in which the bottom boundary layer is neglected. Therefore,
the bottom boundary is modeled as a slip wall on which only the no-penetration

condition is enforced.

2.4.1 Computational domain

The computational domain is set to 20.6h x 4.2h x 4.2h (length x height x width),
where h is the inlet height of water. The length of the domain should be large enough
that the effect of the outlet boundary condition on the middle of the flow is minimal.
Also, the height of the computational domain is chosen to be large enough that its
effect on the water interface is minimal.

To ensure grid convergence of our results, we performed calculations using two
different mesh resolutions. The fine resolution calculation was a uniform cubical
hexahedral mesh with the same grid size in each direction, consisting of N, x N, x N, =
1280 x 256 x 256 mesh points, while the course calculation used half the grid resolution
in each direction. We discuss the grid refinement study in section 4.9, and we observe
satisfactory agreement in statistics such as mean velocity and energy transfer rates
between the two simulations, and therefore here we report only the fine simulation

data.

2.4.2 Boundary condition treatment

Slip boundary conditions are implemented for the top and bottom walls in order to
avoid complexities associated with thin boundary layers. This decision was based on
experimental evidence indicating that the thickness of the boundary layer was small
enough in comparison to the inlet height. Periodic boundary conditions are applied

in the spanwise direction. A Dirichlet boundary condition is applied for the inflow,
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and convective boundary condition is used for the outflow. The convective outflow

velocity is determined as the maximum velocity at the outflow at each time step.

The inflow velocity is set equal to U for the water phase. In the air phase the
inflow velocity profile is set to U minus a Blasius profile with dg9 = 1.3h so that it
reaches values close to zero near the top boundary. Thus the velocity profile at the

inflow is continuous at the air-water interface.

To ensure that the position of the jump remains statistically stationary, we devised
a numerical algorithm at the outflow boundary that guarantees zero numerical error
in total mass transport for each phase. Such numerical conditions also guarantee
the well-posedness of the Poisson system for pressure. To this end, we first solve a
convective equation to evolve velocities at the outflow boundary, as recommended by
Pauley et al. (1990). In the limit of infinitely fine mesh and infinitely large outflow
span, such treatment automatically guarantees the matching of total mass flow rates
between inflow and outflow for each phase. In our simulation, however, due to the
finite resolution and finite number of samples, a small correction is needed. We use
a velocity rescaling method (Kim & Moin, 1985) to guarantee the consistency of the
mass flux for the water phase. In addition, we allow a similar small correction to the
air outflow, but only from y = 3h to y = 4h with a linear profile away from the water

zone to ensure consistency of the air flux.

2.5 Dimensionless parameters controlling the flow

The presented setting involves three important dimensionless parameters. The first

parameter is the Froude number, that indicates the relative importance of inertial
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forces in comparison to gravitational forces

Fr =U/\/gh. (2.10)

The second parameter is the Weber number, which indicates the importance of surface

tension forces compared to inertial forces
We = pU?h/o. (2.11)

The third dimensionless parameter is the Reynolds number, which indicates the rel-

ative importance of the inertial forces in comparison to viscous forces
Re = pUh/p. (2.12)

For sufficiently high Reynolds number, the hydrodynamic instabilities in hydraulic
jumps are inviscid, and therefore, the Reynolds number only controls the extent of

cascade of the generated turbulence to small scales.

In this thesis, we consider a fixed Froude number of F'r = 2 corresponding to the
experimental investigation by Murzyn et al. (2005). In order to access the effects
of Weber number and Reynolds number in the air entrainment and micro-bubble
generation, we have simulated four different cases according to table 2.1. Case #1
corresponds to the nominal We as in the experimental study. The validation study
of bubble generation is performed against the results of this case. In case #2, the
Weber number is reduced by a factor of 2.5 to We = 729, in order to assess the effect
of surface tension forces on air entrainment. In case #3, we have reduced the Weber
number 2.5 times further to We = 292, in order to understand the surface tension

effects in extremely low Weber number cases. Case #4 represents a case with a lower



CHAPTER 2. COMPUTATIONAL FRAMEWORK 29

Fr We Re
Case #1 2 1820 11000
Case #2 2 729 11000
Case #3 2 292 11000
Case #4 2 1820 5500

Table 2.1: Dimensionless parameters for the computational cases of
a turbulent hydraulic jump.

Reynolds number, Re = 5500, compared to the nominal case with the same Weber
number. By comparing cases #1 and #4, we aim to study the effects of viscous term
on air entrainment.

Two additional dimensionless parameters of this problem are the density ratio
Puw/pa and the viscosity ratio pu,/p,. In considering an air-water system, these pa-

rameters are set to 831 and 50.5, respectively.



Chapter 3

Validation against experiments

While the employed numerical algorithm is extensively verified and validated in Le-
Chenadec & Pitsch (2013), here we present a comparison against available data from
experiments in the specific regime of our simulation. To this end, we first present the
void fraction of air in comparison to the results of Murzyn et al. (2005) in section 3.1,
and then we investigate the interface length scale in comparison to the measurements

of Murzyn et al. (2007) in section 3.2.

3.1 Air entrainment

The flow downstream of the hydraulic jump can be separated into two different re-
gions: a lower region (turbulent shear flow), and an upper region (interacting with
interface). Figure 3.1 shows these two regions. Murzyn et al. (2005) also distinguished
these two separate regions downstream of the toe of the hydraulic jump. These re-
gions have different characteristics in bubble-generation mechanisms and void fraction
distribution. In the lower region, the interaction of the interface is minimal, and bub-

bles generated at the toe are convected and diffused downstream. The upper region is

30
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(a) The lines demonstrate the approximate (b) The lines demonstrate the approximate
aerated region away from the interface. aerated region close to the interface.

Figure 3.1: Two regions of air entrainment in the hydraulic jump:
(a) Lower region (turbulent shear), and (b) upper
region (interface interacting).

y/h

YCmax

Cmax C

Figure 3.2: A typical void fraction profile after the toe of a
hydraulic jump.

located in the roll-up region of the flow and experiences interactions with the interface.
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Figure 3.2 illustrates a a typical void fraction profile as measured by Murzyn et al.
(2005) and other hydraulic jump studies. According to Chanson (1996) bubbles in
the lower region of a hydraulic jump undergo an advection-diffusion process, and
therefore the void fraction can be fit to a Gaussian profile. Murzyn et al. (2005) also

confirmed this result and showed that the void fraction obeys a Gaussian profile,

]- U - max 2
C = Chon exp(—zﬁ%), (3.1)

where C' is the void fraction, and Ci,uz, D, Yomaer are the parameters representing
maximum void fraction, effective diffusivity, and vertical location of the maximum
void fraction, respectively. Ax = x — x; represents the streamwise coordinate mea-
sured from the toe of the jump, x;, which is not defined accurately in the experiment.
We found that the value of x;/h = 6.1 gives the best void fraction comparison with the
values reported in the experiment. In the next chapter we present a robust definition

of the toe of the jump.

In their experiments, Murzyn et al. (2005) report the values of the parame-
ters in 3.1 to be: Chee = 4.391 x 1072, 1.147 x 1072, 1.170 x 1072, Yomaz/h =
1.073, 1.061, 1.162, and D/Uh = 3.26 x 1073, 2.94 x 1073, 3.76 x 1073, respectively
for streamwise locations Ax = 0.85, 1.70, 2.54. Using these parameters, figure 3.3
presents the ensemble-averaged void fraction data in the lower region of the jump
from our simulation and contrasts the results against the experimental fit. In ob-
taining figure 3.3, Chiaz, Yomaz/h and D/Uh are set to the values obtained from
the experiment, and the value of C' is obtained from our simulations. Given that
no tuning is exercised in obtaining this figure, the agreement between the results of
void fraction and the Gaussian profile is reasonably well. Also some discrepancies

between simulation and experiment can be attributed to the fact that the experiment
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Figure 3.3: Simulation results of void fraction in the lower region
of the hydraulic jump. The solid line represents the
experimental fit by Murzyn et al. (2005). Symbols
represent results from current simulation at
downstream locations, Az/h = 0.85 (o), 1.70 (O), and
2.54 (x).

involved a thin boundary layer below the jump, which was intentionally avoided in
our simulation. According to the experiment, the boundary layer thickness at the toe
of the jump is approximated to be ¢ /h = 0.18. This boundary layer thickness would
translate to a displacement thickness of approximately §* = ¢/3, which, in terms of
the variable of the vertical axis of figure 3.3, is between 0.3 to 0.6 depending on the
value of Az. The mismatch between the simulation and experimental data is within

this error, and can be explained by the thin boundary layer at the bottom wall.
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According to Murzyn et al. (2005), the upper region of the jump is influenced by
the interfacial air exchange. A reasonable fit is proposed by Brattberg et al. (1998)

in the form of

O =g +erf(z L0 ) (3:2)

2/DAc/T
where ycs5o is the vertical position for which the void fraction equals 0.5. The void
fraction is not normalized in this case since its maximum is one in the air side. Similar
to the lower region, the experiment of Murzyn et al. (2005) reports the values for
ycso and D /Uh. According to the experiment, we have used ycs0 = 1.77, 2, 2.15, and
D/Uh =853 x 1073, 4.84 x 1073, 1.93 x 1073, respectively for streamwise locations
Ax = 1.70, 2.54, 4.24. Figure 3.4 shows the ensemble-averaged void fraction in the
upper region of the jump from our simulation in comparison to the experimental fit.
Similar to the lower region of the jump, comparison to the experimental results is
fair. The deviation of the void fraction from equation 3.2 is also observed in the
experiment for the region of C' < 0.4, showing that equation 3.2 is more accurate for

larger values of void fraction and closer to the interface.

3.2 Interface length scale

Interface length scale is another quantity that Murzyn et al. (2007) have studied.
They define the interface length scale, L, at a particular position of the hydraulic
jump as the integral under the autocorrelation curve R(r), of the electric signal of their
sensor, s. This signal is proportional to the water depth of the immersed probe and
measures the instantaneous water height. The definition of the correlation function

and the interface length scale is as follows:
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Figure 3.4: Time- and spanwise-averaged simulation results for
void fraction in the upper region of the hydraulic jump.
The solid line represents the experimental fit by
Murzyn et al. (2005). Symbols represent results from
current simulation at downstream locations, Az /h =
1.70 (O), 2.54 (x), and 4.24 (A).

(3.3)

L:/mmmmm, (3.4)

where r is the spanwise distance between A and B, and r,,,, is the distance where

R(rmaz) = 0.
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In the simulations we have used the level set variable, which by definition is
the distance of each point to the interface (it is positive inside water and negative
outside), to compute the integral length scale. The interface length scale is thus
defined as the integral under the autocorrelation curve of the level set signal, up to
5% correlation. Figure 3.5 shows a comparison between the simulation results and
the experiment. It can be seen that the interface length scale increases with the
streamwise position, and the predicted interface length from our simulation compares
well with the experimental data. The statistical errors of the mean shown on the
plot as error bars are obtained by dividing the results into different windows and
computing the standard deviation of the results associated with these intervals. The

95% confidence interval is chosen to obtain the error bars.
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Figure 3.5: Comparison of the interface length scale between
simulation and experiments with F'r = 2. (e) integral
length scale computed from the simulation. Open
symbols are experimental results by Murzyn et al.
(2007), (O) Fr = 2, (o) Fr =24, (A) Fr = 3.7, (v) Fr
= 4.8, (- -) Experimental fit (Murzyn et al., 2007).



Chapter 4

Turbulence statistics and air

entrainment

In this chapter we aim to present the turbulent flow statistics of our direct numerical
simulation of a hydraulic jump with Froude number Fr = 2, Weber number We =

1820, and Reynolds number Re = 11000 (case #1).

4.1 Mean interface height

In this chapter we have used the inlet height, A, inlet velocity, U, and water density,
Pw, to nondimensionalize all of the presented variables. Statistical averaging is per-
formed over 120 time units after the simulation reached fully developed conditions.

All quantities reported are averaged in time and in the spanwise direction.

Figure 4.1(a) shows the average volume fraction of water as well as the stream-
lines of averaged velocities. In the inset, the streamlines indicate the presence of a

roller right after the toe of the jump, where the flow recirculates. In figure 4.1(b) two

38
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Figure 4.1: (a) Time- and spanwise-averaged volume fraction of
water and velocity streamlines. (b) Two methods for
defining the average interface position are compared:
the isocontour of the volume fraction at VF = 0.5 (—)
and the integral of the volume fraction in the y
direction, yss (——). The vertical dashed line indicates
the position of the toe for the jump at x/h = 6.2,
where the mean interface height is increased by 10% of
the inlet height. (c¢) Bottom wall mean pressure
distribution. Total pressure (—), hydrostatic pressure,

Pw9Yrs (——).
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Figure 4.2: Convergence of the height of the free surface to the
analytical value of y,,, = (=1 + /1 + 8Fr?)/2 after the
toe of a hydraulic jump with F'r = 2. The straight

dashed line shows the slope of —5/3.

different methods for defining the mean interface position are shown. One is the iso-
contour of the volume fraction at VF = 0.5, and the other is obtained by integrating
the volume fraction in the y direction, which henceforth we call y;;. The two profiles

are very close to each other.

We define the position of the toe of the jump as the location where the volume
fraction isocontour, VF = 0.5, is elevated by 10% above the inflow height. Based on
coordinates shown in figure 4.1, which use the inflow boundary of the computational
domain as the origin, the location of the toe is at x;/h = 6.2. Note that the location
of the jump depends on the initial condition and computational domain setup, and
therefore is not a reproducible statistical quantity. However, any statistical quantity
with coordinate relative to the toe location must be reproducible. Therefore, in the

rest of the paper we highlight coordinates relative to the toe location by reporting
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Figure 4.3: Cross-sectional profiles of mean void fraction.

(I‘ - xt)/h =0 (7)7 1 (__)7 2 (_ ’ _)7 3 ( ’ ')7 4 (__)7
and 6 (— - —). yy, is the vertical location of the
interface at the corresponding xz/h.

x — x;. From the figure, it is clear that the interface “jump” occurs over a large
streamwise length. The steepest rise spans over ~ 2h, and a more gradual rise
continues over a distance of O(10h) downstream of the jump. As shown in figure
4.2, the free surface height asymptotes to the analytical solution with the difference
decaying with a power law of —5/3. The value of the slope is merely a coincident,
and it does not imply connection to energy spectrum power law. At the end of
the domain, as the difference between the interface height and the analytical value
becomes smaller than the statistical errors, some oscillations are observed. At the
end of the computational domain, which is 14h downstream of the toe, the mean free

surface reaches the asymptotic value.
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The pressure distribution at the bottom wall is shown in figure 4.1(c). The hy-
drostatic pressure is computed from the integral of the mean weight of the water
column above the surface, equal to p,gyss. The total pressure deviates slightly from
the hydrostatic value in the region of energy exchange (3 < x/h < 14). Beyond this
region, hydrostatic pressure can be a good approximation for the total pressure at
the wall.

Figure 4.3 shows the cross-section profiles of the predicted void fraction at different
distances from the toe. The depth of penetration of air is measured as y — yys(z).
The penetration depth increases and reaches a maximum at a streamwise location
two inlet heights downstream of the jump at around x/h = 8. After this stage the

penetration depth decreases due to buoyant rise of the entrained air.

4.2 Velocity mean and fluctuations

Since the velocity field is continuous from air to water, we have used time and spanwise

averaging according to

S|

_ /0 ! /O - udzdt/(TL,) (4.1)

ul =1/ (u—1u)2 (4.2)

rms

Figure 4.4 shows the mean streamwise and vertical velocities in the domain. The
core of the roller region is revealed by an almost stagnant flow after the toe of the
jump. At the toe of the jump, the vertical velocity is the largest, specifically on the
air side, due to the upward redirection of the flow by the jump. The vertical dotted

lines are the positions where the mean velocity profiles are plotted in figure 4.5.
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Figure 4.4: Time- and spanwise-averaged velocity contours. The
vertical dotted lines are the positions where the
cross-sectional velocity profiles are shown in the next
figure. The dash-dotted line corresponds to VEF = 0.5.

Figure 4.5 shows the mean velocity profiles as a function of y at different steamwise
positions of the jump. The markers on the profiles show the mean position of the
interface defined by VF = 0.5 in the corresponding streamwise location. As one
moves in the direction of the flow, the maximum streamwise velocity decreases. On
the air side, the flow is accelerated due to the presence of the jump, and a jet-like
profile is formed. In the normal velocity profiles, two peaks (one in each phase) are
detected due to the redirection of the flow in the roller region, and these are separated

by the position of the interface, where the flow is in a near-stagnant condition.

Figure 4.6 shows the root mean square values of velocity fluctuations. The max-

imum velocity fluctuations are associated with the recirculation region, due to its
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Figure 4.5: Mean velocity profiles for different streamwise positions
of the flow. (z —z;)/h=0(),1(——),2(—-—), 3
(+++),4 (—=), and 6 (— - —). The symbols show the
position of VF = 0.5.

highly energetic dynamics as well as instantaneous fluctuations in local jump con-
ditions. Furthermore, as one moves downstream, the streamwise fluctuations are
initially larger than those in the other two directions. This is to be expected since
the initial flow is parallel in the x-direction, and a slight fluctuation in the jump toe

location can manifest itself in terms of u’

™ms*

However, once turbulence develops,
fluctuations in all three directions become comparable. This transition occurs within

~ 2h downstream of the toe.

Figure 4.7 shows the profiles of velocity fluctuations for different streamwise po-
sitions. Close to the toe, the maximum fluctuation occurs near the interface. In
these regions, the mean flow (figure 4.5) strongly resembles that of a separated shear
layer and is highly susceptible to Kelvin-Helmholtz-type instabilities. As one moves

downstream, the height of the peak velocity fluctuations shifts slightly upward, but
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Figure 4.6: Time- and spanwise-averaged root mean square of
velocity fluctuations. The vertical dotted lines are the
positions where the cross-sectional profiles are shown in
the next figure. The dash-dotted line corresponds to
VF =0.5.

at the rate slower than that of the interface itself. After a distance of about 2h,
once the 3D turbulence is well established, the peak location of fluctuations shifts up
to y ~ 1.5h, which is roughly the average of the inlet height and outlet height. The
location of the peak does not change much downstream of this location, and all three
components of velocity peak at roughly around the same location, and decay together

as fluid is transported downstream.
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Figure 4.7: Root mean square profiles of velocity fluctuations for
different streamwise positions of the flow. (x — z;)/h =
0(),1(==),2(=-=),3(-),4(=—),and 6
(— - —). The symbols show the position of VF = 0.5.

4.3 Reynolds stresses

In this and the next sections, we work with Favre-averaged momentum and energy
equations. Since the density ratio of water to air is large, the Favre-averaged quanti-
ties are equivalent to conditional averaging on the water side. The equations for the

Favre-averaged mean momentum for variable density flows are

Op0) | dpUTy) _ 5= O _dlpui”) | 07

ot (9.253' ('3351 (’3;1:j a.’L’j ’

(4.3)

where velocity is decomposed as U; = U, +u!, where U, = pU /p is the Favre-averaged
velocity, and 7,; = pu(0U;/0z; + 0U;/Ox;) is the molecular shear stress tensor. The

Reynolds stress tensor is defined as

Tii = —pu; 4.4
J ]
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Figure 4.8: Time- and spanwise Favre-averaged turbulent Reynolds
stresses, 7;; = —pu; u;. The vertical dotted lines are

the positions where the cross-sectional profiles are
shown in the next figure. The dash-dotted line
corresponds to V' = 0.5.

which represents the effect of fluctuating velocities on the mean momentum transport.

Any reduced model for momentum transport in hydraulic jumps, such as a RANS

model, must close the Reynolds stresses in terms of mean quantities. Statistical
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Figure 4.9: Reynolds stress profiles, 7;; = —pu, u; in different
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homogeneity of the flow in the spanwise direction results in zero Reynolds stresses for
713 and To3 components. The remaining components of the Reynolds stress are non-
zero. Figure 4.8 demonstrates a contour plot of these components, and cross-sectional

profiles at multiple streamwise sections are shown in figure 4.9.
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The statistical error of the mean for velocity, fluctuations and Reynolds stresses
is estimated by computing the standard deviation of these quantities, obtained over
multiple temporal windows, divided by the square root of the number of windows,
times a factor of 1.96 for 95% confidence. The maximum statistical error of the mean
in the domain for all of the mentioned quantities is computed to be within £10%

accuracy.

At the toe of the jump 7y is the dominant component of the Reynolds stress, and
the other components are much smaller. Downstream of the flow at (v — z;)/h = 6,
all the components of the Reynolds shear stress are close to each other and the flow
becomes more isotropic. Similar to the velocity fluctuations, the position of the peak
of the Reynolds stress profiles also moves slightly up after the toe and stays fairly
stationary at y/h ~ 1.5 downstream of the flow. As expected, in the water side, the
sign of 75 is the same as the vertical gradient of the streamwise velocity component
dU /dy, which is negative. It becomes maximum at (z — x;)/h = 1, which is in the

middle of the roller region of the jump.

4.4 Turbulent kinetic energy and turbulent pro-

duction

This section aims to present the statistics of the production terms in the Favre-
averaged turbulent kinetic energy equation. The equation governing the mean kinetic

energy in variable density flows reads
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Figure 4.10: Time- and spanwise Favre-averaged turbulent kinetic

—_~—
p——r4 "

energy production term, P12 = —pu, u28U1 /0y and
the total/_t\lgbulent kinetic energy production term
P= —ﬁu;'u;-'a(z- /Ox;. The vertical dotted lines are the
positions where the cross-sectional profiles are shown
in the next figure. The dash-dotted line corresponds
to VE =0.5.

o(ipUU) +0[(%ﬁUiUi)Uj} S aFUi+ﬁaU opu!U;

ot D =PUifsi =5 Oz, D
——0U; o(7;U;) aU; (4.5)
—nn u” (] = ¢
S e T o, o,
Production

The production term in the Favre-averaged turbulent kinetic energy reads

~ = 0U;

P=—2u u-
! J@xj’

(4.6)
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Figure 4.11: Turbulent kinetic energy production term,
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Figure 4.10 shows the contour plots of the total and a component of the turbulent
kinetic energy production. The positive sign of the production term indicates that
the flow of energy is statistically from the mean flow to the fluctuations. Figure
4.11 indicates production terms at different streamwise locations of the hydraulic
jump. All of the production terms maximize near the toe of the jump and near the
interface. As we go downstream, the magnitude of the production terms attenuates
and the location of the peak ascends to close to y/h ~ 1.5, which is approximately

the average height of inlet and outlet.

In figure 4.12 turbulent kinetic energy is illustrated. Similar to the velocity fluc-

tuations, Reynolds stresses and turbulent production, turbulent kinetic energy also
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Figure 4.12: Time- and spanwise Favre-averaged turbulent kinetic

energy, pT' KE = pu; u;

maximizes at the roller region and after the toe of the jump. It reached its maximum
value about one inlet height after the toe, after which the maximum value of the
turbulent kinetic energy decreases and the location of the peak also merges to the

value of y/h ~ 1.5.
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4.5 One-dimensional energy balance

The instantaneous pointwise kinetic energy equation can be written as

1 1 1
Opzuiu;  Opujzuiu;  Opu; O*Luu; ou; Ou;

ot @l’j - E)xl Mé)xjﬁxj B M@xj E)xj

+ puigi + fsitt;. (47)

In order to obtain a one-dimensional energy equation, we integrate equation 4.7 in
a control volume of V = [z 2®] x [0, L,] x [0, L], where (V) and 2® are two

streamwise locations. Averaging in time one obtains

0

1 Ly Lz
En / (,0 uiu; + pyg)dV + / / puzuz +  pyg 4+ p Judzdy|e .0
~~ ~~

N potential energy  pressure
kinetic energy

Ly Lz 81u U Ou; Ou; —
/ / dzdy]x@) (1) — / M@ dVv —l—/ fgiuidV.
x] Oz, v

d18$1pat10n

(4.8)

In deriving the equation above, we have used the identity below, which can be derived

from continuity

/puigidV:/ap;;gidV—i—/%dV (4.9)
J

where |,2)_,) indicates the difference of the integral between 2@ and 2. The time-
derivative term can be assumed to be zero, since the flow is statistically stationary.
The surface integral on the left-hand side has three terms, namely, net kinetic energy

flux, net potential energy flux, and net pressure work in a control volume of length
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Az = @ — (I in the streamwise direction. On the right-hand side, the terms
represent net viscous flux, energy dissipation, and surface tension energy. From the
results of our simulation we have determined that the net viscous flux term and the
surface tension energy term are negligible compared to the other terms. These two
terms are of the same order, but they are two orders of magnitude smaller than the

other terms.

Figure 4.13 shows quantitatively the rate at which kinetic energy transfers to
potential energy, pressure work, and dissipation, at each streamwise station of the
flow. For this purpose, we computed the streamwise divergence of each flux, and
report the exchange in terms of power per unit of streamwise length per unit of
spanwise length. These exchange terms are defined as

Kinetic energy exchange rate: fo quzululdydzu@) ]/ (AzL,),
Potential energy exchange rate: [fOLZ fOLy pgyudydz| e o]/ (AzL,),

Pressure energy exchange rate: [fLZ OLy purdydz| e _,m]/(AxL,),

0

Dissipation rate: [, uaul Oy dV]/(AzL:),

where L, is the length of the domain in the spanwise direction. The error bars in
the figure show the statistical error of the calculations. The summation of these four

curves 1s zero within the statistical errors.

The plots in figure 4.13 reveal aspects about the energy transfer process that
were previously unknown in existing 1D theories. Specifically, these results show the
order and streamwise extent of various exchange processes. As shown, the exchange
process starts at about two inlet heights upstream of the toe of the jump, which can
be explained by the fact that the instantaneous toe location has some oscillations

relative to the defined mean location. As the flow advects downstream, the first
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Figure 4.13: Transfer of kinetic energy to other forms of energy as
a function of streamwise location. The plots represent
exchange rates due to kinetic energy (- --), potential
energy (——), pressure work (—), and dissipation
(= - —). The error bars show the statistical errors of
the calculations. The vertical dashed line shows the
position of the toe at x/h = 6.2.

mode of energy exchange involves transfer of kinetic energy to pressure energy. At
the toe (z/h = 6.2) the transfer to pressure energy is close to its peak, while there
is some minor transfer to potential energy and dissipation. The transfer to potential
energy and dissipation rate peak at about one and a half inlet heights downstream

of the toe at x/h ~ 7.5, while still the dominant transfer is to pressure work. After
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about two inlet heights downstream of the toe, transfer to pressure work term drops
significantly and most of the kinetic energy transfers to potential energy with some

transfer to dissipation.

Although the dissipation term is relatively small compared to the other terms, it
decays more slowly, and stays more or less as large as its peak value for a long distance
downstream of the jump. The pressure work decays the fastest and almost reaches
zero after x/h ~ 11. Similar to dissipation, potential energy has a long tail, which
is an indication that the height of the jump has a gradual increase to its asymptotic
value for large distances after the toe. This fact justifies the choice of our large
computational domain. From the analytical 1D model for hydraulic jumps which
assumes uniform inflow and outflow velocity profiles with the Belanger relationship
for the ratio of the water heights, we can compute the energy states far upstream and
downstream of the jump. According to this solution, the net change in the total sum of
kinetic, pressure, and potential energy per unit spanwise length is (Ey— E1)/p,U>h =
—0.067. From our calculations we obtain a value of (Ey — E1)/p,U3h = —0.051. In
other words, only about 76% of the total dissipation occurs within the computational

domain, which includes distances up to 14 inlet heights downstream of the jump

(x/h = 20).

The presented results provide insight as well as quantitative validation benchmarks
for the development of reduced order models, for breaking waves in applications such
as ocean and river flows, as well as dam flow models. Specifically, these data provide
insight into modeling of, often unclosed, dissipation terms, by highlighting their long

tail after nonlinear breaking events.
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4.6 Turbulent dissipation and estimation of the

Hinze scale

The turbulent kinetic energy dissipation rate is a key parameter that affects bubble
size distribution in the entrained air in bubbly flows (e.g., Hinze 1955, Garrett et al.
2000). The dissipation term in the Favre-averaged turbulent kinetic energy equation
reads

~ o}

J

where ! is the Favre-averaged fluctuation velocity, and the bar represents the span-
wise and time-averaging operator here. Figure 4.14 shows the turbulent kinetic energy
dissipation in the domain as well as their cross-sectional profile for different locations
of the jump. Similar to the other turbulence statistics, the maximum dissipation
occurs at the toe of the jump and very close to the interface. Further downstream,
the peak dissipation occurs below the interface but at a height higher than h. Far
downstream, peak dissipation occurs at a height of y/h ~ 1.5 measured from the
bottom boundary.

Aside from turbulence length scales, another important length scale that must be
resolved is the Hinze scale, that indicates a threshold scale over which straining mo-
tions by turbulent eddies compete with the restoring surface tension force on bubbles.
Based on a scaling analysis developed by Hinze and others (Hinze 1955, Kolmogorov
1949), this threshold length is

o

DH:C(;)

[SA1[94)
[S11N

€75, (4.11)

where ¢ is the turbulent kinetic energy dissipation, and C' is a constant of order
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Figure 4.14: Turbulent dissipation D= Tijg%%l in the domain and
J

its cross-sectional profiles in different streamwise
locations. (x —z¢)/h=0(-),1(——),2(—-—), 3
(+++),4 (——), and 6 (— - —). The dash-dotted line in
the top figure and the symbols in the bottom figure
correspond to VF = 0.5.
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Figure 4.15: Hinze scale distribution computed from equation 4.11
in a statistically stationary hydraulic jump with
Fr =2 We = 1820, and Re = 11000.

one, which was suggested to be 0.725 by Hinze (1955), using measurements of Clay
(1940). The significance of the Hinze scale is that bubbles (or interface features) at
scales above Hinze can be broken into smaller pieces due to turbulence forces, but
interface features below the Hinze scale are quickly restored due to the surface tension
force. In other words, the Hinze scale indicates the minimum bubble size that can be

generated due to fragmentation by turbulence.

Based on the computed dissipation field, the Hinze scale is computed in figure
4.15. The minimum Hinze scale for the flow is around Dy = 0.047h (2.8 mm),
which occurs just after the toe of the jump. This value agrees very well with the

experimental results of Murzyn et al. (2005). These authors report the smallest
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macro bubble in their experiment to be D = 0.042h (2.5mm). Downstream of the

flow as the dissipation drops, the Hinze scale increases to Dy = 0.17h (10 mm).

While we defer detailed investigation of bubble size distribution to chapters 5
and 6, we note here that one factor contributing to bubble size distribution can be
variation in the dissipation field. In all of the bubble size distribution models it is
assumed that dissipation is constant in space, however in practical applications like
the present hydraulic jump a significant variation in dissipation field is observed in
the domain. This insight can be used to correct the existing theories of bubble size
distribution (Garrett et al., 2000), which use only one dissipation number to infer

bubble size by assuming homogeneous turbulence.

4.7 Energy spectra

Temporal energy spectra of the velocity components are computed in figures 4.16,
4.17, and 4.18 for locations (z — z;)/h = 0,2 and 4, respectively. The slope of —5/3
is observed for the inertial range, suggesting that even though the problem involves
two-phase flow phenomena and transport of bubbles, the energy transfer process still
involves a Kolmogorov-type spectrum. Furthermore, a distinct frequency peak can be
distinguished, which is more evident in the spectra of the vertical velocity at locations
(x —x4)/h = 2 and (z — x;)/h = 4. Our more careful investigations indicate that
this frequency peak is due to a vortex-shedding phenomenon originating at the toe of
the jump. This phenomenon was previously observed in the qualitative visualization
of Long et al. (1991a) for hydraulic jumps, and in the experiments of Rodriguez-
Rodriguez et al. (2011) for bores.
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Figure 4.16: Energy spectrum of velocity components for
(x —ax1)/h=0,y/h =1
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Figure 4.17: Energy spectrum of velocity components for
(x —z)/h=2,y/h=1.1.

Mok (2004) also experimentally measured the spectra of the surface fluctuations
in hydraulic jumps with Froude numbers ranging from 1.4 to 3, and observed a dom-
inant frequency for Froude numbers larger than Fr = 1.53. To further confirm the
connection between the frequency peaks in the velocity spectra and the shedding phe-

nomenon, we show in figure 4.19(b) the instantaneous vorticity contours. Spanwise
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Figure 4.18: Energy spectrum of velocity components for
(x —z)/h=4,y/h =14,

vorticity packets are observed to be generated at the toe and advected downstream of
the jump in a quasi-periodic fashion. Passage of these vortices through the spectrum
probes results in quasi-periodic signatures predominantly in the vertical velocity mea-
surements with the frequency that matches that of the shedding phenomenon. From
analysis of the vertical velocity spectrum we determined the Strouhal number asso-
ciated with peak frequency to be St = fh/U = 0.14 £ 0.1. The Strouhal number
based on the jump height, 1.37h, was computed to be St = 0.19 £ 0.1. While this
Strouhal number is very close to the typically reported dimensionless frequency asso-
ciated with the Karman instability, the mechanism of vortex generation here is very

different from that of the Karman instability common to the wake of solid objects.

In the next section we show how vortex generation is correlated with air entrain-
ment, and conclude that these coherent turbulent structures have a profound impact

on bubble generation and transport in the wake of hydraulic jumps.
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4.8 Air entrainment by coherent structures

Air entrainment occurs mostly at the turbulent roller region of the hydraulic jumps
as a result of wave breaking. Our observations suggest that the wave breaking in this
problem is not a completely random phenomenon, but rather has a quasi-periodic
nature with a distinctive frequency. This periodic bubble generation can be visually
observed in figure 4.19(a). Comparison of the coherent structures associated with the
bubbles with the coherent structure of turbulent vortices in figure 4.19 suggests that
there is a one-to-one correspondence between vortex ejection and air entrainment in
the hydraulic jump. A quantitative analysis reveals that bubbles and vortices are
generated at the same time with the same frequency. This one-to-one correspondence
can be explained as follows: as schematically shown in figure 4.20, after air is engulfed
by an overturning wave, vorticity is being injected into water during plunging events
concurrent with the formation of vortex sheets associated with interface topological
changes. In addition, the engulfed air zone has a net counterclockwise circulation,
which is then diffused in the form of vorticity during topological changes associated
with subsequent fragmentation processes. Hornung et al. (1995) explain this vorticity
injection connecting it with conservation of circulation before and after wave-breaking
events. The entrapped air and generated vorticity both advect downstream with the
mean flow. Along this process, the entrapped air quickly fragments into smaller pieces

and forms zones of bubble patches, indicated by arrows in figure 4.19(a).

In order to measure the frequency of the generation of the bubble patches, we
have computed the total volume of submerged air as a function of time in a fixed
downstream window bounded by 8.8 < x/h < 9.0. Figure 4.21(a) shows the volume
of bubbles in this interval as a function of nondimensional time, denoted by V,(t).

We have chosen this interval in order to obtain a better signal of bubbles; very close
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(a) Bubble patches generated periodically and convected down-
stream with a non-dimensional frequency of St = fh/U = 0.141.

(b) Vorticity magnitude contour shows coherent structures in the wake of the flow. Red color
indicates regions with a high vorticity magnitude.

Figure 4.19: Bubbles and vorticity structures in the flow. The
vorticity contour plot corresponds to the mid-plane in
the spanwise direction, and both figures correspond to
time ¢t = 44.1h/U.
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Figure 4.20: Vorticity-generation mechanisms as a result of
topological changes in breaking waves. a) Kinematic
velocity jump at the impact points omits vortex sheets
in the domain. b) The entrained air cavity, which is
generated as a result of an overturning breaking wave
event, has a net circulation even in the inviscid limit.
Further fragmentation of the air cavity generates more
vorticity which will be diffused into the domain.

to the toe the bubbles are not developed, the jump oscillates, and the interaction
with turbulence is too intense. As a result, the noise in the signal is significant.
Further downstream the bubble patches are more diffused and the patch boundaries
are harder to track. Figure 4.21(b) shows the autocorrelation of this signal defined
as,

[ Vi) Va(t + At)dt

Ry (At) = oo (4.12)

The first peak is at At = 7.1h/U, which corresponds to the Strouhal number
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Figure 4.21: Bubble volume signal and its normalized
autocorrelation for a region of 8.8 < z/h < 9.0. The
autocorrelation plot shows a periodic behavior of
bubble patches passing through the domain. The
nondimensional Strouhal number associated with this
phenomenon is St = fh/U = 0.141.

St = 0.141. This Strouhal number is very close to that of the peaks in the velocity
energy spectra within our statistical errors. Therefore, the frequency of bubble-patch
generation is the same as the frequency of the vortex-shedding phenomenon within
statistical errors, and we conclude that breaking events at the toe of the jump are
responsible for vortex generation, bubble-patch generation (present study), and in-

terface fluctuations (Mok, 2004).
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Figure 4.22: Mean velocity profiles for different streamwise
positions and two different meshes. Red: fine mesh,
black: coarse mesh. (x —z¢)/h =0 (=), 1 (——), 2
(= =),3(--),4(—=), and 6 (—-—). The symbols
show the position of VF = 0.5.

4.9 Grid refinement study and statistical conver-

gence

As discussed in section 2.4.1, we have performed the calculations on two grids. The
fine calculation, of which we presented the turbulence results, in this chapter, has
twice the grid size in each direction compared to the coarse calculation. The aim of
this section is to present the mean velocity and the energy exchange data for these

two calculations and test the convergence of the results.

Figure 4.22 shows the convergence of the mean velocity profiles between the coarse
and fine meshes. We can see a good agreement between the two calculations in the

water region. We have also computed the one-dimensional energy exchange terms
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Figure 4.23: Transfer of kinetic energy to other forms of energy as
a function of streamwise location. The plots represent
exchange rates due to kinetic energy (---), potential
energy (——), pressure work (—), and dissipation
(— - —). red: fine mesh, and black: coarse mesh.

which were introduced in section 4.5. The kinetic energy flux, potential energy flux,

and pressure work show convergence between the two calculations.

4.10 On the self-similarity of turbulent statistics

Turbulent Reynolds stresses as defined in equation 4.4 and plotted in figure 4.9 show

spatial variability. In this section we investigate whether variations of these profiles
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Figure 4.24: Self-similar profiles for the turbulent shear stresses.
For all plots the virtual streamwise origin is set to
z,/h = 4. a) Collapse of T with parameters:
a=-22 4=0.5,for 7.8 <xz/h < 12. b) Collapse of
711 with parameters: o = —1.5, § = 0.5, for
7.8 < x/h < 10. ¢) Collapse of Ty with parameters:
a=—1.65,8=0.5,for 7.8 < z/h < 12.

exhibits a self-similar behavior. This investigation is motivated by the study of Di-
motakis (1986) who reported self-similar growth of shear layers between fluid streams
with different densities. These authors reported linear growth of shear layer thickness

with streamwise distance. Our investigations indicate that similar trends do not hold
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for the case of the studied hydraulic jump. Nevertheless, we report a fit that could

best collapse our data. We explore self-similar profiles in the following form:

,7:ij :f( y/h_ymaw/h
(puwU?)(x/h — o/ h)™ (x/h —zo/h)°

), (4.13)

where 7;; is the component of the Reynolds stress, and y is the vertical coordinate.
Ymaz () 1 the vertical coordinate of maximum turbulent shear stress at each stream-
wise section. z, is the streamwise location of the similarity coordinate origin. « and
B together with z, are the similarity parameters that are obtained by fitting. Figure
4.24 shows the Reynolds stress profile with best fitting scenarios. Based on these
data, we conclude that the self-similarities demonstrated for mixing layers (Dimo-
takis, 1986) do not hold for the case of a hydraulic jump. For example, the fitted
values for § are close to 0.5 which is far from the linear growth demonstrated for
shear layers. Additionally, given the variability of the plots, even after rescaling, we
conclude that the Reynolds stress profiles are hardly self-similar when it comes to

turbulent hydraulic jumps.



Chapter 5

Macro-bubble vs micro-bubble

generation

5.1 Macro-bubble generation and size distribution

Bubble size distribution is one of the most important properties of the bubbly flows.
The knowledge of initial bubble size distribution after air engulfment is crucial in
RANS-type modeling of bubble-entrainment phenomena (Moraga et al. 2008, Ma
et al. 2010, Ma et al. 20115, Ma et al. 2011a, and Ma et al. 2012). It is also important
in understanding the light-scattering effects of bubbles in the ocean (Zhang et al.,
1998), as well as the air diffusion process as a result of bubble generation (Woolf,

1997).

Longuet-Higgins (1992) modeled the process of bubble breakup as the chopping
of a cube with three sets of independent random planes, each one perpendicular to

a cube face. As the number of the cleavages increases, the distribution of the cube

71
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size is obtained. The authors did not specify a power law for the bubble size distri-
bution; however, they claim that the agreement with the experimental observations

is reasonable.

Deane & Stokes (2002) have studied the fragmentation of entrained air in a tran-
sient wave breaking event. They reported two different mechanisms of bubble gen-
eration. For bubbles larger than the Hinze scale (about 1mm in their experiment),
turbulence is responsible for bubble fragmentation, since it can overcome the sur-
face tension forces. Number density of these bubbles versus bubble size indicates a
power law scaling with the slope of —10/3, which was also predicted by Garrett et al.
(2000). Garrett et al. (2000) assumed that the number density of bubbles is linearly
proportional to the rate of air entrainment. Furthermore, they neglected the effect
of surface tension in large scales, and assumed that the turbulence energy cascade is
characterized by the energy dissipation rate. Using dimensional analysis, they pre-
dicted the power law of —10/3 for the diameter of bubbles. Bubbles smaller than the
Hinze scale, on the other hand, cannot be generated as a result of turbulent fragmen-
tation. Instead, it is hypothesized that they are produced by ligament formation at
the instance of jet-like impingement events. Using the scaling of air entrainment in
liquid jet, and incorporating the surface tension as a parameter for smaller bubbles,
as well as using dimensional analysis, the size distribution function is obtained with
a slope of —3/2, which matches the observations of Deane & Stokes (2002). The size

distribution function reads

N(r) o< Q(a/p) 20 %72, (5.1)

where v is the characteristic jet velocity, () is the rate of air entrainment, and r is the

bubble radius. As the time progresses, the PDF profiles for bubbles larger and smaller
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PDF of Bubble Diameter

Figure 5.1: PDF of macro bubbles and its spatial evolution. The
streamwise location is from z/h = 8.9 (black), to
x/h =19.5 (green). The slope of the profile increases
from —10/3 (red dash line) to —6 (black dash line).
The resolution of the computational mesh,
corresponding to 2Ax,,, is indicated by the vertical
dash-dotted line.

than the Hinze scale become steeper as the larger bubbles leave the domain due to
buoyancy forces. It would be worthwhile to examine whether similar characteristics
hold for hydraulic jumps.

The PDF of bubble size distribution of the hydraulic jump in different streamwise
locations is shown in figure 5.1. Each line in the figure represents a subdomain with

streamwise length of Az/h = 0.2, starting from z/h = 8.9 (shown with dark green
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color), to z/h = 19.5 (shown in light green). z/h = 8.9 is roughly the place where the
fragmentation of bubbles is complete, and buoyancy forces do not have enough time
to affect the bubble size distribution significantly. The slope of —10/3 is observed for
this part of the flow as predicted by the experiments. Downstream of the flow, the
slope of the PDF becomes steeper, and at x/h = 19.5, it reaches —6. The resolution
of our calculation does not allow us to resolve sub-Hinze scale bubbles. Therefore, we
cannot obtain the —3/2 power law for the sub-Hinze range. The threshold resolution

is denoted by a vertical dash-dotted line in figure 5.1, which represents D = 2Ax,,.

To compare the temporal evolution of the PDF profiles, the nondimensional time
required for the slope to change from —10/3 to —6 is measured for these two cases.
We can translate the spatial variation of statistics in the hydraulic jump to a tempo-
ral variation, by means of the Taylor hypothesis and by using the mean convective
velocity downstream of the jump. The difference in space between x/h = 8.9 and
x/h = 19.5, with the average downstream velocity of Uy = Uh/hgs, translates to a
nondimensional time of A7,; = 10.7. The reference time scale is chosen to be the
gravitational time scale obtained from the jump length scale Ah = 1.37h and the
gravitational acceleration g. In the transient wave-breaking experiment of Deane &
Stokes (2002), if we use the wave height of 10cm as the relevant length scale, the
gravitational time scale can be used for nondimensionalizing the temporal evolution
of the size distribution function. The time corresponding to the change of slope of
the PDF from —10/3 to —6 is reported to be 1.5 s which becomes A, = 15.0. The
nondimensional time for change of slope of these two very different air entrainment
scenarios are comparable. This suggests that not only does the PDF of bubble sizes
have the same slope for the two cases, but also the evolution of the size distributions

undergoes similar processes with similar time scales.
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5.2 Micro-bubble generation

Micro bubbles are a special type of bubble, generated in natural breaking waves and
ships” wakes (Thorpe 1982, Trevorrow et al. 1994, Stanic et al. 2009). The mechanism
for micro-bubble generation is different from that of macro bubbles, since turbulence
energetics cannot overcome the surface tension energetics to fragment larger bubbles
to such small scales. Canonical situations such as the impact of a droplet on a liquid
surface is investigated in the literature in order to understand the mechanism of the
micro-bubble generation (i.e., Tran et al. 2013, Mills & Saylor 2011, Thoroddsen
et al. 2012, Thoroddsen et al. 2003, Sigler & Mesler 1990). Air film thinning and
the instabilities associated with this thin air film are proposed as the mechanism for
micro-bubble generation. This mechanism of air entrainment and bubble generation

is referred to as the Mesler entrainment.

To parameterize the air entrainment as a result of liquid-liquid impact, Pumphrey
& Elmore (1990) studied the problem of a water droplet impacting a pool of water with
various diameters and various impact velocities. They observed different regimes of air
entrainment, namely, regular, irregular, large bubbles, and micro-bubble generation
region (Mesler entrainment). Mesler entrainment was observed for relatively lower

impact velocities and relatively small diameters.

The terminal rising velocity of bubbles is proportional to the square of their radii
(Thorpe, 1982). Therefore, in stagnant water, it takes up to 90 minutes for micro
bubbles with radii less than about 100 um to reach the surface from 4 meters deep.
However, experiments can detect the signatures of micro bubbles, on average, only
up to about 10 minutes (Trevorrow et al., 1994). This phenomenon is explained by
the dissolution and diffusion of the air inside the bubbles to the water, which can

be approximated to be of the order of hundreds of seconds (Thorpe 1982, Epstein &
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Plesset 1950). Larger bubbles (radii larger than ~ 150um), on the other hand, have
higher rising terminal velocity and reach the surface in tens of seconds (Trevorrow
et al., 1994). They usually lack the time for complete dissolution. Micro bubbles with
a size range of 20 — 30 um are observed to penetrate the deepest in the wake of ships,
up to 10 meters (Trevorrow et al., 1994), and their signal lasts for about 7.5 minutes

after generation.

5.3 Impact detection

While our simulations have not resolved micro bubbles, the liquid-liquid impact phe-
nomena, which set the onset condition for micro bubbles, are resolved. We here
present our statistical analysis of impact events which are used to infer estimates for

micro-bubble generation.

5.3.1 Algorithm

In order to obtain the micro-bubble generation statistics in our computational simu-
lations, we need to detect the impact points before they occur. Impact detection is
an important technique frequently used in computer graphics, cloth simulation, etc.
It usually is a time consuming algorithm and quickly forms a bottleneck in the algo-
rithms. Therefore, efficient techniques are required to circumvent this problem. We
have used an algorithm proposed by Bridson et al. (2002) to detect impact points of
the interface. The algorithm begins with triangulating the interface with the March-
ing Cubes method (Lorensen & Cline, 1987). A shared-vertex storage technique is
used to store only the vertices, and represents the triangles by three pointers to three
vertices, and each edge with two pointers to two vertices (Shirley & Marschner, 2009).

This storage technique is much more memory efficient than triangle-based storage.
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For each triangle, three pointers are stored to three neighboring triangles, and for
each vertex an arbitrary triangle is assigned as a neighboring triangle. This tech-
nique furnishes all the information needed to obtain all the connectivity information,
e.g., which triangles are attached to one particular vertex, or which triangles are con-
nected to a particular edge. The vertices of all the triangles should be numbered with
the same rotation, meaning either clockwise or counterclockwise. Two triangulated
manifolds collide with each other in two ways. Either one vertex of one side collides
with a triangle of the other, or one edge of one surface collides with an edge of the
other surface. Each vertex possesses a velocity vector with which it moves. For either
of these two cases to happen, four points must be coplanar at the same time. We can
find the time at which the four points z1, x2, 3, and x4 with respective velocities vy,

Vg, v3, and vy are coplanar by solving the third-order polynomial

(For + 10 a1) X (T +t031)| - (Tas + 1T w) = 0, (5.2)

where ?Zj = x; — x;. If the time obtained is less than our postprocessing snapshots’
time difference (At = 0.1), we check if the point and the triangle or the two edges
are closer than a chosen tolerance at time t. As explained in Bridson et al. (2002), to
check if point x4 is closer than a tolerance € to a triangle xxsx3 with a normal vector
n, we first check if |741 -n| < e. If so, we find the projection of the point x4 onto the
triangle’s plane by solving a least-squares problem for three unknowns wy, we and w;
which parameterize the plane of the triangle 7, = wyx; + waoxs + wsrz, where x4 is

the projection of x4 on the triangle’s plane.

713 ' ?13 713 : 723 wy| 713 ‘ ?43 (5.3)
713 ) ?23 723 ’ 723 W2 - 723 ) ?43 .
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w1 —|— w9 + W3 = 1 (54)

If all the unknowns wy, ws, and ws are in the range [0, 1], that means projection
of x4 is inside triangle x1x9x3. We check whether wq, ws, and w3 are in the range
[—d,1 + 6], where 0 is € divided by the characteristic length of the triangle. If all of
these conditions are met we declare that a collision has happened between times ¢

and t + At.

If a collision happens due to intersection of lines from two edges, we then check
whether the edges are close. To check if the edge x1x5 is close to the edge x3x4, we
find the closest distance between these two edges. We find the two points x; + a?m
and x3 + b743 on the two infinite lines which are closest to each other by solving the

equations

?21 : 721 —721 : 743 af ?21 : 731 (5.5)

~ T T3 Tz Taz b Ty T
If the two points found are on the finite edges, the distance between them is the
answer. Otherwise, we should clamp the points to the closest vertex of the edge.
The point which moves the most during clamping is guaranteed to be one part of the

answer, and the other point is found by projecting the first point onto the second

infinite line and clamping it to the nearest vertex of the finite edge.

All possible pairs of a vertex and a triangle and all pairs of two edges should
be checked for collision, a process that makes the algorithm very slow. In order
to accelerate the procedure, we have used a hierarchical search algorithm with Axis
Aligned Bounding Box (AABB) data structure for triangles (Shirley & Marschner,

2009). This hierarchical data structure allows us to search very efficiently for triangles
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near a particular vertex or an edge near a particular edge. This method is widely
used in other search algorithms such as ray tracing, or visibility in scene graphics. In
this algorithm, a binary tree of triangles is constructed in a recursive way. The top
node of the tree includes all the triangles. From each node two children are derived,
with each having half of the triangles of their parent node. The triangles are sorted
according to their coordinate of an alternating axis and attributed to the child nodes.
At the bottom of the tree each node has just one triangle. Each node is assigned to a
bounding box which contains all the triangles associated with the node. To check if
one vertex collides with a particular triangle, for example, we search through the tree
from the top. For each bounding box starting from the top node, we check if any part
of the vertex’s path during [t t+ At] is inside that box. If so, we check the same for
the bounding box of the child nodes. If a vertex’s path is not inside a bounding box,
all the triangles contained in the box are discarded, thereby avoiding unnecessary
searches. We search down the tree structure, and the actual vertex-triangle collision
is checked only for a few neighboring triangles. The same algorithm applies for the

collision search of two edges. The cost of the AABB algorithm is reduced to O(nlogn).

In detecting the collisions between two water surfaces, one more restrictions is also
considered. The collision is detected only if the normal vectors associated with the
two surfaces are pointing towards each other by checking whether the dot product
of them is less than 0.5. If the normals are pointing away from each other, this
then means that a water column is being fragmented, and two masses of “air” are in
fact colliding, which is outside our interest. The dot product restriction is to make
sure that we capture only the head-on collisions and not the continuation of previous

collision events.
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(a) t =0.25

(c) t =0.75 @ t=1.

Figure 5.2: Collision detection verification of a sphere with radius
R = 0.5 colliding with a plane with a constant speed of
1. The red marked area indicates the triangles on the
sphere detected as collision.

5.3.2 Verification

As a verification test case of the algorithm, we have considered a sphere of radius
R = 0.5 colliding with a flat surface with a constant velocity of 1. The sphere can
pass through the flat surface without deformation and the purpose of the test is to

see if the algorithm can detect the colliding regions. The time step for sampling
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Figure 5.3: Grid convergence of the impact detection algorithm for
a sphere impacting on a flat surface.

snapshots is chosen to be At = 0.05. Figure 5.2 shows the collision area detected
on the surface of the sphere for different times as the plane is passing through the
sphere. An analytical solution for a ribbon surface area of a sphere confined with
planes y = 3o and y = yo + dy can be derived and has the form dA/dy = 27 R, where
dA is the confined area of the sphere surface. Figure 5.3 shows the convergence of
the detected area as we refine the mesh. The point of this verification test is not to

determine the accuracy of the collision area, but rather to verify that the algorithm

converges and works correctly.

In the next section we present results of employing our impact detection algorithm

for the analysis of interfaces in the hydraulic jump simulations.
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Figure 5.4: Average number of impact points at each streamwise
location of hydraulic jump for the time span of
At = 0.1. The black solid line represents the average
position of the interface, and the dash-dotted line is a
Gaussian profile G = 4/(0,V2r)exp[(z — p1z)?/202],
where i, = 6.7 and o0, = 0.7.

5.4 Interface impact statistics

Before discussing the micro-bubble statistics, we investigate the statistics of the im-
pact point positions and their distribution in the hydraulic jump. Figure 5.4 shows
the histogram of the streamwise location of impact events on top of the average posi-
tion of the interface. As expected, the maximum number of impact points occur in the
middle of the jump where wave breaking is most intense. A Gaussian fit is plotted on

top of the histogram for which the formula reads, G = 4/(0,V27)exp|[(z — p.)?/202],
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where p, = 6.7 h is the expected value for the = locations, which is only 0.5 h down-
stream of the toe, and o, = 0.7 h is the standard deviation of their distribution. 94%
of all the impact points are occurring from x/h = 5, right in front of the toe, to x/h
= 9, where the jump ends. On average, six impact events occur per At = 0.1 h, per

spanwise length (L, = 4.2h).

5.5 Characterization of interface impacts

Relative impact velocity and relative principal curvatures are the most important
impact parameters. They define a velocity scale and a length scale for the impact
events. Pumphrey & Elmore (1990) showed that these two parameters determine
which bubble-generation regime occurs in the canonical problem of water drop im-

pacting on a deep pool.

If the local coordinate system for the surface i is x;1;z;, with the z coordinate nor-
mal to the interface, and x and y coordinates tangent to the surface, and aligned with
the principal curvature directions (figure 5.5), the parameterization of the interface i

reads

a; 0 xX;
a= oyl , (5.6)
0 ¢l |
where 2a; and 2¢; are the principal curvatures of the interface i.

Noting that at the impact point the 2z axes for the two interfaces are aligned but
in opposite directions. Therefore, the relative parameterization of the two interfaces

in the coordinate system of interface 1 reads
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Figure 5.5: Schematic of the local coordinate systems of two
impacting surfaces.

where

cos  sinb
R = (5.8)

—sinf  cost
is the rotation matrix in the x —y plane, and 6 is the angle between the two coordinate
a2

a 0
systems. The eigen-values of the matrix ( ' +RT R) in equation 5.7
0 C1 0 C2



CHAPTER 5. MACRO-BUBBLE VS MICRO-BUBBLE GENERATION 85

are half of the two relative principal curvatures of the two interfaces (k; and k).

To define an impact length scale from the principal curvatures, we reduce the two
principal curvatures to a curvedness, which is the geometric mean of the two principal

curvatures (Bermejo-Moreno & Pullin, 2008).

kT + k3

¢= 2

(5.9)

This curvedness introduces an equivalent sphere with a diameter of D = 2/C.

An efficient algorithm is implemented, using the information of the LS field, to
detect the location of impact points and compute their relative principal curvatures,
as well as their relative impact velocities before an impact occurs. Details of the

algorithm are explained in section 5.3.

Since the time between detection of an impact and the actual impact is less than
At = 0.1, we assume that during the time of impact detection and the actual impact
the principal curvatures do not change significantly. These assumptions allow us to
approximate the principal curvatures and the angle between their principal curvature

directions at the impact instance with the information at the impact detection.

5.6 Micro-bubble generation statistics

Figure 5.6(a) shows the joint PDF of the impact velocity versus the equivalent di-
ameter of the impacting surfaces on top of the Pumphrey diagram. Pumphrey &
Elmore (1990) parameterized different type of air entrainments in the case of a water
droplet hitting on a water surface, as a function of impact velocity and the diameter

of the impacting droplet. They recognized different type of air entrainment, namely,
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regular, in which the occurrence and the size of the entrained air is predictable; irreg-
ular, in which the occurrence of bubble generation cannot be predicted; large bubbles;
and Mesler entrainment, which is the regime of interest in this work. Experimental
observations of Mesler entrainment in water droplet impacts are also plotted in the
figure. The dashed red line in the figure shows the approximate region of Mesler
entrainment. Our grid resolution limits us in obtaining features smaller than the grid
size. The PDF in figure 5.6(a) is restricted to diameters larger than 2Ax. However,
interface features smaller than the Hinze scale are smoothed out with the surface ten-
sion forces. Therefore, we do not expect a significant area associated with interface

features with length scales smaller than our grid resolution.

At the impact instance, the variables important in the micro-bubble generation
process are V', D, py, pg, 1, [g, and o, which are impact velocity, equivalent diameter,
liquid and gas densities, liquid and gas dynamic viscosities, and surface tension. The
gravitational effects are not included since the micro-bubble generation events occur in
time scales much faster than the gravitational time scales. Considering these parame-
ters, the Buckingham-Pi theorem introduces four nondimensional parameters, which
can be chosen as Weber number, We = p,V2D/o; Stokes number, St = pVD/p,;
density ratio, p;/p,; and viscosity ratio py/p,. In the case of air-water interfaces,
the last two parameters are constants, and the first two parameters should determine
the regime of micro-bubble generation. This is why we have chosen to plot the im-
pact events in a We-St joint PDF in figure 5.6(b). The normalization is performed
with Weber and Stokes numbers of one of the experimental studies in which Mesler

entrainment is observed.
In order to translate the detected impacts into prediction of generated micro

bubbles we need to obtain the impact Weber and Stokes numbers based on the impact

velocity and equivalent diameter. These two dimensionless parameters determine if
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micro-bubble generation occurs and also the size and the number of micro bubbles
generated. Quantitative information on the size distribution and the number of micro
bubbles generated as a result of a Mesler impact is not available at the moment in
the literature. However, based on reported experiments each Mesler impact results
in order of 100 micro bubbles and each with diameter 10 um. This only provides the
order of magnitude of the number, surface area, and the volume of micro bubbles as a
result of liquid-liquid impact events. Table 5.6 summarizes the statistics of the macro
and micro bubbles in an outflow-height-through time (OTT) and per spanwise length
(L, =4.2h). OTT is defined as the time that the fluid travels with the amount of an
outflow-height length at the end of the domain with the mean outflow velocity. The
macro bubbles which have not yet exited the domain in an outflow-height length at the
end of the domain are considered, and micro bubbles are assumed to follow the flow
and not leave the domain. The total number of Mesler impacts during the simulation
time (120 h/U) is about 9900, which translates to on average 120 impact events per
OTT and per L,. If we assume these impact events each results in 100 micro bubbles
and with diameter 10 ym, we can come up with an estimate for the number, area
and volume of micro bubbles generated. Since the only accurate estimation here is
the number of impact points, and the resulting micro bubbles are estimates, we have
introduced a range for the number, area, and volume of the resulting micro bubbles,
with the lower and upper bounds defined as the nominal value divided and multiplied

by 3.

The volume of micro bubbles is much smaller than the large bubbles. This suggests
that the micro bubbles do not have a significant effect on the momentum transfer of
the water, and thus can be modeled via uncoupled transport equations. The surface
area generated due to micro bubbles is comparable to the surface area of the large

bubbles. Although the volume of air in micro bubbles is much smaller than that
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in the large bubbles, the larger surface area of micro bubbles provides an effective
long-lasting mean for the dissolution process of air into water. For example, larger
bubbles with radii larger than about 150 um leave the ocean water in tens of seconds
(Trevorrow et al., 1994), whereas small bubbles with radii on the order of 10 um take
tens of minutes to rise to the surface from 4 meter-deep still water, due to their low
rising speed. This time would provide micro bubbles with enough time to be absorbed
completely before rising to the surface.

In Summary we conclude that:

1. Volume fraction fields are demented by the resolved macro bubbles. No addi-
tional modeling is needed to predict mean void fraction and momentum trans-
port since the effects of unresolved micro bubbles are negligible on these quan-

tities.

2. Prediction of micro bubbles themselves needs additional modeling. The critical
aspect is to develop quantitative knowledge of Mesler bubbles as a function of
impact parameters. However, micro bubble transport after the generation can

be transported via lagrangian equations which are one-way coupled to the field.

3. Micro bubbles play the dominant role in providing surface area of the submerged
interface possibly by order of magnitude larger than macro-bubbles. In addi-
tion, they have significantly larger residence time compared to macro bubbles.

Therefore, micro bubbles play the dominant role in mass transfer.
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Impact Number of Surface Volume Volume
events bubbles  (mm?/L,/OTT) (mm?3/L,/OTT) fraction
(#/L./OTT) (#/L./OTT)
Macro —~ 36 6 3 3x107°
bubbles
Micro 120 4k — 36k 4.8 —44 (1.6 — 14) x 1.6 x 1077
bubbles 1072

Table 5.1: Comparison of the statistics of macro and micro bubbles
generated in an outflow-height-through time (OTT) and
per spanwise length. We have assumed that each Mesler
impact results in 100 micro bubbles on average, each
with diameter of 10 um.
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(a) PDF of the impact velocity versus the equivalent diameter of the impact points on top
of the Pumphrey diagram. The symbols represent the experimental investigations of Mesler
entrainment. The dashed red line represents the region of Mesler entrainment. The plot is
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Figure 5.6: Interface impact results on top of the Pumphrey
diagram (Pumphrey & Elmore, 1990).



Chapter 6

Effect of Weber number and
Reynolds number on air

entrainment

A hydraulic jump is considered to be a gravitational wave in which gravitational
and inertial forces are the dominant factors controlling the dynamics. Therefore,
the Froude number, F'r = U/+\/gh, is the most important nondimensional parameter
characterizing this phenomenon. It determines the jump in the water height in an

ideal case where the bottom friction is neglected.

Air entrainment and bubble generation in hydraulic jumps and breaking waves,
on the other hand, are more complicated phenomena to be explained only by the
effect of gravity and inertia (Froude number similitude). In fact, Chanson (2007b)
showed drastic effects in bubble count and nondimensional air entrainment process in
hydraulic jumps with the same Froude number as other parameters changed. There-

fore, there must be other nondimensional parameters controlling the air entrainment

91
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process. Surface tension and viscous forces must therefore also be considered in the
analysis. Specifically, we consider these effects respectively characterized by dimen-
sionless Weber number We = p,U?h/o and Reynolds number, Re = p,Uh/u. In
experiments involving air and water, it is possible to keep F'r fixed while changing
Re and We. However, given fixed material properties, it is not possible to select
Re and We independently. In the experiments of Chanson (2007b) it was concluded
that the Reynolds number (i. e., viscous effects) are important in controlling the air
entrainment process, although, the Weber number had also changed. In this section
we investigate the effects of viscous and surface tension forces on air entrainment,
bubble generation, interface characteristics, and interface impact statistics. In our
computations we can independently vary We and Re and thus provide a rigorous
assessment of viscous effects versus surface tension effects on air entrainment. As
mentioned in section 2.5, we have considered 4 different cases, varying Weber and
Reynolds numbers independently. These cases are summarized in table 2.1. Case #1
is the nominal case for which the flow characteristics and bubble generation results
are presented in previous chapters. In addition to the nominal case, cases #2 and #3
are designed with smaller Weber numbers of We = 729 and We = 292, respectively,
to assess the effects of Weber number. Case #4 has the same Weber number as the
nominal case but with half the Reynolds number. In the following sections we inves-
tigate the effects of Weber and Reynolds numbers on interface characteristics, macro-

and micro-bubble generation and air entrainment.
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6.1 Interface characteristics: smoothness and mean

location

In this section we focus on how the mean interface length scales are sensitive to
Weber and Reynolds numbers. As expected, interface length scales and structures
are dependent on the surface tension, therefore on Weber number. Figure 6.1 shows
a qualitative comparison of instantaneous interface visualizations in different cases of
this study. Cases #1 and #4, defined in table 2.1, have the highest Weber numbers
and the most corrugated interface. As we decrease the Weber number in cases #2
and #3 the interface tends to become smoother and less corrugated, and in case #3
with the lowest Weber number, the interface appears smooth even at the toe of the
jump, suggesting a drastic reduction in wave-breaking events.

Figure 6.2 demonstrates a more quantitative comparison between the cases. It
shows the area associated with each curvedness value which is defined as the geometric
mean of the two principal curvatures, C' = W, in three different windows
with streamwise length of Ax/h = 1. As the Weber number decreases, the probability
of finding an interface with higher curvedness also decreases. Moreover, the transition
region, where the PDF changes slope in the case of the lowest Weber number, occurs
at smaller curvedness compared to the other cases. The surface tension forces retract
interface features smaller than the Hinze scale, and as the Weber number decreases
(and the surface tension increases), the Hinze scale increases, and interface structures
smaller than the Hinze scale are retracted by the surface tension forces. We can also
observe that the PDFs in cases #1 and #4 are on top of each other, suggesting that
the Reynolds number does not have a significant effect on the interface curvedness
statistics.

The Weber number also affects the transition from supercritical to subcritical flow
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(before and after the jump), as well as the location of the jump. Figure 6.3 shows the
time- and spanwise-averaged mean location of the interface for all cases. The mean
interface profile for case #3 with the lowest Weber number is the smoothest, and the
transition from the supercritical to subcritical flow is less abrupt than in the other
cases. As a result, the location of the toe of the jump moves upstream. According
to the criteria defined in section 4.1, the toe of the jump for case #2 is located at
xi/h = 5.5, and for case #3 at x;/h = 5.1. Since the mean interface for case #4 is
on top of case #1, the toe for both is located at x;/h = 6.2. The mean position of
the interfaces in cases #1 and #4 with different Reynolds numbers is on top of each
other. Therefore, Reynolds number does not affect the mean location of the interface

or the location of the toe.

6.2 Air entrainment and bubble generation

Previous studies showed that the Froude number is not the only controlling parameter
in the air entrainment process (Chanson (2007b), Murzyn & Chanson (2008)). These
authors showed that downscaling flow geometry while keeping F'r fixed, significantly
reduces the air entrainment and bubble generation, suggesting that other dimen-
sionless parameters are important in this process. Chanson (2007b) considered the
Reynolds number as the other dimensionless parameter controlling the process, while
condensing the surface tension effects in the Morton number, Mo = gu? /(p,0?),
which is only a function of fluid properties and a constant for air-water systems.
Murzyn & Chanson (2008) quantified the void fraction and bubble count rate as a
function of Reynolds number. This choice of nondimensionalization prevented them
from directly exploring the effect of the ratio of the surface tension forces to the

inertial forces.
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(a) case #1, We = 1820, Re = 11000 (b) case #2, We = 729, Re = 11000

(c) case #3, We = 292, Re = 11000 (d) case #4, We = 1820, Re = 5500

Figure 6.1: Qualitative comparison of the interface corrugation for
different flow conditions. Flow parameters for different
cases are defined in table 2.1.

In this study, however, we show that viscosity actually has little effect on the
process of air entrainment (changing Re while keeping We and Fr fixed), whereas
the most important factor besides Froude number is the ratio of inertia to the surface
tension forces (Weber number).

Figure 6.4 compares the number of bubbles and the total volume of air entrained
in the domain for different cases. Figure 6.4(a) shows that the number of bubbles
entrained in cases #1 and #4, is very close, and their steady-state condition is the

same. However, decreasing the Weber number in cases #2 and #3 reduces the number
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Figure 6.2: Area associated with each curvedness (the geometric
mean of the two principal curvatures) in three windows
of the jump. (Black): case #1, (blue): case #2,
(magenta): case #3, (cyan): case #4. ——: 1/Ax,,, the
inverse of the calculations’ mesh size.

of bubbles significantly. Decreasing the Weber number by a factor of 2.5 in case #2
reduces the number of bubbles by almost one third, and reducing the Weber number

2.5 times further reduces the number of bubbles by another factor of 5. The effect
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Figure 6.3: Comparison of the mean interface location of hydraulic
jump. The background color is the contour plot of the
Volume Fraction (VF) for the nominal case (case #1).
Lines show the isocontour of VF = 0.5 for (black): case
#1, (blue): case #2, (magenta): case #3, (cyan): case
#4.

of Weber number on the total volume of air entrainment is further explored in figure
6.4(b). Again, reducing the Reynolds number has an insignificant effect on the total
volume of air entrained, while reducing the Weber number, lowers the entrained air
by 34%, in case #2 and another 75% in case #3.

Figure 6.5 compares a histogram showing the distribution of bubbles in different
volumes in the domain at the fully developed condition. The Weber number is shown
to have a significant effect on the distribution and number of bubbles generated
(figure 6.5(a)). The mean diameter of the bubbles for cases #1 to #4 are computed as
Di/h =6.32x1072, Dy/h = 7.52x1072 D3/h = 6.82x 1072, and Dy /h = 6.34 x 1072,
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where the subscripts show the case numbers. As the Weber number decreases from
case #1 to #2, the mean diameter increases. However, the mean diameter for case #3
is less than that of case #2. This is due to the nature of bubble generation for very low
Weber numbers. Most of the air entrainment in case #3 is due to ligament formation
as opposed to wave breaking which is the dominant air entrainment mechanism in case
#2 and case #1. Strong surface tension forces significantly suppress the wave breaking
events in the low Weber number case #3 (visualization of figure 6.1(c)). Since the
ligaments which are formed at the toe of the jump have smaller length scales, the
mean diameter of the bubbles in this case is less than case #2. On the other hand,
comparing the mean diameters for cases #4 and #1 as well as figures 6.5(a) and
6.5(b) suggests that the Reynolds number has a minor effect on the distribution of
bubbles.

These results show that contrary to the assumptions of Chanson (20075), Murzyn
& Chanson (2008), the ratio of inertia to viscous forces (Reynolds number) is not the
appropriate nondimensional parameter to characterize the bubble-generation phe-
nomenon. Instead, it is the ratio of inertia to the surface tension forces (Weber
number) which determines the number, volume, and the volume distribution of the

entrained bubbles.

6.3 Bubble size distribution

Bubble size distribution is one of the most important characteristics of two-phase bub-
bly flows. For example, RANS models of air entrainment rely on inputs of the bubble
size distribution right after air engulfment (Moraga et al. (2008), Ma et al. (2010),
Ma et al. (2011b), Ma et al. (2011a), and Ma et al. (2012)). Therefore, knowledge of

the initial bubble size distribution is critical in modeling this phenomenon.
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Figure 6.4: (a): Total number of bubbles entrained in the domain,
(b): Total volume of the air entrained in the domain,
as a function of time, for (black): case #1, (blue): case
#2, (magenta): case #3, (cyan): case #4.

Figure 6.6 shows the PDF of the size distribution function of the bubbles gener-
ated in the hydraulic jumps in this study, as a function of the streamwise location.
Similar to an earlier illustration in figure 5.1, the darker colors correspond to the
lower streamwise locations starting from z/h = 8.9. Each line corresponds to a space
of Az/h = 0.2. The brightest color corresponds to z/h = 19.5. The vertical dashed
line shows our resolution limit, equal to twice the mesh size, before which bubbles
cannot be resolved. We observe a similar behavior for all cases except for case #3.
The power law of —10/3 is observed for locations close to the jump, and as the bubble
cloud moves downstream, the slope steepens, similar to the observation in the study

of Deane & Stokes (2002), and as discussed in previous chapter.

An important observation is that for case #3 with the lowest Weber number, we

see a change in the slope for large and small bubbles, a result of the Hinze scale being
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Figure 6.5: Comparison of air entrainment in the domain.
Histogram of the volume of bubbles entrained. (a):
Different Weber numbers. (black): case #1, (blue):
case #2, (magenta): case #3. (b): Low Reynolds
number, case #4.

large enough to have an important effect on the resolved bubble. Interestingly, a slope
of —3/2, as reported by Deane & Stokes (2002), seems to reasonably characterize this
regime. The size distribution of cases #1 and #4 with the same Weber numbers are
quite similar, showing that the Reynolds number has a minor effect on the bubble-

generation process.

6.4 Energy spectra and bubble-shedding charac-
teristics

Another characteristic of the bubble generation phenomenon explored in section 4.8

is the periodic nature of bubble generation. Bubbles are generated at the toe of the
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Figure 6.6: Probability Distribution Function of bubble diameter
for four cases at different streamwise locations. Lighter
colors corresponds to higher x/h. The darkest color
corresponds to z/h = 8.9 and the lightest color
corresponds to z/h = 19.5. Red dashed line: slope of
—10/3; black dashed line: slope of —6; blue dashed
line: slope of —3/2. Vertical dashed line: twice the
computational grid size.
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jump with a characteristic frequency which matches a peak frequency in the vertical
velocity energy spectrum. This frequency associates with the vortex-shedding event
at the toe of the jump, which also engulfs pockets of air. Figure 4.19 shows the
correlation between vorticity generation and bubble generation after the toe at a
particular time ¢ = 44.1h/U.

Looking at the energy spectra of the vertical velocity for different cases in figure
6.7(a), we observe that in all four cases a peak exists in the energy spectrum of
the vertical velocity, showing that all cases involve vortex shedding. The peaks for
cases #1 and #4 are close to each other, implying insignificant effect of Reynolds
number, whereas decreasing the Weber number increases the peak frequency slightly.
In addition, the energy of the peak for cases #2 and #3 with lower Weber numbers
is lower, suggesting that the vortices which are shed at the toe of the jump are less
energetic in low Weber number cases.

Figure 6.7(b) shows the temporal autocorrelation of the bubble volume signal in a
space of length Az = 0.2h after the toe. For all cases except case #3, a periodic bubble
generation can be observed, with a characteristic frequency whose value is very close
for all the cases. The periodic bubble-generation phenomenon is suppressed in the
case of the lowest Weber number (case #3). The surface tension force is strong enough
that it prevents plunging events that can entrap significant air volumes. Instead, the
mechanism of entrainment is dominated by engulfment of air ligaments as observed
in instantaneous snapshots.

The inertial ranges of the energy spectra for all the cases in figure 6.7(a) show
the Kolmogorov power law of —5/3. In addition, the spectra for all cases in the
inertial range are very close to each other, which suggests that the process of energy
cascade from larger scales to the smaller scales are not affected significantly by either

Reynolds or Weber numbers.
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Figure 6.7: (a) Energy spectra of the vertical velocity at
(x — x¢)/h = 2. The peaks in the spectra show the
vortex shedding at the toe of the jump. (b)
Autocorrelations of bubble volume signals show
periodic bubble generation for three of the cases.
Black: case #1, blue: case #2, magenta: case #3,
cyan: case #4.

6.5 Interface impact events and micro-bubble gen-

eration

As was discussed in section 5.6, bubbles smaller than the Hinze scale cannot be gener-
ated by turbulence fragmentation, since the turbulent kinetic energy is not sufficient
to overcome the surface tension energetics for bubbles smaller than the Hinze scale.
However, the presence of micro bubbles with diameters as small as a few microns
has been observed in various experiments. This phenomenon was first observed by

Esmailizadeh & Mesler (1986), who investigated the impact of water droplets on a
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pool of water. They observed hundreds of micro bubbles generated in a chandelier
form, which were subsequently driven down by the action of impact vortices. Other
studies have subsequently investigated this phenomenon with water and silicon oil as
the main fluid (Sigler & Mesler 1990, Thoroddsen et al. 2003, Mills & Saylor 2011,
Saylor & Bounds 2012, Thoroddsen et al. 2012, Thoraval et al. 2013, and Tran et al.
2013).

In chapter 5 we presented an efficient algorithm for impact detection and used it to
obtain the interface impact points for the hydraulic jump of case #1. In this section,
we apply this method to different case studies to investigate the effect of Weber
number and Reynolds number on the impact statistics and micro-bubble generation
in turbulent hydraulic jumps.

Figure 6.8 shows the histogram of the location of the impact events in a time span
of At = 0.1. Figure 6.8(c), corresponding to the lowerst Weber number case, shows
a drastic decrease in the impact points. Moreover, the position of the maximum
impacts moves upstream for lower Weber number cases. As discussed in section 6.1,
the interface becomes smoother with decreasing Weber number, and the location of
the toe, where most of the impacts occur, moves upstream. The impact histogram for
case #4 with lower Reynolds number (figure 6.8(d)) did not change significantly from
the nominal case #1 (figure 6.8(a)), suggesting that the statistics of impacts does not
change with changing Reynolds number. However, Weber number has a significant
effect on the dynamics of the interface and alters the impact statistics significantly.

Using the same nondimensionalization performed in section 5.6 to characterize
micro-bubble generation, the joint PDF of impact Weber, We = p,V?D /o versus
impact Stokes number, St = p,,V D/, for different cases is plotted in figure 6.9, on
top of the Pumphrey diagram with the bounds for the Mesler entrainment. Weber

and Stokes numbers are nondimensionalized with the value of an experiment where
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Figure 6.8: Histogram of the average of number of impacts in time
spam At = 0.1. The black curve is the average position
of the interface for each case.

Mesler entrainment is observed (We* = 24 and St* = 1.23 x 10°). We note that
impact We is an output result from our analysis and is different from the hydraulic
jump We which is an input parameter. For all cases the density ratio and the viscosity
ratio of water and air are the same as for the realistic air-water systems (same as the

Pumphrey diagram). Therefore, we expect that the only parameters controlling the
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Figure 6.9: Joint PDF of impact Weber number, We = p,V?D/o,
versus impact Stokes number, St = p,,V D/,
normalized by the value of Weber and Stokes numbers

in an experimental Mesler entrainment, We* = 24 and
St* = 1.23 x 10°.

Mesler entrainment phenomenon to be impact Weber and Stokes numbers.

In cases #2 and #3 (figures 6.9(b) and 6.9(c)), hydraulic jumps with large sur-

face tension are considered, which naturally have resulted in smaller impact Weber
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numbers. As a result fewer and fewer points fall into the Mesler entrainment region,
and we expect less micro-bubble generation than in the nominal case #1.

In case #4, the jump Reynolds number is decreased (increased relative viscous
effects). While this change does not much influence surface topography and impact
velocities (when reported in terms of U and h), the dimensionless impact Stokes
numbers has decreased due to dependence on viscosity. This has led many impacts
to fall outside of the Mesler zone, and the number of micro bubbles is expected to be
less than the nominal case #1.

Table 6.5 compares the estimates of micro-bubble generation rates in various cases
as well as with macro bubbles in case #1. The table demonstrates that as the We-
ber number decreases, the number of impact points resulting in Mesler entrainment
reduces drastically. With the exception of case #3 where micro-bubble generation is
suppressed significantly, the surface area generated due to micro bubbles is compa-
rable or possibly larger than the surface area of macro bubbles. Additionally, while
Reynolds number was found to have insignificant effect on macro bubbles, this pa-
rameter could have an effect on the rate of generation of micro bubbles. This effect
is mostly via affecting the impact Stokes number which determines the condition for
Mesler entrainment. In this case, we have estimated that lowering the Re by a factor

of 2 has lowered the number of micro bubbles by about a factor of 2 as well.
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Impact Number of Surface Volume
events bubbles  (mm?/L,/OTT) (mm?®/L,/OTT)
(#/L./OTT) (#/L./OTT)

Case #1 120 4k — 36k 4.8 —44 (1.6 —14) x 1072
Case #2 35 1k — 10k 14— 12 (5— 45) x 103
Case #3 1 30 — 300 0.03 —0.3 (1-10) x 1074
Case #4 60 2k — 20k 2.5 —22 (8 —70) x 1073
Macro —— 36 6 3
bubbles
case #1

Table 6.1: Comparison of the estimates of micro-bubble generation

rates in different cases in per outflow-height-through
time (OTT) and per spanwise length (L,). The last row
corresponds to the macro bubbles in case #1.



Future work

In this report we have developed a framework to give an estimate for micro-bubble
generation statistics. To obtain a more accurate estimate of micro-bubble generation
as a result of interface impact events, a subgird scale model is required for obtaining
the number and size distributions of the micro-bubbles generated in each impact
event as a function of impact Weber and Stokes numbers. Particle tracking numerical
techniques then can be utilized to track these micro bubbles in the domain. Due to
their small sizes and small mass ratio of micro bubbles, a one-way-coupling system is
sufficient to model their dynamics.

In addition to numerical techniques, acoustic experimental techniques can be uti-
lized in order to measure the distribution and generation of micro bubbles in the
domain, and validate the subgrid scale models of micro-bubble generation. Gas disso-
lution processes must be also incorporated in the numerical techniques and evolution

of micro bubbles.
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Chapter 7

Conclusions

This report presents the first comprehensive study of turbulent hydraulic jumps in-
cluding both flow statistics as well as bubble statistics, in which a direct solution to
the Navier-Stokes equation is employed to simulate this phenomenon. The simula-
tion methodology employs a recently developed geometric Volume of Fluid method
(Le-Chenadec & Pitsch, 2013) in order to track the phase interface. The combination
of this numerical scheme, which has good mass conservation properties, and central
difference schemes for momentum transport allows for accurate concurrent prediction
of bubbles and turbulence. Aside from comprehensive verification test cases, avail-
able experimental data are used for validation of our simulation. Specifically, good
agreement is observed with experimental measurements of void fraction and interface
length-scale.

Reynolds-averaged mean velocity and fluctuations and Favre-averaged turbulent
stress terms are computed as well as Favre-averaged turbulence production terms and
turbulent kinetic energy. The streamwise velocity fluctuations are dominant at the
toe and roller regions, but settle at close to isotropic condition about 2A inlet heights

downstream of the jump. Likewise, the steepest rise of the interface spans streamwise
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distance of order two inlet heights, where the turbulence activity is strongest and is
confined close to the interface. As one moves downstream of the jump, the location
of the peak values of the velocity fluctuations, Reynolds stresses, and turbulence
dissipation asymptote to approximately the average heights of inflow and outflow on

the water side.

One-dimensional energy balance is investigated to elucidate energy transfer be-
tween different modes. While surface energy is found to play a negligible role in
overall energy exchange processes, the kinetic energy was found to transfer to differ-
ent modes in different orders. The peak of the exchange of kinetic energy to pressure
work was found to precede that of the potential energy followed by the dissipation. In
the beginning of the jump kinetic energy is mostly transferred to the pressure work,
whereas far downstream the transfer is mostly between kinetic energy, potential en-
ergy, and dissipation. Dissipation decays slowly and the exchange of energy is found

to occur in a long distance of about 10 h.

A two-dimensional turbulent kinetic energy dissipation term is also computed in
the domain in order to gain insight into the interaction between the turbulence and
bubble generation. The minimum Hinze scale diameter is found to be Dy = 0.05h
(2.8 mm) for the nominal case of Re = 11000 and We = 1820, which agrees very well
with the experiment. A range of Hinze scales was observed due to variation of the

turbulent kinetic energy dissipation in the domain.

Velocity energy spectra at three different streamwise locations in the jump were
computed, and a Kolmogorov-type spectrum with the slope of —5/3 was observed in
the inertial range. In addition, coherent structures were found to have a paramount
impact on turbulence, vorticity and bubble generation in the jump. A dominant fre-

quency is distinguishable in the vertical velocity energy spectra which is related to
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the frequency of the rolling region at the front of the hydraulic jump. The genera-
tion of coherent vortex structures is observed and shown to be correlated with the
bubble-generation phenomenon. Bubble formation is shown to have a quasi-periodic
nature. This hypothesis is examined by computing the void fraction downstream of
the jump. The autocorrelation of this void fraction reveals a frequency which matches
the dominant frequency content of the velocity energy spectrum.

This is the first time that the individual interface impact events have been de-
tected, and their relative principal curvature and relative impact velocities enabled
us to estimate the statistics of micro-bubble generation in the domain. It has been
shown that the surface generation due to micro bubbles is significant and of the same
order of magnitude or possibly larger than the surface generation of macro bubbles.
The mass fraction of these micro bubbles is not significant. However, given their
larger surface contribution and longer residence time, the mass transfer due to micro
bubbles is expected to dominate the mass transfer process.

The effect of Reynolds and Weber numbers on air entrainment and bubble genera-
tion in a turbulent hydraulic jump with Froude number F'r = 2 is investigated, in or-
der to assess the importance of viscosity and surface tension in the bubble-generation
properties and micro-bubble generation. It was found that Reynolds number does not
influence major processes associated with air entrainment. Those include interface
curvedness, air entrainment, and macro bubble size distribution.

The interface corrugations and length scales show that the lower the Weber num-
ber, the less corrugated is the interface. This was also shown quantitatively by com-
paring the curvedness PDFs of the interface for different cases. Both the number of
bubbles and the total volume of air entrained in the flow were shown to be strong
functions of the Weber number, and these decrease with decreasing the Weber num-

ber. Bubbles are shown to be generated in a quasi-periodic fashion for all cases except
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the one with the smallest Weber number, with their period apparent as a peak in the
energy spectrum of the vertical velocity. All of the cases studied showed a peak in
their energy spectra, with dominant frequencies increasing slightly for lower Weber
numbers. However, the case with the lowest Weber number did not show a peri-
odic bubble generation. In this case the strong surface tension force suppressed the
wave plunging event and the subsequent air entrainment. Instead, entrainment of air
ligaments were found to be the mechanism of air entrainment in the lowest Weber

number case.

Bubble size distributions for all cases show a power law compatible with the
experiments of Deane & Stokes (2002) for larger bubble sizes near the toe of the
jump. However, as the surface tension becomes strong enough for the lowest Weber
number case (case #3, We = 292), it affects the smaller resolved bubbles. This
modification to the PDF was shown to reduce the power law from —10/3 to —3/2 for

the smaller resolved bubbles.

Finally, we examined the interface impact statistics for these cases and observed
that the number of the impacts significantly reduces as a result of decreasing the
Weber number. Surface tension smoothes out the wave-breaking crests and reduces
the amount of air they entrap. Furthermore, the number of the impact events relevant
to the Mesler entrainment is also reduced as Weber number decreases. As a result,
the number of micro bubbles for the lowest Weber number case (case #3, We = 292)
is estimated to be one order of magnitude less than the nominal case (case #1, We =
1820). Reynolds number, on the other hand, shows no significant effect on the number
of impacts; however, change in viscous effects decreases the impact Stokes number,
which affect position of the impact events in the We-St diagram, and consequently
micro-bubble generation statistics. In other words, Reynolds number does not have a

significant effect on the large-scale phenomena which are mostly governed by inviscid
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instability mechanisms, while it has important effects on small-scale instabilities such

as thin air-film breakup and micro-bubble generation.



Appendix A

A note on micro-bubble generation

in the wake of ships

One instance of interest at which micro bubbles are generated is in ships’ wakes as
a result of breaking waves produced from their passage. Bubbles are generated as
a result of steep bow-wave breaking, turbulent boundary layer wave generation and
the stern-wave breaking behind ships. Ship passage leaves behind a trail for many
kilometers, which can even be observed from space through satellite images in low or
moderate interface fluctuation intensities (Reed & Milgram, 2002). In addition to the
whitewater generated in their trails as a result of bubble generation, ships generate
turbulent wakes. In moderate-to-high wind conditions, this turbulent wake is calmer
than the surrounding surface and can be observed in the satellite images as dark

regions (Reed & Milgram, 2002).

The focus of this appendix is on the bubbles and in particular micro bubbles
generated in the wakes of ships as they move through the oceans. High-frequency

sonar measurements have proven to be efficient in detecting the micro bubbles in the
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wakes of ships (Trevorrow et al., 1994). In this method, the wake region is excited with
a given frequency and the energy is scattered back by the bubble cloud. However, the
scattering coefficient is dependent on bubble size and on the input frequency and by
measuring the intensity of the backscatter energy, as a function of the input frequency,

the population of bubbles with a particular radius can be determined.

The resonating frequency of the bubbles with radius a in a surrounding liquid

with density p,,, and pressure P, is derived by Minnaert (1933),

f_i 37P07

C2ma\l pu

where v = ¢,/¢, is the ratio of constant pressure to constant volume specific heat. If
we use a certain frequency to excite the bubbles, bubbles with larger radii are excited
in deeper waters due to increasing Fy. For example, for frequency 100 K Hz, the
resonant bubbles with radius 34 um are excited at 1 m depth, whereas bubbles with

radius 40 um are excited at a 5m depth (Trevorrow et al., 1994).

Bubbles undergo buoyancy forces and may travel upward to leave the water do-
main. This rising speed depends on the radius of these bubbles. Another factor
differentiating the rising speed of bubbles is the amount of surface-active materials
on the surface of bubbles. Bubbles usually absorb surface-active materials from the
water as they age. Bubbles with very low surface-active materials are called clean
bubbles, and those with high amount of surface-active materials are called dirty bub-
bles. These materials on the bubbles’ surface make them more rigid and allow them
to tolerate stresses. These surface-active materials also reduce the surface tension
of bubbles. It has been observed that the rising speed of clean bubbles is higher
than that of dirty bubbles (Blanchard, 1978). Smaller bubbles with radii of range
a < 200pum have a rising speed of (Thorpe, 1982):
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Wy = 2/9(@29/y)[\/ X2 +2x — X}a

where g, v are the gravitational acceleration and kinematic viscosity of water, respec-
tively, and x = 10.82v2/(ga®). If the downward speed of water around the bubble
is higher than the rising speed, the bubble would stay in the water side, otherwise
it would leave the domain. For bubbles larger than ~ 150 um, the rising velocity
(> 27mm/s) is large enough to remove the bubbles within tens of seconds from a

one-meter-deep stillwater column (37 s for a = 150 um).

There are two important mechanisms in the generation of bubbles at the wake of
the ships. First, the wave breaking near the hull, at the bow, and at the stern of the
ships; second, cavitation phenomena at the propeller. Trevorrow et al. (1994) showed
that at the centerline of the wake of ships, the relative concentration of larger bubbles
(> 100 wm) is higher. However, the smaller bubbles, a < 150 um, penetrate the
deepest due to their interaction with turbulent eddies. Bubbles with radius a = 25 uym
penetrate up to 9 meters deep under the surface (Trevorrow et al., 1994). The rising
speeds of bubbles with radii a ~ 20 um are measured as low as 8 mm/s. This means
that such bubbles with perfectly calm water would take up to 90 minutes to reach
the interface. However, the measurements of Trevorrow et al. (1994) show that the
acoustic signature of such bubbles only lasts for a tenth of this duration, around
7.5 minutes. Therefore, dissolution of air into water is suggested as the mechanism

responsible for the disappearance of micro bubbles in ship wakes.

The dissolution process of a spherical bubble into water can be modeled as a
diffusion process. Epstein & Plesset (1950) have considered this diffusion process in

the domain outside of the bubble with the diffusion equation according to:
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with boundary conditions

c(r=R,t)=cs, c(r — +o0,t) =¢;, c(r>R,t=0)=c,

where c¢ is density of air inside water, D is the mass diffusivity coefficient of air in
water, R is radius of the bubble, ¢, is the saturation density of air in water at the
surface of the bubble, which is assumed to be constant, and ¢; is a constant air
density in the water far from the bubble. The advection process is ignored in this
model. Assuming the spherical symmetry of the problem, they obtained an analytical
solution for the problem and derived an ODE describing the evolution of the bubble

radius. They introduced a nondimensional variable for time according to

= (20/ RO,

in which @ = D(cs — ¢;)/p, and p is the gas density. They showed that the time
required for the complete dissolution of the bubble is 7 = O(1). Taking the physical
values of D = 2 x 1079 p = 1.2kg/m3, c¢s/p = 0.02, and assuming ¢; = 0, the
dissolution time becomes t ~ 250s. This time is sensitive to the level of saturation
of air in water. For ¢;/cs = 0.5, the dissolution time is ¢ = 500s, similar to the time
observed in the experiments of attenuation of the bubbly wake of the ships (Trevorrow

et al., 1994).
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