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Abstract

With the advent of modern ever more powerful supercomputers, it is desired to carry
out existing numerical simulations faster and to larger scales. This thesis contributes
to the goal with newly developed algorithms and their implementations using tools
from both numerical analysis and parallel computing. The common theme behind all
algorithms presented in this thesis is the so-called hierarchical-matrix theory (HMT),
which states from a high-level perspective that discretization matrices of elliptic par-
tial differential equations have low-rank off-diagonal blocks. The applications studied
here include fluid/solid /structural mechanics, climate simulation and dislocation dy-

namics. This thesis has the following three main parts.

The first part (chapter 2) presents a parallel hierarchical solver for general sparse
linear systems on distributed-memory machines. For large-scale problems, this fully
algebraic algorithm is faster and more memory-efficient than sparse direct solvers be-
cause it exploits the low-rank structure of fill-in blocks. Depending on the accuracy
of low-rank approximations, the hierarchical solver can be used either as a direct
solver or as a preconditioner. The parallel algorithm is based on data decomposition
and requires only local communication for updating boundary data on every pro-
cessor. Moreover, the computation-to-communication ratio of the parallel algorithm
is approximately the volume-to-surface-area ratio of the subdomain owned by every
processor. We present various numerical results to demonstrate the versatility and

scalability of the parallel algorithm.

The second part (chapter 3) introduces a hierarchical solver for solving sparse ill-
conditioned linear systems in parallel. The solver is based on an existing method, but

employs a diagonal-scaling technique, which provably reduces the approximation error

il



and significantly improves the efficiency of the original method. Moreover, utilizing
the deferred-compression technique in the new solver introduces minimal overhead
and does not affect the parallelism at all. As a result, the new solver achieves linear
computational complexity under mild assumptions and excellent parallel scalability.
To demonstrate the performance of the new solver, we focus on applying it to solve
sparse linear systems arising from ice sheet modeling. The strong anisotropic phe-
nomena associated with the thin structure of ice sheets creates serious challenge for
existing solvers. To address this difficulty, we developed a customized partitioning
scheme for the solver, which captures the strong-coupling direction accurately in ice
sheet modeling. In general, an algebraic partitioning can be computed with existing
software packages, and thus the new solver is generalizable for solving other sparse
linear systems.

The third part (chapter 4) is about an algorithm commonly used in computational
physics, namely, the fast multipole method (FMM), of which the HMT is an algebraic
generalization. The FMM was originally devised to evaluate long-range interactions
among large ensembles of particles, and has applications in various computational
physics problems. One such application is in dislocation dynamics (DD) simulations,
where the evaluation of elastic interaction forces among dislocation ensembles is the
most computationally intensive step. Existing FMMs in popular DD simulation soft-
wares are difficult to derive in anisotropic elastic media. Therefore, the “black-box
FMM” was implemented, which requires only being able to evaluate the interaction
force and thus can be applied easily in anisotropic elastic media. To further reduce
the memory-footprint, a new black-box method was developed, which also employs
faster translation operators than the BBFMM.

In conclusion, this thesis presents (1) parallel hierarchical linear solvers with ap-
plications in ice sheet modeling, and (2) “black-box” FMMs with applications in

dislocation dynamics.

v
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Chapter 1

Introduction

1.1 Motivation

Modern high-fidelity numerical simulations result in problems that existing methods
cannot solve efficiently. The challenge has become more serious with the advent of
advanced computing platforms, where many existing software packages of numerical
methods struggle to achieve high performance. To address this pressing need, this
thesis presents newly developed algorithms and their parallel implementations using
tools from both numerical analysis and parallel computing. The targeted applica-
tions studied here include fluid/solid/structural mechanics, climate simulation and
dislocation dynamics.

In particular, this thesis focuses on two types of problems: solving general sparse
linear systems arising from various applications and evaluating pair-wise interaction
forces among dislocation ensembles. (1) Solving sparse linear systems is a crucial
building block — but often a computational bottleneck — in many science and en-
gineering fields. Numerical simulations of physical phenomena governed by elliptic
differential equations usually require the solution of sparse linear systems, which come
from discretizations of differential equations via schemes, such as finite elements, fi-
nite differences and finite volumes. The computational cost dedicated to solving these
linear systems is typically a large portion of the total simulation time. (2) Disloca-

tions are the primary carriers of plastic deformation in crystalline materials, and
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dislocation dynamics (DD) simulation is an important tool to study plastic behav-
iors at the macroscopic scale. However, the computational cost for evaluating the
elastic interactions between dislocation lines increases quadratically with respect to
the number of dislocation lines, which is usually the bottleneck in DD simulations.
Although a few software packages of numerical methods exist for both problems, two

major challenges remain:

First, modern high-fidelity simulations lead to problems that fall outside the
range of what existing methods can solve. (1) The increasingly larger and more
complex simulations require the solution of ever larger linear systems, which chal-
lenges the scalability and versatility of existing solvers. Existing methods, such as
the multigrid methods and the incomplete (ILU) factorizations have difficulty for
certain types of linear systems [73, 25|, notably, highly ill-conditioned systems and
indefinite systems, where the iteration count can grow rapidly and may need manual
adjustments/preconditioner for a specific problem configuration, such as the bound-
ary condition and the mesh geometry. (2) DD simulation in anisotropic elastic me-
dia is becoming more and more important, but its cost increases quadratically with
respect to the problem size and is thus prohibitively expensive for large-scale prob-
lems [8, 9]. Unlike in isotropic elastic media, the conventional fast multipole method
(FMM), which relies on the derivatives of the kernel function, is difficult to derive in
anisotropic elastic media because the elastic interaction is known to have no closed

analytical formula in these media.

Second, heterogeneous machine architecture creates challenges for existing soft-
ware packages to achieve high performance. Modern supercomputers are becoming
more and more heterogeneous in terms of processor architecture (e.g., CPU, MIC,
GPU), memory hierarchy (e.g., register, cache, DRAM), and intra-node and inter-
node connection networks (nonuniform bandwidth and latency). As a result, un-
der the widely-adopted Bulk Synchronous Parallel (BSP) framework using MPI and
MPI+X, an enormous amount of effort from programmers is required to manage per-
formance heterogeneity, fault tolerance and complex workflows. Moreover, in many
existing software packages of numerical methods, the procedural and imperative na-

ture of MPI inevitably results in the huge cost of unnecessary global synchronizations.
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1.2 Contributions

As the first step to developing parallel numerical methods that are substantially more
robust and efficient than existing methods on next-generation computing platforms,

this thesis presents three main contributions including

e developing parallel hierarchical linear solvers for general linear systems arising
from various applications including fluid/solid/structural mechanics, electro-

magnetics and circuit simulation;

e developing robust hierarchical solvers for ill-conditioned linear systems, apply-
ing them to ice sheet modeling and comparing with existing state-of-the-art

methods;

e developing parallel kernel-independent fast multipole methods (FMMs) for large-

scale DD simulations in both isotropic and anisotropic elastic media.

1.2.1 Parallel hierarchical linear solver

To solve general sparse linear systems efficiently on large-scale supercomputers, a
parallel linear solver named “ParH2” is developed using the H2-matrix theory [60].
The key idea behind ParH2 is a data-sparse representation, which compactly repre-
sents approximately low-rank sub-matrices. In other words, ParH2 compresses fill-in
blocks in a hierarchical fashion, and at every level, the amount of fill-in does not ex-
ceed the ILU(1) sparsity pattern. Similar to the multigrid methods, ParH2 captures
different frequency modes of the Green’s function efficiently using multiple levels of
grids. The advantage of utilizing low-rank approximations in ParH2 is that trunca-
tions based on singular values are more effective than level-based or threshold-based
truncation/dropping rules, which are typically used in ILU.

The parallel algorithm uses the data/domain decomposition idea, where every
processor owns a subdomain of the entire problem. The interaction between different
subdomains is local at every level, which implies that the communication is always
local and only boundary information needs to be exchanged among neighboring pro-

cessors. Moreover, ParH2 has high arithmetic intensity — the bulk of computation lies
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in (sequential) dense linear algebra subroutines, which can be significantly accelerated

on modern many-core processors, such as MIC and GPU.

1.2.2 Ice sheet modeling

A hierarchical solver is developed for solving sparse ill-conditioned linear systems in
parallel. The solver is based on an existing method, but employs a (block) diagonal-
scaling technique, which provably reduces the approximation error and improves the
efficiency of the original method. Moreover, utilizing the diagonal-scaling technique
does not affect the parallelism in the original method, so the new parallel solver still
achieves excellent parallel speedups.

To demonstrate the performance of the new solver, it is applied to solve sparse
linear systems arising from ice sheet modeling. For the modeling of thin structures
such as ice sheets, an extruded three-dimension mesh, i.e., an extrusion of a two-
dimensional unstructured mesh in a third dimension, is commonly used. The use of
extruded mesh leads to anisotropic problems, where the coupling in the thin direction
is much stronger than that in the other directions. This anisotropic coupling is
difficult to resolve by many existing solvers. To address the anisotropic difficulty in
ice sheet modeling, a customized partitioning scheme is developed, which captures the
strong coupling accurately in an extruded mesh. With a general algebraic partitioning

scheme, the new solver is generalizable for solving other sparse linear systems.

1.2.3 Kernel-independent FMMs

To enable large-scale DD simulations in both isotropic and anisotropic elastic media,
two kernel-independent FMMs are developed to reduce the computational cost in
ParaDiS, which is arguably the most popular software for conducing DD simulations.
Unlike existing methods in ParaDiS, the two kernel-independent methods require
only the ability to evaluate the interaction between dislocations and thus can be
applied easily in both isotropic and anisotropic elastic media. In addition, the new
methods converge twice as fast as the existing methods because of the use of Lagrange

interpolations, which approximate the kernel function across the whole interpolation
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interval, e.g., one of the new methods uses the Chebyshev approximation, a nearly
optimal scheme under the infinity norm. This is in contrast to existing methods, which
use the Taylor series expansion or the spherical harmonics expansion to approximate
the kernel function at certain points.

The two new methods also benefit from pre-computing the multipole-to-local
(M2L) translation operators, which is an fairly expensive step in the FMM. The
difference between the two methods lies in the choice of interpolation nodes: one uses
Chebyshev nodes and the other uses equally spaced nodes. While using Chebyshev
nodes improves the robustness, using equally spaced nodes leads to faster/diagonal
M2L translations via the fast Fourier transform. As is well studied, the FMM has
excellent parallel scalability, and my new methods have been integrated into the par-
allel framework of ParaDiS by researchers from the Computational Materials Science

Group at the Lawrence Livermore National Laboratory.

1.3 Outline

The rest of the thesis is organized as follows. Chapter 2 presents the parallel hierar-
chical solver. Chapter 3 discusses the application of ice sheet modeling, to which a
robust hierarchical solver using the the diagonal-scaling technique was applied. Fi-

nally, Chapter 4 is about kernel-independent FMMs for DD simulations.
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Chapter 2

Parallel Hierarchical Solver

2.1 Relation to existing methods

To avoid confusion, we want to clarify the relationship between our work and the fast
solvers developed by Hackbusch et al. [12, 18, 57, 61, 60, 58, 59] for readers who are
already familiar with hierarchical solvers. Other readers could skip this section on
their first read. The presentation below follows closely to [31] (Appendix C., page
30-32).

The key difference between our solver and Hackbusch’s solver is the following.
Although both methods compute (block) LU factorizations of a hierarchical matrix
based on its hierarchical low-rank structure, which can be expressed as a tree decom-

position, the two solvers employ completely different elimination ordering:

e Our solver uses a breadth-first or level-by-level traversal of the hierarchical tree,

starting from the leaf level and moving up to the root.

e Hackbusch’s algorithm corresponds to a depth-first in-order (symmetric) traver-

sal.

The difference can be illustrated with a simple example for concreteness. Consider

A Ao UoVi"
UVg©  An

7

the simplest H-matrix:
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where off-diagonal blocks are written in low-rank forms. To factorize matrix A, our

solver uses the extended sparse format [86, 31] of A:

AOO UO
All Ul
7 -1
A

In our method, we eliminate Agy first and then A;; in E, which leads to a reduced

linear system (Schur complement) as the following

—Vi Agg Us —I
—I —VI AUy

If we using a tree structure to represent the corresponding extended sparse format for
a 3-level H-matrix, the elimination ordering in our solver corresponds to a breath-first

traversal, as shown in Figure 2.1.

Fic. 2.1. Tree node elimination order following our solver. The traversal is a breadth-
first (level-by-level) traversal.

Next, we present Hackbusch’s algorithm and illustrate its distinct tree traversal.
In the original form of Hackbusch’s algorithm, we would eliminate Agy in A, which

leads to the following Schur complement

An — UV Ay UgVy"
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This can also be derived with the extended sparse format E. In Hackbusch’s algo-
rithm, we would eliminate the first three (block) pivots in £ and obtain exactly the
same Schur complement as above. Again, if we using a tree structure to represent the
corresponding extended sparse format for a 3-level H-matrix, the elimination ordering

of Hackbusch’s algorithm is a depth-first in-order traversal, as shown in Figure 2.2.

FiG. 2.2. Tree node elimination order following Hackbusch’s algorithm. The traversal
1s a depth-first in-order tree traversal.

2.2 Introduction

Solving large sparse linear systems is an important building block, but often a com-
putational bottleneck in many engineering applications. In this chapter, we focus on
large sparse linear systems that arise from local discretization of elliptic partial dif-
ferential equations (PDEs) that are not highly indefinite. Solving such a discretized
PDE that has N non-zeros with O(N) computer memory and CPU time is challeng-
ing, especially when the underlying physical problem is three-dimensional. Existing
methods fall into three categories as follows.

The first category of methods are sparse direct solvers [37] based on Gaussian elim-
ination. These methods organize computation efficiently and leverage fill-reducing
ordering schemes. For example, the nested dissection multifrontal algorithm [48, 43]
performs elimination according to a specific hierarchical structure of the unknowns.
Because of their robustness and efficiency, several state-of-the-art sparse direct solvers
have been implemented into software packages, which target sequential [28, 36, 39],

shared-memory [68, 40] and distributed-memory computers [3, 74]. However, sparse
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direct solvers generally require O(N?) work and O(N3) computer memory for a three-
dimensional problem of size N. This quadratic factorization cost and large memory
footprint seriously limit the application of sparse direct solvers to truly large-scale

problems.

The second category consists of iterative solvers. These solvers require only O(N)
computer memory to store the linear system and are thus more memory-efficient
than sparse direct solvers. They can also achieve the optimal time-complexity if the
number of iterations is small. For example, the multigrid method [112] is typically
the fastest solver for many discretized elliptic PDEs. However, iterative solvers have
three disadvantages. First, the convergence of iterative solvers is not guaranteed for
general linear systems. For example, the multigrid method may fail to converge for
indefinite linear systems and linear systems coming from coupled PDEs. Second, the
number of iterations may grow rapidly as the condition number of a linear system
increases. Third, the setup phase of some iterative solvers relies on sparse matrix-

sparse matrix multiplication, as in the algebraic multigrid method, which is complex
to scale [78, 77].

The third category of methods developed for solving sparse linear systems are hi-
erarchical solvers [52, 107, 63, 1, 4, 86] and their parallel counterparts [65, 49, 103, 76].
The general idea behind these hierarchical solvers is exploiting the low-rank structure
of dense matrix blocks that arise during the elimination process to reduce storage
and computational cost. The key observation is that the Schur complements during
Gaussian elimination process often have low-rank structures. Intuitively speaking,
the inverse of a diagonal matrix block can be interpreted as the discrete Green’s func-
tion of a local elliptic PDE, which thus possesses a hierarchical low-rank structure.
The same rank structure also carries over to the resulting Schur complement, as has
been recognized by many existing works [2, 4, 63, 69, 86, 107, 23, 1]. At the heart of
these hierarchical low-rank structures is the interaction ranks of Schur complements,
which is not the goal of this chapter, but have been studied in [13, 11, 22, 17]. Em-
pirically, we found that estimates of standard multipole expansion [53, 54| applies

here. As a result of utilizing the data sparsity, hierarchical solvers, compared with
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sparse direct solvers, typically have reduced memory footprint and smaller compu-
tational complexity. However, some of the existing hierarchical solvers still cannot
attain quasilinear complexity for solving three-dimensional problems, and others may
be either too complicated to be implemented efficiently or may be restricted to only

structured problems.

In this chapter, we introduce a new parallel hierarchical solver for solving general
sparse linear systems. Our parallel algorithm is based on the sequential algorithm in
[86] called LoRaSp, which computes an approximate factorization with sparse block-
triangular factors. In particular, our method eliminates the unknowns cluster by
cluster and compresses fill-in blocks in a hierarchical fashion. The singular values of
these fill-in blocks are often found to decrease geometrically, and general algebraic
techniques, such as the SVD, can be used to compute corresponding low-rank approx-
imations. Since the dropping/truncation rule in our method is based on the decay of
singular values, it is expected to be more efficient than other level-based or threshold-
based rules, which are typically used in the incomplete LU (ILU) factorization [91].
In our method, the bases computed in low-rank approximations serve the same role as
restriction and prolongation operators do in the algebraic multigrid method (AMG)
20, 96]. While the construction of restriction and prolongation operators in AMG
may require tuning and manual adjustments for a specific linear system, the low-
rank bases in our method are computed in a systematic fashion, regardless of the

underlying PDE or physical problem.

There are two differences between our method and other hierarchical solvers. First,
while most of hierarchical solvers are developed under either the H- [57, 61] or the
hierarchically semiseparable (HSS) [108, 24] matrix frameworks, our method is built
upon the H2matrix theory [60, 59], which provides a more efficient hierarchical low-
rank structure. Under some mild conditions, the computational cost and the mem-
ory footprint of our method scale linearly with respect to the problem size, and we
observed quasilinear complexity in practice for solving various types of problems.
Second, unlike other hierarchical solvers, which are typically combined with the mul-
tifrontal algorithm, our method relies on domain partitioning, which naturally leads

to a data decomposition scheme in the parallel algorithm. Put another way, these
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two differences allow our parallel algorithm to have the following three features:
1. Only local communication is required for every processor.

2. The computation-to-communication ratio is approximately the volume-to-surface-

area ratio of the subdomain owned by a processor.

3. The bulk of computation is from using sequential dense linear algebra, which has

the potential to be significantly accelerated on modern many-core architectures.

To summarize, this work presents a parallel hierarchical solver for general sparse
linear systems, and especially, our work makes the following three major contribu-

tions:

1. New derivation of the LoRaSp algorithm, which reveals the structure of calcu-

lation and data dependency in the original algorithm;

2. Development of a bulk-synchronous parallel algorithm and a task-based asyn-

chronous parallel algorithm with the optimal scheduling strategy;

3. Development of a coloring scheme to extract maximum concurrency in the exe-
cution, and discussion on optimizing load-balancing in the presence of coloring

constraints.

The remainder of this chapter is organized as follows. Section 2.3 presents the
sequential algorithm, a new derivation of LoRaSp. Section 2.4 presents the paral-
lel algorithm, focusing on techniques to keep communication local and to maximize
concurrency. Section 2.5 analyzes the computation and communication cost of the
parallel algorithm. Section 2.6 presents numerical results to demonstrate the versa-

tility and parallel scalability of our parallel hierarchical solver.

2.3 Sequential algorithm

This section presents our new derivation of the LoRaSp algorithm. For ease of pre-

sentation, we focus on symmetric positive definite (SPD) systems. Generalizations
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to unsymmetric and indefinite problems are possible, but may be subjected to squar-
ing the effective condition number. For example, for a KKT matrix that has zero
diagonal blocks, small diagonal shifts could be first applied, and then the resulting
matrix/approximation is feed to the LoRaSp solver. From a high-level perspective,
the algorithm computes an approximate factorization of an SPD matrix A with the
following steps.

First, a partitioning of the rows/columns of A is computed algebraically. Suppose
IT is the set of row/column indices (DOFs). A clustering IT = U,m;, where ; is a cluster
of DOFs, can be computed with a graph partitioner, such as METIS/ParMETIS [64],
Scotch [30] and Zoltan [16]. Second, some portions of DOFs in every cluster are
eliminated as all clusters in Il = U;m; are looped over. Specifically, the fill-in blocks
associated with a cluster 7, are compressed, and 7, is split into fine DOFs 7/ and
coarse DOF's 7¢, where 7/ involves no fill-in. Then 7/ is eliminated safely, which does
not propagate any existing fill-in (no level-2 fill-in introduced). Third, after all fine
DOFs are eliminated, a smaller linear system, A.x. = b., corresponding to the coarse
DOFs remains, and the previous steps are applied repeatedly until A, is small enough

to be factorized with the conventional Cholesky factorization.

2.3.1 Low-rank elimination

This subsection illustrates the key step in the algorithm, which exploits the low-
rank structure of fill-in blocks to eliminate the fine DOF's in a cluster (if a cluster to
be eliminated has no fill-in, e.g., the first eliminated cluster, then all DOFs of this
cluster are fine DOFs). Suppose at least one cluster in II = U;m; has been processed
(fine DOFs have been eliminated), and consider the Schur complement, A, which

corresponds to the remaining clusters:

Ass Asn Asw
AZ’U} Atrl;w A’ww

where
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e s stands for a cluster 7y to be processed (“self”),

e 1 stands for neighbor clusters (“neighbor”), and

e w stands for the rest (“well-separated”).

Two clusters 7, and 7, are neighbors if A(7,, ) # 0. In other words, the two clusters
are connected in the graph of A. The definition of well-separated is important in H-
and H2- matrix theories, which implies a partitioning of the clusters in n and w
above. Although our framework is general enough that it can use different definitions
of well-separated criteria, here we focus on a simple definition that two clusters are
well-separated if they are not neighbors. This definition implies that well-separated
blocks, A, and A,s = AL  are fill-in blocks.

sw?

Next, fine DOFs in 7y will be selected and eliminated. It is observed in [86] that
the fill-in block, A,,, is numerically low-rank. With an algebraic method, such as the

SVD, we obtain the low-rank approximation
Asw =UZ 4+ O(e) (2.1)

where U is an m X k orthonormal matrix (kK < m). Using a Gram-Schmidt type of
orthogonalization procedure, an orthonormal matrix V' of size m x (m — k) can be
computed such that

VITAlU = 0.

We introduce the sparsification operator:

VTA—l

UTAY
E, = 58 , (2.2)
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which decouples 7/ from 7¢ and w clusters as

VTA vV VTA LA,
AT ~ UTAlU  UTA A, (UTAIU)Z
’ AT AV AT AU Apn A
ZT(UTAZU) AL, A

where the first m — k rows/columns correspond to the fine DOFs 7/ and the rest of
the DOFs in 7, correspond to the coarse DOFs 7¢. Note that eliminating 7/ does not
propagate any existing fill-in associated with 7, in the sense of block elimination and
low-rank representation (e.g., AT A7V is not considered as fill-in). In other words,

no level-2 fill-in is introduced from the elimination of 7.

To eliminate 7/, we introduce the elimination operator:

= 2.3
g —(AZA VLT I (23)

sSNn- 7Sss

where VT AV = LLT is the Cholesky factorization, and the first diagonal block in
G.EAETGT corresponding to 7/ is an identity matrix.

We introduce the permutation operator:

where the four identity matrices (from the first to the last row) in P have the same

sizes as the number of DOFs in 7/

S

n clusters, w clusters and 7. Note that P; is
used to permute rows and columns corresponding to 7¢ to the last in A.

Combining the above three operators, we define the low-rank elimination operator:
W, = P,G,E,, and WSAWZ selects and eliminates the fine DOF's in 7, (and permutes



16 CHAPTER 2. PARALLEL HIERARCHICAL SOLVER

7¢ to be the last indices). Again, applying W, and WT on both sides of A does not
introduce any level-2 fill-in in A. The pseudo-code of the low-rank elimination step

is shown at lines 15-20 in Algorithm 1.

2.3.2 Hierarchical solver

The hierarchical solver repeatedly applies the low-rank elimination procedure to all
clusters in Il = U;m;, and the result is equivalent to computing an approximate
factorization of the original matrix, subject to the error of low-rank approximation.

The algorithm of the hierarchical solver is shown at lines 1-14 in Algorithm 1.

In Algorithm 1, 7y is the first cluster to be eliminated. Since no fill-in exists yet,
&y is an identity matrix, and applying W, and W/ is one step of standard block
Cholesky factorization. This is also true for any cluster that does not involve any fill-

in. Suppose the elimination of 7y introduces some fill-in for ;. Then, the low-rank

_ I
elimination procedure is applied to A, the Schur complement in Wy AW/ = ( A) )

After applying the low-rank elimination procedure to all clusters in II, we are left

with the coarse DOFs, U?;_Olﬂf, and we can apply the same process to the coarse
DOFs.

Algorithm 1 outputs a factorization of the original matrix A, which can be used
to solve the corresponding linear system, and the solve phase follows the standard

forward and backward substitution, as shown in Algorithm 2.

Relation to LoRaSp Algorithm 1 is mathematically equivalent to LoRaSp [86].
However, LoRaSp uses eztended sparsification (introducing auxiliary variables) and
needs to maintain a binary tree structure of all DOFs, all of which are avoided in the
new derivation. This new derivation also allows more general partitioning strategies.
In the special case when recursive bisection is used to compute the partitioning Il =

Umr;, the new algorithm becomes fairly similar to LoRaSp.
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Algorithm 1 Hierarchical solver: factorization phase

=

10:

11:

12:

13:

14:

15

16:

17:

18:

19:
20:

1
2
3
4:
5
6

: procedure HIERARCHICAL_FACTOR(A)

if the size of A is small enough then
Factorize A with the conventional Cholesky factorization
return

end if

Partition the graph of A and obtain vertex clusters I1 = U

m—1
i=0 T

> m is chosen to get roughly constant cluster sizes
AO +— A
for i< 0tom—1do
A1 < LowRank_Elimination(A;, I1, ;)
end for D Ap = Wpme1.. . WWo AWIWT ... WT |
I

Extract A, from the block diagonal matrix A,, ~ A

D> Ac is the Schur complement for the coarse DOFs
Afe « HIERARCHICAL_FACTOR(A,)

D> Recursive call with a smaller matrix
A _ 1 _ _ _
return Af* =W, Wt oW ! ( ne WL o owrTw, T
c

m—1

> A{“C is not written out explicitly

end procedure

: procedure LOWRANK_ELIMINATION(A;, I1, 7;)

A
Compute the low-rank elimination operator W; = P,G;&; based on A
D> &;,G; and P; are defined in Eq. (2.2), Eq. (2.3) and Eq. (2.4)
1

return W, A, WI

Extract A from A; ~ ([ _)

> W, has the same size as A;

end procedure

D> Notation: a < b means assign the value b to a, whereas a = b means they are equivalent
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Algorithm 2 Hierarchical solver: solve phase

1: procedure HIERARCHICAL_SOLVE(A/%, b)

2:
3:
4:

Y FORWARD,SUBSTITUTION(Af . b)
7 + BACKWARD_SUBSTITUTION(A/4, 1)
return x

5: end procedure

6: procedure FORWARD_SUBSTITUTION A/ b)

T
8:
9:
10:
11:

12:
13:

y<b
for i <~ 0tom —1do

Y Wz Y D> y is overwritten
end for D> y = (ye, yy) is of the concatenation of y; and y.

Extract y; and gy, from y

D> y; and y. correspond to the fine DOFs and the coarse DOFs
Y. < FORWARD_SUBSTITUTION(A/% y.) D y. is overwritten
return Yy = (yf, yc) D> output the concatenation of yy and y.

14: end procedure

15

21:
22:

. procedure BACKWARD_SUBSTITUTION (A%, 1)
16:
17:
18:
19:
20:

Ty
for i< m—1to0do

T < WlT x D> z is overwritten
end for D> x = (xy,zc) is of the concatenation of x. and z

Extract z; and z. from z

> xzf and x. correspond to the fine DOFs and the coarse DOF's
T, < BACKWARD_SUBSTITUTION( A/, x,) Dz, is overwritten
return z = (v, x.) > Output the concatenation of f and .

23: end procedure

D> Notation: a <— b means assign the value b to a, whereas a = b means they are equivalent
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2.3.3 Fill-in property

As we emphasized earlier,
level-2 fill-in is never created

in the hierarchical solver. This fill-in property is not only the fundamental reason why
the hierarchical solver is efficient, but also the base of the parallel algorithm. To make
the statement of fill-in property precise, we introduce a new notation, Ag, to denote
the block sparsity pattern of A corresponding to a partitioning of its rows/columns.
m—1

Given a partition IT = U" "7, Ap is an m-by-m matrix such that

o 0 if the subblock A(m;, ;) =0,
Ap(i,j) = (2.5)
1 else.

With the notation of block sparsity pattern, we restate the fill-in property of the

hierarchical solver as below:
fill-in blocks correspond to non-zeros in (Ag)?* that are not in Ap.

Using ILU terminology, the amount of fill-in never goes beyond ILU(1). Intuitively, in
the hierarchical solver, the low-rank elimination operator decouples fine DOF's from
fill-in, so eliminating the fine DOFs introduces only level-1 fill-in. See Theorem 5.3
in [86] for a formal proof.

This fill-in property of the hierarchical solver is the base of the parallel algorithm.
Given a partition of all DOFs IT = U;;, two clusters m; and 7; never “interact” if the
distance between them is greater than two. The distance is defined as the length of

the shortest path between vertex ¢ and vertex j in the graph of Ag.

2.4 Parallel hierarchical solver

Similar to the parallelization of a multigrid method, our parallel algorithm uses a

data decomposition scheme, where every processor owns a subdomain of the entire
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grid. Since every processor exchanges only boundary data with its neighbor pro-
cessors, the communication is always local in the parallel algorithm. Moreover, the
computation-to-communication ratio is approximately the volume-to-surface-area ra-
tio of the subdomain. In other words, the amount of communication is one order of

magnitude less than the amount of computation when the subdomain is large enough.

2.4.1 Data decomposition

We present our parallel algorithm for the finest grid, which corresponds to the graph
G of Ap (defined in Eq. (2.5)). The same algorithm applies for the coarse levels.
In the following discussion, we use the term “node” to mean a cluster of DOFs in
IT = U;m, and the term “edge” to mean a matrix block (the edge between node ¢ and
node j corresponds to block A(m;, 7;)).

In the parallel algorithm, the global graph G is decomposed among all processors
G = UpGp, where processor P owns a subgraph G p. With this decomposition, nodes

owned by one processor can be classified into three categories:

e dl nodes: boundary nodes,
e d2 nodes: (local) neighbors of d1 nodes that are not on the boundary,

e d3 nodes: the remaining interior nodes.

Fig. 2.3 shows a simple example to clarify the above definitions. We assume that the
matrix A is distributed by rows among all processors. Every processor P owns the
submatrix corresponding to the local graph Gp and also stores the edges to neighbor

processors. For example, the matrix Ay owned by processor PO in Fig. 2.3 is

d3 d3,d2

AO AO

2 2,d1
Ag = | AP AR AP

d1,d2 d1 d1
Ay Ap AO,l

where for the sake of simplicity we assumed that d3 nodes were ordered before d2
nodes and d1 nodes. The coupling with processor P1 is contained within the Ag}l

block, since only d1 nodes have edges to processor P1.



2.4. PARALLEL HIERARCHICAL SOLVER 21

PO P1

1
I
1
I
1
I
1
1
1
t
1
1
I
I
1
I

e AR A
d3 d2 di'd1 d2 d3

Fic. 2.3. A two-processors example showing d1 nodes, d2 nodes and d3 nodes on
each processor. The structured grid represents the graph of Ap (defined in Eq. (2.5)).
On each processor, the nodes on the boundary are d1 nodes; d2 nodes are the (local)
neighbors of d1 nodes that are not on the boundary; and the remaining interior nodes
are d3 nodes.

2.4.2 Bulk-synchronous parallel algorithm

Recall the discussion in Section 2.3.3 that no level-2 fill-in exists in the algorithm.
The implication is that we can process (apply low-rank elimination operators on) two
clusters/nodes m; and 7; in parallel, as long as the distance between them is greater
than two. The distance is defined as the length of the shortest path between vertex
¢ and vertex j in the graph of Ap.

This fill-in property motivates us to design the parallel algorithm as follows. First,
since the distance between a local d3 node and any remote node is at least three,
processing d3 nodes is embarrassingly parallel.

Second, since the distance between a local d2 node and a remote d2 node is at
least three, d2 nodes can be processed in parallel. However, communication is required
because the shortest distance between a local d2 node and a remote d1 node is two,
and the amount of communication is proportional to the number of d2 nodes.

Last, since d1 nodes are coupled between neighbor processors, we color them
in a way such that d1 nodes with the same color can be processed in parallel; the
coloring scheme is discussed in Section 2.4.4. We introduce two notations: N;(P)
for the neighbors of processor P and Ny(P) = Ni(N1(P))\{P}, i.e., neighbors of

the neighbors of processor P. Since the distance between a d1 node on processor P
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and a remote d1 node owned by a processor in N3(P) can be two, they may need to
communicate. The total amount of communication is proportional to the number of

d1 nodes.

To be more specific, the communication in the parallel algorithm corresponds to
the “right-looking style” communication in a conventional sparse direct solver, and

two types of communication are needed:

1. Suppose we eliminate the fine DOFs of a d1 node on processor P. The resulting
Schur complement may contain (1) edges that connect a local node on P and a
remote node on P’s neighbor, and (2) edges that connect two remote d1 nodes
on two different processors in N5 (P). Therefore, every processor communicates

only with its neighbors.

2. Consider the application of the sparsification operator (Eq. (2.2)). A sparsifica-
tion of a (local) d2 node may lead to communication with a neighbor processor,
and a sparsification of a (local) d1 node may involve communication with a

processor in N(P).

The computation-to-communication ratio is closely related to the geometry of the
subdomain on every processor. The communication volume is proportional to the
number of d1 nodes (note in particular that local d2 nodes only exchange data with
remote d1 nodes, never with remote d2 nodes), while the amount of computation
is proportional to the total number of d1 nodes, d2 nodes and d3 nodes. Therefore,
the computation-to-communication ratio is approximately the volume-to-surface-area

ratio of the subdomain owned by every processor.

The above discussion is summarized in Algorithm 3! (some details are skipped,
and the focus is on the high level idea of processing d1 nodes, d2 nodes and d3 nodes

separately).

IThe pseudo-code is in single program multiple data (SPMD) style.
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Algorithm 3 Bulk-synchronous parallel algorithm

1: procedure HSOLVER_BULK_SYNCHRONOUS(local vertex clusters II, local subgraph G,

10:
11:
12:
13:

14:
15:
16:

17:
18:

local submatrix A)

D> synchronous communication is used in this algorithm
D> this is processor P

Partition IT into d1 nodes II(Y), d2 nodes I, and d3 nodes I1(3)
Parallel (distance-2) coloring of d1 nodes B> discussed in Section 2.4.4

for color i = 1 to NumColors do D> start processing d1 nodes
for m; € M with color i do
A« LRE(A, 11, 7))

end for
Communicate with processors in NQ (P) D> neighbor of neighbor processors
end for D> finish processing d1 nodes
for € H(2) do D> start processing d2 nodes
A+ LRE(A4, II, ;)
end for
Communicate with processors in N (P) I> neighbor processors
D> finish processing d2 nodes
for ™ € H(S) do D> start processing d3 nodes
A+ LRE(A, 11, m;)
end for D> finish processing d3 nodes

> no communication needed for d3 nodes

Extract II¢, G¢, A® associated with the coarse level
HSorvER_BULK_SYNCHRONOUS(II®, G¢, A©)

19: end procedure
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2.4.3 Task-based asynchronous parallel algorithm

Algorithm 3 uses a classical bulk-synchronous style of programming. In this subsec-
tion, we explore an asynchronous “task-based” approach. Consider the critical path
of execution in Algorithm 3: d1 nodes must be processed first, and d2 nodes should
be processed next. Therefore, the asynchronous algorithm always attempts to process
d1 nodes; if none is ready, d2 nodes are processed; and finally, if all else fail, d3 nodes
are processed. Processing d3 nodes does not require communication, which is the
fall-back if no d1 node or d2 node can be processed. The pattern of communication

is organized as follows.

Attempt to process a d1 node 7™ with color ¢ on processor P as follows.

1. Check that the communication for 7™ is complete, which is associated with

remote d1 nodes owned by N3(P) that have colors smaller than i.
2. Apply the sparsification operator (Eq. (2.2)) on 7(1).

3. Send the updated edges to remote d1 nodes owned by N3(P), and to remote
d2 nodes owned by N;(P).

4. Eliminate the fine DOFs in 7,

5. Send the updated edges (in the Schur complement) to remote d1 nodes owned
by N 1 (P ) .

2

Otherwise, attempt to process a d2 node 7 as follows.

1. Check that the communication for 7(?

remote d1 nodes owned by N;(P).

is complete, which is associated with

2. Apply the sparsification operator (Eq. (2.2)) on 72,

3. Send the updated edges to remote d1 nodes owned by N7(P) (this data is only

used at the coarse level).

4. Eliminate the fine DOFs in 7,
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Otherwise, process a d3 node.

The above discussion is summarized in Algorithm 42, which is based on a critical
path analysis of the execution. This algorithm executes the phase with highest priority
first (located along the critical path), followed by a phase with medium priority,
and low priority. Communication is initiated in an asynchronous manner as soon
as the data is available to achieve the maximum concurrency. The large number of
executable tasks allows hiding some of the communication latency, thereby minimizing

the idle time due to communication.

2.4.4 Coloring of d1 nodes

The d1 nodes are coupled between neighbor processors. To maximize concurrency,
we use a graph coloring scheme to assign colors to all d1 nodes such that nodes with
the same color can be processed in parallel. For that purpose, a pair of d1 nodes m;

and 7; must have different colors, if the following two conditions hold.

e m; and 7; are owned by different processors.

e the distance between m; and 7; is less than or equal to two.

For best performance such a coloring should both minimize the number of col-
ors and be load-balanced (the number of nodes of a given color should be roughly
constant across all processors). However, even with only the first objective, the col-
oring problem is NP-hard. Fortunately, fast linear-time greedy heuristics work well
in practice for graph coloring. One option is to bring the boundary graph to a single
processor and compute the coloring sequentially, but this is not scalable in terms of
memory. We therefore use the parallel distance-2 coloring [19] routine in Zoltan [16].

One example of the coloring result is shown in Fig. 2.4.

2The pseudo-code is in SPMD style.
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Algorithm 4 Asynchronous parallel algorithm

1:

10:
11:
12:
13:

14:
15:
16:
17:
18:

19:
20:
21:

22:
23:

procedure HSOLVER_ASYNCHRONOUS(local vertex clusters II, local subgraph G, local
submatrix A)
D> asynchronous communication is used in this algorithm
D> this is processor P
Partition II into d1 nodes IIV), d2 nodes I, and d3 nodes 1)
Parallel (distance-2) coloring of d1 nodes D> discussed in Section 2.4.4
color i <1 D> start with the smallest color
while IIM UTI® UTI®) is not empty do
D> attempt d1 nodes first
if m; € 1™ has color ¢ and communication for m; is complete then
A < LRE(A, 11, 7;)
Send data to N3(P) processors D> for remote nodes with colors > i
Pop 7; from o™
D> attempt d2 nodes secondly
else if communication for 7; € I®? is complete then
A+ LRE(A, II, 7))
Send data to N (P) processors D> for remote d1 nodes
Pop 7; from @
D> attempt d3 node last
else if 7; € 1) then
A+ LRE(A, II, 7))
Pop 7; from e
end if
If all d1 nodes with color ¢ have been processed, i < i + 1
D> processing d1 nodes with color i is on the critical path of execution
end while
Wait for remaining communication
Extract II¢, G¢, A associated with the coarse level

HSoLVER_ASYNCHRONOUS(ITY, GC, A%)
end procedure
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Fi1G. 2.4. A four-processors example of the coloring, where the grid is split onto four
processors. A pair of nodes that are at a distance less than two from each other must
have different colors, unless they are owned by the same processor. With this coloring
result, all four processors are able to process a subset of the d1 nodes concurrently.
As seen in this example, however, load tmbalance is hard to reduce. Each processor
has one node for three given colors and two nodes for the last fourth color, leading to
a factor of 2/1 load imbalance during the loop over colors.

2.5 Complexity analysis

In this section, we first review the computational cost and the memory consumption
of LoRaSp, and clarify the assumptions for its linear complexity. Based on these
results, we then analyze the parallel algorithm in terms of the computation complexity,
communication complexity and memory consumption. The computational cost and
the memory consumption of LoRaSp have been analyzed in [86]. Below, we rephrase

Theorem 5.4 in [86], which summarizes the results.

Linear complexity conditions The computational cost of the factorization and
the memory consumption in LoRaSp scales as O(Nr?) and O(Nr), respectively, with
respect to the problem size N if the following two conditions hold. First, for every
cluster of DOFs, the number of neighbors is bounded by a constant. Second, the
largest cluster size at the first level (level 0), 7, is bounded by a constant; and r;, the
largest cluster size at level 7, satisfies the relationship that r; < a’r (i > 0), where
0<a< 23

For the rest of this section, we assume the linear complexity conditions always

hold. We also assume the linear system is evenly distributed among all processors in
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the parallel algorithm. Since the computation and the storage are evenly split across
all processors, the computational cost and memory consumption are O(Nr?/p) and
O(Nr/p) on every processor, where p is the number of processors.

In the parallel algorithm, communication happens at two places. First, all pro-
cessors exchange boundary data until the problem size becomes small enough to be
factorized efficiently with the sequential Cholesky factorization. Second, the small
matrix is gathered to a single processor with a reduction tree and the sequential
Cholesky factorization is performed.

For every processor, the amount of communication is dominated by that from the
first phase, which is proportional to the number of boundary clusters. Since the matrix

associated with a cluster has at most r? entries, the total amount of communication

o (2)") = o((E5)”)

rp p

18

2/3

where % is the number of clusters on every processor, and (%) is the surface area

(assuming an underlying 3D subdomain).

The number of messages sent by every processor in the first communication phase
is roughly the number of colors at all levels of grids. If the number of colors at
every level is bounded by a constant, then the number of messages is proportional to
the number of levels, i.e., O(log(N/(rp))). In the second communication phase, the
number of messages needed is O(logp) for the conventional Cholesky factorization.

Therefore, the total number of messages sent by every processor is
N
O(log (E)> + O(logp).

To measure parallel scalability, we use standard definitions of parallel speedup,
strong scaling efficiency and weak scaling efficiency as follows. Let T'(N,p) be the
wall-clock time to factor a matrix of size N on p processors. The parallel speedup is

defined as
T(N7 pO)

S.p) = T(N,p)

(2.6)

where py is the smallest number of processors on which the baseline is obtained. The
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efficiency of strong scaling (the total problem size is fixed as the number of processors

increases) is
S(N,p) x p0

p

E, = (2.7)

The efficiency of weak scaling (the total problem size increases proportionally to the

number of processors, or the problem size per processor is fixed) is

T(N
Ew — ( p07p0) . (28)
T(Np,p)
Following the above definitions, we can derive corresponding formulas for our

parallel algorithm. As an example, the weak scaling efficiency of our parallel algorithm

is
B N
~ N+logN +logp

w

where N is the problem size per processor, pg = 1 is assumed, and the cluster size r, a
constant, is not shown. Therefore, a constant efficiency F,, with a fixed problem size
per processor should not be expected, even if the parallel algorithm is implemented
perfectly with perfect underlying hardware (no network saturation, fixed diameter,
etc.). In our case, maintaining a fixed F,, implies that the total problem size should

increase at least as fast as O(plog(p))3.

2.6 Numerical results

This section presents various results to show the versatility and parallel scalability
of the asynchronous parallel algorithm in Algorithm 4. Our implementation is based
on the algorithm in Section 2.3 and the LoRaSp algorithm. To run on distributed-
memory machines, our code is written with the message passing interface (MPI).
Sequential results are obtained by running our code with one MPI rank. Unless

otherwise stated, all tests were run at the NERSC Edison supercomputer?. Each node

30(plog(p)) is the iso-efficiency function of our parallel algorithm [51]. This efficiency result is
similar to that of computing parallel reduction.
4http:/ /www.nersc.gov/users/computational-systems/edison /configuration /
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of Edison has two 12-core Intel “Ivy Bridge” processors and nodes are connected by

a Cray Aries high-speed interconnect with Dragonfly topology.

2.6.1 Scalability results

In this subsection, we present results for solving sequences of problems to demonstrate
the scalability of the hierarchical solver. In practice, the linear complexity conditions
in Section 2.5 may not hold, but we shall see that the total cost of factorization and

solve scales almost linearly as the problem size increases.

The results presented in this subsection are the number of iterations and the total
time (factorization + solve) for solving three PDEs (discretized with the seven-point

stencil on the unit cube). The first is Poisson’s equation:
—Au(zr) = f(x).
The second is variable-coefficient Poisson’s equation:

=V - (a(z)Vu(z)) = (),

where a(x) is a quantized high-contrast random field generated in the following way:
(1) initialize a(x) randomly with a uniform distribution; (2) convolve the initial a(x)
with Gaussian distribution of deviation 4h, where h is the stencil spacing; and (3)
set a(x) to 10% if it is larger than 0.5, otherwise 1072, We chose a quantized high-
contrast random field because these are problems known to be difficult to solve using
iterative methods. Although the performance worsens with our hierarchical solver, the
algorithm still remains very efficient. For Poisson’s equation and variable-coefficient
Poisson’s equation, we use our solver as a preconditioner for CG with a tolerance of

10712,
The third is the Helmholtz equation:

(A = K )u(z) = (=),
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where k is the wave number. We fix the number of DOFs per wave length and in-
creased k proportionally to the number of DOFs in each dimension. As the frequency
increases, hierarchical solvers will eventually break down because the ranks required
to reach a good accuracy become too large for the method to be efficient. We fixed the
resolution to 32 DOFs per wavelength, and the frequencies increased from f = 1Hz
(323 grid) to f = 4Hz (1283 grid). For the Helmholtz equation, we use our solver as
a preconditioner for GMRES with a lower tolerance of 1072 because the Helmholtz
equation is often solved with relatively low accuracy in applications such as seismic
imaging.

We investigated two options to select the rank: (a) dynamic rank based on the
singular values of the fill-in blocks, which is computed for a given user-prescribed
error tolerance € (error in the 2-norm), and (b) a fixed value of rank K. As Fig.
2.5 shows, the former typically gives better quality preconditioners but may be more
expensive, while the latter puts a strict upper limit on the memory usage and the

factorization cost.

2.6.2 Parallel scalability and scalability bottleneck

In this subsection, we show the parallel scalability of the hierarchical solver. We
present both the sequential factorization time and the corresponding parallel results
on up to 256 processors (16 processors per node). The definition weak scaling effi-
ciency is given in Section 2.5. Fig. 2.6 shows the parallel factorization time and the
weak scaling efficiency for solving the three PDEs. Note that we stopped the scaling
experiments when the number of DOFs per processor is fewer than 8 thousand. At
that scale, the communication costs dominate. The hierarchical solver achieves an
average speedup of 45 in factorizing three two-million sized test problems using 256
Processors.

To understand the performance bottleneck, we show breakup of the factorization
time in Fig. 2.7. Since the parallel scalability results are almost the same for solving
the three PDEs, we present only the results for solving the Helmholtz equation (K =

32). The strong scaling test corresponds to a fixed problem size of four-million DOFs
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F1G. 2.5. Number of iterations and the total time (factorization + solve) for solving

three PDFEs. Different low-rank truncation criteria have been used: fixing the rank IC
and fizing the truncation error €. The convergence tolerance is 10712 for the first two

problems and is 10™3 for the third problem.
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Fic. 2.6. Parallel scalability results: factorization time and parallel speedups for
solving Poisson’s equation (KK = 8), factorization time and strong scaling efficiency
for solving the variable-coefficient Poisson’s equation (KK = 16), and factorization time
and weak scaling efficiency for solving the Helmholtz equation (K = 32).
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on all processors, and the weak scaling test corresponds to a fixed problem size of
131-thousand DOFs per processor. As Fig. 2.7 shows, in the strong scaling test,
the computation time for d1 nodes, d2 nodes and d3 nodes decreases by half when
the number of processors doubles, whereas d1 communication time and ‘Other’ time
remains almost constant. In the weak scaling test, the computation time for d1
nodes, d2 nodes and d3 nodes remains almost constant when the number of processors

increases, whereas d1 communication time and ‘Other’ time increases.

32 64 128 256 16 32 64 128 256
Number of processors Number of processors

(a) Time breakup for strong scaling (b) Time breakup for weak scaling

Fic. 2.7. Breakup of parallel factorization time for solving the Helmholtz equation
(K = 32). “d1”, “d2” and “d3” stand for corresponding computational cost. “d1
Comm” and “d2 Comm” stand for corresponding communication cost. “Other” is
mainly the cost of computing d1 coloring.

Computing the coloring of d1 nodes affects the parallel scalability in two aspects.
First, the time spent in computing the coloring does not scale, as shown in Fig. 2.7.
Second, more importantly, the quality of the coloring result is poor, which results in
more d1 communication than necessary. Recall the hierarchical solver needs a coloring
such that every pair of d1 nodes have different colors if they satisfy two conditions:
(1) they are within distance two from each other and (2) they belong to two different
processors. Unfortunately, we are not aware of any existing algorithm that solves this
coloring problem. In our implementation, the standard distance-2 coloring algorithm
is used, which ignores the second condition and solves a much more difficult problem.
As a result, the output is an unnecessarily stronger coloring result with much more

colors than needed. Although the current implementation for computing the coloring
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is not efficient, the cost can be amortized for solving a sequence of linear systems
with the same sparsity pattern, since the coloring result depends only on the graph

(symbolic pattern) of the original matrix.

2.6.3 Comparison with sparse direct solver

In this subsection, we present results of comparing our parallel solver to SuperLU-
Dist [75, 74], a state-of-the-art parallel sparse direct solver, on 16 processors. Timing
results and the corresponding memory footprints are shown in Fig. 2.8. For Poisson’s
equation and the variable-coefficient Poisson’s equation, our solver was used as a
preconditioner (K = 8 and 16, respectively) for CG with a tolerance of 107'2. For
the Helmholtz equation, our solver was used as a preconditioner (I = 32) for GMRES
with a tolerance of 1073.

In Fig. 2.8, we can see that for a small problem size, e.g., 262k (128%), our solver

was not competitive with SuperLU-Dist. But for large problem sizes, our solver was

much faster and used less memory than SuperLU-Dist.
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Fic. 2.8. Comparison with SuperLU-Dist on 16 processors. For each problem size,
timing results are normalized by that of SuperLU-Dist. The timing result and the
memory footprint of SuperL U-Dist was almost the same for three PDEs.

Note that the memory footprint of our solver is relatively high. The reason is that

in our implementation, (sparse) nonzero blocks in the original sparse linear system
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are stored using a dense-matrix data structure (for ease of coding), and this choice
leads to the large memory consumption. Optimizing this memory usage requires some

software-engineering work and is on our to-do list.

2.6.4 General linear systems from various applications

In this subsection, we present results® for general linear systems from a number of ap-
plications, such as electro-physiological model of a torso, numerical weather prediction
and atmospheric modeling, geo-mechanical model of earth crust with underground de-
formation, and gas reservoir simulation for COs sequestration. These problems are
from the SuiteSparse Matrix Collection (formerly known as the University of Florida

6 and the matrices include SPD matrices from unstruc-

Sparse Matrix Collection)
tured meshes, non-symmetric matrices and indefinite matrices. Important properties

of these matrices are shown in Table 2.1.

TABLE. 2.1. General matrices from various applications

Matrices Size 4 nonzero symbolic pattern | numeric value positi.ve
Symmetry symmetry definite
torso3 0.26M 4.4M no no no
atmosmodd | 1.3M 8.8M yes no no
Geo_1438 1.4M 60.2M yes yes yes
Serena 1.4M 64.1M yes yes yes

We compared the timing results of SuperLU-Dist and our parallel solver for five
low-rank truncation epsilons (¢ = 0.8,0.4,0.2,0.1 and 0.05). Our solver is used as a
preconditioner for CG/GMRES, depending on if the matrix is SPD or not, and the
convergence tolerance is 10712,

The comparisons are shown in Fig. 2.9. In Fig. 2.9, as the low-rank trunca-
tion error € decreases (more accurate factorizations), the factorization time increases
whereas the solve time typically decreases because of the reduced CG/GMRES iter-

ation numbers. As a result, the total solve time achieves its optimal with € being

Stests in this subsection were run on the Vesper machine (vesper@sandia.gov) at the Sandia
National Laboratories. Vesper uses AMD many-core processors and has 128GB of main memory.
Shttps://sparse.tamu.edu/
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around 0.2 or 0.4 for these matrices. The speedups of our parallel solver compared
with SuperLU-Dist are 1.5x, 4.8x, 2.8x and 4.3x.
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F1G. 2.9. Timing results for different matrices from the University of Florida Sparse
Matrixz Collection. For each matrix, the results are normalized with respect to the
total solve time (factorization + solve) of SuperLU-Dist.

2.7 Summary

We have presented the first parallel algorithm and implementation of the LoRaSp
hierarchical solver. Although we derive the algorithm only for SPD matrices in Sec-
tion 2.3, the algorithm extends to general matrices. As demonstrated by the numerical
experiments, the parallel solver works for non-symmetric matrices, indefinite matrices
and matrices from unstructured grids.

The linear complexity conditions are presented in Section 2.5. In practice, these
conditions may not be satisfied perfectly, but the total solve time (factorization +
solve) is observed to scale almost linearly for numerical experiments in Section 2.6.1.
To solve large linear systems that cannot be stored on a single compute node, dis-
tributed memory parallel computing is necessary. We have shown that our solver
achieves good speedups on up to 256 processors.

Several directions for future research are as follows.
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e Our graph coloring of the boundary is conservative and other strategies may
reduce the number of colors and/or execution time. For example, one could
color the processor graph instead of the boundary nodes, which would give more

coarse-grained communication but likely more idle time (poor load balance).

e We plan an MPI+X implementation that exploits thread parallelism for dense
linear algebra. We believe such an approach may improve the parallel scalability

on a large number of compute nodes.

e A variant of LoRaSp has been shown to work successfully for dense matrices

[31]. Our parallel algorithm could be extended to solve dense linear systems.



Chapter 3

Application in Ice Sheet Modeling

3.1 Introduction

This chapter considers the problem of solving large sparse linear systems, which is a
fundamental building block — but often a computational bottleneck — in many science
and engineering applications. In particular, we target at linear systems that results
from numerical discretization of elliptic partial differentials equations (PDE) includ-
ing Laplace, Stokes, Helmholtz equations (in low and middle frequency regime) and
etc., using local schemes such as finite differences or finite elements. One challenge
arises when the condition number of the problem is large, and existing solvers be-
come inefficient. Existing solvers fall into three classes. The first class is sparse direct
solvers [38], which leverage efficient ordering schemes to perform Gaussian elimina-
tion. However, they generally require O(N?) computation and O(N*/3) storage for
solving a three-dimensional problem of size N. These large costs seriously limit the
application of sparse direct solvers to truly large-scale problems. The second class is
iterative solvers such as the conjugate gradient method and the multigrid method.
These methods may need only O(N) work and storage per iteration. However, the
number of iterations required to achieve convergence can be quite large, which of-
ten occurs in solving ill-conditioned linear systems. Preconditioning is essential to
improve the conditioning and convergence.

The third class of methods, which is the focus here, is hierarchical solvers. These

39
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methods compute an approximate factorization of a discretized elliptic PDE by tak-
ing advantage of the fact that the discretization matrix has certainty hierarchical
low-rank structures. These structures include H- [57, 61], H* [60, 59] matrices and
hierarchically semiseparable (HSS) [108, 23] matrices, among others [1, 4]. By ex-
ploiting this data sparsity of the underlying physical problem, hierarchical solvers are
able to become faster than state-of-the-art sparse direct solvers and more stable than
(preconditioned) iterative solvers for solving a large class of problems. However, their
efficiency deteriorates when highly ill-conditioned problems are encountered because
the rank of approximations increases dramatically in order to maintain a prescribed
accuracy in the final solution. Note that hierarchical solvers can be used either as di-
rect solver (high accuracy) or as a preconditioner for iterative methods (low accuracy).

Our focus is on the latter.

In this chapter, we introduce the deferred-compression technique to improve the
efficiency of hierarchical solvers for solving sparse ill-conditioned linear systems and
demonstrate this improvement by implementing it in a particular hierarchical solver
named LoRaSp [87]. In hierarchical solvers such as LoRaSp, off-diagonal matrix
blocks are compressed with low-rank approximations if they satisfy the strong admis-
sibility condition [60]. In our new solver, these compressible matrix blocks are first
scaled by Cholesky factors of corresponding diagonal blocks before low-rank approxi-
mations are applied. This extra scaling step provably reduces errors in the subsequent
step of forming the Schur complement, alleviating the problem of losing accuracy in
solving ill-conditioned linear systems. In addition, the Schur complement is found to
be symmetric positive definite (SPD) with practically crude low-rank approximations
when the input matrix is SPD, whereas a much more accurate approximation leading
to higher costs in the original hierarchical solver is necessary without the deferred-
compression step. For many practical applications, using the deferred-compression
technique to preserve the SPD property of the underlying physical problem is crucial

to arrive at an efficient solver.

The previous work [109, 110, 111] focused on applying the deferred-compression
technique to HSS matrices only, which is a type of weakly admissible (as opposed
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to strongly admissible) hierarchical matrices. These approaches are not directly ap-
plicable to strongly admissible hierarchical matrices (e.g., H? matrices) such as the
LoRaSp solver. Furthermore, all previous work concentrates on solving dense linear
systems, where incorporating the deferred-compression step leads to an extra O(N?)

amount of computation, and no corresponding parallel solver was developed.

Compared to the previously published papers, our deferred-compression technique
is novel in three ways. First, we targeted hierarchical solvers based on strongly
admissible hierarchical matrices, and our error analysis is more general; the previous
analysis can be recovered as a special case. Second, we developed a new solver
with diagonal scaling for sparse linear systems and proved that its computational
complexity is quasilinear (O(N log"(N)), where k is a small integer) under some
mild assumptions. This nearly optimal complexity implies that we can solve large
problems with minimum computational cost (up to some constants). Third, we show
that incorporating the deferred-compression scheme into the LoRaSp solver does not
change the data and task dependencies in the parallel LoRaSp solver [26]. Therefore,
we can take advantage of the existing parallel algorithm to solve large-scale problems

efficiently (on distributed-memory machines).

In order to demonstrate the performance of our new solver, this chapter addresses
the problem of solving linear systems from a real-world problem—ice sheet modeling.
The modeling of ice sheet dynamics has been carried out for several decades in order to
estimate future sea-level rise. To reduce uncertainties in the projection, as emphasized
by the two most recent reports [94, 95] from the Intergovernmental Panel on Climate
Change (IPCC), modern ice sheet models are becoming more and more complex by
adding new features such as adaptive mesh refinement at sub-kilometer resolutions
and utilizing advanced numerical techniques such as optimization, data assimilation
and uncertainty quantification for the treatment of numerous unknown model inputs.
Despite the increasing complexity of cutting-edge models, the solution of discretized
linear systems remains the computational bottleneck, as is performed numerous times
within each Newton and time step in an ice sheet simulation. Given that current ice
sheet simulations already consume resources on thousands of processing units on

modern supercomputers and can involve up to billions of unknown variables, there is
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a pressing need for efficient linear solvers to reduce simulation costs and prepare for

potentially larger more sophisticated simulations in the future.

However, many existing solvers turn out to deliver rather disappointing perfor-
mance for solving problems from ice sheet modeling. The most prominent challenge
comes from the anisotropic nature of ice sheet models, where the thin vertical scale
of the domain is tiny relative to the horizontal scale. This extraordinary contrast is
also reflected by the dramatically different magnitudes of entries in the discretization
matrix, where large values correspond to strong vertical coupling and tiny ones to
weak horizontal coupling. The weak coupling implies oscillatory eigenvectors asso-
ciated with small eigenvalues and a poorly conditioned discretization linear system.
This can be seen from a simplified model eu,, +u,,, where € < 1, where the standard
five point finite difference discretization on a n x n regular grid produces a matrix

with many small eigenvalues
4(n + 1)*[esin®(wi/(2n + 2)) + sin®(75 /(2n + 2))]

for all values of 7 and small values of j. Worse still, in an ice sheet model the Neumann
boundary condition imposed on the top and some bottom parts of the domain gives
rise to nearly singular matrix blocks and a Green’s function that decays much slower
than usual (as with pure Dirichlet boundary condition) [100]. The above difficulties

from ice sheet modeling contribute to the poor performance of many existing solvers.

The two solvers (preconditioners) commonly used in ice sheet modeling are the
incomplete LU factorization (ILU) and the algebraic multigrid method (AMG). Al-
though the customized ILU with a specific ordering scheme performs reasonably well
for the Greenland ice sheet problem, its performance deteriorates significantly for the
Antarctic ice sheet problem. The reason is that ice sheets on the Antarctic contain a
substantial fraction of floating ice shelves, modeled by imposing Neumann boundary
conditions, which leads to aforementioned ill-conditioned linear systems. The other
popular method adopted in ice sheet modeling is the AMG method. Although AMG
solvers using the semi-coarsening idea for addressing anisotropic problems are often

effective, the performance of a smoothed aggregation AMG solver [101] was found to
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be disappointing for ice sheet models based on first-order Stokes equations [97]. For
these particular ice sheet models, a customized matrix-dependent AMG solver [100]
was developed, which borrows ideas from both the matrix-dependent multigrid solver

for structured grids and AMG solver for unstructured grids.

To solve the particular linear systems from ice sheet modeling efficiently, our new
solver makes the best of a customized “extruded partitioning” of the extruded three-
dimensional mesh. In particular, the (two-dimensional unstructured) non-extruded
mesh is first partitioned with a general graph partitioner and then the horizontal
partition results are extended along the third/extruded direction such that mesh
vertexes lying on the same vertical line belong to the same cluster. Since extruded
meshes appear frequently in geophysical problems such as atmospheric and oceanic
circulation, oil and gas modeling, and etc., our new solver along with the “extruded
partitioning” algorithm can be generally applied to other engineering simulations
involving thin structures. For the purpose of this study, we consider ice sheet models
based on first-order Stokes equations, which are sufficiently accurate for simulating
the flow over most parts of an ice sheet while being considerably less computationally

expensive than simulating the full nonlinear Stokes equations.

Compared with the ILU and the AMG methods used for ice sheet modeling, our
new solver is robust in the sense that the iteration number stays nearly constant
if it is used as a preconditioner for solving linear systems associated with ice sheet
modeling, and our new solver is general-purpose in that it can be applied as a “black-
box” method with a general partitioning scheme available in several existing software
packages, such as METIS/ParMETIS [64], Scotch [30] and Zoltan [16]. Moreover, the
ILU and the AMG methods are based on sparse linear algebra subroutines, which are
known to be difficult to parallelize on modern many-core architectures such as the
GPU, whereas our new solver, similar to other hierarchical solvers, is mainly based
on dense linear algebra subroutines and thus can potentially be accelerated using

many-core processors.
To summarize, this chapter presents a parallel hierarchical solver for sparse ill-
conditioned linear systems using the deferred-compression technique, and in particu-

lar, our work makes the following three major contributions:
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e Error analysis of the deferred-compression scheme for hierarchical solvers based

on strongly admissible hierarchical matrices.

e A parallel/distributed-memory hierarchical solver for sparse ill-conditioned lin-

ear systems.

e Application and analysis of the preconditioner for an ice sheet modeling prob-

lem, including numerical comparisons with ILU.!

The remainder of this chapter is organized as follows. Section 3.2 introduces
the deferred-compression technique and provides an error analysis. Following that
is the algorithm of our new solver presented in Section 3.3. Next Section 3.4 briefly
summarizes the first-order-accurate Stokes approximation model of ice sheets and
introduces the “extruded partitioning” algorithm customized for extruded meshes.
Finally, In Section 3.5 numerical results are given demonstrating the performance
and scalability of our new solver for ice sheet modeling and also general problems

from the SuiteSparse Matrix Collection.?

3.2 Deferred-compression Scheme

This section presents the deferred-compression scheme and the corresponding error
analysis, targeted at hierarchical solvers that are based on strongly admissible hi-
erarchical matrices. These solvers employ low-rank approximations to compress off-
diagonal matrix blocks that satisfy the strong-admissibility condition. A rigorous def-
inition of the strong-admissibility condition can be found in [60]. From a high-level
perspective, the strong-admissibility condition states that one block-row in a (ap-
propriately partitioned) strongly admissible hierarchical matrix includes a diagonal
block corresponding to “self-interaction,” a full-rank off-diagonal block correspond-
ing to “neighbor or near-field interaction,” and a (numerically) low-rank off-diagonal

block corresponding to “well-separated or far-field interaction.” Therefore, a strongly

LA high-performance implementation in the Trilinos IFPACK package.
Zhttps://sparse.tamu.edu/
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admissible hierarchical matrix A can be partitioned as the following 3 x 3 block matrix

ASS ASTL Asw
A = A?’LS ATL?’L Anw
A'LUS Awn A’UJ?.U

(193] o

where “s” is a set of row/column indexes, “n” stands for the set of indexes, where

29

A,s and A, are full rank, and “w” for the set of indexes, where A, and A, are
(numerically) low rank. We further assume that A is SPD in this paper, so A, = AL |
Ays = AL and A,, = AL .

Below we first review the classical Cholesky factorization and introduce some
notations; then we analyze the errors in forming (approximate) Schur complements
when the s block is eliminated with and without using the deferred-compression

scheme. In order to measure error, we use the matrix-norm (a.k.a, 2-norm or operator

norm) denoted by || - ||.

Cholesky factorization To carry out one step of (block) Cholesky factorization

on the s block in A, we define the following three matrices

Gt 1
S, = I Lo=| —AnGT 1 C, = LS,
I — Ay GT I

where A,, = G,GT is the Cholesky factorization of A,,. The (exact) Schur comple-

ment Sy is found in C,ACT as

Ann - AnsA;slAsn Anw - AnsA;slAsw
Sa= (3.1)

Awn - AwsA;glAsn Aww - AwsA;glAsw

To actually compute the Cholesky factorization of the whole matrix A, the Schur
complement S, needs to be further factorized, which is skipped here and is not

relevant for our discussion below.
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Without deferred-compression scheme Suppose the low-rank matrix block A,

can be decomposed as

VT
Asw = UVT = (Ul UQ) (‘;T) = Ul‘/lT + (]2‘/2,‘?7 (32)
2
where U is an orthogonal matrix and ||[Vy ||z = €, a small prescribed tolerance.

This kind of decomposition can be computed using, e.g., the SVD or rank-revealing
QR (RRQR). Dropping the UyV)' term in A leads to the compressed matrix A=

compress(A) as follows

Ass Asn Ul VvlT
AmA=| Ay, A Aw |
VlelT Awn Aww

where the low-rank approximation can be exploited to compute an approximate fac-
torization of A at a lower cost. Apply one step of Cholesky factorization on the s
block in A with

C.=L.S.

where

~

Lo=| —A4,,G;T I
-WULG;* I

As a result, (?SAC? contains Sz, an approximation of S4 with error E:

S~ . Ann - AnsA;slAsn Anw - AnsA;;(Ul‘/lT) (3 3)
Awn - (VlUlT)A;slAsn Aww - (VlUlT)A;sl(UlvlT) ’ .
- 0 A, AN UV
E=S;—S4= w (U2V) . (34)
(VQUzT)As_slAsn AwsAs_slAsw - (VlUlT)As_sl(UlvlT)
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Proposition 3.1. Assume Eq.(3.2) holds, the error E between the two Schur comple-
ments, namely Sz in C;ACT and Sy in C,ACT takes the form in Eq.(3.4). Moreover,

the following error estimates hold

L. HEwwH < 2€HAst/‘7min(ASS> + O(€2>7
2. HEnw” = HEumH < GHAHSH/Umin(ASS)7

3. and | E|| < | Buwll + 1Bl < @l Asull + | Aus|)/Tmin(Ass) + O(2),

where Epy, By and ., stand for the (1,2) block, (2,1) block and (2,2) block in E.

Proof. The first part of the proposition is already shown above, so we derive the three

error bounds as follows.

Lo || Byl = [ Aws AL Asw — VAUD A OV
= [|(ViU) + VoUy ) AZH DLWV + UaVy') — (VU AL UV
= [ViU] (Ass) 71UV + VaUy (Ag) " (U VT + DR V)|
< VAU (Ass) TRV || + (VaUy (As) " ULV + ULV
< VAUY 1 (Ass) THHTTVE [ + 1V2Us3 ([ (Ass) IOV + U2V5)]|
= €(||Aswll + €)/min(Ass) + €| Aswll/Tmin(Ass)
= 2€)| gyl /Tmin (Ass) + € /Omin(Ass) (3.5)

where Eq. (3.2), [U2Vy|| = € and [V = [[Asw — U2V || < [|[Aw| + € are used,

and oy, denotes the smallest singular value of a matrix.

2. ”Ean = HEwnH = HAnSA;sl(U2V2T)” < E”AnSH/Umin(ASS>
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N 0 B
3. Bl =||{ - P

0 E,. 0 0
< - + .
Ewn 0 0 Eww
= || Enwll + | Buw

< e(2l| Aswll + [[Ansll)/omin(Ass) + 6Q/O-milrl(ASS)

where we used the equality

0o C
(CT 0) H = ||C]| for any matrix C. O

For ill-conditioned problems such as linear systems from ice sheet modeling the
diagonal matrix block Ay can be nearly singular, and o, (Ass) is almost zero. As a
result, the error ||F|| is large. Worse still, due to this large error the approximate Schur
complement S ; may become indefinite (Cholesky factorization of diagonal blocks can
break down), making it a poor approximation of the exact Schur Complement Sy, an
SPD matrix.

The above error analysis extends to all hierarchical solvers based on strongly
admissible hierarchical matrices (with potentially minor modifications) and shows
that the low-rank truncation error € needs to decrease at least as fast as oyin(Ass) to

maintain the same error tolerance on .S;.

With deferred-compression scheme Before compressing the off-diagonal matrix
block A, directly, we first scale Ay, by the inverse of the Cholesky factor of A,;.
Specifically, the Cholesky factorization of the diagonal block Ay, = G,GT is used to
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scale the first block row and column of A as the following

1 G;'A,, G;'A,,
S AST = A G7T A, Anw ;
Aws GS_T Awn Aww

where S, = I . Then the block G;!A,, is compressed with a low-rank

1
approximation. Similar to Eq. (3.2), assume a low-rank decomposition of G71A,,, as

. NN A 74
G Ay =0V = (01 0) <V1T> = U + Vs (3.6)
2
where U is orthogonal and ||V4|| = €, a small prescribed tolerance. Again, there are

various ways of computing this kind of decomposition, such as the SVD or RRQR.
One way to relate Eq. (3.6) to Eq. (3.2) is the following. Define U = G,U, then
Eq. (3.6) is equivalent to A, = U VT, where U is orthogonal in terms of the inner
product defined by the SPD matrix A_'.

Replacing G5 Ay, by U1V in S;AST leads to the compressed matrix S;AST =

compress(S;AST) as follows

I G s 1A sn U 1 ‘71T
SAST ~ S, AST = | 4,657 Aw A |
‘A/l UlT Aum Aww

where

Ass Asn Gs Ul ‘/1T
A=| An  Awm  Aw
VIUTGT Apn Aww
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Carrying out one step of Cholesky factorization on the s block in SSAS;F with

I
Lo=|-A,,GT T
—WuT I

produces the following Schur Complement, another approximation of S, as follows

(3.7)

o Ann - AnsA;slAsn Anw - AnsG;T(ﬁI%T>
SQASS Awn - (‘71(71T>G5_1Asn Aww - ‘A/l‘A/lT '

Proposition 3.2. Assume FEq.(3.6) holds, the error E between the two Schur com-
plements, namely Sg jsr in L.S,ASTLT and Sy in C,ACT = L,S,ASTLT is the
following

. 0 A GITUL VT
( s e > (3.8)

E=5c;cr—Sa=1| . . O
sast et \nore A, W

Moreover, the following error estimates hold

1. |Eyull = €2,
2. [[Enwll = ([ Bunl < EHAnSH/Umin(ASS)l/Qr

3. and | B < | Buwwll + | Bl < €ll Anall/Omin (Ase)/? + €,

where Ery, EBuwy and B, stand for the (1,2) block, (2,1) block and (2,2) block in E.
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Proof. We first show Eq. (3.8) as follows:

By = Aps(AZ A — GIT (V)
= A GIT (G A — (VD))
= A G ULV

Eww = AwsA;glAsw - ‘A/l‘A/lT
= (AwsGs_T)(Gs_lAsw) - VlvlT
= (WUT + VU)WV + 0oV5) = v
Wi

where Eq. (3.6) and the orthogonality of U (UTU; = I and UT'U, = 0) are used.

Next, we can prove the following three error bounds easily.
1Bl = IVaV5" || = €
1Bwll = [[4nsGS T OVE || < €| Ansll /omin(Ase) 2
BN < 1 Ewwll + 1 Enull < €l Ansll/omin(Ass) ' + €

]

As the above proposition shows, the approximate Schur complement computed
with the deferred-compression scheme is much more accurate than that without the
scheme, especially when the problem is highly ill-conditioned. In other words, if the
error tolerance is fixed, our new solver can deploy a (much) larger truncation error
e reducing the setup/factorization cost of a hierarchical solver significantly. For ex-
ample, in our numerical experiments we will show that our new hierarchical solver
(e = 1072) performs better than the original LoRaSp solver (¢ = 107%). In particular,
Eww is an order of magnitude smaller than Eww and does not depend on o, (Ass).
Furthermore, E,, is now symmetric positive semi-definite, which implies the follow-

ing statement.
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Corollary 3.3. The ww/(2,2) block in Ss_zsr 15 SPD.

Proof. Since the original matrix A is SPD, the exact Schur complement S, is also
SPD. The ww/(2,2) block in Sg_jsr equals to the sum of the ww/(2,2) block in Sy,
an SPD matrix, plus Epw = XA/QXA/QT, a symmetric positive semi-definite matrix, and
thus is SPD. O

In general, the matrix Sg_ AsT itself is not necessarily an SPD matrix for any e.
However, for practical choices of €, the matrix stays SPD in our numerical experiments
with ice sheet modeling.

Overall, the differences between computing an approximate Schur complement of
S 4 with and without the deferred-compression scheme are summarized in the following
table.

3.3 Improved LoRaSp Solver

In this section, we introduce the algorithm of our new hierarchical solver obtained by
implementing the deferred-compression technique in the original LoRaSp solver. Our

goal is to solve an (ill-conditioned) SPD linear system
Az =b (3.9)
and our solver is based on a clustering of the unknown variables in Eq. (3.9).

Matrix Partitioning Define G4 = (V, F) as the (undirected) graph correspond-
ing to the symmetric matrix A: vertexes in G4 correspond to row/column indexes
in A, and an edge E,, exists between vertexes p and ¢ if A(p,q) # 0. A cluster-
ing of unknown variables in Eq. (3.9) is equivalent to a partitioning of the graph

G 4. Graph partitioning is a well-studied problem and can be computed algebraically
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TABLE. 3.1. Differences between computing an approximate Schur complement of
Sa with and without the deferred-compression (DC) scheme. * means corresponding
blocks in the computed (approrimate) Schur complements.

Without DC With DC
Gt G;T
Matrix A 1 A I
1 I
Low rank Ay =UV G Ay, =UVT
A roxi Ass Asn Ul‘/lT I G_lAsn Ul‘A/lT
N AT, A Aw (G AT A A
1 VUL AT Ay, WOr AT A,
Schur
complement Eq. (3.3) Eq. (3.7)
ww block* may be indefinite always SPD
Error for 2 2
ww blocks* 2€‘|Aswl|/‘7min(ASS> + O(E ) €
Error for 1/2
nw blocks* el Ansll/omin(Ass) €[l Ansll/omin(Ass)
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using techniques such as spectral partitioning and iterative swapping in existing high-
performance packages, such as METIS/ParMETIS [64], Scotch [30] and Zoltan [16].

Our hierarchical solver computes an approximate factorization of A by compress-
ing fill-in blocks generated during Gaussian elimination. Below, we first illustrate
applying the deferred-compression technique and the “low-rank elimination” step
(“scaled low-rank elimination” in the following) to one cluster of unknown variables

in Section 3.3.1. Then we present the whole algorithm of our solver in Section 3.3.2.

3.3.1 Scaled Low-rank Elimination

Let IT = U™, '7; denote a clustering of all unknown variables in Eq. (3.9), and without
loss of generality, assume matrix A is partitioned and ordered accordingly, e.g., the
first block row/column corresponds to my. Two clusters m, and m, are defined as
“neighbors” if the matrix block A(m,,m,) # 0. In other words, the neighbors of a

cluster is the set of adjacent clusters in G 4.

To use the “scaled low-rank elimination” step, we partition matrix Ao = A in the

familiar way

Ass Asn Asw
AO = Ans Ann Anw
Aws Awn Aww

({3

where “s” block corresponds to 7, “n” block corresponds to neighbors of 7y and
“w” block corresponds to the rest. Based on our definition of neighbors above,
Agw = Aws = 0. In this case and generally if A,, = A,s = 0, the “scaled low-

rank elimination” step is reduced to normal block Cholesky factorization.

As in Section 3.2, denote C, as the matrix corresponding to one step of block

Cholesky factorization and denote A; as the Schur complement, i.e.,

I 0
C,ACT = .
0 A
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Again, we can partition A; into the following 3 x 3 block matrix

AW AL AW
A= A% AL A8,
AL AL AL

where “s” block corresponding to w1, “n” block corresponding to neighbors of m; and
“w” block the rest. Assume A'L) #0, Al 2 0, which contains fill-in generated from
previous elimination of my. To simplify notations, we will drop the superscription of

matrix blocks in A; without causing any confusion.

The “scaled low-rank elimination” step involves three operators: scaling opera-
tor S, sparsification operator £ and Gaussian elimination operator G. The scaling

operator S is defined as follows

S, = I |, (3.10)

where A,; = G,GT is the Cholesky factorization.

After the scaling operator is applied, the off-diagonal block G;'A,, in S;A;ST
is compressed with low-rank approximation, as in Eq. (3.6). This compression step
S;A1ST =~ compress(S;A1ST) is exactly the same as in the deferred-compression
scheme. Instead of eliminating the “s” block directly, the next step applies the spar-

sification operator

£, = I (3.11)
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and introduces a zero block as below

I Gs_lAsn (71‘71T
&, compress(S,A1ST) EF = &, AsGTT A Anw | EF
VUt Avn  Apw

I UrG;'A,, VI
B I UIG;'A,, 0
| AGTTO AnGTTU,  Awe Ane
Vi 0 Awn Apw

PN 1
Notice UTU, = (O) where the identity has the same size as the number of columns
in Uy, i.e., rank of the low-rank approximation in Eq. (3.6).

After the sparsification step, a cluster of unknown variables w, can be split into
“coarse” unknown variables 7¢ and “fine” unknown variables 7/, where 7/ involves

no fill-in. Then 7/ is eliminated, which does not propagate any existing fill-in (no
level-2 fill-in introduced).

The Gaussian elimination operator

I
I
Gs = N 3.12
—AG;TU, T (3.12)
I
eliminates the “fine” unknown variables 7/ as follows
I UrG Ay VI
I
G.Es compress(S,A,8T) ELGT = . :
P ( ' ) AnsG;TUl X’rm Anw
Vi A Auw

where X,,,, = A, — AnSG;T(AJQUQTGSTlAsn.
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Last, we introduce an auxiliary permutation operator, P, to permute rows and

columns corresponding to 7§ to the end. P; is defined as

P, = . (3.13)

Finally, define the “scaled low-rank approximation” operator W, = P,G,£,Ss and

W, A WT selects and eliminates the fine DOFs in 7,. To summarize, we have derived

1
W AWT ~ P,G.E, compress(S,A,8T) EXGT PT = ( ) ) .
2

3.3.2 Entire Algorithm

We have introduced the “scaled low-rank elimination” step for one cluster. The
algorithm repeatedly applies this step on all clusters in IT = U";'m;. This process
is equivalent to computing an approximate factorization of the input SPD matrix
A, subject to the error of low-rank approximations. After all clusters are processed,
left is a linear system consisting of the “coarse” unknown variable U ;'7¢, and we
can apply the same idea on this coarse system. The entire algorithm is shown in
Algorithm 5.

Similar to sparse direct solvers, Algorithm 5 outputs an approximate factorization
of the original matrix A, which is used to solve the linear system Az = b. Since S;
and &; are block diagonal matrices, G; is a triangular matrix and P; is a permutation
matrix, the solve phase follows the standard forward and backward substitution, as

shown in Algorithm 6.

3.3.3 Complexity Analysis

The computational cost and memory requirement of the original LoRaSp method

and the corresponding parallel algorithm are analyzed in [87] and [27], respectively.
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Algorithm 5 Hierarchical solver: factorization phase

=t

10:

11:
12:

13:

14:

15

16:

17:

18:

19:
20:

1
2
3
4:
5
6

: procedure HIERARCHICAL_FACTOR(A)

if the size of A is small enough then
Factorize A with the conventional Cholesky factorization
return

end if

Partition the graph of A and obtain vertex clusters Il = U

m—

1:0171-@'
D> m is chosen to get roughly constant cluster sizes
AO — A
for i <~ 0tom —1do
A1 < Scaled_LowRank_Elimination(A4;, II, m;)
end for D Ap = Wpm1... WWo AWIWT ... WT_|
I

Extract A. from the block diagonal matrix A,, ~ 1

> A. is the Schur complement for the coarse DOFs
Afe¢ « HIERARCHICAL_FACTOR(A,)

> Recursive call with a smaller matrix

return Afe =W, 'wrt.o oWt (I Afac) L owTTw T

m—1 -

> A{ac is not written out explicitly

end procedure

: procedure SCALED_LOWRANK_ELIMINATION(A4;, II, 7;)

Extract A from A; ~ (I fl)

Compute the low-rank elimination operator W; = P,G;&;S; based on A
D> &;,G; and P; are defined in Eq. 3.10, Eq. 3.12 and Eq. 3.13
I
Wi x
! Wi

return W, A, WE

> W, has the same size as A;

end procedure

D> Notation: a < b means assign the value b to a, whereas a = b means they are equivalent
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Algorithm 6 Hierarchical solver: solve phase

1: procedure HIERARCHICAL_SOLVE(A7%, b)

2: y < FORWARD_SUBSTITUTION(A/% b)
3: T + BACKWARD_SUBSTITUTION (A7 1))
4: return z

5: end procedure

6: procedure FORWARD_SUBSTITUTION A/ b)

T y<«b

8: for i< 0tom —1do

9: y<— Wy D> y is overwritten
10: end for D> y = (ye,yy) is of the concatenation of y; and y.

11: Extract y; and y, from y

D> ys and y. correspond to the fine DOFs and the coarse DOFs

12: Yo < FORWARD_SUBSTITUTION(AS y,.)
13: return y = (Z/f7 yc)
14: end procedure

15: procedure BACKWARD_SUBSTITUTION(A/?, )

16: T <y
17: for i+ m—1to 0 do
18: r+ Wha >z is overwritten
19: end for D> x = (xy,x.) is of the concatenation of x. and z
20: Extract z; and z. from z

> Ty and x. correspond to the fine DOF's and the coarse DOF's
21: T, < BACKWARD_SUBSTITUTION( A/ x,) D> 2. is overwritten
22: return z = (v, x.) > Output the concatenation of f and .

23: end procedure

D> yc is overwritten

D output the concatenation of y; and y.

D> Notation: a < b means assign the value b to a, whereas a = b means they are equivalent
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Behind these analysis is the key assumption that ranks of low-rank truncations are
upper bounded. The interaction ranks in hierarchical matrices was studied in sev-
eral existing papers [13, 11, 22]. Here, we make the same assumption on the rank
based on numerical experiments (in Section 3.5) and claim that standard multipole
estimates [53, 54] hold.

Below we rephrase Theorem 5.4 in [87] and claim it also holds for the improved
LoRaSp solver. Complexity analysis of the corresponding parallel algorithm is sum-
marized in Theorem 3.5, which is again a rephrase of results in [27]. Note that
memory and the solve time have the same complexity. Intuitively, the solve phase

touches €very nonzero once.

Theorem 3.4. In the (improved) LoRaSp algorithm, the computational cost of the
factorization is O(N1?), and the computational cost of the solve (per iteration) and
the memory consumption both scale as O(Nr), where N is the problem size and r is
the largest cluster size at the first/finest level (level 0), if the following two conditions
hold:

1. for every cluster of unknown variables, the number of neighbor clusters is bounded

by a constant.

2. the largest cluster size at the first level (level 0), r, is bounded by a constant; and
rs, the largest cluster size at level i, satisfies the relationship that r; < o'r (i >
0), where 0 < a < 213,

Theorem 3.5. Assume the linear system is evenly distributed among all processors,

the conditions in Theorem 3.4 hold and all clusters have r unknown variables. The
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computational cost of the factorization and the solve (same as the memory consump-
tion) are O(Nr?/p) and O(Nr/p) on every processor, where p is the number of pro-

cessors. Further, for every processor, the amount of communication is

for a 3D underlying subdomain, and the number of messages sent by every processor
18

O(log (%)) + O(logp).
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3.4 Ice Sheet Model

Although many high fidelity models exist for ice sheets, we focus on the first-order
Stokes model [97] here. This simplified model requires much less computation, but still
preserves sufficient accuracy for simulating the flow over most parts of an ice sheet.
The ice sheet model is discretized with a Galerkin finite element method using either
bilinear or trilinear basis functions on tetrahedral or hexahedral elements, respectively.
Further details of that underlying discretization can be found in [97, 98]. Below,
we provide details on the partial differential equation (PDE) and the corresponding

boundary conditions.

3.4.1 Stokes Formulation and Discretization

The goal of an ice sheet model is to solve for the x and y components of the ice velocity.

These two components are governed by the following elliptic system of PDEs:

—V - (2ué) + pg2s =0 (3.14)

-V - (2uéy) + pgg—; =0

where 1 is the effective viscosity, p is ice density, g is the gravitational acceleration, and
s = s(x,y) denotes the upper boundary surface. The €; are first order approximations
to the effective strain rate tensors:

€] = (2600 + €yyr €oy, €az)  and €5 = (€y, €un + 264y, €42 (3.15)

_6u _ ov .1 ou Ov i _16u ) _161}

.a::c—_7 = a7 Ty — A\43_ a ) Tz — S 43 zZ — 8 A 3.16
‘ ar’ W Ay €y 2(8x+8y) ‘ 202 T 202 (3.16)

In Eq. 3.14, the nonlinearity arises from the effective viscosity, which is approximated
by
1 _..-2
u:§A née ", (3.17)
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using Glen's law [32, 83] to model the ice rheology. Here, €. is the effective strain
rate given by

=+ €0+ banbyy + 0y + €0 60 (3.18)
and A is the strongly temperature-dependent flow law rate factor that can be de-
scribed through an Arrhenius relation [32]. The exponent n typically takes values
between 1 and 4. In this work, we take n = 3, as is commonly done in the literature.
A combination of Newton’s method and continuation generates a sequence of linear
systems, the efficient solution of which is the main focus of this paper.

Note that there exists a three-dimensional null space of the PDE system in Eq. 3.14
when boundary conditions are not imposed, which corresponds to rigid body modes.
This space is spanned by functions associated with horizontal translations (v = 1,v =
0) and (u = 0,v = 1) and rotation (u = —y, v = x); see, for example, [92].

The boundary conditions in the ice sheet model are as follows. On the top bound-
ary, a homogeneous Neumann condition is prescribed: €; -n = €, -n = 0, where n is
the outward facing normal vector to the upper surface. On the bottom boundary, a

Robin condition is used:
2u€r -n+ pPu=0 (3.19)
1€y -n+ Pv =10
where 5 = S(z,y) > 0 is the basal sliding (or friction) coefficient that in this paper
can be viewed as an already known field.®> Large 3 (e.g., 3 = 10*%kPa yr m™') cor-
responds to a quasi-no-slip condition, while small 8 implies a weak frictional force,
corresponding to a thawed ice-bed interface that allows for some degree of slip tan-
gential to the bedrock. Under floating ice shelves, § is often taken as identically
equal to zero, corresponding to free slip over a frictionless boundary. On the lateral
boundary, a dynamic Neumann condition (referred to as open-ocean or floating ice)

is used in this paper:

2u€r - — pg(s — z)n = pp,gmax(z,0)n
piér py(s —z)n = p (2,0) (3.20)
2ués - — pg(s — z)n = p,gmax(z,0)n

3In practice, is obtained through an inverse problem formulation to best match measurements
while retaining certain desirable properties [85].
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where p,, denotes the density of water and z is the elevation above sea level. This
condition is derived under a hydrostatic equilibrium assumption between the ice shelf

and the air (or water) that surrounds it [79].

3.4.2 Extruded Partitioning for Ice Sheets

The improved LoRaSp method is based on an extruded partitioning of a three-
dimensional extruded mesh, which logically correspond to a tensor product of a two-
dimensional unstructured mesh in the x, y directions with a one-dimensional mesh in
the z direction. Specifically, one layer of the three-dimensional extruded mesh, i.e., an
unstructured two-dimensional mesh, is partitioned using a general graph partitioner,
such as METIS/ParMETIS [64], Scotch/PT-scotch [30], and Zoltan [16]; the parti-
tioning result is then extruded in the third dimension such that mesh vertexes lying
on the same extruded line always belong to the same cluster. The motivation of our
extruded partitioning scheme is that a mesh point is closer to its vertical neighbors
than its horizontal neighbors because vertical coupling is stronger than its horizontal
counterpart in ice sheets modeling. Fig. 3.1 shows the partitioning result of the mesh

used for Antarctic ice sheet modeling (the extruded dimension is not shown).

Fic. 3.1. Partitioning of the two-dimensional mesh, i.e, one layer of the three-
dimensional extruded mesh, used in Antarctic ice sheet modeling.

Note the extruded partitioning scheme does not assume that the mesh spacing in

the extruded dimension is uniform, or that mesh vertexes residing on the same mesh
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layer have the same z coordinate value. For a number of practical reasons, vertically
extruded meshes are commonly employed in ice sheet modeling. These meshes are also
natural for ice sheet simulation with the assumptions made for deriving the first order
Stokes approximation, which effectively relies on large disparities between vertical and
horizontal scales. In addition to the use in ice sheet modeling, extruded meshes are
also heavily used in other geophysical modeling applications (e.g., atmospheric and
oceanic, oil/gas, carbon sequestration) and arise frequently in engineering simulations

involving thin structures.

3.5 Numerical Results

This section demonstrates the efficiency and the (parallel) scalability of our hierar-

chical solver. In particular, we want to answer the following two questions:

1. how does the computation costs, including factorization cost, solve cost per

iteration and number of iterations, increase as the problem size increases?

2. how does the running time (factorization cost + solve cost per iteration X
iteration count) of our hierarchical solver compare with that of other state-of-

the-art methods?

Test problems We show results for solving linear systems arising from simulating
ice sheets on Antarctica. These simulations are carried out on a sequence of increas-
ingly large meshes corresponding to horizontal refinement (fixed number of vertical
layers), as is commonly done in practice. The linear systems are solved using the
(right) preconditioned GMRES (restarted GMRES(200), so in practice full GMRES)

with a stopping tolerance of 107! and a maximum number of iterations of 1000.

Parameters in hierarchical solver In our hierarchical solver, partitions are com-
puted using geometric coordinates of mesh grids by calling the Zoltan[16] library,

and have cluster sizes of around 100, which empirically gives good performance. The



66 CHAPTER 3. APPLICATION IN ICE SHEET MODELING

(only) other parameter ¢, i.e., errors of low-rank approximations, is varied to show
trade-off between the costs of factorization and solve. When ¢ decreases, (more ac-
curate approximations), the factorization cost increases and the number of precondi-

tioned iterations decreases.

Machine All experiments were run on the NERSC Edison supercomputer?, where
every compute node has two 12-core Intel “Ivy Bridge” processors at 2.4 GHz, and

nodes are connected with Cray Aries with Dragonfly topology.

3.5.1 Improved efficiency

This subsection shows improved efficiency of the hierarchical solver with the vertical
partitioning pre-processing step and the diagonal-scaling scheme. The focus is on the
number of iterations because if we assume the factorization time and the solve time
per iteration of the hierarchical solver are both O(N), then the total running time
only depends on the iteration count. The four test problems used in this subsection

is the following.

TABLE. 3.2. Four test matrices used in Section 3.5.1

horizontal resolution # of vertical FE layers # of unknowns

64km 8 63,126
32km 8 245,646
16km 8 969,642
8km 8 3,848,868

“Black-box” method We first show the poor performance of the original LoRaSp
solver, if applied directly to the smallest test matrix corresponding to a resolution of
64km between adjacent mesh points. As Table 3.3 shows, the original LoRaSp solver
did not converge in 100 iterations when € < 1073; when € = 10~%, the solver converged
at 69 iterations with a significant computation time (as compared to results in Table
3.4).

4http:/ /www.nersc.gov /users/computational-systems /edison/
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TABLE. 3.3. Original LoRaSp solver applied to the linear system corresponding to
64km resolution.

€ 107" 107* 107* 107*
Factor (s) 12 31 85 134
Solve (s) — - — 44

Iter # 100 100* 100* 69

Memory (GB) 1 3 6 8

¢ solver didn’t converge in 100 iterations.

Extruded partitioning Table 3.4 shows the factorization time, the solve time (for
all iterations), iteration number and the storage cost of the hierarchical solver using
the extruded partitioning scheme. With a pre-processing step of vertical partitioning,
the original LoRaSp solver becomes much more efficient for solving problems from ice
sheet modeling. For example, comparing the first column in Table 3.4 with the last
column in Table 3.3, we see that the total time is about 1 second and 178 seconds for
64km, respectively. Although the performance of LoRaSp has improved significantly
with vertical partitioning, the number of iterations doubles as the mesh is refined as
shown in Table 3.4. Suppose the factorization time and the solve time per iteration
of the hierarchical solver are both O(N), the total running time is O(N?/?) as the

iteration number grows as O(N'/2).

TABLE. 3.4. Extruded partitioning. Fized ¢ = 107! in LoRaSp solver.

Resolution 64km 32km 16km 8km

Factor (s) 0.67 25 10 41
Solve (s) 0.41 3.7 33 220
Iter # 12 26 o2 107
Memory (GB) 04 4 7 27

Table 3.5 shows the number of iterations of different values of € for increasing
problem sizes. As shown in the table, the number of iterations decreases as € decreases.

When € > 1073, the iteration number roughly doubles as meshes are refined. When
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€ = 1074, the number of iterations increases relatively slowly. In principle, we could
further decrease ¢ and the number of iterations would be further reduced. But the

increase of factorization cost with a smaller ¢ may lead to a higher total running time.

TABLE. 3.5. Extruded partitioning. Number of iterations for different values of €.

€ 1071 1072 107* 1074

64km 12 12 11 11
32km 26 22 21 17
16km 52 44 37 28
8km 107 83 71 35

Diagonal scaling Table 3.6 shows the number of iterations of different values of
e when the diagonal-scaling scheme is used. As the table shows, the number of
iterations is reduced significantly. More importantly, the iteration count is almost
constant when ¢ < 1073 and increases logarithmically when ¢ = 1072, Suppose the
factorization time and the solve time per iteration of the hierarchical solver are both
O(N), the total running time is O(N) or O(N log(N)) when ¢ < 1072 or € = 1072,

respectively.

TABLE. 3.6. diagonal-scaling scheme. Number of iterations for different values of e.

€ 10°t 1072 107* 107"

64km 14 10 9 )
32km 21 12 8 5
8 )
8 6

16km 37 14
8km 54 16

3.5.2 Ice sheet problems

In this subsection, we show running time of our hierarchical solver for solving prac-
tically large-scale linear systems from ice sheet modeling. Based on previous results,
we chose € = 1072 for our hierarchical solver, which incorporates the diagonal-scaling

scheme and extruded partitioning.
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Our reference method is the ILU-preconditioned domain decomposition method
used in the Albany package® [97] developed at the Sandia National Laboratories for ice
sheet modeling. The ILU module is a well-tuned high-performance implementation
in Trilinos IFPACK®.

In practice, the number of finite element (FE) discretization has a fixed number
of vertical layers. In the following numerical experiments, we will use discretization
linear systems from 5 FE layers and 10 FE layers, two common choices for low- and
high-accuracy. Correspondingly, the numbers of unknowns on the same vertical line
are 12 and 22 (mesh layer = FE layer + 1, and two unknowns associated with every

grid point).

5 FE layers Figure 3.2 shows the total running time of a weak scaling experiment’,
where a sequence of problems are solved on 1, 4, 15, 64 and 256 processors. As
Figure 3.2 (left) shows, the running time of ILU blows up as problem size increases,
while that of the hierarchical solver stays almost constant. Figure 3.2 (right) shows the
decay of residuals, and the convergence of ILU deteriorates significantly as problem

size (anisotropy) increases.

Detailed information of this weak scaling experiment is summarized in Table 3.7.
As the table shows, the number of iterations for ILU doubles when mesh is refined,
whereas it increases by only one or two steps for the hierarchical solver. As a result, we
conclude that the computation cost of ILU is O(N?®/2) as the iteration count increase
as O(N'/?) empirically. By contrast, our hierarchical solver achieved close to O(N)

computational complexity.

Shttps://cfwebprod.sandia.gov/cfdocs/ CompResearch /templates /insert /project.cfm?proj=28

Shttps://trilinos.org/packages /ifpack/

"the problem size increases proportionally to the number of processors used. In other words, the
problem size per processor is fixed.
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Fi1G. 3.2. 5 layers of FE vertical meshes. Weak scaling experiment on 1, 4, 16, 64,

256 processors. (Left) dashed line means extrapolation based on existing data because
ILU didn’t converge.

TABLE. 3.7. 5 FE vertical layers: hierarchical solver (¢ =1072) vs. ILU.

horizontal # of # of ILU hierarchical solver

resolution unknowns processors | iter # total time | iter # factor solve
16km 629K 1 64 10 10 149 13
8km 2.5M 4 170 38 12 159 20
4km 10M 16 498 116 14 181 29
2km 40M 64 1000* — 14 182 33
1km 161M 256 1000° — 15 215 48

@ ILU didn’t converge to 107'2; it took 398

seconds for 1000 iterations (residual
~ 10710,

> ILU didn’t converge to 107'2; it took 346 seconds for 1000 iterations (residual
~ 1079).

Figure 3.3 (first row) shows the breakdown of the factorization cost and the solve
cost for all iterations in results of the hierarchical solver. In the weak scaling exper-
iment, the Gaussian elimination time, low-rank compression time, diagonal-scaling
time and triangular solve time are almost constant as the problem size increases pro-

portionally to the number of processors. Moreover, the cost of the diagonal-scaling
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scheme is only a tiny fraction of the total factorization cost.

350, 70,
Il elimination 3 lower solve
300r | mEE compression 60r| 1 lower comm
M deferred-compression 1 upper solve
2507 =3 communication 50| g upper comm

16km  8km 4km 2km 16km  8km 4km 2km 1km

level 4

level 3

level 2

level 1

level 0

16km  8km 2km  1km

Fia. 3.3. (First row) breakdown of the factorization time and the solve time (all
iterations) in Table 3.7; (second row) low-rank compression ranks at different levels
(level 0 is the finest level) in the hierarchical solver with e = 1072. Note this is a weak
scaling experiment on 1, 4, 16, 64 and 256 processors.

Figure 3.3 (second row) shows the average sizes of low-rank truncations at different
levels (“level 07 is the finest level). The figure shows that the ranks of compression
across different levels and different problem sizes are well-bounded and hence the total
running time of the hierarchical solver close to O(NV) as Theorem 3.4 and Theorem 3.5

state.

10 FE layers Results for solving linear systems corresponding to 10 layers of FE
vertical meshes are shown in Table 3.8. Again, the number of iterations of ILU

increases as O(N'/?) while that of the hierarchical solver increases very slowly.
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TABLE. 3.8. 10 FFE wvertical layers: hierarchical solver (¢ =1072) vs. ILU.

horizontal # of # of ILU hierarchical solver

resolution unknowns processors | iter # total time | iter # factor solve
16km 1.1M 4 90 7 18 147 22
8km 4.6M 16 183 21 23 186 38
4km 18.56M 64 468 66 24 213 53
2km 74M 256 1000* — 27 214 65
1km 296M 1024 1000° — 33 243 635

@ LU didn’t converge to 107'%; it took 145 seconds for 1000 iterations (residual

~ 1079).
b ILU didn’t converge to 10712; it took 83 seconds for 1000 iterations (residual =
1073).
120, T T T 1.2 - -
I elimination 3 lower solve
100 I compression 1.0 1 lower comm
Il scaling [ upper solve
80+ @ communication 0.8 I upper comm
g 206
0.4
0.2
0 level 0 level1 level 2 level 3 level 4-10 0.0 level 0 level1 level 2 level 3 level 4-10

Fic. 3.4. Breakdown of the factorization time and the solve time per iteration for the
4km resolution (on 64 processors). Note "level 07 is the finest level in the hierarchical
solver (e =1072).

Figure 3.4 shows breakdown of the factorization time and solve time per iteration
for different levels. As the figure shows, the time decreases proportionally towards
higher levels. This type of behavior is commonly observed for a multi-level method,
such as the multigrid method and the fast multipole method. This behavior is essen-

tial to achieve excellent parallel scalability.
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3.6 Conclusions and future work

In this chapter, we have introduced the deferred-compression technique for devel-
oping robust hierarchical solvers based on strongly admissible hierarchical matrices.
For these matrices, off-diagonal matrix blocks that satisfy the strong admissibility
condition are numerically low-rank (a.k.a. data-sparse). This low-rank property is
leveraged in fast algorithms for computing approximate Cholesky factorizations of an
SPD matrix, where (block) Gaussian elimination is applied after low-rank blocks are
compressed. In the deferred-compression scheme, by contrast, these matrix blocks are
first scaled by the inverse of Cholesky factor of the corresponding diagonal block before
low-rank approximations are applied. This deferred compression provably reduces the
error in forming the subsequent Schur complement, especially for ill-conditioned lin-
ear systems. Our analysis shows that the ww block in the Schur compliment becomes
second-order accurate, as apposed to first-order accurate in the original algorithm,

and more importantly, the block is shown to be SPD.

The effectiveness of the deferred-compression scheme is demonstrated through
the newly developed improved LoRaSp solver, which is based on the original LoRaSp
method and deploys the new compression technique. The improved LoRaSp solver has
linear computational complexity under some mild assumptions, and its parallelization
is exactly the same as the original LoRaSp solver. Similar to ILU, the improved
LoRaSp solver computes an approximate factorization by compressing fill-in blocks,
but its dropping/truncation rule is based on the decay of singular values, which is
expected to be more efficient than other level-based or threshold-based rules typically
used in ILU. With a general graph partitioner, the improved LoRaSp solver can be

Y

used as a “black-box” method to solve general SPD sparse linear systems.

The application of ice sheet modeling is studied to benchmark the improved Lo-
RaSp solver against other state-of-the-art methods. The standard smoothed aggrega-
tion AMG solver lacks success due to difficulties associated with the strong anisotropic
phenomena. On the other hand, ILU, a commonly used method in practical ice sheet
simulations, has the disadvantage that the number of iterations doubled as the dis-

cretization mesh is refined, making it an O(N?*?) method. Compared with existing
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methods, our improved LoRaSp solver delivers a O(N) solution for a wide range of
meshes. For extruded meshes used in ice sheet modeling, we have developed the
extruded partitioning scheme to boost the performance of our solver, and we expect
this approach to be effective for other geophysical modeling of thin structures.

Several directions for future research are as follows.

e While the deferred-compression technique does not guarantee the subsequent
Schur complement to be SPD, a strengthened scheme which always preserves
the SPD property does exist. So analysis and implementation of such an “SPD-

preservation” scheme can be studied.

e The deferred-compression scheme and the improved LoRaSp solver are devel-
oped for SPD matrices, so their extensions to non-symmetric matrices can be
explored. For non-symmetric matrices, the two scaling factors for the upper

triangular and the lower triangular parts need to be determined.

e [f the near-null space of a physical model is available, it can be taken advan-
tage of by hierarchical solvers to accelerate convergence. Such an scheme [113]
respects extra constraints on low-rank approximations and would resolve any

vector in the near-null space exactly.



Chapter 4

Fast Multipole Methods

4.1 Introduction

Dislocations are line defects in crystalline materials, and their presence strongly in-
fluences many material properties, including the plastic deformability of crystals [62].
The dislocation dynamics (DD) method performs direct numerical simulations of dis-
location ensembles based on the fundamental physics of defect motion, evolution,
and interaction. It has been successfully used to study the origins of strength and
strain hardening for cubic crystals [10], the strength of micro-pillars [55], and irradi-
ated materials [7]. However, the computational cost for evaluating pair-wise elastic
interactions of dislocation ensembles in a naive way is prohibitive in large-scale DD
simulations [67, 93, 106]. In DD simulations, dislocation lines are discretized and
represented as straight segments, and evaluating the pair-wise interaction among all
segments directly requires O(N?) operations, where N is the number of dislocation
segments, which can reach several millions in large-scale DD simulations.

Existing fast algorithms, which reduce the cost of computing pair-wise dislocation
interactions, fall into two categories. The first category, cut-off methods, does not
account for the interactions beyond a predefined cut-off distance [66, 41, 42]. How-
ever, employing a cut-off distance can lead to numerical artifacts [56, 102] due to the
slow decay of long-range dislocation interaction. The second category, the fast mul-

tipole method (FMM) and its variants, represents the elastic interactions of remote

75
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dislocations with multipole expansions [119, 104, 105, 120, 71, 6, 117]. As a result,
the calculation of elastic interaction forces requires only O(N;) operations. However,
some of these methods have large pre-factors that are not efficient for simulating
practical dislocation systems. Most existing FMMs are applicable only in isotropic
elastic media, and their extensions to be used in anisotropic elasticity are difficult to
derive because the interaction elastic force does not have an analytic closed form in

anisotropic elasticity as it does in isotropic elasticity.

The goal of this study is to benchmark and compare different versions of FMMs in
DD simulations, and to present a new kernel-independent FMM that can be applied
efficiently in both isotropic and anisotropic elastic media. The FMM was originally
devised to evaluate long-range interactions among large ensembles of particles through
a kernel function such as the Laplacian and the Stokes kernels [53]. To illustrate
an application of the FMM in DD simulations, consider a network of dislocation
lines, of which the elastic forces are to be evaluated at the ends of all dislocation
segments. The FMM first recursively divides the simulation domain into small cells
in a way that every cell at the bottom of the hierarchy has a constant number of
dislocation segments. Then, an upward sweep populates cells at all hierarchical levels
with the so-called multipole expansions, which encode the information of dislocation
segments inside all cells. With multipole expansions, far-field stress evaluations can
be computed efficiently at every level in the hierarchy, and the results are stored
in the so-called local expansions in all cells. After these multipole-to-local (M2L)
translations, a downward sweep, symmetric to the upward sweep, is executed to
translate local expansions hierarchically down to the smallest cells. Last, for every
cell at the bottom of the hierarchy, the far-field stress encoded by its local expansion
and the near-field stress induced by dislocation segments in neighboring cells sum up
to be the stress field of this cell. This stress field is used to compute the force on the

ends of every dislocation segment through Gaussian quadrature.

The first FMM used in DD simulations is based on the Taylor series expansion
of the Green’s function in isotropic elastic media [71, 6]. In isotropic elastic media,
the Green’s function has a simple explicit expression, so the Taylor series expansion
is easy to derive. We refer to the method in [6] as the Taylor FMM. Unlike the
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Taylor FMM, the original FMM introduced by Greengard and Rokhlin [53] for particle
simulations is based on spherical harmonics expansion. The spherical harmonics
expansion is not as general as the Taylor series expansion, but it leads to a more
compact representation of the Green’s function in isotropic elastic media. We have
implemented a variant of the original FMM and call it the Spherical FMM. In the
original FMM, the M2L translations are the most time-consuming steps. While the
original FMM takes O(p*) work for M2L translations, where p is the order of the
spherical harmonics expansion, the Spherical FMM needs only O(p®) work with a
‘point-and-shoot’ translation scheme. The authors of [120] implemented the optimized
FMM [54] for isotropic elastic media, and the optimization was to achieve faster M2L
translations with O(p?) work via plane wave expansions and to reduce the number of

M2L translations by a ‘merge-and-translate’ technique.

In anisotropic elastic media, however, methods based on either the Taylor series
expansion or the spherical harmonics expansion are significantly more difficult to
derive. The reason is that these methods rely on being able to differentiate the
Green’s function, but the Green’s function does not have an analytic closed form in
anisotropic elastic media, as it does in isotropic elastic media. In order to apply the
FMM in anisotropic elastic media, the authors of [117] proposed approximating the
derivatives of the Green’s function in anisotropic elasticity with truncated spherical
harmonics series. However, the calculation is quite cumbersome, and the resulting

method is not efficient for large-scale simulations.

To overcome the limitations of kernel-specific FMMs, such as the Taylor FMM and
the Spherical FMM, several kernel-independent FMMs [50, 118, 81, 46] have been de-
veloped, the formulation of which does not depend on the kernel function (the Green’s
functions in isotropic and anisotropic elastic media). These kernel-independent meth-
ods require only being able to numerically evaluate the kernel function; thus, they can
be applied with the Green’s function in both isotropic and anisotropic elastic media.
The differences among these kernel-independent methods are detailed in Section 4.3.
In this work, we have implemented the kernel-independent method in [46] for DD
simulations, which we call the Chebyshev FMM. The Chebyshev FMM uses Cheby-

shev interpolants of the kernel function to approximate far-field interactions between
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dislocations, and the Chebyshev approximation is known to be nearly optimal [99].
In the Chebyshev FMM, M2L operators are pre-computed and the corresponding
storage increases empirically as O(p®), where p is the degree of the Chebyshev inter-
polant. This memory cost is further exacerbated by the fact that the kernel function
in DD is a tensor with 54 components, and it reached 1.7 GB when p = 7. This
intensive memory consumption limits the use of the Chebyshev FMM in large-scale
DD simulations.

To reduce the memory cost of the Chebyshev FMM, we introduce a new kernel-
independent FMM based on the Lagrange interpolation on equally spaced grids, which
we call the Lagrange FMM. Similar ideas have been explored in [14, 15]. The Lagrange
FMM has three advantages when it is applied in DD simulations. First, like the
Chebyshev FMM, it is a kernel-independent method and thus can be applied in both
isotropic and anisotropic elastic media. Second, the M2L operators in the Lagrange
FMM are block-Toeplitz matrices, and the memory cost of storing them increases
as O(p®), where p is the degree of the Lagrange interpolant. This cost is much
smaller than that of the Chebyshev FMM, e.g., when p = 7, the memory usage of the
Lagrange FMM is only about 300 MB. Third, the Lagrange FMM takes advantage of
the structured M2L operators to achieve fast M2L translations using the fast Fourier

transform (FFT).

To summarize, the main contributions of this work are

1. Introduction of a new kernel-independent method, namely the Lagrange FMM,
for use in both isotropic and anisotropic elastic media. This algorithm has a
reduced computational cost and memory footprint compared to the Chebyshev
FMM.

2. Benchmarks and comparisons of four different FMMs, namely the Taylor FMM,
the Spherical FMM, the Chebyshev FMM and the Lagrange FMM, in isotropic

elastic media.

3. Benchmarks and comparisons of two kernel-independent FMMs, namely the

Chebyshev FMM and the Lagrange FMM, in anisotropic elastic media.
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4. Benchmarks on sequential and parallel computers (up to 4,096 cores).

The remainder of this chapter details the new method and comparison of the four
methods, and it is organized as follows. In Section 4.2, the stress field of dislocation
ensembles is formulated in terms of the Green’s function in isotropic and anisotropic
elastic media. In Section 4.3, we review the three existing methods: the Taylor
FMM, the Spherical FMM and the Chebyshev FMM. In Section 4.4, the Lagrange
FMM algorithm is introduced, and the computational costs and memory footprint of
the four FMMs are analyzed and compared. Section 4.6 presents numerical results of

the benchmark and comparisons.

4.2 Dislocation dynamics

The motion of dislocations is driven by the Peach-Koehler force:

f=0-bx¢§

where o is the stress tensor, b is the dislocation Burgers vector and & is the local
unit tangent vector to the dislocation line. More details can be found in Hirth and
Lothe’s book [62] and the references therein.

Here we formulate the stress field of dislocation ensembles using the Green’s func-
tion in a homogeneous infinite domain. In a linear elastic medium, the stress field o
at & induced by a closed dislocation loop C can be defined with Mura’s formula [82]

* oG
—Plx —y)d 4.1
o ( y)dy, (4.1)

0-04,6’(33) = bw f 6ngv"C(Ocﬂvgctpqwn
c q
where b is the Burgers vector, € is the permutation tensor, C' is the elastic stiffness
tensor, and G,,(x — y) is the Green’s function defined as the displacement in the
x,-direction at & in response to a unit point force applied in the y,-direction at y.

In isotropic elasticity, the Green’s function G has a simple expression [21]

1 O*R 1 O*R

Gup(® —y) = 87H (5””8%0% 2(1 - v) x,0z,

(4.2)
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where p is the shear modulus, v is the Poisson’s ratio, é is the identity matrix in
three dimensions, R = | — y|, and repeated indices imply summation. Note that Eq.
(4.2) involves only the derivatives of R, and expanding these derivatives in Taylor
series (spherical harmonics series) leads to the Taylor FMM (the Spherical FMM).

In anisotropic elasticity, the Green’s function G does not have an analytic closed
form, which makes it difficult to derive its Taylor series expansion or its spherical
harmonics series expansion. Although an analytic closed form is not available, the
Green’s function can be evaluated numerically [8, 9, 116]. Here, we use the scheme

in (8], which expands the derivatives of G with the spherical harmonics series

oG 1 oo 2d+1
v _ dm m 2d+1—m
87;(1: —y) = R2 ; mEZ:O R (Sv:vq(T ce12)" (T - e3)*'7™) (4.3)

where T' = (x — y)/R, (e1, e, e3) are the canonical bases, e;o = e; +i ey, R() is the
real part of a complex number, and S is a pre-computed coefficient tensor defined
in [8]. In practice, only the first guay terms are kept for a prescribed accuracy. The

choice of gmax is studied in detail in [8].

To evaluate Eq. (4.1) for a dislocation loop C with an arbitrary shape, the dis-
location loop C is first discretized as a polygon, i.e., a set of nodes connected by
straight segments. Assume the dislocation loop C is approximated by a polygonal
loop with m straight segments S, = 1,2,...,m. The contour integral in Eq. (4.1)
can be approximated by the sum of m line integrals along S?, and line integrals are
evaluated numerically with Gaussian quadrature. We also define the kernel function
in DD as

def oG,
Kaﬁwr(m — y) = Engrcaﬁvgcpqwnwp<m — 'y) (44)
q

which is a tensor of size 6 -3 -3 = 54 (K is symmetric in terms of « and f, i.e.,
Kaﬁwr - Kﬁawr)-
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With the definition of the kernel function, Eq. (4.1) becomes

Tap(T) = by j[ Kopuwr(x — y)dy, [plug in kernel function definition]
~ by, Z / Kopuwr(® — y')dy, [discretize the dislocation loop]
i=1 /S
1 L o
~ §bw Zl Zlaﬂ Kopwr(® —y7)S,  [use n-point Gaussian quadrature]
=1 j=
SN N def 1
=3 Kapurl@ — y”)il, 4, Sbus’S] (45)
i=1 j=1
where w’ and y¥ (j = 1,2,...,n) are quadrature weights and quadrature points on

dislocation segment S, S is the length of segment S projected in the x,-direction,
and ¢, is defined to be 3b,w’S!.

In linear elasticity, the stress field induced by multiple dislocation loops C;, [ =
1,2,...,r can be obtained with the principle of superposition. In other words, the
definition of the stress field, i.e., Eq. (4.1), can be extended to the summation of
multiple contour integrals with respect to all dislocation loops. Correspondingly, the
stress field discretization, i.e., Eq. (4.5), is also extended to the summation over all

dislocation loops as

s m n

Oap(T Z Z Z Kopur(@ —y"") g2l [sum over all dislocation loops]
=1 i=1 j=1
N
Z Kopur(T )qwr [combine three summations]
k=1

where N = mnr is the total number of Gaussian quadrature points over all dislo-
cation loops. In a DD simulation, the stress field needs to be evaluated at multiple
positions along all dislocation lines, e.g., all Gaussian quadrature points used in the
discretization. As a result, a direct evaluation of Eq. (4.6) costs O(N?) operations,
which is prohibitive for large-scale simulations. Note that the total number of dislo-

cation segments is Ny = mr, so given a fixed quadrature rule (n fixed), the cost is
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also O(N32).
In summary, evaluating the stress field of dislocation ensembles at N points

{x;}Y, is equivalent to evaluating the sum

N
s(z) =Y K(x—y;)g for i=12.. N (4.6)

=1

where {y;}~, and {q;}Y, are N points and the associated strength, respectively, K

is the kernel function in DD, and s(a;) is the computed stress field.

4.3 Existing fast multipole methods

In this section, we review existing FMMSs, with a particular focus on the three meth-
ods we have implemented, namely the Taylor FMM, the Spherical FMM, and the
Chebyshev FMM. The FMM was originally introduced by Greengard and Rokhlin to
speed up the evaluation of pair-wise long-range interactions for particles ensembles.
It has since been successfully used for many different types of kernels including the
Laplace kernel [53, 54], the Helmholtz kernel [89, 90, 35, 34, 45], and the Stokes kernel
[47], among others.

The FMM follows five steps. First, the dislocation ensemble region is recursively
partitioned until every leaf cell at the bottom of the hierarchy has a small number
of segments. Second, an upward sweep populates cells at all levels with the so-called
multipole expansion, which encodes the information of dislocation segments inside
the cells. Third, the multipole expansions are used to compute far-field interactions
of every cell, and the results are stored in the so-called local expansions in every cell.
This M2L translation step is the most computationally intensive step in the FMM.
Fourth, a downward sweep, symmetric to the upward sweep, is executed to gather
local expansions onto leaf cells. Last, the stress fields in all cells are the sum of far-
field interactions and the near-field interactions, which are calculated exactly using
Eq. (4.6) with dislocation segments in neighboring cells. A technical analysis on how

errors propagate through all translations can be found in [34].
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The first FMM used in DD is based on the Taylor series expansion [71, 6]. Since
the Green’s function in isotropic elasticity, i.e., Eq. (4.2), has a simple explicit expres-
sion that involves only the derivatives of R, the Taylor FMM uses the Taylor series
expansions of those derivatives to approximate far-field dislocation interactions. The
implementation details of the Taylor FMM can be found in the appendix of [6]. In
the Taylor FMM, using the p-th order Taylor series expansion leads to a number of
O(p?) multipole and local coefficients. As a result, an M2L translation (applying an
O(p?) by O(p?®) matrix to a vector) takes as much as O(p®) work. The cost of the
Taylor FMM is further exacerbated by relatively slow convergence of approximating
the Green’s function with the Taylor series expansion at the center of an FMM cell.
The calculation error of the Taylor FMM decreases as O((v/3/3)?), where v/3/3 is the
ratio between the radius of the circumscribed sphere an FMM cell and the distance

from the center of the cell to the nearest cell in its far-field.

Greengard and Rokhlin’s original FMM [53] is based on using the spherical har-
monics expansion of the kernel 1/R. To use the same machinery, we derived the
spherical harmonics expansion of the Green’s function in isotropic elasticity from
that of 1/R. The observation is that the Green’s function in Eq. (4.2) involves only
the derivatives of R, and the spherical harmonics expansion of R can be derived from
that of 1/R using the relationship R = | —y| = (|z|* + |y|* — 2@ - y)/R. Therefore,
we were able to implement the Spherical FMM with five different fields of “charges:”
1, ly|%, v1, y2 and y3, following the original FMM’s machinery. The convergence rate
of the Spherical FMM is the same as that of the Taylor FMM [53].

Although the spherical harmonics expansion is not as general as the Taylor se-
ries expansion, it leads to a more compact representation of the Green’s function in
isotropic elasticity with only O(p?) multipole and local coefficients. This leads to the
O(p?) cost of M2L translation in the original FMM. To further reduce the M2L trans-
lation cost, our Spherical FMM employs the ‘point-and-shoot’ scheme, which takes
only O(p?®) work, as follows. Consider the translation between two boxes A and B.
First, the coordinate system can be rotated in a way that the z-axis is aligned with
the direction from the center of box A to the center of box B. Second, the subsequent

M2L translation operators apply only along the z-axis, which are effectively sparse
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in the original FMM. Finally, the coordinate system is rotated back to the original.
The details can be found in [54].

Both the Taylor FMM and the Spherical FMM rely on using the derivatives of the
Green’s function in isotropic elasticity, which were obtained from the simple explicit
expression in Eq. (4.2). However, the Green’s function does not have an analytic
closed form in anisotropic elasticity; the Taylor FMM and the Spherical FMM are
thus difficult to derive. In contrast, kernel-independent FMMs, which require only
numerical evaluations of the kernel function, can be applied directly in anisotropic

elastic media using Eq. (4.3) to evaluate the corresponding Green’s function.

Several ways to construct a kernel-independent FMM are as follows. The first
one is to approximate the kernel function with polynomials. This approach leads
to algorithms that can be applied to a variety of non-oscillatory kernels that are
sufficiently smooth away from their singularities. The singular value decomposition
(SVD) is typically used to compress the resulting representation for achieving the
optimal running time, but the pre-computation with the SVD can be costly. Examples
of such kernel-independent FMMs are methods in [50, 44, 46]. The method in [50] uses
the Legendre polynomials and uses the SVD to compute the optimal representations
adaptively [114, 115]. The method in [44] uses the Chebyshev polynomials, and it
was developed for the purpose of fast interpolation, integration and differentiation.
The method in [46] also uses the Chebyshev polynomials, and its advantage is that

the pre-computation is independent of particle positions.

The second way to construct a kernel-independent FMM is to replace analytical
expansions of the kernel function by equivalent densities [5, 80]. One such method in
[118] computes equivalent densities numerically through solving local Dirichlet-type
boundary value problems. Since the solution of an elliptic partial differential equation
in a sufficiently well-behaved region is characterized by its values on the boundary,
the method in [118] works for various kernels associated with fundamental solutions
of elliptical PDEs, such as the Laplacian, the Stokes, and the Navier operators. Like
other kernel-independent methods, the method in [118] also uses the SVD to speed up
M2L translations (the FFT is used when the equivalent densities are put on regular

girds).
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The third way to construct a kernel-independent FMM utilizes numerical tech-
niques including the interpolative decomposition (ID) [29], and Cauchy’s integral
formula. For instance, the method in [81] uses ID to choose a subset of particles in
every cell as the skeletons and passes information through the FMM tree via these
skeletons. The ID serves the same purpose as the SVD in previous methods, and
the advantage of using ID is that interactions between neighboring cells can also be
compressed. Another example of kernel-independent FMM is the method in [72],
which is based on the Cauchy’s integral formula and the Laplace transform. The
method employs diagonal M2L operators by design and thus has a relatively small
computational cost, especially when high accuracy is needed.

Among the existing kernel-independent methods, we have implemented the method
in [46], namely the Chebyshev FMM, for DD simulations. The Chebyshev FMM uses
Chebyshev polynomials to approximate far-field interactions between dislocations,
which is nearly optimal in minimizing the maximum error of polynomial approxima-
tion [99]. The calculation error of Chebyshev approximation depends on the size of
the corresponding Bernstein ellipse [99], and it is empirically O((1/3)?) for DD simu-
lations in isotropic elastic media, where p is the degree of Chebyshev polynomial. In
addition, the Chebyshev FMM uses the SVD to compress M2L operators and thus
uses the minimal number of multipole and local coefficients. In the Chebyshev FMM,
suppose «, is the compression ratio from using the SVD. The number of multipole
and local coefficients is O(a, p?*), and an M2L translation (applying an O(a, p*) by
O(ay p®) matrix to a vector) takes O(ajp°) work. The memory footprint of the
Chebyshev FMM is dominated by the cost of storing pre-computed M2L operators,
which is

Me-punr =54-316 - p° - oy - f (4.7)

where 54 is the number of components in the kernel function, 316 is the total number
of pre-computed M2L operators in three dimensions®, and f is the memory cost to
store a floating-point number (f = 4 bytes for single-precision and f = 8 bytes for

double-precision).

1Since the kernel function in DD is homogeneous, i.e., K(ax,ay) = a 2K (x,y), the M2L
operators only need to be computed for one level in the FMM hierarchical tree.
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In the Chebyshev FMM, the optimal SVD compression ratio «, is chosen to obtain
the largest compression on the number of multiple and local coefficients while keeping
the calculation error unchanged. Fig. 4.1 shows an example of o, (p = 3, 4, 5, and
6) when the Chebyshev FMM is used in an isotropic elastic media. As the figure
shows, when the Chebyshev interpolation order p is fixed, the calculation error does

not deteriorate as long as the SVD compression ratio is larger than .
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F1G. 4.1. The calculation error of the stress field in an isotropic elastic media using the
Chebyshev FMM with different SVD compression ratios. In the Chebyshev FMM, p is
the Chebyshev interpolation order. A compression ratio of 1 means no compression.

A summary of the comparisons among the Taylor FMM, the Spherical FMM, the
Chebyshev FMM and the new method we are going to introduce is given in Section
4.4.2.

4.4 The Lagrange FMM

In this section, we introduce a new kernel-independent method that we call the La-
grange FMM. We designed the Lagrange FMM such that its M2L translation opera-
tors are block-Toeplitz matrices, which leads to a smaller memory footprint compared
with the Chebyshev FMM. The kernel function in DD, i.e., Eq. (4.4) can be viewed
as a translation-invariant function of two variables, i.e., K(x,y) K (x —y); we

thus use K(x — y) and K (x,y) interchangeably in this section.
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4.4.1 Reduced memory footprint

The amount of computer memory required for storing the pre-computed M2L trans-
lation operators dominates the memory footprint in the Lagrange FMM and the
Chebyshev FMM. In the following, we derive explicit formulas of M2L translation
operators in the Lagrange FMM and calculate their memory consumption.

Like the Chebyshev FMM, the Lagrange FMM also uses Lagrange interpolating
polynomials to approximate far-field dislocation interactions. Consider the interaction
K (x,y) between two points & = (x1,xe,z3) and y = (y1, Y2, y3) lying in two distant
boxes A and B, respectively. This far-field interaction can be approximated using the

p-th order Lagrange interpolating polynomial as below
K(z,y) = Z K(z,y)L,(21, ) [interpolate on ]
1

~ > Y K(Z1,Um)Ly(Z1, @) Ly(Ym,y)  [interpolate on y]  (4.8)
l m

J/

TV
Lagrange interpolant of K (x,vy)

where T = (jllajlgaflg)y lz = 1a2a"'7p and Ym = (gmlagmgagm3)7mi = ]-727"'ap

are two sets of interpolation nodes in box A and box B, respectively, and

Lp(a_:la "B) = €P<j117$1)€p(i127 $2)€p(f13, .1’3)

Lp(gmy y) = ép(gmla yl)ép(gmza y2>€p(gm37 y3)

are products of three Lagrange basis polynomials,? one for each dimension.
In other words, the M2L translation operator Ty_,g between box A and box B

takes the form
Tip = (K(&1 — Gm)) o0 (4.9)

which can be viewed as a p* by p® matrix with entry K(&; — ¥,,) at the I-th row
and m-th column. The difference between the Chebyshev FMM and the Lagrange
FMM is the choice of interpolation nodes. In the Chebyshev FMM, the interpolation

2A p-th order Lagrange basis polynomial £,(Z;,z) = H1<k<p k#(x — Zx)/(Z; — Ty), where
T1,Z2,...,T, are interpolation nodes. T



88 CHAPTER 4. FAST MULTIPOLE METHODS

nodes are Chebyshev nodes, which guarantees that the approximation in Eq. (4.8)
is nearly optimal [99]. In the Lagrange FMM, the interpolation nodes lie on equally
spaced grids in box A and box B. For example, if box A is the unit cube: [0,1]3,
then x;, = (i1 —1)/(p—1) for l; = 1,2, ..., p. This choice of interpolation nodes in the
Lagrange FMM leads to the block-Toeplitz structure of the M2L translation operator

T4, p, as stated in the following theorem (proof at the end of this subsection).

Theorem 4.1. In the p-th order Lagrange FMM, every M2L operator T ,p is a
three-level block-Toeplitz matriz® with at most (2p — 1)3 unique entries, and applying
T4, p to a vector takes O(p*log(p)) work.

Therefore, the memory footprint of the Lagrange FMM, which is dominated by
the cost of storing all M2L operator, is

My gy =54-316-(2p— 1) - f (4.10)

where the two constants 54 and 316 are respectively the number of components in
the Green’s function and the total number of pre-computed M2L operators in three
dimensions? p is the degree of interpolating polynomial, and f is the memory cost to
store a floating-point number (f = 4 bytes for single-precision and f = 8 bytes for
double-precision).

Note that the M2L operators in the Chebyshev FMM and the Lagrange FMM
depend only on the kernel function K, not on the problem configuration such as
the number and location of dislocation segments. Therefore, these operators can be
pre-computed one time and then used in multiple DD simulations.

Before concluding this subsection, we give the proof to Theorem 4.1.

3A one-level block-Toeplitz matrix is simply a Toeplitz matrix having constant entries along
its diagonals, and a k-level block-Toeplitz matrix is a matrix that has constant blocks along the
diagonals and in which every block is a (k — 1)-level block-Toeplitz matrix.

4Since the kernel function in DD is homogeneous, i.e., K(az,ay) = a 2K(x,y), the M2L
operators only need to be computed for one level in the FMM hierarchical tree.
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Proof. In the Lagrange FMM, the interpolation nodes &; and y,, lie on equally spaced
grids in box A and box B, respectively. Therefore, the map from vector I — m =
(i = ma,ly — ma, I3 — m3) to vector Ty — Ym = (T, — Yy, Tty — Yo Tts — Ymg) 1

one-to-one for I;,m; = 1,2,...,p.

Since the vector I —m takes only (2p — 1) unique values, the vector &; — 4, also
has (2p — 1)? unique values. As a result, it is easy to see from Eq. (4.9) that the M2L

operator Ty_,g has at most (2p — 1)? unique entries.

We can show that the M2L translation operator T4, in the one/two/three-
dimensional Euclidean space is a one/two/three-level block-Toeplitz matrix with an
inductive argument. Consider the base case, i.e., T4_,p in one dimension, where
Ty = Ty, and Yy, = Yy, - Since l—m = (I; —my) = ((I;+1) — (my+1)), we know that
two consecutive entries along a diagonal have the same value, i.e., K(Z), — Um,) =
K(Zy, 41 — Umy41) for ly,my = 1,2,...,p — 1. Therefore, Ty, 5 is a Toeplitz matrix

in one dimension.

In two dimensions, &; = (Z;,, T1,) and Y = (Ymy, Uy )- Ta_p has size p? by p?
and can be viewed as a p by p block matrix, where every block is p by p. Since every
block corresponds to a one-dimensional M2L translation operator, it is a Toeplitz
matrix. In addition, two consecutive blocks along a diagonal have the same value
because I —m = (I —mq,ly —ms) = (I1 —my, (la+ 1) — (mo+1)). Therefore, Tx_,p

is a two-level block Toeplitz matrix in two dimensions.

Following the same logic as in two dimensions, T4, p in three dimensions can be
viewed as a p by p block matrix where every block is p? by p?. Since every p? by p?
block corresponds to a two-dimensional M2L translation operator, it is a two-level
block Toeplitz matrix. In addition, two consecutive blocks along a diagonal have the
same value because Il —m = (I} — my,ly —mo,l3 —mg) = (l1 —my,lo —ma, (I3 +1) —

(ms3+1)). Therefore, T, p is a three-level block Toeplitz matrix in three dimensions.

The application of T4 .p to a vector, i.e., applying a three-level block-Toeplitz
matrix to a vector, can be accelerated with the FFT, which requires only O(p*log(p))
work using the algorithm in [70]. O
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4.4.2 Comparison of four FMMs

Assume the expansion order is p in the Taylor FMM and the Spherical FMM, and,
correspondingly, the p-th order polynomial interpolation is used in the Chebyshev
FMM and the Lagrange FMM. For a fixed problem size, we compare the four methods:
the Taylor FMM, the Spherical FMM, the Chebyshev FMM, and the Lagrange FMM,
in terms of (1) their capability in isotropic and anisotropic elastic media, (2) the
number of multipole and local coefficients, (3) the running time, (4) the convergence
rate, (5) the memory footprint, and (6) the pre-computation time. Since the FMM
running time is dominated by the cost of the M2L translation step, we analyze the
M2L translation time for each method. The M2L translation operators are pre-
computed in the Chebyshev FMM and the Lagrange FMM, and the cost for storing
the pre-computed M2L translation operators dominates the memory footprint of both
methods.

The Taylor FMM applies in only isotropic elastic media. In the Taylor FMM,
the number of multipole and local coefficients is O(p?), which is roughly the number
of terms in the p-th order Taylor series expansion of the Green’s function in DD.
As a result, every M2L translation (applying a O(p?®) by O(p®) matrix to a vector)
requires O(p®) work. The calculation error decays as O((v/3/3)?), the same as that
of the Taylor series expansion used. The calculations of the derivatives of R are
pre-computed with O(p?) CPU time and computer memory.

The Spherical FMM applies in only isotropic elastic media. In the Spherical
FMM, the number of multipole and local coefficients is O(p?), which is roughly the
number of terms in the p-th order spherical harmonics expansion of the Green’s
function in DD. The M2L translation step requires O(p®) work using the ‘point-and-
shoot’ scheme. In the Spherical FMM, the rotation operators in the ‘point-and-shoot’
scheme, which rotates the coordinate system, can be pre-computed. These operators
typically require only a few megabytes of memory and can be pre-computed in a
couple minutes. Since the pre-computation in the Spherical FMM is not for M2L
translation operators, the costs are not comparable to that of the Chebyshev FMM
and the Lagrange FMM. The convergence rate of the Spherical FMM is about the
same as that of the Taylor FMM. For the Spherical FMM, the rotation operators,
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which first rotates the multipole expansion around the z-axis and then around the
y-axis, can be pre-computed. These operators have O(p?®) floating point numbers,
and require O(p*) floating point operations to compute. But they typically require

only a few mega bytes and can be computed in a couple minutes.

The Chebyshev FMM applies in both isotropic and anisotropic elastic media. In
the Chebyshev FMM, the number of multipole and local coefficients is «, p* with a,
being the SVD compression ratio. As a result, every M2L translation (applying an
ap p° by a,p® matrix to a vector) requires O(ajp®) work. Unlike the Taylor series
expansion, which approximates a function at one point, the Chebyshev approxima-
tion minimizes the maximum error over a whole region, and the calculation error is
empirically O((1/3)?). The memory footprint of the Chebyshev FMM is O(a p°), as
in Eq. (4.7). In the pre-computation stage of the Chebyshev FMM, an SVD of the
p® by p? full M2L translation operator needs to be computed, which leads to a huge
cost of O(p?).

The Lagrange FMM applies in both isotropic and anisotropic elastic media. In the
Lagrange FMM, the multipole and local coefficients in three dimensions are tensor
products of three sets of p coefficients in each dimension, and the number of multi-
pole and local coefficients is thus p?. The M2L translation cost is O(p® log(p)) work
according to Theorem 4.1. The convergence rate of the Lagrange FMM is about the
same as that of the Chebyshev FMM in practice. The memory footprint is O(p?) as
in Eq. (4.10). Since every M2L operator has at most (2p — 1)* entries, the cost of
pre-computing all M2L operators is O(p?).

The comparison of four methods is summarized in the following table.

4.4.3 Lagrange FMM algorithm

We present the Lagrange FMM, which evaluates the following sum

N

s(x;) :ZK(mi,yj)qj for 1=1,2,...,N (4.11)

J=1
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TABLE. 4.1. Comparisons of the four FMM methods.

Taylor  Spherical Chebyshev — Lagrange

Capability isotropic  isotropic & fr(l);sr(;)‘clz"i)cpic & :S;Sr(ilzg}pic
# of coefficients O(p?) O(p?) O(ay, p?) O(p?)
Running timef oY)  Op’)  Olegp®)  O(p’log(p))
Calculation error 0(372)  O(37%) O(377)° O(37P)°
Precomputation memory*  O(p?) O(p®) O(az p°) O(p?)
Precomputation time* O(p?) O(p?) O(p°) O(p?)

‘Taylor,” ‘Spherical,” ‘Chebyshev,” and ‘Lagrange’ indicate the corresponding FMMs. Nota-
tion: p is the expansion order in the Taylor FMM and the Spherical FMM; correspondingly,
p is the degree of interpolating polynomial in the Chebyshev FMM and the Lagrange FMM.
In the Chebyshev FMM, the SVD compression ratio is o, (a?) ranges from p~! to p~2 in
isotropic elastic media).

t FMM running time (M2L translation cost) with respect to p, assuming the number of FMM
cells is fixed. See Appendix B for the results of optimal running time with respect to the
number of FMM cells.

* In practice, the pre-computation memory and pre-computation time of the Taylor FMM and
the Spherical FMM are much smaller than those of the Chebyshev FMM and the Lagrange
FMM.

¢ This bound was found empirically.

where K (x;,y;) “K (x; —y,) is a translation-invariant kernel function and may be

singular when x; = y;. Note that the Lagrange FMM still works when {z;}¥, and

{y;}}¥, are the same set of points.

Before introducing the entire algorithm, we first focus on the core component in the
Lagrange FMM—evaluating far-field interactions. Consider the far-field interaction
between two sets of points {x;}¥ | and {y;}¥ |, lying in two distant FMM cells. With
the Lagrange interpolant in Eq. (4.8), the stress field at @; can be approximated as

)~ i <;;K(thym)Lp(fElawi)Lp(ym,yj)) q;

N
:ZL Ty, T; ZK Ti, Um ZLP Ym,Y;) q (4.12)
1 P

and a fast algorithm for evaluating far-field interaction follows.
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Algorithm 7 Fast algorithm for evaluating far-field interaction

1. Compute weights at y,, by anterpolation:

N
Wm = Z Lp(gma yj)qj

2. Compute s(x) at &;:

3. Compute s(x) at x; by interpolation:

s(a) =) Ly(@,z:)s(@)

l

where {x;}Y |, {y;}¥, belong to two distant FMM cells, and &; = (1, T1,, ¥1, ), Ym =
(Ymy s Yy Yms) are 3-vectors of interpolation nodes with I;; m; = 1,2,...,p.

In the above algorithm, both step (1) and step (3) require O(pN) work, and step
(2) needs O(p*) work. When p < N, Algorithm 7 is significantly faster than a naive
evaluation of Eq. (4.11), which costs O(N?) work.

Note that the Lagrange interpolant of high degree over equally spaced interpo-
lation nodes does not always converge, even for smooth functions, which is known
as Runge’s phenomenon; however, we find the low-order approximations sufficiently
accurate for DD simulations in both isotropic and anisotropic media, as shown in our
numerical experiments. The scheme of Lagrange interpolation on uniform nodes can
be stabilized; for example, it could be stabilized by fitting a polynomial of degree
d < 2,/p using least-squares, where p is the number of equidistant points [33], or by

using spline curves [88], which are piecewise polynomials.

With Algorithm 7 for evaluating far-field interactions, we can derive the Lagrange
FMM using the standard FMM machinery. The Lagrange FMM is based on the
standard FMM tree structure [53], which defines the set of children cells C(-), the
interaction list Z(-), the parent cell P(-), and the set of neighboring cells N'(-) for
every FMM cell. The Lagrange FMM algorithm is shown in Algorithm 8.
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Algorithm 8 Lagrange FMM algorithm
e Particle to moment (P2M)
Step (1.a) for every leaf cell I:

Wi = Z Ly(Ym, Y5) q;

Y; el

e Moment to moment (M2M)
Step (1.b) (Go up the tree) for every non-leaf cell I:

Wm’ = Z Z Lp(gm’7gm) Wm

Jec(I) gmed

e Moment to local (M2L)
Step (2) for every cell I:

s@)= Y Y K(@,ym)Wn

JEI(I) ymeJ

e Local to local (I.2L)
Step (3.a) (Go down the tree) for every cell I:

s@v) += Y Ly(@v,z) s(a)

z1eP(I)

e Local to particle (L2P)
Step (3.b) for every leaf cell I:

s(@) = Lyl @) s(@)+ Y K,y g

z el y; EN(I)
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4.5 Optimal FMM Running Time

We derive the optimal FMM running time, which is a function of the number of
dislocation segments, with respect to the number of FMM cells. Let Ny be the
number of dislocation segments and N, be the number of FMM cells. Assume the
dislocation segments uniformly spread over the simulation domain, and thus every
FMM cell has Ng/N, segments on average. The cost of evaluating near-field and far-
field interactions are, 27 C,, - (Ns/N,)? - N, (27 neighboring cells) and 189 C'; - N, (189
cells in the far-field), where C,, and C are constants corresponding to one near-field
translation cost per pair of dislocation segments and one far-field translation (M2L

translation) cost per FMM cell, respectively. Therefore, the total calculation time is
cost(Ng, N.) = 189 Cy N, + 27 C,,NZ/N..

where the two constants—C,, and Cy can be measured accurately. For practical DD
simulations, assuming that the number of dislocation segments can be estimated, we
need to choose N., the number of FMM cells, to minimize the total cost. Mathemat-

ically, the minimum is

cost(Ng) = HJ{{in cost(Ns, N.) = 143,/Cy - C,, Ny

which is obtained at N. =~ /C,,/7Cy N5 (/7 Ct/C, segments per cell).
Combing with the M2L translation cost in Table 4.1, we have the optimal running

time of the four methods as follows.

TABLE. 4.2. Optimal FMM running time with respect to the number of FMM cells,
i.e., a function of the number of dislocation segments. Note that the near-field trans-
lation cost C,, is the same for the four methods.

Taylor  Spherical Chebyshev Lagrange

M2L translation cost O(p%) O(p?) O(a2 p°) O(p?log(p))
cost(N,) in units of 143v/C, O(P*)N, O(**)N, O(P*)N,  O(\/p*log(p)) N,
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4.6 Numerical results

In this section, results of benchmarking and comparing the four methods introduced:
the Taylor FMM, the Spherical FMM, the Chebyshev FMM and the Lagrange FMM
are presented. In Section 4.6.1, memory footprint and pre-computation time of the
Chebyshev FMM and the Lagrange FMM are presented. In Section 4.6.2 and Section
4.6.3, convergence rates and running time of the four methods are presented, respec-
tively. In Section 4.6.4, the minimum running time and linear scalability of the four
methods are presented. In Section 4.6.5, parallel scalability is presented.

We refer to the expansion order in the Taylor FMM and the Spherical FMM and
the interpolation order in the Chebyshev FMM and the Lagrange FMM as the FMM
order. In the Chebyshev FMM, the optimal SVD compression ratios are used. To
measure the relative error of FMM calculations, we use the stress fields calculated by
evaluating the summation in Eq. (4.6) directly as the reference. For simulations in
anisotropic elastic media the anisotropic kernel function in Eq. (4.3) was calculated
through a series of spherical harmonics with an expansion order of ¢.¢. As shown in
Table 4.3, for different anisotropic media, we chose gnax according to the anisotropic
ratio A = 2Cy/(C11 — Ci2), where C' is the elastic stiffness tensor, so that the
error from the truncated spherical harmonics series is smaller than that from FMM

calculations.

TABLE. 4.3. Truncation term quax, relative cost and accuracy.

Anisotropic ratio quax relative cost accuracy

A=1 1 1 10-16
A=0.31, 3.16 10 16 1076
A=0.1,10 20 52 104

We implemented the four methods in the dislocation dynamics simulation code
ParaDiS [6]. All results were obtained from running ParaDiS on the Quartz machine®

at the Lawrence Livermore National Laboratory.

Shttps://hpc.11lnl.gov/hardware/platforms/Quartz
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4.6.1 Memory footprint and pre-computation time

In this section, we compare the memory footprint and pre-computation time of the
four methods. In practice, the memory footprint and pre-computation time of the
Taylor FMM and the Spherical FMM are much smaller than those of the Chebyshev
FMM and the Lagrange FMM. Typically, the memory footprint of the Taylor FMM
and the Spherical FMM are around a few megabytes, and the pre-computation time
is at most a few minutes. Therefore, we show results only for the Chebyshev FMM
and the Lagrange FMM.

In the Chebyshev FMM and the Lagrange FMM, M2L translation operators are
pre-computed, which speeds up applying both methods but results in large memory
footprint. The memory cost for storing these pre-computed matrices and the pre-
computation time are summarized in Table 4.1.

We focus on the results in isotropic elastic media, and results in anisotropic elastic
media follow similar trends. The memory footprint and pre-computation time of the
Chebyshev FMM and the Lagrange FMM are shown in Fig. 4.2. As the figure
shows, the Lagrange FMM has lower memory footprint and requires significantly
smaller amount of pre-computation time than the Chebyshev FMM. For example,
the memory footprint of the Lagrange FMM, compared with that of the Chebyshev
FMM, is reduced by a factor of 5.7 when p = 7. In this case, the Chebyshev FMM
consumes about 1.7 GB memory, while the same memory footprint is reached when
p = 12 in the Lagrange FMM (1.6 GB).

Due to the large memory footprint and pre-computation time of the Chebyshev

FMM, we present results only for p < 7 for the Chebyshev FMM in this section.

4.6.2 FMM Convergence

To show the convergence of the four FMM methods, we present the results for a
single-loop configure and a multiple-loops configuration, as shown in Fig. 4.3 and Fig.
4.4, respectively. The single-loop configuration has one dislocation loop completely
lying inside an FMM cell. The multiple-loops configuration represents a realistic

initial dislocation dynamics simulation configuration, where some dislocation loops
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Fic. 4.2. Comparison of memory footprint and pre-computation time between the
Chebyshev FMM and the Lagrange FMDM in isotropic elastic media.

cross multiple FMM cells. We experiment using both configurations with isotropic

elasticity and five anisotropic ratios (A4 = 0.1,0.31, 1.0, 3.1, 10).

In isotropic elastic media, convergence results with the single-loop configuration
and with the multiple-loops configuration are shown in Fig. 4.5(a) and Fig. 4.5(b),
respectively. As Fig. 4.5(a) shows, three of the four methods converged to an accuracy
of 10712, with the exception of the Chebyshev FMM, which was stopped at order
seven due to its large memory footprint. These results verify the correctness of our

implementation.

Convergence results for the one and multiple-loops configurations are shown in
Fig. 4.5(b). The figure shows two differences among the four methods. First, the
Chebyshev FMM and the Lagrange FMM converged faster than the Taylor FMM and
the Spherical FMM. The convergence rate of the Chebyshev FMM and the Lagrange
FMM is about 377, and the convergence rate of the Taylor FMM and the Spherical
FMM is about v/3 . Second, with a limited memory of 3 GB, the Lagrange FMM
was able to achieve a smaller error than what the Chebyshev FMM reaches. As the
figure shows, the Lagrange FMM converges to an error of 10~7 whereas the Chebyshev
FMM converges to 1074
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T

F1a. 4.3. Single-loop configuration (projected on the plane). The dislocation loop is
shown as a triangle, and the stress field is evaluated at a point denoted by x. The
cubic domain is divided into 4 x 4 x 4 FMM cells.
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F1G. 4.4. Multiple-loops configuration. (a) shows a cubic domain of size (4,000b)>
containing 210 closed dislocation loops, which are discretized into about 3,000 seg-
ments. (b) shows the points (blue) where the stress field is evaluated at and the dislo-
cation loops (red), projected on the plane. The cubic domain is divided into 8 x 8 X 8
FMM cells, and some dislocation loops cross multiple FMM cells.
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Fic. 4.5. FMM convergence in isotropic elastic media. In (a) and (b), the Chebyshev
FMM was stopped at order 7 due to its large pre-computation storage (1.7 GB at order
7). In (b), the Taylor FMM was stopped at order 10 due to its large running time
(40 min/run at order 10), and the Lagrange FMM was stopped at order 14 because
the error stopped decreasing.

In anisotropic elastic media, convergence results for five different anisotropic ra-
tios: A =0.1,0.31,1.0,3.16, 10 are shown in Fig. 4.6 (A = 1 is equivalent to isotropic
elasticity). The Taylor FMM and the Spherical FMM are not applicable in this case.
Results in (a) and (b) verify the correctness of our implementation. Results in Fig.
4.6(c) and Fig. 4.6(d) correspond to the multiple-loops configuration. As the figure
shows, the convergence of the Chebyshev FMM and the Lagrange FMM slows down
when the media become more and more anisotropic, i.e., when the anisotropic ratio
A approaches 0.1 or 10. In addition, convergence results between the Chebyshev
FMM and the Lagrange FMM are similar up to order 7. With a limited amount of
computer memory, the Lagrange FMM can reach smaller errors than the Chebyshev
FMM when A =1,0.31, 3.16.

4.6.3 FMM running time

To compare the running time among the four methods, we employ the multiple-

loops configuration in Fig. 4.4 with isotropic elasticity and anisotropic elasticity
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Fi1Gc. 4.6. FMM convergence in anisotropic elastic media. The Taylor FMM and the
Spherical FMM are not applicable in this case. In (a) and (c), the Chebyshev FMM
was stopped at order 7 due to its large pre-computation storage. In (b) and (d), the
Lagrange FMM was stopped when the error stopped decreasing.

(A=0.1,0.31,1.0,3.16, 10). Note that the number of FMM cells is fixed as 8 x 8 x 8
in all experiments. We investigate varying the number of FMM cells based on the

number of dislocation segments to achieve the smallest running time in Section 4.6.4.

In isotropic elastic media, the running time is shown in Fig. 4.7. In Fig. 4.7(a),
the less time a method takes to attain a prescribed calculation error, the more efficient
it is. For example, to reach an error of 1072, the Chebyshev FMM takes only about a
second, which is the smallest among the four methods. Therefore, with a prescribed
error of 1072, the Chebyshev FMM is the most efficient method in isotropic elastic
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Fi1Gc. 4.7. FMM running time in isotropic elastic media. The problem configuration is
shown in Fig. 4.4, and all experiments used a fixed 8 x 8 x 8 FMM cells. The Taylor
FMM was stopped at order 10 due to its large running time (42 minutes/run at order
10). The Chebyshev FMM was stopped at order 7 due to its large pre-computation
cost (1.7 GB at order 7). The Lagrange FMM was stopped at order 14 when the error
stopped decreasing.

media. Following the same logic, we conclude that for DD simulations in isotropic

elastic media,

1. when the prescribed error is larger than 10~#, the Chebyshev FMM is the most
efficient method;

2. when the prescribed error is smaller than 10~#, the Lagrange FMM is the most
efficient method.

Fig. 4.7(b) shows the computational complexity of the four methods as the FMM
order increases. (See Table 4.1 for theoretical estimates.) As the figure shows, the
Taylor FMM and the Lagrange FMM scales as O(p®) and O(p?), respectively. The
Spherical FMM also converges to a complexity of O(p?), and it involves a smaller
constant than that of the Lagrange FMM. Empirically, the computational complexity
of the Chebyshev FMM is about O(p®).

In anisotropic elastic media, the running time is shown in Fig. 4.8 and Fig. 4.9
for five anisotropic ratios: A = 0.1, 0.31, 1.0, 3.16, 10 (A = 1 is equivalent to
isotropic elasticity). Fig. 4.9 compares the efficiency of the Chebyshev FMM and the
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Fi1G. 4.8. FMM running time in anisotropic elastic media. The problem configuration
1s shown in Fig. 4.4, and all experiments used a fized 8 x 8 x 8 FMM cells. The
Taylor FMM and the Spherical FMM are not applicable in this case. The Chebyshev
FMM was stopped at order 7 due to its large pre-computation storage. The Lagrange
FMM was stopped when the error stopped decreasing.

Lagrange FMM. Note that the costs of near-field interactions between neighboring
cells were subtracted intensionally from these timing results for the following two
reasons. First, the subtraction of near-field costs does not affect the comparison
between the Chebyshev FMM and the Lagrange FMM because the costs are the same
for both methods. Second, as shown in Fig. 4.8(b), the subtraction of near-field costs
shows that when the FMM order is fixed, the running time of the Lagrange FMM
is the same for different anisotropic ratios. The reason is that the cost of evaluating
the anisotropic kernel functions with different anisotropic ratios affects only the costs
of pre-computing M2L translation operators and evaluating near-field interactions.
Unlike in the Lagrange FMM, M2L translation costs in the Chebyshev FMM are

different for distinct anisotropic ratios due to using different SVD compression ratios.

As in the isotropic case, the more time a method takes to reach a prescribed

calculation error, the less efficient it is. As the figure shows,

1. when A = 0.1, the Chebyshev FMM is always more efficient than the Lagrange
FMM;
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Fi1c. 4.9. FMM running time in anisotropic elastic media. The results are exactly the
same as in Fig. 4.8, but plotted for each anisotropic ratio to compare the Chebyshev
FMM and the Lagrange FMM.
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2. when A = 0.31 and 1.0, the Chebyshev FMM is more efficient than the Lagrange
FMM for errors that the Chebyshev FMM can achieve. With limited computer
memory, the Lagrange FMM can reach smaller errors than the Chebyshev FMM;

3. when A = 3.16, the Lagrange FMM is not as efficient as the Chebyshev FMM
for an error larger than 0.02, but becomes more efficient for errors smaller than

0.02. With limited computer memory, the Lagrange FMM can reach smaller
errors than the Chebyshev FMM;

4. when A = 10, the Lagrange FMM is not as efficient as the Chebyshev FMM

initially, but becomes comparable for an error of 0.01.

4.6.4 Optimal running time

We present the optimal /minimum running time, which is a function of the number of
dislocation segments, with respect to the number of FMM cells. Given the number of
dislocation segments, the FMM running time is a function of the number of FMM cells
— as the number of FMM cells increases, the cost for evaluating near-field interactions
decreases, whereas the cost for evaluating far-field interactions increases. Therefore,
the number of FMM cells need to be chosen appropriately to balance the near-field
and far-field costs in order to achieve the minimum FMM running time.

We compute the optimal running time following two steps. First, we fix the
number of FMM cells and compute the running time as a function of the number of
dislocation segments based on the costs of near-field and far-field translations, which
can be measured accurately. Second, for a given number of dislocation segments,
we find the minimum among all running time corresponding to different number of
FMM cells. A detailed mathematical derivation of the optimal running time is given
in Appendix 4.5.

We use the 4-th order Taylor FMM as an example to illustrate how we obtained
the optimal running time. As shown in Fig. 4.10, when the number of FMM cells is
fixed, the FMM running time is initially dominated by the constant cost for evaluating
far-field translations. As the number of dislocation segments increases, the quadratic

cost for evaluating near-field interaction starts to dominate the total running time.
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Fic. 4.10. Optimal running time of the 4-th order Taylor FMM. Every color stands
for the running time obtained with a specific number of FMM cells, and the black
curve represents the optimal running time. The red dot shows that the minimum
running time is about 10 seconds for 3,000 dislocation segments.

In the figure, the black curve corresponds to the optimal running time, the minimum

of all curves.

In isotropic elastic media, the optimal running time of the four methods is shown
in Fig. 4.11. The FMM order of each method is chosen such that the stress calculation
error reaches four different prescribed errors: 1071, 1072, 1072 and 10~7. Fig. 4.11
shows the following results. First, the Taylor FMM is competitive when the prescribed
error is around 0.1. The optimal calculation time of the Taylor FMM can be around
the smallest calculation time among the four methods (at the intersection of the black,
the blue and the red curve). Second, the Spherical FMM is able to converge to as
small as 10~7 errors. Third, the Chebyshev FMM delivers the optimal calculation
time when the prescribed error is larger than 10~*. Last, the Lagrange FMM is close

to being optimal and it is able to converge to as small as 1077 errors.

In anisotropic elastic media, the optimal running time of the Chebyshev FMM
and the Lagrange FMM is shown in Fig. 4.12. The Taylor FMM and the Spherical
FMM are not applicable in the anisotropic case. For the Lagrange FMM, the results
corresponding to A = 0.31 and A = 3.16 are the same in Fig. 4.12(e), and the reason
is that we used the same .. in calculating the kernel function for A = 0.31 and

A = 3.16. The same reasoning holds for the results corresponding to A = 0.1 and
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FiG. 4.11. Optimal running time (i.e., we optimize the number of FMM cells) of the
four methods for different prescribed calculation errors. In (c) and (d), the Taylor
FMM is not shown due to its large running time (42 minutes/run at order 10). In
(d), the Chebyshev FMM is not shown due to its large pre-computation storage (1.7
GB at order 7).
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F1G. 4.12. Optimal running time (i.e., we optimize the number of FMM cells) of the
Chebyshev FMM and the Lagrange FMM in anisotropic elastic media.
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A =10.01in Fig. 4.12(f). In the Chebyshev FMM, M2L translation costs are different
for the five anisotropic ratios due to using different SVD compression ratios.

As Fig. 4.12 shows, two curves corresponding to different FMM orders may inter-
sect with each other, which implies that the increasing cost of more accurate far-field

translation are compensated by using a larger number of FMM cells.

4.6.5 Parallel Scalability

We present parallel scalability of the FMM by running ParaDiS with our FMM algo-
rithms on distributed-memory machines. We experimented on practically large-scale
dislocation networks, where the sequential force calculation took more than 10,000
seconds, and we show the speedup factors on up to 4,096 cores (256 compute nodes).
The framework of distributed-memory parallel FMM was introduced in [6] for DD

simulations. Fig. 4.13 shows the two dislocation networks used in our simulations.

(a) Isotropic elastic dislocation network (b) Anisotropic elastic dislocation net-
work

Fic. 4.13. Two dislocation networks used in parallel experiments: (a) an isotropic
elastic dislocation network with about 460,000 dislocation segments and (b) an
anisotropic elastic dislocation network with about 160,000 dislocation segments.

We demonstrate parallel scalability of the FMM using the Lagrange FMM with
an interpolation order of 4 for force calculation. For the isotropic elastic dislocation
network, the calculation accuracy is about 1072. For the anisotropic elastic dislocation

network, guax = 6 was used, which corresponds to an accuracy of about 1072 for
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A = 3.16. We used 32 x 32 x 32 FMM cells in the experiments to achieve the optimal
running time.

Fig. 4.14 shows the speedup on up to 4,096 cores. As the figure shows, the
speedup of the force calculation is nearly perfect on 256 cores (16 compute nodes).
After that, the increasing rate slows down due to the decrease of computation and the
increase of communication among compute nodes. On 4,096 cores, the speedups are
about 70 and 100, respectively, for the force calculation in an isotropic and anisotropic

elastic dislocation network (the baseline is the running time on one compute node).
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Fic. 4.14. Speedup factors of force calculation with the Lagrange FMM on up to 4,096
cores (256 compute nodes).

4.7 Summary

This paper has presented a study of four different FMMs applied to DD simulations:
the Taylor FMM, the Spherical FMM, the Chebyshev FMM, and the Lagrange FMM.
In isotropic elastic media, we benchmarked and compared the four methods with re-
spect to their convergence and running time. The Chebyshev FMM and the Lagrange
FMM exhibit faster convergence than the Taylor FMM and the Spherical FMM. In
terms of the computational complexity, the Lagrange FMM and the Spherical FMM
both require O(p*) work, where p is the FMM order. The Chebyshev FMM requires
about O(p°) work, and the Taylor FMM requires O(p°®) work.
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In anisotropic elastic media, we have also presented benchmarks and comparisons
of the Chebyshev FMM and the Lagrange FMM. The other two methods, the Taylor
FMM and the Spherical FMM, are difficult to derive because the Green’s function
does not have an analytic closed form. In contrast, kernel-independent methods, such
as the Chebyshev FMM and the Lagrange FMM, can be applied as long as kernel eval-
uations are available. The Chebyshev FMM has a relatively large memory footprint,
whereas the Lagrange FMM was designed to have a reduced memory cost and fast
M2L translations. The two kernel-independent algorithms work and are implemented
for general anisotropy, i.e., a general 3x3x3x3 elastic matrix. Our implementation
does not assume any structure for the elastic stiffness tensor and requires only the
ability to evaluate the Green'’s function given by Eqgs. (2) or (3). For numerical re-
sults in the paper, we chose to show how our method performs as a function of the
anisotropy ratio. We have also used the code for HCP crystals where two anisotropy
ratios can be defined; we obtained good results but this is not yet reported in the
paper.

In this paper, we consider only the stress field for a homogeneous infinite domain,
and our approach extends to computing the stress field for finite domain or for a
heterogeneous medium using the corresponding Green’s functions [84].

The FMMs can also be extended to handle the periodic boundary condition as
follows. First, interactions between the original simulation domain and its 26 adjacent
cells are computed by treating these cells as neighbors of the original cell at level 0
of the FMM tree. Second, to calculate the contributions from other periodic images,
levels with negative indices are added to the FMM tree: on level k, the edge length
of the computational cubes are 3%/ (L is the size of the original cell). Note that
this choice is equivalent to subdividing a parent cell into 27 children. Geometrically
the periodic sum is computed using a series of spherical shells whose radii increase
exponentially. Special treatment is required to ensure convergence of the series, in
particular the series only has a conditional convergence (similar to ) (—1)"/n) when

the sum of sources is equal to zero.
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