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Abstract

Explosive volcanic eruptions eject large quantities of ash particles into the atmosphere.

Ash that is O(50 µm) in size can remain airborne for days following the eruption and

travel for hundreds of kilometers before settling to the ground. A few of the many

hazards associated with volcanic ash include water supply contamination, respiratory

illness, and the destruction of aircraft engines. An abundance of field observations

indicates that much of the fine ash is stripped from the plume early on through the

process of ash aggregation, which greatly reduces the residence time of ash in the

atmosphere. Predicting the transport of ash requires better understanding of the

aggregation process and is important for minimizing the societal impact of future

eruptions.

A turbulence tower is developed to replicate the main characteristics inside a vol-

canic plume. The turbulence tower is an experimental flow facility that uses synthetic

jet actuators to sustain nearly isotropic turbulence over 13 integral length scales in

the vertical direction. The isotropy, homogeneity, and various turbulence properties

are quantified using particle image velocimetry. At the highest jet power setting,

a root-mean-square velocity of 0.73 m/s and a Taylor Reynolds number of 240 are

attained.

The influence of turbulent mixing on aggregation of wetted particles is studied

experimentally, using the turbulence tower as a proxy for the inner core of a water-

rich buoyant plume. Two types of glass particles are used in the experiments and

their statistics are measured using stereoscopic particle tracking velocimetry. The

radial distribution function and mean approach velocity are obtained, providing an

estimate for the collision kernel.
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Particle wetting is achieved when the particle temperature is lowered before being

introduced into the humid turbulence tower. The mass fraction of water coating the

particles is measured by sampling the particles and weighing them as they dry. The

size distribution of aggregates produced in the turbulence is also extracted from high-

resolution images of the physical samples. The size of aggregates steadily increases

with relative humidity when the relative humidity is & 60%. High-speed imaging is

carried out to detect individual collision events of wetted particles while suspended in

the turbulence. The collisions result in either rebound, aggregation, or disaggregation,

depending on certain collision parameters, such as the relative velocity and effective

water film thickness. The experimental data is used to fit a semi-empirical sticking

efficiency model.

A 1D volcanic plume model is developed to predict the plume rise height, concen-

tration of hydrous phases, and ash aggregate grain size from a set of eruption source

parameters. The model uses a control volume approach to solve mass, momentum,

and energy equations along the direction of the plume axis. The aggregation equa-

tion is solved using a fixed pivot technique and incorporates the sticking efficiency

model from the turbulence tower experiments. When applied to the 2009 eruption of

Redoubt Volcano, Alaska, the 1D model predicts that the majority of the plume is

over-saturated with water, leading to a high rate of aggregation. Although the mean

grain size of aggregates is over-predicted, the present results are an improvement over

existing 1D plume models that neglect aggregation.
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Chapter 1

Introduction

The hazards associated with volcanic eruptions are strongly linked to the ash trans-

port mechanism. The ash may flow downwards in a dense mixture of hot gases, or it

may rise upward in a buoyant plume to be dispersed into the upper atmosphere. The

need for fast and accurate models to predict the transport of ash during an eruption

is without question, as it affects both nearby residents and air traffic throughout the

region. It is estimated that 9 out of 100 people worldwide live within 100 km of an

historically active volcano (Small and Naumann, 2001), 20 of which are erupting at

any moment on average (Durant et al., 2010).

There are nine Volcanic Ash Advisory Centers (VAACs) globally that operate ash

transport models. Their purpose is to assess hazard levels of airborne ash clouds and

redirect aircraft safely around them (Webley and Mastin, 2009). Even dilute clouds

of ash (� 50 mg/m3) are known to cause jet engines to fail catastrophically (Dunn,

2012) and are completely transparent to the pilots. Since the closing of airspace over

many parts of Europe following the 2010 eruption of Eyjafjallajökull Volcano, Iceland,

the focus of VAACs has shifted away from conservative advisories and towards more

accurate forecasts with low uncertainties (Mastin et al., 2017). The inputs to ash

dispersion models used by VAACs are often poorly constrained, due to a continuing

need for validation data from field observations. One way in which the VAACs can

overcome these challenges is to compute an ensemble of predictions using the full

1



2 CHAPTER 1. INTRODUCTION

Figure 1.1: Map of the 9 VAACs and their domain of responsibility (Leadbetter and
Hort, 2011).

range of possible eruption source parameters (Dare et al., 2016). Another approach

is to use statistical models that assign a probability to the existence of an ash cloud

over space and time (Madankan et al., 2014; Stefanescu et al., 2014).

Although these approaches assign some certainty to the extent of the ash cloud,

there are several known deficiencies in all of the models which lead to systematic

errors in the predictions. First, ash dispersion is modeled using to a constant scalar

diffusivity. Turbulence models generally perform well in canonical flows (i.e. bound-

ary layers, channel flow, etc.), but Milani et al. (2021) showed that an anisotropic

and spatially-varying diffusivity model is better suited for turbulent jets in crossflow,

a canonical flow relevant to volcanic eruptions. Second, different size classes of par-

ticles are transported as passive scalars with respect to the local wind fields. This

means that the effect of the plume inertia on the local wind patterns is ignored. It

has been shown that for large mass eruption rates, gravity-driven currents at the top

of the plume can lead to ash deposits upwind of the vent and increase the dispersion

of downwind deposits (Costa et al., 2013; Mastin et al., 2014). Third, particles of

a certain class are assumed to settle at their terminal velocity determined by the
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particle size, density, and shape. In reality, particles may collide and stick to each

other via one of many aggregation mechanisms, and the resulting settling speeds of

the aggregates will be larger than that of the parent particles falling separately. Ash

agglomeration is ignored in almost all ash transport models, but its effect is partic-

ularly important when the plume has high water content and/or the particles have

large electrostatic charge. Ash pellets formed by agglomeration in the plume have

been documented in a variety of well-known eruptions (Carey and Sigurdsson, 1982;

Bonadonna et al., 2011; Wallace et al., 2013).

This work provides new experimental insights for addressing ash agglomeration in

the upper plume. Given that in-situ measurements in a volcanic plume are infeasible

for almost all cases, a laboratory experiment has been fabricated to replicate the

conditions in a small (but representative) volume located in the upper plume region.

Using a variety of optical techniques, the collision rates and sticking efficiencies can

be estimated for a variety of realistic plume conditions. The goal is to incorporate

new ash agglomeration physics into ash transport models to improve computational

accuracy in both research and operational settings.

1.1 Evidence of aggregation in volcanic plumes

Although aggregation has been directly observed in modern eruption events, there is

evidence of ash agglomerates dating back to Archaean times (> 2:5 billion years ago)

that were excavated from the Barberton Greenstone Belt in South Africa (Heinrichs,

1984). The phenomenon of aggregation has been known for many decades, but it’s

significance on ash transport and deposition was not seriously considered until the

1980 eruption of Mount St. Helens. In the days following the eruption, samples of the

deposits at 133 locations were documented by Carey and Sigurdsson (1982). They

discovered an unexpected trend roughly 200 km downwind of the vent, where the

deposit layer thickness slowly increased in the direction towards Ritzville, Washing-

ton, as seen in Fig. 1.2. The local maximum in the deposit thickness, which became

known as the “Ritzville Bulge”, contained a large fraction of fine ash particles (� 22

�m) which should have been deposited much further from the vent.
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Figure 1.2: Distribution of ash deposited downwind of the 1980 Mount St. Helens
eruption (Carey and Sigurdsson, 1982).

In a related study, Sorem (1982) observed ash aggregates that fell in Pullman,

Washington, 390 km east from Mount St. Helens, as the eruption took place. They

were described as loosely bound granular clusters (� 0:5 mm across) of fine ash

particles that resembled snow as they fell. Samples of the ashfall were collected,

but many of the agglomerates were unintentionally broken apart during collection,

transportation, and subsequent processing, indicating that the aggregates were likely

formed under weak electrostatic attraction.

Although aggregates are known to form in relatively dry eruptions, they are more

commonly observed in wet eruptions. In the 2009 eruption of Redoubt Volcano,

Alaska, magma forced its way through a glacier with a thickness on the order of 100

m (Waythomas et al., 2013). In the three weeks of volcanic activity that followed,

the surrounding melt water was vaporized and entrained into the plume. Van Eaton

et al. (2015) observed a large number of frozen aggregates in the ash deposits and

deduced that aggregation was responsible for stripping at least 95% of fine ash (< 250

µm) from the eruption column. Example aggregates produced by this eruption are

shown in Fig. 1.3. They ranged from highly structured, where layers of the aggregate

are sorted by grain size, to unstructured, where the both coarse and fine grains are

found throughout the aggregate.

The difference in the internal structure of ash aggregates has been observed in
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Figure 1.3: Images of ash aggregates from the 2009 Redoubt eruption (Van Eaton
et al., 2015). The eruption produced a variety of aggregates, including both unstruc-
tured (left) and structured (right).

a number of eruptions (Schumacher and Schmincke, 1995; Van Eaton and Wilson,

2013) and seems to suggest that multiple pathways/mechanisms exist for particle

collisions and/or particle sticking. Highly unstructured aggregates are most likely

formed by the gravitational scavenging of polydisperse particles, where a thick liquid

water coating acts to dissipate the excess energy of nearly all collisions, regardless of

size. On the other extreme, if only a small amount of water is present, aggregates will

preferentially collect fine ash, possibly explaining the fine outer rim seen in Fig. 1.3.

It is also likely that the fine rim may be caused by electrostatic attraction between the

coarse inner core and the surrounding fine ash (Schumacher and Schmincke, 1995),

which gains its charge through fracto-emission and triboelectric effects (Gilbert et al.,

1991).

1.2 Inertial particles in turbulence

An important factor in the aggregation process which has not been considered seri-

ously until recently is the role of turbulent mixing. Particle-laden flow is a widely

studied subset of multiphase flow in general, where the solid particles are treated as a

dispersed phase interacting with the carrier fluid phase. Apart from volcanic plumes,
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dispersed multiphase flows are common in a number of geological settings, such as rain

clouds (Shaw, 2003), dust devils (Metzger et al., 2011), and phytoplankton migra-

tion (Abraham, 1998). In biological settings, the study of dispersed multiphase flows

is important in assessing the transmissibility of pathogens through aerosols (Bhagat

et al., 2020) as well as mapping the deposition of contaminants in the human nasal

passage (Borup et al., 2020). In engineering systems, applications include spray com-

busters (Vié et al., 2015), solar-thermal receivers (Banko et al., 2020), and cyclone

separators (Cortés and Gil, 2007). The primary descriptor for the dispersed phase is

the Stokes number, defined as the ratio of the particle aerodynamic response time �p

to a relevant flow time scale �f.

St =
�p

�f

In the limit St ! 0, particles behave like tracers and follow the streamlines of the

carrier phase. In the limit St!1, particles take ballistic trajectories and are little

influenced by the carrier phase. The particle response time is characterized by the

time scale in which a particle accelerates from rest in a uniform flow, which, for Stokes

flow (Re� 1), is given by

�p =
�pd2

p

18�
; (1.1)

where �p is the particle density, dp is the particle diameter, and � if the fluid dynamic

viscosity. Coarse ash particles can be as large as several millimeters in size, with

O(103) Reynolds number. Schiller and Naumann (1933) give an empirical correlation

for �p correcting for finite Re effects.

�p =
�pd2

p

18�
1

1 + 0:15Re0:687 (1.2)

In turbulent flows, the smallest eddy length scale � and its associated time scale

�� are set by the dissipation rate of turbulence kinetic energy (TKE) " and the fluid

kinematic viscosity � (Kolmogorov, 1941).
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Figure 1.4: Example particle pathline in a simple 2D shear flow (left) and vortex flow
(right) (Eaton and Fessler, 1994).

� =

�
�3

"

�1=4

; �� =
��
"

�1=2

From this it is useful to define a turbulence Stokes number based on the Kolmogorov

scale, St� = �p=��. When St� � O(1), the particle concentration field becomes

correlated with the turbulent motions, a phenomenon known as preferential concen-

tration (Eaton and Fessler, 1994). The cause of this correlation is depicted in Fig.

1.4, where particles are spun out of small turbulent vortices into regions of high

strain. The effect of preferential concentration on the dispersed phase is to create a

highly nonuniform particle concentration field, with densely populated regions form-

ing filament-like structures surrounded by voids. This qualitative trend was confirmed

mathematically by Maxey (1987), who showed that the divergence of the dispersed

phase velocity field is negative in regions dominated by strain, and positive in regions

dominated by vorticity.

One useful metric that quantifies the degree of preferential concentration across

length scales is the radial distribution function (RDF). The RDF g(r) is the proba-

bility of finding a particle a distance r away from a given reference particle relative

to the same probability if the particles are dispersed uniformly. In the limit r !1,

the RDF asymptotes to unity, since preferential concentration acts at finite length
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scales associated with the turbulent eddies. For small r, the RDF is greater than

unity and can be approximated by a power law, g(r=�) � (r=�)�c, where c is a pos-

itive value that depends on St�. Reade and Collins (2000) performed a set of direct

numerical simulations (DNS) of point particles in isotropic turbulence and observed

that c reaches a maximum for St� � O(1). The power-law behavior was found to be

independent of Reynolds number when the Reynolds number was large (Collins and

Keswani, 2004), since preferential concentration is controlled by the universal dissipa-

tive scales, provided St� . 10 (Ireland et al., 2016). Beyond quantifying the degree of

preferential concentration, g(r) is useful in determining inter-particle collision rates

(Sundaram and Collins, 1997).

1.3 Aggregation process

Out of convenience, the term “particle” is used throughout this work to refer to both

non-aggregated particles and aggregates. Thus, the terms “particle” and “aggregate”

are frequently used interchangeably. To avoid confusion, when it is important to

distinguish a non-aggregated particle from an aggregate, the term “parent particle”

is used.

In principle, the process of aggregation in volcanic plumes can be simulated by

brute force though the tracking of individual particles. Using the 1980 eruption

of Mount St. Helens to demonstrate just how impractical this approach is, Sarna-

Wojcicki et al. (1980) estimated that the total volume of ash ejected was 0.14 km3.

Using the grain size distribution reported by Carey and Sigurdsson (1982), this corre-

sponds to O(1025) total number of ash particles produced by the eruption. Numerical

resources are currently limited to simulating O(109) particles in canonical turbulent

flows (Ireland et al., 2016), not to mention the additional resources required to run

the collision algorithm. Even simulating the gas phase of a plume with such a wide

range of turbulent length scales is equally, if not more, challenging.

It is often sufficient then to only track the macroscopic properties of the aggre-

gating system, such as the number density n(m; t)dm, or the number of particles per

unit volume at time t having a mass between m and m+dm. The equation describing
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n(m; t) in an aggregating system was first formulated by Smoluchowski (1918),

dn(m; t)
dt

=
1

2

Z m

0
A(m�m0;m0)n(m�m0; t)n(m0; t)dm0

�
Z 1

0
A(m;m0)n(m; t)n(m0; t)dm0; (1.3)

where A(m;m0) is the aggregation kernel, which governs the rate of collision and

sticking between particles of mass m and m0. Equation 1.3 is an integro-differential

equation which has known analytical solutions for only a handful of simple functional

forms for A and initial number density distributions n(m; t = 0). The first integral

represents the contribution of all particles with mass less than m that form into

aggregates of mass m. The second integral describes the rate at which particles of

mass m combine with all other particles to form new particles of greater mass. In

this case, the effects of disaggregation are ignored, though additional terms may be

added to Eq. 1.3 to account for the fragmentation of aggregates.

There are many cases where it is useful to evolve a particle size distribution over

a set of discrete masses mi, as opposed to a continuously variable mass. One special

case to consider is linear binning, also known as the monomer particle distribution,

where the allowed particle masses are given by mi = im1 with i being a positive

integer (Jacobson et al., 1994). Conceptually, this represents a system of initially

monodisperse parent particles, each with mass m1, that evolves to form aggregates

of mass mi (i.e. aggregates that contain i parent particles). For such a monomer

distribution, the Smoluchowski equation can be rewritten in discrete form according

to Eq. 1.4.

dni
dt

=
1

2

i�1X

j=1

Ai�j;jni�jnj � ni
1X

j=1

Ai;jnj (1.4)

Indices are used to shorten the notation for the number density ni(t) � n(mi; t) and

the aggregation kernelAi;j � A(mi;mj). Equation 1.4, along with the initial condition

ni(t = 0), is a set of coupled nonlinear ordinary differential equations (ODEs) which
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can be solved using a variety of techniques. In the simplest nontrivial case, where

Ai;j = Ao is constant and only particles with mass m1 exist at t = 0 with a number

density of n1(t = 0) = n1;o, Smoluchowski (1918) derived the well-known exponential

solution for ni(t).

ni(t) = n1;o

�
1

2
tAon1;o

�i�1

�
1 +

1

2
tAon1;o

�i+1 (1.5)

In most aggregating systems Eq. 1.5 is a conservative estimate for the true aggregate

growth rates, since Ai;j is not constant but usually increases with i and j. Particles

may initially aggregate at a constant rate, but in some cases the growing aggregates

trigger a positive feedback loop leading to runaway growth (Malyshkin and Goodman,

2001).

There are two practical consideration for solving Eq. 1.4 in a numerical setting.

First, it is only possible to keep track of a finite number of bins Nb. Second, monomer

binning is a special case, and so a discrete framework should allow for particle bins

of arbitrary size. It is often necessary to track the evolution of particles with a

wide range of masses (Jacobson et al., 1994). In volcanic plumes, ash that becomes

airborne can span up to 3 orders of magnitude in size (Horwell, 2007), or 9 orders

of magnitude in mass. For a monomer representation, this would require one billion

bins. Instead of binning on a linear scale, it is much more efficient to bin particle

masses on a logarithmic scale.

The main advantage of monomer binning is that mass is automatically conserved

when solving Eq. 1.4, since all bin masses are multiples of the first bin. Binning

on a logarithmic scale natural leads to the question of how to conserve mass when

particles transition between bins. Jacobson et al. (1994) introduced a 3D weighting

matrix fi;j;k for the fraction of mass that is partitioned into bin i in the event that

particles from bins j and k combine. Then the discrete form of the Smoluchowski

equation may be written as
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dni
dt

=
1

2

NbX

j=1

NbX

k=1

fi;j;kAj;knjnk � ni
NbX

j=1

Ai;jnj: (1.6)

When ni is a function of both space and time, it may be more appropriate to evolve

ni according to an advection-diffusion-aggregation equation. Assuming a constant

particle diffusivity D and an advection velocity field ~u, the relevant transport equation

is given by

@ni
@t

+ ~u � rni �Dr2ni =
1

2

NbX

j=1

NbX

k=1

fi;j;kAj;knjnk � ni
NbX

j=1

Ai;jnj: (1.7)

Though the purpose of Eqs. 1.3-1.7 is to describe the macroscopic evolution of an

aggregating system, it is only as accurate as the kernel used to describe the underlying

microscopic phenomenon. It is the goal of painstaking theory and experimentation to

come up with new and more descriptive kernels. To better see how they are developed,

it is useful to decompose the kernel into the product of the sticking efficiency �i;j, the

collision efficiency �i;j, and the geometric collision kernel Γi;j according to Eq. 1.8.

Ai;j = �i;j�i;jΓi;j (1.8)

The geometric collision kernel Γi;j governs the rate at which two particles come into

contact, neglecting hydrodynamic interactions, whereas the collision efficiency �i;j
absorbs the effects of hydrodynamic interaction separately. If the particles are elec-

trostatically charged, �i;j may also incorporate the effects of attraction/repulsion

forces. The sticking efficiency �i;j denotes the probability that contacting particle

pairs will stick, as opposed to rebound. For electrostatically neutral particles �i;j and

�i;j are typically bounded between zero and one, so that Ai;j � Γi;j.
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1.4 Geometric collision kernel

A variety of mechanisms exist that lead to particle collisions, including electrostatic

attraction, Brownian motion, gravitational scavenging, turbulent mixing, and pref-

erential concentration. Each of these mechanisms promote relative motion between

particle pairs. The geometric collision kernel quantifies the rate at which particles

come into contact with one another in the absence of any hydrodynamic interaction.

Saffman and Turner (1956) established a general framework for deriving geomet-

ric collision kernels of inertialess particles with radius rp;i and rp;j by assuming the

particles are distributed randomly in space and defining a collision sphere of radius

rp;i + rp;j. The collision kernel is then equal to the volume flow rate of fluid that

enters the collision sphere centered on a reference particle,

Γi;j = �
Z

wr<0
wrdS; (1.9)

where wr is the velocity component normal to the collision sphere surface. This

surface integral approach is depicted in Fig. 1.5 for a reference particle inside an

instantaneous shear flow. Note that if the fluid is incompressible, the net 
ow across

the collision sphere surface is zero. However, the total in
ow across the surface may

increase significantly if the collision radius is increased, resulting in a larger collision

kernel. Likewise, if the flow field around the collision sphere exhibits sharp gradients,

the net flow remains zero while the total inflow increases, augmenting the collision

kernel further. Equation 1.9 can also be expressed as the product of half the collision

sphere surface area with a mean collision velocity wi;j.

Γi;j = 2�(rp;i + rp;j)
2wi;j (1.10)

St� ! 0 limit

Assuming incompressible flow, small-scale isotropy, and normally distributed velocity

gradients, Saffman and Turner (1956) showed that the geometric collision kernel for

small inertialess particles in a turbulent flow is
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Figure 1.5: Geometric illustration of Eq. 1.9 for a reference particle in a simple shear
flow. Streamlines are denoted by gray lines, and the collision sphere is denoted by
the dashed line. Inward flow rate is calculated by integrating the velocity normal to
the green portion of the collision sphere.

Γi;j = (rp;i + rp;j)
3

r
8�
15

1

��
; (1.11)

Equation 1.11 holds only when rp;i+rp;j � � and also implies a mean collision velocity

of wi;j = (rp;i + rp;j)
p

2=15���1
� .

Finite St�

The form of Eq. 1.10 is not limited to inertialess particles. For particles of finite

St�, the mean collision velocity must be computed from the dispersed phase velocity

field. Since the dispersed phase divergence can deviate from zero, wi;j is larger than

that computed using the carrier phase velocity field. In addition, an enhancement

factor accounting for preferential concentration is needed, since particles on average

experience local number densities higher than the global number density. Sundaram
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and Collins (1997) showed that this enhancement factor is the RDF evaluated at the

collision radius.

Γi;j = 2� (rp;i + rp;j)
2 gi;j (rp;i + rp;j)wi;j (1.12)

Note the indices used to define the bidisperse RDF gi;j, as the degree of preferential

concentration between two types of particles will depend on St� for each. Both the

bidisperse RDF and the collision velocity must be obtained from DNS in general, and

are computed using the coordinates and velocities of i/j particle pairs only.

It is computationally expensive to rely on DNS for every new flow condition and

pair of particles. Chun et al. (2005) developed theory to calculate gi;j(r) at small

r, but the expression requires knowledge of the strain and rotation rate tensors.

Alternatively, Zhou et al. (2001) developed an explicit relation that made it possible

to approximate gi;j(r) using the monodisperse RDFs gi;i and gj;j.

gi;j(r) = 1 + �ni;j
q

(gi;i � 1)(gj;j � 1) (1.13)

The correlation coefficient of concentration fluctuations �ni;j depends on the response

time of particles i and j. Zhou et al. (2001) was able to fit a model for �ni;j using DNS

results, but only over a limited range of Reynolds numbers (Re� = 45-58).

St� !1 limit

In the limit St� ! 1, the particle trajectories follow straight lines. Assuming

each particle velocity in a given direction is a Gaussian random variable with stan-

dard deviation up,rms assigned independently, the average collision velocity is wi;j =

(2=
p
�)up,rms. This in conjunction with Eq. 1.10 results in the following collision

kernel expression for ballistic particles with uncorrelated velocities:

Γi;j = 4
p
� (rp;i + rp;j)

2 up,rms (1.14)
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Differential settling

For particles settling in quiescent air, the geometric collision kernel is simply the

product of the collision cross-sectional area with the difference in settling velocity,

Γi;j = � (rp;i + rp;j)
2 jut;i � ut;jj; (1.15)

where ut;i is the terminal velocity of particle i.

Diffusion

For very small particles (. 10 µm), aggregation due to particle diffusion may be

important. Given the diffusion coefficient Dp;i of particle i, Fuchs et al. (1965) showed

that the collision kernel due to Brownian particle motion is

Γi;j = 4� (rp;i + rp;j) (Dp;i �Dp;j) : (1.16)

Einstein (1905) derived the diffusion coefficient in the limit of Re! 0,

Dp;i =
kBT

6�rp;i�
; (1.17)

where kB is the Boltzmann constant and T is the absolute temperature of the system.

A combination of Eqs. 1.16 and 1.17 results in

Γi;j =
2kBT

3�
(rp;i + rp;j)

2

rp;irp;j
: (1.18)

Summary

It is often the case that a system undergoes aggregation by more than one collision

mechanism (e.g., particle sedimentation in turbulence). Assuming that the collision

mechanisms act independently, the superposition principle applies, and the kernels

may be added. A summary of collision velocities and collision kernels discussed in

this section is provided in Table 1.1 for convenience.
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Table 1.1: Summary of geometric collision velocities and collision kernels for aggre-
gation mechanisms relevant to volcanic plumes.

wi;j Γi;j

Turbulence – tracer (rp;i + rp;j)

r
2

15�
1

��
(rp;i + rp;j)

3
r

8�
15

1

��
Turbulence – inertial Measured 2� (rp;i + rp;j)

2 gi;j (rp;i + rp;j)wi;j

Turbulence – uncorrelated
2
p
�
up,rms 4

p
� (rp;i + rp;j)

2 up,rms

Diffusion
kBT

3��rp;irp;j

2kBT
3�

(rp;i + rp;j)
2

rp;irp;j

Settling jut;i � ut;jj � (rp;i + rp;j)
2 jut;i � ut;jj

An important caveat for selecting kernels in turbulent flows is discerning which

expression is applicable for a given scenario. If St� for both particles i and j are

small, then Eq. 1.11 may be used, but if either i or j has finite St�, then Eq. 1.12

is most appropriate. One approach that could be used when data for gi;j and wi;j
are lacking is to use Eq. 1.11 as a lower estimate for Γi;j, provided (rp;i + rp;j) < �.

However, if (rp;i + rp;j) > � it may be more appropriate to use Eq. 1.14 and choose

up,rms based on the eddy that couples most strongly with the particle time scales.

1.5 Collision efficiency

The relative motion between a particle and the surrounding fluid leads to a local

disturbance in the flow field. The flow disturbances induce a mutually repulsive

force on particle pairs that inhibits the collision process. The collision efficiency

�i;j quantifies the number of collisions that occur under the effects of hydrodynamic

interaction (HDI) relative to the number of collisions that would occur without HDI.
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Alternatively, �i;j may also be interpreted as the ratio of the true collision cross-

sectional area defined by the warped particle pathlines to that of the geometric cross-

sectional area, as depicted in Fig. 1.6. This is reflected in Eq. 1.19, which requires

knowledge of rc, the maximum lateral far-field separation between particle pairs that

still results in a collision.

�i;j =
r2

c

(rp;i + rp;j)2 (1.19)

Determining �i;j for binary collisions is a challenge even in highly simplified sys-

tems. Consider the case of particles i and j settling with small Reynolds numbers in

a quiescent fluid. Each particle creates a disturbance flow, which can be described

by the Stokes solution for flow past a sphere. The forces on the particles due to the

mutual disturbance flow are described by Wang et al. (2005a) and the equations of

Figure 1.6: Geometric illustration of collision efficiency for particles settling in a
quiescent fluid. The limiting trajectory of the smaller particle with and without HDI
is drawn in a frame of reference centered on the larger particle.
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Figure 1.7: Collision efficiency of ash particles (�p = 2500) settling in quiescent air
(at STP) for a range of particle sizes.

motion by Hocking (1959). The collision efficiency is found by numerically integrating

the equations of motion repeatedly until the criteria for rc is met. The results for ash

particles of density �p = 2500 kg/m3 and a range of sizes, 1 µm < rp;i < 25 µm, using

this method are given in Fig. 1.7. An accurate analytical expression that does not

involve the integration of ODEs has yet to be developed even for this relatively simple

HDI model. It is no surprise that for more complex systems, where the underlying

flow field is turbulent and/or the Reynolds number is large, more sophisticated tools

are required, including the hybrid DNS technique developed by Wang et al. (2005b).

Nevertheless, the efficiency map shown in Fig. 1.7 provides useful insights into how

ash particles respond when they come into close contact. Most strikingly, the collision

efficiency drops off rapidly when the larger particle (particle i) decreases below 25 µm

in radius. The nonmonotonic behavior in the collision efficiency with the particle size

ratio rp;j=rp;i can be explained by two limiting cases. When rp;j=rp;i ! 0, the response

time of particle j is very small, such that it accelerates rapidly away from particle i
in the presence of its disturbance flow. When rp;j=rp;i ! 1, the collision efficiency is

also reduced, since the collision velocity wi;j = jut;i � ut;jj is small, lengthening the

time scale for HDI to occur. The decreasing trend in the limit rp;j=rp;i ! 1 is less

pronounced when the background flow is turbulent (Wang et al., 2008), since wi;j
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would then also be a function of St�.
The topic of collision efficiency is particularly relevant for rain droplet formation in

clouds. Rain droplets are initially small (20 µm) and relatively monodisperse following

the nucleation period (Grabowski and Wang, 2013), and so the time scale for HDI to

occur is relatively large. In contrast, collisions in volcanic ash plumes most frequently

occur between particles of 30 µm or larger, for which the collision efficiency is nearly

unity. However, the contribution of ash less than 30 µm to aggregation cannot be

completely ignored. In the eruption of Redoubt Volcano, Alaska in 2009, roughly

17% of ash by mass was below 30 µm in size (Van Eaton et al., 2015). Therefore, an

accurate collision efficiency model is still necessary to predict aggregate growth and

transport of fine ash through the plume and into the atmosphere.

1.6 Sticking efficiency

The third and final factor needed to fully define the aggregation kernel is the sticking

efficiency �i;j, which quantifies the probability that particles i and j stick together fol-

lowing a collision. In volcanic plumes the most relevant sticking mechanisms that have

been proposed are electrostatic binding and water binding (Gilbert and Lane, 1994).

Electrostatic attraction provides a relatively weak but long-range force between parti-

cles in contrast to the strong cohesion force provided by water at the molecular level.

In this section, emphasis is placed on the cohesion mechanism, where the particles

are coated with either liquid water or ice. The electrostatic effect is not discussed

here, primarily since the particle charge distribution in volcanic applications is still

poorly constrained, although it may be particularly important in dry eruptions or in

regions of the plume that are under-saturated with water vapor.

Effect of liquid water

The process of aggregation in the presence of liquid water is a complex multiphase

problem which includes the solid (dispersed) phase, liquid (binder) phase, and the

gas (carrier) phase. Water acts as an interstitial binder and provides the cohesive

forces necessary to prevent the aggregate from breaking apart. Schumacher and
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Figure 1.8: (a) Coated particles approaching at the collision velocity wi;j and (b)
formation of liquid pendular ring after coatings coalesce.

Schmincke (1995) simulated the aggregation of wet ash in the lab using a vibratory

pan, which indicated that a narrow range of water content, 15-20% by mass (or 30-

40% by volume), was required to produce well-developed aggregates. For reference,

the lower limit of the interstitial volume fraction for the random-close packing config-

uration of monodisperse spheres is 36% (Baranau and Tallarek, 2014). Schumacher

and Schmincke (1995) also observed aggregates when the water content was reduced,

though they were more fragile, possibly suggesting that the interstitial regions were

only partially filled. Higher water contents were found to produce liquified ash slur-

ries.

To introduce the relevant theory for sticking during binary collisions, consider the

simple case of two particles coated in a viscous liquid of thickness t‘ and viscosity �‘.
The particles are nominally spherical, with surface irregularities/defects on the order

of ta in size. They approach each other along the line connecting their centers with

a relative velocity wi;j. Once the particle surfaces are separated by 2t‘, the liquid

coatings coalesce and form a pendular ring around the contact point, as depicted in

Fig. 1.8. Assuming viscous dissipation is the dominant arresting mechanism, Ennis

et al. (1991) solved the equations of motion for the particles after the liquid bridge
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is established. A collision Stokes number Sti;j is used to characterize the type of

collision, based on where the particles come to rest when the equations of motion are

solved.

Sti;j =
M̃i;jwi;j
6��‘r̃2

i;j
(1.20)

In Eq. 1.20 M̃i;j = Mp;iMp;j=(Mp;i + Mp;j) is the reduced mass, r̃i;j = rp;irp;j=(rp;i +

rp;j) is the reduced radius, and �‘ is the dynamic viscosity of the liquid binder. Based

on Sti;j and a surface roughness lengthscale ta the collision may be classified by one

of three outcomes:

1. If Sti;j < ln(t‘=ta), the particles are arrested by the liquid bridge before solid-

to-solid contact can occur.

2. If ln(t‘=ta) � Sti;j � (1 + e�1)ln(t‘=ta), with e denoting the restitution coeffi-

cient, the particles are arrested by the liquid bridge, and solid-to-solid contact

is made.

3. If Sti;j > (1 + e�1)ln(t‘=ta), the particles rebound with enough inertia to escape

the hold of the liquid bridge.

Liu and Litster (2002) also introduced a fourth category, where the collision inertia is

large enough to induce plastic deformation around the solid contact area. However,

this effect is likely negligible for the collision energies experienced by ash particles

in the upper eruption column. The model developed by Ennis et al. (1991) also

ignores capillary forces caused by the liquid bridge, since any energy added during

the coalescence of the liquid coatings would be subtracted in equal proportion during

rebound.

Equation 1.20 provides a deterministic sticking probability given a single collision

velocity, with the outcome being either zero or one. From section 1.4, we know

that turbulent mixing produces a range of possible collision velocities, and only the

average of these can be estimated. In addition, collisions are more likely to occur

off-axis (“glancing” collisions) relative to “head-on”, which are expected to have a
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lower Sti;j threshold at the onset of rebound compared to the threshold suggested

by Ennis et al. (1991). To account for these effects, Costa et al. (2010) developed a

simple expression for the bulk sticking efficiency as a function of Sti;j, which varies

smoothly between zero and one around a critical Stokes number St�c.

�i;j =
1

1 + (Sti;j=St�c)q
(1.21)

Both the critical Stokes number St�c and the exponent q are fitting parameters deter-

mined using experimental data from Gilbert and Lane (1994), resulting in values of

1.3 and 0.8, respectively. These fitting parameters are found in almost all aggregation

models used by the volcanology community. In reality, they should vary based on

the liquid film thickness t‘. Additional experiments are needed to constrain these

parameters over a wider range of conditions.

Effect of ice

When wetted particles reach freezing temperatures at high elevations within the

plume, the liquid film may experience phase transition. Ignoring the presence of

the ash particle within the ice coating, we can make use of several studies related to

aggregation of small ice crystals in low-temperature ice clouds. Hosler and Hallgren

(1960) emphasized the importance of regelation during the collision process, where

ice melts around local pressure points if the contact area is sufficiently small. The

particles become sintered when the pressure is relieved and the excess heat diffuses

into the two parent particles. Hosler’s experiments showed that fewer ice crystals

aggregated as the temperature fell below -11�C, suggesting that rebound was more

likely when melt water was inhibited. The combined collision and sticking efficiency

was in the range of 0.02-0.2, but the results are limited to relatively small particles

(7-18 µm). Connolly et al. (2012) quantified ice aggregation in an experimental cloud

chamber for particles initially between 25 and 125 µm in size. The combined collision

and sticking efficiency inferred from the change in size distribution was somewhat

higher than that reported by Hosler and Hallgren (1960). This was possibly due to

the effects of mechanical interlocking, since their ice crystals were larger and tended
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to form pronounced dendritic structures.

In-situ measurements of ice aggregation in clouds can also be performed using

a technique known as Lagrangian spiral descents. In this type of measurement, an

aircraft equipped with an optical particle analyzer descends through a cloud along a

helical trajectory. The descent rate is controlled to match the average settling velocity

of the ice crystals. Field and Heymsfield (2003) inferred sticking efficiencies from

independent spiral descents in the range of 0.1-0.7. The wide range of values could

be explained by the assumption that the change in the ice crystal size distribution

is primarily driven by aggregation, as opposed to sublimation. For conditions where

sublimation is significant, the measurement may strongly overpredict the contribution

due to aggregation alone.

In a separate study, Field and Heymsfield (2003) were able to accurately cap-

ture the evolution in particle size distribution for ice clouds using a semi-empirical

expression for the combined collision and sticking efficiency,

�i;j�i;j =
4:8� 10�4(M0:44

p;i +M0:44
p;j )

�(rp;i + rp;j)2wi;j
; (1.22)

where Mp;j is in units of kg, rp;i is in units of m, and wi;j is in units of m/s. However,

Eq. 1.22 allows unphysical efficiencies that are greater than unity, particularly for

small particles. It is common in the volcanology community to simply use a constant

value (�i;j � 0:09) for the sticking efficiency (Costa et al., 2010; Folch et al., 2016; de’

Michieli Vitturi and Pardini, 2021). Additional controlled lab experiments are needed

to develop more descriptive models for �i;j. Ideally, these expressions should depend

on particle size and collision velocity, like Eq. 1.22, and also exhibit boundedness

properties.

1.7 Previous lab-scale aggregation experiments

There is an extensive body of literature related to experimental aggregating systems.

A review of prior experiments most relevant to volcanic plumes is reviewed in this

section. Perhaps the most influential experiment was conducted by Gilbert and Lane
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(1994). Their lab-scale apparatus consisted of a polystyrene sphere suspended in a

vertical wind-tunnel which collected airborne particles when the relative humidity

was raised to 85%. They were able to quantify the fraction of ash that collided and

stuck to the polystyrene substrate as a function of size, which led to the sticking

efficiency model of Eq. 1.21 (Costa et al., 2010).

Schumacher and Schmincke (1995) were able to recreate realistic aggregates in

a series of vibratory pan experiments. Although the mechanism for collisions in a

vibrating bed of particles is significantly different than for particles suspended in a

turbulent plume, they were able to establish a range of water mass fractions (15-

25%) for which aggregation was most successful. Van Eaton et al. (2012) used similar

experiments allowing the ash to mix with varying degrees of ice and liquid water.

When ice was added to the mixture, the mean size of parent particles within the

aggregates was reduced. In other words, a reduction in sticking efficiency was incurred

for large particles (& 30 µm) when the liquid water was converted to ice.

Telling et al. (2013) used high-speed imaging to track individual collisions of parti-

cles on a rigid bed of wetted ash. By calibrating the camera magnification the collision

speeds could be measured, and a threshold collision Stokes number was determined.

The critical Stokes number was an order of magnitude higher than that obtained by

Costa et al. (2010), but this is likely due to a significant difference in the thickness of

the liquid water coating in the experiments.

Structured aggregates have also been produced in the lab using a fluidized bed

(Mueller et al., 2016). The parent particles were sprayed with a NaCl solution at the

start of fluidization, which helped to preserve the aggregates through cementation

during a subsequent drying phase. The hardened aggregates could then be halved,

revealing fine-rimmed structures nearly identical to those produced in volcanic plumes

(see Fig. 1.3).

These experimental studies have suggested that the basic aggregation mechanisms

at play in volcanic plumes can also be replicated at the lab scale in a meaningful way.

However, much of the details surrounding wet aggregation are still poorly understood.

A few unanswered questions include:

� how great a contribution does turbulent mixing and preferential concentration
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make in the collision kernel relative to other collision mechanisms?

� how physical is the Costa sticking model (Eq. 1.21), and can it be generalized

for varying amounts of water?

� can a collision Stokes number, or some other descriptive parameter(s), be used

to model �i;j in the presence of ice?

1.8 Objectives

In this work, a new experimental apparatus is developed to replicate the turbulent

environment in the upper plume and distal ash cloud and better understand the

conditions that promote the formation of aggregates. There are two main objectives

in this work: (1) obtain detailed measurements of the aggregation process relevant

to volcanic plumes and (2) incorporate aggregation physics into a new ash transport

model. The experimental work can be further divided into 3 phases:

� Characterization phase: design and characterize an apparatus that can accom-

modate a range of relevant plume conditions.

� Dry measurement phase: obtain particle-pair statistics at low humidity to char-

acterize the degree of preferential concentration.

� Wet measurement phase: measure the effects of humidity on the aggregate size

distribution through physical sampling, and classify collision outcomes through

optical tracking techniques.
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Chapter 2

Experimental Facility

This chapter contains large portions of the following paper: D.W. Hoffman and J.K.

Eaton. Isotropic turbulence apparatus with a large vertical extent. Experiments in
Fluids, 62(10):1-11, 2021.

2.1 Introduction

In recent years there have been numerous applications for lab-scale experiments capa-

ble of generating highly energetic turbulence with minimal mean velocity and shear.

In most canonical and naturally occurring turbulent flows, including duct flows, jets,

wakes, and boundary layers, the turbulent energy is derived from mean shear stresses.

The mean velocities in these flows can obfuscate the measurement of important tur-

bulence quantities, especially when using optical techniques. Isotropic turbulence, on

the other hand, is an idealized flow that has no mean velocity gradients (Pope, 2000),

making it ideal for probing the fundamental behavior of turbulence.

Various approaches for approximating isotropic turbulence have been taken, and

the experimental designs vary according to the intended purpose. Historically, the

most conventional method employs a wind tunnel to produce grid-generated turbu-

lence (Comte-Bellot and Corrsin, 1966), but the uniform mean flow and the decay of

27
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turbulence kinetic energy (TKE) downstream of the grid are often viewed as unde-

sirable features of the flow. This can be circumvented by using oscillating grids in a

closed liquid chamber (De Silva and Fernando, 1994), but the method is less practical

for gases when high Reynolds numbers are desired. Hwang and Eaton (2004) pro-

duced nearly isotropic turbulence in a closed air chamber by replacing the oscillating

grids with synthetic jet actuators mounted to the corners of a cubical box aimed at

a common point at the center of the chamber. This method achieved high Reynolds

numbers and a sufficient degree of isotropy when compared to grid-forcing methods.

Since then, further improvements to the isotropy in these turbulence box designs

have been made by constructing chambers in various polyhedral shapes, including

both regular and truncated icosahedron shapes (Zimmermann et al., 2010; Dou et al.,

2016) similar in form to a soccer ball. Besides the study of Lagrangian properties

of turbulence (Zimmermann et al., 2010), the general design also has been used to

quantify the modified settling velocity of inertial particles (Good et al., 2014), evap-

oration rate of droplets (Goepfert et al., 2010), and sediment suspension in granular

beds (Johnson and Cowen, 2020). In one notable study, Bellani and Variano (2014)

showed that a high degree of isotropy could be obtained even with parallel planar ar-

rays of round jets submerged in a water tank, with the homogeneous region extending

more than an integral length scale in all directions from the tank’s center.

While previous experiments have explored the dynamics of inertial particles in

isotropic turbulence for the dilute limit where particle-particle interactions are rare,

there is a need for new experiments that can quantify the effects of inter-particle

collisions and agglomerate growth initiated by the turbulent motion. In particular,

our requirement for a new isotropic turbulence chamber configuration is driven by an

interest in agglomerate formation in volcanic ash plumes. In the presence of water an

abundance of ash agglomerates can form even at low to moderate volume fractions

of fine ash (Brown et al., 2012), owing to the fact that the plumes extend up to

several kilometers in height. In contrast, current lab-scale turbulence air chambers are

typically capable of sustaining isotropic turbulence within a small volume not much

larger than one integral length scale. One experimental option for inducing significant

particle-particle interaction is to increase the particle volume fraction, which results
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in a direct increase in the volumetric collision rate (Sundaram and Collins, 1997).

However, this makes optical detection of collision events difficult and is less relevant

to real plumes having lower ash volume fractions.

In this paper we present a new experimental design for an isotropic turbulence

tower that sustains a larger turbulence volume than existing experiments of its kind.

Although the experiment is designed to study inertial particles as they agglomerate

through the isotropic region of the turbulence, the focus of the present paper is to

characterize and document the underlying flow behaviors and offer suggestions for

the design of future turbulence chambers.

2.2 Experimental setup

2.2.1 Facility overview

The turbulence tower under consideration was conceived as a hybridization of the

icosahedron configuration of Dou et al. (2016) and Zimmermann et al. (2010) with the

planar jet configuration of Bellani and Variano (2014) and Carter et al. (2016). Top,

side, and section views of the turbulence tower are depicted in Fig. 2.1. Turbulence

is produced by synthetic jet actuators arranged along the outer chamber walls. The

tower itself takes the form of an octagonal prism, where four of the walls support the

jet actuators and the remaining walls provide optical access.

A single synthetic jet assembly, depicted in Fig. 2.2, consists of a 4 inch woofer

(loudspeaker) flange-mounted to the outer chamber wall along with a spacer plate,

allowing the woofer cone to vibrate freely. Air is cycled through a jet orifice of di-

ameter dj = 16 mm, which is centered with the woofer axis, generating a chain of

vortex rings that propagates toward the center of the chamber. A threaded drain hole

located below the main jet orifice serves to remove any particles or debris that accu-

mulate in the bottom of the synthetic jet cavity over time. During normal operation

the drain hole is plugged so as not to interfere with the operation of the jet.

Each woofer is powered by a sinusoidal signal having voltage amplitude between

3.5 and 5.5 V and assigned frequency between 70 and 76 Hz. The signal for each
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Figure 2.1: Schematic of turbulence tower as viewed from the top, side, and an oblique
section that passes through the center.
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Figure 2.2: Section view of the synthetic jet actuator assembly.

frequency is produced by one of four analog function generators, before it is amplified

and distributed to the woofers. The amplifier channels are configured such that no

set of opposing jets share the same frequency, to avoid the formation of standing

pressure waves and periodic flow structures at the center of the tower. The specific

arrangement of frequencies organized by jet array and row number is provided in

Table 2.1.

In all experiments the frequency assignment is kept the same, but the voltage

applied equally to all woofers is varied to change the turbulence intensity in the

tower. The power consumed by all of the jets combined varies between 12 and 29 W

depending on the supplied voltage amplitude. The woofer response is relatively flat

in the range of 70-76 Hz, so the power consumption is approximately uniform across

individual jets.

2.2.2 Design considerations

The overall dimensions of the tower are chosen to provide an acceptable degree of

homogeneity and the largest range of turbulence length scales as possible. First,

the vertical inter-jet spacing S should be minimized and is limited by the woofer

outer diameter. A consequence of the geometry is that a primary stagnation point



32 CHAPTER 2. EXPERIMENTAL FACILITY

Table 2.1: Arrangement of speaker frequencies (in Hz) for all 32 jets.

Row #

Array #
1 2 3 4

1 70 72 74 76

2 72 74 76 70

3 74 76 70 72

4 76 70 72 74

5 70 72 74 76

6 72 74 76 70

7 74 76 70 72

8 76 70 72 74

forms at the center of each row of jets. If the distance between jet rows is too

large, secondary stagnation points can also form at intermediate locations between

the primary stagnation points. Moreover, the dimension S dictates the amount of

shear around each stagnation point which, if too large, can cause anisotropy in the

turbulent fluctuations.

Similarly, the tower half-width w should be sufficiently large to allow the jet

turbulence to spread before reaching the center of the tower. A guideline for choosing

w involves matching the jet half-width r1=2(x) at a distance x = w from the jet orifice

with one half of the inter-jet spacing S.

r1=2(x = w) � Aw �
S
2

(2.1)

In Eq. 2.1, A is the spreading rate of the jet. For simplicity, we substitute A � 0:094,

a value typically used for continuous turbulent jets (Pope, 2000). From this, we obtain

an estimate of w = 64 cm. As a practical consideration, the estimate for w made

here should be interpreted as an upper bound, since the spreading rate of opposed

synthetic jets is likely larger than 0.094.

The scaling argument made by Dou et al. (2016), given by Eq. 2.2, indicates that

an increase in chamber size would also lead to an increase in microscale Reynolds
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number Re�,

Re� � N1=4
j

q
Ujw=�; (2.2)

where Uj is the mean velocity produced by the jets and Nj is the total number of jets.

This scaling relies on the assumption that the integral length scale L is proportional to

w. A more appropriate scaling is L � dj, since any flow structures much larger than

dj can be ascribed to mean secondary flows within the chamber. The replacement of

w with dj in Eq. 2.2 leads to a new scaling,

Re� � N1=4
j

p
Rej; (2.3)

where Rej = Ujdj=� is the jet Reynolds number. The rate of flow work relates to the

power applied to the jet actuator P through an efficiency factor �j.

�jP =
1

2
�
��

4
d2
j

�
U3
j (2.4)

Then the Reynolds number scaling with P can be written as

Re� � N1=4
j (�jdjP )1=6 : (2.5)

Equation 2.5 is most useful when the actuator efficiency �j is constant. Then changes

in P can be made to control Re� in the tower. In general, the actuator efficiency is

an unknown function of the applied power, frequency, and jet diameter, and so the

scaling must be used with caution.

Though no significant influence of w on Re� is expected, the chamber width does

play a major role in setting the Kolmogorov length scale �. Since the dissipation rate

is proportional to the rate of flow work generated by the jet actuators and inversely

proportional to the chamber volume, it follows that

� =

�
�3

"

�1=4

�
w1=2

(�jP )1=4 : (2.6)

Thus, choosing w too large will lead to an undesired increase in Kolmogorov length
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scale and a narrowing of the inertial subrange. Based on the dimensions of prior

turbulence chambers that achieved a broad inertial subrange, we chose a tower half-

width of w = 32 cm. This choice in w is notably less than the guideline of 64 cm given

before, so some trade-off between the dissipation value and the degree of homogeneity

is expected.

The height of the turbulence region H is the most flexible design parameter. Since

the motivation behind the turbulence tower is for the study of inertial particle agglom-

eration, we chose H = 1 m to allow sufficient particle residence time for agglomeration

to occur. We offer a simple example calculation to demonstrate the reasoning behind

this choice. First, we consider an idealized system of initially monodisperse spherical

particles in air. As a proxy for volcanic ash, a typical particle diameter dp might be

50 µm with a density of 2,000 kg/m3. Then the corresponding settling velocity in air

is roughly 14 cm/s, resulting in a residence time of 7.3 s before the particle falls out of

the tower. If the collision kernel Γ is constant, meaning all particles and agglomerates

collide with equal likelihood, then the analytical solution to the discrete coagulation

equation found by Smoluchowski (1918) applies and is given by

nk(t) =

n1;o

�
1

2
�Γtn1;o

�k�1

�
1 +

1

2
�Γtn1;o

�k+1 : (2.7)

In Eq. 2.7, nk(t) represents the number of agglomerates per unit volume that contain

k parent particles at some later time t starting from an initial number density of n1(t =

0) = n1;o. The parameter � is the sticking probability. We assume � � 0:5, meaning

any given collision has an equal probability of resulting in either agglomeration or

rebound.

The collision kernel � can be estimated using the theory developed by Saffman

and Turner (1956) for inertialess particles,

Γ =

r
8�
15

"
�
d3

p; (2.8)

where � is the air kinematic viscosity. Taking " � 10 m2/s3, the collision kernel
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evaluates to Γ � 1:3� 10�10 m3=s.

If we define the agglomerate probability function Pk(t) as the population of an

aggregate class k normalized by the total population, Smoluchowski’s solution from

Eq. 2.7 can be recast as

Pk(t) �
nk(t)
1P

k=1
nk(t)

=

�
1

2
�Γtn1;o

�k�1

�
1 +

1

2
�Γtn1;o

�k : (2.9)

Letting the particle volume fraction be 5:0 � 10�5 ; equivalent to an initial number

density of n1;o = 3:8 � 108 m�3, and substituting all other values into Eq. 2.9, the

fraction of the total population contained in the unagglomerated class k = 1 after

exposure to the turbulence is P1(t = 7:3 s) = 0:84. In other words, 16% of the final

population is contained in an aggregate class (k � 2).

This estimate indicates that a significant amount of agglomeration can occur in the

short time that the particles reside in the turbulence. Factors that are left out of this

simplified analysis, such as differential settling and finite particle inertia effects, would

enhance agglomeration even further. One additional advantage to the turbulence

tower design is that the height H can be extended to any desired value without

having to fabricate a new experiment from scratch.

2.2.3 PIV measurements

Two-dimensional and two-component velocity fields are obtained near the central axis

of the tower using particle image velocimetry (PIV). Three windows, labeled #1, #2,

and #3 from top to bottom (see Fig. 2.1), allow optical access to the flow at different

vertical sections of the tower. To evaluate homogeneity, measurements are made on

the x1-x2 plane at all three window locations, as well as on the x1-x3 plane at the

window #2 location. For conciseness, all results shown correspond to measurements

taken on the x1-x2 plane at the location of window #2, unless otherwise stated.

Aerosolized olive oil, produced by six Laskin nozzles, is used as a flow tracer. The

tracer droplets, approximately 1 µm in size, are injected into the tower from above
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Table 2.2: List of PIV parameters.

Laser sheet thickness 0.52 mm
Inter-frame time 40-60 µs
Sample rate 1.45 Hz
Lens focal length 200 mm
Lens aperture f=8
Camera resolution 7.6 µm/pixel
Field of view 50.2 � 33.5 mm
IR size 32 � 32
Vector spacing (50% overlap) 122 µm
Image pairs acquired 1000

for roughly 1 s while the synthetic jets are turned on. The jets remain on for at

least 30 s before measurement to allow secondary flows generated by tracer injection

to dissipate. The dispersed tracers are then illuminated by a New Wave Solo III-15

dual-pulse Nd:YAG laser with a wavelength of 532 nm.

The scattered light is recorded on a TSI model 630094 CCD camera with a 6600

� 4400 pixel array and 5.5 µm pixel size. The camera is equipped with an AF Micro-

Nikkor 200 mm lens and an aperture setting of f=8, resulting in an object resolution

of 7.6 µm and a field of view of 50.2 � 33.5 mm. The inter-frame time is adjusted

between 40 and 60 µs, depending on the woofer power setting, to allow an average

tracer displacement of at least 5 pixels between frame pairs. For a comprehensive list

of PIV parameters used over all experiments, see Table 2.2.

The PIV images are post-processed using an iterative cross-correlation algorithm.

The final interrogation window size is 32x32 pixels with 50% overlap, corresponding

to a vector spacing of 122 µm. A consistency filter is used to detect spurious vectors,

which removed less than 0.8% of the velocity data points. Interpolation is used in

place of the spurious vectors when computing velocity power spectra and two-point

correlations. When the yield rate of any given realization is less than 95%, the

corresponding image pair is removed from the calculation. Low yield rates typically

arise from aliasing and decorrelation caused by high energy eddies and strong velocity
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gradients. Since fewer than 2% of image pairs are removed from the data sets for this

reason, the resulting bias in the dissipation rate estimation is found to be no more

than about 5%.

Table 2.3: Summary of turbulence quantities at each jet power. The first four numeric
columns give the spatial average at the window #2 measurement location. The range,
listed on the far right column, represents the 5-th and 95-th percentile of spatial
deviations over all measurement locations for the 29 W case.

Power (W) 12 20 24 29 Spatial deviation

u1;rms=u2;rms 1.03 1.01 1.00 1.00 0.90-1.33

j hu1i j=u1;rms 0.17 0.08 0.14 0.16 0.01-0.42

j hu2i j=u2;rms 0.14 0.20 0.15 0.18 0.01-0.37

j hu01u02i j=u1;rms � u2;rms 0.14 0.08 0.05 0.04 0.00-0.15

q2 (m2/s2) 0.28 0.84 1.23 1.62 81-133%

" (m2/s3) 0.6 4.0 6.8 10.1 87-138%

� (µm) 269 171 149 135 92-104%

�� (ms) 4.8 1.9 1.5 1.2 85-107%

�f (mm) 8.1 5.6 5.2 4.9 86-110%

Re� 165 198 222 240 81-114%

L (mm) 81.7 68.3 70.8 71.9 72-126%

Individual tracer particles are typically captured in images by 2-4 adjacent pixels,

and can cause a bias in the correlation peak locations towards integer values, or “peak-

locking”. To alleviate this problem, a histogram equalization approach proposed by

Roth and Katz (2001) is applied to the velocity data sets. The displacement correction

is 0.02 pixels on average.

2.3 Results

Turbulence quantities at each jet power setting are extracted from PIV constructed

velocity fields. A summary of these quantities after the appropriate ensemble and
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(a) (b)

Figure 2.3: (a) Instantaneous and (b) time-averaged velocity fields on the x1-x2 plane
at 29 W jet power. For clarity, every 10-th vector from the original data set is shown.
Note the difference in vector scale between the two plots.

spatial averaging is given in Table 2.3. The quantities in the first four numeric

columns correspond to the single measurement made at window #2, whereas the 5-

95 percentile range given in the far right column is obtained from an aggregate of

all measurements, including each window location. A complete discussion of how the

turbulence quantities are computed is contained in Sects. 2.3.1 and 2.3.2.

Recognizing the symmetry of the jet forcing about the x2 axis, a weighted average

is used to calculate the generic scalar property � given the property in the x1 and x2

direction, �1 and �2 respectively.

� =
2

3
�1 +

1

3
�2 (2.10)

In addition, we adopt the notation h�i for the ensemble averaging operator and � for
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the spatial averaging operator. Then the time-averaged and fluctuating parts of the

velocity can be defined as huii and u0i = ui � huii respectively.

2.3.1 Single-point velocity statistics

Velocity statistics are recorded over a duration of about 12 minutes. The sampling

rate is slow enough to ensure the samples are uncorrelated, and the statistics are

found to be time-stationary. Vector plots of a single instantaneous velocity field

and the time-averaged velocity field are shown in Fig. 2.3. The instantaneous field

exhibits strong fluctuations without any visible net flow across the frame, while the

time-averaged field exhibits mean shear around a secondary stagnation point, which

is located towards the right side of the frame.

Velocity data are assembled over all points in space and all PIV realizations to

construct PDFs. The PDFs of velocity fluctuation, shown in Fig. 2.4, are similar

and approximately Gaussian distributed, indicating no skewness towards a preferred

direction in any of the velocity components. One quantitative metric for evaluating

the large scale isotropy is the root-mean-square (rms) velocity ratio u1;rms=u2;rms given

in Table 2.3. The ratio is close to unity, when spatially averaged across the window

#2 location, regardless of the jet power setting. However, there is considerable spatial

deviation in this value, as measured for the 29 W case. Near the primary stagnation

point, the horizontal fluctuations are most pronounced, leading to rms velocity ratios

as high as 1.33. In the vicinity of the secondary stagnation points, the ratio can drop

as low as 0.90.

The time-averaged velocity fields are small in comparison to the fluctuating ve-

locities as quantified by the ratio j huii j=ui;rms. These values are larger than 0.10

for nearly all measurements, listed in Table 2.3, and no trend with respect to the

jet power setting is observed. We conclude that although the mean flow is only a

fraction of the fluctuating component, the effect on the turbulence statistics cannot

be neglected without further investigation.

In ideal isotropic turbulence, the off-diagonals of the Reynolds stress tensor are

exactly zero, or


u0iu0j

�
= 0 for i 6= j. The only off-diagonal Reynolds stress component
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Figure 2.4: Normalized velocity PDFs from the 29 W jet power experiments.

that can be obtained from the measured 2D velocity fields is hu01u02i. To quantify the

degree to which the velocity components are correlated, the normalized Reynolds

stress j hu01u02i j=u1;rms � u2;rms is computed and reported in Table 2.3. Note that the

absolute value is taken before spatial averaging, so that a symmetric distribution of

the velocity correlation about zero will not necessarily result in a small value. The

normalized Reynolds stress decreases as the jet power increases, and is less than 0.10

for applied powers of 20 W and above.

Although the velocity components are found to be only very weakly correlated, it is

possible that the production of TKE, �


u0iu0j

�
@ huii =@xj, could be significant given

the mean shear that exists around the stagnation points. One of the production

terms, �hu01u02i @ hu1i =@x2, is plotted in Fig. 2.5 for the 29 W jet power setting.

The spatial variation of this quantity is somewhat exaggerated due to the effect of

measurement noise on the mean velocity gradient and could be reduced further by

increasing the total number of samples. However, the ratio of TKE production to

dissipation averaged over space evaluates to �"�1hu01u02i @ hu1i =@x2 = 0:0074. The

other measurable production term evaluates to �"�1hu02u01i @ hu2i =@x1 = �0:0020.

This result provides strong evidence that the mean shear contributes little to the
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Figure 2.5: Spatial map of TKE production term �hu01u02i @ hu1i =@x2 normalized by
" for the 29 W case.

TKE at the center of the tower.

The Kolmogorov length scale � and time scale �� are computed as

� =

�
�3

"

�1=4

; �� =
��
"

�1=2
: (2.11)

The dissipation rate is maximum for the 29 W power setting, for which � = 136 µm

and �� = 1:2 ms.

The quantity q2, or twice the turbulence kinetic energy, is estimated by assuming

u3;rms � u1;rms, given the symmetry of the tower.

q2 = ui;rmsui;rms � 2u2
1;rms + u2

2;rms (2.12)



42 CHAPTER 2. EXPERIMENTAL FACILITY

The Taylor microscale based on the longitudinal autocorrelation function �f and

the associated Reynolds number Re� are computed using the following relationships

derived for ideal isotropic turbulence.

�f =

�
10�q2

"

�1=2

; Re� =
(q2=3)

1=2 �f
�

(2.13)

The maximum attained Reynolds number is Re� = 240, with a corresponding Taylor

microscale of 4.9 mm. Over the range of jet power settings measured, Re� appears to

follow a power-law behavior, as suggested by Eq. 2.5. In Fig. 2.6, Re� is plotted as

a function of P with a trend line suggesting the scaling exponent for P is 0.42. This

is significantly higher than the scaling exponent of 1=6 given by Eq. 2.5, which may

indicate a strong increase in the actuator efficiency with P over this range.

Figure 2.6: Reynolds number Re� as a function of the applied jet actuator power P .

Finally, the integral length scale is obtained from Eq. 2.14.

L =
(q2=2)

3=2

"
(2.14)

The integral length scale varies from 68.3 to 81.7 mm with no discernible trend with

the jet power setting, as expected, since the jet diameter and driving frequency are

the same in all measurements.
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2.3.2 Two-point velocity statistics

The dissipation rate " is estimated using the second-order structure function fitting

method, which has been shown to be the most robust technique for PIV data, com-

pared to other existing methods (de Jong et al., 2008). Briefly, the method relies on

Kolmogorov’s second similarity hypothesis (Kolmogorov, 1941), which states that the

longitudinal second-order structure function Dii(r) follows the power-law,

Dii(r) = C2(Re�)("r)2=3; (2.15)

when r lies in the inertial subrange. The longitudinal second-order structure function

is a two-point velocity statistic that can be computed from the PIV data using Eq.

2.16.

Dii(r) =


[ui(xi + r; xj)� ui(xi; xj)]2

�
(2.16)

Once the inertial subrange is identified, the dissipation rate can be inferred from

a combination of Eqs. 2.15 and 2.16. For large Re�, the constant C2 = 2:13 is

considered universal (Sreenivasan, 1995). Over the range of Re� investigated here,

however, it is not safe to assume C2 is fixed. We rely on the forced isotropic turbulence

DNS of Yeung and Zhou (1997) to determine the appropriate value of C2(Re�). Since

the calculation of " is implicit (Re� and C2 depend on ") the values for ", Re�, and

C2 are solved simultaneously in an iterative manner, with C2 = 2:13 taken as the

starting value.

By rearranging Eq. 2.15, it is convenient to define the compensated structure

function, r�1 (Dii(r)=C2)
3=2, and identify the value of r at which a plateau is reached

as the start of the inertial subrange. The compensated structure functions computed

in the x1 and x2 directions, r�1 (D11(r)=C2)
3=2 and r�1 (D22(r)=C2)

3=2 respectively, are

plotted in Fig. 2.7. The converged estimates for the dissipation rates are indicated by

the horizontal dashed lines. Figure 2.7 highlights the anisotropy that exists for spatial

scales in the inertial subrange, as the calculation in the x2 direction gives consistently
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Figure 2.7: Compensated longitudinal structure functions computed in the x1 direc-
tion (left) and the x2 direction (right) for each synthetic jet actuator voltage. The
horizontal dashed lines indicate the corresponding dissipation rate estimate.

higher estimates for the dissipation rate. Knutsen et al. (2020) showed that scale-

space anisotropy is important in setting the dynamics of the energy cascade. The

discrepancy in the plateau, when comparing the left and right plots of Fig. 2.7, can

be as high as 18%. As a final estimate for the dissipation rate, we use the weighted

average defined by Eq. 2.10, and the values are reflected in Table 2.3.

An alternative two-point velocity statistic which is often used to characterize the

isotropy of intermediate scales is the autocorrelation function. The longitudinal and

transverse autocorrelation functions may be computed from the PIV velocity fields

according to Eqs. 2.17 and 2.18 respectively.

Fii(r) = hu0i(xi + r; xj)u0i(xi; xj)i=ui;rms
2 (2.17)

Gii(r) =


u0i(xi; xj + r)u0j(xi; xj)

�
=ui;rms

2 (2.18)

A consequence of isotropy results in the following relationship between Fii(r) and

Gii(r).

Gii(r) = Fii(r) +
1

2
r
dFii
dr

(2.19)
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It can be shown that the inverse relationship is given by

Fii(r) =
2

r2

Z r

0
r0Gii(r0)dr0: (2.20)

Both longitudinal and transverse autocorrelation functions are computed directly

from the PIV velocity fields. The directly computed functions F11(r) and F22(r),
plotted in Fig. 2.8, align closely together. To further test the isotropy assumption,

we also compute G11(r) and G22(r) and apply Eq. 2.20 to infer F11(r) and F22(r).
The inferred autocorrelation functions also align closely with their directly measured

counterparts, indicating that the isotropy assumption built into Eq. 2.20 is valid. We

also verify that the curvature of the autocorrelation function at r = 0 is in agreement

with the estimate of the Taylor microscale obtained at 29 W jet power, �f = 4:9 mm,

by plotting the polynomial expression p(r) = 1� (r=�f )2.

Figure 2.8: Longitudinal autocorrelation function computed in the x1 and x2 direc-
tions for the 29 W jet power setting. The measured autocorrelation functions are
computed using Eq. 2.17, and the inferred autocorrelation functions are obtained
from Eqs. 2.18 and 2.20.

.
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2.3.3 Energy spectra

The longitudinal velocity power spectra E11(k1) and E22(k2) are obtained as a fur-

ther check of the turbulence isotropy. These are computed by first windowing the

velocity component in the direction of interest using a Hanning function, followed by

the FFT algorithm, and then averaging over space in the remaining direction. For

wavenumbers ki within the inertial subrange, the spectra should exhibit power-law

behavior, according to Eq. 2.21.

Eii(ki) = 0:53"2=3k�5=3
i (2.21)

The compensated longitudinal velocity power spectra, [E11(k1)k
5=3
1 =0:53]3=2 and

Figure 2.9: Compensated longitudinal velocity power spectra for the 29 W jet power
setting. The horizontal dashed line indicates the dissipation rate estimate obtained
from the structure function fitting method.

.
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[E22(k2)k
5=3
2 =0:53]3=2, are plotted in Fig. 2.9 as a function of the normalized wavenum-

ber for the 29 W experiment. The horizontal dashed line corresponds to the dissi-

pation rate estimate obtained by the structure function fitting method described in

section 2.3.2. The compensated spectra should plateau towards the left side of Fig.

2.9, corresponding to wavenumbers at the start of the inertial subrange, but the PIV

viewing window is too small to fully capture the behavior of the larger scales. Nev-

ertheless, the values appear to asymptote to the dissipation rate value previously

determined in section 2.3.2. For the higher wavenumbers, the spectra align reason-

ably well, providing further evidence for the turbulence isotropy. The slight deviation

in the right-side tails of the spectra can be attributed to random errors in the PIV

vector fields.

2.4 Conclusion

Since its earliest conception, the closed turbulence box design has made it feasible

to study the role of turbulence in numerous applications. One such application, the

agglomeration of inertial particles, has prompted the fabrication of a new turbulence

tower facility. The turbulence tower sustains a column of homogeneous and nearly

isotropic turbulence along its central axis using arrays of synthetic jets and operates

without a net flow through the chamber. The turbulence is characterized using 2D

PIV at various locations in the tower to quantify the homogeneity and isotropy of

the velocity fluctuations and statistics. The synthetic jet power setting can be varied

from 12 and 29 W, with Re� reaching up to 240.

The homogeneous region extends roughly 1.0 m, or 13 integral length scales, in the

vertical direction and at least 1.7 cm from the central axis of the tower. Further off-

axis PIV measurements would be required to better quantify the spatial homogeneity

in this direction.

The degree of isotropy is quantified in a variety of ways, including the rms velocity

ratio, longitudinal structure functions, autocorrelations, and velocity power spectra.

These metrics indicate that the turbulence is close to isotropic in the small scales

with some large-scale anisotropy occuring near the primary stagnation points, where
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the local rms velocity ratio u1;rms=u2;rms reaches up to 1.33. The compensated second-

order longitudinal structure functions, used to estimate the dissipation rate, are up

to 18% different when computed in different directions, indicating that the large-

scale anisotropy also leaks into the inertial subrange. In contrast, the longitudinal

autocorrelation functions F11(r) and F22(r) show good agreement with each other and

with isotropic turbulence theory within the small to intermediate scales. The velocity

power spectra similarly reveal a high degree of isotropy for large wavenumbers, but

the limited PIV viewing window prevents full comparisons for wavenumbers in the

inertial subrange.

The time-averaged velocities are small relative to the fluctuating velocities but

still significant. The mean stagnation point that arises as a consequence of jet im-

pingement is capable of producing TKE via the mean shear mechanism. However, the

product of the Reynolds stress component hu01u02i with the mean velocity gradients

is small relative to the dissipation rate, so that TKE production is not a significant

source of the large scale anisotropy.

Based on the present turbulence tower design, we offer one main guideline for

future designs. To reduce mean flows around the jet stagnation points, the chamber

width 2w could be increased to the point where the jet half-width a distance w from

the jet orifice is at least as large as the inter-jet spacing. More powerful jets, or a

greater number of jets, would be needed to offset the reduction in " caused by the

increase in w. Based on the scaling arguments presented, a two-fold increase in the

chamber half-width would necessitate a four-fold increase in the jet actuator power

to hold the Kolmogorov length scale constant.



Chapter 3

Particle Pair Statistics

This chapter contains large portions of the following paper: D.W. Hoffman and J.K.

Eaton. Particle pair statistics of inertial particles at small separation using stereo-

scopic particle tracking. Proceedings of the 14th International Symposium on Particle
Image Velocimetry|ISPIV 1(1), 2021.

3.1 Introduction

The agglomeration of inertial particles in turbulent flows takes place in a wide variety

of settings, including rain formation, flocculation in water filtration, and volcanic ash

dispersion. Agglomerate growth through inter-particle collisions can have a large im-

pact on the transport of the particle phase, particularly when gravity acts to enhance

sedimentation. The rate of aggregate growth is directly proportional to the particle

collision frequency, which depends in part on the underlying carrier flow turbulence,

particle time scale, and particle concentration. If the particle Stokes number based

on the Kolmogorov time scale is moderate, St� � O(1), the turbulence enhances the

collision rate through the mechanism of preferential concentration (Eaton and Fessler,

1994). Under the assumption that the particles are spherical and monodisperse, with

diameter dp, the collision kernel given by Eq. 1.12 can be expressed as a volumetric

collision rate,

49
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Nc = 4�n2d2
pg(dp) hwri(�) (dp); (3.1)

where n is the particle number density, g(r) is the radial distribution function (RDF),

and hwri(�) (r) is the mean relative approach velocity. When evaluated at r = dp,

hwri(�) (r) becomes the mean collision velocity. Conventional 2D optical techniques

can be used to measure g(r) and hwri(�) (r) directly for r > �z, where �z is the

characteristic optical depth (e.g., laser sheet thickness). However, it remains a chal-

lenge to obtain high accuracy for dp � r � �z due to projection errors (Holtzer and

Collins, 2002). Several studies have attempted to overcome these challenges using

high resolution 3D particle tracking techniques. De Jong et al. (2010) used holo-

graphic imaging to obtain 3D particle coordinates and velocities, but the resulting

mean approach velocity was heavily skewed by erroneous tails in the relative veloc-

ity distributions. Dou et al. (2018) extracted particle velocities with greater fidelity

using 4-frame stereo particle tracking velocimetry (PTV). However, the extra optical

components, instrumentation, and setup required to obtain meaningful results makes

the method less attractive for numerous applications.

The focus of this paper is to evaluate a simpler 3D technique, 2-frame stereo-PTV,

for the measurement of particle pair statistics at small separation in isotropic turbu-

lence. We present the main limitations of the approach as well as recommendations

for future improvements.

3.2 Experimental methods

The turbulence tower power setting of 29 W, characterized in Chapter 2 using PIV, is

used in all of the inertial particle experiments. For convenience, a list of the relevant

turbulence quantities is provided in Table 3.1. Particle tracking measurements are

carried out in the turbulence tower as the particles undergo gravitational settling.

The 2D and 3D coordinates are captured using a monoscopic camera and a separate

pair of stereoscopic cameras respectively, which are depicted in Fig. 3.1.

Particles are introduced into the turbulence tower from above. The particle feeding
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Table 3.1: List of quantities characterizing the carrier phase turbulence.

rms velocity u0 0.73 m/s
integral length scale L 71.9 mm

Taylor microscale �f 4.9 mm
Reynolds number Re� = u0�f=� 240

dissipation rate " 10.1 m2/s3

Kolmogorov length scale � 135 µm
Kolmogorov time scale �� 1.2 ms

system (not shown in Fig. 3.1) consists of a hopper and a stack of dispersing sieves

located above the tower. At the start of each experiment, particles are gravity fed

through a small opening at the bottom of the hopper, dispersed through the sieves,

0.68 m 
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cameras

Nd:YAG

laser
optics
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Figure 3.1: Turbulence tower used to generate nearly isotropic turbulence. Particles
are introduced from the top and are illuminated on a plane passing through the central
axis of the tower. Particle coordinates are recorded by independent mono and stereo
camera setups.
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and enter the tower. The turbulence fully disperses them throughout the test section.

Due to the Basset history force, particles that enter the imaged volume from outside of

the isotropic region can complicate the overall particle kinematics. Since the isotropic

region extends above and below the measurement volume by about 0.5 m, the history

effects are likely small for particles with fast settling rates (i.e. on the order of the

rms velocity fluctuations).

3.2.1 Particle characterization

Two types of glass microspheres, one solid and the other hollow, are studied. To

obtain the size distribution, the solid glass particles are prepared in an electrolytic

particle slurry and then measured with a Coulter counter. The resulting distribution

of particle diameters is plotted in solid black in Fig. 3.2. The distribution is nearly

monodisperse with a mean diameter of 53 µm and a standard deviation of 4.0 µm.

Figure 3.2: Distribution of particle diameters as measured by Coulter counter and
high-resolution imaging.

The hollow glass particles cannot be submerged in the electrolytic solution, be-

cause their average specific gravity is less than one, so the Coulter counter is a poor

choice for sizing these particles. Alternatively, we use high-resolution static imaging

of the particles on a diffuse back-lit surface to obtain a mean diameter of 98 µm
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and a standard deviation of 26 µm. The bias of the optical size distribution mea-

surement is evaluated by also imaging the solid glass particles and comparing with

the corresponding Coulter counter data. The PDFs of the solid glass particles are

found to have similar shapes, but the optical measurement yields a PDF that is off-

set toward larger particle diameters by about 6 µm. This is likely due to the point

spread function and other sources of aberration from the camera lens, which tend to

enlarge the shadow boundary of the particles in the images. The final hollow glass

size distribution after applying a 6 µm offset correction is plotted in solid blue in Fig.

3.2, resulting in a mean diameter of 92 µm.

The particle densities �p are measured using the liquid pycnometry method. By

mixing a known mass of particles with water and measuring the total slurry volume

and mass, the average particle density is inferred. The densities of the solid and

hollow glass particles are found to be 2450 kg/m3 and 136 kg/m3 respectively.

The particle response time �p relative to the fluid time scale �f is quantified by the

Stokes number St� � �p=�f and governs the behavior of the dispersed phase. When

�� is used as the fluid time scale, the degree of preferential concentration reaches a

maximum at St� � 1. To define the particle time response �p, the Schiller-Naumann

drag correlation (Eq. 1.2) is used, with the particle Reynolds number Rep = u0dp=�
computed from the fluctuating velocity scale. A summary of the important average

quantities for each set of particles is given in Table 3.2.

Table 3.2: Average particle properties.

dp (µm) �p (kg/m3) ut (m/s) Rep St�
Solid glass 53 2450 0.19 2.6 14

Hollow glass 92 136 0.035 4.5 2.1

3.2.2 Particle tracking

The particles are tracked over two consecutive frames using both monoscopic and

stereoscopic camera setups. For the mono-PTV experiments, particle images are
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recorded on a single TSI model 630094 CCD camera with a 6600� 4400 pixel array.

An AF Micro-Nikkor 200 mm lens with f=8 aperture setting results in an image

magnification of 0.74. For the stereo-PTV experiments, a pair of TSI model 630159

cameras, each with a 2048 � 2048 pixel array, are used. The stereo cameras are

configured at a 76� opening angle and are equipped with 135 mm lenses at a 15� tilt

angle to achieve coplanar focus. Table 3.3 gives a complete summary of the PTV

parameters.

The particles are illuminated by a New Wave Solo III-15 dual-pulse Nd:YAG laser

with a wavelength of 532 nm. The beam passes through a set of lenses to produce

a laser sheet of constant height. The 1=e2 laser sheet thickness is found to be 1.2

mm using the knife-edge traverse method, with �6:5% spatial deviation across the

field-of-view. Variation in the laser intensity in space can cause a non-uniformity in

the number of particles detected and bias the resulting particle statistics. To better

quantify the degree of laser uniformity, we compute the particle concentration field, in

particles per unit area, as recorded on the mono camera. The average concentration

of solid glass particles is found to be 14.7 cm�2, with maximum spatial deviation of

�10%. The inter-frame time �t is set to 100 µs for the mono-PTV experiment and 300

µs for the stereo-PTV experiment, which results in an average particle displacement of

about 8 pixels. At least 2000 image pairs are collected in each experiment to achieve

Table 3.3: List of PTV parameters for mono and stereo experiments.

Mono-PTV Stereo-PTV

Laser sheet thickness, �z 1.2 mm 1.2 mm
Inter-frame time, �t 100 µs 300 µs
Repetition time 0.69 s 0.69 s
Lens focal length 200 mm 135 mm
Lens aperture f=8 f=8
Camera resolution 7.4 µm/pixel � 21 µm/pixel
Field of view 49.1 � 32.7 mm 50.0 � 37.5 mm
Image pairs acquired 2350 2000
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statistical convergence.

Particle coordinates are determined by thresholding the background subtracted

images and extracting the centroid of each identified region. In the stereo-PTV exper-

iments, the image plane coordinates are mapped to physical space using the calibra-

tion procedure outlined in Machicoane et al. (2019). Briefly, each centroid detected

on a camera corresponds to a ray path that passes through the measurement volume.

Stereo pairing is achieved when the minimum distance between two ray paths from

unique cameras falls below a chosen threshold. The corresponding particle coordinate

is then identified as the midpoint of the line that is normal to both ray paths. A given

ray path is allowed to have more than one stereo pairing, in order to reduce the effect

of particle overlap in either of the stereo camera views. Although entirely possible,

it is unlikely that overlapping would occur for a single particle in both camera views

simultaneously, given the large camera opening angle.

Once particle coordinates are identified, particles are linked between frame pairs

using the nearest neighbor approach described in Ouellette et al. (2006). Conflicting

links can arise when a particle in the second frame is the nearest neighbor for more

than one particle in the first frame. When this is the case, the links are chosen such

that the sum of all particle displacements is minimized.

3.3 Results

3.3.1 Radial distribution function

The RDF g(r) is the first statistical quantity needed to compute the collision rate

using Eq. 3.1. It quantifies the likelihood of finding a particle a distance between r
and r+ dr from any reference particle relative to the case of uniform random particle

distribution. When a measurement of the RDF is carried out, it is important to

distinguish the three-dimensional RDF g3(r) = g(r) from lower-dimensional RDFs,

such as the two-dimensional RDF g2(r), which deviates from g(r) when r < �z. We

follow the algorithmic procedure for computing the n-dimensional RDF described by

Larsen and Shaw (2018), which is reflected by
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gn(r) =

NpP

i=1
Pi(r)=�Vi(r)

(Np � 1)Np=V
: (3.2)

In Eq. 3.2, Pi(r) is the number of particle pairs separated from the ith particle by a

distance r and r+ dr, �Vi(r) is the shell volume in n-dimensions between radii r and

r + dr, Np is the total number of particles, and V is the total measurement volume.

For the St� = 14 particles, g2(r) is computed directly from the mono-PTV data.

Although a separate mono-PTV experiment was not conducted for the St� = 2:1
particles, g2(r) is emulated by projecting the stereoscopic particle coordinates onto

the x1-x2 plane and then computing Eq. 3.2.

In Fig. 3.3, g2(r) and g3(r) are plotted for St� = 2:1 (left) and St� = 14 (right).

To the right of r = �z, indicated by the vertical dashed line, g2(r) and g3(r) collapse

to a single curve. For r < �z, g2(r) deviates significantly from the true RDF. The

attenuation of g2(r) stems from the fact that particle separation distances are aliased

from larger to smaller values when projected onto a plane from a 3D volume, as

described by Holtzer and Collins (2002). This bias increases as particles move closer

together. Because Eq. 3.1 depends on the RDF at particle contact g(dp), and �z � dp,

the two-dimensional RDF provides an underestimate of Nc.

The stereo-PTV experiments provide 3D particle coordinates, so the plots of g3(r)
in Fig. 3.3 are free from projection errors and are the appropriate values to use in

predicting Nc. However, the RDF could only be measured accurately for r & 2dp,

due to diffraction effects when imaging the particles, so a functional form is required

for extrapolation to r = dp. Reade and Collins (2000) proposed a power-law fit for

small r, given by Eq. 3.3, which showed good agreement with RDFs obtained from

point particle simulations in the range 0 � St� � 4.

g(r) = c0

��
r

�c1
(3.3)

In the St� = 2:1 experiments, power-law behavior is observed for r=� < 3. In the

St� = 14 experiments, power-law behavior appears to persist toward larger values,

up to r=� � 8. The coefficients c0 and c1 are obtained for both g2(r) and g3(r) by
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Figure 3.3: Radial distribution function gn(r) computed from two-dimensional (n = 2)
and three-dimensional (n = 3) particle coordinates for (a) St� = 2:1 and (b) St� = 14.
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fitting Eq. 3.3 over the applicable range of r, and are listed in Table 3.4.

Table 3.4: Power-law fitting parameters describing the measured RDFs for small r.

St� = 2:1 St� = 14

c0 c1 g(dp) c0 c1 g(dp)

g3(r) 11.92 1.25 19.3 1.93 0.18 2.28
g2(r) 8.52 1.06 12.8 1.40 0.03 1.44

Holtzer & Collins fit 29.29 1.81 58.6 1.47 0.05 1.54

For comparison, an alternate approach commonly used to estimate g(dp) is to com-

pute g2(r) from mono-PTV data and apply a fitting procedure proposed by Holtzer

and Collins (2002). Their correction results in two coefficients identical to those used

in Eq. 3.3 in order to recover the true unattenuated RDF. The method relies on the

assumption that g2(r) derives from a power-law RDF (at small r), which is confirmed

here by examination of the stereo-PTV data. Holtzer and Collins showed that the

correction recovers the power-law coefficients of the true RDF to within 10% when

�z=� < 4:90. However, in our experiments, �z=� = 8:9, so the errors are expected to

exceed 10%. The coefficients obtained using their fit are listed in Table 3.4. While

the coefficients are adjusted in the right direction when compared to those obtained

from the direct fits to g2(r), they are overpredicted for St� = 2:1 and underpredicted

for St� = 14 when compared to the coefficients obtained from the direct fits to g3(r).
It appears that for a large degree of preferential concentration and �z=� � 10, the

Holtzer and Collins fitting procedure performs worse than a direct power-law fit to

g2(r).

3.3.2 Relative velocity distribution

The second statistic needed to compute the collision rate from Eq. 3.1 is the mean

approach velocity, defined by
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hwr;ni(�) (r) =

0Z

�1

�wr;nP (wr;njr)dwr;n; (3.4)

where P (wr;njr) is the PDF of radial relative velocity computed in n-dimensions

conditioned on particle separation distance r. The two-dimensional velocity wr;2 and

the three-dimensional velocity wr;3 are sampled from more than half a million particle

pairs in the mono and stereo-PTV data sets respectively. A single sample is extracted

from each particle pair by first projecting the pair of lab-frame velocities onto the

radial line that connects their centroids and then taking the difference. Finally, the

samples are binned according to the particle pair separation distance.

The PDFs of wr;n are plotted in Fig. 3.4 at two chosen separation distances,

r=� = 5:8 and r=� = 23. The PDF for St� = 0 particles is also given as a reference.

This PDF is extracted from the instantaneous PIV velocity fields obtained in Chapter

2. The distribution for the inertial particles is wider than the St� = 0 distribution

at r=� = 5:8 but somewhat narrower in the center of the distribution at r=� = 23.

This demonstrates the “sling” effect (Falkovich and Pumir, 2007), or caustics, which

occurs at small scales of separation, and the filtering effect (Ayyalasomayajula et al.,

2008), which occurs at larger scales of separation. The distribution of velocities for

St� = 14 appears to be independent of the measurement type, since the mono and

stereo-PTV results are nearly identical, ignoring statistical noise. However, devia-

tions can be expected in the distributions for r < �z. At these small separations,

projection errors in the mono-PTV measurement can cause small relative velocities

to alias toward larger velocities, resulting in heavier tails in the distribution. How-

ever, there are too few particle pairs contained in the smaller radial bins to display

meaningful PDFs. The relative velocity distribution for the St� = 2:1 particles more

closely resemble St� = 0 particles near the center of the distribution. However, the

distribution tails are significantly thicker than expected, and could be a result of

frame-pair mismatching introduced by the nearest neighbor tracking algorithm.

A potential source of bias in the radial relative velocity measurement is quantified

by comparing the number of particles identified in the first frame of all PTV frame

pairs with the number of particles that are successfully matched after applying the
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Figure 3.4: PDFs of normalized radial relative velocity wr;n=u� from two-dimensional
(n = 2) and three-dimensional (n = 3) measurements for (a) r=� = 5:8 and (b)
r=� = 23.

nearest neighbor algorithm between frame pairs. In practice, there is always some

loss of particles in the second frame due to the finite laser sheet thickness and strong

out-of-plane motion. It is useful then to define a yield parameter,
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Figure 3.5: Nearest neighbor yield parameter Γ as a function of r=� from the stereo-
PTV experiments.

Γ(r) =

N(1)
pP

i=1
P (1)
i (r)

N(1�2)
pP

i=1
P (1�2)
i (r)

; (3.5)

where N (1)
p is the total number of particles identified in the first frame of the image

pairs, P (1)
i (r) is the number of particle pairs in the first frame separated from the

ith particle by a distance r and r + dr, N (1�2)
p is the total number of particles that

are successfully matched using the nearest neighbors algorithm, and P (1�2)
i (r) is the

number of successfully matched particle pairs separated from the ith particle by a

distance r and r+ dr. To summarize, Γ quantifies the fraction of particles in the first

frame that are successfully matched in the second frame conditioned on r. In Fig.

3.5, Γ is plotted against the normalized separation distance r=�. It appears that Γ

is not a function of r when r=� > 10, reaching a plateau of 0.65 for St� = 2:1 and

0.76 for St� = 14. The lower yield for the St� = 2:1 particles overall is likely due to

greater out-of-plane motion, since the particle rms velocity is larger.
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Particles within a region of strong preferential concentration are generally more

difficult to track with high fidelity, which partly explains the decline in yield for

nearby particles. More importantly, the laser sheet thickness is �z=� = 8:9, which

corresponds to the point at which Γ falls off. This suggests that overlap of nearby

particles in the images is quite common. If two nearby particles are identified in the

Figure 3.6: (a) Normalized variance and (b) skewness of the relative velocity distri-
butions as a function of particle separation for St� = 2:1 and St� = 14 as measured
by stereo-PTV. The St� = 0 data are taken from 2D PIV experiments.
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first frame, there is some probability that their images will overlap in at least one

camera view of the second frame. If the particle pair has an inward radial relative

velocity, then the likelihood of overlap is further increased. If this is the case, fewer

samples are collected when wr;3 is negative, causing a skew in the relative velocity

distribution toward positive values at small r.

The shape of the relative velocity distributions can be better understood over all

separation distances by plotting the normalized variance


w2

r;n
�
=u2

� and the skewness


w3

r;n
�
=


w2

r;n
�3=2

as functions of r. The variance, given in Fig. 3.6a, highlights the

steady decrease in the correlation of particle motion as the distance separating them

increases. The skewness, shown in Fig. 3.6b, takes mostly negative values and ex-

hibits minor deviations from the St� = 0 trend computed from the PIV fields. It is

important to point out that two-point relative velocity statistics in turbulent flows

are inherently asymmetric, as reported by Tavoularis et al. (1978). Particles can

have more asymmetric relative velocity distributions than the underlying flow, due

to their inertia, with the skewness reaching its most negative value for St� � 1 (Ray

and Collins, 2011). For this reason, skewness has often been linked to preferential

concentration. From Fig. 3.6a, we observe that the skewness increases slightly with

r for St� = 2:1 and decreases with r for St� = 14. These trends were also observed in

the numerical study of Ray and Collins (2011), although the magnitude of skewness

reported there was several times higher. Two possible explanations for this could be

the higher Re� in our experiments and the effect of polydispersity. The positive skew-

ness observed on the left-most side of Fig. 3.6 is an artifact of the nearest neighbor

algorithm, and is only shown here to indicate the limitation of the measurement in

capturing the radial relative velocity statistics.

To obtain the mean approach velocity hwr;ni(�) (r), all radial relative velocity

samples in each radial bin that are less than zero are averaged together. In Fig. 3.7,

the mean approach velocity is plotted as a function of particle separation for both

particle Stokes numbers. The solid black line indicates the mean approach velocity

for St� = 0 particles, which is computed from the instantaneous PIV velocity fields.

As expected, the mean approach velocity increases monotonically with r.
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Figure 3.7: Mean approach velocity computed from two-dimensional (n = 2) and
three-dimensional (n = 3) data for (a) St� = 2:1 and (b) St� = 14.
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To the right of the vertical dashed line, which indicates the laser sheet thick-

ness r = �z, the results are the same regardless of whether two or three-dimensional

velocities are used. For r < �z, the mean approach velocity computed from the

two-dimensional data is augmented relative to the three-dimensional data due to the

projection errors. The smallest separation at which hwr;ni(�) (r) can be reliably ob-

tained from the three-dimensional measurement is r=� � 5. This limiting value arises

from the artificial positive skewness of the relative velocity distribution seen in Fig.

3.6b, which occurs for r=� . 5. Because the two and three-dimensional measurements

align closely above this lower limit, stereo-PTV offers little additional advantage over

mono-PTV in estimating the mean approach velocity at particle contact.

3.4 Conclusions

Two important particle pair statistics relevant for inter-particle collisions, the RDF

and the mean approach velocity, are measured for two types of particles having an

average Stokes number of 2.1 and 14, and diameters of 0:68� and 0:39� respectively.

Stereo-PTV is used to estimate these quantities at separations near particle contact.

The RDFs, which are obtained down to r � �, exhibit power-law behavior at small

separations, even for the higher Stokes number. At small separation, the RDF varies

by nearly an order of magnitude over the range of St� measured. The advantage of

using stereo-PTV over a two-dimensional technique is clear, given that the RDFs at

particle contact are underpredicted by about a factor of 2 when mono-PTV data are

used. Thus, a three-dimensional measurement technique like stereo-PTV is necessary

to obtain accurate estimates of the volumetric collision rate. Adding a third or fourth

camera view can incrementally boost the accuracy of the RDF measurement, with

the cost of additional complexity in calibration, measurement synchronization, and

data analysis. For applications where a two-dimensional particle detection technique

must be used, the Holtzer and Collins power-law fitting procedure may not be reliable

when the dimensionless laser sheet thickness �z=� is greater than 4.9.

The mean approach velocity is also obtained at small particle separation, but is

found to be reliable only down to r=� � 5. This limiting value for r is based on
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the location of nonuniformity in the yield parameter Γ(r) as well as the anomalous

skewness in the radial relative velocity distributions. Two additional approaches could

be used in the future to overcome these limitations: (1) counteract particle overlap in

images through additional stereo camera views, and (2) improve position and velocity

certainty over the particle tracks through continuous (high-speed) particle tracking.



Chapter 4

Humidified Experiments

4.1 Introduction

Ash particle aggregation is a critical mechanism in volcanic plumes, especially when

there is significant water content in the plume. Aggregation due to cohesive forces has

been widely studied, especially in the context of rain drop formation in clouds. The

topic of liquid drop coalescence has been explored both theoretically and experimen-

tally by Brazier-Smith et al. (1972), as well as numerically by Eggers et al. (1999).

The main objective is to predict the onset of different break-up regimes as a function

of the drop size, surface tension, and collision speed by calculating the surface energy

required to re-form the two drops at the post-coalescence equilibrium state.

Much of the theory surrounding drop coalescence is conceptually relevant but not

particularly useful for making quantitative predictions of wet aggregation in volcanic

ash plumes. This is because there typically is only enough water present in the plume

to supply a thin coating on the ash particles. Although the water films may interact

in a manner similar to drop coalescence during the initial stages of the collision,

the presence of the solid particles plays a major role in determining the aggregation

efficiency. Ennis et al. (1991) presented one of the earliest works related to aggregation

efficiency of wetted granules. His model applies to hard spheres that collide head-on

with a viscous force generated by the liquid film derived from lubrication theory. Liu

67
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and Litster (2002) extended Ennis’ work by including a soft sphere model to describe

the solid particle rebound within the liquid film.

Costa et al. (2010) used the theory introduced by Ennis to formulate a semi-

empirical sticking efficiency model that was fitted to the experimental data of Gilbert

and Lane (1994). This model is now used in a number of ash transport codes that

model the effects of aggregation in volcanic plumes (Folch et al., 2016; Beckett et al.,

2021; de’ Michieli Vitturi and Pardini, 2021). However, a major short-coming of

the Costa model is that the sticking efficiency is not a function of the water film

thickness. This means that the model can only be applied accurately to conditions

that closely match the experiments of Gilbert and Lane (1994). New experiments that

control water content could provide a more flexible sticking efficiency model that is

generalizable to the range of conditions experienced in a plume.

In this chapter, the details for controlling and measuring the water content of

wetted particles in the turbulence tower are discussed. Two types of measurements,

physical aggregate sampling and high-speed optical sampling, are conducted to quan-

tify the degree of aggregation as the water content is increased. The two methods

present qualitatively similar but quantitatively different results, and the limitations of

each are discussed. The data are used to develop a new generalized sticking efficiency

model that can be implemented easily into existing ash transport codes.

4.2 Methodology

This section focuses on the wetting of particles in the turbulence tower, which is

accomplished by dispersing cool particles into warm humid air. The methodology

presented here is an extension of the experiments discussed in Chapter 3. During

the process of humidifying the tower, a mean flow is generated that causes deviations

from the flow characterization presented in Chapter 2. To avoid this complication,

each experiment runs for just a short period of time; the tower is humidified, the

turbulence is allowed time to settle back to its normal state, then the particles are

introduced. Each experiment is limited in duration to ensure quasi-steady state con-

ditions. Several independent experiments may be performed for a single humidity
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setting. If the duration of an individual experiment is too long (& 1 min) before

the tower is re-humidified, the water vapor density may drop considerably. In all

experiments, the relative humidity reading did not fall below 1 percentage point of

the starting value.

Compared to Chapter 3, additional hardware and procedures are required to

achieve successful particle wetting and to allow detailed measurement of the aggrega-

tion process. The relevant hardware for these experiments include a tower humidifica-

tion system, particle feeding system, aggregate sampling module, and the high-speed

camera and laser illumination source.

4.2.1 Humidification system

An open-loop humidification system is used to condition the ambient air and blow

it into the tower from below, as seen in Fig. 4.1. The humidifier itself consists of a

water tank and an ultrasonic nebulizer, which breaks up the water into microdroplets

at the surface. A blower forces ambient air across the water surface in the tank and

entrains the droplets into the flow. A valve is used to reduce the flow rate so that

droplets above a certain size cannot be swept into the tower. Larger drops tend to

collect in the bottom of the duct, while the smallest droplets are carried upwards and

eventually evaporate.

As conditioned air enters the bottom of the tower, dry air is allowed to escape

through a small vent located at the top of the tower. A digital hygrometer is mounted

below the vent to monitor the relative humidity and temperature of the outflowing air.

To promote even mixing throughout the tower, the jet actuators are operated during

the entire humidification process. Once the humidity reading reaches the desired level,

the blower and humidifier are powered off, and the vent is plugged to prevent back-

flow of ambient air into the tower. The process of conditioning the tower to � 70%

relative humidity starting from ambient dry air (� 30% nominal) takes roughly 10

minutes. Faster humidification times are possible by opening up the valve, at the risk

of blowing large droplets into the tower and coating the inside surfaces with a film

of liquid water. However, we find that a slow humidification process yields the best
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Figure 4.1: Schematic of the tower humidification system.

results, as the tendency of particles to stick to the walls is reduced.

The quantity most relevant in predicting the amount of water that condenses on

the particles is the water vapor density �v. Relative humidity is defined as the ratio of

the partial pressure of vapor in air to the saturation partial pressure, or alternatively,

rh = �v=�v,sat. The saturation vapor density �v,sat is a function of temperature T only,

and is calculated from the fit provided by Bohren and Albrecht (1998),

�v,sat =
(1� 105 Pa)

RwT
exp

�
6:3573118�

8858:843

T
+

607:56335

T 0:6

�
; (4.1)

where Rw is the molecular weight of water and T is in Kelvins. Using the relative

humidity measurement rh, temperature measurement T , and Eq. 4.1, the vapor

density is determined for each experiment.

4.2.2 Particle feeder

A particle feed system mounted above the turbulence tower feeds particles passively

by gravity from a pre-loaded fluidized hopper to an opening at the top of the tower

as shown in Fig. 4.2. Control of the particle feed timing is achieved by an actuated
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Figure 4.2: Schematic of the particle feeding system.
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pinch valve located at the bottom of the hopper. The particles fall from the hopper in

a dense stream, so a set of sieves acts to disperse them before entering the tower. The

sieve mesh openings range from 2.0 mm to 0.6 mm in size, becoming progressively

smaller from top to bottom. The particle volume fraction in the sieves can still be

at least an order of magnitude larger than when the particles become fully dispersed

in the turbulence tower. This can lead to a significant increase in the number of

aggregates produced in the experiment if moisture makes its way into the sieve stack.

A blast gate serves as the main barrier against moisture that can rise upward from

the tower below. The blast gate is closed while the tower is actively humidified.

When the particles are being fed into the tower, the blast gate is temporarily opened.

Humid air is less dense than dry air, so moisture may still seep into the sieves over a

long period of time. In addition, the ambient humidity at the start of the experiment

may be enough to trigger some aggregation in the particle feed system. To mitigate

these effects, cool dry air is injected into both the sieves and the particle hopper.

The air is injected into the bottom of the hopper through a distribution manifold,

which fluidizes the bed of particles. The temperature is recorded with a thermocouple

suspended in the particle bed. Filtered vents are located on the top of the hopper and

sieve stack to allow the air to exhaust out of the system while keeping the particles

inside. A particle fluidization valve controls the flow of air into the hopper. This

valve is opened to provide cooling to the particles before they are released and is

only closed once the hopper pinch valve is opened. Cool air is supplied to the sieve

stack both before and during particle feeding so that the particles remain dry up until

the point that they enter the humidified tower. A particle temperature of 8�C below

ambient is reliably achieved with the fluidization system.

4.2.3 Aggregate sampling module

Though optical techniques can be used to track particle motion in the turbulence, it

is impractical to obtain the size of aggregates in-situ, given the limits of diffraction.

For this reason, an aggregate sampling module is employed, allowing physical samples

to be extracted from the turbulence tower. The aggregate sampling module, shown
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Figure 4.3: Sampling locations for the pre-turbulence and post-turbulence deposits
(left) and exploded view of the aggregate sampling module (right). A fixed shroud
allows particles to pass through a narrow slit and deposit onto a rotating deposit tray.

in Fig. 4.3, consists of a rotating deposit tray enclosed inside a fixed shroud. The

angular position and speed of the tray is controlled by a stepper motor. The top

surface of the shroud has a narrow slit to allow particles to pass through. When

viewed from above, the slit has the shape of an annular sector with an opening angle

of 18�. The deposit tray has a diameter of 6 inches and is rotated only once during

an experiment. When the sampling module is not actively collecting aggregates, the

deposit tray surface is shielded by the shroud, and the bypass opening is aligned with

the shroud opening, allowing particles to pass through undisturbed.

The rotational speed !tray dictates the sparsity of the deposit. It should be slow

enough to allow a sufficiently large sample, but fast enough so that the particles

deposit onto the tray independently. Samples are acquired at the top and bottom of

the turbulence tower and are referred to as “pre-turbulence” and “post-turbulence”

samples respectively. The purpose of the pre-turbulence sample is to quantify any

effects of aggregation taking place within the particle feeding system and to isolate
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Table 4.1: Deposit tray rotational speeds !tray (in rev/min) used for aggregate sam-
pling.

Pre-turbulence Post-turbulence

Solid glass 37.50 7.50
Hollow glass 37.50 6.25

these effects from the turbulent aggregation. Table 4.1 lists the parameter !tray

used based on the type of particle and the sampling location. A significantly faster

rotational speed is used to collect pre-turbulence samples because the particle stream

entering the tower from the feeding system is very dense.

It is possible that the aggregate sampling module allows fragmentation of large

aggregates during deposition, since they can have high kinetic energy upon impact.

On the other hand, small vibrations caused by the stepper motor could cause particles

to form new aggregates after they have been deposited. To mitigate these unwanted

effects, the deposit tray is lined with a clear adhesive film that locks the particles into

place.

4.2.4 High-speed imaging

Particles are imaged at the center of the tower through window #2 (see Fig. 2.1) as

they aggregate in the turbulence. A high-speed Phantom v2012 camera is used to

resolve multi-frame particle tracks. The particles are illuminated using a continuous

wave 532 nm laser (Gem 532TM, Laser Quantum Ltd.). The laser is spread vertically

into a sheet with a constant height of 5.0 cm, so that the light intensity is nearly

uniform in the direction of propagation. The 1=e2 laser sheet thickness �z is 410 µm

at the middle of the field of view and deviates by �70 µm at the far edges.

A rule of thumb is provided for estimating the number of collisions that oc-

cur within the measurement volume over the course of an experiment. For non-

aggregating monodisperse particles, this quantity is given by the product of the ge-

ometric collision kernel with the square of the number density, the measurement
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volume, and the measurement duration. Using the Saffman-Turner kernel (Eq. 1.11),

the total number of expected collisions may be conservatively expressed by

Nc = n2

r
8�
15

d3
p

��
�2

res�z
fs

8RAM

bd
; (4.2)

where �res is the pixel size in the object plane, fs is the frame rate, RAM denotes the

amount of camera storage space in bytes, and bd is the pixel bit depth. To maximize

the number of collisions observed in the high-speed videos, n is perhaps the most

important factor. To determine the best value for n, the particle feed rate into the

turbulence tower is increased until images are too densely populated to reliably track

individual particles. The resulting number density is measured to be n � 2:2 � 108

m�3 using a calibration method similar to the one described by Hwang and Eaton

(2006).

There is an important trade-off in setting the frame rate fs. If too fast, the video

duration is short, and the potential for capturing collisions is reduced. If too slow,

the video duration is increased, but ambiguities in the particle tracking algorithm can

become an issue. By limiting the average particle displacement between frames to

O(dp), the video segments containing particle collisions were found to be sufficiently

time-resolved by visual inspection. Using the turbulence rms velocity scale u0 from

Chapter 2, the frame rate was chosen as fs � u0=dp � 10 kHz.

There are two general strategies for choosing the laser sheet thickness �z. Telling

and Dufek (2012) suggested setting �z � 2dp, so that a collision is certain to occur if

two particles trajectories cross at a single point in time. However, much of the detail

surrounding the collision is lost if the rebounding particles or aggregate leaves the

laser sheet immediately after the collision. Moreover, using Eq. 4.2, a resolution of

�pix = 37:3 µm, 72 GB of RAM, a bit depth of bd = 8, and a laser sheet thickness

of �z = 106 µm, only 12 total collisions are expected to be captured in a single

experiment. A minimum of 30 collisions is desired in order to build meaningful

statistics, so the laser sheet thickness is set to �z = 410 µm. Since �z > 2dp in these

experiments, it is possible that the measured 2D particle trajectories cross without

making contact. A summary of the experimental parameters used for high-speed
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Table 4.2: List of parameters used in high-speed particle tracking.

Laser sheet thickness, �z 410 µm
Frame rate, fs 10 kHz
Exposure time 20 µs
Duration 11.4 s
Lens focal length 200 mm
Lens aperture f=5:6
Camera resolution, �res 37.3 µm/pixel
Field of view 28.6 � 21.5 mm

particle tracking is provided in Table 4.2.

4.2.5 Sequence timing

Experiments are carried out over a range of relative humidities between 60% and 80%,

as well as in ambient air (nominally 30%). Both high-speed video and physical aggre-

gate samples are acquired simultaneously. A combination of manual and automated

steps are necessary before and during the measurement to ensure the conditions are

repeatable. A brief procedural outline is as follows:

1. Set the hopper pinch valve and blast gate to the closed position, and load the

hopper with particles (t � �30 min).

2. Open the fluidization valve to flow dry cool air into the hopper, and wait until

particles reach 8�C below ambient temperature (�30 min . t . �10 min).

3. Start the turbulence by powering on the jet actuators (t � �10 min).

4. Run the humidification system until the hygrometer reads the desired setting

(�10 min . t . �15 s).

5. Disconnect the humidifier duct at bottom of the tower, and place the aggregate

sampling module in the desired position (t � �10 s).
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6. Close the fluidization valve, and open the hopper pinch valve and blast gate

(t = 0 s).

7. Send signal to trigger the high-speed camera (t = tcam).

8. Actuate the aggregate sampling module (t = tdeposit).

The camera trigger and aggregate sampling time delays are chosen based on the

average time required for the particles to settle to the middle and bottom of the

turbulence tower respectively. For the solid glass experiments, tcam = 3:0 s and

tdeposit = 7:0 s. For the hollow glass experiments, tcam = 7:0 s and tdeposit = 32 s.

4.3 Water film measurement

Particles are cooled below the ambient air temperature before being released into the

turbulence tower, as described in section 4.2.2, so that water condenses on the parti-

cles at relative humidities below 100%. The minimum relative humidity rh,min needed

to condense water given a particle temperature relative to ambient Tp�T is plotted in

Fig. 4.4. At the relative humidity rh,min and temperature T , the corresponding vapor

density �v(T ) will be just equal to the saturation vapor density evaluated at the par-

ticle temperature �v,sat(Tp). The temperature at which the particles are fed into the

tower is indicated by the dashed line in Fig. 4.4, which corresponds to rh,min = 62%.

Therefore, the humid experiments are conducted in the range 60% � rh � 80% where

the transition between dry and wet agglomeration can be expected to occur.

The amount of aggregation that occurs in the turbulence tower at a particular

relative humidity may not be generalizable to other experiments that use different

types of particles. This is because the rate of condensation depends on a number

of factors, including surface chemistry and roughness. To bypass these complicated

effects, the amount of liquid water collected on the particles at a given relative hu-

midity is obtained directly by weighing a sample of particles after wetting and after

drying. A 0.01 mg resolution scale (Model AE240, Mettler) is used to detect small

differences in mass due to the presence of liquid water on the particles.



78 CHAPTER 4. HUMIDIFIED EXPERIMENTS

Figure 4.4: Minimum relative humidity required to achieve condensation on particles
as a function of the particle temperature Tp relative to the air temperature T = 20�.
The dashed line indicates the nominal operating point of the experiments.

Steps 1-6 from section 4.2.5 are followed in order to obtain samples of wetted

particles, where a plastic dish is inserted into the bottom of the turbulence tower

in step 5 in place of the aggregate sampling module. Once a sufficient amount of

particles are collected, typically � 30 s, the dish is removed from the turbulence

tower and placed on the scale. The sample mass Msamp is recorded as a function of

the total drying time tdry until the reading remains constant and all of the water has

evaporated from the particles. The water mass fraction Xw can then be calculated

from the ratio of the water mass to the dry particle mass.

Xw(tdry) =
Msamp(tdry)�Msamp(tdry !1)

Msamp(tdry !1)
(4.3)

Figure 4.5 shows the profile of Xw(tdry) for solid particles dropped into the tower

at a water vapor density of �v = 1:58 � 10�2 kg=m3. The starting time tdry = 0 s

corresponds to the moment when the particles are removed from the turbulence tower.

After the first mass measurement is made, at tdry � 30 s, the water mass fraction

drops nearly linearly. At later times, tdry & 200 s, Xw appears to decrease more

slowly, since the last moisture to evaporate is at the bottom of the sample dish and is

generally less exposed to the ambient air. More importantly, it is clear from Fig. 4.5
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Figure 4.5: Water mass fraction as a function of the drying time after solid glass
particles are dropped into the tower at a water vapor density of 1:58� 10�2 kg=m3.

that extrapolation is necessary to estimate the water mass fraction at tdry = 0 s. The

linear trend line that extends to the left of the first data point provides a good fit to

the data at early drying times and is used to extrapolate the value Xw(tdry = 0 s).

The initial water mass fraction as a function of �v may be obtained by repeating

the above procedure over a range of relative humidities. The result is plotted in

Fig. 4.6 for both solid glass and hollow glass particles. As expected, Xw increases in

proportion to �v, since the difference in vapor density of the surrounding air relative

to the particle surface drives the condensation rate. The condensation rate is also

proportional to the interfacial surface area, but since the amount of water coating

the particle is small relative to particle size, the changing surface area effects are

negligible. Under these considerations, it is no surprise that the linear trend lines in

Fig. 4.6 provide a reasonable fit to the data.

It is not well understood why the solid glass particles carry a substantially lower

water mass fraction compared to the hollow glass particles. One can view a sin-

gle particle as having a fixed energy capacity to absorb latent heat released by the

condensing water. Once this energy capacity is used up, the particle temperature

rises and there is no more potential to drive further phase transition. Since both

particles are made of glass, their specific heat capacities are similar and should lead
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Figure 4.6: Water mass fraction as a function of water vapor density for (a) solid
glass and (b) hollow glass particles.
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to the same water mass fraction. Two possible explanations can be given for this

discrepancy. First, the solid glass particles have a higher settling velocity and thus

experience greater convective heat transfer losses that consume a significant fraction

of their energy capacity. Second, the hollow glass particles have been exposed to

surfactant in a prior particle sorting process. Residual surfactant coating the particle

surface may significantly increase its wettability, explaining the higher water mass

fractions experienced by these particles.

4.4 Aggregate size distribution

4.4.1 Experimental results

Once particles are collected in the aggregate sampling module, the surface of the

deposit tray is scanned using high-resolution imaging. The particles are placed above

a diffuse backlit surface and a TSI model 630047 PIV camera is aimed downward onto

the tray. The camera is equipped with a 60 mm Micro-Nikkor lens mounted onto a 68

mm extension tube, which results in a resolution of 3.2 µm/pixel so that the particles

are sufficiently resolved. Example images of the deposits are shown in Fig. 4.7 from

rh = 65% and rh = 75% experiments. At humidities of 65% and below, the majority

of the deposit consists of non-aggregated particles. For just a 10% increase in relative

Figure 4.7: Enhanced images of solid glass particles and aggregates collected on
sample tray during (a) rh = 65% and (b) rh = 75% experiments. Each raw image
covers 10 times the area depicted.
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humidity a distinguishable increase in the number of small aggregates is observed.

The size of each aggregate detected in the images is manually labelled according

to the number of parent particles k that it contains. The probability distribution of

aggregate sizes Pk is computed by dividing the number of k aggregates by the number

of all aggregates and particles for 1 � k <1. The aggregate size distribution for solid

glass particles is shown in Fig. 4.8 at the pre-turbulence and post-turbulence mea-

surement locations. In the lowest water vapor density experiment, �v = 1:35 � 10�2

kg/m3, the distribution behaves exponentially at the post-turbulence location, and

there are relatively few aggregates that show up in the deposit. When �v is increased,

more aggregates are produced and the distribution tail becomes progressively thicker.

At the pre-turbulence location, the distribution appears little affected by �v. This

indicates that aggregation in the particle feeding system is successfully suppressed.

The solid black line in Fig. 4.8a represents the proportion of aggregates that would

be detected if only non-aggregated particles were deposited randomly over the tray

surface. Artificial aggregates are produced when two parent particles deposit sepa-

rately within a distance dp from each other. The effect of “depositional aggregation”

is quantified through a Monte Carlo (MC) simulation. Compared to the experimental

data points, it suggests that all of the k = 2 aggregates and a significant fraction of the

k = 3 aggregates likely occurred during deposition and did not form by aggregation

in the feeding system.

Similarly, the aggregate size distribution for the hollow glass particles is shown in

Fig. 4.9 at the same pre-turbulence and post-turbulence locations. Again, the rela-

tive proportion of larger aggregates increases with �v in the post-turbulence samples.

However, from the pre-turbulence samples, it is clear that aggregation effects in the

feeder cannot be neglected, since the distributions fall considerably above the MC

predicted distribution. In Fig. 4.9a, the proportion of aggregates detected in the low-

est and highest water vapor density experiments are about the same, which suggests

that the aggregation in the feeding system is due to electrostatic attraction and not

liquid binding. It is possible that these loosely bound aggregates are broken up by

the turbulence before they become fully wetted. On the other hand, the aggregates

may stay tightly bound if the particle wetting time scale is very small.
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Figure 4.8: Aggregate probability distribution Pk as a function of aggregate size k
for solid glass particles. Measurements are taken at (a) the pre-turbulence and (b)
the post-turbulence locations. The colored bands represent a 95% confidence interval
for the mean, which is computed assuming that the number of sampled aggregates
follows a Poisson distribution.
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Figure 4.9: Aggregate probability distribution Pk as a function of aggregate size k
for hollow glass particles. Measurements are taken at (a) the pre-turbulence and (b)
the post-turbulence locations. The colored bands represent a 95% confidence interval
for the mean, which is computed assuming that the number of sampled aggregates
follows a Poisson distribution.
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4.4.2 Aggregation model

Given the collision rate estimates obtained in Chapter 3, it is possible to deduce bulk

sticking efficiencies �bulk from the aggregate samples given in Figs. 4.8. To do this,

the Smoluchowski equation, Eq. 1.4, is solved starting from initially monodisperse

particles, and the resulting number density distributions are compared to the mea-

sured size distributions in the post-turbulence deposits. The tails of the measured

distributions appear to be somewhat thicker than an exponential distribution when

�v is large, which is evidence that the collision kernel increases with the size of the col-

liding aggregates (positive feedback). To account for this, a collision kernel is formed

by combining Eqs. 1.12 and 1.15.

Γi;j = 2� (rp;i + rp;j)
2 gi;j (rp;i + rp;j)wi;j + � (rp;i + rp;j)

2 jut;i � ut;jj

The bidisperse RDF is approximated by the monodisperse RDF, g(r) = c0(�=r)c1 ,

where the coefficients c0 and c1 come from Table 3.4. The collision velocity is assumed

to be a constant, wi;j � 2u�. The aggregate radius rp;i and density �p;i are determined

from fractal relations,

rp;i = i1=Dfrp;1

�p;i = i1�3=Df�p;1;

where the fractal dimension Df describes how tightly the parent particles of the ag-

gregate are packed. Geometric constraints only allow the narrow range 1 � Df � 3,

with Df = 3 being the case of solid packing (coalescence). We choose Df = 2:75,

although the precise value does not have a strong effect on the results. Then the

solution to Eq. 1.2 and ut;i = �p;ig yields the aggregate settling speed required to

evaluate the kernel. The total integration time is set to 5.3 s, based on the time it

takes for a single particle to settle to the bottom of the tower in quiescent air. The

Smoluchowski equation is integrated using the implicit ode15s solver in MATLAB. A

bracketing method is used to adjust �i;j = �bulk iteratively until the rms difference
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Figure 4.10: Comparison of the best fit numerical solution to the Smoluchowski
equation with the measured aggregate size distribution for solid glass particles at
�v = 1:35� 10�2 kg/m3.

between log(Pk) in the simulation and experiment is minimized.

As an example, the numerical solution described above has been fit to the aggre-

gate size distribution from a single experiment conducted at �v = 1:35� 10�2 kg/m3

with solid glass particles, shown in Fig. 4.10. The best fit �bulk in this example is 0.13.

Although the numerical model overpredicts the number of small aggregates formed,

the overall shape of the distribution is captured reasonably well. By repeating this

model fitting procedure for all experiments, the sticking efficiency can be plotted as

a function of Xw, as seen in Fig. 4.11.

The model fitting method described in this section has a number of important

assumptions and limitations that have thus far been ignored. Perhaps the most

important assumption is that the particles only sample the central axis of the tower,

where the flow is nearly isotropic. In reality, particles reside in all regions of the tower,

including the off-axis regions. Thus the average turbulence intensity experienced

by the particles is lower than what is represented in the model. This may result

in an artificially higher �bulk to reproduce a similar aggregate size distribution as

observed in the measurement. A major limitation of the model is that disaggregation
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Figure 4.11: Bulk sticking efficiency inferred from numerical Smoluchowski solutions
as a function of water mass fraction for solid glass particles.

effects are not considered. If the model could accurately capture this effect, then the

resulting �bulk would be increased in order to replenish the aggregates that are lost

to disaggregating collisions. Lastly, some fraction of the particles collide and stick

to the turbulence tower wall in the experiment, which causes the particle volume

fraction to decrease towards the bottom of the tower. The particle volume fraction

is assumed constant in the model, so that the collision rate remains relatively high

towards the end of the simulation. This discrepancy would act to drive down �bulk to

compensate. In principle the same model fitting procedure could be carried out for the

hollow glass experiments as well. However, due to large uncertainties in the particle

number density and the complicating effects of electrostatic aggregation inside the

feeder, the results would be contaminated with additional bias.

Given that the multiple assumptions built into the model can act to alter �bulk in

different directions, it is unclear whether the results in Fig. 4.11 should be interpreted

as a lower or upper bound for the true sticking efficiency. However, it provides a

qualitative description for how the water content affects the aggregation process. In

hopes that future experiments are able to address these limitations, the methodology

presented in this section could be useful in providing a more quantitative description

of wet aggregation.
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4.5 High-speed results

4.5.1 Collision detection

The high-speed video obtained from an experiment undergoes the conventional image

processing steps, including background subtraction, pixel thresholding, and particle

centroid identification, in order to extract particle coordinates in every frame. A

particle tracking velocimetry (PTV) algorithm constructs two-dimensional trajecto-

ries from the coordinates, using the minimum acceleration technique described by

Ouellette et al. (2006). This tracking algorithm is reliable since the inter-frame time

is much smaller than the particle response time, 1=fs � �p. A collision radius is

specified based on the size of two approaching particles in the current frame. The

trajectories are projected into the future, assuming the particles follow straight paths,

and the minimum separation of the trajectories is determined. The trajectory pair

is tagged as a potential collision if this minimum falls below the set collision radius.

Due to diffraction, the size of the particles is exaggerated in the images (� 2dp), so

the collision radius is a conservative estimate. The procedure is repeated in reverse,

i.e. the tracks are generated by feeding coordinates into the algorithm starting from

the final frame and ending with the first frame. This increases the yield in detected

collisions, since it is possible that at least one particle is out-of-plane in the moment

preceding the collision. Redundant collisions that are detected in both the forward

and reverse tracking procedures are filtered out to avoid oversampling.

Of the hundreds of trajectory pairs that are flagged as potential collisions in a

single experiment, only about 10% are verified to be actual collisions. The next step is

to classify each collision outcome as either a rebound, aggregation, or disaggregation,

as shown in Fig. 4.12. The objective criteria used to classify the collisions is outlined

below.

1. Rebound: At least one velocity component of a post-collision particle is not

equal to the corresponding velocity component of either pre-collision particle to

within the velocity uncertainties.
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Figure 4.12: Examples of collisions that result in (a) rebound, (b) aggregation, and
(c) disaggregation. The numbers next to each particle denotes the time relative to
the collision in milliseconds, and the red marker denotes the spatial coordinate of the
collision.
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2. Aggregation: Given only one post-collision particle is detected, both of its

measured velocity components are equal to the average of the corresponding

pre-collision velocity components to within the velocity uncertainties. It is

important to note that this criteria filters out aggregating collisions that occur

between particles of different masses.

3. Disaggregation: More than two post-collision particles are detected.

The velocity components and associated uncertainties are computed by fitting quadratic

polynomials to the particle trajectories and extrapolating the fits to the time of the

collision. For low speed collisions, the particle images may overlap for several frames

before physical contact occurs. In this case, a more severe extrapolation is required,

and the associated velocity uncertainties are larger.

A useful parameter for predicting the collision outcome is the collision Stokes

number (Ennis et al., 1991),

Stc =
2M̃pwc

3��‘d̃2
p
; (4.4)

where M̃p is the reduced mass of the colliding particles, d̃p is the reduced diameter,

and �‘ is the dynamic viscosity of water. For two identical parent particles colliding,

Eq. 4.4 simplifies to

Stc =
2�pwcdp

9�‘
: (4.5)

Similar to a Reynolds number, Stc quantifies the importance of the collision inertia

relative to the viscous force of the liquid bridge. Note that this parameter is not

the same as the Stokes number St defined in Chapter 1 which is a nondimensional

aerodynamic time constant. Since particles and aggregates of different sizes cannot

be distinguished by optical means in the high-speed experiments, Stc is computed

using Eq. 4.5. This is a reasonable approximation, since most collisions occur be-

tween non-aggregated particles of similar size and mass. Ennis et al. (1991) proposed

the following critical Stokes number St�c above which all collisions would result in a

rebound (see also section 1.6):
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St�c =

�
1 +

1

e

�
ln

�
t‘
ta

�
(4.6)

In Eq. 4.6, e is the restitution coefficient, t‘ is the liquid film thickness, and ta is

a measure of the particle surface roughness. It is not possible to verify that water

coats the particle surface uniformly, or even that the water is distributed among all

particles in equal proportion. However, using the water mass fraction obtained from

the measurements in section 4.3, it is possible to compute an effective film thickness,

t‘ =
dp

2

"�
�p

�‘
Xw + 1

�1=3

� 1

#

; (4.7)

where �‘ = 1000 kg/m3 is the density of water.

Since the collision velocity wc and average water mass fraction Xw are measured,

Stc and t‘ can be computed using Eqs. 4.5 and 4.7. These values are plotted in Fig.

4.13 for all rebounding and aggregating collisions, with unique markers distinguishing

the two outcomes. Although disaggregating collisions represent up to 20% of the data

points in the highest humidity experiments, they are not shown here, since the reduced

mass M̃p would be required to accurately compute Stc. Since only one water film

thickness is obtained for a single experiment, the data are arranged along horizontal

lines. As expected, the sticking collisions are only observed at the lowest values of

Stc. However, there is no deterministic value of Stc below which all collisions result

in aggregation, since there is significant overlap in certain regions of the scatter plot.

This is due to a variety of reasons: (1) “glancing” collisions may be common relative

to the special “head-on” case assumed in Eq. 4.6, (2) the water film may not be

uniform, and (3) there are deviations in the roughness length scale ta from particle to

particle. Another trend that can be seen from Fig. 4.13 is that aggregating collisions

tend to occur more frequently and over a broader range of Stc when t‘ is increased,

which is in qualitative agreement with 4.6.

The parameters t‘ and Stc have uncertainties which are not directly shown in

Fig. 4.13. In reality, we expect some variation in t‘ for different particles in a single

experiment, which means that the data would not fall on perfectly horizontal lines,
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Figure 4.13: Scatter plot of collision outcome as a function of Stc and t‘ for (a) solid
glass and (b) hollow glass particles.
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but should exhibit some scatter in the vertical direction. It is currently not feasible

to estimate how much variation in t‘ the particles experience. One source of error

in the calculation of Stc comes from neglecting out-of-plane motion when computing

the collision speed. The collision detection algorithm favorably identifies fast-moving

in-plane collisions over slow-moving out-of-plane collisions, so this error is relatively

small. Since the laser sheet thickness is 410 µm and the average residence time of

particles in the laser prior to collision is 23 frames, the average out-of-plane motion

for the detected collisions is roughly 0.09 m/s. This corresponds to an error in Stc of

about 0.7 for the solid glass particles and 0.06 for the hollow glass particles.

4.5.2 Sticking efficiency model

Given the amount of overlap between rebounding and aggregating collisions in Fig.

4.13, it is useful to ascribe a sticking probability to every combination of t‘ and Stc.
Costa et al. (2010) proposed such a sticking probability model that varies smoothly

between 1 at Stc = 0 and 0 as Stc !1.

�(Stc) =
1

1 + (Stc=St�c)q
(4.8)

However, the model was fit to only one set of experiments (Gilbert and Lane, 1994),

which resulted in St�c = 1:3 and q = 0:8. The model fit is not expected to be

accurate when generalized to real plume conditions, since it only applies to the specific

conditions set in the experiment. In reality, St�c is not a constant but a function of

t‘, according to Eq. 4.6. A more general form of the Costa model is proposed in Eqs.

4.9-4.10.

�(Stc; t‘; a1; a2) =
1

1 + [Stc=St�c(t‘; a1)]
a2 (4.9)

St�c(t‘; a1) = max

�
0; 2 ln

�
t‘
a1

��
(4.10)

The coefficients a1 and a2 are fitting parameters that must be determined from the

experimental data. Note that Eq. 4.10 is nearly identical to Eq. 4.6, with the
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Table 4.3: Fitting coefficients and corresponding RMSE metric when applied to the
solid glass data set, hollow glass data set, and the combined data sets.

solid glass hollow glass combined

a1 (nm) 1.1 5.9 6.5
a2 1.6 2.3 0.9
RMSE 0.096 0.095 0.11

restitution coefficient set to unity. Also, Eq. 4.6 produces negative St�c when t‘ < ta,
so all negative values are clipped to zero to ensure the sticking probability model is

well-defined.

Fitting data are generated from Fig. 4.13 by grouping adjacent points into Stc
bins. The sticking probability at the center of a particular bin is the ratio of the

number of aggregating collision to the total number of collisions within that bin. The

bins have a width of 1 and 15 units for the hollow glass and solid glass data sets

respectively. The coefficients a1 and a2 that minimize the mean-squared-error (MSE)

when the generalized Costa model is fit to the data are provided in Table 4.3. The

best fit model is plotted along with the experimental data in Figs. 4.14 and 4.15 for

solid glass and hollow glass particles respectively.

According to the root-mean-square error metric (RMSE), the model does not fit

one data set better than the other. However, a1 is substantially larger when inferred

solely from the hollow glass data. This is not unexpected, since a1 reflects the surface

roughness parameter ta, which is not necessarily the same for the two sets of particles.

Given the limited number of data points available to provide the most robust fit, the

final coefficients are obtained when the two data sets are combined, which results in a

slightly higher RMSE of 0.11. It is recommended that the corresponding coefficients,

a1 = 6:5 nm and a2 = 0:9, be used over the other coefficients listed in Table 4.3.

Interestingly, the critical Stokes number of 1.3 used in the original Costa model falls

within the range 0 � St�c � 2 associated with the present experiments.

The bulk sticking efficiency �bulk can be computed from the generalized Costa
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Figure 4.14: Best fit of the generalized Costa sticking model (above) and the same
fit plotted with the high-speed collision data (below) for solid glass particles. Mea-
surement data that fall above the surface are marked with a white outline. The solid
black lines indicate the distance from each data point to the surface.
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Figure 4.15: Best fit of the generalized Costa sticking model (above) and the same
fit plotted with the high-speed collision data (below) for hollow glass particles. Mea-
surement data that fall above the surface are marked with a white outline. The solid
black lines indicate the distance from each data point to the surface.
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Figure 4.16: PDF of Stc estimated from stereo-PTV experiments using solid glass
particles.

model, given the collision Stokes number distribution P (Stc) obtained in the stereo-

PTV experiments (see Chapter 3).

�bulk(t‘) =

Z 1

0
�(Stc; t‘)P (Stc)dStc (4.11)

The PDF of Stc is constructed from negative relative velocity samples when the

particle pairs are separated by a distance of 8�, since this is the closest separation that

could be measured without bias in the 2-frame PTV experiments. Figure 4.16 shows

this PDF for the solid glass particles. The distribution may also be approximated

from the 2D collision trajectories in the high-speed experiments, but since only a small

fraction of Stc < 10 collisions are detected, �bulk would be severely underpredicted.

Finally, the bulk sticking efficiency computed using Eq. 4.11 is plotted as a func-

tion of t‘ in Fig. 4.17. When the generalized Costa model is used and t‘ < ta, the

critical collision Stokes number is zero, so no collisions are allowed to stick. For values

of t‘ just above ta, St�c rises rapidly, allowing more collisions to stick. When the origi-

nal Costa model is used, a constant bulk sticking efficiency of �bulk = 0:29 is obtained.
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Figure 4.17: Bulk sticking efficiency as a function of t‘ implied by the original and
generalized Costa model (Eq. 4.11) for solid glass particles. The square markers are
copied from Fig. 4.11 for comparison.

The bulk sticking efficiencies inferred from the aggregate sampling measurements in

section 4.4.2 are also plotted for comparison. The high-speed results indicate that

�bulk is greater than in the aggregate sampling results when the water film thickness

is large, which is likely due to the fact that disaggregation was not incorporated in

the model in section 4.4.2.

4.6 Conclusion

We developed an experimental methodology for studying wetted particles in a turbu-

lent flow. Particles are cooled to 8�C below ambient temperature before being fed into

the humidified tower. Particle wetting is possible even when the relative humidity is

below 100%, so that the tower walls stay dry during the experiments. Two sets of

particles, solid glass and hollow glass, are tested separately to provide data over a

large range of collision Stokes numbers.

Physical samples of particles are collected to quantify the aggregate size distribu-

tion as a function of water mass fraction. A measurable change in the aggregate size

distribution is detected for relative humidities above 65%. A numerical Smoluchowski



4.6. CONCLUSION 99

equation solver is configured to replicate the conditions in the turbulence tower. By

allowing variation in the sticking efficiency parameter, the model output is optimized

such that agreement with the measured aggregate size distribution is achieved. The

inferred sticking efficiencies are linearly correlated with the effective water film thick-

ness. However, the fact that numerous discrepancies exist between the model and the

experiment raises questions concerning the accuracy of the results.

A second and more reliable method to quantify sticking efficiency uses high-speed

PTV to construct 2D particle trajectories and detect individual collision events. The

outcome of each collision is categorized as either rebound, aggregation, or disaggre-

gation based on several simple heuristics. Sticking probabilities are determined as a

function of the collision Stokes number and water film thickness. A semi-empirical

expression for the sticking efficiency, based on the Costa model, is presented. In

contrast to the original Costa model, however, the dependency on the water film

thickness is captured.

While the results in this chapter represent a useful step towards improving aggre-

gation models, additional experiments could be performed to address the limitations

of the current study. First, the collision Stokes number must be computed using three-

component velocity vectors for best accuracy. For simplicity, we chose monoscopic

imaging and a thin laser sheet, so that out-of-plane collision trajectories were filtered

out of the data sets by design. Second, the ability to estimate the mass of colliding

particles is important, especially when the parent particles are highly polydisperse.

Long-distance microscopy is one potential technique that could provide this additional

information. Lastly, future experiments should ideally be capable of detecting low Stc
collisions. This could either be achieved by improving the camera’s spatial resolution,

or by increasing the measurement volume and introducing additional camera views.
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Chapter 5

Aggregation and Volcanic Plume

Modeling

5.1 Introduction

During a volcanic eruption, a mixture of fragmented magma and hot gases forms

an inertial jet that is expelled from the vent at high speed. Initially, the mixture is

negatively buoyant, consisting mostly of tephra (solid ejecta) by mass, and so the jet

decelerates rapidly under the influence of gravity. The region of shear that marks the

boundary between the jet and the surrounding air promotes turbulent mixing and

entrainment of the ambient air. Once a sufficient volume of air has been entrained

and the tephra has released much of its heat, the mixture density falls below that

of the ambient air. At this point the inertial jet transitions to a buoyant plume.

The plume continues to rise into the atmosphere by buoyant forces until the mixture

becomes so dilute that it cannot rise any higher. At the level of neutral buoyancy,

the ash is dispersed laterally and may be swept downwind to form a distal ash cloud.

Some amount of moisture is always present in the plume mixture and may origi-

nate from at least three sources: (1) water dissolved in the magma prior to eruption,

(2) surface water located near the vent (e.g., glacier or crater lake), and (3) humidity

101
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or precipitation in the entrained ambient air. Water in the initial plume mixture is al-

most always in the vapor phase, given the high temperatures near the vent. However,

as the mixture rises and cools to the dew point temperature, the water condenses

readily on ash particles, which serve as nucleation sites. For relatively dry eruptions,

the mixture may rise to very high altitudes before becoming saturated and reaching

the frost point temperature. If the eruption has almost no water content, the plume

may be entirely under-saturated. Volcanic ash is typically coated in hygroscopic salts,

which promotes water adsorption onto the particle surface even when the surrounding

air is under-saturated (Delmelle et al., 2005).

An abundance of field data suggest that ash aggregation is most strongly influ-

enced by the amount of liquid water and ice present in the plume (Brown et al., 2012;

Van Eaton et al., 2015). Although electrostatically-bound aggregates have also been

produced in under-saturated plumes, most are too fragile to survive during sedimen-

tation (Sorem, 1982). Wet and/or frozen aggregates, on the other hand, have been

studied extensively as they often remain intact within the deposits long after the

eruption. Understanding the formation of these aggregates is crucial in predicting

where the ash is transported, since aggregates settle faster than their constitutive

particles. In one water-rich eruption of Redoubt volcano in 2009, Van Eaton et al.

(2015) estimated that at least 95% of fine ash (< 250 µm in size) was deposited in

the form of aggregates.

The ability to predict whether fine ash is dispersed high into the atmosphere or

falls prematurely as aggregates has become increasingly important following the 2010

eruption of Eyjafjallajökull (Gudmundsson et al., 2012). Volcanoes located next to

high-traffic airspace present a great danger to aircraft and are continuously monitored

in case of an eruption. Imprecise predictions of ash plume transport and dispersion

lead to overly conservative airspace closures.

Simplified plume models are useful tools for understanding how eruption source

parameters may affect the amount of aggregates produced in the plume. While 1D

plume models ignore spatial inhomogeneities in the radial and azimuthal directions,

they capture the important quantities relevant to aggregation, including plume height,

water concentration, and ash volume fraction. Moreover, they can provide inputs to
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3D ash dispersion models, where the cells located above the vent contain concentration

source terms in the advection-diffusion equations (Beckett et al., 2021).

The precursor to many of the 1D plume models in use today is the cross-sectional

average model of Woods (1988). Since its original introduction, an entire suite of

1D models has been developed, with each one incorporating some additional level of

detail, including ambient cross-wind effects (Bursik, 2001), phase transition (Mastin,

2007), umbrella cloud formation (Folch et al., 2016), particle fallout (Bursik, 2001),

and particle aggregation (Costa et al., 2010). Many more models exist than can be

discussed in this section, but the reader is encouraged to visit the inter-comparison

study of Costa et al. (2016) for more detail.

In more recent years, a major focus of plume modeling has been on the incor-

poration of aggregation physics. A complete description of the aggregation process

requires the tracking of all particles as they combine to form new aggregates, each

with a unique size and composition. Many of the earliest 1D plume models ignore

the effects of aggregation altogether (Woods, 1993; Bursik, 2001; Mastin, 2007), while

several recent studies have incorporated simplified aggregation physics (Folch et al.,

2016; de’ Michieli Vitturi and Pardini, 2021; Beckett et al., 2021). There are two nu-

merical methods that are commonly employed in aggregation solvers. The fixed pivot

technique (FPT) lumps the particles and aggregates into discrete bins, or pivots, with

pre-defined properties. Costa et al. (2010) was the first to use FPT in a plume model

by prescribing a single pivot for the aggregates. This approach was later extended by

Beckett et al. (2021) to include an array of pivots at the expense of computational

complexity. Alternatively, the method of moments (MoM) solves for the moments of

the aggregate size distribution, as opposed to the explicit distribution of mass across

a set of discrete pivots (de’ Michieli Vitturi and Pardini, 2021).

This chapter describes a new 1D numerical model called “Plume Model for Ag-

gregate Prediction” (PMAP). The plume is simulated in a manner similar to Mastin

(2007), predicting liquid water and ice nucleation within the plume as a function

of elevation. The aggregation framework uses FPT, but the chosen arrangement of

pivots provides greater fidelity compared to the works of Costa et al. (2010), Folch

et al. (2016), and Beckett et al. (2021). The aggregation solver also incorporates the
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new sticking efficiency model developed in Chapter 4 based on the turbulence tower

experiments. PMAP outputs the rate at which particles and aggregates are injected

into the atmosphere as a function of elevation above the vent, which could serve as a

useful input to more powerful 3D ash dispersion codes like Ash3D (Schwaiger et al.,

2012). The well-documented water-rich eruption of Redoubt in 2009 is used as a

test case, and the predicted aggregate grain size distribution is compared to the field

observations of Van Eaton et al. (2015).

5.2 1D plume model

PMAP represents the plume as a set of vertically stacked control volumes to which

all bulk quantities are assigned. An example of one such control volume is depicted

in Fig. 5.1. This section discusses the set of equations governing ash particle trans-

port and accumulation in the control volumes and the additional physical processes

incorporated into the model, including ambient entrainment due to turbulence, phase

transition, particle aggregation, and particle fallout. Details of the numerics used to

solve the control volume equations are also discussed along with a simple validation

study of the aggregation solver.

5.2.1 Governing equations

The control volume equations that govern the plume reflect several conservation laws.

The relevant theory was first developed under several simplifying assumptions by

Morton et al. (1956). The first of these assumptions is that the transfer of mass

Ṁ , momentum ṗ, energy Ė, and all other relevant quantities are uniform across the

plume at a given elevation z, and may be regarded as “top-hat” functions. The second

assumption is that the external cross-wind is weak, such that the plume is “un-bent”

and rises vertically. Lastly, we restrict our focus to plumes that are at steady-state.

For numerical convenience, ash particles within the plume are sorted into Nb bins,

or pivots, based on two properties, particle mass Mp;i and particle density �p;i. A

description of how the pivots are defined and how the particles may transition between
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Figure 5.1: Schematic of 1D model illustrating relevant processes in the plume.

pivots during aggregation is provided in section 5.3. For now, it is useful to define

the bulk quantity Ṁi(z) which represents the total mass of particles in pivot i that

passes through a horizontal plane at elevation z per unit time.

The statement of mass conservation implies that the change in the total mass

transfer rate along the plume axis is balanced by a lateral exchange of ambient air

mass through entrainment and particle mass through detrainment. In other words,

ambient air along the plume margins is swept inward by turbulent vortices, increasing

the total mass transfer rate of the plume. On the other hand, particles which become

too heavy will fall out of the plume, decreasing the total mass transfer rate. The

number of particles per unit time and elevation that are detrained is denoted by

ṅ0detrain;i(z) for pivot i. Assuming the air entrainment rate can be characterized by an

inward radial velocity ue, the mass conservation equation may be written as
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dṀ
dz

= 2�r�ambue �
NbX

i=1

�
Mp;i +M�lm

‘;i +M�lm
ice;i
�
ṅ0detrain;i; (5.1)

where r is the top-hat radius of the plume, �amb is the ambient air density, M�lm
‘;i is the

mass of a liquid water film that coats a single particle in pivot i, and M�lm
ice;i is the mass

of an ice film that coats a single particle in pivot i. Theory and experimental data

suggest that ue is proportional to the local ascent velocity u via an entrainment factor

�e (Morton et al., 1956; Rouse et al., 1952). We adopt the entrainment model used

by Woods (1993), which divides the plume into an inertial-thrust region (� > �amb)

and a buoyant region (� � �amb).

ue(z) =

8
>><

>>:

�eu � � �amb

�e

r
�

�amb
u � > �amb

Ernst et al. (1996) deduced from theory that the particle detrainment rate is propor-

tional to the particle settling velocity ut;i and particle transfer rate ṅi = Ṁi=Mp;i and

inversely proportional to the plume radius and ascent velocity.

ṅ0detrain;i =
�ut;i

ru
ṅi

The proportionality constant � � 0:23 is used based on the analysis of Bursik et al.

(1992). Particle re-entrainment into lower control volumes is ignored.

Equation 5.2 represents the change in the plume’s momentum in the z-direction,

which is balanced by the buoyancy force,

dṗ
dz

= ��r2(�� �amb)g; (5.2)

where g = 9:81 m/s2 is the acceleration due to Earth’s gravity. The gravitational

acceleration varies by less than 1% up to elevations of 30 km above sea level. Since

this is within the range of heights reached by most Plinian eruption columns, using

a constant value for g is sufficient.
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The change in the plume’s energy is balanced by the energy gained through en-

trainment, the energy lost by particle detrainment, and the energy loss due to radia-

tion.

dĖ
dz

= 2�r�ambue

�
hamb +

1

2
u2

e + gz
�
� (hm(T ) + gz)

NbX

i=1

Mp;iṅ0detrain;i�

(h‘(T ) + gz)
NbX

i=1

M�lm
‘;i ṅ

0
detrain;i�(hice(T ) + gz)

NbX

i=1

M�lm
ice;iṅ

0
detrain;i�2�r�rad�(T 4�T 4

amb)

(5.3)

The specific enthalpy of ambient air, tephra, liquid water, and ice are denoted by hamb,

hm, h‘, and hice respectively. All phases within each control volume are assumed to

be at an equilibrium temperature T . In the radiation term, �rad is the emissivity of

the plume (�0.9) and � = 5:67 � 10�8 W/m2K4 is the Stefan-Boltzmann constant.

The radiation term is almost always small compared to the entrainment energy term,

but it may be significant near the vent, especially when the magma is at a very

high temperature. To show this, the ratio of entrainment energy to radiation loss is

computed using an ascent velocity of 100 m/s, ambient temperature of 0�C, and a

magma temperature of 900�C. These values result in ue = 9 m/s, �amb = 1:29 kg/m3,

and hamb = �2:53� 104 J/kg, which yields the ratio �ambuehamb=��(T 4 � T 4
amb) � 3.

When meteorological data are unavailable, PMAP solves for the pressure profile

by integrating the equation for ambient hydrostatic pressure.

dP
dz

= ��ambg (5.4)

If meteorological data are available, the pressure profile, as well as ambient temper-

ature and relative humidity profiles, are read from a separate file provided in text

format. The ambient pressure and the pressure inside the plume are taken to be

equal at any given elevation.

The mass fractions of air, water, and tephra inside the plume are tracked by

integration of Eqs. 5.5-5.7.
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dma

dz
=

1

Ṁ
(2�r�ambue)mamb

a �
ma

Ṁ
dṀ
dz

(5.5)

dmw

dz
=

1

Ṁ

"

(2�r�ambue)mamb
v �

NbX

i=1

M�lm
‘;i ṅ

0
detrain;i �

NbX

i=1

M�lm
ice;iṅ

0
detrain;i

#

�
mw

Ṁ
dṀ
dz
(5.6)

dmm

dz
= �

1

Ṁ

NbX

i=1

Mp;iṅ0detrain;i �
mm

Ṁ
dṀ
dz

(5.7)

It can be shown that the sum of Eqs. 5.5-5.7 is zero, which reflects the constraint

ma +mw +mm = 1.

Lastly, we introduce a set of equations for ṅi(z), the number of particles in pivot

i that pass through a horizontal plane at elevation z per unit time.

dṅi
dz

=
1

u

 
1

2

NbX

j=1

NbX

k=1

fi;j;kAj;kṅjn000k � ṅi
NbX

j=1

Ai;jn000j

!

� ṅ0detrain;i (5.8)

Equation 5.8 involves an aggregation term and a particle detrainment term. The

aggregation term is derived from the discrete Smoluchowski equation and requires

knowledge of the kernel Ai;j to capture the relevant aggregation mechanisms. In

addition, the number densities n000i = ṅi=(�r2u) must be computed beforehand, along

with the weighting matrix fi;j;k used to enforce mass conservation. More details

concerning fi;j;k are provided in section 5.3.2.

The particle detrainment rate ṅ0detrain;i is proportional to the particle settling ve-

locity ut;i = �p;ig, where �p;i is the particle aerodynamic time constant. Given the

wide range of Reynolds numbers experienced by the particles, Stokes’ law can result in

an overprediction for �p;i. Instead we use the Schiller-Naumann correlation to correct

for high Reynolds number effects.
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�p;i =

8
>>>><

>>>>:

�p;id2
p;i

18�
1

1 + 0:15Re0:687
p;i

Rep;i � 1000

�
3:03dp;i

�p;i

�f

�1=2

Rep;i > 1000

(5.9)

The terminal velocity is used in the definition of the Reynolds number, Rep;i =

ut;idp;i=�, so the expression for ut;i is implicit and solved by iteration at each control

volume in the plume.

5.2.2 Enthalpy functions

The specific enthalpies of dry air and the vapor, liquid, and solid phases of water are

computed using the NASA polynomials. The coefficients of the function given by Eq.

5.10 were fitted to the thermodynamic properties of each species by McBride et al.

(1993), and are listed in Table 5.1 for convenience.

hspecies(T )

RspeciesT
= a1 + a2

T
2

+ a3
T 2

3
+ a4

T 3

4
+ a5

T 4

5
+
b1

T
(5.10)

In Eq. 5.10, Rspecies is the specific gas constant of the relevant species and T is the

temperature in Kelvin. The enthalpy of the tephra is computed using Eq. 5.11,

assuming a constant specific heat capacity cp,m and an arbitrary enthalpy of 0 J/kg

at a reference temperature of 273.15 K.

hm(T ) = cp,m(T � 273:15 K) (5.11)

We adopt a constant value of cp,m = 1100 J/kg K used by Mastin (2007), although

higher heat capacities have been measured for some magmas (Lesher and Spera, 2015).

5.2.3 Mixture properties

PMAP computes the properties in each control volume assuming a homogeneous and

ideal mixture. The plume density is calculated knowing the plume composition using

Eq. 5.12,
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Table 5.1: Coefficients defining the specific enthalpy for air and water phases using
Eq. 5.10, taken from McBride et al. (1993).

air water

ha vapor, hv liquid, h‘ ice, hice

T
�

10
00

K

a1 (–) 3:5838 4:1986 7:2558� 101 5:2968
a2 (K�1) �7:2701� 10�4 �2:0364� 10�3 �6:6245� 10�1 �6:7575� 10�2

a3 (K�2) 1:6706� 10�6 6:5204� 10�6 2:5620� 10�3 5:1694� 10�4

a4 (K�3) �1:0918� 10�10 �5:4880� 10�9 �4:3659� 10�6 �1:4385� 10�6

a5 (K�4) �4:3178� 10�13 1:7720� 10�12 2:7818� 10�9 1:5256� 10�9

b1 (K) �1:0505� 103 �3:0294� 104 �4:1887� 104 �3:6227� 104

T
>

10
00

K

a1 (–) 3:1013 2:6770 – –
a2 (K�1) 1:2414� 10�3 2:9732� 10�3 – –
a3 (K�2) �4:1882� 10�7 �7:7377� 10�7 – –
a4 (K�3) 6:6438� 10�11 9:4434� 10�11 – –
a5 (K�4) �3:9128� 10�15 �4:2690� 10�15 – –
b1 (K) �9:8527� 102 �2:9886� 104 – –

� =

�
(maRa +mvRw)T

P
+
m‘

�‘
+
mice

�ice
+
mm

�m

��1

; (5.12)

where Ra and Rw are the gas constants for air and water, respectively. The component

densities for liquid water, ice, and tephra are �‘ = 1000 kg/m3, �ice = 920 kg/m3,

and �m = 2500 kg/m3, respectively, while the mass fractions of air ma, water vapor

mv, liquid water m‘, ice mice, and magma mm all vary with elevation. Likewise, the

plume enthalpy is also calculated assuming an ideal mixture,

h(T ) = maha(T ) +mvhv(T ) +m‘h‘(T ) +micehice(T ) +mmhm(T ); (5.13)

with the enthalpy of individual species provided in Eqs. 5.10-5.11 and Table 5.1.
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5.2.4 Hydrous phase properties

PMAP predicts when the gas phase becomes saturated with water vapor and com-

putes the mass fraction of liquid water and ice species at those locations, such that

mv+m‘+mice = mw. Liquid water is allowed to form when the saturation condition is

met and the mixture temperature is above T‘i,max = 266:65 K. Similarly, ice is allowed

to form at saturation and when the mixture temperature is below T‘i,min = 258:15

K. These two temperature criteria define the liquid-ice coexistence range, where both

phases may form at temperatures T‘i,min < T < T‘i,max. This range is based on con-

trolled experiments of Durant et al. (2008), who studied frozen ash samples of various

compositions from multiple volcanoes.

The partial pressure of water vapor at saturation in the presence of both ice and

water is calculated using piecewise fits in the appropriate temperature range from

Bohren and Albrecht (1998) and Haar et al. (1984).

Pv,sat(T ) =

8
>>>>>>><

>>>>>>>:

611 exp

�
22:49�

6142

T

�
T � T‘i,max

1� 105 exp

�
6:357�

8859

T
+

607:6
T 0:6

�
T‘i,max < T < 314 K

2:209� 107 exp

"
Tc

T

8P

i=1
ai
�

1�
T
Tc

� i+1
2
#

T > 314 K

(5.14)

In Eq. 5.14, Tc = 647 K is the critical point temperature of water and ai are fitting

coefficients from Haar et al. (1984), listed in Table 5.2 for convenience.

The partial pressure of under-saturated water vapor is calculated using Dalton’s

law,

Pv =

mw

Mw
ma

Ma
+
mw

Mw

P; (5.15)

where Ma = 28:97 g/mol and Mw = 18:02 g/mol are the molecular weights of dry air

and water respectively.
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Table 5.2: Fitting coefficients used to calculate partial pressure of water vapor at
saturation in Eq. 5.14, taken from Haar et al. (1984).

i ai
1 �7:888 916 6
2 2:551 425 5
3 �6:716 169
4 33:239 495
5 �105:384 79
6 174:353 19
7 �148:393 48
8 48:631 602

The mass fraction of water vapor to dry air at saturation wsat is calculated from

the ratio of water vapor density to dry air density using the ideal gas law.

wsat =
Ra

Rw

Pv,sat

P � Pv,sat
(5.16)

Using Eq. 5.16, the plume is said to be (over-)saturated when mw � wsatma and

under-saturated when mw < wsatma.

The saturation enthalpy is determined by summing the enthalpy contributions at

Tsat assuming that all of the water is in vapor phase.

hsat = maha(Tsat) +mvhv(Tsat) +mmhm(Tsat) (5.17)

The saturation temperature Tsat is defined as the temperature at which Pv,sat(T ) = Pv.

Due to the nature of Eq. 5.14 used to describe Pv,sat(T ), the saturation temperature

is best solved by iteration.

The enthalpies at freezing temperatures where all excess water is in either liquid

or ice phase are given by Eqs. 5.18 and 5.19 respectively.

hf;‘ = maha(T‘i,max) +mvhv(T‘i,max) +m‘h‘(T‘i,max) +mmhm(T‘i,max) (5.18)
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hf,i = maha(T‘i,min) +mvhv(T‘i,min) +micehice(T‘i,min) +mmhm(T‘i,min) (5.19)

For liquid water and ice coexisting over T‘i,min < T < T‘i,max, the relative proportion

of liquid and ice is assumed to vary linearly with temperature.

m‘ = (mw �mv)
T � T‘i,min

T‘i,max � T‘i,min
(5.20)

mice = (mw �mv)
T‘i,max � T

T‘i,max � T‘i,min
(5.21)

At each control volume, the integration of Eqs. 5.1-5.8 yields a new mixture

enthalpy h, tephra mass fraction mm, air mass fraction ma, and water mass fraction

mw. The procedure for calculating the bulk mixture temperature and the hydrous

phase composition within the current control volume is outlined below.

1. Guess an initial temperature Tg.

2. Calculate Pv,sat(Tg) from Eq. 5.14.

3. Use Pv,sat from previous step to calculate wsat using Eq. 5.16.

4. Determine water phase mass fractions

� If h > hsat, the mixture is under-saturated: mv = mw, m‘ = 0, and

mice = 0

� If h � hsat and h � hf;‘, the mixture is saturated and all excess water is in

liquid phase: mv = wsatma, m‘ = mw �mv, and mice = 0

� If h � hsat and hf,i < h < hf;‘, the mixture is saturated and both ice and

liquid exist: mv = wsatma; m‘ and mice from Eqs. 5.20-5.21

� If h � hsat and h � hf,i, the mixture is saturated and all excess water is in

ice phase: mv = wsatma, m‘ = 0, and mice = mw �mv
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5. Use the mass fractions from previous step and Tg to compute the resulting guess

enthalpy h(Tg) from Eq. 5.13.

6. Adjust Tg and repeat steps 2-5 until converged to the target enthalpy.

Once the hydrous mass fractions are determined, expressions for the mass of liq-

uid water and ice films coating a single particle can be written assuming that film

thicknesses t‘ and tice are the same regardless of the particle size. If a liquid water

film already exists when freezing temperatures are reached, the ice is assumed to form

an outer shell around the liquid film.

M�lm
‘;i =

4

3
�
�
(rp;i + t‘)3 � r3

p;i
�
�‘ (5.22)

M�lm
ice;i =

4

3
�
�
(rp;i + t‘ + tice)

3 � (rp;i + t‘)3� �ice (5.23)

The film thicknesses t‘ and tice depend on the hydrous mass fractions obtained in the

previous step and are found by solving Eqs. 5.24 and 5.25 iteratively.

m‘Ṁ =
4

3
��‘

NbX

i=1

ṅi
�
(rp;i + t‘)3 � r3

p;i
�

(5.24)

miceṀ =
4

3
��ice

NbX

i=1

ṅi
�
(rp;i + t‘ + tice)

3 � (rp;i + t‘)3� (5.25)

For the surrounding ambient air, the density �amb and enthalpy hamb are computed

in a similar manner as the plume mixture.

�amb =
P

(mamb
a Ra +mamb

v Rw)T
(5.26)

hamb(T ) = mamb
a ha(T ) +mamb

v hv(T ) (5.27)

The mass fractions of dry air and water vapor in the ambient air, mamb
a and mamb

a

respectively, depend on the relative humidity rh. By definition, rh quantifies the ratio

of water vapor density to dry air density relative to saturation conditions.
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w �
mv

ma
= rhwsat (5.28)

By calculating Eq. 5.16 at the ambient temperature to obtain wsat, a combination of

Eq. 5.28 and the fact that mamb
v + mamb

a = 1 provides the necessary constraints to

obtain the ambient composition.

5.2.5 Vent properties

Boundary conditions to Eqs. 5.1-5.8 are supplied indirectly by first prescribing erup-

tion source parameters, including vent elevation zvent, eruption velocity u(zvent), vent

diameter r(zvent), magma temperature Tm, magma water content (by mass) mw,m,

mass fraction of external liquid water m‘;ext, mass fraction of external ice mice,ext, and

parent ash grain size distribution (GSD). It is assumed that all external water sources

are thoroughly mixed with the magma and reach equilibrium before computing the

mass eruption rate Ṁ(zvent), momentum ṗ(zvent), and energy Ė(zvent). Though there

is no standard method for prescribing the eruption source parameters for a particular

eruption, there are best practices which can be used to increase the certainty of the

model inputs. First, u(zvent) and r(zvent) are chosen to reproduce the mass eruption

rate (MER) estimate. In addition, r(zvent) is typically chosen to be somewhat less

than the summit amphitheater (crater) radius. Consideration of the magma’s origin

is also important, as Tm may vary considerably based on the magma composition. For

example, magma generated at subduction zones can have high water concentrations,

causing a reduction in the liquidus temperature.

To derive the boundary conditions Ṁ(zvent), ṗ(zvent), and Ė(zvent), the eruption

source parameters are first used to determine the eruption mixture composition and

density. The mass fraction of water at the vent is just a sum of the contributions

from the external water sources and the magma water.

mw(zvent) = mice,ext +m‘;ext +mw,m(1�mice,ext �m‘;ext) (5.29)

Then mm(zvent) = 1�mw(zvent), since tephra is the only other species present in the

eruption mixture.
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The vent enthalpy may then be computed by summing up the contributions from

the magma and the various water sources.

h(zvent) = (1�mice,ext �m‘;ext)mw,mhv(Tm)+

m‘;exth‘(T‘;ext) +mice,exthice(Tice,ext) +mmhm(Tm) (5.30)

The external liquid water temperature T‘;ext = 283:15 K and external ice temperature

Tice,ext = 273:15 K are additional eruption source parameters. For simplicity, the

temperatures used here represent only nominal values and may be altered depending

on the context of the specific eruption. At this point the model allows the magma

and external water to equilibrate before solving for the initial mixture temperature

T (zvent) and water composition mv(zvent) and m‘(zvent) using the iterative procedure

described in Sec. 5.2.4. Note that, in most cases, m‘(zvent) = 0, except for excessively

low Tm and/or large amounts of external water inputs.

Once the temperature, pressure, and composition are known, the density �(zvent)

may be computed using Eq. 5.12, again recognizing that ma = 0 and mice = 0 at the

vent. Then the mass eruption rate is computed by Ṁ = �r2�u, the momentum by

ṗ = Ṁu, and the energy by Ė = Ṁ(h+ u2=2 + gz).

One last set of boundary conditions is required for the ODEs governing the particle

rate given by Eq. 5.8. The relevant source parameter here is the parent ash grain

size distribution, specified as fi, the mass fraction of parent ash particles in pivot i.
The number of particles in pivot i ejected from the vent per unit time is then

ṅi(zvent) =
fimm(zvent)Ṁ(zvent)

Mp;i
: (5.31)

5.2.6 Numerical integration

Equations 5.1-5.8 are solved using an explicit 5th order Runge-Kutta scheme as de-

scribed by (Press and Teukolsky, 1992). The step size is adjusted adaptively using an

embedded 4th order scheme, which allows the truncation error to be estimated. The
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equations are integrated until the stopping condition u(z) < 1 m/s is reached.

5.3 Aggregation framework

5.3.1 Fractal aggregates

Aggregates have lower effective densities than the parent particles contained within

them, due to voids formed between the neighboring particles. The density of an

aggregate is known to decrease as the aggregate size increases (Gregory, 1997). This

behavior is captured well by using fractal geometry to describe the aggregates. An

aggregate is said to have the fractal property if the number of particles Np contained

within a sphere of radius R centered on the aggregate exhibits the following power-law

behavior,

Np / RDf : (5.32)

Df is often called the “fractal dimension”, and it describes how tightly the aggregate

is packed. It is easy to see that the fractal dimension is restricted to 1 � Df < 3 for

solid aggregating particles. Physically, Df = 1 means that the particles are arranged

along a perfectly straight line, and Df = 3 means that the particles are miscible

and coalesce. Some examples of computer-generated fractal aggregates between the

limiting cases from Eggersdorfer and Pratsinis (2012) are shown in Fig. 5.2.

Figure 5.2: Computer-generated aggregates with fractal dimension (a) Df = 1:79, (b)
Df = 1:89, (c) Df = 2:25, and (d) Df = 2:81 (Eggersdorfer and Pratsinis, 2012).

Rules governing the combination of particles must be defined for both mass and
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density properties. For aggregating particles in pivots i and j, the resulting aggregate

must have a mass Mp;i+j based on the principle of mass conservation.

Mp;i+j = Mp;i +Mp;j (5.33)

Using the fractal scaling from Eq. 5.32, the resulting aggregate density �p;i+j is

computed based on the ratio of combined mass to combined volume.

�p;i+j =
Mp;i +Mp;j

"�
Mp;i

�p;i

�Df=3

+

�
Mp;j

�p;j

�Df=3
#3=Df

(5.34)

The most appropriate value of Df for aggregates formed in volcanic plumes is still

a subject for debate. Moreover, the exact value is likely dependant on the amount

of liquid water present and the polydispersity of the parent ash. Folch et al. (2010)

found that model predictions using Df = 2:96 � 2:99 resulted in ash deposits that

matched well with the 1980 Mount St. Helens and 1992 Crater Peak eruptions.

5.3.2 Fixed pivot technique

First introduced by Kumar and Ramkrishna (1996), FPT is a numerical method com-

monly used to solve the Smoluchowski coagulation equation. In volcanic plumes, an

enormous amount of aggregates can be produced, with no two aggregates being ex-

actly alike. With FPT, the challenge of representing such a vast number of aggregates

is made tractable by prescribing a set of pivots in which the aggregates are forced

to reside. The pivots are characterized by some property, usually aggregate size or

mass, and the pivot spacing may be freely altered depending on the level of accuracy

desired. Rossi (2018) generalized the method to allow multiple property assignments

to each pivot. We adopt a similar scheme, choosing mass and density as the most

relevant pivot properties.

PMAP uses a structured grid, as shown in Fig. 5.3 for a small amount of pivots

(Nb = 23), although the method can also accommodate unstructured grids. The

pivot mass increases from left to right and the pivot density increases from bottom to
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Figure 5.3: Example of numerical grid used to represent particles of varying mass
and density. The row of pivots that have the highest density (filled black markers)
correspond to parent particles. Two particles from pivots 6 and 16 (blue markers)
that aggregate would form a new particle in the highlighted cell. The mass of the
new particle is redistributed into the adjacent pivots of that cell.

top. PMAP initializes particles in the top row of pivots, corresponding to the highest

density, based on the input GSD. As the aggregation equation is solved, pivots that

have lower density and higher mass tend to become more populated as the size of

aggregates increases. It is important to note that the lines connecting adjacent pivots

create triangular cells, as opposed to a quadrilateral cells.

The parent grain size distribution is a model input that often comes from field

measurements reported on a logarithmic scale known as the Krumbein scale.

� = �log2

�
dp

1 mm

�
(5.35)

This means that a particle 1 mm in size corresponds to � = 0, and each � unit

increase or decrease means a halving or doubling of the particle size. PMAP spaces

pivots in the mass direction based on this logarithmic scale, while a linear spacing is
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used in the density direction.

An important obstacle arises when particles from any two pivots combine to form

a new particle. The properties of the new particle do not necessarily coincide with

an existing pivot. This is illustrated in Fig. 5.3, where the blue pivots, 6 and 16,

combine to form a new aggregate of mass Mp;6+16 and density �p;6+16. The new

particle, represented by the red “x” marker, falls within the shaded triangular cell,

which is bounded by pivots 13, 17, and 18.

Since particles may only reside in the prescribed pivots, a scheme is devised to re-

distribute this newly created aggregate into the adjacent pivots while still preserving

the properties of the original aggregate. This is achieved by defining a weighting ma-

trix fi;j;k, the fraction of aggregates that are assigned to pivot i due to a combination

of particles in pivots j and k. For the example depicted in Fig. 5.3, the three relevant

weighting elements f13;6;16, f17;6;16, and f18;6;16 are obtained by solving the following

linear system:

0

BB@

Mp;13 Mp;17 Mp;18

�p;13 �p;17 �p;18

1 1 1

1

CCA

0

BB@

f13;6;16

f17;6;16

f18;6;16

1

CCA =

0

BB@

Mp;6+16

�p;6+16

1

1

CCA

Given that the number of pivots is finite, it is inevitable that some aggregates

are generated that fall outside of any triangular cell. In the case that an aggregate

forms outside of the right edge of the grid, the aggregate is redistributed to only

the two nearest pivots, and the equation preserving the mass property is dropped.

Conversely, if an aggregate forms below the last row of pivots, the equation preserving

the density property is dropped. In practice, the grid should be made large enough

so that a small fraction of particles fall outside of the grid. To minimize redundant

calculations, PMAP computes the entire weighting matrix once at the beginning of

the simulation and stores the values in a look-up table.
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5.3.3 Collision kernel

The geometric collision kernel used by PMAP incorporates the effects of differential

settling and turbulence by summing Eqs. 1.12 and 1.15,

Γi;j = 2� (rp;i + rp;j)
2 gi;j (rp;i + rp;j)wi;j + � (rp;i + rp;j)

2 jut;i � ut;jj; (5.36)

where wi;j is the average particle collision velocity due to the turbulence and gi;j is

the bidisperse RDF. Both wi;j and gi;j depend on the particle Stokes number St�;i =

�p;i=��. For simplicity, wi;j is computed using the Saffman-Turner limit, wi;j = (rp;i +

rp;j)
p

2=15�("=�), which assumes both St�;i and St�;j are zero. The dissipation rate

" is estimated from the following scaling for self-similar round jets (Pope, 2000),

" �
u3

r
;

where we adopt a proportionality constant of 0.017 from the experiments of Pancha-

pakesan and Lumley (1993). The bidisperse RDF gi;j is related to the monodisperse

RDFs gi;i and gj;j via a correlation coefficient (see Eq. 1.13). The correlation coeffi-

cient depends on the ratio of particle response times following the fits of Zhou et al.

(2001), while the monodisperse RDFs are evaluated from the power-law fits of Reade

and Collins (2000). In most cases the bidisperse RDF is unity, unless St�;i � 1 and

St�;j � 1. For all other particle pairs, the turbulent mixing term of the collision

kernel approaches the Saffman-Turner kernel (Eq. 1.11).

5.3.4 Sticking efficiency

When the plume is under-saturated with water, the sticking efficiency is set to zero.

Once over-saturated, various sticking efficiency functions are enabled based on the

water phase present. When only liquid water forms, the generalized Costa model

from Chapter 4 is used,
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�‘i;j =
1

1 + (Sti;j=St�c)q
; (5.37)

where q = 0:9 and St�c is a function of the water film thickness t‘.

St�c = max

�
0; 2 ln

�
t‘

6:5 nm

��
(5.38)

The collision Stokes number from Eq. 4.4, can be re-expressed in terms of the pivot

properties Mp;i and rp;i.

Sti;j =
wi;j
6��‘

Mp;iMp;j

Mp;i +Mp;j

�
rp;i + rp;j

rp;irp;j

�2

(5.39)

Similar to Γi;j, the collision velocity wi;j receives contributions from the differential

settling velocity and turbulent shear.

wi;j = jut;i � ut;jj+ (rp;i + rp;j)

r
2

15�
"
�

(5.40)

In the presence of water ice only, a constant sticking efficiency is assumed.

�ice
i;j = 0:09 (5.41)

When liquid water and ice coexist, PMAP calculates a weighted average of the two

sticking efficiencies, based on the mass fraction of the phases.

�i;j =
m‘�‘i;j +mice�ice

i;j

m‘ +mice
(5.42)

The aggregation kernel Ai;j is a product of �i;j and Γi;j. The effects of hydrody-

namic interaction are ignored, so the collision efficiency is set to unity. In reality, the

collision efficiency is close to 1 for ash particles greater than � 25 µm in size settling

in quiescent air, as discussed in section 1.5, which encompasses the majority of the

mass produced in explosive eruptions.

Electrostatic effects are not modeled in Eqs. 5.37-5.42. This is not because elec-

trostatic forces are unimportant in the aggregation process. On the contrary, elec-

trostatically bound aggregates have been observed in the 1980 eruption of Mount



5.3. AGGREGATION FRAMEWORK 123

St. Helens (Sorem, 1982). However, it is unclear how the sticking efficiency should

be modified to account for the additional physics. Moreover, such a sticking effi-

ciency model would depend on the ash particle charge distribution. Given the lack of

such knowledge, we choose to neglect electrostatic effects altogether. For this reason,

PMAP should be used with caution, especially when simulating relatively dry plumes.

5.3.5 Aggregation solver verification

In this section, Eq. 5.8 is solved in isolation from the other governing ODEs to

verify the accuracy of the numerical aggregation framework. Instead of solving the

mass, momentum, and energy equations to obtain the plume ascent velocity and the

plume radius, they are set to constant values, u = 50 m/s and r = 50 m. These

simplifications allow for a comparison to Smoluchowski’s analytical solutions, like

the one expressed by Eq. 1.5, if the aggregation kernel Ai;j is also a constant, set

artificially to 1 � 10�9 m3. If the erupted ash is initially monodisperse, with the

particle rate of the first pivot set to ṅ1(z = 0) = 5:0 � 10�5 s�1, then the final

distribution of particles out of the plume at an elevation H = 10 km is

ṅi(z = H)

ṅ1(z = 0)
=

�
1

2

H
u
Ai;jn0001 (z = 0)

�i�1

�
1 +

1

2

H
u
Ai;jn0001 (z = 0)

�i+1 : (5.43)

The numerical results are compared to Eq. 5.43 in Fig. 5.4. The quantity plotted

is the normalized mass fraction, obtained by multiplying the particle rate ṅi with the

particle mass Mp;i and normalizing by the initial particle rate ṅ1(z = 0) and the pivot

spacing ∆Mp;i. Simulations are performed for several pivot spacings, specified in the

legend in � units. For the numerical solutions, excess mass ends up in the pivots that

represent larger particles, as seen in the right side of Fig. 5.4. Similar results were

obtained in the simulations of Jacobson et al. (1994), who attributed the effect to

numerical diffusion. It is clear that convergence to the true solution is achieved as

the pivot spacing is reduced.
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Figure 5.4: Normalized mass fraction of particles in each pivot at the end of the
verification simulation compared to the true solution.

5.4 Model predictions

The 2009 Redoubt eruption serves as a useful test case to evaluate the performance

of PMAP for a water-rich plume. The volcanic activity of Redoubt spanned a period

of 3 weeks, with at least 19 prominent explosive events (Wallace et al., 2013). The

most well-documented of these events occurred on March 23 from 12:30-13:00 UTC

and is referred to as explosive event 5 in the eruption sequence. Ash aggregates that

fell from the plume were frozen and therefore well-preserved in the deposits, allowing

for measurement of both the pre-aggregation grain size distribution (GSD) and the

post-aggregation grain size distribution (AGSD) (Van Eaton et al., 2015).

A list of the relevant estimated eruption source parameters is provided in Table 5.3.

The vent velocity and vent radius are primarily derived from the MER estimate. By

mapping the deposits, Wallace et al. (2013) found that the total erupted tephra mass

was 4:4 � 109 kg. The eruption duration was �15 min, as inferred from the seismic

records and measurements of the plume reflectivity using Doppler radar (Schneider
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Figure 5.5: Ambient pressure, temperature, and relative humidity measured by
radiosonde as a function of elevation prior to the event 5 eruption (source:
http://weather.uwyo.edu/upperair/sounding.html).

and Hoblitt, 2013). This corresponds to a MER of 4:9 � 106 kg/s. We use a vent

velocity of 100 m/s, vent radius of 110 m, and a magma mixture composed of 3% water

by mass, which also produces a MER of 4:9�106 kg/s. Van Eaton et al. (2015) found

that aggregates from the eruption were composed of � 20% water, so an additional

Table 5.3: Eruption source parameters used to initialize PMAP.

zvent 2.2 km
u(zvent) 100 m/s
r(zvent) 110 m
Tm 910�C
mw,m 0.03
m‘;ext 0
mice,ext 0.165
Df 2.9
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16.5% water (glacial ice at 0�C) is added to the initial eruption mixture. Assuming the

magmatic temperature is initially 910�C, the resulting mixture temperature is 264�C

after equilibration with the ice. Ambient conditions, including pressure, temperature,

and relative humidity, are obtained from a radiosonde launched from Anchorage at

12:00 UTC, 30 min before the start of eruptive event 5, and are plotted in Fig. 5.5.

A few of the steady-state model outputs, including plume radius, ascent velocity,

density, and hydrous mass fractions, are plotted in Fig. 5.6 as a function of elevation

above sea level. The plume rises to an elevation of 16.8 km a.s.l, which is consistent

with the maximum plume height of 16 � 2 km measured by radar (Mastin et al.,

2013). The mixture initially decelerates due to its high density. At 500 m above

Figure 5.6: Simulated plume radius, ascent velocity, density, and hydrous mass frac-
tions as a function of elevation above sea level for the 2009 Redoubt event 5 eruption.
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the vent, because of rapid entrainment, the plume density falls below the ambient

density and the mixture becomes positively buoyant. At elevations between 5 and 10

km a.s.l. the plume experiences strong vertical buoyancy-driven acceleration. The

plume mixture also becomes saturated with water vapor early in its ascent at z = 5

km. Liquid water exists in the range 5 < z < 10 km, liquid-ice coexists in the range

8 < z < 10 km, and ice is present for z > 10 km. The total residence time for

aggregation experienced by the ash is 4.1 min, based on the u(z) profile within the

over-saturated window.

The model predicts an AGSD based on the particles that reach the top control

volume as well as particles detrained along the plume margins. The final size distri-

bution is presented in Fig. 5.7 in terms of the fraction of mass contained within each

of the pivots. A colored 3D surface is constructed by linear interpolation between

pivots as a visual aid. The simulated distribution peaks around a particle mass of 1.3

Figure 5.7: Mass fraction of ash generated by the plume contained in each pivot at
the end of the simulation. The initial GSD of parent ash, from Van Eaton et al.
(2015), is indicated by the gray line.
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mg and a density of 1750 kg/m3, which corresponds to an effective diameter of 1.12

mm. There is a significant departure of the distribution peak from the GSD of the

parent ash, which is plotted as a gray line in Fig. 5.7.

To quantify the shift from the parent ash GSD to the final AGSD, an effective

particle diameter is computed for every pivot and the mass fractions are re-assigned

to �-bins. The resulting AGSD is plotted as a function of � in Fig. 5.8. The AGSD

peaks at 1.0 mm and is noticeably narrower than the GSD, which reaches a maximum

at 125 µm and is more heavily populated with fine ash. Results are also generated

using the original Costa sticking model (St�c = 1:3 and q = 0:8) which produces an

AGSD containing fewer large aggregates and more small aggregates relative to the

baseline model. This is because the baseline sticking model predicts a higher St�c
in the portion of the plume containing large amounts of liquid water, resulting in

Figure 5.8: Simulated AGSD using the baseline sticking model described in section
5.3.4 and the original Costa sticking model (St�c = 1:3 and q = 0:8). The measured
GSD and AGSD are also shown for comparison.
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sticking efficiencies closer to 1. The distributions are also compared to the measured

AGSD carried out by Van Eaton et al. (2015).

The peak of the measured AGSD occurs to the left of the model predictions, in-

dicating that the model overestimates the amount of aggregation that takes place

within the plume. In the model, disaggregation, is ignored altogether, allowing ag-

gregates to grow unabated. It is also possible that the amount of water incorporated

into the magma is overestimated in the model source parameters.

To test the sensitivity of the predicted AGSD to water content, simulations are

conducted over mice,ext ranging from 0 to 0.165. The mean grain size is found by

computing the first moment of the mass fraction distribution. Figure 5.9 shows the

mean grain size as a function of mice,ext when both the baseline and original Costa

sticking models are used. The mean grain size from the measurement, indicated by

the horizontal dashed line, is 0.49 mm. When no external ice is added to the plume

Figure 5.9: Mean grain size of aggregated ash as a function of external ice mass
fraction mice,ext using the baseline and Costa sticking models. The mean grain size of
the aggregated ash is measured to be 0.49 mm.



130 CHAPTER 5. AGGREGATION AND VOLCANIC PLUME MODELING

mixture at the vent, the mean grain size is under-predicted. Under these conditions,

the plume must cool and expand to higher elevations before reaching saturation, so

the window for aggregation to occur is small. For mice,ext > 0:04, the plume reaches

saturation above the minimum freezing temperature and liquid binding accelerates

the growth of aggregates. Regardless of mice,ext, the sticking efficiency of the baseline

model generally leads to larger aggregates than the original Costa model. This is not

surprising, since the original Costa model is a data fit to experiments conducted at

sub-saturated conditions.

It is important to point out that the original Costa sticking expression produces

results somewhat closer to the field observations, although the mean grain size is

still over-predicted. One possible explanation is that the experimental data obtained

by Gilbert and Lane (1994), used to fit the Costa model, quantified the particle

distributions before and after a complex process involving both aggregation and dis-

aggregation. In other words, instead of isolating aggregation from disaggregation, the

net effect of both processes was measured.

There may be potential sources of error in the measured AGSD plotted in Fig. 5.8

that further drive the discrepancy between the measurement and the model output.

During sedimentation, it is possible that the ash disaggregated upon impact with the

ground, which would suggest that the average grain size was larger than measured.

Also, the measurement is based on only 6 sample locations ranging from 12 � 229

km from the vent. Only 1 sample was collected within the aggregate isopleth that

contained 83.7% of the total deposit mass (Van Eaton et al., 2015). A more diverse

array of sample locations spanning the entire deposit area would greatly improve the

measurement certainty.

It has been asserted that the collision rate in volcanic plumes is heavily dominated

by the mechanism of differential settling, as opposed to turbulent mixing (Textor and

Ernst, 2004). To evaluate this claim, the relative importance of the two collision

mechanisms can be quantified by computing an aggregation rate Ṁ 0
agg according to

Eq. 5.44.



5.4. MODEL PREDICTIONS 131

Figure 5.10: Aggregation rate as a function of elevation above sea level, computed
using the full collision kernel as well as the differential settling and turbulent mixing
terms. The line for differential settling overlaps with the total aggregation rate.

Ṁ 0
agg =

1

u

NbX

i=1

NbX

j=i

Ai;jṅin000j (Mp;i +Mp;j) (5.44)

Each term in the summation represents the mass per unit time and elevation associ-

ated with i and j particles that form new aggregates. The aggregation rate may be

computed using the full aggregation kernel or the partial kernel, by substituting each

of the two terms from Eq. 5.36 into Eq. 5.44 separately. The total and decomposed

aggregation rates are plotted as a function of elevation in Fig. 5.10. Since the plume

is under-saturated near the vent, Ṁ 0
agg is initially zero. At 4.5 km a.s.l., where the

plume first reaches the saturation point, the aggregation rate is at a maximum. In

fact, nearly all of the aggregation takes place within the first few hundred meters

above the saturation point. This is primarily due to the high particle concentration

in the lower part of the plume. After rapid aggregation, the detrainment of large
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particles and the entrainment of ambient air lowers the particle concentration consid-

erably. As a result, the aggregation rate remains relatively small in the middle and

upper portions of the plume. The slight increase in Ṁ 0
agg at 8 km a.s.l. coincides with

the freezing point, where the sticking efficiency for liquid binding transitions to a con-

stant value of 0.09. Importantly, Fig. 5.10 supports the claim that turbulence plays a

minor role in the aggregation process, at least in the 2009 Redoubt event 5 eruption.

This is because the aggregation rate is nearly unchanged when the turbulent mixing

term in Eq. 5.36 is ignored.

5.5 Conclusions

A 1D steady-state plume model has been developed for the purpose of predicting

the aggregate grain size distribution produced in water-rich eruptions. The equation

governing particle aggregation is solved using the fixed pivot technique, which allows

for variation in both the size and density of aggregates. The model also predicts the

concentration of liquid water and ice in the over-saturated regions of the plume. This

information is used to determine the type of sticking and the degree of aggregation.

The sticking efficiency expression is based on the experiments in Chapter 4 and re-

quires an equivalent film thickness when water exists in the liquid phase. In contrast,

the original Costa sticking expression does not account for the changes in the film

thickness.

The eruption of Redoubt Volcano on 23 March 2009 serves as a first test case for

the model. Although the plume height is accurately predicted, the mean grain size

of the aggregated ash is over-predicted by more than a factor of 2 compared to field

observations. Almost all of the aggregation takes place within the first few hundred

meters inside the saturation window. The dominant mechanism for collisions is shown

to be differential settling, with the turbulent mixing mechanism contributing no more

than 2.0% to the total aggregation rate.

The mean grain size can be made to match the measured value by artificially

lowering the external ice mass fraction added at the vent. However, we attribute the
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main source of discrepancy to the fact that disaggregation is ignored. New experi-

mental data are required to develop a disaggregation model which would limit the

size of aggregates in the plume. Until such a model is developed, the original Costa

sticking expression remains the most practical one, since it is based on experiments

that incorporate both aggregation and disaggregation processes.

Several other model limitations exist that have an effect on the accuracy of pre-

diction. Volcanic eruptions are often transient in nature, and the rise time of the

plume often exceeds the eruption duration. In such cases the steady-state model may

over-estimate the degree of aggregation, since the early stages of a transient plume

typically produce fewer aggregates. Spatial variations of important quantities like

temperature and particle concentration in the lateral direction are also ignored in

all 1D models. In reality, the outer margins of the plume become saturated before

the inner core. Since the particle concentration is lowest at the margin, the top-hat

representation of all quantities also leads to an artificial enhancement of aggregation.

Lastly, the contribution of electrostatics is ignored, given the lack of constraints on

the particle charge distribution. Despite these current limitations, the 1D model is

suitable for interfacing with existing 3D ash dispersion models, which would use local

wind patterns to transform the predicted aggregate grain size distribution into a map

of regional deposits.
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Chapter 6

Conclusions

Airborne ash is a major hazard associated with explosive volcanic eruptions. When

ash settles to the ground, it can have an adverse impact on public health, ground

transportation, and water supplies. The finest ash particles, on the other hand,

may remain airborne over long time scales, presenting high risk for aircraft traveling

through the affected air routes. The aggregation of volcanic ash in the plume has

been observed in numerous eruptions and plays a key role in determining where the

ash is transported. Although the underlying mechanisms of ash aggregation have

been understood for decades, the influence of turbulent mixing on the collision rate

and water content on the sticking efficiency have not been fully quantified.

The aim of the present study was to examine the effect of preferential concentra-

tion and humidity in enhancing the aggregation process in water-rich volcanic plumes.

To replicate the most relevant conditions in the plume, a specially designed turbulence

tower facility was fabricated and characterized. Several experimental diagnostics were

used to quantify the degree of preferential concentration, the size distribution of ag-

gregates produced, and the sticking efficiency of colliding particles. In particular, the

following activities were carried out:

� Turbulence in the experimental tower was generated using vertical arrays of

synthetic jet actuators. The turbulence statistics at the central axis of the

turbulence tower were characterized using PIV over a range of jet power settings.

135
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The maximum power setting produced a Taylor Reynolds number of 240 and a

dissipation rate of 10.1 m2/s3. The turbulence had a high degree of isotropy at

small length scales. However, the ratio of rms velocities u1;rms=u2;rms deviated

from unity up to 33% is certain regions, indicating that the largest length scales

were anisotropic. Although the experimental Reynolds number is much smaller

than a plume, it is the small scales that most strongly influence the particle

phase in terms of the collision statistics. The Kolmogorov scales fall within the

range of values that take place in the buoyant part of the plume (as opposed to

the inertial jet close to the vent) where much of the aggregation is thought to

take place.

� Inertial particles were introduced into the turbulence chamber under dry con-

ditions to quantify preferential concentration of the non-aggregated particles.

Spherical hollow glass and solid glass particles were used as a proxy for volcanic

ash, with mean particle Stokes numbers of 2.1 and 14 respectively. Two particle

pair statistics, the radial distribution function (RDF) and mean approach veloc-

ity, were measured using two-frame stereo-PTV. The power-law behavior of the

RDF at small separation was observed, even at St� = 14. The mean approach

velocity was found to be a weak function of the particle separation distance in

the range of Stokes numbers measured. Due to particle overlap and tracking

ambiguities, this quantity could not be measured reliably at particle separations

less than 5 Kolmogorov length scales. The two particle pair statistics were used

to estimate the collision kernel of the particles due to the turbulence.

� Particle wetting was achieved by cooling the particles 8�C below ambient tem-

perature and feeding them into the pre-humidified turbulence tower. The effec-

tive water film coating the particles was inferred by collecting a physical sample

of the particles and weighing them as they dried. The condensed water mass

increased linearly with the water vapor density of the surrounding air, when the

relative humidity was & 60%.

� Particles were allowed to aggregate in the turbulence as the relative humidity

was systematically varied. The size distribution of the resulting aggregates
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was measured by collecting physical deposits and scanning them with high-

resolution imaging. At the lowest relative humidities, the size of aggregates was

exponentially distributed. At higher humidities, the tail of the size distributions

became thicker, indicating an increase in the collision kernel as the aggregates

grew larger.

� Particles were recorded in high-speed high-resolution video as they collided, al-

lowing the sticking efficiency to be parameterized by the collision Stokes number

and water film thickness. Aggregating collisions occurred over a wider range

of collision Stokes numbers as the water film thickness increased. Limited data

were collected, given the rarity of collisions that could be detected in a given

experiment. However, the sparse data were used to construct a new fit for the

critical Stokes number, which marks the transition point between rebound and

sticking.

� A 1D steady-state plume model was developed to predict the aggregate size

distribution from a volcanic eruption given a set of eruption source parameters.

The model solved mass, momentum, and energy equations to predict the plume

height and concentration of hydrous phases. The aggregation equations were

solved using the fixed pivot technique, where the pivots represent discrete par-

ticle bins characterized by two properties, mass and density. The aggregation

kernel incorporated the collision mechanisms of gravitational settling and pref-

erential concentration by turbulence. The sticking efficiency expression used the

new data fit from the turbulence tower experiments. The model performance

was tested on the 2009 Redoubt event 5 eruption, using estimated upstream

conditions for the erupting jet. The mean grain size of the aggregated ash was

overpredicted by more than a factor of 2 relative to the observed grain size, al-

though this discrepancy can be partly attributed to the lack of a disaggregation

term in the control volume equations. A key finding from the model is that

gravitational settling was responsible for nearly all of the aggregation in the

over-saturated region of the plume. The model clearly shows the importance

of including aggregation when predicting ash dispersion from wet eruptions.
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Even the present imperfect aggregation model is preferred to one that neglects

aggregation altogether.

Recommendations for future work

The particles used in all experiments for this study were nominally spherical with

relatively smooth surfaces. In contrast, real ash particles are often vesicular and

irregular in shape. It is unclear what implication these differences might have for the

aggregation rate. Gilbert and Lane (1994) suggest that mechanical interlocking may

act to increase the sticking efficiency when the particle surfaces are highly irregular.

On the other hand, surface roughness may act to lower the critical collision Stokes

number when the effective water film thickness is small, thereby reducing the sticking

efficiency for wetted particles. The use of real volcanic ash in future experiments

could help to quantify the effect of particle morphology on the aggregation rate. A

new particle feeding system (e.g., screw feeder) would likely be needed to achieve a

steady feed rate.

The current design of the turbulence tower humidification system could be im-

proved to allow for better control in the humid experiments. A closed flow-loop would

allow for better temperature control by installing a heating/cooling element in the

humidification duct. If the relative humidity and temperature could be varied inde-

pendently in each experiment, then the water vapor density can be set repeatably.

The open flow-loop humidification system for the present study relies on the temper-

ature of the ambient air, which fluctuates up to �2�C between different experiments.

This means that two experiments conducted at the same relative humidity may have

water vapor densities that differ up to �12%.

In the aggregate sampling experiments, it is unknown what role the turbulence

tower walls play in the aggregation process. Even though condensation on the walls is

minimized by operating the tower at under-saturated conditions, the particles them-

selves collect liquid water and can stick during particle-wall collisions. As a result,

the number density is reduced from top to bottom as the particles settle, and some

wall-formed aggregates may even become dislodged during the measurement. One
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potential solution is to coat the inner surfaces of the tower with a hydrophobic com-

pound.

The high-speed PTV experiments could be a useful tool in developing new sticking

efficiency models for wetted particles. Given the limited number of collisions obtain

in the present study, there was only enough data available to fit an existing model

based on the theory of Ennis et al. (1991). The simplest way to increase the number

of collisions is by increasing the particle number density. However, this comes at the

cost of more frequent tracking ambiguities. If the particle concentration is in the

dilute regime, a two-fold increase in the number density results in a four-fold increase

in the collision rate. Assuming the yield rate for collision detection does not suffer

more than a four-fold reduction, this trade-off would be beneficial.

The 1D plume model described in Chapter 5 captured some of the key aspects

of the 2009 Redoubt event 5 eruption, including plume height, the onset of water

saturation, and the formation of ash aggregates. The aggregate grain size was over-

predicted for a number of potential reasons. Perhaps the most evident reason is that

the aggregation equation contains no disaggregation term. The only modification

required is to incorporate an addition disaggregation kernel, such as the one proposed

by Nguyen and O’Rear (1990). The kernel requires knowledge of a disaggregation

coefficient, an additional parameter that must be constrained by experimental data.

In the future, the performance of the 1D model should be further tested on other

aggregate producing eruptions, including Eyjafjallajökull in 2010, Sakurajima in 2013,

and Calbuco in 2015. Although the 1D model by itself has limited utility in an

operational setting, it could be coupled to a 3D ash dispersion model, such as ASH3D

(Schwaiger et al., 2012). Such a combined model would be capable of predicting

the aggregate grain size distribution, the distal ash cloud concentration, and the

spatial map of deposits given the basic eruption source parameters and regional wind

patterns.
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C. Goepfert, J. Marié, D. Chareyron, and M. Lance. Characterization of a system

generating a homogeneous isotropic turbulence field by free synthetic jets. Experi-
ments in Fluids, 48(5):809–822, 2010.

G.H. Good, P.J. Ireland, G.P. Bewley, E. Bodenschatz, L.R. Collins, and Z. Warhaft.

Settling regimes of inertial particles in isotropic turbulence. Journal of Fluid Me-
chanics, 759, 2014.

W.W. Grabowski and L.P. Wang. Growth of cloud droplets in a turbulent environ-

ment. Annual Review of Fluid Mechanics, 45(1):293–324, 2013.

J. Gregory. The density of particle aggregates. Water Science and Technology, 36(4):

1–13, 1997.
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