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Abstract

For many engineering applications, it is computationally e�cient and su�cient to

model the system based only on averaged quantities. The Reynolds-Averaged Navier-

Stokes (RANS) equations govern the evolution of flow momentum fields in this av-

eraged space. However, these equations are not fully determined due to the closure

problem associated with the turbulent advective transport of momentum. To utilize

RANS equations, one needs models that express the Reynolds stresses in terms of an

explicit or implicit function of the mean velocity field.

In this thesis, we utilize the Macroscopic Forcing Method (MFM) [33], a novel

computational method for directly measuring the closure operator associated with

transport of scalar and vector fields via flow advection. We choose Homogeneous

Isotropic Turbulence (HIT) as the canonical setting to apply MFM to study the

transport of both passive scalar and vector momentum fields. From the obtained

closure operator for each problem, after some mathematical manipulation, we can de-

termine the eddy di↵usivity operator. This di↵erential operator acts on the mean field

gradients and outputs the unclosed fluxes associated with the advective transport of

the fields of interest. Our results indicate that the eddy di↵usivity operator in HIT is

scale-dependent and non-local. In the limit of large scales, when the wavenumber asso-

ciated with the mean field is much smaller than the large eddy wavenumber, the eddy

di↵usivity operator is constant and consistent with the Boussinesq approximation.

However, in the limit of large wavenumbers, corresponding to scales smaller than the
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large eddy, the eddy di↵usivity vanishes inversely proportional to the wavenumber.

An extension of our analysis of the closure operator is also developed to determine

temporal non-locality. The resulting operator is appropriate for ensemble-averaged

transport processes involving time-varying transient e↵ects. We consider the lead-

ing terms in a Kramers-Moyal expansion of the eddy di↵usivity operator for passive

scalars and quantitatively determine a relaxation time scale over which the mean

turbulent flux of the scalar quantity relaxes to the quasi-steady values determined by

the prior steady analysis. This time scale is wavenumber dependent and is found to

be inversely proportional to the wavenumber in the limit of small scales.

Further, we use MFM as a lens through which we can assess di↵erent large eddy

simulation (LES) operators. We use MFM to project the LES and Direct Numerical

Simulation (DNS) equations onto the averaged space and obtain the respective RANS

closure operators of both systems. Contrasting the RANS closure operators with DNS

and LES fields, we show that while the standard Smagorinsky model performs rea-

sonably at low wavenumbers, it is overly dissipative in the high-wavenumber limit.

Inspired by the aforementioned RANS results, we tested a modified LES closure op-

erator with proper scale dependent form and demonstrated substantial improvements

in capturing mean mixing at high wavenumbers.

To build confidence in our MFM results, we conducted a series of simulations

of HIT and channel flow to investigate the time integration requirements that allow

reliable reporting of the statistical error associated with finite time simulations. We

show that in the absence of these requirements, and under traditionally adopted

temporal integration windows, the reported confidence interval can be mispredicted

by about a factor of two. Enforcing the criteria obtained in our analysis eliminates this

discrepancy and allows for accurate confidence intervals for simulations of turbulent

flows.
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Nomenclature

Acronyms and abbreviations

DNS Direct numerical simulation

HIT Homogeneous isotropic turbulence

MFM Macroscopioc forcing method

RANS Reynolds averaged Navier-Stokes

SEM Statistical error of the mean

SGS Sub-grid scale

Common symbols

� filter size

`eddy large eddy length scale

⌫ kinematic viscosity

L0 RANS closure operator

⇢ density

~u velocity field

xi



~v Passive vector field

A forcing constant

c Passive scalar field

D eddy di↵usivity operator

Lxi box size in xi direction

Nxi mesh number in xi direction

p pressure

q pressure like variable for passive vector field

t time

Dimensionless numbers

Re� Reynolds number based on Taylor length scale

Re⌧ Reynolds number based on shear velocity in channel

xii



Contents

Abstract v

vii

Acknowledgments ix

1 Introduction 1

1.1 Turbulence models . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.2 Categorization of turbulence models . . . . . . . . . . . . . . . . . . . 3

1.2.1 Definition of local and isotropic models . . . . . . . . . . . . . 3

1.2.2 Local and isotropic models . . . . . . . . . . . . . . . . . . . . 4

1.2.3 Local and anisotropic models . . . . . . . . . . . . . . . . . . 9

1.2.4 Non-local and anisotropic models . . . . . . . . . . . . . . . . 11

1.3 Overview of MFM . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

2 Numerical Methods 17

2.1 Flow configurations . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

2.2 Forced Homogeneous Isotropic Turbulence . . . . . . . . . . . . . . . 18

2.3 Homogeneous Isotropic Turbulence solver . . . . . . . . . . . . . . . . 21

2.4 General Momentum/Scalar Transport solver . . . . . . . . . . . . . . 22

2.4.1 Verification test cases . . . . . . . . . . . . . . . . . . . . . . . 23

xiii



2.5 Channel flow solver . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

3 Statistics in stationary turbulent flow simulations 27

3.1 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

3.2 Reporting statistical error of the mean . . . . . . . . . . . . . . . . . 28

3.3 Model Problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

3.4 Conclusions on sample size and simulation time . . . . . . . . . . . . 32

4 Eddy di↵usivity in Homogeneous Isotropic Turbulence 39

4.1 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

4.2 Description of Macroscopic Forcing Method . . . . . . . . . . . . . . 40

4.3 Model Problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

4.4 Closure operator for scalar and momentum transport . . . . . . . . . 49

5 Assessment of LES models using MFM 57

5.1 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

5.2 RANS closure operator for filtered simulations . . . . . . . . . . . . . 58

5.3 Computational method . . . . . . . . . . . . . . . . . . . . . . . . . . 61

5.4 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

5.4.1 Closure operator with no subgrid model . . . . . . . . . . . . 64

5.4.2 Closure operator with local and non-local subgrid models . . . 66

6 Temporal non-locality of eddy di↵usivity 77

6.1 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

6.2 General form of non-local operator . . . . . . . . . . . . . . . . . . . 78

6.3 Computing kernel . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80

6.3.1 Method of moments . . . . . . . . . . . . . . . . . . . . . . . 82

6.3.2 Computing zeroth moment . . . . . . . . . . . . . . . . . . . . 85

6.3.3 Computing first moment . . . . . . . . . . . . . . . . . . . . . 85

xiv



6.4 A model form with temporal non-locality . . . . . . . . . . . . . . . . 89

7 Conclusion 91

7.1 Statistics in stationary turbulent flow simulations . . . . . . . . . . . 92

7.2 Eddy di↵usivity for homogeneous isotropic turbulence . . . . . . . . . 93

7.3 Assessment of LES models using MFM . . . . . . . . . . . . . . . . . 95

7.4 Temporal non-locality of eddy di↵usivity . . . . . . . . . . . . . . . . 97

A Details of RANS Solutions for the Axisymmetric Jet 99

B Details of RANS Solutions for the planar Jet 103

Bibliography 107

xv



THIS PAGE DELIBERATELY LEFT BLANK



List of Tables

2.1 Nominal and actual Reynolds number based on Taylor length scale . 19

2.2 Reference Parameters . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

2.3 Selected kinematic viscosity for di↵erent Reynolds numbers in HIT

simulations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

2.4 parameters for Taylor Green test case for scalar field . . . . . . . . . 23

3.1 Simulation parameters. . . . . . . . . . . . . . . . . . . . . . . . . . 31

4.1 Simulation parameters and flow statistics. Reported uncertainties are

95% statistical confidence level of the mean . . . . . . . . . . . . . . . 47

4.2 Coe�cients in the fitted curve Dk2/
q
1 + (lk)2 for macroscopic closure

operator L̂0 (k). D is reported in units of urmsleddy, and l is reported in

units of leddy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

5.1 Simulation parameters where Teddy =
1
3A . . . . . . . . . . . . . . . . 61

5.2 Test cases performed for combination of di↵erent Reynolds number and

filter size . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

5.3 Ratio of TKE of filtered field to the total TKE and TKE of filtered-out

field to the total TKE for Re = 26 . . . . . . . . . . . . . . . . . . . . 64

xvii



5.4 E↵ect of filtering on eddy di↵usivity in limit of small scales (k = 0).

D is reported in units of `eddy and urms from DNS. In these studies the

LES model in GMT is turned o↵. . . . . . . . . . . . . . . . . . . . 65

5.5 Csgs and `t represent the parameters for sub-grid scale models in units

of `eddy and urms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

6.1 D0
c, Dc, and `c represent the parameters for zeroth and first moment

models in units of `eddy, urms, and Teddy = 1/(3A) at Re� = 26. . . . . 89

xviii



List of Figures

2.1 Maximum absolute di↵erence between the numerical and analytical

error for the Taylor-Green flow test case in the XY plane versus number

of mesh points at t = 5. The plot verifies the second order accuracy. . 24

3.1 A schematic representing a quantity of interest q from a simulation over

finite time T . The simulation time is then divided into smaller windows

of size Tw with q̃i indicated by the dashed red lines representing the

mean within each window. . . . . . . . . . . . . . . . . . . . . . . . . 29

3.2 Statistical error versus Tw
Teddy

for u02 at Re� = 26. . . . . . . . . . . . . 32

3.3 Statistical error versus Tw
Teddy

for u02 at Re� = 40. . . . . . . . . . . . . 33

3.4 Statistical error versus Tw
Teddy

for SijSij at Re� = 26. . . . . . . . . . . 33

3.5 Statistical error versus Tw
Teddy

for SijSij at Re� = 40. . . . . . . . . . . 34

3.6 Statistical error of the mean stream-wise velocity u in Channel flow

with Re⌧ = 180 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

3.7 Normalized SEM for di↵erent simulations with choice of number of

windows outside of the correlated data. . . . . . . . . . . . . . . . . . 37

4.1 (a) A snapshot of the HIT simulation representing a component of the

velocity field; (b) The real part of macroscopic force, s, for mode k = 4;

(c) A 2D snapshot of the instantaneous scalar field, c, subject to the

given flow and s; (d) The mean scalar field c. . . . . . . . . . . . . . . 43

xix



4.2 Di↵erence between GMT solution and Navier-Stokes solution as a func-

tion of time. In this case the HIT solution is obtained via sustained

forcing as described by Equation (2.2), and the corresponding GMT

equation is solved using the same forcing (i.e., Au). The initial condi-

tion for GMT at t = 0 is v = 0. . . . . . . . . . . . . . . . . . . . . 46

4.3 Measured macroscopic closure operator versus wavenumber for trans-

port of scalars L̂0
c. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

4.4 Measured macroscopic closure operator versus wavenumber for trans-

port of momentum L̂0
v. . . . . . . . . . . . . . . . . . . . . . . . . . 50

4.5 Measured eddy di↵usivity operator versus wavenumber for transport

of scalar D̂c. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

4.6 Measured eddy di↵usivity operator versus wavenumber for transport

of momentum D̂v. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

4.7 Schematic of the self similar turbulent round jet and its mean veloc-

ity profile a) log scale b) linear. Symbols show the Laser Doppler

Anemometry (LDA) data of Hussein et al.[19], the blue line shows

RANS prediction using Prandtl mixing length model (PMLM), and

the red line shows RANS prediction using a closure operator of the

form shown in Equation (4.8) with coe�cients scaled consistently with

the PMLM prescription. . . . . . . . . . . . . . . . . . . . . . . . . . 53

4.8 Schematic of the self similar turbulent planar jet and its mean velocity

profile a) log scale b) linear. Symbols show data of Deo et al. [9], the

blue line shows RANS prediction using Prandtl mixing length model

(PMLM), and the red line shows RANS prediction using a closure

operator of the form shown in Equation (4.8) with coe�cients scaled

consistently with the PMLM prescription. . . . . . . . . . . . . . . . 54

xx



5.1 a) A 2D snapshot of v2 from DNS of GMT for k = 4 at Re� = 106 and

b) DNS of GMT at the same Reynolds number with filtered velocity ~̃u

with filter size 2⇡/16 and no subgrid scale model. . . . . . . . . . . . 64

5.2 The RANS eddy di↵usivity operator computed from MFM analysis

of Equation (5.12) with Lsgs = 0 for Re� = 26 and filter sizes � =

2⇡/4, 2⇡/8, 2⇡/16. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66

5.3 a) A 2D snapshot of explicit filtering of v2 with filter size 2⇡/16 at

Re� = 106; b) A 2D snapshot of v2 from GMT with filtered velocity

~̃u with constant ⌫sgs and filter size 2⇡/16 at Re� = 106 with filtered

forcing function at k = 4; c) From GMT with filtered velocity ~̃u with

non-local ⌫sgs and filter size 2⇡/16 at Re� = 106 with filtered forcing

function at k = 4. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

5.4 The RANS eddy di↵usivity operator computed from MFM analysis of

Equation (5.12) with the subgrid model adopted from Equation (5.17)

for Re� = 26 and � = 2⇡/4 . . . . . . . . . . . . . . . . . . . . . . . 71

5.5 The RANS eddy di↵usivity operator computed from MFM analysis of

Equation (5.12) with the subgrid model adopted from Equation (5.20)

for for Re� = 26 and � = 2⇡/4 . . . . . . . . . . . . . . . . . . . . . 71

5.6 The RANS eddy di↵usivity operator computed from MFM analysis of

Equation (5.12) with the subgrid eddy viscosity adopted from Equation

(5.22) for Re� = 26, 40, 67 and � = 2⇡/4. . . . . . . . . . . . . . . . . 72

5.7 The RANS eddy di↵usivity operator computed from MFM analysis of

Equation (5.12) with the subgrid model adopted from Equation (5.17)

for Re� = 106 and � = 2⇡/16. . . . . . . . . . . . . . . . . . . . . . . 73

5.8 The RANS eddy di↵usivity operator computed from MFM analysis of

Equation (5.12) with the subgrid eddy viscosity adopted from Equation

(5.22) Re� = 106 and � = 2⇡/16. . . . . . . . . . . . . . . . . . . . . 74

xxi



6.1 The temporal integral of the measured eddy di↵usivity kernel,
R
⌧ D̂(k, ⌧)d⌧ ,

(black dots), matches the wavenumber dependent eddy di↵usivity mea-

sured under time steady forcing as shown in Equation (4.8) (blue stars).

The results are presented for an HIT flow at Re� = 26, with molec-

ular di↵usivity matching kinematic viscosity and computed using 25

simulations. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

6.2 The eddy di↵usivity computed in Equation (4.8) (blue stars) versus

the zeroth moment of the eddy di↵usivity kernel (black dots). The

suggested fit has the form Dcp
1+`2ck

2
where `c and Dc are the same as the

parameters for eddy di↵usivity for statistically stationary simulations

from Table 4.2 at Re� = 26 with Nx = 64 and L = 2⇡. . . . . . . . . 88

6.3 The eddy di↵usivity computed in Equation (4.8) versus the zeroth and

first moments of the eddy di↵usivity kernel. The suggested fit for first

moment has the form D0
c

1+`2ck
2 where `c and D0

c are reported in Table 6.1. 89

xxii



Chapter 1

Introduction

1.1 Turbulence models

In the quantitative analyses of turbulent flows, each field variable may be decomposed

into a mean part and a fluctuating part. In most engineering applications however,

it is su�cient to predict only the mean quantities, thus, predictive models that can

directly provide mean fields are desired, due to their potential for substantial com-

putational savings. In the context of momentum transport, the Reynolds-averaged

Navier-Stokes (RANS) equation governs the mean velocity fields. However, due to

the presence of nonlinear terms in the Navier-Stokes equation, fluctuating quantities

still appear in the RANS equation,

@Ui

@t
+ Uj

@Ui

@xj
= �1

⇢

@P

@xi
+ ⌫

@2Ui

@xj@xj
�

@u0
ju

0
i

@xj
. (1.1)

Equation (1.1) is written with Einstein summation convention. For the purpose

of this dissertation, we are only considering single-phase incompressible Newtonian

flows with no coupling with any other physics. We also neglect gravity or other body

forces unless otherwise stated. The ensemble average is denoted by (), and any field

1



2 CHAPTER 1. INTRODUCTION

can be divided into an ensemble-averaged part, denoted by a capital letter, and a

fluctuating part, denoted by ()0 (for example ui = Ui + u0
i). The fluid density and

kinematic viscosity are ⇢ and ⌫, respectively.

The last term on the right hand side of Equation (1.1) is a nonlinear term and

involves the local correlation between di↵erent components of the fluctuating velocity

field, �u0
iu

0
j, which is commonly referred to as the Reynolds stress tensor. We refer

the reader to Chapter 4 of [37] for further discussion of the details of Equation (1.1).

The dependence of this term on fluctuations rather than mean quantities makes it

unknown or referred to as unclosed. Without this term, Equation (1.1) is only de-

pendent on mean quantities and would be fully closed when combined with the mean

continuity equation:
@Ui

@xi
= 0. (1.2)

With Reynolds stresses included, one needs mathematical models to relate the Reynolds

stresses to other closed quantities. Modeling the Reynolds stress as a function of mean

quantities is called the closure problem in turbulence modeling. The RANS equation,

once closed, can be numerically discretized and solved at a computational cost that

would be reasonable for industry level computing resources.

Many researchers have attempted to solve this closure problem by proposing dif-

ferent mathematical models called turbulence models. The common input for tur-

bulence models is the mean velocity field, specifically the mean strain rate tensor

(Sij = 1
2(

@Ui
@xj

+ @Uj

@xi
)). Using the gradient of mean fields as inputs is inspired by an

analogy to Fickian di↵usion [14]. In Fickian di↵usion, the flux of a scalar at each

point is predicted to be dependent on the gradient of the mean scalar field at that

point:

u0c0 / �@C

@x
(1.3)

where the scalar field is denoted by c and u0c0 is the scalar flux.
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After selecting the gradient of the mean quantities as inputs for turbulence models,

the next step is to specify the output. While the goal is to predict the divergence of

the Reynolds stress tensor in Equation (1.1), common choice of model output is the

Reynolds stress tensor itself. Some turbulence models relate the output, i.e. Reynolds

stresses, to the input, i.e. mean velocity gradients, in terms of explicit algebraic

equations; some use ordinary di↵erential equations (ODEs) or partial di↵erential

equations (PDEs) that describe evolution equations for Reynolds stresses. Regardless

of the number of added equations, these models try to find the most accurate mapping

from mean flow quantities to Reynolds stresses.

Turbulence models can be categorized into general groups based on the local

versus non-local relations between the input and output quantities, as well as isotropic

versus anisotropic depending on the way that the tensorial aspects of the relation

between input and output are handled. We therefore first provide a description of

such categorization before discussing the methods used in this thesis.

1.2 Categorization of turbulence models

1.2.1 Definition of local and isotropic models

Local and isotropic models, also referred to as Boussinesq models, are the simplest

types of turbulence models. Before providing an overview of such models, we first

provide definitions for these model properties.

• Local models:

A model is considered local if the dependence of Reynolds stress on mean gradi-

ents is expressed as a point-wise local relation. This definition does not concern

how the coe�cients of the model are specified. In other words, if in the absence

of mean velocity gradient at a point a model only predicts zero Reynolds stresses



4 CHAPTER 1. INTRODUCTION

at that point, we call that model a local model. If the scales of the mean field

happen to be much larger than the scales of the underlying turbulent eddies

responsible for mixing, the separation of scales between the mean field and the

mixing correlation length scale allows for the local assumption to be accurate.

However, in many turbulent flows, no separation of scales is present and the

assumption of locality could lead to inaccurate predictions.

• Isotropic models:

When a model assumes a complete alignment between strain rate tensor and

the deviatoric part of the Reynolds stress, it is referred to as isotropic. For

example, a model of the form:

�u0
iu

0
j = ⌫T


@Ui

@xj
+

@Uj

@xi

�
� 2

3
k�ij, (1.4)

is an isotropic model, where ⌫T is eddy viscosity and �ij is kronecker delta.

In a more general anisotropic model, we can introduce a fourth order tensor

(⌫Tijkl
) to include the dependence on all velocity gradient components for each

component of the Reynolds stress. With this tensor, the turbulence model can

be expressed as:

u0
iu

0
j = ⌫Tijkl

@Ul

@xk
. (1.5)

1.2.2 Local and isotropic models

We now introduce some examples from the local and isotropic class of models. The

most common local and isotropic model is the Boussinesq model. Inspired by molec-

ular di↵usion, Boussinesq proposed to relate the Reynolds stress at a given point to

the gradient of the mean velocity at that point [7] as shown in Equation (1.4).

where ⌫T is called the eddy viscosity, and is a scalar quantity that can be dependent
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on time and/or space. Given that in incompressible flows the strain rate tensor is

trace-free, the trace part of the Reynolds stress must be explicitly added to account for

the contributions of the turbulent kinetic energy, k = 1
2u

0
iu

0
i > 0 . Nevertheless, we still

refer to Equation (1.4) as an isotropic model since the deviatoric part of the Reynolds

stress is assumed to be aligned with the strain rate tensor. In this dissertation,

we will equivalently use the term eddy di↵usivity to refer to eddy viscosity. While

eddy viscosity is specific for characterization of dispersion of momentum fields, eddy

di↵usivity is a more general term used for mass, heat and momentum. The linear

relationship between Reynolds stress and strain rate tensor shown in Equation (1.4)

is called the eddy viscosity hypothesis. Turbulence models that use Equation (1.4)

as a closure, can still di↵er in the way that they predict or specify ⌫T , which is an

essential piece of completing the closure relation.

Another local and isotropic turbulence model, is the Prandtl mixing length model

(PMLM) introduced by Ludwig Prandtl [39]. In contrast to the Boussinesq model,

this model incorporates some explicit information regarding the way that ⌫T is varied

in space. The Prandtl mixing length model is meant for locally parallel flows (e.g.

jets, wakes, shear flows, etc.) where only one component of Reynolds stress is to be

dominated by the gradient only in the normal direction to the parallel structure.

Under this condition, only a single component of the eddy viscosity tensor plays

the dominant role in momentum mixing. This component expresses flux of the parallel

momentum due to the underlying flow fluctuations as a function of normal gradient

of the parallel momentum field. This will be the ⌫T 2121 component where the index 1

represents the stream-wise direction and index 2 represents the cross-flow direction.

Under this circumstance, a scalar eddy viscosity that properly captures ⌫T 2121 could

result in a reasonable model that is isotropic. To provide expressions for ⌫T , Prandtl

expressed this quantity in terms of the product of a velocity scale, U0, and a mixing

length, lm. He further assumed that the velocity scale is expressible in terms of the
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mixing length as U0 = lm|du1/dx2|, leading to the following expression for the eddy

viscosity:

⌫T = `2m

����
@U1

@x2

���� . (1.6)

With this description, the eddy viscosity is inevitably a function of space. The PMLM

model further provided instructions for specification of lm in various flows, mostly

correlating lm with a macroscopic length scale of the flow field itself. For example, for

turbulent jets, lm is proportional to the local half-width of the mean velocity profile

at each stream-wise section. While these relations were intuitively physics-based,

this model is lacking in that it has no systematic platform for its generalization to

more complex configurations. Subsequent models addressed this issue by including

additional equations from which scales for ⌫T can be extracted. Examples of such

models include the k � ✏ [20], k � ! [51], and Spalart-Allmaras (SA) models [47].

These models introduce one or two additional PDEs that must be solved coupled

with the closed RANS system with the aim of describing the turbulent velocity and

length scale or the eddy viscosity field itself. For the k � ✏ model, in addition to the

eddy viscosity hypothesis shown in Equation (1.4), there is an assumption that eddy

di↵usivity only depends on the turbulent kinetic energy k = 1
2(u

02) and the kinetic

energy dissipation rate, ✏ = 2⌫S 0
ijS

0
ij. using this assumption, one can define ⌫T using

a dimensionally consistent form based on k and ✏:

⌫T = cµk
2/✏, (1.7)

where S 0
ij =

1
2(

@u0
i

@xj
+

@u0
j

@xi
) and cµ is a model parameter for k�✏ and typically is given a

value of approximately 0.09 estimated from canonical boundary layer flows [24]. The

k � ✏ model proposes to simultaneously solve evolution equations for the turbulent

kinetic energy k and rate of dissipation ✏. Once k and ✏ are solved at each time

instant, Equation (1.7) is used to estimate ⌫T , and Reynolds stress is estimated using



1.2. CATEGORIZATION OF TURBULENCE MODELS 7

Equation (1.4). The semi-empirical evolution equation for k is given here as

@k

@t
+ Uj

@k

@xj
=

@

@xj

✓
⌫T
�k

@k

@xj

◆
+ (�u0

iu
0
j)Sij � ✏. (1.8)

The key point that makes Equation (1.8) semi-empirical is that the term (⌫T�k

@k
@xj

) on

the right hand side is not obtained from mathematical derivation of the turbulent

kinetic energy transport equation but rather is a modeling assumption based on the

gradient di↵usion hypothesis that has replaced unclosed terms in the exact equation.

The intuition behind this assumption is that turbulence spreads the kinetic energy in

a di↵usive manner from regions of high intensity to regions of low intensity. Here, �k

is another model parameter for k � ✏ and is usually set to �k = 1.

The rate of dissipation, ✏, is governed by a heuristically modeled equation as

@✏

@t
+ Uj

@✏

@xj
=

@

@xj

✓
⌫T
�✏

@✏

@xj

◆
+ c1

(�u0
iu

0
j)Sij, ✏

k
� c2

✏2

k
, (1.9)

where c1, c2 and �✏ are model parameters and are usually set to c1 = 1.44, c2 = 1.92

and �✏ = 1.3.

In summary, the k�✏ model simultaneously solves for the mean momentum trans-

port equation (i.e. the RANS equation) as well as the k and ✏ equations and predicts

the Reynolds stress and eddy di↵usivity based on the eddy viscosity hypothesis and

Equation (1.7). This model has five parameters that are fit based on a set of targeted

flow systems. Another model similar to k � ✏ is k � !, where ! represents specific

turbulent dissipation rate defined as ! = ✏/k. In the k � ! model, an ! equation

replaces the dissipation equation given by Equation (1.9).

In both models, due to the limiting assumptions of locality and isotropy and ad-

hoc adjustment for model parameters in di↵erent settings, inaccurate prediction for

mean velocity is seen especially for complex flows such as near stagnation-point flows
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and flows with rapid mean rate of strain. Despite simplifying modeling assumptions

for k � ✏ and k � !, these models are popular choice for commercial Computational

Fluid Dynamics (CFD) codes, especially for simple shear flows.

The next example of a local and isotropic model is SA. Spalart and Allmaras [47]

proposed a one equation model to describe the evolution of an e↵ective eddy viscosity.

This model is highly popular in aerodynamic applications as it is more accurate than

algebraic and other one equation models such as PMLM and not as computationally

expensive as two equations models such as k � ✏. The e↵ective viscosity shown by ⌫̃

is modeled by the following evolution equation:

@⌫̃

@t
+ Uj

@⌫̃

@xj
= P⌫ � ✏⌫ +

1

�⌫


@

@xj

✓
(⌫̃ + ⌫)

@⌫̃

@xj

◆
+ cb2

@⌫̃

@xj

@⌫̃

@xj

�
, (1.10)

and eddy viscosity is computed from ⌫̃ as

⌫T = ⌫̃fv1, (1.11)

where ⌫̃ is the SA working variable, fv1 is defined as fv1 =
⌫̃3

⌫̃3+⌫3cv1
and ⌫ is the molec-

ular kinematic viscosity. P⌫ is the production term and ✏⌫ is the destruction term

due to the presence of a wall, both of which are expressed in terms of mathematical

models. �v, cb2, cv1 are dimensionless model parameters among other parameters used

in equations for P⌫ and ✏⌫ . Aside from the term multiplying cb2, Equation (1.10) is

similar to the transport equation for k or ✏. The term multiplying cb2 is added to

allow better capturing of the evolution of free-shear layers. We refer the reader to

Chapter 6 of [12] for further discussion of the details of the individual terms in the

equation.

This transport equation for e↵ective eddy viscosity is formulated such that it

permits for a simple solution for the law of the wall. In other words, Equation (1.10)
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approaches the law of the wall in the high Reynolds number asymptote:

⌫̃ = ⌫ = u⌧y, S̃ =
u⌧

y
, (1.12)

where S̃ is the magnitude of mean vorticity, u⌧ is the shear velocity, y is the distance

from the wall and  = 0.41 is von Karman’s constant, named after Theodore Von

Karman, who first deduced the log law. The equation on the left side ⌫̃ = u⌧y is

proposed by [4] to make the e↵ective viscosity ⌫̃ vary linearly throughout the log-

layer; in particular, to retain the e↵ective viscosity using the scales appropriate for

log-layer with u⌧ as the velocity scale and distance from the wall y as the length scale.

The equation on the right side S̃ = u⌧
y is also in agreement with the log-layer, where

S̃ is the magnitude of mean vorticity represented by the log-layer velocity and length

scales.

To summarize, due to their relatively simple setup and acceptable performance

for a range of conditions, k� ✏, k� !, and SA are popular models in engineering ap-

plications. However, the general weaknesses are their inability to include anisotropic

e↵ects of momentum mixing by turbulence, locality assumptions, and ad-hoc model-

ing. In the next part, we will look at the models that relax the isotropy assumption

in modeling of Reynolds stress.

1.2.3 Local and anisotropic models

Extending local models to anisotropic form is not a straightforward task. One should

derive an expression or an evolution equation for a tensorial eddy di↵usivity, which

in its most general form has 81 coe�cients (or a slightly reduced number assuming

symmetry of Reynolds stresses and flow incompressibility). An alternative option

would be to use the information of the local velocity gradient itself to infer information

about anisotropy of the eddy viscosity. To do so, one big task is to ensure that the final
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model is both Galilean and rotational invariant. One attempt to include anisotropy in

the model and improve the eddy viscosity hypothesis was done by [36]. This model is

inspired by the generalized Cayley-Hamilton theorem where constitutive relations are

written for the Reynolds stress based on independent tensorial invariants of the mean

velocity gradients. In this model, the work of [30] is extended for 2D homogeneous

shear flows by proposing a model as

u0
ju

0
i =

2

3
k�ij + k

X

�

G�Tij�, (1.13)

where Tij represents tensorial invariants and G represents model coe�cients that need

to be determined and may be functions of the invariants. The parameter � indicates

the number of invariants included in the model. For example, in 2D flows, 0  �  2,

and assuming Reynolds stress is fully represented by shear stress and rotation tensors,

three independent invariants are

T1 =
1

3
I3 �

1

2
I2, T2 = S, T3 = S! � !S. (1.14)

Where I3 and I2 are the Kronecker deltas appropriate to two and three dimensions

respectively explained in [36].

Another example of incorporating anisotropy is to select quadratic combinations

of shear and rotation tensors to modify the linear eddy viscosity form. These models

are referred to as quadratic constitutive relation (QCR). SA-QCR [46] is an improved

version of SA where nonlinear terms including normalized rotation are added to ex-

tend the eddy viscosity definition as

⌧ij = ⌧ ij � cnl1[Oik⌧ jk +Ojk⌧ ik], (1.15)
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where ⌧ ij = 2⌫TSij and

Oik =
@Ui
@xk

� @Uk
@xiq

@Um
@xn

@Um
@xn

, (1.16)

is the normalized rotation tensor. The constant cnl1 = 0.3 was calibrated in the outer

region of a simple boundary layer. By including tensorial invariants that represent the

rotation or higher order combination of strain and rotation tensors, SA-QCR is shown

to better capture the secondary flow and hence anisotropic turbulent structures. For

instance, in duct flows, the secondary flow transports high velocity fluid from the

centre of the duct towards the corners at cross-section planes, and SA-QCR has

showed good performance in predicting those circular fluid movements.

1.2.4 Non-local and anisotropic models

The simplest way to introduce non-locality into Reynolds stress closures is to include a

temporal relaxation along Lagrangian trajectories that would relax each component of

Reynolds stress to its equilibrium value defined by a previously described local model.

A simple such modification was introduced by [12] through an evolution equation for

Reynolds stress written as

T
d

dt
u0
iu

0
j + u0

iu
0
j = �2⌫TSij +

2

3
k�ij. (1.17)

Where T represents the relaxation time scale. Incorporating history e↵ects in terms

of a Lagrangian time derivative defined as d/dt = @/@t + Uj@/@xj does not only

lead to temporal non-locality in the dependence of Reynolds stress to mean velocity

gradients, but it also allows for spatial non-locality along the mean streamlines.

While addition of the relaxation terms allows for incorporation of more physics,

the ODE given by Equation (1.17) is only an approximation of the Reynolds stress

evolution. In order to achieve the exact governing PDE one shall first write the exact
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Reynolds stress transport equation and then attempt to model its closure terms. With

the exact evolution equation for Reynolds stress at hand, the focus of modeling shifts

from closing the RANS equation to closing the terms associated with fluctuating

quantities in the Reynolds stress transport (RST) equation given as [37]:

Du0
iu

0
j

Dt
= � @

@xk
(u0

iu
0
ju

0
k + ⌫

u0
iu

0
j

@xk
) + Pij + ⇧ij � ✏ij. (1.18)

where Pij = �u0
iu

0
k
@Uj

@xk
� u0

ju
0
k
@Ui
@xk

is production, ⇧ij = �1
⇢(u

0
i
@p0

@xj
+ u0

j
@p0

@xi
) is transport

due to turbulent pressure-strain and ✏ij = 2⌫
@u0

i
@xk

@u0
j

@xk
is dissipation. The material

derivative is denoted by D
Dt = @

@t + Uj
@

@xj
. All the terms on the right-hand side of

the equation except Pij require some approximation or modeling to close the system;

modeling those terms requires providing equations in terms of Rij and/or Ui. Most

closure models in the literature also choose to carry an additional evolution equation

for ✏ or !; however, the ✏ equation solved with Reynolds stress transport equation

is not exactly identical to the ✏ equation shown in (1.9). The di↵erence is that the

di↵usivity ⌫T/�✏ is replaced by an anisotropic di↵usivity [18]. The Reynolds stress

model consists of a system of equations such as Equation (1.18), RANS equation, and

✏ or ! equation that are solved simultaneously. In contrast to local and anisotropic

models, the Reynolds stress model is not restricted by the eddy viscosity hypothesis.

Regardless of the approximations made and model forms used to close Equation

(1.18), the Reynolds stress transport models are considered non-local as they implic-

itly allow the Reynolds stress at a point to be influenced by the mean velocity gradient

in other locations in the domain. If for a given point @Ui
@xj

= 0, the equations do not

necessarily predict u0
iu

0
j to be zero. Among the unclosed terms in Equation (1.18),

modeling the pressure-strain term ⇧ij has been the subject of extensive research by

splitting ⇧ij into slow and rapid terms [48].

To better predict non-homogeneous near wall e↵ects, non-local models for the
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pressure-strain term are introduced based on solutions to an elliptic equation. These

models have met with considerable success in the calculation of a variety of near-wall

flows. A comprehensive review of various schemes for RST models can be found in

[18].

Although RST models allow non-locality in predicting eddy di↵usivity, they have

shortcomings. For example, RST models generally involve ad-hoc closure model forms

and tuning and model selection based on analysis of data sets specifically for modeling

pressure-strain rate. Computationally, the RST models are more expensive than the

local closure models and have less robust numerical stability.

A non-local and anisotropic model that does not directly use the RST equation is

the V2-F model [11]. This model is a variant of the k�✏ model which was specifically

introduced to model near-wall turbulence anisotropy as well as non-local pressure-

strain e↵ects. The V2-F uses a velocity scale v2 to provide the correct scaling for

dampening the wall-normal velocity fluctuations faster than other components while

approaching the wall. This modification for wall-normal fluctuating velocity involves a

non-local treatment. The anisotropic wall e↵ects are also modeled through an elliptic

relaxation function f , by solving a separate elliptic equation for pressure strain.

If we ignore practical constraints in mathematical modeling of Reynolds stresses,

one theoretical framework for expressing non-local and anisotropic models is to gener-

alize the eddy viscosity as a tensorial non-local operator acting on the mean velocity

gradient. Under this framework, the Reynolds stress tensor at a given point, ~x, and

time, t, can be expressed as

u0
iu

0
j(~x, t) = �

Z

~x0
d~x0
Z

t0
dt0Dijmk(~x, t; ~x0, t0)

@Uk(~x0, t0)

@xm
. (1.19)

Dijmk(~x, t; ~x0, t0) is the non-local eddy di↵usivity kernel and represents a contribution

to the Reynolds stress at ~x and t by the mean velocity gradient in all directions at
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remote points in space (~x0) and time (t0). This mathematical framework shown in

Equation (1.19) was introduced by [16] and [17]. The idea behind having an expression

based on integration in time and space to arrive at Reynolds stress was inspired by

non-local modeling of scalar flux for scalar transport in atmospheric boundary layers

[49].

To be precise, Dijmk is eddy di↵usivity per unit volume per unit time. We note

that in practice Equation (1.19) is an expensive equation to evaluate, since it turns

the RANS equation into an integro-di↵erential equation, which inevitably requires a

global evaluation for each point in space, as well as retention of the memory of the

flow history. This framework is therefore only suitable for analysis and characteriza-

tion of eddy viscosity operator. Development of computationally cost e�cient models

from Equation 1.19 is subject of ongoing research [29] with the general idea involv-

ing identification of PDEs for evolution of Reynolds stresses whose solution Green’s

function resemble closely the features in D.

Before presenting an overview of our work, it is worth commenting on another

possible class of models that are non-local and isotropic. To the best of our under-

standing, no such models have been used in the community. However, if such models

exist, they would look like Equation (1.19) but with a non-tensorial integration ker-

nel, such that the ratio of the Reynolds stress and strain tensor is the same in all

directions:

u0
iu

0
j = �

Z

~x0
d~x0
Z

t0
dt0D(~x, t; ~x0, t0)Sij(~x0, t0). (1.20)

Interestingly, due to the isotropic nature of the studied system for this dissertation,

the proposed models interpreted in our work are non-local and isotropic. However,

this is only due to the underlying isotropic nature of the turbulent system and not

an assumption that would otherwise limit the adoption of the introduced framework

to non-isotropic flows.
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1.3 Overview of MFM

In the last section of this chapter, we would like to give an overview and describe

the philosophy of the Macroscopic Forcing Method (MFM). We would like to em-

phasize that MFM is not a model but rather a computational method that enables

measuring the eddy di↵usivity kernel Dijkm as shown in Equation (1.19). Since MFM

utilizes space-time resolved velocity data, either from direct numerical simulations or

experiments, it does not involve any approximation on RANS model form or model

parameters. An approach similar to MFM was first introduced and adopted by [16]

and [17] for analysis of eddy di↵usvity operators for mixing of passive scalars and mo-

mentum in turbulent flows. In this work, we will use the framework introduced by [33]

and further expanded by [29] given its ease in translating results in the form of stand-

alone closure operators that can be algebraically expressed. The following chapters

will provide detailed derivation and application of this method to describe the general

form of eddy di↵usivity for canonical problems starting from the well-known problem

of dispersion of passive scalars, to the mixing of momentum, considered as solenoidal

passive vector fields transported by homogeneous isotropic turbulence (HIT). In later

chapters, MFM is used to study the e↵ect of filtering small scale eddies on the mean

mixing of solenoidal passive vector fields. Based on this analysis, we provide a quan-

titative framework to assess di↵erent subgrid scale models for LES. The final chapter

extends the MFM analysis to characterize temporal non-locality in HIT. By combin-

ing both spatial and temporal analyses, we introduce a relaxation equation for the

evolution of closure fluxes with embedded spatial non-locality.

As a brief description of the philosophy behind our approach, MFM enables a

numerical experiment where we can dissociate two di↵erent definitions of velocity,

namely the volume flux per unit area and the momentum per unit mass. Even

though both definitions reveal velocity at the end, MFM allows one to study how



16 CHAPTER 1. INTRODUCTION

a given flow mixes momentum. This idea, which was also used by [17], examines

momentum transport, in the context of the Reynolds Transport Theorem (RTT), and

a subsequent derivation of a di↵erential equation which we refer to as the generalized

momentum transport (GMT) equation. In [33] it is shown theoretically and confirmed

numerically that a closure model deduced from analysis of GMT includes the RANS

solution as its subset solution, and more specifically, it is shown that Navier-Stokes

solution is the attractor solution to GMT under any arbitrary initial condition.

While our analysis of closure based on a generalized momentum equation and

using Equation (1.19) was also considered by [17], our approach has the following key

di↵erences with their work.

• The targeted flow systems are di↵erent. We focus on HIT, and examination of

turbulent round and planar jets, whereas [17] focuses on channel flow.

• Our method results in a stand alone di↵erential operator expressing the eddy

di↵usivity using PDE notations. However, [17] provides the profiles of the eddy

di↵usivity kernel D(y, y0) obtained from DNS simulations, stopping short of

introducing models that capture the measured kernels.

• In Chapter 5, we present MFM-based methods not only to diagnose eddy dif-

fusivity in the RANS context, but also to quantitatively assess closure models

for LES.

• In Chapter 6, we adopt the method of moments as a means to apply MFM to

broader flow settings by focusing on key metrics that characterize non-locality.

The method of moments saves cost and provides easier access for applying MFM.



Chapter 2

Numerical Methods

2.1 Flow configurations

We choose statistically stationary homogeneous isotropic turbulence for incompress-

ible Newtonian fluids as a canonical setting to apply MFM. Prior to the application

of MFM, we completed a set of simulations of HIT and channel flow in order to

establish a guideline regarding the convergence of statistics with respect to sample

size and sampling frequencies in these flows. Based on the convergence guideline,

we share the requirements for reliable reporting of the statistical errors. Details of

this study are reported in Chapter 3. The following sections provide details on the

computational method used to simulate stationary HIT and on the selection of fluid

properties and range of Reynolds numbers. We will also discuss the numerical solver

and verification test cases. The details about the channel flow simulations used in

our statistical convergence study and its numerical solver are explained at the end of

this chapter.

17
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2.2 Forced Homogeneous Isotropic Turbulence

In the absence of any continuous source of forcing, the kinetic energy of a turbulent

flow decays over time; large eddies cascade energy to the smaller eddies and small

eddies dissipate the energy over time and therefore turbulence dies o↵. Since we aim

to measure the eddy di↵usivity in a statistically stationary state, the velocity field is

artificially forced to sustain the turbulence and prevent the decay of fluctuations. In

order to sustain the turbulence in HIT, Lundgren [31] proposed to force Navier-Stokes

equations with a linear function of velocity:

@ui

@t
+

@ujui

@xj
= �1/⇢

@p

@xi
+ ⌫

@2ui

@xj@xj
+ Aui. (2.1)

In the above equation, A is a coe�cient with dimension of inverse time. This forcing

function puts energy into the system proportional to the magnitude of the velocity.

In equation (2.2) proposed by [41], A is estimated for fully developed turbulence for

a given dissipation rate, ✏, and HIT box size, L:

A =
✏
1
3

0.99L
2
3

. (2.2)

To understand the role of the forcing function for HIT, we need to look at the tur-

bulent kinetic energy equation. For statistically homogeneous and forced turbulence,

depicted in equation (2.1), the turbulent kinetic energy equation [37] reduces to:

2⌫S 0
ijS

0
ij = 3Au2

rms. (2.3)

Where S 0 is the strain tensor based on fluctuating velocity and () represents the

ensemble average. Equation (2.3) shows how input energy from the forcing function

in the Navier-Stokes equation balances the dissipation and, as a result, sustains a
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statistically stationary. Given the left hand side of Equation (2.3) is identical to the

rate of dissipation, ✏, Equation (2.2) can be rewritten as

A =
(3Au2

rms)
1
3

0.99L
2
3

. (2.4)

In our simulations we consider HIT with dimensionless box size of L = 2⇡, and

nominal dimensionless velocity urms = 1. Substituting these in the above equation

and solving for A yields A = 0.279. These selected values are identical for all simulated

Reynolds numbers. The Reynolds number is defined based on the Taylor length scale

�g = urms/
q

(@u1
@x1

)2 [37]:

Re�g =
�gurms

⌫
. (2.5)

The Taylor length can be computed using equation (2.3), and the definition of dissi-

pation for homogeneous field [37]:

� =
p

5⌫/A. (2.6)

Given that Equation (2.2) is an empirical approximate relation, the computed urms

from post processing of our simulations is not exactly urms = 1. Therefore, when

assessing Equation (2.5), the actual Reynolds number based on post processing of

the data is slightly di↵erent from the nominal Reynolds number, as shown in Table

2.1.

Nominal Re 26 40 67 106

Actual Re 25 39 65 112

Table 2.1: Nominal and actual Reynolds number based on Taylor length scale

Table 2.2 represents the dimensional references for length, velocity, and time.

Any value from HIT simulations reported in this dissertation is in dimension of these
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reference parameters.

Lref uref tref
Lbox/(2⇡) 0.57ALbox Lref/Uref

Table 2.2: Reference Parameters

After determining values for A and L, we select ⌫ for our range of Reynolds

numbers as shown in the Table 2.3.

Re 26 40 67 106

⌫ 0.02692 0.0111 0.0039 0.0015

N/L 10 20 40 80

Table 2.3: Selected kinematic viscosity for di↵erent Reynolds numbers in HIT simu-
lations

Any other parameter for HIT such as dissipation, �g, and urms are all related

through A, L, and ⌫. The last step is to choose the number of mesh points in order

to resolve the Kolomogrov length scale (⌘) for the expected Reynolds number. The

number of mesh points is the same in all directions and is according to the Equation

(2.7) adopted from Chapter 9 in [37]:

N =
0.69

↵
Re�

3
2 . (2.7)

Where ↵ is the ratio between mesh size (�x) and the Kolomogorov length scale (⌘)

representing DNS parameter for resolution. In our simulations, we use ↵ = 1.48.

Table 2.3 provides the mesh points per box length for each simulation.
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2.3 Homogeneous Isotropic Turbulence solver

The Navier-Stokes equation is simulated in a box with dimensions of 2⇡⇥2⇡⇥2⇡ with

periodic condition in all directions; we refer to this box as triply periodic box. The

code was originally developed by [38] and uses uniform three-dimensional staggered

grid. the velocity field is stored on grid face, whereas scalar quantities such as density

and pressure are stored at grid center. The discretization preserves the total mass,

momentum, and kinetic energy. The original code was written for the low mach

approximation regime. However, similar to incompressible flows, the pressure field

is determined from a Poisson solver with enforcing a non-zero velocity divergence.

The velocity divergence is determined from the expected volumetric expansions due

to local heating from the energy equation.

Converting this code to a fully incompressible solver required the following steps:

1. Avoid solving the energy equation, and instead use r.u = 0 as the right hand

side of the pressure Poisson solver.

2. Avoid solving the continuity equation, and instead use ⇢ = 1 as the density

field.

3. Avoid iterations on the Poisson solver, since the Fourier solver becomes a direct

solver without needing iterations when the density field is constant.

The initial condition for HIT is computed based on the Passot-Pouquet spectrum

[35]. For spatial derivatives, the code uses a second-order finite di↵erence scheme and

for time integration, fourth order Runge-Kutta (RK4) is implemented.
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2.4 General Momentum/Scalar Transport solver

General momentum and scalar transport equations are used to study MFM. The

equation for passive scalar as shown in (2.8) is similar to the advection-di↵usion

PDE:
@c

@t
+

@uic

@xi
= DM

@c

@xi@xi
+ s(~x, t). (2.8)

Where DM is the molecular di↵usivity and s(~x, t) is a known forcing function for

scalar field. The velocity ui in the advection term comes from Navier-Stokes, which is

solved as explained in the previous section. We can write a similar PDE for evolution

of a solenoidal passive vector field vi:

@vi
@t

+
@ujvi
@xj

= � 1

⇢v

@q

@xi
+ ⌫v

@vi
@xj@xj

+ si(~x, t), (2.9)

where ⌫v and ⇢v are vector field kinematic viscosity and density in order, and q has

similar role as pressure to ensure incompressibility of vi. We explain extensively

each of the Equations (2.8) and (2.9) in Chapter 4. The goal here is to introduce

parameters, the form of equations, boundary and initial conditions for numerical

simulations.

In order to run the simulations for passive scalar and vector fields, the code [38] is

modified to store c and ~v as separate fields. The boundary conditions are periodic for

the scalar and vector fields and the initial conditions for both are zero unless otherwise

stated. The equations are solved in an elongated box with dimensions 8⇡ ⇥ 2⇡ ⇥ 2⇡,

where the aforementioned background velocity (~u) inside a triply periodic box with

size 2⇡ ⇥ 2⇡ ⇥ 2⇡ is duplicated in direction x four times. Use of an elongated box is

necessary for solving Equations (2.8) and (2.9) when the source function s is harmonic

with wave numbers smaller than k = 1, which implies wavelengths larger than 2⇡.

For instance, choosing the forcing function to be s = cos(0.25x1) the longitudinal
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period in the x1 direction is 8⇡. Therefore, in order to capture mean fields with

scales larger than the underlying turbulence, a domain larger than the domain of the

initial Navier-Stokes solution is needed. In our simulations, the smallest wavenumber

selected for forcing is k = 0.25, so the elongated box size of 8⇡ is suitable.

The numerical steps, spatial derivatives, and time integration schemes for Equa-

tions (2.8) and (2.9) are identical to what was discussed in section 2.3. The modi-

fied code is capable of explicit filtering and adding subgrid scale models to Equa-

tions (2.8) and (2.9). The package is available on https : //github.com/Mani-

group/MFM triplyPeriodic.

2.4.1 Verification test cases

To verify new modules added to the code, we tested advection, di↵usion, and source

terms separately, and the results match the analytical prediction. In Figure 2.1, we

share the numerical errors for the Taylor Green test for the scalar field for di↵erent

number of mesh points. The analytical solution for domain size 2⇡ ⇥ 2⇡ ⇥ 2⇡ with

Taylor Green test parameters given in Table 2.4 is:

Canalytical(x1, x2, t) = sin(x1) sin(x2) exp(�2DM t), (2.10)

As shown in the figure, this test confirms second order accuracy for the spatial deriva-

tive scheme.

u1(~x, t = 0) u2(~x, t = 0) u3(~x, t = 0) c(~x, t = 0) DM ⌫ s A
sin( 2⇡Lxx)cos(

2⇡
Lyy) �cos( 2⇡Lxx)sin(

2⇡
Lyy) 0 sin( 2⇡Lxx)sin(

2⇡
Lyy)) 0.05 0.05 0 0

Table 2.4: parameters for Taylor Green test case for scalar field
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Figure 2.1: Maximum absolute di↵erence between the numerical and analytical error
for the Taylor-Green flow test case in the XY plane versus number of mesh points at
t = 5. The plot verifies the second order accuracy.

2.5 Channel flow solver

Turbulent channel flow simulations were conducted for a periodic channel of ratio

length-height-width of 2⇡ ⇥ 1 ⇥ ⇡. For these simulations we adopted the code orig-

inally developed by [6] and then modified by [43]. The equations for channel flow

are solved using a rectangular uniform mesh in x and z and non-uniform mesh in y

following a tanh mapping function [6]. The velocity data are located at a staggered

configuration relative to the pressure data, and the spatial derivatives are discretized

using the standard second-order finite di↵erence scheme. The time discretization uses

the second-order Adams-Bashforth [34] scheme for non-linear and wall-parallel dif-

fusion terms. Incompressibility is imposed through a fractional step implementation

[22]. The discrete Poisson equation is solved using Fourier transform in the x and z

directions while a tri-diagonal solver is used in the wall-normal direction. The flow is
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driven by a time-constant mean pressure gradient so that Re⌧ is fixed.

The domain is periodic both in the spanwise and the streamwise directions, and

the no-slip and no-penetration boundary conditions are applied at the two walls. Only

fully developed data are collected for our analysis.



THIS PAGE DELIBERATELY LEFT BLANK



Chapter 3

Statistics in stationary turbulent

flow simulations

3.1 Overview

The focus of this chapter is the analysis of statistical error and the requirements for

reliable reporting of statistical error when simulating turbulent flows. It is common

practice for CFD simulations to use the statistical error of the mean (SEM) formula

[42] to report the error; however, this formula is only valid if a large number of in-

dependent simulations are accessible. In this study, we have considered HIT and

turbulent channel flows as canonical settings to examine this requirement quantita-

tively. Our results indicate that to satisfy the law of large number condition, one

needs to have simulations that are orders of magnitude longer than what is typically

used in CFD analysis. Without su�cient data points, the reported confidence interval

based on SEM can significantly vary based on user-defined sampling intervals. Fur-

thermore, based on our results, we have developed a criterion that is not as restrictive

as law of the large numbers, and it allows reporting of a confidence interval within

at most factor of two error in the values. This weaker criterion is feasible for more

27
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practical simulations. Our results can inform simulation validation and verification

practices when computational results are compared against reference simulation or

experiments with quantified confidence intervals.

3.2 Reporting statistical error of the mean

When analyzing turbulent flows, most quantities of interest are sought in terms of

expected values or ensemble averages. For example, in aerodynamics, the mean lift

and drag or mean pointwise skin friction are often the target quantities that im-

pact engineering design decisions. When a flow field is statistically stationary, these

expected values can be estimated from the time average over many instantaneous

measurements. For an infinitely long simulation, one could compute the ideal mean

of the quantity of interest. Mathematically, if q is a measured quantity in a chaotic

or turbulent flow, its mean can be expressed as

q = limT!1
1

T

Z T

0

qdt, (3.1)

where T is the size of the time interval over which the measurement had taken place.

Unlike experiments, which typically can be performed for su�ciently long times to

obtain a fairly converged mean, numerical simulations of turbulent flows are con-

siderably more susceptible to sampling error resulting from finite-time simulations.

Therefore, it is advisable to report an estimated error of the mean along with the

estimated mean when reporting statistics from simulation data. One way to estimate

the error of the mean is to divide the finite simulation interval into N smaller time

windows with size Tw. As depicted in Figure 3.1, we can calculate the corresponding

mean (q̃i) for each window separately. The estimate of the mean in (3.1) can be
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reported as the average of means computed over all windows as:

qest =
1

N

NX

i

q̃i. (3.2)

Figure 3.1: A schematic representing a quantity of interest q from a simulation over
finite time T . The simulation time is then divided into smaller windows of size Tw

with q̃i indicated by the dashed red lines representing the mean within each window.

The error quantifying the di↵erence between qest and q can itself be estimated

using the SEM formula [42]:

SEM = STD(q � qest) '
STD(q̃i)p

N
, (3.3)

where the STD on the left hand side represents the standard deviation over di↵erent

realizations of qest and the STD on the right is the standard deviation of the means

from smaller windows. Equation (3.3) relies on the following key assumptions:

1. Law of large numbers. N should be large enough (N � 1) so that the estimated

STD(q̃i) is representative of the true STD.

2. Uncorrelated q̃i samples. In other words, the size of each window (Tw) should

be large compared to the correlation time scale.

For a fixed simulation interval, T , these two criteria conflict each other. Since the

first criteria demands more windows for sampling, it forces smaller window sizes as

Tw is inversely proportional to N .
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One way to reconcile these trade-o↵s, is to perform longer simulations, thus en-

suring T is large enough to satisfy both conditions. Our focus in this Chapter is to

answer two simple yet important questions:

1. What is the appropriate range of window size to ensure uncorrelated samples

from di↵erent windows?

2. What simulation time interval is needed to allow accurate estimation of the

error in the reported mean?

3.3 Model Problem

The model problem we considered is forced HIT providing statistically stationary

data for our analysis as described in Equation (2.1). For fully developed turbulence,

the average input energy rate balances the dissipation rate:

✏ = 2⌫Sij
0Sij

0 = 3Au2
rms. (3.4)

Reference [41] estimated the forcing coe�cient that needs to be specified to achieve

a desired dissipation for a given periodic domain size L.

Combining (3.4) and (2.2), one can eliminate ✏ to obtain an estimate of A in

terms of a desired urms. One should note however, that Equation (2.2) is not ex-

act and is only an approximate correlation. In this work we selected A = 0.2792,

targeting urms ' 1 when L = 2⇡. Table 3.1 lists the Reynolds numbers and the corre-

sponding viscosity coe�cients and mesh resolutions considered in our analysis. With

these parameters set, we solved the incompressible forced Navier-Stokes equations

using a second order spatial finite di↵erence scheme and the RK4 scheme for time

advancement [38] inside a triply periodic box of size (2⇡)3.
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Table 3.1: Simulation parameters.

Re� L N3 ⌫ A
26 2⇡ 623 0.0263 0.2792
40 2⇡ 1183 0.0111 0.2792

We next select an appropriate quantity of interest, q, whose mean will be estimated

from post processing of the simulation data. We then examine conditions pertaining

to the accuracy of (3.3) in estimating the error of the mean, from which we extract

criteria for appropriate sampling window and simulation time interval.

As a starting point, we consider q to be defined as the square of the single com-

ponent velocity magnitude, q = u2 = u02. For the purpose of this analysis, we solely

rely on the simulation data to estimate any statistical quantity of interest. For this

example, given homogeneity and isotropy of the flow, we compute q̃i’s by taking the

average of q over the box volume, all three components of the velocity field, and over

Tw. Substitution of q̃i’s in Equations (3.1) and (3.3) provides numerical estimates of

the mean and its error. Next, we assess the adequacy of the sampling condition as

follows.

In using Equation (3.3), one has some freedom in choosing the window size Tw.

For a su�ciently large T there must be a range of valid Tw’s that are all larger

than the correlation time and all small enough to allow su�ciently large N = T/Tw,

thereby allowing both of the aforementioned validity conditions of (3.3) to be met.

Furthermore, since the source data used in estimating the error of the mean does

not change when changing Tw, the resulting estimate of the error from (3.3) should

not depend on Tw as long as both validity conditions are met. Therefore, for a fixed

T when plotting SEM versus Tw, one can identify an intermediate range of Tw over

which the plot is approximately a flat line. We can use this criteria to identify the

minimum T needed for reliable reporting of the SEM. Additionally, the lower bound
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on Tw marking the beginning of the flat zone allows identification of the minimum

window size that would ensure uncorrelated q̃i samples.

3.4 Conclusions on sample size and simulation time

Figure 3.2 and 3.3 show the statistical error of the mean of u2 versus Tw obtained from

the described procedure. Each curve shows the results for a di↵erent simulation time

T . To allow better visual comparison, the SEM values are scaled by
p
T allowing for

the collapse of the curves in the flat zone, and all time scales are nondimensionalized

by Teddy = 1/A. Additionally, in Figures 3.4 and 3.5, the same analysis is performed

but with a di↵erent statistical quantity of interest, q = SijSij.

Figure 3.2: Statistical error versus Tw
Teddy

for u02 at Re� = 26.

In all cases presented in Figures 3.2,3.3,3.4, and 3.5 three zones are noticeable. The

first zone marked by pink color corresponds to very small Tw/Teddy, which indicates

data between windows are correlated. In this region, Equation (3.3) underpredicts

the statistical error, since N in its denominator over-estimates the number of truly
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Figure 3.3: Statistical error versus Tw
Teddy

for u02 at Re� = 40.

Figure 3.4: Statistical error versus Tw
Teddy

for SijSij at Re� = 26.

independent samples. For this reason, the slope of dashed black line in the pink zone

is 1
2 , illustrating underestimation of SEM proportional to

p
Tw ⇠ 1/

p
N.
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Figure 3.5: Statistical error versus Tw
Teddy

for SijSij at Re� = 40.

Another zone in the plot is located at the far right of the figure where Tw/Teddy

is an O(1) quantity so that the number of windows (Nw) is small for a specified

simulation length (T ). Undefined behavior of this zone is due to the invalidity of

equation (3.3) as the law of large numbers is not satisfied. The middle zone, where

the figure lines are flat and collapsed, is the desired zone, where SEM is independent

of the choice of Tw. This zone is where both Tw and N are su�ciently large to meet

the (lack of) correlation and law of large numbers requirements. However, this flat

zone does not appear unless T is su�ciently large. For HIT and for both quantities

of interest, u02 and SijSij, the flat zone appears when T/Teddy � 16000, indicating a

stringent simulation duration requirement for reliable reporting of SEM.

The intersection of straight lines that fit the asymptotic behavior of the highly

correlated zone to left of the figure and the flat zone in the middle provides an estimate

for minimum size for Tw. For our single point, second order statistics (u02 and SijSij),

intersection happens around Tw/Teddy = O(10) for both simulated Reynolds numbers

for this specific forcing scenario.
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Figure 3.6: Statistical error of the mean stream-wise velocity u in Channel flow with
Re⌧ = 180

We extended our study to shear flows by simulating turbulent channel flow at

Re⌧ = 180 inside the channel with dimension 2⇡ ⇥ 1 ⇥ ⇡. In this case, we pick

stream-wise velocity as the quantity of interest to calculate statistical error of the

centerline mean velocity. For these simulations, we adopted the simulation code

originally developed by [6] and then modified by [43]. The fluids equations for channel

flow are solved using a rectangular uniform mesh in x and z and non-uniform mesh in

y following a tanh mapping function [6]. The velocity data are located at a staggered

configuration relative to the pressure data, and the spatial derivatives are discretized

using the standard second-order finite di↵erence scheme. The second-order Adams-

Bashforth [34] scheme is adopted for time stepping.

Figure 3.6 shows that in order to achieve a flat zone in the plots a long simulation

(T/Teddy ⇡ 14000) is required, which is similar in order of magnitude to the time

scale revealed from the homogeneous turbulence analysis. Likewise, the intersection

of asymptotes to the highly correlated zone and the middle zone indicates a time

scale of O(10) eddy turnover times. In this case Teddy is defined based on the shear
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velocity u⌧ and channel half height.

Based on these observations, we address the questions posed earlier in this chapter.

The requirement for uncorrelated samples in using the SEM equations (Equation

3.3) practically translates to sampling windows with duration larger than ten eddy

turnover times. This estimate is based on intersection of asymptotic lines representing

the behavior of highly correlated zones and uncorrelated zones in Figures 3.1 to 3.6.

However, the actual behavior involves a transition between these asymptotic limits,

with a gradual decline of correlation e↵ects. Secondly, reliable reporting of SEM

requires overall simulation times on the order of 104 eddy turnover times. Once these

criteria are met the central limit theorem can be applied to o↵er reliable confidence

intervals in reporting the estimated means from simulation data. A typical convention

is to report a 95% confidence interval by multiplying SEM with 1.96 [42]. This process

assumes a Gaussian distribution of the error of the mean, which follows from the

central limit theorem, given the error of the mean is a result of superposition of

errors from uncorrelated windows.

Simulations reported in the literature fall short in meeting the second criteria

quantified by our analysis. In such cases, only the order of magnitude of the error can

be trusted. Verification of codes based on simulation-to-simulation comparison and

specifically based on establishing overlaps in confidence intervals will be problematic

in such cases. Lastly, we provide an estimate of error in determining confidence

intervals when a simulation duration is not su�ciently long to establish a flat zone

in estimation of SEM. In this case, instead of establishing a flat zone, we consider a

weaker constraint given as Tw > 10Teddy and N  4. Figure 3.7 shows computed SEM

data from all simulations considered in this study in which these two criteria are met.

For each case SEM is normalized by the asymptotic SEM from the flat zone in each

figure. The data scatter indicates that the true SEM is within factor of two, marked

by dashed lines, compared to the computed SEM. In other words, in the absence of
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Figure 3.7: Normalized SEM for di↵erent simulations with choice of number of win-
dows outside of the correlated data.

flat zones in SEM plots, which is the case for most practical simulations, one should

consider roughly a factor of two error in their estimation of confidence intervals. This

observation may explain mismatch between simulations and experiments when only

nominally computed SEM is used for estimation of confidence intervals.
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Chapter 4

Eddy di↵usivity in Homogeneous

Isotropic Turbulence

4.1 Overview

In this chapter, direct quantification of the scale-dependent eddy di↵usivity for HIT is

presented. This analysis has major implications in closure modeling of transport equa-

tions involving turbulence. The computational methodology is based on the newly

developed MFM [33]. This method uses macroscopic forcing to force transport equa-

tions and collects the field response. Eddy di↵usivity is then obtained through some

mathematical steps after mapping the response field to the average space. Based on

our analysis, for mean field scales much larger than the mixing length, the eddy di↵u-

sivity is consistent with the Boussinesq approximation; however, for mean field scales

that are smaller than the mixing length, eddy di↵usivity diminishes proportional to

the scale.1

1An earlier version of this chapter has been accepted for publication in physical review fluids.

39
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4.2 Description of Macroscopic Forcing Method

The aim of a turbulence closure model is to accurately prescribe the Reynolds stress

tensor representing the mean momentum flux due to the underlying turbulent fluc-

tuations. Most models follow the Boussinesq prescription in which Reynolds stress is

assumed to be proportional to the local mean strain-rate through the eddy di↵usivity

⌫T . In more sophisticated models, known as algebraic stress models [40] the stress is

written as a tensorially consistent polynomial of the strain and rotation tensors. In

such models, the eddy viscosity can be function of space and time and given either

algebraically or via additional transport equations (see [37]). In [33], we developed a

technique called MFM, which reveals the form of the turbulence closure operator from

an analysis of appropriately forced direct simulations of turbulence. This approach

should be contrasted with the technique of a priori testing in which a model form is

assumed beforehand and its predictions for the turbulent stress compared statistically

with the actual stresses in a direct simulation.

This Chapter presents the first application of MFM for measurement of turbulence

eddy viscosity operator for momentum transport, and eddy di↵usivity operator for

scalar transport in homogeneous isotropic turbulence (HIT). From here on we refer to

both di↵erential operators as “eddy di↵usivity”, assuming for momentum transport

it refers to eddy viscosity normalized by the fluid density.

We clarify that we do not claim that the eddy di↵usivity operators presented here

are universal models for turbulence closure. Specifically, in scenarios with significant

statistical inhomogeneity and anisotropy, such as in wall-bounded flows, the form of

the eddy di↵usivity operator is expected to be di↵erent from those measured here

for HIT. Nevertheless, studying HIT has contributed valuable insights towards un-

derstanding of mixing by turbulence. As such, accurate quantitative determination

of eddy di↵usivity by this flow is a starting stepping stone towards understanding of
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model constraints and expected model forms for turbulence closure in broader set-

tings. Most commonly, analogies to HIT have been made for the case of free shear

flows, and away from thin zones, where flow structures are fully developed, as well

as for understanding of mixing by small scales. To follow the same spirit, we present

a followup analysis in which the quantified eddy di↵usivity operator is adopted for

RANS analysis of self similar turbulent round and planar jets demonstrating some

improvement in prediction of the mean velocity profile for turbulent round jet. We

begin by providing a brief overview of MFM, which is discussed in depth by [33], but

tailored here specifically for applications to statistically stationary flows.

As a starting point, it is more intuitive to discuss the methodology first in the

context of scalar transport, by considering the advection-di↵usion equation,

@c

@t
+

@

@xj
(ujc)�DM

@2c

@xj@xj
= 0, (4.1)

where uj is the given turbulent flow field, c is the scalar field, and DM is the molecular

di↵usivity. Equation (4.1) is linear and can be compactly expressed as Lc = 0, where

L is the advection-di↵usion operator. We next consider the special case of statistically

time stationary flows, and define the ensemble averaged concentration, denoted by

c, as time average of c over a long time. Mathematically this is a linear projection

denoted as c = Pc.

The task of turbulence modeling is to provide a low-dimensional operator that

can directly predict c without the need to solve (4.1). We denote the sets of all

possible solutions for c and c as microscopic and macroscopic space, respectively,

noting the latter is significantly lower dimensional than the former. The advection-

di↵usion operator, L, is the microscopic operator with its domain and range both in

the microscopic space. In contrast, the macroscopic operator denoting the turbulence

model, which we call L, is a scaled-up operator defined in the macroscopic space such
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that

Lc = 0. (4.2)

One can show that L can be directly determined from L as L = (PL�1E)�1,[33] where

E is the linear extension operator that interpolates macroscopic fields back into the

microscopic space. Direct determination of L from this approach, however, requires

inversion of the microscopic operator, which is often computationally infeasible.

MFM is a technique with which L is quantitatively determined from input-output

analysis of (4.2) [33]. Specifically, this method applies forcing, s, to Equation (4.2),

Lc = s, (4.3)

and determines L via examination of its response to various forcing scenarios. Given

Equations (4.2) and (4.3) are written in the macroscopic space, the applied forcing

must be macroscopic. For statistically stationary flows, a time-independent s would

be appropriate for determination of the steady form of the closure operators.

In practice, for any force field s(x, y, z) in (4.3), one can examine the direct solution

to (4.1) subject to the same force field,

@c

@t
+

@

@xj
(ujc)�DM

@2c

@xj@xj
= s, (4.4)

and obtain c by projecting the response of (4.4) back to the macroscopic space.

An input-output analysis extended over the entire macroscopic space can precisely

quantify L.

Given the statistical homogeneity of HIT, the macroscopic operator, L, must be

a convolution in three spatial dimensions. It is therefore convenient to analyze (4.3)

in Fourier space, by examining fields of c obtained from solutions to (4.4) subject to

spatially harmonic source terms. Given the isotropy of the problem, it is su�cient
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Figure 4.1: (a) A snapshot of the HIT simulation representing a component of the
velocity field; (b) The real part of macroscopic force, s, for mode k = 4; (c) A 2D
snapshot of the instantaneous scalar field, c, subject to the given flow and s; (d) The
mean scalar field c.

to examine wavenumbers only in one direction. Thus we consider s = exp(ikx1). It

should be clarified that while imaginary concentration fields are unphysical, we adopt

such fields here to ease the mathematical process of determining the eddy di↵usivity

operator. As we shall see, the final operator is expressible in real space admitting

physically realizable solutions.

We performed DNS of (4.4) for a wide range of k values and measured the resulting

c as shown in Figure 4.1. Given linearity and statistical homogeneity of the system,

the resulting mean scalar field is expressible as c = bc exp(ikx1), where bc is a Fourier

coe�cient. In practice, due to finite time sampling, a small statistical noise exists

in all 3D wavenumbers. One can then estimate bc via projection of the numerical c

to Fourier space and examining only the wavenumber k = (k, 0, 0). Taking Fourier

transform of (4.3), the macroscopic operator can then be quantified as bL(k) = 1/bc(k).

Having bL at hand, one can reveal an operator for the turbulence closure term

as follows. Ensemble averaging of (4.4) provides the Reynolds-averaged transport
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equation as

ru0c0 �DMr2c = s = s.

Here the prime (0) superscript denotes mean-subtracted fields, and we note that u = 0

in HIT. The first term on the left hand side of this equation is the turbulence closure

term that needs to be modeled via a closure operator as ru0c0 = L0c. With this

definition and given the ensemble-averaged equation, L0 can be expressed in terms of

the measured L as L0 = L+DMr2. Expressing this relation in Fourier space and in

terms of the measured bc from the DNS solutions, one can write the turbulence closure

operator as

bL0(k) = 1/bc�DMk2. (4.5)

The presented methodology above can be extended to analyze momentum trans-

port. However, Navier-Stokes equation is not the appropriate framework for input-

output analysis in this context. Similar to the case of scalar transport, in this case

we address the question of how a given flow transports momentum in the mean

sense. The more foundational framework to address this question is therefore the

RTT [25], instead of Navier-Stokes. In a related context, various researchers have

studied transport of passive vector fields by pre-specified velocity fields subject to the

incompressibility constraint [3] [1],[5], and [2]. The passive vector field equation can

be derived from RTT by relaxing the constraint on the advective velocity, allowing it

to be di↵erent from the transported momentum field itself. These prior studies, how-

ever, were not focused on determining eddy di↵usivity operators. Doing so requires

augmentation of equations with deterministic macroscopic forcing and examination

of mean outcomes for various forcing scenarios as discussed for the case of scalar

transport. To this end, Mani and Park [33] utilized the GMT equation written as

@vi
@t

+
@

@xj
(ujvi) = �1

⇢

@q

@xi
+ ⌫

@2vi
@xj@xj

+ si, (4.6)
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where ui is a given velocity field satisfying the original Navier-Stokes equations. This

velocity field, called the donor field, represents the flow whose eddy di↵usivity is to

be measured. vi represents momentum per unit mass transported by ui. ⇢ and ⌫ are

fluid density and molecular di↵usivity, and q is the pressure required to satisfy the

constraint @vi/@xi = 0. Equation (4.6) is linear and therefore permits application of

the same methodology as for passive scalar transport. Such a procedure will allow us

to quantitatively determine how the given flow field u transports momentum in the

mean sense.

Similar to the case of scalar transport, it is desirable for the turbulent closure term,

(@/@xj)(u0
jv

0
i) to be expressed in terms of an operator acting on the mean momentum

field v. In [33] a proof is provided explaining why the turbulence closure operator for

GMT is also a closure operator for the Navier-Stokes equation. Specifically, GMT is a

robust generalization of the Navier-Stokes equation in the sense that under arbitrary

initial conditions for vi the Navier-stokes solution, ui, is GMT’s stable attractor.

This is true as long as GMT has consistent boundary conditions and its body force

is dropped, since the standard Navier-Stokes does not have a body force. Figure 4.2

shows the convergence of the vector field to velocity field under similar boundary

conditions and body forces for Navier-Stokes. The convergence time scale is order of

four eddy turn over times.

Lastly, a quantified turbulent closure operator, L0, can be related to the corre-

sponding spatially varying eddy di↵usivity operator, DT , as L0 = �rDTr, given

its definition. Expressing this result in Fourier space allows for quantification of the

eddy di↵usivity operator as bDT (k) =
bL0(k)/k2.

In order to avoid confusion between results of scalar and momentum transport

analyses, in what follows, we use the subscript c to refer to operators associated with

scalar transport and subscript v to refer to operators associated with momentum

transport. We next explain the details of the numerical procedure followed by the
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Figure 4.2: Di↵erence between GMT solution and Navier-Stokes solution as a function
of time. In this case the HIT solution is obtained via sustained forcing as described
by Equation (2.2), and the corresponding GMT equation is solved using the same
forcing (i.e., Au). The initial condition for GMT at t = 0 is v = 0.
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Table 4.1: Simulation parameters and flow statistics. Reported uncertainties are 95%
statistical confidence level of the mean

Re� A ⌫ urms " leddy Tfinal/Teddy

26 0.2792 0.0263 0.96±0.01 0.780±0.02 1.15±0.06 O(2000)
40 0.2792 0.0111 0.90±0.02 0.687±0.04 1.08±0.1 O(500)
67 0.2792 0.0039 0.96±0.02 0.77±0.08 1.15±0.2 O(100)

presentation of results.

4.3 Model Problem

To generate the donor velocity fields, we performed DNS of incompressible homoge-

neous and isotropic turbulence in a triply periodic cubic domain of size 2⇡⇥ 2⇡⇥ 2⇡

using uniform structured meshes. To sustain turbulence in a time-stationary fashion,

we solved the Navier-Stokes equation subject to a forcing described by Equation (2.1).

Table 4.1 represents the nominal Reynolds numbers, Re� for each simulation, and the

specified A and ⌫ following the prescription of [41]. Additionally, the table lists the

single-component velocity fluctuations urms, turbulent dissipation rate ✏ = �⌫uir2ui,

and the eddy size defined as leddy = u3
rms/✏. The simulation times are reported in the

table in units of Teddy = 1/(3A).

For these simulations, we adopted the code of [38] in the incompressible mode.

The same code was used for numerical solutions to Equation (4.6) after slight mod-

ification to allow uj and vi to be di↵erent vector fields and adjusting the forcing

functions. Additionally, for each flow field we solved (4.1) in order to analyze the

closure operators for scalar fields. In this report we limit our studies to cases where

DM = ⌫. Given our focus on the fully developed regimes, the choice of the initial

condition for Equations (4.6) and (4.4) is irrelevant. As such we simply used v = 0



48CHAPTER 4. EDDYDIFFUSIVITY IN HOMOGENEOUS ISOTROPIC TURBULENCE

and c = 0 for these equations, respectively. In our post processing step the data as-

sociated with the initial transition of the transported fields are discarded. The time

length of the discarded transitional regime was between 15 to 40 eddy turnover times,

which was decided by monitoring the mean square of the transported quantities as a

function of time. The computational grids use 643, 1283, 2563 and 5123 mesh points

respectively for cases with Re� = 26, 40 , 67 and 107.

For each flow Reynolds number, Equations (4.1) and (4.6) are solved for k=0.25,

0.5, 1, 2, 4, and 8. To accommodate all wavenumbers, Equations (4.1) and (4.6)

are solved on a computational domain with length 8⇡ in the x1 direction, where the

velocity field u is obtained by the periodic extension of the nominal HIT solution for

x1 > 2⇡ as described in Chapter 2. In addition to these calculations, we analyzed

cases to study the limit of k = 0. In this limit, the length scale of the mean field is very

large compared to the scale of the underlying turbulent flow structures. Therefore,

the mixing process sees locally linear mean profiles that can be approximated as

c = ax1 + b. One can analytically show that inclusion of b does not a↵ect the

fluctuating quantities. Furthermore, given the linearity of the transport equations, it

is su�cient to solely consider a = 1 and, thus, c = x1. However, capturing this mean

profile is not possible in periodic computational domains. Similar to what has been

done in simulations of other periodic flows, e.g., inclusion of mean pressure gradient in

turbulent channel flows [22], one can analytically decompose the concentration field

into a mean and fluctuating part as c = x1+ c0. Substituting this decomposition back

into the transport PDE reveals a new PDE for c0 that is statistically homogeneous

in all spatial directions, which can be solved on a periodic computational domain.

In other words, MFM analysis of scalar transport in the limit of k ! 0 collapses

to methods described in homogenization theories [32]. In this case a finite eddy

di↵usivity can be measured by quantification of the ratio of the mean turbulent flux

and the imposed mean field gradient.
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4.4 Closure operator for scalar and momentum trans-

port

Figures 4.3, 4.4, 4.5, and 4.6 show the computed macroscopic closure operators as

well as the corresponding eddy di↵usivity operators for both scalar and momentum

transport over a range of wavenumbers and Reynolds numbers. Scaling of data in

units of urms and leddy results in reasonable collapse of data suggesting weak sensitivity

to the Reynolds numbers.

Figure 4.3: Measured macroscopic closure operator versus wavenumber for transport

of scalars L̂0
c.

All results in the limit of small k indicate bL0 ⇠ k2, and a constant eddy di↵usivity

DT ⇠ k0 consistent with the Boussinesq approximation [7]. In the large wavenumber

limit, however, the closure operator significantly departs from that of Boussinesq limit.

In this case, the eddy di↵usivity drops inversely proportional to the wavenumber.

This departure can be explained intuitively as follows: standard di↵usion implies

that transported quantities propagate in space proportional to square root of time,

x ⇠
p
t, resulting in unbounded characteristic speed over short distance. However,
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Figure 4.4: Measured macroscopic closure operator versus wavenumber for transport

of momentum L̂0
v.

Figure 4.5: Measured eddy di↵usivity operator versus wavenumber for transport of
scalar D̂c.

given that here the underlying mechanism of transport is advection, transported

quantities cannot propagate faster than linearly with time. In fact, k1 is an upper

bound for a power law scaling of bL0 in the large k limit as long as k is below the limit
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Figure 4.6: Measured eddy di↵usivity operator versus wavenumber for transport of
momentum D̂v.

Table 4.2: Coe�cients in the fitted curve Dk2/
q
1 + (lk)2 for macroscopic closure

operator L̂0 (k). D is reported in units of urmsleddy, and l is reported in units of leddy

Dc Dv lc lv
Re� = 26 0.86 0.47 1.35 0.76
Re� = 40 0.82 0.45 1.14 0.66
Re� = 67 0.77 0.43 0.99 0.59

where molecular di↵usion would dominate advection in mixing. bL0 obtained from this

study satisfies this physical limitation.

Matching the two asymptotic limits of small and large k, we identify the following

expression as a uniformly valid fit for the macroscopic closure operator

bL0 =
Dk2

p
1 + l2k2

, (4.7)

where the constants D and l are reported in Table 4.2 and fitted to match the com-

puted bL0 for k ! 0 and k = 8. As shown in figures 4.3 and 4.4, this expression
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matches the numerically computed bL0 over all ranges of k. This operator expressed in

physical space by replacing k2 with �r2. The resulting operator is L0 = �r ·DTr,

where the eddy di↵usivity operator, DT can be expressed as

DT =
Dp

I � l2r2
, (4.8)

where I represents the identity operator. The denominator in (4.8) is an inverse

operator, which indicates the non-locality of eddy di↵usivity. l, which is on the

order of the large eddy size, quantifies the extent of the non-locality. In other words,

l indicates how far the mean gradients at one location can influence mean fluxes at

another location. This constant plays a role similar to the mean free path in molecular

systems, and following Prandtl, we refer to it as the mixing length.

The fact that lv is smaller than lc (see Table 4.2) indicates that the macroscopic

closure operator is more local for momentum transport than for scalar transport. This

is an unintuitive result, since at the DNS level, scalar transport is completely local,

while momentum transport involves a non-local pressure projection. We conclude

that at the macroscopic level, the non-locality of pressure cancels a portion of non-

locality of advection.

We next show the predictive impact of the obtained RANS operator by applying it

to a practical flow and comparing its prediction against available experimental data.

For this test case, we consider the self-similar turbulent round and planar jet at a

high Reynolds number. We then select an available eddy-di↵usivity-based turbulence

model, and replace its closure operator with Equation (4.8). For this purpose, we

adopt the PMLM [39], since it provides D and l as explicit functions of spatial coor-

dinates. We obtain solutions to both the original and modified RANS models with

the sole di↵erence that the eddy di↵usivity in PMLM is replaced by the operator

in Equation (4.8) using the same scaling for the coe�cients as in PMLM. Details in
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implementation of both models are comprehensively described in the Appendix A for

round jet and Appendix B for planar jet.
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Figure 4.7: Schematic of the self similar turbulent round jet and its mean velocity
profile a) log scale b) linear. Symbols show the Laser Doppler Anemometry (LDA)
data of Hussein et al.[19], the blue line shows RANS prediction using Prandtl mixing
length model (PMLM), and the red line shows RANS prediction using a closure
operator of the form shown in Equation (4.8) with coe�cients scaled consistently
with the PMLM prescription.

Figure 4.7 shows a remarkable improvement for MFM-based model in RANS pre-

dictions for round jet, almost coinciding with the experimental data [19]. A log scale

plot is an appropriate view for areas far from the axis r, y >> 0, whereas, linear scale

plot highlights the behavior near the axis r, y ! 0.

Likewise, for the case of the planar jet, the original PMLM predicts substantially

faster decay of the velocity profile in the tail of the mean velocity profile when com-

pared against experimental data, as shown in Figure 4.8. While the MFM-based

model slows down this rapid decay and extends the tail further from the plane of

symmetry, it overcompensates for these e↵ects when compared against experiments.

In both cases, no substantial improvement is observed near the coordinate origin

(y, r ⇠ 0), but this is mostly attributed to the choice of model coe�cient as opposed
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Figure 4.8: Schematic of the self similar turbulent planar jet and its mean velocity
profile a) log scale b) linear. Symbols show data of Deo et al. [9], the blue line shows
RANS prediction using Prandtl mixing length model (PMLM), and the red line shows
RANS prediction using a closure operator of the form shown in Equation (4.8) with
coe�cients scaled consistently with the PMLM prescription.

to model form. PMLM is known to incorrectly predict zero eddy di↵usivity near

the plane or axis of symmetry, where the true eddy di↵usivity is finite. This choice

of model coe�cient inevitably leads to prediction inaccuracies near the coordinate

origin in both studies and for both original and modified eddy di↵usivity operators.

However, to keep the comparison fair, we intentionally adopted the same coe�cient

scaling as in PMLM and only examined changes in the form of the eddy di↵usivity

operator.

Unlike most recent models, which rely on more complex sets of equations to pro-

vide the eddy di↵usivity field, PMLM estimates the eddy di↵usivity solely based on

scaling analysis. The results presented in figure 4.7 and 4.8 highlight the impact of

non-locality in model form on predictions.

It should be noted that the measured eddy di↵usivity operator form based on

HIT is unlikely to be universal. Specifically, wall-bounded turbulent flows are known
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to involve significant anisotropy and inhomogeneity. The former e↵ect results in

a tensorial eddy viscosity and the latter results in a left-right asymmetry of non-

local dependence of Reynolds stresses on the mean gradients in any given direction.

Such non-localities cannot be captured by addition of Laplacian operators either

directly or inversely in the eddy difusivity operator, since Laplacians inherently lead

to symmetric Green’s functions. Both of these e↵ects are missing in the closure

operator obtained in this study. Likewise, the measured operator is unlikely to hold

for multi-physics cases where the momentum equation is actively coupled with other

transported quantities via body forces such as in natural convection. Even under

linear coupling, in such cases macroscopic momentum transport is likely to be driven

by mean gradients in both momentum and other actively coupled fields. The round

and planar jet problems, as posteriori tests, were specifically chosen since they are

non-wall-bounded flows and uncoupled to any body force.

Perhaps the most remarkable outcome of the presented directly measured eddy

di↵usivity is its contrast to the scale-dependent eddy di↵usivity predicted in theo-

ries based on renormalization group (RNG) [52, 53]. In these theories, assuming a

Kolmogorov spectrum in the inertial range, eddy di↵usivity is predicted to scale as

bDT ⇠ k�4/3 while our measurement over a range of Reynolds numbers consistently

results in bDT ⇠ k�1. This is because the RNG-based model only considers the e↵ects

of eddies of size 1/k or smaller in mixing at wavenumber k. Our results suggest that

large eddies contribute significantly to mixing at scales smaller than the eddy size.

This contrast can be partly understood by noting the Eulerian nature of RANS mod-

eling framework: in an otherwise Lagrangian setting in which averaging is performed

on a probe moving with the local flow, large eddies would dominantly advect the

small scale structures and hardly mix them. But in our framework, to be relevant

to RANS model expectations, time averaging is performed on a probe fixed in space.

Therefore, advection by large eddies would lead to highly “mixed” samplings of the
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transported quantities, hence a higher eddy di↵usivity than those considered in RNG

theories.

Our results also imply closure models that use fractional order di↵erential oper-

ators. The model presented in this study involves a fractional order operator due

to the operational square root in the denominator of Equation (4.8). However, this

model involves fractional order operations in a quantitatively distinct way compared

to historic models in the literature. Majority of the studies in the literature consider

fractional order closure operators in terms of a Laplacian operator raised to a non-

integer power, i.e. represented by a single power law in Fourier space [27]. However,

at least for HIT, our work shows that the closure operator is not a unified power law

across all scales. We intuitively explained the shift in the power law from DT ⇠ k0

in the small k limit to DT ⇠ k�1 in the large k limit based on requirement of finite

speed of advective transport at all scales. This requirement is not limited to HIT and

thus standard single power law fractional-order operators are unlikely to be universal

quantitative matches for practical turbulent flows.

While the resulting operator obtained from this study is not expected to be univer-

sally valid, the learning from this chapter is that MFM can be applied as a diagnostic

tool for determining closure model form for turbulent advective fluxes and Reynolds

stresses. In this case, we showed how such diagnostics could lead to quantitative de-

termination of an improved closed model based on a scale dependent eddy di↵usivity.



Chapter 5

Assessment of LES models using

MFM

5.1 Overview

This chapter focuses on applying MFM to assess di↵erent subgrid scale models for

LES. The assessment is based on the criterion that for homogeneous fields, the RANS

eddy di↵usivity computed from a DNS solution of the Navier-Stokes equations should

be equal to the RANS eddy di↵usivity computed from the LES equations applied to

the filtered Navier-Stokes solutions. Stated more simply, we expect that a filtered

flow augmented by a good subgrid scale model to mix the mean momentum the same

way that the full DNS flow mixes momentum.

As studied in the previous chapter, the RANS eddy di↵usivity is the eddy di↵usiv-

ity computed from projecting the GMT equations to RANS space. The superposition

of eddy di↵usivity and molecular di↵usivity provide an e↵ective di↵usivity that char-

acterizes mixing in the macroscopic sense. When dealing with the LES equations, a

corresponding GMT equation must be formulated whose MFM analysis would result

in the e↵ective di↵usivity of the new system. Then based on the argument that LES

57
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solutions must be filtered versions of the DNS solutions we develop a quantitative

criteria for assessment of LES models by deriving a relation that must be satisfied

between the eddy di↵usivity operators extracted from the two systems.

In this chapter, we present assessments for both local and non-local subgrid scale

models using HIT for Taylor microscale Reynolds numbers Re� = 26, 40, 67, 106. Our

goal is to provide a lens through which we can assess the strengths and weaknesses

of di↵erent subgrid scale models. As we shall see, the metric used for our assessment,

suggests that local subgrid-scale models are over-dissipative for large wave numbers.

A non-local subgrid model with wave-number dependent subgrid eddy di↵usivity can

o↵er better representation of mixing at small scale in a fashion more consistent with

mixing by the original DNS fields.

5.2 RANS closure operator for filtered simulations

Reminding again, the forced General Momentum Transport (GMT) equation is shown

in (5.1):
@vi
@t

+
@ujvi
@xj

= �1

⇢

@q

@xi
+ ⌫

@2vi
@xj@xj

+ si. (5.1)

Where ⌫ and ⇢ are the fluid’s kinematic viscosity and density, and q has the equivalent

role of pressure to ensure incompressibility of the vector field vi. The forcing function

si belongs to the RANS space and is added only if MFM is being applied. Equation

(5.1) along with the continuity equation can be compressed into the form

La = s, (5.2)
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where

L =

2

6664
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@t + uj
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@xj
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1
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@xi
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7775
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4vi
q

3

5 , (5.3)

and

s =

2

4si
0

3

5 . (5.4)

If the mapping from microscopic space to macroscopic space is P , then MFM requires

Ps = s. When the operator P is applied to the system (5.2) we arrive at

PLa = La =

2

6664
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q

3

5 = s. (5.5)

Where L0 is the closure operator. In this chapter, we want to modify Equation (5.5)

for the systems with filtered donor velocity (ũi). The first goal of this study is to

achieve a better understanding of e↵ects of filtering on turbulent mixing. The second

goal is to assess the impact of subgrid models on this mean mixing and identify how

subgrid model forms could a↵ect this impact. Our intention is not to introduce a new

model but rather achieve deeper understanding of local and non-local subgrid scale

models. If the filtering operator is shown by f and fuj = ũj, then

fLa = (L̃+Lsgs)ã =

2

6664

@
@t + ũj

@
@xj

� ⌫ @2

@xj@xj
� @
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5 = s̃, (5.6)
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where Lsgs = �r.(⌫sgsr) is subgrid scale closure operator. Applying the average

operator to the system,

(L̃+ Lsgs)ã =

2

6664

@
@t + ũj

@
@xj
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@xj@xj
� @
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@
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@
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@
@xi

0

3

7775

2

4ṽi
q̃

3

5 = s̃, (5.7)

where the operator L̃0 is the closure operator representing the mean momentum mix-

ing by the filtered velocity field.

In order to complete the derivation of a quantitative criterion for assessing subgrid-

scale (SGS) models, we compare equations (5.7) and (5.5). Filtering (5.5) yields

f(La) = s̃. (5.8)

Given that the right-hand-side of this equation matches that of (5.7) we can equate the

left-hand sides. Expressing the filtering operation explicitly with operator f results

in

(L̃+ Lsgs)fa = fLa, (5.9)

where we have used commutation of averaging and filtering. Furthermore, for ho-

mogeneous systems, such as HIT, filtering also commutes with the closure operators.

This allows cancellation of the filter operator between the left-hand side and right-

hand side:

L̃+ Lsgs = L. (5.10)

For stationary forcing, the time derivative term in the macroscopic operator vanishes.

Additionally, in HIT, the mean advection term is zero. Lastly, the molecular di↵usion

terms can be cancelled out between the two sides of Equation (5.9). Therefore, one
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can write

L̃0 + Lsgs = L0. (5.11)

This is the quantitative criterion that we use for assessing SGS models. Stated intu-

itively, this criterion implies that the mean momentum mixing by the DNS velocity

field should match the mean momentum mixing due to the filtered velocity field plus

additional mean mixing due to the subgrid eddy di↵usivity.

5.3 Computational method

In our analysis, we first compute the donor velocity field by DNS of forced Navier-

Stokes introduced in Equation (2.1). Table 5.1 represents the nominal Reynolds

numbers Re� for each simulation and the specified A and ⌫ following the prescription

of [41].

Re� A ⌫ Tfinal/Teddy

26 0.2792 0.0263 O(500)-O(1000)
40 0.2792 0.0111 O(500)
67 0.2792 0.0039 O(100)
106 0.2792 0.0016 O(50)

Table 5.1: Simulation parameters where Teddy =
1
3A

The next step is to filter the donor velocity field using top hat filters. Passing the

filtered velocity and subgrid scale model to the GMT equation

@ṽi
@t

+
@ũj ṽi
@xj

= �1

⇢

@q̃

@xi
+ ⌫

@2ṽi
@xj@xj

� Lsgsṽi + s̃i. (5.12)

Where (̃) shows the filtering operator.

The role of MFM here is to project the LES equation into the RANS space. To
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do so, similar to what is discussed in Chapter 4, we select a harmonic forcing:

s̃2 =
2

k�
sin(k�/2) cos(kx1) = ↵� cos(kx1), (5.13)

where � is filter size. Next, we compute the mean of ṽi after numerically solving

Equation (5.12). For HIT and under steady forcing one obtains the following balance:

(Lsgs + L̃0 � ⌫r2)ṽ2 = s̃2. (5.14)

Given the homogeneity and linearity of the system one obtains a solution of the form

ṽ2 = v̂2 cos(kx1), (5.15)

and thus the turbulence mixing operator at a given wavenumber can be computed as

ˆ̃
L0

T = L̂sgs +
ˆ̃
L0 =

↵�

v̂2
� ⌫k2. (5.16)

In the first part of the chapter, we use Equation (5.12) but with no subgrid model

(Lsgs = 0), to investigate the isolated e↵ects of filtering the advective velocity on the

closure operator that represents the mean momentum mixing. The main goal of the

first analysis is to quantify the di↵erence between RANS closure operator from DNS

versus filtered DNS flow fields. In the second part, we utilize three di↵erent subgrid

scale models as closure operators augmenting (5.12). We compare the performance

of these models by comparing the closure operator of DNS and filtered simulations

based on the criteria mentioned earlier.

The computational domains for Equation (5.12) are 8⇡⇥2⇡⇥2⇡, and the boundary

conditions are periodic in all directions. The advective velocity field, ũj, is computed

by explicit filtering of Navier-Stokes solutions in a triply periodic box with dimension

of 2⇡ ⇥ 2⇡ ⇥ 2⇡. The filtered velocity field is copied four times along the x axis to



5.4. RESULTS 63

match the domain for the GMT equation. This elongation allows for choice of forcing

function for GMT equation with wavenumbers smaller than 1. The filters of our

interest are top hat filters and computed in physical space such that area under the

filter is one. We used three di↵erent filter sizes � = 2⇡/4, 2⇡/8, 2⇡/16 for the first

analysis when Lsgs = 0 and Re = 26, 40, 67. For assessing SGS models, a filter size

� = 2⇡/4 is used for Re = 26, 40, 67, and a filter size � = 2⇡/16 is used for Re = 106.

Table 5.2 summarizes what subgrid scale models are tested for each Reynolds number

at di↵erent filter sizes.

Lsgs

0 Constant ⌫sgs Smagorinsky non-local model
Re� = 26 � = 2⇡/4, 2⇡/8, 2⇡/16 � = 2⇡/4 � = 2⇡/4 � = 2⇡/4
Re� = 40 - - - � = 2⇡/4
Re� = 67 - - - � = 2⇡/4
Re� = 106 - � = 2⇡/16 - � = 2⇡/16

Table 5.2: Test cases performed for combination of di↵erent Reynolds number and
filter size

As described in detail in Chapter 2, the Navier-Stokes and GMT solvers use

staggered mesh with second order central di↵erence spatial discretization scheme and

RK4 as time integrating scheme [38]. The continuity is enforced at every RK4 sub-

step by solving Poisson equation for pressure to force the divergence of the velocity

to be zero. For filtered GMT, at each RK4 sub-step the computed donor velocity

from DNS of Navier-Stokes is explicitly filtered in physical space and then passed

onto GMT solver at that sub-step.

5.4 Results

We present the ratios of total kinetic energy (TKE) of the filtered field to total TKE

and TKE of the filtered-out field to total TKE for tested filter sizes at Re� = 26
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in Table 5.3. The ratio of filtered energy to total energy indicates the amount of

suppression in amplitude of the computed closure operators for LES simulations.

filter size/mesh size filter size/ box size TKE(~̂u)/TKE(~u) TKE(~u� ~̂u)/TKE(~u)
4 1/16 0.9 0.015
8 1/8 0.7 0.09
16 1/4 0.4 0.4

Table 5.3: Ratio of TKE of filtered field to the total TKE and TKE of filtered-out
field to the total TKE for Re = 26

5.4.1 Closure operator with no subgrid model

The first analysis presented involves computing the closure operator based on (5.16)

when Lsgs = 0. As a qualitative comparison of structures in the filtered and unfiltered

vector fields, Figure 5.1 shows two di↵erent instantaneous snapshots of second com-

ponent of vector field v2 from a) DNS of GMT and b) GMT simulations with filtered

donor velocity with Lsgs = 0. Figure 5.1 highlights that filtering of the advective

Figure 5.1: a) A 2D snapshot of v2 from DNS of GMT for k = 4 at Re� = 106 and
b) DNS of GMT at the same Reynolds number with filtered velocity ~̃u with filter size
2⇡/16 and no subgrid scale model.
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Re� � D(~u, k = 0) D(~̃u, k = 0)
26 2⇡/4 0.47 0.31
40 2⇡/4 0.45 0.29
67 2⇡/4 0.43 0.28
106 2⇡/16 0.33 0.31

Table 5.4: E↵ect of filtering on eddy di↵usivity in limit of small scales (k = 0). D
is reported in units of `eddy and urms from DNS. In these studies the LES model in
GMT is turned o↵.

velocity results in smoothing the fine structures of the field and accentuating coarser

structures.

In Figure 5.2, we plotted the computed RANS eddy di↵usivity operator from

DNS and filtered DNS simulations at Re� = 26 for three di↵erent filter sizes (� =

2⇡/4, 2⇡/8, 2⇡/16) but without any subgrid scale model in the GMT solver. The

RANS eddy di↵usivity is obtained by dividing the computed closure operator in

Fourier space as given in Equation (5.16) by k2.

The key takeaway from Figure 5.2 is that as the filter used for ũi widens, the

amplitude of the closure operator for GMT systems decreases. This is along with the

fact that the filtering velocity field suppresses mean momentum mixing, and based on

the data in Table 5.3, wider filters suppress higher TKE. We can additionally conclude

that small eddies do not only a↵ect the closure operator at small scales; with filtering,

the operator is a↵ected in all wavenumbers both smaller and larger than the filter size.

This conclusion is not easily observable in the instantaneous results shown in Figure

5.1, but is more clear once the instantaneous results are projected to the RANS space

as seen in Figure 5.2.

Filtering also a↵ects the closure operator at k = 0. Table 5.4 summarizes the

value of the eddy di↵usivity at k = 0 for DNS and LES simulations.
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Figure 5.2: The RANS eddy di↵usivity operator computed from MFM analysis of
Equation (5.12) with Lsgs = 0 for Re� = 26 and filter sizes � = 2⇡/4, 2⇡/8, 2⇡/16.

5.4.2 Closure operator with local and non-local subgrid mod-

els

For our second analysis, we tested three di↵erent SGS models for di↵erent Reynolds

numbers and filter sizes as shown in Table 5.2. The first two models—constant eddy

di↵uisvity and Smagorinsky model— are local in space. The constant subgrid model

form is:

Lsgsv = �r ·Csgsrv. (5.17)

The selected value for the eddy di↵usivity in the constant SGS model is computed

by subtracting RANS eddy di↵usivity computed from LES of GMT with Lsgs = 0

from that obtained from DNS and only examining the k = 0 results. The di↵erence

between these two eddy di↵usivities reveals the value for the sub-grid scale eddy

di↵usivity. Table 5.5 shows the values for constant eddy di↵usivity computed for
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di↵erent Reynolds numbers.

Re� Csgs `t
26 0.16 0.76
40 0.16 0.6
67 0.14 0.5
106 0.02 0.4

Table 5.5: Csgs and `t represent the parameters for sub-grid scale models in units of
`eddy and urms

The second model we assessed was the Smagorinsky model introduced by Smagorinky

and Lilly [45], [28]. They suggested a model based on the Boussinesq approximation

where the eddy di↵usivity for sub-grid scales is computed based on the filter size and

filtered strain tensor:

⌫T = C�2
q

2S̃ijS̃ij, (5.18)

where C is a constant and � is the filter size and

S̃ij =
1

2


@ũi

@xj
+

@ũj

@xi

�
. (5.19)

At each time step, we calculate ⌫t based on Equation (5.18). The coe�cient C is

selected such that the mean of ⌫t for Smagorinsky model matches the Csgs from

Table 5.5 in the limit of low wavenumbers. The SGS model ultimately acts on the

passive vector field:

Lsgsv = �r · ⌫trv = �r · (C�2
q

2S̃ijS̃ijrv). (5.20)

The third sub-grid scale model is inspired by the form of the eddy di↵usivity

operator computed in Chapter 4. In Chapter 4, MFM was applied to HIT with the

harmonic forcing s1 = s3 = 0, s2 =
P

k exp(ikx2) where a scale-dependent closure
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operator for Reynolds Averaged GMT was computed as

L0 = �r ·DTr = �r ·


Drp
1� `2r2

�
, (5.21)

where D scales with urms and `eddy, and ` scales with `eddy. Both D and ` are constant

parameters of the model.

By analogy, for a filtered simulation in HIT, a flow field inside a filter box is also

statistically homogeneous and isotropic; therefore, the momentum mixing due to the

filtered flow can be represented similar to Equation (5.21) with the eddy di↵usivity

of the form

⌫sgs =
Csgsp
1� `2tr2

. (5.22)

Where Csgs is from Table 5.5.

For ease of computation and to avoid fractional operators in physical space, instead

of computing the entire subgrid model �r.⌫sgsrv in physical space, we split the

operation into two steps. First, ⌫sgs~v is computed in Fourier space. Second the

Laplacian operator r2⌫sgsv is applied in the physical space. At each RK4 substep, we

multiply the eddy di↵usivity model fit in Fourier space, ⌫̂sgs =
Csgsp
1+`2tk

2
, by the Fourier-

transformed vector field to obtain ⌫̂sgsv̂. The resulting field is then transformed back

to physical space, and the Laplacian operator is applied to it.

The length scale `t in the model is tuned to represent the mixing length scale

of the filter box for each Reynolds number. To determine `t, we performed a scale

analysis that compares the scales of mixing velocity and ` of the DNS field to `t of

subgrid field.

For the RANS closure operator of the DNS simulations as shown in Equation

(5.21), the mixing velocity scale is represented by D
` and should be proportional to

urms:
D

`
/ urms, (5.23)
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where the proportionality constant can be estimated to be about 0.7 from the highest

Reynolds cases presented in Table 4.2. For the subgrid field, the mixing velocity is

estimated by the root mean square of the subgrid velocity,
q
(u� ũ)2. Following

the same analogy as described for DNS above, Csgs

`t
and

q
(u� ũ)2 are proportional,

as both have dimension of velocity and represent the mixing velocity scale for the

subgrid field:
Csgs

`t
/
q

(u� ũ)2. (5.24)

Assuming the proportionality factor is the same for DNS and LES simulations,

we can obtain `t by combining Equations (5.24) and (5.23):

`t =
`Csgs

p
v2

D
q

(v � ṽ)2
. (5.25)

As a qualitative comparison of the computed vector field with di↵erent subgrid

models, Figure 5.3 shows instantaneous snapshots of second component of vector field

from a) explicit filtering of v2 field from DNS of GMT, b) MFM analysis of LES GMT

with constant model from Equation (5.17) and filtered forcing function, and c) MFM

analysis of LES GMT with non-local model from Equation (5.22) and filtered forcing

function.

At the first glance, one might conclude that the local model produces structures

that are closer to filtered DNS data. However, we note that in this study we have

not performed a fine tuning of model coe�cients. As described in this Section, an

approximate relation is used for selection of model coe�cients without any fine tun-

ing. While su�cient for examination of asymptotic behavior or scaling of macroscopic

operators, our selected coe�cients are not su�cient for detailed examination of instan-

taneous fields. A closer re-examination of instantaneous results must be conducted

after proper fine tuning of each model’s coe�cients. With this note in mind, we move
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Figure 5.3: a) A 2D snapshot of explicit filtering of v2 with filter size 2⇡/16 at
Re� = 106; b) A 2D snapshot of v2 from GMT with filtered velocity ~̃u with constant
⌫sgs and filter size 2⇡/16 at Re� = 106 with filtered forcing function at k = 4; c) From
GMT with filtered velocity ~̃u with non-local ⌫sgs and filter size 2⇡/16 at Re� = 106
with filtered forcing function at k = 4.

on to examine the three models in the context of the MFM-based metric introduced

at the beginning of this chapter.

In order to compare the e↵ect of SGS models on the RANS eddy di↵usivity op-

erator in LES simulations, the eddy di↵usivity operator is plotted against the DNS

results. The RANS eddy di↵usivity operator is obtained by dividing the computed

closure operator from LES simulations given in Equation (5.16) by k2.

Figure 5.4 shows the wavenumber-dependent RANS eddy di↵usivity obtained from

MFM analysis of the LES equations for GMT in presence of SGS model with constant

eddy di↵usivity. The analysis is done for Re� = 26 and � = 2⇡/4. The results show

while the model is capable of predicting correct form of RANS eddy di↵usivity for

large scales, it is over-dissipative for scales smaller than filter size.

Figure 5.5 shows the results for the computed RANS eddy di↵usivity in presence

of the Smagorinsky model as the SGS model. Even though it has fair performance

for low wavenumbers, it is still over-dissipative for large wavenumbers. In general,
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Figure 5.4: The RANS eddy di↵usivity operator computed from MFM analysis of
Equation (5.12) with the subgrid model adopted from Equation (5.17) for Re� = 26
and � = 2⇡/4

Figure 5.5: The RANS eddy di↵usivity operator computed from MFM analysis of
Equation (5.12) with the subgrid model adopted from Equation (5.20) for for Re� =
26 and � = 2⇡/4

the local SGS models do not deliver accurate prediction of RANS eddy di↵usivity

representing mean mixing especially for scales smaller than filter size. Next, we
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Figure 5.6: The RANS eddy di↵usivity operator computed from MFM analysis of
Equation (5.12) with the subgrid eddy viscosity adopted from Equation (5.22) for
Re� = 26, 40, 67 and � = 2⇡/4.

assess the non-local model and examine whether it shows improvements in predicting

mixing in mean space compared to local models.

To test whether non-local SGS models have better performance in predicting the

RANS closure operator compared to the local models, we performed MFM analysis

of (5.12) augmented by the non-local subgrid eddy di↵usivity presented in (5.22).

This model is inspired by the RANS eddy di↵usivity operator from DNS computed

in Chapter 4. The analysis is done for Re� = 26, 40, 67 with filter size � = 2⇡/4 and

Re� = 106 with filter size � = 2⇡/16. Figure 5.6 shows that the RANS closure oper-

ator for filtered simulations with this non-local model as the SGS model, is consistent

with computed RANS eddy di↵usivity from DNS. This confirms our hypothesis that

non-locality for SGS models is indeed an important requirement for accurate predic-

tion of mean mixing at high wavenumbers. We extended our analysis to a higher

Reynolds number, Re� = 106 and a smaller filter length, � = 2⇡/16 . Figure 5.7

shows the RANS projected eddy di↵usivity operator when the employed LES eddy
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Figure 5.7: The RANS eddy di↵usivity operator computed from MFM analysis of
Equation (5.12) with the subgrid model adopted from Equation (5.17) for Re� = 106
and � = 2⇡/16.

di↵usivity is adopted from Equation (5.17) with parameters in Table 5.5. We only

performed simulations for wavenumbers larger than one to focus on the performance

of the SGS model for the small scales. As shown in the figure, the constant eddy

di↵usivity is again over-dissipative for scales smaller than filter size. In contrast, in

Figure 5.8, where the non-local eddy di↵usivity is chosen for SGS model, the dis-

crepancy between RANS eddy di↵usivity operator from DNS and LES simulations

vanishes.

To conclude, in this chapter, we demonstrated how MFM can provide a metric

through which performance of various SGS models for LES can be assessed. This as-

sessment is based on the expectation that the mean momentum mixing should remain

the same between DNS flows and an LES flow after LES equations are augmented by

the subgrid terms. We derived this property specifically for homogeneous flows where

filtering operator can commute with averaging and mixing operators. To establish

sensitivity of mixing on the SGS closure, we first demonstrated that absence of any
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Figure 5.8: The RANS eddy di↵usivity operator computed from MFM analysis of
Equation (5.12) with the subgrid eddy viscosity adopted from Equation (5.22) Re� =
106 and � = 2⇡/16.

SGS model results in a quantifiable reduction in mean mixing across all wavenum-

bers. This quantification was performed by examining the eddy di↵usivity operator

associated with the ensemble averaged momentum fields, which itself was obtained

from MFM analysis of the LES equations for GMT. An insightful observation is that

filtering small eddies a↵ects mixing across all scales.

Comparing the performance of local and non-local SGS models in computing the

RANS eddy operator from filtered GMT simulations, we showed that local models

over-predict momentum mixing at high wavenumbers. For accurate prediction of

RANS eddy di↵usivity in the high wavenumber limit, a non-local model has to be

incorporated for LES simulations. In [26], it was also shown that in order to capture

the nature of SGS physics, LES models should be non-local. Our results suggest

that the SGS eddy di↵usivity should vanish proportional to scale in the limit of

small scales. This finding contradicts theory established in [23], where an upward

cusp is predicted in the scale-dependent SGS eddy di↵usivity when the wavenumber
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approaches the cuto↵ scale. However, this theoretical study, while using simplifying

approximations, is critically dependent on the LES filter to be spectrally sharp, which

contrasts with the top hat filter used in our analysis. In a recent communication with

Professor J. Domoradzki, who has conducted more detailed follow up studies of [23]

and [10], it was confirmed that the cusp in the scale dependent SGS eddy di↵usivity

is specific to cases with spectrally sharp LES filters, and disappearance of the cusp

has been reported when top hat filters were used.

The cusp in SGS di↵usivity in the case of a spectrally sharp LES filter can be

intuitively explained by noting that in such a scenario, no energy leakage beyond

the cuto↵ is allowed, and thus a close-to-singular ramp-up in di↵usivity is needed to

dampen the TKE as it cascades to wavenumbers close to cuto↵. Lastly, it should be

noted that these studies [10] did not examine wavenumbers above the filter scale, and

thus were unable to verify the quantify vanishing of SGS eddy di↵usivity with scale

in the limit of high wavenumbers.
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Chapter 6

Temporal non-locality of eddy

di↵usivity

6.1 Overview

In this chapter, we extend our analysis to investigate the temporal non-locality of the

unclosed fluxes. Given our goal of establishing MFM as a diagnostic tool for closure

operators, we keep this chapter brief by exclusively focusing on scalar transport in

HIT. The temporal history is specially relevant in processes where the ensemble av-

eraged fields are time transient, such as dispersion of a pollutant in the atmosphere

or flows around maneuvering vehicles.

To allow for a systematic approach for assessment of temporal non-locality, we

first introduce Inverse MFM (IMFM) as a computational method that o↵ers more

flexibility for assessment of closure operators. We will then use this method to quan-

tify an eddy di↵usivity that is non-local in both space and time. In physical space,

this non-locality can be expressed in terms of a kernel D(~x, t) representing the sensi-

tivity of mean scalar flux at a point to the mean gradient distance by ~x and t in space

and time, respectively. Using a Kramer-Moyal expansion [21] of the eddy di↵usivity

77
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operator, we consider a representation that utilizes the temporal moments of the eddy

di↵usivity kernel. The IMFM methodology is then tailored to quantify the leading

temporal moments associated with this expansion. Specifically, the zeroth and first

temporal moments are fully characterized for a range of spatial wavenumbers. The

ratio of the first to the zeroth moment represents the relaxation time scale charac-

terizing temporal non-locality in eddy di↵usivity. This time-scale is scale-dependent

and, along with the stationary scale-dependent eddy di↵usivity operator for scalar

transport computed in Chapter 4, consists a relaxation equation model for unclosed

fluxes.

6.2 General form of non-local operator

In Chapter 4, a spatial non-local operator was introduced to close the averaged passive

scalar transport equation,

�u0
1c

0 = DTrc, (6.1)

where DT is a scale-dependent operator:

DT =
Dcp

I � `2cr2
. (6.2)

Where Dc and `c are model parameters and are obtained based on fitting the above

model form to the MFM data. A non-local eddy di↵usivity of a form shown in

equation (6.2) represents how the unclosed flux u0
1c

0 depends on mean scalar gradient

in di↵erent points in space. Mathematically, we can express this non-locality more

explicitly by representing the eddy di↵usivity operator in terms of a general form

integration kernel acting on the mean concentration gradient:

�u0
1c

0(~x, t) =

Z

~x0

Z

⌧

D(~x, ~x0, t, ⌧)
@c

@x1
|~x0,⌧d⌧d

~x0. (6.3)
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As discussed in Chapter 1, [16] proposed the same form of Equation (6.3) presenting

the unclosed terms in mean passive scale transport equation. To clarify, the Kernel

D does not have the dimension of eddy di↵usivity. Instead, it has the dimension of

eddy di↵usivity per volume per time. Since the model system is isotropic, we can

simplify equation (6.3) in terms of (~x� ~x0) and (t� ⌧):

�u0
1c

0(~x, t) =

Z

~x0

Z

⌧

D(~x� ~x0, t� ⌧)
@c

@x1
|~x0,⌧d⌧d

~x0. (6.4)

The connection between Equations (6.4) and (6.2) can be clarified by utilization

of Green’s function analysis. Specifically, by considering the mean concentration

gradient as a Dirac delta function in space and time, one can observe

D(~x, t) =
Dcp

I � l2cr2
�(~x, t). (6.5)

In Chapter 4, we fully described steps to evaluate the closure operator associated with

�u0
1c

0 for statistically stationary systems by specifying harmonic forcing functions

belonging to average space. Due to linearity of the system, the computed mean

scalar field c was also harmonic and the closure operator was therefore measurable in

Fourier space (for each wavenumber) in terms of the ratio of the forcing amplitude

to the amplitude of the response field. In short, the specified input of MFM for

the system was a harmonic forcing and the outcome of the method was the closure

operator.

In this approach, the eddy di↵usivity operator at each wavenumber can also be

determined as the ratio of �u0
1c

0 to dc
dx1

. This determination can be done as a post-

processing. With this interpretation in mind, an alternative approach to MFM can be

motivated by the desire to find the forcing such that dc
dx1

would match a desired value

(i.e., 1). If such a forcing can be easily determined, one can then readily quantify
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the eddy di↵usivity operator by simply examining �u0
1c

0 in a post-processing step.

We refer to this method as IMFM, as macroscopic forcing is determined based on a

prescribed mean c [33].

It turns out determination of s such that c (or dc
dx1

) results in a desired field

is straightforward in IMFM. For example, given the microscopic scalar transport

equation in the form
@c

@t
= f(~u, c,rc,r2c) + s, (6.6)

one can analytically determine a required s by first taking the average of the above

equation and arrive at:
@c

@t
= f + s, (6.7)

where s = s is deduced by definition. When c (or @c
@x1

) is pre-selected, one can obtain

an explicit expression for the forcing field s after writing a numerical discretization

of the left hand side of the above equation. For example, Forward Euler scheme

discretizes the equation as s = (c(t +�t) � c(t))/�t � f . With this procedure, s is

explicitly determined in terms of the mean of the traditional right-hand-side of the

governing equation and a pre-specified c which may or may not be function of time.

6.3 Computing kernel

One can compute the kernel D directly, when the mean gradient is a delta function

in time and a harmonic function in space

@

@x1
c = �(t) exp(ikx1).
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While the forcing in this case is determined by the IMFM procedure that was briefed

above, post-processing of the resulting mean flux leads to

�u0
1c

0(x1, t) =

Z

⌧

Z

x0
1

D(x1�x0
1, t�⌧) exp(ikx0

1)�(⌧)d⌧dx
0
1 =

Z
D(x1�x0

1, t) exp(ikx
0
1)dx

0
1.

(6.8)

Multiplication of both sides by exp(�ikx1) and integration leads to a Fourier repre-

sentation of D in space as:

� ˆu0
1c

0(k, t) =

Z

x1

�u0
1c

0 exp(�ikx1)dx1 =

Z

x1

Z

x0
1

D(x1 � x0
1, t) exp(ik(x

0
1 � x1))dx

0
1 = L1D̂(k, t),

(6.9)

where L1 is the domain length in the x1 direction and (̂) is used to indicate terms in

Fourier space. In our process, given the symmetry of D with respect to x1 � x0
1 and

our desire to work with real numbers, we computed the same D̂(k, t) by using a cosine

transform in conjunction with cosine forcing instead of using Fourier transforms in

conjunction with harmonic forcing.

To represent the delta function for numerical simulations, the initial condition

c = c = sin(kx1)/(k�t) is set only for the first time step and the scalar field is then

allowed to evolve via an advection-di↵usion equation with the background flow set

by a donor HIT simulation. For all subsequent time instances, s is computed such

that c = 0. With this procedure, the temporal delta function is approximated with

a step function with width �t and amplitude 1/�t. The spatial profile results in

dc
dx1

= cos(kx1)/�t, which is the desired form for a harmonic forcing and appropriate

for analysis using cosine transforms. In order to have converged statistics, we need

to ensemble average multiple simulations for each wavenumber.

The computed D̂ represents the wavenumber dependent eddy di↵usivity with ex-

plicit representation of non-locality in time. With this representation, the mean scalar
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flux can be related to the mean gradient in Fourier space as

� ˆu0
1c

0 =

Z

⌧

D̂(k, t� ⌧)
dĉ

dx1
(⌧)d⌧. (6.10)

The steady limit eddy di↵usivity that was computed in Equation (4.8) can be com-

puted by plugging in time steady mean gradients in the above relation. In this case

the mean gradient can be taken out of the integral resulting

� ˆu0
1c

0(k) =
dc

dx1
(k)

Z

⌧

D̂(k, ⌧)d⌧ (6.11)

Figure 6.1 shows that the reported integral over the range of wavenumbers tested

exhibit reasonable agreement with the measurements shown in Chapter 4. For these

results, we used 25 ensembles of HIT. While the size of the ensemble provides rea-

sonable convergence in computation of the temporal integral of the eddy di↵usivity

kernel, D̂(k, t) itself is not properly converged with the number of ensembles used in

our analysis. We will therefore, characterize the temporal non-locality in D using an

alternative method, called the method of moments as described below.

6.3.1 Method of moments

Direct measurement of the kernel using Equations (6.9) and (6.8) is one way to arrive

at the temporal non-local eddy di↵usivity. However, to save on computations, we

seek an alternative representation of D using method of moments as described in

[33]. If we assume the mean gradient consists of a harmonic function in space and a

time-dependent function defined by C, then

@

@x1
c = C(t) cos(kx1). (6.12)
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Figure 6.1: The temporal integral of the measured eddy di↵usivity kernel,R
⌧ D̂(k, ⌧)d⌧ , (black dots), matches the wavenumber dependent eddy di↵usivity mea-
sured under time steady forcing as shown in Equation (4.8) (blue stars). The results
are presented for an HIT flow at Re� = 26, with molecular di↵usivity matching
kinematic viscosity and computed using 25 simulations.

Substituting this definition into (6.4) and transforming it to the Fourier space results

in

� ˆu0
1c

0 =

Z

⌧

D̂(k, t� ⌧)C(⌧)d⌧. (6.13)

By writing a Kramers-Moyal expansion [21], we can turn the integral into a di↵erential

equation [33]. The first step is to write the Taylor expansion of C around t:

� ˆu0
1c

0 =

Z

⌧

D̂(k, ⌧ � t)C(⌧)d⌧ =

Z

⌧

D̂(k, ⌧ � t)


C(t) + (⌧ � t)

@

@t
C(t) +

(⌧ � t)2

2

@2C(t)

@t2
+ ...

�
d⌧.

(6.14)
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We can take out C and its derivatives of the integral:

� ˆu0
1c

0 = C(t)

Z

⌧

D̂(k, ⌧ � t)d⌧ +
@

@t
C(t)

Z

⌧

D̂(k, ⌧ � t)(⌧ � t)d⌧

+
@2

@t2
C(t)

Z

⌧

D̂(k, ⌧ � t)
(⌧ � t)2

2
d⌧ + ....

(6.15)

We define moments of the kernel D̂ based on the degree of polynomial it is multiplied

to in the integral form. For example
R
⌧ D̂(k, ⌧ � t)d⌧ is zeroth moment shown with

D̂0t. After substituting the definition of moments in Equation (6.15) we arrive at the

expansion

� ˆu0
1c

0(k, t) = D̂0t(k, t)C(t) + D̂1t(k, t)
@

@t
C(t) + D̂2t(k, t)

@2

@t2
C(t) + .... (6.16)

Even though we are showing above equation in is general form, the system of our

interest is statistically stationary and therefore temporal moments are simply function

of wavenumber. In practice, Equation (6.16) is not useful due to infinite order terms.

However, one can characterize the eddy di↵usivity using the moments of the kernel.

In the following sections, the goal is to compute the zeroth and first moments and

use these moments to find an approximate eddy di↵usivity that embeds appropriate

temporal non-locality. Each of the moments (i.e., D̂01, D̂1t, ...) reveal information

about the shape of the temporal kernel. For example, the zeroth moment is equal to

the area under the kernel, the ratio between first and zero moments is the centroid

of the kernel in time and, therefore, represents the lag time associated with temporal

non-locality of the eddy di↵usivity.
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6.3.2 Computing zeroth moment

If the mean scalar gradient is constant in time (C = 1), the Kramers-Moyal expansion

in Equation (6.16) would simplify to only include the zeroth moment:

� ˆu0
1c

0(k) = CD̂0t(k) = D̂0t(k). (6.17)

Transforming it back to physical space, we have

�u0
1c

0 = D0t @

@x1
c, (6.18)

where D0t is a non-local operator in space. The zeroth moment in Equation (6.18) is

essentially equal to the computed eddy di↵usivity operator for statistically stationary

simulations presented in Equation (4.8). One way to obtain the zeroth moment is to

use computed kernel from Equation (6.9) and compute the area under the kernel by

integrating in time Z

t

D̂(k, t)dt = D̂0t(k).

6.3.3 Computing first moment

Assuming a first order polynomial for the time-variant function of the mean scalar

gradient C = t,
@

@x1
c = t cos(kx1), (6.19)

and using the expansion in (6.16), only the zeroth and first moments survive:

� ˆu0
1c

0(k, t) = tD̂0t(k, t) + D̂1t(k, t). (6.20)

Our goal is to numerically simulate a passive scalar field such that the mean gradient

matches Equation (6.19). However, simulating a field that its mean value is not
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statistically stationary is challenging. One way to address the challenge is to split the

scalar field into the mean and fluctuating part:

c(~x, t) = c(x1, t) + c0(~x, t) = c(x1, t) +

Z

x0
1

Z

⌧

f(~x, x0
1, t, ⌧)

@c

@x1
(x0

1, ⌧)d⌧dx
0
1, (6.21)

where the fluctuating part can be expressed as an integration of a kernel f(~x, x0
1, t, ⌧)

acting on mean scalar c(x1, t) under the constraint that f(x1, t, x0
1, ⌧) = 0. This equa-

tion is written given the observation that c0 is generated via a linear process that

receives the specified dc
dx1

as its only nonzero input. The output c0 must therefore be a

linear function of the input, dc
dx1

, and the kernel f , which depends on the underlying

flow field, represents the most general linear input-output relation between the spec-

ified dc
dx1

and the resulting c0. For each wavenumber k, we then define the following

statistically stationary fields:

f 0t(~x, t) =

Z

x0
1

Z

⌧

f(~x, x0
1, t, ⌧) cos(kx

0
1)d⌧dx

0
1, (6.22)

f 1t(~x, t) =

Z

x0
1

Z

⌧

f(~x, x0
1, t, ⌧) cos(kx

0
1)(⌧ � t)d⌧dx0

1. (6.23)

Given these definitions, for the specified dc
dx1

= t cos(kx1) one can write

c(~x, t) = c(x1, t) + tf 0t(~x, t) + f 1t(~x, t). (6.24)

If we multiply u0
1 to the Equation (6.24) and take the average we arrive at

u0
1c

0(x1, t) = tu0
1f

0t(x1, t) + u0
1f

1t(x1, t). (6.25)

By matching Equations (6.25) and (6.20), u0
1f

0t = �D0t and u0
1f

1t = �D1t. The

only remaining task is to identify the PDEs whose solutions would provide f 0 and f 1,
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from which we could compute moments of the eddy di↵usivity kernel, D0t and D1t.

Rewriting the passive scalar equation in terms of c, f 0t and f 1t, we have

@(c+ tf 0t + f 1t)

@t
+ ui

@(c+ tf 0t + f 1t)

@xi
= DM

@2(c+ tf 0t + f 1t)

@xi@xi
+ s(~x, t). (6.26)

By subtracting the mean from this equations, one is left with the fluctuating part that

is statistically stationary and therefore is easy to simulate computationally. Splitting

the PDE into two evolution equations for f 1t and f 0t, and factoring out t from f 0t

transport equation, one can write

@f 0t

@t
+ ui

@f 0t

@xi
= DM

@2f 0t

@xj@xj
� u1 cos(kx1) + s0(~x, t), (6.27)

and for f 1:
@f 1t

@t
+ ui

@f 1t

@xi
= DM

@2f 1t

@xj@xj
� f 0t(~x, t) + s1(~x, t). (6.28)

The forcing functions s0 and s1 are specified so that for each time step, f 0t(x1) = 0 and

f 1t(x1) = 0, respectively. The boundary condition is triply periodic, and the initial

conditions for f 0t and f 1t are zero. The donor velocity field is computed from the

forced Navier-Stokes equation as shown in (2.1). After simulating Equations (6.27)

and (6.28), D0t and D1t are derived through a post-processing step following (6.25).

Figure 6.2 presents the results for D̂0t. The match between D̂0t and eddy di↵usivity

from Chapter 4 is consistent with our expectations as described previously. We can

propose a fit for D̂0t similar to the suggested fit for eddy di↵usivity in Equation (4.8):

D̂0t =
Dcp

1 + `2ck
2
. (6.29)

Where Dc and `c have the same values as used in Table 4.2. The first moment

is plotted in Figure 6.3. We can propose a fit to the first moment matching the
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Figure 6.2: The eddy di↵usivity computed in Equation (4.8) (blue stars) versus the
zeroth moment of the eddy di↵usivity kernel (black dots). The suggested fit has the
form Dcp

1+`2ck
2
where `c and Dc are the same as the parameters for eddy di↵usivity

for statistically stationary simulations from Table 4.2 at Re� = 26 with Nx = 64 and
L = 2⇡.

asymptotic behaviors:

D̂1t =
D0

c

1 + `2ck
2
, (6.30)

where D0
c is computed from simulation with k = 0 and `c is a length scale and chosen

to be identical to the `c seen in Equation (6.29). Choosing identical values for `c is

a modeling decision we made to simplify mathematical steps in deriving a time-non-

local eddy di↵usivity model. Table 6.1 shows the fitting parameters Dc, D0
c and `c,

for an HIT box at Re� = 26 .
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D0
c Dc `t

0.95 0.86 1.35

Table 6.1: D0
c, Dc, and `c represent the parameters for zeroth and first moment models

in units of `eddy, urms, and Teddy = 1/(3A) at Re� = 26.

Figure 6.3: The eddy di↵usivity computed in Equation (4.8) versus the zeroth and
first moments of the eddy di↵usivity kernel. The suggested fit for first moment has
the form D0

c
1+`2ck

2 where `c and D0
c are reported in Table 6.1.

6.4 A model form with temporal non-locality

Introducing a relaxation equation is a simple way to include temporal non-locality

into the model for the unclosed flux:

(1 + T
@

@t
)(�u0

1c
0) = DT

@

@x1
c. (6.31)

Where T is a relaxation time scale and DT is an eddy di↵usivity with only spatial

non-locality. If we use the scale-dependent eddy di↵usivity measured in Equation
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(4.8), our task is to determine T based on the computed temporal moment analysis

described in earlier sections. Moving the relaxation operator in Equation (6.31) to

the right hand side and writing an expansion for (1 + T @
@t)

�1, we have

�u0
1c

0 = (1� T
@

@t
+ T 2 @

2

@t2
� T 3 @

3

@t3
+ ...)DT

@

@x1
c. (6.32)

Based on the definition of zeroth moment and the fact that it is equal to the statis-

tically stationary eddy di↵usivity operator DT = D0t:

�u0
1c

0 = (1� T
@

@t
+ T 2 @

2

@t2
� T 3 @

3

@t3
+ ...)D0t @

@x1
c. (6.33)

The resulting form is similar to the Kramers-Moyal expansion in Equation (6.16).

By matching the respective terms with the same order of temporal derivatives and

only limiting our analysis to the first two leading terms, we find an expression for

time-scale T :

T = �D1t

D0t
=

�D0
c/Dcp

I � `2cr2
. (6.34)

In the zero-wavenumber limit (spatially local) the resulting time scale is constant and

is T = 1.1 in units of Teddy = 1/(3A).

In conclusion, in this chapter, the time scale of eddy di↵usivity is derived based on

the temporal moments of kernel D(~x, t). Our final fitted model that can best capture

non-locality in both space and time is a relaxation equation for unclosed fluxes with

DT given by

DT =
Dcp

I � `2cr2
, (6.35)

and T given by Equation (6.34).



Chapter 7

Conclusion

This dissertation provides the first overview for the application of MFM in analysis of

turbulence closure. MFM is used to compute non-local di↵erential operators acting on

mean transported quantities representing unclosed fluxes in transport equations. The

flow system on which simulations are done is homogeneous and isotropic turbulence.

The analysis in this dissertation has three main areas, all of which are based on

MFM. The first analysis involves computing the RANS eddy di↵usivity for mean

momentum and scalar transport equations under stationary conditions. We then

measure RANS eddy di↵usivity in LES simulations for momentum fields. Considering

the generalized momentum transport equation, we developed MFM-based framework

to compare measured RANS eddy di↵usivity in the presence of di↵erent SGS models

in LES simulations. For the third analysis, we measured the RANS eddy di↵usivity

for ensemble-averaged transport processes involving transient fields.

These MFM-based analyses in di↵erent settings such as stationary (Chapter 4),

filtered (Chapter 5), and transient (Chapter 6) fields provide insight on how turbu-

lence mixes momentum and scalars at di↵erent length and time scales. The findings

have implications in the development of RANS and LES closure models in the future,

both in terms of the operators identified, as well as the tool sets that were showcased.

91
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As these analyses require conducting many simulations, to build confidence in

our MFM results, we conducted a series of simulations of HIT and channel flow

to investigate the time integration requirements that allow reliable reporting of the

statistical error associated with finite-time simulations. The results of this study is

given in Chapter 3.

The following sections summarize the important findings and provide some possi-

ble opportunities for future research.

7.1 Statistics in stationary turbulent flow simula-

tions

In Chapter 3, we provided two important requirements that must be satisfied to

reliably report the errors in mean quantities calculated from finite-time simulations.

We applied our analysis to simulations of HIT and channel flow. We calculated the

SEM of u02 and SijSij for HIT and u at the centerline for channel. To calculate the

SEM, each finite simulation with length T was divided into smaller windows and the

SEM was obtained using

SEM =
std(qw)p

Nw

, (7.1)

where qw is the average of the quantity of interest at each window and Nw is the total

number of windows into which the simulation is divided. An appearance of a flat zone

in SEM plot versus length of each window, Tw, indicates the SEM is independent of

the choice of Tw and Nw. Only under such condition, it is appropriate to use the SEM

formula to report reliable values for errors. The following two criteria are established

for error quantification after performing sets of HIT and channel flow simulations

across di↵erent Reynolds numbers based on the emergence of a flat zone for the SEM

of our quantity of interest:
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• The length of each window should be at least 10 to 15 eddy turnover times,

Teddy, to avoid having correlated data.

• The length of a simulation should be of O(8000)⇥ Teddy so that the number of

sampling windows is large enough to satisfy the law of large numbers.

For simulations where the above criteria are not met, the error of the mean can be

mispredicted by about a factor of two. We emphasize that our analysis only focuses

on reporting the error of mean quantities, and our results concern the reliability of

the error, but not the mean values themselves.

Another note to mention is that turbulent statistics collected from HIT simulations

with linear forcing are sometimes subject to large oscillations around the average in

their long-time behavior. These oscillations require extended simulation run times

to attain time-invariant properties [31], [41]. Therefore, we encourage readers, if

appropriate, to adjust the second criterion based on the behavior of their chosen

forcing function in HIT.

7.2 Eddy di↵usivity for homogeneous isotropic tur-

bulence

In Chapter 4, we applied the MFM to measure di↵erential operators that take mean

quantities as inputs and output the unclosed terms for averaged transport equations.

Applying this method requires the introduction of evolution equations for passive

scalar and vector fields and corresponding macroscopic forcing functions for each

field. Macroscopic functions refer to functions represented in the averaged space; in

our simulation x1 is selected to be the dimension representing the macroscopic space.

The goal of MFM is to derive the closure operators after mapping the numerical

results from the transport equation into the macroscopic space for each specified
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macroscopic forcing function.

We applied MFM to the canonical setting of HIT. Choosing harmonic forcings

belonging to the macroscopic space, the closure operators for the mean generalized

momentum transport equation and mean scalar transport equation were computed

for each wavenumber. The final measured form of the closure operator, for both scalar

and vector fields, is non-local and scale dependent. The eddy di↵usivity is derived

from a fit of the closure operator to be

Dt =
Dp

I � `2r2
, (7.2)

where D and ` are model parameters and are found to scale with urms`eddy and `eddy

respectively. These values are shown to collapse in the limit of large Reynolds number

but di↵er between scalar and momentum transport. The derived eddy di↵usivity

shows consistent behavior with the Boussinesq approximation in the limit of large

scales. However, for small scales, the eddy di↵usivity deviates from the Boussinesq

approximation proportional to the scale of small scales.

The proposed non-local eddy di↵usivity model was tested to predict the self-similar

velocity field for a turbulent round jet and results match remarkably well with the

experimental data. The performance of the non-local eddy di↵usivity model was also

compared to that of the PMLM in order to highlight the impact of incorporating

non-locality for flow prediction. As model coe�cients are determined by similar

scaling, any di↵erence in their results is due to locality/non-locality characteristic

of the models. We would like to highlight that comparing the proposed non-local

model to other models with more equations and parameters, such as the k� ✏ model,

would not be as instructive. Specifically, more complicated models leverage the re-

tuning of a higher number of parameters for the targeted flow, so tracking whether

the improvement of prediction is due solely to the locality or non-locality of a model
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is a di�cult task.

As a last note, the analysis presented in Chapter 4 is mostly intended as a demon-

stration of application of MFM as a diagnostic tool for quantification of closure oper-

ators. The identified fitted model is not indented to be used in commercial codes due

to the following reasons. First, this model is not universal and likely limited to HIT

or flows with insignificant anisotropy and inhomogeneity. As seen, when tested for

the case of a planar jet, we did not observe the same level of satisfactory results as

seen in the case of the round jet. The issues associated with lack of universality are

expected to be worse when considering wall bounded flows that involve substantial

anisotropy and in-homogeneity. Second, the present model includes a square root

operator in its denominator, and one cannot simply write a numerical discretization

method for a square root.

Thinking long term, we envision applying similar techniques as the method of

moments explained in Chapter 6 to derive spatial moments of the eddy di↵usivity

kernel through a Kramers-Moyal expansion so that the leading order terms can esti-

mate a non-locality length scale. In keeping only the leading order moments in this

approximation, even though non-locality is incorporated while computing leading or-

der moments, the high wavenumber asymptotic behavior (⇠ k) cannot be matched.

However, this would not drastically impact the model’s performance, as in the limit

of high wavenumbers, k`eddy ! 1, the active energy in RANS fields drops and,

therefore, high wavenumber content is less important compared to low wavenumber

content in the modeling process.

7.3 Assessment of LES models using MFM

In Chapter 5, we used MFM to compute the RANS closure operator for filtered

GMT simulations and compared them to the RANS eddy di↵usivity operator from
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fully resolved simulations. The RANS eddy di↵usivity is computed by projecting

the filtered GMT equations onto the RANS space and deriving the e↵ective eddy

di↵usivity, from which the molecular di↵usivity is subtracted. For homogeneous flow,

the expected RANS eddy di↵usivity for non-filtered simulations should be equal to the

RANS eddy di↵usivity for filtered simulations in presence of appropriate SGS models.

The analysis is done for one non-local and two local SGS models using top-hat filters.

In the case of no SGS model, the RANS eddy di↵usivity for filtered simulations is

a↵ected across all wavenumbers, indicating that small eddies a↵ect mixing across all

scales. In the next step, we compared local and non-local SGS models. Based on the

results, we see that local models, such as constant eddy di↵usivity and Smagorinsky

models, are not able to predict the mean mixing accurately for wavenumbers larger

than the wavenumber associated with the filter size. To incorporate non-locality

into a SGS model, we proposed a non-local operator similar to the RANS closure

operator suggested in Chapter 4. We showed that the model accurately matches the

asymptotic behavior of RANS eddy di↵usivity for large wavenumbers.

We would like to emphasize that there is no intention of proposing any new model

form for SGS modeling in this chapter and the employed non-local model is a demon-

stration of incorporating non-locality into SGS modeling. The main goal of this

chapter was to describe a framework using MFM that enables comparison of di↵erent

SGS models based on capturing the mixing of the mean momentum across a wide

range of wavenumbers. The results show how non-locality improves mean momentum

mixing predictions and therefore should be an important characteristic of any SGS

model.
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7.4 Temporal non-locality of eddy di↵usivity

In Chapter 6, by applying IMFM to the scalar transport equation in HIT, we com-

puted the zeroth and first temporal moments of the eddy di↵usivity kernel. Temporal

moments are the coe�cients of a Kramers-Moyal expansion of the scalar flux oper-

ator. To apply IMFM, a time-varying mean gradient is pre-specified, and at each

time step, the macroscopic forcing function is chosen such that the mean gradient

matches the pre-specified value. To avoid numerical complications for simulating a

non-stationary time-varying mean gradient, the mean scalar transport equation is

subtracted from the scalar transport equation and the remaining terms are simulated

in a manner that the time growth is captured analytically while the simulated fields

remain time stationary. The simulated fields govern the fluctuations associated with

the zeroth and first moments and are statistically stationary.

The time scale of eddy di↵usivity was obtained from the ratio between computed

first and zeroth moments. This time scale is length scale-dependent and diminishes

proportional to the length scale in the limit of small scales, and is written as

T =
�D0

c/Dcp
I � `2cr2

. (7.3)

The final proposed model for scalar flux is a relaxation equation with the derived

time scale from IMFM analysis, T , and the eddy di↵usivity, ⌫T , derived in Chapter

4.

�T
@u0

1c
0

@t
� u0

1c
0 = DT

@c

@x1
(7.4)

The implementation and testing of this model for homogeneous or near homogeneous

transient flows is left for future works and has been started by [44], [29].
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Appendix A

Details of RANS Solutions for the

Axisymmetric Jet

For this problem we follow the solution of Tollmien [50] by seeking a similarity solution

of the form

u(x, r) =
1

x
f (⌘) =

1

x
f
⇣ r
x

⌘
, (A.1)

where u is the axial velocity and x and r are the axial and radial coordinates respec-

tively. Following approximations for semi-parallel flows, the RANS equation can be

written as

u
@u

@x
+ v

@u

@r
=

1

r

@

@r

�
�ru0v0

�
, (A.2)

where v = (1/x) g (⌘) is the mean radial velocity and can be computed from f via

integral of the continuity equation as

⌘0g (⌘0) =

Z ⌘0

0

⌘
d

d⌘
[⌘f (⌘)] d⌘. (A.3)
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In PMLM, the following closure model is used:

�u0v0 = D
@u

@r
, (A.4)

where the eddy di↵usivity, D, is approximated as the product of a mixing length and

a velocity scale, D = lpup. The PMLM, lp, is assumed to scale with the jet half width

lp = ↵1r50 = ↵1x⌘50,

where ⌘50 is defined such that f (⌘50) = f (0) /2, and ↵1 is an order unity constant to

be determined. The Prandtl velocity scale, up, is assumed to scale with the product

of the mixing length and mean velocity gradient as

up = ↵2lp|@u/@r|.

With this description, the closure model becomes

�u0v0 = ↵2↵
2
1r

2
50

����
@u

@r

����
@u

@r
.

Substitution of this model in(A.2) results in the following similarity ODE:

�f
d

d⌘
(⌘f) + g

df

d⌘
=

1

⌘

d

d⌘


↵2↵

2
1⌘

2
50⌘

����
@f

@⌘

����
@f

@⌘

�
. (A.5)

In PMLM, it is only necessary to prescribe the combined constant ↵2↵2
1; the model

remains ambiguous about the independent values of ↵1 and ↵2.

In the MFM-inspired closure model, we replace the eddy di↵usivity in Equation

(A.4) with an operator similar to that in Equation 4.5. Following simplifications for
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semi-parallel flows, this leads to the following closure model:

�u0v0 =

⇢
I � l2p


1

r

@

@r

✓
r
@

@r

◆
� 1

r2

��� 1
2

D
@u

@r
. (A.6)

Substituting this model into Equation (A.2) and rearranging terms results in the

following similarity ODE:

�f
d

d⌘
(⌘f)+g

df

d⌘
=

1

⌘

d

d⌘

 
⌘

⇢
I � ↵2

1⌘
2
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We solved both Equations (A.5) and (A.7) each coupled with (A.3), to represent

solutions of the original and MFM-inspired RANS models, respectively. The numer-

ical procedure used a second-order central di↵erence scheme. The square root and

inverse operators in (A.7) were computed using MATLAB’s commands after casting

the operators in matrix format. The computational domain was 0  ⌘  0.9. At

⌘ = 0 a normalization condition f = 1 was used, while ⌘ = 0.9 was assumed to be

su�ciently outside of the jet profile such that use of a dirichlet condition f = 0 would

be justifiable. An iterative procedure was designed to converge to the steady solution.

The remaining task is determination of coe�cients ↵1 and ↵2. In PMLM the

combined coe�cient ↵2↵2
1 is the only coe�cient that must be determined, but this

coe�cient is tuned rather than being derived. In our analysis of this model we se-

lected ↵2↵2
1 = 0.05 so that the computed ⌘50 = 0.0925 matches that inferred from

the experimental plot in Figure 4.7. In the MFM-based closure model, however, two

independent parameters must be determined. In order to allow a genuine assessment

of this model, we must avoid additional tuning to minimize the possibility of coinci-

dental matching of model solution with the experimental data. We used the following

physics-based reasoning to select the parameter ↵1 (instead of tuning).

Given that there is no prior direct measurement of mixing lengths that could
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otherwise be used for selection of the parameter ↵1, we rely on the mixing length, lv,

reported for HIT in Chapter 4, to infer a proper ↵1. Based on the numbers on the

last column of Table 4.1, we infer

lp = Cu3
rms/✏, (A.8)

where, according to Table 4.2, C is equal to be 0.76 for Re� = 26 and 0.66 for Re� = 40

and 0.59 for Re� = 67. We anticipate C to be converged in the higher Re limit, but

given all uncertainties, we continue our analysis by assuming C = 0.6.

In order to obtain ↵1 we need to express lp in units of jet half width. To this end, we

substitute for urms and ✏ in Equation (A.8) using reported experimental measurements

of the jet centerline. Recent high-quality data are provided by [8]. While this study

reports a mean centerline velocity profile consistent to that of [19], which we used in

Figure 4.7, they provide more accuracy in reporting of kinetic energy and dissipation

rates. From this study, we estimate urms = 0.22 (see Figure 5 in [8]), and ✏ = 0.017

(see Figure 13 in [8]), both in units of centerline velocity and r50. Substituting these

results into Equation (A.8) yield, lp = 0.38r50. Hence, ↵1 = 0.38, or equivalently,

↵1⌘50 = 0.035, which is the value we implemented in Equation (A.7).

Similarly to the PMLM approach, we selected ↵2↵2
1 such that the computed

⌘50 = 0.0925 matches the experimental result (↵2↵2
1 = 0.065). Figure 3 shows signif-

icant improvement in prediction of the mean velocity profile owing to modification

of the RANS operator. The slight remaining mismatch near the axis of symmetry

is attributed to the inaccuracy of PMLM coe�cients as opposed to the model form;

PMLM incorrectly prescribes a vanishingly small D near the axis of symmetry.



Appendix B

Details of RANS Solutions for the

planar Jet

For the planar jet problem, we follow a similarity solution of this form:

u(x, y) =
1p
x
f (⌘) =

1p
x
f
⇣y
x

⌘
, (B.1)

where x and y are the axial and normal coordinates respectively and u is the axial

velocity. Following approximations for planar jet flow, the RANS equation can be

written as

u
@u

@x
+ v

@u

@y
=

@

@y

�
u0v0
�
, (B.2)

where v = (1/
p
x) g (⌘) is the mean normal velocity and can be computed from f via

integral of the continuity equation as

g (⌘0) =

Z ⌘0

0

⌘1/2
d

d⌘

⇥
⌘1/2f (⌘)

⇤
d⌘. (B.3)
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In PMLM, as explained in Appendix A, the following closure model is used:

�u0v0 = D
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, (B.4)
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Substitution of this model in Equation (B.2) results in the following similarity ODE:
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In PMLM, it is only necessary to prescribe the combined constant ↵2↵2
1.

In the MFM-inspired closure model, we replace the eddy di↵usivity in Equation

(B.4) with an operator similar to that in Equation 4.5. Following simplifications for

2D flows, this leads to the following closure model:

�u0v0 =

⇢
I � l2p


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◆��� 1
2
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. (B.6)

Substituting this model into Equation (B.2) and rearranging terms results in the

following similarity ODE:
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(B.7)

We solved both Equations (B.5) and (B.7) each coupled with Equation (B.3), to

represent solutions of the original and MFM-inspired RANS models, respectively. The

numerical procedure is similar to that described in Appendix A. The computational

domain is 0  ⌘  0.7.

We use the mean centerline velocity provided by [9] as reference to compare the

model results as shown in Figure 4.8. In our analysis of this model, we selected
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↵2↵2
1 = 0.05 so that the computed ⌘50 = 0.0991 matches that inferred from the

experimental plot in 4.8. In the MFM-based closure model, however, two independent

parameters must be determined. The first relevant parameter is ↵1⌘50. In order to

obtain ↵1, we need to express lp in units of jet half width. To this end, we substitute

for urms and ✏ into Equation (A.8) using the reported experimental measurements of

the planar jet centerline. The reported dissipation, in units of centerline velocity and

r50, varies broadly in experiments from ✏ = 0.007 ([9] Figure 17) to ✏ = 0.01 ([15]

Figure 20). Due to this variation, we only carry two significant digits for estimating

dissipation and selected ✏ = 0.01. The reported urms has less variation and the

estimated value in units of centerline velocity and r50 is urms = 0.2 ([15] figure 8).

A summary of di↵erent experimental values of urms and ✏ can be found in [13]. We

assume C = 0.6 in Equation (A.8 ) as described in Appendix A.

Substituting these results into Equation (A.8) yield, lp = 0.48r50. Hence, ↵1 =

0.48 or equivalently ↵1⌘50 = 0.05, which is the value we implemented in Equation

(B.7). Similarly to the PMLM approach, we selected ↵2↵2
1 such that the computed

⌘50 = 0.0991 matches the experimental result (↵2↵2
1 = 0.125).
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