






Abstract

Turbulent wall-bounded 
ows are ubiquitous in engineering and understanding and

predicting their dynamics is necessary to address pressing grand challenges in aerospace,

energy, and environmental science. For example, control and prediction of wall-

bounded turbulence can lead to improved aerodynamic performance of air, land, and

sea vehicles, increased e�ciency of gas turbines used for electricity generation or

propulsion, and accurate predictions of changes in the weather or climate.

However, for most real applications, directly simulating the governing physics is

intractably expensive even when the world’s largest supercomputers are employed.

The immense computational complexity of simulating turbulence is due to its mul-

tiscale nature; quantities of engineering interest, such as aerodynamic forces on a

vehicle, manifest on the macroscale but they depend strongly on accurately predict-

ing microscale phenomena such as turbulent kinetic energy dissipation.

To address the high cost of direct simulations of turbulence, it is common to use

physical modeling, which is the process of simplifying the governing equations and

boundary conditions in order to obtain approximate variants that are computationally

e�cient to simulate. If the models are accurate, then the resulting solutions can be

useful to make engineering design decisions at a�ordable cost.

Speci�cally, this work focuses on the modeling of turbulent 
ows near solid bound-

aries since this is often the rate-limiting region which dominates the computational

cost of a simulation. The direct impact of the models developed herein will be that

advanced models can deliver accurate engineering predictions at reduced computa-

tional costs. To quantify this impact, we present detailed estimates of the grid-point
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and time-step requirements for simulations of incompressible and compressible wall-

bounded 
ows. When paired with estimates for the growth of computational power

over time, these estimates are useful for planning the types of simulations that will

be tractable in the future.

For the wall models developed in this work, it is assumed that the boundary-layer

thickness can be computed reliably. However in complex 
ows, this is not trivial to

de�ne because of the inherent complexity of the background inviscid 
ow. In this

work, a robust method for computing the boundary layer thickness is developed.

The proposed method is based on estimating the inviscid base 
ow that leads to the

actual observed viscous solution. Then, the wall-normal location of the departure of

the viscous solution from the reconstructed inviscid one is labeled as the boundary

layer thickness. This method is used throughout this work.

Two models for the near-wall 
ow are presented for incompressible 
ows. The �rst

model is for 
ows over complex geometries with strong streamwise pressure gradients.

Lagrangian history e�ects are incorporating by introducing additional dependence of

the wall model on the outer partial di�erential equation solver. The second model is

designed for cases where computational resources are extremely limited and even the

boundary layer is di�cult to resolve (e.g., very high Reynolds number 
ows). The

boundary layer wake is incorporated into the wall model to expand its domain of

applicability. Both of these models are found to improve the prediction of the wall

shear stress in a priori analysis.

In applications with signi�cant wall heat transfer, such as high-speed aerospace

applications, wall-normal variations in density and viscosity can alter the structure of

wall-bounded turbulent 
ows. In this work, a compressible velocity transformation is

developed, which enables the mapping of a wide range of compressible velocity pro�les

to a single universal incompressible law of the wall. The proposed transformation is

unique in that it is successful in collapsing data from channel and pipe 
ows and

boundary layers with and without heat transfer.

In addition, the inverse of this transformation is derived and applied as a wall

model for large-eddy simulation. It is found that the model is signi�cantly more

accurate than the classical model, especially in applications with strong wall heat
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transfer.
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Chapter 1

Introduction

Wall-bounded turbulence is omnipresent in aerospace, energy, and environmental sci-

ence applications. The Navier-Stokes equations describe the 
ow in turbulent bound-

ary layers, but direct simulation of these equations is intractable in high Reynolds

number 
ows. The fundamental challenge with simulating turbulent 
ows arises from

the multi-scale nature of turbulent structures. Large eddies are scaled by the macro-

scale geometry of the 
ow such as the width of a blu� body or the thickness of a

boundary layer. Kinetic energy then transfers to successively smaller length scales

through a process called the energy cascade. Ultimately, the cascade terminates ap-

proximately at the Kolmogorov length scale at which viscous dissipation transfer the

turbulent kinetic energy to internal energy. The range of length scales in a 
ow in-

creases with the Reynolds number. In most engineering applications, this is so large

that the smallest eddies are not resolvable by simulations.

There are two leading approaches for modeling turbulent 
ows. The �rst is

Reynolds-averaged Navier-Stokes (RANS) simulations, which solve for the mean 
ow

and do not attempt to resolve turbulent time-dependent structures. Formally, this

requires the introduction of an additional unclosed term in the governing equation

that can not be written in terms of the solution variables. The second modeling ap-

proach is large-eddy simulations (LES), which resolve the large turbulent structures

and model the small scales. Formally, like RANS this adds an unclosed term to the

governing equations, which is called the subgrid-stress term. LES is typically more

1
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computationally expensive than RANS because it requires spatial and temporal res-

olution to resolve time-varying turbulent structures, but is typically more accurate

because it only models small scale eddies, which are typically more universal than

large-scale eddies.

In wall-bounded 
ows, the size of large eddies scale linearly with wall-normal

distance. A wall-resolved (WR)LES is one which resolves all of these eddies. This

approach leads to a computational cost that is too high to be useful in most indus-

trial design applications. However, often the near-wall turbulence exhibits a universal

structure and can be described by a predictive model. The wall-modeled (WM)LES

paradigm avoids the spatial resolution requirement imposed by small near-wall struc-

tures by deploying an approximate boundary condition called a wall model. Improving

the accuracy of wall models will be the focus of this work.

1.1 Outline

In this work, various models are developed, which relax some of the assumptions

required by existing models, thereby allowing for accurate simulations at a�ordable

cost at a wider range of parameter regimes than previous models. In appendix A,

estimates for the computational cost (number of grid points times number of time

steps) of simulations of incompressible and compressible 
ows are presented employ-

ing the inverse transformation from chapter 5. All of the models developed in this

work rely on the boundary layer thickness. Thus, I developed a robust method for

computing the boundary layer thickness in chapter 2. In chapter 3, incompressible

wall-bounded turbulence is considered. Two variants of an equilibrium ODE-based

wall model are proposed. The �rst accounts for changes in the law of the wall due to

strong streamwise pressure gradients. The model leverages resolved non-equilibrium

e�ects in an outer PDE solver to inform the near wall model. The second accounts for

boundary layer wake e�ects to improve accuracy in applications where the near wall

model is deployed outside of the logarithmic region of the boundary layer. In chapter

4, a compressible velocity transformation is proposed which maps velocity pro�les of
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compressible 
ows with heat transfer to a universal incompressible pro�le. In chap-

ter 5, a wall model is developed and tested using the inverse of the transformation

developed in chapter 4. Finally, conclusions are drawn in chapter 6.

1.2 Accomplishments

The key contributions of this work are listed below.

� A robust method for determining the boundary layer thickness is developed.

The method is suitable for deployment in laminar, transitional, and turbulent


ows over complex geometries (chapter 2).

� An ODE-based wall model for turbulent, attached 
ows with strong streamwise

pressure gradients is proposed. The model incorporates Lagrangian history

e�ects by using a damping function which depends on the boundary layer shape

factor, which is computed by the outer PDE solver. (chapter 3).

� The wake region is incorporated into an LES wall model. This is done us-

ing a �tting of the eddy viscosity in the outer region of the boundary layer of

a zero-pressure-gradient boundary layer. This model is designed for attached

nominally zero-pressure gradient boundary layers where the wall-model match-

ing location lies in a region with a signi�cant wake, e.g., the outer 80% (chapter

3).

� Detailed time-step estimates are developed for DNS, WRLES, and WMLES.

Slight improvements to existing grid-point estimates are made to account for

hierarchal or unstructured grids. Detailed grid-point and time-step estimates

are made for compressible 
ows. (appendix A).

� A novel compressible velocity transformation based on the total shear stress is

developed. The transformation is successful in rescaling velocity pro�les from

simulations of high-speed 
ows (with strong heat transfer) and collapsing them

to the incompressible velocity law of the wall (chapter 4).
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� A wall model for high-speed 
ows is developed leveraging the inverse of the

proposed velocity transformation. The model is also unique in that it avoids

solving a coupled ODE for temperature by employing an algebraic relation for

temperature (chapter 5).



Chapter 2

General method for determining

the boundary layer thickness in

complex 
ows 1

While the computation of the boundary-layer thickness is straightforward for canoni-

cal equilibrium 
ows, there are no established de�nitions for general non-equilibrium


ows. In this work, a method is developed based on a local reconstruction of the \in-

viscid" velocity pro�le UI [y] resulting from the application of the Bernoulli equation

in the wall-normal direction. The boundary-layer thickness �99 is then de�ned as the

location where U=UI = 0:99, which is consistent with its classical de�nition for the

zero-pressure-gradient boundary layers (ZPGBLs). The proposed local-reconstruction

method is parameter free and can be deployed for both internal and external 
ows

without resorting to an iterative procedure, numerical integration, or numerical di�er-

entiation. The superior performance of the local-reconstruction method over various

existing methods is demonstrated by applying the methods to laminar and turbulent

boundary layers and two 
ows over airfoils. Numerical experiments reveal that the

local-reconstruction method is more accurate and more robust than existing methods,

1This chapter is a slightly modi�ed version of [52], Kevin Patrick Gri�n, Lin Fu, and Parviz
Moin. \General method for determining the boundary layer thickness in nonequilibrium 
ows."
Physical Review Fluids 6.2 (2021): 024608.

5
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and it is applicable for 
ows over a wide range of Reynolds numbers.

2.1 Classical method for computing the boundary

layer thickness in a zero-pressure-gradient en-

vironment

For both experiments and simulations of viscous 
ows, it is crucial to be able to de�ne

and compute the boundary-layer thickness �, i.e. the wall-normal distance beyond

which viscous e�ects are negligible. Due to the fact that the outer layer of a turbulent

boundary layer and the entire laminar boundary layer are self-similar with respect

to �, it is typically a required input for models of laminar and turbulent 
ows, e.g.

the Coles’ law of the wake [31] and more recent descriptions of the turbulent velocity

pro�le [1, 84, 20]. In addition, de�ning � is necessary to compute integral measures

of boundary layer, e.g. the displacement thickness �� and momentum thickness � as

the length scales associated with the near-wall mass and momentum de�cits, and the

boundary layer shape factor H = ��=�, which are useful for the analysis [99, 10, 108,

3, 109, 104, 93] and modeling [115, 9, 51] of pressure-gradient 
ows.

For ZPGBLs, the 
ow approaches a freestream velocity U1 as the wall-normal

distance y ! 1. The boundary-layer thickness �n is de�ned as the wall-normal

distance y at which n% of U1 is attained, i.e.

U

U1

���
y=�n

=
n

100
; (2.1)

where n is the boundary layer threshold parameter, which is conventionally taken to

be 99, and represents a percent recovery of the freestream velocity.

However, the above de�nition is not applicable to canonical 
ows (e.g boundary

layer 
ows) with pressure gradients or 
ows over complex geometries. Taking the


ow over a curved plate for instance, the classical ZPGBL de�nitions do not correctly

delimit the region where viscous e�ects are important, since the inviscid solution

features wall-normal gradients in the mean velocity �eld.
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In more general 
ows, U does not approach a constant asymptote at the boundary-

layer edge. Once � is de�ned, the boundary-layer edge velocity can be de�ned as

Ue = U [y = �], and the displacement and momentum thicknesses can be truncated

to only include contributions from the viscous region of the 
ow.

In this work, various existing methods for de�ning � for general non-equilibrium


ows are analyzed and a method based on the application of the Bernoulli equation

in the wall-normal direction is proposed. The remainder of this chapter is organized

as follows. In section 2.2, the existing methods for computing the boundary-layer

thickness are reviewed and their corresponding limitations are analyzed. In section

2.3, the present method based on stagnation pressure is developed. In section 2.4,

the performance of the proposed method is compared with existing methods and

the shortcomings of existing methods are demonstrated. Concluding discussions and

remarks are given in section 2.6.

2.2 Review of existing methods for determining

the boundary layer thickness in non-equilibrium


ows

In this section, several widely used or recently developed methods for computing the

boundary-layer thickness are reviewed and the limitations of each method are ana-

lyzed. Methods not quantitatively evaluated in this work are included in appendix B.

Speci�cally, the methods based on composite velocity pro�les [84, 107] are discussed

in appendix B.1, those based on intermittency thresholds [82, 63, 73] are discussed

in appendix B.2, and those based on assumed inviscid pro�les are discussed in ap-

pendix B.3.

2.2.1 Methods based on mean vorticity

Based on the assumption that the freestream 
ow is irrotational, the mean-vorticity-

based methods identify the edge of the rotational viscous boundary layer as the
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boundary-layer thickness. Recalling Lighthill’s [74] ‘generalized velocity,’

eU =

Z y

0

�
zdy
0; (2.2)

where 
z = @V=@x � @U=@y denotes the mean vorticity component in the spanwise

direction, Spalart and Watmu� [99] assert that the integral for eU1 = eU [y ! 1]

converges since the vorticity is assumed to vanish in the inviscid region outside the

boundary layer. However, since a semi-in�nite integration domain is practically not

available, an initial guess on the upper limit of integration is required, and it is

necessary to iteratively recompute on a larger domain until convergence is established.

Nonetheless, this method has been successfully deployed by Tamaki et al. [100] for

the 
ow over an airfoil at a near-stall condition.

Two cognate methods for �nding both � and Ue have been proposed by Coleman

et al. [29] and Uzun & Malik [104]:

The eU1 method

The approach of Coleman et al. [29] determines �n by �nding the wall-normal distance

at which eUeU1
���
y=�n

=
n

100
: (2.3)

This approach is referred to as the \eU1 method" hereafter. In Fig. 2.1, distribu-

tions of the mean streamwise velocities for two cases are plotted as well as those of

the corresponding generalized velocities for comparison. While the mean streamwise

velocities continue to vary in the wall normal direction as y ! c, the generalized ve-

locity eU achieves a constant asymptotic value as the 
ow becomes irrotational. This

permits the robust deployment of Eq. (2.3) even though eU1 is evaluated at a �nite

wall-normal distance in practice.
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Figure 2.1: Included are a pro�le from the suction side of a NACA 4412 airfoil [106]
at the angle-of-attack (AoA) = 5� and the Reynolds number based on the chord
length Rec = 106 at the streamwise location x=c = 0:72 (upper) and a pro�le from a
NACA 0012 airfoil [101] at AoA = 0� and Rec = 400; 000 at the streamwise location
x=c = 0:90 (lower). Distributions of the mean streamwise velocity (black solid lines)
from simulations and the generalized velocity (blue dashed lines) computed using
Eq. (2.2) versus the wall-normal coordinate y normalized by the airfoil chord c. Blue
triangles indicate the locations y = �99 identi�ed from Eq. (2.3). Note that Up denotes
the velocity at the furthest point from the wall in the wall-normal pro�le.
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The �y
z threshold method

In the approach of Uzun & Malik [104], a threshold for �y
z is empirically connected

to the desired �n, i.e.
�y
z

max(�y
z)

���
y=�n

= C
; (2.4)

where C
 is an empirical parameter that depends on the choice of n. For instance,

for �99, C
 = 0:02 is suggested [104]. This approach is henceforth referred to as the

\�y
z threshold method." In Fig. 2.2, distributions of �
z and �y
z pro�les are

plotted versus the wall-normal distance. While �
z is monotonically decreasing, the

pro�le of �y
z features multiple peaks and achieves its maximum in the outer portion

of the boundary layer. Since the �y
z pro�le crosses the threshold C
 typically at

two locations, i.e. near the wall (not shown in log scale) and in the vicinity of

the boundary-layer edge, the furthest point from the wall that satis�es Eq. (2.4) is

typically adopted, as suggested by Uzun and Malik [104]. The main shortcoming of

this method is the sensitivity to the empirical threshold, although an optimal choice

may deliver decent results as discussed in section 2.4.

The consistency of mean-vorticity-based methods with the classical ZPGBL def-

inition of � depends on the approximation that @V=@x << @U=@y, which is valid in

the limit that the boundary-layer thickness � is much less than the distance from the


at-plate leading edge, which holds in the limit of large Rex = Uex=�. Therefore,

the deployment of the mean-vorticity methods to 
ows with low Reynolds numbers

is questionable.

Another disadvantage is that the mean-vorticity-based methods rely on the data

of @V=@x, which is typically not available from existing databases of simulations or

experiments although can be reported from future work straightforwardly.

2.2.2 Methods based on a mean-shear threshold

In the mean-shear-based methods, the boundary-layer thickness � is de�ned as the

wall-normal distance y, where the mean shear @U=@y drops below an arbitrary thresh-

old. A special case of this method, henceforth referred to as the \max method," is
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Figure 2.2: Distributions of the mean z-vorticity 
z (black solid lines) and the bound-
ary layer sensor �y
z [104] (red dashed lines) versus the wall-normal coordinate y
normalized by c. The red diamonds indicate the locations y = �99 identi�ed from
Eq. (2.4). Included are a pro�le from the suction side of a NACA 4412 airfoil at AoA
= 5� and Rec = 106 [106] at the streamwise location x=c = 0:72 (left curves and
symbols) and a pro�le from a NACA 0012 airfoil at AoA = 0� and Rec = 400; 000
[101] at the streamwise location x=c = 0:90 (right curves and symbols).
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when the threshold is set to be zero, such that y = � occurs at the maximum of

U [y]. This method is widely used, and recently is applied to an airfoil at a near-stall

condition by Asada and Kawai [3]. However, this choice of the threshold may never

be crossed if the mean streamwise velocity pro�le is monotonically increasing, e.g., in

the 
ow over a NACA 0012 airfoil in Fig. 2.1. For general scenarios, a positive thresh-

old is preferred. On the other hand, it is worth noting that the mean shear must be

appropriately non-dimensionalized such that the same threshold can be deployed for

a wide range of 
ows.

For laminar 
ows, an appropriate non-dimensionalization is

@U=U1
@y=�

���
y=�n

= Cl; (2.5)

where Cl is the laminar threshold. Concerning the special case of a Blasius boundary

layer, the threshold can be analytically given as the wall-normal distance y = �n

satisfying U=U1 = n=100 (see section 2.4.1).

For turbulent 
ows, the conventional non-dimensionalization of the mean shear

is in wall units, which are de�ned as the wall shear stress �w = � jy=0, the wall

friction velocity u� =
p
�w=�, and the wall viscous unit �v = �=u� . For this non-

dimensionalization, an arbitrary threshold of 0.001 is adopted by Vinuesa et al. [107].

However, this non-dimensionalization does not lead to a general threshold con-

stant. Considering the fully turbulent 
ow over a 
at plate with a pressure gradient,

the boundary layer can be described by the Coles’ wall-wake law [31] as

U+ =
1

�
ln(y+) +B +

2�

�
sin2(

�y

2�
); (2.6)

where �, B, and � are empirical parameters. The superscript + refers to quantities

non-dimensionalized via �v and u� . Examining this correlation near the boundary-

layer edge implies that
@U+

@y+

��
y=�n
� 1

�Re�
; (2.7)

where the friction Reynolds number Re� = �u�=�. Multiplying Eq. (2.7) by Re�



2.2. EXISTING METHODS 13

suggests that the following mixed non-dimensionalization is appropriate for the ap-

plication of the mean-shear threshold method to turbulent 
ows, i.e.

@U+

@y=�

��
y=�n

= Ct; (2.8)

where Ct is the turbulent mean-shear threshold. This analysis implies that Ct � 1=�

for velocity pro�les that are well described by Eq. (2.6).

Theoretically, the mean shear can be decomposed into a viscous part (as dis-

cussed above) and an inviscid part resulting from the streamline curvature in the

freestream. While both parts decay with wall-normal distance, the viscous part has

positive magnitude and decays with a length scale of �, whereas, the inviscid part

can have arbitrary sign and a decay length scale that is typically on the order of the

local radius of curvature R of the geometry. The inviscid contribution to the mean

shear can be negligible when � << R, which, however, is not guaranteed for the 
ow

over a thin airfoil at moderate Reynolds number. In practice, the mean-shear-based

methods provide no way to distinguish the viscous and inviscid contributions to the

mean shear, such that the above guidelines for setting the threshold based only on the

viscous part are not generally applicable. These methods will only succeed when the

inviscid contribution is small and the threshold constant is set to be greater than the

inviscid part. In other words, for the case with a monotonically increasing velocity

pro�le, there is no guarantee that a given threshold will be crossed.

This observation motivates the present method proposed in section 2.3, which re-

lies on the local reconstruction of the inviscid solution. Moreover, the local-reconstruction

method works directly with the velocity pro�le instead of the mean shear due to the

fact that the mean shear is comparatively more sensitive to noise in the velocity

pro�le.

Technically, there exist two additional drawbacks for the mean-shear-based meth-

ods. (i) Since both the laminar and the mixed non-dimensionalizations depend on �,

� must be computed iteratively, unless the threshold constant is selected to be zero.

It is worth noting that for a general mean velocity pro�le, there is no guarantee that

these iterative methods will converge. (ii) Although, in principle, a reliable choice for
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Cl and Ct may exist based on the dimensional analysis above for the fully-turbulent

and fully-laminar boundary layers, respectively, the extension for transitional 
ows is

challenging since neither non-dimensionalization is valid in the transitional regime.

2.2.3 Method based on the diagnostic plot

Vinuesa et al. [107] propose a novel approach for determining the boundary-layer

thickness, which is based on the diagnostic plot [2] of the streamwise turbulence

intensity
p
u02=Ue versus the mean streamwise velocity U=Ue. Alfredsson et al. [2]

claim that the diagnostic plot becomes nearly universal as y ! �. Moreover, Dr�ozdz

et al. [35] assert that the diagnostic plot can be generalized to non-equilibrium 
ows

by considering
p
u02=(Ue

p
H) versus U=Ue. Indeed, the collapse of various velocity

pro�les in Fig. 4 of [107] is impressive even though the theoretical basis for the collapse

has not yet been established. Based on the observed asymptotic behavior of the

diagnostic plot, Vinuesa et al. [107] further de�ne the boundary-layer edge �99 as the

wall-normal distance at which
p
u02=(Ue

p
H) = 0:02. However, since the criterion for

determining � depends on the boundary-layer edge velocity Ue, an iterative procedure

and an appropriate initial guess for � are required.

One advantage of this method is that it only requires
p
u02 and U statistics as

inputs, which are commonly available in existing databases of experiments and di-

rect numerical simulations (DNS). However, for large-eddy simulations (LES), the

turbulence intensity
p
u02 (unlike the mean velocity U) is typically under-resolved

with coarse meshes and features strong resolution dependence. Consequently, the

boundary-layer thickness estimate from the diagnostic-plot method depends on the

LES mesh resolution. On the other hand, in a Reynolds-averaged Navier-Stokes

(RANS) simulation, the turbulence intensity
p
u02 is modeled with built-in modeling

errors, rendering the performance of the diagnostic-plot method dependent on the

RANS-model.

The main shortcoming of the diagnostic-plot method is that the threshold constant

of 0.02 is empirical. For an external 
ow with freestream turbulence or an internal


ow, to �nd an optimal threshold constant may be rather challenging if it does exist.
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Similarly, The threshold needs to be properly re-calibrated for determining �n with

n 6= 99. Moreover, this approach is unsuitable for laminar 
ows since the turbulence

intensity is zero across the entire boundary layer. In other words, the deployment of

diagnostic-plot method should be restricted to fully turbulent boundary layers with

a quiet freestream.

2.3 Proposed method based on local reconstruc-

tion of the inviscid solution

In this section, we propose a method to identify the boundary-layer thickness, which

(i) does not require numerical integration, numerical di�erentiation, or empirical

thresholds, (ii) has a guaranteed solution without resorting to an iterative proce-

dure, (iii) is applicable at all Reynolds numbers for internal and external 
ows with

or without freestream turbulence, and (iv) only relies on the mean velocity pro�les

U [y] and V [y], and the mean pressure pro�le P [y] as inputs.

The proposed new de�nition for the boundary-layer thickness is given by

U

UI

���
y=�n

=
n

100
; (2.9)

where UI [y] denotes a local reconstruction of the inviscid mean streamwise velocity

pro�le. This method is a generalization of the ZPG de�nition for � given by Eq. (2.1).

The two de�nitions are equivalent for a ZPGBL, where the inviscid solution is simply

a constant, i.e., UI [y] = U1.

Formally, the inviscid velocity pro�le can be obtained by solving the Euler equa-

tions and imposing no-penetration boundaries contoured to the local displacement

thickness computed in a viscous simulation. However, since the displacement thick-

ness depends on the boundary-layer thickness, this approach is impractical. On the

other hand, in this work, a simpler and more computationally e�cient local recon-

struction of the inviscid solution UI [y] is proposed. The approach begins by de�ning
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the stagnation pressure for an incompressible steady 
ow as

Po = P +
1

2
�U2

m; (2.10)

where P is the static pressure and the velocity magnitude squared U2
m = U2

I + V 2 is

computed from the reconstructed mean streamwise velocity UI and the mean wall-

normal velocity V in the 2D local reference frame.

While the no-penetration boundary condition, i.e., V [y = 0] = 0, applies for both

inviscid and viscous 
ows, the no-slip boundary condition, i.e., U [y = 0] = 0, ap-

plies only to viscous 
ows. As a result, the reconstructed inviscid mean streamwise

velocity pro�le UI [y] deviates from U [y] near the wall, where the viscous e�ects dom-

inate. Meanwhile, the wall-normal velocity pro�le V [y] and the mean pressure pro�le

P [y] feature a much weaker dependence on viscous e�ects. For a 
at-plate pressure-

gradient boundary layer, @P=@y � 0 and V � 0 in both the viscous and the inviscid

cases.

Considering a hypothetical irrotational, inviscid 
ow that has V [y] and P [y] pro-

�les equivalent to those of the corresponding viscous 
ow, the Bernoulli equation may

approximately apply globally rather than just along streamlines. Therefore, the cor-

responding streamwise velocity UI [y] is obtained from Bernoulli’s equation following

UI = �
r

2

�
(Po;ref � P [y])� V 2[y]; (2.11)

where Po;ref denotes the total pressure at a reference location speci�ed below. The

sign of UI should be chosen to match that of U [y = �]. (In practice, it is recommended

for attached 
ows that the boundary-layer thickness be computed from the squares

of Eq. (2.11) and Eq. (2.9) to dispense with the square root operator).

The rationale is that the viscous e�ects are approximately con�ned to the bound-

ary layer, i.e. the 
ow is nearly inviscid and irrotational outside of the boundary

layer with y > �. This implies that Po;ref is nearly a constant across the domain

with y > �. Taking the 
ow over an airfoil for instance, as shown in Fig. 2.3(a),

the dynamic pressure varies continuously whereas the stagnation pressure preserves

a constant asymptote outside of the boundary layer. Meanwhile, one unique choice
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of Po;ref is given by setting Po;ref = max(Po), which is achieved at a wall-normal

distance y > �. Since Po is a measure of the 
ow’s capacity to do work, it typically

decreases as a wall is approached. This choice of Po;ref guarantees that the model has

the correct behavior in channel and pipe 
ows, as will be discussed in section 2.4.5.

The locally reconstructed inviscid solution UI [y] given by Eq. (2.11) is plotted for

the 
ow over a NACA 4412 airfoil [106] in Fig. 2.3(b). As expected, the inviscid

solution UI [y] has an excellent agreement with the viscous solution U [y] outside the

boundary layer. The boundary-layer thickness �n is then estimated to be the location

where UI departs from U by 100 � n percent. In this work, the boundary-layer

edge velocity is taken to be Ue = U [y = �n]. The choices of Ue = UI [y = �n] or

Ue = UI [y = 0] are also reasonable [68, 104].

As shown in Fig. 2.4(a) and Fig. 2.4(b), the local-reconstruction method is suc-

cessfully deployed to two additional challenging cases, one of which the velocity pro�le

is monotonically increasing. It is observed that the total pressure achieves a max-

imum near the boundary-layer edge and the locally reconstructed inviscid solution

agrees well with the viscous solution outside the boundary layer. The estimates of the

boundary-layer thickness are qualitatively consistent with the results in Fig. 2.3(b).

More quantitative assessments of the performance of the local-reconstruction method

will be presented in section 2.4.

Note that, in experiments and coarse simulations alike, small spurious oscillations

in the velocity pro�le can occur. For this reason, the search for U=UI = n=100 should

begin at the wall and proceed in the wall-normal direction. As with other methods

for computing �n, the value of n must be selected reasonably. n = 99 is typically used

but this value can be further reduced to ensure robustness in the presence of noisy

data. The present method can be readily generalized for compressible 
ows and the

reader is referred to appendix 2.5 for the details.

A related method computes �n based on a threshold for the total pressure [15].

However, the present method is preferable since it works directly with velocity and

therefore can recover the classical de�nition of �n in a ZPG boundary layer and is not

sensitive to a rescaling of the magnitude of pressure.
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Figure 2.3: Distributions of the stagnation pressure Po and the dynamic pressure
(a), and the velocity pro�le U and the locally reconstructed inviscid velocity pro�le
UI (b) versus the normalized wall-normal coordinate y=c. The maximum stagnation
pressure (a) and the boundary-layer edge (b) are indicated with the black hexagram
and the green square, respectively. The data is from the suction side of a NACA 4412
airfoil at AoA = 5� and Rec = 106 [106] at the streamwise station x=c = 0:20.
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Figure 2.4: Distributions of the stagnation pressure Po and the dynamic pressure (a),
and the velocity pro�le U and the locally reconstructed inviscid velocity pro�le UI
(b) versus the normalized wall-normal coordinate y=c. This is the same as Fig. 2.3
except that one pro�le is from the suction side of a NACA 4412 airfoil at AoA = 5�

and Rec = 106 [106] at the streamwise station x=c = 0:72 (left curves and symbols)
and the other pro�le is from a NACA 0012 airfoil at AoA = 0� and Rec = 400; 000
[101] at the streamwise station x=c = 0:90 (right curves and symbols). The maximum
stagnation pressure (a) and the boundary-layer edge (b) are indicated with the black
hexagram and the green square, respectively.
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2.4 Performance assessments of the proposed and

the existing methods

In this section, the methods discussed in sections 2.2 and 2.3 will be assessed by

deploying to the analytical Blasius boundary layer and the well-resolved numerical

simulation database in Table 2.1.
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2.4.1 Analysis of a laminar boundary layer

Since there is no well-established de�nition of the boundary-layer thickness in complex


ows, it is instructive to �rst assess the methods by considering the laminar Blasius

boundary layer, for which there is an established de�nition of the boundary-layer

thickness given by Eq. (2.1).

Recalling the Blasius similarity variable

� = y

r
U1
2�x

; (2.12)

where x denotes the distance from the 
at-plate leading edge, and de�ning the non-

dimensional function f [�] such that

U

U1
= f 0[�]; (2.13)

the laminar boundary layer equations reduce to the Blasius ordinary di�erential equa-

tion (ODE), i.e. f 000 + ff 00 = 0. To close the ODE, the boundary conditions are

f [0] = f 0[0] = 0 and f 0[� ! 1] ! 1. On the other hand, the continuity equation

implies that the wall-normal velocity pro�le is given by,

V

U1
=

(�f 0 � f)p
2Rex

; (2.14)

where Rex = U1x=�.

As discussed above, only four of the introduced methods are suitable for laminar

problems, i.e. the eU1 method, the �y
z threshold method, the mean-shear threshold

method, and the local-reconstruction method.

The eU1 method applied to a laminar boundary layer

For the eU1 method, the de�nition of the generalized velocity in Eq. (2.2) can be

non-dimensionalized as

eU
U1

=

Z y

0

�
@(U=U1)

@(y0=�)
� @(V=U1)

@(x=�)

�
d(y0=�): (2.15)
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Substituting the Blasius velocity pro�les from Eq. (2.13) and Eq. (2.14) into Eq. (2.15)

leads to the following relation

eU
U1

=

Z �

0

�
f 00 +

�f 0 � f
Rex

�
d�: (2.16)

The eU1 method (see Eq. (2.3)) assumes that the integral in Eq. (2.16) converges.

The limit of the integrand as � !1 can be evaluated as

lim
�!1

(f 00 +
�f 0 � f
Rex

) =
1:217

Rex
; (2.17)

based on the Blasius boundary conditions, i.e. f 0[� ! 1] ! 1, f 00[� ! 1] ! 0,

and f [� ! 1] ! � + C1, where C1 � �1:217 is a universal constant [116]. The

integrand in Eq. (2.16) does not vanish in the limit � ! 1 and approaches the

Rex dependent value of 1:217=Rex. Therefore, this method is incompatible with the

laminar boundary layer equations since the solution of the Blasius equations has �nite

z-vorticity 
z = �1:217=Rex in the freestream whereas the eU1 method assumes the

z-vorticity vanishes in the freestream.

For illustrative purposes, the eU1 method can be applied to the laminar boundary

layer if the integral for eU1 is truncated. Using the exact Blasius solution, the integral

is arti�cially truncated at �99 in this application.

The �y
z threshold method applied to a laminar boundary layer

The �y
z threshold method given in Eq. (2.4) can be written in terms of the Blasius

solution as
�f 00 + �2f 0=Rex � �f=Rex

max(�f 00 + �2f 0=Rex � �f=Rex)

���
�=��n

= 0:02: (2.18)

Although there are typically at least two solutions to Eq. (2.4), below Rex � 610,

there is only one solution near the wall and no solution near the boundary-layer

edge due to the overly large threshold constant. In other words, below this critical

Reynolds number, the method breaks down because the vorticity decays to a �nite

value instead of vanishing completely as expected, with a similar reason detailed in
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the previous sub-section.

The mean-shear method applied to a laminar boundary layer

When the mean-shear method is applied to the Blasius boundary layer, the laminar

non-dimensionalization in outer units, given in Eq. (2.5), is applicable. Expressing

this equation in terms of the Blasius solution leads to

@U=U1
@y=�

���
y=�n

= ��nf
00
�n = Cl; (2.19)

where ��n and f 00�n are the values of � and f 00 evaluated at the boundary-layer edge.

From the classical de�nition of the boundary-layer thickness in Eq. (2.1) and the

de�nition of f 0 in Eq. (2.13), y = �n occurs when f 0 = n=100. By consulting the

tabulated Blasius solution (see, e.g. [116]), ��99 � 3:5, f 00�99
� 0:02, implying that

Cl � 0:07 corresponds to n = 99. While the optimal choice of the parameter Cl can

be derived for Blasius boundary layers, it may vary in more general laminar 
ows.

The local-reconstruction method applied to a laminar boundary layer

Since the boundary layer approximation implies that @P=@y � 0, the maximum

stagnation pressure Po;max = Po;1. As such, the locally reconstructed inviscid solution

from Eq. (2.11) can be expressed as

UI [y] = �
p

(U2
1 + V 2

1)� V 2[y]: (2.20)

The positive branch is adopted since the Blasius solution U [y] is always positive.

Substituting Eq. (2.14) leads to

UI [y] = U1

s
1 +

�
(�1f 01 � f1)p

2Rex

�2

�
�

(�f 0 � f)p
2Rex

�2

: (2.21)
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After evaluating lim�!1(�f 0 � f) as before, the expression

UI = U1

s
1 +

1:2172 � (�f 0 � f)2

2Rex
(2.22)

holds. A Laurent series expansion of Eq. (2.22) indicates that as Rex ! 1, (UI �
U1)=U1 � 1=Rex. Consequently, considering the new de�nition for �n (given in

Eq. (2.9)) based on UI and the classical de�nition (given in Eq. (2.1)) based on U1,

their di�erence decays like 1=Rex.

In Fig. 2.5, the relative errors between the computed and the classical de�nitions

of the boundary-layer thickness for the Blasius boundary layer are plotted versus the

Reynolds number Rex between 100 and 106. It is observed that the error from theeU1 method remains almost constant for the entire Reynolds number range because

its integral must be arti�cially truncated. The error from the �y
z threshold method

is relatively large because the empirical threshold constant suggested for turbulent


ows [104] is inappropriate for laminar boundary layers. In fact, as mentioned above,

the boundary-layer thickness is not identi�ed in the regime with Rex < 610. Note

that the mean-shear method is exact in the laminar boundary layer and its error

therefore is not shown in Fig. 2.5. The error from the local-reconstruction method

is signi�cantly lower than those from both of the mean-vorticity methods and decays

as 1=Rex as expected.

As a result, both the local-reconstruction method and the mean-shear threshold

method are appropriate for deployment in laminar boundary layers. However, the

local-reconstruction method is preferred over the mean-shear method since the local-

reconstruction method does not require calibration using the exact solution and thus

is more generally applicable.

2.4.2 Analysis of the zero-pressure-gradient turbulent bound-

ary layer

In this section, the above discussed methods for computing the boundary-layer thick-

ness are applied to the turbulent ZPGBL, which, like the Blasius boundary layer, has
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Figure 2.5: Distributions of the relative error between the computed and the classical
de�nitions of the boundary-layer thickness versus the Reynolds number Rex for the
Blasius boundary layer. Included are the results from the eU1 method (blue dotted
line), the �y
z threshold method (red dash-dotted line), and the local-reconstruction
method (green solid line) for computing � and a 1=Rex reference (black dashed line).

Note that the integral in the eU1 method is arti�cially truncated at the analytical
boundary-layer edge so that a converged solution is possible for this 
ow.
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Figure 2.6: Distributions of the relative error between the computed and the classical
de�nitions of the boundary-layer thickness versus the friction Reynolds number Re� .
Included are the results from the local-reconstruction method (green squares), theeU1 method (blue triangles), the �y
z threshold method (red diamonds), and the
mean-shear threshold method (purple circles). The cases plotted are ZPGBLs of
[63, 94, 38]. The mean-vorticity-based methods can not be deployed with the data of
[38] because the vorticity statistics are not reported.

an agreed-upon de�nition of � given by Eq. (2.1).

As shown in Fig. 2.6, for the four considered methods, i.e. the two mean-vorticity-

based methods, the mean-shear method, and the local-reconstruction method, the

relative errors between the computed and the classical de�nitions of the boundary-

layer thickness are plotted versus the friction Reynolds number. The mean-shear

method is normalized in inner units and a threshold constant of 1� 10�3 is adopted

following Vinuesa et al. [107]. It is observed that the two methods that rely on

empirical threshold constants, i.e. the mean-shear method and the �y
z threshold

method, generate large errors (� 10%). Meanwhile, the local-reconstruction method

and the eU1 method are considerably more accurate with negligible errors for all

considered Reynolds numbers.
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2.4.3 Qualitative model assessment for the 
ow over airfoils

Since there is no established de�nition for the boundary-layer thickness � in complex


ows, it is challenging to quantitatively assess the performance of various methods.

On the other hand, in many scenarios, a qualitative examination is important and

su�cient for turbulence model development.

Considering the 
ow over the suction side of a NACA 4412 airfoil at the AoA

= 5� and the Reynolds number based on the chord length Rec = 106, Fig. 2.7 shows

the estimates for �99 from the �ve previously discussed methods at �ve di�erent

streamwise stations. Note that the results from the eU1 method, the diagnostic-plot

method, and the local-reconstruction method are mutually consistent. The results

from the \max method," as the special case of the mean-shear threshold method with

the threshold constant of zero, are also consistent, except at the most downstream

station where the velocity pro�le is monotonically increasing. Meanwhile, the �y
z

threshold method systematically predicts a boundary-layer thickness larger than the

others, implying that the threshold suggested by Uzun & Malik [104] is not optimal for

this case. Similar conclusions also hold when deploying these methods to the 
ow over

a symmetric NACA 0012 airfoil at AoA = 0� and Reynolds number Rec = 400; 000,

as shown in Fig. 2.8.

On the contrary, for the 
ow over the pressure side of the NACA 4412 airfoil

at AoA = 5� and Reynolds number Rec = 106, the conclusions are quite di�erent.

As shown in Fig. 2.9, only the results from the diagnostic plot method and the

local-reconstruction method are equivalent. Qualitatively, these methods seem to

identify the boundary-layer edge in a manner that is consistent both between the �ve

considered pro�les and the predictions in Fig. 2.7 and Fig. 2.8. On the other hand,

the eU1 method severely under-predicts �99 at the most upstream station and over-

predicts �99 at other stations. The �y
z threshold method also overestimates �99. As

expected, the max method is unreliable, since several of the pro�les are monotonically

increasing and their maxima lie at yp, which denotes the furthest point from the

wall in the wall-normal pro�le; it is an arbitrary length scale and is not intrinsically

connected to the boundary-layer thickness.

To investigate the reason for the failure of the mean-vorticity-based methods on
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Figure 2.7: Distributions of the mean streamwise velocity (black solid lines) versus the
wall-normal coordinate y for various pro�les from the suction side of a NACA 4412 at
AoA = 5� and Rec = 106 detailed in Table 2.1. These wall-normal pro�les originate
from the airfoil surface at the streamwise stations x=c = 0:20; 0:37; 0:55; 0:72; 0:90
(from top-left to bottom-right). The estimates of the boundary-layer edges (and the
corresponding edge velocities) are plotted with symbols as indicated in the legend.
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Figure 2.8: Distributions of the mean streamwise velocity (black solid lines) versus the
wall-normal coordinate y for various pro�les from a symmetric NACA 0012 at AoA
= 0� and Rec = 400; 000 detailed in Table 2.1. These wall-normal pro�les originate
from the airfoil surface at the streamwise stations x=c = 0:21; 0:37; 0:55; 0:72; 0:90
(from top-left to bottom-right). The estimates of the boundary-layer edges (and the
corresponding edge velocities) are plotted with symbols as indicated in the legend.
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Figure 2.9: Distributions of the mean streamwise velocity (black solid lines) versus
the wall-normal coordinate y for various pro�les from of a NACA 4412 at AoA = 5�

and Rec = 106. This is the same as Fig. 2.7 except that included pro�les are from the
pressure side of the airfoil (see Table 2.1 for details) and the wall-normal pro�les origi-
nate from the airfoil surface at the streamwise stations x=c = 0:21; 0:37; 0:54; 0:72; 0:89
(from left to right). The estimates of the boundary-layer edges (and the corresponding
edge velocities) are plotted with symbols as indicated in the legend.
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the pressure side of the airfoil, the 
ow is further analyzed at the most upstream (i.e.

x=c = 0:21) and the most downstream (i.e. x=c = 0:89) stations from Fig. 2.9. At the

station x=c = 0:21, as shown in Fig. 2.10(a), the generalized velocity does not achieve

a constant value as y ! 1. In fact, eUp is about 10% less than the peak value of eU ,

which leads to an under-prediction of �99. For the�y
z threshold method, as shown in

Fig. 2.10(b), the distribution of the�y
z pro�le is as expected. The over-prediction of

�99 is mainly attributed to the choice of the threshold constant. Despite the fact that

the mean vorticity does not vanish as y !1 as shown in Fig. 2.10(b), it is observed

that the stagnation pressure approaches a constant value outside the boundary layer,

as shown in Fig. 2.11(a). As a result, the locally reconstructed \invicid" UI pro�le

agrees well with the viscous solution U in the freestream region and the divergence

of these pro�les indicates the location of the boundary-layer edge, see Fig. 2.11(b).

On the other hand, the failure of the eU1 method is mainly because of the sensitivity

to the �nite positive vorticity present outside the boundary layer. For the 
ow over

an airfoil, it is expected that the vorticity will vanish outside the boundary layer.

However, simulations of airfoils commonly use stretched stranded meshes, which are

coarse in the streamwise and wall-normal directions near the boundary-layer edge.

This can lead to relatively large errors in computing the spatial derivatives in the

de�nition of the mean vorticity. Though the far-�eld vorticity observed in Fig. 2.10(b)

may be spurious, it is a concern that the mean-vorticity-based methods are sensitive

to this error.

At the downstream station x=c = 0:89, both of the mean-vorticity-based methods

are behaving anomalously. As shown in Fig. 2.12(a), the eU pro�le fails to achieve

a constant value as y ! yp. Also, the mean vorticity outside the boundary layer

is su�ciently large such that, as shown in Fig. 2.12(b), �y
z increases as y !
yp. Such a distribution is in con
ict with the assumption of the �y
z threshold

method that the boundary-layer edge is the furthest point from the wall at which

�y
z=max(�y
z) < 0:02. Also, there is no rigorous justi�cation that this threshold

value can be achieved if the far-�eld vorticity is su�ciently large. As remarked above,

although the presence of vorticity outside the boundary layer is likely spurious, it

presents a robustness concern for the mean-vorticity-based methods. On the other
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Figure 2.10: Distributions of the mean streamwise velocity U and the generalized
velocity eU (a) and the mean vorticity 
z, the �y
z boundary layer sensor, and the
threshold constant (b) versus the wall-normal coordinate y for the pressure side of
a NACA 4412 airfoil at AoA = 5� and Rec = 106 detailed in Table 2.1. All data is
from the streamwise location x=c = 0:21. The estimates of the boundary-layer edges
from the respective methods (a,b) are plotted with symbols. The subscript p denotes
quantities evaluated at the furthest point from the wall in the wall-normal pro�le.
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Figure 2.11: Distributions of the stagnation pressure Po and the dynamic pressure
0:5�U2

m (a) and the mean velocity U and the locally reconstructed inviscid solution UI
(b) versus the wall-normal coordinate y for the pressure side of a NACA 4412 airfoil
at AoA = 5� and Rec = 106 detailed in Table 2.1. All data is from the streamwise
location x=c = 0:21. The estimates of the boundary-layer edge (b) and the maximum
stagnation pressure (a) are plotted with symbols. The subscript p denotes quantities
evaluated at the furthest point from the wall in the wall-normal pro�le.
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hand, the local-reconstruction method performs well when deployed in this case. As

shown in Fig. 2.13(a) and Fig. 2.13(b), the stagnation pressure achieves a constant

asymptote, and the boundary-layer edge is reasonably detected.

2.4.4 Analysis of a pressure gradient boundary layer and far-

�eld viscous e�ects

In this section, the various methods for computing the boundary-layer thickness are

applied to a 
at-plate APGBL from the well-resolved simulation database of Bobke

et al. [10]. Although viscous e�ects are typically negligible for y > � in an APGBL,

in this database, vorticity does not vanish completely and the stagnation pressure

also does not asymptotically approach a constant value in the far-�eld.

Estimates for the boundary-layer thickness are shown in Fig. 2.14(a) for an APGBL

[10] (referred to as casem18 therein). The diagnostic-plot and the local-reconstruction

methods provide consistent predictions of the boundary-layer thickness for all six

streamwise stations considered. The max method also provides a consistent estimate

except at the streamwise station with a monotonically increasing pro�le. On the other

hand, the eU1 method systematically under-predicts �99, while the �y
z threshold

method erroneously computes �99 � Ly with signi�cant errors for most cases, where

Ly is the extent of the domain in the wall-normal direction. In Fig. 2.14(b), distri-

butions of the stagnation pressure and the dynamic pressure are plotted versus the

wall-normal coordinate. The pro�les achieve the global maxima in the interior of the

domain and the local minima at y = 0 and y = Ly. The local-reconstruction method,

however, can handle such scenarios robustly.

To explain the failure of the mean-vorticity-based methods in Fig. 2.14(a), the

second streamwise station at x=Lx = 0:27 is examined in detail. As shown in

Fig. 2.16(a), the generalized velocity eU continuously decays rather than achieving

a constant asymptote as y ! Ly, which is the reason for the systematic underesti-

mate of �99 by the eU1 method in Fig. 2.14(a). In Fig. 2.15(a), the �y
z pro�le is

shown to cross the threshold three times, whereas this threshold is typically assumed

to only be crossed twice [104]. As indicated by Fig. 2.15(b), it is the third crossing
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Figure 2.12: This is the same as Fig. 2.10 except that the data is taken from wall-
normal pro�les originating from the airfoil surface at the streamwise station x=c =
0:89. The estimates of the boundary-layer edges from the respective methods (a,b)
plotted with symbols.
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Figure 2.13: This is the same as Fig. 2.11 except that the data is taken from wall-
normal pro�les originating from the airfoil surface at the streamwise station x=c =
0:89. The estimate of the boundary-layer edge(b) and maximum stagnation pressure
(a) are plotted with symbols.
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that leads to the wrong identi�cation of �99 � Ly. As shown in Fig. 2.16(b), the

locally-reconstructed inviscid solution UI agrees well with the velocity U pro�le in

the middle area of the domain. Moreover, as expected, the UI pro�le departs from

the U pro�le near the wall and in the vicinity of the top boundary, due to the fact that

viscous e�ects are signi�cant in both of these regions. Nonetheless, the boundary-

layer edge is well identi�ed by the local-reconstruction method for this critical case.

2.4.5 Consistency in channel and pipe 
ows

For a symmetric, fully developed channel or pipe 
ow, the boundary-layer thickness

is conventionally de�ned as the half-height of the geometry. However, most above

mentioned existing methods for computing � may not recover this behavior. Although

a programmatic way of computing � is hardly needed for a fully developed channel

or pipe 
ow, in complex or developing internal 
ows, such as a serpentine duct with

separation, the boundary-layer thickness is no longer trivially de�ned by the geometry.

This motivates interrogating each method for computing � to see if the expected

behavior is recovered in a canonical internal 
ow, as this is a necessary condition for

a reliable prediction in complex internal 
ows.

Speci�cally, the intermittency-threshold and diagnostic-plot-based methods as-

sume that the intermittency and turbulence intensity, respectively, decay below a

prede�ned threshold at the boundary-layer edge. However, there is no guarantee that

these thresholds will be crossed at the centerline of a fully-developed channel or pipe


ow. On the other hand, the fully-developed nature of channel and pipe 
ows implies

that 
z = @U=@y and eU = U since V = 0. This implies that the �y
z threshold

method and the mean-shear-threshold method correctly identify the centerline as the

boundary-layer edge if the corresponding thresholds are properly set to zero. By con-

struction, the eU1 method fails in a fully developed channel or pipe 
ow due to the fact

that the generalized velocity eU continuously varies in the entire domain rather than

asymptotically approaching a constant value. For the local-reconstruction method,

since (@P=@y)[y] = V [y] = 0, the peak stagnation pressure occurs at the centerline,
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Figure 2.14: Distributions of the mean streamwise velocity (solid lines) in panel
(a), and the stagnation (solid lines) and dynamic pressure (dashed lines) in
panel (b) versus the wall-normal coordinate y for various streamwise stations in
a turbulent APGBL [10] with details speci�ed in Table 2.1. These wall-normal
pro�les originate from the airfoil surface at the streamwise stations x=Lx =
0:09; 0:27; 0:44; 0:62; 0:79; 0:97 (from left to right), where Lx denotes the length of
the plate. The subscript Ly refers to quantities evaluated on the domain boundary at
y = Ly. In panel (a), the estimates of the boundary-layer edges (and the correspond-
ing edge velocities) are plotted with symbols as indicated in the legend. In panel (b),
the maxima of the stagnation pressure pro�les are also indicated with symbols.
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Figure 2.15: Distributions of the mean vorticity 
z, the �y
z boundary layer sensor,
and the threshold constant (a) versus the wall-normal coordinate y for the turbulent
APGBL [10] detailed in Table 2.1. Panel (a) is reproduced in panel (b) on zoomed
linear axes. All data is taken from the streamwise station at x=Lx = 0:27. The
estimates of the boundary-layer edges (and the corresponding edge velocities) from
the respective methods are plotted with symbols.
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Figure 2.16: Distributions of the mean streamwise velocity U and the generalized
velocity eU (a) and the mean velocity U and the locally reconstructed inviscid solution
UI (b) versus the wall-normal coordinate y for the turbulent APGBL [10] detailed
in Table 2.1. All data is taken from the streamwise station at x=Lx = 0:27. The
estimates of the boundary-layer edges (and the corresponding edge velocities) from
the respective methods are plotted with symbols.
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implying that the locally reconstructed UI is equal to the centerline velocity U . Con-

sequently, the predicted boundary-layer thickness �100 corresponds to the half height

of the channel as expected. Note that the above discussions apply to both turbulent

and laminar 
ows in channels and pipes.

2.4.6 Comparative evaluation

To evaluate the robustness and the general applicability of the methods discussed

above, the potentially undesirable features of each method are summarized in Ta-

ble 2.2. The columns of the table refer to the existing methods reviewed above and

the proposed local-reconstruction method. The rows of the table are discussed in a

line-by-line manner below.

The �rst row indicates whether the method requires numerical integration, which

may introduce numerical truncation error that scales with the spatial resolution of

the data. The second row indicates whether the method relies on the computation of

spatial derivatives or standard deviations, as such operations are sensitive to noise.

The third row indicates whether the method employs empirical coe�cients or pro�les.

The fourth row indicates whether the method invokes an iterative procedure, and

thus requires an initial guess for the boundary-layer thickness. Although an iterative

method may converge in simple applications, convergence for general velocity pro�les

can not be guaranteed. The �fth row indicates whether the method is restricted

to high-Reynolds-number turbulent boundary layers with a quiet freestream. The

last row indicates whether the method requires \additional data" besides the mean

streamwise velocity pro�le U [y]. For instance, the intermittency-threshold method

and the diagnostic-plot method require time-resolved data, which may be unavailable

in experiments or RANS simulations.

As shown in Table 2.2, the various existing methods feature much more undesirable

properties than the local-reconstruction method, indicating the lack of robustness and

the general applicability. The local-reconstruction method is devoid of unfavorable

characteristics with the exception of requiring \additional data," i.e. the V [y] and

P [y] pro�les, which are, however, often reported.
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2.5 Generalization of the local-reconstruction method

for compressible 
ows

The local-reconstruction method presented in section 2.3 can be readily generalized

for compressible 
ows by replacing the stagnation pressure Po with the stagnation en-

thalpy ho. Based on the assumption that the freestream 
ow is inviscid and non-heat-

conducting outside the boundary layer, the stagnation enthalpy ho is approximately

constant, i.e.

ho = h+
U2
m

2
= const; (2.23)

where h is the sensible enthalpy. Similar to the de�nition in incompressible 
ows, the

locally reconstructed invicid solution is U2
I = U2

m � V 2. Then, UI [y] can be written

in terms of V [y], h[y], and the reference stagnation enthalpy ho;ref as

U2
I [y] = 2(ho;ref � h[y])� V 2[y]: (2.24)

For a calorically perfect gas h = CpT , where Cp is a constant speci�c heat, the

expression

UI [y]2 =
2



 � 1

�
Pref
�ref

� P [y]

�[y]

�
+ U2

ref + V 2
ref � V 2[y] (2.25)

holds. Since the stagnation enthalpy is constant across shock waves, the present

method can be deployed in 
ows containing shock waves, implying its potential ex-

tension to complex high-Mach 
ows [44].

2.6 Summary

Although the boundary-layer thickness can be rigorously computed in ZPGBLs, for


ows with curved geometries or other non-equilibrium e�ects, there exist no agreed-

upon de�nitions for the boundary-layer thickness and edge velocity. In this work, the

limitations of various existing methods for computing the boundary-layer thickness

are analyzed and contrasted with the proposed local-reconstruction method. Without

relying on any empirical parameters, the local-reconstruction method employs the
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Bernoulli equation to locally reconstruct the inviscid velocity pro�le from the pressure

and wall-normal velocity pro�les and identi�es the boundary-layer edge by comparing

the reconstructed inviscid velocity pro�le with the viscous velocity pro�le. When

deployed to the laminar and turbulent ZPGBLs, quantitative assessment reveals that

only the local-reconstruction method achieves negligible errors without parameter

tuning. Moreover, the proposed method is readily applied to more complex 
ows,

e.g. 
ows over airfoils and an adverse pressure gradient boundary layer with far-�eld

vorticity, with a consistent predictive capability.



46 CHAPTER 2. COMPUTING THE BOUNDARY LAYER THICKNESS



Chapter 3

Incorporating boundary-layer wake

and streamwise pressure-gradient

e�ects into an ODE-based wall

model

In wall-modeled large-eddy simulations (WMLES), the near-wall model plays a sig-

ni�cant role in predicting the skin friction, although the majority of the boundary

layer is resolved by the outer large-eddy simulation (LES) solver. In this work, we aim

at developing a new ordinary di�erential equation (ODE)-based wall model, which is

as simple as the classical equilibrium model yet capable of capturing non-equilibrium

e�ects and low Reynolds number e�ects. The proposed model reformulates the classi-

cal equilibrium model by introducing a new non-dimensional mixing-length function.

The new mixing-length function is parameterized in terms of the boundary layer

shape factor instead of the commonly used pressure-gradient parameters. As a re-

sult, the newly introduced mixing-length function exhibits greater universality within

the viscous sublayer, the bu�er layer, and the log region (i.e., 0 < y < 0:1�, where

the wall model is typically deployed in a WMLES setup). The performance of the

new model is validated by predicting a wide range of canonical 
ows with the friction

47
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Reynolds number between 200 and 5200, and the Clauser pressure-gradient parame-

ter between -0.3 and 4. Compared to the classical equilibrium wall model, the present

model improves the prediction of wall shear stress Moreover, since the new model is

ODE-based, it is straightforward to be deployed for predicting 
ows with complex

geometries and therefore promising for a wide range of applications.

3.1 Motivation

The accurate prediction of wall-bounded turbulence is practically important for many

engineering applications, e.g. the design of low-drag vehicles. While direct numerical

simulation (DNS) and LES are capable of delivering accurate solutions, the required

number of grid points scales with Re2:64 and Re1:86 [28] respectively, rendering them

prohibitively expensive for high-Reynolds-number 
ows. Alternatively, the computa-

tional cost of the WMLES approach, which resolves the large-scale energetic motion

in the outer portion of the boundary layer and employs a reduced-order model for the

near-wall turbulence, scales only linearly with Reynolds number [28]. Due to the fact

that the LES subgrid-scale model itself typically provides an inconsistent wall shear

stress when the near-wall turbulence eddies are poorly resolved, the performance of

WMLES heavily relies on the wall model. The main wall models include the wall-

stress-based models [33, 12, 70], the detached-eddy simulation (DES) paradigm [98],

the dynamic slip wall model [13, 4, 48, 49], integral-based models (e.g. [122]), and

other variants. In this work, our discussions are restricted to the wall-stress-based

models, and the readers are referred to [88, 92, 12] for more comprehensive reviews

on other wall models.

The core idea of wall-stress-based models is to develop a computationally e�cient

reduced-order model (e.g. the Reynolds-averaged Navier-Stokes (RANS)-like models)

such that the physically correct wall shear stress can be estimated by solving this

model between the wall and the matching location, where the instantaneous LES

data is provided to the wall model, and is fed back to the LES solver in the outer

boundary layer through a wall boundary condition.

Most ODE-based wall models are only strictly valid for equilibrium 
ows, which
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feature a constant edge condition, such as the fully-developed pipe or channel 
ows,

and the zero pressure gradient boundary layer 
ows. Conversely, a non-equilibrium


ow is characterized by an edge condition that is non-constant and evolves spa-

tially. To simulate such a 
ow, the natural choice is to solve the full boundary layer

partial di�erential equations (PDEs) as a wall-stress-based model such that some

non-equilibrium e�ects can be captured [7, 85, 114, 67]. The main disadvantages of

solving the boundary layer PDEs are the signi�cantly increased computational cost

and the requirement of a high-quality near-wall mesh, which is non-trivial to gen-

erate for complex geometries. By neglecting the temporal term, the convective 
ux

and the pressure-gradient term in the turbulent boundary layer RANS equations,

the equilibrium wall model has been proposed based on the classical mixing-length

eddy viscosity model. The equilibrium wall model has become increasingly popular

for engineering applications since only ODEs are solved in the wall-normal direc-

tion instead of the more expensive PDEs as in the classical RANS models, e.g. see

[8, 40, 39, 61, 78, 46, 14]. To further improve the predictive capability, several vari-

ants of non-equilibrium wall models have also been proposed by retaining part of the

neglected terms, e.g. [57, 114, 22, 37, 26]. However, Hickel et al. [56] claim that these

neglected terms should appear together if any of them is retained since they balance

each other (this conclusion will be challenged in section 3.2.2 of the present work).

In this work, the limitations of existing ODE-based wall models are analyzed

and a new ODE-based inner wall model is proposed accounting for pressure gradient

and Reynolds number e�ects. The classical mixing-length-based equilibrium wall

model is reformulated without appealing to the existence of the constant-shear-stress

layer. Moreover, instead of relying on pressure-gradient parameters, the new model

sensitizes the law of the wall to the boundary layer shape factor, which can be robustly

computed with the information from the outer solver and the inner wall model. As

a result, the proposed wall model extends the predictive capability of the wall model

for 
ows with strong pressure gradients and a wide range of Reynolds numbers. Note

that, the inner wall model proposed in this work is suitable for deployment with

various outer PDE solvers, e.g. the RANS equations or the LES equations, although

most of following discussions are restricted to the context of the WMLES paradigm.
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The remainder of this chapter is organized as follows. In section 3.2, the classical

equilibrium ODE-based wall model is reviewed and the corresponding limitations

are analyzed. In section 3.3, the new model accounting for pressure gradient and

Re e�ects is developed. In section 3.4, the performance of the proposed model is

validated for predicting a wide range of 
ows. In section 3.5, a separate model which

accounts for boundary layer wake e�ects is introduced. In section 3.6, concluding

discussions and remarks are given.

3.2 Classical equilibrium ODE-based wall model

The classical ODE-based wall model takes the de�nition of the total shear stress � as

the starting point, i.e.
�

�
= (� + �t)

@U

@y
; (3.1)

where y is the wall-normal coordinate, U is the mean streamwise velocity, � is the 
uid

density, � is the kinematic viscosity, and �t is the modeled turbulent eddy viscosity.

To render this equation an ODE, it is assumed that the mean streamwise velocity U

pro�le is only a function of y, i.e.

dU

dy
=

�=�

� + �t
: (3.2)

To close this ODE for U [y], the classical approach is to de�ne � [y] and �t[y] based

on the equilibrium assumption and the mixing-length model, respectively. Typically

the so-called constant-stress-layer assumption is invoked to assume that � = �w is a

constant over the domain where the wall model will be deployed. The rationality of

this assumption relies on the fact that the temporal, convective, and pressure-gradient

terms of the turbulent boundary layer equations approximately balance each other

in the near-wall region when the 
ow Reynolds number is su�ciently high [56]. The

remaining modeling issue is to develop a consistent model to parameterize the �t[y]

pro�le.
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3.2.1 Classical models for the eddy viscosity

While there are more sophisticated and also probably more general one-equation [96]

and two-equation [77] RANS models for �t[y], the present work focuses on the \zero-

equation" models for the simple and e�cient deployment into the WMLES framework

without requiring solving PDEs on a separate tailored mesh.

There are two classical \zero-equation" models for the eddy viscosity �t[y]. Both

are derived using dimensional arguments to predict the eddy viscosity from a mixing

length scale ‘ and either a mixing time scale or a mixing velocity scale. The former

is called Prandtl’s mixing-length model [90], and

�t = ‘2
P

����dUdy
���� ; (3.3)

where ‘P denotes Prandtl’s mixing length, and the inverse of the mean shear denotes

Prandtl’s mixing time scale.

Alternatively, Cabot [18] de�nes the eddy viscosity as

�t = ‘Cu� ; (3.4)

where the wall friction velocity u� =
p
�w=� and the wall shear stress �w = � jy=0.

Note that, often this model is attributed to Johnson and King [64], but their model

uses the square root of the peak of the Reynolds shear stress as the velocity scale

instead of u� .

To deploy either of these two models to integrate the nonlinear ODE, i.e. Eq. (3.2),

the length-scale ‘[y] must be speci�ed in terms of the wall-normal distance. van Driest

[34] shows that a logarithmic velocity pro�le (the so-called log law) with a speci�c

logarithmic intercept constant can be recovered by invoking the constant-stress-layer

assumption and letting

‘ = �yD[y]; (3.5)

where � denotes the c constant, and D is a damping function that approaches unity

for large values of y and zero for vanishing y. Plugging van Driest’s mixing length

(Eq. (3.5)) into either Prandtl’s or Cabot’s eddy viscosity model and then substituting
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the resultant �t into Eq. (3.2) leads to the following relation

dU

dy
=
u�
�y
; (3.6)

in the limit of large y. Throughout the following discussions, the superscript + refers

to quantities non-dimensionalized via the viscous length scale �v = �=u� and the

velocity scale u� . By non-dimensionalizing and integrating Eq. (3.6), the log law is

obtained as

U+ =
1

�
ln(y+) +B; (3.7)

where the parameter 1=� denotes the log slope and B denotes the log intercept con-

stant. van Driest [34] shows that the near-wall behavior in the viscous sub-layer and

bu�er layer can also be asymptotically recovered by carefully choosing D[y], and this

choice implicitly determines the log intercept constant B.

For near-equilibrium 
ows, Cabot’s and Prandtl’s models are quite successful since

the log law coe�cients � and B are relatively robust for 
ows with a wide range of

Reynolds numbers. However, for 
ows where non-equilibrium e�ects are signi�cant,

such as the adverse pressure gradient boundary layers shown in Fig. 3.1, the log inter-

cept constant B exhibits non-universality. The log slope also exhibits non-universality

but to a lesser extent. Therefore, by construction, Prandtl’s and Cabot’s models will

predict the same value of � and B regardless of the outer 
ows, thus these models

will fail in non-equilibrium 
ows. As will be discussed in section 3.4, for the adverse

pressure gradient boundary layer, deployment of Cabot’s model can lead to a 17%

under-prediction of the wall shear stress. Similarly, B, and to a lesser extent �, vary

in 
ows with rather low Reynolds numbers.
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3.2.2 Challenges of extending the classical models to non-

equilibrium 
ows

The basis of the equilibrium model is that there is a universal mixing-length pro�le

(either Cabot’s or Prandtl’s) and a constant total-shear-stress layer in the near-wall

region. However, neither of these assumptions are valid for non-equilibrium 
ows.

As shown in Fig. 3.2, for an adverse pressure gradient boundary layer, the total

shear stress varies by up to 125% in the wall-modeled region. Similarly, Cabot’s and

Prandtl’s mixing-length pro�les vary from case to case by 50%� 100%, see Fig. 3.3.

Since Cabot’s model assumes a constant stress layer and a universal �t pro�le

(�tted from canonical equilibrium 
ows), the wrong stress and eddy viscosity pro�les

are fed to the modeling ODE, i.e. Eq. (3.2). However, it will, by construction, recover

the log law as analyzed in the previous section. For boundary layer 
ows with modest

departure from the log law, as shown in Fig. 3.1, Cabot’s (or Prandtl’s) model will

generate a smaller error than one might expect by examining the model inputs, i.e.

the � or �t pro�les. The errors in these inputs cancel each other due to the fact that

only the ratio of these terms appears in the modeling ODE (Eq. (3.2)).

This carefully-designed error cancellation enhances the predictive capability of

the equilibrium models and partially explains why these models perform decently in

non-equilibrium 
ows, such as in 
ows over a swept wing [46]. However, the error

cancellation makes it more complicated to identify and remove the remaining errors

that do not cancel. Even if the �t or � models are improved independently, there

is no guarantee that the prediction from the resulting ODE model agrees better

with the exact solution U [y]. This paradox is demonstrated in Fig. 3.4. In a non-

equilibrium setting, Cabot’s model fails to correctly predict the log law intercept

constant B. When the exact stress pro�le (instead of assuming a constant stress

layer) is provided, the prediction counter-intuitively becomes worse. Similarly, when

the exact eddy viscosity pro�le is fed into the ODE model, the prediction gets worse

as well. This is because the mixing-length pro�le in these models is constructed to

recover the log law only in a constant stress layer. When either the �t or the � pro�le

is adapted (even improved), the log law is no longer guaranteed with these models.
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Figure 3.1: The distribution of the mean streamwise velocity U+ plotted versus the
wall-normal coordinate y+ for �ve cases from Table 3.1. Included are three APGBLs
(� = 4:2; 2:3; 1:1), a ZPGBL at Re� = 2000 (� = 0), and a channel 
ow at Re� = 5200
(� = �0:1). Also plotted is the reference log law distribution with the Krmn constant
� = 0:41 and the intercept constant B = 5.2. All data is truncated at y = 0:1�, which
approximately encompasses the viscous sublayer, bu�er layer, and log layer.



56 CHAPTER 3. INCOMPRESSIBLE WALL MODELING

On the other hand, if the model is substituted with both the exact �t and � pro�les,

then the exact U pro�le would be recovered since Eq. (3.1) is inherently a de�nition

instead of a model in that case.

Over the past decades, many e�orts (e.g. [45, 47, 102, 9]) have attempted to

include pressure gradient e�ects in the classical wall model by replacing the constant

stress layer assumption with

� � �w + y
dP

dx
= �w(1 + �y+); (3.8)

where the linear term results from retaining the pressure gradient term in the stream-

wise momentum equation and integrating in the wall-normal direction. On the other

hand, Hickel et al. [56] argue that three terms of the turbulent boundary layer equa-

tions, i.e. the temporal term, the convective 
ux and the pressure gradient, balance

each other and should appear together if any of them is retained. Only including the

pressure-gradient term leads to a less accurate description of � [y]. However, as shown

in Fig. 3.2, it is clear that Eq. (3.8) is a better model than the constant stress layer

and the prediction is in good agreement with the wall-resolved LES (WRLES) data.

The fact that only including the pressure-gradient term leads to a worse velocity solu-

tion is because the investigation [56] has employed the classical mixing-length model,

which is designed to recover a log law only when deployed with a constant stress layer.

Although a better � model is used, a worse prediction of the streamwise-velocity pro-

�le U is obtained. This is consistent with the demonstration in Fig. 3.4 that even

when an exact � model is used, a worse prediction of the U pro�le is obtained, unless

the �t pro�le is modi�ed accordingly.

Galbraith et al. [45] propose to improve the � model and consequently modify the

�t model so that the log law is retained. The readers are referred to appendix C.1 for

the details of this model. The model is hardwired to always recover a particular log law

slope similar to the classical model. One potential advantage of this model is that the

resulting log intercept constant depends on the pressure gradient in the 
ow. However,

this turns out to be a weakness of this model since, as remarked in appendix C.1, the

trend is opposite to that observed in high-�delity WRLES simulations.
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Figure 3.2: The total shear stress �+ pro�les (solid lines) versus the wall-normal
coordinate normalized by the boundary layer thickness �, for the same cases as shown
in Fig. 3.1. Also given are the linear shear stress approximations (dashed lines)
predicted by Eq. (3.8). All data is truncated at y = 0:1�, which approximately
encompasses the viscous sublayer, bu�er layer, and log layer.

Meanwhile, more recently, Meneveau [76] proposes a method which incorporates

the pressure gradient without modifying the eddy viscosity pro�le. This means that

the method does not preserve the log law and will be inaccurate in the presence of

strong pressure gradients.

In this work, by introducing a novel non-dimensional mixing-length function, a

new ODE-based model will be developed to bypass the issue of error cancellation

between � and �t pro�les, and to account for the pressure gradient and low Reynolds

number e�ects more directly.
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Figure 3.3: Distributions of Cabot’s mixing length ‘+
C (solid lines) and Prandtl’s

mixing length ‘+
P (dashed lines) plotted versus the wall-normal coordinate y+, for

the same cases as shown in Fig. 3.1. All data is truncated at y = 0:1�, which
approximately encompasses the viscous sublayer, bu�er layer, and log layer.
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Figure 3.4: The velocity pro�le U+ plotted versus the wall-normal coordinate y+, for
the � = 4:2 case considered in Fig. 3.1. Included are the WRLES data (dashed line),
which suggests a shift with respect to the log law reference (dotted line), and the
three predictions from variants of Cabot’s model (symbols).
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3.3 Proposed ODE-based wall model accounting

for streamwise pressure-gradient e�ects

The ODE-based model equation, i.e. Eq. (3.2), can be non-dimensionalized using the

inner units u� and �v, resulting in

dU+

dy+
=

�+

1 + �+
t

: (3.9)

Given the constant-stress-layer assumption with �+ = �=�w � 1 and that the non-

dimensional form of Cabot’s model is �+
t � ‘+

C , the Cabot’s model ODE is obtained

as
dU+

dy+
� 1

1 + ‘+
C

: (3.10)

In this work, in order to avoid the modeling of the stress and the eddy viscosity

pro�le independently, the mean shear is directly parameterized as

dU+

dy+
=

1

1 + ‘+
n

; (3.11)

where ‘+
n is introduced as an empirical function related to the non-dimensional mean

shear and is de�ned as

‘+
n =

1� �+ + �+
t

�+
: (3.12)

Unlike Cabot’s model ODE (i.e. Eq. (3.10)), the new model ODE (i.e. Eq. (3.11)) is

exact with the above de�nition of ‘+
n .

By analogy to Cabot’s model, ‘+
n is referred to as a non-dimensional mixing

\length." The new mixing length is equivalent to Cabot’s in the special case of a

constant stress layer, i.e. �+ � 1. By rearranging Eq. (3.12), the new mixing length

can be viewed as part of a new model for the eddy viscosity

�+
t = ‘+

n �
+ + �+ � 1: (3.13)

Substituting this model into Eq. (3.9) leads directly to the new model ODE (i.e.
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Eq. (3.11)). This model is equivalent in form to the original equilibrium model, but

it is exact, even in 
ows with arbitrary shear stress pro�les.

As shown in Fig. 3.5, the pro�les of the new mixing lengths collapse well for 
ows

with a wide range of pressure-gradient parameters, whereas they scatter signi�cantly

with the classical de�nitions of Prandtl and Cabot as is indicated by Fig. 3.3. The

collapse of the new mixing lengths also indicates the robustness of the non-dimensional

mean shear to pressure gradients.

Although Cabot’s ODE (i.e. Eq. (3.10)) is equivalent to the exact ODE (i.e.

Eq. (3.9)) in the special case that �+ � 1, in almost all real 
ows, �+ 6= 1. Even if

‘+
C = �+

t is computed from DNS data and fed into Cabot’s ODE, the wrong velocity

pro�le will result. On the other hand, if ‘+
n = (1 � �+ + �+

t )=�+ is computed from

DNS data and fed into the new model ODE (i.e. Eq. (3.11)), the exact solution will

result by construction. For both Cabot’s ODE and the new ODE, the mixing lengths

should approach a value of �y+ in order to recover the log law with a log slope of 1=�.

When Cabot’s mixing length is evaluated from DNS data of a channel 
ow, ‘+
C = �+

t

does not recover this behavior. As shown in Fig. 3.6(a), ‘+
C deviates from �y+ by

10% in a channel 
ow at 10% of the channel half height because the total shear stress

reduces by 10% at this location.

3.3.1 Parameterizing the new mixing length

By comparing Fig. 3.3 with Fig. 3.5, it is clear that the new mixing-length de�nition

collapses much better in various 
ows than the classical de�nition. In this section,

we proceed by determining a suitable functional representation of this new mixing

length.

In order to be consistent with physical constraints, the functional representation

of the mixing length must recover the well-established asymptotic behavior of the

the eddy viscosity near a wall. Concerning the limit of large wall-normal distance,

Eq. (3.11) implies that the condition ‘+
n ! �y+ should be satis�ed to recover the

log-law slope observed in high-Reynolds-number wall-bounded turbulence. On the

other hand, considering the near-wall region with y+ � O(1), mass conservation and
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Figure 3.5: Distributions of the new mixing length ‘+
n (de�ned by Eq. (3.12)) plotted

versus the wall-normal coordinate y+, for the same cases as shown in Fig. 3.1. All
data is truncated at y = 0:1�, which approximately encompasses the viscous sublayer,
bu�er layer, and log layer.
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Figure 3.6: Distributions of the new mixing length ‘+
n extracted from the DNS

database of a channel 
ow at Re� � 5200 [72] plotted versus the wall-normal co-
ordinate y+. In both panels, the log-law relation ‘+ = ky+ is plotted. Also shown
are the distributions of Cabot’s mixing length ‘+

C with linear scale in panel (a), and
the O(y+)3 reference with log scale in panel (b).
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the viscous wall boundary conditions imply that �+
t � (y+)3 should be satis�ed.

To examine the e�ects of these constraints on the mixing length, � is expressed

as a power series expansion in terms of �y+, where � is the inner pressure-gradient

parameter de�ned in Eq. (3.17). Assuming that the pressure gradient is independent

of the wall-normal distance y, the leading-order term is given by Eq. (3.8) after

integrating the streamwise momentum equation, and consequently

� = 1 + �y+ +O(�y+)2: (3.14)

By plugging the above expansion into Eq. (3.12) and retaining the leading-order terms

of y+ and �y+, the expression

‘+
n � O(y+)3 +O(�y+) (3.15)

holds. According to Table 3.1, �y+ << (y+)3 when y+ � O(1), and thus ‘+
n � (y+)3

applies in the near-wall region.

As shown in Fig. 3.6(b), it is clear that the new mixing length computed from the

DNS data exhibits the expected asymptotic behaviors. For the purpose of modeling,

the mixing length shall be represented by the following function

‘+
n = �y+

�
1� exp

�
�(

y+

A+
)2=b

��b
; (3.16)

where the parameter b controls the shape of the damping and A+ denotes the non-

dimensional damping length scale. The exponent of 2 is chosen to obtain the correct

asymptotic near-wall behavior ‘+
n � (y+)3 according to Eq. (C.7), which is derived in

appendix C.2. For a more comprehensive analysis of various damping functions and

their asymptotic behaviors, the readers are referred to appendix C.3.

In the new model (Eq. (3.16)), the constant � is asymptotically the inverse of the

log slope of the mean velocity pro�le at high Reynolds numbers. For instance, Nagib

et al. [83] report that � � 0:38 is appropriate for channels and zero pressure gradi-

ent boundary layers of Reynolds number based on the boundary layer displacement

thickness Re�� � 10; 000. And this value is consistent with the channel DNS data
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at Re� = 5200 [72] in Fig. 3.6(b), where the asymptotic slope of ‘n is found to be

approximately 0:38.

One remaining issue is to properly de�ne the parameter b that controls the shape

of the near-wall damping. As shown in Fig. 3.5, there appears to be little variation

in the shape of the new mixing length even for boundary layers with strong adverse

pressure gradients, and therefore a single choice of b may be suitable for all 
ows.

Considering two DNS data with the highest Re� available, i.e. the channel 
ows with

Re� = 8000 [118] and Re� = 5200 [72], the optimal choices of b for these datasets are

1.1 and 0.84, respectively. In the following, b = 1 is chosen as a compromise for all


ows, which is consistent with the model proposed by [18, 19].

The damping coe�cient A+ is now the last remaining free parameter in the model.

The damping coe�cient directly controls the extent of the bu�er layer, or equivalently

the log intercept of the velocity pro�le. In fact, even with an arbitrary choice for b

(see appendix C.3 for details), the resulting model can provide a decent prediction

of the mean velocity as long as A+ is correctly calibrated. As shown in Fig. 3.1, the

intercept constant appears to be the primary feature that varies between di�erent

non-equilibrium 
ows due to the pressure gradient. Even in equilibrium 
ows, it is

observed that the log intercept is much less universal than the k�arm�an constant �.

Therefore, in this work, A+ is proposed to vary based on speci�c 
ow parameters

rather than being speci�ed as a universal constant.

3.3.2 Modeling based on pressure-gradient parameters

In equilibrium 
ows, such as the channel, pipe, and zero pressure gradient bound-

ary layer, the law of the wall has needed only small modi�cations to optimally �t

these velocity pro�les. However, in pressure-gradient boundary layers, relatively large

changes in the logarithmic intercept are required (see Fig. 3.1). Most of the classi-

cal mixing-length-based models for non-equilibrium 
ows rely on a non-dimensional

pressure-gradient parameter as an input.

One popular approach for sensitizing the velocity pro�le to the pressure gradient

considers the inner pressure-gradient parameter, i.e. the Mellor parameter, which is
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de�ned as

� =
��
�w

dP

dx
; (3.17)

and correlates A+ or the log intercept with the parameter � [60, 47, 65, 84, 37].

Taking the cases in Table 3.1 for instance, by modeling the mixing length ‘+
n with

the model de�ned in Eq. (3.16), the optimal choice of A+ is made to minimize the

di�erence between the reference solution and the modeled velocity pro�le (the solution

of Eq. (3.11)) at the wall-normal distance y = 0:1�. This leads to a value of A+ for

each pro�le in the database. The bilinear regression of A+ versus � and ln(Re� ) is

plotted in Fig. 3.7(a) for all cases in the database. The �tting function is shown in

the caption and has a coe�cient of determination R2 = 0:73.

Alternatively, a better measure of non-equilibrium e�ects can be achieved by �t-

ting the outer pressure-gradient parameter, i.e. the Clauser parameter, which is

de�ned as

� =
��

�w

dP

dx
=
��

�
Re��; (3.18)

where �� denotes the boundary layer displacement thickness and is de�ned as

�� =

Z �

0

�
1� U

Ue

�
dy; (3.19)

where Ue is the mean velocity at the boundary layer edge y = �.

Similar to the correlations presented above, for the given cases in Table 3.1, a

bilinear regression of the optimal choices of A+ versus � and ln(Re� ) is shown in

Fig. 3.7(b). This �t has a coe�cient of determination R2 = 0:80. The improved

coe�cient of determination suggests that � is more indicative than � for determining

the optimal damping coe�cient A+. Meanwhile, computing � requires the de�nition

and the computation of the boundary layer thickness � and the edge velocity Ue,

which are non-trivial in pressure gradient 
ows.

It is worth remarking that Bernard et al. [9] propose an empirical relation such

that the slope of the mixing length depends on �. However, it is observed in Fig. 3.1

that the log slope is more universal than the log intercept constant. This motivates

the present approach of correlating A+, rather than �, with �.
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Figure 3.7: Distributions of the damping coe�cient A+ plotted versus a least-squares
regression of the friction Reynolds number Re� , and (a) the inner pressure-gradient
parameter � or (b) the outer pressure-gradient parameter �. The red dotted lines
denote the least-squares regressions characterized by the functional g1[�;Re� ] =
24:5 � 170� � 0:421 ln(Re� ) (a) and g2[�;Re� ] = 22:5 � 1:29� � 0:117 ln(Re� ) (b).
The symbols denote the data from the cases in Table 3.1, with the symbol color
indicating Re� and the symbol type indicating the 
ow type, i.e. channel 
ows (dia-
monds), ZPGBLs (circles), pipe 
ows (squares), APGBLs (triangles), and airfoil 
ows
(pentagrams).
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3.3.3 Modeling based on the boundary layer shape factor

As discussed above, the classical pressure-gradient parameters � or � in combination

with Reynolds number Re� do not uniquely and completely de�ne the boundary layer

velocity pro�le. The reason is that these pressure-gradient parameters are unaware of

the spatial (or temporal in a Lagrangian sense) history of the 
ow, see e.g. [65] (con-

cerning �) and [10] (concerning Re� and �). Only the local pressure gradient e�ect is

taken into account instead of the integrated e�ect on the 
ow in the streamwise (or

temporal) dimension.

However, these integrated history e�ects are signi�cant in non-equilibrium 
ows.

The most straightforward solution for incorporating the boundary layer history e�ects

into the wall model is to employ a PDE-based wall model, but this leads to a sig-

ni�cantly increased computational cost. Instead, we propose that the same objective

can be achieved by correlating A+ with the boundary layer shape factor H for the

ODE-based wall model and hypothesizing that A+(H;Re� ) is a universal function.

For boundary layers, the shape factor is de�ned as H = ��=�, where the momentum

thickness � is computed by

� =

Z �

0

U

Ue

�
1� U

Ue

�
dy: (3.20)

The rationale for this hypothesis is based on the following two observations. First,

non-equilibrium e�ects directly modify the boundary layer shape factor H [100].

Second, the dominant contribution to the shape factor in WMLES comes from the

outer PDE solver, which captures non-equilibrium (history) e�ects by construction,

as demonstrated in section 3.4.1. These observations imply that by correlating the

inner wall model with the shape factor, the history e�ects captured by the outer

solver can be leveraged by the wall model.

As shown in Fig. 3.8(a), with the same dataset as in Fig. 3.7, a better collapse

is observed when plotted versus the shape factor H, than versus the inner and outer

pressure-gradient parameter (with a coe�cient of determination R2 = 0:90 compared

to 0.73 and 0.80, respectively). Fig. 3.8(b) indicates that the present A+ correlation

is not merely capturing Re� e�ects.
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Figure 3.8: Distributions of the damping coe�cient A+ plotted versus (a) a least-
squares regression of the shape factor H and ln(Re� ), and (b) ln(Re� ). In panel
(a), the red dotted line denotes the least-squares regression characterized by the
functional g3[H;Re� ] = 45:2 � 11:8H � 0:993 ln(Re� ). In both panels, the symbols
denote the data from the cases in Table 3.1, with the symbol type indicating the 
ow
type, i.e. channel 
ows (diamonds), ZPGBLs (circles), pipe 
ows (squares), APGBLs
(triangles), and airfoil 
ows (pentagrams). The symbol color indicates Re� (a) and
H (b).
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For all three optimal linear regressions shown in Fig. 3.7 and 3.8(a), the coe�cient

for ln(Re� ) is negative. Consequently, A+ !1 and thus �t ! 0 when the Reynolds

number is su�ciently low with Re� ! 0. This is consistent with the expected behavior

of the eddy viscosity that it should smoothly turn o� in a laminar 
ow.

It is worth noting that these regressions only apply to the present mixing length

model and damping function given in Eq. (3.12), for the fully turbulent, incompress-

ible 
ows with zero wall penetration. While the optimal choices of the regression

coe�cients may be di�erent for other mixing-length models, the suitability of corre-

lating A+ with H and Re� may still hold in general.

3.4 Performance validation of the new model

In summary, the proposed new model consists of the ODE in Eq. (3.11), where the

mixing length is parameterized as

‘+
n = �y+

�
1� exp

�
�(

y+

A+[H;Re� ]
)2

��
; (3.21)

and the damping coe�cient is given by

A+[H;Re� ] = 45:2� 11:8H � 0:993 ln (Re� ) : (3.22)

The computation of the shape factor H will be discussed in section 3.4.1. Otherwise,

the ODE model is solved iteratively in the same way as for the classical models of

Cabot and Prandtl. Speci�cally, the no-slip boundary condition is imposed at y = 0

while the Dirichlet boundary condition U = Um is applied at the matching location

y = ym, where Um is taken from the outer PDE solver. And, the matching location

is typically chosen to be the �rst- or third- grid point of the mesh for the outer PDE

solver [121, 66].

In this work, ym = 0:1� is adopted as suggested in [66]. In this a priori study, the

data at the matching location will be provided from DNS or WRLES, such that any

resulting errors can be attributed to the wall model instead of the matching data.
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Here, the relative error ��w is de�ned as the di�erence between the wall shear stress

�w computed from the wall model and that from DNS or WRLES.

As shown in Fig. 3.9(a), the relative error of the wall shear stress from the classical

Cabot’s model is as large as 17% for cases with strong pressure gradients. Meanwhile,

the error from the new model, as shown in Fig. 3.9(b), is typically less than 2% with

the maximum of 5%. The quantitative error reduction by deploying the new model

is shown in Fig. 3.10(a) versus H and in Fig. 3.10(b) versus �. Cases with the

strongest pressure gradients have the largest errors with the classical model and the

most remarkable error reductions by switching to the new model. For very few cases,

there is a tiny error increase of about 1%, which can be attributed to the �tting errors

evident in Fig. 3.8(a).

In terms of the dimensionless velocity pro�le, as shown in Fig. 3.11, it is clear

that the new model greatly improves the prediction accuracy when compared to the

classical model (Cabot’s model), and the shift of the logarithmic intercept highlighted

in Fig. 3.1 is well captured.

3.4.1 The computation of the boundary layer shape factor

One remaining critical issue of the present wall model is the estimation of the bound-

ary layer shape factor H based on the well-resolved inner ODE-based wall-model

solution and the coarse outer PDE solution. The PDE solution can capture the his-

tory e�ects, but is under-resolved in the near-wall region. In this work, we propose

to approximate the shape factor as

H � ��i + ��o
�i + �o

; (3.23)

where � and �� follow their de�nitions in Eq. (3.20) and (3.19) except that the sub-

script i refers to an integral from the wall to the location y = ym, and the subscript o

refers to an integral from y = ym to y = �. Speci�cally, Eq. (3.23) can be written as

H �

R ym
0

�
1� U

Ue

�
dy +

R �
ym

�
1� Uo

Ue

�
dyR ym

0
U
Ue

�
1� U

Ue

�
dy +

R �
ym

Uo

Ue

�
1� Uo

Ue

�
dy
; (3.24)



72 CHAPTER 3. INCOMPRESSIBLE WALL MODELING

Figure 3.9: Distributions of the relative error ��w between the wall stress predicted by
the well-resolved simulations and that by the wall-modeled simulations (from Cabot’s
model (a) and the present new model (b)) for the cases in Table 3.1 versus the
underlying shape factorH. In both panels, the symbols denote the data from the cases
in Table 3.1, with the symbol color indicating Re� and the symbol type indicating
the 
ow type, i.e. channel 
ows (diamonds), ZPGBLs (circles), pipe 
ows (squares),
APGBLs (triangles), and airfoil 
ows (pentagrams).
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Figure 3.10: Distribution of the error reduction �r, in terms of the wall-stress pre-
diction by switching from Cabot’s model to the new model, plotted versus the shape
factor H (a) and the outer pressure-gradient parameter � (b). The symbols denote the
data from the cases in Table 3.1, with the symbol color indicating Re� and the symbol
type indicating the 
ow type, i.e. channel 
ows (diamonds), ZPGBLs (circles), pipe

ows (squares), APGBLs (triangles), and airfoil 
ows (pentagrams).
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Figure 3.11: The streamwise velocity pro�le U+ plotted versus the wall-normal coor-
dinate y+, for the � = 4:2 case considered in Fig. 3.1. Included are the WRLES pre-
diction (dashed line), the results from the new model (green circles) and the Cabot’s
model (red circles), and the log law reference (dotted line).
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where the solution U is taken from the inner wall model while Uo is from the outer

PDE solution.

Since this work does not incorporate the outer PDE simulation explicitly (in an a

posteriori sense), the well-resolved simulation data from DNS or WRLES is used to

compute the outer contributions to the shape factor in Eq. (3.23). This permits the

study of the errors inherent to Eq. (3.23) in isolation from the numerical truncation

errors and the subgrid-scale modeling errors in the outer solver, as these are separate

issues that are not unique to the present wall model. Methods for reducing these

errors will depend on the details of the outer solver.

Recalling that the proposed inner wall model for computing the velocity pro�le

U [y] explicitly depends on the parameter H, a two-way coupling exists between H and

U [y]. This implies that these quantities must be computed iteratively. The procedure

begins with an initial guess of H � ��o=�o based on the outer solution. This estimate

of H is then fed into the ODE model for solving U [y] according to Eq. (3.11), (3.21),

and (3.22). As the �rst iteration, the resulting inner pro�le U [y] can be used to update

the estimate of H according to Eq. (3.24). Successive iterations involve recomputing

U [y] with the latest value of H and recomputing H based on the updated U [y] pro�le.

Fig. 3.12(a) shows the estimates of the shape factor from the iterative procedure

above with the matching location ym = 0:1�. The initial guess for H from the

outer pro�le results in about 12% error. After the �rst iteration, the error decays to

be negligible, i.e. less than 1%. Successive iterations reveal that the result converges

within two iterations. This rapid convergence indicates that the shape factor estimate

is not sensitive to the damping coe�cient A+, which, on the other hand, has a large

e�ect on the wall shear stress prediction.

As the matching location approaches the wall, the contribution to the shape factor

from the inner pro�le vanishes. Fig. 3.12(b) shows the results for the case with the

matching location ym = 0:025� (corresponding to a �ne WMLES setup with 40 points

across the boundary layer [66, 46]). It is observed that the initial guess withH � ��o=�o

still leads to a signi�cant error, up to 10%. This suggests that the contribution of

the inner velocity pro�le to the shape factor can not be neglected. Meanwhile, the

proposed iterative approach approximately converges with one iteration.
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The robustness of the shape factor to the damping coe�cient is because H depends

on the velocity pro�le in outer units (Ue and �) rather than inner units (u� and �v).

Moreover, the inner wall model is constrained to satisfy the no-slip boundary condition

at y = 0 and the Dirichlet boundary condition U(ym) = Uo(ym) at the matching

location y = ym. These hard constraints render the H estimate from the inner model

contribution relatively insensitive to A+. Nonetheless, the present variable A+ model

is required for an accurate prediction of the wall stress, which is essential for the outer

solver to deliver accurate solutions.

As observed by Bobke et al. [10], the 
ow history e�ects are required to fully char-

acterize the 
ow state. Although the integrated 
ow history e�ects in the streamwise

direction can be captured by the outer PDE solver in WMLES, classical wall models

have not leveraged this information directly in the wall model. (There is some indi-

rect coupling since the wall model matching data comes from the outer solver.) On

the other hand, the history of the boundary layer enters the present model explicitly

through the damping coe�cient’s dependence on H.
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Figure 3.12: Distributions of the relative error �H between the computed and the
exact shape factor H plotted versus the outer pressure-gradient parameter �. In both
panels, the symbols denote the data from the cases in Table 3.1, with the symbol type
indicating the 
ow type, i.e. channel 
ows (diamonds), ZPGBLs (circles), pipe 
ows
(squares), APGBLs (triangles), and airfoil 
ows (pentagrams). The symbol color
indicates the results computed from di�erent iterations: the initial guess (white), the
�rst iteration (yellow), the second (red) and tenth (black) iteration. The yellow and
red symbols are obscured by the black symbols. The matching location is ym = 0:1�
(a) and ym = 0:025� (b).
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3.5 Proposed ODE-based wall model incorporat-

ing boundary-layer wake

In practice, there are two inconsistencies encountered when applying the equilibrium

wall model (EQWM) for wall-modeled large-eddy simulation (WMLES): 1) the as-

sumption of a constant stress layer is often not satis�ed, and 2) the matching location

is often outside the log layer.1 Herein, we propose two improvements to the classical

EQWM: a) we explicitly account for the dependence of total stress on the distance

from the wall, and b) we propose a modi�ed eddy viscosity model that is applicable

for the wake region of the boundary layer. These improvements enhance the predic-

tive capability of the EQWM, even when the matching location is at the edge of the

boundary layer. This 
exibility renders the new model more suitable for WMLES

with coarse spatial resolution.

The classical form of the EQWM begins with the one-dimensional RANS equation

(neglecting the pressure gradient and advection terms) as

d

dy

�
(�t + �)

dU

dy

�
=
d�=�

dy
: (3.25)

Invoking the constant stress layer assumption, the term on the right-hand side van-

ishes. This ODE is then solved for U(y) between the wall, where the no-slip condition

is applied, and a matching location, where the LES solution is provided. In general,

moving the matching location further away from the wall decreases the LES resolu-

tion requirements but also increases the reliance on the RANS model. To close this

equation for U(y), Cabot and Moin (2000) [19] employed the algebraic eddy viscosity

model

�t = ‘mu� ; ‘m = �yD; D = (1� exp(�y+=A+))2; (3.26)

where the turbulence eddy viscosity scales linearly with y for large y+. Consequently,

when coupled with the constant stress layer assumption, it recovers the log law away

1This section is a slightly modi�ed version of [50], Kevin Patrick Gri�n, Lin Fu, and Parviz
Moin. \Improved equilibrium wall stress model for turbulent boundary layers with zero pressure
gradient." (2021).
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from the wall. This is, however, only appropriate when this model is deployed with

a matching location in the log region. Large errors are generated if the matching

location is in the wake region, where the constant stress layer and linear eddy viscosity

assumptions are not valid.

3.5.1 Model for boundary layer wake e�ects

In this work, we develop a new model which accounts for a non-constant stress layer,

and we introduce an eddy viscosity form that is accurate regardless of the matching

location.

Total stress distribution

For the classical logarithmic EQWM, the built-in assumption is that the variation

of the total stress between the wall and the matching location is negligible. When

the matching location is any signi�cant fraction of the boundary layer thickness,

the assumption is invalid and typically the total stress is a function of wall-normal

distance. Chen et al. [25] propose a model for the dependence of the total stress on

the wall-normal distance. This model, i.e.

�(y) = �w

�
1�

�y
�

�3=2
�
; (3.27)

has been veri�ed for a large range of Reynolds numbers [25]. Fig. 3.13 and Fig. 3.14

indicates that the prediction of this model agrees well with the DNS data [94]. With

this model, we account for the right-hand side of Eq. (3.25) explicitly, rather than

neglecting it as in the classical logarithmic model. layer is not well motivated when

the matching location ym=� > 0:2

Modi�ed eddy viscosity model

Maise and McDonald (1968) [75] observed that the mixing length behaves like �y in

the log region but plateaus in the wake region to a nearly universal value of Cmax �
0:09�. This observation is robust to changes in Mach number and even moderate
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Figure 3.13: The viscous, Reynolds-shear, and total stresses versus the wall-normal
coordinate for DNS of a zero-pressure-gradient boundary layer with Re� = 4000 [94].
The 3=2 power law model is shown for reference.

adverse pressure gradients. We design a hyperbolic tangent function for a mixing

length model since it is a simple function that obeys the aforementioned linear and

constant asymptotes. We replace the classical logarithmic mixing length model, ‘m =

yD, with a new model,

‘m = Cmax tanh(�y=Cmax)D: (3.28)

While Cabot and Moin (2012) [19] take u� as the velocity scale in the classical log-

arithmic model (which is consistent with a constant stress layer assumption), we

propose to use the velocity scale
p
�(y)=� instead. Fig. 1b and 1c indicate that these

new models for ‘m and �t agree much better with DNS than the classical logarithmic

model.
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Figure 3.14: The new mixing length (a) and eddy viscosity (b) model for the classical
logarithmic and new models. Reference data is the DNS of a zero-pressure-gradient
boundary layer with Re� = 4000 [94].
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3.5.2 Result for wake model

As shown in Fig. 3.15(a), the new model correctly predicts the log law in the log

region and also predicts the wake region well, whereas the classical logarithmic model

continues to predict a log law for all y. Fig. 3.15(b) with linear axes clearly shows

the reduced prediction error in the outer layer from our new model. Fig. 3.16 shows

that over a wide range of Re� from 300 (marginally turbulent) to 13000, the new

model performs substantially better than the classical logarithmic model. We have

improved the EQWM to accommodate a non-constant stress distribution and pro-

posed a new eddy viscosity model for the wake region of turbulent boundary layers.

These simple modi�cations improve the predictive capability of the EQWM model

and allow for setting the matching location for the model anywhere between the wall

and the edge of the boundary layer. This 
exibility in the choice of the matching

location is essential for a robust deployment of the EQWM in complex geometries,

since in such cases it is di�cult and computationally expensive to guarantee that the

matching location is in the log layer.

3.6 Summary

The classical equilibrium wall model is popular since it is simple to implement in prac-

tical applications, and the performance is, in general, satisfactory for high-Reynolds-

number wall-bounded turbulence. However, the prediction capability is limited due

to the fact that the damping coe�cient A+ does not depend on the 
ow state. As

a result, upon integration, the classical model predicts the same logarithmic inter-

cept even in the presence of strong pressure gradients and low Reynolds numbers.

Speci�cally, the classical models have invoked the constant-stress-layer assumption

or developed approximate correlations of the shear stress pro�le, without making a

corresponding adjustment to the eddy viscosity model, to maintain a log law. These

choices are in con
ict with a wide range of high-�delity simulation data. The present

model is constructed to recover the log law without the need for assumptions about

or approximations of the shear stress pro�le.
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Figure 3.15: Velocity pro�les for the new and the classical logarithmic model on (a)
semi-log and (b) linear scales for the DNS data of a zero-pressure-gradient boundary
layer with Re� = 4000 [94].



84 CHAPTER 3. INCOMPRESSIBLE WALL MODELING

0 5000 10000 15000

0

10

20

30

Logarithmic model

Figure 3.16: The percent error in wall shear stress, ��w , of the new and classical
logarithmic models. Error is measured with respect to DNS, experiment, or WRLES
[94, 63, 97, 38, 95].

On the other hand, while most classical stress-based wall models assume a uni-

versal value for the mixing length damping coe�cient A+, the new method correlates

A+ with the boundary layer shape factor H and the friction Reynolds number Re� .

In a priori analyses, the proposed correlation of A+[H;Re� ] makes a substantial im-

provement to the prediction of the velocity pro�le and the wall shear stress for a large

range of Reynolds numbers and pressure gradient conditions.

The ODE-based inner model is designed to live in symbiosis with the outer PDE-

based solver, which computes the velocity pro�le in the outer portion of the boundary

layer. By feeding these data to the inner wall model, the shape factor and the wall

shear stress can be accurately predicted. As a result, the new model incorporates an

integral measure of the streamwise and temporal history of the 
ow and is accurate in

non-equilibrium scenarios, while retaining similar computational e�ciency as classical

equilibrium models.



Chapter 4

Velocity transformation for

compressible wall-bounded

turbulent 
ows with and without

heat transfer 1

In this chapter, a transformation, which maps the mean velocity pro�les of compress-

ible wall-bounded turbulent 
ows to the incompressible law of the wall is proposed.

Unlike existing approaches, the proposed transformation successfully collapses, with-

out speci�c tuning, numerical simulation data from fully developed channel and pipe


ows, and boundary layers with or without heat transfer. In all these cases, the trans-

formation is successful across the entire inner layer of the boundary layer (including

the viscous sublayer, bu�er layer, and logarithmic layer), recovers the asymptoti-

cally exact near-wall behavior in the viscous sublayer, and is consistent with the

near balance of turbulence production and dissipation in the logarithmic region of

the boundary layer. The performance of the transformation is veri�ed for compress-

ible wall-bounded 
ows with edge Mach numbers ranging from 0 to 15 and friction

1This chapter in revised form was published in [54], Kevin Patrick Gri�n, Lin Fu, and Parviz
Moin. \Velocity transformation for compressible wall-bounded turbulent 
ows with and without
heat transfer." Proceedings of the National Academy of Sciences 118.34 (2021): e2111144118.
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Reynolds numbers ranging from 200 to 2000. Based on physical arguments, we show

that such a general transformation exists for compressible wall-bounded turbulence

regardless of the wall thermal condition.

It is well known that incompressible wall-bounded turbulent 
ows at high Reynolds

numbers under zero-pressure-gradient conditions exhibit nearly-universal mean stream-

wise velocity pro�les versus the wall-normal coordinate. This collapse is achieved

through a non-dimensionalization with respect to the friction velocity and the kine-

matic viscosity. However, compressible 
ows with non-negligible freestream Mach

numbers do not directly obey this law of the wall. Morkovin [81] hypothesizes that,

as long as the turbulent Mach number (based on the root-mean-square 
uctuating

velocity) is su�ciently small, compressible wall-bounded 
ows can be mapped onto

the incompressible counterparts by accounting for the variation in mean properties

(e.g., density, viscosity, etc.). Such a transformation would not only be of theoretical

interest but also of great practical importance for reduced-order turbulence modeling,

since it would allow established incompressible wall models to be readily applied to

compressible 
ows. Since the pioneering work of van Driest [105], many variants have

been proposed over the past decades, e.g., [125, 103, 86, 112], but none of the existing

transformations is generally applicable even to canonical compressible wall-bounded


ows. In this work, the strengths and limitations of existing transformations are �rst

analyzed. Then, a generally applicable transformation is proposed, validated, and

compared with existing approaches for a wide range of compressible wall-bounded

turbulent 
ows.

4.1 Motivation

The �rst successful velocity transformation is developed by van Driest [105] by assert-

ing that compressible wall bounded turbulence obeys Prandtl’s incompressible mixing

length assumption. This implies that the non-dimensional mean shear, S+
V D[y+] =

@U+
V D=@y

+ =
p
�+@U+=@y+, is a Mach-number-independent function. Through-

out, the superscript + indicates a non-dimensionalization by the friction velocity

u� =
p
�w=�w, the viscous length scale �v = �w=(u��w), and �w, where �w, �w, and
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�w are the shear stress, density, and dynamic viscosity evaluated on the wall, respec-

tively. For instance, U+ = U=u� , y
+ = y=�v, �

+ = �=�w, �+ = �=�w, etc.

If a particular non-dimensionalization of the mean shear pro�le is indeed a Mach-

number-invariant function, then it can be integrated to recover the law of the wall,

and this formula can be referred to as a successful compressible velocity transfor-

mation. For the van Driest transformation [105], Mach invariance is achieved in

adiabatic boundary layer 
ows, since the transformed velocity pro�les collapse well

to incompressible reference data (see Fig. 3(a) in [89]). However, in diabatic (with

heat transfer) boundary layers and channel 
ows, the transformation fails and the

incompressible law of the wall is not recovered [124, 110, 111, 43, 79, 103, 123].

Zhang et al. [125] propose replacing van Driest’s mixing length assumption with

the more general proposition of turbulence equilibrium. Speci�cally, P=� � 1, where

P and � denote the turbulence production and dissipation, respectively. This is a

statement that the turbulence cascade is in equilibrium across the entire inner layer

of the boundary layer. Furthermore, the improved model assumes that the turbulent

shear stress �+
R = ��gu00v00=�w [81] and �+=�+ are Mach-independent functions of the

non-dimensional wall-normal coordinate y+, where e� denotes the density weighted

average (Favre average) and �00 denotes the 
uctuation about this average. Recall-

ing that P = ��gu00v00@U=@y (where U is the Favre averaged velocity henceforth),

these assumptions imply that (1=�+)(@U+=@y+) = S+
1 [y+], where S+

1 is some Mach-

independent function. Note that, throughout this work, brackets [�] denote functional

dependence.

However, it is known that production does not balance dissipation in the viscous

sublayer, so it is not a surprise that Zhang et al. [125] �nd that S+
1 is not Mach invari-

ant in the viscous sublayer. Similar to Huang and Coleman [58], Zhang et al. proceed

by deriving the mixing length that is implied by S+
1 , assuming the mixing length is

Mach invariant across the entire inner layer of the boundary layer, and further assum-

ing the existence of a constant stress layer near the wall. These assumptions imply

the following transformation S+
Z [y+] =

�
�S+;2

1 +
q
S+;2

1 =4 + (1� �+2S+
1 )

�
S+

1 =(1 �

�+2S+
1 ) [125]. Zhang et al. recommend the use of S+

Z instead of S+
1 . Although the

S+
Z transformation performs well in adiabatic boundary layers (see Fig. 4 in [125]),
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the performance in channel 
ows, pipe 
ows, and diabatic boundary layers is poor,

which will be documented later in this chapter.

The observation that S+
1 varies with the Mach number in the viscous sublayer

should be expected since the derivation of the expression for S+
1 is based on the

equilibrium assumption of P=� � 1, which is not justi�able in the viscous sublayer

and bu�er layer. In this work, separate physical arguments will be invoked in those

regions.

4.2 Transformations based on turbulence quasi-equilibrium

Before considering the viscous sublayer, we �rst generalize the log layer arguments of

Zhang et al. [125] to diabatic 
ows. Huang et al. [59] show that, for cooled walls,

the semi-local velocity scale usl =
p
�w=�[y] and length scale ‘sl = �[y]=usl are more

appropriate for mapping the wall-normal distributions of turbulence statistics to their

incompressible counterparts. In addition, Coleman et al. [30] numerically show that a

good collapse is obtained when plotting the turbulence statistics versus the semi-local

wall-normal coordinate y� = y=‘sl for di�erent diabatic supersonic channel 
ows.

Following Huang et al. [59] and Coleman et al. [30], to account for the diabatic

e�ects, the proposition by Zhang et al. [125] is generalized to be that �+
R = ��gu00v00=�w

and �� = �+=�+ are Mach-independent functions of y� instead of y+, where the
� superscripts denote non-dimensionalization with respect to semi-local quantities,

and the non-dimensional production P z = �+
R @U

+=@y� is assumed to approximately

balance with the non-dimensional dissipation �+. Rather than requiring a precise

balance P z=�+ � 1 as in Zhang et al. [125], a strictly weaker assumption of an

approximate balance (or quasi-equilibrium) is invoked, namely P z=�+ is a Mach-

independent function of y�. These assumptions imply that�
P z

�+

�
[y�] =

�+
R [y�]

��[y�]

@U+=@y�

�+
:

The Mach invariance of P z=�+, �+
R , and �� with respect to y� implies that the following
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non-dimensionalization of the mean shear

S+
eq[y�] =

1

�+

@U+

@y�
=
@U+

eq

@y�
; (4.1)

is a Mach-independent function in the log region. This de�nition of the non-dimensional

mean shear also de�nes the transformed velocity Ueq. These assertions of Mach in-

dependence are validated collectively in Fig. 4.1(a) and (b). These �gures show

distributions of the premultiplied non-dimensional mean shear S+y� versus the semi-

local wall-normal coordinate y� for various channel and pipe 
ows in Fig. 4.1(a) and

boundary layers in Fig. 4.1(b). S+
eq is indeed Mach invariant since a wide range of

compressible velocity pro�les collapse to the incompressible reference data in the log

region. S+
eq is referred to as the non-dimensionalization of the mean shear based

on turbulence quasi-equilibrium, and it is suitable for both adiabatic and diabatic

wall-bounded 
ows in the log layer. Unlike the approach of Zhang et al. [125], the

mixing-length and constant-stress-layer assumptions have not been invoked. Also,

this transformation will only be deployed for the Reynolds shear stresses. The vis-

cous stresses will be handled in the following development.

4.3 Transformations based on the viscous stress

Next, we consider the physical arguments applicable to the viscous sublayer. Carvin

et al. [21] employ the conventional asymptotic analysis for this region (i.e. as the wall

is approached, the Reynolds shear stress vanishes and the total shear stress is invariant

with y+, which together imply �+@U+=@y+ � 1 in the viscous sublayer) to de�ne the

compressible velocity transformation S+
vs[y

+] = �+@U+=@y+ = @U+
vs=@y

+, which is

only guaranteed to be Mach invariant in the viscous sublayer. Trettel-Larsson [103]

and Patel et al. [86] reinterpret �+@U+=@y+ as the semi-local non-dimensionalization

[59, 30] of the mean shear and propose that this non-dimensionalization should be

applied to the wall-normal coordinate as well, leading to the velocity transformation

S+
TL[y�] = �+@U

+

@y+
=
@U+

TL

@y�
; (4.2)
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Figure 4.1: Three non-dimensionalizations of the mean shear (that of Trettel-Larsson
in green characterized by Eq. (4.2), the one based on turbulence equilibrium in cyan
characterized by Eq. (4.1), and the total-stress-based transformation in black char-
acterized by Eq. (4.4)) multiplied by the semi-local wall-normal coordinate are plot-
ted against this same coordinate. The pre-multiplied non-dimensional mean shear
y+@U+=@y+ from an incompressible channel 
ow [72] of Re� � 5200 is shown for ref-
erence. Pro�les of channel 
ows [79, 103, 123] with Re�� > 600 are shown in (a) and
pro�les of boundary layers [89, 124, 110, 111, 43] with Re�� > 2000 are shown in (b).
Wake e�ects are likely not present since only the near-wall data within y=� < 0:15 is
shown, where � is the boundary layer thickness de�ned in [52].
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where the transformed velocity U+
TL is de�ned accordingly.

Patel et al. [86] observe that, while S+
vs[y

+] only exhibits Mach invariance in the

viscous sublayer, S+
TL[y�] exhibits Mach invariance across the entire domain in channel


ows for various prescribed viscosity pro�les. Trettel and Larsson [103] provide an

argument for the applicability of this transformation outside the viscous sublayer by

appealing to the Mach-independence of the Reynolds shear stress [81] and applying the

constant-stress-layer assumption outside its domain of applicability, to the entire half

channel. Note that the transformation has been documented to be successful across

the entire half channel [103, 86] even though these assumptions are not exactly valid.

These assumptions imply the Mach invariance of the viscous stress �+
v = �+ � �+

R .

Although the individual models for �+ and �+
R are reasonably accurate in the inner

layer, the resulting model for the di�erence of these terms can have unbounded percent

error, since the terms approximately balance for y� > 30. This suggests that the Mach

invariance of this transformation is not guaranteed when the viscous stress is small

(such as in the log region).

Prior numerical evidence supports this criticism. Although the transformation has

been successful in channel 
ows even in the log region (see [103, 86, 79, 80, 123]), it has

displayed some variability in the log intercepts of transformed velocity pro�les from

adiabatic boundary layers, and the variability is even more pronounced in diabatic

boundary layers (see [124, 110, 111, 43]). In all of these cases, the transformation

performs well in the viscous sublayer where the viscous stress �v > �R, but in boundary

layers it is less successful in the log region where �R > �v. This is clearly demonstrated

in Fig 4.1(b), where S+
TLy

� collapses to the incompressible reference in the near-wall

region, but for y� > 30, S+
TL is overpredicted for many cases. (Note that errors in

the mean shear are cumulative when computing the transformed velocity, so even the

slight, but sustained, overprediction of mean shear pro�les leads to an overprediction

of the log-intercept in transformed velocity pro�les as shown in Fig. 4.2(b).) This

motivates the present transformation, which treats the viscous stress and Reynolds

shear stress separately using established principles of boundary layer theory.
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Figure 4.2: The Zhang et al. [125] (a), Trettel-Larsson [103] (b), and present total-
stress-based (c) compressible velocity transformations versus the semi-local wall-
normal coordinate. An approximate version of the total-stress-based transformation
based on Eq. (4.5) is shown in (d) in which the constant-stress-layer assumption, i.e.,
�+ = 1, is invoked instead of using the exact total shear stress data as in Eq. (4.4). The
database includes: the adiabatic boundary layers [89, 124, 110], diabatic boundary
layers (with both heated and cooled walls) [124, 110, 111], channel 
ows [79, 103, 123],
pipe 
ows [80], and a diabatic turbulent boundary layer downstream of the impinge-
ment of a shockwave on a laminar boundary layer [43]. The line color indicates the
semi-local Reynolds number Re�� = �

p
�w�e=�e. All data have Re�� larger than 200.

Incompressible channel data of Lee and Moser [72] with Re� � 5200 (black dashed
lines) and the zero-pressure-gradient boundary layer data of Sillero et al. [94] with
Re� � 2000 (black dotted lines) are shown for reference.
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4.4 Proposed Transformation based on the total

shear stress

Leveraging the prior analyses of the viscous sublayer and the log layer, a velocity

transformation that is valid across the entire inner layer is derived by �rst recalling

that the total shear stress is the sum of the viscous and Reynolds shear stresses,

i.e., �+ = �+
v + �+

R . The total stress can be written in terms of a generalized non-

dimensional mean shear S+
t , which is de�ned by

�+ = S+
t (

�+
v

S+
TL

+
�+
R

S+
eq

): (4.3)

By construction, in the near-wall limit where �+
v ! �+, the relation S+

t ! S+
TL holds,

thus recovering the Trettel Larsson [103] transformation, which has the asymptotically

correct near-wall behavior derived by Carvin et al. [21]. Meanwhile, in the log region

where �+
R ! �+, S+

t ! S+
eq, thus recovering the non-dimensionalization of the mean

shear based on the approximate balance of turbulence production and dissipation.

Observing that Eq. (4.2) implies �+
v = S+

TL, and with �+
R = �+� �+

v , Eq. (4.3) can be

rearranged for S+
t as,

S+
t =

�+S+
eq

�+ + S+
eq � S+

TL

: (4.4)

This equation (the presently proposed transformation) is referred to as the total-

stress-based transformation since it is an overall non-dimensionalization of the mean

shear that treats the viscous and Reynolds shear stresses independently using results

from boundary layer theory, only in their domains of applicability. Integration with

respect to the semi-local wall-normal coordinate leads to the transformed velocity

U+
t [y�] =

R
S+
t dy

�.

As a practical note, if the total stress pro�le is not available, the present transfor-

mation in Eq. (4.4) can be combined with a constant-stress-layer assumption, �+ � 1,

which is suitable for the canonical 
ows considered in this work.

S+
t �

S+
eq

1 + S+
eq � S+

TL

: (4.5)
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Comparing Fig. 4.2(c) and Fig. 4.2(d), for this data, there is no discernible di�erence

between using the exact total shear stress pro�le and the constant-stress-layer model.

For incompressible 
ows, there is an established de�nition of the eddy viscosity

�+
t [y+] = �+

R =(@U
+=@y+). For compressible 
ows, it is an open question how to best

de�ne the compressible eddy viscosity to facilitate modeling. The present velocity

transformation in Eq. (4.4) suggests the de�nition of the compressible eddy viscosity

as follows

�zt =
�+
R

S+
eq

=
�+�+

R

@U+=@y�
: (4.6)

Then, Eq. (4.3) implies that the total shear stress can be expressed in terms of the

compressible eddy viscosity as �+ = S+
t (1 + �zt). Note that this equation also holds

for the incompressible limit, �zt ! �+
t .

On the other hand, a di�erent de�nition of the compressible eddy viscosity is

implied by the Trettel-Larsson transformation [103]. Although their formulation does

not explicitly de�ne a compressible eddy viscosity, the total stress formalism proposed

above can be applied to their transformation by rede�ning the compressible eddy

viscosity as

�zt;TL =
�+
R

S+
TL

=
�+
R

�+@U+=@y+
: (4.7)

Then, the analogy to Eq. (4.3) is �+ = S+
TL(1 + �zt;TL), where the viscous and

Reynolds shear stresses have both been written in terms of S+
TL. The fact that �zt

and �zt;TL are not equivalent, in general, suggests that the semi-local accounting of

mean property e�ects in the Reynolds shear stress is not equivalent to accounting for

the change in the mean shear required to maintain turbulence in quasi-equilibrium.

However, these two assumptions are equivalent when and only when the condition,

(�+)2(@y�=@y+) = 1, is satis�ed. Fig. 4.1(a) shows that for moderate Re�� channel

and pipe 
ows, the Trettel-Larsson and turbulence quasi-equilibrium transformations

are equivalent. Consistently, Fig. 4.3 indicates that (�+)2(@y�=@y+) � 1 for these


ows. Meanwhile, Fig. 4.1(b) shows an overprediction of the mean shear by the

Trettel-Larsson transformation in several boundary layer 
ows, which is also consis-

tent with the departure from unity of (�+)2(@y�=@y+) in Fig. 4.3 for the boundary
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Figure 4.3: (�+)2@y�=@y+ versus the semi-local wall-normal coordinate. Unity indi-
cates the equivalence of the present and Trettel-Larsson [103] transformations. Pro-
�les of channel and pipe 
ows (black) [79, 103, 123, 80], adiabatic boundary layers
(magenta) [89, 124, 110], and diabatic boundary layers (cyan) [124, 110, 111, 43] .
For all cases plotted, Re�� > 600.

layers. The transformed velocity pro�les for the boundary layers, channel and pipe


ows are shown in Fig. 4.2. The results for the transformation of Zhang et al. [125] in

Fig. 4.2(a) do not collapse to the incompressible reference since this transformation

relies on a mixing length de�nition and a mean shear non-dimensionalization that are

only applicable to adiabatic 
ows. The results for the Trettel-Larsson transforma-

tion [103] in Fig. 4.2(b) exhibit considerable scatter in the logarithmic region, which

is consistent with the overprediction of the mean shear in the beginning of the log

region observed in Fig. 4.1(b). The total-stress-based transformation in Fig. 4.2(c) is

accurate for all 
ows and lies within the reference data, as the remaining scatter is

mostly con�ned to the boundary layer wake y=� > 0:2, where even the incompressible

data is not universal.

In addition, two empirical velocity transformations have been developed. 1) Iyer

and Malik [62] use ad hoc functions, such as the minimum and average, to hybridize
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y� and y+ to combine the strengths of various models. In contrast, the present

approach does not rely on ad hoc blending functions and only uses y� since it has been

established as the correct non-dimensionalization of various turbulent statistics [59,

30]. 2) Volpiani et al. [112] use data-�tting to determine the non-dimensionalizations

of y and @U=@y. While this method performs well in the boundary layer cases which

are used in their training database, we �nd that the model does not perform as well

in channel and pipe 
ows.

A direct comparison reveals that the present transformation is more accurate

than that obtained from the recent data-driven approach of Volpiani et al. [112],

particularly in channel 
ows (as will be demonstrated next). Additional advantages

of the present method are that it is based on physical arguments and uses the well-

established semi-local non-dimensionalization of the wall-normal coordinate [59, 30].

Unlike the present transformation and the Trettel-Larsson transformation, the data-

driven approach does not recover the correct asymptotic scaling in the near-wall region

[21], which is a general challenge for data-driven approaches.

The transformed velocity pro�les for the same compressible 
ows considered in

Fig. 4.2 are presented here for three classes of 
ows separately. In Fig. 4.4, �ve

velocity transformations are applied to the channel and pipe 
ow data. The van

Driest [105] and Zhang et al. [125] transformations are the least accurate since they

were developed for adiabatic boundary layers. At low Reynolds numbers, the Volpiani

et al. [112] transformation generates higher error than the Trettel-Larsson [103] and

present transformations.

In Fig. 4.5, the velocity transformations are applied to the adiabatic boundary

layer data. The van Driest [105] and Zhang et al. [125] transformed pro�les depart

from the incompressible reference data in the outer region, but this discrepancy in

the wake region can be eliminated by comparing with the incompressible data at a

matched Re� , by similar arguments advanced by Modesti and Pirozzoli [79]. On the

other hand, for the Trettel-Larsson [103] transformation, there is some scatter with

regard to the log intercept and this scatter can not be attributed to the Reynolds

number of the reference data. The Volpiani et al. [112] and present transformations

are accurate even at low Reynolds numbers.
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In Fig. 4.6, the velocity transformations are applied to the diabatic boundary layer

data. Similar to the results for channel and pipe 
ows, the van Driest [105] and Zhang

et al. [125] transformations are inaccurate since they were derived for adiabatic 
ows.

The Trettel-Larsson [103] transformed pro�les have log intercepts that do not agree

with the incompressible reference data. This shift in the data is the result of the

integrated overprediction of the mean shear documented in Fig. 4.1(b). On the other

hand, the transformations of Volpiani et al. [112] and the present method are the

most accurate for these 
ows.

Next, the three transformations with the lowest error are compared quantitatively.

The integrated percent error for the transformed velocity pro�les can be de�ned as

� = 100

R 100

0
jU+

a � U+
I jdyaR 100

0
U+
I dya

; (4.8)

which is applicable for any given velocity transformation. Here, U+
a is the non-

dimensional transformed compressible velocity pro�le, and ya is the non-dimensional

wall-normal coordinate that corresponds to a speci�c transformation. U+
I denotes the

incompressible reference velocity pro�le (non-dimensionalized with respect to wall

units) for a channel 
ow at Re� = 5200 [72]. Note that for all transformations

considered in this work ya ! y+ in the incompressible limit. The integration limits

are �xed in transformation units as ya = [0; 100] in order to include contributions

from the viscous sublayer, the bu�er layer, and the log region, and to avoid diluting

any near-wall errors in the high-Reynolds-number cases.

In Fig. 4.7, the integrated percent errors for the transformed velocity pro�les are

shown for the three most accurate transformations: the Trettel-Larsson [103], Volpiani

et al. [112] (data-driven approach), and present transformations. The invoked com-

pressible data is the same as in Fig. 4.2, i.e., adiabatic boundary layers [89, 124, 110],

diabatic boundary layers (with both heated and cooled walls) [124, 110, 111], channel


ows [79, 103, 123], pipe 
ows [80], and a diabatic turbulent boundary layer down-

stream of the impingement of a shockwave on a laminar boundary layer [43].

The Trettel-Larsson [103] transformation generates the largest errors in diabatic
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Figure 4.4: Compressible velocity transformations versus the semi-local wall-normal
coordinate for the van Driest [105] (a), Zhang et al. [125] (b), Trettel-Larsson [103] (c),
data-driven approach of Volpiani et al. [112] (d), and the present total-stress-based (e)
transformations. The database includes: channel 
ows [79, 103, 123] and pipe 
ows
[80]. The line color indicates the semi-local Reynolds number Re�� = �

p
�w�e=�e. All

data have Re�� larger than 200. Incompressible channel data of Lee and Moser [72]
with Re� � 5200 (black dashed lines) and the zero-pressure-gradient boundary layer
data of Sillero et al. [94] with Re� � 2000 (black dotted lines) are shown for reference.
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Figure 4.5: Same as Fig. 4.4, except that the transformations are applied to data
from adiabatic boundary layers [89, 124, 110].
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Figure 4.6: Same as Fig. 4.4, except that the transformations are applied to data from
diabatic boundary layers (with both heated and cooled walls) [124, 110, 111] and a
diabatic turbulent boundary layer downstream of the impingement of a shockwave on
a laminar boundary layer [43].
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Figure 4.7: Integrated percent error in the transformed velocity pro�les according
to the Trettel-Larsson [103] (red), Volpiani et al. [112] (cyan), and present (black)
transformations computed with respect to the incompressible reference [72]. All data
have Re�� larger than 200. Symbol shape indicates the 
ow type, i.e., triangles denote
channel and pipe 
ows, squares adiabatic boundary layers, and pentagrams diabatic
boundary layers.

boundary layers, and what is worse is that the errors do not diminish at high semi-

local Reynolds numbers. The transformation of Volpiani et al. [112] generates the

largest errors in channels and pipes (which generally have low semi-local Reynolds

numbers due to the center-line temperature peak). On the other hand, the present

approach has the lowest percent error for most of the cases with errors typically less

than three percent.

As shown in Fig. 4.7, the performance of the present transformation does not ap-

pear to degrade at high Reynolds numbers. However, until additional simulation data

becomes available, some caution is merited in the deployment of this transformation

for cases that have not been tested, such as in higher Reynolds number 
ows or 
ows

with strong pressure gradients.

Forward velocity transformations attempt to collapse compressible velocity pro-

�les to a universal incompressible velocity pro�le. On the other hand, an inverse

transformation can, in principle, be used to map a tabulated incompressible pro�le

to a compressible 
ow with arbitrary freestream Mach number. The simplest of the

considered transformations in this work, that of van Driest [105], has an analytical
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inverse form if the Prandtl number is assumed to be unity, the constant-stress-layer

assumption is invoked, and the gas is assumed to be perfect [116]. However, for the

present and other recent transformations, analytical inverse transformations are not

apparent and are not pursued further in this work.

4.5 Summary

In summary, the appropriate mapping between the compressible and incompressible

mean velocity pro�les of wall-bounded turbulent 
ows must account for distinct ef-

fects of compressiblity on the viscous stress and turbulent shear stress. The present

transformation is fundamentally di�erent from prior approaches, which have assumed

that compressibility a�ects the viscous stress and Reynolds shear stress through only

one mechanism. Speci�cally, the present approach treats the viscous stress by ac-

counting for mean property variations with the semi-local non-dimensionalization

[59, 30, 103, 86] and treats the Reynolds shear stress to maintain the approximate

equilibrium of turbulence production and dissipation.

Compared to existing transformations [125, 103], the proposed method is unique

in its general applicability to di�erent types of wall-bounded turbulence. Speci�cally,

based on the proposed transformation, we have shown that compressible velocity

pro�les successfully collapse to high Reynolds number incompressible data for a wide

range of 
ows including heated, cooled, and adiabatic boundary layers; fully developed

channel and pipe 
ows; and turbulent boundary layers downstream of the impinging

shock waves.



Chapter 5

Near-wall model for compressible

turbulent boundary layers based on

an inverse velocity transformation

In this chapter, a near-wall model, which couples the inverse of a recently devel-

oped compressible velocity transformation [Gri�n, Fu, & Moin, PNAS, 118:34, 2021]

and an algebraic temperature-velocity relation, is developed for high-speed turbulent

boundary layers. As input, the model requires a sample of the mean 
ow state in the

inner layer of the boundary layer and another sample at the boundary-layer edge. As

output, the model can predict the mean 
ow state (temperature, velocity, etc.) in the

entire inner layer as well as the wall shear stress and heat 
ux. The model is tested in

an a priori sense using a wide database of direct numerical simulation data for high-

Mach-number turbulent channel 
ows, pipe 
ows, and boundary layers (48 cases with

edge Mach numbers in the range of 0.77{11 and semi-local friction Reynolds numbers

in the range of 170{5700). The present model is signi�cantly more accurate than

the classical ODE-based model for all cases tested. Moreover, the model is deployed

as a wall model for wall-modeled large-eddy simulations (WMLES) in channel 
ows

with bulk Mach numbers in the range of 0.7{4 and friction Reynolds numbers in the

range of 320{1800. When compared to the classical WMLES framework, in the a

posteriori sense, the present method greatly improves the predicted heat 
ux, wall

103
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stress, and temperature and velocity pro�les, especially in cases with strong heat

transfer. In addition, the present model solves one ODE instead of two and has a

similar computational cost and implementation complexity.

5.1 Motivation

The largest driver of computational cost in numerical simulations of wall-bounded tur-

bulence is typically the numerical resolution in the near-wall region. Wall models, or

approximate boundary conditions, can be employed to reduce the near-wall resolution

requirements. This chapter focuses on developing a near-wall model for 
ows with

variable 
uid properties, such as those encountered in applications involving high-

speed 
ows. Throughout this work, following the high-Mach-number convention, the

Favre- (density-weighted-) averaged RANS and LES equations are employed.

The present work focuses on the paradigm of wall stress modeling [71, 11]. For

the incompressible case, [19] proposed using the one-dimensional simpli�cation of the

RANS streamwise momentum equation as a wall model. That is,

d

dy

 
(�+ �t)

deU
dy

!
= 0; (5.1)

where �, �t, and eU are the dynamic viscosity, eddy viscosity, and velocity pro�les,

respectively, and y is the wall-normal coordinate. (�) denotes the Reynolds average

and f(�) denotes the Favre (density-weighted) average. The eddy viscosity is further

modeled as

�t = ��
p
�w=�

�
1� exp(y+=A+)

�2
; (5.2)

where � is the density pro�le. The subscript (�)w denotes quantities evaluated at the

wall. �w = �w(deU=dy)w is the wall shear stress. The superscript (�)+ denotes non-

dimensionalization by the friction velocity u� =
p
�w=�w, �w, and the kinematic wall

viscosity �w = �w=�w. The von K�arm�an constant � and the eddy-viscosity damping

coe�cient A+ are calibrated from incompressible reference data. In this chapter,

in order to isolate Reynolds number and compressibility e�ects we employ the DNS
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data from �ve incompressible turbulent channel 
ows [72] with friction Reynolds

numbers Re� = f180; 540; 1000; 2000; 5200g, and �t the least-squares optimal values

of � = f0:40; 0:41; 0:40; 0:39; 0:39g and A+ = f18; 17; 17; 17; 17g. Linear interpolation

and constant extrapolation are used for determining the calibrated values.

For an incompressible 
ow, the density and dynamic viscosity are known con-

stants. In the context of WMLES, the ODE in Eq. (5.1) is solved with two boundary

conditions: 1) the no-slip wall condition and 2) a velocity sample, which is taken

from the LES at a wall-normal distance referred to as the matching location. Note

that the solution procedure is iterative because the eddy viscosity indirectly depends

on the wall stress. The computed wall stress �w is then applied as a momentum-
ux

boundary condition on the outer LES solver, which completes the two-way coupling

of the wall model (inner) solution and the PDE (outer) simulation.

For compressible 
ow, the RANS equation for temperature can similarly be sim-

pli�ed to the one-dimensional form [71, 11], which results in a second, coupled ODE

for the temperature pro�le, i.e.,

d

dy

 
(�+ �t)eU deU

dy
+ Cp(

�

Pr
+

�t
Prt

)
deT
dy

!
= 0; (5.3)

where eT is the temperature pro�le. Cp is the speci�c heat capacity at constant

pressure, Pr is the Prandtl number, and Prt is the turbulent Prandtl number, which

is assumed to be a constant, such as 0.9 [71]. The dependence of dynamic viscosity on

temperature can be assumed to follow a power law or Sutherland’s law. The ideal gas

equation of state closes the system and the thin-boundary-layer assumption implies

that the pressure is constant across the entire boundary layer.

In WMLES, the temperature ODE in Eq. (5.3) is solved with two additional

boundary conditions: 1) the wall temperature and 2) the temperature at the match-

ing location. Note that the solution procedure is also iterative in that the tempera-

ture depends on the velocity solution. The velocity also depends on the temperature

through the density and viscosity. The higher degree of non-linearity compared to

the incompressible case can prove di�cult to converge in 
ows with strong tempera-

ture gradients (strong heat transfer), e.g., as was reported in [43]. In addition to the
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numerical di�culties of solving these two coupled ODEs, the accuracy of this wall

model degrades substantially in 
ows with strong heat transfer (as will be demon-

strated herein).

Improved results for high-speed wall-bounded turbulent 
ows over cold walls have

been obtained by using the semi-local scaling in the damping function [120, 41],

however, [62] reports that in adiabatic walls, the classical scaling (consistent with

the van Driest transformation) is more accurate. This motivates using a recently

developed compressible velocity transformation that is accurate for both diabatic

and adiabatic turbulent boundary layers.

In this work, a wall model for high-speed wall-bounded turbulent 
ows is developed

in section 5.2. The present model is evaluated via a priori testing in section 5.3 and

via a posteriori validation in section 5.4. Conclusions are drawn in section 5.5.

5.2 Proposed wall model for high-speed 
ows

There are three principal di�erences between the present model and the classical

ODE-based wall model: (1) rather than solving an ODE for the compressible ve-

locity pro�le directly, the incompressible ODE (with constant density and viscosity)

is solved and an inverse compressibility transformation [54] is employed; (2) rather

than employing a RANS equation for temperature and assuming a constant Prt, an

algebraic temperature-velocity relation is adopted, thus obviating the need to solve

a second ODE; (3) Reynolds-number-dependent coe�cients are used in the incom-

pressible ODE to improve the accuracy at low Reynolds numbers.

5.2.1 Inverse compressible velocity transformation

A compressible velocity transformation seeks to map a compressible velocity pro�le

to an incompressible, constant-property velocity pro�le at an equivalent Reynolds

number. In this way, a successful transformation can collapse pro�les with various

Mach numbers and thermal boundary conditions to a single incompressible law of

the wall. Coupling with the incompressible pro�le implied by Eq. (5.1), an inverse
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velocity transformation can recover the compressible velocity pro�le.

The total-stress-based compressible velocity transformation of [54] is used in this

work since it is accurate in a wide range of 
ows including boundary layers with

strong heat transfer. This transformation uses the viscous scaling arguments of [103]

and [86] in the near-wall viscous region and uses a modi�ed version of the turbu-

lence equilibrium arguments of [125] for the logarithmic region. The transforma-

tion is an algebraic function which relates the mean shear of the compressible 
ow

deU=dy to the incompressible mean shear pro�le S+
t at the same semi-local friction

Reynolds number Re�� according to the relation S+
t = S+

eq=(1 + S+
eq � S+

TL); where

S+
eq = 1=�+deU+=dy� and S+

TL = �+deU+=dy+. The superscript (�)� denotes the semi-

local non-dimensionalization by the local density �(y), viscosity �(y), and the semi-

local friction velocity usl =
p
�w=�(y) [59, 30]. The semi-local friction Reynolds

number is thus de�ned as Re�� = �eusl�=�e, where the subscript (�)e denotes quanti-

ties evaluated at the boundary layer edge. Note that the transformation assumes a

constant stress layer in the bu�er region of the boundary layer where there is a tran-

sition between the underlying viscous and equilibrium transformations. [54] veri�es

that the deployment of this assumption does not signi�cantly a�ect the accuracy of

the transformation in equilibrium 
ows, and [5] veri�es the same for boundary layers

with moderate pressure gradients.

The inverse velocity transformation is readily obtained by algebraically rearrang-

ing the transformation to �nd

deU+

dy�
=

�
1

�+S+
t

� 1

�+ +
p
�+

�
1 +

1

2�+

d�+

dy+
y+ � 1

�+

d�+

dy+
y+

���1

: (5.4)

The incompressible mean shear S+
t is available algebraically from the constant prop-

erty version of Eq. (5.1), i.e., � = �w and � = �w. The incompressible model constants

� and B are determined using the aforementioned calibration but Re�� is used in place

of Re� since the former is invariant under the velocity transformation. Integrating

Eq. (5.4) with variable properties yields the targeted compressible velocity pro�le;

the properties are computed from the temperature, which will be discussed next.
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5.2.2 Algebraic temperature-velocity relation

Walz’s equation (also known as the modi�ed Crocco-Busemann relation) leverages the

analogy between the conservation equations for momentum and energy to arrive at

an algebraic relation between mean temperature and velocity. This relation accounts

for non-unity Pr e�ects via a recovery factor, which is taken as r = (Pr)1=3. While

this relation is accurate in high-speed adiabatic boundary layers, [36] observed that

the accuracy degrades signi�cantly in boundary layers with wall heat transfer and

proposed a semi-empirical correction of the relation. This was subsequently recast

in terms of a generalized Reynolds analogy [126], thereby introducing the Reynolds

analogy factor that is commonly taken to be s = 1:14. The resulting temperature-

velocity relation is given as

eT = eTw + sPr(eTr � eTw)
eUeUe
 

1�
eUeUe
!

+

 eUeUe
!2 �eTe � eTw� ; (5.5)

where the subscript (�)e denotes quantities at the boundary-layer edge, the recovery

temperature eTr = eTe + reU2
e =(2Cp). This relation has been validated across a wide

range of channel 
ows, pipe 
ows, and boundary layers with and without heat transfer

[126, 124, 111, 80, 43].

Speci�cally, this relation is derived by [126] through de�ning the generalized recov-

ery temperature eTrg = eT + rg eU2=(2Cp). Then, it is assumed that eTrg = eTw +Us eU=Cp,
where Us is a constant velocity scale. Equivalently, the assumption can be reinter-

preted that eT can be approximately represented as a second order Taylor expansion

in terms of powers of eU , i.e.,

eT = b0 + b1
eU + b2

eU2=2; (5.6)

where the no-slip condition implies b0 = eTw, b1 = (deT=deU)jw. The algebraic relation

of [126] can be recovered if b2 is speci�ed by evaluating the expression at the boundary-

layer edge eTe[eUe] and b1 is determined using the Reynolds analogy. However, in this

work, we use the matching data eT [ym] = eUm to set b2, such that the exact value at
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the matching location can be enforced. The �nal temperature-velocity relation is

eT = eTw + sPr(eTr � eTw)
eUeUe
 

1�
eUeUm
!

+

 eUeUm
!2 �eTm � eTw� : (5.7)

Note that one consequence of this relation is that the wall heat 
ux and wall shear

stress are algebraically linked by the Reynolds analogy factor, where the heat 
ux is

de�ned as qw = s�wCp(eTw � eTr)=eUe.
5.2.3 Numerical solution

Like the classical model (Eq. (5.1) and (5.3)), the present model requires a matching

temperature, velocity, and density, an equation of state (the ideal gas law with con-

stant pressure is used in this work), and a viscosity law. In addition, the present model

requires as input the velocity and temperature at the boundary-layer edge (computed

using the method of [52]) for deploying the algebraic temperature-velocity relation.

To solve the nonlinear system, the following approach is used. The incompressible

ODE (Eq. (5.1)) with constant properties (with constants determined by Re�� ) is sub-

stituted into the inverse velocity transformation (Eq. (5.4)). This equation (initial

value problem with an initial guess for the wall shear stress) is solved via the shooting

method, where, at each integration step, a sub-iteration determines the velocity in-

crement that is consistent with the temperature-velocity relation (Eq. (5.7)) and the

resulting density and viscosity at that location. Slightly di�erent iterative procedures

have been used by [53] and [69].

5.3 A priori wall model results for boundary layers,

pipe 
ows, and channel 
ows

The present and classical wall models are �rst evaluated via a priori analysis. That

is, the matching data is taken from DNS at a wall-normal distance of ym = 0:3�. The

wall model estimates the velocity and temperature pro�les as well as the wall shear

stress and wall heat 
ux. The predicted velocity and temperature pro�les are shown
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in Fig. 5.1{5.5 for compressible channel 
ows and in Fig. 5.6{5.8 for supersonic and

hypersonic diabatic boundary layers. In panels (a-b) are the results from a supersonic

channel 
ow with a bulk Mach number of 1:7 and a bulk Reynolds number of 10000

with DNS data from [103]. In panels (c-d) are the results for a hypersonic diabatic

boundary layer with an edge Mach number of 5:0 and a semi-local friction Reynolds

number of 2300 with DNS data from [111]. The pro�les predicted by the present

model agree with the DNS pro�les signi�cantly better than the classical model. Note

that the velocities are non-dimensionalized by the predicted friction velocity, so the

obtained pro�les do not necessarily pass through the matching data if the predicted

wall stress is inaccurate. Next, the model performance is evaluated with a

wide range of DNS data from 48 di�erent simulations. The errors in the modeled

wall stress and heat 
ux predictions are reported for each case with ym = 0:3�. The

relative error in the wall stress prediction ��w is de�ned as

��w =
�w;model � �w;DNS

�w;DNS

� 100%: (5.8)

The non-dimensional wall heat 
ux is de�ned as Bq = qw=(Cp eTw�wu� ), and the rela-

tive error in the wall heat 
ux is de�ned as

�qw =
qw;model � qw;DNS

qw;DNS

� 100%: (5.9)

�qw is not reported for adiabatic boundary layer data because it is unde�ned. The

data considered include the compressible channel 
ow simulations of [79, 103, 123],

the pipe 
ow simulations of [80], the adiabatic supersonic and hypersonic boundary

layers of [89, 124, 110, 111], and the diabatic supersonic and hypersonic boundary

layers of [124, 110, 111, 42]. Only the cases with Re�� > 150 are analyzed because

lower Reynolds numbers can exhibit strong low Reynolds number e�ects [79] and are

not the target of this research. The error measures are shown in Fig. 5.9. The present

model generates signi�cantly less modeling error than the classical model with the

greatest error reduction when the non-dimensional heat transfer is the highest.
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Figure 5.1: A priori wall-modeled pro�les of velocity (a,c) and temperature (b,d) are
plotted versus the wall-normal coordinate. Data are for supersonic channel 
ows with
Mb = 0:7 and Re� = 440 in panels (a) and (b) and Mb = 0:7 and Re� = 650 in panels
(c) and (d).
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Figure 5.2: A priori wall-modeled pro�les of velocity (a,c) and temperature (b,d) are
plotted versus the wall-normal coordinate. Data are for supersonic channel 
ows with
Mb = 1:7 and Re� = 320 in panels (a) and (b) and Mb = 1:7 and Re� = 660 in panels
(c) and (d).
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Figure 5.3: A priori wall-modeled pro�les of velocity (a,c) and temperature (b,d) are
plotted versus the wall-normal coordinate. Data are for supersonic channel 
ows with
Mb = 1:7 and Re� = 960 in panels (a) and (b) and Mb = 3:0 and Re� = 640 in panels
(c) and (d).
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Figure 5.4: A priori wall-modeled pro�les of velocity (a,c) and temperature (b,d) are
plotted versus the wall-normal coordinate. Data are for supersonic channel 
ows with
Mb = 3:0 and Re� = 1200 in panels (a) and (b) and Mb = 3:0 and Re� = 1800 in
panels (c) and (d).
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Figure 5.5: A priori wall-modeled pro�les of velocity (a,c) and temperature (b,d) are
plotted versus the wall-normal coordinate. Data are for supersonic channel 
ows with
Mb = 4:0 and Re� = 1000.

5.4 A posteriori WMLES results for high-Mach-number

channel 
ows

In this section, several WMLES simulations are conducted using charLES, a high-

�delity compressible �nite-volume code [16]. The numerical method consists of a low-

dissipation, approximately entropy-preserving scheme, which utilizes arti�cial bulk

viscosity to capture the solution discontinuities. Additional details about the solver

and a summary of validation campaigns are available in [43, 41].

The WMLESs conducted herein are compressible turbulent channel 
ows driven

with uniform volumetric momentum and energy source terms to achieve the same

bulk Mach number Mb = Ub=
p

(
R eTw) and bulk Reynolds number Reb = �bUb�=�w

conditions of the DNS simulations of [103] as summarized in table 5.1, where the bulk

density is de�ned as �b =
R �

0
�dy=� and the bulk velocity is de�ned as Ub =

R �
0
eUdy=�.

The cases are run on a domain of size (� � 2 � �
p

3=4)� with periodic boundary

conditions in the streamwise (�rst) and spanwise (third) dimensions. Insensitivity

of the results is observed if the domain size is doubled in the streamwise and span-

wise directions. Consistent with the DNS simulations, the viscosity is described by

�=�ref = (T=Tref )0:75, Pr = 0:7, and the ideal gas law is enforced. All cases are
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Figure 5.6: A priori wall-modeled pro�les of velocity (a,c) and temperature (b,d)
are plotted versus the wall-normal coordinate. Panels (a) and (b) are for a diabatic
boundary layer with M1 = 5:8, Re�� = 970, and �Bq = 0:137 [124]; panels (c) and
(d) are for a diabatic boundary layer with M1 = 5:9, Re�� = 4600, and �Bq = 0:018
[124].

Mb 0.70 0.70 1.7 1.7 1.7 3.0 3.0 3.0 4.0
Reb 7500 12000 4500 10000 15000 7500 15000 24000 10000
Re� 440 650 320 660 960 640 1200 1800 1000
Re�� 400 590 200 410 590 200 390 590 200
�Bq 0.011 0.010 0.057 0.053 0.049 0.129 0.121 0.115 0.190

Table 5.1: Non-dimensional 
ow parameters for the nine compressible turbulent chan-
nel 
ow cases considered for a posteriori testing within the WMLES framework.
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Figure 5.7: A priori wall-modeled pro�les of velocity (a,c) and temperature (b,d)
are plotted versus the wall-normal coordinate. Panels (a) and (b) are for a diabatic
boundary layer with M1 = 8:0, Re�� = 4800, and �Bq = 0:059 [124]; panels (c) and
(d) are for a diabatic boundary layer with M1 = 14, Re�� = 5700, and �Bq = 0:192
[124].
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Figure 5.8: A priori wall-modeled pro�les of velocity (a,c) and temperature (b,d)
are plotted versus the wall-normal coordinate. Panels (a) and (b) are for a diabatic
boundary layer with M1 = 5:0, Re�� = 3500, and �Bq = 0:016 [111]; panels (c) and
(d) are for a diabatic boundary layer with M1 = 5:0, Re�� = 2300, and �Bq = 0:039
[111].
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