






Abstract

Turbulent mixing layers occur between two streams of fluids with different kinematic and/or ther-

modynamic properties, and are fundamental flow features which influence the dynamics of a wide

variety of applications, ranging from the mixing efficiency of fuel injection in internal combustion to

vehicle loads in external aerodynamics. Two motivating applications behind this research include

the study of high-speed jets in cross-flow and supersonic retro-propulsion, which occurs as aerospace

vehicles use jet plumes to decelerate during entry, descent, and landing. Both these applications

are highly influenced by hot jet plumes under highly compressible conditions which exhibit sig-

nificant streamwise curvature. Simulating the entire flow field associated with such applications

is extremely computationally expensive; capturing all important flow features at full resolution is

exorbitant for the purposes of engineering design. Thus, grasping the full behavior of turbulent

mixing layers in a representative parameter space enables the development of models which can

reliably and accurately predict the complex flow fields present in these engineering applications.

This work enriches the present understanding of mixing in turbulent shear layers via the systematic

inclusion of compressibility, variable density, and streamwise curvature effects.

The spreading, or growth rate, of turbulent shear layers is known to decrease with increasing

compressibility. In Chapter 2, turbulent shear layers without differences in freestream density and

without streamwise curvature are investigated at six levels of increasing compressibility (convective

Mach numbers ranging from 0.2 to 2.0). Dilatational velocities and pressure-dilatation magnitudes

show little contribution to shear layer growth rates, even under highly compressible conditions. A

new turbulent length and velocity scale is introduced and shown to scale key turbulent quantities.

Inclusion of freestream density variations are also known to decreasing mixing layer growth

rates. Chapter 3 focuses on turbulent shear layers with and without freestream density differences

at three representative compressibility levels, again without streamwise curvature. Convective Mach

numbers of 0.2, 0.8 and 2.0 and freestream density ratios of 1 and 7 are investigated. Trends with

increasing compressibility and the importance of mixing layer asymmetry are identified–shear layer

centerlines and turbulent stresses in variable density shear layers are biased towards the less-dense
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freestream, which reduces the turbulent mixing of the mean momentum profile and corresponding

growth rates.

Chapter 4 presents data and observations for shear layers which include streamwise curvature

effects. A database of mixing layers at two convective Mach numbers (0.2 and 0.8), three density

ratios (1/7, 1 and 7), and weak and strong curvature levels is presented. The combined effects

of compressibility and streamwise curvature are demonstrated to be comparable for the selected

parameter space. Shear layer growth rates are dominated by the freestream density ratio when

streamwise curvature is significant.

Lastly, the performance of lower-order models commonly used in industry for high speed turbu-

lent flows is presented in Chapter 5. Changes to model predictions of turbulent growth rates and

turbulent kinetic energy levels resulting from various model modifications are evaluated. Reduced

accuracy in model predictions of turbulent kinetic energy magnitudes under curved conditions, even

with the inclusion of compressibility and curvature modifications, is demonstrated.
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Nomenclature

At Atwood number

D, ε TKE dissipation

Mc Convective Mach number

Mg Gradient Mach number

Mt Turbulent Mach number

P TKE production

Pt Total pressure

P r Prandtl number

R Gas constant

Rij Reynolds (turbulent) stress tensor

Re Reynolds number

T Temperature

Y Species mass fraction

∆u, ∆ū Freestream velocity difference

Γ Circulation

Π Pressure dilatation correlation

Πij Pressure strain correlation

f̄ ,f ′ Reynolds average and fluctuation of field f
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δ99 99% thickness

δΓ Circulation thickness

δω Vorticity thickness

δθ Momentum thickness

γ Ratio of specific heats

κ Thermal conductivity

µ Dynamic viscosity

ρ Density

τij Viscous (laminar) stress tensor

f̃ ,f ′′ Favre (mass) average and fluctuation of field f

'ω Vorticity

ξ Entropy constant

0 Initial value

c Speed of sound

e Internal energy

k Turbulent kinetic energy (TKE)

p Pressure

rc Centerline radius

sρ Ratio of freestream densities

u, v, w Cartesian velocity components (streamwise, transverse, spanwise)

uθ, ur, uz Cylindrical velocity components (streamwise, transverse, spanwise)

yc Centerline location

θ, r, z Cylindrical coordinate system (streamwise, transverse, spanwise)

x, y, z Cartesian coordinate system (streamwise, transverse, spanwise)
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CC Compressibility modification

CFD Computational fluid dynamics

DNS Direct numerical simulation

LES Large eddy simulation

RANS Reynolds-averaged Navier-Stokes

RC Rotation/curvature modification

SA Spalart-Allmaras model

SST Shear stress transport

TKE Turbulent kinetic energy (k)

ix





3 Variable density effects on turbulent shear layers 40

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

3.2 Methodology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

3.2.1 Governing equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

3.2.2 Physical parameters . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

3.3 Effects of density variations on turbulent statistics . . . . . . . . . . . . . . . . . . . 46

3.3.1 Growth rates and turbulent stresses . . . . . . . . . . . . . . . . . . . . . . . 46

3.3.2 Mass fluxes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

3.3.3 Mixing layer centerline and asymmetry . . . . . . . . . . . . . . . . . . . . . 53

3.3.4 Turbulent scales and internal regulation . . . . . . . . . . . . . . . . . . . . . 57

3.4 Decomposition of density fluctuations . . . . . . . . . . . . . . . . . . . . . . . . . . 61

3.5 Viscous heating effects . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64

3.6 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

4 Streamwise curvature effects on turbulent shear layers 69

4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69

4.2 Methodology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76

4.2.1 Governing equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76

4.2.2 Numerical methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

4.2.3 Physical parameters . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

4.2.4 Initial conditions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85

4.2.5 Boundary conditions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87

4.2.6 Effect of WENO5 on disturbance energy . . . . . . . . . . . . . . . . . . . . . 87

4.3 Visualization and vortical structures . . . . . . . . . . . . . . . . . . . . . . . . . . . 90

4.4 Curvature effects on turbulent statistics . . . . . . . . . . . . . . . . . . . . . . . . . 96

4.4.1 Mean profiles and turbulent stresses . . . . . . . . . . . . . . . . . . . . . . . 96

4.4.2 Growth rates . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104

4.4.3 Stable vs. unstable configuration . . . . . . . . . . . . . . . . . . . . . . . . . 107

4.4.4 Effects of increasing curvature intensity . . . . . . . . . . . . . . . . . . . . . 110

4.4.5 Comparison to compressibility effects . . . . . . . . . . . . . . . . . . . . . . 114

4.4.6 Combination with variable density effects . . . . . . . . . . . . . . . . . . . . 116

4.5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 127

5 RANS model evaluation 128

5.1 Introduction: modeling approaches . . . . . . . . . . . . . . . . . . . . . . . . . . . . 128

5.1.1 Mean equations of motion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 129

xi



5.1.2 Review of compressibility modifications to model equations . . . . . . . . . . 130

5.1.3 Review of variable density modifications . . . . . . . . . . . . . . . . . . . . . 134

5.1.4 Review of rotation/curvature modifications . . . . . . . . . . . . . . . . . . . 135

5.2 Evaluation of closure approximations . . . . . . . . . . . . . . . . . . . . . . . . . . . 137

5.2.1 Pressure strain tensor . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 137

5.2.2 Turbulent mass flux . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 138

5.3 Interactions between RANS model corrections . . . . . . . . . . . . . . . . . . . . . . 139

5.3.1 Numerical methods for RANS calculations . . . . . . . . . . . . . . . . . . . . 140

5.3.2 Turbulent kinetic energy profiles . . . . . . . . . . . . . . . . . . . . . . . . . 141

5.3.3 Growth rates . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 145

6 Conclusions 148

A Temporal shear layer windowing 152

B Curved shear layer profiles 154

C Miscellaneous evolution equations 178

xii



List of Tables

2.1 Comparison to previously published high resolution simulations of temporal shear

layers: initial and final Reynolds numbers based on momentum and vorticity thick-

nesses, and final values of the Kolmogorov scale η compared to the grid resolution.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

2.2 Parameters, domains, and grid resolutions for s = 1 cases studied. All cases use

Nx × Ny × Nz = 1024 × 1448 × 512 uniformly spaced grid points. . . . . . . . . . . . 15

2.3 A brief comparison of key flow parameters with previous studies. N/A indicates ‘not

available’. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

2.4 Peak values of kinematic stress components, defined as Eqn. 2.9. Values of R
(dd)
ij and

R
(sd)
ij are scaled by 10−4. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

3.1 Parameters, domains, and grid resolutions for cases studied. All cases use Nx ×Ny ×
Nz = 1024 × 1448 × 512 uniformly spaced grid points. . . . . . . . . . . . . . . . . . 45

3.2 A brief comparison of parameter ranges with previous studies on compressible, vari-

able density mixing layers. The Atwood number is related to the density ratio by

At = (1 − sρ)/(1 + sρ). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

4.1 Summary of conditions for centrifugal stability of disturbances in streamwise curved

flows. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

4.2 Case names and corresponding parameter spaces organized by curvature intensity

δ/rc, compressibility Mc, density ratio ρ2/ρ1 and velocity ratio u2/u1. Total pressure

Pt and entropy constant ξ = p/ρ
γ are also specified for each freestream. . . . . . . . 85

4.3 Physical parameters and curvature levels during initial and turbulent ‘asymptotic’

growth for unity density ratio cases . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86

4.4 Growth rates of δΓ for unity density ratio at increasing curvature and compressibility

levels. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114

xiii



4.5 Growth rates of δ99 for variable density cases at Mc = 0.2 at weak and strong

curvature levels. N/A indicates the data is not available for this case. . . . . . . . . 117

5.1 Modifications for compressibility (CC) and rotation/curvature (RC) effects to stan-

dard models considered in this chapter. . . . . . . . . . . . . . . . . . . . . . . . . . 141

xiv



List of Figures

1.1 Concept vehicles with exhibiting plumes with streamwise curvature. . . . . . . . . . 2

2.1 Schematic of computational domain for a temporally evolving shear layer. . . . . . . 12

2.2 Mass averaged transverse velocity, transverse mass flux, and mean pressure profiles

over the full computational domain. Line opacity indicates time history, such that

the faintest lines occur earlier in simulation time and more opaque lines occur later

in simulation time. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

2.3 Energy spectra in streamwise and spanwise directions along the shear layer centerline

at Mc = 0.2, sρ = 1 near the end of simulation time (δθ(t)/δθ(0) ≈ 3.0). . . . . . . . 16

2.4 Two point correlations of velocity components in the streamwise (left) and spanwise

(right) directions near the end of simulation time (δθ(t)/δθ(0) ≈ 3.0). . . . . . . . . . 17

2.5 Left: normalized mean velocity, density, pressure and temperature profiles. Right:

Turbulent stress profiles normalized by ∆ū
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2) = ρu

′′
θ u′′

r /(ρ̄∆ū
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Chapter 1

Introduction

1.1 Motivation

Many aerospace applications involve high-speed jet plumes that are influenced by multiple com-

plex turbulence mechanisms. A deeper understanding of turbulence in these flows is paramount

to improving computational fluid dynamics (CFD) analyses applied to vehicle design and safety

evaluation. The Orion Launch Abort Vehicle and Mars lander concept vehicles, depicted in Fig.

1.1, are examples of present and future vehicles whose aerodynamics are strongly affected by rocket

plumes. The full dynamics of the flow field associated with these flows can be described using the

Navier-Stokes equations, but conducting simulations with eddy-resolving methods (such as large

eddy simulations (LES) or direct numerical simulations (DNS)) are extremely computationally ex-

pensive. Typical production simulations of these vehicles and similar configurations are conducted

using more cost effective methods, such as Reynolds-averaged Navier-Stokes (RANS) simulations,

which resolve the mean flow field and use models for turbulent quantities. Improvements in the un-

derstanding of turbulence mechanisms, and in the accuracy of lower order models used in CFD, are

needed for these flows. These are two separate challenges. The present work addresses the challenge

of characterizing the behavior of turbulence in retropropulsive jet plumes by providing turbulence

data to assist the current understanding of turbulence physics and to enable the improvement of

current lower order models. The work described here is the first of several steps that will be needed

to improve the accuracy of CFD for these advanced aerospace concepts.

Several aspects of complex turbulence in plumes have been documented, and a few notable

studies will be briefly higlighted. Early experiments by Kamotani and Greber [61] indicated that

velocity and temperature fluctuations in circular turbulent jets, both heated and unheated, are

mainly determined by momentum ratios and weakly dependent on density ratio. In the past decade,

1
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(a) The Orion Launch Abort Vehicle with a curved plume
shear layer highlighted by green TKE contours [27].

(b) The CobraMRV, a mid lift-to-drag con-
cept vehicle for Mars descent, under super-
sonic retropropulsive conditions [87].

Figure 1.1: Concept vehicles with exhibiting plumes with streamwise curvature.

Bridges and Wernet [17, 18] published a thorough overview of turbulence statistics from various

experiments on hot, subsonic jets with the purpose of improving aero-acoustic predictions. Jets

in crossflow are another application in which the shear layers exhibit strong streamwise curvature.

Recently, Nair et al. [95] performed experiments to explore the formation of vortical structures in a

reacting jet in crossflow. Jet momentum flux ratios and crossflow density ratios were independently

varied, and it was observed that the growth rate of shear layer vorticies depended mainly on the

momentum flux ratio and heat release effects. Several high fidelity computational studies of jets

in crossflow have also been carried out using a variety of numerical methods [63, 5, 71]. Another

numerical study specifically focused on the shear layers present in low speed jets in cross flow

was conducted by Iyer and Mahesh [56], where the authors observed that the jets’ shear layer

instability and other characteristics were significantly altered by the jet mixing velocity ratio and

the jet exit profile. Regan and Mahesh [110] also studied the global linear stability of low speed jets

in crossflow, and observed that upstream or downstream travelling shear layer instabilities dominate

jet dynamics depending on the jet velocity ratio. These studies helped establish a solid foundation to

emphasize the importance of shear layers in jet plume dynamics. Despite this progress, the present

understanding of turbulent mixing in the shear layers of rocket-motor exhaust plumes remains

deficient in many respects. Most prior simulation studies focused on turbulent mixing have been

limited to a single turbulence mechanism, for example, compressibility or density gradient effects.

Limited work has been pursued at the intersection of multiple turbulence mechanisms. The aim of
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this work is to bridge this gap in knowledge by examining the behavior of turbulent shear layers

and systematically adding levels of complexity in the form of compressibility, variable density, and

streamwise curvature effects.

1.2 Outline

In this work, several suites of high resolution simulations of turbulent shear layers are run and

observations on turbulent shear layer growth rates, stresses, anisotropy, and other statistics are

presented. All of the simulations conducted are of temporally developing shear layers. In Chapter 2,

the effect of compressibility on turbulent shear layers with unity density ratio and zero streamwise

curvature is investigated. A new turbulent length and velocity scale inspired by a sonic eddy

hypothesis is introduced and shown to scale turbulent stresses and key terms in the evolution

of TKE. Chapter 3 focuses on variable density effect on the characteristics of turbulent mixing,

again without the effects of streamwise curvature. Trends with increasing compressibility and the

importance of mixing layer asymmetry are identified. Chapter 4 presents data and observations for

shear layers which include streamwise curvature effects. The combined effects of compressibility

and streamwise curvature are presented, followed by the combined effects of density variation and

streamwise curvature. The performance of RANS models commonly used in industry for high speed

turbulent flows is presented in Chapter 5. The changes to model predictions of turbulent growth

rates and TKE levels resulting from modifications for compressibility and streamwise curvature

effects are evaluated. Finally, conclusions for each section of this work and some avenues of future

research are summarized in Chapter 7.

1.3 Highlights

Key contributions of this work and the corresponding chapters are given below.

• Under highly compressible conditions, turbulent length scales which are ‘internally regulated’

by acoustic communication and reduce significantly as a fraction of the overall shear layer

thickness are proposed (Ch. 2)

• Dilatational velocities and pressure-dilatation magnitudes are determined to remain small

even at high convective Mach numbers (Ch. 2)

• Shear layer centerlines and turbulent stresses in variable density shear layers are biased to-

wards the less-dense freestream, which reduces the turbulent mixing of the mean momentum

profile and corresponding growth rates (Ch. 3)
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• Internal regulation is also identified under variable density conditions; profiles of TKE pro-

duction, dissipation and pressure strain are collapsed using ‘effective’ eddy scales (Ch. 3)

• A database of temporally developing mixing layers at two compressibility levels, three curva-

ture levels and three density ratios is presented (Ch. 4)

• In the present parameter space, compressibility and stabilizing curvature have comparable

effects on growth rates; the shear layer density ratio dominates observed growth rates when

streamwise curvature is significant (Ch. 4)

• Discrepancies in growth rate data between eddy-resolved simulations and RANS simulations

with dilatation-based compressibility modifications are identified (Ch. 5)

• Reduced accuracy in SA and SST model predictions of TKE under curved conditions, even

with the inclusion of compressibility and curvature modifications, is demonstrated (Ch. 5)



Chapter 2

Compressibility effects on

turbulent shear layers

2.1 Introduction

The mixing process between two co-flowing streams at different velocities, densities and tempera-

tures has remained of fundamental interest in the turbulence physics community. The applications

motivating the study of this flow include the acoustics in jet noise, the internal flow of fuel and

air mixtures in air-breathing vehicles, and the external flow and associated loads on a variety of

aerospace vehicles. This chapter includes a selective review of the literature pertinent to compress-

ible turbulent mixing.

It is well known that flow compressibility has a stabilizing effect on turbulence. In compressible

mixing layers, an obvious effect of compressibility in free shear flows manifests as a suppressed

growth rate; this has been demonstrated numerous times in both experiment and scale resolving

calculations, like direct numerical simulations (DNS). For the shear layer between two freestream

flows, denoted with subscripts 1 and 2, common governing parameters include the velocity ratio

u1/u2 and the density ratio ρ1/ρ2. The velocity difference ∆u and the shear layer thickness δ,

which has numerous definitions, are used as the characteristic velocity and length scale to define

various dimensionless numbers and compressibility measures. The most common compressibility

metric for shear layers is the convective Mach number:

Mc =
∆u

c1 + c2
(2.1)

5
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where c1 and c2 represent the speed of sound in each freestream. This Mach number gives the ratio

of shearing to acoustic communication as seen by eddies advected in the mixing region. The effects

of various freestream property ratios have been extensively documented in both experimental and

numerical studies over the past several decades.

Previous studies

In the landmark experiments of helium and nitrogen shear layers by Brown and Roshko [19], ad-

vected eddies forming large scale structures in the mixing region were observed. Brown and Roshko

concluded that shear layer growth rates were effected more by compressibility than by variable den-

sity effects. Other studies also observed large scale structures and vortex pairing in compressible

shear layers. Chinzei et al. [28] reported large scale structures in supersonic shear layers and corre-

lated spreading rates with the freestream velocity ratio and a characteristic Mach number defined

with the velocity difference across the shear layer. Dimotakis [36] used the available experimental

data to propose functions for entrainment ratios and growth rates dependent on velocity and density

ratios by considering vortex convection velocities. This dependence gives the convection speed as

Uc = (1 + rs
1/2)/(1 + s

1/2), where r is the freestream velocity ratio and s is the freestream density

ratio. This form of Uc is the same as the mean speed for equal densities, and predicts that a heavy,

high speed fluid will ‘drag’ mixed vorticies along. For unity density ratio cases, the growth rate

was derived as δ/x ∼ (1 − r)/(1 + r). Papamoschou and Roshko [105] performed experiments at

up to Mc = 1.9 and observed growth rate reduction beginning in the subsonic Mc1 range, and also

analyzed that perturbations within a vortex sheet decay away from the sheet at a rate dependent on

Mc1. Large scale amalgamation was not observed in these experiments. Like Chinzei et al. [28], the

authors note that for the same density and velocity ratio, the supersonic shear layer still exhibited

lower growth rates compared to the incompressible shear layer. Elliott and Samimy [43] compared

turbulent shear layers at intermediate convective Mach numbers (at Mc of 0.5,0.64, and 0.81) and

also did not observe dominance by coherent large scale structures with increasing compressibility.

The authors report profiles for skewness and flatness to indicate turbulence intermittency at the

shear layer edges, which they believed contributed to growth rate reduction. Goebel and Dutton

[49] studied shear layers characterized by the relative Mach number Mr = ∆u/c̄, instead of Mc,

citing the lack of stagnation pressure balance and isentropic stagnation point in high speed layers

which lack large scale vortex pairing. Supersonic shear layer experiments by Hall et al. [52] sug-

gested that growth rates are relatively insensitive to incident shock and expansion waves impinging

on the shear layer. Debisschop and Bonnet [34] used laser anemometry to provide more detailed

measurements of mean and fluctuating velocity fields at intermediate compressibility levels ranging

from Mc = 0.52 to Mc = 0.64. A similar lack of large scale structures as Elliott and Samimy
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[43] was observed. Skewness of streamwise velocity fluctuations was noted to be much larger in

the subsonic regime, compared to Wygnanski and Fiedler [140], with positive skewness implying

a higher occurrence of fluctuations greater than the mean velocity. Slessor et al. [120] considered

compressibility as a means of conversion between kinetic and thermal energy and used previous

experimental data to proposed a new compressibility measure. The authors argue a central issue is

that the convective velocity used for convective Mach numbers, Uc, is not defined uniquely among

different experiments, and show that the parameter Πc = max(
√

γi − 1/ai)∆u provides a better

collapse of shear layer growth rates. Rossmann et al. [113] studied highly compressible mixing

layers with up to Mc = 2.25 and noted that the flow appeared to be more dominated by elongated,

streamwise vorticies compared to observations by Papamoschou and Roshko [105]. Structures in

the high speed case at Mc = 1.7 appeared to have inefficient internal mixing but rapid entrain-

ment. Urban and Mungal’s measurements of two-component velocity fields at Mc = 0.25, 0.63 and

0.73 also indicated reduced transverse communication in the mixing layer. These observations by

Rossmann et al. [113] and Urban and Mungal [133] are consistent with the ‘sonic eddy’ hypothe-

sis by Breidenthal [15] and Day et al. [33]’s co-layer concept, which will be revisited later in this

chapter. Most recently, experiments by Kim et al. [65] indicated that streamwise anisotropy in-

creasing, transverse and spanwise normal stress anisotropies decreasing, and the shear anisotropy

remaining constant. Mapping the invariants of the Reynolds stress anisotropy tensor indicated that

the turbulent motions become increasingly dominated by the streamwise component of velocity as

compressibility increased. Anisotropy mapping for the present data will also be presented later in

this chapter.

In addition to a multitude of linear stability analyses on modal perturbations in shear layers,

pioneering simulations of eddy structures in mixing layers were pursued in parallel with early ex-

perimental studies. Early high fidelity calculations focused on vortex dynamics in the shear layer.

Lele [74] detailed vortex roll up and pairing and the associated acoustic radiation from these phe-

nomena in both temporal and spatial shear layers. Sandham and Reynolds [114] studied the three

dimensional instabilities in temporal mixing layers at high Mach numbers and the resulting large

scale structures, and confirmed the dominance of oblique instability waves with increasing com-

pressibility. Papamoschou and Lele [104] studied the simplified configuration of a single vortex and

the associated disturbance field in a compressible mixing layer, and concluded vortex communica-

tion in the mean flow direction is strongly inhibited at high Mc. Several early calculations of fully

turbulent shear layers pursued self similarity with varying success. Rogers and Moser [112]’s DNS

of incompressible mixing layers were initialized with turbulent boundary layers and exhibited self

similarity in mean profiles and linear growth rates, but did not show organized pairing of large scale

structures. Vreman et al. [135] produced shear layer DNS at compressibility levels ranging from

Mc = 0.2 to Mc = 1.2 and showed a collapse of mean and turbulent stress profiles, but asserted that
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the results are not fully self-similar. From this study, it was observed that the pressure dilatation

and dilatational contribution to dissipation were not significant. Instead, Vreman’s analysis of the

integrated TKE and Reynolds stress evolution equations demonstrated that reduced pressure fluc-

tuations and the pressure strain term were responsible for observed growth rate reductions. Freund

et al. [47] performed DNS of a temporally developing, annular shear layer and observed similar

characteristics of Vreman et al.’s planar shear layers. The annular shear layers indicated a decrease

in transverse (radial) length scale and demonstrated an alternative scaling using the mean velocity

difference across this large eddy length scale, rather than the total velocity difference ∆u. Vreman

et al.’s observations on the reduction of the pressure strain correlation were also supported by tem-

porally developing shear layers by Pantano and Sarkar [103] across a similar Mc range. Pantano

and Sarkar [103] argued that the finite speed of sound in compressible flows introduces a finite time

delay in communication and thus increases decorrelation between pressure and velocity fluctuations.

While many early DNS of the turbulent shear layer were for the temporal configuration, Lui and

Lele [82] performed calculation of spatially developing shear layers at Mc = 0.4 and Mc = 0.6.

Although the calculations showed linear growth rates and collapsed profiles, the observations on

the TKE budget indicated that a fully self similar state was not achieved.

Flow development prior to the self similar stage has also been an active area of research. Vortex

roll up and pairing studies were conducted by Lele [74] and Sandham and Reynolds [114], and more

recently Kourta and Sauvage [69] provided DNS of temporal supersonic mixing layers at Mc = 1.2

and Mc = 1.6 with a focus on Λ structures during transition and the character of shocklets in the

flow. Similar transition characteristics were also observed in the spatial shear layer DNS by Zhou

et al. [146] at Mc = 0.6 and by Zhang et al. [145] at Mc’s ranging from 0.4 to 1.

Several numerical studies have also provided both statistical and structural insight into the finer

scales of turbulent structures in the compressible mixing layer. Vaghefi and Madnia [134] studied

the topology and dissipating behavior at the turbulent/non-turbulent interface on temporally devel-

oping shear layers with Mc ranging from 0.2 to 1.8, and observed that distribution of flow topologies

differs in the turbulent region compared to the mixing layer boundary. Jahanbakhshi and Madnia

[58] also focused on the turbulent/non-turbulent region of the shear layer, specifically characteriz-

ing the entrainment processes at the interface as ‘nibbling’ with vorticity diffusion and ‘engulfing’

of external, irrotational fluid. At higher Mc, the probability of highly concave or convex features

at the interface decreases, reducing the average entrained mass flux across the interface and the

growth rate into the freestream flow. Arun et al. [3] similarly examined the streamline topology

in shear layers with Mc ≥ 1.2, and conclude that shear-dominated topologies show more effective

energy redistribution via pressure strain correlation. However, the proportion of vortex-dominated

topologies was found to increases with increasing Mc, which offers a new explanation for previous

observations of the reduction in the pressure strain correlation. The study observed that vortices
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are more aligned in the streamwise direction at higher Mc, but gradually shift to more spanwise

angles with progress in time. Arun’s data indicated approximate but not perfect self-similarity.

Lastly, Li et al. [76] studied spatially developing shear layers at Mc = 0.3, 0.5, 0.7 using DNS and

specifically focused on energy exchange mechanisms in the transitional and early turbulent regions.

Breidenthal [15]’s sonic eddy hypothesis assumes that supersonic eddies are ‘completely im-

potent’ at entrainment because they rotate more quickly than information can propagate across

them, and thus only eddies with a subsonic rotational Mach numbers can directly engulf fluid.

As a result, at high speeds, it is hypothesized that increasingly smaller eddies are responsible for

shear layer growth. A related concept on the role of smaller vorticies was proposed later by Day

et al. [33]. From linear stability analysis, Day identified ‘co-layer’ conditions in which the mixing

layer is formed by two sets of vorticies, instead of a roll-up by a single vortex. These two concepts

about communication and the relationship between pressure fluctuations and responding velocity

fluctuations form the backbone of this work on compressibility effects.

Present objectives

The present work aims to characterize the asymptotic effects of compressibility on the structure and

scales of turbulence in the high Mach number regime. High resolution simulations of temporally

developing, compressible mixing layers without density gradients are conducted across a range com-

pressibility levels which span convective Mach numbers of Mc = [0.2, 0.4, 0.8, 1.2, 1.6, 2.0]. Results

on shear layer growth rates and turbulent stresses are first validated against previously published

experimental and data. Further analysis of results in the self-similar regime provides insights into

turbulent structures in this comprehensive parameter space. At high Mc, the energy-containing

eddies do not span the entire shear layer thickness. Their spatial scale and intensity appear to be

internally regulated and suggest an alternative scaling for the Reynolds stresses, turbulence bud-

gets and growth rates. This chapter focuses on this evidence and the internal scaling defined by

the effective velocity difference seen by the eddies. The results are interpreted in relation to the

‘multi-layered’ mixing proposed by [106] and [33], and the ‘sonic eddy hypothesis’ by [15]. Finally,

we propose a scaling of terms in the turbulent kinetic energy (TKE) budget and Reynolds stresses

using the effective velocity difference across eddy decorrelation scales.
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Table 2.1: Comparison to previously published high resolution simulations of temporal shear layers: initial and final Reynolds
numbers based on momentum and vorticity thicknesses, and final values of the Kolmogorov scale η compared to the grid
resolution.

Study Mc sρ [Lx, Ly , Lz ] [Nx, Ny , Nz ] [∆x, ∆y , ∆z ] Reθ,0 Reθ Reω,0 Reω η/∆x
Moser (1993) [93] 0.00 1.0 125 , ∞ , 31.25 512 , 210 , 192 0.244 , , 0.163 800 2,420 1,370 10,800
Vreman (1996) [135] 0.20 1.0 59 , 59 , 59 192 , 193 , 192 0.307 , 0.306 , 0.307 50 338 200

0.60 1.0 68 , 59 , 68 192 , 193 , 192 0.354 , 0.306 , 0.354 50 275 200
0.80 1.0 26.7 , 60 , 26.7 144 , 221 , 160 0.185 , 0.271 , 0.167 140 840 560
1.20 1.0 39.9 , 59 , 22.1 320 , 513 , 192 0.125 , 0.115 , 0.115 100 675 400

Pantano (2002) [103] 0.30 1.0 345 , 172 , 86 512 , 256 , 128 0.674 , 0.672 , 0.672 160 1,520 640 10,026 0.340
0.70 1.0 172 , 129 , 86 256 , 192 , 128 0.672 , 0.672 , 0.672 160 1,360 640 7,790 0.330
0.70 2.0 172 , 129 , 86 256 , 192 , 128 0.672 , 0.672 , 0.672 160 640 8,590 0.330
0.70 4.0 172 , 129 , 86 256 , 192 , 128 0.672 , 0.672 , 0.672 160 640 8,330 0.300
0.70 8.0 172 , 129 , 86 256 , 192 , 128 0.672 , 0.672 , 0.672 160 640 7,404 0.260
1.10 1.0 345 , 172 , 86 512 , 256 , 128 0.674 , 0.672 , 0.672 160 1,760 640 13,640 0.380

Kourta (2002) [69] 1.20 1.0 40.14 , 30 , 22.9 385 , 257 , 193 0.104 , 0.117 , 0.119 150 600
1.60 1.0 29.91 , 30 , 11.91 253 , 513 , 193 0.118 , 0.058 , 0.062 200 800

Fortune (2004) [46] 0.08 2.0 30.64 , 60 , 30.64 150 , 257 , 150 0.204 , 0.122 , 0.204 100 400
0.10 1.0 30.64 , 60 , 30.64 150 , 257 , 150 0.204 , 0.122 , 0.204 100 400
0.33 2.0 30.64 , 60 , 30.64 150 , 257 , 150 0.204 , 0.122 , 0.204 100 400
0.40 1.0 30.64 , 60 , 30.64 150 , 257 , 150 0.204 , 0.122 , 0.204 100 400

Kleinman (2008) [67] 0.90 1.0 2000 , 2000 , 750 340 , 213 , 84 5.882 , 4.680 , 8.929 35 233 14
0.90 1.0 2000 , 2000 , 750 680 , 425 , 168 2.941 , 2.340 , 4.464 69 485 28
0.90 1.0 2000 , 2000 , 750 2050 , 1251 , 512 0.976 , 0.790 , 1.465 207 1,442 83
0.90 1.0 2000 , 2000 , 750 2050 , 1251 , 512 0.976 , 0.790 , 1.465 414 2,848 166

Buchta (2014) [21] 0.75 1.0 120 , 200 , 80 1536 , 2048 , 512 0.078 , 0.098 , 0.156 60 1,970
1.25 1.0 120 , 200 , 80 1536 , 2048 , 512 0.078 , 0.098 , 0.156 60 1,970
1.75 1.0 120 , 200 , 80 1536 , 2048 , 512 0.078 , 0.098 , 0.156 60 1,970

Vaghefi (2015) [134] 0.20 1.0 300 , 150 , 100 1261 , 631 , 421 0.238 , 0.238 , 0.238 0 0 12,060 0.772
0.80 1.0 250 , 180 , 100 1051 , 757 , 421 0.238 , 0.238 , 0.238 0 0 13,590 0.981
1.20 1.0 300 , 250 , 100 1261 , 1051 , 421 0.238 , 0.238 , 0.238 0 0 15,340 1.112
1.80 1.0 300 , 250 , 100 1261 , 1051 , 421 0.238 , 0.238 , 0.238 0 0 16,800 1.322

Almagro (2017) [2] 0.00 1.0 461 , 368 , 173 1536 , 851 , 576 0.300 , 0.200 , 0.300 160 1,313 640 6,300 0.625
0.00 2.0 461 , 368 , 173 1536 , 851 , 576 0.300 , 0.200 , 0.300 160 1,115 640 5,800 0.667
0.00 4.0 461 , 368 , 173 1536 , 851 , 576 0.300 , 0.200 , 0.300 160 1,066 640 6,500 0.769
0.00 8.0 461 , 368 , 173 1536 , 851 , 576 0.300 , 0.200 , 0.300 160 909 640 7,000 1.111

Buchta (2017) [20] 0.45 1.0 1536 , 1600 , 512 1536 , 1601 , 512 1.000 , 0.999 , 1.000 60 2,100
0.75 1.0 1536 , 1600 , 512 1536 , 1601 , 512 1.000 , 0.999 , 1.000 60 2,100
1.25 1.0 1536 , 1600 , 512 1536 , 1601 , 512 1.000 , 0.999 , 1.000 60 2,100
1.75 1.0 1536 , 1600 , 512 1536 , 1601 , 512 1.000 , 0.999 , 1.000 60 2,100

Arun (2019) [3] 0.20 1.0 314 , 147 , 79 512 , 256 , 128 0.614 , 0.575 , 0.614 160 1,760 640 8,495 0.415
0.50 1.0 314 , 147 , 79 512 , 256 , 128 0.614 , 0.575 , 0.614 160 2,000 640 8,273 0.418
0.75 1.0 314 , 147 , 79 512 , 256 , 128 0.614 , 0.575 , 0.614 160 1,920 640 8,160 0.441
0.90 1.0 314 , 147 , 79 512 , 256 , 128 0.614 , 0.575 , 0.614 160 2,080 640 9,544 0.442
1.20 1.0 314 , 147 , 79 512 , 256 , 128 0.614 , 0.575 , 0.614 160 2,160 640 11,112 0.465

Matsuno (2020) [84] 0.20 1.0 150 , 200 , 75 1024 , 1448 , 512 0.146 , 0.138 , 0.146 1,000 2,870 4,000 11,793 0.573
0.20 7.0 150 , 200 , 75 1024 , 1448 , 512 0.146 , 0.138 , 0.146 1,000 2,328 4,000 14,830 0.993
0.40 1.0 150 , 200 , 75 1024 , 1448 , 512 0.146 , 0.138 , 0.146 1,000 6,238 4,000 29,079 0.397
0.80 1.0 100 , 125 , 50 1024 , 1448 , 512 0.098 , 0.086 , 0.098 1,000 7,259 4,000 36,291 0.332
0.80 7.0 100 , 125 , 50 1024 , 1448 , 512 0.098 , 0.086 , 0.098 1,000 6,913 4,000 44,853 0.615
1.20 1.0 100 , 100 , 50 1024 , 1448 , 512 0.098 , 0.069 , 0.098 1,000 9,895 4,000 48,332 0.356
1.60 1.0 80 , 80 , 40 1024 , 1448 , 512 0.078 , 0.055 , 0.078 1,000 13,316 4,000 65,328 0.425
2.00 1.0 80 , 80 , 40 1024 , 1448 , 512 0.078 , 0.055 , 0.078 1,000 16,933 4,000 87,493 0.409
2.00 7.0 80 , 80 , 40 1024 , 1448 , 512 0.078 , 0.055 , 0.078 1,000 12,043 4,000 116,951 0.582
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2.2 Methodology

2.2.1 Governing equations

The Navier-Stokes equations for compressible flow were solved in conservative form on a uniform,

Eulerian grid.

∂ρ

∂t
+

∂

∂xi
(ρui) = 0 (2.2)

∂ρui

∂t
+

∂

∂xi
(ρuiuj) =

∂p

∂xi
+

∂τij

∂xj
(2.3)

∂ρE

∂t
+

∂

∂xi
[ui(ρE + p)] =

∂

∂xi
(τijuj − qi) (2.4)

In Eqn. 2.2-2.4 above, E is the total energy, τij is the viscous stress tensor, and qi is the

component of Fourier heat conduction, defined below.

E =
p

ρ(γ − 1)
+

1

2
uiui

τij = 2µ

(
Sij − 1

3

∂uk

∂xk
δij

)

Sij =
1

2

(
∂ui

∂xj
+

∂uj

∂xi

)

qi = −κ
∂T

∂xi

Each of the freestreams (denoted 1 and 2) has a constant γ1 = γ2 = γ = 1.4 and nondimensional

gas constants R1 = R2 = Ru, where Ru is the universal gas constant. The equations are closed by

the ideal gas equation of state:

p = ρRT

The present chapter focuses on shear layers without density variations; the multi-species formulation

will be detailed in Ch. 3.

2.2.2 Initial conditions

For the temporally growing mixing layer, the domain is periodic in the streamwise (x ∈ [0, Lx])

and spanwise (z ∈ [0, Lz]) directions. Upper and lower freestream constants are denoted 1 and

2, respectively. The typical velocity and length scales are the difference in freestream velocities
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Figure 2.1: Schematic of computational domain for a temporally evolving shear layer.

∆ū = ū1 − ū2 and the initial momentum thickness δθ(0), where the momentum thickness is defined

as a transverse integral over the computational domain (y ∈ [−Ly/2, Ly/2]):

δθ(t) =
1

ρ0(∆ū)2

∫ Ly/2

−Ly/2

ρ̄
(

1
2 ∆ū − ũ1

) (
1
2 ∆u + ũ1

)
dy (2.5)

The shear layer can also be characterized by the 99% thickness based off the mean velocity profile:

ū(y+)

∆u/2
= 0.99

ū(y−)

∆u/2
= −0.99 δ99 = y+ − y− (2.6)

The base flow fields are initialized with a hyperbolic tangent profile for the streamwise velocity,

as given in Eqn. 2.7. The upper freestream has a velocity of ∆u/2 and the lower freestream has a

velocity of −∆u/2. All other mean velocity components are set to zero. The density and pressure

are set to a uniform value of ρ0 = 1 and p0 = 1.

ū(y) =
∆ū

2
tanh

(
y

2δ0

)
(2.7)

Following the initialization of this flow as detailed by Kleinman and Freund, several modal

perturbations (with random phases α, β in the streamwise and spanwise direction) on velocity

components are imposed on the mean flow. These perturbations have a velocity potential specified
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below and evolve into turbulence after an initial period of nonlinear growth. No perturbations to

density, pressure, or temperature were applied.

φ(x, y, z) =
m∑

i,j

0.15

4π2kxkz
cos(kxx + αi)cos(kzz + βi)g(ξ)

g(ξ) = e
−5ξ2

[sin(ξ) + 10ξcos(ξ)]

Cases at Mc > 0.8 were initialized using the turbulent velocity fluctuations from the case at

Mc = 0.2 to reduce the computational cost of transition to turbulence. The seeded turbulence

created a period of brief transition due to dilatational perturbations before reaching equilibrium

with the base state. This equilibrium with the base state and beginning of the asymptotic growth

period was determined from the collapse of mean profiles of velocity and turbulent stresses, as

discussed in section 2.3.2.

2.2.3 Boundary conditions

Early experimental observations have recorded that incident waves, such as those originating from

an initial splitter plate, do not affect shear layer growth rates [52]. However, strong expansion

and compression waves observed in the experiments by Rossmann et al., Kim et al. at higher

compressibility levels show evidence for interactions between the turbulent shear layer region and

waves reflecting off tunnel walls. A cleaner numerical setup without reflected waves is desirable.

Regions of thickness 5δ0 at the top and bottom of the domain were subjected to Gaussian filtering

at each Euler time step [129]. The Gaussian filtering was applied to the primitive variables ρ, ui and

p. For spatial derivatives in the i
th direction, anti-symmetric boundary conditions were applied for

for each conservative variable except for the i
th component of momentum, which used symmetric

boundary conditions.

Figure 2.2 shows several profiles including the entire domain for the most compressible case.

The mass averaged transverse velocity ṽ shows a nonzero freestream profiles as the shear layer

grows, with fluid being pushed away from the mixing region. At the boundaries, the normalized

mean transverse velocity remains less than 1% of the total velocity different ∆u. While in the

mean, the flow moves away from the mixing region, the turbulent fluctuations transport mass into

the mixing layer. The transverse mass flux is positive below the shear layer and negative above the

shear layer, which is consistent with positive entrainment. The turbulent mass flux is documented

more thoroughly later in this chapter. Lastly, mean profiles of static pressure normalized by the

reference pressure (p0 = 1) indicate a slight drift in the mean pressure at Mc = 0.2 and Mc = 0.8
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cases, and a larger drift of 15% at Mc = 2.0. Mean pressure profiles remain symmetric despite these

drifts in absolute magnitude.

Figure 2.2: Mass averaged transverse velocity, transverse mass flux, and mean pressure profiles
over the full computational domain. Line opacity indicates time history, such that the faintest lines
occur earlier in simulation time and more opaque lines occur later in simulation time.

2.2.4 Discretization

Spatial derivatives were computed with 10th order compact finite difference schemes [75], an 8th

order compact filter was applied to conservative variables at each time step for numerical stability,

and the system is time advanced with a low-storage 4th order Runge-Kutta scheme. The computa-

tion domain and resolutions for the six unity density ratio cases in this chapter are given in Table

2.2. The effect of the numerical filter can be observed in Fig. 2.10 at various compressibility levels.

At higher compressibility levels, the maximum magnitude of the dissipation of TKE due to the

filter is ≈ 10% of the resolved viscous dissipation of TKE.

Domain sizes were validated with two point correlations of velocity fluctuations along the shear

layer centerline. The profiles for these autocorrelations for all three velocity components in the

streamwise and spanwise directions for the lowest and highest compressibility levels are shown in

Fig. 2.4. The autocorrelations decrease sharply for all velocity components at Mc = 0.2. This

suggests that the domain size is at least large enough to contain the largest eddies of the flow

in the streamwise and spanwise directions. At Mc = 2.0, the streamwise velocity autocorrelation

Ruu shows a delayed decay until a streamwise separation distance of s/Lx ≈ 0.4 and a spanwise

separation distance of s/Lz ≈ 0.6. The computational domain for this case should be increased by

at least 150% for improved convergence of turbulent statistics.

As shown in Fig. 2.3, energy spectra of velocities and density have been taken in the streamwise

and spanwise directions and show a decay of seven decades, which suggests sufficient resolution

of the small scales in the flow. The Reynolds numbers reached at the end of simulation time and

resolutions of the Kolmogorov scale for the presented cases are comparable to several notable mixing
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layer studies in Table 2.3. Although the Kolmogorov scale is not fully resolved, a significant range

of the dissipative scales are resolved to study the dynamics of energy containing eddies.

Table 2.2: Parameters, domains, and grid resolutions for s = 1 cases studied. All cases use
Nx × Ny × Nz = 1024 × 1448 × 512 uniformly spaced grid points.

Mc s
1

δ◦
θ

(Lx × Ly × Lz) 1
δ◦

θ
(∆x × ∆y × ∆z)

0.2 1 150 × 200 × 75 0.146 × 0.138 × 0.146
0.4 1 150 × 200 × 75 0.146 × 0.138 × 0.146
0.8 1 100 × 100 × 50 0.098 × 0.069 × 0.098
1.2 1 100 × 100 × 50 0.098 × 0.069 × 0.098
1.6 1 80 × 80 × 40 0.078 × 0.055 × 0.078
2.0 1 80 × 80 × 40 0.078 × 0.055 × 0.078

Table 2.3: A brief comparison of key flow parameters with previous studies. N/A indicates ‘not
available’.

Study Mc Re
◦
θ Reθ Reω η/∆x

Pantano & Sarkar (2002) 1.1 160 1,760 13,640 0.380
Vaghefi (2014) 1.8 N/A N/A 16,800 1.322
Buchta & Freund (2017) 1.75 60 2100 N/A N/A
Arun et al (2019) 1.2 160 2,080 11,112 0.465
Present work 2.0 1000 3,800 18,480 0.409
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Figure 2.3: Energy spectra in streamwise and spanwise directions along the shear layer centerline
at Mc = 0.2, sρ = 1 near the end of simulation time (δθ(t)/δθ(0) ≈ 3.0).
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(a) Mc = 0.2

(b) Mc = 2.0

Figure 2.4: Two point correlations of velocity components in the streamwise (left) and spanwise
(right) directions near the end of simulation time (δθ(t)/δθ(0) ≈ 3.0).
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2.3 Compressibility effects on turbulent statistics in the high-

Mach regime

In this section, the effects of increasing convective Mach number on mean flow field profiles, turbu-

lent fluctuations, and turbulent growth rates are presented, followed by analysis of the dilatational

and anisotropic properties of the flow. Line opacity indicates time history, such that the faintest

lines occur earlier in simulation time and more opaque lines occur later in simulation time. Error

bars on data points representing mean values over time indicate the standard deviation about the

mean during the averaging window. Likewise, profiles plotted in a single solid line with a similarly

colored translucent envelope indicate the planar mean value and corresponding standard deviation

at each transverse (y) location. Planar averages can be computed in the statistically homogenous

and periodic directions, x and z. Both Reynolds and mass (Favre [44]) averaging are leveraged in

this work; the notation for a field q under Reynolds and Favre decomposition are given below.

q(x, y, z, t) = q̄(y, t) + q
′(x, y, z, t) Reynolds decomposition

= q̃(y, t) + q
′′(x, y, z, t) Favre decomposition

where

q̄(y, t) =
1

LxLz

∫ Lx

0

∫ Lz

0
q(x, y, z, t)dxdz

q̃ =
ρq

ρ̄
q′′ %= 0 ρq′′ = 0 ρq̃ = ρ̄q̃

2.3.1 Means, turbulent stresses, and turbulent mass fluxes

Mean profiles at low, moderate and high compressibility levels are shown in Fig. 2.5 versus the

normalized transverse coordinate (y − yc)/δ99, where the centerline yc corresponds to ũ(yc) = 0.

For unity density ratio cases, this centerline remains near y = 0. The profiles are not plotted for

the full time history of the flow, but for the interval of time over which a linear growth rate is

achieved and the mean streamwise velocity profile can be collapsed. The time and thickness range

for this period of growth is indicated in Fig. 2.7. Note that this does not necessarily correspond

to a collapse in all the mean profiles of primitive variables. In particular, the mean temperature

profile in the most compressible case has a markedly slow rate of convergence compared to other

variables. Thermodynamic variables (density, pressure and temperature) are normalized by the

mean freestream values at each time instance, and not the constant reference values. The mean

pressure profile forms a local minimum in the mixing layer region, where turbulent kinetic energy

accounts for a portion of the normal stresses and displaces some of the thermodynamic pressure.
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The normal and shear turbulent stresses are shown in the right column of Fig. 2.5. These

components of the mass-averaged Reynolds stress tensor are given below.

Rij =
ρu

′′
i u

′′
j

ρ̄
= ũ

′′
i u

′′
j (2.8)

The present data is consistent with previous numerical studies by Vreman et al. [135], Pantano

and Sarkar [103], and other experimental results (see Fig. 2.7c). All the turbulent stress magnitudes

decrease with increasing compressibility, and continue to decrease monotonically with increasing

Mc beyond those in previous investigations. The streamwise component of stress R11 is domi-

nant, followed the spanwise component R33, at all compressibility levels, which is consistent with

experimental measurements of turbulent shear layers [65] and turbulent shear flows in general.

The turbulent mass flux profiles are shown in Fig. 2.6, normalized by the mean density and total

velocity difference. As compressibility increases, the mass flux normalized by ∆u increases notably.

Both the streamwise and transverse mass flux profiles are anti-symmetric about the centerline,

consistent with a symmetric spreading rate in these unity density ratio cases. This anti-symmetric

behavior remains at all compressibility levels. The streamwise turbulent mass flux is negative at

the bottom of the shear layer and positive at the top of the shear layer, indicating that this stream-

wise turbulent transport of mass follows the mean streamwise velocity. In contrast, as previously

mentioned, the transverse turbulent mass flux shows the opposite profile across the shear layer,

indicating that mass is entrained into the mixing region by the transverse velocity fluctuations. For

the highest compressibility case at Mc = 2.0, the mass flux profile is nonzero in the freestreams due

to to the presence of stronger Mach waves.
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(a) Mc = 0.2

(b) Mc = 0.8

(c) Mc = 2.0

Figure 2.5: Left: normalized mean velocity, density, pressure and temperature profiles. Right:
Turbulent stress profiles normalized by ∆ū

2.
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(a) Streamwise (b) Transverse

Figure 2.6: Turbulent mass flux velocities at various compressibility levels.
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2.3.2 Growth rates

(a) Evolution of momentum thickness vs.
convective time

(b) Growth rates normalized by incompressible values

(c) Peak turbulent stress magnitudes compared to previous studies.

Figure 2.7: Growth rates and shear stress with increasing Mc.

The temporal evolution of the momentum thickness, defined in Eqn. 2.5 becomes linear after

an initial period of transition. As depicted in figure 2.7a, this constant rate of growth decreases

monotonically with increasing Mc. Intersecting tick marks indicate the duration of the self-similar

regime, which is determined from collapse of the Reynolds shear stress profiles R12. All error bars

presented in this study represent the standard deviation due to temporal variations from the average

value in this self-similar regime. Examples of this collapse and temporal variability are given in

Fig. 2.5.

Figure 2.7b shows the well-known departure from the incompressible growth rate δ̇inc, with

δ̇inc = 0.018 as used by Pantano and Sarkar [103] for sρ = 1. A drastic reduction occurs near

Mc ∼ 0.5, followed by an asymptotic approach to a normalized growth rate δ̇θ/δ̇inc ≈ 0.2. The
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growth rates computed for the present data show good agreement with well known experimental

results ([28, 105, 43, 49, 52, 30, 96, 113]), though the spread in experimental data at the subsonic

region is worth consideration. Different studies have used different values for the incompressible

growth rates, which propagates some uncertainty to the ‘normalized’ values at higher Mc. Despite

this experimental spread, the drastic reduction of the growth rate with respect to each study’s

selected incompressible value remains evident. Figure 2.7c compares the present data to previously

published studies. Numerical simulation data are plotted with open circles; present results for sρ = 1

are shown with black filled circles. Peak magnitudes of turbulent stresses are also consistent with

previously published experimental results at lower Mc, ([43, 49, 34, 133, 8, 65]), though there exists

some spread in the normal stress components R11 and R22. In particular, there is considerable

discrepancy in the peak stress trends recorded by Goebel and Dutton [49] and Kim et al. [65];

the cause of this discrepancy has not yet been identified. Other studies do not offer much data

past Mc ≈ 1; present data indicates that turbulent stress magnitudes continue to decrease with

increasing Mc. The reduction in the turbulent stress magnitudes across Mc is not of the same

magnitude as the reduction of the momentum thickness growth rate. However, the decrease in the

turbulent shear stress confirms that the velocity fluctuations, which drive the spread of the mixing

layer, decrease in a manner consistent with the observed growth rates and previous experimental

observations.

2.3.3 Turbulent stress anisotropy

The present understanding of compressibility effects on the turbulent stresses can be supplemented

using anisotropy invariant maps (AIMs). These maps are formed using the stress anisotropy tensor,

bij ,

bij =
ũ

′′
i u

′′
j

2k
− 1

3
δij k =

1

2
ũ

′′
ku

′′
k

which can be diagonalized to provide information about the magnitude and directionality of anisotropy

in the flow. AIMs map the eigenvalues of bij , λ1 ≥ λ2 ≥ λ3, onto a two-dimensional plane bounded

by limiting states of one-, two-, and three-component turbulence. The one-component (1C) state

represents strong fluctuation directionality in one direction. The two-component (2C) state indi-

cates a more disk-like bias in the fluctuations, while the three-component (3C) state indicates the
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(a) Mc = 0.2 (b) Mc = 0.8 (c) Mc = 2.0

Figure 2.8: Anisotropic invariant map at δ/δ0 ≈ 3 for sρ = 1 and increasing compressibility

turbulent fluctuations are mainly isotropic. The invariant mapping onto the Lumley triangle used

the coordinates based off the second and third principal components of anisotropy:

II =
1

2
bijbji = λ

2
1 + λ1λ2 + λ

2
2

III =
1

3
bijbjkbki = −λ1λ2(λ1 + λ2)

Alternatively, the turbulence triangle proposed by Choi and Lumley [29] uses the following

coordinates to provide a more detailed view of the isoptropic, 3C corner:

ξ
3 =

III

2
η

2 =
II

2

Compressibility has a known effect on turbulence anisotropy–the b11 component of the anisotropy

tensor increases with increasing compressibility. Although normal stress components Rii/∆u
2 de-

crease overall with increasing Mc, the streamwise component R11 becomes an larger proportion

of total TKE as the other normal stresses, R22 and R33, decrease more rapidly with Mc (see Fig.

2.5 and 2.7). This increase in anisotropy can be observed on the Choi anisotropy map in Fig. 2.8.

In these figures, markers are colored by the location within the shear layer, with red and purple

markers representing regions near the shear layer edges, respectively. The character of turbulence

mainly falls along the 1C-3C region of the map at all compressibility levels. However, the mapping

of the Mc = 2.0 data shows a tendency towards the 1C corner, which indicates a preference in the

flow towards one component of anisotropy [65].
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2.3.4 Dilatational stresses

The influence of dilatational dissipation was often considered to explain growth rate reductions

in early numerical investigations of compressible turbulent mixing layers. Later studies, such as

those by Pantano and Sarkar [103] at Mc = 1.1 and by Li et al. [76] at Mc = 0.7, indicated that

fluctuations related to dilatation were not significant enough to explain the drastic growth rate

reduction. These previously published observations on dilatation in mixing layers is in agreement

for even the most compressible case at Mc = 2.0.

Eddy shocklets along the shear layer centerline are visualized in Fig. 2.9 using a modified Ducros

sensor, defined as −θ|θ|/
[
θ

2 + ωjωj + 10−32
]
, where θ = uj,j is the velocity dilatation and ωi =

εijkuk,j is the vorticity. The modified Ducros sensor [37, 122] identifies shocks with sensor values

near 1. Regions of dilatation and compression are sparse at Mc = 0.2, and become more frequent

with increasing Mc. At the highest compressibility level, small shocklets are uniformly distributed

along the centerline.

Figure 2.9: Centerline slices of the Ducros sensor to indicate regions of compression and dilatation
at (from left to right) Mc = 0.2, 0.8 and 2.0.
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u
′
iu

′
j = u

(s)
i u

(s)
j︸ ︷︷ ︸

R(ss)
ij

+ u
(d)
i u

(d)
j︸ ︷︷ ︸

R(dd)
ij

+ u
(s)
i u

(d)
j + u

(d)
i u

(s)
j︸ ︷︷ ︸

R(sd)
ij

(2.9)

The effects of solenoidal and dilatational contributions to kinematic (non-mass averaged) turbulent

stresses provide another assessment of compressibility effects on turbulent behavior. As defined in

Eqn. 2.9, the solenoidal, dilational, and mixed components of the stress are referred to as R
(ss)
ij , R

(dd)
ij

and R
(sd)
ij . Beginning with the fluctuating velocities u

′
i, the field can be split into its solenoidal and

dilatational components via Helmholtz decomposition, solved using the formulation by Corral and

Jimenez [31] for 1D Poisson equations on infinite and semi-infinite domains with spectral methods.

The present computational domain is planar-periodic in the x and z directions, so the Poisson

equation for the fluctuating velocities (where primes have been dropped for notation) simplifies to

a 1D equation:

'u = ) ×'b + )φ = 'u
(s) + 'u

(d) (2.10)

) · 'u = )2
φ (2.11)

i(kxû + kzŵ) +
dv̂

dy
= −(k2

x + k
2
z)φ̂ +

d
2
φ̂

dy2
(2.12)

f̂(y) = −k
2
φ̂ +

d
2
φ̂

dy2
(2.13)

This nonhomogenous ordinary differential equation may be solved exactly as an integral ex-

pression of the two linearly independent solutions, e
±ky. The numerical analysis is simplified by

the homogenous nature of u fluctuations and its scalar potential φ in the far field as y → ±∞, as

well as the compact support of the right hand side f̂ about the shear layer centerline, y = 0. With

these boundary conditions, the domain is can be treated as periodic over the interval of Ly. Then, a

solution to the scalar potential φ(y) of Fourier basis in the vertical y direction can be assumed, with

ky = mπ/Ly. While the domain is not physically periodic in this transverse direction, a window to

filter out freestream fluctuations, such as Mach waves for the high compressibility cases, is applied
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Table 2.4: Peak values of kinematic stress components, defined as Eqn.

2.9. Values of R
(dd)
ij and R

(sd)
ij are scaled by 10−4.

Mc R11 R
(dd)
11 R

(sd)
11 R22 R

(dd)
22 R

(sd)
22 R12 R

(dd)
12 R

(sd)
12

0.2 0.031 0.001 0.084 0.016 0.001 -0.187 -0.010 -0.000 0.099
0.4 0.026 0.006 0.252 0.013 0.006 -0.546 -0.009 -0.001 0.422
0.8 0.023 0.113 1.363 0.009 0.084 -1.165 -0.007 -0.020 0.433
1.2 0.024 0.730 2.229 0.009 1.238 -2.321 -0.007 -0.845 1.363
1.6 0.020 0.820 1.743 0.007 0.778 -2.688 -0.005 -0.439 1.456
2.0 0.021 0.775 1.919 0.006 0.822 -1.827 -0.005 -0.466 1.652

outside the shear layer region to numerically facilitate periodic treatment. This windowing process

is detailed in Appendix A.

f̂ =

Ny−1∑

m=0

ˆ̂
fe

imπy/Ly (2.14)

ˆ̂
φL = −

ˆ̂
f

k2 + k2
y

(2.15)

φ̂(y) = φ̂L(y) + a+e
k(y−Ly) + a−e

−k(y+Ly) (2.16)

a+ = − 1
2k

[
kφ̂L(Ly/2) + φ̂

′
L(Ly/2)

]
(2.17)

a− = − 1
2k

[
kφ̂L(Ly/2) − φ̂

′
L(Ly/2)

]
(2.18)

The (kinematic) normal stresses of interest in this problem, R11 = u′u′, R22 = v′v′, which

are positive by definition, have mixed products of dilational and solenoidal components which are

negative. Table 2.4 gives the peak values of average stress components for each Mc. While the

magnitudes of the dilatational and mixed components of the stresses do not show a particularly

significant trend, besides a general increase with increasing Mc, the sign of the individual com-

ponents can be compared. For example, the shear stress R12 = u′v′ has a negative profile while

R
(sd)
12 is positive. This trend of negating values, and associated cancellation of both R22 and R12,

is consistent with increasing convective Mach number. Nevertheless, because the magnitude of the

dilatational and mixed components of the kinematic stresses are small, the present data supports

the notion that dilatational effects are not the cause for stress and growth rate reductions observed

in highly compressible mixing layers.
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2.3.5 TKE budgets and pressure-strain rate tensor

A series of related interactions between mean kinetic energy, mean internal energy, and turbulent

kinetic energies exist in compressible flows. Production transfers energy between the mean and tur-

bulent flow, while baropycnal work and pressure-dilatation terms transfer turbulent kinetic energy

to internal energy of the mean state.

∂

∂t
(ρ̄Rij) +

∂

∂xk
(ρ̄ũkRij) = −ρ̄

(
Rik

∂ũj

∂xk
+ Rjk

∂ũi

∂xk

)

︸ ︷︷ ︸
Production Pij

−
(

τ
′
jk

∂u
′′
i

∂xk
+ τ

′
ik

∂u
′′
j

∂xk

)

︸ ︷︷ ︸
Dissipation Dij

+ p′
(

∂u
′′
i

∂xj
+

∂u
′′
j

∂xi

)

︸ ︷︷ ︸
Pressure strain Πij

− ∂

∂xk

(
ρu

′′
i u

′′
j u

′′
k + p′u′′

i δjk + p′u′′
j δik − τ

′
jku

′′
i − τ

′
iku

′′
j

)

︸ ︷︷ ︸
Turbulent transport Tijk

+ u
′′
i

(
∂τ̄jk

∂xk
− ∂p̄

∂xj

)
+ u

′′
j

(
∂τ̄ik

∂xk
− ∂p̄

∂xi

)

︸ ︷︷ ︸
Mass flux coupling Σij

(2.19)

∂

∂t
(ρ̄k) +

∂

∂xj
(ρ̄ũjk) = −ρ̄Rij

∂ũi

∂xj︸ ︷︷ ︸
Production P

− τ
′
ij

∂u
′′
i

∂xj︸ ︷︷ ︸
Dissipation D

− D
f

︸︷︷︸
Dissipation via filter

− ∂

∂xj
(
1

2
ρu

′′
j u

′′
i u

′′
i + u

′′
j p′ − τ

′
iju

′′
i )

︸ ︷︷ ︸
Turbulent transport T

− u
′′
i

∂p̄

∂xi︸ ︷︷ ︸
Baropycnal work B

+ p′ ∂u
′′
i

∂xi︸ ︷︷ ︸
Pressure dilatation Π

(2.20)

D
f =

1

∆t

∑

NRK

(
1

2
ρ

f
ũ

f
i ũ

f
i − 1

2
ρũiũi

)
(2.21)

The evolution equation of turbulent stresses Rij , with Rij = ũ
′′
i u

′′
j , is given Eqn. 2.19. The

evolution equation for TKE, k = 1
2 ũ

′′
i u

′′
i , is the trace of Eqn. 2.19, and given explicitly in Eqn.

2.20. The resolved dissipation D and the numerical dissipation D
f due to the dealiasing filter

are computed as given in Eqn. 2.21. The superscript f denotes a field variable after filtering is

applied and NRK = 4 is the number of Runge-Kutta steps used in the simulation. Figure 2.10

shows that the numerical dissipation of the filter is small compared to the resolved dissipation. At

intermediate compressibility levels, the maximum magnitude of the numerical dissipation is ≤ 10%

of the resolved dissipation, which is comparable to previous DNS studies of this problem [103]. For

higher speed cases, the filtered dissipation composes a large proportion of the total dissipation. In

subsequent figures, the TKE dissipation shown is the total of both the resolved and filter-associated

dissipation.
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(a) Mc = 0.2 (b) Mc = 0.8 (c) Mc = 2.0

Figure 2.10: Filter-associated dissipation, resolved dissipation, and total TKE dissipation profiles
plotted versus normalized coordinate η = y/δθ.

Profiles of TKE budget terms normalized by the total velocity and length scales ∆u and δ99 are

shown in the left column of Fig. 2.13. Consistent with profiles presented by Pantano and Sarkar

[103], the TKE budget is dominated by production, dissipation, and turbulent transport terms.

Some oscillations are present in the profiles due to insufficient averaging in time. The TKE budget

of the case with the most stringent grid resolution requirements, Mc = 2.0, has a peak residual is

about 15% of the peak TKE production, as shown in Fig. 2.11. The numerical truncation inherent

in the manipulation of terms required to derive the TKE budget in the form given in Eqn. 2.20

contributes to this residual. As expected, the baropycnal term B remains inactive for these unity

density ratio cases. The pressure dilatation term Π also has an almost negligible contribution to

the TKE budget, even for the most compressible case at Mc = 2.0. The right column of Fig. 2.13

includes the same TKE budget, but scaled using ‘internal’ eddy scales which will be discussed in

detail in section 2.3.6.

Although the pressure dilatation term, which is the trace of the pressure strain rate tensor Πij ,

remains small in the TKE budgets of present data, the individual components of Πij play an im-

portant role in the evolution of the turbulent stresses. This pressure strain correlation redistributes

TKE among the components of the Reynolds stresses tensor, and is one of the crucial but unclosed

terms in Reynolds stress transport models. The normal components of Πij are shown in Fig. 2.12;

the profiles of shear stress production P12 are coplotted for comparison. The streamwise compo-

nent Π11 dominates over the transverse and streamwise components, which again reflects observed

anisotropy [65]. Overall pressure strain rate components decrease with increasing Mc, which is

consistent with observations by Pantano and Sarkar [103] and Li et al. [76]. The scaling of the

streamwise pressure strain rate component is also covered in section 2.3.6.
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Figure 2.11: TKE budget and rate of change normalized by global shear layer scales δ99/∆u
3 for

Mc = 2.0, sρ = 1.

(a) Mc = 0.2 (b) Mc = 0.8 (c) Mc = 2.0

Figure 2.12: Pressure strain components and shear productions of TKE, normalized by global
shear layer scales δ99/∆u

3. Oscillations in the profiles at are due to insufficient averaging.
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(a) Mc = 0.2

(b) Mc = 0.8

(c) Mc = 2.0

Figure 2.13: TKE budget terms normalized by (left) global shear layer scales δ99/∆u
3 and by

(right) local scales δy/U
3
δ . Oscillations in the profiles at Mc = 0.2 are due to insufficient averaging.
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