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Abstract

Turbulent mixing layers occur between two streams of fluids with di↵erent kinematic and/or ther-

modynamic properties, and are fundamental flow features which influence the dynamics of a wide

variety of applications, ranging from the mixing e�ciency of fuel injection in internal combustion to

vehicle loads in external aerodynamics. Two motivating applications behind this research include

the study of high-speed jets in cross-flow and supersonic retro-propulsion, which occurs as aerospace

vehicles use jet plumes to decelerate during entry, descent, and landing. Both these applications

are highly influenced by hot jet plumes under highly compressible conditions which exhibit sig-

nificant streamwise curvature. Simulating the entire flow field associated with such applications

is extremely computationally expensive; capturing all important flow features at full resolution is

exorbitant for the purposes of engineering design. Thus, grasping the full behavior of turbulent

mixing layers in a representative parameter space enables the development of models which can

reliably and accurately predict the complex flow fields present in these engineering applications.

This work enriches the present understanding of mixing in turbulent shear layers via the systematic

inclusion of compressibility, variable density, and streamwise curvature e↵ects.

The spreading, or growth rate, of turbulent shear layers is known to decrease with increasing

compressibility. In Chapter 2, turbulent shear layers without di↵erences in freestream density and

without streamwise curvature are investigated at six levels of increasing compressibility (convective

Mach numbers ranging from 0.2 to 2.0). Dilatational velocities and pressure-dilatation magnitudes

show little contribution to shear layer growth rates, even under highly compressible conditions. A

new turbulent length and velocity scale is introduced and shown to scale key turbulent quantities.

Inclusion of freestream density variations are also known to decreasing mixing layer growth

rates. Chapter 3 focuses on turbulent shear layers with and without freestream density di↵erences

at three representative compressibility levels, again without streamwise curvature. Convective Mach

numbers of 0.2, 0.8 and 2.0 and freestream density ratios of 1 and 7 are investigated. Trends with

increasing compressibility and the importance of mixing layer asymmetry are identified–shear layer

centerlines and turbulent stresses in variable density shear layers are biased towards the less-dense
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freestream, which reduces the turbulent mixing of the mean momentum profile and corresponding

growth rates.

Chapter 4 presents data and observations for shear layers which include streamwise curvature

e↵ects. A database of mixing layers at two convective Mach numbers (0.2 and 0.8), three density

ratios (1/7, 1 and 7), and weak and strong curvature levels is presented. The combined e↵ects

of compressibility and streamwise curvature are demonstrated to be comparable for the selected

parameter space. Shear layer growth rates are dominated by the freestream density ratio when

streamwise curvature is significant.

Lastly, the performance of lower-order models commonly used in industry for high speed turbu-

lent flows is presented in Chapter 5. Changes to model predictions of turbulent growth rates and

turbulent kinetic energy levels resulting from various model modifications are evaluated. Reduced

accuracy in model predictions of turbulent kinetic energy magnitudes under curved conditions, even

with the inclusion of compressibility and curvature modifications, is demonstrated.
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Nomenclature

At Atwood number

D, " TKE dissipation

Mc Convective Mach number

Mg Gradient Mach number

Mt Turbulent Mach number

P TKE production

Pt Total pressure

Pr Prandtl number

R Gas constant

Rij Reynolds (turbulent) stress tensor

Re Reynolds number

T Temperature

Y Species mass fraction

�u, �ū Freestream velocity di↵erence

� Circulation

⇧ Pressure dilatation correlation

⇧ij Pressure strain correlation

f̄ ,f 0 Reynolds average and fluctuation of field f
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�99 99% thickness

�� Circulation thickness

�! Vorticity thickness

�✓ Momentum thickness

� Ratio of specific heats

 Thermal conductivity

µ Dynamic viscosity

⇢ Density

⌧ij Viscous (laminar) stress tensor

f̃ ,f 00 Favre (mass) average and fluctuation of field f

~! Vorticity

⇠ Entropy constant

0 Initial value

c Speed of sound

e Internal energy

k Turbulent kinetic energy (TKE)

p Pressure

rc Centerline radius

s⇢ Ratio of freestream densities

u, v, w Cartesian velocity components (streamwise, transverse, spanwise)

u✓, ur, uz Cylindrical velocity components (streamwise, transverse, spanwise)

yc Centerline location

✓, r, z Cylindrical coordinate system (streamwise, transverse, spanwise)

x, y, z Cartesian coordinate system (streamwise, transverse, spanwise)
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CC Compressibility modification

CFD Computational fluid dynamics

DNS Direct numerical simulation

LES Large eddy simulation

RANS Reynolds-averaged Navier-Stokes

RC Rotation/curvature modification

SA Spalart-Allmaras model

SST Shear stress transport

TKE Turbulent kinetic energy (k)
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2.18 (a) |R12|/(�ū)2; (b) |R12|/U2
� ; (c) Integrated |R12| vs. Mc. . . . . . . . . . . . . . . 37

2.19 Selected TKE budget terms, integrated and scaled with (a) total thickness �99 and
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✓/(⇢̄�ū) . . . . . . . . . . . . . . . . 175

B.22 Normalized radial turbulent mass flux ⇢0u0
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Chapter 1

Introduction

1.1 Motivation

Many aerospace applications involve high-speed jet plumes that are influenced by multiple com-

plex turbulence mechanisms. A deeper understanding of turbulence in these flows is paramount

to improving computational fluid dynamics (CFD) analyses applied to vehicle design and safety

evaluation. The Orion Launch Abort Vehicle and Mars lander concept vehicles, depicted in Fig.

1.1, are examples of present and future vehicles whose aerodynamics are strongly a↵ected by rocket

plumes. The full dynamics of the flow field associated with these flows can be described using the

Navier-Stokes equations, but conducting simulations with eddy-resolving methods (such as large

eddy simulations (LES) or direct numerical simulations (DNS)) are extremely computationally ex-

pensive. Typical production simulations of these vehicles and similar configurations are conducted

using more cost e↵ective methods, such as Reynolds-averaged Navier-Stokes (RANS) simulations,

which resolve the mean flow field and use models for turbulent quantities. Improvements in the un-

derstanding of turbulence mechanisms, and in the accuracy of lower order models used in CFD, are

needed for these flows. These are two separate challenges. The present work addresses the challenge

of characterizing the behavior of turbulence in retropropulsive jet plumes by providing turbulence

data to assist the current understanding of turbulence physics and to enable the improvement of

current lower order models. The work described here is the first of several steps that will be needed

to improve the accuracy of CFD for these advanced aerospace concepts.

Several aspects of complex turbulence in plumes have been documented, and a few notable

studies will be briefly higlighted. Early experiments by Kamotani and Greber [61] indicated that

velocity and temperature fluctuations in circular turbulent jets, both heated and unheated, are

mainly determined by momentum ratios and weakly dependent on density ratio. In the past decade,

1
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(a) The Orion Launch Abort Vehicle with a curved plume
shear layer highlighted by green TKE contours [27].

(b) The CobraMRV, a mid lift-to-drag con-
cept vehicle for Mars descent, under super-
sonic retropropulsive conditions [87].

Figure 1.1: Concept vehicles with exhibiting plumes with streamwise curvature.

Bridges and Wernet [17, 18] published a thorough overview of turbulence statistics from various

experiments on hot, subsonic jets with the purpose of improving aero-acoustic predictions. Jets

in crossflow are another application in which the shear layers exhibit strong streamwise curvature.

Recently, Nair et al. [95] performed experiments to explore the formation of vortical structures in a

reacting jet in crossflow. Jet momentum flux ratios and crossflow density ratios were independently

varied, and it was observed that the growth rate of shear layer vorticies depended mainly on the

momentum flux ratio and heat release e↵ects. Several high fidelity computational studies of jets

in crossflow have also been carried out using a variety of numerical methods [63, 5, 71]. Another

numerical study specifically focused on the shear layers present in low speed jets in cross flow

was conducted by Iyer and Mahesh [56], where the authors observed that the jets’ shear layer

instability and other characteristics were significantly altered by the jet mixing velocity ratio and

the jet exit profile. Regan and Mahesh [110] also studied the global linear stability of low speed jets

in crossflow, and observed that upstream or downstream travelling shear layer instabilities dominate

jet dynamics depending on the jet velocity ratio. These studies helped establish a solid foundation to

emphasize the importance of shear layers in jet plume dynamics. Despite this progress, the present

understanding of turbulent mixing in the shear layers of rocket-motor exhaust plumes remains

deficient in many respects. Most prior simulation studies focused on turbulent mixing have been

limited to a single turbulence mechanism, for example, compressibility or density gradient e↵ects.

Limited work has been pursued at the intersection of multiple turbulence mechanisms. The aim of
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this work is to bridge this gap in knowledge by examining the behavior of turbulent shear layers

and systematically adding levels of complexity in the form of compressibility, variable density, and

streamwise curvature e↵ects.

1.2 Outline

In this work, several suites of high resolution simulations of turbulent shear layers are run and

observations on turbulent shear layer growth rates, stresses, anisotropy, and other statistics are

presented. All of the simulations conducted are of temporally developing shear layers. In Chapter 2,

the e↵ect of compressibility on turbulent shear layers with unity density ratio and zero streamwise

curvature is investigated. A new turbulent length and velocity scale inspired by a sonic eddy

hypothesis is introduced and shown to scale turbulent stresses and key terms in the evolution

of TKE. Chapter 3 focuses on variable density e↵ect on the characteristics of turbulent mixing,

again without the e↵ects of streamwise curvature. Trends with increasing compressibility and the

importance of mixing layer asymmetry are identified. Chapter 4 presents data and observations for

shear layers which include streamwise curvature e↵ects. The combined e↵ects of compressibility

and streamwise curvature are presented, followed by the combined e↵ects of density variation and

streamwise curvature. The performance of RANS models commonly used in industry for high speed

turbulent flows is presented in Chapter 5. The changes to model predictions of turbulent growth

rates and TKE levels resulting from modifications for compressibility and streamwise curvature

e↵ects are evaluated. Finally, conclusions for each section of this work and some avenues of future

research are summarized in Chapter 7.

1.3 Highlights

Key contributions of this work and the corresponding chapters are given below.

• Under highly compressible conditions, turbulent length scales which are ‘internally regulated’

by acoustic communication and reduce significantly as a fraction of the overall shear layer

thickness are proposed (Ch. 2)

• Dilatational velocities and pressure-dilatation magnitudes are determined to remain small

even at high convective Mach numbers (Ch. 2)

• Shear layer centerlines and turbulent stresses in variable density shear layers are biased to-

wards the less-dense freestream, which reduces the turbulent mixing of the mean momentum

profile and corresponding growth rates (Ch. 3)
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• Internal regulation is also identified under variable density conditions; profiles of TKE pro-

duction, dissipation and pressure strain are collapsed using ‘e↵ective’ eddy scales (Ch. 3)

• A database of temporally developing mixing layers at two compressibility levels, three curva-

ture levels and three density ratios is presented (Ch. 4)

• In the present parameter space, compressibility and stabilizing curvature have comparable

e↵ects on growth rates; the shear layer density ratio dominates observed growth rates when

streamwise curvature is significant (Ch. 4)

• Discrepancies in growth rate data between eddy-resolved simulations and RANS simulations

with dilatation-based compressibility modifications are identified (Ch. 5)

• Reduced accuracy in SA and SST model predictions of TKE under curved conditions, even

with the inclusion of compressibility and curvature modifications, is demonstrated (Ch. 5)



Chapter 2

Compressibility e↵ects on

turbulent shear layers

2.1 Introduction

The mixing process between two co-flowing streams at di↵erent velocities, densities and tempera-

tures has remained of fundamental interest in the turbulence physics community. The applications

motivating the study of this flow include the acoustics in jet noise, the internal flow of fuel and

air mixtures in air-breathing vehicles, and the external flow and associated loads on a variety of

aerospace vehicles. This chapter includes a selective review of the literature pertinent to compress-

ible turbulent mixing.

It is well known that flow compressibility has a stabilizing e↵ect on turbulence. In compressible

mixing layers, an obvious e↵ect of compressibility in free shear flows manifests as a suppressed

growth rate; this has been demonstrated numerous times in both experiment and scale resolving

calculations, like direct numerical simulations (DNS). For the shear layer between two freestream

flows, denoted with subscripts 1 and 2, common governing parameters include the velocity ratio

u1/u2 and the density ratio ⇢1/⇢2. The velocity di↵erence �u and the shear layer thickness �,

which has numerous definitions, are used as the characteristic velocity and length scale to define

various dimensionless numbers and compressibility measures. The most common compressibility

metric for shear layers is the convective Mach number:

Mc =
�u

c1 + c2
(2.1)

5
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where c1 and c2 represent the speed of sound in each freestream. This Mach number gives the ratio

of shearing to acoustic communication as seen by eddies advected in the mixing region. The e↵ects

of various freestream property ratios have been extensively documented in both experimental and

numerical studies over the past several decades.

Previous studies

In the landmark experiments of helium and nitrogen shear layers by Brown and Roshko [19], ad-

vected eddies forming large scale structures in the mixing region were observed. Brown and Roshko

concluded that shear layer growth rates were e↵ected more by compressibility than by variable den-

sity e↵ects. Other studies also observed large scale structures and vortex pairing in compressible

shear layers. Chinzei et al. [28] reported large scale structures in supersonic shear layers and corre-

lated spreading rates with the freestream velocity ratio and a characteristic Mach number defined

with the velocity di↵erence across the shear layer. Dimotakis [36] used the available experimental

data to propose functions for entrainment ratios and growth rates dependent on velocity and density

ratios by considering vortex convection velocities. This dependence gives the convection speed as

Uc = (1+ rs
1/2)/(1 + s

1/2), where r is the freestream velocity ratio and s is the freestream density

ratio. This form of Uc is the same as the mean speed for equal densities, and predicts that a heavy,

high speed fluid will ‘drag’ mixed vorticies along. For unity density ratio cases, the growth rate

was derived as �/x ⇠ (1 � r)/(1 + r). Papamoschou and Roshko [105] performed experiments at

up to Mc = 1.9 and observed growth rate reduction beginning in the subsonic Mc1 range, and also

analyzed that perturbations within a vortex sheet decay away from the sheet at a rate dependent on

Mc1. Large scale amalgamation was not observed in these experiments. Like Chinzei et al. [28], the

authors note that for the same density and velocity ratio, the supersonic shear layer still exhibited

lower growth rates compared to the incompressible shear layer. Elliott and Samimy [43] compared

turbulent shear layers at intermediate convective Mach numbers (at Mc of 0.5,0.64, and 0.81) and

also did not observe dominance by coherent large scale structures with increasing compressibility.

The authors report profiles for skewness and flatness to indicate turbulence intermittency at the

shear layer edges, which they believed contributed to growth rate reduction. Goebel and Dutton

[49] studied shear layers characterized by the relative Mach number Mr = �u/c̄, instead of Mc,

citing the lack of stagnation pressure balance and isentropic stagnation point in high speed layers

which lack large scale vortex pairing. Supersonic shear layer experiments by Hall et al. [52] sug-

gested that growth rates are relatively insensitive to incident shock and expansion waves impinging

on the shear layer. Debisschop and Bonnet [34] used laser anemometry to provide more detailed

measurements of mean and fluctuating velocity fields at intermediate compressibility levels ranging

from Mc = 0.52 to Mc = 0.64. A similar lack of large scale structures as Elliott and Samimy
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[43] was observed. Skewness of streamwise velocity fluctuations was noted to be much larger in

the subsonic regime, compared to Wygnanski and Fiedler [140], with positive skewness implying

a higher occurrence of fluctuations greater than the mean velocity. Slessor et al. [120] considered

compressibility as a means of conversion between kinetic and thermal energy and used previous

experimental data to proposed a new compressibility measure. The authors argue a central issue is

that the convective velocity used for convective Mach numbers, Uc, is not defined uniquely among

di↵erent experiments, and show that the parameter ⇧c = max(
p
�i � 1/ai)�u provides a better

collapse of shear layer growth rates. Rossmann et al. [113] studied highly compressible mixing

layers with up to Mc = 2.25 and noted that the flow appeared to be more dominated by elongated,

streamwise vorticies compared to observations by Papamoschou and Roshko [105]. Structures in

the high speed case at Mc = 1.7 appeared to have ine�cient internal mixing but rapid entrain-

ment. Urban and Mungal’s measurements of two-component velocity fields at Mc = 0.25, 0.63 and

0.73 also indicated reduced transverse communication in the mixing layer. These observations by

Rossmann et al. [113] and Urban and Mungal [133] are consistent with the ‘sonic eddy’ hypothe-

sis by Breidenthal [15] and Day et al. [33]’s co-layer concept, which will be revisited later in this

chapter. Most recently, experiments by Kim et al. [65] indicated that streamwise anisotropy in-

creasing, transverse and spanwise normal stress anisotropies decreasing, and the shear anisotropy

remaining constant. Mapping the invariants of the Reynolds stress anisotropy tensor indicated that

the turbulent motions become increasingly dominated by the streamwise component of velocity as

compressibility increased. Anisotropy mapping for the present data will also be presented later in

this chapter.

In addition to a multitude of linear stability analyses on modal perturbations in shear layers,

pioneering simulations of eddy structures in mixing layers were pursued in parallel with early ex-

perimental studies. Early high fidelity calculations focused on vortex dynamics in the shear layer.

Lele [74] detailed vortex roll up and pairing and the associated acoustic radiation from these phe-

nomena in both temporal and spatial shear layers. Sandham and Reynolds [114] studied the three

dimensional instabilities in temporal mixing layers at high Mach numbers and the resulting large

scale structures, and confirmed the dominance of oblique instability waves with increasing com-

pressibility. Papamoschou and Lele [104] studied the simplified configuration of a single vortex and

the associated disturbance field in a compressible mixing layer, and concluded vortex communica-

tion in the mean flow direction is strongly inhibited at high Mc. Several early calculations of fully

turbulent shear layers pursued self similarity with varying success. Rogers and Moser [112]’s DNS

of incompressible mixing layers were initialized with turbulent boundary layers and exhibited self

similarity in mean profiles and linear growth rates, but did not show organized pairing of large scale

structures. Vreman et al. [135] produced shear layer DNS at compressibility levels ranging from

Mc = 0.2 to Mc = 1.2 and showed a collapse of mean and turbulent stress profiles, but asserted that
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the results are not fully self-similar. From this study, it was observed that the pressure dilatation

and dilatational contribution to dissipation were not significant. Instead, Vreman’s analysis of the

integrated TKE and Reynolds stress evolution equations demonstrated that reduced pressure fluc-

tuations and the pressure strain term were responsible for observed growth rate reductions. Freund

et al. [47] performed DNS of a temporally developing, annular shear layer and observed similar

characteristics of Vreman et al.’s planar shear layers. The annular shear layers indicated a decrease

in transverse (radial) length scale and demonstrated an alternative scaling using the mean velocity

di↵erence across this large eddy length scale, rather than the total velocity di↵erence �u. Vreman

et al.’s observations on the reduction of the pressure strain correlation were also supported by tem-

porally developing shear layers by Pantano and Sarkar [103] across a similar Mc range. Pantano

and Sarkar [103] argued that the finite speed of sound in compressible flows introduces a finite time

delay in communication and thus increases decorrelation between pressure and velocity fluctuations.

While many early DNS of the turbulent shear layer were for the temporal configuration, Lui and

Lele [82] performed calculation of spatially developing shear layers at Mc = 0.4 and Mc = 0.6.

Although the calculations showed linear growth rates and collapsed profiles, the observations on

the TKE budget indicated that a fully self similar state was not achieved.

Flow development prior to the self similar stage has also been an active area of research. Vortex

roll up and pairing studies were conducted by Lele [74] and Sandham and Reynolds [114], and more

recently Kourta and Sauvage [69] provided DNS of temporal supersonic mixing layers at Mc = 1.2

and Mc = 1.6 with a focus on ⇤ structures during transition and the character of shocklets in the

flow. Similar transition characteristics were also observed in the spatial shear layer DNS by Zhou

et al. [146] at Mc = 0.6 and by Zhang et al. [145] at Mc’s ranging from 0.4 to 1.

Several numerical studies have also provided both statistical and structural insight into the finer

scales of turbulent structures in the compressible mixing layer. Vaghefi and Madnia [134] studied

the topology and dissipating behavior at the turbulent/non-turbulent interface on temporally devel-

oping shear layers with Mc ranging from 0.2 to 1.8, and observed that distribution of flow topologies

di↵ers in the turbulent region compared to the mixing layer boundary. Jahanbakhshi and Madnia

[58] also focused on the turbulent/non-turbulent region of the shear layer, specifically characteriz-

ing the entrainment processes at the interface as ‘nibbling’ with vorticity di↵usion and ‘engulfing’

of external, irrotational fluid. At higher Mc, the probability of highly concave or convex features

at the interface decreases, reducing the average entrained mass flux across the interface and the

growth rate into the freestream flow. Arun et al. [3] similarly examined the streamline topology

in shear layers with Mc � 1.2, and conclude that shear-dominated topologies show more e↵ective

energy redistribution via pressure strain correlation. However, the proportion of vortex-dominated

topologies was found to increases with increasing Mc, which o↵ers a new explanation for previous

observations of the reduction in the pressure strain correlation. The study observed that vortices
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are more aligned in the streamwise direction at higher Mc, but gradually shift to more spanwise

angles with progress in time. Arun’s data indicated approximate but not perfect self-similarity.

Lastly, Li et al. [76] studied spatially developing shear layers at Mc = 0.3, 0.5, 0.7 using DNS and

specifically focused on energy exchange mechanisms in the transitional and early turbulent regions.

Breidenthal [15]’s sonic eddy hypothesis assumes that supersonic eddies are ‘completely im-

potent’ at entrainment because they rotate more quickly than information can propagate across

them, and thus only eddies with a subsonic rotational Mach numbers can directly engulf fluid.

As a result, at high speeds, it is hypothesized that increasingly smaller eddies are responsible for

shear layer growth. A related concept on the role of smaller vorticies was proposed later by Day

et al. [33]. From linear stability analysis, Day identified ‘co-layer’ conditions in which the mixing

layer is formed by two sets of vorticies, instead of a roll-up by a single vortex. These two concepts

about communication and the relationship between pressure fluctuations and responding velocity

fluctuations form the backbone of this work on compressibility e↵ects.

Present objectives

The present work aims to characterize the asymptotic e↵ects of compressibility on the structure and

scales of turbulence in the high Mach number regime. High resolution simulations of temporally

developing, compressible mixing layers without density gradients are conducted across a range com-

pressibility levels which span convective Mach numbers of Mc = [0.2, 0.4, 0.8, 1.2, 1.6, 2.0]. Results

on shear layer growth rates and turbulent stresses are first validated against previously published

experimental and data. Further analysis of results in the self-similar regime provides insights into

turbulent structures in this comprehensive parameter space. At high Mc, the energy-containing

eddies do not span the entire shear layer thickness. Their spatial scale and intensity appear to be

internally regulated and suggest an alternative scaling for the Reynolds stresses, turbulence bud-

gets and growth rates. This chapter focuses on this evidence and the internal scaling defined by

the e↵ective velocity di↵erence seen by the eddies. The results are interpreted in relation to the

‘multi-layered’ mixing proposed by [106] and [33], and the ‘sonic eddy hypothesis’ by [15]. Finally,

we propose a scaling of terms in the turbulent kinetic energy (TKE) budget and Reynolds stresses

using the e↵ective velocity di↵erence across eddy decorrelation scales.
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Table 2.1: Comparison to previously published high resolution simulations of temporal shear layers: initial and final Reynolds
numbers based on momentum and vorticity thicknesses, and final values of the Kolmogorov scale ⌘ compared to the grid
resolution.

Study Mc s⇢ [Lx, Ly , Lz ] [Nx, Ny , Nz ] [�x,�y ,�z ] Re✓,0 Re✓ Re!,0 Re! ⌘/�x
Moser (1993) [93] 0.00 1.0 125 , 1 , 31.25 512 , 210 , 192 0.244 , , 0.163 800 2,420 1,370 10,800
Vreman (1996) [135] 0.20 1.0 59 , 59 , 59 192 , 193 , 192 0.307 , 0.306 , 0.307 50 338 200

0.60 1.0 68 , 59 , 68 192 , 193 , 192 0.354 , 0.306 , 0.354 50 275 200
0.80 1.0 26.7 , 60 , 26.7 144 , 221 , 160 0.185 , 0.271 , 0.167 140 840 560
1.20 1.0 39.9 , 59 , 22.1 320 , 513 , 192 0.125 , 0.115 , 0.115 100 675 400

Pantano (2002) [103] 0.30 1.0 345 , 172 , 86 512 , 256 , 128 0.674 , 0.672 , 0.672 160 1,520 640 10,026 0.340
0.70 1.0 172 , 129 , 86 256 , 192 , 128 0.672 , 0.672 , 0.672 160 1,360 640 7,790 0.330
0.70 2.0 172 , 129 , 86 256 , 192 , 128 0.672 , 0.672 , 0.672 160 640 8,590 0.330
0.70 4.0 172 , 129 , 86 256 , 192 , 128 0.672 , 0.672 , 0.672 160 640 8,330 0.300
0.70 8.0 172 , 129 , 86 256 , 192 , 128 0.672 , 0.672 , 0.672 160 640 7,404 0.260
1.10 1.0 345 , 172 , 86 512 , 256 , 128 0.674 , 0.672 , 0.672 160 1,760 640 13,640 0.380

Kourta (2002) [69] 1.20 1.0 40.14 , 30 , 22.9 385 , 257 , 193 0.104 , 0.117 , 0.119 150 600
1.60 1.0 29.91 , 30 , 11.91 253 , 513 , 193 0.118 , 0.058 , 0.062 200 800

Fortune (2004) [46] 0.08 2.0 30.64 , 60 , 30.64 150 , 257 , 150 0.204 , 0.122 , 0.204 100 400
0.10 1.0 30.64 , 60 , 30.64 150 , 257 , 150 0.204 , 0.122 , 0.204 100 400
0.33 2.0 30.64 , 60 , 30.64 150 , 257 , 150 0.204 , 0.122 , 0.204 100 400
0.40 1.0 30.64 , 60 , 30.64 150 , 257 , 150 0.204 , 0.122 , 0.204 100 400

Kleinman (2008) [67] 0.90 1.0 2000 , 2000 , 750 340 , 213 , 84 5.882 , 4.680 , 8.929 35 233 14
0.90 1.0 2000 , 2000 , 750 680 , 425 , 168 2.941 , 2.340 , 4.464 69 485 28
0.90 1.0 2000 , 2000 , 750 2050 , 1251 , 512 0.976 , 0.790 , 1.465 207 1,442 83
0.90 1.0 2000 , 2000 , 750 2050 , 1251 , 512 0.976 , 0.790 , 1.465 414 2,848 166

Buchta (2014) [21] 0.75 1.0 120 , 200 , 80 1536 , 2048 , 512 0.078 , 0.098 , 0.156 60 1,970
1.25 1.0 120 , 200 , 80 1536 , 2048 , 512 0.078 , 0.098 , 0.156 60 1,970
1.75 1.0 120 , 200 , 80 1536 , 2048 , 512 0.078 , 0.098 , 0.156 60 1,970

Vaghefi (2015) [134] 0.20 1.0 300 , 150 , 100 1261 , 631 , 421 0.238 , 0.238 , 0.238 0 0 12,060 0.772
0.80 1.0 250 , 180 , 100 1051 , 757 , 421 0.238 , 0.238 , 0.238 0 0 13,590 0.981
1.20 1.0 300 , 250 , 100 1261 , 1051 , 421 0.238 , 0.238 , 0.238 0 0 15,340 1.112
1.80 1.0 300 , 250 , 100 1261 , 1051 , 421 0.238 , 0.238 , 0.238 0 0 16,800 1.322

Almagro (2017) [2] 0.00 1.0 461 , 368 , 173 1536 , 851 , 576 0.300 , 0.200 , 0.300 160 1,313 640 6,300 0.625
0.00 2.0 461 , 368 , 173 1536 , 851 , 576 0.300 , 0.200 , 0.300 160 1,115 640 5,800 0.667
0.00 4.0 461 , 368 , 173 1536 , 851 , 576 0.300 , 0.200 , 0.300 160 1,066 640 6,500 0.769
0.00 8.0 461 , 368 , 173 1536 , 851 , 576 0.300 , 0.200 , 0.300 160 909 640 7,000 1.111

Buchta (2017) [20] 0.45 1.0 1536 , 1600 , 512 1536 , 1601 , 512 1.000 , 0.999 , 1.000 60 2,100
0.75 1.0 1536 , 1600 , 512 1536 , 1601 , 512 1.000 , 0.999 , 1.000 60 2,100
1.25 1.0 1536 , 1600 , 512 1536 , 1601 , 512 1.000 , 0.999 , 1.000 60 2,100
1.75 1.0 1536 , 1600 , 512 1536 , 1601 , 512 1.000 , 0.999 , 1.000 60 2,100

Arun (2019) [3] 0.20 1.0 314 , 147 , 79 512 , 256 , 128 0.614 , 0.575 , 0.614 160 1,760 640 8,495 0.415
0.50 1.0 314 , 147 , 79 512 , 256 , 128 0.614 , 0.575 , 0.614 160 2,000 640 8,273 0.418
0.75 1.0 314 , 147 , 79 512 , 256 , 128 0.614 , 0.575 , 0.614 160 1,920 640 8,160 0.441
0.90 1.0 314 , 147 , 79 512 , 256 , 128 0.614 , 0.575 , 0.614 160 2,080 640 9,544 0.442
1.20 1.0 314 , 147 , 79 512 , 256 , 128 0.614 , 0.575 , 0.614 160 2,160 640 11,112 0.465

Matsuno (2020) [84] 0.20 1.0 150 , 200 , 75 1024 , 1448 , 512 0.146 , 0.138 , 0.146 1,000 2,870 4,000 11,793 0.573
0.20 7.0 150 , 200 , 75 1024 , 1448 , 512 0.146 , 0.138 , 0.146 1,000 2,328 4,000 14,830 0.993
0.40 1.0 150 , 200 , 75 1024 , 1448 , 512 0.146 , 0.138 , 0.146 1,000 6,238 4,000 29,079 0.397
0.80 1.0 100 , 125 , 50 1024 , 1448 , 512 0.098 , 0.086 , 0.098 1,000 7,259 4,000 36,291 0.332
0.80 7.0 100 , 125 , 50 1024 , 1448 , 512 0.098 , 0.086 , 0.098 1,000 6,913 4,000 44,853 0.615
1.20 1.0 100 , 100 , 50 1024 , 1448 , 512 0.098 , 0.069 , 0.098 1,000 9,895 4,000 48,332 0.356
1.60 1.0 80 , 80 , 40 1024 , 1448 , 512 0.078 , 0.055 , 0.078 1,000 13,316 4,000 65,328 0.425
2.00 1.0 80 , 80 , 40 1024 , 1448 , 512 0.078 , 0.055 , 0.078 1,000 16,933 4,000 87,493 0.409
2.00 7.0 80 , 80 , 40 1024 , 1448 , 512 0.078 , 0.055 , 0.078 1,000 12,043 4,000 116,951 0.582



CHAPTER 2. COMPRESSIBILITY EFFECTS 11

2.2 Methodology

2.2.1 Governing equations

The Navier-Stokes equations for compressible flow were solved in conservative form on a uniform,

Eulerian grid.

@⇢

@t
+

@

@xi
(⇢ui) = 0 (2.2)

@⇢ui

@t
+

@

@xi
(⇢uiuj) =

@p

@xi
+

@⌧ij

@xj
(2.3)

@⇢E

@t
+

@

@xi
[ui(⇢E + p)] =

@

@xi
(⌧ijuj � qi) (2.4)

In Eqn. 2.2-2.4 above, E is the total energy, ⌧ij is the viscous stress tensor, and qi is the

component of Fourier heat conduction, defined below.

E =
p

⇢(� � 1)
+

1

2
uiui

⌧ij = 2µ

✓
Sij �

1

3

@uk

@xk
�ij

◆

Sij =
1

2

✓
@ui

@xj
+

@uj

@xi

◆

qi = �
@T

@xi

Each of the freestreams (denoted 1 and 2) has a constant �1 = �2 = � = 1.4 and nondimensional

gas constants R1 = R2 = Ru, where Ru is the universal gas constant. The equations are closed by

the ideal gas equation of state:

p = ⇢RT

The present chapter focuses on shear layers without density variations; the multi-species formulation

will be detailed in Ch. 3.

2.2.2 Initial conditions

For the temporally growing mixing layer, the domain is periodic in the streamwise (x 2 [0, Lx])

and spanwise (z 2 [0, Lz]) directions. Upper and lower freestream constants are denoted 1 and

2, respectively. The typical velocity and length scales are the di↵erence in freestream velocities
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Figure 2.1: Schematic of computational domain for a temporally evolving shear layer.

�ū = ū1� ū2 and the initial momentum thickness �✓(0), where the momentum thickness is defined

as a transverse integral over the computational domain (y 2 [�Ly/2, Ly/2]):

�✓(t) =
1

⇢0(�ū)2

Z Ly/2

�Ly/2
⇢̄
�
1
2�ū� ũ1

� �
1
2�u+ ũ1

�
dy (2.5)

The shear layer can also be characterized by the 99% thickness based o↵ the mean velocity profile:

ū(y+)

�u/2
= 0.99

ū(y�)

�u/2
= �0.99 �99 = y+ � y� (2.6)

The base flow fields are initialized with a hyperbolic tangent profile for the streamwise velocity,

as given in Eqn. 2.7. The upper freestream has a velocity of �u/2 and the lower freestream has a

velocity of ��u/2. All other mean velocity components are set to zero. The density and pressure

are set to a uniform value of ⇢0 = 1 and p0 = 1.

ū(y) =
�ū

2
tanh

✓
y

2�0

◆
(2.7)

Following the initialization of this flow as detailed by Kleinman and Freund, several modal

perturbations (with random phases ↵,� in the streamwise and spanwise direction) on velocity

components are imposed on the mean flow. These perturbations have a velocity potential specified
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below and evolve into turbulence after an initial period of nonlinear growth. No perturbations to

density, pressure, or temperature were applied.

�(x, y, z) =
mX

i,j

0.15

4⇡2kxkz
cos(kxx+ ↵i)cos(kzz + �i)g(⇠)

g(⇠) = e
�5⇠2 [sin(⇠) + 10⇠cos(⇠)]

Cases at Mc > 0.8 were initialized using the turbulent velocity fluctuations from the case at

Mc = 0.2 to reduce the computational cost of transition to turbulence. The seeded turbulence

created a period of brief transition due to dilatational perturbations before reaching equilibrium

with the base state. This equilibrium with the base state and beginning of the asymptotic growth

period was determined from the collapse of mean profiles of velocity and turbulent stresses, as

discussed in section 2.3.2.

2.2.3 Boundary conditions

Early experimental observations have recorded that incident waves, such as those originating from

an initial splitter plate, do not a↵ect shear layer growth rates [52]. However, strong expansion

and compression waves observed in the experiments by Rossmann et al., Kim et al. at higher

compressibility levels show evidence for interactions between the turbulent shear layer region and

waves reflecting o↵ tunnel walls. A cleaner numerical setup without reflected waves is desirable.

Regions of thickness 5�0 at the top and bottom of the domain were subjected to Gaussian filtering

at each Euler time step [129]. The Gaussian filtering was applied to the primitive variables ⇢, ui and

p. For spatial derivatives in the i
th direction, anti-symmetric boundary conditions were applied for

for each conservative variable except for the i
th component of momentum, which used symmetric

boundary conditions.

Figure 2.2 shows several profiles including the entire domain for the most compressible case.

The mass averaged transverse velocity ṽ shows a nonzero freestream profiles as the shear layer

grows, with fluid being pushed away from the mixing region. At the boundaries, the normalized

mean transverse velocity remains less than 1% of the total velocity di↵erent �u. While in the

mean, the flow moves away from the mixing region, the turbulent fluctuations transport mass into

the mixing layer. The transverse mass flux is positive below the shear layer and negative above the

shear layer, which is consistent with positive entrainment. The turbulent mass flux is documented

more thoroughly later in this chapter. Lastly, mean profiles of static pressure normalized by the

reference pressure (p0 = 1) indicate a slight drift in the mean pressure at Mc = 0.2 and Mc = 0.8
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cases, and a larger drift of 15% at Mc = 2.0. Mean pressure profiles remain symmetric despite these

drifts in absolute magnitude.

Figure 2.2: Mass averaged transverse velocity, transverse mass flux, and mean pressure profiles
over the full computational domain. Line opacity indicates time history, such that the faintest lines
occur earlier in simulation time and more opaque lines occur later in simulation time.

2.2.4 Discretization

Spatial derivatives were computed with 10th order compact finite di↵erence schemes [75], an 8th

order compact filter was applied to conservative variables at each time step for numerical stability,

and the system is time advanced with a low-storage 4th order Runge-Kutta scheme. The computa-

tion domain and resolutions for the six unity density ratio cases in this chapter are given in Table

2.2. The e↵ect of the numerical filter can be observed in Fig. 2.10 at various compressibility levels.

At higher compressibility levels, the maximum magnitude of the dissipation of TKE due to the

filter is ⇡ 10% of the resolved viscous dissipation of TKE.

Domain sizes were validated with two point correlations of velocity fluctuations along the shear

layer centerline. The profiles for these autocorrelations for all three velocity components in the

streamwise and spanwise directions for the lowest and highest compressibility levels are shown in

Fig. 2.4. The autocorrelations decrease sharply for all velocity components at Mc = 0.2. This

suggests that the domain size is at least large enough to contain the largest eddies of the flow

in the streamwise and spanwise directions. At Mc = 2.0, the streamwise velocity autocorrelation

Ruu shows a delayed decay until a streamwise separation distance of s/Lx ⇡ 0.4 and a spanwise

separation distance of s/Lz ⇡ 0.6. The computational domain for this case should be increased by

at least 150% for improved convergence of turbulent statistics.

As shown in Fig. 2.3, energy spectra of velocities and density have been taken in the streamwise

and spanwise directions and show a decay of seven decades, which suggests su�cient resolution

of the small scales in the flow. The Reynolds numbers reached at the end of simulation time and

resolutions of the Kolmogorov scale for the presented cases are comparable to several notable mixing
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layer studies in Table 2.3. Although the Kolmogorov scale is not fully resolved, a significant range

of the dissipative scales are resolved to study the dynamics of energy containing eddies.

Table 2.2: Parameters, domains, and grid resolutions for s = 1 cases studied. All cases use
Nx ⇥Ny ⇥Nz = 1024⇥ 1448⇥ 512 uniformly spaced grid points.

Mc s
1
��✓
(Lx ⇥ Ly ⇥ Lz)

1
��✓
(�x⇥�y ⇥�z)

0.2 1 150⇥ 200⇥ 75 0.146⇥ 0.138⇥ 0.146
0.4 1 150⇥ 200⇥ 75 0.146⇥ 0.138⇥ 0.146
0.8 1 100⇥ 100⇥ 50 0.098⇥ 0.069⇥ 0.098
1.2 1 100⇥ 100⇥ 50 0.098⇥ 0.069⇥ 0.098
1.6 1 80⇥ 80⇥ 40 0.078⇥ 0.055⇥ 0.078
2.0 1 80⇥ 80⇥ 40 0.078⇥ 0.055⇥ 0.078

Table 2.3: A brief comparison of key flow parameters with previous studies. N/A indicates ‘not
available’.

Study Mc Re
�
✓ Re✓ Re! ⌘/�x

Pantano & Sarkar (2002) 1.1 160 1,760 13,640 0.380
Vaghefi (2014) 1.8 N/A N/A 16,800 1.322
Buchta & Freund (2017) 1.75 60 2100 N/A N/A
Arun et al (2019) 1.2 160 2,080 11,112 0.465
Present work 2.0 1000 3,800 18,480 0.409
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Figure 2.3: Energy spectra in streamwise and spanwise directions along the shear layer centerline
at Mc = 0.2, s⇢ = 1 near the end of simulation time (�✓(t)/�✓(0) ⇡ 3.0).
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(a) Mc = 0.2

(b) Mc = 2.0

Figure 2.4: Two point correlations of velocity components in the streamwise (left) and spanwise
(right) directions near the end of simulation time (�✓(t)/�✓(0) ⇡ 3.0).
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2.3 Compressibility e↵ects on turbulent statistics in the high-

Mach regime

In this section, the e↵ects of increasing convective Mach number on mean flow field profiles, turbu-

lent fluctuations, and turbulent growth rates are presented, followed by analysis of the dilatational

and anisotropic properties of the flow. Line opacity indicates time history, such that the faintest

lines occur earlier in simulation time and more opaque lines occur later in simulation time. Error

bars on data points representing mean values over time indicate the standard deviation about the

mean during the averaging window. Likewise, profiles plotted in a single solid line with a similarly

colored translucent envelope indicate the planar mean value and corresponding standard deviation

at each transverse (y) location. Planar averages can be computed in the statistically homogenous

and periodic directions, x and z. Both Reynolds and mass (Favre [44]) averaging are leveraged in

this work; the notation for a field q under Reynolds and Favre decomposition are given below.

q(x, y, z, t) = q̄(y, t) + q
0(x, y, z, t) Reynolds decomposition

= q̃(y, t) + q
00(x, y, z, t) Favre decomposition

where

q̄(y, t) =
1

LxLz

Z Lx

0

Z Lz

0
q(x, y, z, t)dxdz

q̃ =
⇢q

⇢̄
q00 6= 0 ⇢q00 = 0 ⇢q̃ = ⇢̄q̃

2.3.1 Means, turbulent stresses, and turbulent mass fluxes

Mean profiles at low, moderate and high compressibility levels are shown in Fig. 2.5 versus the

normalized transverse coordinate (y � yc)/�99, where the centerline yc corresponds to ũ(yc) = 0.

For unity density ratio cases, this centerline remains near y = 0. The profiles are not plotted for

the full time history of the flow, but for the interval of time over which a linear growth rate is

achieved and the mean streamwise velocity profile can be collapsed. The time and thickness range

for this period of growth is indicated in Fig. 2.7. Note that this does not necessarily correspond

to a collapse in all the mean profiles of primitive variables. In particular, the mean temperature

profile in the most compressible case has a markedly slow rate of convergence compared to other

variables. Thermodynamic variables (density, pressure and temperature) are normalized by the

mean freestream values at each time instance, and not the constant reference values. The mean

pressure profile forms a local minimum in the mixing layer region, where turbulent kinetic energy

accounts for a portion of the normal stresses and displaces some of the thermodynamic pressure.
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The normal and shear turbulent stresses are shown in the right column of Fig. 2.5. These

components of the mass-averaged Reynolds stress tensor are given below.

Rij =
⇢u

00
i u

00
j

⇢̄
= gu00

i u
00
j (2.8)

The present data is consistent with previous numerical studies by Vreman et al. [135], Pantano

and Sarkar [103], and other experimental results (see Fig. 2.7c). All the turbulent stress magnitudes

decrease with increasing compressibility, and continue to decrease monotonically with increasing

Mc beyond those in previous investigations. The streamwise component of stress R11 is domi-

nant, followed the spanwise component R33, at all compressibility levels, which is consistent with

experimental measurements of turbulent shear layers [65] and turbulent shear flows in general.

The turbulent mass flux profiles are shown in Fig. 2.6, normalized by the mean density and total

velocity di↵erence. As compressibility increases, the mass flux normalized by �u increases notably.

Both the streamwise and transverse mass flux profiles are anti-symmetric about the centerline,

consistent with a symmetric spreading rate in these unity density ratio cases. This anti-symmetric

behavior remains at all compressibility levels. The streamwise turbulent mass flux is negative at

the bottom of the shear layer and positive at the top of the shear layer, indicating that this stream-

wise turbulent transport of mass follows the mean streamwise velocity. In contrast, as previously

mentioned, the transverse turbulent mass flux shows the opposite profile across the shear layer,

indicating that mass is entrained into the mixing region by the transverse velocity fluctuations. For

the highest compressibility case at Mc = 2.0, the mass flux profile is nonzero in the freestreams due

to to the presence of stronger Mach waves.
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(a) Mc = 0.2

(b) Mc = 0.8

(c) Mc = 2.0

Figure 2.5: Left: normalized mean velocity, density, pressure and temperature profiles. Right:
Turbulent stress profiles normalized by �ū

2.



CHAPTER 2. COMPRESSIBILITY EFFECTS 21

(a) Streamwise (b) Transverse

Figure 2.6: Turbulent mass flux velocities at various compressibility levels.
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2.3.2 Growth rates

(a) Evolution of momentum thickness vs.
convective time

(b) Growth rates normalized by incompressible values

(c) Peak turbulent stress magnitudes compared to previous studies.

Figure 2.7: Growth rates and shear stress with increasing Mc.

The temporal evolution of the momentum thickness, defined in Eqn. 2.5 becomes linear after

an initial period of transition. As depicted in figure 2.7a, this constant rate of growth decreases

monotonically with increasing Mc. Intersecting tick marks indicate the duration of the self-similar

regime, which is determined from collapse of the Reynolds shear stress profiles R12. All error bars

presented in this study represent the standard deviation due to temporal variations from the average

value in this self-similar regime. Examples of this collapse and temporal variability are given in

Fig. 2.5.

Figure 2.7b shows the well-known departure from the incompressible growth rate �̇inc, with

�̇inc = 0.018 as used by Pantano and Sarkar [103] for s⇢ = 1. A drastic reduction occurs near

Mc ⇠ 0.5, followed by an asymptotic approach to a normalized growth rate �̇✓/�̇inc ⇡ 0.2. The
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growth rates computed for the present data show good agreement with well known experimental

results ([28, 105, 43, 49, 52, 30, 96, 113]), though the spread in experimental data at the subsonic

region is worth consideration. Di↵erent studies have used di↵erent values for the incompressible

growth rates, which propagates some uncertainty to the ‘normalized’ values at higher Mc. Despite

this experimental spread, the drastic reduction of the growth rate with respect to each study’s

selected incompressible value remains evident. Figure 2.7c compares the present data to previously

published studies. Numerical simulation data are plotted with open circles; present results for s⇢ = 1

are shown with black filled circles. Peak magnitudes of turbulent stresses are also consistent with

previously published experimental results at lower Mc, ([43, 49, 34, 133, 8, 65]), though there exists

some spread in the normal stress components R11 and R22. In particular, there is considerable

discrepancy in the peak stress trends recorded by Goebel and Dutton [49] and Kim et al. [65];

the cause of this discrepancy has not yet been identified. Other studies do not o↵er much data

past Mc ⇡ 1; present data indicates that turbulent stress magnitudes continue to decrease with

increasing Mc. The reduction in the turbulent stress magnitudes across Mc is not of the same

magnitude as the reduction of the momentum thickness growth rate. However, the decrease in the

turbulent shear stress confirms that the velocity fluctuations, which drive the spread of the mixing

layer, decrease in a manner consistent with the observed growth rates and previous experimental

observations.

2.3.3 Turbulent stress anisotropy

The present understanding of compressibility e↵ects on the turbulent stresses can be supplemented

using anisotropy invariant maps (AIMs). These maps are formed using the stress anisotropy tensor,

bij ,

bij =
gu00
i u

00
j

2k
� 1

3
�ij k =

1

2
gu00
ku

00
k

which can be diagonalized to provide information about the magnitude and directionality of anisotropy

in the flow. AIMs map the eigenvalues of bij , �1 � �2 � �3, onto a two-dimensional plane bounded

by limiting states of one-, two-, and three-component turbulence. The one-component (1C) state

represents strong fluctuation directionality in one direction. The two-component (2C) state indi-

cates a more disk-like bias in the fluctuations, while the three-component (3C) state indicates the
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(a) Mc = 0.2 (b) Mc = 0.8 (c) Mc = 2.0

Figure 2.8: Anisotropic invariant map at �/�0 ⇡ 3 for s⇢ = 1 and increasing compressibility

turbulent fluctuations are mainly isotropic. The invariant mapping onto the Lumley triangle used

the coordinates based o↵ the second and third principal components of anisotropy:

II =
1

2
bijbji = �

2
1 + �1�2 + �

2
2

III =
1

3
bijbjkbki = ��1�2(�1 + �2)

Alternatively, the turbulence triangle proposed by Choi and Lumley [29] uses the following

coordinates to provide a more detailed view of the isoptropic, 3C corner:

⇠
3 =

III

2
⌘
2 =

II

2

Compressibility has a known e↵ect on turbulence anisotropy–the b11 component of the anisotropy

tensor increases with increasing compressibility. Although normal stress components Rii/�u
2 de-

crease overall with increasing Mc, the streamwise component R11 becomes an larger proportion

of total TKE as the other normal stresses, R22 and R33, decrease more rapidly with Mc (see Fig.

2.5 and 2.7). This increase in anisotropy can be observed on the Choi anisotropy map in Fig. 2.8.

In these figures, markers are colored by the location within the shear layer, with red and purple

markers representing regions near the shear layer edges, respectively. The character of turbulence

mainly falls along the 1C-3C region of the map at all compressibility levels. However, the mapping

of the Mc = 2.0 data shows a tendency towards the 1C corner, which indicates a preference in the

flow towards one component of anisotropy [65].
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2.3.4 Dilatational stresses

The influence of dilatational dissipation was often considered to explain growth rate reductions

in early numerical investigations of compressible turbulent mixing layers. Later studies, such as

those by Pantano and Sarkar [103] at Mc = 1.1 and by Li et al. [76] at Mc = 0.7, indicated that

fluctuations related to dilatation were not significant enough to explain the drastic growth rate

reduction. These previously published observations on dilatation in mixing layers is in agreement

for even the most compressible case at Mc = 2.0.

Eddy shocklets along the shear layer centerline are visualized in Fig. 2.9 using a modified Ducros

sensor, defined as �✓|✓|/
⇥
✓
2 + !j!j + 10�32

⇤
, where ✓ = uj,j is the velocity dilatation and !i =

"ijkuk,j is the vorticity. The modified Ducros sensor [37, 122] identifies shocks with sensor values

near 1. Regions of dilatation and compression are sparse at Mc = 0.2, and become more frequent

with increasing Mc. At the highest compressibility level, small shocklets are uniformly distributed

along the centerline.

Figure 2.9: Centerline slices of the Ducros sensor to indicate regions of compression and dilatation
at (from left to right) Mc = 0.2, 0.8 and 2.0.
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The e↵ects of solenoidal and dilatational contributions to kinematic (non-mass averaged) turbulent

stresses provide another assessment of compressibility e↵ects on turbulent behavior. As defined in

Eqn. 2.9, the solenoidal, dilational, and mixed components of the stress are referred to as R(ss)
ij , R(dd)

ij

and R
(sd)
ij . Beginning with the fluctuating velocities u0

i, the field can be split into its solenoidal and

dilatational components via Helmholtz decomposition, solved using the formulation by Corral and

Jimenez [31] for 1D Poisson equations on infinite and semi-infinite domains with spectral methods.

The present computational domain is planar-periodic in the x and z directions, so the Poisson

equation for the fluctuating velocities (where primes have been dropped for notation) simplifies to

a 1D equation:

~u = 5⇥~b+5� = ~u
(s) + ~u

(d) (2.10)

5 · ~u = 52
� (2.11)

i(kxû+ kzŵ) +
dv̂

dy
= �(k2x + k

2
z)�̂+

d
2
�̂

dy2
(2.12)

f̂(y) = �k
2
�̂+

d
2
�̂

dy2
(2.13)

This nonhomogenous ordinary di↵erential equation may be solved exactly as an integral ex-

pression of the two linearly independent solutions, e±ky. The numerical analysis is simplified by

the homogenous nature of u fluctuations and its scalar potential � in the far field as y ! ±1, as

well as the compact support of the right hand side f̂ about the shear layer centerline, y = 0. With

these boundary conditions, the domain is can be treated as periodic over the interval of Ly. Then, a

solution to the scalar potential �(y) of Fourier basis in the vertical y direction can be assumed, with

ky = m⇡/Ly. While the domain is not physically periodic in this transverse direction, a window to

filter out freestream fluctuations, such as Mach waves for the high compressibility cases, is applied
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Table 2.4: Peak values of kinematic stress components, defined as Eqn.

2.9. Values of R(dd)
ij and R

(sd)
ij are scaled by 10�4.

Mc R11 R
(dd)
11 R

(sd)
11 R22 R

(dd)
22 R

(sd)
22 R12 R

(dd)
12 R

(sd)
12

0.2 0.031 0.001 0.084 0.016 0.001 -0.187 -0.010 -0.000 0.099
0.4 0.026 0.006 0.252 0.013 0.006 -0.546 -0.009 -0.001 0.422
0.8 0.023 0.113 1.363 0.009 0.084 -1.165 -0.007 -0.020 0.433
1.2 0.024 0.730 2.229 0.009 1.238 -2.321 -0.007 -0.845 1.363
1.6 0.020 0.820 1.743 0.007 0.778 -2.688 -0.005 -0.439 1.456
2.0 0.021 0.775 1.919 0.006 0.822 -1.827 -0.005 -0.466 1.652

outside the shear layer region to numerically facilitate periodic treatment. This windowing process

is detailed in Appendix A.

f̂ =

Ny�1X

m=0

ˆ̂
fe

im⇡y/Ly (2.14)

ˆ̂
�L = �

ˆ̂
f

k2 + k2y

(2.15)

�̂(y) = �̂L(y) + a+e
k(y�Ly) + a�e

�k(y+Ly) (2.16)

a+ = � 1
2k

h
k�̂L(Ly/2) + �̂

0
L(Ly/2)

i
(2.17)

a� = � 1
2k

h
k�̂L(Ly/2)� �̂

0
L(Ly/2)

i
(2.18)

The (kinematic) normal stresses of interest in this problem, R11 = u0u0, R22 = v0v0, which

are positive by definition, have mixed products of dilational and solenoidal components which are

negative. Table 2.4 gives the peak values of average stress components for each Mc. While the

magnitudes of the dilatational and mixed components of the stresses do not show a particularly

significant trend, besides a general increase with increasing Mc, the sign of the individual com-

ponents can be compared. For example, the shear stress R12 = u0v0 has a negative profile while

R
(sd)
12 is positive. This trend of negating values, and associated cancellation of both R22 and R12,

is consistent with increasing convective Mach number. Nevertheless, because the magnitude of the

dilatational and mixed components of the kinematic stresses are small, the present data supports

the notion that dilatational e↵ects are not the cause for stress and growth rate reductions observed

in highly compressible mixing layers.
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2.3.5 TKE budgets and pressure-strain rate tensor

A series of related interactions between mean kinetic energy, mean internal energy, and turbulent

kinetic energies exist in compressible flows. Production transfers energy between the mean and tur-

bulent flow, while baropycnal work and pressure-dilatation terms transfer turbulent kinetic energy

to internal energy of the mean state.
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The evolution equation of turbulent stresses Rij , with Rij = gu00
i u

00
j , is given Eqn. 2.19. The

evolution equation for TKE, k = 1
2
gu00
i u

00
i , is the trace of Eqn. 2.19, and given explicitly in Eqn.

2.20. The resolved dissipation D and the numerical dissipation D
f due to the dealiasing filter

are computed as given in Eqn. 2.21. The superscript f denotes a field variable after filtering is

applied and NRK = 4 is the number of Runge-Kutta steps used in the simulation. Figure 2.10

shows that the numerical dissipation of the filter is small compared to the resolved dissipation. At

intermediate compressibility levels, the maximum magnitude of the numerical dissipation is  10%

of the resolved dissipation, which is comparable to previous DNS studies of this problem [103]. For

higher speed cases, the filtered dissipation composes a large proportion of the total dissipation. In

subsequent figures, the TKE dissipation shown is the total of both the resolved and filter-associated

dissipation.
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(a) Mc = 0.2 (b) Mc = 0.8 (c) Mc = 2.0

Figure 2.10: Filter-associated dissipation, resolved dissipation, and total TKE dissipation profiles
plotted versus normalized coordinate ⌘ = y/�✓.

Profiles of TKE budget terms normalized by the total velocity and length scales �u and �99 are

shown in the left column of Fig. 2.13. Consistent with profiles presented by Pantano and Sarkar

[103], the TKE budget is dominated by production, dissipation, and turbulent transport terms.

Some oscillations are present in the profiles due to insu�cient averaging in time. The TKE budget

of the case with the most stringent grid resolution requirements, Mc = 2.0, has a peak residual is

about 15% of the peak TKE production, as shown in Fig. 2.11. The numerical truncation inherent

in the manipulation of terms required to derive the TKE budget in the form given in Eqn. 2.20

contributes to this residual. As expected, the baropycnal term B remains inactive for these unity

density ratio cases. The pressure dilatation term ⇧ also has an almost negligible contribution to

the TKE budget, even for the most compressible case at Mc = 2.0. The right column of Fig. 2.13

includes the same TKE budget, but scaled using ‘internal’ eddy scales which will be discussed in

detail in section 2.3.6.

Although the pressure dilatation term, which is the trace of the pressure strain rate tensor ⇧ij ,

remains small in the TKE budgets of present data, the individual components of ⇧ij play an im-

portant role in the evolution of the turbulent stresses. This pressure strain correlation redistributes

TKE among the components of the Reynolds stresses tensor, and is one of the crucial but unclosed

terms in Reynolds stress transport models. The normal components of ⇧ij are shown in Fig. 2.12;

the profiles of shear stress production P12 are coplotted for comparison. The streamwise compo-

nent ⇧11 dominates over the transverse and streamwise components, which again reflects observed

anisotropy [65]. Overall pressure strain rate components decrease with increasing Mc, which is

consistent with observations by Pantano and Sarkar [103] and Li et al. [76]. The scaling of the

streamwise pressure strain rate component is also covered in section 2.3.6.
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Figure 2.11: TKE budget and rate of change normalized by global shear layer scales �99/�u
3 for

Mc = 2.0, s⇢ = 1.

(a) Mc = 0.2 (b) Mc = 0.8 (c) Mc = 2.0

Figure 2.12: Pressure strain components and shear productions of TKE, normalized by global
shear layer scales �99/�u

3. Oscillations in the profiles at are due to insu�cient averaging.



CHAPTER 2. COMPRESSIBILITY EFFECTS 31

(a) Mc = 0.2

(b) Mc = 0.8

(c) Mc = 2.0

Figure 2.13: TKE budget terms normalized by (left) global shear layer scales �99/�u
3 and by

(right) local scales �y/U3
� . Oscillations in the profiles at Mc = 0.2 are due to insu�cient averaging.
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2.3.6 Turbulence length and time scales

Visualizations of transverse velocity across the mixing layer are shown for the lowest and highest Mc

cases in Figure 2.14. The domains (truncated for visual comparison) are scaled by the total mixing

layer thickness �99 to allow for a direct comparison of eddy length scales. The scale disparity

between the two cases is qualitatively obvious; in this section the turbulent scales are discussed

quantitatively and used to propose an alternative explanation for growth rate reduction.

In addition to the thickness measures �99, �! and �✓, which characterize the mean velocity

profile, a decorrelation length scale is used to characterize the e↵ect of increasing Mc on the energy-

containing scales. This length scale, �y, is defined in 2.22 using a pair of points symmetrically placed

around an anchor point y0 at a mutual separation distance of �y. A decrease in the correlation

to 0.1 is used to define this length scale, with the anchor point y0 = yc at the shear layer center,

where ũ(yc) = 0. This decorrelation length of the fluctuating transverse velocity in the transverse

direction characterizes the transverse size of energy containing eddies in an average sense.

v0(y0 � �y/2)v0(y0 + �y/2)

v0(y0)v0(y0)
= 0.1 (2.22)

The transverse length scale as a fraction of total mixing layer thickness decreases significantly from

the quasi-incompressible case at Mc = 0.2 to the highly compressible case at Mc = 2.0. Figure

2.15a shows the transverse correlation length for the fluctuating transverse velocity and the e↵ect

of shifting the anchor point to yc ± �99/4. Present data indicates a three-fold decrease (from low

to high Mc) in �y along the centerline, and nearly a four-fold decrease in �y for points o↵set from

the centerline. Figure 2.15a also indicates that �y measured about yc is the minimum decorrelation

length in the mixing layer at each Mc. The occurrence of minimum length scale about the centerline

yc is intuitive–mean shear, TKE production, and turbulent stress magnitudes also peak along the

centerline.

The mean velocity di↵erence across the average decorrelation length scale centered about anchor

point y0, defined as U� in 2.23, is also an important turbulent statistic of these eddies. The behavior

of this velocity scale, plotted in 2.15b matches the familiar reduction of normalized growth rates

shown in Figure 2.7b.

U� = ũ

⇣
y0 +

�y
2

⌘
� ũ

⇣
y0 � �y

2

⌘
(2.23)

The time scales of turbulent motions are also inherently linked to the reported decorrelation

length scales �y. The most obvious time scale of interest is that of the acoustic scale set by the mean

speed of sound c̄ =
p
�p/⇢, which e↵ectively defines the reach of acoustic communication in a mean

sense. A second time scale to consider is the one associated with eddy distortion due to the shearing

of the mean flow, which corresponds to the the centerline (maximum) shear S = dũ/dy. Finally,
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the turbulent time scales associated with the turbulent velocity fluctuations and shear stresses are

considered. In this discussion, these time scales are also interpreted as the Mach numbers defined

below.

Mt =

q
gu00
i u

00
i

c̄

�����
yc

(2.24)
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p
gv00v00
c̄

�����
yc
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q
| gu00v00|
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�����
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Mg =
S�y

c̄

�����
yc

(2.27)

The turbulent Mach numbers, Mt, represent the ratio of the mean acoustic time scale to the

time scale of turbulent fluctuations. The Mt of the present simulations are comparable to previously

published DNS of CHIT [57], and can be used to compare statistics such as pressure fluctuation

skewness at equivalent Mt [84]. As shown in Figure 2.15c, while Mt shows saturation at the

highest Mc, the turbulent Mach number defined using only the transverse component of TKE, Mt,v,

indicates saturation at lower levels of compressibility, as further evidence for the pronounced e↵ect

of compressibility on the fluctuating transverse velocity. Freund et al. [47] showed the beginning of

a saturated regime for these timescale ratios for an annular mixing layer. The present Mt and Mt,v

show this trend at higher Mc in a self-similar shear layer.

A friction Mach number, M⌧ , of the turbulent mixing layer can be defined using the turbulent

shear stress. In the present simulations, M⌧  0.5. Even at the lowest Mc cases, M⌧ remains much

larger than the M⌧ encountered in turbulent boundary layers of high speed, compressible flows [14].

As a complement to M⌧ ’s description of turbulent shear, the gradient Mach number, Mg describes

the compressibility e↵ect of mean shear, and represents the ratio of the the acoustic timescale to

the mean deformation timescale. Unlike Mt, this time scale ratio does not show a clear plateau,

although such a tendency is suggested by the data. Studies at even higher Mc are required to fully

demonstrate this saturation.

Even in the most compressible case, each of the Mach numbers investigated in Figure 2.15c

remain subsonic. The ‘sonic-eddy hypothesis’, as proposed by Breidenthal, would suggest that

since acoustic communication across these eddies is possible, these eddies remain coherent and

participate in entrainment. Present data indicates that even in the Mc range of significant growth

rate reduction, the energy-containing eddies are subsonic. Assuming that eddies of scale �y are



CHAPTER 2. COMPRESSIBILITY EFFECTS 34

active in entrainment the relative shear across these eddies appears directly related to the growth

rate behavior. At lower Mc, these eddies span across a large portion of the overall mixing layer

thickness, whereas at high Mc, the mixing layer consists of several ‘colayers’ of energy-bearing

eddies. Figure 2.16 indicates that several autocorrelation profiles can fit within the mixing layer

thickness at Mc = 2.0, and that this structure is consistently maintained during the self-similar

regime. Such behavior suggests an internal regulation mechanism which limits the formation of still

larger scales in the higher Mc mixing layers.

From Figure 2.15c, the turbulent Mach number Mt and transverse turbulent Mach number

Mt,v reach a plateau of approximately 0.5 and 0.2, respectively. The latter suggests that sound has

su�cient time to ricochet 2-3 times across the transverse correlation scale during eddy turnover.

Motions at still larger scales are evidently unable to remain coherent. They may correspond to

acoustic response, but not rotational eddies. Figure 2.17a shows the ratio of correlation scales

along x and y directions, �x/�y , and along the z and y directions, �z/�y against Mc. A data

processing error invalidates the corresponding plot in Matsuno and Lele [84]. Note that these

ratios are relatively constant. The Mc = 2.0 point is an outlier since it may be a↵ected by the

smaller domain size in x. The internal regulation mechanism which limits the transverse scale to

a decreasing fraction of the total shear layer thickness �99 also limits the correlation scales in the

x and z directions and maintains approximately the same ratio in correlation scales. All of these

trends are consistent with acoustic communication as the regulation mechanism for maintaining

coherent eddying motions. Figure 2.17b shows the dimensionless shear number, or Corrsin number,

S�y/
p
Rii = Mg/Mt and S�y/

p
R22 = Mg/Mt,v against Mc. These measures are relatively constant

with Mc, which a�rms that the regulation is not associated with an increased importance of shear

with Mc, but with acoustic communication limiting the turbulence length scales in the flow.
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Figure 2.14: Instantaneous planar views of transverse velocity v/�ū. Slices at (left) z = Lz and
(right) y = yc at Mc = 0.2, 0.8 and 2.0 from top to bottom. Arrows indicate decorrelation length
scales based on v

0 along x and y axes. Note that the domains are truncated for visualization
purposes.
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Figure 2.15: E↵ect of compressibility on (a) normalized decorrelation lengths �y/�99 for v0 measured
about di↵erent y0, (b) mean velocity di↵erence U�/�ū across the v

0 decorrelation length, and (c)
various Mach numbers.

Figure 2.16: Autocorrelation profiles for v0 measured about di↵erent y0 for (a) Mc = 0.2 and (b)
Mc = 2.0 at the beginning (black) and end (blue) of self similar spreading. Overall mixing layer

thickness �99 is indicated in terms of initial thickness �o✓ .

Figure 2.17: (a) Decorrelation ratios and (b) dimensionless shear (Corrsin number).
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2.3.7 Scaling of turbulence statistics

Figure 2.18: (a) |R12|/(�ū)2; (b) |R12|/U2
� ; (c) Integrated |R12| vs. Mc.

Like all turbulent flows, the compressible mixing layer is an inherently multi-scale phenomena.

Several length and velocity scales can be identified, but some scales will provide more satisfactory

representations of the flow’s turbulent behavior. For the present data, the external and internal

length and velocity scales can be compared to which scale is representative in the high-Mach regime.

Profiles of shear stress magnitudes |u0v0| scaled using the total velocity di↵erence �ū and the

e↵ective velocity scale U� are shown in Figure 2.18. Whereas scaling using �ū indicates a steady

decline in the shear stress magnitude, scaling using U2
� results in a clear separation between Reynolds

stress profiles at low versus high Mc.

Similarly, TKE budget terms may be scaled using either the overall mixing layer scales or the

internal scales associated with transverse velocity decorrelation. The right column of Figure 2.13

compares the TKE budgets at low, intermediate and high compressibility levels when scaled by the

global mixing layer scales �99/(�ū)3 and by the internal scales �y/U3
� . Figure 2.19 shows integrated

TKE production P , TKE dissipation D, and pressure strain component ⇧11 again scaled by global

and local scales. Considering the evolution equation for the Reynolds stresses given in Eqn. 2.19,

the streamwise pressure strain component ⇧11 = 2p0(du00/dx) plays an important role in shear layer

mixing by transferring energy out of R11 to other turbulent stresses.

The integrated TKE production term is related to the growth rate definition o↵ered by Vreman

et al. [135], such that the values plotted in Figure 2.19a represent �̇✓ ⇥ ⇢0�99/(2�✓�ū). TKE

dissipation normalized with internal scales transforms the trend of a monotonic, progressive decrease

with Mc to an approximately constant value for Mc > 0.2. Internally scaled TKE production and

streamwise pressure strain ⇧11 show a similar asymptotic behavior past Mc ⇠ 0.8. The asymptotic

approach towards constant production, pressure-strain, and dissipation, as well as evidence for

constant turbulent shear stress magnitudes using the e↵ective velocity scale U� further suggests the
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(a)

(b)

Figure 2.19: Selected TKE budget terms, integrated and scaled with (a) total thickness �99 and
total velocity di↵erence �ū and with (b) internal scales �y and U�.

importance of �y as the defining length scale associated with turbulent mixing. This distinction

may improve length scale-based turbulence models.
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2.4 Conclusions

High resolution simulations of temporally developing, compressible shear layers were conducted

at a range of convective Mach numbers. The highest compressibility level of this study was pre-

viously unexplored using turbulence-resolving simulations, and present data shows the extension

of previously published turbulent statistics at moderate compressibility levels into this high-Mach

regime. Reduction of growth rates, turbulent normal and shear stresses, and TKE budget terms are

confirmed to be consistent with previous experimental and numerical results. Anisotropic invari-

ant maps indicate consistency with previously observed trends of increased streamwise anisotropy

with increasing compressibility levels. The contributions of dilatational e↵ects in the form of pres-

sure dilatation and dilatational components of kinematic stresses are demonstrated to be small.

The scales governing the turbulent structures in mixing layers with notable compressibility e↵ects

were examined. As Mc increases, turbulence length scales including the transverse length scale

reduce significantly as a fraction of the overall shear layer thickness. These length scales appear

to be limited by acoustic communication. Turbulence-associated Mach numbers show saturation

at higher levels of compressibility, but remain subsonic even at the highest compressibility level.

The mechanism of internal regulation results in adaptation of spatial and temporal scales of shear

layer turbulence with increasing compressibility, as inferred from two-point correlations. This in-

ternal regulation reduces the e↵ective velocity scale, suppresses pressure fluctuations and lowers the

mixing layer growth rate.

(To Table of Contents)



Chapter 3

Variable density e↵ects on

turbulent shear layers

3.1 Introduction

Variable density mixing remains highly relevant in high-speed propulsion and other compressible

flows for aerospace applications, manifesting in features such as acoustic fluctuations, shock waves,

heating from chemical reactions, and/or phase transformations. The turbulence in these applica-

tions is especially complex, given that density variations can result from a combination of thermal

fluctuations, compositional changes from fluids with di↵erent molar masses, phase inhomogeneities

and chemical reactions. Acoustic fluctuations and dilatational e↵ects are also relevant, which gives

rise to the interest in combinations of compressibility and variable density e↵ects. The joint e↵ects

of compressibility and density variations are less commonly studied than the canonical shear layer

problem without density variations, although variable density e↵ects on turbulent mixing have re-

mained a relevant topic of interest for several decades. A selective review of the literature pertinent

to mixing in variable density shear layers is given below.

Previous studies

Brown and Roshko’s experimental observations of turbulent mixing between nitrogen and helium

streams were among the first to show the dominance of large, coherent structures at all density

ratios. One of Brown’s main conclusions was that the density ratio across the mixing layer had

a relatively small e↵ect on the spreading rate compared to compressibility e↵ects. Later, Pa-

pamoschou and Roshko [105] conducted a suite of mixing layers with varying velocity and density

40
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ratios and observed both low spreading rates and the formation of large scale structures. From this

study, it was determined that using the convective Mach number of each freestream, Mc1 or Mc2,

approximately collapses the spreading rates for the cases studied. The authors also noted that com-

pared to previous supersonic shear layer studies, their observed spreading rates were substantially

reduced and large scale structures were present in a larger variety of conditions. Goebel and Dutton

[49] did not observe large scale, organized structures in their compressible turbulent mixing layers.

Similarly, while Clemens and Mungal [30] observed that two-dimensional rollers are dominant at

lower Mc, the shear layer showed more three-dimensional features at higher Mc. The same large

scale structures as those observed in the supersonic shear layers observed by Papamoschou and

Roshko were not identified by either Goebel or Clemens.

In numerical studies, the terms ‘heavy’ and ‘light’ are used to refer to the higher and lower

density freestreams, although the influence of gravity is not included in these studies. Several

numerical studies of two-dimensional, spatially developing mixing layers have been conducted with

the intent of quantifying the e↵ects of density ratio on both transitional and long term shear layer

growth. Among others, Reinaud et al. conducted Lagrangian simulations of transitional, inviscid

shear layers at density ratios ranging from 1 to 6; the data indicated that the baroclinic torque acting

on the vorticity field is sensitive to perturbations and ought to provide a rapid route to turbulence

for variable density shear layers. Later, Lopez-Zazueta et al. [81] further investigated the evolution

of these baroclinic perturbations and compared di↵erences between unity and variable density ratio

Kelvin-Helmholtz vorticies. The role of vorticity and baroclinic torque was also implicit in the

self-similar growth of mixing layers as studied by Kennedy and Gatski [64]. Kennedy integrated

the similarity equations for steady, two-dimensional, non-reacting mixing of a binary gas mixture at

convective Mach numbers ranging from 0.2 to 1.2. The shear layers were composed of a fast and light

stream flowing past a slow and denser stream to mimic a hydrogen and nitrogen mixing layer. This

study emphasized that the traditional practice of defining the shear layer thickness solely o↵ the

velocity gradient in incomplete, and that the tails of the mixture fraction and density profiles should

also be accounted for in describing the shear layer growth. Lastly, this study also emphasized that

the majority of the vorticity and mixing occurs in the lighter fluid stream, which was also supported

by later DNS. Soteriou and Ghoniem [123] studied two-dimensional, incompressible, and inviscid

spatially developing shear layers with a Lagrangian transport element method. Authors observed

that as the density ratio increased, earlier and more intense vortex roll up observed and pairing

interactions more prominent, which increased the mixing layer region. This contrasted with other

studies which indicated that increasing the density ratio decreased the mixing layer growth rate,

but that this could be attributed to two-dimensional e↵ects. Bretonnet et al. [16] revisited the

idea of asymmetric peak mixing in variable density shear layers with a study focused on centerline

drift and advective growth for laminar mixing layers. The authors concluded that the generation
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of a transverse velocity field is a critical variable density e↵ect, and that this can be attributed to

either di↵usive e↵ects, such as mass or temperature mixing, or by dissipative e↵ects, such as kinetic

heating. Di↵usive e↵ects from either mass or temperature mixing had the same e↵ect of causing

the mean velocity gradient to drift away from the mean density gradient, essentially decoupling the

velocity shear region and the density-mixing region. On the other hand, dissipative e↵ects were

observed to produce a transverse velocity via dilatation due to heat release e↵ects in the shear

region. The study overall concluded that while multiple mechanisms exists, the overall variable

density e↵ect is that the shear layer shifts into the lighter fluid.

Studies of turbulent shear layers under variable density conditions have also indicated this

asymmetric growth of the mixing region. Pantano and Sarkar’s DNS of compressible, turbulent

shear layers at Mc = 0.7 and density ratios of s⇢ ranging from 1 to 8 indicated that the the

dividing centerline shifts into the low density stream as a function of the s⇢. Turbulent shear

stress magnitudes were not observed to decrease significantly with s⇢, and Pantano concluded that

increasing s⇢ decreases momentum mixing e�ciency and this the turbulent growth rate. More recent

investigations of variable density have also been enlightening, though they have been conducted in

the incompressible regime. Almagro et al. [2] performed direct numerical simulations of low speed

mixing layers at the same density ratios as Pantano, and observed that energy in small scales

decreased gradually with increasing density ratio from analysis of the spectral energy distribution

in velocity and temperature in the mixing region. Baltzer and Livescu [6] similarly performed direct

numerical simulations of incompressible mixing layers with a focus on mixing layer asymmetry and

density distribution, and visually identified a di↵erence in turbulent scales from the low to high

density sides of the shear layer. Similarly, in Livescu [79]’s review of variable density e↵ects in

canonical turbulent flows, it was summarized that turbulent features di↵er in light and heavy

fluids, and that lighter fluids mix faster than heavier ones. In the turbulent mixing layer, this

discrepancy of mixing rates results in an asymmetric mixing layer, with a larger thickness present

on the lighter fluid side. Most recently, Morgan [90] studied scalar mixing in a temporal shear layer

at s⇢ = 3 and used these results to calibrate model coe�cients in the k � L � a � V turbulence

model.

Extensive work also exists on variable density shear layers with increased complexity. Among

many others, notable studies include Okong’o and Bellan’s DNS of supercritical temporal mixing

layer to study high-pressure transitional mixing behavior, Ferrer et al.’s study of the e↵ects of

compressibility and heat release in high speed mixing layers with reactive chemistry, and Borghesi

et al.’s simulation of an air and n-dodecane jet’s ignition at diesel-relevant conditions. While relevant

to the applications of this research, these configurations with more complex chemistry are beyond

the scope of this thesis chapter.



CHAPTER 3. VARIABLE DENSITY EFFECTS 43

Present objectives

Previous studies have provided insight into the contribution of density variations to reduced growth

rates, but further investigation across a range of compressibility levels is necessary to assist with

turbulence modeling e↵orts. In this chapter, the following questions on mixing layers with density

variations are addressed:

• What are the e↵ects of density variations on turbulent mixing and how do these e↵ects vary

with increasing compressibility?

• Are the compressibility e↵ects on characteristic turbulent scales in variable density shear

layers the same as those observed in mixing layers with equal freestream densities?

• What are the contributions of fluctuations in molecular weight, dilatation, and temperature

to density fluctuations?

In this chapter, di↵erences in mixing layer growth rates and other turbulent statistics between

unity and variable density ratio cases are discussed and compared to previously published literature

at constant compressibility values. To fully separate the e↵ects of compressibility from the e↵ects

of density variations, a set of high fidelity simulations at a density ratio of 7 were conducted and

used to compare with the unity density ratio shear layer calculations detailed in Ch. 1. Turbulent

stress asymmetry and consistent selection of shear layer centerlines are discussed. The analysis of

‘internal regulation’ from Ch. 1 is applied to the variable density shear layers.

Lastly, the data is processed to isolate the variable density and compressibility e↵ects can be iso-

lated from each other. A method to identify density fluctuations due to compositional, temperature

and pressure related fluctuations is proposed. The mean temperature profiles are also decomposed

into a mixture component and a separate component introduced by viscous, aerodynamic heating.
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3.2 Methodology

3.2.1 Governing equations

In addition to mass conservation and the Navier-Stokes equations in conservative form (Eqn. 2.2-2.4

in Ch. 2), the evolution equation for species mass fractions are also solved. The mass fraction for

the species a and its corresponding evolution equation is given as

Ya =
⇢a

⇢

@⇢Ya

@t
+

@

@xi
(⇢Ya) =

@Ja

@xi
(3.1)

where ⇢ is the mixture density, and J
(a) is the di↵usion mass flux for species a. Species mixing is

computed with a Fickian di↵usion approximation [129]:
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nsX
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Dj 5 Yj
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(3.2)

For M species, compatibility with the continuity equation imposes the following constraint:

MX

a=1

Ja = 0

The thermodynamic properties of each species and the mixture are given below for completeness:

Ra =
Ru

MWa
Rmix =

MX

a=1

YaRa

For the present configuration at density ratio of s⇢ = 7 and a universal gas constant Ru = 1,

MW2 = 1.75 and MW2 = 0.25. The numerical methods for time intergration, spatial derivatives

and solution filtering for these variable density flows are the same as those used in Ch. 2.

3.2.2 Physical parameters

Mc =
�ū

c1 + c2
s⇢ =

⇢1

⇢2
Re

0
✓ =

�ū�✓(0)

⌫
Re

0
! =

�ū�!(0)

⌫
(3.3)

The convective Mach number Mc quantifies the compressibility of the base flow, while the Reynolds

numbers establish the range of viscous scales which may develop under turbulence. Documentation

comparing domain sizes, Reynolds numbers, and Kolmogorov scale resolution for this problem and

previously published DNS studies is o↵ered in Table 2.3. Pantano’s similar study up to Mc = 1.1
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and with variable density e↵ects studied at a single Mc = 0.7 [103], but previously available data

has generally been insu�cient to clearly isolate compressibility e↵ects from density e↵ects over the

full range of Mc. The suite of cases presented in this work are shown in Table 3.1. Cases with

s⇢ = 1 serve as the single fluid reference cases for cases at s⇢ = 7. These variable density cases

each have the temperature ratio T1/T2 = 0.51 and molecular weight ratio MW1/MW2 = 7. The

freestreams in these cases are both mixtures and not pure fluids; for example the top freestream

has mass fractions Y1 = 0.875, Y2 = 0.125. The two freestreams are split by the centerline defined

nominally as ũ(yc) = 0; various definitions of yc are explored in a later section.

Each case was run at the same initial Reynolds numbers Re
0
✓ = 1000 and Re

0
! = 4000, Prandtl

number Pr = 0.7, and Schmidt number Sc = 1. Initial conditions and modal velocity perturbations

are consistent with those detailed in Ch. 1. Mean profiles of the variable density cases listed in

Table 3.1 are shown in Fig. 3.3. Individual lines on each plot represent a single snapshot in time.

Profiles are plotted for several snapshots within the self-similar range of this study, though perfect

self-similarity was di�cult to achieve at high Mc due to limitations on the computational domain

and due to viscous dissipation in the highestMc case with s⇢ = 7. Similar computational limitations

in the Mc = 2.0, s⇢ = 7 case account for the slight departure of mean variables from the nominal

free-stream value above (y � yc)/�99 = 0.6. Di↵erences in the mean temperature profile across

the Mc range occur at both s⇢ = 1 and s⇢ = 7 as a result of aerodynamic heating, which will be

discussed at the end of this chapter.

Table 3.1: Parameters, domains, and grid resolutions for cases studied. All cases use
Nx ⇥Ny ⇥Nz = 1024⇥ 1448⇥ 512 uniformly spaced grid points.

Mc s⇢ T1/T2
1
�0✓
(Lx ⇥ Ly ⇥ Lz)

1
�0✓
(�x⇥�y ⇥�z)

0.2 1 1.00 150⇥ 200⇥ 75 0.146⇥ 0.138⇥ 0.146
0.2 7 0.51 150⇥ 200⇥ 75 0.146⇥ 0.138⇥ 0.146
0.8 1 1.00 100⇥ 100⇥ 50 0.098⇥ 0.069⇥ 0.098
0.8 7 0.51 100⇥ 100⇥ 50 0.098⇥ 0.069⇥ 0.098
2.0 1 1.00 80⇥ 80⇥ 40 0.078⇥ 0.055⇥ 0.078
2.0 7 0.51 80⇥ 80⇥ 40 0.078⇥ 0.055⇥ 0.078
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Table 3.2: A brief comparison of parameter ranges with previous studies on compressible, variable
density mixing layers. The Atwood number is related to the density ratio by

At = (1� s⇢)/(1 + s⇢).

Study Mc At

Pantano (2002) [103] 0.7 0, 0.33, 0.60, 0.77
Almagro (2017) [2] 0 0, 0.33, 0.60, 0.77
Baltzer (2020) [6] 0 0, 0.25, 0.50, 0.75, 0.87
Matsuno (2020) [84] 0.2, 0.8, 2.0 0, 0.75
Morgan (2021) [90] 0 0.25

3.3 E↵ects of density variations on turbulent statistics

In this section, the e↵ect of non-unity density ratio and convective Mach number on mean flow

field profiles, turbulent fluctuations, and turbulent growth rates are presented, followed by analysis

of the asymmetric behavior of the flow. Line opacity indicates time history, such that the faintest

lines occur earlier in simulation time and more opaque lines occur later in simulation time. Error

bars on data points representing mean values over time indicate the standard deviation about the

mean during the averaging window. Likewise, profiles plotted in a single solid line with a similarly

colored translucent envelope indicate the planar mean value and corresponding standard deviation

at each transverse (y) location.

3.3.1 Growth rates and turbulent stresses

The normalized growth rates of the momentum thickness, defined in 2.5, become linear after an

initial period of transition, and decrease significantly with increasing convective Mach number.

Rates are normalized by incompressible growth rates �̇inc = 0.018, 0.013 [103] for s⇢ = 1, 7 cases,

respectively. Figure 3.1 shows the e↵ect of density ratio on normalized growth rates, and Fig. 3.1b

gives the ratio of the growth rate for s⇢ = 7 compared to s⇢ = 1. These values indicate a 50-60% drop

in the momentum thickness growth rate, which is in the range of growth rate reductions observed

by previous studies at a similar Atwood numbers (see Fig. 3.1c). Complete decoupling between

compressibility and variable density e↵ects on shear layer growth has been assumed in previous

experimental studies [105, 52]. However, Almagro et al. compared their numerical simulations of

incompressible mixing layers to Pantano and Sarkar’s compressible mixing layer (at Mc = 0.7) and

observed a weak dependence on density ratio e↵ects between the incompressible and compressible

configurations. Likewise, the present data trend in Fig. 3.1b is not perfectly flat and has a slight

trend with increasing Mc which suggests that the e↵ect of density ratio on growth rates may be

larger at lower compressibility levels.
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Profiles of kinematic Reynolds stresses Rij = u
0
iu

0
j against the self-similar coordinate (y�yc)/�99

have been shown to reflect well known asymmetry in [84]. The shift of the Reynolds stress peaks and

mixing layer centerline yc (defined as ũ(yc) = 0) was noted early on by Brown & Roshko [19]. As

discussed by Pantano & Sarkar, this shift of peak turbulent stress towards the lower density region

results in reduced momentum transport ⇢u00v00, and thus the significant reduction in growth rate

[103]. The kinematic turbulent shear stresses R12 plotted in Fig. 3.1d show a noticeable intrusion

into the lower density fluid (present data has been plotted against �y instead of y for consistent

comparison to data from Almagro et al. [2] and Baltzer and Livescu [6]), confirming that the lighter

fluid is more prone to turbulent fluctuations and mixing compared to the heavier fluid. Note that

the present data in Fig. 3.1d is plotted by �y to match with the reference data. This asymmetry

remains present with increasing compressibility, as seen in Fig. 3.2. Mass weighted mean and

turbulent stress profiles are shown in Fig. 3.3. There exists a noticeable decrease in peak stress

magnitudes across the Mc range at both s⇢ = 1 and s⇢ = 7, but mass-weighted turbulent stress

profiles show more asymmetry at s⇢ = 7 compared to s⇢ = 1.

The turbulent Mach number, Mt =
p
2k/c̄, compares the velocity scales of turbulent fluctuations

with respect to the speed of sound. As shown in Fig. 3.2, present data indicates that the turbulent

Mach number profile across the shear layer shows similar behavior at s⇢ = 1 and s⇢ = 7, with the

exception that the profiles at s⇢ = 7 are slightly less broad near the centerline. Peak Mt values

are elevated at s⇢ = 7. Although TKE profiles are elevated in the lighter fluid region, similar

asymmetry is not apparent in the turbulent Mach number because the speed of sound along the

lighter fluid is also elevated compared to the speed of sound in the heavier fluid.
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(a) Momentum thickness growth rates
normalized by corresponding incompressible

values

(b) Ratio of variable density ratio to unity
density ratio growth rates, �̇(s⇢ = 7)/�̇(s⇢ = 1)

(c) Variable density growth rates normalized by
growth rates at A = 0 cases compared to
previously published DNS [2, 6, 103].

(d) Comparison of present kinematic
|R12| = |u0v0| at Mc = 0.2 to

Almagro [2] and Baltzer [6] data at
Mc = 0.

Figure 3.1: Growth rates and stresses for variable density cases compared to previously published
results.
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(a) s⇢ = 1 (b) s⇢ = 7

Figure 3.2: Mean density profiles (top), turbulent shear stress (middle) and turbulent Mach
number (bottom) profiles.
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(a) s⇢ = 1 (b) s⇢ = 7

Figure 3.3: Mean profiles for the suite of cases analyzed in this work,
shown during the approximately self-similar range. Left column: s⇢ = 1;

right column: s⇢ = 7. From top to bottom: Mc = 0.2, 0.8, 2.0.
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3.3.2 Mass fluxes

(a) Streamwise turbulent mass flux

(b) Transverse turbulent mass flux

Figure 3.4: Profiles of streamwise and transverse turbulent mass fluxes and at various
compressibility levels for s⇢ = 1 (left) and s⇢ = 7 (right).

Variable density e↵ects are also evident in turbulent mass flux profiles, ⇢0u0
i. Streamwise and

transverse turbulent mass fluxes are anti-symmetric about the centerline for s⇢ = 1 at Mc = 0.2, 0.8

and 2.0. For both the streamwise and transverse components, the peak mass flux occurs closer to

the edges of the mixing layer, with a minimum mass flux at the centerline. This indicates that most

of the transfer of mass due to turbulent fluctuations occurs due to entrainment from each of the

freestreams into the turbulent region. In contrast, a complete change in mass flux profiles occurs

when a mean density variation is present. The peak mass flux occurs near the centerline instead of

the mixing layer edges, and the magnitude of the mass fluxes are also greatly increased at s⇢ = 7

compared to s⇢ = 1. Baltzer and Livescu showed, at the limit ofMc ! 0, that mass flux profiles peak

in the denser fluid because large-scale disturbances form on the heavy fluid side which correspond
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to “large displacements of largely unmixed fluids relative to the background density gradient”. The

authors claimed this leads to larger density fluctuations on the heavy side compared to the lighter

side with fine-scale turbulent features and smaller density fluctuations, and this in turn biases the

mass flux to the heavy fluid side. In the present data, both the streamwise and transverse mass flux

are also skewed towards the denser freestream occurs at all compressibility levels. This appears to

indicate that mass transfer due to turbulent fluctuations occurs mainly from turbulent stirring of

the mean density gradient rather than the mean velocity gradient. The interaction between these

mean mass flux and the turbulent mass fluxes are discussed below.

@⇢̄

@t
= � @

@xj
(⇢̄ūj + ⇢0u0) (3.4)

In the Reynolds-averaged mass equation, written explicitly in Eqn. 3.4, the divergence of tur-

bulent mass flux and mean mass flux contribute to the evolution of the mean density profile. In

the present shear layer configuration, only the d
dy (⇢̄v̄ + ⇢0v0) is nonzero due to flow homogeneity

in the x and z directions. For the available variable density cases, the turbulent mass flux ⇢0v0

serves to reduce the mean mass flux ⇢̄v̄ (see Fig. 3.5), with this reduction e↵ectively decreasing

with increasing Mc. Correspondingly, the source terms driving the evolution of ⇢̄ become relatively

larger at high Mc; this is consistent with the larger changes (more pronounced curvature) in the

variable density ⇢̄ seen at Mc = 2.0 compared to Mc = 0.2 and 0.8. The normalized mean density

profiles at s⇢ = 7 compare well with Brown & Roshko’s mean density profile at the same density

ratio in a low speed, He�N2 mixing layer, but shows di↵erences when compared to the supersonic

mixing layer. A trend emerges where the mean density profiles exhibit more curvature for higher

speed mixing layers compared to the low speed ones. Pronounced curvature in ⇢̄ is also evident with

s⇢ = 1 at high Mc, caused by aerodynamic heating (i.e. viscous dissipation). This dip in density

at Mc = 2.0, s⇢ = 1 within the turbulent region is directly proportional to the peak in temperature

seen in Fig. 3.3; the rise in mean temperature deepens the concavity of mean density, which in turn

drives the turbulent mass flux.
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Figure 3.5: Mean transverse velocity ṽ/�ū and mean transverse mass flux ⇢̄v̄ for s⇢ = 7.

3.3.3 Mixing layer centerline and asymmetry

Several previous studies of incompressible mixing layers have recorded asymmetric spreading of the

mixing layer. The present data also presents a consistent trend of preferential spreading towards

the lighter fluid region at all compressibility levels. To quantitatively assess this asymmetry, first

consider several candidates to define the shear layer centerline, yc, in Eqn. 3.5 below.

⇢̄(yc) =
⇢1 + ⇢2

2
= ⇢0 ũ(yc) = 0 Y1(yc) = Y2(yc) (3.5)

The centerline can be defined by the location of ‘neutral’ density, or the location of the mean

density of the freestreams. Alternatively, the location of zero mean streamwise velocity can also

be used a centerline definition, which is common for the counter-current, temporal shear layer

configuration, where each freestream has a velocity of ±�U . Lastly, using the location of equivalent

mass fractions is also considered to represent a dividing centerline between the two freestreams. The

left column of Fig. 3.7 clarifies the behavior of the centerline using each of the definitions above,

using the mean profiles for streamwise velocity, density and mass fraction normalized to range

from zero to unity across the mixing layer. The mean profiles at two instances in time are shown

to indicate that the behavior is consistent during the turbulent evolution of the flow. A distinct

di↵erence arises between the centerline defined by the mean density compared to the alternative

definitions. This discrepancy increases slightly with Mc. Excluding the mean-density defined yc, all

other centerline definitions indicate that the shear layer centerline drifts into the lighter fluid. This

intuitively makes sense–the mixed, heavier fluid gradually pushes into the freestream, lighter fluid

due to its higher momentum. This is also consistent with information from profiles of the transverse
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turbulent mass flux in Fig. 3.4, which indicate that mass transport via turbulent fluctuations occurs

downward (into the lighter fluid region).

The right column of Fig. 3.7 shows the evolution of the shear layer bounds into the denser (blue)

and lighter (orange) freestreams, as defined by �99. The velocity-defined centerline, corresponding

to ũ = 0, and the density-defined centerline, corresponding to ⇢̄ = ⇢0, are shown in solid and

dashed lines, respectively. In these figures, the preferential spreading of the shear layer towards to

the lighter fluid side can be observed, particularly in the Mc = 0.2 case. The ratio of growth rate

of the shear layer boundary from the chosen shear layer centerline into the heavy (top) and light

(bottom) freestreams are given in the legend as �̇top/�̇bot in each of the legends provided. Using the

velocity-defined centerline, the rates of spreading into the heavy and light fluids are approximately

unity across the compressibility levels. In contrast, the density-defined centerline suggests that

the heavier fluid contributes very little to the overall growth rate. This di↵erence between the

centerline based upon mean density compared to mean velocity appears exaggerated at the highest

compressibility case at Mc = 2.0. This may be related to the previously mentioned increase in

concavity of the mean density profile as aerodynamic heating increases the mean temperature near

the main mixing region at the velocity-based centerline.

Baltzer also showed that the contribution of the momentum thickness growth from the lighter

fluid was much greater than that of the heavier fluid at Mc = 0. By splitting the momentum

thickness growth rate into two integral components–the contribution from the lighter fluid, and the

contribution of the heavier fluid, the dependence of growth rate ratios on the centerline definition

can be alternatively confirmed. Baltzer previously used the density definition of yc in Eqn. 3.6 to

examine these contributions to the total shear layer growth.

�̇✓ = � 2

⇢0(�ū)2

 Z yc

�Ly/2
⇢̄ gu00v00

@ũ

@y
dy +

Z Ly/2

yc

⇢̄ gu00v00
@ũ

@y
dy

!
(3.6)

In Fig. 3.6a, our data confirms Balter’s observation (plotted at Mc = 0) remains true across

the available range of compressibility levels using the mean density definition of the shear layer

centerline. Again, as previously discussed, di↵erences arise when using alternative shear layer

centerline definitions. As shown in Fig. 3.6b, using the centerline defined by velocity indicates that

both ‘sides’ of the shear layer contribute almost equally to the total growth rate, with a slightly

larger contribution by the heavier fluid side.

Turbulent mixing, TKE, and production of TKE are concentrated at the region of the peak

streamwise velocity gradient, which occurs more closely to the centerline as defined by velocity

rather than density. Thus, throughout this work, the centerline defined by the mean streamwise

velocity is used to collapse profiles of mean and turbulent quantities. As discussed in the following
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section 3.3.4, this choice of the shear layer centerline is also relevant in the selection of characteristic

turbulent scales.

(a) ⇢̄(yc) = ⇢0 (b) Y1(yc) = Y2(yc)

Figure 3.6: Contribution to growth rate using di↵erent definitions of the centerline, yc.
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(a) Mc = 0.2, s⇢ = 7

(b) Mc = 0.8, s⇢ = 7

(c) Mc = 0.2, s⇢ = 7

Figure 3.7: Definitions of centerline yc: (left) centerline positions at two instances in time; (right)
centerline position drift in time compared to shear layer bounds at the denser (blue) and lighter
(orange) freestreams. Note that density, velocity, and mass fraction profiles have been normalized

to range from zero to one.
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3.3.4 Turbulent scales and internal regulation

Following the discussion in Ch. 1, internal regulation refers to the scaling of turbulent quantities

with respect to the integral lengthscales within the mixing layer rather than the external scales

across the mixing layer–such as the 99% thickness �99 and the total velocity di↵erence �ū. In this

section, the data for s⇢ = 7 will be analyzed from the view of internal regulation and compared

to similar scales at s⇢ = 1. The definition of the decorrelation function using transverse velocity

fluctuations v0 about anchor point y0 is written explicitly again in Eqn. 2.22.

(a) Mc = 0.2, s⇢ = 7 autocorrelation profiles (b) Mc = 2.0, s⇢ = 7 autocorrelation profiles

Figure 3.8: Transverse velocity decorrelation profiles centered about various y0 at low and high
compressibility levels.

The behaviors of the decorrelation length scale �y (‘internal’ or ‘e↵ective’ length scales) at low

and high compressibility levels are shown in Fig. 3.8. Profiles of the autocorrelations used to define

the decorrelation scale are superimposed on the normalized mean velocity profile ũ in cyan, the

normalized mean density profile ⇢̄ in green, along with the upper and lower bounds of the 99%

thickness. Decorrelation profiles with anchor points at the velocity-defined centerline are shown in

black; profiles with anchor points o↵set by �99/4 into the lighter and heavier fluid are shown in

orange and blue, respectively. Two characteristics of these decorrelation profiles warrant discussion.

First, notable change in the overall span of the decorrelation occurs between low and high

compressibility levels. At low Mc, a significant portion of the autocorrelation remains above the

decorrelation threshold past the lower boundary of the mixing region, whereas the autocorrelations

are completely contained within the mixing region at high Mc. This trend is consistent across the

Mc range for s⇢ = 1 cases. The monotonic decrease in the internal length scales as a function

of Mc, for both centerline and o↵-centerline anchors y0, are shown in Figs. 3.8a and 3.8b. The



CHAPTER 3. VARIABLE DENSITY EFFECTS 58

corresponding decrease in the internal velocity scale U�, where U� is the mean velocity di↵erence

across an eddy sized �y at yc, can be observed in Figs. 3.8c and 3.8d.

Second, the decorrelation scale is asymmetric across the shear layer centerline. This asymmetry

was discussed further in subsection 3.3.3 above, in the context of the mean profiles of velocity and

density. Present data indicates that the scales defined by turbulent fluctuations are also asymmetric

when sampled at equal distances �99/4 from the centerline. At all compressibility levels, the trans-

verse decorrelation scale �y in the heavier fluid region (at yc+ �99/4) is larger than �y in the lighter

fluid region (at yc � �99/4). This contrasts with the distribution of lengthscales at s⇢ = 1, in which

case the o↵-centerline decorrelations are consistently but symmetrically larger than the centerline

value. The internal length and velocity scales in the lighter fluid, plotted with orange markers, have

values which are larger in magnitude than the scales near the velocity-defined centerline, plotted

in black markers. The internal length and velocity scales in the denser fluid, plotted with blue

markers, have values which are more similar in magnitude but slightly smaller than the scales near

the velocity-defined centerline. This variation in the internal length and velocity scales is notable,

since it is the scales defined about the centerline which show most promising scaling of turbulent

statistics (as discussed later in Fig. 3.10).

For completeness, streamwise and spanwise decorrelation lengths ratios at the centerline defined

by velocity for s⇢ = 7 are shown in Fig. 3.9e and show similar behavior to those at s⇢ = 1, with the

streamwise-transverse decorrelation ratio �x/�y always slightly larger than the spanwise-transverse

one, �z/�y. Note that at Mc = 2.0 for both s⇢ = 1 and s⇢ = 7, error bars are especially large due

to di�culty in achieving true self-similarity.

Profiles of turbulent production P , dissipation D, and the streamwise component of pressure

strain ⇧11 = 2p0@u00/@x are shown in Fig. 3.10. When scaled by total shear layer scales �ū
3
/�99,

turbulent production, dissipation and pressure strain decrease monotonically with increasing Mc.

In contrast, normalizing by internal quantities U
3
� /�y, measured at the shear layer centerline de-

fined by ũ(yc) = 0, collapses the profiles across the Mc range. Similar behavior was observed for

corresponding quantities at s⇢ = 1 [85]. The consistent collapse in data for both s⇢ = 1 and s⇢ = 7

suggests the dependency on internal scales is a compressibility e↵ect and likely not a variable den-

sity e↵ect. As in Ch. 1, this can be interpreted as internal regulation arising from a sonic limitation

on eddies which actively entrain fluid.
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(a) �y/�99 measured about various y0 for s⇢ = 1 (b) �y/�99 measured about various y0 for s⇢ = 7

(c) U� measured about various y0 for s⇢ = 1 (d) U� measured about various y0 for s⇢ = 7

(e) Lengthscale ratios at s⇢ = 1 (filled markers)
and s⇢ = 7 (open markers)

Figure 3.9: Decorrelation scales centered about various y0; (a) and (b) decorrelation scale; (c) and
(d) decorrelation velocity scale; (e) length scale ratios about the centerline yc.
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Figure 3.10: Magnitude profiles of TKE production P , TKE dissipation D, and streamwise
component of pressure strain ⇧11 at s⇢ = 7. Left column: scaling by �99/�ū

3; right column:
scaling by �y/U

3
� .
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3.4 Decomposition of density fluctuations

The goal of this section of work is to examine density variations in the compressible shear layer

for the available variable density cases. Mechanisms contributing to density fluctuations may be

categorized as compositional changes, adiabatic fluctuations, and thermal e↵ects. The contribution

from each of these mechanisms and its correlation with density fluctuations is given below.

Compositional variation

The density field associated with compositional changes, ⇢m, is the density field which would result

from isobaric mixing of the pure fluids without compressibility e↵ects. The resulting mixture

density variation is then taken as the fluctuation from the mean density ⇢̄m. Pure species densities

associated with Y1 and Y2 are ⇢1 and ⇢2, respectively; q̄ represents the planar (x and z) average of

field q.

1

⇢m
=

Y1

⇢1
+

Y2

⇢2
⇢
0
m = ⇢� ⇢m (3.7)

Adiabatic variation

The density field associated with adiabatic compression and expansion, ⇢a, is the density which

would result purely from isentropic dilatation for a given pressure field. The reference state in the

Eulerian frame is defined by the background mean density and pressure which varies in y.

⇢a = ⇢̄

✓
p

p̄

◆1/�

⇢
0
a = ⇢� ⇢a (3.8)

Isobaric variation

The density field associated with thermal e↵ects ⇢T , is defined as the density fluctuations solely due

to temperature fluctuations from the mean temperature, T̄ . These density fluctuations represent

hypothetical variations which would occur for a given departure from the mean temperature while

holding the local pressure and local mass fractions constant.

⇢T = ⇢̄
T̄

T
⇢
0
T = ⇢� ⇢T (3.9)

The density fluctuation magnitudes associated with each of the density fields defined in Eqns.

3.7-3.9 are compared across the Mc range in Fig. 3.11. Each variance is normalized by the mean

density, ⇢̄. The full density variance is shown in black. An initial observation regarding the shape

of these profiles emerges–with increasing Mc, the steepness and skewness of the profiles at s⇢ = 7
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increases. This is consistent with the di↵erence in curvature of the mean density profiles observed

in Fig. 3.2, and is likely a result of the peaked heating region at higher Mc. The profiles of density

variance at s⇢ = 1 are symmetric and indicate larger variance at the shear layer edges. In general, it

can also be observed that the density fluctuation magnitudes are significantly reduced in the s⇢ = 1

case compared to the s⇢ = 7 cases, this is especially clear at low Mc. At incompressible conditions

of Mc = 0.2, the total density variance is almost identical to the adiabatic density variance ⇢
0
a,

indicating that the density fluctuations are almost entirely adiabatic. At higher Mc, a di↵erence

can be observed between the total and the adiabatic density fluctuation profiles, which indicates

that not all fluctuations are perfectly adiabatic.

The mixture-based and isobaric-based fluctuations, ⇢
0
m and ⇢

0
T follow the general profile of

the total density fluctuations, but have reduced magnitudes. At Mc = 0.8, 2.0 and s⇢ = 7, the

isobaric-based density fluctuations are larger than that of the mixture-based fluctuations, although

some statistical variation is present for the case at Mc = 2.0. At higher Mc, the profile for these

fluctuations also do not decay to zero into either the lighter of the heavier freestream region. This

persistence of density fluctuations into the heavy fluid region at high Mc can be attributed to the

presence of stronger Mach waves at the Mc � 0.8 configuration. It is important to note that the

di↵erent density fluctuations defined in Eqns. 3.7-3.9 are not mutually independent or ‘orthogonal’.

Further interpretation of this density decomposition is ongoing.



CHAPTER 3. VARIABLE DENSITY EFFECTS 63

(a) Mc = 0.2

(b) Mc = 0.8

(c) Mc = 2.0

Figure 3.11: Comparison of density variance profiles across Mc at s⇢ = 1 (left) and s⇢ = 7 (right)
at several snapshots in time.
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3.5 Viscous heating e↵ects

At increased compressibility levels, aerodynamic heating due to viscous dissipation cane be observed.

This excess in temperature profiles is measured with respect to either the freestream temperature,

Tref = T0 for s⇢ = 1 cases, or with respect to the mixture temperature defined o↵ a mixing progress

variable � for s⇢ = 7 cases:

� =
Y � Y min

Ymax � Ymin
(3.10)

Tmix = T1(1� �) + T2� (3.11)

In Fig. 3.12, the temperature rise for both s⇢ = 1 and s⇢ = 7 are shown. The two sets of profiles

show a similar magnitude of increase in excess temperature with increasing compressibility, with

the peak value of T̄ � Tref ⇡ 0.4 for s⇢ = 1 and s⇢ = 7. Freund et al. observed similar rise in peak

temperature in annular mixing layers at high compressibility levels, and noted that the e↵ect scales

similarly to Mc. The present data supports this argument, with Fig. 3.12c indicating that the peak

rise in temperature scales quadratically with Mc. A parabolic fit is plotted through the scattered

data to clarify this dependence.

The observed heating e↵ect with increase compressibility can be further understood by con-

sidering various contributions to the evolution of internal energy of the flow. The internal energy

budget equation is written as in Eqn. 3.13 below.

D

Dt
(⇢e) = �p
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(3.13)

The mean and turbulent components of advection, pressure dilatation, dissipation, and heat

conduction are shown in Fig. 3.13. The mean component of terms are plotted with solid lines and

the turbulent components are are plotted with dashed lines. Statistical noise is present and espe-

cially large at higher Mc. The mean internal energy budget terms for s⇢ = 7 cases are qualitatively

similar in profile to those of the s⇢ = 1 cases, aside from the case at low compressibility. Turbu-

lent dissipation (plotted in orange), mean advection (plotted in red) and mean pressure dilatation

(plotted in blue) are the largest contributors to the evolution of internal energy. For s⇢ = 1 cases,

similarly to TKE profiles, the dissipative and advective transport components are symmetric across

the mixing layer. Turbulent dissipation contributes to heating while advective transport spreads
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(a) Heating at (T̄ � T1)/T1 at s⇢ = 1 (b) Heating at (T̄ � Tmix)/(T2 � T1) at s⇢ = 7

(c) Peak excess temperature

Figure 3.12: Profiles of excess mean temperature compared to a reference temperature.
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this contribution as the shear layer spreads with nonzero transverse velocity. Across the compress-

ibility range, the profiles show a similar qualitative shape with magnitudes of turbulent viscous

dissipation, mean advection, and mean pressure dilatation peaking in the centerline. These mag-

nitudes decrease monotonically when scaled by the global velocity �ū
3. Similarly to the trends of

integrated TKE dissipation for s⇢ = 1, the peak dissipation profiles show consistent scaling with U
3
�

in Fig. 3.13b. Overall, at both s⇢ = 1 and s⇢ = 7, the dissipation of TKE is a significant contributor

to increasing the internal energy of the flow in the turbulent region; there is only heat generation

and energy transfer within the shear layer. This energy is not generated in the freestream regions

and does not escape in the form of heat to the freestream regions (dT/dy = 0 is zero outside the

mixing region), so heat is both generated and accumulated in the turbulent mixing region. As

shown in Fig. 3.3, the di↵erence in satisfactory collapse between mean streamwise velocity and

mean temperature profiles is evident. The mean streamwise velocities at all compressibility levels

quickly collapse to a single, similar, profile. In contrast, the temperature profile shows increasing

amounts of drift with increasing Mc. The gradual increase in temperature in the mixing layer

region implies that the speed of sound gradually increases as well, and that the local Mach number

decreases. In the context of internal scales and acoustic limitations, this drift in the speed of sound

would result in internal scales which are larger than their hypothetical counterpart in a flow without

aerodynamic heating. The interpretation of the observed rise in temperature due to accumulation

of heat suggests that over very long time scales, perfect similarity for this shear layer configuration

may not exist. A deviation or drift in temperature profile due to viscous heating may have a simi-

larity solution and the rate of this drift may show dependence on a reference Mach number. This

similarity analysis and determination of this heating time scale is an avenue of future work.



CHAPTER 3. VARIABLE DENSITY EFFECTS 67

(a) s⇢ = 1 (b) s⇢ = 7

Figure 3.13: Profiles of mean internal energy budget scaled by U
3
� with mean terms in solid lines

and turbulent terms in dashed lines.



CHAPTER 3. VARIABLE DENSITY EFFECTS 68

3.6 Conclusions

In this work, the e↵ect of the mean density variation in the flow independent from the e↵ect of

compressibility is demonstrated. Present data comparing thickness growth rates and shear layer

decorrelation scales suggests that compressibility and variable density e↵ects cannot be completely

decoupled. At s⇢ = 7, growth rates decrease with increasingMc in a similar manner to s⇢ = 1 growth

rates, though the decrease from Mc = 0.2 to Mc = 2.0 is not as dramatic at s⇢ = 7. Furthermore,

the shift in mean velocity profile compared to the mean density profile is also documented to occur

consistently at all studied compressibility levels. This o↵set between the location of turbulent

mixing and the location of mean density gradient reduces the momentum mixing e�ciency, as seen

by turbulent stress profiles which become biased towards the lighter fluid region. Two definitions

of the shear layer centerline are compared; the centerline defined by the streamwise velocity profile

moves into the lighter freestream region and indicates approximately similar contributions to shear

layer growth rates from both sides of the mixing layer. The centerline as defined by mean density

gradually moves into the denser fluid region; this definition of the mixing layer centerline implies

that the lighter fluid is responsible for most of the mixing layer growth in the turbulent regime.

This work also demonstrated that the centerline definition should be considered in the selection

of characteristic turbulent scales. Decorrelation length scales are found to be asymmetric about

the shear layer centerline, with larger decorrelation scales occurring in the lighter fluid. Internal

regulation also occurs at s⇢ = 7, which allows for the scaling of TKE production, dissipation and

pressure strain to be collapsed when normalized by the ‘e↵ective’ eddy scales when centered about

the velocity-defined centerline. A comparison of density variances associated with compositional,

adiabatic, and isobaric e↵ects were examined. Across the Mc range, density fluctuations associated

with multi-species mixing were significantly larger than those associated with adiabatic and isobaric

e↵ects. Lastly, aerodynamic heating was observed at both variable and unity density ratios and the

corresponding temperature excess scales quadratically with compressibility.

(To Table of Contents)



Chapter 4

Streamwise curvature e↵ects on

turbulent shear layers

4.1 Introduction

Many aerospace applications involve high-speed jet plumes with complex flow physics and multiple

turbulence mechanisms. A comprehensive understanding of turbulence in these flows is essential in

developing and improving numerical methods for such vehicle design and analysis, and is currently

lacking. In particular, the shear layers in these rocket-motor exhaust plumes exhibit streamwise

curvature, along with pressure gradients, shock waves, and other complexities. An area which

has not been well studied is the joint e↵ect of streamwise curvature, compressibility, and variable

density e↵ects in mixing layers. The combination of all three influences on turbulent mixing result

in a complex mixture of the following three instability mechanisms in the flow.

• The Kelvin-Helmholtz (KH) instability, associated with planar shear layers as characterized

in the previous chapters of this work, exists for parallel flows with u2 6= u1 and an inflection

point in the velocity profile. This instability results in spanwise vortical structures which pair

and amalgamate.

• The Rayleigh-Taylor (RT) instability, which arises from the opposition of a body force and

the fluid’s density gradient, is also applicable in the curved shear layer configuration due

to centripetal acceleration. When a heavier fluid is accelerated into a lighter fluid, three-

dimensional bubble and spike-like features are produced at the two fluids’ interface.

69
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• The Taylor-Görtler (TG) instability, associated with centripetal acceleration in wall-bounded

flows with streamwise curvature, produces streamwise vortical structures.

This section introduces previous work specifically on the characterization of centrifugal stability

rather than on KH, RT or TG instabilities individually.

Previous studies

Several qualitative arguments on the proposed stability in vortical flows have been formulated.

Beginning at low complexity with an incompressible, inviscid and uniform density fluid undergoing

rotation, [109] derived a criterion for centrifugal stability by comparing fluid parcels’ kinetic energy

in concentric cylinders of fluid. Rayleigh postulated that the circulation of a flow, � = u✓r, must

increase in the outer radial direction for the flow to be centrifugally stable. This criterion for

stability is given by the discriminant � in Eqn. 4.1.

 =
1

r3

d�2

dr
=

2u✓

r

✓
u✓

r
+

du✓

dr

◆
> 0 (4.1)

The variable density equivalent of Rayleigh’s stability criterion for incompressible flows was later

proposed [131, 136] by considering the conservation of mass and angular momentum of an incom-

pressible fluid parcel.

d

dr
(⇢�2) > 0 (4.2)

In another consideration of restorative forces, an analogy between the phenomena in turbulent

shear flow under buoyancy and under streamwise curvature was drawn early on by Bradshaw [12, 13]

for incompressible curved flows. The Richardson number for stratified flows represents the ratio of

buoyant to shear e↵ects; a corresponding Richardson number (as defined in Eqn. 4.4) to represent

the ratio of curvature to shear e↵ects is positive for centrifugally stable flows. A flux Richardson

number represents the ratio of buoyant to shear production of TKE in stratified flows and acts a

measure of dynamic stability, or the persistence of turbulence compared to the stabilizing e↵ect of

buoyancy. The definition of Bradshaw’s flux Richardson number, Ri
(B)
f in Eqn. 4.5, was proposed
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based on the close correlation between temperature and streamwise velocity fluctuations, where

u
0
✓u

0
r is the kinematic shear stress.

S =
u✓/r

du✓/dr
(4.3)
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Several decades later, Nagata and Kasagi [94] presented a similar flux Richardson number for cur-

vature e↵ects on turbulent channel flows, with a specific focus on the e↵ects of increasing curvature

on turbulence intensity. Similarly to the Rif defined in Eqn. 4.5, Nagata and Kasagi’s version can

be written considering the production of turbulent stresses R✓✓ and Rrr. Nagata suggested using

the first term of P✓✓ as the shear production term and R12ũ✓/r as the centrifugal production term

of P✓✓ and Prr, with Rf as the balance between these shear and centrifugal terms. Alternatively,

Rf can also be defined as the ratio of the radial stress production to streamwise stress production,

as given in Eqn. 4.6. This form of flux Richardson number is revisited in evaluation of stability in

the present cases.
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(4.6)

Formal stability analyses have also been conducted to evaluate centrifugal stability. Eckho↵ and

Storesletten [41] gave the stability criterion for disturbances in a swirling, compressible flow using

a generalized progressing wave-expansion method (generalized Wentzel–Kramers–Brillouin (WKB)

):

� =
u
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r
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Leibovich and Stewartson [73] gave the su�cient condition for the stability of columnar vortices

which are unbounded, homogeneous, inviscid, and subject to 3D, exponentially growing distur-

bances with large azimuthal wavenumbers: (WKB-type asymptotic analysis)
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where the angular velocity is ⌦ = u/r. Eckho↵ [40] (1984) later asserted that the criterion for

exponentially growing disturbances (the disturbances which satisfy Eqn. 4.7 typically grow alge-

braically), is given as:
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Eckho↵ [40] proved that in the homogeneous and incompressible limit, the first term in Eqn. 4.9 is

zero and Leibovich’s incompressible criterion (Eqn. 4.8) can be recovered.

The stability analyses above were formulated for swirling, vortical or helical flows. The following

works presented the numerical solutions to linear stability equations of spatially developing mixing

layer with modest levels of streamwise curvature. In many cases, the the focus of the studies

were the formation of streamwise, TG-type vorticies. The e↵ect of curvature on the development

of the profiles of the base flow were typically neglected. Liou [78] (1994) presented the linear,

inviscid, hydrodynamic stability of slightly curved, spatial shear layers using a shooting method.

Hyperbolic tangent velocity profiles and an assumption of parallel flow were used. Curvature levels

varied from �/R = [0, 0.025, 0.05], which corresponds to Rif = [0.0488, 0.0952] for stable cases as

Rif = [�0.0513,�0.105] for unstable cases, with Rif as defined in Eqn. 4.5. Analysis indicated that

instability modes in the form of streamwise vortex pairs were possible. Hu et al. [54] (1994) also

studied the save problem as Liou, and determined that (i) curvature e↵ect on Rayleigh modes were

minimal and (ii) nonzero curvature allows the formation of an unstable, 3D mode which becomes

the dominant mode as the curvature wavelength decreases. Otto et al. [100] (1996) extended this

analysis for Lock’s (1951) velocity profile, to account for non-parallel e↵ects, and argue that the

hyperbolic tangent profile is insu�cient to studying spatial stability. Spanwise vortex pairs were

also found to form in unstable cases. Stability analysis by Otto indicated that centrifugal instability

modes in the form of longitudinal vorticies are supported in curved, incompressible mixing layers

if the centerline curves into the faster stream. Zhuang [147] (1999) also studied the linear stability

of the inviscid, spatial shear layer but included density variations of ⇢2/⇢1 = [0.2, 1, 5] and a wake

deficit in the velocity profile. Hyperbolic tangents were used to define the mean velocity and density

profiles, and streamwise vortex pairs were also identified. Otto et al. [101] further developed their
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previous study to include e↵ects of buoyancy by adding a mean temperature gradient in the flow.

Temperature and velocity profiles followed a hyperbolic tangent profile, under the argument that

stability results are qualitatively similar to using a more exact profile. Streamwise evolution of the

flow was not considered, so only small time and length scales were considered. For the flow to be

unstable to longitudinal vorticies, the curvature and temperature profile must satisfy Eqn. 4.10. The

inner to outer radial freestream ratios are �u = uinner/uouter = u2/u1, �t = Tinner/Touter = T2/T1,

the Görtler number G = 2�Re
1/2

/rc is large (1 << G << Re) and Gr is the Grashof number,

Gr = ↵V g�
3
T1/⌫

2 where ↵V is the coe�cient of volume expansion (↵V = 1/T for an ideal gas), g

is the acceleration due to gravity and ⌫ is the kinematic viscosity.
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(4.10)

The parameters proposed by Otto et al. [101] in Eqn. 4.10 correspond to Eqn. 4.11 when gravi-

tational acceleration is replaced with centrifugal acceleration.
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(4.11)

Sarkies and Otto [118] looked at the linear stability of compressible, spatially developing mixing

layers with temperature gradients. The results suggested that compressibility has a stabilizing

e↵ect, and that the stability of the flow is sensitive to changes in the temperature ratio �t. Changes

in curvature and velocity ratio have similar e↵ects compared to the incompressible case in that

streamwise vorticity is generated when the slower stream curves into the faster stream. However,

if the faster stream curves into a cooler and slower stream, centrifugal instabilities can also be

observed. As the lower stream M1 increases, the layer is more unstable to thermal modes, which

appear at lower values of �t. The results were found to be largely independent of the velocity ratio

�u. Görtler modes with a cooler, faster stream (�t < 1 and �u > 1) were found to be more unstable

to a wider range of wavenumbers compared to uncooled configurations (�t = 1).

More recently, other studies of vorticies with smoothly varying density gradients have also been

conducted. Joly et al. [60] studied RT-type behavior during the breakdown of 2D incompressible,

inviscid, constant circulation vorticies with heavy cores. Sipp et al. [119] reviewed the criteria for

centrifugal stability in an incompressible, non-homogenous Lamb-Oseen vortex. The parameters
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N
2
, N

2
w and the Rayleigh discriminant  defined in Eqn. 4.1 was used to characterize the density

variation of the vortex:

N
2 = �u

2
✓

r

1

⇢

d⇢

dr
N

2
w = �1

4

✓
@u✓

@r
� u✓

r

◆2

(4.12)

If density increases in the radial direction, �N
2 is defined similarly to the square of the buoyancy

(Brunt-Väisälä) frequency, with gravity replaced with u
2
✓/r. While N2

w is always a negative quantity,

the stability discriminant of N2
w �N

2 can be positive depending on the density gradient. Vortices

with a heavy vortex core (N > 0) were mainly considered, though several instabilities may occur

with various combinations of N2 and  :

N
2 = 0 : A homogeneous vortex flow, Kelvin-Helmholtz unstable

N
2
> 0 : Rayleigh-Taylor instability may occur

N
2
>  : A very heavy vortex core, centrifugally unstable

N
2   : Centrifugally stable (Leibovich [72], Howard [53]), KH & RT unstable

0 < N
2
<  : No general su�cient condition for instability

N
2
< N

2
w : A very light vortex core, stable to all perturbations (Lalas (1975), Warren (1975) and Fung (1983))

Table 4.1: Summary of conditions for centrifugal stability of disturbances in streamwise curved
flows.

Reference VD Comp. Parameter(s) Condition for stability

Rayleigh (1917)[109] no no  = 1
r3

d�2

dr  > 0

Synge (1933)[131] yes no d⇢�2

dr > 0

Bradshaw (1969)[12] yes no S = u✓/r
du✓/dr

, Ri = 2S(1 + S) Ri > 0

Eckho↵ (1978)[41] yes yes � = u2
✓
r

⇣
1
⇢
d⇢
dr � u2

✓
c2r

⌘
� > 0

Leibovich (1983)[73] no no
�
d⌦
dr

�2 d�
dr > 0

Eckho↵ (1984)[40] yes yes Eqn. 4.7

Sipp (2005)[119] yes no N
2 = �u2

r
1
⇢
d⇢
dr , N

2
w = � 1

4

�
@u✓
@r � u✓

r

�2
N

2
w �N

2
> 0

Selected characterizations of centrifugal stability from the multitude of studies above summa-

rized given in Table 4.1. Columns ‘VD’ and ’Comp.’ indicate whether the formulation of the

stability criterion included variable density and compressibility e↵ects, respectively.

Experimental studies on streamwise curvature e↵ects on turbulent mixing have been conducted

in addition to the theoretical and numerical research detailed above. Several studies of streamwise

curvature e↵ects in turbulent boundary layers have been carried out by Jeans and Johnston [59],
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Wang et al. [137], but similar experiments of curved shear layers across a comparable parameter

space are more sparse. Experimental studies of curved mixing layers into the compressible range

have also not been conducted, as early experiments focused on incompressible conditions. Margolis

and Lumley [83] studied incompressible shear layers in a wind tunnel with unstable and stable

configurations. Stability was defined by the angular momentum gradient, with increasing angular

momentum in the radial direction correlated with stable conditions. The data suggested that for

both configurations, while the mean flow is self-similar, the turbulent quantities are not, and so the

total flow is not self-similar. Turbulence intensities were observed to increase rapidly for the unstable

case, compared to the stable case, which was attributed to the importance of the turbulent transport

of TKE. Wyngaard et al. [141] observed that Margolis’s measurements indicated that the production

and dissipation of TKE are approximately in balance. However, it was observed that in the stable

case, the dissipation rates were orders of magnitude larger than those measured in unstable cases

when calculated using isotropic relationship ✏ = 15⌫u2
,x. Later, Castro and Bradshaw [24] studied

the turbulence behavior in planar impinging jet flow. With this more complex configuration, the

jet shear layer in the impingement region experiences non-constant, stabilizing curvature (of a

maximum thickness to radius ratio of 0.2) before returning to a classic planar shear layer. The

data showed that the return from a curved to a planar mixing layer involved some non-monotonic

behavior, with turbulent stresses, triple products and energy dissipation rates overshooting then

decreasing to planar values once the curvature region subsided. Castro noted that this behavior

was also observed in curved boundary layer flows, and postulated that the suppression of turbulent

transport, which results in increased turbulence intensity where TKE production is maximum, is

caused by larger eddies which have long time scales and longer recovery times from stabilizing

curvature e↵ects.

Later experimental studies, however, did not give evidence for the dependence of turbulent

structures on streamwise curvature. Plesniak et al. [107, 108] conducted experiments of nearly

incompressible, mildly curved mixing layers, and observed that shear layers grew approximately

linearly and that vortical structures that developed were related to upstream disturbances rather

than the Taylor-Görtler instability. Similarly, Karasso and Mungal [62]’s experiments of reacting,

curved mixing layers with a focus on scalar mixing and hydrodynamic instabilities indicated that

unstable curvature did not increases mixing e�ciency. Finally, Wang [136] characterized the sta-

bility of a spatially developing, curved mixing layer according to the KH, RT and TG instability

mechanisms. The density and velocity ratio were varied independently in the experiment, and

Wang highlighted flow conditions under which each mechanism dominated. The dynamics of ob-

served large scale structures in the mixing layer were found to depend mainly on the density and

velocity ratio rather than the streamwise curvature.
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Present objectives

High resolution simulations of turbulent mixing layers with streamwise curvature in the compress-

ible regime have not been conducted, under either unity or variable density ratio conditions. The

primary goal of this work is to improve the understanding of these complex turbulent mixing lay-

ers influenced by compressibility, density variations, and curvature via eddy-resolving simulations.

Temporally developing shear layers at low and high compressibility levels, and stable and unsta-

ble curvature configurations, and non-negligible density ratios are analyzed to improve the current

understanding of the fundamental physics behind turbulent mixing in flows with multiple physical

e↵ects. Metrics for shear layer thicknesses and growth rates, including a discussion of their evo-

lution for stable and unstable configurations, are presented. The e↵ects of increasing curvature

intensity on turbulent statistics are demonstrated. The analogy between centrifugal and buoyancy

e↵ects, following work by Bradshaw [13] and Nagata and Kasagi [94], is also evaluated. Finally,

compressibility and curvature e↵ects for the present parameter range are compared.

Throughout this work, profiles are shown with lines of varying opacity. Each line’s opacity

indicates its instance in time, with more translucent profiles occurring earlier in simulation time

and more opaque profiles occurring later. Notation used throughout this work are the centerline

radius rc, the centerline streamwise position s = rc✓, and the normalized transverse coordinate

(r � rc)/�99. This thickness measure is defined in section 4.4.2.

4.2 Methodology

4.2.1 Governing equations

Figure 4.1: Computational domain and setup
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The Navier-Stokes equations for the compressible flow of an ideal gas are solved in generalized

curvilinear coordinates using the overset grid flow solver Overflow[22]. The governing equations

for the conservation of mass, momentum, and energy are consistent with Eqn. 2.2-2.4 in Ch. 2, but

with velocity components u1 = u✓, u2 = ur, u3 = uz and the cylindrical coordinate index notation

below.

In cylindrical coordinates, the scalar gradient @f
@xj

, divergence @fi
@xi

and vector gradient @fi
@xj

are:
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With the symmetric viscous stress tensor, using � = �2µ/3:
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The dynamic viscosity µ follows Sutherland’s law, with reference values µ0, T0, and constant S =

199.0R:

µ = µ0
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S

T0
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◆✓
T

T0

◆3/2✓
S

T0
+

T

T0

◆�1
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(e� 1

2
ukuk)

The divergence of the viscous stresses is given by:
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4.2.2 Numerical methods

The Navier-Stokes equations for the compressible flow of an ideal gas are solved in generalized

curvilinear coordinates using the overset grid flow solver Overflow [9, 98, 97, 102]. Simulation
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of the present problem on curvilinear and stretched grids motivated the switch from PadeOps

to Overflow. The grid system used in this study is shown in Fig. 4.2, with a ’mixing’ mesh

to encompass the turbulent and near-turbulent regions, and two ‘bu↵er’ regions. These bu↵er

grids included mesh stretching in the radial direction for computational e�ciency and additional

numerical damping of any freestream disturbances. The grid stretching ratio linearly increases

from 1.0 to a maximum of 1.1 over a 10 grid points from the mixing region to facilitate smoothness

of metric terms and derivatives at the mixing and bu↵er grid interface. The grid encompassing

the mixing region was designed to have approximately uniform and isotropic spacing about the

radius of curvature to avoid relying on assumptions about turbulent structure anisotropy. The

isotropic spacing translates to �r = �z ⇡ �s, where s is the streamwise coordinate at radius

r. The streamwise coordinate s was used to specify the azimuthal domain size for consistency in

streamwise eddy-convection space between the low and high curvature cases. The domain sizes are

r 2 [rc�40�0, rc+40�0], s 2 [�100�0, 100�0], and z 2 [�20�0, 20�0], discretized with N✓⇥Nr⇥Nz =

1000⇥320⇥200 points. This domain size and resolution is the same across all cases, unless otherwise

noted. The isotropic mixing layer region extends from r 2 [rc � 30�0, rc + 30�0] and resolves the

initial shear layer with about 30 points.

Figure 4.2: An annotated view of the grid system used for the present study, decimated in the r

and ✓ directions for visualization.

The appropriate grid resolution was selected by comparing both evolution of the turbulent

shear stress and TKE production on a coarse, medium, and fine grid. The grid resolution in each

coordinate direction is increased by a factor of
p
2 from the coarse to medium to fine grid. Figure

4.3 indicates that the change from the medium to fine resolution grid gives less than 10% di↵erence

in the shear stress. Similarly, the statistical fluctuations in the shear stress are large on the coarse
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grid but decrease significantly for calculations on the medium and fine grid. A similar convergence

can be seen in the profiles of TKE production, though statistical noise is still present at the finest

resolution. The presented cases have been run at the finest grid resolution.

(a) Shear stress R12/�u2 (b) TKE production P

Figure 4.3: Reynolds stresses and TKE production at increasing levels of grid resolution for case
�0/rc = 0.001,Mc = 0.2, u2/u1 = 0.4 and ⇢2/⇢1 = 7.

Convective fluxes were computed with 5th order WENO[132] and no SGS model was used. As a

result, the calculations have small amounts of resolved dissipation, and the non-physical dissipation

of the numerical scheme dominates. WENO-like schemes have been identified as vastly inferior to

higher order central finite di↵erence schemes [89, 122] in the study of turbulence. Since WENO

schemes require more grid points to resolve similar turbulent scales captures by the central finite

di↵erence schemes, they are considered ine�cient for simulations of turbulence. A brief comparison

of WENO and second order central di↵erences is below in section 4.2.6. A range of scales useful

in studying the physics in this flow can be identified. The streamwise and spanwise energy spectra

at multiple instances in time for an unstable, low speed and variable density case are shown in

Fig. 4.4, normalized by the total TKE along the centerline. Two grid resolutions are shown, which

correspond to the cases which are also referenced in Fig. 4.3. In the streamwise direction, the spectra

shows a reduction in magnitude from large to small scales of 105. For the spanwise direction, the

reduction in magnitude from large to small scales is about 103. Both spectra do not indicate an

accumulation of energy in the high wavenumber region. The high wavenumber region does not

resolve the appropriate physics of viscous dissipation at the smallest eddy scales. The inertial range

of scales which exists at both the medium and fine scale grids have a similar drop in magnitude in

the high wavenumber regime, mainly due to the numerical dissipation.
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Figure 4.4: Several snapshots in time of streamwise (left) and spanwise (right) energy spectra for
an unstable, high speed and unity density ratio case

(�0/rc = 0.001,Mc = 0.2, ⇢2/⇢1 = 7, u2/u1 = 0.4) along the shear layer centerline during the
period of turbulent growth.

Time integration was conducted with 4th order Runge-Kutta (RK4) and dependence of the

shear layer growth rates on time step size was determined to be small. As shown in Fig. 4.5, the

growth rate di↵ers very little with di↵erent time steps using RK4 time integration. When �t is

reduced from 0.001 to 0.0005, the average growth rate during convective time t⇤ = t�u/�0 2 [20, 40]

di↵ers by less than 3%. The sensitivity of results to the selected time integration method was also

evaluated. As shown in Fig. 4.6, the order of accuracy of time integration also did not change

the observed growth rates. Use of either RK4 or second order backwards di↵erentiation (BDF2)

gave the same growth rate and range of shear stress and TKE production magnitudes for the same

configuration. All cases in this study were conducted using RK4 and a timestep of �t = 0.001.

The computational domain size can be validated using two point correlations of turbulent struc-

tures about the centerline of the shear layer. The evolution of radial velocity fluctuation u
00
r auto-

correlations are shown in Fig. 4.7 at �0/rc = 0.01,Mc = 0.2, u2/u1 = 1.9 and ⇢2/⇢1 = 1. These

conditions are associated with one of the moderately curved shear layers where the domain is chal-

lenged by two features of the flow. The first challenge is that larger scale structures typically form

at this low Mc and the domain must be large enough to contain multiple of these coherent flow

features for meaningful statistics to be extracted. The second challenge is that the growth rate for

this configuration is higher than the growth rates for stable configurations, so the domain must be

large enough that the period of turbulent spreading is su�ciently long for collection of statistics.
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Figure 4.5: E↵ect of RK4 time step size for case �0/rc = 0.01,Mc = 0.8, u2/u1 = 0.1 and
⇢2/⇢1 = 7.

The autocorrelations for this condition are shown at early, mid and late times during the turbulent

development. At early times, notable correlation can be observed between the velocity fluctuations

applied in the initial conditions. At the later times shown in the two contour plots below, the

autocorrelations demonstrate that the domain is su�ciently large in the streamwise and spanwise

direction with satisfactory decorrelation in u
00
r .
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(a) Evolution of �99 (b) Shear stress R12 (c) TKE production P

Figure 4.6: E↵ect of time integration method for case �0/rc = 0.001,Mc = 0.2, u2/u1 = 0.4 and
⇢2/⇢1 = 7.
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Figure 4.7: Autocorrelations of u00
r for case �0/rc = 0.01,Mc = 0.2, u2/u1 = 1.9 and ⇢2/⇢1 = 1 at

various points in time. Contour levels vary from 0.1 to 1.0 in increments of 0.1.
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4.2.3 Physical parameters

The temporally developing curved shear layer configured as two co-annular streams which are

periodic spanwise (z) direction and azimuthally periodic in the streamwise (✓) direction. In the

remainder of this chapter, the outer and inner radial freestream values are denoted with subscripts

1 and 2, respectively. The streamwise velocity, u✓, satisfies the pressure gradient relation to be

consistent with the chosen radius of curvature along the shear layer centerline, rc. The initial

conditions for the curved shear layer are set such that vorticity is zero everywhere except within

the shear layer region. As such, the inner and outer radial freestream flows have constant total

pressure Pt, constant circulation � = ru✓, and are homoentropic. In contrast to the planar shear

layer, the velocity di↵erence across the curved shear layer is non-constant as the shear layer thickness

grows. Definitions of shear layer thicknesses will be discussed further in the results section below.

Mc =
�u

c1 + c2
⇢2/⇢1 �0/rc

�� =
1

(��)2

Z R1

R2

(�1 � �̃)(�̃� �2)dr (4.13)

The physical parameters governing this flow are the curvature intensity, the convective Mach

number, the velocity ratio, and the density ratio across the shear layer. The curvature intensity,

defined as the ratio of the (initial) shear layer thickness compared to the radius of curvature, is

selected to range from �0/rc = 0.001 to �0/rc = 0.01, where �0 is the initial thickness defined from

the mean circulation profile, ��(0). The convective Mach number, Mc = �u/(c1+c2), a measure of

the mean flow’s compressibility, was selected to be Mc = 0.2 and 0.8 in order to provide cases with

a combination of compressibility and curvature e↵ects. Likewise, the density ratio ⇢2/⇢1 was chosen

to be 1/7, 1, 7 at each compressibility and curvature ratio. These density ratios were selected for

comparison with the previous chapters’ work and for validation using previously published literature

[136, 103, 84]. The parameter space and freestream constants for the present cases at unity and

variable density conditions are given in Table 4.2. A subset of ten nominally unity density ratio

configurations, ⇢2/⇢1 = 1, were selected for analysis in order to focus on simple curvature e↵ects

due to kinematics, without large mean density gradient e↵ects. These cases are summarized in

Table 4.3. Definitions of the shear layer thickness and growth rate are discussed in section 4.4.2.

The middle column of Table 4.3 indicates the range of curvature ��/rc during turbulent growth

from which statistics are collected.
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Table 4.2: Case names and corresponding parameter spaces organized by curvature intensity �/rc,
compressibility Mc, density ratio ⇢2/⇢1 and velocity ratio u2/u1. Total pressure Pt and entropy

constant ⇠ = p/⇢
� are also specified for each freestream.

Case ID �0/rc Pt1 Pt2 ⇠1 ⇠2 ⇢2/⇢1 u2/u1 Mc

dR001 Mc02 rr0.1 uu2.6 0.001 0.82 0.82 1.00 16.00 0.143 2.636 0.202
dR001 Mc02 rr1.0 uu0.5 0.001 1.16 0.82 1.00 1.00 1.001 0.529 0.201
dR001 Mc02 rr1.0 uu1.9 0.001 0.82 1.16 1.00 1.00 1.001 1.882 0.200
dR001 Mc02 rr7.0 uu0.4 0.001 0.82 0.82 16.05 1.00 7.001 0.377 0.203
dR001 Mc08 rr0.1 uu7.5 0.001 0.82 1.95 1.00 15.50 0.144 7.483 0.805
dR001 Mc08 rr1.0 uu0.2 0.001 6.20 0.82 1.00 1.00 1.005 0.219 0.800
dR001 Mc08 rr1.0 uu4.5 0.001 0.82 6.30 1.00 1.00 1.005 4.506 0.800
dR001 Mc08 rr7.0 uu0.1 0.001 1.92 0.82 15.59 1.00 7.002 0.133 0.801
dR010 Mc02 rr0.1 uu2.6 0.010 0.82 0.82 1.00 15.95 0.144 2.633 0.204
dR010 Mc02 rr1.0 uu0.5 0.010 1.15 0.82 1.00 1.00 1.009 0.521 0.204
dR010 Mc02 rr1.0 uu1.9 0.010 0.82 1.18 1.00 1.00 1.010 1.868 0.200
dR010 Mc02 rr7.0 uu0.4 0.010 0.82 0.82 16.05 1.00 7.032 0.369 0.207
dR010 Mc08 rr0.1 uu7.4 0.010 0.82 2.00 1.00 16.00 0.144 7.378 0.809
dR010 Mc08 rr1.0 uu0.2 0.010 5.75 0.82 1.00 1.00 1.046 0.207 0.800
dR010 Mc08 rr1.1 uu4.3 0.010 0.82 6.90 1.00 1.00 1.052 4.277 0.803
dR010 Mc08 rr7.0 uu0.1 0.010 1.90 0.82 15.15 1.00 7.001 0.130 0.805

4.2.4 Initial conditions

Each freestream in the curved shear layer is vorticity-free in the mean flow. The shear layer region

is centered about the centerline radius rc with an initial thickness of �0. The initial values for the

constant freestream total pressure, Pt, and entropy, ⇠i, for each freestream i = 1, 2 are set according

to Eqn. 4.14-4.15. Both streams have the same ratio of specific heats, � = 1.4, and gas constant

Rg. The density gradient is due to thermal e↵ects, rather than di↵erent species densities.

Pt(r) = Pt,1g + Pt,2(1� g) (4.14)

⇠(r) = ⇠g + ⇠(1� g) (4.15)

g(r) =
1

2


1 + tanh

✓
r � rc

�0

◆�

The streamwise velocity profiles are set by the circulation as u✓ = �/r, and the pressure profile

is computed by integrating dp/dr = ⇢u
2
✓/r from the centerline at r = rc to the upper and lower

boundaries, using a reference pressure pref at the centerline. This reference pressure is set such

that the speed of sound at the centerline is a constant cref for all cases. The initial conditions

satisfy potential, inviscid flow except in the initial shear layer region where vorticity is nonzero. To

induce turbulence, solenoidal velocity perturbations were added to the shear layer. By selecting
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Table 4.3: Physical parameters and curvature levels during initial and turbulent ‘asymptotic’
growth for unity density ratio cases

Mc u2/u1 ��(0)/rc Turb. Final Final
��/rc �̇�/�u(0) �u/�u(0)

0.2 0.5 0.001 0.005 - 0.008 0.071 0.98
0.5 0.010 0.075 - 0.108 0.035 0.97
1.9 0.001 0.004 - 0.011 0.069 1.00
1.9 0.010 0.061 - 0.110 0.140 1.01

0.8 0.2 0.001 0.006 - 0.009 0.036 0.99
0.2 0.005 0.022 - 0.027 0.018 0.98
0.2 0.010 0.049 - 0.108 0.018 0.96
4.5 0.001 0.006 - 0.009 0.025 1.01
4.6 0.005 0.025 - 0.040 0.061 1.02
4.8 0.010 0.056 - 0.085 0.079 1.04

simple profiles for each u
0
✓ and u

0
r, the remaining spanwise component of the fluctuating velocity

can be solved analytically from the continuity equation to maintain a divergence-free initialization.

For u
0
✓ and u

0
r, sinusoidal perturbations are added at selected spatial modes k

(i)
✓ = i2⇡/L✓ and

k
(j)
z = j2⇡/Lz for i, j 2 [4, 8] with amplitude A(r) = exp[�(r � rc)2]. These perturbations decay

exponentially with a rate of � = 5 into the freestreams. The initial perturbation amplitude is 0.05�ū

and phases � were chosen randomly for each mode. The chosen form for velocity perturbations is

given below.

u
0
✓ =

X

i,j

A(r)cos(k(i)✓ ✓ + �1)cos(k
(j)
z z + �2) (4.16)

u
0
r =

X

i,j

A(r)sin(k(i)✓ ✓ + �1)sin(k
(j)
z z + �2) (4.17)

u
0
z =

X

i,j

A(r)

rk
(j)
z

sin(k(i)✓ ✓ + �1)[(1� 2r(r � rc))cos(k
(j)
z z + �2) + k

(i)
✓ sin(k(j)z z + �2)] (4.18)

The e↵ect of initial conditions is observed to be small for most cases. The growth rate resulting

from three initial conditions are compared for case at �/rc = 0.010,Mc = 0.2, ⇢2/⇢1 = 1, u2/u1 = 0.5

in Fig. 4.9. The case labelled ‘Phases’ was initialized using the same form of perturbations as the

‘Original’ case, but with di↵erent perturbation phases. These two cases show similar behavior

during both the transitional and turbulent phases of growth. A third case was initialized using

broadband velocity perturbations which are likewise masked to be zero outside the mixing layer

region. Though this initialization introduces dilatational velocities into the flow, the turbulent

growth remains similar to that of the original initialization method.
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Figure 4.8: Initial profiles of pressure, density, streamwise velocity, and normalized Eckho↵
criterion for selected cases at �0/rc = 0.01, Mc = 0.8, and di↵erent density ratios.

4.2.5 Boundary conditions

The upper and lower boundaries of the domain are adiabatic slips walls with second order pressure

extrapolation which enforce zero radial velocity at the wall. The e↵ect of boundary conditions for

a simplified problem has been found to be negligible. To test the e↵ect of boundary conditions

on the mixing layer growth rates, two calculations with identical initial conditions and numerical

methods were run. The test problem was a simplified, 2D version of the mixing layers presented

in the main sections at low curvature. The perturbations in this case grow and emit some initial

transient waves, but do not become turbulent. In one case, pressures were extrapolated at the

upper and lower radial boundaries which acted as a slip wall. In another case, with the exact

same initial conditions, these slip walls were instead treated with outflow boundary conditions, in

which conservative variables are extrapolated at the boundaaries [23]. As shown in Fig. 4.10, both

the cases with pressure-extrapolation and outflow boundary conditions exhibit almost the same

evolution of the �99.

4.2.6 E↵ect of WENO5 on disturbance energy

The e↵ect of using WENO5 [132] for a simplified problem is shown in Fig. 4.11. A single modal

perturbation at k✓ = 8⇡/L✓ and kz = 8⇡/Lz of the form and amplitude given in Eqns. 4.16-4.18

was used to disturb the base flow profile of a case at conditions �/rc = 0.010,Mc = 0.8, ⇢2/⇢1 =

7, u2/u1 = 0.1. The grid resolution and domain size mimics that of the grids used in the full

turbulent simulations. The evolution of the kinetic energy of the perturbations, normalized by the

initial kinetic energy is shown in Fig. 4.11a. The perturbation energy tracked by WENO5 and by

the second order central di↵erences shows some discrepancies after a normalized time of t⇤ = 2.0.
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Figure 4.9: E↵ect of initial conditions on growth rates for conditions
�/rc = 0.010,Mc = 0.2, ⇢2/⇢1 = 1, u2/u1 = 0.5.

Figure 4.10: E↵ect of boundary conditions for 2D test case at conditions
�/rc = 0.001,Mc = 0.2, ⇢2/⇢1 = 1, u2/u1 = 1.9.

This is due in part to some numerical artifacts which appear in the second order central di↵erence

case corresponding to the given grid resolution. The final growth rate of the disturbance energy

show some di↵erence between the two numerical methods for this simple test case. It is possible

that similar di↵erences would appear if the corresponding comparison between second order central

di↵erences and WENO5 were conducted for the fully turbulent calculations. Given that conducting

this simple, single-mode test case with central di↵erences also required a time step which is ten times

finer than that used in the WENO5 case, conducting the calculations with the central di↵erences

would have increased the total cost of this study substantially.
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(a) Growth of perturbation kinetic energy (KE)

(b) Instantaneous streamwise pressure
p0/(⇢0�u2) using central di↵erences at t⇤ ⇡ 1.

(c) Instantaneous streamwise pressure
p0/(⇢0�u2) using WENO5 at t⇤ ⇡ 1.

Figure 4.11: E↵ect of numerical method for convective terms on a test case at conditions
�/rc = 0.010,Mc = 0.8, ⇢2/⇢1 = 7, u2/u1 = 0.1.
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4.3 Visualization and vortical structures

In this section, visualization of turbulent structures along various slices of the domain are shown

to highlight notable similarities and di↵erences between stably and unstably curved shear layers.

The e↵ect of the curvature on fluctuation intensity and vortical features during the transitional and

turbulent period of growth are qualitatively discussed.

Figure 4.12: Spanwise velocity fields of stable (top) and unstable (bottom) cases for Mc = 0.8 and
�0/rc = 0.01. The domain has been truncated in the radial extent for visualization purposes.

Instantaneous spanwise velocity fields for the two configurations are shown in Fig. 4.12. In

all configurations, the azimuthal flow travels in the clockwise direction. Two distinct di↵erences

between the turbulence in the two configurations can be easily observed by comparing these two

visualizations. The magnitude of turbulent fluctuations in the unstable case is larger than that of



CHAPTER 4. CURVATURE EFFECTS 91

the stable case (both plots use the same color scale). This di↵erence in turbulent stresses can also

be seen in the profiles of TKE in Fig. 4.26. The peak TKE in the unstable case is nearly twice

that of the stable case. The striation along the shear layer is opposite for the stable and unstable

cases; this direction of shearing for the turbulent eddies is consistent with the streamwise velocity

gradient in the two cases. In the stable configurations, the streamwise velocity u✓ is higher along

the outer freestream; and in the unstable configurations, u✓ is higher along the inner freestream.

The corresponding evolution of mean velocity profiles during multiple snapshots during turbulent

growth are plotted by radius r in Fig. 4.23 (a) to show spreading of the shear layer. There is a small,

negative velocity gradient in each of the freestream regions in order to ensure that the freestreams

are vorticity free. This requirement of constant freestream circulation causes the velocity di↵erence

across the shear layer to also change (proportional to r
�1) as it spreads, though the change is

relatively small (see Table 4.3). For the stable cases, �u decreases in time, whereas it increases

in time for the unstable cases. In planar shear layers, �u remains constant and the mean shear

decreases as the shear layer grows. In the stable configuration, because the velocity di↵erence

decreases as the shear layer grows, the mean shear contributing to TKE production and eddy

growth are further reduced.

Given the e↵ects of streamwise curvature in boundary layers along a concave or convex sur-

face, structural di↵erences in the mixing layer due to streamwise curvature may be expected. In

particular, the presence of Görtler vorticies or other spanwise-coherent structures may be expected

to form in the turbulent region. While some qualitative di↵erences can be observed in the mixing

layer’s spanwise organization while perturbations grow into turbulence, a clear di↵erence in coher-

ent structures between stably and unstably curved cases was not observed when the flow became

fully turbulent. This observation remained una↵ected by compressibility levels. At both low and

high speeds, during periods of well-developed turbulent growth, large-scale spanwise vorticies were

not seen in the mixing region.

As the curvature intensity increases, small di↵erences can be observed in instantaneous snapshots

of streamwise vorticity for unstable configurations. In Fig. 4.13, spanwise cuts of the streamwise

vorticity are compared at similar times of shear layer evolution (�99(t)/�99(0) = 1.6). At low

curvature levels, the vortical region is compact and nearly uniform in height across the span of

the mixing layer. At higher curvature levels, a slightly less compact region of vorticity is observed

in the mixing region. In addition this sparsity, slight stretching of streamwise vorticity can be

observed from the anisotropy of contour levels. This e↵ect is more obvious for the low speed cases,

where elongated iso-contours of vorticity are seen. The profiles in Fig. 4.14 show the turbulent

vortex stretching term of the mean streamwise vorticity transport equation, !0
ju

0
i,j , normalized by

the instantaneous scales. Three profiles at times leading up to the visualization time are plotted to

indicate the drift in value during this transient period. Statistical noise is evident in the profiles,
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(a) Mc = 0.2, �0/rc = 0.001 (b) Mc = 0.2, �0/rc = 0.010

(c) Mc = 0.8, �0/rc = 0.001 (d) Mc = 0.8, �0/rc = 0.010

Figure 4.13: Instantaneous normalized streamwise vorticity at contour levels !✓�99/�u 2 [�5, 5]
along a spanwise (r � z) plane for u2 > u1 cases. The domain has been truncated for visualization

purposes.

(a) Mc = 0.2 (b) Mc = 0.8

Figure 4.14: E↵ect of increasing curvature intensity on profiles of streamwise vortex stretching for
unstable cases at low and high compressibility, ⇢2/⇢1 = 1 and u2 > u1.

but a general form of the vortex stretching profile can be inferred. As seen qualitatively in the

instantaneous visualizations, the normalized stretching of streamwise vorticity is slightly amplified

for increased curvature intensity.
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The intermittent vorticity field also suggests that higher levels of curvature achieve equivalent

shear layer thicknesses over a shorter development period. Regions of sparse vorticity may be

expected as the shear layer ‘falls apart’ during the early evolution of unstable cases, compared to

stable cases with a restoring force of the freestream pressure gradient. In stable cases, due to the

velocity ratio u2/u1 < 1, the freestream pressure gradient in the radial direction which scales as

dp/dr ⇠ u
2
/r is the largest along the outer freestream. As a result, it is possible that vorticies

which may otherwise stray into the outer freestream flow from the main mixing region are pushed

back by the increasing mean pressure further from the mixing layer.

The visualizations are shown to highlight the di↵erences in the vortical structures during early

shear layer evolution. However, as the turbulence developed further, larger vortical structures or roll

cells were not observed. Profiles of streamwise velocity fluctuations, u00
✓ , during the time period of

early shear layer development (�99(t)/�99(0) = 1.6) and fully developed turbulence (�99(t)/�99(0) =

3.0) are shown in Figs. 4.15-4.16. During the early development stage of the shear layer, for the

same compressibility level of Mc = 0.2 in subfigures (a) and (b), the structure of the fluctuation field

is notably di↵erent. Coherent elongated streaks can be observed in the higher curvature case, and

transition to turbulence has not yet encompassed the entire domain. Notably, in the second figure

in Fig. 4.15, transition to turbulence has only occurred between �50 < s < �5, and the remainder

of the domain exhibits the fastest growing perturbation mode. The inhomogeneity in the transition

is typical for mixing layer simulations with randomized modes in the initial perturbations. Similar

contrast between the low and high curvature case for subfigures (c) and (d) at Mc = 0.8. This

again supports the idea that the higher initial level of curvature facilitates shear layer growth for

the same unstable velocity ratio and unity density ratio. Later, during the stage of fully developed

turbulence, streaks of somewhat coherent streamwise structures are visible, but definite di↵erences

in the organization of u00
✓ were not observed. The observed lack of large scale turbulent structures

in this parameter space during the fully turbulent regime is similar to experimental observations by

[59] for incompressible turbulent boundary layers under destabilizing curvature, but largely di↵ers

from Wang’s observations of incompressible curved mixing layers. In Wang’s experiments, shear

layers were confined to a relatively narrow channel and the two freestreams were initialled separated

with a curved splitter plate. Large scale structures dominated the streamwise visualizations of cases

at unity density ratio, but the influence of the experimental facility and channel width on these

structures is unknown.
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(a) Mc = 0.2, �0/rc = 0.001

(b) Mc = 0.2, �0/rc = 0.010

(c) Mc = 0.8, �0/rc = 0.001

(d) Mc = 0.8, �0/rc = 0.010

Figure 4.15: Instantaneous visualizations of normalized streamwise velocity fluctuations at
contour levels u00

✓/�u 2 [�0.5, 0.5] along a streamwise (✓� z) plane for centrifugally unstable cases
at ⇢2/⇢1 = 1 during transitional times.
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(a) Mc = 0.2, �0/rc = 0.001

(b) Mc = 0.2, �0/rc = 0.010

(c) Mc = 0.8, �0/rc = 0.001

(d) Mc = 0.8, �0/rc = 0.010

Figure 4.16: Instantaneous visualizations of normalized streamwise velocity fluctuations at
contour levels u00

✓/�u 2 [�0.5, 0.5] along a streamwise (✓� z) plane for centrifugally unstable cases
at ⇢2/⇢1 = 1. The streamwise extent has been truncated by 50% for visualization purposes.
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4.4 Curvature e↵ects on turbulent statistics

This section first discusses the evolution of mean profiles in the flow followed by di↵erent measures of

shear layer thicknesses and growth rates. After this introduction of shear layer metrics, stably and

unstably curved configurations are compared, and the e↵ects of increasing curvature intensity are

presented. Lastly, comparison with compressibility e↵ects and combination with variable density

e↵ects for the given parameter range are considered.

4.4.1 Mean profiles and turbulent stresses

For all cases, mean profiles of velocity, temperature, pressure and others are given in Figs. B.7-B.11

of Appendix B. The spreading of the shear layer can be observed from the evolution of density

profiles shown in Figs. 4.17, with line opacity indicating various snapshots in time. Each subfigure

shows a set of cases at the same initial curvature and compressibility level with varying density

and velocity ratio. The mean density profiles for the variable density cases plotted in red and blue

indicate expected asymmetric spreading of the mixing region, where the mean density profile has

a larger spread into the lighter fluid region compared to the denser region. The unity density ratio

cases plotted in green and orange demonstrate the extent of the variation in freestream density

required for the desired curvature and compressibility levels. The higher compressibility cases at

Mc = 0.8 and unity density ratio show a slight decrease in mean density inside the mixing region,

which is consistent with the aerodynamic heating observed in the simulations presented in the

previous chapters.

The turbulent shear stress plays an essential role in shear layer dynamics because it is directly

related to the shear layer’s growth. Thus, validating the shear stresses of the present simulations

with previously published literature has been a high priority in this study. Figure 4.18 compares the

trace and shear components of the turbulent stress tensor Rij = gu00
i u

00
j of the present, approximately

planar, low speed and unity density ratio data with previously published results. Experimental

data are plotted in symbols and numerical data are plotted with solid lines. The shear stress

magnitudes are well-aligned with previous data. The normal stress comparisons exhibit slightly

larger departures from previous numerical profiles, but peak magnitudes remain within the spread

of experimental points. The present calculations using Overflow (labelled ‘Matsuno et al. 2022’)

compare well with prior calculations described in Ch. 2 using PadeOps (labelled ‘Matsuno & Lele

2020’).

The magnitudes of the normal stresses R11, R22 and R33 and shear stresses R12 for all sixteen

cases are included for completeness in Appendix B. As expected, the shear stress’s sign corresponds

to the velocity gradient in each configuration. In configurations with the velocity gradient decreasing
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with r across the shear layer (u2/u1 > 1), the shear stress is negative. In configurations with

the velocity gradient increasing with r across the shear layer (u2/u1 < 1), the shear stress is

positive. Expected compressibility, variable density, and curvature e↵ects on the shear stress can

be highlighted by examining subsets of the present data in Fig. 4.19. Note that the shear stresses

plotted in Fig. 4.19 are Favre-averaged and incorporate density fluctuations.

The compressibility e↵ect on turbulent shear stresses is highlighted in Fig. 4.19a. Four cases at

the same level of low curvature and unity density ratio are shown. The shear stress magnitudes

decrease from the low speed cases (blue and orange profiles at Mc = 0.2) to the high speed cases

(red and orange profiles at Mc = 0.8). This is consistent with the decrease in growth rates indicated

in Fig. 4.22a, to be discussed in the subsequent sections. As demonstrated in the previous chapters

on planar shear layers, this decrease in shear stress magnitude with increasing compressibility can

be scaled by the e↵ective velocity di↵erence across an eddy lengthscale [85].

The e↵ect of density variations on the shear stresses can be observed in Fig. 4.19b. Four cases

at the same level of low curvature and compressibility are shown. Two behaviors can be observed

from this figure. First, similarly to the compressibility e↵ect, the mean density gradient across the

shear layer serves to reduce the turbulent shear stress. This reduction in shear stress is reflected

in the reduction in growth rates between unity and variable density configurations, shown later in

Fig. 4.22. Additionally, a clear indication of asymmetry can be observed in the variable density

cases. The stress profiles for cases at density ratios ⇢2/⇢1 = 1/7 and 7 are anti-symmetric about

the y-axis, with both configurations indicating that the shear stresses skew away from the heavier

freestream and into the lighter freestream region. Again, this behavior is well documented in planar

shear layers [103, 2, 6, 86]. The e↵ect of curvature can be observed in Fig. 4.19c, where four cases

at the same compressibility level and unity density variation are shown. As reflected in the growth

rate trends in Fig. 4.22c, increasing curvature increases also shear stresses in centrifugally unstable

configurations.
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(a) �/R0 = 0.001 and Mc = 0.2 (b) �/R0 = 0.010 and Mc = 0.2

(c) �/R0 = 0.001 and Mc = 0.8 (d) �/R0 = 0.010 and Mc = 0.8

Figure 4.17: Mean density profiles ⇢̄(r) centered at the innitial radius of curvature, rc.
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Figure 4.18: Comparison of turbulent stress magnitudes at low speeds and a unity density ratio
(�0/rc = 0.001,Mc = 0.2, ⇢2/⇢1 = 1, u2/u1 = 0.5).
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(a) (b) (c)

Figure 4.19: Normalized turbulent shear stress profiles R12/(�ū
2) for selected cases to show (a)

compressibility, (b) variable density, and (c) centrifugal instability e↵ects.
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Contributors to TKE and shear stress evolution were also compared to further understand the

observed shear stress behaviors across the test matrix. By understanding the important contributors

to these budgets, unexpected shear layer growth rates and the mechanisms behind them can be

clarified. The evolution equation for TKE k = 1
2
gu00
i u

00
i and nomenclature for specific terms are

given in Eqn. 4.19. Components of the TKE budget are shown in Fig. 4.20. These budget terms

exhibit some statistical noise from averaging limitations, but the overall profile form is observable.

Comparing the unity density ratio case, shown in Fig. 4.20a, and the variable density case, shown

in Fig. 4.20b, there is noticeable asymmetry in the turbulent transport term dT/dr. The transport

term is skewed towards the region of lighter fluid, which is consistent with the idea that parcels

of lighter fluid are more prone to velocity fluctuations compared to parcels of heavier fluid for the

same magnitude of pressure fluctuations. From Figs. 4.20a and 4.20b, it is also observed that

the pressure dilatation term ⇧ also contributes significantly to the TKE evolution. In contrast,

the contribution of baropycnal work in both the unity and variable density cases is small. TKE

dissipation is approximately zero because of the dissipation is instead provided from WENO scheme

used.
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(⇢̄ũjk) = �⇢̄Rij

@ũi
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The evolution equation for R12 and nomenclature for specific terms are given in Eqn. 4.20. The

sign of the turbulent shear stress is easily predicted from the shear stress production term, which

explicitly includes the mean velocity gradient in the radial direction. Components of the shear stress

budget of selected cases are shown in Fig. 4.20. The R12 production term and the pressure strain

component have contributions of similar magnitude to the evolution of R12. This suggests that
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at these conditions, the redistribution of energy in fluctuating velocities is considerable compared

to the production of shear stress by the mean velocity gradient. The transport of turbulent stress

by the fluctuating field, T12, also has a non-negligible e↵ect on the shear stress evolution. Present

data suggests that turbulent transport of R12 behaves similarly to the transport of TKE in the the

present data and in budgets shown by Pantano and Sarkar [103]. Sizable contributions of turbulent

transport and pressure strain were also observed in the study of isolated turbulent vorticies by

Duraisamy and Lele [38]. Lastly, the contribution of the mass flux coupling term is small in

both the unity density ratio and variable density ratio configurations. Note that the mass fluxes

are shown in Figs. B.21 and B.22 in Appendix B for completeness. A slight asymmetry can be

seen in the mass flux coupling term ⌃12, which is skewed away from the lighter fluid freestream.

The magnitude of this term is almost negligible compared to the contributions of R12 production,

pressure strain, and turbulent transport.
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(a) ⇢2/⇢1 = 1, u2/u1 = 4.8 (b) ⇢2/⇢1 = 1/7, u2/u1 = 7.4

(c) ⇢2/⇢1 = 1, u2/u1 = 4.8 (d) ⇢2/⇢1 = 1/7, u2/u1 = 7.4

Figure 4.20: Selected TKE (a,b) and turbulent shear stress (c,d) budget terms normalized by
�99(�u)3 at moderate curvature (�0/rc = 0.01) and high compressibility (Mc = 0.8) for two unity

and variable density cases. Oscillations present due to averaging window.
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4.4.2 Growth rates

Figure 4.21: Definition of �99 computed from the mean circulation �̃.

A consistent method of measuring the shear layer thickness and its associated growth rate is

essential for characterization of any of the compressibility, variable density and curvature e↵ects

sought in this study. One such candidate to identify the shear layer boundary is the 99% thickness,

�99. As shown in Fig. 4.21, this measure is computed from the mass-averaged circulation profile,

�̃ = rũ✓, and is similar to the visual thickness reported by previous experimental studies of planar

shear layers.

�99(t) = |�1|+ |�2| with
�̃(rc + �1)

�̃max

= 0.99,
�̃(rc + �2)

�̃min

= 1.01 (4.21)

Figure 4.22 shows the evolution of �99 for subsets of shear layers to highlight the individual e↵ects

of compressibility, variable density, and curvature e↵ects. Round markers indicate the beginning

and end phases of averaging windows. Two cases of approximately planar (�0/rc = 0.001) shear

layers are shown in Fig. 4.22a at Mc of 0.2 and 0.8 to show the isolated e↵ect of compressibility on

the mixing layer growth rate. As expected, the approximately incompressible case shows a growth

rate about twice that of the moderately compressible case.

Figure 4.22b shows the growth rates of �99 for the approximately planar configurations at

Mc = 0.2 and to confirm the e↵ects of density ratio variation in isolation from compressibility

and curvature e↵ects. The variation in growth rates in this group shows two expected behaviors.

First, it is expected that unity density ratio planar shear layers with reciprocal velocity ratios ex-

hibit exactly the same growth rates. The corresponding unity density ratio and reciprocal velocity
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ratio cases in the present data, plotted with in orange and green markers, also indicate similar

growth rates. Note that the green and orange markers are nearly perfectly overlapping. The sup-

pressed growth rates of the variable density cases compared to the unity density ratio cases serve as

a second validation of the present data. This growth rate suppression due to variable density e↵ects

has been well documented in literature [103, 86] and is expected in the low-curvature configuration.

Lastly, Fig. 4.22c shows two pairs of growth rates for Mc = 0.2 and unity density ratio cases to

isolate curvature e↵ects. As expected, the reciprocal velocity ratio cases in the low curvature con-

figurations at �0/rc = 0.001 exhibit approximately the same growth rates. In contrast, a di↵erence

in growth rate arises for the corresponding velocity and density ratios in the cases with moderate

curvature. The configuration with a higher velocity along the inner radial stream (u2/u1 > 1) grows

about 1.5 times faster than the configuration with a higher velocity along the outer radial stream.

This result is consistent with both Eckho↵’s and Rayleigh’s stability criterion. Profiles of Eckho↵’s

stability criterion for these cases’ initial conditions are given in Fig. 4.8 and Appendix B. For the

faster growing case (plotted in red), the Eckho↵ discriminant � is slightly negative, indicating cen-

trifugal instability. For the corresponding reciprocal case at the same curvature intensity (plotted

in green), � is slightly positive, indicating centrifugal stability. Some unexpected behaviors can

also be observed in Fig. 4.22c. The low speed case at moderate curvature (plotted in green) is

particularly anomalous. This case is centrifugally stable by Eckho↵’s and Rayleigh’s criterion, but

exhibits a slightly higher growth rate compared to the centrifugally ‘neutral’ case at Mc = 0.2 and

�0/rc = 0.001 (plotted in blue). These unexpected trends suggests that a combination of mecha-

nisms may be competing to influence the growth rates, since the e↵ect of initial conditions on this

configuration was demonstrated to be small (see Fig. 4.9) compared to the observed discrepancy

from the planar growth rate.

Another thickness defined from the mean circulation, which is constant in each of the freestreams,

can be computed. Equation 4.22 defines this ‘circulation thickness’, ��, which is analogous to the

definition of momentum thickness for planar shear layers.

��(t) =
1

⇢0(��)2

Z R1

R2

⇢̄(�1 � �̃)(�̃� �2)dr (4.22)

An expression for the growth rate of the circulation thickness can be defined by taking the time

derivative of Eqn. 4.22. This analysis follows a similar derivation of planar shear layer growth
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(a) Compressibility e↵ects at
�0/rc = 0.001, ⇢2/⇢1 = 1, u2 < u1

(b) Variable density e↵ects at
�0/rc = 0.001 and Mc = 0.2

(c) Curvature e↵ects at
Mc = 0.2, ⇢2/⇢1 = 1

Figure 4.22: Average growth rates of �99 for selected cases to highlight (a) compressibility, (b)
variable density and (c) centrifugal instability e↵ects.

rate by Vreman et al., where the integrand is first expanded and rewritten in terms of the mean

momentum and kinetic energy equations.

��(t) =
1

⇢ref (��)2

Z R1
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⇢̄(�1 � �̃)(�̃� �2)dr (4.23)
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The first term in the integrand, d(⇢̄�̃)/dt, can be rewritten in terms of the mean streamwise mo-

mentum equation as r[d(⇢̄ũ✓)/dt]. The evolution equation for ⇢̄ũ✓ can be written in divergence

form and evaluates to zero at the domain boundaries, so the first term in the integrand is dropped.
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The second term, d(⇢̄�̃2)/dt, can be rewritten in terms of the evolution of the mean kinetic energy,

K = ũiũi/2 ⇡ ũ✓ũ✓/2 (viscous terms have been neglected):
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� ũ✓

r

◆�

= � @

@r
(r2ũ✓⇢u
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Finally, the expression for instantaneous growth rate of the circulation thickness is given in Eqn.

4.25, with ⇢ref = ⇢̄(rc). Similarly to the planar shear layer configuration, the long-term growth

rate is dominated by a term which is similar the production of turbulent kinetic energy (TKE).
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4.4.3 Stable vs. unstable configuration

In order to highlight the di↵erences between unstable and stable configurations on turbulent statis-

tics, two cases at �(0)/rc = 0.01, Mc = 0.8 and ⇢2/⇢1 = 1 will be compared in this section.

The velocity ratio is reciprocal between the stable and unstable cases, and the velocity di↵erence

�u is initially the same. In a temporally developing, planar shear layer the growth rate depends on

the velocity di↵erence, and not the freestream velocity ratio. The mean circulation profiles for these

cases are plotted by (r� rc)/�99 in Fig. 4.23 (b) to show approximate similarity during a subset of

the turbulent period. Collapsed profiles of TKE and turbulent shear stress R12, normalized by the

instantaneous velocity di↵erence, are also compared. For both the stable and unstable cases, the

peak R12 magnitude is consistently one third of the TKE magnitude. The shear stress is positive

in the unstable case and negative in the stable case, which is consistent considering the production

of shear stress is dependent on the mean velocity gradient.

Di↵erences in shear layer evolution can clearly be seen in Fig. 4.24. Transition to turbulence and

development into an asymptotically growing turbulent state occurs about twice as quickly for the

unstable case compared to the stable case. Even during the peak growth period of the stable shear

layer, the growth rate remains less than the growth rate of the planar shear layer, as expected. Two

measures of shear layer evolution are shown in Fig. 4.24. The left-most figure shows the evolution
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Figure 4.23: Mean profiles of stable and unstable configurations at Mc = 0.8 and �0/rc = 0.01.

of the 99% thickness for two high speed shear layers at Mc = 0.8 with stabilizing and destabilizing

curvature. After a period of transient growth, the flow becomes turbulent once the shear layer has

growth to approximately twice its initial �99 thickness. This occurs around a normalized convective

time of t⇤ = 100 for the unstable case, and t
⇤ = 240 for the stable layer. While the transient

growth phase is not a focus of this study, it has been consistently observed that the more stable

configurations require a longer transitional period before turbulence begins. Compared to the plot

of �99, the evolution of the circulation thickness is less noisy due to integration across the mixing

region. Both time histories of the shear layer thickness definitions are normalized by the initial value

and predict the same trend in growth rates with respect to curvature, namely that the destabilizing

configuration results in a growth rate four times larger than the stable configuration.

The growth of the circulation thickness normalized by the initial velocity di↵erence, �̇�/�u,

indicates approximately three periods of adjustment in the shear layer evolution. First, a period

of transient perturbation growth occurs, corresponding to the peaks in growth rates at t
⇤ = 80
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Figure 4.24: Thickness and growth rate measures for stable and unstable cases at Mc = 0.8 and
�0/rc = 0.01. Dotted lines indicate the times at which averaging for turbulent statistics begins,

which corresponds to approximately a 99% �/�0 = 2.5.

for the unstable case and t
⇤ = 140 for the stable case. The second period is a transition to

well-developed turbulence, between t
⇤ 2 [80, 130] for the unstable case and t

⇤ 2 [150, 270] for the

stable case. A similar evolution can be seen for the shear stress integrated across the shear layer,

when normalized by the instantaneous thickness �99�u
2. The distinction between this second

transitional period and the period of relaxation into an asymptotic state is not clearly defined,

but have been estimated from these plots. The corresponding start times of this final phase with

respect to the shear layer evolution have been marked with translucent dotted lines in Fig. 4.24.

The curvature ratios ��/rc during the periods chosen for collection of statistics are given in Table

4.3. In this work, cases are referred to by their initial curvature levels. However, the overall change

in curvature intensity seen by the turbulent shear layer are more moderate. For example, while the

approximately planar configuration has an initial curvature of 0.001, its final curvature intensity
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as measured by ��/rc approaches that of the intermediate curvature cases. Lastly, Table 4.3 also

presents the final growth rate normalized by the initial velocity di↵erence for each case. These

tabulated rates are not perfectly constant, but represent the final turbulent growth rate measured

before eddies begin to be constrained by the computational domain.

4.4.4 E↵ects of increasing curvature intensity

Figure 4.25: Evolution of thicknesses and growth rates for stable (top) and unstable (bottom)
cases at Mc = 0.8.

The e↵ects of increasing curvature on mixing layer growth rates for both stabilizing and desta-

bilizing curvature are shown in Fig. 4.25. The growth rate for the stable case with intermediate

curvature, �0/rc = 0.005, is lower than previously anticipated, and the final growth rate approaches

the final growth rate of the higher curvature case. In Fig. 4.26, a similar trend of closeness between

TKE and shear stress magnitude can be seen between theses two cases as well. An explanation for

this unexpected trend in the stably curved cases remains to be determined.
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Figure 4.26: Evolution of TKE and R12 for stable (top) and unstable (bottom) cases at Mc = 0.8.

The curvature intensity appears to influence the transient periods of the stable and unstable

growth rates, such that cases with intermediate curvature levels of �0/rc = 0.005 have a thickness

growth which is mostly bounded by the lower and higher curvature cases. The asymptotic growth

periods between the stable and unstable configurations show some notable di↵erences. The unstable

configurations appear to reach their asymptotic growth period more quickly compared to the stable

configurations. These periods of growth correspond to the regions where the integrated shear stress

also begin to plateau. In contrast, the stabilizing configurations did not exhibit any region of

growth which was definitively linear. The upper left two plots in Fig. 4.26 instead show that the

�� in the stable cases have progressively slower growth rates which continue to drift lower until

the computational domain is exceeded. Normalized TKE and shear stress profiles for the unstable

cases have distinct magnitudes, with the intermediate curvature case sitting evenly between the low

and higher curvature cases. In contrast, the di↵erence in TKE and shear stress magnitudes for the

stabilizing curvature cases is less evenly distributed. Consistent with the observed growth rates,
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the cases with initially higher curvature have similar magnitudes of TKE and shear stress which

are distinct from the low curvature case.

Streamwise and transverse turbulent mass flux profiles for stable and unstable configurations

are shown in Fig. 4.27. As expected, the direction of turbulent mass transport by the streamwise

velocity fluctuations varies with the mean velocity gradient of the base flow. Monotonic changes

in the streamwise and radial turbulent mass flux are observed with increasing curvature intensity,

but these changes are proportionally small. Again, the Mc = 0.8 case with intermediate curvature

(�0/rc = 0.005) shows unusual behavior, with some elevated mass flux outside the shear layer region

compared to the other stabilizing cases. The transverse turbulent mass flux has qualitatively the

same profile for both stable and unstable cases, with di↵erences in magnitude between the most

unstable and stable configurations at �0/rc = 0.01. In both stable and unstable configurations, the

profiles indicate that radial velocity fluctuations transport mass into the mixing layer.

Figure 4.27: Normalized turbulent mass flux profiles for stable (top) and unstable (bottom)
configurations.
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Figure 4.28: Profiles of Rif (solid lines) and � (dashed lines) for high speed stable (left) and
unstable (right) cases with increasing curvature intensity.

The parameter governing the balance between shear production and centrifugal production of

turbulent stress can be written similarly to a flux Richardson number Rif for stratified flow. Profiles

of Rif as defined by Eqn. 4.6 by Nagata and Kasagi for stable and unstable flows at Mc = 0.8 and

⇢2/⇢1 = 1 are plotted with solid lines in Fig. 4.28. Nagata’s definition of Rif gives the ratio of

turbulent stress production by centrifugal e↵ects to production by shearing; a value of Rif = �1

indicates that the centrifugal e↵ects cancel the shear production. Both the stable and unstable

configurations give Rif ⇡ �1 in the freestreams, which implies the two terms in the production of

R✓✓ cancel and the net TKE production is zero. Thus, Nagata’s definition of Rif confirms that

the freestreams should not sustain turbulent stress. Increasing curvature for unstable flows gives

a more negative value of Rif in the mixing layer and increasing curvature for stable flows gives

a more positive value of Rif , especially near the mixing layer edges. For the stable cases, the

velocity profile includes a local minimum and maximum near the shear layer edges, which results

in two discontinuities in Rif near the mixing layer edges. An interpretation of these singularities

consistent with Nagata’s definition of Rif would indicate that the edges of the stably curved shear

layers have a tendency for instability.

The parameter for Eckho↵’s stability criterion, � as defined in Eqn. 4.7, is also plotted with

dashed lines in Fig. 4.28 to demonstrate the centrifugal stability of the curved shear layer is depen-

dent only on the shear layer region and not on the freestream behavior. The values are similarly

as expected, with � > 0 for centrifugally stable cases and vice versa for the unstable cases. Peak

values of � occur for the cases with the highest initial curvature levels. The stability parameters

used to categorize this flow, along with the sign of the turbulent shear stress, were summarized in



CHAPTER 4. CURVATURE EFFECTS 114

Table 4.1. A similar characterization of stability for the sets of cases comparing compressibility and

variable density e↵ects is included in the remaining subsections below.

Lastly, the present understanding of the turbulent structures in this complex flow can be supple-

mented by considering the distribution of turbulent fluctuations. Capturing the anisotropic behavior

of turbulence is often critical for accurate numerical prediction of a wide variety of complex flows.

The Choi and Lumley anisotropy map described in subsection 2.3.3 of Ch. 2 and various parameters

for centrifugal stability will be shown in the following subsections to compare compressibility and

variable density e↵ects in combination with streamwise curvature.

4.4.5 Comparison to compressibility e↵ects

Compressibility e↵ects in planar shear layers reduce mixing layer growth rates to 20-30% of its

‘incompressible’ value. For the Mc range in this work, which varies from quasi-incompressible at

Mc = 0.2 to moderately compressible at Mc = 0.8, the data shows � 50% decrease in growth rates.

As given in Table 4.3, at low, stabilizing curvatures, the growth rate reduction is 0.036/0.071 =

0.507. At higher, destabilizing curvatures, the growth rate reduction is 0.079/0.14 = 0.564. In

comparison, the di↵erence in growth rate ��/�u between the most stable and the most unstable

cases gives a factor of four di↵erence at both Mc = 0.8 and Mc = 0.2. In the present data, the

compressibility e↵ect remains relevant across the ranges of curvature intensities explored. The

trends observed suggest that, for the given range of curvature intensities, the e↵ects of stabilizing

and destabilizing curvature may be just as important as compressibility e↵ects.

Table 4.4: Growth rates of �� for unity density ratio at increasing curvature and compressibility
levels.

Mc u2/u1 ��(0)/rc Final �̇�/�u(0)
0.2 0.5 0.001 0.071

0.5 0.010 0.035
1.9 0.001 0.069
1.9 0.010 0.140

0.8 0.2 0.001 0.036
0.2 0.010 0.018
4.5 0.001 0.025
4.8 0.010 0.079

Eckho↵’s criterion for centrifugal stability is one of the few which includes the e↵ect of com-

pressibility in the formulation of the problem. The profile of the Eckho↵ discriminant � is shown

in Fig. 4.29 for cases which are centrifugally unstable at unity density ratio. Consistent with the

stability criterion, the mean profiles of � contain negative values in the mixing layer region along
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the side of the shear layer with the faster moving freestream. When normalized by the center radius

of curvature, the profiles of rc� approximately collapse at both low and high compressibility levels.

This collapse in profiles of rc� across curvature levels contrasts with the di↵erence in growth rates

due to curvature e↵ects, which suggests that while the Eckho↵ criterion correctly predicts stability,

it does not necessarily represent the shear layers’ a�nity for turbulent growth.

(a) Mc = 0.2 (b) Mc = 0.8

Figure 4.29: Curvature e↵ects on the evolution of the Eckho↵ discriminant � = 1
⇢
d⇢
dr � u2

✓
c2r at

varying compressibility levels for ⇢2/⇢1 = 1 and u2 > u1.

Turbulent stress anisotropy maps for the high and low speed cases at ⇢2/⇢1 are given in Fig.

4.30. Each map shows the character of turbulence anisotropy when the shear layer has become

fully turbulent. For both low and high compressibility levels, these anisotropy maps are similar.

Both the change in Mc and in �0/rc do not produce distinctly di↵erent mappings, with the data in

the turbulent region showing mainly 1C-3C turbulence. While an increase in turbulent anisotropy,

which would show up as bias in data towards the 1C corner, present data suggests that this com-

pressibility e↵ect is not yet active in the flow. Similarly, increasing curvature e↵ects could possibly

manifest as increasing anisotropy if streamwise vortical structures dominated the flow. However, as

shown in the previous visualizations, these types of vorticies are not dominant and this anisotropy

does not present itself in the data.
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(a) u2 < u1 (b) u2 < u1

Figure 4.30: Turbulent stress anisotropy maps for cases at Mc = 0.2 (top) and Mc = 0.8 (bottom)
and ⇢2/⇢1 = 1 for centrifugally stable (left) and unstable (right) configurations.

4.4.6 Combination with variable density e↵ects

Growth rates for variable density cases at moderate curvature and low compressibility levels are

given in Fig. 4.31. These can be contrasted with the expected variable density e↵ects in planar

shear layers, where the introduction of density variation results in a distinct decrease in the growth

rate. In cases with a denser inner stream, plotted in green, growth rates which are comparable to or

larger than the corresponding unity density ratio case, plotted in orange. Cases with a denser outer

stream indicate a dramatic decrease in the growth rate, regardless of the velocity ratio. In fact, the

case plotted in blue in Fig. 4.31a with u2/u1 = 0.6 and ⇢2/⇢1 = 1 never transitions to turbulence

because the flow is too stable to maintain the initial perturbations. These trends in the growth

rates are also reflected in the shear stress profiles, given with the same color scheme in Fig. 4.32.
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(a) u2 < u1 (b) u2 > u1

Figure 4.31: Thickness evolution for variable density cases at �0/rc = 0.01 and Mc = 0.2

Cases with a larger density along the inner freestream, plotted in green, show stress magnitudes

which are larger the corresponding unity density ratio cases in orange. It is also observed that the

shear stress asymmetry is greatly exaggerated in the cases with ⇢2/⇢1 = 7, and is not as obvious in

cases with ⇢2/⇢1 = 1/7. This again contrasts with the planar shear layer configuration, in which

both density ratios would produce equal and opposite asymmetry into the lighter freestream. The

present growth rates and the shear stress asymmetries show distinct di↵erences from corresponding

planar shear layer configurations, and the di↵erences can be classified as combined variable density

and curvature e↵ects.

Table 4.5: Growth rates of �99 for variable density cases at Mc = 0.2 at weak and strong curvature
levels. N/A indicates the data is not available for this case.

u2/u1 ⇢2/⇢1 Final �̇99/�u(0) Final �̇99/�u(0)
�/rc = 0.001 �/rc = 0.010

0.6 1/7 N/A 0.002
0.5 1 0.104 0.048
0.4 7 0.073 0.117
2.6 1/7 0.067 0.082
1.9 1 0.119 0.176
1.6 7 N/A 0.438

Several of the stability criterion in Table 4.1 take into account the density variation across the

mixing layers. Each of the stability criterion and corresponding mean profiles are shown in Fig.
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(a) u2 > u1 (b) u2 < u1

Figure 4.32: Normalized shear stress profiles corresponding to Fig. 4.31

4.33. The data at ⇢2/⇢1 = 1/7 is currently labelled as ⇢2/⇢1 = 0.1. The left column are the profiles

for the cases where the outer stream is faster than the inner stream (u2 < u1). The velocity ratio

is similar for each of cases grouped by subfigures such that the e↵ect of changing the density ratio

from ⇢2/⇢1 = 1/7 to ⇢2/⇢1 = 7 can be observed. The stability criterion proposed by Synge which

depends on the gradient of angular momentum is indicated in the top left of Fig. 4.33. The case

plotted in blue which has the highest peak in the mixing layer reflects logically that the case which

is both denser and faster along the outer freestream is centrifugally stable. A similar profile can

be observed in the profiles of Sipp’s criterion of N2
w �N

2 and Eckho↵’s normalized criterion rc�.

For each of these profiles, the unity density ratio case shows profiles which are slightly positive in

the mixing region, while the density ratio ⇢2/⇢1 = 7 cases are slightly negative. This implies that

the increased density ratio dominates over the ‘stabilizing’ velocity ratio for this curvature level,

and the flow remains prone to centrifugal instability during the period of turbulent growth. The

bottom two subfigures show the profiles for Bradshaw’s Richardson number (defined in Eqn. 4.4)

and Nagata’s flux Richardson number (defined in Eqn. 4.6). The profiles of the two quantities are

similar in the mixing layer region, and for unity density ratio cases, the Rif and Ri are about

twice as large compared to the variable density cases. All Richardson numbers are positive in the

mixing layer region. Using Rif as the sole criterion for stability suggests these configurations are

centrifugally stable.



CHAPTER 4. CURVATURE EFFECTS 119

The right column of Fig. 4.33 indicates corresponding stability criterion profiles for cases with

a faster inner stream and a slower outer stream, u2 > u1. Each of the profiles for density ratio of

⇢2/⇢1 = 1 and 7 are centrifugally unstable via Synge, Sipp and Eckho↵’s criterion. Interestingly, for

the case plotted in blue with a denser, but slower, outer freestream, Eckho↵’s criterion suggests no

centrifugal instability in contrast to Synge’s and Sipp’s criterion. Similarly to the Richardson num-

bers in the cases with u2 < u1, the magnitude of Ri and Rif in the mixing region are approximately

the same.

For the parameter space considered, the density ratio dominates the turbulent growth rates.

Though most of the centrifugal stability criterion in Fig. 4.33 are formulated for linear stability

(excluding Nagata’s Rif ), the criteria by Synge, Sipp and Eckho↵ correctly predict the major

trends in turbulent growth–configurations with density ratios of ⇢2/⇢1 = 1/7 grow considerably

slower than configurations with ⇢2/⇢1 = 1 and 7 for comparable velocity ratios. Similarly, these

criterion correctly predict that the configuration with the faster inner stream and ⇢2/⇢1 = 7 is

the most unstable of all considered configurations. These distinctions between the most stable

(⇢2/⇢1 = 1/7, u2 < u1) and most unstable (⇢2/⇢1 = 7, u2 > u1) variable density configurations is

not as clearly indicated in profiles of Ri as defined by Bradshaw and Rif as defined in Eqn. 4.6.

The centerline values for the stability criterion proposed by Sipp and the flux Richardson number

defined in Eqn. 4.6 are used to compare the trend in growth rates for all the low Mc cases conducted.

These trends are shown in Fig. 4.34. The criterion proposed by Sipp in Fig. 4.34a does not give

a clear trend in growth rates, though generally the growth rates are clustered according to their

density ratio (color). When comparing the trend in growth rates to the flux Richardson number in

Fig. 4.34b, the observed growth rate data can be interpreted to decrease from negative to positive

Rf , but this trend is also not concretely clear. An alternative scaling for the growth rates can be

formulated as a ratio of freestream momenta, defined as � as in Eqn. 4.26.

� =
⇢2U

2
2 � ⇢1U

2
1

⇢2U
2
2 + ⇢1U

2
1

=
⇢2/⇢1(U2/U1)2 � 1

⇢2/⇢1(U2/U1)2 + 1
(4.26)

Using � to scale the growth rate data, a trend emerges with lower growth rates occurring at � ! �1

and high growth rates at � ! 1. However, scatter exists in this trend, and � does not account for the

curvature intensity of the flow. Scaling growth rate data by ��/rc as a simple attempt to incorporate

the curvature intensity does not decrease scatter or improve the overall growth rate trend. The

definition of a more appropriate curvature parameter which also encompasses compressibility e↵ects

on growth rates remains a direction of future research.

Turbulent stress anisotropy maps for the low speed cases at Mc = 0.2 and ⇢2/⇢1 are given in Fig.

4.35. Aside from the upper left subfigure, each plot shows the character of turbulence anisotropy

when the shear layer has become fully turbulent. Again, as shown in Fig. 4.30, at Mc = 0.2 and
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unity density ratio, the data in the turbulent region shows mainly clustering in the 1C-3C region.

Similar behavior is observed for the case with a lighter but faster inner stream (⇢2/⇢1 = 1/7 and

u2/u1 = 2.6). The case with a lighter and slower inner stream (⇢2/⇢1 = 1/7 and u2/u1 = 0.6) did

not reach a state of fully developed turbulence, and the persistence of transitional vortical structures

is reflected in the anisotropy mapping. The final row in Fig. 4.35 show the map for the cases with a

heavy fluid along the inner freestream. Whether the inner stream or the outer stream is faster, the

map indicates a tendency for a larger range of 1C-3C turbulence, where at least part of the mixing

region is more 3C than the rest of the mixing layer. This can be interpreted as consistent with an

increase in the 3D structures which would be produced by the RT instability, which is supported

visually by Fig. 4.37–the protrusions of the vorticity from the mixing region into the freestream

regions becomes more pronounced as the inner stream becomes heavier than the outer stream.
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@ūi

@xj
+ !

0
j

@u
0
i

@xj

!

| {z }
Vortex stretching

+ ⌫
@
2
!̄i

@xjxj| {z }
Di↵usion

(4.27)

The evolution equation for mean vorticity is given in Eqn. 4.27. In the evolution of vorticity, the

baroclinic torque term indicates the production of vorticity due to the alignment or misalignment

of the mean pressure and density gradients. In the present flow, the mean pressure gradient is

always position and pressure always increases in the outer radial direction in order to satisfy the

curvature of the flow. The configurations with density ratios of ⇢2/⇢1 = 1/7 have mean density

gradients which align with the mean pressure gradient, which is stabilizing in a mean sense. The

configurations with density ratios of ⇢2/⇢1 = 7 have mean density gradients which are misaligned

with the mean pressure gradient, which is destabilizing. Of course, these concepts of baroclinic

stability are discussed in a mean sense, as the turbulent eddies in the mixing region experience

significant instantaneous pressure and density gradients.
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The baroclinic torque term in cylindrical coordinates is written explicitly in Eqn. 4.28. The baro-

clinic torque acting on the mean z vorticity is given in Fig. 4.36; profiles for all cases are provided
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in Appendix B Fig. B.23. Note that, like all terms of the baroclinic torque, each term in the vector

component includes a gradient in one of the homogeneous directions (✓ or z). As such, the mean

baroclinic torque terms are only nonzero due to correlations between fluctuating pressure and den-

sity gradient correlations. The contribution of the mean baroclinic torque to the mean vorticity is

small for the unity density ratio cases in orange, as expected. For the case with a faster and denser

outer freestream, the mean density and pressure gradients are aligned across the mixing region, and

the baroclinic torque is also zero in this case. Regardless of the velocity ratio, the configurations

with a denser inner stream, plotted in green in both Fig. 4.36a and 4.36b, indicate antisymmetric

baroclinic torque levels which are antisymmetric across the mixing layer. In the most centrifugally

unstable case plotted in Fig. 4.36b, with a faster and denser inner stream, the magnitude of the

baroclinic torque is an order of magnitude larger than the corresponding centrifugally unstable case

Fig. 4.36a. In an interested combination of curvature and compressibility e↵ects, the case with a

less dense but faster inner freestream also exhibits considerable amounts of baroclinic torque, and

in a manner more similar to the u2 < u1 configurations. Comparing the reciprocal cases of denser

but slower inner freestream (Fig. 4.36a, green) and a lighter but faster inner freestream (Fig. 4.36a,

green), the profile of baroclinic torque is similar in form and magnitude. This further points to the

complex interactions between the density gradient and curvature e↵ects, as the baroclinic torque

profiles are not solely dependent on the mean density and pressure profiles during turbulent growth.
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(a) u2 < u1 (b) u2 > u1

Figure 4.33: Curvature e↵ects on the evolution of the stability criterion profiles at varying density
ratios ⇢2/⇢1 of 1/7 (blue), 1 (orange), and 7 (green); Rif defined in Eqn. 4.6.
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(a) Growth rates vs. centerline N2
w �N2 (b) Growth rates vs. centerline Rf

(c) Growth rates vs. angular momentum ratio,
beta

(d) Growth rates vs. angular momentum ratio
scaled by curvature intensity, ��/rc

Figure 4.34: Normalized growth rates compared to stability criterion corresponding to Fig. 4.33
(at Mc = 0.2). Similarly to Fig. 4.33, colors of blue, orange and green represent density ratios of
⇢2/⇢1 = 1/7, 1 and 7, respectively. The square markers correspond to cases with weak curvature,
and the circle markers correspond to cases with stronger curvature. Finally, the top or bottom fill

of the marker indicates the velocity ratio, with top-filled markers indicating u2 < u1 and vice
versa for bottom-filled markers.
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(a) u2 < u1 (b) u2 > u1

Figure 4.35: Turbulent stress anisotropy maps for cases at moderate curvature �0/rc = 0.01,
Mc = 0.2 and ⇢2/⇢1 = 1/7, 1, 7 (top to bottom).
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(a) u2 < u1

(b) u2 > u1

Figure 4.36: Spanwise component of baroclinic torque for cases at moderate curvature
�0/rc = 0.01, Mc = 0.2 and ⇢2/⇢1 = 1/7, 1, 7.
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Figure 4.37: Normalized spanwise vorticity !z�99/�u for cases at moderate curvature
�0/rc = 0.01, Mc = 0.2, u2 > u1 and ⇢2/⇢1 = 1/7, 1, 7 (top to bottom).
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4.5 Conclusions

In this work, the e↵ects of streamwise curvature on turbulent shear layers was examined via eddy-

resolving simulations of temporally developing mixing layers at two compressibility levels, three cur-

vature levels and three density ratios. Cases which are approximately planar show good agreement

with turbulent stress and growth rate trends of comparable experimental and numerical studies.

Stresses at low curvature, low speed and unity density ratio conditions agree well with previously

published literature. Budgets of turbulent kinetic energy and shear stress indicate that baropycnal

work and mass flux coupling terms, which depend on the mean pressure gradient inherent in these

curved flows, remain small in comparison to stress production and turbulent transport at both unity

and variable density conditions. For unity density ratio and the present co-flowing shear layers,

the centrifugal stability of the flow is determined by the velocity ratio. Increasing the curvature

intensity for the unity density ratio cases shows some expected behaviors. Increasing the curvature

intensity enhances growth rates and turbulent stresses for centrifugally unstable cases, and vice

versa for centrifugally stable cases. Di↵erences in turbulent structure and stress anisotropy were

not observed with increasing curvature for unity density ratio cases, at both low and high com-

pressibility cases. Comparison of turbulent growth rates for unity density ratio cases indicate that

compressibility and curvature e↵ects for the investigated parameter space are comparable. While

criteria developed for linear stability analysis of curved shear layers correctly identify which mixing

layers exhibit the slowest or fastest turbulent growth, the corresponding criteria parameters are not

necessarily representative of the turbulent growth rates themselves. Lastly, present data demon-

strates the combined e↵ects of curvature and variable density e↵ects result in growth rate behavior

which is di�cult to predict. For example, the present low speed configuration with a denser but

slower inner freestream and a reciprocal case with a lighter but faster inner freestream exhibit similar

amounts of spanwise baroclinic torque. For comparable velocity ratios, observed growth rates and

di↵erences in instantaneous vortical structures are observed with increasing density ratio. Expand-

ing the parameter space beyond the density, velocity, and curvature ratios presented in this chapter

would advance the present understanding of these complex interactions between compressibility,

variable density and streamwise curvature e↵ects, and is an avenue for future research.

(To Table of Contents)



Chapter 5

RANS model evaluation

5.1 Introduction: modeling approaches

Solving the Reynolds-Averaged Navier-Stokes (RANS) equations is one of the most a↵ordable meth-

ods in CFD and remains vital in vehicle design and analysis. However, RANS solvers’ deficiencies

in capturing complex flow fields, such as those in supersonic retro-propulsive (SRP) flows, are well

acknowledged [66, 143]. This work addresses the challenge of modelling turbulence in flows with

combinations of compressibility, variable density and rotation/curvature e↵ects by direct compari-

son of eddy-resolved simulations and RANS calculations. This chapter first introduces the evolution

equations associated with turbulence modelling, summarizesme various closure approximations, and

compares selected model approximations with eddy-resolved data. Lastly, the performance of stan-

dard and modified SA and SST models for shear layers with compressibility and curvature e↵ects

are evaluated.

128
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5.1.1 Mean equations of motion

Applying mass averaging to the instantaneous governing equations for transport of mass, momen-

tum, and energy (Eqn. 2.2-2.4) gives the mass-weighted Reynolds-Averaged Navier-Stokes (RANS):
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These evolution equations can be evolved in order to determine mean fields such as ⇢̄ and ũi, given

that turbulent terms are modelled. The following terms require modelling in order to ‘close’ Eqn.

5.1-5.4.
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From left to right, these terms are the turbulent stresses, turbulent heat flux, molecular di↵usion

of internal energy, and turbulent triple product of velocities (turbulent transport of TKE). Many

RANS models neglect the latter two contributions to internal energy, and focus on approximations

for the turbulent stresses, ⇢̄Rij . Closure approximations for the stress tensor comes in many forms.

These stresses are either solved directly or defined via constitutive relations to link the stress

behavior to the mean flow field. Direct computation of Rij by evolving the Reynolds stress transport

equations (Eqn. 2.19) are categorized as second-moment Reynolds stress models, and include further

terms which require modelling. These successive levels of approximations required in order to close

the model equations is the closure problem or RANS modelling. Constitutive relations for simpler

stress models are less computationally expensive in comparison to second-moment models. For

example, the common Boussinesq approximation is given in Eqn. 5.5; this approximation simply

requires knowledge of a parameter ⌫t in order to link the stress tensor to known mean field variables.

Rij ⇡ ⌫t

✓
@ũi
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@ũk

@xk
�ij

◆
(5.5)

This parameter, ⌫t, is the eddy viscosity, which models the dissipation captured in the turbulent

energy cascade as a quantity analogous to laminar (molecular) viscosity. The eddy viscosity is
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approximately solved using model equations, such as in the Spalart-Allmaras (SA) model equation

given in Eqn. 5.6.
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Spalart and Allmaras [125] provides the definitions of specific model functions and constants.

The SA model requires the solution of only one more transport equation in order to provide an

approximation of turbulent e↵ects on the mean field (a “one-equation” model). Most turbulence

models created to date have been two-equation eddy viscosity models. Considering the dimensions

of viscosity, the eddy viscosity can be determined from characteristic length (l) and velocity (v)

scales:

⌫t ⇠ lv

Two-equation models typically form a velocity scale by solving a modified form of the evolution

equation for TKE, and a second transport equation which provides a turbulence length scale. One

commonly applied two-equation model is the SST (shear stress transport) k � ! model, given in

Eqn. 5.7 and 5.8. The model tracks the TKE, k, and the specific turbulent dissipation rate, !. The

eddy viscosity can be approximated as k/! in regions far from walls.
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Refer to Menter [88] for the definitions of specific model functions and constants. While the TKE

production P = ⇢̄Rij ũi,j is defined if the turbulent stresses and mean velocities are known, this

modified form of the TKE evolution equation requires approximation of several other terms. The

turbulent mass flux, pressure dilatation, and TKE dissipation all require approximation to ‘close’

the TKE evolution equation (Eqn. 4.19). As shown in Ch. 2 and 3, the turbulent mass flux is

greatly enhanced in variable density flows compared to unity density counterparts. Models for this

mass flux term will be discussed further in section 5.1.3.

5.1.2 Review of compressibility modifications to model equations

Compressibility modifications to RANS models are designed to mimic the reduction of growth

rates and shear stress observed in high speed mixing layers. Existing evaluations of compressibility

corrections in turbulence models include Yoder’s review of algebraic stress models (ASMs) for

jets and shear layers, in which the proposed ASM showed improvements in predictions of mean
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velocity profiles and Reynolds stress anisotropy. Barone et al. [7] assessed the compressibility

modifications proposed by Zeman, Sarkar et al., Wilcox and found all to be provide a decrease

in growth rate but maintain an average error of greater than 10% in the compressibility factor

compared to experimental data. Lastly, Aupoix [4] demonstrated that for low speed mixing layers,

the influence of velocity ratio on mixing layer growth rates was well captured, but reduction to

growth rate due to density di↵erences were not well captured by existing models. This section

summarizes notable dilatational and pressure-strain based compressibility modifications for one-

equation, two-equation, and second moment turbulence models.

Dilatation-based modifications

Early theories on the reduction of growth rates in compressible turbulent shear layers focused

on the contributions of dilatational motions in the flow. Dissipation associated with dilatational

velocities, or dilatational dissipation, increases a model’s turbulence variable for dissipation and

serves as a sink to the TKE of the flow. Similar e↵ects arise from the pressure-dilatation term,

which appears explicitly in the exact TKE equation (Eqn. 2.20). Both these dilatational terms serve

to e↵ectively reduce the eddy viscosity, µt. Models for the dilatational dissipation and pressure-

dilatation sink terms were formulated to scale with the compressibility of the flow and are typically

dependent on the turbulent Mach number. For an eddy lengthscale of l and kinetic energy k,

the time scale of turbulent fluctuations can be approximated as Tt ⇠ l/
p
k. As mentioned in

section on compressibility, the time scale corresponding fto the communication across an eddy can

be approximated as Tc ⇠ l/c. The turbulent Mach number presents the ratio of these two time

scales, and gives one measure of the compressibility of the flow founded on the scale of turbulent

fluctuations.
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p
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c

For RANS models which track the evolution of k, Mt can be readily computed and used as a

compressibility metric. In one equation RANS models, such as SA, the TKE can be approximated

as 
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Spalart [124] gave the equivalent sink term on the RHS of the evolution equation for the eddy

viscosity variable ⌫t as:
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Sarkar et al. [117] modeled the ratio of solenoidal and dilatational dissipation as a function of

the turbulent Mach number, based of asymptotic analysis and DNS of compressible, homogeneous,

isotropic turbulence (CHIT) with model constant ↵1 = 1:

"d

"s
= ↵1M

2
t

Zeman [144] also modelled the ✏d/✏s using the departure from a reference turbulent Mach number

⇠ = Mt�Mt0, with H(x) as the Heaviside step function. This model was tuned for the compressible

shear layer without mean density ratio.
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Wilcox [138] (1992) used a slightly di↵erent form and reference Mt0, with the aim of improving

model performance in compressible flat plate boundary layers. The Sarkar and Zeman models

consistently cause a reduction in skin friction in the boundary layer case, although they capture

mixing layer compressibility e↵ects well.
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Suzen and Ho↵mann [130] (1998) incorporate Sarkar’s compressibility correction for the dissipation

ratio and the pressure dilatation in k� ✏ part of the SST model, and exclude it from the near-wall

k � ! part of the model using a wall blending function.

In addition to dilatational dissipation models, several pressure dilatation models have been

formulated. Sarkar [115] suggested that the pressure dilatation term, ⇧, which appears in the TKE

budget as in Eqn. 2.20, should also scale with the Mt, TKE production P , and the solenoidal

dissipation rate:
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El Baz and Launder [42] proposed a similar model for ⇧ that includes the mass averaged divergence:
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@ũi

@xi
� P

◆
M

2
t

Huang et al. [55] used DNS of turbulent channel flow to propose the form
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Most recently, Li et al. [77] compared the dilatational dissipation models of Sarkar et al. [117], Ze-

man [144] and Wilcox [138] to DNS of spatially developing compressible turbulent shear layers and

conclude that because the dilatational dissipation is dwarfed by solenoidal dissipation, these dilata-

tional dissipation models are unsuitable for at least Mc  0.7. Similarly, the pressure dilatation

models also overpredict the term’s contribution to the TKE budget, even at the compressible case

Mc = 0.7. The observations that dilatational dissipation and pressure dilatation are negligible in

the evolution of TKE are consistent with observations by Vreman et al. [135] and data presented

in Ch. 2.

Pressure strain models

After a multitude of studies confirmed that dilatational e↵ects were not the main factor in the

stabilizing e↵ect of compressibility, the pressure strain tensor became a candidate for study. The

pressure strain tensor contributes to the evolution of the turbulent stresses, as in Eqn. 2.19, and

approximations of the pressure strain tensor are directly applicable to Reynolds stress models.

DNS and experimental studies suggested that reduced pressure fluctuations and the correspond-

ing reduction of the pressure strain correlation were the main reasons for dramatic changes in magni-

tudes of Reynolds stress anisotropy. Present high resolution data also indicates elevated streamwise

velocity fluctuations compared to transverse and spanwise components. The pressure strain ten-

sor is responsible for the redistribution of energy among the velocity components, so present data

suggests that properly representing the pressure strain tensor is key. Yoder [142] confirmed that

models capable of predicting anisotropy and changes in the pressure-strain components are nec-

essary to predict shear layer growth rates, and emphasized that many pressure-strain correlation

models are founded on incompressible and locally homogeneous flows. Some notable models which

propose a functional dependence of pressure strain components on compressibility are summarized

in this section. Pantano and Sarkar [103] proposed that the compressible pressure strain, ⇧ij and

the incompressible pressure strain, ⇧I
ij are related by the convective Mach number in the highly

compressible limit, where the constant K = 4.5 was determined empirically.

⇧ij

⇧I
ij

=
1
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c

(5.9)

Similarly, Fujiwara et al. [48] introduced an Mt-based correction to the incompressible pressure

strain where Cf = 0.02 is a model constant.
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Klifi and Lili [68] developed a version of their pressure strain model to include both the turbulent

and the gradient Mach number in the model constants.
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With model constants modified from the Launder, Reece, and Rodi [70] model to be functions of

Mt. The second model constant was modified in terms of a polynomial in Mt and an exponential

of Mg.

C2 = Cµg(Mt) Cµ = Cµ0exp(��Mg)

Decompositions of the pressure strain tensor have also been proposed. Adumitroaie et al. [1]

gave a compressible form of the the pressure strain which split the tensor into its incompressible,

compressible, and dilatational components. Gomez and Girimaji [50, 51] give compressible mod-

ifications to incompressible pressure strain models from rapid distortion analysis, which considers

slow pressure fluctuations that are nonlinear in the fluctuating velocity and fast pressure fluctua-

tions that are linear in the velocity fluctuations. Compared to the model by Adumitroaie et al.,

Klifi and Lili’s demonstration of the model was shown to improve predictions in Reynolds stress

anisotropy magnitudes. However, disagreement remained between the Reynolds stress magnitudes

predicted using these pressure strain models and experimental data by Goebel and Dutton.Li et al.

found that the pressure strain models by Speziale et al. [127] and Wilcox [139] predict the shear

component ⇧12 excellently up to Mc = 0.7 in unity density ratio, spatially developing shear layers.

The Mt-based model by Fujiwara et al. [48] shows much less favorable performance for all ⇧ij

components.

5.1.3 Review of variable density modifications

Notable variable density formulations of second moment turbulence models will be introduced in

this section. Analogously to the eddy viscosity model for the turbulent stress tensor, Sarkar and

Lakshmanan [116] proposed the following gradient di↵usion approximations for the turbulent mass

and heat flux, with turbulent Schmidt number Sct and turbulent Prandtl number Prt:
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Chassaing [26] gave a thorough review on various closures for variable density turbulence, with

a specific focus on turbulent mass flux and energy dissipation rates. Chassaing noted that while
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gradient-di↵usion type models are attractive for their simplicity, they are not necessarily repre-

sentative of first order density fluctuations, and concluded that second-order modeling is a more

suitable level of closure for turbulence in variable density flows.

Information about the turbulent mass flux is required to captured the dynamics of variable

density turbulence. A model for the turbulent mass flux which was formulated for the prediction

of 2D supersonic mixing layers was proposed by Dussauge and Quine [39]:
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(i)(� � 1)M2 ⇢̄
gu00u00

i

ũ
(5.11)

Where M is the local Mach number, and the model constants are C
(1) = 0.8 and C

(2) = 1.5.

A comparison to this model is provided later in this chapter. One of the most common models

which directly tracks the turbulent mass flux, or the turbulent mass flux velocity, is the Besnard-

Harlow-Rauenzahn (BHR) model [10]. The BHR model tracks the mass flux-associated velocity,

ai, Reynolds stresses Rij , the density self-correlation b, TKE dissipation rate ", turbulent flux of

internal energy Si⇢u
00
i e

00, internal energy fluctuations e00, and species concentration Ci. Several

modifications on the BHR model have been applied a wide variety of compressible, variable density

flows. Other models for variable density flows include the Catris & Aupoix model [25], which was

formulated specifically for the correction of the log region in boundary layer flows. This model

can be applied to both single equation and general two equation RANS models, with access to

the turbulent eddy viscosity is µt = Cµ
⇢k2

✏ , the turbulent lengthscale � = ⇢
n
k
m
✏
l, and constants

C1 = lC✏1 +m; C2 = lC✏2 +m. Other notable n-equation models include the k � L proposed by

Dimonte and Tipton [35], the k�L�a proposed by Morgan and Wickett [91] and the k�L�a�V

detailed in Morgan et al. [92]. Models of this form track k number of species, L is some characteristic

turbulence length scale, a refers to the mass flux velocity, and V refers to the species mass fraction

variance.

5.1.4 Review of rotation/curvature modifications

A selected few models for rotation and curvature modifications to standard RANS model equations

are given in chronological order below. One of the earlier modifications was proposed in consider-

ation of wing tip vorticies by Dacles-Mariani et al. [32]. The Dacles-Mariani model suppresses the

production term in the Baldwin Barth one equation model. The modification relies on the scalar

measure of deformation, S, given below. This formulation reduces eddy viscosity in regions where
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the vorticity exceeds the strain rate–it suppresses turbulence in vortex cores, but is inactive in thin

shear layers.

P = C1⌫Re⌧S S = |!|+ 2min(0, |s|� |!|) ! =
p
2⌦ij⌦ij s =

p
2SijSij

Spalart and Shur [126] later proposed a rotation-curvature correction for one equation models,

without frame rotation, replaces (1�ft2) with (fr1�ft2). This model is also known as the Spalart-

Shur correction, or SA-RC. Coe�cients were tuned based o↵ rotating and curved channel flows; see

[126] for more details.
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Smirnov and Menter [121] applied the Spalart-Shur modification to two equation models like

SST; this model modification is referred to as the rotation-curvature (RC) modification in subse-

quent sections. The modification is introduced in the production term of both the k and the !

equations:

fr1 = max[min[fr, 1.25], 0]

fr = (1 + cr1)
2r⇤

1 + r⇤
[1� cr3atan(cr2r̂)]� cr1

Childs et al. [27]’s modifications to the standard SST k�! account for both compressibility and

curvature e↵ects. The corrections depends on the magnitude of the dynamics and total pressure

gradient, �̂ = � @p
@xi

@p0

@xi
. The compressibility modification is defined similarly to Suzen and Ho↵-

mann’s TKE destruction term, with an added factor FMRC(�̂) 2 [0, 1]. The rotation and curvature

correction modifies the destruction of the dissipation rate !:

��⇢!
2 ! �g2�⇢!

2

The dissipation rate is increased or decreased depending on the sign of �̂ in order to decrease eddy

viscosity in regions with stabilizing curvature. Stabnikov and Garbaruk [128] proposed a multiplier
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for only the production term in the k equation, which is a modification similar to Spalart & Shur’s

modification:

fr1,mod = max[fr1, 0]

fr1 = (1 + cr1)
1 + cr4

1 + cr4|r⇤ � 2| [1� cr3atan(cr2r̂)]� cr1

5.2 Evaluation of closure approximations

In this section, data presented in the previous chapters on planar mixing layers will be compared to

terms approximated by selected models. In each section, proposed model forms for pressure strain

tensor and turbulent mass flux will be compared to present data from eddy-resolving calculations.

This evaluation is conducted using the high resolution data from PadeOps for purely planar shear

layers.

5.2.1 Pressure strain tensor

The components of the pressure strain tensor for unity density ratio, planar shear layer calcula-

tions conducted with PadeOps at low, moderate and high compressibility levels is shown again for

reference in Fig. 5.1. The streamwise component shows monotonically decreasing behavior with

increasing compressibility. Again, there exists some statistical variation among each of the profiles

due to the averaging period. Integrating the profiles across the shear layer in the y direction gives

the trend in Fig. 5.1b. The rate of decrease in the streamwise pressure strain component is reduced

with increasing compressibility, with the steepest drop in the integrated value occurring near from

Mc = 0.2 to Mc = 0.8. Models for the compressible pressure strain tensor also shown in terms

of integrated values. The Pantano model and the Fujiwara model, defined in Eqn. 5.9 and 5.10,

use a reference incompressible value of ⇧I
ij . In the present comparison, ⇧I

ij is taken as the value

of ⇧ij at Mc = 0.2, and the turbulent Mach numbers match the mean values in Fig. 2.15. The

model by Pantano was formulated for the high Mach regime and shows an increase in pressure

strain at low Mc = 0.4. This is followed by a dramatic decrease at Mc = 0.8, where the trend

then smoothly decreases similarly to the present data with PadeOps. While the high Mc trend

qualitatively matches, the values for integrated pressure strain are too small, which suggests some

tuning to the model constant K may be necessary. The Fujiwara model similarly shows a sharp

decline from Mc = 0.4 to Mc = 0.8, followed by a slowly decaying trend into the high Mach regime.

This model also predicts values which are less than half of what is observed in the present data at



CHAPTER 5. RANS MODEL EVALUATION 138

high compressibility levels, though the behavior at lower Mc is improved compared to the Pantano

model. Both models appear to exaggerate the decrease with increasing compressibility beyond that

observed in the present data.

(a) (b)

Figure 5.1: Streamwise pressure strain component compared to Mt-based scaling models: (a)
profiles with increasing Mc at s⇢ = 1 from PadeOps data; (b) trend in integrated profiles

compared to models by Pantano and Sarkar [103] and Fujiwara et al. [48].

5.2.2 Turbulent mass flux

The streamwise and transverse turbulent mass flux velocities are compared to the model proposed

specifically for supersonic mixing layers by Dussauge and Quine in 5.1.3, and compared with present

data in Fig. 5.2. The model relates the mass flux to the turbulent stresses and the local Mach

number. Qualitatively, the model shows the correct behavior for the streamwise and transverse

mass flux. For unity density ratio cases, the mass flux velocity profiles are anti-symmetric across

the mixing layer. The model indicates similar behavior, though the magnitudes predicted by the

model do not match the present data. For s⇢ = 7 cases, the mass flux shows a bias towards the

denser fluid side at y > yc, which is reflected in the model behavior. However, the model incorrectly

shows some negative mas flux velocity for the streamwise component in Fig. 5.2c, and shows a large

o↵set between the shear layer centerline and the transverse mass flux in Fig. 5.2d. The turbulent

mass flux velocity magnitudes are also not predicted well for s⇢ = 7 configurations. With increasing

compressibility, the mass flux should decrease, but the model indicates an increase with Mc for the

streamwise mass flux velocity. Almost no trend in Mc is observed for the transverse mass flux,

likely because the region of the predicted mass flux occurs near the edge of the shear layer into the

denser fluid, where the turbulent stress R12 is reduced and shows less variation with Mc.
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(a) Streamwise mass flux, s⇢ = 1 (b) Transverse mass flux s⇢ = 1

(c) Streamwise mass flux, s⇢ = 7 (d) Transverse mass flux s⇢ = 7

Figure 5.2: Turbulent mass fluxes and comparison to model by Dussauge and Quine [39] in
dashed lines.

5.3 Interactions between RANS model corrections

Most turbulence model modifications were developed to capture the e↵ects of either compressibility,

curvature, or density variations individually. However, these model modifications are often applied

simultaneously in complex flow fields, like the ones which arise in SRP. Combinations of model

corrections often have unexpected or unintended consequences on the simulated flow field. The

main objective of this section is to provide examples of the interactions between commonly applied

RANS model corrections. Overflow RANS calculations of both SA and SST are compared to

data from eddy resolved simulations using shear layer growth rates and TKE profiles as metrics

of model performance. The setup for RANS calculations and validation are introduced, followed

by discussion of growth rates with increasing compressibility and presentation of TKE profiles the

combination of compressibility, variable density, and curvature e↵ects.
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5.3.1 Numerical methods for RANS calculations

The domains for the RANS calculations have the same streamwise (✓) and transverse (r) extent

as the same as the previous eddy-resolving calculations. The RANS calculations are run as 2D

calculations, given the spanwise periodicity. The azimuthal direction is also periodic, but must be

included in the calculations to capture the mean curvature of the flow. Typical RANS calculations

for vehicles are under-resolved compared to the grid resolutions used in this work’s eddy resolving

calculations. To replicate this realistic resolution of RANS calculations for vehicle, the initial shear

layer is only resolved with about 5 grid points. Spatial discretization of derivatives and fluxes are

the same as the previous calculations (WENO5). Time integration was conducted using second

order backwards finite di↵erences and a time step of �t = 0.1 with five subiterations to enabled

su�cient convergence for integration accuracy. The backwards finite di↵erence scheme was selected

over RK4 given the smoothly varying nature of the flow and the lack of high wavenumber features,

since eddies were not resolved.

Initial conditions on the eddy viscosity variable ⌫t for the SA cases and on k and ! for SST

cases are given below; initial values have a Gaussian distribution in the initial mixing layer region

which decays into the freestream at a rate of � = 1.0:

g(r) = e
��(r�rc)

2

The initial eddy viscosity profile for the SA cases were scaled proportional to �u�99:

⌫t(r) = (C0g + C1)�u�99

The initial k and ! for the SST cases were scaled with �u
2 and �u/�99.

k(r) = (C2 + C3g)�u
2

!(r) = (C4 + C5g)�u/�99

Constants Ci = [150, 0.1, 0.0001, 0.005, 0.1, 0.0005] were selected using rough estimations of the

corresponding values from corresponding eddy-resolving calculations, but the RANS calculations

did not show particular sensitivity to initial conditions. After a su�ciently long period of growth,

the profiles of the turbulent variable collapsed to a single profile. An example of this collapse is

given in Fig. 5.5b.

In addition to the two convective Mach numbers of Mc = 0.2 and Mc = 0.8 of the eddy-resolved

calculations, additional RANS cases at compressibility levels of Mc = 0.1 and Mc = 0.5 were also
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conducted to provide more detail of the observed trends in growth rates by the RANS models. These

were conduction for the planar (�0/rc = 0.001) and unity density ratio configuration (⇢2/⇢1 = 1).

The modifications for the SA and SST model are given in Table 5.1. These modifications are not

necessarily the most recent and advantageous models for compressible turbulent shear layers, but

they are commonly applied for a wide range of complex turbulent applications. As such, the evalua-

tion of these modifications remains relevant. In the remainder of this work, these modifications are

referred to as CC and RC for compressibility and rotation/curvature modifications, respectively.

Note that the CC modification by Suzen and Ho↵mann is the same as that by Sarkar [117] in free

shear flows without walls.

Table 5.1: Modifications for compressibility (CC) and rotation/curvature (RC) e↵ects to standard
models considered in this chapter.

Model SA SST k � !

CC modification Spalart [124] Sarkar [117]
RC modification Spalart & Shur [126] Smirnov & Menter [121]

5.3.2 Turbulent kinetic energy profiles

TKE levels from SST calculations of cases with ⇢2/⇢1 = 1 at Mc = 0.8 are given in Fig. 5.3, and

compared with eddy-resolved calculations (here labelled as ‘LES’, although no subgrid-scale model

has been used). The TKE profiles from standard SST are shown in solid orange lines, SST with

rotation/curvature modification in dashed lines, SST with compressibility modification in dotted

lines, and SST with both rotation/curvature and compressibility modification in the dashed-dotted

lines. At weak curvature levels, shown in Fig. 5.3a and b, the standard SST overpredicts the

TKE levels compared to eddy-resolved calculations, but application of the compressibility correc-

tion results in surprisingly good agreement. As expected, with weak curvature, application of the

rotation/curvature modification does give a large change in the TKE levels. The SST-CC and

SST-RC-CC models give the best performance in terms of TKE for these weak curvature cases. In

profiles of TKE for cases with stronger curvature, in Fig. 5.3c and d, di↵erences due to the CC and

RC modification are more distinct. The RC modification correctly decreases TKE for the centrifu-

gally stable case at u2 < u1 and increases TKE for the centrifugally unstable case at u2 > u1. As

expected, the CC modification reduces TKE levels in both the unstable and stable configurations.

Since both compressibility and curvature e↵ects are active at these flow conditions of Mc = 0.8 and

�0/rc = 0.01, the SST-CC-RC model may be expected to give the best agreement with the eddy

resolving calculations. However, compared to the agreement with cases at weak curvature in Figs.

5.3a and b, the SST-CC-RC model does not show as favorable performance.
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A similar comparison of TKE levels is conducted for the cases with increasing curvature at

Mc = 0.8 and ⇢2/⇢1 = 7 in Fig. 5.4. Similarly to the unity density ratio cases, the variable density

cases with weak curvature shows decent agreement with the eddy-resolving calculations in terms

of TKE magnitude and asymmetry. Again, the SST-CC-RC model is expected to give the best

comparison to the eddy-resolved TKE levels. For ⇢2/⇢1 = 1/7 and u2/u1 > 1, the magnitudes of

the model (SST-RC-CC) and reference (‘LES’) TKE levels match well, but the asymmetry in the

profile is exaggerated. For ⇢2/⇢1 = 7 and u2/u1 < 1, the SST-RC-CC model captures the symmetry

in the profile is relatively well, but the TKE magnitudes are under-predicted. For both the unity

and variable density cases, the introduction of streamwise curvature reduces model predictions of

TKE, even with the inclusion of compressibility and curvature modifications.
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(a) Weak curvature (�0/rc = 0.001), u2 < u1 (b) Weak curvature (�0/rc = 0.001), u2 > u1

(c) Strong curvature (�0/rc = 0.010), u2 < u1 (d) Strong curvature (�0/rc = 0.010), u2 > u1

Figure 5.3: Comparison of TKE profiles of curved shear layers at Mc = 0.8 with low and high
curvature levels for ⇢2/⇢1 = 1, eddy-resolved data labelled as ‘LES’.



CHAPTER 5. RANS MODEL EVALUATION 144

(a) Weak curvature (�0/rc = 0.001),
⇢2/⇢1 = 1/7, u2 > u1

(b) Weak curvature (�0/rc = 0.001),
⇢2/⇢1 = 7, u2 < u1

(c) Strong curvature (�0/rc = 0.010),
⇢2/⇢1 = 1/7, u2 > u1

(d) Strong curvature (�0/rc = 0.010),
⇢2/⇢1 = 7, u2 < u1

Figure 5.4: Comparison of TKE profiles of curved shear layers at Mc = 0.8 with low and high
curvature levels for ⇢2/⇢1 6= 1, eddy-resolved data labelled as ‘LES’.
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5.3.3 Growth rates

Mean profiles of streamwise velocity calculated using standard SA for �0/rc = 0.001 and Mc = 0.8

are plotted versus radius and normalized transverse coordinate to demonstrate collapse after and

brief transient period. Similar behavior can be seen in Fig. 5.5b, where the eddy viscosity profile,

⌫t, normalized by external shear layer scales shows collapse to distinct profiles for standard (blue)

and corrected (orange) SA.

An example comparison of growth rate trends with increasing compressibility is given in Fig. 5.6.

With standard SA and SST, the growth rates show almost constant behavior with increasing com-

pressibility. The SA and SST data overlap at Mc = 0.8. The expected behavior for the growth rates

is demonstrated with eddy-resolved datapoints at Mc = 0.2 and Mc = 0.8 for approximately planar

shear layers, where a decrease in growth rate of about 50% is expected. Inclusion of the Spalart

compressibility modification to the SA calculations and the Sarkar compressibility modification to

SST shows slightly more satisfactory trend with increasing Mc. However, the decrease in growth

rate according to the models is not as dramatic as that predicted by eddy resolved calculations.

The compressibility correction for the SST calculations scale with M
2
t . Fig. 5.7 compares the

values of M2
t predicted by RANS and predicted by the eddy-resolving calculations (labelled as ‘LES’

although no subgrid scale model was used). The values of Mt match well between the calculations

from PadeOps and Overflow, plotted with black markers. The standard SST model (plotted in

blue) over-predicts the turbulent Mach number values once compressibility e↵ects become promi-

nent, while application SST with compressibility modification (plotted in orange) reduces the Mt

values to match those of the eddy-resolving calculations. The agreement with Mt values and the

disagreement in growth rates appears contradictory. However, this discrepancy can be explained

because the compressibility modifications are formulated to incorporate dilatational e↵ects on the

shear layer’s turbulent growth. The SST-CC modification increases dilatational dissipation and the

pressure dilatation in the standard evolution equation of TKE, but present knowledge suggests that

dilatational e↵ects are not a substantial contributor to growth rate reductions.



CHAPTER 5. RANS MODEL EVALUATION 146

(a) Collapse of ũ profiles computed with standard
SA

(b) Eddy viscosity profiles ⌫t/(�99�u) computed
with standard (blue) and compressibility-modified

(orange) SA

Figure 5.5: Collapse of mean profiles using SA model at �0/rc = 0.001 and Mc = 0.8.

(a) Standard SA and SST (b) SA and SST with compressibility corrections

Figure 5.6: E↵ect of compressibility corrections on growth rates compared to eddy-resolved data
(labelled ‘LES’) for �0/rc = 0.001 and ⇢2/⇢1 = 1.
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Figure 5.7: Peak turbulent Mach number values with increasing Mc.
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In Chapter 2, the scales governing the turbulent structures in mixing layers with notable com-

pressibility e↵ects were examined. Reduction of growth rates, turbulent normal and shear stresses,

and TKE budget terms are confirmed to be consistent with previous experimental and numer-

ical results. Anisotropy invariant maps indicate consistency with previously observed trends of

increased streamwise anisotropy with increasing compressibility levels. The contributions of dilata-

tional e↵ects in the form of pressure dilatation and dilatational components of kinematic stresses

are demonstrated to be small. As Mc increases, turbulence length scales including the transverse

length scale reduce significantly as a fraction of the overall shear layer thickness. These length scales

appear to be limited by acoustic communication; turbulence-associated Mach number(s) show sat-

uration at higher levels of compressibility. The internal regulation adapts the spatial and temporal

scales of shear layer turbulence inferred from two-point correlations. It reduces the e↵ective velocity

scale, suppresses pressure fluctuations and lowers mixing layer growth rates.

In Chapter 3, the e↵ect of the mean density variation in the flow, independent from the e↵ect

of compressibility, is demonstrated. Present data comparing thickness growth rates and shear layer

decorrelation scales suggests that compressibility and variable density e↵ects cannot be completely

decoupled. At s⇢ = 7, growth rates decrease with increasing Mc in a similar manner to s⇢ = 1

growth rates, though the decrease from Mc = 0.2 to Mc = 2.0 is not as dramatic at s⇢ = 7. Further-

more, the shift in mean velocity profile compared to the mean density profile is also documented to

occur consistently at all studied compressibility levels. This o↵set between the location of turbulent

mixing and the location of mean density gradient reduces the momentum mixing e�ciency, as seen

by turbulent stress profiles which become biased towards the lighter fluid region. Two definitions

of the shear layer centerline are compared; the centerline defined by the streamwise velocity profile

moves into the lighter freestream region and indicates approximately similar contributions to shear

layer growth rates from both sides of the mixing layer. The centerline as defined by mean density

gradually moves into the denser fluid region; this definition of the mixing layer centerline implies

that the lighter fluid is responsible for most of the mixing layer growth in the turbulent regime.

This work also demonstrated that the centerline definition should be considered in the selection

of characteristic turbulent scales. Decorrelation length scales are found to be asymmetric about

the shear layer centerline, with larger decorrelation scales occurring in the lighter fluid. Inter-

nal regulation also occurs at s⇢ = 7, which allows for the scaling of TKE production, dissipation

and pressure strain to be collapsed when normalized by the ‘e↵ective’ eddy scales when centered

about the velocity-defined centerline. A comparison of density variances associated with compo-

sitional, adiabatic, and isobaric e↵ects were examined. Across the Mc range, density fluctuations

associated with multi-species mixing were significantly larger than those associated with adiabatic

e↵ects. Lastly, aerodynamic heating was observed at both variable and unity density ratios and the

corresponding temperature excess scales quadratically with compressibility.
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In Chapter 4, the e↵ects of streamwise curvature on turbulent shear layers was examined via

eddy-resolved simulations of temporally developing mixing layers at two compressibility levels,

three curvature levels and three density ratios. Cases which are approximately planar show good

agreement with expected turbulent stress and growth rate trends. Stresses at low curvature, low

speed and unity density ratio conditions agree well with previously published literature. Budgets

of turbulent kinetic energy and shear stress indicate that baropycnal work and mass flux coupling

terms, which depend on the mean pressure gradient inherent in these curved flows, remain small

in comparison to stress production and turbulent transport at both unity and variable density

conditions. For unity density ratio flows, the centrifugal stability of the flow is determined by the

velocity ratio. Increasing the curvature intensity in the unity density ratio cases enhances growth

rates and turbulent stresses for centrifugally unstable cases, and vice versa for centrifugally stable

cases. Di↵erences in turbulent structure and stress anisotropy were not observed with increasing

curvature for unity density ratio cases, at both low and high compressibility cases. Comparison

of turbulent growth rates for unity density ratio cases indicates that compressibility and curvature

e↵ects for the investigated parameter space are comparable. While criteria developed for linear

stability analysis of curved shear layers correctly identify which mixing layers exhibit the slowest or

fastest turbulent growth, the corresponding criteria parameters are not necessarily representative

of the turbulent growth rates themselves. Lastly, present data demonstrates the combined e↵ects

of curvature and variable density e↵ects result in growth rate behavior which is di�cult to predict.

For example, the present low speed configuration with a denser but slower inner freestream and

a reciprocal case with a lighter but faster inner freestream exhibit similar amounts of spanwise

baroclinic torque. For comparable velocity ratios, observed growth rates and di↵erences in instan-

taneous vortical structures are observed with increasing density ratio. Expanding the parameter

space beyond the density, velocity, and curvature ratios presented in this chapter would advance

the present understanding of these complex interactions between compressibility, variable density

and streamwise curvature e↵ects, and is an avenue for future research.

In Chapter 5, TKE levels for shear layers under weak and strong curvature and compressibility

levels of Mc = 0.8 were compared between various RANS calculations. At weak curvature lev-

els, the standard SST model over-predicts the TKE levels compared to eddy-resolved calculations,

but application of the Sarkar compressibility correction resulted in surprisingly good agreement.

For both the unity and variable density cases, the introduction of streamwise curvature reduces

model predictions of TKE, even with the inclusion of compressibility and curvature modifications.

The decrease in growth rate according to the models is not as dramatic as the high-fidelity pre-

dictions, although agreement with Mt values was achieved. This discrepancy occurs because the

compressibility correction applied to the standard SST model was focused on dilatation e↵ects on
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the turbulent growth rates, while present knowledge suggests that dilatational e↵ects are not a

substantial contributor to growth rate reductions.

The extensions of this research into future work are plentiful. Both further post-processing of

the present data and new simulations in an augmented parameter space would bolster the charac-

terizations presented in this thesis. Additional cases run at higher resolution to fully capture viscous

scales would be ideal to verify the observed results. Improved density fluctuation decomposition

and similarity analysis of the planar shear layer with consideration of a viscous heating time scale

are also avenue of future work. In the analysis of curvature e↵ects on turbulent mixing, a parameter

which encompasses centrifugal stability with compressibility e↵ects would compliment the present

datasets. Another variation of this curved shear layer configuration with counter-flowing, rather

than co-flowing velocities, would also supplement the present work nicely. Lastly, further compar-

ison with RANS model corrections beyond those presented in Chapter 5 and some incorporation

of acoustic limitations of turbulent time and length scales in present models would also greatly

improve the RANS model contributions of this work.

(To Table of Contents)



Appendix A

Temporal shear layer windowing

For supersonic configurations, a tapered cosine (‘Tukey’) window was applied in the transverse

direction to remove Mach waves from the free-stream region prior to applying a spectral filter. This

window w has the form:

w(n) =
1

2


1� cos

✓
2⇡n

↵N

◆�
, 0  n <

↵N

2

w(n) = 1,
↵N

2
 n <

N

2

w(N � n) = w(n), 0  n  N

2

Where ↵ = 0.5 and N is the total number of points spanning the �99 shear layer thickness with

a bu↵er of 0.15�99 above and below the �99 boundaries. On the windowed field, spectral methods

can be applied in all spatial directions. The spectrum of TKE is computed and the 90% cuto↵

wavenumbers kx, ky and kz are calculated. Each velocity field is then transformed to Fourier space,

zero-padded for all wavenumbers greater than the cuto↵ wavenumbers, and transformed back to

physical space for each coordinate direction. Figure A.1 shows the e↵ect of windowing and filtering

on an instantaneous v velocity field, and Fig. A.2 demonstrates the e↵ect of filtering on velocity,

pressure and density variances across the shear layer. The main changes in profiles are due to

windowing e↵ects.
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Figure A.1: Transverse velocity field before (top) and after (bottom) windowing and filtering for
Mc = 0.8, s⇢ = 7

Figure A.2: Instantaneous variances of transverse velocity, pressure and density before and after
windowing and filtering for Mc = 0.8, s⇢ = 7
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Curved shear layer profiles

Mixing layer growth

(a) Evolution of ��

Streamwise contours of radial velocity
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(a) dR001 Mc02 rr0.1 uu2.6 (b) dR001 Mc02 rr1.0 uu0.5

(c) dR001 Mc02 rr1.0 uu1.9 (d) dR001 Mc02 rr7.0 uu0.4

Figure B.2: Slices of ur at �/�0 = 2.5 and �0/R0 = 0.001,Mc = 0.2
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(a) dR001 Mc08 rr0.1 uu7.5 (b) dR001 Mc08 rr1.0 uu0.2

(c) dR001 Mc08 rr1.0 uu4.5 (d) dR001 Mc08 rr7.0 uu0.1

Figure B.3: Slices of ur at �/�0 = 2.5 and �0/R0 = 0.001,Mc = 0.8
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(a) dR010 Mc02 rr0.1 uu2.6 (b) dR010 Mc02 rr1.0 uu0.5

(c) dR010 Mc02 rr1.0 uu1.9 (d) dR010 Mc02 rr7.0 uu0.4

Figure B.4: Slices of ur at �/�0 = 2.5 and �0/R0 = 0.010,Mc = 0.2
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(a) dR010 Mc08 rr0.1 uu7.4 (b) dR010 Mc08 rr1.0 uu0.2

(c) dR010 Mc08 rr1.0 uu4.8 (d) dR010 Mc08 rr7.0 uu0.1

Figure B.5: Slices of ur at �/�0 = 2.5 and �0/R0 = 0.010,Mc = 0.8
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Mean profiles
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Figure B.6: Initial profiles of pressure, density, streamwise velocity, and normalized Eckho↵
criterion for cases at (top row) �0/rc = 0.001 and Mc = 0.2; (middle row) �0/rc = 0.010 and

Mc = 0.2; (bottom row) �0/rc = 0.001 and Mc = 0.8.
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(a) �0/rc = 0.001 and Mc = 0.2 (b) �0/rc = 0.010 and Mc = 0.2

(c) �0/rc = 0.001 and Mc = 0.8 (d) �0/rc = 0.010 and Mc = 0.8

Figure B.7: Normalized mean circulation profiles (�̃� �min)/(�max � �min)
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(a) �0/rc = 0.001 and Mc = 0.2 (b) �0/rc = 0.010 and Mc = 0.2

(c) �0/rc = 0.001 and Mc = 0.8 (d) �0/rc = 0.010 and Mc = 0.8

Figure B.8: Mean streamwise velocity ũ✓
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(a) �0/rc = 0.001 and Mc = 0.2 (b) �0/rc = 0.010 and Mc = 0.2

(c) �0/rc = 0.001 and Mc = 0.8 (d) �0/rc = 0.010 and Mc = 0.8

Figure B.9: Mean pressure p̄
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(a) �0/rc = 0.001 and Mc = 0.2 (b) �0/rc = 0.010 and Mc = 0.2

(c) �0/rc = 0.001 and Mc = 0.8 (d) �0/rc = 0.010 and Mc = 0.8

Figure B.10: Mean temperature T̄
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(a) �0/rc = 0.001 and Mc = 0.2 (b) �0/rc = 0.010 and Mc = 0.2

(c) �0/rc = 0.001 and Mc = 0.8 (d) �0/rc = 0.010 and Mc = 0.8

Figure B.11: Mean momentum ⇢̄ũ✓
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Turbulent stresses, anisotropy and mass fluxes

(a) �0/rc = 0.001 and Mc = 0.2 (b) �0/rc = 0.010 and Mc = 0.2

(c) �0/rc = 0.001 and Mc = 0.8 (d) �0/rc = 0.010 and Mc = 0.8

Figure B.12: Normalized magnitude of R12: |
q

⇢u
00
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(a) �0/rc = 0.001 and Mc = 0.2 (b) �0/rc = 0.010 and Mc = 0.2

(c) �0/rc = 0.001 and Mc = 0.8 (d) �0/rc = 0.010 and Mc = 0.8

Figure B.13: Normalized magnitude of R11: |
q
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(a) �0/rc = 0.001 and Mc = 0.2 (b) �0/rc = 0.010 and Mc = 0.2

(c) �0/rc = 0.001 and Mc = 0.8 (d) �0/rc = 0.010 and Mc = 0.8

Figure B.14: Normalized magnitude of R22: |
q
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(a) �0/rc = 0.001 and Mc = 0.2 (b) �0/rc = 0.010 and Mc = 0.2

(c) �0/rc = 0.001 and Mc = 0.8 (d) �0/rc = 0.010 and Mc = 0.8

Figure B.15: Normalized magnitude of R33: |
q

⇢u00
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00
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(a) �0/rc = 0.001 and Mc = 0.2 (b) �0/rc = 0.010 and Mc = 0.2

(c) �0/rc = 0.001 and Mc = 0.8 (d) �0/rc = 0.010 and Mc = 0.8

Figure B.16: Normalized turbulent shear stress profiles: R12/(�ū
2) = ⇢u
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(a) �0/rc = 0.001 and Mc = 0.2 (b) �0/rc = 0.010 and Mc = 0.2

(c) �0/rc = 0.001 and Mc = 0.8 (d) �0/rc = 0.010 and Mc = 0.8

Figure B.17: Anisotropy component b12
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(a) �0/rc = 0.001 and Mc = 0.2 (b) �0/rc = 0.010 and Mc = 0.2

(c) �0/rc = 0.001 and Mc = 0.8 (d) �0/rc = 0.010 and Mc = 0.8

Figure B.18: Anisotropy component b11
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(a) �0/rc = 0.001 and Mc = 0.2 (b) �0/rc = 0.010 and Mc = 0.2

(c) �0/rc = 0.001 and Mc = 0.8 (d) �0/rc = 0.010 and Mc = 0.8

Figure B.19: Anisotropy component b22
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(a) �0/rc = 0.001 and Mc = 0.2 (b) �0/rc = 0.010 and Mc = 0.2

(c) �0/rc = 0.001 and Mc = 0.8 (d) �0/rc = 0.010 and Mc = 0.8

Figure B.20: Anisotropy component b33
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(a) �0/rc = 0.001 and Mc = 0.2 (b) �0/rc = 0.010 and Mc = 0.2

(c) �0/rc = 0.001 and Mc = 0.8 (d) �0/rc = 0.010 and Mc = 0.8

Figure B.21: Normalized streamwise turbulent mass flux ⇢0u0
✓/(⇢̄�ū)
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(a) �0/rc = 0.001 and Mc = 0.2 (b) �0/rc = 0.010 and Mc = 0.2

(c) �0/rc = 0.001 and Mc = 0.8 (d) �0/rc = 0.010 and Mc = 0.8

Figure B.22: Normalized radial turbulent mass flux ⇢0u0
r/(⇢̄�ū)
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(a) �0/rc = 0.001 and Mc = 0.2 (b) �0/rc = 0.010 and Mc = 0.2

(c) �0/rc = 0.001 and Mc = 0.8 (d) �0/rc = 0.010 and Mc = 0.8

Figure B.23: Baroclinic torque acting on spanwise vorticity



Appendix C

Miscellaneous evolution equations

Governing equations in cartesian coordinates and nondimen-

sionalization

The evolution equations in conservative form for mass, momentum and total energy are:
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The following dimensionless variables are introduced:
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Dropping the ⇤ notation, the dimensionless evolution equations become:
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Other evolution equations in cylindrical coordinates

• Instantaneous vorticity budget
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The baroclinic torque term, explicitly:
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• MKE K = 1
2 ũiũi budget equation
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[46] V. Fortuné, É. Lamballais, and Y. Gervais. Noise radiated by a non-isothermal, temporal

mixing layer. part i: Direct computation and prediction using compressible DNS. Theoretical

and Computational Fluid Dynamics, 18(1):61–81, 2004.

[47] J. Freund, S. K. Lele, and P. Moin. Compressibility e↵ects in a turbulent annular mixing

layer. part 1. turbulence and growth rate. Journal of Fluid Mechanics, 421:229–267, 2000.

[48] H. Fujiwara, Y. Matsuo, and C. Arakawa. A turbulence model for the pressure–strain cor-

relation term accounting for compressibility e↵ects. International Journal of Heat and Fluid

Flow, 21(3):354–358, 2000.

[49] S. Goebel and C. Dutton. Experimental study of compressible turbulent mixing layers. AIAA

Journal, 29(4):538–546, 1991.

[50] C. Gomez and S. Girimaji. Toward second-moment closure modelling of compressible shear

flows. Journal of Fluid Mechanics, 733:325–369, 2013.



BIBLIOGRAPHY 186

[51] C. Gomez and S. Girimaji. Explicit algebraic Reynolds stress model (EARSM) for compress-

ible shear flows. Theoretical and Computational Fluid Dynamics, 28(2):171–196, 2014.

[52] J. Hall, P. Dimotakis, and H. Rosemann. Experiments in nonreacting compressible shear

layers. AIAA Journal, 31(12):2247–2254, 1993.

[53] L. Howard. On the stability of compressible swirling flow. Studies in Applied Mathematics,

52(1):39–43, 1973.

[54] F. Hu, S. Otto, and T. Jackson. On the stability of a curved mixing layer. In Transition,

Turbulence and Combustion, pages 107–116. Springer, 1994.

[55] P. Huang, G. Coleman, and P. Bradshaw. Compressible turbulent channel flows: DNS results

and modelling. Journal of Fluid Mechanics, 305:185–218, 1995.

[56] P. Iyer and K. Mahesh. A numerical study of shear layer characteristics of low-speed transverse

jets. Journal of Fluid Mechanics, 790:275–307, 2016.

[57] S. Jagannathan. Reynolds and Mach Number Scaling in Stationary Compressible Turbulence

Using Massively Parallel High Resolution Direct Numerical Simulations. PhD thesis, Texas

A&M University, 2014.

[58] R. Jahanbakhshi and C. Madnia. Entrainment in a compressible turbulent shear layer. Journal

of Fluid Mechanics, 797:564–603, 2016.

[59] A. Jeans and J. Johnston. The e↵ects of streamwise concave curvature on turbulent boundary

layer structure. Technical report, Massachusetts Institute of Tech., Cambridge, 1982.

[60] L. Joly, J. Fontane, and P. Chassaing. The Rayleigh–Taylor instability of two-dimensional

high-density vortices. Journal of Fluid Mechanics, 537:415–431, 2005.

[61] Y. Kamotani and I. Greber. Experiments on a turbulent jet in a cross flow. AIAA journal,

10(11):1425–1429, 1972.

[62] P. Karasso and M. Mungal. Mixing and reaction in curved liquid shear layers. Journal of

Fluid Mechanics, 334:381–409, 1997.

[63] S. Kawai and S. K. Lele. Large-eddy simulation of jet mixing in supersonic crossflows. AIAA

Journal, 48(9):2063–2083, 2010.

[64] C. Kennedy and T. Gatski. Self-similar supersonic variable-density shear layers in binary

systems. Physics of Fluids, 6(2):662–673, 1994.



BIBLIOGRAPHY 187

[65] K. Kim, G. Elliott, and C. Dutton. Three-dimensional experimental study of compressibility

e↵ects on turbulent free shear layers. AIAA Journal, 58(1):133–147, 2020.

[66] W. Kleb, D. Schauerhamer, K. Trumble, E. Sozer, M. Barnhardt, J. Carlson, and K. Edquist.

Toward supersonic retropropulsion CFD validation. In 42nd AIAA Thermophysics Confer-

ence, page 3490, 2011.

[67] R. Kleinman and J. Freund. The sound from mixing layers simulated with di↵erent ranges of

turbulence scales. Physics of Fluids, 20(10):101503, 2008.

[68] H. Klifi and T. Lili. A compressibility correction of the pressure strain correlation model in

turbulent flow. Comptes Rendus Mécanique, 341(7):567–580, 2013.
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