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Abstract

Turbulence modeling of wall-bounded flows is important to a wide variety of applications, including
in engineering, e.g., aircraft and ships, and in geophysics, e.g., atmospheric boundary layers. In
turbulent flows, direct numerical simulation (DNS) of the governing equations is often intractable
due to the wide range of scales that must be resolved. Instead, turbulence modeling approaches, such
as Reynolds-averaged Navier-Stokes (RANS) models, are widely-used in engineering applications.
RANS models compute averaged quantities, such as the mean velocities needed for the prediction
of drag or lift on an aircraft, that are sufficient for many engineering applications.

Widely-used RANS models rely on a local and isotropic eddy viscosity approximation that is
inadequate for complex flows. This work begins by revisiting an existing framework for incorporat-
ing nonlocal and anisotropic effects, namely Reynolds stress transport models. While we include
recent experimental/DNS data from literature with the goal of improving model accuracy and de-
velop an analytical near-wall model for capturing the leading-order behavior of all components of the
Reynolds stresses near the wall, we encounter substantial challenges in making model improvements,
particularly due to the distinct model requirements for both near-wall, low turbulent intensity re-
gions, and away-from-wall, high turbulent intensity regions. This motivates both the development
of an alternative modeling approach and a physical investigation of nonlocal and anisotropic effects
in turbulent wall-bounded flows, which are the focuses of the rest of this work.

The macroscopic forcing method (MFM) of Mani and Park (2021) allows computation of the
exact nonlocal and anisotropic eddy viscosity. However, to compute the exact eddy viscosity, a
brute force application of MFM requires as many DNSs as degrees of freedom in the averaged space.
We develop a systematic and cost-effective approach for quantifying and modeling the nonlocal eddy
viscosity that needs only information about a few of the low-order eddy viscosity moments, which
can be computed efficiently using only one simulation per moment. The resulting model form, using
what we call matched moment inverse operators, closely approximates the shape of the true nonlocal
eddy viscosity kernel and is in the form of a partial differential equation rather than a difficult to
solve integro-partial differential equation.

We then focus on a physical investigation of the exact nonlocal and anisotropic eddy viscosity in

turbulent wall-bounded flows. To alleviate the computational cost of a brute force MFM approach,
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we develop an adjoint-based macroscopic forcing method (adjoint MFM) for targeted computation
of the nonlocal eddy viscosity, which relates the Reynolds stresses at a given location to the mean
velocity gradient at all points in space, using only one simulation per desired location. While
prior works have examined the wall-normal nonlocal eddy viscosity in turbulent channel flow, we
use adjoint MFM to examine the streamwise and wall-normal nonlocal eddy viscosity in turbulent

channel flow at select near-wall locations.
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Chapter 1

Introduction

1.1 Background and motivation

Turbulent wall-bounded flows are important in a wide variety of applications such as in engineering,
e.g., in aerodynamics (Lacy and Clark (2020)) and naval hydrodynamics (Liefvendahl and Fureby
(2017)), and in geophysics, e.g., atmospheric boundary layers (Gibson and Launder (1978)). Direct
numerical simulation (DNS) of the governing equations is often intractable due to the wide range
of scales that must be resolved in turbulent flow simulations, the smallest being on the order of the
dissipation scale, e.g., O(1um) for an aircraft, to the largest being on the order of the geometry, e.g.,
O(10 m) for an aircraft. Instead of DNS, turbulence modeling approaches are used. In large eddy
simulation (LES), only the large scales are resolved and the small unresolved scales are modeled. In
Reynolds-averaged Navier—Stokes (RANS) models, only the averaged quantities, such as the mean
velocities needed for prediction of drag or lift on an aircraft, rather than the instantaneous quantities
are computed.

Regardless of the modeling approach, the presence of walls introduces additional challenges.

These challenges are elaborated on in Pope (2000), a summary of which is provided here:

e Near the wall, viscous effects dominate and the Reynolds number is very low. Whereas far away
from the wall, viscous effects are negligible. Models for wall-bounded flows should correctly

transition between both regimes.

e Very near the wall, due to the no-slip and no-penetration boundary conditions and the con-
tinuity equation, the velocity fluctuations in the wall-normal direction are much smaller than

those in the streamwise and spanwise directions, leading to a two-component turbulence limit.

e In wall-bounded flows, the mean shear is often highest at the wall.
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e There is a “wall-blocking” effect due to the no-penetration boundary condition at the wall
which acts through the pressure field (Hunt and Graham (1978)).

Additional complex phenomena such as flow separation due to adverse pressure gradients make wall-
bounded turbulence modeling even more challenging. In this thesis, we focus on the RANS modeling
approach, which generally has lower computational cost than LES and is widely used in engineering

applications.

1.2 Reynolds-averaged Navier—Stokes models

For a Newtonian incompressible flow, the Navier—Stokes equations can be written as:

ouy; du; 1 0p 0?u;
. = _- 1.1
ot +UJ aij p@xl +V8xj8xj ( a)
6UZ‘
5y =0 (1.1b)

where u;(x,t) is the velocity field, p(x, ) is the pressure field, p is the density of the fluid, and v is
the kinematic viscosity of the fluid.

RANS models predict averaged quantities, and the definition of averaging is problem-dependent.
For example, the average can be defined as an ensemble average if the flow is ergodic, a time average
if the flow is statistically stationary, and/or a spatial average if the flow is homogeneous over spatial
directions. In general, the mean quantity is not the same as the instantaneous quantity, and a

Reynolds decomposition (Reynolds (1895)) is applied:

U; = Ul—l—u;, (1.2&)
p=P+p, (1.2b)
where the uppercase variable denotes the mean and the prime denotes the fluctuations about the

mean. Substitution of the Reynolds decomposition in (1.2a) and (1.2b) into the Navier-Stokes
equations in (1.1a) and (1.1b) and averaging leads to the RANS equations:

ou; ou; 10P 0%U; 0

OV 2 ) 1.
ot + Jafﬂj paxz +V8x]-8mj (%cjuJu’ ( Sa)
ou;
= 1- b
oz, ~° (1.3b)

“uj, is unclosed in the sense that

attempts to analytically derive equations governing the Reynolds stress tensor, as shown later, result

where the bar denotes averaging. The Reynolds stress tensor, u’

in more unclosed terms. Hence, RANS closure models are used instead for the Reynolds stresses.

One- or two-equation RANS models such as the widely-used Spalart-Allmaras (SA) model (Spalart
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and Allmaras (1992)), Menter shear stress transport (SST) model (Menter (1994)), and Wilcox k-
w model (Wilcox (1998)) use the Boussinesq approximation (Boussinesq (1877)). The Boussinesq
approximation has two underlying assumptions: 1) The length and time scales of the underlying
velocity fluctuations are much smaller than that of the mean velocity fields, and hence the mixing
by the turbulent fluctuations is assumed to be local. 2) The mixing by the underlying fluctuations is
assumed to be isotropic; hence, the Reynolds stress tensor and mean strain rate tensor are aligned.
Under the Boussinesq approximation an analogy is drawn to Brownian motion, for which random
molecular mixing is modeled using a diffusive flux, and the Reynolds stress tensor is modeled in

‘erms Of ‘he eddy \/iSCOSi y and ‘he mean \/eloci‘y gradien :
—u/u/ - 21/ S’L‘j - 7k($'7‘ (1 4)
i j 3 o ’

where vr is the eddy viscosity, k = u/u/2 is the turbulent kinetic energy, d;; is the Kronecker delta,

and S;; is the mean strain rate tensor:

1 /ou;  ou;
S = 5 <axj * azz) ' (15)

The mean strain rate tensor is used to respect the symmetry of the Reynolds stress tensor. The

turbulent kinetic energy is added such that the trace of (1.4) is consistent but is often omitted from
models where k is not readily available. While this term is still unclosed, it is often left without
modeling since it can be absorbed by the mean pressure term, which is also an isotropic tensor.

One equation models, e.g., SA (Spalart and Allmaras (1992)), develop a transport equation for
the eddy viscosity, vr. Two-equation models, e.g., Menter’s SST (Menter (1994)) or Wilcox’s k-
w (Wilcox (1998)) model, form vt from other quantities, such as k and w, representing a turbulent
kinetic energy scale and turbulent eddy inverse time scale, respectively, and then develop transport
equations for each of these quantities.

For the near-wall region, models, e.g., SA (Spalart and Allmaras (1992)), add near-wall terms
based on the distance from the wall and empirical functions. Other models, e.g., Menter’s SST
model (Menter (1994)), use ¢ = apy, + (1 — a)¢p to blend between the coefficients for the near-wall
model, ¢,,, and the coefficients for the away-from-wall model, ¢, where « is a blending parameter
based on empirical functions.

For turbulent flows, the underlying isotropy and locality assumptions of the Boussinesq ap-
proximation are often invalid (Corrsin (1975)). Kraichnan (1987) derived an exact nonlocal and
anisotropic expression for the Reynolds stress tensor using a Green’s function. Hamba (2005) modi-

fied the expression to be feasible for numerical implementation to be able to computationally measure
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the eddy viscosity for a given flow. The generalized eddy viscosity is:

—ujul(x,t) = / Dijni(x,y,t, T)STUZ dydr, (1.6)
YT V.7

where D (x,y,t,7) is the nonlocal and anisotropic eddy viscosity kernel. The eddy viscosity is 1)
spatiotemporally nonlocal in that the Reynolds stress tensor depends on the mean velocity gradient
at all points in space and in its time history as captured via a nonlocal integral and 2) anisotropic in
that the Reynolds stress tensor and velocity gradient tensor are not necessarily aligned as captured
via a fourth-order tensor. While for a given flow, the closure in (1.6) is exact, and the eddy viscosity
kernel, D;;x(x,y,t,7), can be computed using the Green’s function approach of Hamba (1995, 2005)
or the macroscopic forcing method (Mani and Park (2021)), in general, the closure in (1.6) presents

additional challenges:

e The eddy viscosity kernel, D;jui(x,y,t,7), is cost-prohibitive to compute: A brute-force ap-

proach would require as many DNSs as degrees of freedom in the averaged space.

e The nonlocal integral in (1.6) is cost-prohibitive to implement in a computational fluid dynam-
ics solver: A spatially nonlocal eddy viscosity would raise the computational cost from O(N)
to O(N?); a temporally nonlocal eddy viscosity would require keeping the history of the mean

flow stored in memory.

We discuss these challenges in detail in Section 1.3.

Some RANS models include anisotropic effects by adding functions of the strain rate tensor and
rotation rate tensor in the Reynolds stress closure. For example, SA with Quadratic Constitutive
Relation (SA-QCR) (Spalart (2000)) uses

—upu; = 735 — c1(OiTji + OjuTik), (1.7)
where 7;; is the Reynolds stresses given by the Boussinesq eddy viscosity model in (1.4), ¢; is a

dimensionless coefficient, and O;; is the normalized rotation rate tensor:

O = — 2 Wi, = - , 18
" D 00 ¢ 2 (6xk o, (1.8)
Ox, OTn

Further modifications for SA-QCR are provided by Mani et al. (2013) and Rumsey et al. (2020).
The explicit algebraic k-w model (Hellsten (2005); Wallin and Johansson (2000)), or more generally,

explicit algebraic Reynolds stress models, use

T 2 ex
—U;u;- = QI/TSZ'J‘ — gk‘éi]‘ — az('j )ki, (19)
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where

)

1
al™ = f <S¢j, SikWi; — Wir S, SikSkj — gSmnSmn(Sija . ) (1.10)

is a function of tensors from an integrity basis derived by Pope (1975) such that any symmetric
deviatoric second-order tensor formed by S;; and W;; can be expressed as a combination of these
tensors.

A simple nonlocal model for including a history effect along Lagrangian trajectories is (Durbin

and Reif (2011)):

D — -
Tﬁu;u; = _2VTSij — u;u;,

where D/Dt = 9/0t + U,,0/0z,, is the mean material derivative, T is a relaxation timescale as-

(1.11)

sociated with the history effect, and we have omitted the 2/3kd;; term. At steady state or under
quasi-steady conditions when the flow evolves much slower than this relaxation timescale, the time
derivative in (1.11) can be neglected, resulting in the equilibrium Reynolds stresses given by the
Boussinesq eddy viscosity model in Equation (1.4).

More generally, Reynolds stress models can include nonlocal and anisotropic effects by solving a
transport equation for each component of the Reynolds stress tensor. Reynolds stress models such
as the Launder, Reece, and Rodi (LRR) model (Launder et al. (1975)) or the Speziale, Sarkar, and
Gatski (SSG) model (Speziale et al. (1991)) offer closure to the unclosed terms in the exact Reynolds
stress transport equation (Pope (2000)):

D— 0
Eu;u; + %Tkij =Psj + Rij — €ijs (1.12)

where the Reynolds stress flux T};; is

Thij = TS + T + T8, (1.13a)
Th) = W, (1.13b)
Ty = %W ik + %W&k, (1.13¢)
) = _ya@) (1.13d)
*J oxy,
the production P;; is
Pij = —W%UZ — g, gg;ﬂ (1.14)

the pressure-rate-of-strain tensor R;; is

P (0w Oy
Rij = ; (axj 50 ) (1.15)
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and the dissipation ¢;; is
9 6u¢ 6’U,j
€ij = 2U —.
K (95% 8.Tk

The exact Reynolds stress transport equation is derived by multiplying the Navier—Stokes equation

(1.16)

for w; in (1.1a) by u; and adding the same equation formulated for u; and multiplied by u;. Sub-
stituting the Reynolds decomposition in (1.2a) and (1.2b) into the equation for u;u; and averaging
leads to the Reynolds stress transport equation in (1.12) after some additional algebraic manipula-
tion. In the Reynolds stress transport equation in (1.12), the mean material derivative D/Dt, the
viscous term in (1.13d), and the production term in (1.14) are closed, while the remaining terms
need closure. Moreover, for dimensional considerations, an auxiliary scalar equation is needed, and
a common choice is the isotropic dissipation, ¢ (Launder et al. (1975); Speziale et al. (1991)).

Some models, e.g., the LRR model (Launder et al. (1975)) and JHh-v2 model (Jakirli¢ and
Hanjalié¢ (2002); Cécora et al. (2015)), handle the presence of walls by adding wall-reflection terms
(Gibson and Launder (1978)) that are a function of the distance from the wall and modify the closure
for the pressure-rate-of-strain in the near-wall region. The SSG model (Speziale et al. (1991)) is only
intended for regions away from walls; however, the SSG/LRR~w model (Cécora et al. (2015); Eisfeld
et al. (2016); Eisfeld and Rumsey (2020)) blends the behavior of an away-from-wall SSG model with
a near-wall LRR model using Menter’s baseline (BSL)-w equation (Menter (1994)), which uses an
effective e equation away from the wall and Wilcox’s w equation (Wilcox (1988)) near the wall.

To approximate the nonlocal effect of the wall on the Reynolds stresses, other models such as
the elliptic relaxation model of Durbin (1993) and elliptic blending model of Manceau and Hanjali¢
(2002) solve additional elliptic equations (in addition to a Reynolds stress transport model). The
elliptic relaxation model of Durbin (1993) solves a tensorial elliptic equation, which is then used
in the closure model for the pressure-rate-of-strain tensor. The elliptic blending model (Manceau
and Hanjali¢ (2002)) simplifies this approach to an elliptic equation for a scalar variable that blends
between near-wall and away-from-wall model behavior. Alternatively, the v2 — f model (Durbin
(1991)) is a simplified version of the elliptic relaxation model (Durbin (1993)) and focuses only on
modeling the wall-normal component of the Reynolds stress tensor, v2. Rather than a Reynolds
stress transport model, the v2 — f model is a three-equation model with a Boussinesq eddy viscosity
based on v2, a turbulent kinetic energy scale k, and a dissipation scale e, with an additional elliptic

equation for a variable f (four equations total).

1.3 The macroscopic forcing method

The macroscopic forcing method (MFM) of Mani and Park (2021) is a numerical tool for probing
closure operators, such as the exact nonlocal and anisotropic eddy viscosity in Equation (1.6) for
RANS closure, using forced DNSs. While the closure operators are naturally flow-dependent, data

from MFM measurements can be used to inform RANS models of deficiencies in their modeling
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approximations and regions of sensitivity to the mean velocity gradient.

While MFM can be used to compute the entire nonlocal and anisotropic eddy viscosity kernel,
D;jri(x,y,t,7), as shown in Equation (1.6), a brute-force approach, similar to the Green’s function
approach of Hamba (2005) requires probing the eddy viscosity at each (y,7) using separate forced
DNSs. Thus, computing the entire nonlocal and anisotropic eddy viscosity kernel using a brute-force
approach requires as many DNSs as degrees of freedom in the averaged space, which for many flows
is computationally intractable.

As an alternative to the brute-force approach, MFM can also be used to compute moments of the
eddy viscosity, requiring only one forced DNS per moment (per velocity gradient direction), which
we show in more detail in Chapter 3. The moments are related to the generalized eddy viscosity
in Equation (1.6) via a Taylor series expansion locally about y = x and 7 = ¢ (also known as a

Kramers—-Moyal expansion (Van Kampen (1992)):

—ujui(%,t) = | D (%, ) + Dy, (%, t)% +o Dty (x, t)% +-- % (1.17)
where D?jkl is the zeroth-order spatial and temporal moment:
Dj(x,t) = //Dijkl(x»y7t;7)dyd7', (1.18)
Diljsklm is the first-order spatial moment (superscript s for spatial):
Dilszm(x7 t) = //(ym — Zm)Dijr (%, y, t, 7)dymdr, (1.19)

Dilsz is the first-order temporal moment (superscript ¢ for temporal):

Dil;kl(xv t) = //(T —t)Djjm(x,y,t, 7)dydr. (1.20)
MFM has been used to investigate the nonlocal and anisotropic eddy viscosity in turbulent channel
flow (Park and Mani (2023a)), a two-dimensional (2D) canonical separated boundary layer (Park
et al. (2022a)), a canonical separated boundary layer with sweep (Park and Mani (2023b)), and the
eddy diffusivity for scalar transport in Rayleigh-Taylor instability (Lavacot et al. (2023)).

Of particular relevance to this work, Park et al. (2022a) used MFM to compute the anisotropic
and local eddy viscosity, D?j x> corresponding to the leading-order term in Equation (1.17) for a 2D
canonical separated boundary layer in which the flat-plate turbulent boundary layer separation is
induced by a blowing and suction boundary condition (Spalart and Coleman (1997); Na and Moin
(1998); Abe (2017); Wu et al. (2020)). In addition to showing large differences in the eddy viscosity
used by the SA model and the MFM-measured eddy viscosity, Park et al. (2022a) also used the
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Figure 1.1: Figure reproduced from Park et al. (2022b) which is based on Park et al. (2022a).
Comparison of using the MFM-measured anisotropic but local eddy viscosity in Equation (1.21)
against the mean of DNS and an isotropic and local model (SA model (Spalart and Allmaras (1992))
for a canonical separated boundary layer. The MFM-measured anisotropic but local eddy viscosity
improves the prediction of the (a) friction coefficient and (b) pressure coefficient, especially around
flow separation at xz1/6y = 103, but there is still some remaining error, particularly before flow
reattachment at x1 /0y = 246 due to nonlocal effects.

MFM-measured leading-order eddy viscosity in a model of the form:

ou,

— 1.21
o (121)

—ujul(x1,w2) = DYy (a1, 22)
which is based on the leading term of the expansion in (1.17) for the 2D separated boundary layer
(averaged in time and in the homogeneous spanwise direction, x3). They showed that while the
MFM-measured anisotropic but local eddy viscosity greatly improved prediction of the friction co-
efficient and pressure coefficient, as reproduced in Figure 1.1, there is some remaining error, par-
ticularly near the region of reattachment, around x1/6y = 246. This indicates that while modeling
approaches that include anisotropy but not nonlocality such as SA-QCR in (1.7) or explicit algebraic
Reynolds stress models in (1.9) can partially improve prediction of complex flows, nonlocal effects

also need to be captured, which is one of the motivations for the work in this thesis.

1.4 Present work

The objective of this thesis is to investigate nonlocal effects in RANS models particularly for wall-
bounded applications in which the presence of walls introduces many additional challenges. As

discussed in Section 1.3, for a given flow, MFM can be used to compute the nonlocal and anisotropic
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eddy viscosity kernel in Equation (1.6). However, MFM requires many forced DNSs which is com-
putationally intractable for many flows. Moreover, for modeling purposes, the nonlocal integral in
(1.6) is costly and difficult to implement into computational fluid dynamics solvers. We address

these issues in this thesis by:

e Proposing a systematic and cost-effective approach for quantifying and modeling a nonlocal
eddy viscosity using MFM-measured moments of the eddy viscosity, which can be computed
using one forced DNS per eddy viscosity moment. The resulting reduced-order model is in
the form of a partial differential equation rather than a difficult to implement integro-partial

differential equation as shown in Chapter 4.

e For flows in which the nonlocal and anisotropic eddy viscosity is needed only in targeted regions,
e.g., at locations where there is a lack of understanding of RANS model requirements, we

propose an adjoint-based MFM which uses one simulation per desired eddy viscosity location.

The outline for this thesis is:

In Chapter 2, we attempt to incorporate and modify nonlocal and anisotropic effects by revisiting
an analytical Reynolds stress modeling approach. The main contributions of this chapter are: 1) a
collection of experimental and DNS data for determining model coefficients including new data that
has not been previously used in this context; 2) a demonstration of using this data to determine the
coefficients of a Reynolds stress model; and 3) progress towards development of a near-wall model
that preserves the expected analytical Reynolds stress scalings near the wall. While we are unable to
adequately capture the Reynolds stress behavior in turbulent channel flow, this chapter motivates: 1)
developing an alternative modeling approach using information about the nonlocal and anisotropic
eddy viscosity from MFM as shown in Chapter 4, and 2) a more fundamental examination of the
eddy viscosity in wall-bounded flows as shown in Chapter 6.

In Chapter 3, we introduce MFM in more detail for both passive scalar and momentum transport.
We introduce both the brute-force approach and the method used for directly computing moments
of the eddy diffusivity or eddy viscosity.

In Chapter 4, we develop what we call matched moment inverse operators for modeling nonlocal
eddy diffusivities for passive scalar transport. The main contribution of this chapter is a systematic
approach for modeling a nonlocal eddy diffusivity that only needs information about the eddy
diffusivity moments, which can be computed efficiently using MFM. The additional advantages of the
proposed model form are that it closely approximates the shape of the true nonlocal eddy diffusivity
kernel and is in the form of a partial differential equation rather than an integro-partial differential
equation. We demonstrate the approach for modeling nonlocal eddy diffusivities in homogeneous
and inhomogeneous flows. We then generalize the approach for modeling nonlocal eddy viscosities
for momentum transport and show an example for turbulent channel flow.

In Chapter 5, we develop adjoint MFM for targeted computation of nonlocal closure operators.
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The main contribution of this chapter is a method for efficiently computing the nonlocal closure
operator using one DNS simulation per desired location, rather than a brute-force approach which
requires as many DNSs as the number of degrees of freedom in the averaged space. We show
validation of adjoint MFM for computing the nonlocal eddy viscosity at a specific wall-normal
location, which describes the dependence of the Reynolds stresses at a given location on mean the
velocity gradient at all wall-normal locations, in turbulent channel flow at a Reynolds number of
Re, = 180.

In Chapter 6, we extend adjoint MFM to two-dimensions to measure the streamwise and wall-
normal nonlocal eddy viscosity at select near-wall locations in turbulent channel flow at Re, = 180.
The main findings of this chapter are: 1) The streamwise nonlocality lengthscale is much longer
than the wall-normal nonlocality lengthscale and increases with distance from the wall. While this
is qualitatively expected due to the increase in mean streamwise velocity with distance from the
wall, we quantify this effect. 2) The mean velocity gradient at a given point influences the shear
component of the Reynolds stress farther downstream than the shear component of the Reynolds
stress at the same point is influenced by the mean velocity gradient upstream. 3) We examine
the anisotropy of the eddy viscosity by comparing various components of the eddy viscosity kernel.
The Ds111 component of the eddy viscosity is larger in magnitude than Dsy91, indicating larger
sensitivity of the shear component of the Reynolds stress to the streamwise gradient, OU;/dx1,
than the wall-normal gradient, OU;/0x5. We hypothesize that the larger sensitivity to OU;/dzq
remains in wall-bounded flows where 9U; /0 is active, e.g., in spatially-developing boundary layers
or separated flows. 4) We also examine the anisotropy by comparing the eddy viscosity kernel for
various components of the Reynolds stress tensor. The normal components of the Reynolds stresses
have much longer streamwise nonlocality lengthscales than the shear component of the Reynolds
stresses. We discuss the implications of these findings for modeling.

In Chapter 7, we conclude and discuss concurrent and future work.



Chapter 2

Analytical Reynolds stress model

development

In this chapter, we adopt a modeling framework based on the Reynolds stress transport equation.
As discussed in Chapter 1, Reynolds stress transport models provide closures for the unclosed terms
in the Reynolds stress transport equation and can include nonlocal and anisotropic effects. We
particularly adopt this framework because we are motivated by the results of Park et al. (2022a),
which showed that while an anisotropic but local eddy viscosity can improve the prediction of the
skin friction coefficient for a canonical separated boundary layer as shown in Figure 1.1, there is some
remaining error especially in the region near flow reattachment due to nonlocal effects. Moreover,
even in the absence of nonlocal effects, analytical equations for an anisotropic but local eddy viscosity
would involve 81 coefficients corresponding to each direction of the fourth-order anisotropic eddy
viscosity tensor. Whereas, a Reynolds stress transport model involves six equations corresponding
to each direction of the Reynolds stress tensor and naturally allows incorporation of anisotropic and
nonlocal effects.

Before we detail an attempt at model development in Section 2.2, we first document simple
canonical flows that can be used for determining model coefficients in Section 2.1. These flows can
be used for a variety of RANS models, not just Reynolds stress transport models, and are chosen
to build in complexity. For example, we begin with decaying homogeneous isotropic turbulence, in
which only the dissipation term is active, and build up to turbulent channel flow, in which near-wall
terms are active. We present recent updates from the literature for all flows and show new flows,

e.g., forced homogeneous turbulence, that have not been previously used in this context.

11
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Reference Type Re) n
Batchelor and Proudman (1956) || Theoretical, ~ k2 High 10/7
Saffman (1967) Theoretical, ~ k2 High 6/5
Comte-Bellot and Corrsin (1971) || Experiment, passive grid | 60 — 70 1.25
Mohamed and La Rue (1990) Experiment, passive grid | 28 — 44 1.3
Mydlarski and Warhaft (1996) Experiment, active grid 50 — 473 1.21
Krogstad and Davidson (2011) Experiment, passive grid | 70 — 90 1.1-1.27
Thormann and Meneveau (2014) || Experiment, active grid 200 — 300 1-1.3
Sinhuber et al. (2015) Experiment, passive grid | Reyn =~ 10*—10° | 1.18 4 0.02

Table 2.1: Literature review of decaying HIT data and the power law of decay, n. Rey is a Taylor
microscale Reynolds number and Re,; is a grid mesh Reynolds number.

2.1 Canonical flows for determining coefficients

2.1.1 Decaying homogeneous isotropic turbulence

In decaying homogeneous isotropic turbulence (HIT), the turbulence is generated via a grid and
advected downstream with a uniform velocity. Because there are no mean velocity gradients (and
no production), the turbulence decays, and only the dissipation term is active.

In a frame moving with the uniform velocity, the turbulent kinetic energy, k = ulul/2, decays

according to a power law:
t —n
k(t) = ko () , (2.1)
to

where t; is a reference time and kg is the turbulent kinetic energy at that time. Theoretical results
for the power law exponent, n, are based on the low wavenumber asymptote of the energy spectrum.
Batchelor and Proudman (1956) postulated that this asymptote was of the form E(ks) = AkD",
where kg is the wavenumber and the subscript s is added to distinguish it from the turbulent kinetic
energy k, and m = 4, which leads to n = 10/7. Saffman (1967) postulated that m = 2, which leads
ton =6/5.

Table 2.1 shows a literature review of data for decaying HIT. Reanalysis of older experimental
data (Skrbek and Stalp (2000)) and recent high Reynolds number experiments (Sinhuber et al.
(2015)) suggest closer agreement with the n = 6/5 of Saffman (1967).

2.1.2 Forced homogeneous turbulence

In forced homogeneous turbulence (HT), a linear forcing is added to sustain the turbulence but there
are no mean velocity gradients. The forcing may be anisotropic, and hence, in forced HT only the

return to isotropy and dissipation terms are active. Following Lundgren (2003) and Rosales and
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Meneveau (2005), we consider the incompressible Navier—Stokes equations:

ou; +u'3ui _ 1p Ly 9%u;
ot T0x;  pOx;  Ox;0x;

(2.2)

Substitution of the Reynolds decomposition, u; = U; + u}, into (2.2) and subtracting the RANS
equation for the mean velocity field (Equation (1.3a)) leads to

ou; N Ouwy  10p 0?u] 0 —— , OU;
ot Pt e = 0 am T anw; T a9 T Y, (2:3)

The last term in (2.3) is related to production of turbulent kinetic energy in the Reynolds stress
transport equation and suggests a linear forcing to mimic the effect of mean shear on the turbulent

flow: o, ou, 10p 0%u!
K3 /‘ v _ 7 A . /‘. 24
ot +uj 81’j p@xl +V8xj8xj + J uj ( )

Lundgren (2003) and Rosales and Meneveau (2005) used an isotropic forcing
A 0 0
Ai=10 A 0 (2.5)
0 0 A

for forced homogeneous isotropic turbulence, where A is an arbitrary constant and related to the
turbulent Reynolds number of the simulation (Carroll and Blanquart (2013)).

Dhandapani et al. (2019) and Rah et al. (2018) used anisotropic forcing to mimic the presence
of the mean velocity gradient in homogeneous shear flow and at the centerline of an axisymmetric

jet, respectively. Dhandapani et al. (2019) considered a forcing of the form:

0 Bymst 0
Ay=1lo o of, (2.6)
0 0 0

where Byust is a constant for simulations of nearly homogeneous shear turbulence (NHST). Rah

et al. (2018) considered forcing of the form:

Bry 0 0
Aji=| 0 1iBgy 0 |, (2.7)
0 0 1B

where Bry is a constant related to the centerline velocity of a round jet (RJ).

Previous models (Sarkar and Speziale (1990)) have used experimental data (Choi and Lumley
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Reference Rey B m/k | mao/k | m3/k | T21/k
Dhandapani et al. (2019) || 128 37.1 1.02 0.57 0.41 0.39
Rah et al. (2018) 255 1.22 0.98 0.51 0.51 0

Table 2.2: Forced HT simulation data from Dhandapani et al. (2019) and Rah et al. (2018), where
7ij = uju’; is normalized by the turbulent kinetic energy, k.

(2001); Le Penven et al. (1985)) for decaying anisotropic turbulence for determining coefficients of the
return to isotropy and dissipation terms, but forced HT has not been used in this context previously.
For model comparison, the analytically known forcing is also added to the model equations. To
derive the form of the added forcing, similar to derivation of the Reynolds stress transport equation,

consider (2.4) multiplied by u; and summation of the same equation written for u; multiplied by u:

ou’ ou’;
U; atl + U; 8; 4= Akzu%u; + Akju%u; (28)
Averaging leads to
p 4= 4 Akiukuj + Akjukui (2'9)

and shows the forcing term, Akim+ Akjm, that should be added to the Reynolds stress model
for comparison with forced HT data. At steady state, the forcing balances the return to isotropy and
dissipation terms. We show the highest Reynolds number data from Dhandapani et al. (2019) and
Rah et al. (2018) in Table 2.2, and Section 2.3.2 shows usage of this data for determining dissipation

and return to isotropy coefficients.

2.1.3 Homogeneous shear flow

In homogeneous shear flow, the imposed mean velocity gradient is constant. In a model, the terms
involving the mean velocity gradient, return to isotropy, and dissipation are active, but because the
flow is homogeneous, the turbulent diffusion terms are inactive. Homogeneous shear flow can be
created in wind tunnel experiments in which the mean velocity gradient is imposed as § = dU; /dxa,
and there is no mean flow in the xo and x3 directions. The Reynolds stresses grow exponentially
with downstream distance (or equivalently, in time in a frame moving with mean velocity U.,).
However, the flow reaches a self-similar state such that the Reynolds stresses normalized by the
kinetic energy are approximately constant (Champagne et al. (1970)). Similarly, the turbulence
timescale, T = k/e, and the ratio of turbulent production to dissipation, P /e, is also approximately

constant. The equation for the turbulent kinetic energy is:

dk

R » 3 2.1
C=P-e, (210)
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Reference Type Rex,, | T11/k | ma2/k | T33/k | T21/k| ST Ple
Champagne et al. (1970) Experiment | 180 0.96 | 0.50 | 0.56 | -0.35 | 6.1 1.7
Harris et al. (1977) Experiment | 300 | 1.00 | 0.40 | 0.60 | -0.30 | 5.5 -

Tavoularis and Corrsin (1981) || Experiment | 205 1.05 | 0.37 | 0.58 | -0.28 | 6.5 1.8
Tavoularis and Corrsin (1981) || Experiment | 238 | 1.07 | 0.37 | 0.56 | -0.28 | 6.1 1.7

Rogallo (1981) DNS 76 1.02 | 0.37 | 0.61 | -0.30 | - -
Rogallo (1981) DNS 104 0.97 | 042 | 0.61 | -0.31 | - -
Rogers and Moin (1987) DNS 72.6 | 1.06 | 0.32 | 0.62 | -0.33 | 4.3 1.4
De Souza et al. (1995) Experiment | 1120 | 1.09 | 0.41 | 0.51 | -0.24 | 5.9 1.4
Isaza and Collins (2009) DNS - 0.97 | 0.39 | 0.63 | -0.33 | 5.2 1.6

Table 2.3: Literature review of homogeneous shear flow. The Reynolds stresses, 7;; = u;u;, normal-
ized by the turbulent kinetic energy, k, are approximately constant for homogeneous shear flow.

dt k(P

which shows that the turbulent kinetic energy grows exponentially as:

which can be rewritten as:

k(£) = ko exp {i (7; _ 1)} . (2.12)

Table 2.3 shows a literature review of homogeneous shear flow data.

2.1.4 Channel flow

In turbulent channel flow, a mean pressure gradient drives flow between two parallel walls. The mean
streamwise velocity U; is nonzero and varies only in the wall-normal direction, zo, such that dU; /dxs
is the only component of the mean velocity gradient that is active. All terms in the Reynolds stress
transport equation, including terms with the molecular viscosity are active.

In fully developed turbulent channel flow, there is an inner layer near the wall in which viscous
stresses dominate and an outer layer in which the viscosity is negligible. In the inner layer, the
characteristic velocity scale is the friction velocity, u, = m, where 7y, is the wall shear stress
given by 7 = prdU; /das|.,—0. The characteristic lengthscale is the viscous lengthscale, 6, = v/u,.
The distance from the wall is characterized by wall units, y™ = 25/6,. The friction Reynolds number
is defined as Re, = u,d/v = §/§,, where § is the channel half-height.

Log layer

At high Reynolds number, in the inner layer (y/d < 1) but far away from the wall (y™ > 1) such
that viscous effects are negligible, the mean velocity profile is known to follow the log law (von
Karman (1930)):

Ut = %lny"' + B, (2.13)
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Reference Type Re, K

Mckeon et al. (2004) Experiment, Pipe | 310 x 103 < Rep < 13.6 x 10° | 0.421 £ 0.002

Marusic et al. (2013) Analysis of experi- | 2 x 10* < Re, < 6 x 10° 0.39 +0.02
ments

Lee and Moser (2015) DNS, Channel 5186 0.384 4+ 0.004

Abe and Antonia (2016) || Analysis of DNS Extrapolation to high Re., 0.394

Luchini (2017) Analysis of DNS Extrapolation to high Re. 0.392

Spalart and Abe (2021) || Analysis of DNS Extrapolation to large Re. 0.395 4+ 0.001

Table 2.4: Literature review of the von Karman constant, k, for the log law in Equation (2.13).

where £ is the von Karman constant, B is a constant, and U+ = U /u,.

Textbooks (Pope (2000)) have generally quoted values of k = 0.41 and B = 5.2. However, more
recent analysis and high Reynolds number data suggests that « is between 0.39 and 0.40 (Spalart
and Abe (2021)). Table 2.4 shows a sampling of recent log layer data and analyses.

Models generally assume a constant Reynolds stress region in the log layer. However, this

assumption is not supported by the data, particularly for u'1+u1 and u3 u‘3 , where u’+ ’+ =

ujul; /uZ, as shown by Figure 2.1.
At high Reynolds number, the shear component of the Reynolds stress, —u/"u5", theoretically

plateaus to 1 (Townsend (1976); Pope (2000)), which is confirmed by analysis of data (Spalart and

Abe (2021)). The wall-normal component of the Reynolds stress, u2+u2+, also appears to plateau,

which Spalart and Abe (2021) and Chen et al. (2018) extrapolated out to 1.33 and 1.35, respectively,

in the high Reynolds number limit. However, the other Reynolds stresses, ufuﬁ and u3 u3 , do

not appear to plateau as shown in Figure 2.1. Theories exist for the high Reynolds number behavior

of ufuf" and wjTuj", for example Townsend’s attached eddy hypothesis (Townsend (1976)) which

predicts:
WUl = Ay — By log(y/6), (2.14a)
uhtul = Ay, (2.14Db)
uhtuls = Az — Bslog(y/9), (2.14c)

and more recent asymptotic analysis by Monkewitz (2022) and Chen et al. (2018); however, the be-

havior of ) u}" and wj us" is still inconclusive. Regardless, current RANS models predict plateaus

for all Reynolds stress components in the log layer (Spalart and Abe (2021)), which is not supported
by the data.
Reynolds stress scaling in the near-wall region

Due to the no-slip and no-penetration boundary conditions at the wall, the Reynolds stresses have

analytically expected scalings (Pope (2000); Manceau and Hanjali¢ (2002)), which we now rederive.
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Figure 2.1: Reynolds stresses for turbulent channel flow up to Re, = 5186 using the DNS data of
Lee and Moser (2015).
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For a fixed x1, x3, and ¢, and small wall-distance y, the fluctuating velocity components can be

Taylor series expanded:

uh = a1 +biy+ ey’ 4. (2.15a)
uhy = ag + boy + coy® + . .. (2.15b)
uhy = az + bzy + c3y® + ... (2.15¢)

Due to the no-slip and no-penetration boundary conditions, u} (y = 0) = u5(y = 0) = u4(y = 0), and
thus a; = as = ag = 0. Moreover, due to the continuity equation and no variation of the velocity

fluctuations in the 27 and x3 directions at the wall, du}/das(y = 0) = 0, and thus by = 0:

up =biy+ ... (2.16a)
uhy = coy® + ... (2.16b)
ufy =bsy+ ... (2.16¢)

The leading-order scaling for various components of the Reynolds stress tensor can be formed by

multiplying the expansions in (2.16) with each other and averaging:

ujuy = b3y 4 .. (2.17a)
ubul = Byt + .. (2.17b)
ubuly = b2y + .. (2.17¢)
ulul = bicoy® + (2.17d)

Recent high Reynolds number DNS data from Lee and Moser (2015) confirms that these expected
analytical scalings hold as shown in Figure 2.2. However, the coefficients E, %, etc. are Reynolds
number dependent (Smits et al. (2021)).

Reynolds stress models do not currently obey these analytical scalings in the near-wall region.
For example, the LRR model (Launder et al. (1975)) uses near-wall reflection terms to improve the
near-wall behavior but misses the expected scaling for m and m More complex models, such
as the elliptic relaxation model (Durbin (1993)), are able to capture the expected scaling for ujul,
but miss the scaling for uju,. While the elliptic blending model (Manceau and Hanjali¢ (2002)),
can capture the expected scaling for all components, they report that enforcing m ~ y* in the
model performs better than enforcing the analytically expected m ~ y3. While there is debate
about whether a model needs to satisfy these analytically-expected scalings, as noted by Durbin
and Reif (2011): “The solution to a Reynolds stress model should in principle be consistent with
these [scalings]. However, in practice, it may be sufficient to ensure that —m and @ are small

compared to ujuj when y* << 1,” we use them as a guide for model development in Section 2.4.
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Figure 2.2: Near-wall scaling of Reynolds stress tensor components using the DNS data of Lee and
Moser (2015).
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Figure 2.3: The ratio of (uy uy" /y*4)/(us us" /y+?) is approximately constant near the wall. Plotted
using the DNS data of Lee and Moser (2015).

We observe that while the coefficients for ujul, and wjub, ¢2 and b2 are Reynolds number de-

pendent, their ratio is constant, (u5 u5"/y™*)/(us us" /y*2) = 2.1 x 1073, as shown in Figure 2.3,

which we will use for near-wall model development in Section 2.4.

2.2 Model framework

In general, a Reynolds stress model for 7;; = ugu; is of the form:
D n
D = f (Tkl,gg;n,l/, (5,w,1/T,L,...)> (2.18a)
2( L,...) =RHS (2.18b)
plewrr L) = .

where the right hand side of the model in (2.18a) may include the Reynolds stress tensor itself, mean
velocity gradient tensor, molecular viscosity, and an auxiliary scale variable, e.g., e,w,vp, L, ..., is
needed for dimensional considerations. Correspondingly, this auxiliary variable has its own general
transport equation in (2.18b).

Many models (Launder et al. (1975); Speziale et al. (1991)) use the dissipation scale ¢ as the aux-
iliary variable. In this work, we show an example model with a characteristic turbulence lengthscale

L as the auxiliary variable because:

e L has a natural boundary condition on the wall (L = 0). Whereas, dissipation is finite on the

wall and other variables, e.g., an inverse timescale w, may be infinite on the wall.

e [ is expected to smoothly diminish as the turbulence lengthscale decreases approaching the

wall whereas the magnitude of dissipation increases near the wall.
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e [ also has a natural boundary condition on the wall for rough surfaces, e.g., L = [ on the wall

for some finite roughness lengthscale, .

However, due to the choice of L, care should be taken regarding the influence of L in laminar
regions. As an example, consider a scenario in which a turbulent flow has relaminarized. The
lengthscale in such regions is not necessarily zero. For example, in decaying HIT, the turbulence
lengthscale grows as the turbulence decays because the small-scale features are dissipated more
quickly than the large-scale features. After a long time, this lengthscale is nonzero. However, the
value of the lengthscale in a laminar region should not influence the turbulent region, a criterion
which we call the “laminar constraint.”

One way to obey the laminar constraint is to formulate Equation (2.18b) for k*L? rather than
L, where o and (8 are arbitrary powers. In laminar regions, £ = 0, and thus the value of L has no
influence. We show an example of starting from an equation for the simplest choice of @« = 5 =1, i.e.,
kL, and deriving an equivalent equation for L. We show an example only with a diffusion term as

the other model terms do not involve spatial derivatives of k or L and are thus more straightforward:

DTij - (9 aTij
DEL 0 OkL

where ¢p is a dimensionless coefficient and D is the viscosity, e.g., modeled by D = vkL. Manipu-
lating the derivatives in (2.19b),

DL Dk 0 oL ok OL 0 ok
kDif,‘ + LD7t = ...+ kax"L <CDD(9{E,W> + 2CDD833"L 6377.” + Lam"L <CDD(9J,‘,W> . (220)

An equation for k can be derived by taking the trace of Equation (2.19a) and using the definition
Trr = 2k. Subtraction of the k equation multiplied by L from Equation (2.20) leads to an equation

for L DL P oL 1 ok oL
o= + Er (CDDamm) + QCDDg%%» (2.21)

where the cross-diffusion term appears because the diffusion term is originally formulated for kL.

2.2.1 Baseline model form

We now show a model form (without the near-wall model, which will be discussed in Section 2.4),

which we will use to demonstrate the procedure for determining coeflicients in Section 2.3. This
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model form is based on kL with the equivalent equation shown for L:

Drij _ o + 7 oU; — CrBTRES:j — CfTT, 8U5 +c T aUk+T-—aUk
Dt =Cfp kga kza T fBTkkPij fT mnaxm ij fw ki a.ifj kj (93)1
(2.22a)
N R S N i PR O7ij
Th (Tz] STkkazJ) T Tij + 8.13m <CDD8xm
DL c¢gp T OU, c 0 oL 1 0k OL
— =P 59 — D 2cpD————— 2.22
Dt 2 Tk 3mm v+ 0z, (CD 8:cm> +een k 0%y O, (2.22b)

where S;; = 1 (gg‘ + aU’) D = VkL, and T}, = L/vk. The terms in the 7;; equation in (2.22a)
are similar to those of the LRR model (Launder et al. (1975)). Modifications to the baseline model
form are discussed in 2.5.

In comparison with the exact Reynolds stress transport equation, in the model in (2.22a), the
first four terms (cyp, c¢p, cyr, and cyw terms) represent the combination of closed production term
and terms modeling the rapid pressure-strain (Launder et al. (1975)). The next term (cfr term)
is a linear return to isotropy term (Rotta (1951)) modeling the slow pressure-strain. The next to
last term (cf. term) is an anisotropic decay term modeling dissipation. The last term (c¢p term) is
a diffusion term modeling turbulent transport.

In the L equation in (2.22b), the first term (cy, term) is a production-like term. The second
term (csy term) is a growth term, such that in decaying HIT and in the absence of all other terms
in the L equation, the turbulence lengthscale grows. The third term and fourth terms (cp terms)
are diffusion and cross-diffusion terms stemming from a diffusion term for kL.

Additional modifications, such as nonlinear return to isotropy terms (Sarkar and Speziale (1990)),
etc., are discussed in the following sections and in Appendix A. In Appendix A.1, we also consider a
model form that splits 7;; into 7;; = FijL2: Through specification of boundary conditions on F;; and
a model form that ensures linear growth of L ~ y from the wall, we satisfy the analytical scalings
for the Reynolds stresses in the near-wall region shown in Section 2.1.4 for all components except

To2. For example, consider the Taylor series expansion:
Fij = aij +bijy +cijy® + ... (2.23)

Specifying a Dirichlet boundary condition, for example Fb;(y = 0) = 0, leads to F»; = bayy, and
when combined with L ~ v, leads to the desired scaling 721 = F»1L? ~ y3. Specifying a Neumann
boundary condition, for example 0Fy1/0y(y = 0) = 0, leads to F1; = a11, and the desired scaling
1 = FiiL? ~ y2. The FijL2 model form has implications away from the wall as well, especially for
the diffusion term, which is discussed in Appendix A.1. Ultimately, the challenge of requiring L ~ y

throughout both the viscous sublayer and log layer leads to complications in capturing the log layer
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behavior in the mean streamwise velocity as shown in Appendix A.1.

2.3 Determining model coefficients

In this section, we demonstrate a procedure for determining model coefficients using the experimental
and DNS data from Section 2.1. We use the baseline kL Reynolds stress model form shown in
Equations (2.22a) and (2.22b) as an example. We begin with the simplest canonical flow, decaying
HIT, and build in complexity.

2.3.1 Decaying homogeneous isotropic turbulence

In decaying HIT, in which there are no mean velocity gradients and no diffusion, the model equations

are:
dk k3/2
a = _(Cfa — ng)iL 5 (224&)
dL  ceg .4
= = 2912 2.24b
T o , ( )

where the equation for the turbulent kinetic energy k comes from taking the trace of Equation
(2.22a). Because the flow is isotropic, 712 = 7o3 = 713 = 0 and 711 = Tag = 733 = 2k/3. For the
turbulent kinetic energy to decay, cy. —csg > 0, and for the turbulence lengthscale to grow, csg > 0.

Substitution of the power law for k in Equation (2.1) into (2.24b) and integrating with respect

to time leads to

s 2
L= %91@3/2153/2 (215 ”/2“) + L. (2.25)

Substitution of this expression for L (ignoring the arbitrary initial condition, L) and the power law

for k into Equation (2.24a) leads to a constraint on the coefficients:

_ngﬂ + Cfe — Csg = 0. (226)

As discussed in Section 2.1.1, we use n = 6/5 based on Saffman’s theoretical analysis (Saffman
(1967)) and recent high Reynolds number experiments (Sinhuber et al. (2015)).

2.3.2 Forced homogeneous turbulence

In forced HT, there is an assumption that the added linear forcing activates only the slow pressure—
strain part of the model, i.e., return to isotropy terms, and that the rapid pressure—strain part of
the model, which depends on the mean velocity gradient, is inactive. The model equation is:

dr;; CfR 1 Cfe — C
GT? = T, (Tij — 37%61-]-) — %m + AkiTrj + AkjThi, (2.27)
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where Ty, = L/ Vk. In simulations, the turbulence lengthscale is bounded by the computational
domain size, and thus rather than examine the equation for L, L (and correspondingly T},) will be
treated as a free parameter in our process for determining coefficients. The coefficients c¢r, cf., and

Csg are to be determined in conjunction with the constraint from decaying HIT in Equation (2.26).

Isotropic forcing
With isotropic forcing, Aj; = Adj;. The model equation is:
dk Cfe — Csg
— =————k+ 2Ak. 2.28
dt T, (2.28)
The true kinetic energy balance is (Rosales and Meneveau (2005); Carroll and Blanquart (2013)):

dk
— = 2A 2.2
g €+ 2Ak, (2.29)

and at steady state, the dissipation balances the added forcing. The homogeneous time scale T}, is
a free parameter. If we choose to define L = cpk%/?/e with ¢y, = 1, and thus T), = L/Vk = k/e,
then at steady state:

k 1
Th=—=—. 2.
P e 24 (2.30)
Substitution of (2.30) into Equation (2.28) at steady state leads to
Cpe — Csg = 1, (2.31)
and in combination with the decaying HIT constraint on the coefficients in (2.26),
2—n
Cog =~ (2.32a)
9 _
cpe="—"l1+1. (2.32b)
n
Based on Saffman’s n = 6/5 (Saffman (1967)),
Cog = 2/3, (2.33a)

Ccpe =5/3. (2.33b)
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Anisotropic forcing

For the nearly homogeneous shear turbulence forcing used by Dhandapani et al. (2019) and shown

in Equation (2.6), the steady-state model equations are:

0= —cjfff (Tu - ;Tkk) - %7‘11 + 2BNusT 21, (2.34a)
0= —ijf: <722 - ;Tkk) - %7’22» (2.34b)
0= —61{7:? <733 - ;Tkk> - %733, (2.34¢)
0= —3{—57’21 - %7‘21 + BTos. (2.34d)

The return to isotropy coefficient, c¢g, is to be determined and T}, is a free parameter dependent on
the simulation domain size.

In this case, there are more equations than unknown coefficients, and we use both an a priori
and a posteriori procedure for choosing c¢ygr. In the a priori procedure, the data for 7;;/k is specified
from literature, and we solve for the coefficient. If the values for the coefficient are relatively close
regardless of the equation(s) being used, then that indicates a good choice of model form. In the
a posteriori procedure, the coefficient is specified and we compare the model output, 7;;/k, with the
data from the literature. We then vary the coefficient and examine the model output to study the
sensitivity of the model to the coefficient. Because there is some uncertainty in the data, and hence
some uncertainty in the coefficient, we want to ensure that the model form is not overly sensitive to
the coefficient. The a prior: procedure is used for examining the model form and getting an estimate
of the value of the coefficient. The a posteriori procedure is used for examining the error in the
model output and the sensitivity to the coefficient. We demonstrate the a priori and a posteriori
procedure with a linear return isotropy term.

The a priori analysis for the linear return to isotropy term is shown in Table 2.5. For example,
using only the 725 equation in (2.34b), and specifying 722/k using the data from Table 2.2 to solve

for csr leads to:

~—

-
(cre — Csg 72
Ta2 _

k

CfR = — s (2.35)

Wi

where ¢fe — 5y = 1 from Equation (2.31). Table 2.5 shows the result of using other equations. Some
equations, e.g., for Ty or 733, result in cyp directly, and an additional equation, e.g., for 711 or 7oy,
can be used to solve for Tj,, which we do not show. We also show inclusion of an equation for the

turbulent kinetic energy, k, formed by taking the sum of Equations (2.34a)-(2.34c):

(cre = sg)

h

0=— 2k + 2BNHSTT21 - (236)
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Equation(s) ((2.34a)-(2.34d), (2.36)) CfR T,
T22 6.7 -
T33 1.8 -
T11, T21 2.8 0.9
k‘, T11 3.1 0.95
k‘, T21 3.0 0.95

Table 2.5: Example of a priori analysis for determining the return to isotropy coefficient c¢r using
the anisotropic forced HT data of Dhandapani et al. (2019). Some equations, e.g., for m59 or 733,
result in csp directly, and an additional equation, e.g., for 711 or 721, can be used to solve for T},
which we do not show.

Table 2.5 shows a wide range in the coefficient cyr depending on which equation is used. For
example, to achieve zero error in 7u9/k would require a coefficient of cyr = 6.7; whereas, to achieve
zero error in 733/k would require a coefficient of ¢yr = 1.8. This gap indicates a poor model form as
drawbacks of the linear return to isotropy model are widely known in literature (Pope (2000)). A
value of cfr = 3 is reasonable as it lies in between the extremes in c¢r and is based on a combination
of equations through the equation for k£ and 75; as shown in Table 2.5.

For the round jet forcing used by Rah et al. (2018) and shown in Equation 2.7, the steady-state

model equations are:

]. — Cs
0= 72{75 <7'11 - 3Tkk) - %ﬁl + 2BRrjTi1, (2.37a)
CfR 1 (cre — csq)
0= IR _ - _je  msg) B 2.37b
T <7'22 3Tkk) T, To2 + DRJIT22, ( )

where the 733 equation is identical to the 759 equation and the 791 equation gives 791 = 0. Solving
for the unknowns, c¢r and 7}, using the data in Table 2.2 leads to c;r = 1.1 and T}, = 0.55.
Because of the discrepancy in c¢r in the a priori analysis, which indicates issues with the model

form, in Appendix A.2 we consider a quadratic return to isotropy term of the form:

_ij_'}]:]]fTikaﬁ (238)
and a traceless quadratic term:
INR 1
_@ TikTkj — §T77LTLTmTL5ij . (239)

With some rearrangement, the traceless quadratic return to isotropy term is identical to the return
to isotropy form proposed by Sarkar and Speziale (1990). While the additional quadratic term can
reduce the model errors when compared with the anisotropic forced HT data from Dhandapani et al.
(2019) and Rah et al. (2018), after imposing a numerical robustness constraint on the coefficients

for the baseline model form, the improvement in model errors is small as shown in Appendix A.2.
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7i;/k Model Dhandapani et al. (2019) | Error
To2/k 0.50 0.58 14%
m33/k 0.50 0.43 16%
m21/k 0.35 0.38 7%
Table 2.6: Example of a posteriori analysis for the return to isotropy coefficient cyr = 3 and
comparison with the anisotropic forced HT data of Dhandapani et al. (2019).
Tii/k Model Rah et al. (2018) Error
m11/k 0.78 0.98 20%
To2/k 0.61 0.51 20%
Table 2.7: Example of a posteriori analysis for the return to isotropy coefficient c;r = 3 and

comparison with the anisotropic forced HT data of Rah et al. (2018).

Thus, we proceed with the simpler linear return to isotropy term.

In the a posteriori analysis, the coefficient ¢y of the linear return to isotropy term is specified
and the unknowns are 7;;/k and Tj,. There is an additional constraint based on the definition of the
turbulent kinetic energy, 7, = 2k. Table 2.6 shows the a posteriori analysis with cfr = 3 as an
example and comparison with the data of Dhandapani et al. (2019). Table 2.7 shows the comparison
with the data of Rah et al. (2018). Table 2.8 shows a posteriori analysis varying cyr in order to
examine the sensitivity to cyr and errors in comparison with Dhandapani et al. (2019). Similarly,
Table 2.9 shows errors in comparison with Rah et al. (2018).

In comparison with the data from Dhandapani et al. (2019), the model error in 711 /k is lowest
around cyr = 3. Increasing cyr, decreases the error in 7y /k but increases the errors in all other
components. Decreasing csr, decreases the error in 733/k and 71 /k but increases the error in the
other components. However, the model is not very sensitive and choices of cfr = 2.5 ~ 3 keep the
errors reasonably within 20%. In comparison with the data from Rah et al. (2018), decreasing cyr,
decreases the error in all components until cgg = 1.1 where the model error is zero. However, this
choice of ¢sr leads to large modeling errors in comparison with the Dhandapani et al. (2019) data.

The difficulty in finding a coeflicient that performs well in both cases is due to model form error.

The linear return to isotropy term is known to be insufficient for many flows (Pope (2000)), and we

[epr 15 |2 EEEE 135 |4 |45 |5
m/k | 0.21 0.12 0.05 0.01 0.03 0.06 0.08 0.10
To2/k | 0.31 0.23 0.18 0.14 0.11 0.08 0.06 0.04
ma3/k | 0.07 0.03 0.11 0.16 0.21 0.24 0.27 0.29
m1/k | 0.05 0.01 0.03 0.07 0.11 0.14 0.17 0.20

Table 2.8: Example of a posterior: analysis for the return to isotropy coefficient and varying the
coefficient to examine the sensitivity. The table shows normalized errors in comparison with the
anisotropic forced HT data of Dhandapani et al. (2019).
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[esr [15 0 |2 |25 |3 135 |4 |45 |5
mi/k (009 [014 [018 [020 [022 [023 [024 [025
T2/k 008 [014 017 020 ]021 022 [023 |0.24

Table 2.9: Example of a posterior: analysis for the return to isotropy coefficient and varying the
coefficient to examine the sensitivity. The table shows normalized errors in comparison with the
anisotropic forced HT data of Rah et al. (2018).

discuss nonlinear return to isotropy terms in Appendix A.2. Homan et al. (2023) used forced HT
simulations and sampled a wider range of possible anisotropic forcing. They then discussed fitting

coefficients for linear and nonlinear return to isotropy model forms using regression techniques.

2.3.3 Homogeneous shear flow

In homogeneous shear flow, an imposed mean velocity gradient & = dU; /dxs causes the turbulent
kinetic energy to grow exponentially in time as shown in Equation (2.12). However, the flow reaches
a regime in which the normalized Reynolds stresses, 7;;/k, the nondimensionalized shear, ST (where
T = k/e is a turbulence timescale based on the kinetic energy and dissipation), and the ratio of
production to dissipation, P /e, are constant. Correspondingly, in the model we have considered,
the turbulence time scale, T, = L/ Vk, should be a constant. Hence, if k grows exponentially as
k = ko exp(2t), then L should grow exponentially as L = Ly exp(5t), where 8 is a function of T and
P /e as shown in Equation (2.12). The model time scale, T}, is related to the turbulence time scale,
T, with some constant ¢z, that is unknown since L is not directly measurable, i.e., L = cth3/2/5.

Using the above assumptions, the model equations are:

o= (e ) () s e (B2 e (3).
0= (e +2¢w = 222 (B (0nr57) — esn (? - §> —ere (B2), (2.40b)
0= (o ) () - eon (2 2) o (%), 20
0= [ern (22) —crmt e (2) -2 (2) ] 59 - Ccon+er) (), (2a00)
0= [;T (f - 1> - C;’Tﬂ (chrST) = Cog, (2.40¢)

where the coefficients to be determined are cyp, ctB, cfr, Crw, Cop, and cpr.
For an a prior: analysis of the coeflicients, the values of the normalized Reynolds stresses are

specified to be the average of the data shown in Table 2.3:

02,7 —0.39, 722 — .59, 2L — .30, % =52,

P
- b i b =16. (2.41)

3
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There are more unknown coefficients than equations, and so we write all coefficients in terms of the

free parameter, ¢y, Equation (2.40e) can be rearranged to solve for cs, in terms of ¢,
CopChr = 0.85 — 0.77cpp. (2.42)

The other coefficients in terms of c,pcpp, are:

crpepr = 0.11cgpepr, — 0.64, (2.43a)
crpenr = —0.054cspenr, + 0.32, (2.43b)
crrenr, = —0.30cspenr + 0.48, (2.43c¢)
crwenn = —0.050¢,pcn + 0.30. (2.43d)

Specifying ¢z, = 1, such that L = k3/2 /e, leads to:
csp = 0.086,crp = —0.63,cyp = 0.32, ¢y = 0.46, cppr = 0.29. (2.44)

As a note, we intentionally do not enforce a constraint on these coefficients such that the terms
involving the mean velocity gradient offer closure only to the pressure-rate-of-strain. In other words,
noting that the exact equation for the turbulent kinetic energy is a balance between production and
dissipation (ignoring diffusion):

Dk ouU;

— = —Tiim— —€ 2.45
Dt Tij 8l‘j ’ ( )
the trace of the pressure-rate-of-strain exactly vanishes. To arrive at the modeled turbulent kinetic

energy equation, we take the trace of the 7;; equation in (2.22a):

DE 1 Tij% Cfe — Csg k.
6$j Th

— == - 2 2.4
Dt = 3\2crp = 3cpr + 2cqw) (2.46)
where T, = L/ Vk. Most models enforce a constraint such that the terms modeling the pressure—

rate-of-strain tensor also have no trace. This would be equivalent to enforcing
1
§(QCfP—SCfT+2CfW) = -1, (2.47)

such that only the exact production term involves the mean velocity gradient, and dissipation is
modeled by the last term in (2.46) involving k3/2/L after substitution of 7). Not enforcing the
constraint in (2.47) implies that the model for dissipation may involve terms with the mean velocity
gradient. Using the coefficients in (2.44), (2¢p — 3csr + 2¢yw)/2 =~ —1.03, which is close to the

constraint in (2.47) even though we did not specifically enforce it.



CHAPTER 2. ANALYTICAL REYNOLDS STRESS MODEL DEVELOPMENT 30

U

LU D

Figure 2.4: Modeling approximation of near-wall streamwise rolls.

2.4 Near-wall model

In this section, we detail progress towards development of a near-wall model that satisfies the
analytically expected scalings shown in Section 2.1.4.

We consider the observed streamwise roll structures in the near-wall region (Jiménez (2013)) to
be approximated by sinusoidal counter-rotating vortices that are infinitely long in the streamwise

coordinate = as shown Figure 2.4. The fluctuations are modeled as:

v'(y) = v(y) sin(ky2), (2.48a)
w'(y) = w(y) cos(kyz), (2.48b)
p' = p(y) sin(ky 2), (2.48¢)

where k, is a wavenumber that is related to the height of the near-wall structures, y is the wall-
normal coordinate, and z is the spanwise coordinate. We first derive a model form for v' and w’
before modeling v’ and k,,.

In the near-wall region, viscous effects dominate over inertial effects, and the governing Stokes

flow equations for the velocity fluctuations are:

o' 0%/’ o%'  op

E = Vain v 622 — 87y7 (249&)
ow’ o' 2w op
BT =v B2 +v 9.2 — F (2.49]3)
o' ouw'
0= aiy + 52 : (2.49¢)

where v = 1/Re is the molecular viscosity in the nondimensionalized Navier—Stokes equations.
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Substitution of the expressions in (2.48) into the governing equations in (2.49) leads to

— — ek - 22 2.
5 Vay2 vok; a9y’ (2.50a)
ow  dw 9
v ya—yz —vwk; — ky,p, (2.50b)
0= v _ wk (2.50¢)
=3y ” .

Multiplying the v equation in (2.50a) by v and the w equation in (2.50b) by w and averaging leads

to
10v2 1 0% Ovov  — op
- =y L p2k? 2.51
2 Ot 2V8y2 V@y@y Yoy U@y’ (2:51a)
1 ow? 1 2,,2 _
78111 B 0*w 8w87w 7 Vw2k12/ kP, (2.51b)

2ot 2" Oy? 7V87y8y

where the dissipation term (second term) and pressure term (fourth term) on the right hand side
in Equations (2.51a) and (2.51b) need closure. Consider a Taylor series expansion of w, similar to

Equation (2.16¢), and p:

w=Dbsy +csy® + ..., (2.52a)
p=as+by+cay®+.... (2.52b)

Substitution of this expansion into the simplified equations in (2.50a)-(2.50c) leads to

1 1
v= §akyy2 + gbkiyg +..., (2.53a)
w=ay+bk,y* + ..., (2.53b)
p = 2vb+ vak,y + vbk2y® + ..., (2.53¢)

where the expansion for v is related to the expansion for w via the continuity equation in (2.50c),
and equating parameters of similar order in y in the simplified governing equations in (2.50a)-(2.50c)
leads to constraints on the coefficients, where bs = a and ¢3 = bk,. We form expansions for v2 and

w? by multiplying these expansions with themselves and averaging:

— 1 1
v? = Za2k:l2,y4 + gabk‘gys +..., (2.54a)
w? = a®y? + 2abk,y® + . . .. (2.54b)

These scalings suggest that for the dissipation term to be on the same order as the viscous
diffusion terms in Equations (2.51a) and (2.51b), the closure should be of the form vv2/y? and
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Z/E/ y?, respectively, with some prefactor, similar to the dissipation term of Manceau and Hanjali¢
(2002). This term can also be thought of as the anisotropic dissipation term in the baseline model
equation in (2.22a) but with a molecular timescale T, = y?/v rather than T}, = L/Vk.

The pressure term in the v2 equation in (2.51a) is leading order, O(y?), and should couple
with w2, and a simple closure term is l/k,%?. The pressure term in the w? equation in (2.51b) is
higher order, O(y), and thus we neglect this term since the viscous diffusion term and dissipation
term are O(1). Similarly, vk2v2 and vk2w? are of higher order in Equations (2.51a) and (2.51b),
respectively, and neglected. Inclusion of the closures for the dissipation and pressure terms and

neglecting higher-order terms leads to the model form:

12 2.2 2 _
ow? 9?w? w?

The model form for v2 and w? is the same as the model form for 795 and 733, since multiplying
the expressions for the fluctuations in (2.48a) and (2.48b) with themselves and averaging leads to
Too = v'v' = v2/2 and similarly 733 = w?/2.

To determine the coefficients, substitution of the scalings in (2.54a) and (2.54b) into the model
in (2.55a) and (2.55b) leads to the leading-order constraints:

e = 2, (2.564)
Cmp = 124 4cpyy. (2.56b)

Appendix A.3 shows that the analytical solution to the model equations in (2.55a) and (2.55b)
follows the expected v2 ~ y* and w? ~ y? scaling. Additionally, for positive values of 729, Cmp > 12
and ¢,y > 0 is needed as shown in Appendix A.3. Moreover, for stability of the coupled system in
(2.55a) and (2.55b), the eigenvalues of the matrix:

__Cmp Cm k‘2
A — Y2 Qi (2.57)
0 —fma
Yy
should be negative, which necessitates:
CmaCmpB > 0, cma + CmpB > 0, (258)

from examining the determinant and trace of A, respectively. These conditions are automatically

satisfied with cpma = 2, cmp = 12 + 4cmy, and ¢y > 0.
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The inverse lengthscale k, is defined based on the wall shear stress as:

, (2.59)

where the dimensionless coefficient ko will be chosen based on the value of (uj"u, ubtult fy ) (u3 uy /y*?)
2.1 x 1073 at the wall from the DNS data of Lee and Moser (2015) as shown in Figure 2.3. Using
the leading-order scalings for v2 and w? in Equations (2.54a) and (2.54b), respectively:

2 /04 1
Ul L (2.60)
w?/y? 4
Converting to viscous units leads to
W gt 1
% Sk =21x107%, (2.61)
ug [yt 4
and k7 = 0.092. In viscous units, Equation (2.59) becomes k;} = k¢, and thus we use:
ko = 0.092. (2.62)

We note that while the coupled model form in (2.55a) and (2.55b) is designed to capture the

analytically expected scaling and constant (u5 u5™/y™)/(us us" /y*2), addition of the coupling
term in Equation (2.55a) tends to push 792 in the wrong direction. In other words, near the wall,
Too is physically expected to be much smaller than the other components. However, the addition of
the coupling term in Equation (2.55a) works towards increasing v2 rather than decreasing it. We
discuss this issue in more detail in the context of channel flow in Section 2.4.1.

To derive model equations for 711 and 721, we consider the streamwise fluctuations to be trans-

ported like a passive scalar by the sinusoidal counter-rotating vortices such that
o' (y) = u(y) sin(k, 2). (2.63)

Similar to the process for developing equations for v2 and w2, substitution of «’ into the governing

equations, developing expansions for u, etc. leads to the model form:

o2 9%u? u?
W = VT:U? — Z/Cmqg?, (264&)
ow  0*uv uv
W = I/TyQ — Z/meﬁ, (264b)

where higher-order terms are neglected and details of the derivation are shown in Appendix A.4.
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Substitution of the leading-order expansions for u2 and @v leads to:

Cmg = 2, (2.65a)
Cmyp = 6. (2.65b)

2.4.1 Channel flow

For channel flow, the baseline kL model equations with the near-wall model of Section 2.4 included

are:
8711 8U1 CfR 1 Cf6 — Csg 6 8711
— = (2 — —_— = == - = - — —_— D—— 2.66
ot~ (Per —err)Tag = m | T g The T )t o, \0Pay, ) (266
32711 T11
*”( 913 Cm¢dz>
or: oU. c 1 Cfe — Cg
7{;2 = (—cfr + QCfW)Tzl—ax; - T{: (Tzz = 3Tk:k> - (f T g) T2 (2.66D)
8 87’22 827'22 2 T22
— D—— ek — Cmp—
+ 8332 <CD 8$2> +v ( ax% +c ~RyT33 Cmp d2
8733 8U1 CfR 1 Cfe — Csg 0 (97'33
—_— == _— === - = - —= —_— D—— 2.66
ot YT g, T, \TB T 3Tk T )™ 0m \ PP o, (2.66¢)

327_33 T33
Tz e

0121 1 ol CfR+ Cfe — Csqg 0 0791
(T je msg — D—=- 2.66d
ST (Cprzz 2CfBTk:k + CfWTu> 9 T, To1 + s cp ; ( )

i 0?11 To1
v = — e —
ox3 e

%f - %L%% + %\/E_ Cg%\/ég + a%z <(CDD T m(fi) + 2cD98—fa—L (2.66¢)
where T, = L/\/E, D = VkL, and d is the wall-distance. The third term in the L equation in
(2.66¢) is added as a growth-inhibiting term (Csginner > 0) that is active when the wall-distance d is
of similar magnitude with L. Without it, L grows unbounded in the inner region due to the second
term (csy > 0) in Equation (2.66e) which causes growth of L. Far away from the wall, d >> L and
the growth-inhibiting term is small.

To be determined are the coefficient of the growth inhibiting term, cginner, the diffusion coeffi-
cient, c¢p, and the molecular coupling term in the 799 equation, ¢,,4. To determine the coefficients,

we first used the model equations for the log layer in Appendix A.5 to give an estimate of ¢p based
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Figure 2.5: Mean velocity comparison of the baseline kL model with the DNS of Lee and Moser
(2015) at Re, = 180. The dotted line shows the expected viscous sublayer behavior and the dashed
line shows the log layer scaling with £ = 0.39.

on various choices of csginner. The log layer analysis in Appendix A.5 only gives an estimate of the
model behavior as the near-wall ¢,,, term is actually active away from the wall due to the depen-
dence of k2 on 1/v. The Cm~ term is still needed for coupling of 792 and 733 as discussed in Section
2.4, and thus we chose small ¢,,,, = 0.1. Larger choices of ¢,,, increase the centerline value of o2,
and decrease the centerline value of U; which causes early departure of U; from the log law.

We then use the numerical solution of the turbulent channel flow equations in (2.66a)-(2.66e) to
decide the optimal csginner. The coefficients csginner = 0.27 and c¢p = 0.0021 (from the log layer
estimate) are chosen to set the slope of the mean velocity in the log layer. However, the centerline
mean velocity is underpredicted, and we adjust cyw from cpp = 0.29 as was determined based on
homogeneous shear flow to ¢y = 0.34.

In this manner, the example model form can satisfactorily capture the mean velocity for Re, =
180 as shown in Figure 2.5 and correspondingly 791 as shown in Figure 2.6a. Moreover, L grows
linearly throughout the near-wall region and log layer as shown in Figure 2.6b, whereas the FijL2
model form (briefly introduced in Section 2.2.1 and detailed in Appendix A.1) showed linear growth
but with distinct viscous sublayer and log layer regions.

However, this model form mispredicts the normal Reynolds stress components as shown in Figure
2.6a. There are several known issues in joining the near-wall model developed in Section 2.4 and
the baseline kL model form: 1) The addition of the ¢, term in the near-wall model is problematic.
As discussed in Section 2.4, nonzero ¢, is needed in the near-wall model to couple the 755 and 733
scaling. However, it is a source term that pushes 755 to be larger, when 195 should actually be much

smaller than the other Reynolds stress components near the wall. Moreover, due to the dependence
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Figure 2.6: (a) Reynolds stress tensor comparison of the baseline kL model with the DNS of Lee
and Moser (2015) at Re, = 180. (b) The corresponding L of the baseline kL model.

of k2 on 1/v, this term is also active away from the wall and influences the centerline behavior. 2)
The return to isotropy term in the baseline kL model interferes with the near-wall model in the 795
equation in (2.66b). Near the wall, all terms in the near-wall model are O(y?), and the return to
isotropy term is also O(y?) due to 1/T), = Vk/L ~ constant and 741, ~ y2. 3) Adjustment of the
crw coeflicient helped to compensate for underprediction of the mean velocity; however, this ad hoc
adjustment also pushed 757 to have very small positive values instead of negative values for the first

few mesh points at the wall.

2.5 Other model forms

This section documents considered changes to the baseline model form as an attempt to address some
of the issues above. The results of some of these modifications are documented in the appendices
as noted. Other modifications, for which we do not present results for, introduced new coefficients
with ambiguity on how to determine these coefficients, and while initial attempts did not lead to

immediate improvements, a deeper investigation of these modifications may be necessary:

o Instead of developing a transport equation for 7;;, we express 7;; = FijL2 and attempt to
develop a transport equation for Fj;, where the boundary conditions on Fj; are used to set
the near-wall scalings for various components of 7;;. This model form was briefly introduced

in Section 2.2.1 and is further explored in Appendix A.1.

e Inclusion of a nonlinear return to isotropy term, e.g., similar to Sarkar and Speziale (1990), as

discussed in Appendix A.2.
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o Using different values of the diffusion coeflicient for 7;; and L equations, e.g., cp; for diffusion

of 7;; and cpy for diffusion of L.

e Using the tensorial diffusion term of Daly and Harlow (1970):

Drij _ ;9 (L Omy
bi =t bg <\/E7m”8xn . (2.67)

e Changing the wall boundary conditions for L from L =0 to L ~ 1/k,.

e Inclusion of a higher-order closure for the pressure term in the near-wall model for w? (Equation

(2.55b)):
8@ Cm¢ ﬁ
— = —— 2.68
ot k2 @t (2:68)
and because k,, may be zero in regions of zero wall shear stress, modification of k, to
VuZ + 02+ w?
ky o) — L — T 2.69
- (2.69)
e Modification of the return to isotropy timescale using
1 k
vk (2.70)

T, L+

such that near the wall 1/7T}, ~ y and the return to isotropy term remains higher-order (O(y?))
than the near-wall model (O(y?)) in the 752 equation in (2.66b).

e Addition of terms based on L/d that modify the return to isotropy term near the wall similar
to the wall-reflection terms used in the LRR model (Launder et al. (1975)) and the csginner
term that inhibits the growth of L in Equation (2.66e) in our model.

2.6 Contributions and lessons learned

In this chapter, we began by documenting a collection of canonical flows that can be used for
determining model coefficients. They range from simple flows that are designed to activate only
a few model coefficients to more complex flows that activate all model coefficients, including the
near-wall model. These canonical flows were: decaying homogeneous isotropic turbulence, forced
homogeneous turbulence, homogeneous shear flow, and channel flow. We showed a literature review
of recent experimental and DNS data for each flow. Anisotropic forced homogeneous turbulence is

a novel flow that has not been previously used for determining model coefficients.
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We then showed how to use this canonical flow data in a framework for determining model coef-
ficients. In this chapter, we adopted a Reynolds stress modeling framework as an existing approach
for incorporating both anisotropic and nonlocal effects, which are both needed for prediction of
complex flows as shown by Park et al. (2022a). We showed both an a priori procedure in which the
data is specified from literature and the model coefficient is unknown and an a posteriori procedure
in which the model coefficient is specified and the resulting data is compared with literature. The
a priori procedure reveals deficiencies in the model form, and the a posteriori procedure shows the
sensitivity to the model coefficients.

We then showed progress towards development of a near-wall model that is designed to preserve
the expected analytical Reynolds stress scalings near the wall. While we were able to capture the
mean streamwise velocity in turbulent channel flow, there were some model form issues in joining
the near-wall model with the rest of the model that resulted in inadequate behavior for the normal
components of the Reynolds stresses. We listed some of the other model form modifications consid-
ered, some of which were attempts to address these issues. However, one of the major challenges
with analytical RANS model development is the selection of the model form from a large number of
possible combinations with each of the model terms.

In this chapter, we focused on analytical Reynolds stress model development using experimental
and DNS data for determining the model coefficients. The lessons from this chapter motivate a more
fundamental understanding of spatiotemporal nonlocal effects in Reynolds stress models. With this
motivation in mind, in the next chapters, we use the macroscopic forcing method (MFM) of Mani
and Park (2021) as a numerical tool for measuring the nonlocal and anisotropic eddy viscosity.
We develop a method for systematically and cost-effectively incorporating MFM data into a model
(Chapter 4) and develop new MFM techniques (Chapter 5) to investigate nonlocal and anisotropic
effects in turbulent channel flow (Chapter 6).



Chapter 3

Introduction to the macroscopic

forcing method

Sections of this chapter are based on the article published in Physical Review Fluids (Liu et al.
(2023)) and are reproduced here with some modifications. The full citation is: Jessie Liu, Han-
nah H. Williams, and Ali Mani. Systematic approach for modeling a nonlocal eddy diffusivity.
Phys. Rev. Fluids, 8(12):124501, 2023.

3.1 Background and motivation

While in the previous chapter we attempted to incorporate nonlocal and anisotropic effects using
a Reynolds stress transport model, in the following chapters we focus on using and building upon
the macroscopic forcing method (MFM) of Mani and Park (2021) to obtain information about the
exact nonlocal and anisotropic closure operator. In this section, we introduce MFM as it will be
needed for the following chapters. For simplicity, we will begin by discussing passive scalar transport
and the nonlocal eddy diffusivity, before generalizing to momentum transport and, analogously, the
nonlocal eddy viscosity.

MFM of Mani and Park (2021) uses forced DNSs to compute exact closure operators. These
closure operators can further be written in terms of generalized eddy diffusivities that are nonlocal
in space and time and anisotropic. The eddy diffusivities are exact in that the substitution of
these operators back into the mean equations results in exact mean quantities. The practical issue,
however, is that for a given flow the nonlocal eddy diffusivity may be very computationally expensive
to obtain. One method, introduced by Kraichnan (1987) and later modified by Hamba (1995, 2004)
for directly computing the nonlocal eddy diffusivity, is to use the Green’s function solution to a

passive scalar equation. The nonlocal eddy diffusivity, representing the projection of the scalar

39
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flux into the mean space, is then formulated exactly in terms of the Green’s function and velocity
fluctuation. Another method, which we use in this work, is MFM of Mani and Park (2021), a
linear-algebra-based method for numerically obtaining closure operators. In MFM, one probes the
closure operator by applying an appropriate forcing (not necessarily a Dirac delta function) to the
governing equations and measures the averaged response. Through this input-output analysis, one
can determine the exact nonlocal eddy diffusivity corresponding to the unclosed term. However,
because the full nonlocal eddy diffusivity captures the dependency of the scalar flux on the mean
scalar gradient everywhere in the averaged space, either of the above brute-force approaches would
require as many DNSs as degrees of freedom in the averaged space.

Analogously, for momentum transport, Kraichnan (1987) also derived an exact nonlocal and
anisotropic expression for the Reynolds stress tensor using a Green’s function. Hamba (2005) mod-
ified the expression to be feasible for numerical implementation. Hamba (2005) used the Green’s
function solution to a linearized formulation of the velocity fluctuation equation where the mean
velocity gradient is treated as the source, and the velocity fluctuation is treated as the response.
The generalized nonlocal and anisotropic eddy viscosity is then formulated using Green’s functions
and velocity fluctuations.

While MFM can be used to obtain the generalized eddy diffusivity (or eddy viscosity) similar to
the approach of Hamba (2004, 2005) as shown in Appendix B.2, MFM can also be used to obtain
moments of the eddy diffusivity using one simulation per desired moment. The challenge lies in
using this limited information to model the nonlocal eddy diffusivity which we address in Chapter
4. In this chapter, we first introduce the problem formulation for passive scalar transport in Section
3.2 and computing nonlocal and anisotropic eddy diffusivities in Section 3.3 before generalizing to

momentum transport in Section 3.4.

3.2 Problem formulation for passive scalar transport

Consider a passive scalar, ¢(x,t), being transported by a flow with velocity, u;(x,t). The governing

equation is

dc 0 d?c

_ + —(u,;c) = D Y, 31

ot 8117]( J ) Mﬁxjaxj ( )
where D)y is the molecular diffusivity. In many applications, instead of the full solution, ¢, one may
be only interested in the average of the solution, ¢. For example, the average may be taken over
ensembles, in time if the flow is statistically stationary, or over homogeneous spatial directions, but

its definition is system-dependent and varies between problems. One can derive an equation for ¢
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by applying the Reynolds decomposition (Reynolds (1895)):

c=c+c (3.2a)
uj = U +uj (3.2b)
where () denotes a mean quantity and ()’ denotes fluctuations about the mean quantity. Substituting
(3.2a) and (3.2b) into Equation (3.1) and then averaging the resulting equation leads to the mean
scalar transport equation:
oc 0 o%e )

— + —(;¢) = Dyy——— — —u/c
T oz, (ajec) DM@xjaxj or; ulic. (3.3)

The scalar flux, u;.c’ , is unknown and further attempts to analytically develop governing equations
for this term would result in more unknown quantities, i.e., this term is unclosed. A commonly-used

closure model, introduced by Boussinesq (1877), approximates —u;-c’ as a diffusive flux:

—ud(x) = Daa;j K (3.4)
where D is commonly referred to as the eddy diffusivity. Equation (3.4) relies on two simplifying
approximations. The first approximation is isotropy of the underlying mixing process, resulting in
a scalar eddy diffusivity. More critically relevant to our study, the second approximation is that the
mean scalar, ¢, varies over a time and length scale much larger than that of the fluctuations, ¢’. In
other words, the fluctuations mix very quickly and very locally due to the underlying flow. In this
limit, one can draw an analogy to kinetic theory, where molecular mixing happens very quickly and
locally due to Brownian motion, but the average motion represented at the continuum scale, which
is much larger than the Brownian mean free path, can be approximated via a local diffusive flux.
Reliant on a separation of scales, the Boussinesq approximation is a purely local approximation:

u;-c’ at a given location, x, is only dependent on the gradient of ¢ at the same location, x.

However, such isotropy and idealized separation of scales between mean fields and fluctuations
of continuum passive scalar fields often does not exist in turbulent flows (Corrsin (1975)). When the
Boussinesq approximation breaks down, a more general form of the eddy diffusivity is introduced

by Berkowicz and Prahm (1979):

dy, (3.5)

y

_U,jc’(x):/yDji(X,y)ami

where —ujc’ at a given location, x, may now be influenced by the gradient, 0¢/0x;, at another
location, y. The eddy diffusivity is now tensorial and can capture anisotropy of the underlying

mixing process by allowing the mean scalar flux to depend on different directions of the mean scalar
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Figure 3.1: Example of a nonlocal eddy diffusivity. (a) Full nonlocal eddy diffusivity kernel,
D(xz1,y1), and (b) cross sections of D(x1,y;) at various x; locations.

gradient. Moreover, there is no requirement of length scale separation, and fluctuations are not
assumed to mix locally. Dj;(x,y) is a nonlocal eddy diffusivity kernel and captures the dependence
of the scalar flux on the mean scalar gradient at other locations. Figure 3.1 shows an example of a
nonlocal eddy diffusivity kernel (corresponding to the inhomogeneous model problem with periodic
boundary conditions in Section 4.4.1 in which only D11 (z1,y1) is active). If one considers the eddy
diffusivity as a discretized matrix, then for a purely local eddy diffusivity, only the diagonal values
would be nonzero. However, the exact nonlocal eddy diffusivity in Figure 3.1a shows some spread
around the diagonal, indicating the presence of nonlocality. Figure 3.1b shows cross sections of the
nonlocal eddy diffusivity at various z; locations.

A nonlocal eddy diffusivity can also include temporal effects (Romanof (1985); Kraichnan (1987);
Hamba (1995, 2004)):

— oe
—uld (x,t) = Dji(x,y,t,7)z—

dyd 3.6
j r O yar, (3.6)

y.T

where fugc’ at a given time, ¢, may now also depend on the time history, 7, of the gradient of .
If the underlying flow is statistically stationary and homogeneous, the nonlocal eddy diffusivity

expression in (3.6) has a simplified form (Berkowicz and Prahm (1980)):

oc

dydr, (3.7)

—u;c’(x, t) = / Dy —x,7—1t)
Yy, T

where the nonlocal eddy diffusivity does not depend on the specific point, (x,t), but rather only on
the distance, (y —x,7 —t). We consider nonlocal eddy diffusivities for homogeneous flows in Section
4.3 before considering inhomogeneous flows in Section 4.4.

The moments of the nonlocal eddy diffusivity are related to the full nonlocal eddy diffusivity by
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considering the Taylor series expansion of Equation (3.6) locally about y = x and 7 = ¢ (also known
as a Kramers-Moyal expansion (Van Kampen (1992))) as done by Kraichnan (1987) and Hamba
(1995, 2004):

dydr. (3.8)

x,t

o 9 0 oc
gl = - - o, T -
u'ic (%, 1) /yT Dji(x,y,t,7) [1 + (Y xk)axk L T ot } Ox;

)

The term involving ¢ is now no longer a function of y and 7 and can be taken out of the integral

such that

) = | DY)+ Dl )5 oo DY) | (39)
where Dgi is the zeroth-order spatial and temporal moment:
DO (x,1) / Dji(x,y,t,7)dydr, (3.10)
D1 5. 1s the first-order spatial moment (superscript s for spatial):
Dt = [ (= m)Dialxy.t. ), (3.11)
YkoT
DJI; is the first-order temporal moment (superscript ¢ for temporal):
Dji(x,t) = / (1 —1)Dji(x,y, t,7)dydr, (3.12)
v,

and so forth. The zeroth-order spatial and temporal moment, DY, is the local and anisotropic eddy

Jio
diffusivity, and higher-order moments characterize the nonlocality of the eddy diffusivity.

3.3 Methods for computing the nonlocal eddy diffusivity and
moments of the eddy diffusivity

While the moments of the nonlocal eddy diffusivity may be obtained by computing the full nonlocal
eddy diffusivity and then integrating using the definitions in Equations (3.10)-(3.12), Mani and Park
(2021) use inverse MFM (IMFM) to compute the moments more directly. We first review methods
for obtaining the full nonlocal eddy diffusivity before introducing direct methods for obtaining the
eddy diffusivity moments.

The passive scalar transport equation in (3.1) can be written in operator form as

Le =0, (3.13)
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where L is a matrix representing the discretized advection-diffusion operator. The desired equation
governing the mean scalar field is
Le=0, (3.14)

where L is the averaged operator containing both the closed advection-diffusion operator and the

closure operator for the scalar flux in Equation (3.3). Let averaging be defined by
¢ = Pec, (3.15)

where P is the projection operator. Similarly, F is an extension operator such that £ = nP T, where
n is the number of points used for averaging. Mani and Park (2021) show that the averaged operator
can be found by using

L=(PLT'E) (3.16)

The derivation of (3.16) and its connection to the forcing methods introduced later in this section
are shown in Appendix B.1.
Once the averaged operator £ is obtained, one can subtract out the closed portion of the
Reynolds-averaged advection-diffusion operator to find the closure operator, Z/, using
0] 0 0? —

=242 —p . 1
E= 5 TGy, PMgsae, TF (8.17)

For example, if averages are taken over all directions except x; and the unclosed term is simply
Le= 0/0x1(uyc), after obtaining L' one can then write the closure operator as

— 0 0

L = —a—xlDa—xl. (3.18)
By removing the appropriate 9/0x1 matrices, one can recover the eddy diffusivity, D, in discretized
form. If D is a purely diagonal matrix, then the eddy diffusivity is purely local. If instead, there are
nonzero off-diagonal entries in D, which then multiply a spread of corresponding entries in 9¢/0x1,
then the eddy diffusivity is nonlocal. Matrix multiplication can be expressed as a convolution, and
in continuous form, generalizes to the nonlocal eddy diffusivity formulation of Berkowicz and Prahm
(1979) in Equation (3.5).

We use this method for obtaining the full nonlocal eddy diffusivities for the simple problems
with low degrees of freedom in Chapter 4. However, inversion of £, which is size-dependent on the
number of degrees of freedom, can become prohibitively expensive for complex problems. Moreover,
for general problems, Z may include multiple unclosed terms from which it may not be possible to
extract a nonlocal eddy diffusivity for each term separately using this approach.

Forcing methods, such as MFM of Mani and Park (2021) or use of the Green’s function by Hamba

(1995, 2004), can take advantage of computational fluid dynamics solvers and probe the nonlocal
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eddy diffusivity directly. MFM is a more flexible technique that allows 1) explicit specification of
the forcing and post-processing of ¢ to arrive at the closure operator, 2) specification of the gradient
of ¢ as a Dirac delta function and post-processing of the scalar flux to obtain the nonlocal eddy
diffusivity, which is consistent with the Green’s function approach of Hamba (1995, 2004) as shown
in Appendix B.2, or 3) specification of ¢ as polynomials and post-processing of scalar fluxes to obtain
moments of the nonlocal eddy diffusivity. Moreover, this linear-algebra-based forcing technique does
not require the governing (microscopic) equations as analytical partial differential equations but only
as operators in discretized form.

Rather than obtaining the full nonlocal eddy diffusivity, we introduce IMFM and its usage for
directly obtaining moments of the eddy diffusivity. In IMFM, one adds a forcing in order to maintain
a pre-specified mean field and measures the scalar flux response. For example, a forcing, s, is added
to the passive scalar transport equation in Equation (3.1):

Jc 0 0%c

— — . —_— D =
ot + oz, W) T Pugy g =8

(3.19)

At each time step, ¢ is constrained to its pre-specified value due to s while c¢ is free to evolve. In this
procedure, at each time step, one can solve for ¢ without the forcing, and then shift ¢ appropriately
(while observing the macroscopic forcing property s = 3) such that the average matches the pre-
specified ¢.

Specifying the mean field as polynomials leads to moments of the eddy diffusivity. For simplicity,
consider a problem in which averaging is taken over all directions except x1, and there is only one

component of the scalar flux, v}¢’. Equation (3.9) becomes:

—uyd (z1,t) = | D°(21,t) + D' (x t)iJrDzS(x t)a—2+~~~+D1f(x t)ng e
1 1, - 1 1 81’1 1, a.’IJ% 1 ot 8371.
(3.20)

To obtain the zeroth-order spatial and temporal moment of the eddy diffusivity, one can use IMFM
to specify ¢ = z1 and solve the forced passive scalar transport equation in (3.19). Postprocessing of

—u) ¢ leads to the zeroth moment:
—U |omg, (1, 1) = D°(21,1) (3.21)

as shown by substitution of ¢ = z1 into (3.20). Specifying ¢ as higher-order polynomials leads to
higher-order moments of the eddy diffusivity. For the first-order spatial moment, specifying ¢ = 2% /2
leads to

—Uy gz ja(21,8) = 21D (21, 1) + D (21,1) (3.22)

as shown by substitution of ¢ = 2% /2 into (3.20). Post-processing the scalar flux and then subtracting

out the contribution from the zeroth-order moment leads to D's. Similarly, for the second-order
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spatial moment, specifying ¢ = 23 /6 leads to

2

—uyfomyt s (21, 1) = %Do(xlat) + a1 D (21, 1) + D> (a1, 1), (3.23)

and post-processing the scalar flux and then subtracting out the contribution from the zeroth-order
moment and first-order spatial moment leads to D?s. For the first-order temporal moment, specifying
¢ = x1t leads to

— Ui oz i (w1, 1) = tD° (1, t) + D (21,1) (3.24)

as shown by substitution of ¢ = x1t into (3.20). Post-processing the scalar flux and then subtracting
out the contribution from the zeroth-moment leads to D't.
Generally, calculation of higher-order moments depends on having previously obtained lower-

order moments.

3.4 Generalization to momentum transport

For momentum transport, the analogue of the generalized eddy diffusivity in Equation (3.6) is the
generalized eddy viscosity (Hamba (2005)):
—W(x, t) = / Dz’jkl(X,y,t,T)%U; dydr, (3.25)
y,T v.T
where D;jpi(%,y,t,7) is the nonlocal and anisotropic eddy viscosity kernel. In this section, we detail
how to compute the eddy viscosity kernel using a brute-force approach as it will become important
for Chapter 5 and how to compute moments of the generalized eddy viscosity without computing
the entire eddy viscosity kernel as it will become important for Section 4.5.
For the statistically stationary turbulent channel flow considered in the following chapters, av-
eraging is taken in time and over the homogeneous streamwise (1) and spanwise (x3) directions.

The simplified eddy viscosity is

—ujuf(z2) :/Dij21($2ay2)? dya, (3.26)
T2y,

where x5 is the wall-normal direction. Hamba (2005) and Park and Mani (2023a) computed the
generalized eddy viscosity, D;jo1(x2,y2), for turbulent channel flow at Re, = 180. Hamba (2005)
used the Green’s function solution to a linearized equation for the velocity fluctuations. Park and
Mani (2023a) used IMFM, where forcing is added to the governing equations to maintain a pre-
specified mean velocity gradient. Appendix B.2 shows that the two approaches are equivalent.
However, Hamba (2005) further performed averaging of D;jo1 to enforce symmetry in the Reynolds
stress tensor, e.g., (Da121 + D1221)/2, whereas Park and Mani (2023a) did not.
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Park and Mani (2023a) simultaneously solve the nondimensionalized incompressible Navier—

Stokes equations:

Ou;  Ouju;  Op 1 0%

ot - Ox; N _axi + Re 0z ;0x; + i (3.27a)
3ui

B .27b

oz, (3.27b)

where Re is the Reynolds number, p is the fluctuating pressure, and r; is a body force, which for
turbulent channel flow is the nondimensionalized mean pressure gradient, r; = (1,0,0), and the

generalized momentum transport (GMT) equations:

Ov;  Oujv;  Oq 1 03

S — 2
ot * 0z, 0w | Reor,om, (3:282)
a’Ui
o =0 (3.28b)

where u; is the advection velocity computed from the Navier-Stokes equations in (3.27a) and (3.27b),
v; is a transported vector field, ¢ is a generalized pressure to ensure that v; is solenoidal, and s; is

the IMFM forcing (and must satisfy s; =3;). In this formulation, the eddy viscosity is

—— 0%
—uvj(a2) = /Dij21(x2,y2)71 dys. (3.29)
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Figure 3.2: (a) Da121(2,y2) component of the generalized eddy viscosity for a turbulent channel
flow at Re, = 180. The rows of Dyjo1 represent the dependence of the shear component of the
Reynolds stress, —ubuf (z2), on OU1/0xs|y,. Reproduced from Park and Mani (2023a) with author
permission. (b) Rows of Dajo1 for x4 as labeled. Uses data from Park and Mani (2023a).
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Figure 3.3: A row of Dy at zo = —0.565, i.e., Dajo1(xe = —0.565,y2) and the corresponding
column, D191 (x2,y2 = —0.565), which shows that Dajo1(x2,y2) is not symmetric (data from Park
and Mani (2023a) with author permission).

Figure 3.2a shows the Dy121 component of the eddy viscosity reproduced from Park and Mani
(2023a). This component represents the dependence of the shear component of the Reynolds stress,
—ubuf (29), on the mean velocity gradient at all locations, U, /02s|,,. To compute the eddy viscos-
ity, Park and Mani (2023a) use the IMFM forcing to maintain the mean velocity gradient, OV; /0x2,
as a Dirac delta function. In discretized form, b = Av, where b = —@ is a N x 1 vector,
A = Doj9; is a N x N matrix, v = 9V /0xs is a N x 1 vector, and N is the number of degrees of
freedom in the averaged space (number of mesh points in zs). Using IMFM to specify the velocity
gradient as v = [10...0]" (a discrete Dirac delta function) and post-processing the resulting —ubv/
from a simulation of the Navier—Stokes equations in (3.27a) and (3.27b) and GMT equations in
(3.28a) and (3.28b) leads to the first column of A. Specifying v = [0 1...0]" leads to the second
column, and so forth. Thus, obtaining the generalized eddy viscosity using IMFM, or equivalently
Hamba’s approach (Hamba (2005)) here, requires as many simulations as degrees of freedom in the
averaged space. In the case of Park and Mani (2023a), 144 simulations for each of the 144 mesh
points in the wall-normal direction were needed to produce the eddy viscosity shown in Figure 3.2a.
Each simulation solves both incompressible Navier—Stokes and GMT equations, and hence the total
cost is equivalent to 288 DNSs.

Each simulation obtains a column of D;jk;, but the rows of D;;i; are more useful from a physical
perspective. The rows give the dependence of the Reynolds stress, —W, at a given location,
on the mean velocity gradient at all locations. The rows give information about the importance
of nonlocality and regions of mean velocity gradient sensitivity. Moreover, the rows of D;;;; are
generally not identical to the columns. For example, from Figure 3.2a it may seem that D121 (22, y2)

is symmetric and equal to Da121(y2,22). Figure 3.3 shows clear differences between a row of Dajaq
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at zo = —0.565 and a column at the same location. We address the need for a method for obtaining
targeted rows of the generalized eddy viscosity without first performing a brute-force computation of
all columns of the eddy viscosity in Chapter 5. Moreover, the method developed in Chapter 5 allows
us to perform MFM measurements of streamwise and wall-normal nonlocality at specific near-wall
locations in turbulent channel flow in Chapter 6.

To directly compute moments of the eddy viscosity, as detailed for the eddy diffusivity in Section
3.3, counsider the Taylor series expansion of the generalized eddy viscosity in Equation (3.29) locally

about yo = xs:

0? ovi

9 \
where D?ﬂl is the zeroth-order spatial moment:
D?j21(332) = /Dij21(3327 Y2)dya, (3.31)

Diljs21 is the first-order spatial moment (superscript s for spatial and where we have dropped the
1s

higher-order tensorial notation, e.g., D;5,, .,

since only the x5 direction is considered):

D5y (x2) = /(y2 — x2) Djjo1(w2, y2)dys, (3.32)

and similarly, DinSQl is the second-order spatial moment:

1

Dy, (x2) = / 52— 2)° Dijo1 (22, y2) dya. (3.33)

Using IMFM to specify the mean field as polynomials leads to information about moments of
the eddy viscosity. For example, to compute the zeroth-order spatial moment of the eddy viscosity,
using IMFM to specify V; = zo and solving the Navier—Stokes equations in (3.27a) and (3.27b) and
GMT equations in (3.28a) and (3.28b) leads to the zeroth moment:

— U] |V, = (22) = Dijoy (22) (3.34)

as shown by substitution of V; = x5 into Equation (3.30). Similar to passive scalar transport,
specifying V; as higher-order polynomials, e.g., V; = z3/2 and V; = z3/6, leads to information
about higher-order moments of the eddy viscosity. Section 4.5 shows how to systematically use this

information about the eddy viscosity moments in a model for turbulent channel flow.



Chapter 4

Systematic approach for modeling
a nonlocal eddy diffusivity or eddy

viscosity

Sections of this chapter are based on the article published in Physical Review Fluids (Liu et al.
(2023)) and are reproduced here with some modifications. The full citation is: Jessie Liu, Han-
nah H. Williams, and Ali Mani. Systematic approach for modeling a nonlocal eddy diffusivity.
Phys. Rev. Fluids, 8(12):124501, 2023.

4.1 Background and motivation

In this chapter, we will develop matched moment inverse operators in the context of passive scalar
transport and the nonlocal eddy diffusivity; however, the approach extends naturally to momentum
transport using the nonlocal eddy viscosity in Section 3.4, which we demonstrate for turbulent
channel flow in Section 4.5.

As discussed in Chapter 3, while a brute-force approach such as MFM (Mani and Park (2021)) or
the Green’s function approach of Hamba (2004) can be used to compute the nonlocal eddy diffusivity,
these approaches are expensive and need as many forced DNSs as degrees of freedom in the averaged
space. However, even once obtained, a nonlocal eddy diffusivity may still be expensive to implement
in a model due to the resulting integro-differential equation accounting for the effect of the mean
scalar gradient everywhere in space (and time). A spatially nonlocal eddy diffusivity would raise
the computational cost from O(N) to O(N?); a temporally nonlocal eddy diffusivity would require
keeping the history of the mean scalar gradient stored in memory.

Previous works have attempted to address the cost of implementing a nonlocal eddy diffusivity

50
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by suggesting various approaches for modeling a nonlocal eddy diffusivity using a partial differential
equation rather than an integro-differential equation. Georgopoulos and Seinfeld (1989) assumed an
exponential kernel shape for a temporally nonlocal (but spatially local) eddy diffusivity and arrived
at a hyperbolic telegrapher’s equation for the mean scalar. Yoshizawa (1985) expanded the nonlocal
eddy diffusivity using the two-scale direct interaction approximation and used higher-order terms
involving products of the mean scalar gradient and mean velocity gradient as corrections to the local
eddy diffusivity. Hamba (1995, 2004) expanded the nonlocal eddy diffusivity using a Taylor series
expansion (also known as a Kramers-Moyal expansion (Van Kampen (1992))) and used higher-order
terms of the Taylor series as corrections to the local eddy diffusivity. Such an expansion can have
convergence issues as we discuss in Section 4.2. Hamba (2004) also suggested another model form
based on a partial differential equation for the scalar flux; however, the coefficients of this model
require knowledge of the full nonlocal eddy diffusivity. More recently, Hamba (2022) modeled the
nonlocal eddy diffusivity for decaying homogeneous isotropic turbulence in Fourier space by using
the energy spectrum.

To alleviate the computational cost while keeping the accuracy of the nonlocal eddy diffusivity, we
introduce a systematic technique for modeling nonlocal eddy diffusivities using what we call matched
moment inverse (MMI) operators. Determining these operators does not require computing the full
nonlocal eddy diffusivity—as the name suggests, they require only a few moments of the nonlocal
eddy diffusivity, which can be cost-effectively computed using inverse MFM (IMFM) (Mani and
Park (2021)).

In Section 4.2, we discuss modeling approaches for nonlocal eddy diffusivities, culminating in the
development of MMI. Then, in Section 4.3, we demonstrate the use of MMI for a simple homogeneous
problem and illustrate the importance of including nonlocal effects in a model. In Section 4.4, we
demonstrate the use of MMI for inhomogeneous flows and address some of the challenges with MMI

for inhomogeneous wall-bounded flows.

4.2 Approaches for modeling a nonlocal eddy diffusivity

Given a spatiotemporally nonlocal eddy diffusivity as in Equation (3.6), one may want to model the
nonlocal eddy diffusivity in order to express the governing equation for the mean scalar as a partial
differential equation rather than an integro-differential equation. For simplicity, consider a problem
where averaging is taken over all directions except x1, and there is only one component of the scalar

flux, v} ¢’. The scalar flux can be expressed exactly as

—_ 0
—uljc(z1,t) = / D(ml,yl,t,T)—c dy,dr. (4.1)
Y1,7

8151 Y1,T
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Figure 4.1: (a) Example eddy diffusivity kernel corresponding to the Boussinesq model in Equation
(4.2). (b) Example eddy diffusivity kernel corresponding to the explicit model in Equation (4.3) with
DY =1/2, D's =0, and D? = 1/32 using a second-order central difference scheme and Ay; = 0.1.

4.2.1 Boussinesq model

In the Boussinesq limit, where mixing is purely local, D(x1,y1,t,7) = D%(z1,t)86(y1 — 21)8(7 — 1).
The purely local model is given by

oc

— 4.2
oz, (4.2)

—ujd (w1,t) = D°(xy,t)
where DU is the zeroth-order spatial and temporal moment. This is also sometimes called the K-
model where the local eddy diffusivity, K, may be generalized to be a tensor to account for anisotropy
(Kraichnan (1987); Georgopoulos and Seinfeld (1989); Yoshizawa (1985)). The purely local model
is the first term of the Taylor series expansion in Equation (3.9). Figure 4.1a shows an example of

the eddy diffusivity kernel shape.

4.2.2 Explicit model

If the Boussinesq locality approximation is not valid, one may consider higher-order terms of the
expansion as nonlocal corrections to the local model. For example, including the first- and second-

order spatial moments and first-order temporal moment of the nonlocal eddy diffusivity results in

0%c
atal‘l ’

o = 2 3=
T, ) = Dan ) 2 4 DY (e, )28 1 D (a1,6) L 4 DY, )

4.
0z 0x? o3 (43)

This type of model form has been investigated by Hamba (1995, 2004). In general, addition of these
higher-order terms may not guarantee improvement of the model as demonstrated in Section 4.3.2

and by Mani and Park (2021). Non-convergence of the Kramers—Moyal expansion has also been
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Figure 4.2: (a) Example temporally nonlocal eddy diffusivity kernel in Equation (4.4) with « = 8 =
1. (b) Example spatially nonlocal eddy diffusivity kernel in Equation (4.7) with a = 8 = 1.

previously shown in the context of molecular dynamics (Pawula (1967)). This lack of convergence
may be explained by examining the eddy diffusivity kernel shape as shown in Figure 4.1b. The
leading term in Equation (4.3) implies a Dirac delta function as the eddy diffusivity kernel, and
adding higher-order corrections is equivalent to adding higher-order derivatives of Dirac delta func-
tions; these corrections are still highly local and may not adequately capture the smooth shape of

the nonlocal eddy diffusivity.

4.2.3 A temporally nonlocal model

A simple nonlocal eddy diffusivity kernel that is smooth and can be represented with a partial
differential equation is a decaying exponential function. For example, if the flow is statistically

stationary and homogeneous, a simple eddy diffusivity that is local in space but nonlocal in time is
_ B —(t—7)/
D(y1 — 21,7 —t) = 0(yr — 1) exp ; (4.4)

where o and B are constants and the history effect of the eddy diffusivity decays exponentially
backward in time. Figure 4.2a shows an example of the nonlocal eddy diffusivity kernel. The scalar

flux is governed by
oc

— (4.5)

g +1| (i) = 5

and as shown by Georgopoulos and Seinfeld (1989), the mean scalar is governed by the hyperbolic
telegrapher’s equation:
9% oc d%c

@‘1‘@ :Baix%y (4.6)

(07

which was first derived by Goldstein (1951) for a one-dimensional correlated random walk.
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4.2.4 A spatially nonlocal model

Similarly, a simple spatially nonlocal eddy diffusivity kernel that is smooth and can be represented
by a partial differential equation is a double-sided exponential function. For example, if the flow
is statistically stationary and homogeneous, a simple eddy diffusivity that is nonlocal in space but
local in time is

D(yy — a1, 7 —t) = ge*\yﬂﬂ/a(s(f — 1), (4.7)
where a and 8 are constants and the spatial nonlocality of the eddy diffusivity is captured as a

double-sided exponential. Figure 4.2b shows an example of the nonlocal eddy diffusivity kernel. As

shown by Hamba (2004), the scalar flux is governed by

2

9 _
{1 - azawﬂ (—ujc) =28

o

5o (4.8)

Moreover, the shape of the nonlocal eddy diffusivity kernel as shown in Figure 4.2b often qualitatively

resembles the true nonlocal eddy diffusivity kernel, for example, as shown in Figure 3.1b.

4.2.5 Matched moment inverse (MMI) operators

For many flows, the measured nonlocal eddy diffusivity may not be exactly an exponential in time or
space (Hamba (2004, 2005); Park and Mani (2023a)). However, it may still be appropriate to model
the shape of the nonlocal eddy diffusivity as exponential functions or combinations of exponential
functions. For such flows, the key question we seek to address is how to appropriately determine
the coefficients. For this purpose, we introduce matched moment inverse (MMI) operators which
systematically allow determination of the coefficients using, as the name suggests, only measured
moments of the nonlocal eddy diffusivity rather than the full measured nonlocal eddy diffusivity. For
a statistically stationary and homogeneous flow, consider a model for a spatiotemporally nonlocal
eddy diffusivity formed by combining Equation (4.5) and (4.8) (and more generally in which, higher-

order terms may be included):

0 0 0? — oc
[agat-l- <1+a18171+a281‘%):| (_U1C)—a087xl~ (4.9)

The coefficients, a;, will be determined by matching up to the second spatial moment and first

temporal moment of the nonlocal eddy diffusivity. Rearranging,

— ) d? 01" oe
—_ el = _— - —_ e
e [1 TG, T Ox? tas 8t] 9z, (4.10)
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Figure 4.3: (a) The exact spatiotemporally nonlocal eddy diffusivity, D(y; — z1,7 — t), for the
homogeneous model problem in Section 4.3.1. (b) The modeled eddy diffusivity using MMI.

and Taylor series expanding the inverse operator on the right-hand-side leads to

9 _

—@ = |1- alﬁi:vl - a236m% + alﬁi:vl (alail> +oe = a3% +... aoaa—;l. (4.11)
Because the flow is statistically stationary and homogeneous, the coefficients are constants. To match
the first few moments of the modeled nonlocal eddy diffusivity with the exact measured moments,
compare the expansion in (4.11) with the Taylor series expansion of the nonlocal eddy diffusivity in
(3.9) and simplified for a one-dimensional problem in (3.20). This leads to the coefficients: ag = DY,
a; = —D'+/D° ay = —D?* /D% + (D':/D%)2, and a3 = —D't/DY. After determination of the
coefficients, the model form in Equation (4.9) is used for the scalar flux. The bracketed operator on
the left-hand-side of (4.9) acting on the scalar flux is the MMI operator and may be generalized to
include higher-order derivatives and mixed derivatives.

Note that while the explicit model in Equation (4.3) also matches the low-order measured mo-
ments of the eddy diffusivity, the shape of the nonlocal eddy diffusivity is not properly captured and
leads to convergence issues. By truncating the Taylor series expansion, each additional term in the
explicit model in Equation (4.3) adds a highly local correction and an infinite series is needed for
convergence. By keeping an infinite Taylor series in Equation (4.11) that smoothly approximates
the nonlocal eddy diffusivity as an exponential function in time and a double-sided exponential func-
tion in space, MMI operators better approximate the true shape of the nonlocal eddy diffusivity.
For example, Figure 4.3a shows the measured spatiotemporally nonlocal eddy diffusivity for the
homogeneous model problem described in Section 4.3, and Figure 4.3b shows the MMI-constructed
spatiotemporally nonlocal eddy diffusivity. The two nonlocal eddy diffusivities have the same zeroth-,

first-, and second-order spatial and first-order temporal moments.
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For inhomogeneous flows, the moments of the eddy diffusivity are functions of space, and corre-
spondingly the coefficients of the MMI model will also be functions of space. In this case, the MMI
coefficients cannot analytically be matched with the eddy diffusivity moments since an infinite num-
ber of higher-order derivatives of the unknown coefficients appear in the Taylor series expansion of
the MMI operator. We present a modified numerical procedure for determining the MMI coefficients
in order to match the low-order moments of the eddy diffusivity.

For illustration, consider an inhomogeneous flow in which the eddy diffusivity is spatially nonlo-

cal:

—— de
—ujd(21) = D(a1, yl)T dy;. (4.12)
Y1 'rl Y1

The MMI model including up to the second-order spatial moment is

dc

d d2
[1 + al(asl)d—ml + ag(xl)] (—ujd) = ao(xl)d—xl,

(4.13)
da?

where the coefficients, a;, are now also functions of x; and yet to be determined. The Taylor series

expansion of the nonlocal eddy diffusivity is

S (ar) = [P0 + D)+ Do)y ] (114)
dzq da? dz;
where the moments of the eddy diffusivity are given by

D = D(x1,y1)dys, (4.15a)

9
D*: 2/ (y1 — x1)D(x1,y1)dys, (4.15b)

9
D* :/y %(yl — x1)* D (w1, y1)dys. (4.15¢)

1

To obtain the low-order moments of the eddy diffusivity using IMFM, the forcing is applied such that
¢=uxy,¢=1x%/2, ¢ = x3/6, etc. Substituting these ¢(x1) into Equation (4.14) and post-processing

the corresponding —u/ |z leads to:

—y o=y, = D(21), (4.16a)

—uy|oyz 2 = 21 D%(21) + D' (1), (4.16b)
2

—uiC o=yt 6 = %Do(wl) +@1D (21) + D* (a1). (4.16¢)

If —u)c|z are directly available from IMFM, then one should use them directly. Otherwise, if only
the moments are available, one should form —u/ ¢/|; using the expressions above in Equations (4.16a)-

(4.16¢). —u}c’|z contains exact information about the low-order moments of the true eddy diffusivity
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Figure 4.4: For the inhomogeneous model problem with periodic boundaries in Section 4.4.1: (a)
MMI coefficients for Equation (4.13). (b) The eddy diffusivity kernel from the MMI model closely
approximates the exact eddy diffusivity kernel as shown for various z; locations.

that one can now incorporate into the MMI model in Equation (4.13). One can form three equations
for ag(1), a1(x1), and az(z1) by substituting ¢ = z1, ¢ = 27/2, and ¢ = 23 /6 and the corresponding

—uf |z from Equations (4.16a)-(4.16¢) into Equation (4.13):

— d  — d?

- ullcl|E:w1 + aldixl(_ullcqéle) + a2d7$%(—u/10/|5:g;1) = ayp, (4.17a)
—ujd| +a i(—u’c’| )+a d—Q(—u’c’\ ) = apx (4.17b)
1C le=22/2 1dx1 1€ le=a2/2 de% 1€ le==22/2) = @40T1, .

— d — S S — x2
—u —(—=u' —(=u' - = 71 4.17
Uy ¢ |C_x:f/6+a1df£1( uc |c—xf/6)+a2dm%( u;c ‘c—x?/G) ao 9 ( C)

This linear system of equations for ag, a1, and as is solved point-wise to obtain the MMI coefficients
at each x; location. For example, Figure 4.4a shows the coefficients of the MMI model for the
inhomogeneous model problem with periodic boundaries in Section 4.4.1. Figure 4.4b shows the
exact spatially nonlocal eddy diffusivity and the MMI-constructed eddy diffusivity.

The suggested use of MMI is not the only way to mimic the nonlocal behavior of the eddy dif-
fusivity. For example, Hamba (2004) first obtained the exact nonlocal eddy diffusivity and then
constructed alternative inverse operators by examining their shape against the exact eddy diffusiv-
ity kernel shape. The suggested MMI is an alternative that substantially reduces the number of
DNS needed by focusing only on a limited number of moments of the nonlocal eddy diffusivity to
characterize the kernel shape, while providing a systematic path for determining the coefficients of

the inverse operator.
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4.3 Example MMI models for homogeneous flows

4.3.1 Model problem: Dispersion by a parallel flow

As a simple example, consider the dispersion of a passive scalar by a homogeneous, laminar, parallel
flow. This problem was first introduced by Taylor (1953) and revisited by Mani and Park (2021)
to demonstrate how MFM can be used to obtain the exact nonlocal eddy diffusivity. Moreover,
this problem is a simple example in which the scale separation assumption of the Boussinesq ap-
proximation does not hold, requiring the consideration of nonlocal effects. Specifically, consider a

two-dimensional problem with the governing equation:

Jdc 0

— 4+ — 4.1

(uie) + i(ugc) = Dy (

0%c 0%
31‘2 ’

2 2
Oxy  0z3

where c¢(z1,22,t) is a passive scalar, Dy is the molecular diffusivity, and w; is the parallel flow
velocity:

2
u1 = U cos (Ij;xg) , ug = 0. (4.19)

The domain is —co < z1 < o0 and 0 < xy < Lo with periodic boundary conditions in x5. Nondi-
mensionalizing zo by Lo/(27), 1 by UL%/(47%Dyy), and t by L3/(472Dyy) leads to the following
nondimensionalized equation:

dc 9 , 0% 0%

ge, 9 _pde g 4.20

T P (cos(zz)c) = € o7 + 912 (4.20)
where € = 2w Dy /(LoU) is the only nondimensional parameter. As in Mani and Park (2021), for
simplification we consider € = 0, corresponding to the limit of large Peclet number, i.e., assume the
advective flux is much greater than the diffusive flux in the x; direction. The governing equation

for the homogeneous example problem is

de ) 9%c

— + — = —. 4.21
5 + R (cos(z2)c) o2 (4.21)
For this problem, averaging is taken over the z5 direction, i.e.,
1 [he
c(z1,t) = —/ c(x1, x9,t)dxs. (4.22)
Ly Jo
Correspondingly, the mean scalar transport equation for this problem is
oc 0 —
— 4+ — =0 4.23
at + 81’1 (U]_C ) ’ ( )
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Figure 4.5: (a) The velocity profile for the homogeneous, parallel flow (u; = cos(zz), us = 0). (b)
An initial condition corresponding to the release of a narrow band of passive scalar in the center of
the domain (c(t = 0) = exp(—22/0.025)). (c) The dispersed scalar field, c(z1, x2,t), and xo-averaged
field, &(z1,t), at time, t; = 0.5. (d) c(z1,x2,t) and &(x1,t) at a later time, ty = 4.

where u}¢’ = cos(zz)c’ is the unclosed scalar flux. The mean advection, d/8z;(@1¢), does not
appear in (4.23) since @; = cos(z9) = 0. The mean diffusion, 9°¢/9z3, also drops from (4.23) due
to averaging over xo and periodic boundary conditions.

Figure 4.5a shows the prescribed velocity profile. Figure 4.5b-d show the initial condition, ¢(t =
0) = exp(—2%/0.025), and time snapshots of the dispersed scalar field, c(x1,x2,t), and averaged
field, ¢(xq,t) solved using DNS. The goal is to predict the complex behavior of ¢(z1,t) using a
one-dimensional partial differential equation. Mani and Park (2021) also attempted to model this
problem by finding the nonlocal eddy diffusivity in Fourier space in both space and time using MFM,
analytically fitting the operator in Fourier space, and then transforming it back into physical space.
We revisit this problem in order to develop a method that does not need the full nonlocal eddy

diffusivity and results in an operator that does not involve the operational square root.

4.3.2 Model comparison

We compare some of the models in Section 4.2 with MMI models for the homogeneous problem.
The moments of the nonlocal eddy diffusivity for this problem may be obtained numerically using

IMFM or analytically using Taylor’s approach for dispersion by a parallel flow (Taylor (1953)) and
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Figure 4.6: Model comparison of the averaged field, ¢(x1,t), using the initial condition ¢(t = 0) =
exp(—2%/0.025). The spatiotemporal MMI model in Equation (4.28) closely captures the spread of
the averaged field, whereas the leading-order Taylor model and higher-order Taylor model overpredict
the spread of the averaged field.

its extension by Aris (1960). Taylor’s approach uses the transport equation for the fluctuations, ¢,
and applies the same length/time scale separation assumptions as the Boussinesq approximation to
find the leading-order term balance, resulting in the Boussinesq model. Higher-order moments are
found by considering perturbative corrections to the leading-order term balance, resulting in models
similar to the explicit model in Section 4.2. The first few moments of the nonlocal eddy diffusivity
are D° = 1/2, D's =0, D* =1/32, and D't = —1/2.

The Boussinesq model or leading-order Taylor model is

—ujd = - —, (4.24)
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and the explicit model or higher-order Taylor model is

—— loe 19% 1 0%
="y 7= _ - 7" 4.25
M= 500, T 32008 T 20100, (4.25)
As discussed in Mani and Park (2021), for this problem, the higher-order Taylor model is modified
such that the last term in Equation (4.25) does not appear and the signs of the coefficients are

consistent with the energy-damping mechanism:

106 7 0%
T = _ . 4.26
N T 99, T 32043 (426)

The MMI model only incorporating temporal nonlocality and whose coeflicients are determined

using the procedure in Section 4.2 is
0 —_ 1 oe
Z 41l (=) = = =— 4.27
1) = (2
and similarly the MMI model incorporating spatiotemporal nonlocality is

5} 1 0? — 1 0¢
it (1 t60m) | T = 5, (429

Figure 4.3a shows the exact measured nonlocal eddy diffusivity, and Figure 4.3b shows the shape

of the nonlocal eddy diffusivity captured by the spatiotemporal MMI model in Equation (4.28).
Appendix B.3 details how these spatiotemporal eddy diffusivities are computed.

Figure 4.6 shows the evolution of the averaged field, ¢(z1,t). Compared with the DNS solution,
the spatiotemporal MMI model closely predicts the spread of the averaged field. The leading-order
Taylor model causes the mean field to spread out too quickly, indicating the importance of including
nonlocality. The higher-order Taylor model performs even worse, which demonstrates that adding
a finite number of higher-order corrections from an infinite Taylor series expansion of the eddy
diffusivity may not guarantee model improvement. Figure 4.7 shows a comparison between the
leading-order Taylor model and higher-order Taylor model at an early time, ¢ = 0.5, and a later
time, t = 4.

Figure 4.8 shows a comparison between the MMI model incorporating temporal nonlocality and
the MMI model incorporating spatiotemporal nonlocality. Both models capture the qualitative shape
of the DNS solution better than either the leading-order Taylor model or higher-order Taylor model
at early times. The spatiotemporal MMI model reasonably matches the DNS solution whereas the
temporal MMI model shows some overshoot. The spatiotemporal MMI model excellently captures
the late-time solution. All four models are expected to perform well at late times in the limit of
slowly-varying mean field, i.e., where the Boussinesq approximation becomes valid. However, in

this case, the spatiotemporal MMI model performs well even outside of this limit due to its close
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Figure 4.7: Model comparison of leading-order Taylor model and higher-order Taylor model at (a)
early time, ¢t = 0.5, and (b) late time, t = 4.

approximation of the true nonlocal eddy diffusivity as shown in Figure 4.3. A discussion of the error
due to the inclusion of only the low-order moments in the spatiotemporal MMI model is included in
Appendix B.4. Note also that the higher-order Taylor model actually produces a negative solution,

whereas the MMI models do not have this issue.

4.3.3 Comparison with other nonlocal eddy diffusivity models

We now compare the spatiotemporal MMI model in Equation (4.28) with another nonlocal model
presented in Mani and Park (2021) for the same homogeneous problem. Mani and Park (2021)
approximate the nonlocal eddy diffusivity by fitting an operator to match MFM data in the limits
of k,w — 0 and k,w — oo, where k is the wavenumber corresponding to the Fourier transform in x;
direction and w the frequency corresponding to the Fourier transform in time. Transforming back

into physical space, the unclosed scalar flux is modeled as (Mani and Park (2021))

d —— B a\? o2 A
_Tmlulc(xl,t)_ —\/<I+at) —M—F(I—Fm) C(l‘1,t), (429)

where Z is the identity operator. Note that this MFM-inspired, eddy diffusivity operator does not
have the cost-saving advantages of using MMI since any numerical implementation of the model
in (4.29) would require nonlocal operations in physical space involving full matrices. We show a
comparison of this MFM-inspired model with the MMI model to address a more general modeling
question: When adding nonlocal corrections to the local model, is it more appropriate to match the
limits of large k and w or the low-order moments of the nonlocal eddy diffusivity?

To illustrate the effect of matching the limits of large k£ and w on the eddy diffusivity, consider
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Figure 4.8: Model comparison of the temporal MMI model and spatiotemporal MMI model at (a)
early time, ¢t = 0.5, and (b) late time, t = 4.

the Taylor series expansion in Equation (3.9), simplified for the homogeneous problem in 4.3.1:

— 0 0 0 e
—uhd = |D°+ DY —— 4+ D* — +-.-+ D"~ 4. ‘

o TP o o e (4:30)

where the moments of the eddy diffusivity are constants. Taking the Fourier transform leads to:

—

—ujc = [D°+ikD" — k*D* + .-+ +iwD" + -] ike. (4.31)

This shows that matching the limit of k,w — 0 is equivalent to matching the zeroth-order moment
of the eddy diffusivity, D°. Matching the first and second moments of the eddy diffusivity, as done
by MMI models, adds corrections in the limit of small £ and w. This prioritizes better capturing
smooth and slowly-varying solutions. Whereas, matching large k£ and w, as done in Mani and Park
(2021), is equivalent to matching high-order moments of the nonlocal eddy diffusivity. This would
prioritize capturing sharp and quickly-varying features in the solutions.

For illustration, Figure 4.9a shows a comparison of the exact and modeled spatially nonlocal
eddy diffusivities for the homogeneous problem (equivalent to the spatiotemporally nonlocal eddy
diffusivities in Figure 4.3a and 4.3b integrated over 7). Figure 4.9b shows the Fourier transform
of the spatially nonlocal eddy diffusivities. Because the exact and MMI-modeled spatially nonlo-
cal eddy diffusivities were first obtained in physical space and then Fourier transformed, there is
some numerical discretization error due to the use of second-order finite differences; however, the
truncated plotting window shown in Fourier space is converged. The eddy diffusivity for the MFM-

inspired model is obtained in Fourier space analytically by Fourier transforming Equation (4.29) and
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Figure 4.9: Comparison of the spatially nonlocal eddy diffusivities (equivalent to the spatiotempo-
rally nonlocal eddy diffusivities integrated over 7) (a) in physical space and (b) in Fourier space.

evaluating at w = 0 (equivalent to integration over 7):

A VI+EZ+1

D(k) = ———; (4.32)

The eddy diffusivity of the MFM-inspired model in physical space is then obtained by taking the
inverse Fourier transform of (4.32).

In Figure 4.9a, the shaded area in gray under the eddy diffusivity, D°, corresponds to 15(0) in
Fourier space in Figure 4.9b. The first spatial moment of eddy diffusivity, D's, is related to the
, %ﬁ(O), and so forth. In Fourier space, the MMI
model matches the shape of the eddy diffusivity for small k as shown in Figure 4.9b. Whereas, the

first derivative of the kernel in Fourier space

high wavenumber region, shaded in red in Figure 4.9b, corresponds to the peak in physical space at
D(0) which involves a sharp feature in Figure 4.9a. This peak at D(0) is correspondingly captured
by the MFM-inspired model. Matching low-order moments better captures the overall shape of
the nonlocal eddy diffusivity in physical space, whereas matching large k and w captures the large
wavelength /frequency features of the eddy diffusivity.

Figure 4.10 shows a solution comparison between the MMI model in Equation (4.28) and the
MFMe-inspired model at early and late time. At early time, when the solution is dominated by
a small-scale feature that quickly disperses, the MFM-inspired model performs better. For late
time, when the solution features are smooth and both models are expected to perform well, the
MMI model performs better than MFM-inspired model. Appendix B.5 shows a comparison with a
simple fractional-order closure operator (Mehta et al. (2019); Song and Karniadakis (2018); Di Leoni
et al. (2021)), which produces inferior results to both the MMI and MFM-inspired models. This
is expected since a simple fractional-order Laplacian cannot capture the limits of large k and w or

low-order corrections to the leading moment of the eddy diffusivity.
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Figure 4.10: MMI model and MFM-inspired model comparison at (a) early time, ¢ = 0.5, and (b)
late time, t = 4.

Whether a model should match the limits of £ and w or the low-order moments of the nonlocal
eddy diffusivity depends on the problem of interest. If there is a singularity or very sharp feature in
the solution, then a model matching the limits of £ and w may be more appropriate. Otherwise, if
the solution is reasonably smooth (as is true for many practical applications), then a model matching

the low-order moments is more appropriate.

4.4 Example MMI models for inhomogeneous flows

We begin with an inhomogeneous example with periodic boundary conditions, and then discuss

wall-bounded flows and the challenges of determining the MMI coefficients in the near-wall region.

4.4.1 Inhomogeneous problem with periodic boundary conditions

Consider a two-dimensional domain corresponding to the cross-section of a channel with periodic
boundary conditions at the left and right walls at 2; = +, and a no flux condition, d¢/dxs = 0, at

the top and bottom walls at zo = 0,27. The flow consists of two vortices given by the velocity field:
1 1. .
up = 5[2 + cos(z1)] cos(x2), us = 3 sin(zy ) sin(xz). (4.33)

Streamlines of the velocity field are shown in Figure 4.11a. The steady, governing equation is

2 2
(116) + () = 0 ¢ 4 02

P +/ (4.34)

dxy
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Figure 4.11: (a) Streamlines of the velocity field in Equation (4.33). (b) Contour plot of ¢(z1,x2)
from DNS.

where f is an external source function. The parameter, €2, results from directional nondimension-
alization as in Section 4.3.1. For this example problem, we consider €2 = 0.05 and f to be an
oscillatory source function given by f = cos(z1).

Figure 4.11b shows contours of ¢(x1, z2) from DNS. The problem is discretized using second-order
central difference on a uniform staggered mesh with N; = 200 grid points in ;1 and Ny = 50 grid
points in 5. Due to the boundary conditions of the problem, ¢(x1,x2) can arbitrarily be shifted by
a constant. Hence, there is an additional constraint such that at the first point in x1, the average
of ¢(x1,x2) over xs is zero.

As in Section 4.3.1, averaging is defined in the x5 direction as

1

Lo
o) = - /0 o1, 22)da, (4.35)

where Ly = 27. The corresponding mean scalar transport equation for this problem is

2—

=2 . 4.
dxlulc € 07 +f (4.36)

The MMI model matching up to the second-order spatial moment of the nonlocal eddy diffusivity

is:
d d? —
1+ al(xl)—dxl + ag(ml)—dx% (—ujcd) = ap(x1)

de
Cl.’El7

(4.37)

where the procedure for determining the coefficients is described in Section 4.2. Figure 4.4a shows
the coefficients for the MMI model, and Figure 4.4b shows cross sections of the exact nonlocal eddy
diffusivity obtained using MFM and the modeled eddy diffusivity. The MMI model closely captures
the double-sided exponential shape of the exact eddy diffusivity including the slight asymmetry at
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Figure 4.12: Model comparison for the inhomogeneous problem with periodic boundary conditions.
The MMI model closely matches the DNS solution.

some x7 locations. Appendix B.6 provides an appropriate IMFM formulation for obtaining moments
of the eddy diffusivity for problems in which the periodic boundary conditions are incompatible with
the IMFM required ¢. Appendix B.6 also provides details for obtaining the exact eddy diffusivity
for periodic problems.

Figure 4.12 shows a comparison between the MMI model and DNS solution for the inhomogeneous
problem with periodic boundary conditions. The DNS solution corresponds to averaging the full

solution in Figure 4.11b over the x5 direction. The Boussinesq model given by

oe
(9331

—uicd = D%(zy) (4.38)
is also shown for comparison. The Boussinesq model greatly underpredicts the solution while the
MMI model solution is almost indistinguishable from the DNS solution.

As shown in Figure 4.4a, the coefficient a; is smaller than the other coefficients; however, as
discussed in Appendix B.7, the effect of a; is non-negligible. Appendix B.7 shows the effect of
setting a; = 0, which leads to improvement over the Boussinesq model in the mean solution but still

underprediction of the DNS solution.

4.4.2 Wall-bounded inhomogeneous flows

As an example application of the MMI model to wall-bounded inhomogeneous flows, we consider
the model problem of Mani and Park (2021) which uses the same two-dimensional channel geometry
as in Section 4.4.1, but replaces the periodic boundary conditions with solid walls and Dirichlet

boundary conditions ¢(z; = +m) = 0. To satisfy the no-slip and no-penetration conditions at the
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Figure 4.13: (a) Streamlines of the velocity field in Equation (4.39). (b) Contour plot of ¢(z1,x2)
from DNS.

solid wall, the velocity field is modified to be:
uy = [1 + cos(z1)] cos(z2), ug = sin(zy ) sin(xz). (4.39)

Streamlines of the velocity field are shown in Figure 4.13a. The governing equation is given by
Equation (4.34) with €2 = 0.05 as before. The source function, f, is specified to be a constant,
f = 1. Contours of ¢(z1,22) from DNS with grid resolution N; = 200 and Ny = 50 are shown in
Figure 4.13b. Averaging is defined over x5 by Equation (4.35), and the corresponding mean scalar
equation is given by Equation (4.36) as before.

The steady MMI model is given in Equation (4.37), and the coefficients are found via the pro-
cedure described in Section 4.2. Figure 4.14a shows the MMI coefficients for the wall-bounded
inhomogeneous flow. The coefficients are well-behaved in the center of the domain; however, near
the wall, there is a sharp spike in the MMI coefficients at |z1| & 2.5. The location of the singularity
remains fixed under mesh refinement, indicating that the issue is not due to the numerics. Despite
the ill-behaved coefficients, the resulting ¢(x1) from the MMI model is still very accurate, as shown
in Figure 4.15, and greatly outperforms the Boussinesq model given in Equation (4.38).

To gain an understanding of why this singularity in the coefficients occurs, Figure 4.14b shows
the exact eddy diffusivity obtained using MFM at various x; locations approaching the wall. While
the modeled eddy diffusivity closely follows the exact eddy diffusivity, both eddy diffusivities deviate
from a double-sided exponential shape, gradually becoming smoother and smaller in magnitude near
the wall as the flow also diminishes.

The transition in kernel behavior due to the presence of the wall causes the singularity seen in
the MMI coefficients. The ill-behaved coefficients are a result of the specific MMI model form in

Equation (4.37). In the procedure for determining the coefficients, the determinant of the point-wise
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Figure 4.14: (a) MMI coefficients for Equation (4.37) for the wall-bounded inhomogeneous problem.
(b) The exact and modeled nonlocal eddy diffusivity shown for various z; approaching the wall
(1 = —2.922,—2.796, —2.670, —2.545).

matrix formed by the linear system in Equations (4.17a)-(4.17c) crosses zero at the location of the
singularity.

However, near the wall, molecular effects dominate. For example, the molecular diffusivity, €2,
is larger than the leading-order eddy diffusivity, D, until |x;| ~ 2.35, which includes the region of
singularity at |z1| &~ 2.5. The MMI model form is unimportant near the wall, and the resulting ¢(z1)

is still very accurate as shown in Figure 4.15.

Coefficient regularization

We provide a coefficient regularization technique to remedy the singularity in the MMI coefficients
in Figure 4.14a. Because the molecular term dominates near the wall, a portion of the molecular

diffusion flux with small parameter o is added when determining the MMI coefficients:

9 _ _
1+ al(acl)diZl + a2($1)ci:%] (—u’lc’ + Udd:l) = ao(:cl)dd—;, (4.40)
where ¢ is a constant smaller than the molecular diffusivity, €. With this choice, away from the
wall, the added regularization is negligible. Near the wall, the added regularization dominates and
prevents the singularity in the coefficients by preventing the effective kernel shape from diminishing.
In other words, as —u/ ¢/ goes to zero near the wall, the additional odé/dz; term adds a Dirac delta
function to the kernel that keeps it from diminishing.

Once the coefficients are determined using Equation (4.40), the closure model for the scalar flux
is:

az 1! de de

— d
77_Lllc/ = |1+ al(l'l)dixl +a2(331)— ao(l’l)dixl - O'diml,

(4.41)
dz?
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Figure 4.15: Model comparison for the wall-bounded inhomogeneous problem. The MMI model
closely matches the DNS solution.

where the portion of the molecular diffusion flux that was added for regularization when determining
the coefficients is now subtracted.
However, for model implementation, we found the following closure form to be more robust:
d? de

d
14 al(m)d—xl +a2(331)d—x% (—u} ) = (ao(z1) — U)chl’

(4.42)

where the coefficients are still determined using Equation (4.40). With this model implementation,
even choices of o larger than €2 (up to o ~ 3¢2) still produced very accurate solutions with up
to around one percent maximum error. In the procedure for determining the coefficients, due to
the presence of the MMI operator acting on the regularization term in Equation (4.40), the added
regularization is not purely local. The model form in Equation (4.42) mimics an added nonlocal
effect of the regularization term. Equation (4.42) also still ensures that the implemented MMI model
matches the zeroth moment, i.e., case when ¢ = 7. The presence of o will affect the higher-order
moments of the eddy diffusivity; for example, substituting ¢ = 27/2 into Equation (4.42) results in
an extra o(z; +a1) when compared with Equation (4.17b). However, as long as o is small, this error
in the higher-order moments is also small.

Figure 4.16a shows the MMI coefficients for the wall-bounded inhomogeneous problem with
coefficient regularization. The coefficient, o, is chosen to be 0.1¢2 where €? is the nondimensionalized
molecular diffusivity in the z; direction. With regularization, the coefficients are now well-behaved;
however, this is not yet systematic with regards to choice of o.

Figure 4.16b shows a comparison between the MMI model with coefficient regularization in
Equation (4.42) and the DNS solution. The MMI model with coefficient regularization performs even
slightly better the original MMI model in Equation (4.37) although this depends on the choice of o.

While the coefficient regularization technique performs well for this wall-bounded inhomogeneous
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Figure 4.16: (a) MMI coefficients using the regularization in Equation (4.40). (b) Model comparison
for the wall-bounded inhomogeneous problem.

problem, this does not address the original issue with the potential model form error. The MMI
model form in Equation (4.37) admits a variety of exponential kernel shapes, but there are some
shapes it cannot capture, and the model form may need to be modified. Alternative formulations

for the MMI model are shown in Appendix B.8, but this is still an area of ongoing investigation.

4.5 Example MMI models for nonlocal eddy viscosities in
turbulent channel flow

This section extends the MMI formulation developed for passive scalar transport in Sections 4.1-
4.4 to momentum transport. We demonstrate example MMI models for turbulent channel flow
at Re, = 180 using the low-order eddy viscosity moments computed by Park and Mani (2023a).
Section 3.4 details using IMFM to compute moments of the eddy viscosity. The MMI model forms
follow naturally from Section 4.2.5, however there are additional challenges due to the statistical

noise present in turbulent flows.
An MMI model that includes up to the second-order spatial moment of the eddy viscosity is

d? dV;

d
1+ al(xg)d—w2 + ag(xg)d—x% (—ubvy) = ag(xg)d—m, (4.43)

where the coefficients ag(x2), a1(x2), and as(z2) are determined using the procedure described in
Section 4.2.5. To compute the zeroth-, first-, and second-order eddy viscosity moments, Park and
Mani (2023b) used IMFM to specify Vi = x2, Vi = (1 —22)?, and Vi = 23, respectively. We directly

use uhv]|y, from these simulations (as shown in Figure 4.17) to solve for the MMI coefficients. The
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system of linear equations:

2
- ’u/2’01|v12$2 + aldix2 (_ul2U£|V1:I2) + az(fr% (_uévll‘V1:$2> = Qo, (444&)
T d T &
— Uyl =(1—a3) + aldng (—U2U1\v1:(1—zg)) + a2d7x§ (—Uzvﬂvlz(l—zg)) = ao(—2w3), (4.44Db)
T d T & 2
— upi vy =o3 + aldixg (_“2U1|V1:x3) + a2d7x% (_U2U1‘V1:wg> = ao(373), (4.44c)

is solved at each x5 mesh point for ag, a;, and as.
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Figure 4.17: —ufv!|y, from IMFM calculations of Park and Mani (2023b) where (a) Vi = x2, (b)
Vi = (1 —22)% and (c) V; = a3.

DNS and MFM simulation details are given in Park and Mani (2023a) and similar to the channel
setup and numerical details in Section 5.3. We average over a longer period of 1000 eddy turnover

time (0/u,) than Park and Mani (2023a) for better statistical convergence. For testing the MMI
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Figure 4.18: Comparison of adding higher-order corrections using the explicit model form in Equation
(4.49) with DNS. Results provided by Danah Park.

model, the RANS equation for the mean streamwise velocity is

P 10 ——
0= 0 ) 0 ubhu) (4.45)

“om | Re 0:2 oy ?™

where the mean pressure gradient is specified to be —1, and the model form for f@ is used
interchangeably with —W. Equation (4.45) is solved using second-order central difference on a
staggered mesh with a no-slip boundary condition enforced at the walls using ghost cells.

Due to the difficulties of computing MMI coefficients in the near-wall region as discussed in
Section 4.4.2, we use the coefficient regularization technique introduced in Section 4.4.2, where a

small constant parameter o is added when determining the MMI coefficients:

d 21/ —  dn av;
|:]. “+ a1 (zz)Tm + 042($2)dx§:| (_U2U1 + O—dm) = ao(x2)72. (446)

For model implementation, we use

[1 o)+ <x>dd} (—0]) = (a0(e2) — o)

avi

4.4
s (4.47)

as discussed in Section 4.4.2. We first investigate a MMI model that includes the zeroth- and
first-order spatial moment, e.g., Equation (4.43) with ay = 0, before investigating inclusion of the
second-order spatial moment.

For comparison, we also show the local Boussinesq model:

avi

—i} = D'(a) L

(4.48)
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Figure 4.19: For the MMI model in Equation (4.43) including up to the first-order spatial moment
of the eddy viscosity (a2 = 0): (a) Model coefficients. (b) Mean streamwise velocity with the
Boussinesq model in Equation (4.48) shown for comparison.

where DY is the zeroth-order spatial moment. For this flow, the Boussinesq model already sufficiently
captures the mean streamwise velocity. However, we demonstrate that using the MMI model to add
higher-order eddy viscosity moments does not harm the solution and improves modeling of the true
eddy viscosity. In contrast, an explicit model of the form:

oVi

—uypv(z2) = Do(l’z)aT:2 + D" (z2)

0*Vy
0z3

A%}
0z’

+ D2 () (4.49)
where D's and D?s are the first- and second-order spatial moment of the eddy viscosity, respectively,
diverges as shown in Figure 4.18 (results provided by Danah Park). The addition of higher-order
corrections based on a truncated Taylor series makes the solution for the mean streamwise velocity
progressively worse.

Figure 4.19a shows the coefficients for an MMI model that includes the zeroth- and first-order
spatial moment without any coefficient regularization (o = 0). The singularities in the coefficients
at the walls indicate that a coefficient regularization is needed. Figure 4.19b shows a comparison of
the mean streamwise velocity with DNS and the Boussinesq model in Equation (4.48).

Figure 4.20a shows the coefficients for the MMI model with a moderate choice of regularization
parameter, o = 0.005, which is on the order of the molecular viscosity, v = 1/Re, = 1/180, and
Figure 4.20b shows the comparison of the mean streamwise velocity with DNS.

Figure 4.21a shows the coefficients for a MMI model that includes up to the second-order spatial
moment of the eddy viscosity as in Equation (4.43) and without coefficient regularization. With the

addition of the second-order moment, there is more amplification of statistical noise due to inclusion
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Figure 4.20: For the MMI model with the coefficient regularization (o = 0.005) in Equation (4.47)
including up to the first-order spatial moment of the eddy viscosity (a2 = 0): (a) Model coefficients.
(b) Mean streamwise velocity.

of the higher-order derivative, d2/dx2. We use a Savitzky-Golay filter with a window length of 5 and
polynomial order of 2 on the —mm data for noise-reduction when determining the coefficients
in Figure 4.21a. Again, the singularities in the coefficients near the wall indicate that coefficient
regularization is needed. Figure 4.21b shows a comparison of the mean streamwise velocity and
DNS.

Figures 4.22a and 4.22b show the coefficients for the MMI model with a large choice of regular-
ization parameter, o = 0.5. With the choice of regularization parameter, the Savitzky-Golay filter
is not necessary. Figure 4.22c¢ shows a comparison of the mean streamwise velocity and DNS.

The main additional challenge that arises with MMI models for turbulent wall-bounded flows
is in the coefficient-fitting procedure described in Section 4.2.5. In turbulent flows, the statistical
convergence of the —ujv] |y, data from MFM becomes an issue and the derivatives of —ujv/|y, am-
plify noise in the data during the coefficient-fitting procedure. This issue can partially be addressed
by filtering the —@\Vl data, e.g., with a Savitzky-Golay filter as used above, or partially by the
coefficient regularization technique described in Section 4.4.2. However, the model coefficients and
mean solution are sensitive to both the filter and coefficient regularization parameters.

In turbulent channel flow, the local approximation, e.g., Boussinesq model in Equation (4.48),
adequately captures the mean streamwise velocity. Hence, a comparison of the eddy viscosity is
more insightful. A local eddy viscosity has a delta Dirac eddy viscosity kernel. Inclusion of up to
the first-order spatial moment of the eddy viscosity leads to a nonlocal eddy viscosity kernel that
is an exponential function in shape as shown in Figure 4.23a at zo = —0.456 without coefficient

regularization. The MFM-measured eddy viscosity was computed by Park and Mani (2023a). The
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Figure 4.21: For the MMI model in Equation (4.43) including up to the second-order spatial moment
of the eddy viscosity. A Savitzky-Golay filter is used on the —u4v]|y, data for noise-reduction in
the coefficient-fitting procedure: (a) Model coefficients. (b) Mean streamwise velocity.
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Figure 4.22: For the MMI model with the coefficient regularization (o = 0.5) in Equation (4.47)
including up to the second-order spatial moment of the eddy viscosity: (a) Model coefficients. (b)
Mean streamwise velocity.

oscillations are due to the use of second-order central difference and can be removed with another
choice of numerical scheme, e.g., upwinding.

Inclusion of up to the second-order spatial moment of the eddy viscosity leads to a double-
sided exponential kernel that approximates the shape of the true nonlocal eddy viscosity kernel.
Figure 4.23b shows the eddy viscosity at zo = —0.456 with and without coeflicient regularization
(o = 0.5). Without coefficient regularization, the noise in the MFM data leads to singularities in
the coefficients and in the eddy viscosity kernel near the wall. The coefficient regularization removes
these singularities and tends to pull the eddy viscosity towards a more local solution, which in this
case explains why a large choice of coefficient regularization (¢ = 0.5) performs well, although the

result is not yet systematic with regards to the choice of coefficient regularization parameter.
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Figure 4.23: Comparison of the MMI-modeled eddy viscosity kernel with the MFM-measured eddy
viscosity of Park and Mani (2023a) at zo = —0.456 for (a) A MMI model that includes up to the
first-order spatial moment without coefficient regularization. (b) A MMI model that includes up to
the second-order spatial moment without and with coefficient regularization (o = 0.5).

4.6 Conclusions

A nonlocal eddy diffusivity can greatly improve modeling of mean scalar transport when the Boussi-
nesq approximation is invalid. However, both obtaining and implementing full nonlocal eddy diffu-
sivities are too expensive for most practical applications, and thus we developed matched moment
inverse (MMI) operators to model the nonlocal eddy diffusivity. These operators offer leading-order
corrections to capture nonlocal effects in the eddy diffusivity by systematically matching the low-
order moments of the true nonlocal eddy diffusivity, while avoiding the known divergence issues of
explicit models that truncate the Kramers—Moyal expansion. By keeping an infinite Taylor series
in the expansion rather than truncating the expansion, MMI models better approximate smooth
nonlocal eddy diffusivity kernels whereas explicit models that truncate the expansion have highly
local kernels. MMI models quantitatively approximate the shape of the nonlocal eddy diffusivity
as combinations of exponential functions. These assumptions may break down in near-wall regions
where the eddy diffusivity diminishes; however, in these regions the molecular effects dominate, and
the model form becomes unimportant.

Moreover, the resulting MMI model is in the form of a differential equation rather than a
computationally- or memory- intensive nonlocal integral. These models only require information
about the moments of the nonlocal eddy diffusivity, which can be obtained using one simulation per
moment, rather than the full nonlocal eddy diffusivity, which would require as many simulations as
degrees of freedom in the averaged space. Furthermore, we showed that MMI models are expected

to perform well as long as the mean scalar field is reasonably smooth; for fields with sharp features,
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one may want to consider other operators that match the large and small wavenumber limits instead.

In this chapter, we demonstrated the application of MMI models to homogeneous and inhomo-
geneous example problems. We discussed challenges in inhomogeneous wall-bounded flows where
the scalar flux goes to zero near the wall, and showed a coefficient regularization technique although
this is not yet systematic with regards to the regularization parameter. We then demonstrated MMI
models for momentum transport in turbulent channel flow. Additional challenges arose due to statis-
tical convergence and amplification of noise by the higher-order derivatives in the coefficient-fitting
procedure. While the local model performed adequately for turbulent channel flow, the addition of
higher-order eddy viscosity moments using a MMI model form did not harm the solution for the
mean streamwise velocity and improved modeling of the nonlocal eddy viscosity; in contrast, the
addition of higher-order eddy viscosity moments using a truncated Taylor series expansion made the
solution progressively worse.

Concurrent work in Lavacot et al. (2023) demonstrates the application of MMI to two-dimensional
Rayleigh-Taylor instability, where we also show that a MMI model performs better than an explicit
model that truncates the Taylor series expansion. Moreover, without the presence of walls, we
have fewer of the coefficient singularity issues encountered in the inhomogeneous wall-bounded flows

considered in this work.



Chapter 5

Adjoint macroscopic forcing

method

The work in this chapter has been submitted to Physical Review Fluids. The full list of authors is:
Jessie Liu, Florian Schéfer, Spencer H. Bryngelson, Tamer A. Zaki, and Ali Mani.

5.1 Background and motivation

While in Chapter 4, we addressed the cost of MFM by developing a systematic approach to model a
nonlocal eddy viscosity using limited information about the eddy viscosity moments, in this chapter
we develop a method to cost-effectively compute the exact (rather than modeled) eddy viscosity in
targeted regions of the domain. For many applications, the exact eddy viscosity may be desired
only within subregions of the domain where RANS models are particularly inaccurate, such as in
regions of flow separation (Jespersen et al. (2016); Probst et al. (2010); Park et al. (2022a)). The
generalized nonlocal and anisotropic eddy viscosity at such locations can inform RANS models of the
sensitivity of the Reynolds stresses at those locations to the mean velocity gradient at all locations.
However, computing the generalized eddy viscosity using the aforementioned brute-force approaches
in Chapter 3 requires forcing the mean velocity gradient at each location in the averaged space,
entailing as many simulations as degrees of freedom in the averaged space.

We develop an adjoint-based method to compute the generalized eddy viscosity at a specific
physical location using one simulation rather than via an expensive brute-force approach. Figure
5.1 illustrates obtaining the generalized eddy viscosity for a canonical turbulent channel flow, using
both the brute-force and our proposed approach. The mean velocity gradient is specified as an
impulse at a specific location (Figure 5.1; blue plane), and a forced DNS is used to examine the

Reynolds stress response. One such brute-force simulation characterizes how the mean velocity
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Figure 5.1: MFM illustration for a channel flow. With a brute-force approach, the mean velocity
gradient, OU; /0x4, is specified as an impulse at a specific location in x5 (blue plane), which corre-
sponds to activating one element of the mean velocity gradient vector as shown in the top right of
the figure. A forced DNS is used to measure the Reynolds stress response, —ugu;- at all locations.
This recovers one column of the discretized eddy viscosity, D, and must be repeated for all mean
velocity gradient locations. The proposed adjoint MFM obtains a more physically relevant row of
D, relating the Reynolds stress at one location (orange plane) to the mean velocity gradient at all

locations as shown in the bottom right of the figure.

gradient at a specific location influences the Reynolds stress at all locations, forming a column of
the discretized eddy viscosity. The proposed adjoint-based approach characterizes how the Reynolds
stress at a specific location (Figure 5.1; orange plane) is influenced by the mean velocity gradient at
all locations, forming a row of the discretized eddy viscosity and is more physically relevant. While
we formulate the adjoint-based approach for Reynolds stress closures in this chapter, this approach
can be used to inform closures more generally, e.g., for scalar fluxes as introduced in Chapter 3.

The adjoint-based formulation in this chapter can also aid in efficiently computing the eddy
viscosity for the entire domain. Bryngelson et al. (2024) reveal sparsity in the discretized eddy
viscosity to establish Fast MFM, substantially reducing the number of simulations required to obtain
the generalized eddy viscosity. The adjoint-based method in this chapter enables a straightforward
and computationally efficient way of recovering the operator rows (and columns) required for Fast
MFM. Through selective forcing, such that the output of each simulation contains information about
multiple rows and columns of the discretized eddy viscosity, we developed a method to reconstruct
the discretized eddy viscosity for the entire domain using substantially fewer simulations than a
brute-force approach.

In Section 5.2, we develop adjoint MFM for obtaining the eddy viscosity for a specific Reynolds

stress location. In Section 5.3, we discuss the numerical details of the simulations. In Section 5.4, we
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compare MFM and adjoint MFM for obtaining the eddy viscosity at a specified wall-normal location

in turbulent channel flow at Re, = 180.

5.2 Adjoint macroscopic forcing method

We develop a method for obtaining a specific row of the generalized eddy viscosity, representing
the nonlocal dependence of the Reynolds stress at a specific point on mean velocity gradients at all
points in space/time, using an adjoint formulation of the GMT equations.

Discretely, the generalized eddy viscosity is part of a linear operator, £, that acts on the mean

variables, V| such that the mean equation is
LV =0. (5.1)

For example, V is a vector of all mean velocity components and pressure, V = [V; Q]", and £
includes closed operators and the Reynolds stress closure operator formed by the eddy viscosity,

written discretely in block form as

o, po0_ 1 & 0, 0 9
e ot Zami Re 0z;0x; ox; ik Ozy 8‘rj (5.2)
0
o0, ’

Similarly, the governing equations, e.g, the GMT equations in (3.28a) and (3.28b), can be written

as

Lv

|
o

(5.3)
Mani and Park (2021) show that
L= (PLT'E)!, (5.4)

where P is a projection operator such that V = Pv and E is an extension operator such that
E = nPT, where n is the number of points used for averaging. The derivation of Equation (5.4)
is shown in Appendix B.1. In practice, most problems have a large number of degrees of freedom,
and L is expensive to invert directly, so Park and Mani (2023a) use IMFM as described in Section
3.4 to compute the generalized eddy viscosity. However, we show Equation (5.4) to illustrate the
relationship between the generalized eddy viscosity embedded in the averaged operator, £, and the
governing equations.

The desired rows of the eddy viscosity, D;;xi, are the same as the columns of its transpose, DiTj Kl
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c 1. . —T .
The transpose D;; i 1s linearly embedded in the transpose of the averaged operator, £ , which can

be computed from Equation (5.4) according to:

L' =(ETL TPy = (P TE)L (5.5)

Equation (5.5) is similar to Equation (5.4), and rather than inverting £ directly, IMFM can be
used on £ to compute columns of D;;kl' This is equivalent to using IMFM on the adjoint of the

governing equations. The adjoint of the GMT equations in (3.28a) and (3.28b) is

vl _ 8ujv;r B aqt 1 9%

ot dx;  Or;  Redx;0x, +si, (5.6a)
ow!
Fr 6b
Ox; 0, (5.6b)

where vj and ¢ are the adjoint velocity and pressure, respectively. We define a reverse time 7 = ¢ r—t,

where ¢; is the final simulation time, so

vl é)ujfuj B oqt 1 9%

or or;  Ox; + %&Tjaxj + 80, (5.72)
31}3
T 0. (5.7b)

The advective velocity fields, u;, are first computed using a DNS of the incompressible Navier—Stokes
equations in forward time order and then read in reverse time order for solving Equation (5.7a). It is
important to remark that the adjoint equations in (5.7a) and (5.7b) are the dual of the GMT system
and not of the Navier—Stokes equations. As a result, these equations differ from the adjoint Navier—
Stokes operator commonly adopted in nonlinear optimization and data assimilation (e.g., Wang et al.
(2019a); Wang and Zaki (2021); Zaki and Wang (2021)). Specifically, the difference arises due to the
treatment of the advection term, which is linear in the GMT system and is linearized when deriving
the adjoint to the Navier-Stokes equations. In this regard, the adjoint GMT equation in (5.7a) is
therefore more akin to the adjoint to the scalar transport equation (Wang et al. (2019b)), but also
additionally includes the adjoint pressure ¢' and is accompanied by the divergence-free condition in
Equation (5.7b).

A specific row of D;jk; can now be obtained by using IMFM on the adjoint GMT equations in
(5.7a) and (5.7b). In considering the transpose of D; 1, the tensorial components are also transposed

such that D;ji — Dyj. For example, consider the discretization of the generalized eddy viscosity
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of Equation (3.25):

—uyvy Dini Diniz Dins Duai ... Diiss| [0Vi/oz]

*U/lvlz D211 D121z Diziz Dizor ... Dioss 3V2/<9I1

—ujvy Dizi1 Diziz Disis Disar ... Daisss| [0V3/0xq 58)
—uhvy| | Daini Doz Dotz Daiar ... Daisz| |0V1/0x2| ] '
|—usvs|  [Dssin Dssiz Dsziz Dasar ... Dasss] [OV3/0ws)

where for each i,7,k,l € {1,2,3}, —ujv} is a N x 1 vector, Djji; is a N x N block matrix, and

0V, /0x, is a N x 1 vector where N is the number of degrees of freedom in the averaged space. In
IMFM, as used by Park and Mani (2023a), forcing one element of 9V, /dz2 to be nonzero and post-
processing _W leads to one column in each Dj;jo; matrix. Adjoint MFM obtains a row in each
Dyy,;; matrix. If, for example, a row of D112 is desired instead, then one should force an element of

AV, /0x1 and post-process u4v]’.

5.3 Channel setup and numerical details

For DNS of the turbulent channel flow, we use the three-dimensional incompressible Navier—Stokes
solver developed by Bose et al. (2010) and modified by Seo et al. (2015). The flow is driven by a
nondimensionalized mean pressure gradient, r; = (1,0,0). The Reynolds number, Re,; = u,d/v, is
defined based on the channel half-height, § = 1, and friction velocity, u, = 1.

Park and Mani (2023a) modified the solver to include the GMT equations in (3.28a) and (3.28Db).
We modified the solver for the adjoint GMT equations in (5.7a) and (5.7b). We first conduct a
DNS with output fields u; at each timestep. We then solve Equation (5.7a) by stepping backward
in time and reading the u; fields in reverse order. The solenoidal condition in Equation (5.7b)
is enforced using a fractional-step method. The post-processing involves averaged statistics, not
instantaneous flow fields, so the differences between continuous and discrete adjoint formulations
are unimportant (Wang et al. (2022)).

Periodic boundary conditions are enforced in the streamwise (z1) and spanwise (z3) directions,
and no-slip and no-penetration boundary conditions are enforced at the walls. All solvers use semi-
implicit time advancement (Kim and Moin (1985)); second-order Crank-Nicolson is used for the wall-
normal diffusion terms and Adams—Bashforth is used for all other terms. For spatial discretization,
the solvers use second-order finite differences on a staggered mesh (Morinishi et al. (1998)) with
uniform spacing in x; and z3 and nonuniform spacing in x2. The domain size is Ly X Ly X Lz =
21 x 2 x m with N = 144 grid cells in each direction. The pressure Poisson equation is solved using

Fourier transforms in the periodic z; and x3 directions and a tridiagonal solver in the x5 direction.
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5.3.1 Obtaining rows of Dj9;

Park and Mani (2023a) specify the mean streamwise velocity as Heaviside functions, Vi = 0(z2 —x3),
at wall-normal locations, x%, which are maintained by the forcing. This specifies the mean velocity
gradient as a Dirac delta function, 9V, /0z9 = §(x2—a3). Park and Mani (2023a) then post-processed
—@ to obtain the column of Dsj9; at 3 and repeated the procedure for all x3.

Using the adjoint formulation, the adjoint mean streamwise velocity is specified as a Heaviside

function, and post-processing of —u’sz/ leads to a row of —Ds121. A negative sign accounts for the

transposition of 9/0x5 in the velocity gradient.

5.3.2 Obtaining rows of other components of D,;y;

For other components, which require maintaining adjoint mean velocity gradient directions other
than 8V1T /O0zo as Dirac delta functions, specifying the adjoint mean velocity fields as Heaviside
functions may not be mathematically well-posed. For example, obtaining a row of Dj121 requires
specifying 8V1T/8:c1 as a Dirac delta function, avf/aa:l = §(ze — %), and post-processing u/sz'.
An adjoint mean velocity field that satisfies both 8V1T /0x1 = d(z2 —x%) and 8V1T /02 = 0 does not

exist. Thus, we decompose the adjoint velocity field into v;r = V;r —‘rU;-r ' specify 8V1T /0x1 analytically,

and solve the corresponding equation for vj ’. In other words, the decomposition is substituted into
the adjoint GMT equation in (5.7a):
vl ov!’ Rl ol agt 1 o2V 1 9%

or " or " Yan,  “ar, 9w Redn,om T Redwom, TV (5:9)

and BVZ-T /Ox; is analytically specified. The IMFM forcing, s;, now maintains W = 0. For further
simplification, the mean temporal term and mean diffusion term may be absorbed by the forcing
since they adhere to the property s; =S;:
v’ vl ovl”  oqt 1 9%
uf OV ool _bq' 1 o (5.10)
or Oz Oz Ox;  Re 0z;0x;
Continuing the above example for obtaining a row of Dj121, substituting 6V1T /O0x1 = §(xo — xh)
into Equation (5.10) leads to the following equation for UJ':

ovl’

3

or

dujvl’ gt 1 02v!’
Or;  Ov; Redx;0x,

—U16((E2 —xé)éll — + s, (511)

where ;1 is the Kronecker delta and s; maintains vz !

= 0. We enforce a solenoidal vj/ as

o)’
L =0. 1
o =0 (5.12)
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Figure 5.2: Comparison of Dajs1(xs = —0.565,y2) (corresponding to row 50 of 144) using adjoint
MFM and from a brute-force calculation by Park and Mani (2023a) using MFM.

While the solenoidal condition is enforced on v;-r ' the analytically specified adjoint mean velocity
gradient may not be solenoidal, e.g., when 8V1T /0x1 = §(x9 —x3) and all other adjoint mean velocity
gradient components are zero. Because the GMT equations in (3.28a) and (3.28b) are linear and
ultimately only the superposition of the components of D;jx; is needed for the Reynolds stress
tensor, we relax the solenoidal constraint on the adjoint mean velocity gradient to ease computation
of the individual components of D;;i; by activating various components of the adjoint mean velocity
gradient independently. Alternatively, the adjoint mean velocity gradient can be considered an

IMFM forcing to the governing equation for vj that satisfies the requisite property (s =3).

5.4 Results

5.4.1 Eddy viscosity comparison

As an illustrative example, we compare the eddy viscosity at one location, x5 = —0.565, obtained
using the adjoint formulation with that of Park and Mani (2023a) obtained using a brute-force ap-
proach. We chose x5 = —0.565, corresponding to row 50 out of 144, due to its significant asymmetry
in the row versus column as shown in Figure 3.3, although we expect the results to hold for all
locations. Park and Mani (2023a) averaged over 500 eddy turnover time (6/u,) for their modeling
purposes, whereas we averaged over 115 eddy turnover time, which we found sufficient for verification
purposes.

Figure 5.2 shows the eddy viscosity from the adjoint formulation closely matching that of Park
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Figure 5.3: Comparison of other components of D;jo1 at 2 = —0.565 (corresponding to row 50 of

144) using adjoint MFM and from a brute-force calculation by Park and Mani (2023a) using MFM.

and Mani (2023a). The normalized error is less than 1%. We attribute this error to statistical con-
vergence and the shorter averaging times used. For example, the normalized error of a regular MFM
calculation averaged over 115 eddy turnover time and compared with the corresponding column is
0.7%, and the normalized error of the adjoint MFM calculation used here is 0.8%. Therefore, the
differences in Figure 5.2 are within the uncertainty bounds of the calculation.

Figure 5.3 shows a comparison for the other components of D;;21, which are even more asymmet-
ric with regards to rows versus columns as shown in Appendix C.1. Due to differences in enforcement
of the mean velocity gradient as detailed in Section 5.3.2 and the staggered mesh, there is some ad-
ditional error due to interpolation. However, the eddy viscosity from the adjoint formulation still
closely matches that of Park and Mani (2023a). The largest errors are in D121 due to interpolation

of a sharp peak with 4% normalized error. The normalized error for all other cases is less than 1.5%.
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5.4.2 Cost comparison

A brute-force approach to obtaining the eddy viscosity requires as many simulations as degrees of
freedom in the averaged space, which for the turbulent channel flow considered in this chapter is
N = 144. Each simulation solves both Navier—Stokes and GMT equations for a total of 288 DNSs.
The proposed adjoint simulation uses one simulation per desired eddy viscosity location, which
includes a forward solve of the Navier—Stokes equations and a backward solve of the GMT equations
for a total of 2 DNSs. Additional overhead is associated with reading and writing the velocity fields
to disk for the adjoint simulation and more storage is needed.

For problems with many degrees of freedom in the averaged space, obtaining the eddy viscosity
using a brute-force approach may be computationally intractable. However, using a single simulation,
the adjoint-based formulation enables targeted quantification of the eddy viscosity at a specific

location.

5.5 Conclusions

The generalized eddy viscosity at a specific location relates the Reynolds stress at that location
to mean velocity gradients at all locations, which can be used to characterize nonlocality and sen-
sitivity to the mean velocity gradient. In this chapter, we developed an adjoint-based MFM to
cost-effectively compute the eddy viscosity at a specific location of the Reynolds stress using one
simulation. Previous brute-force approaches (Mani and Park (2021); Hamba (2005)) forced the mean
velocity gradient at each location in the averaged space and computed the Reynolds stress response,
requiring a separate simulation for each mean velocity gradient location. Hence, these approaches
needed as many simulations as degrees of freedom in the averaged space.

Adjoint MFM can be used to compute the eddy viscosity in regions of interest in turbulent
flows, such as at flow separation or reattachment points, to examine nonlocal effects and inform
RANS models of deficiencies in their eddy viscosity approximations. A brute-force approach would
characterize the eddy viscosity for the entire domain (including regions where RANS models perform
adequately) and require many simulations to do so. On the other hand, adjoint MFM can be used for
more targeted computation of the eddy viscosity in only regions of interest and fewer simulations.
In Chapter 6, we use adjoint MFM to investigate the streamwise and wall-normal nonlocal eddy
viscosity at near-wall locations in turbulent channel flow.

For applications where the generalized eddy viscosity for the entire domain is still desired, adjoint
MFM can also aid in substantially reducing the number of simulations by forcing the mean velocity
gradient at selective points that leverage hidden sparsity in the discretized eddy viscosity operator
(Bryngelson et al. (2024)).



Chapter 6

Investigation of the
two-dimensional nonlocal eddy
viscosity for turbulent channel flow
using the adjoint macroscopic

forcing method

The work in this chapter has been submitted to Physical Review Fluids. The full list of authors is:
Jessie Liu, Florian Schéfer, Spencer H. Bryngelson, Tamer A. Zaki, and Ali Mani.

6.1 Background and motivation

This chapter investigates the streamwise and wall-normal nonlocal eddy viscosity in turbulent chan-
nel flow at select near-wall locations using adjoint MFM developed in Chapter 5. Hamba (2004)
computed the streamwise and wall-normal nonlocal eddy diffusivity for passive scalar transport in
turbulent channel flow at Re, = 180 using a brute force approach. In this chapter, we investigate
momentum transport. Park et al. (2022b) computed the first-order temporal moment of the eddy
viscosity for turbulent channel flow at Re, = 180 and used the result to estimate the streamwise
nonlocality lengthscale based on the temporal moment and the local mean streamwise velocity. In
this chapter, we compute the streamwise and wall-normal nonlocal eddy viscosity kernel at several
near-wall locations in turbulent channel flow at Re, = 180. We compute a nonlocality lengthscale

based on the first-order streamwise moment of the eddy viscosity and compare it with the estimate

88
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from Park et al. (2022b).

In Section 6.2, we define the two-dimensional (2D) streamwise and wall-normal nonlocal eddy
viscosity and give numerical details. In Section 6.3.1, we show the 2D nonlocal eddy viscosity kernel
for the shear component of the Reynolds stress at several near-wall locations. As qualitatively
expected, the streamwise extent of the nonlocal eddy viscosity kernel is longer than the wall-normal
extent and increases in both streamwise extent and magnitude with distance from the wall. The
measured 2D eddy viscosity kernels quantify this effect. In Section 6.3.2, we compare the 2D eddy
viscosity kernel, which captures the influence of the mean velocity gradient upstream on the Reynolds
stress at a given location, with the influence of the mean velocity gradient at the same location on the
Reynolds stress downstream. This corresponds to the row and column, respectively, of the discretized
2D eddy viscosity. We show that the rows and columns are not identical for the 2D nonlocal eddy
viscosity, which necessitated the use of adjoint MFM for efficiently computing the more physically-
relevant rows of the 2D eddy viscosity. In Section 6.3.3, we then quantify the streamwise nonlocality
lengthscale based on the first-order streamwise moment of the eddy viscosity. In Section 6.3.4, we
compare this with the estimate for the streamwise nonlocality lengthscale of Park et al. (2022b)
formed by the first-order temporal moment of the eddy viscosity and the local mean velocity and
discuss the modeling implications of differences in these lengthscales. Lastly, in Section 6.3.5, we
examine the anisotropy in the 2D nonlocal eddy viscosity kernel by comparing other components of

the mean velocity gradient tensor and Reynolds stress tensor.

6.2 Problem formulation and numerical details

The streamwise and wall-normal nonlocal eddy viscosity for statistically stationary turbulent channel

flow is:

dy1dye, (6.1)

Y1,Y2

ovi

!

—ujvj(z1,22) = Dijor (w1, 22,91, y2) 5 —
Y1,Y2 al‘g

where averaging is taken in time and the homogeneous spanwise (x3) direction. We use adjoint
MFM as detailed in Chapter 5 to compute the nonlocal eddy viscosity for select wall-normal (z2)
locations:

o ov}
w vl (Y1, y2) = Dijki(r, w2, y1,y2) 5=
K3

T1,2T2

d$1dl‘2, (62)

T1,T2
where the daggers denote adjoint variables. For example, the nonlocal eddy viscosity component,
Dsj21, corresponding to the influence of the velocity gradient, 9V, /02, on the shear component of
the Reynolds stress, —u4v], using adjoint MFM is

5 oV
uyvy (Y1, y2) = D2121($17$2,y17y2)37

Z1,T2

dl’ldwg. (63)

x1,T2
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where we specify OV, /Oxy = 6(x1—x7)0(xo—3) and zero for all other velocity gradient components,

and post-process u’zvil(yl,yg) to obtain Dayg1(x7, x5, y1,y2). Because the flow is homogeneous in
the x; direction, 7 can be chosen to be any streamwise location, and the eddy viscosity is a function
of the distance, y; — 1. Instead of reporting the 2D eddy viscosity kernel as D;;xi (21, 22, y1,Y2), we
will omit the first input and report D;jxi(x2, y1 — x1,%2)-

Similar to Section 5.3.2, specifying the adjoint mean velocity field as a Heaviside function in order
to enforce the mean velocity gradient as a Dirac delta function is not mathematically well-posed.
For example, an adjoint mean velocity field that satisfies 8V1T/8x2 = 0(x1 — 27)0(z2 — 2}) and
8V1T /0x1 = 0 does not exist. Thus, similar to Section 5.3.2, we decompose the adjoint velocity field
into UZT = VJ + UZT " and specify 8V1T /Oxo analytically in the equation for 1};[ ', This allows us to probe
each component of D, ;;; independently and in the end does not violate any mathematical constraints
when a consistent superposition of the various components of the mean velocity gradient appears
in the RANS equation. Computing other components of the nonlocal eddy viscosity is similar to
Section 5.3.2, where adjoint MFM transposes the components of Dj;;.

The turbulent channel setup and numerical details are similar to Section 5.3. Due to the long
streamwise extent of the eddy viscosity kernel, we doubled the domain size in the x; direction to
L, = 4m. The resolution and remaining directions are unchanged from Section 5.3. The results are

averaged over 400 eddy turnover time (6/u.).

6.3 Results

6.3.1 Two-dimensional nonlocal eddy viscosity for Djo;

L o I L A S B S S e B 0.05
C -]
S . 0.00
L 1 1 1 1 1 —0.05
-10 -8 -6 —4 -2 0
Uy —T
Figure 6.1: Streamwise and wall-normal eddy viscosity kernel, Dasjo1(z2 = —0.946,y1 — 1, y2),

corresponding to the influence of the velocity gradient, V;/dxs, on the shear component of the
Reynolds stress, —ubvf. The colorbar is truncated at 10% of maximum absolute value to better
highlight the region of upstream influence on the Reynolds stress.

Figure 6.1 shows the D127 component of the streamwise and wall-normal nonlocal eddy viscosity,

corresponding to the influence of the velocity gradient, 0V;/0x2, on the shear component of the

Reynolds stress, —ubv’, at x5 = —0.946. This location corresponds to x3 ~ 10 when measured

from the bottom wall in viscous units, i.e., 3 = (1 + x2)/d,, which is in the buffer layer and near
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Figure 6.2: Comparison of the 2D eddy viscosity kernel, Da121 (z2 = —0.946,y; — 1, y2), integrated
over the streamwise direction and the 1D wall-normal eddy viscosity kernel of Park and Mani (2023a).
There is a small amount of error due to interpolation.

the location of maximum streamwise fluctuation and peak production, x5 ~ 12 (Kim et al. (1987)).
The colorbar is truncated at 10% of the maximum absolute value to better highlight the region of
upstream influence on the Reynolds stress.

Figure 6.1 shows oscillations near the forcing location due to the spatially singular nature of the
forcing function. The thin region that needs to be resolved to avoid these oscillations is proportional
to v/U; where v = 1/Re = 1/180 and U; = 8.35 at o = —0.946. Resolving this region would require
around 65 times finer mesh resolution than the current resolution, Az} = 7.85. Appendix D.1 shows
the effect of mesh refinement and an upwind scheme rather than a central difference scheme.

To further establish confidence in the quantified eddy viscosity kernels, in Figure 6.2 we show
a comparison with the wall-normal nonlocal eddy viscosity computed by Park and Mani (2023a).
For comparison purposes, the 2D kernel in Figure 6.1 is integrated over the streamwise direction,
resulting in an eddy viscosity that is local in the streamwise direction and nonlocal in the wall-normal
direction, similar to Park and Mani (2023a). The error in Figure 6.2, hardly visible in the plot, is
due to interpolation and differences in Dirac delta function location on a staggered mesh.

Figure 6.1 shows that the streamwise extent of the eddy viscosity kernel is much longer than the
wall-normal extent. Qualitatively, this is expected due to the larger mean streamwise flow. With
farther upstream distance from the peak (more negative y; — 21 ), the kernel diminishes and spreads
farther away from the wall. At the wall, the kernel diminishes to zero as expected due to diminishing
transport from the wall-normal velocity fluctuations u} and the wall boundary conditions.

Figure 6.3 shows the Dy191 component of the eddy viscosity kernel for several wall-normal loca-

tions (from top to bottom): zo = —0.978 (25 ~ 4, viscous sublayer), 2 = —0.946 (23 = 10, buffer
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Figure 6.3: Dajo1(x2,y1 —x1,y2) for several wall-normal locations (from top to bottom): xo = —0.978
(3 ~ 4, viscous sublayer), o = —0.946 (25 = 10, buffer layer), x5 = —0.859 (x5 =~ 25, buffer

layer), 7o = —0.819 (25 ~ 33, beginning of the log layer).

layer), xo = —0.859 (x] ~ 25, buffer layer), x5 = —0.819 (z3 = 33, beginning of the log layer).
The streamwise influence of the mean velocity gradient on the shear component of the Reynolds
stress both grows in magnitude and length with increasing distance from the wall. In Section 6.3.3,
we quantify this streamwise nonlocality lengthscale. The maximum of the colorbar is truncated at
+0.056, corresponding to 10% of the maximum absolute value of the 2D eddy viscosity kernel for
To = —0.946.

6.3.2 Comparison of streamwise row and streamwise column

We next compare Dajo1 (22 = 235, y1—21,Y2), €.g., as shown in Figure 6.3, with Dajo1 (22, y1 — 1, y2 =
x3). As discussed in Chapter 5 for a 1D eddy viscosity that is nonlocal in the wall-normal direction,
Do1o1(xe = x5, y1 — x1,y2) is a “row” of the discretized eddy viscosity matrix (now in a 2D sense)

showing the dependence of the shear component of the Reynolds stress at x5 on the mean velocity
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Figure 6.4: Comparison of D2121($2 = —0.9467 Y1 — 1, yg) (I‘OW) and D2121(Z‘2, Y1 —21,Y2 = —0946)

(column). The location 23 = —0.946 corresponds to 23 ~ 10 (buffer layer).

gradient at all points in space. For comparison, Dajo1(22,y1 — 1,y2 = x3) is a “column” of the
discretized eddy viscosity matrix showing the influence of the mean velocity gradient at x5 on the
Reynolds stresses everywhere in the domain. Chapter 5 showed that for a 1D eddy viscosity that
is nonlocal in the wall-normal direction, the rows and columns of the discretized eddy viscosity
are not identical for turbulent channel flow, necessitating the use of adjoint MFM for efficiently
computing rows of the eddy viscosity. In this section, we investigate the 2D eddy viscosity and focus
on nonlocality in the streamwise direction.

Figure 6.4 and Figure 6.5 show a comparison of Dajo1 (22 = 25, y1 — x1,y2) and Doy (a2, y1 —
T1,ys = ¥3) at 3 = —0.946 (25 ~ 10) and x5 = —0.859 (v5 =~ 25), respectively. The column,
Doyo1 (22,91 — x1,y2 = x3), is computed by using inverse MFM to specify 0Vi/0xs = §(z1 —
x%)6(xo — x3) and zero for all other velocity gradient components and post-processing —u5v}. In
both figures, the colorbars are truncated at 10% of their respective maximum absolute values.
Doy1o1(x2,y1 — 21,y2 = x3) (column) has a slightly longer streamwise nonlocality lengthscale than
Doya1 (22 = 25, y1 — 1,92) (row), which becomes more apparent for kernels that are farther away
from the wall, e.g., at 3 ~ 25 as shown in Figure 6.5. This difference is seen more clearly in Figure
6.6, which shows the kernels integrated over the wall-normal direction. Even though the flow is
homogeneous in the z; direction, the streamwise row, found by integrating the 2D nonlocal eddy
viscosity kernel in the wall-normal direction, is not simply the reverse of the streamwise column as

shown in Figure 6.6.
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Figure 6.5: Comparison of Dajo1 (e = —0.859,y1 —x1,y2) (row) and Dai91 (22, y1 — 21, y2 = —0.859)
(column). The location 23 = —0.859 corresponds to x5 = 25 (buffer layer). The maximum values are
similar, while Doy (22, y1 —21, y2 = —0.859) (column) shows a slightly longer streamwise nonlocality
lengthscale than Daqo1(x2 = —0.859,y1 — 21, y2) (row).

6.3.3 Streamwise nonlocality lengthscale
We now characterize the streamwise nonlocality based on the first-order streamwise moment of the

eddy viscosity defined by:

Dy (22) = //(y1 — 21)D2121 (22, y1 — 1, y2)dy1dye. (6.4)

The first-order streamwise moment characterizes the centroid of the eddy viscosity in the streamwise
direction, given by a streamwise nonlocality lengthscale, lajo; = —Djiy, /D991, Where D95, is the

zeroth-order moment of the eddy viscosity:

D3y (w2) = //D2121($27y1 — 21,Y2)dy1dys. (6.5)

The streamwise nonlocality lengthscale, l3121, is computed for various wall-normal locations.
For example, Figure 6.7a shows the streamwise eddy viscosity kernel after integration over the

wall-normal direction at zo = —0.946:

D2121($27y1 - 961) = /D2121($27y1 - $1,y2)dy2- (6-6)

The streamwise eddy viscosity is periodically repeated to illustrate simulation domain effects. Ideally,
Dy, is calculated for an infinite domain in the z; direction. However, due to a finite domain and
periodic box effects in the simulations, the streamwise eddy viscosity does not go exactly to zero

(e.g., the mean value between —10 < y; — 27 < —5 is about 1 x 1075 in Figure 6.7a). These nonzero
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Figure 6.6: (a) Comparison of the streamwise row at o = —0.946 and streamwise column at
yo = —0.946, and (b) comparison of the streamwise row at x5 = —0.859 and streamwise column at

y2 = —0.859, computed by integrating the 2D kernels in Figure 6.4 and Figure 6.5, respectively, over
the wall-normal direction. The streamwise column is reversed for comparison purposes to highlight
that it is not identical to the streamwise row.

values away from the peak of the eddy viscosity kernels are weighted by y; — x1 in the calculation of
Djy3y, and thus have a larger effect on Dj3,, than on DY,,,. The integration limits become important

for calculating D%in. With asymmetric integration limits, e.g., —10 < y; — z; < 3, the nonzero

values skew the centroid to the left. Hence, we integrate symmetrically from n = —h to n = h, where
n =y — x1, and plot ly191 = —Djiy, /D191, as a function of the integration limits, +h, where:
1 n=h
Do (2) :/ / nD2121 (22,7, y2)dndys, (6.7a)
—1Jn=—h
1 n=h
D95y (22) =/ / Da121(w2,n, y2)dndys. (6.7b)
—1Jn=—h

Figure 6.7b shows a flat region in l9197 versus h where the integration limits have little effect on
l2121. We use the average in this region, 3 < h < 9 as the estimate of the streamwise nonlocality

lengthscale, l2121. For xo = —0.946, the streamwise nonlocality lengthscale is lo127 = 0.42.

6.3.4 Assessment of spatial nonlocality as a history effect in a Lagrangian
framework
One way to interpret the long streamwise extent of the 2D nonlocal eddy viscosity kernel and the

corresponding lo121 is by considering a temporal history effect along the trajectory of a fluid parcel

that moves with the mean flow. This history effect can be characterized by an eddy viscosity kernel
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Figure 6.7: (a) Streamwise dependence of the wall-normal integrated eddy viscosity kernel at zo =
—0.946. (b) la121 = —D3iy,/DY1sy at 2o = —0.946 as a function of the the integration limits,
n = —h to n = h, where n = y; — x1. The lengthscale is computed based on the flat region where
the integration limits have little effect on ls127.

that is nonlocal in time and a corresponding temporal nonlocality timescale, Th1a1 = —D3ts, /D101,
where Dy, is the first-order temporal moment. In Park et al. (2022b), we used MFM to directly
compute Dj',,. Because the velocity is constant along mean streamlines for turbulent channel, un-
der a Lagrangian framework, the streamwise nonlocality lengthscale can be related to the temporal
nonlocality lengthscale via T5121U;. Figure 6.8 shows a comparison between the streamwise nonlo-
cality lengthscale calculated using the 2D nonlocal eddy viscosity and the Lagrangian estimate based
off of T5191U; from Park et al. (2022b) at Re, = 180. As seen in Figure 6.8, the two lengthscales are
correlated, which is expected given the vivid upstream structure of the eddy viscosity kernel. These
lengthscales may be used interchangeably for qualitative estimates of the magnitude of spatial or
temporal nonlocality scales. However, as seen in Figure 6.8, l2121 = —D%igl /D915, and Ty101U; are
not identical, particularly starting in the buffer layer and into the log layer.

This difference between l5197 and T5121U; has implications for modeling and suggests modifi-
cations to the model form starting in the buffer layer. Models often include nonlocal effects by
considering a history effect along Lagrangian trajectories using the material derivative and a re-
laxation timescale, e.g., the simple nonlocal model shown in Equation (1.11) and more generally

Reynolds stress transport models:

D—
T—ulul, = —uju, + .. .. (6.8)

Dt Y

/.
J

This includes an implied streamwise nonlocality lengthscale TU; from the advection term. To match
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Figure 6.8: Comparison between the streamwise nonlocality lengthscale calculated using the 2D
nonlocal eddy viscosity and the estimate of Park et al. (2022b) computed using the temporal moment
To121 = —D3}o1/DY191 and T121Us at Re, = 180.

the measured streamwise nonlocality lengthscale, there should be additional terms with the first-

order spatial derivative of the Reynolds stresses, e.g., aaimu’iu;. For example, this could be achieved

with a cross-diffusion term or a spatially-varying turbulent viscosity.

6.3.5 Two-dimensional nonlocal eddy viscosity for other components of
Dijni

In this section, we examine the anisotropy of the 2D eddy viscosity by considering other components
of Djjii. We begin by examining the Djjj; components of eddy viscosity corresponding to the shear
component of the Reynolds stress, —@, and other components of the mean velocity gradient
tensor, OV;/0xy, specifically focusing on 0V;/0z1. We then examine the D;jo; components of the
eddy viscosity corresponding the normal components of the Reynolds stress, fm, and the wall-
normal mean velocity gradient, OV; /0z,.

Figure 6.9 shows a comparison of the Ds127 and Ds117 component of the eddy viscosity at
zo = —0.946 (xg ~ 10). The Dsj111 component shows the influence of the streamwise gradient of
the mean velocity, OV} /dx1, on the shear component of the Reynolds stress, —ujv]. While V; /02,
is inactive in channel flow since x; is a homogeneous direction, this component would be active in a
spatially-developing boundary layer or a separated flow. We use the 2D eddy viscosity kernel from
channel flow as a qualitative estimate of the nonlocal effects present in other wall-bounded flows. As
shown in Figure 6.9, the D3117 component has a much larger magnitude than the Ds12; component

(the colorbars are truncated at 10% of their maximum respective values), indicating that the shear
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of the Reynolds stress, —u5v].
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Figure 6.10: Comparison between Doj2; and Dajyq at x5 = —0.859 (x5 = 25).

component of the Reynolds stress has a greater sensitivity to dV;/0x; than 0V /dxs. Figure 6.10
shows a similar comparison of the same two components for zo = —0.859 (2] ~ 25).

The @ component of the Reynolds stress tensor describes mixing of the streamwise momentum
fluctuations, v}, by wall-normal fluctuations, u}. The Boussinesq approximation would imply this
mixing flux is sensitive only to the wall-normal gradient of the mean streamwise velocity. However,
we observe a stronger sensitivity to the streamwise gradient (not only is it non-negligible, but actually
larger than the sensitivity to the wall-normal gradient).

We additionally examine anisotropy in the eddy viscosity by considering the influence of the
wall-normal mean velocity gradient on the normal components of the Reynolds stress tensor. Figure

6.11 shows a comparison between the shear component, D21, and normal components, Dijo1,
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Figure 6.11: Comparison between the shear component, D221, and the normal components, D1121,
D391, Ds3so1, of the 2D nonlocal eddy viscosity at zo = —0.946 (x;' ~ 10). Each component is
normalized by their respective zeroth-order moment, ng21~

Dyso1, D321, of the 2D nonlocal eddy viscosity kernel at xo = —0.946 (x2+ ~ 10). Each component
is normalized by their respective zeroth-order moment, D%Ql. The colorbar is truncated for easier
visual comparison between the components. Due to the long extent of the streamwise nonlocality,
D3301 is affected by the periodic domain. Appendix D.2 discusses the domain effects on the eddy
viscosity in more detail. The shear component Dy12, has the shortest streamwise nonlocal effect,
while the normal components have a much longer streamwise nonlocal effect.

The difference in the streamwise nonlocality lengthscale between the various components of
the Reynolds stresses implies an anisotropic lengthscale (or corresponding timescale) for modeling.
This is counter to current modeling practice in which most models (Launder et al. (1975); Speziale
et al. (1991)) use an isotropic characteristic turbulence timescale, e.g., T = k/e for all components
of the Reynolds stresses where k is the characteristic turbulent kinetic energy scale and ¢ is the

characteristic dissipation scale.
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6.4 Conclusions

In this chapter, we used adjoint MFM, which was developed in Chapter 5, to investigate the stream-
wise and wall-normal extent of the eddy viscosity kernel in turbulent channel flow at select near-wall
locations from the viscous sublayer to the log layer. While in Chapter 5, we showed that the rows
and columns of the 1D wall-normal eddy viscosity are not identical in turbulent channel flow, in
this chapter we also found that the streamwise row (computed by integrating the 2D eddy viscosity
kernel over the wall-normal direction) is not identical to the reverse of the streamwise column even
though the x; direction is a homogeneous direction. The nonlocal influence of the streamwise col-
umn is slightly longer than that of the streamwise row and increases with distance from the wall.
Physically, this implies that the mean velocity gradient at a given point influences the Reynolds
stress farther downstream than the Reynolds stress at the same point is influenced by the mean
velocity gradient upstream.

We also found the nonlocal eddy viscosity kernel is much longer in the streamwise direction
than the wall-normal direction, and the nonlocality lengthscale in the streamwise direction increases
with distance from the wall. This result is qualitatively expected due to the increase in the mean
streamwise velocity with distance from the wall; however, in this work, we quantified this effect. We
then characterized the streamwise nonlocality lengthscale using lojo; = — D33y, /D941, where Djio,
is the first-order streamwise moment of the eddy viscosity and D34, is the zeroth-order moment of
the eddy viscosity.

For comparison, we also considered a streamwise nonlocality lengthscale based on a history effect
along Lagrangian trajectories, To121U7, where Th101 = —D§§21/D3121 and D%im is the first-order
temporal moment. While l519; and T5121U; are correlated, we observed differences, particularly
starting in the buffer layer and into the log layer. For modeling, this difference suggests modification
of the streamwise nonlocality lengthscale associated with the material derivative, e.g., by including
a spatially-varying viscosity.

terms of the form a which may be cross-diffusion terms or a turbulent diffusion term with

We then examined the anisotropy of the 2D eddy viscosity kernel. We observed that while their
streamwise extents are similar, Dsq11 has a larger magnitude than Dsqo1, i.e., the shear component
of the Reynolds stress is more sensitive to the streamwise gradient of the mean velocity, 0V; /dz1,
than the wall-normal gradient of the mean velocity, 9V;/0zo. We also examined the anisotropy in
the eddy viscosity kernels by comparing the normal components of the Reynolds stresses with the
shear component. We found that the eddy viscosity kernels for the normal components have longer
streamwise extent than for the shear component.

These observations can be used to inform models of the needed anisotropy. Under the Boussinesq
approximation, the shear component of the Reynolds stresses only depends on the wall-normal mean
velocity gradient; whereas, we observe that the influence of streamwise mean velocity gradient is

non-negligible. We qualitatively expect this to have an impact in flows where the streamwise mean
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velocity gradient is active, such as a spatially-developing boundary layer. Moreover, the anisotropy
between the eddy viscosity kernels for various components of the Reynolds stress tensor implies an
anisotropic turbulence lengthscale or timescale; whereas, currently most models use an isotropic

timescale.



Chapter 7

Conclusions

Incorporating nonlocal effects is critical to RANS modeling of turbulent wall-bounded flows. In this
thesis, we investigated and developed methods for incorporating nonlocal effects into RANS models.

We began in Chapter 2 by attempting to incorporate nonlocal effects by using an analytical
Reynolds stress modeling approach. We showed progress towards development of a near-wall model
that respects the expected near-wall scalings but encountered issues in joining this near-wall model
with the rest of the model. We also provided a review of experimental and DNS data for canonical
flows that can be used to determine coefficients for RANS models in general, not only Reynolds
stress models. These canonical flows build in complexity and include novel flows, such as anisotropic
forced homogeneous turbulence, that have not previously been used in the context of modeling. One
of the main challenges of analytical RANS model development is in discerning between appropriate
model forms.

In the second part of this work, we took an alternative approach using MFM (Mani and Park
(2021)), a numerical tool for probing closure operators. While MFM can be used to compute the
exact nonlocal and anisotropic eddy viscosity for a given flow, a brute-force approach requires as
many forced DNSs as degrees of freedom in the averaged space.

In Chapter 4, we developed a method for systematically modeling a nonlocal eddy viscosity
using limited information about the eddy viscosity moments computed using MFM. The cost-saving
advantages are that the model only needs information about the eddy viscosity moments, which can
be obtained using one simulation per moment, and the proposed model form using matched moment
inverse operators is in the form of a partial differential equation rather than an integro-partial
differential equation. We demonstrated that for a wide range of flows, the modeled eddy viscosity
kernel closely approximates the shape of the true nonlocal eddy viscosity kernel. For some flows, the
model form and coefficient-fitting procedure leads to singularities in the coefficients, especially for
wall-bounded flows. While we proposed a coefficient regularization technique for the near-wall region,

in which viscous effects dominate and the model form becomes unimportant, this technique is not yet
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systematic with regards to the regularization parameter. Future work should focus on investigation
of other model forms and coefficient-fitting procedures, particularly for noisy turbulence data in
which higher-order derivatives can amplify noise in the coefficient-fitting procedure. Concurrent
work in Lavacot et al. (2023) shows application of our matched moment inverse operators to two-
dimensional Rayleigh-Taylor instability, where without the presence of walls, there are fewer issues
with singularities in the coeflicients.

In Chapter 5, we developed adjoint MFM to address another aspect of the cost of brute-force
MFM. Adjoint MFM can be used for targeted computation of the nonlocal eddy viscosity, i.e.,
the dependence of the Reynolds stresses at a specific location on the mean velocity gradient at all
points in space, using one simulation per desired location. Concurrent work by Bryngelson et al.
(2024) uses a combination of MFM and adjoint MFM simulations to significantly reduce the number
of simulations needed to compute the eddy viscosity for the entire domain by leveraging hidden
sparsity in the discretized eddy viscosity.

Then in Chapter 6 we used adjoint MFM to investigate the streamwise and wall-normal nonlocal
eddy viscosity in turbulent channel flow. The main findings of this chapter were: 1) The streamwise
nonlocality lengthscale is much longer than the wall-normal nonlocality lengthscale and increases
with distance from the wall. We quantified this effect by computing a streamwise nonlocality length-
scale based on the first streamwise moment of the eddy viscosity kernel. For comparison, we also
considered a streamwise nonlocality lengthscale based on a history effect along mean Lagrangian
trajectories, which would be associated with a model form based on a relaxation timescale and a
material derivative. Differences between the computed streamwise nonlocality lengthscale and the
Lagrangian-based estimate suggest a modification of the model form using cross-diffusion terms or
a turbulent diffusion term with spatially-varying viscosity. 2) The mean velocity gradient at a given
point influences the shear component of the Reynolds stress farther downstream than the shear
component of the Reynolds stress at the same point is influenced by the mean velocity gradient up-
stream. 3) We then examined the anisotropy of the eddy viscosity by comparing various components
of the eddy viscosity kernel. The Ds117 component of the eddy viscosity is larger in magnitude than
Do191, indicating larger sensitivity of the shear component of the Reynolds stress to OU;/dz; than
OU; /Ox5. Under the Boussinesq eddy viscosity approximation, the shear component of the Reynolds
stress would only be sensitive to OU; /dza; however, we found that the sensitivity to 9U; /dz1 is non-
negligible and is actually larger than the sensitivity to OU; /dxa, which we hypothesize would have
an effect in spatially-developing layers where OU; /01 is active. 4) The normal components of the
Reynolds stress have much longer streamwise nonlocality lengthscales than the shear component of
the Reynolds stress. For modeling purposes, this implies an anisotropic turbulence lengthscale or
timescale, whereas most models currently use the same timescale for all components of the Reynolds
stress tensor. Future work involves investigation of streamwise and wall-normal nonlocality effects

for other flows, e.g., channel flow at higher Reynolds number or separated flows, for comparison.



Appendix A

Appendices for Chapter 2

Al FZ-jL2 model form

In this appendix, we show a model form based on 7;; = FijL2 and develop transport equations for
F;j and L? that capture the expected analytical scalings for the Reynolds stresses for all components
except Too. In this model, L needs to be ~ gy in both the viscous sublayer and log layer; however,
this leads to complications in capturing the log layer behavior of the mean streamwise velocity in
channel flow.

The boundary conditions on Fj; and the linear growth of L ~ y are used to set the scalings for

the Reynolds stresses near the wall. Consider the Taylor series expansion:
Fij = a;j +bijy+cijy2+... (Al)

Specifying a Dirichlet boundary condition, for example F»1(y = 0) = 0, leads to F»; = b1y, and
when combined with L ~ g, leads to the desired scaling 751 = Fy1 L% ~ 3%, Specifying a Neumann
boundary condition, for example 0Fy1/0y(y = 0) = 0, leads to F1; = a1, and the desired scaling
1 = F11L? ~ g2

The model equations for F;; and L? are derived based on substitution of Tij = FZ-]-L2 into a model

form similar to the 7;; equation in (2.22a), e.g.:

D’Tij . 8U1 an
Dt =Cp (Tkjaxk-l-ﬂ@laxk)-i-..., (AQ)

and substitution of 7;; = F;; L*:

. 2 . .
DE; + F; DL OUs + LQFMaUJ) +.... (A.3)

L? —— =¢, | L*F;
Dt 7 Dt CP( ki oxy, oxy,
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We then split the terms among the equations for F;; and L2

DF;; oU; ouU;

L2 T a1cp (L ija F}ma k) + ... (A4a)
DI? oU; ou;

Fij D1 (1—a1)cp (L ija F}ma k) +..., (A4b)

where we use o and (1 — oy) for illustration purposes since ajc, will be renamed with a new
coefficient in the final model. To reduce the tensorial equation for L? to a scalar equation, we take

the trace of (A.4b). Considering all terms except the near-wall terms, the model equations are:

DF;; oU; oU; ou,, Uy U
Dy~ Cfr (Fk]a + Fma ) —ctpFriSi; — CfTan%(Sij +crw (Fm oz, + F; oS )
(A.5a)
CfR 1 Cfe 0 8F,J 1 8Fij 8L2
Bt L N APy P PO Rt S D D=4
T, < W gk ”) T, + 0T, (CD 0T, + 2P O O,
DI? 1 ou, c 0 OL? 1 OF, OL?
=— ¢, L?Fon 0?2y — D— —cs A5b
Dt Fkkc P 8 Th + al'm (CD 8xm) + Fkkc b 8xm 81’m ( )

where D = VkL, T}, = L/\/%, and 2cp = ¢fp + csp. This results in a slightly different model form
from the baseline model shown in Equation (2.22a) and (2.22b). The effective 7;; equation is found
by summing the F;; equation in (A.5a) multiplied by L? and the L? equation in (A.5b) multiplied
by Fiji

D’Ti‘ Tiq 8Un 5'UZ aU 8Un
th = CspﬁTmn% + cfp <Tkjaa:k + TkzaxZ) — CcfBTRES:; — CfTTmn%éij (A.6a)
(9U 8Uk CfR 1 Cfe — Cs
+erw (Tkz 9. T i g, ) 7, T ngk%‘ - %sz
0 oTi; D 0r; OL? 7 D O, OL?
2 (eppSTi 2 i L7 | Tij
+8xm <CD 3xm> +(esp = CD)L2 0T, Or,  Thk D2 Oty 0T
DI? Tmn OU, c 0 OL? D 97y, OL? D 0L? 0L?
— < L2 mn n LgLQ D 6 —e v
Dt Cop Tk OTm, + T, + Oz, o 0T, te DTkk Oz, 0%y, CsD L2 dx,, Oz
(A.6b)

where when compared with the baseline model in Equation (2.22a), the effective 7,; equation has an
additional production-like term (first term) and additional cross-diffusion terms (last two terms).

As for the near-wall model, splitting the viscous term for 7;;:

DTZ‘j 827'1']'
Dt + Vaxmaxm

(A7)



APPENDIX A. APPENDICES FOR CHAPTER 2 106

results in
DF;; 02F,;
- ... Ty Al
Dt + Vagjmamm ’ ( 8&)
DL? 522 1 OF, OL?
. T L9, A.8b
Dt Y St 2 For Oxy Oy (A.8b)

where the cross-diffusion term appears in the L? equation in (A.8b) rather than the F;; equation

because a term of the form
1 OF;; OL?

Vﬁ 0%y O,

(A.9)

would be O(1/y) and dominate in the F;; equation. Moreover, additional terms in the near-wall

model for L? are needed to ensure that L ~ 3 near the wall:

DIL? 0%L? oL 0L
= ... —Cm mB | - A.10
Dt <8zmﬁxm ma 0Ty, 0Ty, ¢ B) ( )
For example, substitution of the solution L = ay into (A.10) leads to
cmB = @2 (Cma — 2) (A.11)

and a constraint that ¢, 4 > 2 for positive L.

To determine the coefficients, we use the process outlined in Section 2.3. The model equations
are identical to the baseline model for decaying HIT and forced HT. The addition of the c;), term
in (A.6a) affects the model equations and coefficients for homogeneous shear flow. We then use the
log layer equations to determine the diffusion coefficients. However, because only the differences
(ep —¢¢p) and (cp — csp) appear in the log layer equations, an additional flow is needed to discern
between cp, cfp, and csp. For this purpose, we use the self-similar axisymmetric jet and the
experimental data of Hussein et al. (1994).

In channel flow, the remaining coefficients to be determined are the near-wall model coefficients,
¢ma and ¢, . The length scale, L, is intended to grow linearly from the wall; however, a distinct
inner and outer region appears in L, which affects the model’s ability to correctly capture the log
law. For improved behavior of L, we modified the diffusion term to the tensorial diffusion term of
Daly and Harlow (1970):

DTij 0 L 873]»

= tep—o | —= , A12
Dt T e \ ™ o, (A.12)
which for channel flow modifies D = vkL to D = (L/v/k)73. However, the distinct inner and outer
regions in L remain an issue. Figure A.la shows an example of the mean streamwise velocity for
channel flow at Re, = 180. Figure A.1b shows the corresponding L. In the derivation of the log
layer equations, we assumed L = ¢;py. However, Figure A.1b shows two separate slopes for L in

the viscous sublayer and log layer with a nonzero intercept in the log layer. This in turn affects
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Figure A.1: (a) Mean velocity comparison of the F;; L? model with the DNS of Lee and Moser (2015)
at Re, = 180. (b) Length scale L with approximate fitted linear slopes for the viscous sublayer and
log layer.

the ability of the F;;L? model to correctly capture the expected log layer behavior of the mean

streamwise velocity.

A.2 Nonlinear model forms for return to isotropy

In this appendix, we consider the addition of nonlinear terms to the return to isotropy model. For
example, the simplest addition is a term that is quadratic in the Reynolds stress tensor:
DTij CfNR

S T Al
Dt Thk TikTkj- ( . 3)

For determining the coefficients, the steady-state forced homogeneous turbulence equations are:

CfR 1 CfNR Cfe — Cs
0= T, <Tij - 3Tkk5ij) Tk kTR T %sz + AkiTkj + AkjThi, (A.14)
where the return to isotropy coefficients, c;r and cyyg, are to be determined, and 7}, is a free
parameter. With cyr = 3 and cgyr = —3, Table A.1 and Table A.2 show low model errors when
compared with the anisotropic forced HT data of Dhandapani et al. (2019) and Rah et al. (2018),
respectively. However, there is an additional constraint for numerical robustness such that the

turbulence extracts energy from the mean flow (Park et al. (2022a)):

/ w2 gy <0, (A.15)
.

" oz
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7i;/k Quadratic model Dhandapani et al. (2019) | Error
m1/k 1.03 0.99 4%
T2 /k 0.55 0.58 5%
m33/k 0.42 0.43 2%
721/k 0.36 0.38 5%
Table A.1: A posteriori analysis for the nonlinear return to isotropy coefficients cyr = 3 and

c¢yNr = —3 and comparison with the anisotropic forced HT data from Dhandapani et al. (2019).

75 /k Quadratic model Rah et al. (2018) Error
To2/k 0.50 0.51 2%
Table A.2: A posteriori analysis for the nonlinear return to isotropy coefficients cyr = 3 and

ctnvr = —3 and comparison with the anisotropic forced HT data from Rah et al. (2018).

and cyyg > —3/4 is needed to satisfy this constraint, which we now show.
We derive this constraint by taking the trace of the model equation in (2.22a) with the additional

nonlinear return to isotropy term:

DTii
Dt

oU; CfNR Cfe — C
= (2Cfp — 3CfT + 2wa)7'ki87x; — ﬁ’rikﬂﬂ' _ e Csg

0 87’2'1'
Wt 5 D . A.16
Th Tii 8Ik <CD a$k> ( )
Taking the volume integral of both sides and with suitable boundary conditions and initial conditions
such that the net advective and diffusive fluxes are zero:

an _ CfNR Cfe

—C
= 2 — 2 i —_—T; i — e 59 i dv. Al
0 /v [( Cfp 3CfT-|- wa)Tk B Tok TikTk T, T, :| V. ( 7)

Rearrangement and substitution of Tj, = L/Vk leads to

oU; 1 / [ k% cinm }
Ti—dV = —2(Cfe — Cog)— — ——=——TipTri | AV < 0. A.18
/V y oxy, —2cpp + 3cpr — 2¢pw Sy ( fe 2 L VEL KTk ( )

The bounds of the nonlinear term can be derived based on the invariants of the Lumley triangle
(Pope (2000)):

67]2 = bijbji, (Alg)
where 0 <7 < 1/3 and
Tii 1
bii = —L — 26,5, A.20
J Thie 3 J ( )

i.e.,
4 4
TinThi = 4k>binbri + §k2 = 24kn* + §k2. (A.21)
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7i;/k Quadratic model Dhandapani et al. (2019) | Error
m1/k 1.01 0.99 2%
To2/k 0.51 0.58 12%
m33/k 0.48 0.43 12%
721/k 0.36 0.38 6%
Table A.3: A posteriori analysis for the nonlinear return to isotropy coefficients cyr = 3 and

c¢yNr = —3/4 and comparison with the anisotropic forced HT data from Dhandapani et al. (2019).

In the n = 0 limit:

. _ _ 3/2
/ aUldV— Cfe + Csg —2/3ctNR k dv <0, (A.22)
14

T =——dV =
ki Oxy, —QCfp + 3CfT — QCfW v L
and since the turbulent kinetic energy, k, and length scale, L, are always non-negative:

—Cpe + Cog — 2/3CsNR
—2cpp + 3cpr — 2cpw

<0. (A.23)

In the n = 1/3 limit:
—Cfe + Csg — 2cf]\/'R
—2cpp + 3cpr — 2cpw

<0. (A.24)

From forced HIT, the addition of the nonlinear term also modifies the constraint on the decay

coefficients cy. and cg4 from Equation (2.31) to
—(cfe —Csg) —2/3csnr = —1. (A.25)
Substitution of (A.25) into (A.23) leads to:
—2¢fp + 3cpr — 2¢5w > 0, (A.26)
and substitution of (A.25) and (A.26) into (A.24) leads to
ciNR > —3/4. (A.27)

Table A.3 and Table A.4 show a comparison with Dhandapani et al. (2019) and Rah et al. (2018)
with c¢ynyr = —3/4. The numerical robustness constraint on cyyp in (A.27) results in larger errors
than with ¢y nyr = —3, and generally, increasing csn g leads to larger model errors. The model errors

are now of similar magnitude to the errors with the linear return to isotropy term shown in Table
2.6 and Table 2.7.
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7i;/k Quadratic model Rah et al. (2018) Error
T1/k 0.8 0.98 18%
To2/k 0.6 0.51 17%
Table A.4: A posteriori analysis for the nonlinear return to isotropy coefficients cyr = 3 and

ctnr = —3/4 and comparison with the anisotropic forced HT data from Rah et al. (2018).

Tii [k Traceless quadratic | Dhandapani et al. (2019) | Error
model

T11/k 1.02 0.99 3%

To2/k 0.55 0.58 6%

m21/k 0.36 0.38 6%
Table A.5: A posteriori analysis for the traceless nonlinear return to isotropy coefficients cyr = 15
and C}N r = —7.5 and comparison with the anisotropic forced HT data from Dhandapani et al.
(2019).

As an alternative to the quadratic term in Equation (A.13), a quadratic term of the form:

DTy, C/f NR 1
Dr =T VL (Tikaj - 3Tmn7'mn(5ij> (A.28)
has no trace and thus would not be affected by the numerical robustness constraint. While the
addition of this term can lower the model error in the comparison with Dhandapani et al. (2019)
as in Table A.5 for c;p = 15 and C}NR = —7.5, the model errors tend to be larger than the linear
return to isotropy model for the comparison with Rah et al. (2018) as shown in Table A.6. Moreover,
with some choices of coefficients there are multiple solutions or no solutions for this model form.
Because the model errors from an additional quadratic return to isotropy term under an ad-
ditional numerical robustness constraint are on the order of those of the linear return to isotropy
term, we use the simpler linear return to isotropy term in the baseline model. We do not consider

higher-order nonlinear terms as these are known to cause oscillations (Speziale et al. (1994)).

Tii [k Traceless quadratic | Rah et al. (2018) Error
model

T11/k 0.74 0.98 25%

To2/k 0.63 0.51 24%

Table A.6: A posteriori analysis for the traceless nonlinear return to isotropy coefficients cyr = 15
and c’f Ng = —7.5 and comparison with the anisotropic forced HT data from Rah et al. (2018).
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A.3 Analytical solutions to the near-wall model for v? and

w2

In this appendix, we show analytical solutions for the near-wall model for v2 and w? in Equations

(2.55a) and (2.55b), respectively, rewritten here at steady-state:

827 2 -
0= ya—yl; — c,,L5VZ—2 + Cmyvk2w?, (A.29a)
0%w? w?
0=v ay2 — CmaVyT' (A29b)
With ¢,,q = 2, the solution to (A.29b) is
w2 =c1y? + %2, (A.30)

and with the no-slip boundary condition W(y =0) =0, co =0, and w? ~ y? as expected. We
rename ¢; = a® to be consistent with the notation for the w? scaling in Equation (2.54b) and
substitution of w? = a®y? into the v2 equation in (A.29a) and solving leads to

Cry a’k

- 2
02 — v y4 +03y1/2( dempt1+1) +C4y1/2(_ 4cm5+1+1). (A.31)

CmpB — 12
With ¢y # 0, ¢mp > 12 is needed for the desired v2 ~ y* scaling to come from the first term,
which dominates in the limit of small y. Moreover, ¢, > 0 is needed for realizable ©2 > 0. The no-
penetration boundary condition vﬁ(y = 0) = 0 leads to ¢4 = 0. The coefficient coupling constraint
in Equation (2.56b), ¢pmp = 12 + 4¢pyy, leads to

v? = iasz?f + cgy!2VAen 1), (A.32)

and the desired leading-order scaling relationship between v2 and w? in Equations (2.54a) and
(2.54b) comes from the first term, and the second term (with c3 coefficient) is higher order.

As a note, the scaling v2 ~ y* is achievable without the coupling term (tmy = 0) and cpp = 12,
in which case the second term (with 3 coefficient) leads to the desired scaling. However, then v2

and w? are independent of each other.

A.4 Derivation of near-wall model for 42 and ww

In this appendix, we detail the derivation of the near-wall model for u2 and wo. The streamwise

fluctuations v’ are modeled as a passive scalar (i.e., no pressure coupling with v’ and w’) transported
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by the sinusoidal counter-rotating vortices in Figure 2.4:
' (y) = u(y) sin(k, 2). (A.33)

The governing Stokes flow equation for v’ is

ou’' ou Pu' 0%
E "U/aiy = 1/87?42 —+ Vﬁ. (A34)

Substitution of the sinusoidal approximation in (A.33) into (A.34) leads to

ou ou &%u
— 4 v— =v— —vkiu. A.
5 —i—vay V8y2 vku (A.35)

Multiplication of the u equation in (A.35) by u and averaging leads to

P _ou 1 R i
2 0t dy 2 Oy? Oy Oy

— vk2u2, (A.36)

where the dissipation term (third term) on the right hand side needs closure. Consider the Taylor
series expansion for u:

u=by+cay:+..., (A.37)

and the corresponding expansion for u2 formed by squaring (A.37) and averaging:
u2 = biy* 4+ 2biery® + . ... (A.38)

Similarly, the expansion for wv is formed by multiplying the expansion for u in (A.37) with the
expansion for v and averaging:

1
T = 5ablkuy?’ +.... (A.39)

Substituting the above expansions into the governing equation for 2 in Equation (A.36) shows that
the viscous diffusion term (second term) and dissipation term (third term) on the right hand side
are O(1), while the production term (first term) and last term on the right hand side are higher
order and neglected. Similar to the model for v2 and w2, we close the dissipation term using vu2/y:

ou2 92u2 2
U u — I/Cm(z,%, (A'40)

W_VﬁyQ

and the coefficient ¢4 = 2 is needed for uZ ~ g2,

Similarly, the governing equation for @ is formed by adding the v equation in (A.35) multiplied
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by v and the v equation in (2.50a) multiplied by u and averaging:

ow _ 500 | Ow _, dudv
at U By Va2 dy Oy

U — U— A4l
uy (A41)
Substitution of the expansions into (A.41) shows that the viscous diffusion term (second term),
dissipation term (third term), and pressure term (last term) on the right hand side are O(y), while
the production term (first term) and fourth term on the right hand side are higher order and
neglected. Similar to the model for the other Reynolds stress components, we close the dissipation

term using vuw/y?. The pressure term also has a similar leading-order scaling to vuw/y?:

0
ua—z = (hy +ay? +...)(vak, + 2vbk2y + ...) = vabik,y + . .. (A.42)

and thus we use vuv/y? as well for its closure. The model form for v is:

ouv 0*uv )

ﬁ = VTyz — chd,?, (A43)

where the coefficient ¢,y = 6 is needed for v ~ S,
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A.5 Log layer equations for the baseline model form

In the log layer, terms with the molecular viscosity are negligible. We assume the length scale is
linear in the log layer, L = ¢;ry, where the coefficient ¢;;, is unknown. Moreover, as with other

RANS models, we assume ’7';; =75/ u? is constant in the log layer, where u, is the friction velocity.

Section 2.1.4 discusses that this assumption is valid for 7] and 755, but likely invalid for 7 and

7';5. Substitution of L = ¢y, 7j = Ti‘;uz, and dU; /dzs = u,/(ky) leads to the model equations:

+ x vVt 1 Vit
T T
0= —cep—L +2¢4, — ¢ T) 2L ep—— (7‘+ — T+> — Cfom——T1T A 445
( pT}jk fp ! P ! CiL 117 37kk fe arp 1 ( )

A/ + \/ +
- 2CD k+clL7—11 + Csginner k+7—11;

+ + N 1 Vit
T T
0= [ —c. 22 _ +2 21 RA | M S — A.44b
( Csp T;;C CfT Cw |~ T CIR L Ta2 3Tkk Cfe L T2 ( )
- 26D Vv k+ClL7—2-E + Csginner V k+7—2—ga
+ + VET 1 Vit
T T
0= (—csp?f — ch) 2L CfR— (ng — T&) — cfg—ng (A.44c)
T K ar 3 ar
- 2CD Vv k_‘—clLTg:E + Csginner V k+7—3-ga
+
T. 1 Vit
0= (Csp%,_lT;i + CprQ—E — CfBlC+ + waTlJ'i) - — (CfR + Cfs)iT;i (A.44d)
Tkk K GL
- 2CD Vv k+C[LT£ + Csginner V k+TQJ€L7
+
Ty 1 Vit / ¢
0= Csp%i + Csg—— — Csginner VET + QCDL 5 (A.44e)

Tog-
22
Tig CiL VEkt

The coefficients csginner, ¢p, and ¢, are unknown. The shear component of the Reynolds stress
tensor is set to its theoretical high Reynolds number limit, 7'2+1 = —1. The von Karman constant is
set to k = 0.39, based on the review of recent literature shown in Table 2.4. Due to the uncertainty in
the high Reynolds number behavior of the normal components of the Reynolds stress tensor, Tﬂ, 7'2';,
and 735 are treated as unknowns. Additionally, 7.5, is unknown, and we enforce 7.5, = 71} + 7o + 755.
With these choices, there are 7 unknowns (Csginner, €D, G, T1+1, 7';2, T??;)7 Tﬁ), and 6 equations
(Equations (A.44a) - (A.44e) and T]j;c = 711 + Toh + 735). We sweep values of csginner and solve for
the corresponding cp, cir,, 1, Tob, 7';'3, and T,;;. For various values of csginner, we find that only
the value of ¢p changes, and ¢, Tﬁ, 7'2+2, and ng are unchanged. These values are: ¢;;, = 2.40, 7'1+1
= 3.15, T;g = 1.61, ng = 2.10. As discussed in Section 2.4.1, we then use the numerical solution of

turbulent channel flow in Section 2.4.1 to decide the optimal ¢sginner (Csginner = 0.27, and from the



APPENDIX A. APPENDICES FOR CHAPTER 2 115

log layer analysis, cp = 0.0021). Also as discussed in Section 2.4.1, this log layer analysis provides

only an estimate of the model behavior as the near-wall model actually influences this behavior.



Appendix B

Appendices for Chapters 3 and 4

B.1 Derivation of the relationship between £ and £

For completeness, the derivation of the relationship in (3.16) between the averaged operator, £, and
the governing operator, £, is reproduced from Mani and Park (2021) below. This appendix also
shows the relationship between these operators and the forcing methods detailed in Section 3.3.

The forced governing equation in (3.19) can be written in operator form as
Lc=s, (B.1)

where £ is a matrix representing the discretized advection-diffusion operator, ¢ is a vector represent-
ing the discretized scalar field, and s is vector representing the MFM forcing. Similarly, the forced

averaged equation can be written as

Lé =3, (B.2)

where L is a linear operator and includes the nonlocal eddy diffusivity, ¢ is the discretized mean
scalar field, and 5 is the MFM forcing. The averaged operator, £, is unknown, and a relation between

L and L is desired. Let averaging be defined by a projection operator, P, such that
¢ = Pec. (B.3)

While the MFM forcing satisfies the property, s = 5, s and s may discretely have different dimensions;

thus, let E' be an extension operator such that

s = Es. (B.4)

116
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Rearranging (B.1) to solve for ¢ and substituting the result into (B.3) leads to
¢=PL's=PL'E5, (B.5)
where the definition of the extension operator in (B.4) is used. Further rearrangement,
(PLT'E) =35, (B.6)

and comparison with (B.2) leads to the relation for £ in (3.16).

In the above approach, the MFM forcing, s, is never explicitly specified, and the entire £ operator
is obtained at the expense of inverting £. However, as detailed in Mani and Park (2021), one can
also use MFM to obtain the averaged operator by explicitly specifying the forcing to obtain columns
of £ . For example, one can specify 5= [10 ... 0], solve the forced governing equation in (3.19),

post-process ¢ to obtain the first column of 271 using
c=L 5 (B.7)

and repeat until all columns of £ are filled. Alternatively, as detailed in Mani and Park (2021)
and in Section 3.3, one can also use IMFM to specify ¢ for more direct computation of the nonlocal

eddy diffusivity or moments of the nonlocal eddy diffusivity.

B.2 Comparison of methods for obtaining the nonlocal eddy
diffusivity

This appendix is motivated by the observation of two apparently different derivations for the exact
expression of the nonlocal eddy diffusivity. Using a Green’s function solution, Hamba (1995, 2004)
derived an exact expression for the nonlocal eddy diffusivity, while Mani and Park (2021) presented
a derivation based on macroscopic forcing of a linear system. In this appendix, we demonstrate that
when IMFM is used to obtain the full nonlocal eddy diffusivity (as opposed to using IMFM to obtain
moments as used extensively in this work), its formulation is compatible with the earlier work by
Hamba (1995, 2004). In Hamba’s approach, the transport equation for the scalar fluctuation, ¢, is
given by / ),

aact—kaij(ujc’—u;c’) _DM(%Caj;xj = —u;aa;j (B.8)

/

The mean scalar gradient on the right-hand-side is considered a source term for ¢’. Using the Green’s

function, g.(x,y,t, ), satisfying
a9} 0

ot + %(Ujgg —u%g;) — Dum
J

9%y,

J2,00; =u;d(x—y)i(t — 1), (B.9)
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the solution to Equation (B.8) is

dydr. (B.10)

Hence, the scalar flux can be written as

_W(x,t) :/y w(x,t)g; (%, y,t, T)aac

K3

dydr, (B.11)

Yy, 7T

)

where

Dji(xay7ta7) = u;-(x,t)gg(x,y,t,r) (B12)

is the nonlocal eddy diffusivity, and Equation (B.11) is identical to Equation (3.6).
To compare the approach presented by Mani and Park (2021), which arrived at the same nonlocal

eddy diffusivity, consider the forced scalar transport equation:

Jc 0 0%c

+ — D s. B.13

ot Oz, (use) - Mo 0m; (B.13)
To obtain the full nonlocal eddy diffusivity, one can specify the macroscopic forcing, s = 3, to
maintain the mean scalar gradient as a Dirac delta function, and then post-process —u; c. To allow
further comparison with Hamba’s approach, the forced mean scalar transport equation is

de 0 ,_ _ 0 — o
=4 a7%].(%6) + 87,73](“0) —Dy—F— =5 (B.14)

Substituting § = s from Equation (B.14) into Equation (B.13) leads to the scalar fluctuation equa-~

tion:

8261

aCL‘ja,Tj -

o 9 ., , ¢ 0 ——
N +6 (ujc’) +uj5— — 5—(ulc’) — Du

(B.15)

which is identical to Hamba’s equation in (B.8).
Additionally, to compare the MFM forcing with the implied forcing in Hamba’s approach, we

rearrange (B.14):
0 — 80 0 _ d%c _
_ Y & —D _
oz, = Gt o, (WO ~ Dy =8

(B.16)

and observe that the corresponding term in the Green’s function equation (Equation (B.9)), —0/0x; (u AR
is an implied forcing term that contains the macroscopic forcing. An analogous comparison between
Hamba (2005) and Mani and Park (2021) can also be made for momentum transport and Reynolds

stress closures.
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B.3 Obtaining the spatiotemporal eddy diffusivity for the

homogeneous model problem

The spatiotemporal eddy diffusivity shown in Figure 4.3a may be obtained by using the Green’s
function approach of Hamba (2004) or similarly, IMFM as detailed here. For the homogeneous

model problem in Section 4.3.1, the unclosed scalar flux can be written as
oc
—ulc (21, D —x, T —t)=— dy,dr, (B.17)
&rl T

where (_) denotes averaging in the zs-direction, and D(y; — z1,7 — t) is the spatiotemporal eddy

diffusivity. Using IMFM and prescribing 0¢/dx; as a Dirac delta function in both space and time:

—uld (wq,t / / D(y1 — x1,7 — t)0(y1, 7)dyrdT, (B.18)
then by the sifting property of the delta function:
—uid (w1,t) = D(—zy, —t). (B.19)

The spatiotemporal eddy diffusivity can be obtained by post-processing —u}c/(x1,t) since the flow

is homogeneous.

B.4 MMI model error for the homogeneous problem

For the homogeneous model problem in Section 4.3.1, the spatiotemporal MMI model in (4.28)
matches up to the second-order spatial moment and first-order temporal moment of the eddy diffu-
sivity. While the MMI model keeps an infinite Taylor series expansion (whereas the leading-order
Taylor model and higher-order Taylor model truncate the expansion), the higher-order moments are
not enforced to match those of the true eddy diffusivity kernel. The resulting error is discussed in
this appendix.

Consider the Taylor series expansion of the nonlocal eddy diffusivity in (3.9) simplified for the
homogeneous model problem in Section 4.3.1:
,, 0% ,, 0%¢C

oc 0%
0 1
D D= D
oy * Ox? * o L 0toz, *

—uicd =D (B.20)

The order of each term can be estimated by approximating the eddy diffusivity moments using

a characteristic velocity, t,ms, and mixing length, [, e.g., D® ~ t,,,l, and the mean scalar gradient
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using A¢/L, where L is a characteristic length scale of the mean scalar:

2 3
Ul ~ Uy s AC (i) + Ups AT <£> + Upms AT (é) +... (B.21)

The ratio I/L may be O(1) for problems with small L, e.g., for the initial condition in the homo-
geneous problem which consists of a narrow band of ¢. In this case, the higher-order terms are not
necessarily small. By truncating the Taylor series expansion, the higher-order Taylor model neglects
these higher-order terms, which causes the large errors seen at early-time. By keeping an infinite
Taylor series expansion, the MMI model can approximate the effects of the higher-order terms de-
pending on how well the shape of the MMI-modeled eddy diffusivity matches that of the true eddy
diffusivity.

For problems where L > [, e.g., in the limit of late time for the homogeneous problem, the error
can be estimated. The error in the leading-order Taylor model in (4.24), which only captures the
leading term in (B.20), is O(1/L?). The error in the spatiotemporal MMI model in (4.28), which

captures up to the second-order spatial moment, is O(1/L*).
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Figure B.1: (a) Error comparison for the leading-order Taylor model and the spatiotemporal MMI
model. For large L, the models follow the expected 1/L? and 1/L* scaling, respectively. (b)
Model comparison for t = 12. In this limit, all models are expected to perform well, however the
spatiotemporal MMI model still outperforms both the leading-order Taylor model and the higher-
order Taylor model.

Figure B.1a shows the normalized error for the leading-order Taylor model and spatiotemporal
MMI model and the expected 1/L? and 1/L* scaling, respectively. The characteristic solution width
L is computed at each timestep using the location where ¢ drops by 99 percent of its maximum
value. At very late time, the error in the spatiotemporal MMI model deviates from the expected
scaling as the error in the numerical scheme, which is first-order in time and second-order in space,

dominates.
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At very late time, all of the models shown are expected to perform well due to the negligible effect
of the higher-order terms in the Taylor series expansion. However, the spatiotemporal MMI model
still outperforms both the leading-order Taylor model and higher-order Taylor model as shown in
Figure B.1b.

B.5 Comparison with a fractional-order operator

Several recent works (Mehta et al. (2019); Song and Karniadakis (2018); Di Leoni et al. (2021))
examine using fractional-order operators for nonlocal models. A simple model with a fractional-

order Laplacian for the homogeneous problem in Section 4.3.1 is:

oc 1 [ 2\*

where 0 < « < 2, and the coefficient in front of the fractional-order Laplacian is chosen such that
when o = 2, the model reduces to the leading-order Taylor model (Boussinesq model) in Equation

(4.24). Equation (B.22) can be solved by Fourier transforming in z;:
oé 1 a/2\ =
o (w ) Z, B.23
5 =3 (- (¥)7)e (B.23)
where k is the corresponding wavenumber in z1, and time-advancing in Fourier space.

To obtain the nonlocal eddy diffusivity, recall that the right-hand-side of Equation (B.23) is a

model for the derivative of the unclosed scalar flux:

' —_— 1 a/2\ =
ol — 2 -
ik(—ujc) = 5 ( (k) )c. (B.24)
Rearranging,
sie //'\/ 1 2 a/2—-1 ,., %
—upc’ =5 (k) (ike), (B.25)

where the gradient of ¢ in Fourier space is ik¢, and correspondingly the nonlocal eddy diffusivity in

Fourier space is:
1

2\/2-1
5 (k) : (B.26)

D(k)

Figure B.2 shows the nonlocal eddy diffusivity in Fourier space for several « in comparison with the
exact and MMI-modeled nonlocal eddy diffusivity.

Figure B.3 shows an early time (¢ = 0.5) and late time (¢ = 4) comparison of the spatiotemporal
MMI model in Equation (4.28) and the fractional-order model for several choices of . For early time,
the simple fractional-order model with a constant o does not capture the double-peaked feature in
the DNS solution of &(z1), whereas the MMI model does. For late time, the fractional-order model

overpredicts the spread of ¢(x1). As shown in Figure B.2, the nonlocal eddy diffusivity of the
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Figure B.2: The nonlocal eddy diffusivity of the simple fractional-order model shown in Fourier space
for various choices of a compared with the exact nonlocal eddy diffusivity and the MMI-modeled
eddy diffusivity.
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Figure B.3: Fractional-order model comparison for the homogeneous problem in Section 4.3.1 at
early time, ¢ = 0.5, and late time, t = 4.

fractional-order model is larger than the exact nonlocal eddy diffusivity in both of the limits of large
k and small k. Thus, the fractional-order model solution disperses too quickly for both early time,
where narrow (large wavenumber) features are present, and late time, where very smooth (small
wavenumber) features are present.

This result may be remedied by a more sophisticated fractional-order model with a variable «

but this is not considered here.
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B.6 MFM for periodic problems

B.6.1 Obtaining moments of the nonlocal eddy diffusivity

The ¢ required for IMFM, e.g., ¢ = x for the zeroth moment, may be incompatible with the periodic
boundary conditions of the problem as for the inhomogeneous model problem in Section 4.4.1. We
decompose ¢(x1,z2) = ¢(x1) + ¢ (x1, x2) where &(x1) may be nonperiodic but ¢/(x1, x2) is periodic.

Moreover, following a similar line of reasoning as for the input-output relationship between

—ujc/(z1) and é(x1), ¢/(x1,22) can be Taylor series expanded as

d(z1,22) = co(xl,xg)a—xcl + 1 (z, ;vg)a—xg + 02(9”1’5”2)23,«% + ..., (B.27)

where c¢o(z1,22), c1(x1,22), etc. are to be determined. Once determined, to get to the desired

moments, multiply Equation (B.27) by —u] (21, 22) and average over za,

—— ——, . oc o%c e
_’U,llc/(xl) = —ullco((lfl)aixl - ’LL/1C1("L'1)67$% - u&cz(xl)aix:{) T ey (B28)
which leads to D%(z1) = —ujco(z1), D' (21) = —ujci(z1), D? (x1) = —ufca(z1), ete.

For example, to obtain the zeroth moment of the nonlocal eddy diffusivity for the inhomogeneous
model problem in Section 4.4.1, substitute ¢ = x; into Equation (B.27) to get ¢/ (21, z2) = co(z1, 22),
and substitute c¢(z1,x2) = x1 + co(x1, x2) into the governing equation for the inhomogeneous model
problem (Equation (4.34)):

6c0 2 82 Co 82 Co

- 0wy € 0z? + 0x3 + sz, (B.29)

Uy + Uy —=— 8
where s(z1) is the IMFM forcing required to enforce ¢/(z1) = ¢(z1) = 0. One can then solve for
co(1,x2), and obtain the zeroth moment by forming D°(z;) = —u/co(z1). Using Equation (B.29)
for ¢o(x1,x2) rather than the full governing equation for ¢(x1,x2) bypasses the issue of needing to
explicitly enforce ¢ with periodic boundary conditions.

Similarly, to obtain the first spatial moment of the nonlocal eddy diffusivity, substitute c¢(z1, z2) =
22/2 + co(w1,2)x1 + c1(w1, 22) into the governing equation for the inhomogeneous model problem,
and subtract z; times Equation (B.29):

d%c 8%c;
i a2 Lt os(2), (B.30)

8c1 2 2800
_ 2 -
om0 T o2

u1Co + UL 5— Ly U 7—

8
where s(x1) is the forcing required to enforce ¢y(x1) = 0. One can then solve for ¢;(x1,x2), and
obtain the first spatial moment by forming D's(z1) = —u)ci(21). Note Equation (B.30) relies on
having ¢o(z1, z2) from Equation (B.29).
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One can obtain the second spatial moment of the nonlocal eddy diffusivity from solving the
equation for co(x1,x2), and so forth. As with IMFM where obtaining the second moment relies
on having the zeroth and first moments, the equation for co(x1,22) relies on having ¢o(z1, z2) and
c1(z1,x2). However, this decomposition does not raise the cost of obtaining the moments, still
requiring one simulation per moment. We leave the extension of this formulation to unsteady and

chaotic flows as future work.

B.6.2 Obtaining the full nonlocal eddy diffusivity

This section provides details for obtaining the nonlocal eddy diffusivity for the inhomogeneous
problem with periodic boundary conditions in Section 4.4.1. FKither the Green’s-function-based
approach of Hamba (2004) or MFM can be used to obtain the nonlocal eddy diffusivity. However,
due to the small number of degrees of freedom in this problem, we obtain the nonlocal eddy diffusivity
by directly inverting the discretized advection-diffusion operator and projecting it into the averaged
space as detailed in Section 3.3. Due to the periodic boundary conditions, some additional treatment
is needed, which is detailed here. In other words, the averaged operator, £, can be obtained via

Equation (3.16) and can be further written as

_ d d
L=——(D+¢eT)— B.31
dxl( +e )dx17 (B.31)
where D is the desired nonlocal eddy diffusivity matrix and Z is the identity matrix. However, due
to the periodic boundary conditions, d/dz; is uninvertible, and thus one cannot simply solve for D
using Equation (B.31).
Rather, the decomposition in Section B.6.1 is applied, and let

' =cqg— B.32
¢ =t (B.32)
where ¢’ is a discretized vector of the scalar fluctuation (N1Ny x 1), ¢4 is a discretized matrix
(N1N3 x Np), and dé/dx; is a discretized vector of the mean scalar gradient (N7 x 1) where Ny and
Ny are the number of points in the x;-direction and zs-direction, respectively. This is equivalent to
Equation (B.27) before it is Taylor-series expanded. Then,
— de de
—u)c = —Pulcd = —Puljcq— = D— B.33
1 1 16d dz, dz,’ ( )
where P is the projection (i.e., averaging) matrix (N7 x N1 N2), and thus the nonlocal eddy diffusivity
matrix is
D = —Puljcq. (B.34)

To obtain ¢4, substitute ¢ = ¢ + ¢’ into the governing equation for the inhomogeneous model



APPENDIX B. APPENDICES FOR CHAPTERS 3 AND 4 125

problem (Equation (4.34)) with the MFM forcing, s(x1):

o o0 Lo 4 oe 0%
dxy - - =-ug—+e€ s B.
Uy o1y + ug 75 € 97~ on2 Uy R +e 027 + s(x1), (B.35)

where the role of s(x1) is to enforce the condition ¢/(z1) = 0. In matrix-operator form, Equation
(B.35) is written as

— oc
r_
L =L, o + s, (B.36)

where £1 = —u; +€20/0x;. Substituting s = E5 into Equation (B.36), and forming a matrix system

to simultaneously solve for ¢’ and § such that Pc¢’ = 0 leads to:

-Ii _OE[(Z][%H;;} (B.37)

(e TN e

Rearranging,

allows one to obtain ¢4 and subsequently the nonlocal eddy diffusivity, D, using Equation (B.34).

B.7 Effect of omitting a; for the inhomogeneous problem

with periodic boundary conditions

For the inhomogeneous problem with periodic boundary conditions in Section 4.4.1, the coefficient
ap is smaller than the other coefficients as shown in Figure 4.4a. In this appendix, we show the
effect of setting a; = 0.

Using the coefficients in Figure 4.4a, i.e., nonzero a; when determining the coefficients, but
setting a; = 0 during model implementation leads to improvement over the Boussinesq model in
the mean solution but still slight underprediction of the DNS solution as shown in Figure B.4a.
Figure B.4b shows a comparison of the eddy diffusivity kernel at ;7 = 1.98, the location of where
a1 was previously largest in magnitude. With a; = 0, the eddy diffusivity kernel also shows slight
differences from the shape of the exact kernel.

Alternatively, one can also set a; = 0 in the procedure for determining coefficients as well and

consider an MMI model of the form:

de
da:l '

{1 + ag(xl)dQ} (—d) = ag(z1) (B.39)

2
dxs

However, there is some ambiguity in determining the coefficients. For example, using the zeroth-
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Figure B.4: (a) Model comparison between the MMI model using the coefficients in Figure 4.4a and
setting a; = 0. (b) Comparison of the eddy diffusivity kernel at x; = 1.98, the location of where a;
was previously largest in magnitude.

and first-order spatial moment of the eddy diffusivity, i.e., using MFM data for —WL;:M and
—W| e=g2/2 I the procedure described in Section 4.2.5, leads to an ill-posed set equations for the
ap and az coefficients at z1 = 0. Using MFM data for —u}c/[c=y, and —u/¢’|z—y3 /6, Which contains
information about the zeroth-, first-, and second-order spatial moments of the eddy diffusivity as
shown in Equation (4.16¢), but without a term in the MMI model to match the first-order spatial
moment since a; = 0 also leads to an ill-posed set of equations with singularities in the ag and as
coefficients. Inclusion of a; in the MMI model leads to a more robust procedure for matching the

low-order eddy diffusivity moments.

B.8 An alternative MMI formulation

For the inhomogeneous problems in Section 4.4, an alternative to the steady MMI model in Equation
(4.37) is

d d? 7 [ —uid de
L+ai(r1)5— +a2(w1)(1$2] ( e ) _—— (B.40)
1

del ap dxl

By choosing ag(x1) = D%(z1), the MMI formulation in Equation (B.40) matches the zeroth moment
of the exact nonlocal eddy diffusivity (i.e., for ¢ = x;, the model recovers —u/|c|e—s, = D).
The remaining coefficients, a1 (z1) and az(x1), can be determined by matching the other low-order
moments via specifying ¢ = 23/2 and ¢ = 3 /6 as done in Section 4.2. This alternative formulation
has one fewer coeflicient to solve for than the original MMI formulation, but may have singularity
issues if the zeroth moment of the eddy diffusivity goes to zero, for example near a wall.

Figure B.5a shows the coefficients of the alternative MMI formulation for the wall-bounded
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Figure B.5: (a) Coefficients of the alternative MMI formulation in Equation (B.40) for the wall-
bounded inhomogeneous problem in Section 4.4.2. (b) Model comparison for the wall-bounded
inhomogeneous problem.

inhomogeneous model problem in Section 4.4.2, and Figure B.5b shows the resulting solution, ¢(z1),
of the alternative MMI formulation closely matching the DNS solution. Although the solution of the
alternative MMI formulation is very similar to that of the original MMI formulation in Figure 4.15,
the coefficients show some differences particularly in a1(x1) and the location of the singularities. At
the wall, both u/ ¢/(x;) and D°(x1) go to zero, leading to a zero divided by zero and numerical issues
in determining the coefficients at the wall. However, at the wall, molecular effects also dominate
and the eddy diffusivity model is unimportant leading to a well-behaved solution.

A coeflicient regularization technique similar to the one shown in Section 4.4.2 may be used. A

small parameter o is introduced for determining the MMI coefficients:

42 —u'd + o8 de
- ey ) G (B.41)

d
L) g *“2(“%] ( D ro ) dm

The o parameter is added to both the numerator and denominator in order to match the zeroth
moment (i.e., for ¢ = x1, the model recovers —u)c'|s—y, + 0 = D° 4+ o). Equation (B.41) is used
purely for determining the model coefficients; for ease of implementation, the final model is still
Equation (B.40) with ag(x1) = D°(x1). As with the previous coefficient regularization technique
in Section 4.4.2, this introduces a small amount of error in matching the first- and second-order
moments, but the tradeoff is better-behaved coefficients. Figure B.6a shows the coefficients for the
alternative MMI formulation using coefficient regularization with o = 0.01€2, and Figure B.6b shows
a comparison of the model solution with DNS. While the alternative MMI model with coefficient
regularization performs slightly better than without coefficient regularization, the choice of ¢ is not

yet systematic.
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Figure B.6: (a) Coefficients for the alternative MMI formulation with coefficient regularization and
o = 0.01€%. (b) Model comparison for the wall-bounded inhomogeneous problem in Section 4.4.2.
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Appendices for Chapter 5

C.1 Row versus column comparison for D;;s
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Figure C.1: Comparison of row versus column for D;;o; components using data from Park and Mani
(2023a). The corresponding row computed using adjoint MFM is also shown.
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In general, the rows of the eddy viscosity are not identical to the columns. Figure 3.3 showed
the asymmetry in row versus column for Dsjs1 at o9 = —0.565. Figure C.1 shows the asymmetry
in row versus column for other components of D;jo1 at xo = —0.565. Adjoint MFM results from

Figure 5.3 are also plotted for comparison.
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Appendices for Chapter 6

D.1 Refinement and numerical scheme effects on the 2D non-

local eddy viscosity
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Figure D.1: Comparison of D(xa,y1 — z1,y2 = —0.946) (column). The top plot shows the original

kernel, the middle plot shows the kernel with mesh refinement in x;, and the bottom plot shows the

effect of upwinding the streamwise advection in the GMT equation.
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Figure D.2: Comparison of the effect of (a) mesh refinement in x; or (b) an upwind scheme on the
streamwise column, computed by integrating the 2D kernels in Figure D.1 over the x5 direction.

In this appendix, we examine the effect of refinement and an upwinding scheme on the quantified
eddy viscosity kernels, particularly on the observed numerical oscillations. For computational ease,
we show the results for an eddy viscosity column from a MFM calculation rather than an eddy
viscosity row from an adjoint MFM calculation; however, we expect the effects of refinement and
numerical scheme to be qualitatively similar between the two cases. Section 6.3.2 discusses differences
between 2D eddy viscosity columns and rows.

Figure D.1 shows a column of the eddy viscosity, D(x2,y1 — x1,%2) at yo = —0.946, similar to
Figure 6.4 but with a box size of L1 = 27 for computational ease. The mesh is uniform in the z;
direction with N7 = 144 grid points. This is identical to the box size and grid resolution of Park and
Mani (2023a) for using MFM to compute the 1D wall-normal eddy viscosity. Figure D.1 also shows
the same column of the eddy viscosity under mesh refinement with N; = 288. While refinement in
the z; direction reduces the numerical oscillations, it does not get rid of them completely. As was
discussed in Section 6.3, the thin region that needs to be resolved due to the Dirac delta function
source term is proportional to v/U; and would require a much finer resolution. Figure D.2a shows
the eddy viscosity column integrated over the wall-normal direction, where the impact of refinement
on the numerical oscillations is more clearly visible. Other than the oscillations, the overall shape
of the kernel is unchanged with refinement.

Figure D.1 also shows the same column of the eddy viscosity with an upwind scheme used for
the streamwise advection of v; in the GMT equation in (3.28a). The central differences schemes for
all of the other terms in the GMT equations in (3.28a) and (3.28b) and the Navier—Stokes equations
in (3.27a) and (3.27b) are unchanged. The upwind scheme removes the oscillations completely;

however, the additional numerical diffusion due to the upwind scheme also smooths out the overall
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shape of the kernel and reduces the peak. The difference is seen more clearly when the eddy viscosity
column is integrated over the wall-normal direction, as shown in Figure D.2b. Hence, we do not use

an upwind scheme as it changes the shape of the eddy viscosity kernel.

D.2 Periodic domain effects on the 2D nonlocal eddy viscos-

ity

-10 -8

N — T

Figure D.3: Comparison of domain size effects on the Ds30; component of the 2D eddy viscosity,
corresponding to uju}, at 9 = —0.946 (x5 = 10). Top: Ly = 47; bottom: L; = 2.

In this appendix, we investigate domain size effects on the 2D nonlocal eddy viscosity due to
periodic boundary conditions in the z; direction. In the limit of an infinite domain, we expect the
eddy viscosity kernel to go to zero very far away from the forcing location. The Ds301 component in
Figure D.3, shows slight wraparound of the eddy viscosity due to the periodic boundary conditions.
Rather than a longer domain, which is computationally more expensive, we show a comparison with
the shorter domain, e.g., used by Park and Mani (2023a) for their 1D wall-normal eddy viscosity
calculations, to gain a qualitative understanding of the effect of periodic boundary conditions and a
truncated domain.

Figure D.3 shows a comparison between a domain size of L; = 4m, the domain size used for
Figure 6.11, and L; = 27, the domain size used by Park and Mani (2023a). The colorbar for
both plots is truncated to the same maximum colorbar values as Figure 6.11. While the qualitative
shape of the eddy viscosity is unaffected by the domain size, the eddy viscosity is more negative
for the Ly = 27 domain than the L; = 47 domain due to wraparound from the periodic boundary

condition. Figure D.4 shows the eddy viscosity kernels in Figure D.3 integrated over the wall-normal
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direction, where the negative shift due to the periodic boundary condition is more apparent. Periodic
superposition of the eddy viscosity kernel integrated over the wall-normal direction for the L; = 4mw
domain approximately results in the eddy viscosity kernel for the L; = 27 domain as shown in

Figure D.5.
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Figure D.4: Comparison of domain size effects on the Ds3p; component of the streamwise eddy
viscosity, corresponding to the 2D eddy viscosity kernels in Figure D.3 integrated over the wall-
normal direction.
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Figure D.5: Periodic superposition of the streamwise eddy viscosity kernel, 133321, for the Ly = 4x
domain approximately reproduces D330 for Ly = 2w. In other words, the region from —11 <
y1 —x1 < —4.7 for L1 = 47 in Figure D.4 is summed with the region from —4.7 <y; — 27 < 1.5.
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