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Abstract

In the post-exascale age, direct numerical solution (DNS) can access larger and larger ranges of
scales as a protean tool for studying turbulent flows. B ut f or m yriad p ractical p roblems, only
averaged quantities of simulated fields, such as mean scalar profiles, are necessary to provide input
for system design. Given the reduction in complexity inherent to operating in the averaged space,
solving in that space is a parsimonious way to find quantities of engineering i nterest. However, many
reduced-order models (ROMs) for incompressible flows do not account for the effect of multiphysics
on the scalar field. A s an example, invoking t he gradient d iffusion hy pothesis for turbulent scalar
transport relates the mean field g radient t o t he s calar fl ux cl osure th rough mu ltiplication by the
eddy diffusivity; t his eddy diffusivity is often not mo dified to account for such mul tiphysics, which
we seek to examine in this thesis.

First, for low Stokes number particles, the added presence of a drift velocity due to buoyancy
or other body forces can reduce the turbulent dispersion of such passive scalars via a diminution
of the eddy diffusivity. In t his work, we propose a model t o d escribe t his d ecay and use a recently
developed technique to accurately and efficiently measure the ed dy diffusivity using Eulerian fields
and quantities. We then show a correspondence between this method and standard Lagrangian
definitions o f d iffusivity an d collect da ta across a range of drift velocities an d Re ynolds numbers.
The proposed model agrees with DNS data, offers improvement to extant models in describing other
computational and experimental data, and further satisfies t heoretical constraints.

Insight into the effects o freaction d ynamics o n t urbulent t ransport is e ssential for t he future
design of efficient energy sy stems. Therefore, we then proceed to examine the problem of scalars in
a binary reaction setup and consider how a reaction timescale adds to the complexity of turbulence
closures. Using theory developed in the context of non-reactive dispersion of scalars and linear
reactions, algebraic ROMs for capturing the unresolved transport and reaction interactions between
multicomponent scalar fields in turbulent flows are developed using lo cal measurements of flow and
reaction quantities. Using two- and three-dimensional DNS for data and comparison, we show that
the proposed ROMs improve the prediction of mean quantities, but some deficiencies remain.

Motivated by remedying these issues, we develop a systematic framework for the incorporation

of non-local effects and seek to study the class of reactions where reactants are premixed. Using
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transport equation models for the scalar field, we study propagating reaction fronts and then use
fully controlled and characterized homogeneous isotropic turbulence to study turbulent closures.
Unresolved interactions for both transport and reaction closures that are inherent to incompressible
turbulent flows are characterized across a broad parameter range and models are considered for
the closures. This analysis provides insight into the relative importance of modeling efforts for the
scalar equation, which can be generalized to various heat source and reaction terms that support a

propagating front.
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Chapter 1

Introduction

At a fundamental level, chemical reactions and turbulent flows are two phenomena that manifest in
myriad natural scenarios. Wildfires, oceanic biogeochemical cycles, and volcanic plumes are some
examples of both of these physics occurring without any human involvement. In fact, some have even
argued that harnessing the ability to exert control over reactions and flows forms the quintessence
of humanity itself, whether in myths like that of Prometheus or in the more practical harnessing of
fire for cooking [1]. E| Yet despite how fundamentally we may owe our species’ existence to them,
turbulent reacting flows continue to confound attempts at understanding.

It is, perhaps, little wonder then that modeling of these effects is still an open question, even
while turbulent reacting flows create perhaps one of the most vital, yet poorly understood, problems
in applied physics and engineering. As each of the constituent processes is individually complex, it
is vital to narrow the scope of investigation to define an answerable question. Chemical reactions
are among a host of other phenomena that act on scalar fields, in contrast to vector fields such
as velocity. Historically, scalar multiphysics and turbulence have been treated as wholly separate
processes, with settling effects or chemical changes affecting the flow velocity field indirectly through
changes in other properties, such as the local fluid density. Since the flow provides the medium for
the scalars to exist, the effects of a flow, turbulent or otherwise, on the scalar dynamics are important
to understand and build reduced order models for.

While there is also the complementary problem of how the scalar fields affect the underlying
flow through processes like chemical heat release, it is the former of these questions that forms the
focus of this thesis. In particular, we wish to use operators such as eddy diffusivity to understand
how fluid motions affects the transport and persistence of scalar fields when molecular effects, such
as diffusion, are relatively weak. We do this by adapting existing work for our framework and
by proposing new equations for computational modeling of scalar-turbulence interactions. First,

however, we need to put this problem in context and so the balance of this introduction will cover

1This is a somewhat controversial hypothesis in anthropology that even showed up in the work of Frederick Engels.



2 CHAPTER 1. INTRODUCTION

the fundamental concepts of turbulent flows, starting with governing equations for multi-component
flows. In addition, we will cover some aspects of turbulence modeling and its impact on scalar fields,

and the requisite numerical tools needed to simulate such flows.

1.1 Governing equations

The standard equations of fluid or solid mechanics apply when the continuum hypothesis is valid.
For fluids, this means that in any given notional control volume, there are sufficient molecules of
the fluid that the population statistics of the molecules do not vary inside that region. This is
usually described in terms of a mean free path, or the expected distance a gas molecule might travel
before it collides with another; if the mean free path is much smaller than the size of a notional
control volume, then a continuum exists [2]. If that is not true, then one needs to consider molecular
dynamics simulations or observations to study fluid particles.

So when considering continua, one can write a Cauchy momentum equation to describe the
transport and evolution of momentum, pu;, in a single medium. Unlike solids, which may deform
permanently with no strain recovery or may have a viscoelastic response to applied stress, the fluids
considered here deform continuously when a shear stress is applied. With these restrictions, we can
write the governing equations for fluid momentum evolution, called the Navier-Stokes equations. In
principle, there may be three independent velocity components, N chemical species that are tracked
in the fluid, an energy equation, and an equation of state.

Conservation of mass implies that

Op = Opu;

Zr =7 1.1.1
Bt + a.’Ej s ( )

where p is the fluid density, u; is the fluid velocity, and i represents a possible mass source or sink
term. Conservation of fluid momentum is
Opu; ~ Opuiu; dp 0Oty

ot oz, | ow | 0w

+nfi, (1.1.2)

where p is a pressure, 7;; represents a stress term, and f; represents a body force. The second term
on the left hand side represents the convective flux of momentum and its nonlinearity is a key reason
the Navier-Stokes equations are difficult to solve. For a Newtonian fluid, the viscous stress is written

as a symmetric tensor, such that

B Ou;  Ou; 2 Oouy,
(02 2, (Y, w1

where g is the dynamic viscosity of the fluid. The role of viscosity in a physical system is to mix

and damp sharp features of vector fields.



1.1. GOVERNING EQUATIONS 3

A conservation equation to account for the species can deal with their mass or mole fractions.
In terms of mass fractions, Y}, this is
aka + apUij _8(]]@,]'

- T R (1.1.4)

with g ; representing the diffusive flux of a species k in direction j. To fully account for the
interactions between species when simulating real chemistries, as in 3], the species diffusive velocities
can be used to write g ; = —pVi ;Yx. E| However, if these interactions are relatively unimportant,
as in dilute reactions or non-gaseous cases, we can use Fick’s first law of diffusion [4]. This lets us

write

0 ka

TR (1.1.5)

Gk,j = —Dm.k

with Dy, 1, the molecular diffusivity of species k. We will often invoke this diffusion model in this
work, and the role of diffusivity is to mix and damp sharp features of scalar fields.
The energy equation for an ideal gas can be related directly to the the temperature, T, via the

specific heats, ¢, and ¢,. An example of such an energy equation, again as given in [3], is

T  dpwT 9 (AIT\ XD, T  p T 1
* * cz 0x; dxj ¢ nz::l oV Oz

o e, 9w, \ ¢, 0x, o 2 hop 1, (1.1.6)
where ) is a mixture thermal conductivity, V;, ; is a species diffusion velocity, h,, is a species enthalpy,
cp,n is a species specific heat, and 77 is a mass source term that comes from a chemical reaction. To
close the system, an equation of state is needed as well, and the ideal gas equation is often used even
for energetic, gaseous reactions. For systems with minimal heat release or that consist of liquids,
the energy equation and equation of state, however, may not be needed.

These equations are all coupled and expensive to solve in most regimes of turbulent reacting
flows, but fully describe ths evolution of a system in conditions from idealized turbulent boxes [5]
to abscess fluid moving in catheters [6]. As a simplification to enable us to study these problems, if
the mean velocities are not too large and the temperature change is not too great, it is sufficient to
consider the limit of incompressible flows for which the fluid density, fluid viscosity, and transported
scalar diffusivity remains constant. This removes degrees of the freedom from the system as an
energy equation and equation of state are no longer required. In addition, mass conservation for the

fluid becomes

811,,'
- = 1.1.
oo =0, (L.1.7)

2No summation is implied here with index k, which is just denotes a particular species.
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which tells us the velocity field is divergence-free.

Momentum conservation also becomes simplified to

% Quiuj _1@ Ly &%,
ot 8xj o paxl &cj(?zj

+ fis (1.1.8)

where v = pu/p is the kinematic viscosity. The pressure is no longer a thermodynamic quantity, but
a hydrodynamic quantity that ensures the velocity field remains solenoidal, or divergence-free.
By assuming Fickian fluxes describe scalar diffusion, the species equations can be written as

aYk 8Uj Yk 62Yk

W ﬁxj m’kaxjaxj

+ i, (1.1.9)

and in this case, Wy is a normalized source or sink term of a scalar field, as can appear in a chemical

reaction.

1.1.1 Nondimensional numbers

In the previous overview of governing equations, we wrote the incompressible flow equations by
examining the limit of constant density flows, which are the primary focus of this dissertation. This
approximation physically corresponds to the limit of zero Mach number, where the Mach number is
the ratio of the fluid velocity to the thermodynamic speed of sound in that medium. The zero-Mach
limit tells us that the fluid responds instantly to any perturbationﬂ so it is clear that dimensionless
parameters convey valuable information about flow regimes.

The equations from the previous section can also be nondimensionalized by extracting relevant
physical dimensions from the problem setup. For the Navier-Stokes equations, the most relevant
parameter is the Reynolds number,
ufl ol

=5 (1.1.10)

Re

which gives the the ratio of inertial to viscous forces in a flow with characteristic length scale [.
In particular, the viscous diffusion term in Equation scales like Re™!, holding all other terms
constant. At high Re values, the flow is turbulent, while at lower values, the flow is designated
laminar. A laminar flow is well-ordered with energy quantized at discrete lengthscales because the
Re~! prefactor on the viscous terms damps out any disturbances; a turbulent flow, however, has a
broad range of relevant lengthscales, which makes the definition of [ more involved. This broadband
and dense spectral character is particularly central to the role of turbulence as the intrinsic mixer

in a flow.

3In fact, the Poisson equation used to find pressure in incompressible flows is elliptic in character, which matches
this physical description.
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One of the most essential dimensions is time and it must be normalized against a flow-physics

timescale of

[ =l

T ~

l
— 1.1.11
" (11.11)

where k is some measure of the kinetic energy of the flow, € is the rate of the dissipation of that
kinetic energy, u is a characteristic velocity scale of the flow, and [ is some characteristic length scale
of the flow. The former relates to the dynamics and energetics of the flow system, while the latter

conveys a more kinematic view of the movement of flow structures.

In addition to a time scale, for a turbulent flow, the smallest scale features are at the Kolmogorov

n= (f) (1.1.12)

which provides another convenient yardstick to normalize physical dimensions along with [. At the

length scale,

Kolmogorov length scale, the relevant Reynolds number is unity.

Turbulence can mix fluid momentum, but it also mixes scalars that exist in a fluid medium.
Analogous to the Reynolds number is the Péclet number, Pe = ul/D,,. A high Pe value corresponds
to transport dominated by turbulent eddies, while a low value means molecular diffusion controls
transport. The Schmidt number, S¢ = Pe/Re, relates the relative strength of scalar and momentum
diffusion. E| In the high Pe limit, passive scalars follow the local fluid velocity exactly and fluid
quantities fully determine passive scalar transport. If the scalars move or drift relative to the flow
because of buoyancy or body forces, or increase and decrease in concentration due to source and
sink terms, we need to define other nondimensional numbers.

First, consider a scalar field that tracks the number concentration of particles in a given fluid
which move with some velocity relative to the fluid because of a body force. In this case, a relevant

nondimensional parameter might be the particle Stokes number

St= -2, (1.1.13)

where 7, is the so-called particle relaxation time. This is the characteristic time needed for a particle
to change its velocity in response to changes in the fluid medium around it and measures a particle’s
inertia. When St >> 1, particles are essentially agnostic to the flow state around them, as might
be true of a cannonball falling off a leaning tower.

Describing reacting scalars requires additional parameters tied to the complex nature of the
underlying flows and the reactions themselves. The most obvious example of reacting flows is

combustion, which denotes variable density flows that are strongly driven by heat release from the

4A related number is the Lewis number, which is the ratio of thermal diffusivity to mass diffusivity.
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energetic reaction of a fuel and an oxidizer. However, reacting flows are a superset of combustion
and can be broadly characterized as diffusion-driven or premixed. In premixed reactions, the ratio
of fuel and oxidizer is homogeneous in a domain prior to reaction and the two react with an addition
of energy, while the two streams are kept separate in non-premixed combustion. For either regime,
however, turbulent mixing and molecular diffusion are both essential to control the kinetics of the
overall reaction, and so reacting flows inherently have both fluid and chemical effects to consider.

In a similar vein to 7, for a chemical reaction that occurs in the absence of turbulence (viz. a
laminar flow reaction), we can define a length scale for a chemical reaction front as

o = %f, (1.1.14)

where Sp, is the laminar flame speed, which is an inherent property of a reaction, and D is a molecular
diffusivity. In the case of premixed reactions, it is the diffusivity of thermal energy, while it is a
species molecular diffusivity for a diffusion-dominated reaction.

These two length scales can be compared in a Karlovitz number written as

5L 2 TF
Ka=[(—=) ==, (1.1.15)
n T

where 7 represents a reaction chemistry time. Another key non-dimensional parameter here is the
Damkoéhler number, Da, which is inversely proportional to Ka for a fixed flow and is the ratio of the
flow timescale to the reaction timescale. Large Ka (and low Da) values indicate regions where the
reactions proceed slower than the motion of carrier fluid, which means that the flow mixes heat far
faster than the reaction can produce it. Conversely, high Da (and low Ka) regimes are where the
reaction timescale is far shorter than the flow timescale, which means the flow is unimportant and
the reaction can be solved in a nominally laminar context governed by molecular properties. This
is the so-called “laminar flamelet” regime, but the most interesting regime exists between these two
extremes, where Ka is around unity [7].

With these myriad comparisons of scales, a key question is determining which is the dominant

one that governs the regimes of a flow.

1.2 Properties of turbulent flows

A key property of the the Navier-Stokes equations is that they can exhibit chaotic, multi-scale solu-
tions that are very sensitive to differences in initial conditions [8} |9]. Scales are generally represented

in terms of wavenumbers, defined as

2

T

K , (1.2.1)

where x € [0, 1] is a normalized physical lengthscale that corresponds to the wavelength of a feature.
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The nonlinear convection term moves energy between scales, while high wavenumber features that
occur at very small physical scales are most affected by the viscous term, which is most active at
high wavenumbers.

Laminar flows generally only consist of a handful of wavenumbers because the nonlinear terms
that cause energy transfer across scales are relatively inactive. Laminar flows, because they are
dominated by viscous forces at low Reynolds numbers, are therefore damped and small perturbations
to the flow state do not incite multi-scale phenomena.

However, at large Re values, the nonlinearities dominate flow behavior because the viscous term
has less influence. Any initial perturbations from a flow state will now no longer damp out, but will
grow and diverge exponentially fast from the initial state. This divergence causes the chaos that
characterizes turbulence and manifests in difficult to predict behaviors. An incorrect statement is
that turbulent flows exhibit non-deterministic properties; however, since closed-form equations exist
for the time evolution of fluid flows, if one were to simulate two flows that start with atomically
identical initial conditions, the time evolution of these flows would also be identical. Measurements
of the initial conditions of an experiment, however, do not extend to the molecular level, which

renders it impossible to perfectly replicate a single physical realization of a flow [§].

1.2.1 The multi-scale nature of turbulence

This chaotic behavior leads to two facts immanent to the study of turbulence: quantitative character-
ization of turbulence is inherently statistical and such analysis requires large quantities of observed
data to make general statements about turbulent flows [8,(9]. In particular restricted cases, however,
these two conditions can be somewhat abrogated, such as the pioneering work of Kolmogorov |10,
11]. These works and further refinements by Kolmogorov [12] still form the core of the description
of ideal turbulence.

This picture posits that while the geometry of a setup (e.g., walls) or other influences (e.g., body
forces) might cause turbulence to be anisotropic at the largest scales, turbulence at the smallest
scales is isotropic. The largest features, or eddies, are as large as the problem geometry, [, while the
smallest eddies are at the Kolmogorov length scale, n. This hierarchy of scales is essential to the
picture of a mechanism of turbulence cascading energy from energy producing scales to dissipating
scales. Mixing of momentum and scalars occurs because energy excites the largest scales through bulk
motion and the largest features eventually break up into smaller scale features that are eventually
dominated by viscous effects.

This idea is described pithily in the following quatrain from Richardson [13]:

Big whorls have little whirls,
Which feed on their velocity,
And little whirls have lesser whirls,

And so on to viscosity
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— in the molecular sense.

As this poem suggests, in the theory of equilibrium turbulence the production of turbulent kinetic
energy is at the largest scales and is balanced precisely by dissipation at the smallest. Intermediate
scales transition between these two asymptotic limits in the inertial range of wavenumbers, where
the energy content is proportional to k~%/3. The inertial range theoretically is defined only by the
rate of energy injection into the system and the dissipation of energy; this balance drives turbulence.
So while the largest scales may be highly anisotropic, as given by flow around a ship or inside of an
engine, Kolmogorov theory suggests that the inertial range removes the memory of these features

by the time energy has cascaded down to the smallest scale, which therefore become isotropic.

1.2.2 Quantifying turbulent statistics

Real turbulent flows, however, do not strictly follow such an ideal picture. The broadband and
chaotic quality of turbulent flows renders it is necessary to use statistical descriptors of the system,
as they offer reduced-complexity understanding. In particular, since the turbulence cascade model
means we expect the magnitude of low-wavenumber (and large-size) modes to be vastly larger than
that of the small scales, we segregate the large and small scale information using the Reynolds

decomposition of [14]. So for the velocity field, we write

wp = U + uj, (1.2.2)

where the overbar represents averaging in all spatiotemporal directions of homogeneity. This high-
pass operation extracts only the large scale, Reynolds averaged information, %;, and the fluctuations

about that mean, u}, represent small-scale information. Examining higher-order statistics, like the
second-order velocity correlation tensor, u;u;-,

more descriptive characterizations. For clarity, when multiple superscripts are used, (e) can also

or the turbulence kinetic energy, k = uju}/2, allows

describe averaging in directions of homogeneity, including over members of a statistical ensemble.
A special case of averaging involves “steady” flows, for which statistical measures of the flow are
invariant to the choice of temporal window. Even in such a stationary process, no two instanta-
neous snapshots are identical and so quantification of uncertainty bounds is required. Independent
snapshots should be sampled at least twice as fast as the highest frequency-of-interest of the data
to satisfy the Nyquist criterion [15]. This data can then be used to construct windows of length
of ~ 107 to represent decorrelated samples of the quantity of interest |15, |16]. This is because, by
definition, 7 represents a timescale of flow evolution, and is often larger than any other relevant time

scale of the system. E|

51In fact, if there were a timescale that were much longer than 7, such as a chemical reaction timescale, the turbulence
could be entirely idealized as a perfect, instantaneous mixer.
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With these windows, we can estimate a mean value and write a confidence interval about that

mean. The interval about the mean is written as

7
VN’

where N is the number of independent snapshot windows, « represents the confidence level used

Cl=+t(;N-1) (1.2.3)

to find a t-score from a Student distribution with N — 1 degrees of freedom, and o represents the
standard deviation of the quantity of interest over the N sampled windows. When N is very large,
the standard normal distribution can be used and ¢(95%; N — 1) ~ 1.96.

1.3 Computational modeling of turbulent flows

Because turbulent motions are so fundamentally complex and so sensitive to initial conditions and
perturbations, they are difficult to fully interrogate using experimental setups. Instead, we can take
the governing partial differential equations and use computational resources to find out detailed
information about the flow at every scale using direct numerical simulations (DNSs) that find the
solution at every point on a computational mesh. The maximum grid size, A, must be of the order of
the Kolmogorov scale and the total domain must be large enough to capture the entirety of the flow
system. This renders DNS quite expensive; Donzis et al. [17] estimated the computational cost of a
DNS scales with Re®, while observations by Horwitz [18] suggest a lower bound on computational
resources is closer to Re3. |E| Despite large recent advances in exascale computing and graphical
processing units that have expanded the range of problems for which DNS are possible, it is still
intractable to simulate at full resolution in many cases. Furthermore, the cost of simulations in
terms of resources is not negligible [18].

For myriad applications, however, we require only averaged quantities, such as the mean turbulent
kinetic energy dissipation rate or large-eddy length scale. It is, therefore, parsimonious to find
quantities of engineering interest directly by moving the problem from the fully-resolved space to
the averaged space. Reynolds averaging, denoted ®, applied to the fluid flow governing equations
yields the Reynolds-averaged Navier-Stokes (RANS) equations, which exist in a lower-dimensional
space than the full DNS equations. For example, when considering the evolution of a velocity field
inside a triply-periodic domain, the RANS equations are ordinary differential equations of time only
because of spatial homogeneity.

In exchange for this dimensionality reduction, however, the RANS equations have terms which

require modeling, such as the aforementioned u;u;7

is the scalar flux closure for a scalar field, ¢ = ¢+ ¢’. This concentration scalar evolves like the mass

which is the Reynolds stress tensor, or u;¢, which

fraction governed by Equation A wide variety of approaches are used to solve this closure

6To formally clarify, both of these scalings are with respect to the Taylor Reynolds number, Rey, in homogeneous
isotropic turbulence, and are numerical scheme—dependent.
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problem as documented in textbooks such as [8] |19, 20] and in the wider community [21].

For a reactive scalar field, the mean field is governed by

de dc oulc! 0% —
— 4 U = ——— 4 Dypy——— + U, 1.3.1
dt tu dl’z 8$i + 8.’lﬁja$t1‘j T ( )

where . is the mean source or sink term. We see here there are two terms that need closures, .

and uc’, while the mean momentum equation,

di; | di; g  10p Qv 2
wo dwuy  19p gwvy | 9T (1.3.2)
dt dx; pOx;  Oz; 0z ;0

needs closure for u;ug Starting from the momentum equations, one can find exact equations that
govern these terms, called the Reynolds stresses. For the example, for the simplified case of incom-
pressible decaying homogeneous turbulence with zero mean flow, the exact transport equations for

the Reynolds stresses reduce to

d“'i“3'__1: (3“2 a“9> Ouj 9u; (1.33)

dt dz; Oy 0z Oz

The second right-hand-side term is the rate of dissipation for each component because it, overall,
has negative sign when considering the equation for k = m/ 2. While we do not study the Reynolds
stress equations in this dissertation, we can draw strong analogies between providing closure to the
second-moment terms unresolved in the RANS scalar equations and the closures provided by works
like [5] for the RANS momentum equations.

However, a key deficit of the RANS approach is that it requires very accurate models for each of
the terms on the right-hand-side. These models need to account for the entire range of scales present
in the problem, even though Reynolds-averaged quantities have no such scale information. As such,
many RANS models are highly tuned for the specific problem they were created to solve. A solution
to this issue is the large-eddy simulation (LES) paradigm, wherein the largest scales of a flow are
resolved totally and only the small scales need to be modeled. As small scales are theoretically
universal, LES models may in turn be more universal than RANS models. LES has allowed high
fidelity simulations of complex flows that are still outside the range of DNS, but are important to
engineering applications [22].

In LES, we perform a convolution of the the governing equations and field variables with a filter
kernel that has a finite support length scale, A. |Z| This allows one to write an analogue to the
Reynolds decomposition of ¢ = ¢ + ¢/, where ® represents a filtered quantity. As such, an LES
solution provides a low-pass filtered version of the flow. However, unlike with Reynolds averaging,

g;«é Casdc = (0. The explicit length scale enforces a cutoff between the scales that are simulated, the

"This is in contrast to RANS, where the averaging has infinite physical support.
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resolved scales, and those that need to be modeled. [f]

The filtered momentum equations for a constant density fluid are

ou  dwu; 195 Om

T = - 1.3.4
ot ox; pOx; Ox;’ ( )

where 7;; represents the effects of molecular and turbulent stresses. In that case,
Tij = WUy — Wty + Tij e (1.3.5)

and 7;; — T;; ;.. can also be referred to as subfilter stress or subgrid stress [8} 23]. These analogues
of the Reynolds stresses arise because of the unresolved momentum transfer at the subgrid-scale
(SGS), or at length scales smaller than A. If the local Reynolds number is very large, the molecular
viscosities and stresses would be negligible. A similar treatment of the scalar transport equation in
regions tells us that the subfilter scalar flux is 129 — uzc. This flux, which also has an analogous
RANS closure, represents the transport effects of a scalar field that occurs below a filter or grid scale.
Models for SGS terms, like the work of Smagorinsky [24] and Lilly [25], are needed to close the filtered
field equations and these models must satisfy certain symmetries of the governing equations [26].

Three common assumptions used in most practical LESs are: that the filtering operation com-
mutes with spatial derivatives; that the grid can serve as an implicit filter, which means that A ~ A;
and that A exists in the inertial range, so that the geometry-dependent scales are fully resolved.
Taken together, these imply that a grid point now represents a notional domain of inertial-scale-to-
Kolmogorov-scale range turbulence with a maximum length scale /A. As such, a RANS model for a
triply homogeneous domain, which is consistent with such a picture, can be used as an SGS model.
In fact, an interpretation of Reynolds averaging is that it represents spatial filtering in homogeneous
directions.

All reduced-order methods (ROMs), including LES or RANS or their hybrids, that involve finding
the overbarred or tilded contributions require information to construct, either from DNS or from
models. These models can be orders of magnitude cheaper to evaluate than the comparable DNS for
the same quantities, in practice. To find the “true” value of the parameters we wish to model, DNS
data can be explicitly filtered or averaged to yield the closure terms; this postprocessing is called a
priori analysis, and is useful to evaluate potential candidate models by examining their ability to
match the DNS-computed value.

Using those terms to run a RANS or LES case is a posteriori analysis, and requires formulation of
compatible boundary conditions and equations. In a posteriori analysis, one implements the models
directly in the simulation code (e.g., for scalar flux closure) and then evaluates the prediction of
the quantity of interest (i.e., the mean scalar concentration) to evaluate model performance. As

Klemmer and Mueller [27] and others have shown, it is sometimes fortuitous error cancellation

8There is also implicit LES, where the effect of the unresolved SGS content is not modeled because of the numerical
scheme.
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between model forms that yields better predictions, so using both types of analysis is essential for

diagnosing accurate physical behaviors.

1.4 Measuring turbulence/scalar interactions

As we are concerned with closure terms, such as W or 12/0’ , we would like to write @ = f(¢,w;) so
that we only need information about the mean field to evaluate closure terms. A common modeling
approach for non-reactive scalars is the gradient diffusion assumption,

— Jc

ule = _Dij{ﬂ)ixj’ (1.4.1)
where D;; represents an eddy diffusivity that is a function of the flow turbulence, akin to the Fickian
diffusion model for molecular effects. This form, as proposed by Batchelor |28] and implemented in
simulations as by Rogers et al. [29], allows an anisotropic account of the aggregate role of resolved
turbulent eddy motion on transport.

However, measuring eddy diffusivity is not elementary. Recent work [30H32] has shown that, in

general, the eddy diffusivity is a non-local spatial and temporal operator, not just a single constant,

and is formally defined as the integero-differential term

dy. (1.4.2)
y

Jc

In this expression, the eddy diffusivity for the passive scalar ¢ is a second-rank tensor operator that
relates how mean scalar gradients at y affect the scalar flux at x. Berkowicz and Prahm [33] and
others have shown the wide spectral support of such an operator.

When there is separation of scales between the large-eddy size and the scalar field lengthscale,
however, measurement of a single local tensor of eddy diffusivity, denoted D?j and sometimes called
a dispersion coefficient, suffices. In this limit, D;; collapses to a delta function that is zero for y # x,
because the underlying fluctuating velocity fields evolve faster than the mean scalar gradient. This
local model is exact, although Kraichnan [34] showed that D;; may be a non-isotropic tensor when
the underlying fluctuating flow is not statistically isotropic; if such isotropy is possible, however, the
tensor collapses to a single local coefficient, D°. Mani and Park [31] further showed that D?j is the
leading-order moment of the full eddy diffusivity operator and therefore represents the first term in
the Kramers-Moyal approximation of the full integro-differential kernel of Equation [1.4.2]

While there are many methods to measure eddy diffusivity, such as the work of Hamba [35] or
Flierl and Souza [36], we will find D° using the recently developed Macroscopic Forcing Method
(MFM) [31). MFM allows probing of closure operators using forced DNS setups, including slip
length and eddy diffusivity [31, [37139]. Because closure operators are a function of the flow and

problem geometry, MEM does not directly provide RANS models, but it can assess such models to
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identify strengths and deficiencies |32} |40} |41].

As such, while the details of each MFM implementation are slightly different, the core idea of
MFM is that W = f(¢). Using a macroscopic forcing, s = s, we can find the response of the
system. With enough input / output measurements, we can construct the operator f or its moments
directly. This allows us to measure eddy diffusivity in a manner that is consistent with other,
standard methods [42].

1.5 Multiphysics modification of eddy diffusivity

While there has been previous work on measuring and modeling turbulent diffusivity when consid-
ering scalars, we wish to account for this multiphysics directly in the diffusivity such that we can
write an effective eddy diffusivity, Deg, to put into the RANS equations.

To intuit how Deg differs from DP, consider first molecular diffusivity. In the standard molecular
dynamics framework, diffusivity aggregates mass transport effects below the continuum scale into a

macroscopic parameter [2]. This molecular diffusivity scales as

Dy ~u?/© (1.5.1)

where u is a velocity scale for molecular motion by thermal energy and © is a molecular collision
frequency. In this case, the inverse © represents the time over which u is influenced, as it is the time
between molecular collisions. Following this analogy, we can think of the effective eddy diffusivity

as scaling as

Deg ~ u2'r7 (152)

where u is a velocity scale for eddy motion driven by turbulence energy and 7 is a relevant timescale.
ﬂ In the context of ordinary flows, this timescale is often driven by the turbulence to be 7 = [/u,
where [ is the eddy length scale. However, the influence of other physics can and should modify this
timescale. While non-reacting scalar fields differ from purely passive ones, the simplest model to
handle turbulence closures such as W is gradient diffusion with Deg = D°. However, for example,
a scalar particle that depletes at a timescale that is much faster than the turbulence — such that
Da >> 1 — needs to have an eddy diffusivity that is not agnostic to the reaction timescale.
Therefore, to consider scalars that participate in reactions, it is necessary to incorporate a chem-
ical timescale as well. As an example, consider a species that decays spontaneously in a first-order
linear reaction. Peters [20] used work by Corrsin [44] to propose a model that incorporates the

chemistry effects for the unclosed scalar flux term. It can be written as

9ndeed, the standard definition attributed to Taylor [43] is an integral of the temporal velocity autocorrelation,
which has the same scaling form.
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D%  oe
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(1.5.3)

Il —
u;c’ =

The Damkohler number relates the timescale of the reaction to the turbulence timescale and
conveys the scaling of effective diffusivity on the chemical timescale. We want to extend this idea
to a multicomponent framework and to the reaction source term closure, for both premixed and
nonpremixed reacting scenarios.

We can also consider scalar fields that experience a body force and therefore drift relative to the
carrier fluid. Theoretical work has shown that Deg must diminish with a larger drift velocity, as
the timescale of advection decreases, but outside the work of Csanady [45] there are few proposed
algebraic expressions [46{-48]. However, experimental and computational data, as in [49], has shown
that this model has some deficiencies. We wish to improve upon this body of work and find a
closed-form model that better explains drift data.

It is important to note here that the equations and assumptions discussed so far, such as incom-
pressible flow modeling and with one-way coupling between the flow and scalar fields, are simplifica-
tions. We are aware that they do not reach the full complexity of works that consider inertial particles
in compressible and incompressible flows (e.g.,[50-53]), combustion with full chemistry mechanisms
or using PDF/FPVA methods (e.g., [3, [54-56]), or even nonreactive mixing with compressibility
effects (e.g.,|57H59]).

However, while this study is fundamental, we hope it can clear up uncertainty inherent to the
core of modeling such complex systems. By focusing on the one-way coupled problem, we seek to
disambiguate the effects of the turbulent flow on the scalar fields from the influence of the scalar
fields on the flow so that we can address the former coupling completely, and then proceed in future
work to add back in the effects we have neglected. This is the heart of the problem we seek to address
in this thesis: how do we use canonical setups to understand how multiphysics modify reactive scalar

closure expressions in turbulent flows?

1.6 Outline

This introduction has covered all the constituent parts of the thesis question. With such an overview
of the tools that will be used in this work, the organization and chief contributions of this thesis are

as follows:

e In Chapter 2, we begin by first looking at scalars driven by a body force. Low Stokes number
particles at dilute concentrations in turbulent flows can reasonably be approximated as passive
scalars. The added presence of a drift velocity due to buoyancy or gravity when considering
the transport of such passive scalars can reduce the turbulent dispersion of the scalar via a

diminution of the eddy diffusivity. In this work we propose a model to describe this decay and
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use a recently developed technique to accurately and efficiently measure the eddy diffusivity
using Eulerian fields and quantities. We then show a correspondence between this method and
standard Lagrangian definitions of diffusivity and collect data across a range of drift velocities
and Reynolds numbers. The proposed model agrees with data from these direct numerical
simulations, offers some improvement to previous models in describing other computational
and experimental data, and satisfies theoretical constraints that are independent of Reynolds
number. Portions of this work were published in the Journal of Fluid Mechanics [42], and

reprinted under an open access policy.

In Chapter 3, using theory developed for non-reactive dispersion of scalars and linear reactions,
an algebraic Reynolds-averaged model for capturing unresolved interactions between multi-
component scalar reactions in turbulent flows is developed. This work extends the modified
gradient diffusion model by Corrsin [44] beyond linear reactions in single-component transport
phenomena. Using two- and three-dimensional direct numerical simulations, it is shown that
this model improves prediction of mean quantities compared to traditional results. Portions

of this work were published in Physical Review Fluids [60], and reprinted with permission.

In Chapter 4, we want to extend the results from the previous chapter. Reduced-order models
for turbulent reacting flows often use locally calculated parameters to capture the underlying
chemical and transport processes, but past work into the effects of turbulent transport on
reaction dynamics and vice versa has shown that the consideration of nonlocal effects is essen-
tial to accurately predicting mean scalar fields. However, models using theory developed for
non-reactive dispersion of scalars and for linear reactions that simply use nonlocal operators
have yielded suboptimal results when considering systems of binary reacting scalars. In this
work, a two-equation algebraic Reynolds-averaged model is developed which is capable of cap-
turing unresolved interactions between multi-component scalar reactions in turbulent flows.
This model shows improvement over existing ones in the literature and provides a systematic
framework for the incorporation of nonlocality. These effects can be generalized to various

source and reaction terms. Portions of this work have been published online as a preprint [41].

In Chapter 5, we continue examining reacting flows, but now consider premixed reacting flows.
Our previous work into the effects of turbulent transport on reaction dynamics and vice versa
has shown that it is difficult to find analytic models for the prediction of mean scalar fields
even in this simplified context. In this project, fully controlled and characterized homogeneous
isotropic turbulence is used as a testbed to study closures involved in the evolution of a
premixed reaction. Unresolved interactions inherent to incompressible turbulent flows are
characterized across a broad parameter range and algebraic models are considered for closure
terms. We define a modeling framework that provides unified fluctuation values for the reaction

and transport closures, which can be generalized to various heat source and reaction terms in



16

CHAPTER 1. INTRODUCTION

multiple dimensions.

e In the last chapter, we will present concluding remarks on the thesis work as a whole and
cover possible related extensions to compressible flows or instabilities. Finally, we will present

prospects for future work and improvement.



Chapter 2

Drift velocity mediates scalar

dispersion

Portions of this work were published in the Journal of Fluid Mechanics as Shende et al. 42| and are

reprinted here under an open access policy.

2.1 Introduction

The motion of particles in a turbulent carrier fluid subject to exogenous body forces manifests
in myriad applications such as ash settling [61]; energy production [62} |63]; and bubbly wakes
[64]. These particles may experience multiphysics including nucleation, coalescence, dissolution, and
growth, but their dispersion by energetic eddies of the background flow naturally lends itself to the
field of turbulence modeling. In the framework of population balance equations, as reviewed in Shiea
et al. [65], particles can be segregated into size classes associated with a drift velocity, ug, relative
to the background flow with root-mean-square velocity w,ms. In nature, ug/umms can be large; a
Hinze-scale 1 mm bubble, the largest size that should not undergo breakup, may rise at 12cm/s,
while a characteristic upper ocean turbulence velocity is closer to 2 cm/s. |66H68]

For dilute, low Stokes number (St) particle-laden flows with negligible particle-particle interac-
tions, the particle concentration — or void concentration — fields can be described with the passive
scalar advection-diffusion equation. [47] A low St particle flow is one for which the particle momen-
tum relaxation time is far smaller than the flow time scale, and “dilute” flows should have particle
volume fractions (¢) less than ~ O(1073) [69]. Each class can be evolved separately and forces
like buoyancy and gravity are accounted for with additional velocity components from relations like
the drag law of Schiller and Naumann [70]. For sedimenting particles, this drift is aligned with the

gravity vector; in the case of bubbly flows, it is generally anti-parallel.
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Solving for full-resolution scalar evolution when only a mean state is required to determine
quantities of engineering interest is prohibitively expensive. Averaging to find the mean occurs in
homogeneous spatio-temporal dimensions, defined through Reynolds-averaging or filtering in the
large-eddy simulation context. When averaging is applied to the Navier-Stokes and advection-
diffusion equations that govern the evolution of scalar-laden fluid flows, the turbulent scalar flux,
given by wu;¢, appears. Here, u; and c are the fluctuating velocity and scalar fields, respectively, and
e is an average. This term represents unresolved scalar transport by turbulence and its closure is
essential to making transport simulations tractable.

A common model form for the turbulent scalar flux is gradient diffusion, written analogously to
Fickian diffusion as u;¢ = —D;; gTéjv with D;; representing eddy diffusivity and C' the full scalar field.
Foundational work has shown eddy diffusivity decays with increased drift, but few extant models for
capturing the flux are algebraic closed-form expressions. [46-48] An exception is Csanady [45], which
derives an expression for particle diffusivity scaling as a function of ug from theoretical arguments
about the form and relevant parameters of the velocity autocorrelation, but Squires and Eaton [49]
showed disparities between it and measured experimental and computational turbulent data.

As |45) serves as a starting point for more complex models (e.g. [71]) and particle-laden turbu-
lence is still a ripe topic (e.g. [50]), we wish to revisit this problem using the recently developed
Macroscopic Forcing Method (MFM) to calculate eddy diffusivity [31}[39]. In general, the eddy dif-
fusivity is a non-local spatial and temporal operator, but when there is separation of scales between
the large-eddy size and the scalar cloud size, as is relevant for this problem, measurement of a single
local coefficient of eddy diffusivity, denoted D° and sometimes called a dispersion coefficient, suffices.
Mani and Park [31] showed that D is the leading-order moment of the full eddy diffusivity operator
and [60] used it to predict scalar transport. Furthermore, it is the first term in the Kramers-Moyal
approximation of the integro-differential kernel that defines the true eddy diffusivity operator.

In this work, we propose a model using measurements of eddy diffusivity by MFM in numerical
simulations of scalar fields driven by homogeneous, isotropic turbulence (HIT) over a range of drift
velocities. MFM has more favorable computational costs when compared with a similar Lagrangian
method for this a priori modelling approach. The proposed model better fits empirical data and

theoretical constraints for tracers subject to drift.

2.2 Model problem

Consider a triply-periodic cubic domain of HIT. When uy = 0, the diffusivities along the three
principal axes — DY, DY,, and D95 — are all equal to D°. If we impose a non-negative drift velocity
in the z; direction, the symmetry of the setup is broken such that only the diffusivities in the x5 and
x3 directions are equal and all are affected by drift. While the derivation herein reaches conclusions

similar to others (e.g. |45} 49, [52]), we distinctly adopt an Eulerian perspective.
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For ug = 0, we begin with the Lagrangian formulation of eddy diffusivity of Taylor [43], with
the scalar represented by tracer particles with position X;(¢) and velocity V;(t). Taylor [43] writes
the eddy diffusivity in the x; direction of a ensemble of such particles, in the long time limit. If the

velocity field is statistically stationary, this can be expressed as

DY, = /OOO<(V1(T +1t) Va(t)) dr. (2.2.1)

where (®) represents an average over the ensemble. In the high Péclet number (Pe) limit, where
molecular diffusivity is far smaller than eddy diffusivity, V;(t) is the flow velocity at a given particle’s
position. Therefore, we can express the underlying Eulerian velocity field component, u;, as a

function of the full three-dimensional tracer position, X. This yields

DY, :/ (s (X (0),1) un (X (t+ 7).t + 7)) dr. (2.2.2)
0
We define a standard complementary characteristic turbulence length scale as

1

2
Wrms

Ly = / (ui(z1, w9, 23,1) ur (21 + 7,72, 23,1)) dr, (2.2.3)
0

where r is a spatial offset, (#) now represents an average over all independent variables, and 7 is
a temporal offset. Here, u,,,s normalizes the velocity autocorrelation at zero displacement, namely

VA{ugug).

Classical Brownian motion analysis posits that scalar diffusivity at infinite time scales as u?

rmsTks

where 7, = Lj /s denotes some timescale of the underlying flow development and Ly = 2Lq; is
the large-eddy length scale. Consider the scalar field now with some constant drift velocity, ug, with
respect to the flow: for very small ugy, the fundamental turbulence statistics felt by a scalar parcel
are not largely affected and the classical model holds. In the opposite limit that w,,,s << ug such
that L11/uq << 7k, however, this picture is not appropriate.

In this limit, the scalar field transits the turbulence field at a very fast timescale 74 = L1 /ug,
such that scalar particles drift before the local flow has evolved. The turbulence can therefore be
considered frozen compared to the evolution of the scalar field for computing equation and a
leading-order approximation for the differential translation of a scalar parcel is AX; = dr = uq dt.
Thus, the addition of a very large drift is equivalent to examining a translating inertial coordinate
frame with respect to the frozen flow, akin to Taylor’s hypothesis. These premises allow us, for very
large ug, to rewrite equation as:

Uqg—>00

lim D(fl :/ (uy (z1, z2, T3,t) Ut (1 + UgT, T2, T3,1)) dT. (2.2.4)
0

We have here posited that the change in particle position is purely due to drift, and over the

time of O(L11/uq) << 7 where the kernel is non-zero, the field u; does not change. If we now use
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a change of variable between the displacement and the drift velocity, we can write

o L
lim D?l :/ (uy (z1, 22, x3,t) ut(x1 + 1,29, 23, 1)) d(r/ug) = ufms - (2.2.5)
0

Ug—» 00 Uqg

Here, L1 is the correlation length scale in equation [2.2.3] and it requires the spatial correlation
drop to zero in the domain. For the transverse diffusivities, D3, = DY;. We can therefore similarly
write

Las

lim Dg2 :/ (ug(x1, 2, x3,t) uz(x1 + 1,22, 23, 1)) d(r/ug) = ugms w
0

Appealing to the isotropy of the underlying velocity fields, we also can show that:

e L
lim Dg2 = / <U1(I171‘2,1‘3,t) ul(xth +r, Ig,t» d(’l’/’u,d) = u72"ms % (226)
0 d

Ug—r OO

While the previous results are analytic, we can argue them from physical grounds as well. In
the limit of ug >> u;ms, the relevant timescale for transport through eddies should no longer be
the turbulent eddy turnover time, but rather the timescale of advection. This means that the axial
eddy diffusivity, which tells us how much turbulence is able to disperse a scalar field, should scale
like

2 Lk

™rms ?

D(l)lqu T:>D?1~u
Ud

™ms

(2.2.7)

This asymptotic limit jibes with intuition, as a particle with infinite ug4 samples zero mean velocity
over every time horizon in homogeneous turbulence. This decay of DY, with increasing ug/u,ms, the
“crossing trajectories” effect of Yudine [46] and Csanady [45], persists in relatively high Reynolds
number (Re) bubble experiments. [72]

We seek a model form that analytically matches the exact behavior at the infinite and zero drift
velocity limits. In the intermediate regime, the model should be a smooth and monotonic function

of the drift velocity, so a simple model form that captures the asymptotic limits of infinite and zero

drift is:
i\ — 1/ aii\ —1/aii
D?L Uq DO Ud
~ (1 _— =(1 — . 2.2.8
Do - Li; u%ms - u?i ( )

o; is a free parameter and uj; is an Eulerian “diffusion velocity” that competes with the drift

and is defined using Eulerian measures as

* uzmsL”
uj, = Hrmali (2.2.9)
In incompressible flows, Loy = L33 = L11/2 [45]. The eddy diffusivity at large drift velocity can

be written as DY,/ D° = u}; /uq. In contrast, [45] proposed
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—1/2
DY, Yii B ud ?
2~ 1 _ R 2.2.10
Do < N ( Urms ( )

where 3 is defined with Lagrangian and Eulerian statistics and y92 = 2711 = 2.

The proposed model form of equation [2.2.8] is very similar to equation [2.2.10] suggesting the
space of candidate functions appropriate for this problem is narrow. As the adopted problem setup
(i.e., one-way coupled, dilute particle limit, negligible inertial effects) is a simplification, even such

an approximate model should offer substantial predictive value.

2.3 Numerical setup

Direct numerical simulation (DNS) of forced incompressible HIT in a triply-periodic box of edge
length Ly, provides the data for this test. Solved with continuity are the incompressible Navier-

Stokes momentum equations with a linear forcing term. They are written as:

Ou;  Ousu; 1 0p 0%u; _
= —— Auy; 2.3.1
ot 8.’Ej p(’?xz V@xjaxj + A, ( 3 )

where A is a controller that maintains the turbulent kinetic energy, k = w;u; /2, at a prescribed level,
p is the fluid density, and v is the kinematic viscosity. This approach is similar to Bassenne et al.
73], but with a high-pass filtered velocity described in spectral space as 1; = G(|k|)d;, where |k| is

the wavenumber magnitude and

0 k| <2
G(lkl) =L —Lcos(n(|k| —2)) 2<|k|<3- (2.3.2)
1 k| >3

In figure plotted instantaneous energy spectra show decay at the largest scales for all con-
sidered Re. Ly, L11, Laa, and L33 are all less than Ly, /2 by construction due to the filtered energy
injection. As such, the simulations are not influenced by the cubic box shape or orientation, unlike
the standard linear forcing method, as in Rosales and Meneveau [74].

To quantify eddy diffusivity, the MFM formulation of Mani and Park [31] is used with code
adapted from Pouransari et al. [75] for solving the governing equations on a staggered N3 grid with
finite volume operators and a Runge-Kutta time-advancement scheme. MFM measures the response
of the scalar field to an imposed macroscopic forcing by solving an additional equation for a scalar
field with molecular diffusivity D,,. Following the procedure of Shirian and Mani [39] for finding
DY, we decompose the scalar field as C = C + ¢ and add a macroscopic source term, s, to the scalar

equation so that c is governed by:
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Figure 2.1: Instantaneous unnormalized velocity autocorrelations (L) and normalized energy spectra
(R) for the cases in a 273 box, with filtered forcing preventing energy growth in the largest modes.
Note that u,.,s = 1 for all cases.

ge + V- ((u+ug) c) = Dy Vie— (u+ug) - VC + s(x, t).

o (2.3.3)

Following the method of moments, the forcing maintains gg_ = 1. Setting ¢ = 1 allows
measurement of the axial diffusivity in the direction of drift and i = 2,3 allows quantification of
transverse diffusivity in directions perpendicular to drift. Table summarizes parameters swept

to measure eddy diffusivity in the z; and o directions.

In all cases, v = D, and urms = /2k/3 = 1.
root-mean-square value for each of the three velocity components is this u,,s. Once the velocity

The underlying field being HIT means the

and scalar fields are fully developed, DY, = —w;c is post-processed from the turbulent scalar flux

for a time of O(200 — 500) 7. Confidence intervals are calculated using the standard error of each

|16}

For each simulation, A/n = A/A\g S 2.1, where A is the grid spacing and n = v3/4¢~1/4 is the

mean statistic by constructing decorrelated samples of appropriate length compared to 7.

Kolmogorov length scale, Ap is the Batchelor scale, and € is the energy dissipation rate. We also
15u4

rms

report Rey = =

. This resolution, which can also be reported as kg7 ,z 1.5, where k00
is the maximum resolved flow wavenumber, is sufficient to resolve the low-order statistics studied

herein and in line with canonical guidelines [8], studies of flow energetics and other works
studying particle diffusivity .
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Figure 2.2: Mean estimates of D° for the Rey = 14.4 case using MFM and ELM with 95% confidence
intervals showing convergence to the final estimate from each method (- -).

2.3.1 Comparison of MFM to Lagrangian formulae

We show equivalence in the MFM and Lagrangian definitions of eddy diffusivity. MFM measures
DP by calculating the correlation of simulated scalar and velocity fields. The Eulerian-Lagrangian
method (ELM), in contrast, simulates scalar particles in a background flow to calculate equation
Following Falkovich et al. [78], the inertialess scalar particles are governed by dX = (u(t) +
uq) dt ++/2D,, dW. W (t) is a zero-mean, unity-variance Weiner process that allows this Langevin
equation to correspond to the advection-diffusion equation solved by MFM.

To assess this equivalence, both methods measure eddy diffusivity from the same HIT case
of Lyoy = 27 and Rey = 14.4 from table with ug = 0. In addition to the Eulerian DNS,
MFM requires solution of equation on O(10%) mesh points. ELM requires the same flow-field
DNS, along with Lagrangian trajectory simulations for O(10°) particles. Interpolation of velocity to
particle locations uses modified Akima piecewise cubic Hermite functions.

For the candidate turbulent flow, figure compares the measured estimate of the mean value of
the eddy diffusivity as a function of the number of ensembles considered. Each independent ensemble
is of length ~ 107y, collected from a fully developed DNS. The mean estimate from both methods
is approximately the same for this realization, but the confidence intervals are quite dissimilar in

their size. MFM provides more confident mean estimates for this application and is more scalable
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Figure 2.3: Mean estimates of D° for the Rey = 14.4 case with non-zero drift using MFM and ELM
with 95% confidence intervals showing convergence to the final estimate from each method (- -).
Rightmost plot shows that the autocorrelations diminish within the integration time.

Lios, N3 | 27,643 27,1283 27,2563 47,128% 8, 2563

Rey 14.4 21.9 35.1 14.4 14.4
Wiy Jurms | 1.36 1.23 1.13 1.36 1.36
Uy [Uyms | 0.67 0.62 0.57 0.67 0.67

Table 2.1: Summary of measured values relevant for the computation of DY, and D3,.

for simulations, as Eulerian fields are easier to distribute and solve with parallel computing than
Lagrangian particles. An additional advantage of MFM not utilized here is that MFM can find
higher nonlocal moments of the diffusivity kernel beyond the local-limit leading-order moment. [31]

In figure the same analysis is done for ug = ug/trms = 2 and the kernel of the diffusivity
integral, as in equation is given. From the left and center plots, it is clear that the same
conclusions as for the case of ugy = 0 apply to the estimates of the eddy diffusivity, and we see that
DY, = D3, as is expected. It is clear that the independent ensemble length of ~ 107y is sufficient
to fully capture the values of the eddy diffusivity moment, and we see the so-called “negative loops”

in the kernels of DSQ and Dg3.

2.4 Results and Discussion

Equation is fitted to the mean diffusivity data from the cases of table as a function of ug.
An iterative method is used to determine a7 and aso and the forthcoming section will show that
the value of «;; is largely invariant to the tested Reynolds numbers.

In figure DY, and DY, values are plotted for the Rey = 14.4 cases as a function of drift.
The eddy diffusivity decay trends for the two directions differ for three values of Ly,,. At low drift
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velocities, the model accurately describes the data; however, at high drift, the 273 box data diverges
from the analytic scaling. For a fixed box size, the computational value of DY asymptotes to a
nonzero value in the limit of large drift velocity, in violation of the analytical derivation presented
earlier. This effect can be explained: in a finite periodic domain, a large drift velocity, ug >
Lpos /T, subjects a scalar particle to see the same turbulence field in a characteristic advection
time. Therefore, the autocorrelation becomes nonzero and the diffusivity value saturates. Figure
shows that increasing the computational domain size ameliorates this effect and improves data
convergence to the model prediction for the highest drift velocities studied. This effect, however,

has minimal effect on parameter choice: for further details, see Appendix [A]

We now examine the effect of Re. In ﬁgure DY, and DS, at three Rey values for ug/t,ms < 5
are shown and the data collapse when normalized by u; /tms. There is good agreement between the
computational data and model predictions over the drift velocities and Reynolds numbers explored
for ai;; &~ 4 and a9 ~ 2, based on the values from figure Since g = 2 is used in the literature
and Appendix @ suggests that a7 < 4, we adopt the closest integer approximations of a;; = 4
and a9y = 2 for figure and the remainder of this work. This observed agreement is better and
has narrower scatter about the model prediction than presented in Squires and Eaton [49], where
Q11 = ago = 2. This may be due to the long simulation time and Eulerian MFM method for

quantification of DY,

Absent drift, Shirian and Mani [39] used MFM to similarly show that scale-dependent eddy diffu-
sivity, normalized by u,.,s and an eddy length scale, was largely invariant to Re. When considering
u;¢, this should not be surprising, as taking an average of a multi-scale field that decays rapidly in
magnitude at large wavenumbers ensures that the large-scale content dominates. [79], for example,
show that even at Rey = 28, a relatively sharp scaling exponent means the large-wavenumber con-
tent of the passive scalar flux is far smaller in magnitude than that at the near-integral scales. As
Re increases, figure shows us that L;; decreases: so DY, decreases with Re, ceteris paribus. This
comment concerns the Re) cases simulated here, but section will discuss more general, higher
Reynolds number conclusions. However, an increase in Re, properly normalized, should not greatly

affect small-wavenumber quantities, which dominate the normalized measure of eddy diffusivity.

The value of agy = 2 corresponds to the transverse diffusivity results of Csanady [45] and matches
the overall scaling of |71], but the value of a;; = 4 has not previously been reported. Squires and
Eaton [49] noted that their computational data and measurements of glass beads by Wells and Stock
[80] differed from the predictions of equation We plot the corresponding data from Squires
and Eaton [49] for DY, in figure (¢f. figure 11(b) of that work), and their version of equation
inferring 3 = 1.1 from their plot. If a;; = 4 from this work is used, we better predict their

presented data.

Squires and Eaton [49] hypothesized that discrepancies between their data and Csanady’s model

might be due to assumptions about the form of velocity autocorrelation and a differing values of
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Figure 2.4: Convergence of DY, and DY, with respect to box size for Rey = 14.4. Dashed lines
represent equation for a1; = 3.9 (top row) and age = 1.9 (bottom row). Certain MFM data
are shown with representative 95% confidence intervals, which consider only the statistical error and
exclude finite box size error; arrows indicate convergence with increasing box size. The left column
shows standard axes, while the right shows log-log axes. The data and appendix E suggest criteria
for which the box size of 27 is sufficient.
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Lagrangian and spatial measures. The eddy lengthscale control and consistent use of Eulerian
correlations mean the data in figures 2.4 and are not affected by these considerations.

We can plot DY; markers from figure and observe that they fall along the same curve as the
previous data, showing the lower scatter of MFM data about the model prediction. To build addi-
tional confidence, we can also plot computational bubble dispersion data from figure 2 of Mazzitelli
and Lohse [52] on the same axes of figure For this one-way coupled bubble data, we approximate
the D value at zero drift to compute u}; /turms = 1.4. Most of the data comes from bubble simula-
tions where the particles experience a lift force. At the highest drift velocity, however, two values of
diffusivity are provided, for which the lower value comes from a simulation where lift was neglected
in the bubble dynamics. The data of figure 11(b) of [81] is also included as another non-inertial
point-of-comparison at Rey = 42.4. The markers of figure come from a wide range of Re values
, Rex = [14 — 62], and yet all five datasets are better described by the model with ay; = 4 for the
examined range of swept drift velocities.

The choices of Reynolds numbers are broadly indicative of scenarios of Rey = [38 —60] that have
been examined in the literature for target oceanic contexts [82]. Specifically for particle dispersion,
[83] found that their simulations of low-inertia particle mean-square displacement at even Rey < 18
agreed with corresponding experiments at Re) = 48.5.

So the value of a1; = 4 is supported by data, but it also satisfies Csanady’s arguments, namely
that it corresponds to an autocorrelation that supports Taylor’s frozen flow hypothesis. More fun-
damentally, Yudine [46] calculated bounds for the value of the axial eddy viscosity as a function of
drift based on the Kolmogorov-Obukhov structure function description of homogeneous turbulence.
For the second-order structure function required, the refined Kolmogorov hypothesis does not sig-
nificantly alter the conclusions. [8] These bounds are pictured in figure for a uj; imputed from
that work and it is clear that a1; = 4 is close to the envelope of realizable curves, which represent
the limit state of infinite Re turbulence. aj; = 1 closely describes the corresponding lower bound.
As the transverse structure function differs from the axial one by only a multiplicative constant, the
bounding exponents are the same for the transverse diffusivity, so age = 2 also satisfies theoretical

constraints of Yudine [46].

2.4.1 Generalizing to higher Re

Since the theoretical bounds are in the infinite Re limit, the model in this work should be only a
weak function of Re, as is suggested by figures and

To use equation directly, a straightforward correlation of u}; with u,,s would be useful.
In the definition of w;;, given by equation DP could be written in terms of the k and e of
the underlying turbulence; Shirian and Mani [39] attempted to establish such a correlation and
showed D = D.u? . /e, where D, is an order-unity constant. Furthermore, [76, [84, I85] offer

evidence towards an ultimate regime of € = e.u?,,,/L11, where €. is also a constant, allowing the
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and from Mazzitelli and Lohse with 8 = 0.71 with annotation for a particle motion case with
and without lift. (R) Bounds at infinite Re specified by Yudine .

establishment of
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For Rey = 67, report D, = 0.77 and we can estimate ¢, ~ 0.8 — 0.86 , which means
equation [2.4.1] can be evaluated to ~ 1.04 — 1.12, in comparison to the value of 1.13 obtained
from the highest Re) realized in this work. Beyond this empirical study of convergence, we can
alternatively use equation 8 of as a model for the Lagrangian integral time scale to confirm a

limiting case exists. Combining this expression with the correlation of , we can write

4

* L CM 9 .
uip urmBO 1 €c—"2 __ 0.258 €, Rey _ (2.4.2)
Urms a1 AN
o VI (4774 (52)°) (4774 (52)°)

As Re) increases, this expression approaches = 3.25¢., bolstering support for our parameter
reaching a constant value; for Rey = 1201, ¢, =~ 0.41 such that equation evaluates to =~ 1.33
[76]. So while our data in table and figure suggest this ratio is an O(1) constant, further

investigations are needed to establish its convergence vis-a-vis that of €. with Re.
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2.5 Generalizations based on the model form

There are some general implications of the choice of aj; = 4 — and @gs = 2 — and it is pertinent to
further provide confidence about the model form based on these parameters. The specific questions

one may ask are:

o Is the model consistent with earlier works, and what implications does it have for the velocity

autocorrelation function?

o Can we develop constraints on the transverse diffusivities using the axial diffusivity and stan-

dard relationships?

e Are there Reynolds number constraints on the model form?

This section hopes to provide answers for these potential issues.

2.5.1 Consistency with autocorrelation

In proposing a7 = 2, Csanady [45] assumes that isocontours of the Lagrangian axial autocorrelation,

Ry1, take a generic functional form of

UpmsT \ ugr\ M
a7 - K 2.5.1
( BL, ) * (Ln) ’ (25.1)

where 8 = %, Ty, is a measured Lagrangian timescale, 7 is a separation time, K is a constant

related to the contour value of the autocorrelation, and aj; has not yet been determined. For

simplicity, let us write this equation as

M 4 y* = K. (2.5.2)

Csanady [45] posits that isocontours should intersect the two axes at right angles and should

have non-zero curvature. This means that

oK
ox

=0 — lim a2zt =0, (2.5.3)
v—0 z—0
which clearly requires ay; > 1. Close to the two axes, the curvature is > K for ay; > 2 and the
curvature will approach infinity as K — 0. From here, it was hypothesized that o7 = 2 is desirable
because the contours of R1; will form ellipses. However, does a finding of a;; = 4 contradict these
assumptions?
Like Csanady [45], we first now assume Ry = exp (—K1/®11) for 7 > 0, which is a standard

form that corresponds to Ry (7) = exp (—7/TL) in the absence of drift. Then we write
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Rir (7) = exp <—T ((F=) +(22) )" ) (25.4)

which allows us to write the general definition of eddy diffusivity & la Csanady [45] as

d t o pt* t
D11 (ug,t) = T lufms/ / Ry (1) dr dt*] = u%mg/ Ry (1) dr. (2.5.5)
o Jo 0

The long-time turbulent diffusion coefficient, which we have called DY, for this problem, is the

limit of the integral as

tlim D (ug,t) = DY, (ug) = ufmg/ Ry (T)dr . (2.5.6)
> 0

Substituting in the definition of Ry, we can write the eddy diffusivity as

DY, (ug) = e

(e )™y

u2 TL

Tms

.
(+ () ™)™

Noting that DY, (0) = 2,11, this means that

DY, (ua) Bug \ ™)
— =1 2.5.
D?l (0) ( * <Urm8> ) 7 (25.7)

which extends the final results of Csanady [45] for aq1 # 2.

Therefore, our hypothesis of a3; = 4 could correspond to isocontours of R;; with small curvature
and orthogonality at the axes and is consistent with theoretical underpinnings of scalar transport
[45]. However, we stress that our model form is derived from matching asymptotic limits and does

not rely on a specific form of autocorrelation.

2.5.2 Implications for transverse directions

However, can our results say something about the nature of solutions that fit the generic model
form for Ry17 In the previous section, we showed that our diffusivity model is not inconsistent with

an exponential model with variable a1y for Rip; indeed, figure [2.3| suggests the true kernel of the
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eddy diffusivity integral could be described by an exponential. So, assuming that such a model is
appropriate, we can see the implications on D9, and DY;.

We start by noting

r dR11 (’I”)

Ry (r) = R33(r) = Ru1(r) + 2 dr

(2.5.8)

in incompressible flows to satisfy the continuity equation [8], where r represents Lagrangian dis-

placement. However, our only known quantity is

Ri1(7) = exp (—sz (1 + (“i‘ff)all) Ql) (2.5.9)

For brevity, let us define
| T\ 1\ @
ud L @11
'=—1(1+ ( ) > 2.5.10
17, ( Ly ( )

such that Rq1(7) = exp(—7T"). As a reminder, in the nomenclature we use in this section, the desired

asymptotic limits are

uldiglo DYy =2, Tr JJim DYy =2, 571:[ (2.5.11)
We must relate r to ug or Uym,s, but this is difficult when both are of similar magnitude. There-
fore, let us consider the asymptotic cases that bound the dispersion coefficients and see if they are
consistent with our model form.
To get an upper bound, let us first consider ug < Upms, such that the motion of scalar particles

is driven mostly by turbulent diffusion. In this limit, r? ~ 2u2, Tr7 and

™ms

r?T
Ry (r) = exp < 52 TL) (2.5.12)

From here, we can procede to calculate the transverse autocorrelation and see that it can be

written as

r?T rd r?T
Ras(r) = exp ( 53 TL) + 5 &P < 53 TL> (2.5.13)

(2.5.14)

which can be evaluated to

r2T 2T
R =(1— ——+ _— 2.5.15
22 (T) ( 2u2 TL) exp ( 2u2 TL> ( )

rms rms



2.5. GENERALIZATIONS BASED ON THE MODEL FORM 33
or

Roo(7) = (1 —7T") exp (—7T). (2.5.16)

If we now compute the dispersion coefficients, where the two transverse values of DS, (ug ~ 0) =

DY (uq ~ 0), we can see

Dg2 = ugms/ Ry (T) dr = 0. (2517)
0

The same will be true of DY, for this calculation.

This result is unsatisfying, but it leads to the conclusion that

~ 0, (2.5.18)

which sets a checkable constraint. Equation (2.26) of Wang and Stock [71] does not meet this
constraint.

In truth, for ug > 0, the long-time behavior will always be dominated by advection, so it is also
instructive to compute for r & u,.,,s7 as a ballistic trajectory. This is because the minimal drift will
be purely orthogonal to the direction of integration of Rsy and lead to the diffusive movement of

the particle preferentially in the €7 direction. Then

Ri1(r) =~ exp (— u:;) (2.5.19)
and
Roo(7) = (1 - gr) exp (—7T). (2.5.20)

We can then calculate the diffusivity as

T 2
LY%ms . (2.5.21)

1
AR
2(1 () )

We can choose the appropriate normalization for u4 = 0 to then finally write an appropriate

D82 = u?‘ms / Roo (T) dr =
0

upper bound for the transverse diffusivity as

1
Dg2(ud) uglr, G\ o
——— =1 —_— . 2.5.22
0.5u2 TL + L11 ( o )

™rms

For ug > t;ms such that r ~ ug7, we now seek a lower bound on the transverse diffusivity. We
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know that this has to be a lower bound as we have already shown that a drift velocity necessarily
reduces drift velocity. We can start with Equation |2.5.20] as we again seek a ballistic definition of r

like the previous upper bound calculation, to immediately say

Raa(7) = <1 - i (1 + (uzf})an) 0111) exp (—7T). (2.5.23)

Like Wang and Stock [71], we can simplify this somewhat for large drifts to say

Raa(7) ~ <1 - i (giz)) exp (—T). (2.5.24)

We can then calculate the diffusivity as

w1ty
° L+ 2 \ Ly
DgQ = u%ms / R (T) dr = u%msTL 2 (2525)

0 7, \ @11\ 3
(1+ () )

which can be normalized to provide an approximate lower bound E| on the diffusivity given by

1
T, \ MY e g T
D) _ (L () )™ -3 ()
T = — . (2.5.26)
rms wa T 11
1+ () )

This analysis, which was the basis of the modeling in Wang and Stock [71], has some interesting
consequences, however, if examined further. If we return back to the case where u,,,s > ug4, the

selective elimination of terms from I" leads to the approximation of

Roa(7) = (1 - 2;L> exp (—7T) (2.5.27)

which leads to another upper bound for the diffusivity as

1 udTL on %11 1
o .o [% 2 T\ 2

D22 = Upms R22 (T) dr = u,,,mSTL 5] (2528)

0 wgTy ) M et

(e () )

and the value normalized for ug = 0 is

1
ugTp au)Tu _

0.5u%mSTL (1 i (udTL)au)%n

Lll

IThis is only approximate because it is actually slightly larger in magnitude than the lower bound, owing to the
assumptions on the velocity and the slightly arbitrary neglection of terms.
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Figure 2.7: The present model for D32 with a1; = 4 and agy = 2 compared to the various bounds

in this section; note that in the regimes of applicability, the present model is consistent with each
bound.

If we take our previous work into account, where a1; = 4, we note based on the plots in figure

that ase = 2 approximately satisfies all constraints for a model form of

1
D3 (ua) 2ugTy\ *?\ o2
—= = =1 . 2.5.30

DO AT ( )

This implies that the exponential model form for the axial velocity autocorrelation does not

grossly contradict our results.

2.5.3 Reynolds number dependence

As a final exploration, we know that our numerical simulations were conducted at finite Reynolds
number, and the Re value does affect values like DY;. However, is the model form itself invariant to
Re effects?

Now that we have established a connection from the diffusivity model to an exponential model
for the autocorrelation, we can see if the diffusivity model is altered by assuming a Re-dependent
form for Ry;. For example, consider the Ry formula of Sawford [87], which is a Reynolds number

sensitive form written as
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- Ve 1
o () g ()
Rus (7) = Tz . Ve a2 (2.5.31)
vV Re

Here, T5° is the time scale at infinite Reynolds number, T, = T5° f (Re) for f (Re) = 1+Re™ /2,
and Re is a “Lagrangian Reynolds number” defined in Equation (19) of [87]. If we denote £ = 1/T7,
as in Equation such that

€ (uq) = ((ZTB) + (;ji) )au : (2.5.32)

we can rewrite the autocorrelation in a more compact form as

Rus () = {1 - \/%} - ( exp (—7 € f) — \/%exp (~VRere f)) (2.5.33)

and compute

IS’} —1
D(lJl (ud) = uzms/o Ry (T) dr = uvzwns |:1 - \/%] < fléRleflé-) (2534)
0 _ u%ms 1 - i _ ugms 2
DRy (ua) = 5 s {1 - \/E} (1—Re> = =T (2.5.35)

which leads to the previous value for DY, from the standard exponential model. When combined
with the results from the previous section and the work of Yudine [46], we can reasonably expect it
to apply to DY, and D35 as well.

Therefore, we can see that our model form and choice of exponent o is fully compatible with the
standard turbulence literature. This is consistent with an exponential model for the autocorrelation
and that autocorrelation model can be shown to lead to a diffusivity model that is invariant to Re

effects.

2.6 Conclusions

We propose an algebraic model for capturing the effect of drift velocity on the turbulent dispersion of

passive scalars. This model, presented in equation [2.2.8] captures the asymptotic limits of zero and
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infinite drift velocities exactly and the single free parameter of a;; captures the effects of intermediate
drift velocities. By measuring «;1; =~ 4 and ags =~ 2 from the data and predicting eddy diffusivity
across the span of drift velocities, this work performs a priori modelling without assuming a form
for the underlying velocity structure. In so doing, we have shown a correspondence between MFM,
an efficient Eulerian method for determining eddy diffusivity and other similar transport operators,
and the classical Lagrangian definition. In particular, we show that MFM offers superior statistical
convergence and computational properties for the efficient calculation of eddy diffusivity.

In the model form, D° and u* capture the Re dependence, and can be measured independent
of drift. As the «ay; that best describes the two directions are different, the transition between the
limiting asymptotic behaviours appear to occur more rapidly in the transverse directions than in
the axial direction, even accounting for the differences in eddy size.

There is cause to hope these results, which show improvements from previous models, can be
applied to a wider range of situations than expected. As St and ¢ increase, the velocity field seen
by a particle no longer resembles the undisturbed Eulerian field and the fluid and particles become
two-way coupled. Regarding the first parameter, [88] and others have shown that an increase in
Stokes number may increase diffusivity, but theory and evidence from simulations suggest this effect
is relatively small for St < 0.1 [77]. For example, |[71] directly consider St # 0 and find diffusivity
relations independent of St outside of measurements at ug = 0, viz. equations (2.26-2.27). With
finite particle loading, Mathai et al. [72] found axial diffusivity exceeded transverse diffusivity at ¢
as high as 5 x 1074, Some of the particles of Wells and Stock [80] had dynamics significant enough
to affect the reported flow and Mazzitelli and Lohse [52] simulated microbubbles with added mass,
lift, and drag, but they are still acceptably described by the model in figure It may, therefore,
be fair to conclude that the basic effects of anisotropic decreases in diffusivity with increasing drift
obscure the effects of other complex nonlinear interactions. For transverse diffusivity, [89] shows
that data with a range of negligible to finite Stokes numbers, such as from [90], can still be described
by the [45] and as2 models, albeit with deviations on the order of those seen in figure For such
cases, revisiting calculations to determine DY, and L;; in the presence of inertial particles, such as
with a particle-ensemble-based MFM, might improve data collapse.

The predictive nature of this model, enabled by MFM, can be applied to other domains. The
inverse problem can also be examined, in which dispersion measurements of natural particles or
bubbles with known constant drift velocity can be used to diagnose turbulence parameters of the
underlying flow. While this work’s computational box setup is conventionally used for Reynolds-
averaged equation closure, this model can provide subgrid-scale closures in the large-eddy simulation
context, as computational cells far from a wall should represent HIT. Eddy diffusivity can be mea-

sured via an auxiliary scalar equation and u* can be constructed from filtered variables.
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Chapter 3

Dispersion modeling for binary

reactant systems

Portions of this work were published in Physical Review Fluids as Shende and Mani [60] and are

reprinted with permission.

3.1 Introduction

Building reduced-order models for turbulent reacting flows is theoretically and computationally
challenging as the underlying chemical and transport processes are individually complex and a
thorough understanding of the coupled effects of these phenomena remains elusive. However, deeper
insight into the mechanisms by which turbulent transport and reaction dynamics influence each
other is essential for the future design of efficient systems. In particular, finding models that capture
the influence of microscale fluctuations on macroscale quantities is a key problem in computational
predictive science and has applications involving atmospheric and marine pollution [91], combustion
[20], electrolyte solutions in electrochemical applications [92], and related fields.

When considering a system of reactive scalars, the simplest possible multi-component setup would
involve a single-step chemistry with two reacting species. The reaction rate is physically temper-
ature dependent and the heat release from the reaction and the changing concentration of scalars
both couple the scalar fields to the velocity field. Direct simulations of these fields are prohibitively
expensive due to the excessive temporal and spatial resolution requirements. As a remedy, compu-
tational models for reacting scalars in fluid flows often seek reduced-order representations in terms
of ensemble-averaged fields, [91] homogenized fields [93], or spatially filtered fields. [94] In each of
these methods, there exist microscale features whose effects are not explicitly simulated but which

affect the macroscale quantities and must be accounted for via closure models.

39
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To account for microscale effects on transport terms, a gradient transport assumption is often
invoked, but models using this assumption often contain parameters that are agnostic to reaction.
[201 |94] As these system often involve reaction nonlinearity, reaction terms themselves involve closure
problems which should be additionally captured via closure models that must also be informed by

both chemical kinetics and turbulence.

The goal of this study is to demonstrate how even a highly-simplified reaction coupling leads to a
model form for transport closures that explicitly incorporates chemical effects. Said more explicitly,
we would like to demonstrate that , in the presence of even the simplest of chemistry mechanisms,
the effective diffusivity intended for capturing transport closure for one scalar should depend on
other scalar fields and their gradients. A model so developed might not be immediately suitable for
application to a realistic setup with energetic reactions, such as highly turbulent deflagrations, but
offers qualitative insights into the requirements for expected model forms that would apply to even

those cases.

With this in mind, let us consider the most fundamental chemical system with constant reaction
coefficients and no thermal expansion effects as a simplification to other flows in which the reaction
coefficient is variable (i.e. temperature dependent) and dilatation effects are not negligible. In
considering the evolution of the concentration of passive scalars in such an incompressible flow,
a one-way coupling between the fluid momentum and the scalars is typically assumed in writing
the transport equations. In particular, if considering the concentrations of two scalars involved in
a binary reaction system, the concentrations being denoted C7 and Cs, in an imposed solenoidal

velocity field, U, the governing equations can be formulated as

oC;

5 TV (UC;) = D,y V2C; — ACiC 4, (3.1.1)

where A is a reaction coefficient and D,, is a scalar diffusivity which is assumed to be the same for
both indexed scalars in this work. This equation is valid in the dilute limit, where the heat release

from the reaction is so small as to affect neither the density nor the reaction kinetics. [95]

While this form of the equation incorporates all effects in the system, in practice, the Reynolds-

averaged version of equation [3.1.1] written as

0 v . (TT)+V- (U/c;) = D,,V°C; - AC,C, ;i — AT, (3.1.2)

ot

has more utility due to its lower computational cost to solve when compared to the full degree-of-
freedom system. In Equation the primed terms denote fluctuations about the mean quantities,
which are denoted by over-bars. In general, for a stochastic system, this averaging is done over
multiple ensembles of flow realizations, and the corresponding set of partial differential equations for

the velocity field are the Reynolds-averaged Navier-Stokes (RANS) equations. Finding models for

the two types of unclosed terms in Equation |3.1.2) U'C/ and C! ; i allows for the entire problem
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to be solved. In this work, such a model will be derived using a weakly-nonlinear extension of

dispersion analysis.

3.1.1 Taylor dispersion

For non-reacting scalar contaminants, many models exist for tracking the dispersion of passive
scalars. The most common analytic model invoked for the unclosed transport term in the non-
reactive equations, which is also used for some reactive cases, follows the generalized gradient diffu-

sion hypothesis, for which the unresolved flux of a single passive scalar is of the form

(3.1.3)

where D.¢y is a generic effective eddy diffusivity that aggregates turbulent transport effects. When
there is strong scale separation between the mean fields and the underlying fluctuating velocity
fields, this local model is exact, with the caveat that D.;¢ may be a non-isotropic tensor when the
underlying fluctuating flow is not statistically isotropic. |31 |34]

In the framework of this model form, there is a rich body of literature on analytic models that
find this effective diffusivity in canonical flows. In this study we denote the effective diffusivity in
the absence of reaction as D%, and refer to it as the "standard” eddy diffusivity. Correspondingly,
we denote D¢y = D° as referring to the standard gradient diffusion model, which is agnostic to the
reactivity of scalars.

There are many ways to measure this defining parameter. In particular, for the case of parallel
flow in a pipe, [96] shows that a passive scalar experiences enhanced diffusive transport in the
longitudinal direction. We can define an axial Péclet number as Pe ~ uwL/D,, such that, at high
values of the Péclet number, D° dominates the standard molecular diffusivity, D,,. In parallel flows,

it is generally shown that this quantity scales as

DO u2L2
D,, D2’

(3.1.4)

where u is the characteristic convective speed, and L is some characteristic spanwise length scale
for the flow. This idea can be expanded to applications outside of pipe flow, and other studies have
expanded the range of problems and fields to ones that Taylor’s original analysis does not address.
[97H100]

3.1.2 Other scalar transport models

Thus far, we have only looked at non-reactive models. However, many tracers of interest are not
passive; to reach a multi-component framework, the first step is the simplest possible reaction

involving two species, where the concentration of the second species is orders of magnitude larger
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than the first everywhere in the domain. In some applications, this allows an assumption that
the second species is maintained in the domain at a constant concentration and unaffected by the
reaction dynamics, leading to a first-order linear reaction term for the first species. In the presence
of such a first-order linear reaction, [20] used work by [44] to propose a model that incorporates the
chemistry effects for the unclosed scalar flux term. It can be written as

D° oC;

= . 3.1.5
g 14+ ACT i 0% ( )

In this model, 7,,;, is a characteristic time scale for mixing by the flow. In the denominator, one
can form a Damkohler number, relating the timescale of the reaction to the turbulence timescale,
and can therefore write the flux as the gradient times an effective diffusivity that scales as

Dejs ~ (3.1.6)

_—0
1+ Da’
where DO is the aforementioned ”standard” turbulent diffusivity. When the reaction rate is suffi-
ciently slow or when examining the non-reacting limit where Da vanishes, this recovers the gradient
diffusion model exactly. While D still needs to be determined from other means, the advantage of
Equation is that it analytically captures the impact of reaction on Deyy.

Equation [3.1.6] contributes critical understanding by explicitly revealing the dependence of effec-
tive diffusivity (or eddy diffusivity) on the reaction kinetics and, specifically, the reaction coefficient.
Although transport and kinetics are controlled by independent terms at the microscopic continuum
level, when behavior at a macroscopic level, governed by ensemble-averaged equations, is sought,
kinetics influence transport.

In this study, we develop a model in the Reynolds-averaged context that can provide algebraic
closures to the scalar evolution equations for a binary reactant setup. We do this using the spirit of
Taylor’s dispersion analysis. By considering the case of a parallel flow as an analytical prototype, we
extend Taylor’s analysis to discover model forms for dispersion of scalars undergoing binary reactions.
Given the nonlinearity of this system, the closure operators are expected to be dependent on the
transported quantity itself. We derive these dependencies through a weakly nonlinear extension of
Taylor’s original analysis. We then hypothesize that reactive mixing by turbulent flows should involve
model forms with similar nonlinearities, but with different model coefficients. This is analogous to
the situation of nonreactive scalars, where mixing by both classes of flows can be reasonably captured
by gradient diffusion models. However, the diffusivity coeflicients differ based on the underlying flow
topology, with DY/ Dy scaling as Pe? in parallel flows and as Pe! in turbulent flows.

Our weakly nonlinear model is not derived based on specific Da and Pe values. This may allow
it improved applicability in high Da and Pe regimes compared to perturbation expansions for small
values of those parameters, as are used in classical upscaling and homogenization procedures for

finding effective dispersion relationships [93] [101]. It also recovers the scaling relationship between
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Figure 3.1: A schematic of the model problem, illustrating dimensions and boundary conditions.
The flow is depicted in black as u'(y), with a representation of a reaction front given at the mid-
plane. Axial will refer to the z-direction, while spanwise will refer to the y-direction

diffusivity and Damkohler number derived in [102] and [103], although those works use nonlinear
first-order reactions. It also indicates that the effective eddy diffusivity is linked to reaction, as has
been shown in experiments. [104] This relationship shows that the impacts of reaction chemistry and
turbulent mixing are fundamentally linked and even with simple flows, we will see complex features
arising in the RANS model, such as cross diffusion coefficients with a dependence on reaction rates
and local concentrations. As such, we can expect complex cases are unlikely to be simpler than this
scenario, and even more complex model forms will need to be discovered.

In what follows, we will first develop a model problem based on laminar flows that can capture
the relevant multi-physics at play for a linear reaction setup and work to find a solution for the
single-scale and the multi-scale problems. This insight will guide generalization to a binary reaction
problem, which we can fully expand to general turbulent flows. The outcome of our analysis is
a unifying reduced-order model (ROM) in the RANS context that captures the analytic impact
of chemical kinetics on transport and reaction closures while leveraging existing literature on non-

reactive scalar transport modeling.

3.2 Model Problem

In order to develop insights into a model form that captures closure terms in a binary mixture, we

propose the following illustrative setup that can be treated semi-analytically. Consider a flow field
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that is parallel, steady, and two-dimensional, contained in a domain that is an elongated box. We
place periodic boundary conditions on the two opposing elongated sides, as seen in Figure By
elongated, we mean that Ly >> Lo.

In such a two-dimensional domain, we define an averaging operator as

1 [P

-1

f(z,y)dy, (3.2.1)

which differs from the ensemble averaged used earlier. In this context, let us use a periodic structure
for the flow-field which imposes no mean velocity. Namely, u(z,y) = @ + v’ = Upsin(ky) and
v(z,y) = 0, where k = 27/Ly. At © = —L1/2 and = = L1/2, the two domain boundaries, we
prescribe Dirichlet conditions for the scalar concentrations.

In addition, we consider a reaction of the form C; + Cy — (3, which is considered irreversible
and fully activated, but follows a finite rate law of mass action. While simpler than a fully three-
dimensional turbulent flow with reacting scalars, this model problem captures the essential compet-
ing physics of mixing, transport, and reactions that are present in the more realistic case. However,
we can now formulate solutions in this sandbox context and propose closures for each sub-problem
that each highlight different aspects of the overall ROM.

3.2.1 Linear reaction, single-scale flow

Let us first examine this problem in the context of a linear reaction. In this setup, the concentration
of one of the scalars, C5, is held constant in the entire domain at unity and does not evolve, while
the maximum value of C1, at the left side of the domain, is held to be at least an order of magnitude
less than that of Cy. As Cs is a constant, we will denote the reaction rate as Ay = AC5, denoting
the product of a standard binary species reaction coefficient times the concentration of the constant
species. The fluctuations for C; are governed by a transport equation as

ocy oWy

ot T om,

aCy 02C!

7 — 1 A, 2.2
8391 m@xlaxl LCD (3 )

+u'(y)

where C; = C] + Cf and so on. This equation can be derived by finding the classical transport
equation for C; and subtracting from it the evolution equation for C;. Note that we have implicitly
assumed here that the molecular diffusivity, D,,, is the same for all species, is constant, and is
isotropic. In addition, the flow has only a single non-zero component, so all advection terms involve
only the axial velocity field.

This equation is similar to the equation governing evolution of fluctuating fields in the work of
[96], with the primary distinction being the reaction term on the right hand side. While Taylor was
not explicitly considering this type of periodic parallel flow in his work, the steps he follows allow
us to also simplify this equation to arrive at a more analytically approachable differential equation.

First, we note that we are considering a domain where L1 >> Lo, from which we can conclude
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that diffusion in the axial direction, x, can be neglected when compared to diffusion in the spanwise
direction, y. This can be shown by performing a scaling analysis and seeing the associated term
tends to zero as the relevant axial Péclet number tends to infinity. This allows us to neglect axial

diffusion in Equation [3.2.2

In addition, when L; >> Lo, the time scale of mixing in the axial direction is much larger than
the time scale of mixing in the spanwise direction. Therefore, one can decompose the concentration
field as C1(z,y) = Ci(x) + C}(z,y), allowing for evolution of the mean field in the axial direction
but considering the underlying field to be “well mixed” in the spanwise direction. In particular,
the presence of fast mixing in the spanwise direction implies that |C}| << |ACq|, where |ACY| is a
characteristic change in the averaged concentration in the axial direction.

This final conclusion allows us to see that the second term on the left-hand side of Equation [3.2.2
must be much less significant than the advection of the mean scalar concentration, represented by
the third term on the left-hand side. Therefore, for a leading-order approximation, we can neglect
the former, double primed term.

All of these physical assumptions imply that the flow is in an advection-driven limit. The
strong mixing in the spanwise direction that such a flow implies also allows us to invoke a quasi-
steady approximation for the evolution of the fluctuating concentration. In particular, since we are
most interested in the long-time response, not the initial transient one, this assumption does not
unreasonably limit our analysis.

If the previous simplifications are applied to Equation the dominant remaining terms give

us an approximate evolution equation that can be written as

a0, 82C!

U/(y)g = m87y2 - ALC{ (323)

This gives us the dispersion of the fluctuating quantity as driven by the flow. A further ansatz
we make here is that the form of the fluctuating components follows the velocity, as Cy(z,y) =
C1(x) + fi1(x)sin(ky). That is, the fluctuating field has some magnitude determined purely by axial
position. This is motivated by examining solely the leading-order term in the harmonic expansion

of the concentration fluctuations in the y-direction. Substituting this into the fluctuation equation

yields
oCy
Dink? fy(x) + Ap fi(x) = ~Ug . (3.2.4)
Solving this equation for our unknown axial concentration magnitude yields
U aCy
=—T5s i a_- 3.2.5
K@) === 4 oe (3.2.5)

The only unclosed term in Equation is the scalar flux, and it can now be solved as
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Figure 3.2: Predictions of closures for the linear reaction problem subject to a turbulent flow,
X = x/L;. The Linear Reaction model of Equation is identical to the ROM represented by
Equation and the former is overlaid by the latter in the plot.

—— T TN aCy
WO = Unfu(@)sin® (ky) = —Degy . (3.2.6)
Here, D,y is given by
DO
Defy =7 3.2.7
1 1 + ALTmiz ( )

where the standard eddy diffusivity, D°, is determined from non-reactive Taylor-type analysis. For

this flow, it is given by

U2
0 0
= ) 3.2.8
2D, k2 ( )
In addition, 7,4, is a characteristic timescale for mixing given by
1 DO
= (3.2.9)

Tmiz =
Dp,k? w2’

where s is the root-mean-squared velocity of the underlying flow, equal to Up/ V/2 in this deriva-
tion.
For this section, we will refer to Equation as the Linear Reaction model and Equation
as a special case of our Reduced-Order Model (ROM) for this first-order reaction context.
Interestingly, for this problem, the ROM is identical to Equation [3.1.5] even though it is derived
in a laminar context, while the latter was created in the framework of turbulent flows. It again has
an effective Damkohler number in the denominator, and shows that effective diffusivity decreases as

the reaction rate increases relative to the flow timescale. This lends confidence that the choice of
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model problem should not hinder the relevance of the conclusions here in application to turbulence.

In particular, the model form is an explicit function of Ay, with the other two quantities, D° and
Urms, defined purely in terms of flow parameters. This means that they can be derived independent
of the reaction kinetics, in non-reacting flow, and applied directly to this model for reacting flows.

To test this model, we next examine its predictions against 2D DNS data as well as the gradient
diffusion model that ignores impact of reactions on the advective closure. For this purpose, we
consider a setting with Pe = (UpLs)/(2nD,,) = 100, and Da = A 7pi. = 1. For the axial boundary
conditions, we used Dirichlet conditions x = —L1/2 and « = L;/2 by respectively enforcing C; to
be equal to 0.1 and 0.

Figure(3.2[presents quantitatively a comparison between different results. For this specific setting,
the mean concentration assumes an exponential profile, as seen in the figure. It can be seen that
ROM produces results much closer to the DNS than the gradient diffusion model. The gap between
DNS and gradient diffusion model is solely due to over prediction of Dy by the model. For settings
at higher Da values, the correction offered by ROM becomes even more crucial as this gap will be

even larger. In this setting, there is no unresolved flux of Cj.

3.2.2 Linear reaction, multi-scale flow

The previous section only considered a velocity field with a single relevant length scale. However, a
realistic flow has a spectrum of relevant scales and the model problem setup allows us to consider a
straightforward superposition of multiple velocity fields. The total velocity now can be represented
by u(z,y) = Y Upsin(nky), where k = 27/Ly and n refers to each scale as corresponding to an
integer multiple of the fundamental scale set by k. Following the same procedure as the previous

section, the unresolved scalar flux can be expressed as

— aCy
W = —Deffa—l, (3.2.10)
x
, where D,y is written as
oo
U2/2
Dejs =Y RETEY B (3.2.11)
n=1

In this context, the dependence of D.sy on Ay is more complex. Nevertheless, we still seek
to express the dependence of D.sr on A in terms of a simple expression that involves low order
statistics, specifically D° and 1,,,s. In order to do so, we first examine the expression above in the
asymptotic limits of large and small Ay. In the limit of A; equaling zero, the above expression
results in D.yy equal to the DO of the multi-scale flow field, recovering the non-reactive solution
from pure Taylor-type analysis. In the limit of large Ay, however, we obtain that D.rr = uZ,, /AL.

Interestingly, examining Equation and updating values for D° and 7,,;, satisfies both limits

exactly.
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Figure 3.3: Effective diffusivity calculated as a function of Da = Ap7Tpie. Deyy is calculated using
Equation (3.2.11) and D° is calculated using Equation (3.2.13). Each marker refers to a different
velocity field specified in the figure legend, with the "Multiscale” field given by Equation (3.2.15] The

solid line represents Equation [3.2.12
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Do
Depp = ——— 3.2.12
ST Al ey p— ( )
where now
= UZ?/2
0 __ n
D’ =" D (3.2.13)
n=1
and Tz, the mixing time, is DY/u2,,,, with
U = Y U2 /2. (3.2.14)
n=1

We reiterate that both D° and w,ps, and therefore 7, are fundamental measures of the
flow that are independent of the presence of the reaction, and there is no A; dependence in these
quantities.

One can examine this model by comparing the D.fs it provides against those from Equa-
tion [3.2.10, as shown in Figure Among the various velocity profiles tested, we considered

the following velocity profile, denoted as “Multi-scale” in Figure [3.3] expressed as

10
u'(y) =Y 0~ sin(nky), (3.2.15)
n=1

to mimic the multi-scale effects found in turbulence. The specific power, —5/6, is chosen such that
the eddy diffusivity at each wavenumber matches that of Kolmogorov turbulence.

In Figure the simple model presented in Equation is plotted across values of the reac-
tion rate. These results come from plotting the relevant equations and not from full flow simulations.
We see that the model captures the precise behavior of D.s; in the limits of small and large A,
across a variety of imposed velocity fields. Additionally, the model still fits the data reasonably in

the intermediate regimes where Ay 7 ~ O(1).

3.2.3 Binary reaction

Having some confidence with the linear problem, we now turn back to examining Equation in
its entirety, and note that the complete problem involves a full binary system, where both C; and
Cy are free to evolve.

Before proceeding with derivation of a closure model, let us first test whether we can naively
modify Equation to perform reasonably in the case of binary reactions. Specifically, one
may interpret that for evolution of each species, C;, the other species might be assumed “locally

”

constant.” This allows interpreting an effective Ay, for each species as A, = AC,;. With this

simple modification, the previous model form can be extended to a multi-scale model as
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where Ay, is now replaced with the AC5 and AC; for mean advective fluxes associated with C; and
Cs, respectively.

We next examine the performance of this model form by comparing its prediction against direct
numerical simulation. In this case we consider a single-scale velocity profile where u(y) = Upsin(ky),
but where both reactants are now free to vary. We choose Pe = (UpL2)/(2nD,,) = 100 and
Da = A7p,iCresr = 100, where Cpqy is concentration imposed by Dirichlet boundary conditions on
each scalar. More specifically, the boundary condition on C; = Ch.y is imposed at « = —L;/2 and
Cy = Cley is imposed at © = Ly /2. The other boundary condition for each scalar is a homogeneous
Dirichlet condition.

In Figure we see that the Linear Reaction model given by Equation |3.2.16|incurs great errors
near the middle of the domain, where C; and Cs exist in near-stoichiometric ratios. Surprisingly,
the standard Gradient Diffusion model, which carries no chemistry information, now outperforms
this more physics-based model.

Clearly, the Linear Reaction model is not sufficient to describe this system, so let us return to
Equation and examine the full system of equations again. In this framework, the governing
equations for the fluctuations control the evolution of the unclosed terms of interest. For C7, this
looks like

ocy o' Cy) aC, 0%C;

_— "(y)——= = D — ACLC!. — AC,C' + A(C'C"Y. 921
ot * 0x1 T (y) ory ™0, GGy G20y + (0102) 3 7)

Again following the work of [96], we can add one more assumption for the binary system that was
not relevant for the linear case, which is that the fluctuations of the product of fluctuating quantities
will be negligible when compared to the mean field quantities.

If those simplifications are applied to Equation for Cq, it can be reformulated as

aCy

9C, o*cy
ox

= Dm
Oy?

u'(y) — AC1Cy — ACLCY, (3.2.18)

and an equivalent equation can be derived for Cj.

We again make the ansatz that C;(z,y) = Ci(z) + fi(z)sin(ky), following the velocity. Substi-

tuting this into the fluctuation equations yields the following system of two equations:

Dy f1(2) + AT o) + ATof1(a) = ~Up 5 (3.2.19)
and
) - _ e
Dy k” f2(x) + ACs f1 () + AC1 fa(x) = —Up— (3.2.20)

ox
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Figure 3.4: Predictions of closures for the binary reaction problem subject to a laminar flow, X =
l‘/Ll
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This is a coupled, but linear, set of equations for f; and fs that can be solved to find that

(2Dt AT 60 Uy(ACH) oCs
fiz) = s ot L (3.2.21)
52Dy, (k2Dyy + ACy + ACy) 0% k2Dy(K*Dyn + AC; + ACy) O
and
~Uy(k*D,, + ACy 0C, Ug(AC oC,
fa(x) ol 2) 2 0(ACk) L (3.2.22)

k2D, (k2Dy, + ACy + ACs) 02 K2D,(k2Dy + ACy + ACy) Ox

We can also write these terms, the result of using a weakly-nonlinear extension of dispersion
analysis, as the superposition of two gradients multiplied by a prefactor representing an effective

diffusivity. The equations for the scalar flux now look like

G (3.2.23)
Cs

u’Cé D21 DQQ %

u’C{] o [Du D12] 0

where Dy, represents a diffusivity associated with the flux of the k-th species due to gradient in the
l-th species. The square matrix formed by these coefficients also has positive eigenvalues so long as

the mean scalar fields maintain their positivity. The coefficients are written as

Do(l + Aﬁleix) DOATmixa

Dll = — — D12 = — — —

1+ ATmixcl + ATmixCQ 1+ ATmiwcl + ATmixCQ
DOATmizﬁQ DO(]. + A@Tmzm)

— — — Doy = — —
14+ A7 C1 + AT Co 22 1+ AT C1 + AT Co

(3.2.24)
D21 =

using the notation from Section

Perhaps most novel, however, is that determining the actual local form of the fluctuations means
it is now possible to close not only the scalar transport term, but also the unclosed reaction terms
in the standard RANS equations. This closure equation looks like

ACICy = —— (Du—— +Die—— | | Da—— + Daa——

2 s Ox Ox Ox Ox (3:2.25)

A ( aCy 802) ( oCy 802>
This provides our Reduced-Order Model (ROM) in its most complete form. It solves a reduced-
degree-of-freedom system resulting from the RANS equations. The three algebraic components
describe an entire model form, and require only prescriptions of parameters of the underlying flow,
specifically D° and t.,s. It is important to note that this model, under the appropriate limits,
captures the Gradient Diffusion model and the Linear Reaction as its special cases. The Gradient

Diffusion model is realized in the limit of A — 0. The Linear Reaction model, for finite Ay, can be
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realized in the limit of Cy — oo and A — 0.

Comparing this model against the DNS data presented in Figure we see that the new model
recovers from the errors of the Linear Reaction model, and outperforms the Gradient Diffusion
model.

We have neglected multiple terms in this derivation of the presented ROM. In appendix [B| we
provide a higher-order correction to the ROM that adds in nonlinear effects and demonstrate this

further reduces the error in the context of this laminar problem.

3.3 Application to Turbulent Flows

Now that we have built up the full ROM, we can turn to realistic turbulent flows. A great strength
of the approach used in the previous section is that we can borrow the model form from the laminar
analysis directly and use it in an analogous domain of homogeneous, isotropic turbulence. For this
flow configuration, as a recapitulation, the ROM is given by Equations through with
the only difference that flow parameters D° and 7,,;, are now properties of a turbulent flow. As
the ROM captures reaction-dependent effects explicitly, DY and 7,,;; can remain agnostic to the
presence of a reacting system , therefore non-reactive flow measurements provide the values needed.
Specifically, [31] explicates the process of finding these values for non-reactive turbulent flows using
the Macroscopic Forcing Method (MFM). In particular, [39] used MFM to measure the true non-
local form of the macroscopic eddy diffusivity, and additionally found values for D° in the purely
local and isotropic limit applicable for this work.

In this way, the effects of changing flow topology, i.e. from laminar parallel flow to 3D turbulent
flow, is implicitly captured via changes in D°. Specifically, revisiting Equation we see that

2

rms

in the laminar problem, D° ~ w2 . L3/D,,. In this case, the D,, in the denominator represents
the effects of molecular mixing in the spanwise direction as can be tracked in the derivation process
presented in Section II. In the turbulent case, the same concept holds, except that the spanwise
mixing is dominated by DO itself. This would turn the scaling relation of Equation into

DO ~ 42

rms

L2/D°, where L, must be replaced by the large eddy size. This eddy size scales as
Leday ~ ul,,,/€, where € is the turbulent kinetic energy dissipation rate. This leads to the scaling
of DO ~ UrmsLeddy Which is the expected scaling and is already captured by the measured DO from

non-reactive cases.

3.3.1 The turbulent setup

Now we replace the steady, parallel flow examined in the previous section with three dimensional (3D)
homogeneous isotropic turbulence (HIT) in an elongated domain to generalize the model problem.
The Navier-Stokes solver code of [75] in an incompressible mode was adapted for this work to

simulate HIT in a 3D domain of size (27)2. The resulting flow field was periodically extended in the
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Figure 3.5: Instantaneous visualization of a binary reaction system subject to homogeneous, isotropic
turbulence at the Rey = 26 cases (a) An isosurface of the instantaneous ) criterion that indicates
eddy cores (b) An isosurface of the instantaneous reaction term, AC1Cs, at 10% of the maximum
reaction term, colored by axial coordinate, where darker shades are closer to the front of the box.
In both figures, axes are equally scaled between coordinates.
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z-direction to generate a computational domain for scalar transport with dimensions 207 x 27 x 2.
The scalar transport equations are solved with boundary conditions identical to the 2D binary
reaction problem. This provides a realistic reaction zone in the middle of the domain, far from the

boundaries, as seen in Figure |3.5

The velocity fields were solved on uniformly spaced structured meshes and to sustain turbulence,
the incompressible Navier-Stokes equations are solved with a forcing of Bu; added to the right hand
side of the momentum equations. B is a turbulence forcing parameter described in |74]. The solver
was run to statistical convergence for O(500 — 1000) eddy turnover times after discarding initial
transients, as prescribed by [39] and we examine values of Rey = 26 and Rey = 40. Following that
work, the turbulent forcing parameter is B = 0.2792 for both Reynolds numbers. For Re) = 26,
each box is a meshed with 64 points and the kinematic viscosity set to v = 0.0263. For Rey = 40,
each box is meshed with 1283 points with v = 0.0111. Five cases, with summary parameters given in
Table were studied. Estimates of the turbulent statistical quantities, specifically € and s, in
the table are adapted from [39]. The molecular diffusivity for both scalars is equal to the kinematic

viscosity, so the relevant Schmidt number is unity.

This setup allows adoption of the values for non-reactive eddy diffusivity calculated in [39]. In
particular, while the kinematic viscosity, molecular diffusivity, box size, and are inputs, all other
measured quantities are computed by post-processing the data. For Case 1, for example, [39] reported
that D? = 0.86u?,, /e = 0.976 and Ty, = 0.86u2,,, /€ = 1.04, where € = 0.78 is the dissipation rate
of turbulent kinetic energy and u,.,s = 0.97 is the single-component root-mean-squared velocity.

For scalar transport for Case 1, for example, we consider molecular diffusivity D,, = 0.0263,
matching v, Crey = 1 and a reaction rate A = 100. This leads to Pe = DO/Dm = 37 and
Da = A7p,i2Crey = 104. The values are similarly calculated for the other cases using the values

from Table

Figure shows imagery captured near the middle of the computational domain for Case 1
and Figure shows vigorous turbulent structures that mix the flow and the scalar fields. In
response, reaction fronts are not planar; instead, one can observe highly stretched and distorted
structures. Similar to the laminar problem, however, the ensemble-averaged fields will be smooth

and one-dimensional.

Case 1 2 3 4 5
Da 104 52 26 138 276
Pe 37 37 37 72 72
Re), 26 26 26 40 40
Upms 0.97 0.97 0.97 0.905 0.905
€ 0.780 0.780 0.780 0.687 0.687

Table 3.1: Summary parameters for the turbulent cases considered



56 CHAPTER 3. DISPERSION MODELING FOR BINARY REACTANT SYSTEMS

Mean Profiles e
0.2 i 0.035 " ;
———DNS
0.03 Linear Reac. |
Gradient Diff.
. ROM
0-15 0.025 ¢
c
2
s 0.02 |
§ 0.1
I 0.015 1
Q
(@]
0.05 0.01
0.005 1
0 : 0 : :
-0.1 -0.05 0 0.05 0.1 -0.1 -0.05 0 0.05 0.1
0.035
0.03
0.025
0.02
0.015
0.01
0.005
0 . . : . ;
-0.1 -0.05 0 0.05 0.1 -0.1 -0.05 0 0.05 0.1

X X

Figure 3.6: Predictions of closures for the binary reaction problem subject to a turbulent flow for
a priori analysis Case 1. X = x/L; and DNS results are presented with 95% confidence intervals
accounting for statistical fluctuations.
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3.3.2 A priori analysis

In Figure the closure terms for the ensemble-averaged binary reaction problem for Case 1 are
examined in the defined turbulent context by performing a priori analysis, wherein we plug in
DNS-derived mean quantities into the closure expressions. Similar to the laminar binary reaction
problem, the full ROM recovers from the errors in capturing the true transport closures that are
incurred by the Linear Reaction model of Equation For these specific closure terms, the
standard Gradient Diffusion model appears to match the DNS data more closely than the ROM.
Neither Gradient Diffusion nor the Linear Reaction model offer closure to the reaction term, which
the ROM does.

In Section IV, we will discuss an explanation regarding observed accuracy of gradient diffusion
model for the transport closure despite its ignorance of reaction effects. Nevertheless, an overall
assessment that considers both reaction and transport closures reveals advantage of the ROM, as
the Gradient Diffusion transport closure model offers no answers to the equally vital reaction closure
question.While there exists a significant quantitative gap in predictions of the reaction closure term
between ROM and DNS, this leading order ROM correction consistently captures the magnitude
and shape of the reaction closure, without any tuning of the coefficients. This misprediction by
roughly half in the scalar source term has implications, as it likely depresses the predicted value of
the scalar fields in the flame zone, as the positivity of the term acts as a net source.

These conclusions are the same for each of the other cases considered, but only Case 1 is visually
shown, as a priori results are just used qualitatively to build confidence in the advantages of the
proposed ROM. Quantifying this advantage can be accomplished by performing a posteriori analysis

and comparing 1D model predictions against DNS data.

3.3.3 A posteriori analysis

In this section, we solve Equation directly by invoking some of the closure models heretofore
presented. We consider the two best performing models from the a prior: results and omit the Linear
Reaction model. The problem setup and parameters used in this section are identical to those for the
a priori analysis. The only exception is that for the RANS equation, instead of Dirichlet boundary
conditions for the scalars, Neumann boundary conditions with slopes matching the DNS profiles are
used. This is done because the DNS develops axial boundary layers near the Dirichlet conditions
due to local outflow advection. For the DNS, we have ensured these artificial effects do not pollute
the reaction zone results by ensuring the boundaries are far from the reaction zone. These boundary
layers are absent in the RANS case as the mean velocity is zero. Appropriate matching of RANS
solutions to the DNS ones should consider concentration profiles outside of these artificial boundary
layers. We have done so by matching the slopes of the RANS concentration profiles to those of the
DNS outside of the boundary layers, but far from the reaction zones.

In Table the maximum error in (' is tabulated for both models, and it shows that the ROM
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Figure 3.7: Results of a posteriori analysis for Case 1, with DNS quantities indicated with overbars,
X =z/L;. (a) A comparison of the predicted mean scalar profiles in the reaction zone for the ROM
and the Gradient Diffusion models (b) A comparison of the predicted mean scalar profile for C; with
different aspects of the ROM active.

incurs less error. For illustration, in Figure we compare the predicted mean profiles for Case 1
of C; and Cy to the results derived from the DNS described in the previous section. In Table[3:2] we
can demonstrate that the ROM outperforms the standard Gradient Diffusion model and the error

metric is roughly halved.

Case 1 2 3 4 5
Da 104 52 26 138 276
Pe 37 37 37 72 72
-2
GD Max. Error 1.097 > 10 9.195 x 1073 8.007 x 1072 1.035 x 1072 1.221 x 1072
ROM Max. Error | 4.590 x 1072  3.714 x 103  3.131 x 1072 4811 x 103 5.885 x 103

Table 3.2: The maximum absolute value of error in C; for the Gradient Diffusion (GD) and Reduced
Order Model (ROM) far from the boundaries , |X| = |z/L1| < 0.3, as compared to the turbulent
DNS results for all cases

Next, we examine whether the additional closure terms contribute equally to the final calculated
mean quantities. To demonstrate the relative importance of each of the closure terms, Figure
shows the effects of toggling each of the closure terms on the overall accuracy of scalar concentration
predictions for Case 1. The main feature seen in this plot is that the effects of the two individual
closures do not linearly add to the full ROM prediction, and there is still a gap between the ROM
and the DNS results. The implications of this misprediction based on the local model form will be
addressed in the next section.

In the next section, a posteriori results for the other cases show that the discrepancy between the
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DNS results and the ROM does appear consistently. In particular, the role of the reaction closure
is a net source for each of the two scalars, so the underprediction of the DNS values shown in the

sample a priori results of that term continues in each of the flow setups considered.

3.3.4 Further a posteriori results
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Figure 3.8: Results of a posteriori analysis for Cases 2-5, with DNS quantities indicated with
overbars, X = x/L;. A comparison of the predicted mean scalar profiles in the reaction zone is
given for the ROM and the Gradient Diffusion models for each case, as labeled.

In this section, we illustrate a posteriori results for Cases 2-5, as was done in Figure [3.7] for Case
1. The basic trends highlighted for Case 1 in the main text continue in each of the considered cases,

regardless of the change of macroscopic parameters as captured in Table [3.2] This implies that the
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local ROM does not capture some multi-physics correctly, which could be remedied by the use of a

nonlocal model form.

3.4 Discussion and Conclusions

In this work, we have introduced a framework to extend the analysis of the dispersion of a single
passive tracer to analysis of system of species undergoing binary reactions. The resulting model
form derived herein introduces closures to both advective flux and reaction terms with nonlinear
interactions between the mean state of all species, even though the primary set of equations being
solved undergo a linearization procedure. The proposed framework also captures the non-reactive
and linear reaction limits as special cases of the binary reaction problem. The derived model leads
to a positive-eigenvalue diffusion operator across all Damkdhler numbers, so numerical stability is
maintained when the introduced ROM is used in a one-dimensional scalar equation solver.

By considering a prototype laminar and five turbulent test cases, we showed that the standard
Gradient Diffusion and Linear Reaction model do not suitably capture the behavior of mean scalar
fields across all problems. The presently considered ROM, however, can address all these different
regimes consistently. Perhaps the most novel aspect of this work is the direct translation of the
obtained model form between the laminar prototype problem and the test problem involving turbu-
lent flows. Most critically, no tuning of parameters was used in this analysis, as methods like MFM

permit the measurement of D directly for turbulent flows. However, it is unclear whether omitting

2

Zms 1S appropriate for turbulent settings. In the laminar case,

a constant prefactor in 7,,;, = DY /u
this definition with no need for an additional prefactor was derived analytically. In the turbulent
case, we simply adopted the laminar definition without retuning its prefactor that could otherwise
account for the change in flow topology.

An interesting feature of the developed ROM is that advective fluxes of any one reactant depend
on mean gradients of other species involved in the reaction. This leads to an effective diffusivity
matrix that shows cross-diffusion coefficients. In this sense, our results are consistent with the recent
work of [105] in which a two-dimensional system undergoing a slightly different reaction mechanism
was considered. However, the additional advantage of the recent ROM is that it consistently models
all multiphysics effects by offering closure expressions to both reaction terms as well as transport
terms. Furthermore, the present ROM provides analytic model forms that capture explicitly the
influence of reaction constants on each closure operator. To this end, only other inputs needed are
the non-reactive eddy diffusivities and the mixing time scale to form the appropriate Damkohler
numbers.

It should be noted that this analysis is not identical to reacting flow formulations that consider
just a mixture fraction or related quantity, as covered canonically in [§] or in literature such as [106],

as the primary scalar. The mixture fraction maps both concentration fields in a binary system to
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a single scalar that is conserved in space. This is in contrast to the partial differential equations
considered here.

While the developed ROM is not directly implementable in a complex combustion problem, we
hope this framework introduces insights into the model form one could expect for the general class
of reaction—advection—diffusion problems. In appendix |EL we demonstrate that including a higher
order correction that captures nonlinear effects does not make a model created in a laminar context
more able to capture turbulent effects. We therefore conclude that the leading order model is the
extent of the correspondence between the laminar and turbulent contexts.

The remaining error between DNS results and ROM predictions in the a posteriori analysis can
be attributed to the lack of consideration of nonlocal effects in the derivation of our model form.
In the high Da = A 7., linear reaction case, the effective reaction length scale, [ as in Equation
[3:41] is inevitably less than the flow mixing length, L, given by the large eddy length. This can be

assessed by a series of inequalities, as show below, noting that Dy is reduced in the presence of

Desy DY
|~ —_— D97, ~ L. 4.1
\/ A, <4/ A, < Tonia (3.4.1)

As a result, in the turbulent case, the energy-containing eddies are far larger than the chemically-

reaction.

active zone. This nonlocal mixing implies that the closure terms, such as u’c’, should also be nonlocal.
Finding the kernel for this nonlocal model form will require techniques such as MFM to analyze the
range of this dependence. So, future work may be focused on capturing non-locality, as in |32} 39],
which should account for the discrepancy of the ROM values and the DNS measurements.

Another promising avenue of further inquiry is applying the proposed ROM to a Large-Eddy
Simulation context as a subgrid-scale model, where mean space variables are replaced with filtered

variables and quantities like u,.,,s are evaluated at the grid scale.
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Chapter 4

Nonlocal binary reactant

dispersion modeling

Portions of this work have been published in the form of a preprint as Shende and Mani [41].

4.1 Introduction

Simulating systems of reacting scalars for the mean field values requires writing closures for not just
a scalar flux term, as can be found in purely passive scalar transport, but also a scalar source term.
The simplest possible setup for a reacting flow that captures this essential characteristic is a binary
reaction setup. As such, consider the temporal evolution of such a system with two independent
scalars with corresponding concentrations labeled as C7; and Cy in the presence of an imposed

divergence-free velocity field, U. The governing equations for the two scalars can be formulated as

oC;
ot

+V - (UxC;) = Dy V2C; — ACiCl s, (4.1.1)

where A is a reaction coefficient and D,, is a scalar molecular diffusivity that is here assumed to be
identical for both indexed scalars. When examining the evolution of the concentrations of scalars
that do not affect such an incompressible flow, a one-way coupling between the fluid momentum and
the scalars is assumed in writing the transport equations given by Equation This assumption
is physically realizable in scenarios such as the dilute species limit, where the effects of heat release
from the reaction are so small that neither the fluid density nor the reaction kinetics are significantly
affected.

While this form of the equation incorporates all effects present in the system, in practice, the
Reynolds-averaged analogue of Equation which can be written as

63
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00 V. (T C)+V- (UFC) = DwV2Ci — AT,C i — ACICT;, (4.1.2)

ot

is far less expensive to solve. This equation exists in same space as solutions to the Reynolds-averaged

Navier-Stokes (RANS) equations, and we will therefore refer to it as a RANS scalar equation, even
though we do not solve the RANS momentum equation herein. Reynolds averaging projects a field
quantity into a lower-dimensional space spanned only by coordinates in directions of inhomogeneity.
Primed terms represent fluctuations about the averaged quantities, which are denoted by over-bars.
Finding models for the unclosed terms in Equation namely the scalar flux term, W, and a
reaction source term, C’Z’TJ’#Z, is essential to solving the full RANS problem. Being able to efficiently
solve the RANS equations is essential to enabling faster predictions for computational problems in
reacting flows and other fields where similar transport equations are solved, such as atmospheric
reactions [107] or oceanic biogeochemical cycles [91].

In this work, the derivation of a model form from [60] that uses weakly-nonlinear extension
of dispersion analysis will be briefly recapitulated and context provided from other averaging or
homogenized approaches. In the following sections, we will first develop a model problem based on
steady laminar flows that can capture dynamics neglected in that work for a linear reaction setup
that will capture the effects of spatial nonlocality. This involves the incorporation of information
from a finite spatial kernel of support surrounding an evaluation point. The resulting nonlocal model
form will be generalized using the reduced-order model (ROM) proposed in [60] such that it can
be applied to a binary reaction problem in a general turbulent flow. The outcome of such analysis
is an algebraic model in the RANS context for nonlocal closures that clearly illustrates the role
of chemical kinetics and nonreactive flow parameters on the magnitude of transport and reaction
closures. The performance of this model form against the local model form will then be discussed.

mmimimn minin minim

4.2 Local formulation

In this study, we seek to extend the work of Shende and Mani [60] to develop a model in the RANS
context that can provide algebraic closures to the scalar evolution equations for a binary reactant
setup. In very crude terms, this is similar to the reaction problems that manifest in a simple diffusion
flame [108], a line source in a wake [109], or across a mixing layer [110} [111]. This is done in the
spirit of dispersion analysis, as first demonstrated by Taylor [96, 97] and since extended by many
others to problems outside the context it was originally derived for (¢f. Mani and Park [31], Aris
[98], Lighthill [99], Prend et al. |[105], and Daou et al. [112]). By considering the case of a parallel
flow as an analytical prototype, Shende and Mani [60] extends Taylor’s analysis to write local model
forms for the case of dispersion of a system of binary scalars undergoing a reaction. This leads to

scalar flux closures that can be written as
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, oc
u;Ch = —[Deyf] { ] ,

o (4.2.1)

where D,y is some generalized effective eddy diffusivity matrix and gradients of both reactants play
a role. If considering a single scalar and invoking the standard gradient diffusion hypothesis, one
could simply conclude that D,y = DO, where D° is a turbulent eddy diffusivity that is determined
purely and fully by the flow. In the presence of reacting scalars, however, values of D.fs differ
from those observed in non-reactive cases and these differences can be explained though the use
of a weakly-nonlinear extension of dispersion analysis. In particular, the effective eddy diffusivity
involves the the superposition of two scalar gradients multiplied by a prefactor dependent on both

scalar fields. The equations for the scalar flux are written as

el
u'C]

/ !
u' C4

en

o (4.2.2)

D1 Doy oz

_ [Du D12] 0

where Dy,; represents the diffusivity coefficient associated with the flux of the k-th species due to a

gradient in the [-th species. These coeflicients are written explicitly as

Dy = — —
14+ ATz Cr + ATinCa
DOATmiza
Dyp = - == ==
1 + ATmmCl + ATmixCQ (4 9 3)
Doy — DOATmiI@ o
e 1+ ATmizﬁl + Ame:@
DO 1 Ai mix
Doy = (1 + ACsTmiz)

1+ ATmiwa + ATmua

Here, 7,,,;, denotes a characteristic mixing time associated with a particular turbulent flow. These
two quantities, the mixing time and eddy diffusivity, are measured from an auxiliary, non-reactive
flow. For example, the macroscopic forcing method (MFM) detailed in 31} |32, 39] allows for the
diagnostic measurement of flow parameters by measuring the turbulent flow’s response to analytic
and exact imposed forcing.

The most novel implication of the derivation approach used to obtain this model, however, is
that it invokes an implied model for the fluctuating fields themselves. As a result, it is possible to
determine the actual local form of the fluctuations and to close not only the scalar transport term,
but also the unclosed reaction terms in the standard RANS equations. This closure expression can

be written as

— A aC, dCy aCy 9Cy
ACIC = —— (Dna; + D128x2> (Dma; + Dma;) , (4.2.4)

rms
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where ;.5 is the measured root-mean-squared velocity field of the underlying flow. As such, we
can fully close the scalar transport equation for both scalars using a single framework.

The basic weakly nonlinear model offers an alternative approach to performing perturbation
expansions based on directly linearizing the equations. In addition, it explores regimes outside of
Stokes flow classically explored by upscaling methods [93, [101, [113] that seek to find an effective
dispersion coefficient for homogeneous reactions in the domain or heterogeneous reactions on the
boundaries. Because of this difference in scales, the smallness parameter used in this work to
determine term significance differs from the unit-cell-based scaling used in those works. It recovers
the scaling relationship between diffusivity and Damkoéhler number derived in other numerical works
and experiments, as in [1024105| [110], and models based on analysis of single, linear reactions, such
as in |44] as explicated in [20]. Unlike other pioneering work such as O’Brien [114], it does not
require the scalar fields be homogeneous.

This provides a description of the local model that solves the reduced-degree-of-freedom system
resulting from the RANS equations. The three algebraic components describe an entire model form,
and require only information about the underlying flow, specifically D° and w,ms and a known
chemical kinetic parameter, A.

The conclusion of [60], however, is that the purely local model form, even with higher-order

corrections, is inadequate to fully capture the magnitudes of the closure terms.

4.3 The model problem

In order to develop insights into a model form that captures nonlocal closure terms in a binary
mixture, we consider the following illustrative setup that can be treated semi-analytically: we impose
a flow field that is parallel, steady, and two-dimensional and is contained in a domain comprised of
an elongated box. We place periodic boundary conditions for the scalar fields on the two opposing
elongated sides, as pictured in Figure By elongated, we mean that L1 >> Ls.

In such a two-dimensional domain, an averaging operator for the RANS equations can be written

as

1 [Ee

o=z,

f(z,y)dy, (4.3.1)

which differs from the pure ensemble-averaged version also considered by Reynolds-averaging. In this
periodic domain, we assume a periodic structure for the flow-field with no imposed mean velocity.
Therefore, u(z,y) = u + v’ = Upsin(ky), where k = 2w/Ly. At © = —L1/2 and = = L1/2, the two
domain boundaries, we prescribe Dirichlet conditions for the scalar concentrations, as pictured in
Figure [I.1]

In addition, we consider a reaction of the form C; + Co — Cj3, which is irreversible and fully

activated, but is driven by a finite rate law of mass action. This kind of chemistry has been realized in
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Ly periodic

u'(y)
Cy Cy || L2

l_ X periodic

Figure 4.1: A schematic cartoon of the model problem, illustrating dimensions and boundary con-
ditions. The flow is depicted in black as u/(y), with a representation of a reaction front given at the
mid-plane. Axial will refer to the z-direction, while spanwise will refer to the y-direction

experiments, as in [109], where the spreading of a reactive scalar in a turbulent wake was diminished
compared to a non-reactive one.

This flow setup is simpler than a three-dimensional fully turbulent flow with a complex mechanism
of reacting scalars, but this model problem nonetheless captures the essential competing physics of
mixing, transport, and reactions that govern mean scalar concentrations in the more realistic case.
As such, we can now formulate nonlocal closures with interpretable forms in this sandbox context.

In particular, past work in [60] and work on a similar non-reactive problem in [31] has shown that
this setup allows for the formulation of solutions that translate directly from a laminar flow topology

to a turbulent context, so we can be reasonably confident in the utility of these simplifications.

4.3.1 Nonlocal formulation

To derive insight into the role of nonlocality on a reacting system, let us first examine the context of
an irreversible and fully activated linear reaction with a single scalar, as studied in works like [44].
Here, to explain the nonlocal contributions to the macroscopic closure, we are following the basic

steps of the MFM procedure that is fully explained in [31]. Complete details can be found in that
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Figure 4.2: Plot of macroscopic operator as a function of the wavenumber for various magnitudes
of the multi-physics coefficient with a fit of the proposed model of effective eddy diffusivity as given
by Equation 4.3.12l In this case, Z = ||Z||e’™/* and unsteady effects are included.

reference.

Before examining the formation of the nonlocal operator, let us first revisit the algebraic local
model to try to understand the role of errors that may have impact its prediction. Let us start with
a linear reaction setup, in the context of section for which the concentration of one of the
scalars, Cy, is held constant in the entire domain at unity and does not evolve, while the maximum
value of C7, at the left side of the domain, is held to be at least an order of magnitude less than
that of Cs. As Cs is a constant, we will denote the reaction rate constant as Ay = ACs, giving
the product of a standard binary species reaction coefficient times the concentration of the constant

species. The fluctuations for Cq, as in equation [3.2.2] are now governed by the transport equation

02C!

oct oWy 90, &C

— — / —
ot T ar Wy =DPmgz +D

—ALCY, (4.3.2)

where C; = C; + C}. This equation is derived by finding the full transport equation for C; and
subtracting from it the evolution equation for C;. Note that this equation is linear in the scalar
concentration, and therefore can be described as evolving via a linear operator acting on the scalar
field C;.

To simplify this equation, we can find the terms that will drive the dominant balance. We could
now characterize the equation terms using Taylor dispersion scales, which is what allowed for an
algebraic determination of TC{ An alternative could be using the method of Pietrzyk and Battiato
[115[116] to symbolically find a closure form up to a specified order of a smallness parameter, but this

would require a priori declaration of relevant nondimensional parameter ranges. To determine these

. . L UoL3
from the equations, we instead a priori assert y ~ Lo, t ~ L3/D,,, u' ~ Uy, x4 ~ D0m2’ Cr ~ eC,
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Figure 4.3: Plot of macroscopic operator as a function of the wavenumber for various magnitudes
of the multi-physics coefficient with a fit of the proposed model of effective eddy diffusivity as given
by Equation In this case, Z is purely real and we are in the steady limit. The imaginary
portion in both model and MFM results is zero.

Cy ~ C, and Cy ~ €2C, where C is a reference concentration and ¢ is a smallness parameter that
characterizes the size of the fluctuating concentration. Following the parallel flow analysis in Mani
and Park [31], we assert that

o Uo L3 _ UolLs Lo

¢ " LiDw ‘T Dn L

(4.3.3)

UoLy Lo

which means the approximation of small € fails if BT

is larger than O(0.1) or so. Assuming this

is satisfied, however, we can write

eCD,, €2CDm eCD,, D3 eC D,,eC
= ) A 434
o(“G) ro(“im) ro(F) =o (T o (%) vouwar. uay

where each scaling corresponds to a term in equation Multiplying through by GCL[% leads to
D2 ALL
O(1)+0(e)+0(1)=0 575 | FO(1)+0(—=—), (4.3.5)
UsLs D,,
which suggests the problem has effective nondimensional groups of the Péclet number Pie = U[; i

AE—LZ. To regard the term on the left-hand side that deals with

fluctuations of fluctuations as negligible, following the assumptions of standard Taylor-type disper-

and a Damkohler number of Da =

sion analysis, we need € < Da. The error incurred by ignoring the fluctuations of fluctuations

1
Pe2>

0
1 This is consistent with a turbulent Pe = %
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therefore scales with € = C’/éand for Da, Pe > 1, this reduces to € < ﬁ; for turbulent flows,
we require € < P% for the error to be negligible for the algebraic model of chapter 3.

To remedy these errors, we want to see if we can find improvement by finding the macroscopic
operator. As for the Cf equation, the equation governing the total scalar field, C; can be similarly
nondimensionalized. If we now add an arbitrary imposed forcing in time and the axial dimension to
the equation, we can write the nondimensional transport equation as

oC

5 + sin(zs)

oc, o', | 1 0,
dry  Ox3 = Pe? 0z?

— Da Cy + s(z1, 1), (4.3.6)

where 7, 21, and x5 are the nondimensionalized versions of ¢, x, and y, respectively.

We now guess that the form of the macroscopic forcing is s = exp(iwr + ikx1), which is an order
unity forcing term added to the right-hand side. This forcing allows us to treat the linear operator as
an input-output transfer function, and by measuring the output with a known input, we can impute
the operator form directly. We can then also perform an expansion of the scalar concentration field
as C1 = é(w, k; xo) exp(iwt + ikxy) as suggested by the imposed velocity field. This allows us to

write a final governing equation of

2

Da— 2
a x3

iw + % +iksin(za) | é(w, k;z2) = 1, (4.3.7)
where w is a normalized temporal frequency and the bracketed terms represent a linear operator
that acts on the scalar field. Note that we can now write this equation simply as ﬁé(w, k;xo) = 1,
where L denotes the full linear operator in its spectral form, given in brackets in equation

Thus far, we have followed the process of MFM as described in [31] on a reactive system, and
this has given us the exact operator in the microscopic, or un-averaged space. We note that we can
also simplify this equation by rewriting it more generally as

2

7Z — 8—2 + ik sin(za) | é(w, k;22) = 1, (4.3.8)
Oxs

where Z, which we call a “multi-physics coefficient,” is a complex number that incorporates the
effects of axial diffusion, chemical reaction, and unsteadiness. If we were to apply the over-barred
averaging operator to this equation, only Z and the advective term will remain, allowing us to find
the operator that acts directly on ¢, the averaged scalar field magnitude.

We can solve this ordinary differential equation directly for each w and k and get ¢, the scalar
magnitude, using appropriate boundary conditions. Now, after applying the averaging operator to
the measured solution field, we have found the operator that acts on the full field in the spectral

space. Thus, the macroscopic closure operator that captures purely unresolved effects in Fourier

2Note this analysis can be repeated for the binary diffusion reaction problem of chapter 3. While the algebra is
omitted, we would find that the error associated with ignoring A(C{C%)’ would therefore be of order Da €1€2, where

€ ~ C{/a
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space can be computed by subtracting the mean field effects. We therefore invert Equation [4.3.7]

and subtract off the closed portion of the operator so that we can write

T'=(¢c) -2z (4.3.9)

where the overbar represents averaging. This operator is now a function of the real spatial wavenum-

ber, k, and Z, which can take complex values.

4.3.2 The closure model form

To explore the effects of the real and imaginary parts of the operator, we can consider Z values that
take the form of a scalar multiplied by 1+ 4. We can plot the real and imaginary components of the
macroscopic operator as in Figurefor this case, but if we consider purely the steady limit (w = 0),
we can get Figure which expresses the true steady macroscopic closure operator over a range of
Z values. In this limit, we see that the effect of increasing the reaction coefficient in Equation (8),
the full governing equation, is to suppress the projection of perturbations to the macroscopic space.

While we have calculated the values for the macroscopic operator directly, the practical utility
of this process is that one can now fit analytical curves to the actual calculated MFM operator. We
do this by examining the asymptotic limits of said operator at zero and high k£ and matching those
limits for intermediate wavenumbers. One analytic expression that matches the limit values of ﬁ is

/2

T=((+22+&)"-1-2 (4.3.10)

which is a reasonable approximation to the true operator across decades of wavenumbers. We want
to consider the steady limit, and a fit that approximates the analytic expression is
= k2

L= (4.3.11)
41+ 22+ k2

which allows us to consider the steady RANS problem. However, we want to modify this expression
slightly in order to match previously explored model forms in the local linear limit as well as in the
nonlocal, but nonreacting, limits.

For a linear reaction problem, [44] explicated a model form that should be recovered by this new
generalized nonlocal operator. In the limit of non-reactive flow, we would also like to recover the
non-reactive scalar transport model derived in [31]. To do so, we can rewrite the operator derived

here for the linear reaction setup as

R 5 __0.5k%
77 VIR0 (4.3.12)

L AT 1+ \/1+1L(l)%25k2

where the subscript ,,,- denotes the non-reactive macroscopic operator. In the absence of reaction, the
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Figure 4.4: Plot of mixing time as a function of the wavenumber for various magnitudes of the
steady-state and real multi-physics coefficient with a fit of the proposed mixing time.

only term that survives is L’,,, which can be thought of as an effective eddy diffusivity multiplied
with some gradient operators. This D.;¢ matches the nonreactive but nonlocal scalar transport
model derived in .

This model for the eddy diffusivity is plotted in Figures [4.2H4.3| against the full measured MFM
operator and we see good agreement. We further see that the role of the multi-physics coefficient
is to suppress the magnitude of the macroscopic operator, which is captured in Equation In
the specific steady case where Z = A T.mi» and there is no axial diffusion, we recover the model
form suggested by the local work of Corrsin in the case of k = 0.

Furthermore, Equation [4.3.12]isolates a nonlocal form for the mixing time scale for this problem,

r=(1+025k2) "%, (4.3.13)

and this assumed model form is plotted in Figure[£.4] The colored lines represent the real measured
mixing time as suggested by the middle expression in Equation from a range of Z = Ap1
values. We see the mixing time is highly scale-dependent, and is largely agnostic to the presence
of a reaction. While not covered here, one would expect this mixing time to be sensitive to the

steadiness of the underlying flow.
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From Figures 4.3] we can see that as the magnitude of reaction coefficient or the axial diffu-
sivity increases, the magnitude of the nonlocal behavior of the closures rolls off. An interpretation

of this is that an infinite Da reaction would yield a fully local model.

4.4 'The turbulent problem

We have thus far written an operator defined in Fourier space, but we must translate it into physical
space to draw conclusions about its utility. We start by noting that each ik term represents a spatial
derivative, while each iw denotes a temporal derivative. Now we can use the notation of D° and I,
an eddy mixing length, from [39] to transform our operator derived from a laminar context into one

suited for a fully turbulent flow. Such an operator for the linear reaction problem is given by

DY/ T — 122,
D V =
o (4.4.1)

1+ALT I+ALTmZa:/ I—ZQ%’

where 7 represents an identity operator and which assumes that Z = Da only, as described in the
previous section. We are concerned with the steady-state limit only here, and at the high Pe limit,
where we can neglect all terms in Z except this scalar reaction nondimensional number.

It is important to note that while this model has the form of a fractional power operator, the
1/2 power is not fit, but derived analytically from equation which governs the fluctuations in
parallel flow. In addition, this operator is structurally similar to the work of |44], but is far more
general and allows for definitions for mixing time and eddy diffusivity that incorporate nonlocality.

Based on the translation of the laminar model to a turbulent context, we can write that

DO
D=—— (4.4.2)

[r _ 202’
1 l@w%

and

P — (4.4.3)
using values for the eddy diffusivity, mixing time, and mixing length as defined and tabulated in
[39]. In particular, a similar form of the nonlocal timescale is reported in [117], which results from
solving an explicit transport equation for the scalar flux terms akin to a Kramers-Moyal expansion.

In previous work, [60] derived model forms for closures of the binary reaction problem involving
Tmiz and DY. With the observation that we can write independent expressions for eddy diffusivity
and mixing time, an extension of those parameters to the binary reaction case is straightforward
by adapting the model forms of Equation for the binary reaction problem. The newly stated
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nonlocal eddy diffusivity, D, and nonlocal mixing time, 7, can be used in place of the previously
used local eddy diffusivity, D° and the local mixing time, 7,;,. This means, for example, we can

write the first element of the diffusivity matrix as

D(1+4 ACyT)

Dy = — —.
1+ A7C + ATCy

(4.4.4)

Having conceived this model form, we seek to test its applicability for the binary reaction prob-
lem. In particular, we replace the steady, parallel flow examined in the previous section with three
dimensional (3D) homogeneous isotropic turbulence (HIT) in an elongated domain. To generalize
the model problem, the code of [75] in an incompressible mode was adapted for this work to sim-
ulate HIT in a 3D domain of size (27)3. The resulting flow field is periodically extended in the
axial z-direction to generate a 207 X 27 X 2w computational domain for scalar transport. The scalar
transport equations are solved with C; = Cyey at @ = —L;/2 and Cy = Cyey at © = Ly /2. This
provides a realistic reaction zone in the middle of the domain, far from the boundaries.

The velocity fields are solved on uniformly spaced structured meshes and the incompressible
Navier-Stokes equations are solved with an added forcing of Bu; to sustain turbulence, where B is a
parameter described in [74]. The solver was run to statistical convergence as prescribed by [39] and
we examine values at both Rey = 26 and Rey) = 40, with B = 0.2792 for both Reynolds numbers.
For Rey = 26, each box is a has 643 points and the kinematic viscosity set to v = 0.0263, while
for Rey = 40, each box is meshed with 1282 points with v = 0.0111. Five cases, with summary
parameters given in Table were studied and estimates of the turbulent statistical quantities,
specifically € and s, in the table are adapted from [39]. The molecular diffusivity for both scalars
is equal to the kinematic viscosity of the underlying fluid.

This setup allows adoption of the values for non-reactive eddy diffusivity. For all cases, we
use values matching those in [60], which fall within error bounds reported by [39]. These values,
chosen to match constant scalar flux values outside the reaction zone, for Case 1, for example, are
D° = 0.86u?,,s/e = 0.96, | = 1.23u2,, /e = 1.41, and 7, = 0.86u2,,;/e = 1.02, where € = 0.79 is
turbulent kinetic energy dissipation rate and u;,,s = 0.97 is the single-component root-mean-squared
velocity.

For scalar transport for Case 1, for example, we consider molecular diffusivity D,, = 0.0263,
matching v, Cr.y = 1 and a reaction coefficient of A = 100. This leads to Pe = DO/Dm = 37 and
Da = A7yixCrey = 102.

4.4.1 A priori analysis

First, let us use a priori analysis to examine the ensemble-averaged binary reaction problem in the
defined turbulent context. In Figure |4.5] we can see the plotted closures for Case 1, as well as the

mean scalar concentrations. The nonlocal ROM recovers from some of the errors in capturing the
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Case 1 2 3 4 5
Da 104 52 26 138 276
Pe 37 37 37 72 72

Rey 26 26 26 40 40

Urms | 0.97 097  0.97 0.905 0.905

€ 0.780 0.780 0.780 0.687 0.687

Table 4.1: Summary parameters for the turbulent cases considered

true transport closures that are incurred by the local ROM model of . In particular, we see that

the nonlocal model performs far better than the local model for the reaction closure term.

For these specific closure terms, the standard Gradient Diffusion model appears to match the
DNS data more closely than the local ROM and some regimes of the nonlocal ROM. However, an

overall assessment that considers both reaction and transport closures reveals the advantage of the

Mean Profiles we
0.035
—— DNS
_ —— NL ROM
0.03 === —— Gradient Diff.
ROM

Concentration

0.035

0.03

0.025

0.02

0.015

-0.1 -0.05 0 0.05 0.1 -0.1 -0.05 0 0.05 0.1
X X

Figure 4.5: Predictions of closures for the binary reaction problem subject to a turbulent flow.
X = z/L; and DNS results are presented with 95% confidence intervals accounting for statistical
fluctuations.
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nonlocal ROM, as the Gradient Diffusion transport closure model offers no answers to the equally
vital reaction closure question, and the local model does not accurately match the peak of the DNS
reaction closure term. Quantifying this advantage can be accomplished by performing a posteriori
analysis and comparing one-dimensional model predictions against DNS data.

While plots of results are omitted for the other cases, the conclusions are similar. As we are only
using a priori analysis as a proof-of-concept, we can now test the model forms directly by solving

the full averaged equations.

4.4.2 A posteriori analysis

In this section, having developed confidence in our nonlocal ROM, we can now solve Equation [£.1.2]
directly by invoking the closure models heretofore presented. The basic problem setup used in this
section are identical to those for the a priori analysis.

The only exception is that for the RANS equation, instead of Dirichlet boundary conditions for
the scalars, Neumann boundary conditions with slopes matching the DNS profiles are used. This
is done because the DNS develops axial boundary layers near the Dirichlet conditions due to local
outflow advection. For the DNS, we have ensured these artificial effects do not pollute the reaction
zone results by ensuring the boundaries are far from the reaction zone. These boundary layers are
absent in the RANS case as the mean velocity is zero. Appropriate matching of RANS solutions to
the DNS ones should consider concentration profiles outside of these artificial boundary layers. We
have done so by matching the slopes of the RANS concentration profiles to those of the DNS outside
of the boundary layers, but far from the reaction zones.

In Figure we can see the a posteriori results for Case 1. In particular, we compare the
predicted mean profile of C; to the results derived from the DNS described in the previous section.
As the problem exhibits mirror symmetry in the ensemble-averaged sense about the midplane, results
for Cy are omitted as they provide the same insight.

In Table we can see the maximum error incurred by each of the models in the center of the
domain by comparing the predicted concentration for one of the scalars against the DNS measured
values.

Case \ 1 2 3 4 5
GD Max. Error | 1.097 x 1072 9.192 x 1073  8.006 x 103 1.035 x 10~2 1.221 x 10~

ROM Max. Error | 4.588 x 1072 3.710 x 1072 3.131 x 10~® 4.809 x 10~®  5.878 x 1073
NL ROM Max. Error | 1.426 x 1072  1.315x 1072 9.412 x 107% 1.384 x 1072  1.575 x 1072

Table 4.2: The maximum error in Cy for the Gradient Diffusion (GD), Reduced Order Model
(ROM), and Nonlocal Reduced Order Model (NL ROM) far from the boundaries as compared to
the turbulent DNS results for all cases

The local ROM outperforms the standard Gradient Diffusion model, and the nonlocal model also

outperforms the GD model. However, for X = x/L; = 0, where the mean reaction zone, the “flame,”
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Figure 4.6: Results of a posteriori analysis, with DNS quantities indicated with overbars, the nonlocal
formalism by NL ROM, and the standard local model with ROM, with X = /L.

exists, Figure [4.6] shows that both models predict essentially the same value of concentration, while

the nonlocal model better predicts the leakage of C; for X = x/L; > 0.

4.4.3 Drawing connections with a matrix representation

When considering the binary reaction case, it appears that the problem has changed significantly
from the linear reaction case. However, it is possible to rewrite the model formulation of the eddy
diffusivity for the binary reaction setup using matrix operators. In doing so, it takes on a form
identical to the linear reaction case.

In Table we see in the first column the models for non-reactive flow, which match those
proposed by . The nonlocal model here contains the same operator form for D as for the
reactive cases. In the second column, we see the local and nonlocal models for the linear reaction
problem. In this case, the effective eddy diffusivity is only modified by the presence of a background
scalar, C'. For the nonlocal problem, we recover the model derived using MFM analysis earlier in
this work.

In the two scalar case, denoted by the third column as involving a nonlinear reaction term, the
scalar concentrations are given by a matrix, C, which can be written as

[ C} _ |G G

, 445
c O (4.4.5)
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No Reaction Linear Reaction Nonlinear Reaction

0 _D° _D°
Local Model D 13- AC T+rAC
DO DY
Nonlocal Model D Vooie oo
=5 TAC TAC
VI-I2v 1+ I+
Jz-12v2 Jz-12v2

Table 4.3: A table of the six considered models for the binary diffusion model. The “No reaction”
limit provides models first explored by Shirian and Mani [39], while the local models were first
explored by Shende and Mani [60]. The local, linear reaction model was written based on the work
of Corrsin [44].

which leads to a matrix expression in the denominator of the expression. This matrix, C, is obtained
by linearizing the nonlinear reaction term, AC;C5, with respect to each of the two scalars in turn.
If one evaluates the matrix expression and inverts the terms in the denominator, one recovers the
expressions for the eddy diffusivity matrix from Equation [4.2.2

In short, this demonstrates that for pure scalar transport, there is a straightforward procedure
to incorporate the effects of multiple scalars in both nonlocal and local model forms. Furthermore,

we can frame the binary reaction diffusion solution as a linearization of the full problem.

4.5 Conclusions

In this work, we have introduced a framework to extend analysis created to study the dispersion
of a single passive tracer to analysis of system of species undergoing binary reactions with nonlocal
closures. The nonlocality for the binary reaction problem is derived from solving the corresponding
linear reaction problem exactly to extract scale-dependent measures of eddy diffusivity and mixing
time. The resulting model parameters and their incorporation into the model form of [60] introduces
closures to both advective flux and reaction terms with nonlinear interactions between the mean state
of all species, even though the primary set of equations being solved still undergo a linearization
procedure.

To examine that linearization, we revisited the analysis in chapter 3 to provide error estimates
for the potential correction in neglecting terms in the Taylor dispersion analysis for this reaction-
diffusion-advection system. Even with a nonlocal effective eddy diffusivity, the core of the algebraic
model depends on the assumption that the smallness parameter, ¢, is far less than the Péclet and
Damkohler numbers of the system. However, since there is still room for improvement between the
model and the DNS, we should examine whether such approximations are valid. The next natural
questions are determining both where the model is expected to fail and where it should clearly be
superior to D.ss = D°. For the former, it is clearly when e is relatively large, which can be tested

setups where the scalar field feature size is relatively similar to the turbulence feature size, such as
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where reactants are released from a point or line source, as opposed to the elongated box studied
herein. For the latter condition, it would be in setups when the length-scale of the turbulence is
much larger than the size of the reactive zone; it is likely that numerical setups with higher Reynolds
number and Pe values would improve on the cases in this work by pushing further into such a regime
and enabling probing of higher Da values.

It is also salient to reiterate that while the capturing of nonlocality produces a model form that
appear notionally similar to a fractional power operator, it is analytically explainable as fitting the
high and low wavenumber limits of diffusion. In fact, [32] uses analysis of moments of the full
operator to write an alternative closed form solution of the expansion of the full operator without
resorting to full fourth-dimensional tensorial operators.

In addition, while this work examines the steady-state limit of the nonlocal operator, the use of
a generalized multi-physics coefficient in the model derivation allows the definition of an operator
capable of modeling transient behavior, including, for example, a time derivative in the algebraic
operator.

However, a key takeaway is been that even for a notionally steady problem, i.e., the long-time
response of a statistically stationary system, accounting for spatial nonlocality is insufficient to
capture the behavior of the mean scalar fields. Considering temporal nonlocality, via a transport
equation formulation that allows for the incorporation of history effects, must be the the logical
missing piece of the puzzle.

A future avenue of further inquiry is applying the proposed ROM to a large eddy simulation
context as a subgrid-scale model, where mean space variables are replaced with filtered variables and
quantities like u,.,,s are evaluated at the grid scale. In particular, the Reynolds numbers considered
herein are particularly relevant for the purposes of this modeling, where x; designates a flame-normal

coordinate more generally.
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Chapter 5

Closure modeling for premixed

reacting flows

5.1 Introduction

The reactions studied thus far are controlled by the mixing of two species in regions that remain
fixed in space once the problem becomes statistically stationary. A second class of reactions involves
a fuel and oxidizer mixed prior to entering a reaction zone, which has a characteristic thickness, h.
Once a reaction is instantiated, it moves towards the unreacted scalars at a speed, S, set by heat
release and thermal transport. This self-sustaining propagation differentiates this setup from the
nonpremixed setups in earlier chapters, where two reactants would deplete each other. Just as with
the non-premixed setup, a method to solve the RANS and LES scalar governing equations require
closures for transport and reaction terms.

Finding models for these terms is an active research area, |94l [118] [119] but remains an open
question. In cases where the heat release of the reaction directly impacts the fluid momentum
equation, solution frameworks such as the transported probability-density-function method 120,
121] often invoke assumptions about the underlying distribution of the scalar field to find closure
expressions in the most complex setups. However, study of reduced-order models for turbulent
reacting flows often does not involve disentangling the underlying chemical and transport processes
through a decoupling of the momentum and scalar equations. While some recent experiments of
incompressible flow have allowed measurement of reactive scalar field properties with such one-way
coupling (i.e., [122,123]), albeit at Reynolds or Schmidt number regimes differing from gasses, such
exceptions prove the rule.

Our previous work into the effects of reaction dynamics on turbulent transport has shown, how-

ever, that it is difficult to find analytic models for the prediction of mean scalar fields even in this

81
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simplified context. In this chapter, fully controlled and characterized homogeneous isotropic tur-
bulence is used as a testbed to study closures involved in the evolution of a premixed reaction.
Unresolved interactions inherent to incompressible turbulent flows are characterized across a broad
parameter range and algebraic reduced order models that could be coupled to the Reynolds-averaged
Navier-Stokes equations are considered for closure terms. This analysis provides insight into the rel-
ative importance of modeling efforts for the scalar equation, which can be generalized to various
source and reaction terms that support a propagating reaction front. While it is not strictly proper
to label it this way, the speed of propagation of this reaction front may be referred to as the flame
speed or consumption velocity, for clarity and to draw analogy. Similarly, the thickness of the reac-
tion front may be called the flame thickness or brush thickness, without the implication that a true
combustion reaction exists.

In this chapter, we will first examine a sandbox problem with a laminar flow that mimics the
behavior of a turbulent flow and a relatively simple reaction term that admits a traveling wave
solution. We then examine the governing equations for a fully three-dimensional, turbulent flow
setup with a more complex reaction term and propose closures for the resulting scalar fields. Once
the cases are placed on a regime diagram, we will then compare the reduced-order models to existing
closures and the DNS results and examine to what extent classical scalings of flame speed and
reaction zone thickness match simulation results. While works such as You and Yang [124] and Lee
and Huh [125] have examined a correlation of the burning velocity with the turbulent velocity scale

in incompressible flow, we extend this to examine the brush thickness scaling.

5.2 A sandbox problem

One of the most puzzling results from previous chapters is that while we expect — and can theoreti-
cally predict — that D, s should be diminished from D by reactions, a non-reactive local measure of
the eddy diffusivity still provides reasonably good prediction of the transport closure term. However,
also neglected in that calculation is considerations of non-locality; computation of such higher-order
effects in isotropic turbulence would require computation of the Kramers-Moyal expansion of the
full eddy diffusivity operator, as covered in [39, [117]. It may be that ignoring both effects leads to
salutary error cancellation; there might also be errors from neglecting higher-order nonlinear effects.
As a step towards answering these questions, we will start by examining solutions to the scalar
transport equation for an analytic flow field.

For this first step, we start with the two-dimensional laminar sandbox problem as pictured in
figure where the velocity field is analytically described and has only one component, u, =
St + uy sin(ky). This velocity field transports both concentration and temperature fields, which
interact to deplete the concentration and increase the temperature. St here denotes a flame speed

that is influenced by the flow, as opposed to the so-called laminar speed, S, which is based purely
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u'(y)
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Figure 5.1: A schematic cartoon of the model problem, illustrating dimensions and boundary con-
ditions. The fluctuating flow is depicted in black as «/(y) with an inflow velocity of St on the face
where C' = 1 with a representation of a reaction front given at the mid-plane. Axial will refer to the
z-direction, while spanwise will refer to the y-direction.

on molecular parameters.

For the case of a constant density fluid, the governing equation for the evolution of the scalar
concentration, C, can then be written as
oCc  ou;C 02C

where A is a reaction rate constant and D,, is an isotropic molecular diffusivity. The reaction term
f(T) is a function of the temperature, T', and removes scalar concentrations from the domain. The
temperature field is then governed similarly by

oT 6ulT 82T

E 8961 - am 81’161’1

+ HACF(T), (5.2.2)

where H is a enthalpy parameter that would nominally quantify heat release per unit reactant value
and ., is the isotropic thermal diffusivity. We can rescale and nondimensionalize the concentration
and temperature fields such that C,T € [0,1]. This means the C field should be thought of as a
progress variable that is 1 in the reactants and 0 in the products. If the flow, wu;, that appears in
the equation describes a constant-density fluid and is incompressible, there is one-way coupling and
the flow drives the scalar fields.

The prescription of a mean advection speed keeps the reaction front in a statistically-stationary

position, but note that St is not an explicitly known quantity. Rather, it is calculated as the inflow
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velocity needed to keep the total integral of the scalar field constant. This means that the flame

speed must satisfy

/ SrAt dA = / Cc* — O™ qv, (5.2.3)
inflow

domain
at each iteration. This also means that St is equal to the mean rate of consumption of the scalar
in the domain, which is set by AC f(T).

If the mean scalar gradient is aligned with the principal axes of the box, we can simply couple
the two boundary faces normal to that mean scalar gradient as inflow/outflow pairsﬂ The flux of
scalar in must be equal to the rate of consumption of the scalar, which sets the reaction wave speed,
St, as pictured in figure [5.1} With this domain and field setup, we would like to seek a reaction

term that supports a traveling wave and allows us to reduce the problem to just one scalar field.

5.2.1 Fisher-KPP source term

To determine a nonlocal model form that finds expressions for closures in the context of the laminar
sandbox, we would like to use a simple, but nonlinear, reaction formulation. In that spirit, we start

by examining the sink term of the Fisher equation [126]F] where

fI)=T=1-C, (5.2.4)

such that the scalar reaction can be fully expressed in terms of the progress variable itself. For the
resulting 7" and C fields, one can note that the governing equations are broadly similar to the binary
diffusion problem of chapters 3 and 4 and the governing equations for C; and C5. One caveat is
that C7 and Cs were not necessarily bounded in [0, 1], as C and T are.

The Fisher equation has been used to study complex reacting flows, including the motion of flame
bubbles [128]. A very useful property of the Fisher reaction term in our scalar transport equation

is that, in the absence of a flow, it admits an analytic wave speed of

Sy = 2v/AD,, (5.2.5)

as a consequence of its functional form. Based on the inverse chemical timescale, A, we can also find

Dy,
hy =24/ =2, (5.2.6)

which allows us define scalar field parameters that can be examined against flow parameters.

a lengthscale, hy,, written as

1The faces with +¢; normals in figure for example.
2This is also known as the Kolmogorov-Petrovsky-Piskunov equation [127].
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Figure 5.2: The regime diagram for the 2D sandbox problem, which is controlled by the timescales
of the reaction and the flow via Da and the relative strength of turbulent transport versus molecular
transport by Pe.

In figure [5.2] we plot the regime diagram for such comparisons defined in terms of the nondi-

mensional parameters for the problem, namely Pe = D°/D,, and Da = A7C,. ¢ where Crey = 1.
2

™ms’

The flow timescale here, 7 = D°/u is constructed via the eddy diffusivity, which Mani and

Park [31] show is D° = w2, /k*D,, for this type of parallel flow, and the fluctuating velocity scale,
Upms = u1/v/2. Figure covers the same functional space for this sandbox problem as the Borghi
diagram [129] does for the full turbulent problem.

The lower half-plane is where we expect reaction-sensitive closures to be active. The fourth
quadrant, where Da > 1 and Pe > 1, is where both the transport and reaction closures should
be important because the Pe and Da values will be significant. The regime diagram can also be
expressed in terms of the dashed diagonals, which correspond to hy/L =~ 1 and Sy, /u; ~ 1.

Dimensional analysis allows us to hypothesize that algebraic expressions for the “turbulent”
reaction wave speed and thickness could be Sy ~ /AD.s; and hy ~ \/Dess/A. In standard
nonreactive studies, one should conclude that Dy = Dy, + D°, but our work with a Corrsin-
type correction in the previous chapters has suggested that a reaction-sensitive eddy diffusivity
would be Deyy = Dy, + %. This reaction-sensitive model form comes from weakly nonlinear
analysis, and while the eddy diffusivity most strongly corresponds to the scalar flux closure, there
are corresponding reaction closures. It is relevant to note that D° here is just a standard gradient
diffusion parameter that can be measured by a variety of methods.

For both of these models, the predicted reaction front speed in the sandbox problem, S, can
be plotted against the standard laminar reaction front speed, S to assess if the transport closure

should account for the diminution of the eddy diffusivity due to reactions. The governing equation
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Figure 5.3: Comparisons of the computed flame speed, St, for the nonreactive eddy diffusivity, the
reaction-sensitive Dcys, the full two-mode ROM, and the standard laminar flame speed, Sz. The
dashed line corresponds to Sy = u; in figure

is solved with a standard second-order central differencing scheme with explicit forward Euler time
advancement with minimum grid spacing set to resolve hy. Note here that we adopt the standard
denotation of the front speed as turbulent when it corresponds to the multiscale flow-coupled problem
versus laminar for when purely molecular properties matter. In figure [5.3] we see that the use of a

reactive D.yy more accurately predicts St compared to the non-reactive Deyy.

5.2.2 Harmonic expansion solution

To find a one-dimensional model, we now apply the method that provided insight for the binary
diffusion problem and expand the scalar field in a two-mode harmonic expansion following the form
of the velocity field in this setup, such that C(z,y,t) = Co(z,t) + C1(x,t)sin(ky). If we substitute

this into the governing equation, perform averaging, and collect like terms, it leads to
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Figure 5.4: Comparisons of the computed flame thickness, hp, for the nonreactive eddy diffusivity,
the reaction-sensitive D¢, the full two-mode ROM, and the standard laminar flame thickness, Ar,.
The dashed line corresponds to S; = w; in figure
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and

aC' aC 9C o*C C

(ia—tljms*Ta—x1 +u16—x° :DmaT;—Tl—Acl(l—QCo) (5.2.8)

to complete this reduced-order model (ROM). Note here that Cy represents the mean, while C;
represents the fluctuations. Again, St is not an explicitly known quantity, but is calculated to keep
the total integral of the scalar field constant.

Interpreting the two-mode expansion is essential to using it as a framework for a fully-multiscale
case of turbulent flow. For the mean equation, the last term on the left-hand side (LHS) represents
the scalar flux closure, while the last two terms on the right-hand side (RHS) represent the unresolved

reaction term. For the fluctuating equation, the last term on the LHS instead represents a source of
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Deff7 nonreactive Deff7 reactive ROM No model

13.796 0.471 0.168 0.774

Table 5.1: Root-mean-square error of |\S — S| in reaction speed prediction for the situations in
figure The two-mode ROM far outperforms the other options for calculating Sy.

production of scalar fluctuations. The middle term on the RHS now represents a kind of dissipation
term, as it would drive any produced C; towards 0. The last term on the RHS, of course, is simply
the effects of the unresolved reaction. Note that the sign of the term depends on the value of Cj,
indicating that it could provide counter-gradient transport if a transport equation for w,.,,sC1 were

written.

In figure we see the reaction speed results in the fourth quadrant of the regime diagram for
the three considered models and with the laminar flame speed in the absence of any model. For the
reactive and nonreactive Dcyy values, we simply calculate Sy = QW , while the full harmonic
expansions solution, denoted the ROM solution, requires a numerical solution. In table we
collect the root-mean-square error of |S — St| for the presented models. While the ROM incurs the
lowest error, the more interesting note here is that using a nonreactive eddy diffusivity value gives
worse results than just using the laminar flame speed to represent S, which connotes a lack of a

model for fluctuations in the scalar field.

Similarly, in figure [5.4} we can compare the thickness of the reaction zone, calculated as

hy = 4 / C(1-0) da, (5.2.9)

across the models and DNS results. We see that while the reactive diffusivity and the nonreactive
one perform similarly, the proposed ROM, which could be coupled to a full RANS model, most

accurately predicts the reaction zone thickness without tuning.

Despite the relatively simple form of the reaction term, a key takeaway here is that complex
behavior can easily arise in the behavior of the PDE system. While the flame speed can be well
predicted, the zone thickness appears more difficult to predict. We have not explicitly enforced
realizability here, E| but adding a penalty term to the C; equation proportional to A only increased the
prediction error slightly. The use of an expansion-based ROM does allow prediction of macroscopic
properties for this complex system and we can diagnose the roles of the terms of the two-mode

expansion. Now we must apply this to an even more realistic system.

3That is, 0 < Cp + Cy < 1.
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5.3 Extending to turbulent flows

In the previous section, we examined a sandbox problem to gain some intuition about the char-
acteristics of premixed reacting flows. Now, we can examine the more complex case of a fully
three-dimensional turbulent flow field with a more realistic reaction term.

The flow field is governed by the incompressible Navier-Stokes equations. This means the velocity

field is divergence free, and the momentum equation is

Ou;  Ouju; 1 op i 02w,

+ B, (5.3.1)

where B is a controller value that maintains the turbulent kinetic energy, u;u; /2 at a fixed level and
u; is a filtered version of the velocity field [42]. As in chapter 2, the filter acts to only inject energy
at wavenumbers larger than k = 2, where k is the spherical wavenumber.
The DNS equations for scalar fields, C' and T', where the former is the for the reactant concen-
tration or a reaction progress variable and the latter is the normalized temperature, are
oCc  ou,C 0?C

ot dr; D dz;0r; ACHT) 938

and

oT 6U1T 82T

ot 8951 = Gm axlé)xz

+ HAC(T), (5.3.3)

where C, T € [0,1]. Nominally, we keep D,,, = au,, which implies a unity Lewis number assumption,
and set the dimensionally consistent enthalpy parameter H = 1. Following Elperin et al. [103], this
allows us to make the same ansatz as in the laminar flow setup to use T = 1 — C, such that we
only need to consider the evolution of one field as the temperature field and concentration field are
related. The governing equation for the mean concentration field, C, is now

Yol (' 0 (Y 207
00 2  0uC _p PC 4G, (5.3.4)

ot ! 8$i 8:@ m 83?1‘656}‘
where 875;;@ and C'f(T') are the scalar flux (or transport) closure term and the reaction closure term,

respectively.
In place of the Fisher terms of the sandbox problem, an Arrhenius-type reaction term more

realistically represents a reaction term. For a physical temperature Ty, this would be f(T}y) =

Aexp(— I%Ef ), where R is the ideal gas constant and E, is the activation energy of a reaction. The
chemistry is assumed to describe a one-step, irreversible, exothermic reaction such that the C' is only

consumed and T is only produced. This is

f(T) =exp (%) ) (5.3.5)
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in terms of the rescaled temperature. This rescaled temperature corresponds to bounds of the lowest
temperature in the field, T3, and the highest possible, T3. Here, T; is the product temperature of a
chemical reaction ﬁ and T, is the lowest temperature, found in the reactant stream.

For this form of reaction term, o and S are defined as

E, T, T,
- 1- v —1- v 3.
8 RTb< Tb>, a=1-722, (5.3.6)

where F, is the activation energy of the equivalent single-step chemistry formulation and S is known
as the Zeldovich number. The basic assumptions inherent in using such a reaction term have been
assumed by a variety of studies of premixed flames, such as the utility of a one-step mechanism
to represent complex reactions [130]. O’Brien et al. |131] and Towery et al. [132] demonstrated
that a one-step reaction can be used to understand turbulence-combustion interactions and utilized
reaction parameters corresponding to = 5.7 and a = 0.87, and 8 = 5.5 and a = 0.86, respectively.
Using a very similar form of reaction term as in this work, Daou et al. [112] set § = 10 and o = 0.85,
while Rutland and Cant [133] used 8 =6 and o = 0.7.

We can rationally deduce values for these parameters by examining a real fuel, methane (CHy),
which will lead to a numerical stiffness greater than that for chemicals that would undergo oxidation
with minimal heat release. At a stoichiometric fuel-air ratio, the equilibrium flame temperature
for methane is 2225 K as given by a standard computational combustion solver, CANTERA [134]. A
standard value for T,, = 298 K and for a global one-step reaction, E, = 125.5kJ/mol to 202.5kJ/mol
is a reasonable range [135]. As such, we will use values of 5§ = 10, « = 0.85.

In figure the elongated domain used in these simulations is shown. In the absence of a mean
advection equal to the reaction propagation speed, the reaction moves towards the region with unity
reactant concentration. It qualitatively is similar to the visualizations of the compressible flames

seen in other works, such as [131} |132].

5.3.1 Interpreting Damko6hler’s hypotheses for incompressible flows

Because of the complex nature of turbulent reacting flows, there are relatively few analytical rela-
tionships to understand the underlying physics. In the case of RANS-type solutions of a premixed
type setup, it is most relevant to focus on scaling relationships for A~ and S. One of the few ex-
ceptions that prove this rule is Damkohler’s two hypotheses about premixed flames [136] [137]. As
recent work such as Nivarti and Cant [138], Daou et al. [112], Ahmed et al. [139], and Awad et al.
[140] demonstrate, these hypotheses are still a matter of debate in the community and an active
topic of study. It is therefore instructive to evaluate if these hypotheses hold even in regimes of very
low heat release.

For the first hypothesis, consider the regimes where the lengthscale of the smallest eddies, n

4The adiabatic flame temperature at constant pressure or the equilibrium flame temperature, for example.
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t=83.00 t=143.00

¥ 3

Figure 5.5: Propagation of the reaction contours of the concentration field are shown, colored by
their axial position in the domain. The scalar field is initialized with a tanh() profile with C' = 0 at
the far end of an elongated domain and the reaction front is allowed to freely propagate toward the
region of C' = 1.

(V/Urms)?/*, is larger than the laminar flame thickness, hy. In this case, the turbulence does not
have much effect on the local front speed because it is not an efficient mixer at the scale of hy, and

the large-scale velocity field serves to purely advect the front. In that case, we can write

ST Urms
5.~ 5, (5.3.7)
and if we note that D ~ w2, .7 and Sy, ~ v/AD,,, this leads to
S Do 1 Do
L —- (5.3.8)

SiL - DmAT - \/DCl Dm

This regime, by definition, is described by a low Karlovitz number and a large Damkohler number.
The second hypothesis of Damkdhler is for the opposite limit, where Da < 1 and the laminar
reaction lengthscale, hy,, is comparable to the integral lengthscale of the turbulence. In this case, the

turbulent transport is relevant at scale of the scalar reaction, which scale separation implies leads to

St Do
— ~ =, 5.3.9
S, Do (5.3.9)
which has a Péclet number form very similar to the first hypothesis. E| Using the asymptotic model

from chapter 2, we propose a form that matches both asymptotic limits, with

ST ~1 F1F2DO 1

5 S N AT mpant Vo (>:3:10)

5An important caveat here is that the incompressible setting neglects the dilatation-driven counter-gradient trans-
port seen in compressible flows. However, use of a non-local model for something like the scalar flux allows for gradient
diffusion and counter-gradient diffusion.
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where b, I'1, and I's are tunable parameters that account for the use of scaling relations. In fact, this
leads to the Corrsin-type scaling for D¢y for Sy ~ /AD.ss that was suggested in chapters 3 and
4 based on Shende and Mani [41] and Shende and Mani [60] and implies that the two hypotheses

can be explained without compressibility effects.

Peters [141], using different arguments, proposed a model for this scaling as

St D°/D,, D°/D,, \* DO
Ly — S e —_ 3.11
s/ St A Urms /ST tep (5.3.11)

where v; and 75 are experimentally measured and theoretically proposed parameters. In addition,
Gilder [142] proposed

S—z =1+40.62 <1f9213) (5.3.12)
Lm

to fit data with no additional parameters. We compare this correlation to equation [5.3.10|in future
sections.

We can also extend the two original Damkdéhler hypotheses to the flame thickness, as simple
scaling relationships tell us that D.ss ~ Srhr and D,, ~ Sphr. This means that we can equate

the ratio of the turbulent to laminar reaction zone thicknesses as

hr  Degs/St Deyy

~J = 5.3~13
hL Dm/SL Dm ’ ( )
for both regimes covered by the two hypotheses. A relationship that satisfies these limits is
h 1 e DO
Tr1+ 12 (5.3.14)

he T VD \ (1 + (DiDa)?)d

A clarification is that this work uses a unity Lewis number assumption, such that a,, = D,,
in all cases, and aefs = Dcry for the turbulent parameters. However, the thickness, in particular,

might be more directly controlled by the thermal diffusivity in compressible flows.

Regardless of this concern, these hypotheses have been the subject of recent study for constant
density flows by Sabelnikov et al. [143] and Daou et al. |[112], and the general validity of the scalings
seems to hold in some regimes. However, by using energy-controlled HIT, we can much better
probe the eddy diffusivity and quantify the validity of these hypotheses in this setting. Perhaps
most importantly, if S7 and hr are quantities of interest, we can see how well ROMs predict their
behavior across regimes by examining the original hypotheses and our proposed extensions. In later

sections, we will examine the key question of how valid the hypotheses are in this setup.
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Figure 5.6: Contour plot of the instantaneous C field for a slice of -y plane Case 12 in which
exists at the highest Reynolds number examined in the thin-flame regime.

5.3.2 Simulation details and cases

We simulate an elongated rectangular prism domain which consists of periodic cubic domains of
HIT stacked in the z-direction, as pictured in figure [5.5] This means that the data can be averaged
in two directions of homogeneity to provide a one-dimensional averaged profile. The length of the
axial domain, L1, is set sufficiently large that the reaction front is fully contained inside the domain
and the concentration field should be either 1 or 0 at the two axial faces. This is done in practice
by checking that L; is sufficiently larger than hp, the measured reaction zone thickness.

The solver used is the same finite-volume Navier-Stokes code adapted from the work of Pouransari
et al. [75] used in chapters 2-4 with the addition of a scalar concentration field to represent C. A
fourth-order Runge-Kutta scheme is used for temporal advancement with a second-order centered
finite volume spatial discretization. The Poisson equation for the pressure field is solved using a
Fourier spectral method to remove the dilatational portion of velocity.

The boundary conditions on the four long faces are standard periodic boundary conditions,
which imply homogeneity in the y- and z directions. However, while also implemented with periodic
boundary conditions, the other two axial faces serve as planes of inflow and outflow. In general, we
want to set a global mean advection velocity that serves as an inflow velocity equal to the turbulent
reaction front speed, St, on the edge of the domain to keep the total integral of the scalar field

constant. This means that the inflow velocity must satisfy

/ SpAt dA = (C* — Cmyav, (5.3.15)
inflow domain

from timestep n to the state, %, just prior to the mean advection update. As the inflow and outflow
faces have constant concentration values, the boundary integral is simplified.

Along with the reaction speed, we can measure the thickness using an integral-based metric of
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hy = 4/6(1 _C) da, (5.3.16)

in lieu of a gradient-based metric.

The cases sweep Rey = [15 — 60], as collected in table where the domain consists of stacked
HIT boxes of N x N x N grid points with an edge length of 27. For all cases, the grid spacing,
A/n =~ 1.8 — 2, which is needed for sufficient resolution of the fluid momentum field. The smallest
scalar field lengthscales are I, the Batchelor length, and lo¢, the Obukhov-Corrsin length [9]. As

the Schmidt number, Sc = DL < 1 for all the cases, I = \/% > loc = # > 1, so the scalar

field is properly resolved as well. In terms of the laminar flame thickness, we check that hy /A =~ 9.4
for all cases; as ~ 10 points across a compressible flame simulated with finite rate chemistry has
been used as a sufficiency criterion [3], the resolution should be adequate. Based on these cases, the
Karlovitz number, Ka = L 84, where 1) = (5)1/4 and [y = g—z‘ [144].

n? €

N v D,, Do hr St

64  0.0263 0.0263 0.463 4.466 0.253
16 64 0.0263 0.0526 0.420 3.305 0.356
32 64 0.0263 0.1052 0.351 2.386 0.501
64 64 0.0263 0.2104 0.260 1.768 0.721
128 64  0.0263 0.4208 0.165 1.308 1.124
256 64 0.0263 0.8416 0.094 1.056 1.988
16 128 0.0111 0.0132 0.372 3.767 0.360
32 128 0.0111 0.0263 0.349 2.860 0.511
128 128 0.0111 0.1052 0.246 1.406 0.902
10 | 512 128 0.0111 0.4208 0.108 0.701 2.092
11 | 64 256 0.0039 0.0132 0.306 1.820 0.586
12 | 128 512 0.0016 0.0066 0.326 1.806 0.880

|

© 0 O Ui W N+ ;ﬁ:

Table 5.2: Table of cases considered using the turbulent DNSs and pictured on the diagram in figure
Cases 1-6 form the leftmost column in that figure, Cases 7-10 form the second-from-the-left
column, and Case 11 and 12 are, from left to right, the remaining two. For all cases, tqms = 1.

In figure we plot the various DNS cases on a standard, widely-used regime diagram |20}
129|. In figure an instantaneous planar snapshot of the scalar field in case 12 is visualized,
highlighting the multiscale nature of the problem. As we manipulate A and D,, together, we are
able to sweep values of Sy, and hj, without altering the characteristics of the underlying turbulence.
As most previous studies limit themselves to a single chemistry, it is more commonplace to find
modification of the turbulence statistics instead. Sy and hjy are measured by running auxiliary
simulations of a one-dimensional reaction-diffusion equation at different values of A and D,, with a
grid size matching the three-dimensional turbulent domain, which enables calculation of hy, > 9.3A.
DV is determined for every case using the Macroscopic Forcing Method as covered in chapter 2 for

a nonreactive scalar field.
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Figure 5.7: Premixed cases on the Borghi diagram [129], showing lines of Ka = 1 and Ka = 100
as the slanted red dashed lines as indicated. The bottom left triangle corresponds to the laminar
flame regime under the Re; = 1 dashed line, while the other region populated with cases is the
thin-reaction regime. Other than Cases 5, 6, and 10, as given in table[5.2] all cases are nominally in
the thin-reaction-zone regime.
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Figure 5.8: Premixed cases with the relevant Schmidt and Karlovitz numbers based on molecular
properties.
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Formally, the cases span the laminar flame regime — where Re; = Da’Ka? < 1 —, the thin
flame regime of Re; > 1 and 1 < Ka < 100, and approach the boundary of Ka > 100 that enters
the broken reaction zone regime, as pictured in figure In the broken-reaction-zone region, the
velocity scales of the flow allow the eddies to tear apart a thin reaction zone. As Peters [20] notes,
because of phenomena like disruption of radical propagation, a premixed combustion reaction may
not be able to propagate consistently in the broken reaction zone region. The incompressible flow
with single-step, single-species reaction used in this work likely cannot recreate this physics, and
o it is important to limit the regime of applicability of this work to the laminar, thin flame, and

possibly corrugated flame regime (although we do not have any cases in this region).

5.4 Modeling of closures

Having described the problem setup, we can move onto developing models for the unclosed terms in
equation [5.3.4 The reaction function is now

f(C)ZeXp< < ) (5.4.1)

and the simplest possible model for the closure corresponding to this reaction term is

Cf(O)~C f(C), (5.4.2)

which implies there is no difference between a molecular reaction term and one from a scalar field in
the presence of a turbulent flow. However, this is clearly a poor model, as f(C) # m and there is
no effect of fluctuations of T" on this quantity. As a result, C'f(C) is denoted as the laminar reaction
term. While a valid approach is to pursue a transport equation for f(C) itself, this would invoke
even more closure models, so a better approach is to simplify the nonlinearity itself.

For Da >> 1, the reactive scalar is very rapidly depleted and exists only in reacted and unreacted
states. In this limit, the Bray-Moss-Libby (BML) theory |20l [118] applies, which might represent
the probability distribution function of C' as two half-height delta functions centered at C' = 0 and
C = 1. In the context of the BML theory, there are PDF-based approaches to writing an expression
for the mean reaction rate. In particular, Bray et al. [145] and Bray et al. [146] use this theory to

write a model for the mean reaction rate that, in the constant density case, can be written as

Cf(C)=1(C1-C)-C"C"), (5.4.3)

where [ is calculated based on the underlying PDF presumed to capture the mean reaction rate;
in the case of beta PDFs, this is a moment of the laminar reaction term that sets I = 0.094, while
I =0.5if C is represented in the BML theory by two delta functions. This model also requires an

auxiliary equation, whether through an algebraic relationship or a transport equation, to solve for
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fluctuations and some care is required in determining boundary conditions for the fields. While it
may not strictly apply in the relatively moderate Da values probed in this work, the reaction term
itself has the relatively low level of algebraic complexity we seek for our proposed model.

It is a coincidence that a reaction closure, predicted on an underlying BML theory, mimics the
Fisher-KPP reaction term, particularly in the case where the scalar variance is small compared to
the mean scalar concentration. This is an ex post facto motivation for the relevance and utility of the
reaction term used in the sandbox problem to study premixed reacting flows. The scalar variance
term also plays a similar role to the C% term in the Fisher equation two-mode expansion.

There have been other attempts to simplify the reaction rate closure. For example, Ferziger
and Echekki [147] modeled C'f(C) as a piecewise linear function that makes finding C'f(C) more
straightforward, but did not explicitly consider a model for fluctuations, as we will seek to do.

A standard model for the transport closure would use something incorporating gradient diffusion.
For example, Veynante et al. [148] or MacArt et al. [3] have transport closures with a disaggregated
pressure-dilatation-driven component and mean gradient component, and while the role of the pres-
sure dilatation effects is to account for counter-gradient transport in the overall termﬂ those effects
will not manifest in the incompressible case we study hereﬂ As such, a model that is consistent with
the BML-formalism for an incompressible flow for capturing the scalar flux closure term would be
standard gradient diffusion.

Combining these two closures, we can write a one-dimensional RANS-type model to use as a
point of comparison to our developed model. The mean scalar equation for this comparison model,

u? Ow %—f that provides a gradient diffusion closure for the

using an implied model form of C" ~ —

transport term, is therefore

C Yol 207 0\2 97 40
aC+ST60_(D°+Dm)aO-AI(O(l-C)-(D > acac) (5.4.4)

ot oz 0x? Upms ) Ox Ox

5.4.1 A proposed 1D model

Using insights gained from the sandbox problem, we seek to model the scalar field C' = C 4+ C’ when
the Reynolds-averaged fields are only spatially functions of the z-coordinate.

Let us first formulate a reaction closure term. In the absence of flow and transport, the change
of the mean scalar field is driven purely by the reaction term. As C' is bounded, a simple check of
realizability would require C' > |C’|, so we can try to expand Cf(C) in terms of C and C’, where
we assume these fluctuations are therefore relatively small. We can try to sample Cf (é) for the

mean reaction term using a relatively naive two-point quadrature of f(C') with respect to C. This is

SHowever, a transport equation formalism as adopted here can support counter-gradient transport, which a standard
gradient diffusion model will not.

"Formally, this is because the fluid velocity does mot change across the reaction zone, even though the form of
equation (4.14) in Veynante et al. [148] can be computed for this problem.
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essentially a filtering operation in the space parametrized by C', which assumes that mixing perturbs

the state from C and leads to a reaction term of
ac
ot

This therefore means that

Fr=C[C+C)f(C+0)+ (@~ C)f(@-C)]. (5.4.5)

oc’

ot
to ensure that C' = C + C’. For the Fisher-KPP equation, C'f(C) = C(1 — C), so FT = C(1 —
C)—C'C" and F~ = C'(1 — 2C), where C and C’ serve the roles of Cy and Oy, respectively, and
compares favorably with the expressions in equations and

This reaction term has similarities to the form in Luo et al. [149] [150], where the reaction

—F = [(C+0)f([C+C) ~ (C-C) (@) (5.4.6)

models were formulated by disaggregating the species and temperature contributions to the reaction

term, neglecting some density variations, and using a Taylor-series-type expansion of the exponential

reaction term, f(7"). A key difference is that those works chose to model C'f(T") by considering the
concentration and temperature fields separately, whereas the proposed model here models the total

reaction closure term.
We can translate the form of the harmonic expansion in equation to a turbulent context as
DC

0 (tpmsC) 2C
E + 51 =D

o ms — AF*(C.C") (5.4.7)

and

DC’ e O (trmsC) *C" O’
Dt 2 oz 0z2 T

to find closed equations for the mean scalar and its fluctuations. &1, &, and &3 are parameters

= (&D° + D,y,) — AF~(C,C") (5.4.8)

that account for the use of scaling relationships. While this system assumes coupling with an
incompressible flow, for a compressible problem, Veynante et al. [148] performed budget analysis of
the similar transport equation for W and identified terms that should correspond to the last two
terms of the C’ equation as driving gradient and counter-gradient diffusion.

This provides a unified model for both closures. As C’ is described by a transport equation,
while they may not manifest in this thesis, more complex scenarios of counter-gradient transport

can be captured.

5.4.2 Extending to three dimensions

It is not guaranteed that the direction of reaction propagation is exactly aligned with the principal
axes of a setup. The physics of a reaction front, however, mean that a locally flat section will

propagate normal to that section, meaning that a one-dimensional analysis oriented with the normal
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is not unjustified. Generally, this would require computation of a flux with a normal vector for a
given field, ¢, as ng; = —0;¢/|Vé|. However, by using a vector form for C!, we incorporate this
directionality directly and obviate the need for an explicit mean gradient term.

First, let us adapt the reaction closure, for which the simplest method to capture the filter-type

functionality is through a truncated Taylor series expansion about the mean value, C. If we denote
R(C) = Cf(C), we can write

— 1 0*R(0)
Ft = = e 4.
RO +5 —5 53 50’ c! (5.4.9)
__9R(O)| ,
F=—c 601» (5.4.10)

where F; is now a vector quantity. This has some similarities in form to the burning rate modeling

reviewed in [118]. For the particular exponential choice of f(C) in this work, this is evaluated as

Ft=Cf(C)+Cl- Céﬁ(c;é%tﬂf)l 2) F(©) (5.4.11)
Fo = o) (‘ag(fal; O+, (5.4.12)
which leads to
%? + 62 (ugZ:CZ{) — Dy, aijg;i —AFT(C, (") (5.4.13)
%C;’{ + 528 (u(;:;c) = (&D° + D,,) £j§ij - 0457152 — AF7(C,C"). (5.4.14)

Similar equations can be written for the temperature field governing equations. We manually
choose & =2, & = 2, and €3 = 0.6V Da, with the Damkdhler number as defined previously.
A final alternative, based on our findings from previous chapters, is to directly model the fluc-
tuating field using an implied gradient-diffusion-transport form as
DC 0 (UrmsCy) 0?C

- ? :Dm
Dt +£1 6$l 83:,83:1

— AF*(C,C" (5.4.15)

0 (umsC) __City
Fo. -==, (5.4.16)

where the intuition is that the production of the fluctuations completely influences the field, sets

the quasi-steady dominant balance, and therefore manifests standard gradient-diffusion transport.
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5.4.3 Other concerns

We would like to examine the dynamical significance of our scalar equation and see if it satisfies
basic realizability conditions. This means that, for example, the scalar fluctuation variance, C'C’,
will not become negative. If we examine the multidimensional version of the C’ governing equation
and multiply through by c' , we will get the variance equation. The role of reaction terms is to
diminish C’ monotonically, so these will drive the variance to zero. Neglecting the reaction terms,

the balance in steady state must be

0 (urmsC’)
6$i

o*c'c’

aC; 9C; 0
8xi8xi '

Ox; Ox; T

fZC; - (£3DO +-Dm)

= %(&;DO + D) (5.4.17)

If one neglects the diffusion term, this corresponds to the standard production-dissipation balance
that often is used to study TKE. The key aspect of realizability is to ensure that 0 < C + C’ < 1,
and while we do not yet have a formal proof of this boundedness, none of the cases examined so
far have yielded empirical observations of it being violated. A term could be added to the equation

right-hand side to ad hoc promote this property, however.

Another extension might be the consideration of anisotropy in the velocity fields, which would
affect the turbulent diffusivity and the production of the concentration. The mean equation would

not change, but the fluctuating field would now become

4 ol 20! / — .
DO ¢, 2 <u’“J C> = (D0 + D) LG GES e o (5.4.18)

Dt 0z \ Urms O ;0 T

There is a connection to the classical scalar dissipation rate, or the rate of change of a scalar

variance

oo (99 99
x =2D <8xi ax) (5.4.19)

where ¢ can represent the mixture fraction, a conserved scalar bounded by 0 and 1 between a fuel
and oxidizer stream, or C'. In particular, if we follow a standard gradient diffusion closure for the

scalar variance, we can write the variance as

L. 1 4, 5, [0CaC
== 4.2
C O 5% u'r‘TnsT ami axi ’ (5 0)

which is similar to the scalar dissipation rate definition.
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Figure 5.9: Comparison of the a priori transport closure assuming gradient diffusion closure. Model
predictions are in the dashed line, while the “ground truth” DNS postprocessed values are in solid.

5.5 Results

In this section, we cover an evaluation of the presented models. We then return to the binary
diffusion problem of chapters 3 and 4, but now use the transport equation formalism to incorporate

nonlocality.

5.5.1 A priori results

As a priori results require post-processing of DNS data, it is not straightforward to check all closures.
For the transport closure, we can examine the standard gradient diffusion closure, as plotted against
the DNS data for all cases in figure We see that the gradient diffusion model for the transport
closure, even though it has no reaction sensitivity, performs quite well across all cases.

For the reaction closure, we can examine the BML-type closure in figure |5.10] using the I corre-
sponding to a beta PDF and the reaction closure we propose in figure The fluctuations can

provided as
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Figure 5.10: Reaction term closure a priori analysis with the BML-type form of equation “
Model predictions are in the dashed line, while the “ground truth” DNS postprocessed values are in
solid. The values for the fluctuations come from equation
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Figure 5.11: Reaction term closure a priori analysis with the proposed reaction closure form of equa-
tion [5.4.11} Model predictions are in the dashed line, while the “ground truth” DNS postprocessed
values are in solid. The values for the fluctuations come from equation m
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and we see our proposed reaction closure form does a better job at predicting the shape of the

true DNS measured values. The laminar reaction term, Cf(C) is also provided as reference as the

closures-neglected model.

5.5.2 A posteriori results

We can now compare the results of the various models by examining how they predict the reaction
speed, S7, and the reaction zone width, hp, in figures [5.12] [5.13} and [5.14] There are three distinct
models here that can be compared: the BML-theory-inspired solution given by equation the
two-mode ROM proposed by this work in equations [5.4.13] and [5.4.14] and the simplified model for
C! which uses a purely implied gradient-diffusion-type closure for the fluctuations as indicated in
equations[5.4.15|and [5.4.16] In the figures, these are abbreviated, BML, ROM, and GD, respectively.

The value of the laminar flame speed and flame thickness are provided for each of the cases (always
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Figure 5.12: Flame speed and flame thickness a posteriori analysis with the BML-type form, the
full proposed ROM, and the ROM using a gradient-diffusion based closure for the fluctuating field.
This figure shows the results for cases 1-6.

at unity) to provide context for the effect of the turbulent closures.

For these cases as well, the ROM and GD models perform approximately the same and chronically
underpredict the DNS values, while the BML-type model tends to overpredict the other model forms.
As the transport closure are the same for the GD and BML-type models, the differences must be
attributable largely to the reaction closures. For case 12 only, & = 0.66v/Da to provide a robust

numerical solution, but other parameters were not retuned, which affects its accuracy.

5.5.3 Evaluating the algebraic models

We can now calculate the predicted flame speed based on a Damkohler hypothesis scaling, as written
in equation and compare it to the DNS results. In figure[5.15}[5.16} and [5.17] we perform this
comparison and we see that the proposed relations and the model of equation [142] acceptably
describe the DNS results. From manual tuning, we choose I'y = 0.1, I'1/T'y = 1.5, and b = 2, but these
could be optimized further with a richer dataset. That equation [142] acceptably describes

the DNS results lends some support that the study of reactive scalars in incompressible flow may

allow examination of some quantities of interest for flows with heat release.
The lower panels of those figures also show the flame thickness scaling of equation [5.3.14] using
an extension of the Damkohler hypotheses. The same parameter values as for the St correlation are

used for this thickness correlation, and the correlation does appear to do a decent job of describing
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Figure 5.13: Flame speed and flame thickness a posteriori analysis with the BML-type form, the
full proposed ROM, and the ROM using a gradient-diffusion based closure for the fluctuating field.
This figure shows the results for cases 7-10.
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Figure 5.14: Flame speed and flame thickness a posteriori analysis with the BML-type form, the
full proposed ROM, and the ROM using a gradient-diffusion based closure for the fluctuating field.
This figure shows the results for cases 2, 8, 11, and 12, where case 12 had a differing &s.
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Figure 5.15: Flame speed and flame thickness DNS results compared to the scaling from equation

5.3.12l and [5.3.10| for cases 1-6.

the trends in the thicknesses.
One result we do not show here is the effect of so-called “flame bending”, which is the asymptote
of St/Sy, as upms/Sy, increases. We can, however, return to the form of equation |5.3.10| and see if

it has this quality. For simplicity, assume b = 1 and that we examine the high Ka, low Da limit,

St — | DO

and in the limit of infinite Reynolds number, chapter 2 provided evidence that, for a fixed integral

which means

scale of L11, D° reaches some asymptotic value as € and other quantities become Re) independent.
This would lead to a fixed ratio of the turbulent and laminar flame speeds for constant molecular

properties.

5.5.4 Return to binary diffusion problem

As a final aside, we can return to the problem of binary diffusion, for which we concluded chapter 4
by indicating a nonlocal model was necessary to provide better results. Using the formulation of this
chapter, we can rewrite the ROM equations in a two-mode expansion for the mean concentrations,
C: and Cs, and for the fluctuations to solve this nonpremixed reaction problem.

First, we should examine the reaction closure term, R(¢1, ¢2) = Ap1de, for the binary reaction

problem. Using the series expansion framework for the multidimensional equations, we can write
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Figure 5.16: Flame speed and flame thickness DNS results compared to the scaling from equation

|5.3.12| and |5.3.10| for cases

7-10.
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Figure 5.17: Flame speed and flame thickness DNS results
|5.3.12| and |5.3.10| for cases 2, 8, 11, and 12.

compared to the scaling from equation
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the mean of this term as

18R » - 10°R -~ -~ 'R -~ -
G e i 75 G R L e 5.5.3
2002 1“1t 950 2t a0, 2 (5.5.3)

—AC, Cy + AC) - C, (5.5.4)

R(Ch C?) :R(a7 @) +

where 6{ and Cz are now vectors aligned with their corresponding mean scalar gradients and deriva-
tives are evaluated at the mean value of the coordinate of differentiation. We would to highlight
that the use of a vectorized fluctuation, as expected from chapter 3, allows for the use of . The

reaction terms for the fluctuating quantities will be

OR ~ OR 4 o -
90, Ci + 5, Ch = ACCL + ATIC, (5.5.5)

The set of four coupled equations for the mean and fluctuating quantities, now assuming a

one-dimensional setup as in chapters 3 and 4, is then given by

lﬁ * a?cj (€1trms C1) = D V*Cy — ACy Ca — AC1 Gy (5.5.6)
DD(’;{ + (;zj (trmsC1) = (D + D)V2Cf — O{fl — ACY Gy — ACLC) (5.5.7)
IZ)? * a?;j (€1trms Cg) = DmV*Ca — ACy Ca — AC1 Gy (5.5.8)
DDCE + a?cj (trmsC2) = (D + D°)V2Ch — Oéfl — AC| C; — AC1LCY, (5.5.9)

where we have assumed &; is the only tunable parameter. In principle, & could be tuned to yield

more optimal results, but we just naively manually choose & = 0.69.

If, instead of using a full two-mode expansion closure, a less complex implied-gradient diffusion

model is invoked for the fluctuating fields, the equations are simply
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Figure 5.18: Comparison of predictions of the mean scalar concentration for the transport equation
ROM and a gradient-diffusion-based ROM against the algebraic nonlocal ROM and DNS data for
C1 as originally presented in figure

J
0 _
/ [ —
£IC1 - 3xj (Turmscl) (5511)
D o (€tmsCh) = DTy — ATY T — ACIC} (5.5.12)
J
9 _
/ —_— e —
5102 - aﬁj (TurmsCQ) . (5513)

Now we can compare the model predictions from this to the nonlocal diffusion operator, the NL-
ROM of chapter 4, and the DNS values from chapter 3 for Case 1 from chapter 3, with Rey = 26,
Urms = 0.97, and D® = 0.98 [39] with A = 100 from Shende and Mani [60].

This comparison is shown in figure m The two-mode ROM has a full transport equation for
C!, while the gradient diffusion ROM uses the algebraic relationship for C{. A large portion of the
remaining gap between the ROM predictions and DNS results are closed by the the use of the two
transport equation models here, compared to the purely algebraic ROMs from chapters 3 and 4. In
particular, the gradient-diffusion-implied fluctuation model matches the DNS solution remarkably

well.

In short, we can recover something close to the optimal solution using the transport equation
approach; the use of three coefficients, (i.e., & ) as covered in the previous section, could improve
results even further. This does not require the matrix inversion or storage needed for the algebraic

non-local model.
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5.6 Future extensions

While we have introduced a fully featured reduced-order model for a class of reactive scalar problems,
there are many additional capabilities that need to be considered. With the cases that have already
been run, a relatively naive extension of the present work would be examining the budget equations
for the the scalar transport closure, W, and the reaction closure. For example, Veynante et al.
[148] did so for the compressible analogue of the scalar closure term and were able to identify the
underlying physics that contributed to the terms of their proposed model.

However, two less trivial extensions to this work would be the incorporation of compressibility
effects and the translation of Reynolds-averaged-type models to large-eddy simulation (LES) closure

models.

5.6.1 Incorporating variable-density effects

Thus far, we have neglected compressibility effects, which add an additional energy equation which
has to be coupled to the scalar field and velocity ﬁeldﬂ However, reacting flows in the field of
combustion require proper handling of compressibility effects because combustion, by definition,
requires accounting for energetic heat release [151, [152]. As such, applying the ROM in this chapter
to combustion would require some modifications to the model itself.

One commonly-used and relatively easy-to-implement method to account for variable density
effects is using Favre-averaged variables in place of Reynolds-averaged quantities [153]. To apply the
Favre average, we can write ¢ = ¢+ ¢” for a scalar field ¢, analogous to the Reynolds decomposition,

where

__pec
c==, (5.6.1)
D

applies the average to the field c. For a constant density flow, the Favre average is exactly equivalent
to the Reynolds average, while serving as a mass-weighted average when variable density effects are
present. Using Favre-averaging as a direct replacement assumes that compressibility can be easily
decoupled from the other physics of play. As such, the intent here is similar to that of the Morkovin
hypothesis, which has been used to apply incompressible flow models to low-Mach flows with some
compressibility effects |154].

The ROM equations would need modification for variable density flow. The DNS concentration

evolution equation for variable density flows would now start with

DpC 9 (pu;C) 0 (poaC

Dt or; O 3%.) — pACS(T), (5.6.2)

8 An equation of state would replace the Poisson equation used to solve for the hydrodynamic pressure.
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Figure 5.19: Propagation of a compressible flame from Towery et al. and O’Brien et al. ,
showing the plane-averaged normalized temperature and density. In the reactants, the temperature
is 0 and the density is 1, and vice versa in the products. The solid black line denotes the flame
position, while the dashed black line is the best linear fit to the flame position.

where p = f(T,C) to account for conservation of species and energy. Following equation (3.53) of

Pierce |155], this equation can be transformed to a Favre-averaged equation as

p ma

(purC) — ApCH(T), (5.6.3)

ot dr; Oz T Ox;

apC . opa,C 9 (bvaé> D
z;
where D,, may be a function of the progress variable/reactant state, C. We note that in these
setups, C' does not represent an explicit concentration, but one can replace this with a mass fraction
for each species, Y;, and similar closure problems will arise .
In the context of a progress-variable-type formulation, we now require closure for the two terms
on the right-hand side of the governing equation. Invoking the gradient diffusion hypothesis would

set

(5.6.4)

while a transport equation for C” can be written following the C’ template from equation
At the most naive level, this would involve replacing C with pC and C’ with pC”.

Testing this new ROM, however, requires a database of turbulent combustion, and so ongoing
work is to use the proposed model to compare against on a subset of the averaged simulation data
from O’Brien et al. and Towery et al. . This data describes a premixed combustion setup in
a geometry extremely similar to the setup in this chapter. Plane-averaged normalized temperature
and density are visualized in figure[5.19] showing that the flame freely propagates in the X-direction.
The chemistry is roughly analogous to a hydrogen-air flame with a one-step chemistry source term

similar to the one used in this work and in terms of a single, scalar progress variable. While some
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preliminary work has started on analyzing this data, it remains a work in progress.

5.6.2 Towards LES modeling

One of the goals of the vector C] formulation was to handle cases where the averaging has finite
support. In this light, a natural step is moving towards a sub-grid scale model, as we can think of
the Reynolds average analogous to a local filter over a nominal cell domain in LES, with a filter size,
A, on the order of the grid size, A. For such a sub-grid model to account for variable-density effects,
the filtering can be weighted by the local density of the fluid, much as the Favre average modifies
Reynolds averaging.

As such, the LES variables are decomposed as ¢ = ¢ + ¢, where ¢ is now the filtered variable
value, as opposed to the Reynolds-averaged value. Using this terminology, the governing equation
for the mean LES concentration field with constant density, where we can neglect molecular effects
because of scale separation, is

%—f ag;ic - _a% (w,C — wC) — ACF(T), (5.6.5)

and the right-hand side of this equation represents the sub-grid scale transport and reaction closure

terms. A standard procedure is to write the transport closure more compactly as u.C’ = u;C —u;C
to mimics Reynolds-averaged closure of u,C".
If we again invoke the vector form for the fluctuations, we can write equations for C' and C/'

separately as

DC 9 (unl))

- _ = P = +
- e s AF (5.6.6)
and
DC! 9 (uaC) B 0. 02C! Ci&1&o -
o + & e (&D )8%8% T AF~, (5.6.7)

using the material derivative to compactly represent the resolved advection.

Note that there are modifications from the RANS-type model: for example, D° would now
represent a sub-grid eddy diffusivity, DA ~ Aua. This measurement has been carried out using
using MFM by Shirian [117]. The typs in equationis replaced by a sub-grid velocity scale, ua,
which might need to be vectorized to account for anisotropy at the grid scale in practical simulations.
These translations are not unprecedented; for example, previous RANS-type models for the scalar
transport closure have shown some predictive utility when translated to the LES context [156}|157].

To incorporate variable density effects, we would again move to a Favre decomposition, which
is still defined as ¢ = ¢ + ¢, where pp = p¢. Using this notation, the governing equation for the

mean LES concentration field with variable density effects, where we continue to neglect molecular
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effects, is

—_~—

7 (6:C —@C))) — ApCf(T), (5.6.8)

opC | opaC _ 0 (

ot ox; ox;
and the standard procedure is to write the transport closure more compactly as u/;’\C_'7 = Jl\é — ﬁlé ,
which mimics the RANS-type closure of this chapter of w

Making the ROM suitable for use in LES could lead to a ROM with some advantages over current
methods, such as the thickened flame approach [158 [159]. In this approach, a reaction front that is
much thinner than an LES cell — or filter — width is artificially thickened such that it smears over a
larger support. This is accomplished by dividing the pre-exponential factor, A, and multiplying the
mass and thermal diffusivities by the same factor to maintain constant Sy values. While the value
of this modification has been extended to work in a dynamical model and implemented in high-
performance solvers [160], [161], it still requires some tuning. Any flame thickening approach would
distort the physics somewhat, as it always enforces ha > A for the LES reaction zone thickness,
even when there should be smaller-scale interactions. [162]

To determine where the proposed ROM might outperform a flame thickening approach, we can
formulate a regime diagram similar to that proposed by Pitsch [94] with axes of A/hp against
un /Sr, where ua is the sub-grid scale velocity, defined in terms of the sub-grid energy content. We
can formulate an expression for ha by first returning to the formula for hp. By replacing | by A as
a descriptive lengthscale, while also replacing ;s with an SGS value of ua defined by (EA)l/ 3, we
can use quantities known in LES. In this case, € is the LES filtered subgrid TKE dissipation rate.

In a scaling sense,

hA ~ \/ADeff = \/AAUA, (5.6.9)

while the turbulent temperature diffusivity, a.ss would be used in lieu of D.¢s for the case where
thermal transport drives the flame thickness. We can, however, directly adapt equation [5.3.14] and
make use of these substitutions to see that the use of the flame thickening approach, for example,

would be unneeded to augment the flame when ha > A.

5.7 Conclusions

In this chapter, we developed and tested a nonlocal transport equation for a simplified reaction
system. To do so, we started from a two-dimensional sandbox problem to develop a reduced-order
model to capture the complexity of the problem. By extending this to three dimensions, we developed
a consistent way to account for nonlocality for the transport and reaction closures. We also swept
a regime diagram for premixed reactions by modulating the chemical properties while keeping the

flow fixed, which is relatively novel.
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One of the surprises has been that a purely local model that ignores both nonlocality and the
diminution of the eddy diffusivity because of reaction — an effect first noted by Corrsin [44] — still
performs well. There are two hypotheses for this: first, that the solution might be insensitive
to relatively small variations in C’. The second possibility could be that a portion of the reaction
correction cancels with nonlocal effects. Regardless of the use of gradient diffusion or a more nonlocal
model form for the transport closure, we developed a fluctuation form that provides consistent
reaction and transport closures. This ROM provides compatible formulations for premixed and
nonpremixed setups and generalizes to multidimensional domains as well.

We were able to use this ROM to revisit the work in chapter 3 and 4 and offered some level
of improvement of model prediction, before finishing this chapter with possible extensions to the

infinite Reynolds number and compressible regimes that are not directly studied in this chapter.



Chapter 6

Conclusions

In this final chapter, the chief takeaways from each of the constituent chapters will be reviewed and
we will provide some overview of the thesis as a whole, before ending with currently proceeding

work, prospects for future exploration, and avenues of improvement.

6.1 Overview

The goal of this dissertation was to work towards a unified framework for the modeling of reactive
scalars in turbulent flows. To find potential model forms for the closure terms necessary to model
such flows in a reduced-order way, we started with the definition of a local eddy diffusivity. This
motivated the study of how multiphysics affected the evolution of scalar fields in an incompressible
fluid medium in the one-way coupled limit.

In Chapter 2, we first looked at scalars fields driven by a body force, such as bubbles or small
sedimenting particles in dilute concentrations. In the presence of turbulent flows, we modeled these
particles as a scalar concentration field that does not add any sources to the carrier fluid momentum
equation. To find the aggregate transport properties of these scalar field, we found that the eddy
diffusivity needed to be determined. Using the Macroscopic Forcing Method (MFM), we were able to
formulate a linear equation for the scalar field that allowed the determination of the local, isotropic,
0*'-order moment of the underlying eddy diffusivity operator. Based on asymptotic arguments,
we hypothesized that the drift velocity would reduce the turbulent dispersion of the scalar via a
diminution of the eddy diffusivity. Using this intuition, we proposed and validated a model for
this decay and used MFM data to assess parameter values. In particular, we found different values
for model exponent parameters compared to previous work, and due to the increased certainty in
MFM measurements, we are able to calculate these efficiently across a range of drift velocities and
Reynolds numbers. The proposed model offers some improvement to previous models in describing

other computational and experimental data. Using more asymptotic thinking, we are able to also
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show that the model satisfies theoretical constraints for transverse and axial direction values and

show the model form is independent of Reynolds number.

In Chapter 3, we used the lessons learned from the previous chapter as a premise to develop
an algebraic closure model for the reaction and transport closures for a system of binary reacting
scalars. Using insight from the work Corrsin [44] and a sandbox problem inspired by the classic work
of Taylor [96], we developed a transport closure for a single reacting scalar. This allowed extension
to the system of two scalars, for which we were able to write all of the relevant closure terms in terms
of a modified gradient diffusion model, and then compared the results to two- and three-dimensional
direct numerical simulations. While the model improved the prediction of some mean quantities
compared to traditional results, especially by offering a unified reaction and transport closure, it
seemed that a locally reaction-aware diffusivity did not significantly outperform a standard local

measure of eddy diffusivity.

In Chapter 4, to close the gap between the DNS and the algebraic closure expression, we wanted
to extend the local model by incorporating a simple algebraic non-local one, after examining sources
of mismatch between the two. Inspired by the form found in Shirian and Mani [39] for a nonlocal
turbulent eddy diffusivity operator, we developed a two-equation algebraic Reynolds-averaged model
for the scalar transport and reaction closures for the binary reaction setup. In the process, we were
able to isolate a non-local measure of the flow timescale as well. The matrix inversion problem
inherent in this model did not yield sufficiently better results than the local model for the increase
in cost. However, we were able to provide a systematic framework for the incorporation of nonlocality

for a general source or sink term.

In Chapter 5, we continued examining reacting flows, but now considered premixed reacting flows.
As these flows generally consist of propagating waves, a natural framework for both incorporating
nonlocality and a reaction-sensitive eddy diffusivity was the use of a transport equation. Starting
with a parallel flow problem, we developed the use of a two-mode expansion to examine nonlinear
reaction terms before moving to fully controlled and characterized homogeneous isotropic turbulence.
Generalizing to an exponential reaction term, we proposed a nonlinear reaction closure which showed
favorable results. The developed formalism creates a fluctuation form that can imply pure gradient-
diffusion-type scalar transport closure or a more complex incorporation of counter-gradient effects.
This naturally recovers the nonlocality form of chapter 4 and can improve on the results of chapter
3 for the nonpremixed setup. The use of a vector fluctuation form which, which naturally allows for
extension of the unified framework to multiple dimensions, allowed for the prediction of DNS results.
Ultimately, we were able to compare these results to those expected by theory for the reaction front
speed and the reaction front thickness and developed an algebraic model for prediction of a reaction

front speed using turbulent flow parameters.
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6.2 Future work

It is important to note here that there is still much work to be done to fully understand the role of
reactive scalar and fluid interactions.

In the case of particles with drift, further extensions could look at providing subgrid-scale closures
in the large-eddy simulation context; a framework for using the model proposed by Csanady [45] in
the context of droplet dispersion in an LES of a turbulent jet was given by Aiyer and Meneveau [163],
and consists of modifying the turbulent Schmidt number. A similar extension might be incorporating
models for the drift velocity as a function of fluid properties, as in Berk and Coletti [164], directly in
the model. A final extension could be the use of MFM on Lagrangian particles themselves to model
finite Stokes number effects.

Reactive scalars, by the definition we have used in this work, can cause changes in the local fluid
density via heat release or by displacing the local fluid parcels, which requires the fluid medium to
be compressible. Examining multi-species reactions, with finite-rate chemistry or a formal thermo-
dynamic lookup procedure, would be necessarily to generalize the ROM for reacting flow systems.
At that stage, these ROM explorations could even be extended to phase field systems for multiphase
flow that have reaction-like terms, such as the Allen-Cahn equations [165].

As mentioned in chapter 5, in the case of combustion, the simplest necessary extension would
be looking at how eddy diffusivity is modified in quasi-compressible problems, such as in the limit
where the Boussinesq approximation is valid and density is allowed to vary. In this limit, it would be
possible to consider lean flames with buoyancy effects [128] that allow examination of an additional
nonlinearity in the problem, or to examine real systems with relatively low heat release, as studied
by Li and Bilger [109] and Mungal and Dimotakis [111]. In particular, Yi [166] showed how MFM
could be extended to study a variable density flow in this low-density variation context to measure
an eddy diffusivity.

A second way of incorporating variable density work more generally is similar to the treatment in
Lavacot et al. [40], where the density in a two-fluid setup is constant in each of the pure fluids, but is
linearly weighted to the mass fractions when there is mixing. This would be relevant for extremely
fast reactions, where there are relatively immiscible fluids. In Shende et al. [167], a simplified setup,
analogous to the canonical domain used for the premixed reaction work in this thesis, is presented
and might be useful for testing, study, and applications of this framework.

The final other point of improvement would be working to model the fluid equations too as we
couple them to the scalar ones. While not work covered in this dissertation, much of the work in
this thesis helped with Homan et al. [5], in which RANS modeling for the fluid momentum equation

is performed, and might help with future work as well.
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Appendix A

More details on scalars with

relative drift

In this appendix, we include some additional points that are relevant to the study of scalar fields

with drift from Chapter 2, such as calculation of L;; and the effects of choosing to perform our

simulations in a periodic box.

A.1 Calculation of the length scale

Assuming finite box size Lpo,, equation can be written as:

1 Lbom/2
Ly =5 / (u1 (w1, w2, 3,t) ur(v1 + 1,72, 73, 1)) dr.
2urms —Lpoz /2
Lyox — Liow ;. 2
L= (uy (w1, w2, 23, )UT™) = ((ur™)7),
2VU/%’!?"LS QU%ms
where "¢ denotes an average over x;. Loy and L33 are then:
Lbox . 2 Lbox . 2
Loy = 2 Lan = T3
2=55 ((@™)%), 3= 5.5 ((@™®)%)

ms ms

A.2 Examination of box-size effects

(A.1.1)

(A.1.2)

Increasing box size is largely equivalent to forcing the velocity field at larger wavenumbers for a fixed

Loz, but without the penalty of reduced turbulence intensity and Reynolds number. To verify that

box size effects do not affect our model fitting, we modify the criterion proposed by [168] to quantify

box size convergence for particle statistics. This is equivalent to the metric used within the main
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body of this work, but we apply it now in the study of Eulerian fields. In the notation used in this

work, finite box size effects become significant when

wy > Lbow Urms N Uq > Lbo:v
d ~ ~ N
Lk Urms 2 Lll

(A.2.1)

Amongst all cases considered in this work, L1; is the largest, and therefore the metric the most
restrictive, for the Rey = 14.4 case, for which drift velocity must be less than ~ 5 w,,,s. Indeed, in
Figure for ug ~ 5 urms, that there is some saturation of the diffusivity. We can estimate the
asymptotic diffusivity value at such high drift velocities in a finite domain by evaluating the model
at Uinite & Lpos /Tk. For such cases, increasing Ly from 27 to 47 and 87 improved results, as the
criterion of equation doubles and quadruples.

Effectively discriminating a value of a7 in equation however, needs reliable results for at

least

Ud

>1 td > Ui (A.2.2)

11 Urms Urms

leading to the choice of

Lpos uy uy
S i 11

— Lpox > 2 L1
2 Lll Urms o Urms

(A.2.3)

Again, this criterion is most restrictive for the Rey = 14.4 case in a 27% box, for which the
right-hand side ~ %Tﬂ' Assuming < implies at least a x3 difference, this means periodic box effects
should not be a significant source of error in fitting the model. The largest drift velocities for each
Re) value in figure however, do clearly show signs of this periodic box size effects and data
collapse requires larger boxes at high drift velocities.

As a final note, Ireland et al. |[168] also examine higher-order particle statistics as a function of
Stokes number; for the regime of negligible to low Stokes number we study here, Appendix A of that
work suggests the influence of errors from periodic box calculations should be low for the studies we

compare to in Figure [2.6]

A.3 Optimality of the choice of the exponent

We wish to examine the optimality of ay1. For ug << tpms, equation 14 from [46] gives the upper

limit for the diffusivity as

0 4 4
Dh_ g2 (0.8”;‘) ~1-0.08 ( Ud ) . (A.3.1)

0 *
D Uyy Uyy

The Maclaurin series of equation [2.2.§]is
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Do 1 11 1 2011 a1
Sl — (ud) pout ( td ) +0 ( td > : (A3.2)
D @11 \ U1y 201 \up U1y

The optimal choice of ay; for equation that matches the leading-order polynomial power
of equation and guarantees realizability is a1; = 4.
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Appendix B

More details on binary reactant

dispersion

In this appendix, we include some additional supplementary material for the binary reactant problem

covered in Chapter 3.

B.1 Examining higher-order nonlinear effects for the local
ROM

We want to ascertain the leading-order correction correction to the laminar flow-based ROM to
examine whether this can provide better performance for the fully turbulent setting. First, we must
define the form of the new solution fields. This new correction will have the form of F;(z)g(y). Here,
g(y) is some function that will be determine by the problem, but we will see that it is a harmonic
function.

Then, our variables are:

¢ = fisin(ky) + Fi(2)g(y)
¢y = fasin(ky) + Fa(2)g(y) (B.1.1)
u = Uy sin(ky)

The governing equation for ¢} (z,y) in steady state, given as Equation 8 in the main thesis body
there, is
olw'd)  ,0c

or " or

02}
m 8y2

=D — Acycy — Acyd) + A(ci ). (B.1.2)
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Let us examine just the fluctuation of fluctuation terms:

(u'ch) =y —u'c] = Uy frsin®(ky) + UgFig(y) sin(ky) — Uo f1/2

(chch) = fufasin®(ky) + fiFag(y) sin(ky) + foFig(y) sin(ky) + FiFag®(y) — fif2/2 — FiFy /2.

In the original analysis for fi; and fs, we neglected these terms altogether. Now, however, we
wish to examine the leading order effects of these expressions, which will give us a correction to fi
and fz. To find this correction, we will neglect terms for the fluctuations of the fluctuations that

involve Fi or F5. This means we can approximate the fluctuation of fluctuations as:

(u'ch) = Up f1sin®(ky) — Uo f1/2
(cich) = fifasin®(ky) — f1f2/2. (B.1.3)
We can now write the equation for Fj as

%g(y)
Oy?

—AciFag(y)— AcaFig(y)+ A (f1f2sin® (ky) — f1f2/2) -
(B.1.4)

% (Uof1 sinz(ky) — U0f1/2) = DmFl

From here, we see that we need g(y) = sin?(ky) — 1 = cos(2ky). Note the correction g(y) is

orthogonal to sin(ky) on the domain.

Now, we can write an expression for F}
0
— 5 (Uof1/2) + A(f1f2/2) = —4k> D, Fy — AciFy — AG Y, (B.1.5)
and a corresponding expression for Fj is
0
—a (Uof2/2) + A(fif2)2) = —4k*D,, Fy — AciFy — AGF). (B.1.6)

In the high Dahmkéhler limit, where the flow time scale is far slower than the reaction time scale,
the advection term is relatively unimportant when compared to the reaction source term, and so it
does not contribute significantly to the left-hand side forcing function. This allows us to write an

asymptotically valid set of equations for the corrections,

4k D, Fy + Ai Fy + AGFy = — A (f1£2/2)

4k D, Fy + AT Fy + AG ) = —A(f1f2/2), (B.1.7)
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Figure B.1: Reaction Source Term with closure for the laminar case

which can be solved to find that

Af1f2/2

F =Fy = — .
YT U 4k2D,, + Acr + A

(B.1.8)

Now, returning to our previous definitions of turbulent quantities,as given in Section II.A., we

set fifa/2 = (u/'c})(u'ch)/u2,,,, so adopting this notation gives us

At u'cju’cl
4+ Arter + Atey u?

™ms

o =F =

(B.1.9)

Why do we choose this paramterization? By construction, u/c} is unaffected by this procedure,
as the new correction is orthogonal to sin(ky), and we have already determined the scalar advection
closure. This means calculating the correction is trivial in a full RANS solver. So, the only affected

closure is the reaction closure, which now can be written as

2

— u!cju’ el At 2 (W

Adicdy = A—1—2 +A( — ) 2] . (B.1.10)
2 s 4+ Ater + Arcy V2u2,

We can see the results for the laminar case shown in Figure 4 of the main text, shown in Figure

here. Nonlinear effects do not significantly alter the closure term, but the correction drives the

predicted closure term closer to the DNS results.

We can also extend these results for the turbulent case shown in Figure 6 of the main text,



126 APPENDIX B. MORE DETAILS ON BINARY REACTANT DISPERSION
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Figure B.2: Reaction Source Term with closure for Case 1

as seen in Figure here. In short, a correction that adds in further nonlinear effects does not
significantly alter the closure term or and only slightly worsens the ROM predictions compared to
the DNS results.

Therefore, we conclude that higher-order nonlinearity is not the primary remaining source of
error. Instead, as discussed in Section IV of the main chapter, we attribute the remaining error of

the ROM to the lack of incorporation of nonlocality.

B.2 Note about unsteadiness

For the parallel flow problem, if flow is unsteady, such that U(x,y,t) = Uysin(ky) cos(wt), it
would now be necessary to consider an expansion of the concentrations as Cj(x,y,t) = C;(z) +
fi(x) sin(ky) cos(wt). This leads to models that are similar in form to those proposed in this work,
but with the effective eddy diffusivity now affected by the frequency w as well.

In this case, we would expect that diffusivity is reduced at higher flow forcing frequencies, but
is not significantly enhanced at lower frequencies, based on the comparison of 1/w and a diffusive
timescale. This behavior is not accounted for in the ROM, and may explain some of the mismatch
between the model and the DNS results.



Appendix C

More details on the TKE controller

In this appendix, we consider some additional aspects of the TKE controller that were not thus far
included in the body of this dissertation, including how to optimally select a gain value for the TKE
controller used in |5 [42]. In addition, while those works use a TKE controller building off of the
work of [73], we want to find an a priori estimate of the tracking and disturbance rejection errors,

which has not been covered.

C.1 Proportional TKE control

For the problem of homogeneous turbulence in a triply periodic box, we would like to find an estimate
for the steady state error (SSE) by looking at tracking error (TE) and disturbance rejection error
(DE). In this thesis and in the related manuscripts, we are interested in maintaining a specified TKE
value, T', which is largely determined by the largest scales of the box, or the integral scales. This
controller maintains a constant energy level, as opposed to a constant energy injection rate. The
former forces the Reynolds stresses (the TKE) to quickly asymptote to specified values, while the
latter would more directly impact the turbulent energy production term.

The proportional closed-loop control method we are interested in looking at is a linear forcing
applied to an incompressible velocity field, u;, such that we can write the governing momentum
equation as

Ou; — Ouu; 0%u; _10p

ot &vz Va$j8$j - ;Bxl

+ A(t)is, (C.11)

with the filtered field, u;, being the controllable portion of the system. In this case, we consider the
entire right-hand-side to be a forcing acting on the velocity field operator.
The filtered field is created by applying a high-pass filter to the velocity field with cutoff wavenum-

ber of k.. Drawing heavily on the work of Bassenne et al. [73], we can write this controller value
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exactly as

A(e) = () = K (Trey = 0.5ww) ©.12)

UiUyg

where €(t) is the measured TKE dissipation. This form allows us to set the TKE value via T}y and
the large-eddy length scale through k.. Specifically, to avoid sharp features in physical or spectral

space, we use a smooth transition filter of

k<k.—1 0
Gk)=qke—1<k<k. —1(1+cos2n(k—k.))) (C.1.3)
k> k. 1.

Note that G(k) is formulated for the roll-off to take place over one wavenumber, and the form of
G(k) means that given an incompressible u;, 4; will also be divergence-free. This gives acceptable
results, as was used in [, 42] with T,.; = 1.5.

When the system is controlled, we can substitute equation into the governing momentum
equations and find the equation governing the TKE. That equation simplifies to

dr
where w(t) is an error term that would be exactly zero if there were no discretization or other
numerical errors in the system. The tracking error will be zero only at infinite time, as the exponential
relaxation takes infinite time to come to zero. This form makes it clear that the controller is purely

a proportional one with gain K and motivates using linear control theory.

C.2 Error determinations

To have a back-of-the-envelope estimate of the magnitude of the error that might results from
w(t) # 0, we can consider the framework of proportional control of a liner system by referencing the
so-called “gang of four” transfer functions [169, [170].

With controller gain given by K, we can define the tracking error of the system at infinite time
or zero-frequency (t — oo or s — 0). When a linear system is given a unit step function signal to
track, this error is given by the sensitivity function, so that

1

where P(s) is the plant (system to be controlled) response in the frequency space and s is the

frequency.
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To find the corresponding estimate of error to a step function disturbance signal, we can define

the load sensitivity function as

DE = lim )

LS ot (C.2.2)

to give us the disturbance rejection character.
Now, we only need to determine P(s). To start, the TKE dynamics of the HIT system in
wavenumber space, absent forcing, are given by
d

S B (k) dk = /—QVkZE(k)dk, (C.2.3)

where E(k) is the energy content at wavenumber k. This system describes decaying homogeneous
isotropic turbulence and the most important scale of the turbulence in this case, which therefore
sets the dynamics in the t — oo, s — 0 limit, will be for k = k., where k. corresponds to the largest
energetic scale of the flow. For standard linear forcing, k. = 0, but with a filtered forcing, this is
not true, and it is also not the case for a general energy spectrum (e.g., the von-Kérman-Pao energy
spectrum).

We know that the large scales of a flow are the last to disappear, and so we make a gross
approximation and assume that the primary governing time dynamics are that of the TKE at scale

k. such that T' ~ E(k.), allowing us to write
T _ vk (C.2.4)

as our linear system. This equation is exact when k. is the only flow scale and is our estimate for
the TKE system when a broadband spectrum exists.

Then, using the Laplace transform, we can write the plant representation at k. as

1
s+ 2vk2’

P(s) = (C.2.5)

Note that this representation of the plant implies there is no overshoot, but that assumes that
the plant starts at rest, not from an initial condition as HIT would be. Then we can use the constant

K controller gain value set by the user to write

1 2wk?
TE = lim - . K (C.2.6)
and
s+211/k2 1
DE = lim - ?gikg T WA K (C-2.7)
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Which of these equations is most appropriate to estimate the SSE of this problem? From the
extremely simplified nature of the plant representation, it is not necessarily clear which applies, so
we will use both metrics. In high Re problems, however, we expect k. =~ O(3) and v << 1, and so
expect TE < DE.

For either choice of metric, however, it may be tempting to set the controller gain, K, as large as
possible to drive either of the errors to zero. However, we note that the gain has physical significance

as the timescale of TKE relaxation, which constrains

05k (9)" (C.2.8)

where At is the temporal resolution of the solver and ¢ is the TKE dissipation rate.

The upper limit is set by the Nyquist frequency of the solver timestep. E| The lower limit is
the inverse of the Kolmogorov timescale and we do not want a controller to operate faster than the
solver timestep, as that would add stiffness to the momentum equation solve and add cost, and we

do not want it to act slower than the flow, as that would render control difficult.

C.3 Gain selection

In practice, we would not know € before running a simulation, so it would be ideal to find a way to
set the gain and estimate the resulting errors in an a priori manner.

Using work like |76l [84], we can estimate the dissipation rate as

8 Cuke (2 3/2
7— (3Tref) ~ 0.05k, (Tpes)*'? | (C.3.1)

where [, is the physical length scale of the largest eddy permitted by the filter with cutoff k.. This

now means that we require

1/2
0.5 0.05ke (Tyes)*?

This inequality gives an estimate of the range of gains that are acceptable for a minimum grid
spacing of A, as A figures into the largest usable timestep, At. From those values, therefore, the
magnitude of the errors that may be incurred can be estimated using the results in the previous
section.

In table[C.1] some example calculations are shown to illustrate the role of gain choice on potential
steady state error in reference tracking and disturbance rejection. Note that the higher K value

corresponds to the lower of the error values. In all cases, increasing the gain minimized the potentially

n this work, this is set by the diffusion operator in the momentum equation using an explicit fourth-order Runge-
Kutta time integration scheme.
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incurrable errors in the controller. In practice, then, it is best to pick the largest gain so that the
controller error is less than the error from the spatial and temporal discretization choices. Indeed,

in [5} |42], the true deviation in the TKE value was observed to be << 1%.

v = 0.0025 v = 0.025 v =0.25
At = 0.001 At =0.01 At =0.01
Upper K 500 50 50
Lower K 8.572 2.711 0.857
Lower TE 0.004 0.398 3.846
Upper TE 0.233 6.871 69.998
Lower DFE 0.200 1.992 1.923
Upper DE 11.638 34.355 34.999

Table C.1: Example calculations for the tracking and disturbance rejection errors assuming k. = 2,
Trey =1.5,and A = %—Z. Errors are given as percentages.
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