






Abstract

Abstract

Early attempts to parameterize turbulent mixing in a stably stratified fluid, a prerequisite for accu-

rate global-scale numerical simulations of atmosphere-ocean dynamics, were met with optimism due

to the organizing influence of the restoring buoyancy force on turbulent motions. It has long since

been recognized that rather than clarifying the complicated picture presented by turbulent flows,

stable stratification adds new complexities, which in part, is manifested by the increased number

of nondimensional parameters governing the physics. Further complicating the picture is the real-

ization that these “independent” parameters are in fact often correlated and possibly dependent on

each other. The present dissertation seeks to contribute to the broader understanding of stratified

turbulence by probing high fidelity numerical simulations of idealized problems, isolating specific

processes present in geophysical systems.

We first investigate the problem of shear-free turbulent entrainment and mixing at a stable density

interface. While ubiquitous in geophysical systems, background shear introduces an additional

parameter, and so it is natural to begin with the “simpler” shear-free problem. The simulations

are reminiscent of oscillating grid turbulence (OGT) experiments popular in the latter half of the

twentieth century. The hallmark feature of (statistically stationary) OGT is self-similarity of the

turbulence velocity and length scale. Intuitively, the presence of a stable density interface disrupts

the self-similarity, but we find that a simple re-scaling based on a local coordinate defined in terms

of a turbulent Froude number locally collapses the data, defining a new (local) self-similar region.

The presence of internal gravity waves trapped at the density interface makes a detailed analysis

of turbulence dynamics near the interface challenging. We introduce length and velocity scale defini-

tions based on a cuto↵ Froude number of order unity with which the turbulence can be characterized

throughout the simulation domain (even in regions of significant wave motion). We discover that

as the density interface is approached the buoyancy Reynolds number Reb scales with the turbulent

Froude number Frt to the ten-thirds power suggesting the formal limit required by the strongly-

stratified turbulence theory (i.e., Frt ⌧ 1 and Reb � 1) is inaccessible to such systems. It is an

open question whether such a regime is accessible in other systems, but apparently (and perhaps
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intuitively), externally forced turbulent di↵usion is fundamentally ill-suited to access such regimes.

To analyze interfacial turbulence dynamics, beyond a gross velocity and length scale character-

ization, a detailed accounting of wave-motions and turbulent fluctuations must be obtained. We

propose a wave-turbulence decomposition based on the linearized equations which allows us to

cleanly separate interfacial sloshing motions and turbulence. The linear equations yield two sets

of inter-dependent orthogonal functions and we find that both are required to define a physically

and mathematically consistent projection procedure. Once defined, we evaluate the procedure based

on its correspondence to the underlying assumptions of scale-separation and linearity. A detailed

accounting of the wave and turbulence energetics is conducted followed by analysis of the turbulence

variance budgets.

Finally, in an attempt to draw more obvious connections to the real world, we systematically

introduce background shear to our forced simulations bringing together the concepts of “external”

and “internal” sources of turbulent mixing introduced by Turner [151]. We systematically move from

the shear-free limit to shear-dominated. The shear-dominated regime shares many similarities to

canonical stratified shear layers, whereas the intermediate regime has not been explored previously.
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Chapter 1

Introduction

Buoyancy e↵ects play a significant role in flow evolution in a wide range of scientific and engineering

disciplines. Underwater vehicles operating in a strongly and stably stratified environment generate

turbulent wakes which eventually collapse due to the restoring buoyancy force resulting in long-

lasting quasi-two-dimensional motions which are visible at very late times. The existence of such

persistent flow structures can be leveraged for early warning and detection [15]. The interior of stars

contain regions of stable stratification which support propagating internal gravity waves, excited by

turbulent perturbations, which can lead to enhanced di↵usion [136]. The existence of propagating

internal gravity waves has important ramifications in the ocean interior and the upper atmosphere

where it is believed that such waves result in patches of turbulence due to internal wave breaking

and local shear instabilities. This intermittent turbulence due to internal wave dynamics is believed

to play an important role in the overall energy budget of the global circulation [38]. The stability

characteristics of the atmospheric boundary layer (ABL) have significant implications for the ability

of wind farms to extract energy from the ABL [57]. Fresh water rivers discharging into the salty

ocean carry land-based nutrients and pollutants alike into the ecologically sensitive near-shore ocean

waters. The complicated interplay between shear-induced mixing and stable stratification are key

to mediating the ecological impact due to such plumes [56]. In the evening, the ground typically

cools much more rapidly than the upper atmosphere creating a stable stratification. In populated

regions surrounded by high terrain, this stable stratification prevents the ventilation of pollutants

to the upper atmosphere which can have deleterious health impacts on the local population such as

in the Sichuan Basin in Southwest China [58].

1.1 Model problems

In an attempt to isolate particular physical processes present in the aforementioned examples, a

number of idealized problems have been studied over the years, in both experiments and numerical

1
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(a) Schematic of a submarine and the various
flow structures that result from its propulsion
through the stably stratified upper ocean. Fig-
ure adapted from [15].

(b) Flow schematic of a freshwater river plume
into salty coastal waters. Figure adapted from
[56].

(c) Day and nighttime physical processes at play which re-
sult in high levels of Ozone pollution in the Sichuan Basin.
Figure adapted from [58].

Figure 1.1: Introductory examples of the diverse applications where stable stratification and turbu-
lence interact.

simulations. These include globally forced (or decaying) spatially homogeneous stratified turbulence

simulations (with or without uniform background shear) [138, 91, 21, 68, 53, 129, 99], grid turbulence

in a uniform background stratification [140, 112, 145, 65], grid turbulence in the presence of uniform

shear and stratification [121, 147, 73, 130], turbulent wake in a background stratification [82, 142,

13, 171], and stratified free shear layers [16, 156, 134, 95, 96, 97]. Many other model problems have

been proposed and studied over the years as well (e.g., the evolution of columnar vortices pioneered

by Billant & Chomaz [5]). In each case, an attempt is made to isolate one or more specific physical

processes believed to be important in real world flows with the hope that something general may

be said about such flows or that a fundamental insight can be gained which is otherwise obscured

when many processes are in play.

Central to many of these studies is the question of how turbulence acts to mix the stratifying

scalar. To be specific, mixing is a molecular process proportional to the local scalar gradient.

Turbulence acts to accelerate this process by stirring the fluid which locally sharpens the gradients.

However, stirring of a stably stratified fluid is complicated by the fact that buoyancy acts to resist
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vertical motions and so the turbulence must work against this restoring force. The quantification

of turbulence-enhanced mixing is therefore intimately tied up with energy conversion: mixing a

stratifying agent results in an increase in the potential energy of the system at the expense of the

kinetic energy of the turbulence [85].

One of the simplest flows that can be envisaged to try and shed light on the underlying physical

mechanisms in stratified turbulence is one where the background stratification (and possibly mean

shear) is uniform and the statistics are spatially homogeneous. Such a system is easily constructed in

a numerical experiment and so there is a long history of such simulations. Shih et al. [138] conducted

a direct numerical simulation (DNS) (i.e., the full range of continuum scales were simulated) of

homogeneous stratified shear flow. They found that the mixing e�ciency scaled with the buoyancy

Reynolds number Reb = ✏/⌫N
2 to the minus one-half power, where ✏ is the viscous dissipation rate

of turbulent kinetic energy (TKE), ⌫ is the (molecular) kinematic viscosity, N
2 = �g@z⇢/⇢r is the

square of the buoyancy frequency, g is the gravitational acceleration, ⇢r is the reference density of

the fluid, and @z⇢ is the vertical gradient of the background density. This influential study suggested

that mixing in stably stratified turbulent flows may be simply parameterized in terms of a single

parameter: the buoyancy Reynolds number.

Support for such a parameterization came from field measurements by Davis & Monismith [27]

of the turbulent bottom boundary layer on the outer southeast Florida shelf. A Re�1/2
b dependence

for the mixing e�ciency was also observed in ABL measurements by Lozovatsky & Fernando [89]

although the power-law region did not begin until Reb & 104, two orders of magnitude larger than

that observed in [138, 27], suggesting that more parameters are in play. The discrepancy in the

range of Reb for which a simple power-law dependence of the mixing e�ciency existed was pointed

out by Ma�oli et al. [91]. They argued, based on a scaling analysis of the governing equations,

that the mixing e�ciency parameterized in terms of a turbulent Froude number reconciled the

aforementioned observations and that the buoyancy Reynolds number should not play a dynamical

role at all. They then provided further support for such a parameterization by running a series of

DNS of triply periodic, globally forced (and shear-free) stably stratified turbulence.

Mater & Venayagamoorthy [100] collated data from a wide array of idealized experiments and

simulations including triply periodic DNS with and without uniform background shear, decaying

grid turbulence in the presence of a uniform stratification (with and without a uniform background

shear), and stratified channel flow data. They argued for a multi-parameter approach to character-

izing turbulent mixing in stably stratified flows and showed that the data from these wide-ranging

studies were reasonably described by such a framework. While these previous studies are helpful in

understanding stratified turbulence dynamics, they are characterized by a set of global parameters

(owing to the statistical homogeneity). Such a characterization is then assumed to apply to a lo-

calized region in geophysical turbulent flows, implying quasi-homogeneity and/or stationarity. The
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validity of such an assumption applying to the majority of turbulent events in the ocean and atmo-

sphere is questionable and it is an open question how such idealized problems at laboratory scale

extrapolate to geophysical scales [48]. It begs the question whether the scaling results of globally

homogeneous problems are applicable in a spatially evolving flow.

An arguably more realistic model problem is that of stratified free shear layers which appear to

be a reasonable ansatz of turbulent events in the ocean interior [16, 17]. In experiments, such a flow

is either generated via a mean flow over a splitter plate where the plate separates light fluid above

from heavy fluid below as in the experiment of [77]. An alternative experimental setup is that of the

stratified inclined duct (SID) where gravity drives a mean flow through a narrow duct connecting

reservoirs of fluids of di↵erent densities [79, 80]. Both experiments are statistically stationary, but

only the latter is (approximately) homogeneous in the streamwise direction. Numerically, the shear

layer is typically studied in time and is homogeneous in the stream- and spanwise directions [16].

The temporal shear layer is a more natural analogue to the physical picture of isolated mixing events

in the ocean interior where a shear instability forms and a turbulent patch results and eventually

re-laminarizes. Typically, in such flows, the density distribution is taken to mimic an interface, such

as a hyperbolic tangent initial condition for example. Other studies have considered the case of a

uniform density gradient which adds the complication of propogating internal gravity waves into the

non-turbulent fluid [156, 159].

In such flows it has become evident that the route to a fully turbulent state is extremely important

in terms of the overall mixing accomplished [97]. When the density interface is approximately as thick

as the shear layer, the primary instability is the Kelvin-Helmoholtz instability (KHI) characteristic

of unstratified free shear layers [16]. Conversely, when the density interface is appreciably thinner,

the primary instability is the Holmboe wave instability which is characterized by smaller overturns

and less mixing [134]. The subsequent secondary instabilities that ride on top of the KHI have

also been studied in detail since it is feasible that a detailed knowledge of the possible routes to

turbulence will lead to better models of turbulent mixing in a stratified fluid (see e.g. [16, 95, 97]).

As computational power grew, investigators were able to push to higher Reynolds numbers and

discovered new secondary instabilities not present in previous experiments or simulations. This

raises the question whether unknown flow regimes and instabilities exist at geophysical scales [17].

See Chapter 5 for a more comprehensive literature review of such studies.

While the shear layer is a reasonable prototypical mixing event given the ubiquity of shear

in real-world flows, an alternative model problem has been extensively studied in the literature

where the complicating influence of background shear is removed and shear-free turbulent mixing

and entrainment at a density interface is studied in isolation. Almost all studies in this category

were carried out via oscillating grid turbulence (OGT) experiments where a rigid horizontal grid

of rectangular bars is vertically oscillated in a narrow region of a tank of water. This generates a

localized layer of turbulence which di↵uses away under its own inertia. The first experiment of its



CHAPTER 1. INTRODUCTION 5

kind was reported by Rouse & Dodu [132] who were motivated to understand the deepening of the

upper ocean where surface breaking waves were assumed to play an important role in addition to

the background shear induced by the surface wind stress. Since then, many similar experiments

have been carried out and these are reviewed in detail in Chapter 3. As the experiments matured

it became evident that the assumptions of planar homogeneity and negligible mean flow were not

exact in OGT [104, 115, 106]. The sidewalls induced significant mean circulation in the tank and

sensitivity to very low levels of residual motion (e.g., due to a previous experiment) resulted in

serious flow repeatability issues. In light of these di�culties it seems advantageous to attempt a

numerical investigation of a flow with the desired attributes: negligible mean flow/shear, statistically

homogeneous and isotropic in the plane, and locally forced. Surprisingly, as far as we know, only a

single numerical study of such a problem has been reported in the literature by Briggs et al. [11]

which was published in 1998 and was therefore limited to relatively low Reynolds numbers.

The aforementioned model problems, and many other idealized studies reported in the literature,

are motivated by the need for developing physics-based closure models in large-scale numerical

simulations of the global atmosphere-ocean system. As such, we review the historical development

of this e↵ort in some detail in the next section.

1.2 Mixing parameterization in large-scale numerical models

The ocean is highly (density) stratified due primarily to nonuniform distributions of heat and salt.

Of the solar radiation that is absorbed in the ocean nearly 80% is absorbed within the first ⇠10 m

[44]. This creates a sharp thermal gradient in the upper ocean known as the thermocline which acts

as a barrier to the vertical transport of heat, momentum, and nutrients. In the ocean, the upper layer

is typically turbulent, driven by surface wind stress and breaking waves. When su�ciently energetic,

turbulence can entrain dense quiescent fluid below the thermocline into the well mixed upper layer.

Vertical mixing induced by near surface turbulence plays a leading order roll in mediating the global

circulation.

While these turbulence processes are important on global scales [165], numerical simulations of

global scale phenomena cannot hope to resolve these motions. The general ocean circulation is

primarily driven by the flux of momentum at the air-sea interface (i.e., due to surface winds). The

scale over which these fluxes occur is ⇠1,000 km, thereby setting the length scale of the general

circulation [111]. The ultimate dissipation of kinetic energy of these motions occurs on centimeter

scales [111] representing a range of length scales spanning eight orders of magnitude.

The typical vertical resolution of a numerical simulation of the general circulation is ⇠ 10m [1]

so that a large range of scales are directly captured in such models. Instantaneous contours of sea

surface currents colored by sea surface temperature from such a calculation are shown in Fig. (1.2).

However, none of these scales are turbulent in the traditional sense of three-dimensional motions
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resulting in a downward cascade of kinetic energy to smaller and smaller scales until eventually

dissipated by viscosity [26].

Figure 1.2: Result of a numerical simulation of the global ocean circulation. Visualized are in-
stantaneous sea-surface currents colored by sea-surface temperature. The figure was taken from the
NASA/Goddard Space Flight Center Scientific Visualization Studio (https://svs.gsfc.nasa.gov/3912)
and was produced by the MIT/JPL joint project Estimating the Circulation and Climate of the
Ocean, Phase II (ECCO2). To give a sense of scale, a white double-arrow roughly depicts 5,000 km
which was estimated as the approximate straight-line distance from Portland to New York City on
a Mercator projection.

As such, closure models at the ocean scale are developed at the Reynolds Averaged Navier Stokes

(RANS) level since this paradigm necessarily seeks to model all scales of turbulent motion. At this

level, the e↵ect of Earth’s rotation is negligible.1 The equations governing grid-scale motions then

are the Reynolds-averaged incompressible Navier-Stokes equations.
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where u = (u, v, w) = (u1, u2, u3) is the velocity component and ui is the i’th component in a

Cartesian reference frame. x = (x, y, z) = (x1, x2, x3) is the position vector and xi is the i’th

component. Density ⇢, pressure p, and temperature T are decomposed as a constant background

reference value, a vertically varying hydrostatic base-state, and a nonhydrostatic deviation. For a

generic field f , this decomposisition is represented as f = fr + fh(z) + fnh(x, y, z, t). pnh and ⇢nh,

therefore, are the non-hydrostatic pressure and density since, by definition, only these components

1At large horizontal scales, rotational effects cannot be ignored.






































































































































































































































































































































































































































































































