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Abstract

This work presents studies of turbulent mixing due to Rayleigh–Taylor (RT) instability and

its analysis using the Macroscopic Forcing Method (MFM) [1]. By measuring the eddy

diffusivity through MFM, we are able to examine the importance of non-locality in modeling

RT mixing, inform model development, and directly assess model forms. Through MFM

analysis of RT instability, we hope to provide unique insights into non-locality in RT mixing

that can help improve the accuracy of models for the flow.

In Chapter 2, we examine methods for accelerating MFM. The first method attempts to

reduce the number of MFM simulations required to determine the full eddy diffusivity kernel

by leveraging linearity and orthogonality to superpose simulations. We find that while the

method allows for the combination of MFM simulations, the additional statistical error

incurred diminishes the computational savings. The second method is the decomposition

method, which we use to accelerate the statistical convergence of MFM-measured eddy

diffusivity moments. We demonstrate that for a two-dimensional (2-D) Rayleigh–Taylor

instability case study, when this technique is applied with O(100) simulations, we achieve a

similar quality of convergence as with O(1000) simulations using the original method. We

then show the impacts of improved convergence on the quantification of the eddy diffusivity.

In Chapter 3, we investigate the importance of non-locality of mean scalar transport in 2-D

RT instability. We utilize MFM to measure spatio-temporal moments of the eddy diffusivity

kernel representing passive scalar transport in the ensemble averaged fields. We present

several studies assessing the importance of the higher-order moments of the eddy diffusivity,

which contain information about non-locality, in models for RT mixing. First, we demonstrate

through a comparison of leading-order models that a purely local eddy diffusivity is insufficient

to capture the mean field evolution of the mass fraction in RT mixing. Therefore, higher-order

moments of the eddy diffusivity operator are not negligible. We then construct operator

forms by utilizing the measured higher-order moments. We demonstrate that an explicit
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operator based on the Kramers–Moyal expansion of the eddy diffusivity kernel is insufficient.

We show that an implicit operator construction that matches the measured moments offers

improvements relative to the local model in a converging fashion.

In Chapter 4, we assess the importance of non-locality in modeling mean scalar transport

for three-dimensional (3-D) variable density RT mixing. Building on the 2-D incompressible

work in Chapter 3, this work extends MFM to variable density problems in 3-D space to

measure moments of the generalized eddy diffusivity kernel in RT mixing for increasing

Atwood numbers (A = 0.05, 0.3, 0.5, 0.8). We find that as A increases: 1) the eddy diffusivity

moments become asymmetric, and 2) the higher-order eddy diffusivity moments become

larger relative to the leading-order diffusivity, indicating that non-locality becomes more

important at higher A. There is a particularly strong temporal non-locality at higher A,

suggesting stronger history effects. We discuss the implications of these findings for closure

modeling for finite-Atwood RT.

In Chapter 5, we demonstrate the utility of MFM for RANS modeling. We utilize the MFM

analysis from Chapter 4 to propose modifications to the k–L model [2] that incorporate

non-locality. We then illustrate how MFM can be applied directly to RANS simulations to

obtain effective eddy diffusivities and to directly assess model forms. Through this study,

which is performed at the same Atwood numbers as in Chapter 4, we find that the k–L–F

and BHR–4 models make more accurate predictions than the k–L model, since the former

two incorporate non-locality, while the latter is purely local. We also find that in the non-

self-similar regime, MFM reveals that the models, even the ones incorporating non-locality,

likely need corrections to better capture history effects.

Overall, this work presents valuable insights into the non-locality of RT mixing through the

lens of MFM. We show that MFM, with its ability to directly measure turbulence closures, is

a powerful addition to the modeling toolbox.
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Chapter 1

Introduction1

1.1 Background

Rayleigh-Taylor (RT) instability occurs when a light fluid pushes into a heavy fluid, causing

perturbations to grow over time. Equivalently, RT instability can be triggered by a gravita-

tional acceleration g that causes the heavy fluid to fall into the light fluid. The instability

consists of bubbles that rise and spikes that sink, and in late time, the heights of these bubbles

and spikes grow quadratically with time, during which the instability enters a self-similar,

turbulent regime [6].

RT instability has been studied extensively in the literature due to its presence in various

scientific and engineering domains, such as supernovae [7] and inertial confinement fusion (ICF)

[8]. In ICF, a plastic ablator is accelerated into deuterium gas to achieve high compression

and, consequently, ignition. If perturbations exist at material interfaces in the capsule, RT

instability will cause these perturbations to grow, which may result in mixing that ultimately

reduces energy output [8, 9].

In designing experiments for ICF, it is crucial to accurately predict the turbulent mixing in

simulations. High-fidelity approaches such as direct numerical simulations and large eddy

simulations have been used to accurately predict turbulent mixing in RT instability [7, 10, 11].

However, the fine grids required to resolve turbulent scales make these methods prohibitively

expensive for the iterative design process, in which thousands of simulations must be run. A

more computationally feasible approach is simulation of the Reynolds-Averaged Navier–Stokes

1This section draws from the introductions in [3] and [5].

1
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(RANS) equations, which requires resolution of only the ensemble-averaged fields. RANS has

been previously employed in optimizing designs for ICF experiments [12–15]. Since only the

mean quantities are evolved in RANS simulations, models are required to approximate the

mean impact of the underlying fluctuations. It is then crucial in the RANS approach to use

accurate models for the unclosed terms.

The present work focuses on scalar transport, which characterizes the mixing of materials in

RT instability. RANS modeling of scalar transport involves closing the turbulent species flux

in the mean scalar transport equation. A common closure for this term is a gradient-diffusion

approximation, which assumes the flux depends only on local gradients of the mean scalar

field. A gradient diffusion closure is used in popular models for RT mixing such as the k–ϵ

model [16] (modified by Gauthier and Bonnet [17] for RT) and the k–L model [2]. However,

the gradient-diffusion closure has been shown to be insufficient for modeling scalar transport

in RT mixing [18, 19]. Alternative models include those that use transport equations for

the flux itself [20] and those based on two-point correlations [21–23], the latter of which are

intended to capture non-locality. While these models address non-local effects in RT mixing,

they do so without quantitatively examining the non-locality of the closure operator.

Several authors have studied ways to directly measure the non-local eddy diffusivity in other

canonical flows. One such approach involves application of the Green’s function. The Green’s

function approach starts from analytical derivations of relations between turbulent fluxes

and mean gradients, which was done by Kraichnan [24]. Hamba [25] then introduced a

reformulation of these relations appropriate for numerical computation of non-local eddy

diffusivities, which has been applied to study channel flow [26] and homogeneous isotropic

turbulence (HIT) [27].

A different approach to determining non-local eddy diffusivities is the Macroscopic Forcing

Method (MFM) by Mani and Park [1]. In contrast to the Green’s function approach, MFM

is derived by considering arbitrary forcing added directly to the transport equations with

its formulation rooted in linear algebra. Additionally, MFM offers extensions to the Green’s

function approach by utilization of forcing functions that are not of the form of a Dirac

delta. Harmonic forcing has been utilized to derive analytical fits to non-local operators in

Fourier space [28]. Additionally, forcing polynomial mean fields using inverse MFM offers

a computationally economical path for determination of spatio-temporal moments of the

eddy diffusivity operator in conjunction with the Kramers–Moyal expansion as opposed to

computation of the moments from a full MFM analysis through post-processing [1].



CHAPTER 1. INTRODUCTION 3

Previous works using MFM have revealed turbulence operators for a variety of flows. Shirian

and Mani [28] and Shirian [29] measured non-local operators in space and time in HIT.

Though the spatial non-local operator was measured in HIT, it was applied to a turbulent

round jet and was shown to match experiments more closely than the purely local Prandtl

mixing-length model. MFM has also been applied to turbulent wall-bounded flows, including

channel flow [30] and separated boundary layers [31, 32], to measure the anisotropic but

local eddy diffusivity. In those flows, incorporation of the MFM-measured anisotropic eddy

diffusivity improved RANS model predictions significantly, and remaining model errors were

attributed to missing non-local effects.

It is with a motivation towards RANS model improvement that this dissertation seeks to

understand non-locality of closure operators for scalar transport in RT mixing using MFM. We

specifically choose the problem of scalar transport in order to probe the effect of nonlocality in

a simple setting where MFM, which requires linear equations, is applicable. That is, to form

a basis for understanding nonlocality in RT mixing, we ask the question, how does nonlocality

affect modeling of a scalar uncoupled from momentum? We purposefully do not examine

other relevant physics, such as two-way coupling with momentum, radiation, reactions, and

multidimensionality, as these would introduce additional complexities that would obscure the

analysis, though they should be examined in future work. With this perspective, we perform

the MFM analysis in the dilute scalar limit, ensuring linearity of the forced equations—this is

the core assumption in the analyses presented in Chapters 3 and 4 and the model assessment

in Chapter 5. Though we perform analysis in this limit, once we identify appropriate nonlocal

closure operators, we incorporate them into a fully-coupled, nonlinear, variable density model

in Chapter 5, which is a form that is usable for ICF-relevant simulation and design.

The application of MFM to the RT problem provides the following insights:

• Assessment of the importance of non-locality of the eddy diffusivity in RT mixing.

• Quantification of the dependence of non-locality on Atwood number in variable density

RT.

• Improvement of existing RANS models based on MFM analysis.

• Direct assessment of RANS model forms.

Altogether, these contributions that are presented in this thesis will aid in the development

of improved RANS models used for studying ICF.
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1.2 Governing Equations

We consider an RT configuration in which a heavy fluid sits on top of a light fluid, and gravity

points in the negative y-direction. The fluids are miscible, and conservation of mass gives

that the mass fraction of the heavy fluid, YH , and the light fluid, YL, sum to unity. The flow

is governed by the compressible Navier–Stokes equations:

∂ρYk

∂t
= − ∂

∂xj

�
ρujYk − ρDk

∂Yk

∂xj

�
, (1.1)

∂ρui

∂t
= − ∂

∂xj

(ρuiuj + pδij − τij) + ρgi, (1.2)

∂E

∂t
= − ∂

∂xj

((E + p) uj − τijui + qi) + ρgiui. (1.3)

Here, ρ is density, ui is velocity, Yk is the mass fraction of species k, Dk is the diffusivity of

species k, p is pressure, δij is the Kronecker delta, τij is the viscous stress, gi is gravitational

acceleration (in this work, g = (0, −g, 0)T ), E = ρ
�
e + 1

2
ukuk

�
is the total energy, and qi is

the energy flux. The viscous stress is

τij = µ

�
∂ui

∂xj

+
∂uj

∂xi

�
+

�
β − 2

3
µ

�
∂uk

∂xk

δij, (1.4)

where µ is the molecular viscosity and β is the bulk viscosity. The energy flux is

qi = −κ
∂T

∂xi

, (1.5)

where T is temperature. Pressure and temperature are determined using the ideal gas law:

p = ρ (γ − 1) e, T = (γ − 1)
e

R
, (1.6)

where γ is the ratio of specific heats cp

cv
and R is the specific constant. The specific heats are

dependent on Yk:

cv = YHcv,H + YLcv,L, cp = YHcp,H + YLcp,L, (1.7)

In general, the energy equation (Equation 1.3) would include an enthalpy diffusion term to

account for energy fluxes due to the species’ diffusion, as described by Cook [33]. However,

since ∆T across the heavy-light fluid interface at the A studied in this work is expected to be

small, we choose to neglect this term. Additionally, our analysis is in the late-time self-similar
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regime, where the enthalpy diffusion term is expected to be small.

For MFM analysis, we also consider transport of a dilute scalar Yc, which is governed by the

following transport equation:

∂ρYc

∂t
= − ∂

∂xj

�
ρujYc − ρDc

∂Yc

∂xj

�
. (1.8)

For this dilute scalar, coupling from momentum is one way, and Yc does not affect ρ. Thus,

the transport equation for Yc is linear.

1.3 Statistical Definitions

For the general variable density RT instability, we define the Reynolds (q) and Favre (eq)

averages of quantity q:

q =
1

N

NX
i

qi, (1.9)

eq =
ρq

ρ
, (1.10)

where N is the number of ensembles. In the case where the flow is homogeneous (in space

and/or time), the homogeneous directions may be included in these ensembles. For 3-D RT

mixing, the homogeneous directions are x and z, so ensemble averaging is performed over x,

z, and realizations. Fluctuations from the Reynolds and Favre means are denoted as q′ and

q
′′
, respectively, so

q = q + q′ = eq + q
′′
. (1.11)

1.4 Self-Similarity

The difference in density between the two fluids can be expressed nondimensionally as the

Atwood number:

A =
ρH − ρL

ρH + ρL

, (1.12)

where ρH is the density of the heavy fluid, and ρL is the density of the light fluid.
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As the instability develops, bubbles rise into the heavy fluid, and spikes sink into the light fluid.

Over time, secondary Kelvin-Helmholtz instabilities are triggered, and the flow transitions

into turbulence. In this turbulent state, RT instability becomes self-similar, and the growth

of the bubbles and spikes are quadratic in time [6]:

hb ≈ αbAgt2, hs ≈ −αsAgt2, (1.13)

where hb and hs are the bubble and spike heights, respectively, and αb and αs are the bubble

and spike growth parameters, respectively. Based on the bubble height, a self-similar variable

in space is defined:

η ≡ y

hb

, (1.14)

for a computational domain defined on −1
2

< y < 1
2

with the initial interface located at y = 0.

The mixing layer half-width is defined as h = 1
2

(hb − hs), and in the self-similar limit, the

growth of h can be characterized with a single α:

h ≈ αAgt2. (1.15)

At low A, hb ≈ hs. Increasing A increases the asymmetry of the mixing layer [34, 35] as the

spikes sink faster than the bubbles rise. Thus, for finite A, h > hb.

In a simulation, h can be measured as

h ≡ 4

Z
^YH (1 − YH)dy, (1.16)

An alternative definition used in works such as Cabot and Cook [7] and Morgan et al. [18] is

hhom ≡ 4

Z fYH

�
1 − fYH

�
dy. (1.17)

This definition is particularly useful, since it allows h to be determined solely based on the

RANS field. That is, there is no closure problem in determining h with this definition.

Using the analytical derivation of the mixing width from Ristorcelli and Clark [36], Cabot
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and Cook [7] defines the bubble growth parameter as

αb =
ḣb

2

4Aghb

, (1.18)

where ḣb is the rate of change of hb in time. This definition is used to observe the growth

parameter over time and assess convergence to self-similarity. In the self-similar regime, αb

should converge to a constant value over time.

The bubble height can be computed from mass fraction profiles by taking it as the distance

from the centerline of the domain to where the mean mass fraction of the light fluid is 0.999.

The RT instability can be considered self-similar when this hb,99 becomes quadratic in time.

For small A, hhom ≈ hb, so this is the h we use for self-similar analysis in the low-Atwood

studies in §2.2.1 and Chapter 3. For finite A, the growth of the total width of the mixing

layer varies significantly across Atwood numbers [37]. Thus, for the finite-Atwood studies in

Chapters 4 and 5, we use hb,99 for self-similar analysis.

Another metric for self-similarity is the mixedness parameter, defined as

ϕ ≡ h

hhom

. (1.19)

For self-similar RT mixing, ϕ is expected to converge to a steady-state value of about 0.8 [7].

It is additionally useful to assess the development of the RT flow by examining relevant

Reynolds numbers. The Taylor microscale Reynolds number is defined as

ReT =
k1/2λ

ν
, (1.20)

where k = 1
2
]u′′

i u′′
i , and

λ =

r
10νL

k1/2
. (1.21)

L is a turbulent length scale, which can be approximated as 1
5

of the total mixing width,

hb + hs [18]. The large scale Reynolds number [7] is defined as

ReL =
h99ḣ99

ν
, (1.22)
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where h99 is the total mixing width defined as the distance between the locations of mass

fractions 0.001 and 0.999.

Dimotakis [38] describes a “mixing transition,” after which the amount of mixed fluid

depends more weakly on Reynolds number. This mixing transition was identified to be

when ReT > 100 and ReL > 10, 000; we refer to these conditions here as critical Reynolds

numbers for mixing. Zhou [39] also identifies a minimum Reynolds number for turbulence,

ReL > 1.6 × 105; we refer to this as the critical Reynolds number for turbulence. While both

of these transitions occur before the transition to the self-similar regime, they are still useful

metrics for understanding the stage of development of an RT flow.

1.5 The Scalar Transport Closure Problem

Application of Reynolds averaging to Equations 1.1-1.3 results in the turbulent closure

problem, in which models must be provided to solve for unclosed terms in the mean equations.

The focus of this work is to determine the closure for scalar transport in RT mixing.

Substituting the Favre decomposition (Equation 1.10) for velocity and mass fraction into

Equation 1.1 and taking its Reynolds average (Equation 1.9) results in the mean scalar

transport equation for compressible flow:

∂ρfYH

∂t
= − ∂

∂y

�
ρev fYH + ρv′′Y

′′
H − ρDH

∂YH

∂y

�
. (1.23)

The last term on the right hand side is negligible when Pe is large. The turbulent species

flux F H
2 = −ρv′′Y ′′

H is unclosed and needs to be modeled. In the dilute scalar limit, the scalar

transport equation is linear, so the turbulent scalar flux can be exactly expressed as

F H
2 (y, t) = ρ

Z
D (y, y′, t, t′)

∂ fYH

∂y

�����
y′,t′

dy′dt′, (1.24)

where D is the eddy diffusivity kernel. This equation is an extension of the formulation for

incompressible flow described in Kraichnan [24], Hamba [40], and Mani and Park [1] . It is a

non-local formulation, in that it expresses F based on mean scalar gradients not only at the

points in space and time (y and t) at which F is measured, but also all other points in space

and time (y′ and t′). Numerical tests have shown that this formulation satisfies causality

without imposing it [41].
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An exact model for F requires full characterization of the eddy diffusivity kernel. This has

been done for simpler flows in the works of Hamba [25], Hamba [40], and Park and Mani

[32]. However, computation of the kernel is generally computationally expensive, since it

requires simulations on the order of the number of points in macroscopic space. On top of

this, chaotic flows, like RT mixing, require many realizations for statistical convergence.

The eddy diffusivity kernel can instead be approximated by its moments. This can be done

by employing a Taylor series expansion of the mean scalar gradient about y and t, which

results in the Kramers–Moyal-like expansion:

F H
2 (y, t) = ρD00(y, t)

∂ fYH

∂y
+ ρD10(y, t)

∂2 fYH

∂y2
+ ρD01(y, t)

∂2 fYH

∂t ∂y

+ ρD20(y, t)
∂3 fYH

∂y3
+ ρD11(y, t)

∂2 fYH

∂ty2
+ ρD02(y, t)

∂2 fYH

∂t2y
+ . . . (1.25)

where Dmn are the eddy diffusivity moments. The first index m indicates moment order in

space and the second index n is moment order in time. The moments are defined as

Dmn(y, t) =

Z Z
(y′ − y)m(t′ − t)n

m!n!
D(y, y′, t, t′)dy′dt′. (1.26)

These moments are more computationally feasible to compute than the full kernel. To

compute the moments, which will be described shortly, one equation per moment needs to

be added to the suite of equations being solved in a simulation. Though the number of

operations increases as more moments are computed, only one simulation needs to be run to

compute all moments. Statistically converged moments require multiple realizations, which

can be generated through different initial perturbations between the heavy and light fluids.

While the eddy diffusivity moments are locally defined (they are functions of y and t only),

higher-order moments contain information about the non-locality of the full kernel. The

leading-order moment D00 is purely local, and truncation to the leading-order term is the

gradient-diffusion or Boussinesq approximation. One goal of this work is to determine the

importance of the higher-order terms and, therefore, the non-locality of the mean scalar

transport operator for the RT mixing cases studied here. In this way, measuring the eddy

diffusivity moments is more computationally efficient than computing the full kernel, and

examining the moments is still an insightful way to assess the non-locality of the closure
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operator.

1.6 The Macroscopic Forcing Method

MFM is a numerical method for determining closure operators developed by Mani and Park

[1]. In the present work, it is used to determine eddy diffusivity moments in RT mixing. The

method involves two sets of equations, called the donor and the receiver equations, which are

solved simultaneously in a simulation. The donor equations represent the full set of governing

equations (in this case, Equations 1.1-1.3) and provide quantities necessary for solution of

the receiver equations, which involve additional forcing terms smn(y, t) corresponding to each

moment Dmn(y, t). For example, to determine closures for scalar transport, we apply forcings

to the dilute scalar transport equation, Equation 1.8, resulting in the following receiver

equations:

∂ρY mn
c

∂t
= − ∂

∂xj

�
ρujY

mn
c − ρDc

∂Y mn
c

∂xj

�
+ smn, (1.27)

where Y mn
c is the dilute scalar field response to the forcing smn used to obtain Dmn. The

solution of these receiver equations require velocity and density fields, which are obtained from

the donor equations. A key component of this method is that the forcings are macroscopic,

in that they have the property smn(y, t) = smn(y, t), so the forcings do not interfere with the

underlying turbulent flow. Additionally, MFM allows for enforcement of polynomial gradients

of mean quantities, which facilitates determination of each desired eddy diffusivity moment.

As an illustration, the measurement of D00 can be considered. According to equation

1.25, choosing eYc(y, t) = y (for y between −1/2 and 1/2) results in ∂fYc

∂y
= 1, and all other

higher-order derivatives are zero. Thus, choosing this eYc results in the realization- and

spatially-averaged measurement −ρv′′Y ′′
H = D00. In MFM, this eYc is set implicitly by

controlling s00(y, t).

Measurement of higher-order moments involves similar choices of eYc (each set implicitly by

controlling the corresponding smn(y, t)) but requires information from lower order moments.

For example, measuring D10 involves choosing eYc = y2

2
, which results in F H

2 = yD00 + D10.

Here, D00 comes from the simulation using eYc = y. Thus, D10 is computed by subtracting

yD00 from the F H
2 measurement from the simulation using eYc = y2

2
. Table 1.1 shows the

mass fraction gradients needed to get each eddy diffusivity moment. The pragmatic process
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Moment
∂ fYH

∂y
D00 1

D01 t

D10 y

D02 1
2
t2

D11 yt

D20 1
2
y2

Table 1.1: Mean mass fraction gradients forced for each eddy diffusivity moment Dmn.

Donor

DfYc
00

Dt
= L( eYc

00
) + s00

DfYc
10

Dt
= L( eYc

10
) + s10

DfYc
20

Dt
= L( eYc

20
) + s20

DNS Equations
e.g., Compressible Navier–Stokes

∂ρYk

∂t
= − ∂

∂xj

�
ρujYk − ρDk

∂Yk

∂xj

�
∂ρui

∂t
= − ∂

∂xj

(ρuiuj + pδij − τij) + ρgi

∂E

∂t
= − ∂

∂xj

((E + p) uj − τijui + qi) + ρgiui

ρ =ρYH + ρYL

Receiver

Receiver

Receiver

∂fYc

∂x
= 1

∂fYc

∂x
= x

∂fYc

∂x
= x2

2

Postprocessing
Numerical
Simulation

D00 = F 00

ρ

D10 = F 10

ρ
− D00y

D20 = F 20

ρ
− D00 y2

2
− D10y

Figure 1.1: Diagram illustrating standard MFM for measurement of some spatial eddy
diffusivity moments for the scalar transport problem. L is the right-hand side operator of
the dilute scalar transport equation (Equation 1.8).

for the macroscopic forcing is described in Appendix A.

This enforcement of polynomial gradients of the mean mass fraction is the crux of MFM’s

ability to determine moments of the eddy diffusivity for turbulent flows. There are several

different forms of MFM [4, 42], each with its own nuances, but all methods rely on these

polynomial forcings for measurement of eddy diffusivity moments.

In its standard form, illustrated in Figure 1.1, MFM directly forces the scalar transport

equation (Equation 1.1) to obtain the scalar closure. These forced equations form the set of

receiver equations. One receiver equation is needed to determine each desired Dmn. When

post-processing the solutions to each of these equations, the moments can be calculated using
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measurements of the turbulent scalar flux as follows:

D00 =
F 00

ρ
, (1.28)

D10 =
F 10

ρ
− yD00, (1.29)

D01 =
F 01

ρ
− tD00, (1.30)

D20 =
F 20

ρ
− yD10 − 1

2
y2D00, (1.31)

... (1.32)

where F mn is the post-processed −ρv′′Y mn
c

′′
resulting from a macroscopic forcing achieving

∂ fYH

∂y
= ymtn

m!n!
to determine Dmn.

The moments computed using MFM as described above have been confirmed by other authors

to accurately represent the moments of the true kernel in canonical flows. For momentum

transport in turbulent channel flow, Park and Mani [32] used MFM to directly measure the full

eddy viscosity kernel as well as its leading-order moment, showing that the MFM-measured

moment matched the integrated kernel. Furthermore, Liu et al. [43] found that in a wall-

bounded inhomogeneous flow, the full kernel can be approximated well by MFM-computed

eddy diffusivity moments—the systematic method is described in the following section.

1.7 Matched Moment Inverse

Methods for model development based on MFM analysis are discussed in this work. Truncation

of Equation 1.25 represents an approximate model for the turbulent species flux. In fact,

truncation to the first term is the gradient-diffusion approximation. However, a property

of the Kramers–Moyal expansion is that it does not converge with finite terms, so adding

higher-order terms to the leading-order term can lead to divergence [44].

Instead, the Matched Moment Inverse (MMI) [43], a systematic method for constructing a

model using eddy diffusivity moments, is employed. With MMI, the goal is to match the

shape of the eddy diffusivity kernel using its moments. This is achieved by determining
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coefficients amn(y, t) for the inverse operator :

�
1 + a10 ∂

∂y
+ a01 ∂

∂t
+ a20 ∂2

∂y2
+ ...

�
F H

2 = a00ρ
∂ fYH

∂y
. (1.33)

The inverse operator on the left hand side can be expanded based on which moments are

used; amn corresponds to using Dmn. The model coefficients are determined numerically

using MFM simulation data. For example, if D00, D01, D10, and D20 are used, the following

system is solved for a00, a01, a10, and a20 for each y and t:�
1 + a10 ∂

∂y
+ a01 ∂

∂t
+ a20 ∂2

∂y2

�
F 00 = a00ρ, (1.34)�

1 + a10 ∂

∂y
+ a01 ∂

∂t
+ a20 ∂2

∂y2

�
F 10 = a00ρ

�
y − 1

2

�
, (1.35)�

1 + a10 ∂

∂y
+ a01 ∂

∂t
+ a20 ∂2

∂y2

�
F 01 = a00ρt, (1.36)�

1 + a10 ∂

∂y
+ a01 ∂

∂t
+ a20 ∂2

∂y2

�
F 20 = a00ρ

1

2

�
y − 1

2

�2

, . (1.37)

Since Dmn are taken directly from MFM measurements, they contain some statistical error,

which would be amplified by the MMI fitting process and obfuscate analysis. To avoid this, a

moving average filter is applied to the moments, and those filtered moments are used for the

inverse operator coefficient fitting process, done by solving Equations 1.34-1.37. Equation

1.33 is then solved using ρ and fYH obtained from the simulations.

The above is demonstrated for spatio-temporal variables for simplicity, but the analysis

presented later in this work is done in self-similar space. The self-similar normalizations used

for this analysis are detailed in the next section.
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1.8 Nondimensionalizations

Through self-similar analysis, the following normalizations are determined for the turbulent

species flux F H
2 and eddy diffusivity moments Dmn:

dF H
2 =

F H
2

α∗Ag(t − t∗
0)

, (1.38)

dD00 =
D00

(α∗Ag)2(t − t∗
0)3

, (1.39)

dD01 =
D01

(α∗Ag)2(t − t∗
0)4

, (1.40)

dD10 =
D10

(α∗Ag)3(t − t∗
0)5

, (1.41)

dD02 =
D02

(α∗Ag)2(t − t∗
0)5

, (1.42)

dD11 =
D11

(α∗Ag)3(t − t∗
0)6

, (1.43)

dD20 =
D20

(α∗Ag)4(t − t∗
0)7

, (1.44)

where α∗ is intended to represent the mixing layer growth parameter αb (or α, in the low

A limit) as defined in Equation 1.18. Specifically, α∗ is a fitted growth parameter that is

simulation-dependent. t∗
0 is a fitted virtual time origin based on the measured bubble height.

As we perform our analyses in the self-similar regime, these parameters are fit for h over late

time. We make these fits for each case, and the fits will be shown in the coming sections.

For problems with finite Atwood number, a self-similar scaling for the peak mean velocity

V0(t) is also used:

bV0 =
V0

Ag(t − t∗
0)

. (1.45)

Due to the nonzero ev at finite A, there is asymmetry in the RT mixing layer, and its midplane

shifts in the negative y direction. This shift is incorporated into the self-similar variable:

η =
y − V0(t − t∗

0)

hb

=
y

hb

−
bV0

α∗ . (1.46)

All η in the following analyses are defined this way.
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The analyses in this work are also presented in nondimensional time τ . τ is defined as t
t0

,

where t0 =
q

h0

Ag
and h0 is the dominant lengthscale determined by the peak of the initial

perturbation spectrum.

In self-similar space, the inverse operator defined in Equation 1.33 becomes�
1 + ca10

∂

∂η
+ ca01

�
1 − 2η

∂

∂η

�
+ ca20

∂2

∂η2
+ ...

� dF H
2 = ca00ρ

∂ fYH

∂η
, (1.47)

where the self-similar coefficients are

ca00 =
1

α∗2A2g2(t − t∗
0)3

a00, (1.48)

ca01 =
1

t − t∗
0

a01, (1.49)

ca10 =
1

α∗Ag(t − t∗
0)2

a10, (1.50)

ca20 =
1

α∗2A2g2(t − t∗
0)4

a20, (1.51)

where damn are now functions of only η.

1.9 Present Work

This dissertation is organized as follows.

In Chapter 2, we describe methods for accelerating MFM. The first method attempts to

lower the computational expense of MFM by reducing the number of simulations needed to

characterize the eddy diffusivity kernel. We do this by superposing multiple MFM simulations

into one through temporally-modulated MFM forcings. Through orthogonality of these

modes, individual MFM simulations results can be extracted.

The second method is the decomposition MFM, which we employ in this work to improve

the statistical convergence of the eddy diffusivity moments from numerical simulations. We

identify a source of error in solving separate donor equations for MFM, which is demonstrated

to lead to slow statistical convergence. We then propose the decomposition method, which

uses the solution to a single donor equation for all receiver equations to avoid extra error, and
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simulates fluctuations from the mean rather than the full fields. The latter modification to

MFM comes with no extra cost to the method but gives the added benefit of semi-analytical

enforcement of the macroscopic forcings.

In Chapter 3, we use MFM to assess the importance of non-locality in 2-D RT mixing

at a low Atwood number of 0.05. In this simplified setting, MFM proves to be a useful

tool for examining the scalar transport closure operator for RT. This study provides the

first measurements of the moments of the spatio-temporally non-local eddy diffusivity for

RT instability. These moments allow for a thorough analysis of non-locality of the eddy

diffusivity: 1) from the moments, we derive and examine non-local length and time scales; 2)

we inspect the Kramers–Moyal terms, demonstrating that the leading-order term is inadquate

for modeling RT mixing and information from higher-order moments are needed; and, 3)

by fitting coefficients in an inverse operator to the MFM data, we determine which eddy

diffusivity moments are the most important. This 2-D study, though it makes simplifying

assumptions, lays the groundwork for future applications of MFM to the RT problem that

are presented in the next chapters.

In Chapter 4, we apply MFM to variable density 3-D RT mixing. Not only does this study

look at more realistic turbulence in three dimensions, but it also investigates the dependence

of non-locality on Atwood number. Through MFM, we measure the eddy diffusivity moments

for RT instability at A = 0.05, A = 0.3, A = 0.5, and A = 0.8. Based on our findings, we

propose algebraically-defined A-dependent coefficients for an inverse operator to model RT

mixing.

In Chapter 5, we demonstrate MFM as a tool for model development and assessment. First,

we use MFM analyses from Chapters 3 and 4 to inform modifications to the k–L model

[2], producing the k–L–F model. Second, we apply MFM directly to RANS simulations

to assess model forms. In this analysis, we assess the k–L, k–L–F , and BHR–4 models

by comparing their effective model eddy diffusivities to the true eddy diffusivities obtained

through application of MFM to high-fidelity simulations.

Finally, we conclude our work in Chapter 6. We discuss achievements and limitations of the

present work and potential paths for future work.



Chapter 2

Acceleration of the Macroscopic

Forcing Method

Numerical measurement of eddy diffusivity moments using MFM requires high-fidelity simu-

lations of turbulent flows. On top of this, for chaotic flows, ensemble averaging is needed for

statistical convergence. For inhomogeneous flows, ensemble averaging must be done over mul-

tiple realizations. This makes MFM computationally expensive for unsteady, inhomogeneous

problems like RT instability, which motivates the search for techniques to reduce the number

of simulations needed to quantify eddy diffusivity moments using MFM.

In this chapter, we illustrate and examine two methods. The first method is the superposition

of MFM simulations using orthogonality and linearity. We demonstrate this method for

momentum transport in the model problem of turbulent channel flow. The second method is

the decomposition method, which aims to avoid error caused by separate donor simulations

while incorporating the decomposition-based formulation of the receiver equations described

by Liu et al. [43] at no extra cost.

2.1 Acceleration via Orthogonality and Linearity

We demonstrate the acceleration of MFM by superposing simulations in the context of

momentum transport for a statistically stationary flow. For momentum transport, the

17
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spatially non-local generalized eddy viscosity [1, 40] is defined as

−u′
ju

′
i(x) =

Z
Djilk(x, y)

∂Uk

∂xl

����
y

dy (2.1)

where x is the location of measurement of the Reynolds stress, and y represents all possible

locations in the domain. For a statistically stationary flow, the ensemble average is a time

average. The eddy viscosity kernel D0
jilk is anisotropic and non-local: the kernel describes

the dependence of different components of the Reynolds stress at one location to different

components of the velocity gradient at all locations in the domain.

MFM can be used to determine the eddy viscosity kernel Djilk, but the process is complicated

by the nonlinearity of the momentum equation. To resolve this, we instead apply MFM to

the Generalized Momentum Transport (GMT) equations:

∂vi

∂t
+

∂ujvi

∂xj

= − ∂q

∂xi

+
1

Re

∂2vi

∂xj∂xj

+ si, (2.2)

∂vj

∂xj

= 0 (2.3)

The GMT equations are a linear version of momentum transport: ui is provided by the

solution to the donor equation, vi is the solution to the receiver equation, and si is a

macroscopic forcing. Thus, in the framework illustrated in §1.7, for the momentum transport

problem, the Navier–Stokes equations are the donor equations, and the GMT equations are

the receiver equations. It has been shown analytically and numerically that, if the same

boundary conditions and body forces are used in the GMT equation as the Navier–Stokes

equation, the GMT solution converges to the RANS solution [1].

Djilk is computationally expensive to determine, as it requires DNS equal to nine times the

degree of freedom in the Reynolds-averaged space [32]. Instead, we can approximate the

generalized eddy viscosity for the GMT equation using the leading-order moment D0
jilk:

−u′
jv

′
i(x) =

Z
Djilk(x, y)

∂Vk

∂xl

����
y

dy ≈ D0
jilk(x)

∂Vk

∂xl

(2.4)

D0
jilk(x) =

Z
Djilk(x, y)dy (2.5)

This leading-order moment is the anisotropic eddy viscosity tensor and consists of 81 coeffi-

cients. To obtain these coefficients, we perform MFM as described in §1.6, except with the
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GMT equation instead of the scalar transport equation. Specifically, we choose si for the

GMT equation to achieve a certain ∂Vk/∂xl that allows us to retrieve D0
jilk by measuring

u′
jv

′
i. For example, in one DNS of the GMT equation, we can choose si such that V1 = x2

and all other components of V are zero. This leads to an average velocity gradient ∂Vk/∂xl

equal to one for l = 2 and k = 1 and zero otherwise. In post-processing, we obtain D0
ji21 by

measuring the Reynolds stress:

−u′
jv

′
i(x) =

Z
Dji21

∂V1

∂x2

dy = D0
ji21(x) (2.6)

From this one DNS, measuring each of the Reynolds stresses gives nine coefficients of the eddy

viscosity tensor. To obtain the nine coefficients of Dji31, MFM would enforce ∂V1/∂x3 = 1,

and so on for all l and k. Thus, nine high-fidelity DNS are needed to determine all 81 D0
jilk

(one DNS for each average velocity gradient ∂Vk/∂xl).

Our goal is to reduce the cost of MFM by combining these nine DNS into just one DNS.

In Section 2.1.1, we outline a superposed MFM method, which introduces MFM modes

(temporal modulations to the MFM forcings) in order to superpose DNS. We establish the

validity of the method under statistically quasi-steady conditions and show how, through

orthogonality, the D0
jilk coefficients can be accurately extracted from the superposed DNS. In

Section 2.1.3, we demonstrate this superposed MFM with the model problem of turbulent

channel flow, in which we determine the nine D0
jilk coefficients in one DNS and compare the

results to the coefficients determined using standard MFM (i.e. MFM using nine separate

DNS). After assessing the accuracy of the D0
jilk determined using superposed MFM, we

propose a weighted superposed MFM in Section 2.1.3 to remedy some of the error. Finally, in

Section 2.1.4, we discuss challenges in applying superposed MFM for higher order moments

and the full eddy viscosity kernel.

2.1.1 Numerical Methods

In standard MFM, we solve the GMT equation in several separate DNS for different sn
i (x)

with responses V n
i (x). The superscript n indicates the number of the forcing or response

rather than a directional component.

Here, we propose a superposed MFM to reduce the total number of MFM simulations needed

to characterize multiple D0
jilk coefficients. Figure 2.1 shows a schematic of the superposed
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GMT

∂vi

∂t
+ ∂

∂xj
ujvi = − ∂q

∂xi
+ 1

Re
∂2vi

∂xj∂xj
+ si

s1(x)
s2(x)

...

V 1(x)
V 2(x)

...

Standard MFM: Superposed MFM:

GMT
P

n sn(x) cos
�

2π
τn

t
� P

n V n(x) cos
�

2π
τn

t
�

Figure 2.1: Schematic showing how superposed MFM combines many DNS. On the left is
the standard MFM pipeline, where many separate DNS must be done using different forcings
when solving the GMT equation. On the right is superposed MFM, where all of these DNS
can be combined by superposing the forcings using temporal modulation.

MFM concept. For this method, we choose si(x, t) = sn
i (x) cos

�
2π
τn

t
�

and τn such that

τresponse << τn ≤ τsim, (2.7)

where τresponse is the timescale of the flow (i.e., the timescale for the flow to be fully developed)

and τsim is the simulation time. At this τn, we make the statistically quasi-steady assumption,

so the response becomes Vi(x, t) = V n
i (x) cos

�
2π
τn

t
�

.

Choosing τn = 2τsim

n
generates temporally orthogonal response modes, which we can assign to

different spatial forcings. We call these modes MFM modes. The orthogonality of these modes

is key, as it allows us to superpose multiple forcings then decompose them in post-processing.

Thus, we now solve the GMT equation in only one DNS using the forcing

si(x, t) =
X

n

sn
i (x) cos

�
2π

τn

t

�
, (2.8)

where n is chosen to be within a range of integers for each si.

When combining the nine DNS computing all D0
jilk, we target a linear mean velocity field that

superposes the means associated with individual DNS with proper time-dependent weighting,
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as follows:

V1(x, t) = x1 + x2 cos

�
π

τsim

t

�
+ x3 cos

�
2π

τsim

t

�
(2.9)

V2(x, t) = x1 cos

�
3π

τsim

t

�
+ x2 cos

�
4π

τsim

t

�
+ x3 cos

�
5π

τsim

t

�
(2.10)

V3(x, t) = x1 cos

�
6π

τsim

t

�
+ x2 cos

�
7π

τsim

t

�
+ x3 cos

�
8π

τsim

t

�
(2.11)

Note that we can use cos
�

0π
τsim

t
�

as an MFM mode, which is why the first term in V1(x, t) is

x1.

In post-processing, measuring the time-dependent Reynolds stress (i.e., averaging u′
jv

′
i only

in homogenous spatial directions) results in

−u′
jv

′
i(t) = D0

ji11 + D0
ji21 cos

�
π

τsim

t

�
+ D0

ji31 cos

�
2π

τsim

t

�
+ D0

ji12 cos

�
3π

τsim

t

�
+ D0

ji22 cos

�
4π

τsim

t

�
+ D0

ji32 cos

�
5π

τsim

t

�
+ D0

ji13 cos

�
6π

τsim

t

�
+ D0

ji23 cos

�
7π

τsim

t

�
+ D0

ji33 cos

�
8π

τsim

t

�
(2.12)

Since the MFM modes have integer periods, they all time-average to zero, so we can retrieve

D0
ji11 simply by time-averaging the time-dependent Reynolds stress described in Equation

2.12. In other words, simply measuring the Reynolds stress gives D0
ji11.

We can retrieve any other D0
jilk by multiplying the Reynolds stress by the corresponding

MFM mode and time-averaging over τsim. By orthogonality, all terms on the right hand side

of Equation 2.12 including an MFM mode not corresponding to that D0
jilk become zero. For

example,

D0
ji21 = −u′

jv
′
i

�
2 cos

�
π

τsim

t

��
(2.13)

2.1.2 Simulation Details

We demonstrate superposed MFM with turbulent channel flow, combining nine DNS calcu-

lating all D0
jilk into just one DNS. We define Reτ = uτ δ/ν; in our simulation, uτ = 1, δ = 1,
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x2

x1
x3

2δ

Figure 2.2: Diagram of the computational domain for the channel flow simulation.

and ν = 1/180, so Reτ = 180.

Our DNS code is a three-dimensional incompressible Navier–Stokes solver developed by

Bose et al. and modified by Seo et al. A fractional step method with semi-implicit time

advancement is used. The temporal difference scheme is Adams-Bashforth for all terms

except for the wall-normal diffusion term, for which we use second-order Crank-Nicholson.

A second-order finite spatial discretization is used on a staggered mesh. The boundary

conditions are no slip at the walls and periodic in x1 and x3. More details about the code

can be found in Park and Mani [32].

The GMT solver is set up the same way, except MFM is implemented so that the forcing si

changes with every timestep to achieve the desired response Vi. In addition, using ui from the

Navier–Stokes DNS as the transporting velocity, the GMT code solves for the transported

velocity fluctuation v′
i rather than the full velocity vi. This is to ensure periodic boundary

conditions and the continuity of v′
i when enforcing different Vi. As a result, the Dirichlet

boundary conditions at both the top and bottom walls remain zero, regardless of the chosen

forcings.

The simulation domain is 2π × 2 × π and contains 144 × 144 × 144 cells. The grid is uniform

in the streamwise and spanwise directions, and grid-stretching is used in the wall-normal

direction. A diagram of the computational domain is shown in Figure 2.2.

The channel flow τresponse ≈ 17δ/uτ , which was determined in a previous work by running

a DNS of the Navier–Stokes equation and a DNS of the GMT equation and finding the

timescale at which the two results converge [1]. The fastest MFM mode has a τn = 125δ/uτ .

This is more than seven times τresponse, so the statistically quasi-steady assumption is valid.

The τsim = 500δ/uτ , which is on the same order of the simulation time used in standard

MFM.

The simulation process is as follows. First, the Navier–Stokes equations are simulated
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Figure 2.3: Plots of D0
ji11 and D0

ji21. The solid red line is measured using superposed MFM,
while the dashed black line is measured using standard MFM. The omitted i and j indices
correspond to statistically zero fields.

for 100δ/uτ for the flow to become fully developed. Next, the Navier–Stokes simulation

is continued, with the GMT equation simulation running alongside it. We refer to the

Navier–Stokes simulation as the “donor” simulation, and the GMT equation is the “receiver”

simulation. The receiver simulation uses the velocity field from the donor simulation as the

transporting field. Both simulations run for another 100δ/uτ to surpass initial transients

before statistics are collected for 500δ/uτ .

2.1.3 Results

Figure 2.3 shows plots of D0
ji11 and D0

ji21 retrieved from the decomposed responses. These

are the leading order moment associated with the average velocity gradients ∂V1/∂x1 and
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∂V1/∂x2, respectively.

The D0
ji11 measured using superposed MFM agree with those measured using standard MFM

in separate simulations. There appears to be some small errors in the superposed MFM

results. This is partly due to convergence error: the error would be mitigated by extending

the simulation time.

The error also results from noise from each MFM mode ”leaking” into other modes. That

is, forcing associated with one mode induces stochastic responses in other modes, which

manifest as errors in the leading order moment computations. This results from numerical

errors incurred when using orthogonality and averaging. For example, in Equation 2.13, the

other cosine terms would not exactly go to zero due to stochasticity of the solution fields,

and the computed D0
ji21 would include those errors.

This MFM modal noise is more noticeable for D0
ji21, which includes lower-magnitude eddy

viscosity tensor coefficients. The error is most significant in D0
1221 and D0

2121, which are

O(0.01).

This MFM modal noise indicates that there is a limit to how many DNS can actually be

combined in superposed MFM. This was already limited by the statistically quasi-steady

assumption, in that there are a limited number of τn that can be assigned to forcings, since

they must be much greater than τresponse and under τsim. Now, through the results of this

experiment, we see that combining many DNS also causes MFM modal noise to stack, overall

resulting in large errors in the computed moments. This must be taken into account when

computing higher-order moments, where many more DNS must be combined.

Weighted Superposed MFM

We can attenuate the error from MFM modal noise by weighting the MFM modes. The idea

is to assign smaller weights to “noisier” modes and larger weights to “cleaner” modes to

reduce the MFM modal noise in the post-processed D0
jilk measurements. The challenge lies

in choosing the weights. Ideally, we would choose the weights based on the the noise each

mode is leaking onto the other modes. To rigorously determine the noise contributed by a

certain MFM mode, we would need to perform a DNS where only that MFM mode is active,

then determine the noise it imparts on all other modes through post-processing. We would

need to do this for all MFM modes, which would defeat the purpose of superposed MFM, as

this would require the same order of DNS as standard MFM.
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Figure 2.4: Plots of D0
ji23. The solid green line is measured using weighted superposed MFM,

the dotted red line is measured using superposed MFM, and the dashed black line is measured
using standard MFM.

Instead, we can deduce the noise contribution from each MFM mode based on the magnitude

of the corresponding D0
jilk in a “short” superposed MFM DNS. This “short” MFM DNS runs

for a small fraction of τsim, so it gives us sufficient information about the MFM modal noise

while maintaining total computational cost of superposed MFM around the same as the cost

of MFM for calculating one component of the eddy viscosity tensor.

Here, we choose the weights to be the inverse of the root mean square (RMS) of D0
jilk for each

l and k combination. The RMS is calculated over the x2 direction and the j and i components

of D0
jilk, so one number represents one DNS associated with average velocity gradient ∂Vk

∂xl
.

We choose a τsim = 100δ/uτ for the “short” superposed MFM DNS. After obtaining the

RMS, we perform a full superposed MFM DNS (τsim = 500δ/uτ ), weighting each of the MFM

modes by the inverse of the corresponding RMS. We use the same superposed MFM process

as previously described. In post-processing, each of the computed D0
jilk is divided by the

corresponding weight to recover the correct magnitude.

The plots of the weighted superposed MFM results in Figure 2.4 show marked improvement

from the unweighted superposed MFM. The asymmetries that were present in the D0
jilk

determined by unweighted superposed MFM are diminished in weighted superposed MFM,

and they more closely match the standard MFM results.

For a quantitative description of the improvement, Table 2.1 shows the percent errors of the

weighted and unweighted superposed MFM results. Here, we define the percent error for
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l k Weighted Accel. MFM Unweighted Accel. MFM
1 1 5.61 2.81
2 1 5.09 9.34
3 1 7.25 17.92
1 2 9.39 7.95
2 2 5.77 14.78
3 2 4.89 23.49
1 3 10.94 16.39
2 3 5.03 26.80
3 3 6.37 9.81

Table 2.1: Percent errors of weighted and unweighted superposed MFM against standard
MFM for each DNS corresponding to average velocity gradient ∂Vk

∂xl
.

each l and k combination to be qR
δDjiδDjidyqR

Dji,refDji,refdy
× 100% (2.14)

where Dji,ref is the D0
jilk measurement using standard MFM, and δDji is the error between

the superposed MFM measurement and standard MFM measurement.

There are significant improvements for most coefficients: D0
ji21, D0

ji31, D0
ji22, D0

ji32, and D0
ji23

show the biggest improvement. Some errors went up very slightly (D0
ji11 and D0

ji12), but

those errors were already low.

2.1.4 Conclusion

This work explores a method for reducing the cost of MFM by superposing simulations

for calculating leading order moments. The full eddy viscosity kernel measurement is a

more challenging application of this method, as this requires many more DNS than what is

demonstrated in this work. For example, the full eddy viscosity kernel for turbulent channel

flow is desired using the same mesh as in this work, 145 DNS must be combined. Since only

few DNS can be combined before modal noise becomes too large, we do not recommend using

this method for determining the full kernel.

One important takeaway from this work is that there is a trade-off between accuracy and

speed when using superposed MFM. One can attempt to combine many MFM DNS, but this

amplifies MFM modal noise; on the other hand, one can keep errors low by combining only
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a few MFM, but this makes the computational cost high. Through the turbulent channel

flow model problem, we have shown that superposed MFM works well in determining the

nine leading order moment coefficients, so the method may work best when combining O(10)

DNS. While the full kernel cannot be accurately determined in one superposed MFM DNS,

we may be able to use the method to compute the first few moments of the kernel (i.e., D0,

D1, D2), which have been shown to be sufficient in modeling some nonlocal closures [43].

2.2 The Decomposition Method1

A natural implementation of MFM for some codes is to use separate sets of donor and

receiver equations for each moment to be computed. This approach is more computationally

expensive, since the donor equations are solved multiple times, but is easier to implement,

since just one set of receiver equations is one-way coupled to each donor equation. Another

approach would be to run an MFM simulation using a single donor for multiple receivers.

While mathematically equivalent to using a single donor, using separate donor simulations

can result in larger statistical error. Separate donor simulations, even when set up with

identical initial conditions, may produce different instantaneous results due to differences

in the order of arithmetic operations (e.g., from parallelization), augmented by the chaotic

nature of turbulence simulations. The resulting differences can propagate as error in the

computation of higher-order eddy diffusivity moments from lower-order moments through

Equations (1.28)-(1.31), ultimately leading to slow statistical convergence. When statistical

errors between donors match (i.e., a single donor is used for multiple receivers), the amplified

error is removed, and statistical convergence is accelerated.

To illustrate, Figure 2.5 shows the statistical errors associated with the separate and single

donor methods applied to the 2-D RT problem. When using Equation (1.30), computation of

D01 involves multiplication of D00 (and therefore its associated statistical error) by t, so we

expect error to grow substantially at large τ . We indeed observe this in the statistical error

plots. Overall, across all higher-order moments, using separate donor simulations for MFM

gives higher error than the single donor method. A qualitative error analysis presented in the

Appendix of Lavacot and Liu et al. [4] further illustrates this.

At no additional computational cost, this single donor method can be combined with

semi-analytical treatment of the macroscopic forcings in the receiver equations through

1This section draws from some material in Lavacot and Liu et al. [4].
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(a) (b)

Figure 2.5: Root mean square errors (RMSE) of separate donor (solid lines) and single donor
(dotted lines) MFM as percent of maximum magnitude of each eddy diffusivity moment at
each time. (a) shows the leading order and first temporal moments, and (b) shows the leading
order and higher-order spatial moments. Errors are computed at 20 realizations with respect
to 200 realizations for each method.
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Figure 2.6: Diagram illustrating decomposition MFM for measurement of some spatial eddy
diffusivity moments for the scalar transport problem.
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decomposition of the fluctuating field, which gives the additional benefit of boundary condition

consistency for periodic problems. This method altogether is referred to as the decomposition

MFM.

The decomposition MFM was described by Liu et al. [43] and used by Park and Mani [32]

for turbulent channel flow to allow for nonperiodic mean quantities in the channel domain,

which is periodic in the streamwise and spanwise directions. The derivation of the method for

scalar transport can be found in Liu et al. [43] as well as Lavacot and Liu et al. [4], where its

application to momentum transport is also presented. Here, derivation of the decomposition

MFM receiver equations specifically for the RT problem is presented.

In decomposition MFM, the macroscopic forcings are applied to the fluctuations of the mass

fraction, instead of the full field, allowing for the semi-analytical enforcement of the mean

mass fraction gradients. This is achieved by first writing the fluctuations of the dilute scalar

mass fraction as a Kramers–Moyal expansion, similarly to Equation 1.25:

Y ′′
c = c00 ∂ eYc

∂y
+ c10 ∂2 eYc

∂y2
+ c01 ∂2 eYc

∂t ∂y
+ c20 ∂3 eYc

∂y3
+ c11 ∂2 eYc

∂ty2
+ c02 ∂2 eYc

∂t2y
+ . . . (2.15)

This expansion is similar to that used in moment-gradient methods for dispersion modeling,

such as in the work of Nadim et al. [45]. In that work, the microscale probability density

is expressed as an expansion of gradients of the macroscale probability density, analogous

to our expansion of the microscopic c′ in terms of gradients of the macroscopic c. The

moment-gradient expansion described by Nadim et al. [45] is used to derive dispersion models;

in contrast, MFM does not directly output models but instead utilizes the expansion for

numerical measurement of moments.

Substituting Equation 2.15 and the forced mean mass fractions derived from Table 1.1 into
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Equation 1.27 gives the following equations for each cmn(y, t):

Dρc00

Dt
=

∂

∂xj

ρDc
∂

∂xj

c00 − ρv +
∂

∂y
ρDc + s00, (2.16)

Dρc10

Dt
=

∂

∂xj

ρDc
∂

∂xj

c10 − ρvc00 + ρDc + ρDc
∂

∂y
c00 +

∂

∂y
ρDcc

00 + s10, (2.17)

Dρc01

Dt
=

∂

∂xj

ρDc
∂

∂xj

c01 − ρc00 − ρy + s01, (2.18)

Dρc20

Dt
=

∂

∂xj

ρDc
∂

∂xj

c20 + ρDcc
00 + ρDc

∂

∂y
c10 +

∂

∂y
ρDcc

10 + s20, (2.19)

Dρc11

Dt
=

∂

∂xj

ρDc
∂

∂xj

c11 − ρc10 − ρvc01 + ρDc
∂

∂y
c01 +

∂

∂y
ρDcc

01 + ρ

�
1

2
y2 − 1

8

�
+ s11,

(2.20)

Dρc02

Dt
=

∂

∂xj

ρDc
∂

∂xj

c02 − ρc01 + s02, (2.21)

where each forcing smn(y, t) enforces the x-z mean of cmn(y, t) to be zero. To obtain the

eddy diffusivity moments, the turbulent species flux based on the Y ′′
c from each equation is

computed in postprocessing:

−ρv′′cmn = ρDmn. (2.22)

In the 2-D study presented later in Chapter 3, separate donor simulations are used to

determine the eddy diffusivity moments. As a result, hundreds of realizations were needed to

achieve statistical convergence of the eddy diffusivity moments. In the rest of this section, we

present a study demonstrating how using a single donor in MFM accelerates the statistical

convergence of eddy diffusivity moments in 2-D RT instability. Specifically, we apply the

decomposition MFM, which naturally requires a single donor solution for all receiver equations,

to this problem.

2.2.1 Simulation Details

We use the hydrodynamics solver Ares [46, 47] to simulate 2-D RT instability at A = 0.05.

Details about the solver are in Appendix B.1, and the simulation setup is described later

in §3.1. In this low Atwood limit, we use only Reynolds averaging (∗) and assume small

variations in density, h = hb, and ev = 0.
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