






Abstract

Development of a robust and accurate numerical framework for multi-physics is essen-

tial for engineering and science applications. In particular, simulation tools which en-

able the design and scientific development of complex engineering systems are critical

for advancements. In this thesis, numerical and modeling frameworks are presented

to simulate complex multi-phase multi-component systems which involve shocks, high

density ratio interfacial flows, subgrid sprays, phase change, and combustion. The

description of the overall computational approach is split into two parts.

First, a robust computational framework with the four-equation model is proposed

to simulate compressible multi-phase multi-component flows. An ENO-type scheme

is designed to be consistent with the thermodynamic equilibrium assumptions of the

four-equation multi-phase model, naturally enforcing the interface equilibrium condi-

tion — preventing oscillations in pressure, velocity, and temperature around isother-

mal material interfaces. The proposed four-equation framework accomplishes this

without requiring explicit equations for volume fraction or other redundant transport

equations for variables including mixture equation of state parameters, as is commonly

done for the five-equation model. Additionally, consistent mixing rules are applied

to capture leakage-free intraphase non-dilute species di!usion for multi-phase multi-

component systems and used to extend the conservative di!use interface (CDI) model

to enforce immiscibility conditions for multi-phase multi-component flows. For robust

simulations involving strong shock and material interface interactions, a conservative

positivity-preserving limiter is applied locally in space for minimal degradation of the

baseline ENO-type scheme. We show that this consistent framework is equally appli-

cable for regimes ranging from single-phase to multi-phase multi-component flows.
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Second, the multi-physics modeling capabilities including subgrid models for spray,

finite-rate phase change, and phase-constrained combustion are shown to obtain ac-

curate predictions of complex multi-phase flows at a reasonable cost. These models

are coupled to solve complex flows, including simulation of a finite-rate evaporation of

a diesel spray, and both the injection and ignition stages of a cryogenic liquid rocket

combustor.
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Chapter 1

Introduction

In recent years, computational physics has expanded capabilities in multiple aspects,

including modeling compressible flow, multi-phase interfaces, multi-component di!u-

sion and mixing processes, turbulence, and combustion. Individually, these are all

active areas of research which require large allocations of time and resources to make

progress. The overarching goal of this thesis is to create an accurate and robust com-

putational framework that includes all of the aforementioned physics. In particular,

the multi-physics nature of this work requires a consistent computational framework

at all levels, from the model forms to numerical implementations.

The motivation behind the integration of multi-physics capabilities is strong for

many applications relevant to engineering. These include studying flow regimes rang-

ing from hypersonic flight and reentry, to diesel engine design. To ground the appli-

cations of this work, the goal was defined as creating a simulation framework capable

of studying the ignition outcomes within a liquid rocket combustor in a low-pressure

environment. This study was funded as part of the Predictive Science Alliance Aca-

demic Partnership (PSAAP) program from the DOE and NNSA.

The study of a liquid rocket combustor system requires the integration of complex

multi-physics phenomena during two main stages. Initially, cryogenic liquid oxygen

is injected into a domain far below atmospheric pressure. During this injection, the

cryogenic oxygen is simultaneously atomized and vaporized by the additional injection

of a higher temperature co-axial jet of supersonic methane. Breakup, evaporation,

1
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and mixing of fuel and oxidizer are required to produce a favorable ignition outcome.

After the injection stage, a laser is used to deposit energy locally into the domain.

The resulting energy transfer creates a small zone of hot gas, which subsequently

ignites the mixture of oxidizer and fuel. After successful combustion of the fuel,

the flame must propagate through the domain without being extinguished by the

continuously injected cryogenic oxygen. Once the flame kernel grows to a critical

mass, the temperature and pressure in the domain rise to the point of engulfing the

cryogenic oxidizer, and the rocket fully ignites.

Throughout this thesis, the numerical and physical models required to successfully

simulate the liquid rocket combustor will be discussed. To orient the reader, the

relevant background for each modeling regime will be summarized in this chapter.

First, detailed approaches for modeling the multi-phase interfaces will be described.

Next, approaches for extending a multi-phase solver to capturing phase change, sub-

grid models, and combustion will be discussed. Later in this thesis, advancements to

all of these modeling paradigms will be presented. Furthermore, the consistent and

robust integration of all computational and physical models will be shown through

the simulation of multiple complex multi-physics cases, including an ignition study

of the cryogenic liquid rocket model combustor.

1.1 Numerical approaches for multi-phase inter-

face modeling

Of the multi-physics phenomena mentioned in the liquid rocket combustor, the present

work is particularly motivated by the modeling of the multi-phase interfaces. In par-

ticular, multi-phase compressible flows are prevalent in many industrial applications.

Even excluding the goals of the PSAAP project, these flows commonly feature inter-

actions between shocks and material interfaces and create challenges for numerical

methods. These challenges include obtaining a discrete representation of discontinu-

ities while remaining conservative in total mass, momentum, and energy. Designing a

robust scheme near discontinuities while retaining a high-resolution solution in other



CHAPTER 1. INTRODUCTION 3

regions is critical to properly represent prevalent physics in many flow regimes, in-

cluding turbulence. Current techniques for numerical simulation of interfaces can be

broadly placed in two categories: interface tracking and interface capturing methods

[120].

1.1.1 Interface tracking

Interface tracking methods discretely represent interfaces as sharp discontinuities,

where the interface is tracked using a Lagrangian representation. Some methods in-

clude Arbitrary Lagrangian-Eulerian (ALE) [109], front-tracking [68, 32, 67], marker-

and-cell (MAC) [115], and certain approaches to ghost-fluid schemes [159]. Advan-

tages of the sharp interface include the representation of drastically di!erent equations

of state for each fluid while avoiding spurious oscillations across phase boundaries.

Although interface tracking has its advantages, achieving discrete conservation is dif-

ficult and an ongoing area of research. In addition, the complexity of these methods

increases when representing more complex interfacial systems, including systems with

strong interfacial deformations or topological changes, high density ratios, and inter-

actions between shocks and material interfaces.

1.1.2 Interface capturing

Interface capturing schemes are based on an Eulerian equation to represent the lo-

cation of the interface throughout time. The formulation can represent interfaces as

both sharp and di!use, where the sharp-interface methods include standard level-

set/ghost-fluid schemes, [124, 55, 107, 76, 28] and geometric volume-of-fluid (VOF)

[37, 148, 8, 87, 108, 131, 80]. The sharp-interface methods achieve similar advantages

as the interface-tracking method, but the accurate geometrical representation of the

interface throughout simulations without losing conservation generally becomes com-

plex, computationally expensive, and introduces issues for scalability[118]. On the

other hand, interface capturing methods including conservative level-set (CLS) [129],

algebraic VOF methods [163, 180, 174], and di!use interface methods avoid the ad-

ditional complexity of the sharp-interface representations by di!using the interface
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over a finite number of discrete cells. The di!use interface methods, in particular,

have become a popular method due to their simplicity of implementation and load

balancing, conservation guarantees, and applicability for large density ratio flows.

Implicit interface capturing

A common di!use interface approach uses the dissipation of a numerical scheme to

implicitly represent interfaces. These include total-variational-dimensioning (TVD)

schemes which will keep all interfaces bounded and stable, though are generally dif-

fusive and limited to low-order accuracy. These include flux-limiter schemes such as

minmod, van Leer, and Superbee [166, 145, 165]. High-order analogies of the TVD

schemes include essentially non-oscillatory (ENO) type schemes [72, 150, 151, 86, 59].

ENO-type schemes (WENO and TENO) use smoothness indicators to locally switch

between non-dissipative high-order and dissipative low-order stencils to capture inter-

faces without adding substantial dissipation far from discontinuities. These techniques

have traditionally been used as shock-capturing schemes for compressible flows. When

ENO-type schemes are used to model immiscible interfaces, they have sometimes been

referred to as interface capturing methods in analogy to their shock-capturing prop-

erty [88, 36]. As described above, this terminology is also used to broadly refer to

Eulerian methods for representation of interfaces, such as VOF and level-set meth-

ods. To avoid ambiguity, the term implicit interface capturing will be used in the

remainder of this work to describe methods that rely on numerical dissipation, like

WENO, to provide a di!use representation of interfaces.

An advantage of many implicit interface capturing methods is their applicability

to handle regions of sharp gradients due to their localized upwind-biased numerical

discretization. Even so, when implicit interface capturing schemes are applied to high-

Mach, high-density ratio multi-phase flow (even if combined with a phase field model

[34]), the small oscillations produced by the scheme can lead to simulation failure

due to the development of zones which involve either negative density or internal

energy. Obtaining robust solutions for high-Mach, high density ratio multi-phase flows

requires enforcing positivity of mass, the squared speed-of-sound, and boundedness of

phase volume fraction. These conditions are commonly achieved through the minimal
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and localized use of flux limiters [171] in a manner that does not a!ect discrete

conservation.

A disadvantage of implicit interface capturing methods is that their dissipation

can smear the material interfaces indefinitely since, unlike shocks, material interfaces

do not sharpen throughout time. However, recent advancements in implicit interface

capturing o!er a remedy to this problem through the use of sharpening techniques

from algebraic VOF methods, specifically the tangent of hyperbola for interface cap-

turing (THINC) scheme [172, 173, 155, 15].

Phase field methods

In addition to implicit interface capturing methods, PDE-based di!use interface mod-

els exist which regularize material interfaces to a finite and resolvable thickness. In

particular, this work is focused on a class of di!use interface methods known as phase

field models, which includes models based on the Cahn-Hilliard [21] and Allen-Cahn

equations [5]. Recent work has proposed general implementation strategies for phase

field models to provide consistent and globally conservative solutions in both incom-

pressible and compressible flows [78, 77]. Further advances in phase field modeling

have resulted in locally conservative forms of the Allen-Cahn equation [29] known as

the conservative di!use interface (CDI) method. In recent years, significant progress

has been made with the CDI model, including proving bounded volume fractions [119],

providing required consistency conditions for both incompressible and compressible

flows [119, 83], and generalizing the CDI model for simulation of N-phase immiscible

flows [123]. Additionally, the CDI model combined with shock-capturing schemes has

been shown to be highly e!ective in capturing shock-interface interactions [34, 82].

The phase field methods discussed above have been extensively studied on isotropic

Cartesian grids. While isotropic Cartesian grids are useful for many settings, they

cannot be readily used for simulations of flows in complex geometries. Unstructured

grids have proven to be a general and e!ective approach for general geometries. Ex-

tensions for the Cahn-Hilliard, Allen-Cahn, and recently the CDI phase field methods

have been tested on both unstructured grids and adaptive octree grids using finite

element and finite volume discretizations [26, 90, 95, 97, 79]. Unstructured grids
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provide a flexible way to handle complex geometries but they come with many chal-

lenges, including higher computational costs and increased complexity compared to

a structured grid. A generalized curvilinear formulation provides an avenue to use

standard discretization schemes to handle complex geometries. Moreover, when com-

bined in a multi-block form they can capture advanced geometries while retaining

the advantages of structured grids such as cost-e”ciency, algorithmic simplicity, and

amenability to high-order spatial discretizations [156, 27].

One of the objectives of this work is to provide stable and accurate curvilinear

formulations for phase field methods. By adopting the CDI formulation as a use

case, we show how the direct transformation of phase field methods into curvilinear

coordinates causes ambiguity in parameter selection which can lead to interface os-

cillations or overly thick interfaces. To avoid these issues, we provide a systematic

approach for deriving the curvilinear extension of phase field methods, resulting in

stable and accurate phase interfaces on curvilinear grids. Specifically, the proposed

methodology results in interfaces that automatically adapt to the local grid such that

the number of grid points across the interface is approximately the same everywhere

in the domain.

1.1.3 Equilibrium conditions

In addition to a robust numerical scheme, di!use interface methods require equi-

librium conditions to define fields in the di!use zone. The most concise model is

known as the four-equation model and requires thermo-mechanical equilibrium be-

tween phases within a computational element by enforcing that one temperature,

pressure, and velocity vector is shared between phases [93, 154, 35, 57, 105, 100, 146].

Other popular equilibrium conditions include a five-equation model that does not

enforce thermal equilibrium [4]; the six-equation model which additionally relaxes

pressure equilibrium [177, 71]; and the seven-equation model, which further relaxes

momentum equilibrium between phases [9].

We note that when modeling immiscible interfaces, di!use interface methods ar-

tificially thicken the zone of coexisting phases solely to ease the numerical resolution
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requirements. Noting that physical interfaces have thicknesses on the order of a

nanometer, thermo-mechanical equilibrium in the interface zone is practically instan-

taneous compared to the temporal resolution of numerical simulations. Therefore,

using a di!use interface model in this manner should not change the equilibrium

conditions present in the sharp interface limit. However, in practice models that

use additional equations compared to the four-equation model commonly sacrifice

this desired thermo-mechanical equilibrium property as a trade-o! to gain numer-

ical robustness [13]. In some cases achieving robustness requires either sacrificing

discrete conservation (of mass [1, 2] or energy [112]) or solving additional equations

beyond the number of relaxed equilibrium conditions, e.g. equations involving the

ratio of specific heats [89, 157, 126], which are redundant on the PDE level and lead

to non-unique solutions. Aside from departing from the desired thermo-mechanical

equilibrium conditions, these models incur more cost proportional to the number of

additional equations which must be solved. In this sense, development of a robust

and discretely conservative four-equation model without redundant PDEs addresses

a physics-based need while reducing the computational cost of simulations.

Interface equilibrium condition

The main robustness issue with the numerical simulations of the four-equation model

is formulating a scheme that satisfies the interface equilibrium condition while retain-

ing a unique and discretely conservative solution. In the general case, the interface

equilibrium condition (IEC) is defined as: for a flow with uniform pressure, temper-

ature, and velocity, the numerical discretization should not introduce spurious oscil-

lations in any of these fields across material interfaces. If a scheme does not satisfy

the IEC, spurious oscillations around material interfaces grow with time, potentially

causing unphysical results and eventually code failure. Past work focused on satisfy-

ing the IEC with a unique and conservative four-equation model includes, [61], which

proposed a conservative IEC preserving flux-splitting scheme. However, the scheme

from [61] is only applicable to flows involving single-phase multi-component mixtures

of perfect gases without shocks. A similar extension of the method of [61] to real-gas

equations of state has recently been proposed [158], but it can only approximately
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satisfy the IEC with a limited spatial order of accuracy. Other past works using the

four-equation model in the compressible regime either su!ered from oscillations due

to lack of satisfying the IEC [178], did not achieve uniqueness or discrete conserva-

tion [1, 89], used dissipative low-order schemes [146], or resorted to dissipative spatial

filters to dampen growth of the oscillations throughout time [82].

One of the main contributions of this work is providing a computational strategy

to satisfy the interface equilibrium condition near machine precision using a four-

equation model. The ENO-type scheme is consistently formulated with the thermo-

dynamic assumptions of the four-equation multi-phase model to prevent oscillations

around material interfaces without additional equations, sacrificing conservation, or

adding spatial filters. Additionally, the proposed IEC ENO-type scheme is applica-

ble for general equations of state and complex mixing rules. In addition to the IEC

ENO-type scheme, this work includes extensions to the CDI phase field model to

multi-phase multi-component interfaces and an extension of the positivity preserving

flux limiter of [171] to the four-equation setting for robust treatment of the interac-

tions of high-Mach shocks with high-density ratio material interfaces. The presented

formulation and discretization is inclusive of an implicit interface capturing method

which satisfies the IEC with the four-equation model. This can be realized by omitting

the CDI regularization terms in our model.

1.2 Multi-physics modeling

In addition to capturing shocks and material interfaces, simulating the liquid rocket

combustor requires advancements beyond the state-of-the-art methods in multiple

aspects. In particular, the multi-phase physics requires modeling phase change of the

cryogenic fuel between the liquid and gas phases throughout the injection process.

Capturing the phase change rate requires modeling complex multi-physics, including

a large range of spatial and temporal scales. These range from the evaporation of bulk

interfacial features with finite rate phase change rates, to rapid phase change domi-

nated by flashing. Furthermore, many of the scales of the liquid features will be much

smaller than what a practical simulation can resolve. To provide a framework which
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can provide accurate predictions at a reasonable cost, subgrid scale spray modeling

of the liquid-gas interface is required. Additionally, phase-constrained species di!u-

sion and phase-constrained combustion models are proposed to provide a consistent

framework for modeling both phase-immiscibility and gaseous combustion within a

multi-phase multi-component mixture.

1.2.1 Phase change

The phase change process is driven by the equilibration of the chemical potential

between components within two phases. Determining the rate of relaxation to the

equilibrium value of the chemical potential defines the two categories of phase-change

modeling: instantaneous equilibration and finite-rate equilibration.

Homogeneous Equilibrium Model (HEM)

A popular approach for modeling phase change is using an instantaneous equilibration

between phases, which is known as the Homogeneous Equilibrium Model (HEM). In

general, iterative methods are required to determine the exact thermo-chemical equi-

librium state [146], though much faster approximate solvers have also been developed

[24].

In general, the rate of equilibration of the chemical potential is linearly propor-

tional to the surface area of the phase interface. Even so, the HEM model has

conditions where it is expected to provide acceptable results. The two physical condi-

tions are during an interface resolved DNS, and during a very under-resolved flashing

phase change case [146]. For the case of an interface resolved DNS when the phase

change rate is governed by surface evaporation, the HEM model can accurately pre-

dict the phase change time scale because it will be limited by heat conduction. For

under-resolved modeling of a flash boiling or cavitation regime, the phase change rate

is driven by the nucleation of millions of small sites which produce extremely large

surface area, causing rapid equilibration towards thermo-chemical equilibrium. In

this setting, the phase change is more rapid than a reasonable simulation timestep –

so the HEM model acts as a subgrid model, removing the need to resolve the small
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spatio-temporal scales involved in the initiation and completion of a rapid flashing

process.

For the cases between the interface resolved DNS and very under-resolved flashing

cases, a finite rate phase change model is required to properly model the relaxation

towards thermo-chemical equilibrium.

Finite rate phase change

As mentioned, the phase change rate is linearly proportional to the surface area

of the interface. In a general LES setting which may contain subgrid interfacial

features, using the HEM model could vastly over-estimate the phase change of the

system. Instead, multiple finite-rate approaches have been proposed. These include

the Homogeneous Relaxation Model (HRM) [46] which defines a relaxation time scale

using experimental correlations. Additionally, there are models for evaporating rates

for droplets [3, 62] which are also correlated with experiments. The droplet models

are advanced enough to incorporate both the heat transfer within the droplets and the

relative slip between phases, increasing heat transfer. With these improvements, they

can properly capture the well known D2 law for droplet evaporation [147]. Even so,

these models require an assumption of the shape of the subgrid interfacial features

which is not general for dense interfacial regions undergoing primary atomization.

A more general modeling approach is based on kinetic theory [74, 98, 147]. A well

validated model is the Hertz-Knudsen approach, which requires a general surface area

and contains one O(1) fitting parameter.

As the more accurate finite rate phase change models (including the Hertz-Knudsen

model) require a surface area, the following section will overview existing subgrid in-

terface modeling approaches which can inform a finite phase change rate.

1.2.2 Spray modeling

Modeling the finite rate phase change during an LES simulation requires a prediction

of the surface area of under-resolved features. Multiple popular approaches exist at

varying levels of fidelity. For example, an approach known as the Discrete Droplet
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Model (DDM) transports the entire liquid phase as Lagrangian particles [47]. In many

cases to decrease computational cost, the particles are defined as “super”-particles

to represent a group of many particles with identical velocity and diameter. The

transport of the liquid phase using a particle approach, such as DDM, is accurate

for a dilute spray where secondary breakup has occurred and all droplets are roughly

uniform in size and shape [142, 43, 176]. However, a general flow undergoing primary

breakup from a liquid core contains dense spray regions with varying size/shape of

liquid parcels, and achieving accurate results with Lagrangian techniques, including

DDM, requires case-by-case tuning [175, 42, 113, 85]. To properly model the complex

breakup and atomization of cryogenic liquid oxygen in the rocket combustor, a more

general breakup model than DDM is required.

Unlike Lagrangian tracking of the liquid phase, Eulerian models, including the

interface capturing approaches overviewed in Section 1.1, provide an accurate repre-

sentation of the interface when provided enough spatial resolution. If combined with

advanced numerical techniques, including adaptive-mesh-refinement (AMR) [73, 96],

these methods can provide predictive results. In this work, a more pragmatic ap-

proach is required to simulate the liquid combustor at a reasonable cost, as flashing

and small-scale events will not be resolvable. In a manner consistent with the dif-

fuse interface approach, the subgrid liquid interface can be tracked using an Eulerian

transport method. In this setting, an additional equation representing the subgrid

surface area of the interface can be solved [164, 20, 102, 103, 6]. The transport of the

surface area equation is known as the $ model where $ is the surface area density

of the multi-phase interface. Multiple studies have shown that the $ model can be

used to represent dense sprays undergoing both turbulence-driven breakup and flash-

ing processes [42, 41, 133, 40, 66]. Unlike the Lagrangian approaches which require

user inputs (e.g. particle distribution functions (PDF)) to initialize the particle sizes

for a simulation, the Eulerian models can be augmented with source and sink terms

of surface area [103] to predict the production and destruction of subgrid content

throughout the simulation. Although the approach requires substantial modeling,

it is conceptually general for any interfacial shape or feature. For example, the $

model can be used to capture both dense and dilute sprays [103, 40] with reasonable



CHAPTER 1. INTRODUCTION 12

accuracy.

1.2.3 Phase constrained species di!usion and combustion mod-

eling

Within a multi-physics framework that involves component mixing, combustion, sub-

grid spray models, and phase change, a consistent modeling mindset is required at

all levels. In particular, the species transport in a single-phase multi-component flow

can be modeled using a non-dilute Stefan-Maxwell di!usion model [33]. Without

proper treatment, the direct application of a multi-component mixing model to a

multi-phase flow can create leakage of components across immiscible multi-phase in-

terfaces [117]. To ensure that phase-immiscibility is preserved, the multi-component

di!usion can be confined to only be active within the gaseous volume of a simulation

cell. Similarly, the combustion modeling explored in this work does not include re-

active liquid components. Instead, the cryogenic liquid oxidizer must change phases

before participating in the combustion process. As such, finite-rate chemistry models

which consider the entire mixture in single-phase multi-component flows must also be

phase-constrained. The modeling philosophy of constraining relevant physics to a crit-

ical phase allows for robust and consistent models for multi-phase multi-component

systems. The application of these proposed models will be showcased within this

thesis.

1.3 Accomplishments and overview

Overview

In Chapter 2, the governing equations, mixing rules, and equilibrium assumptions of

the four-equation multi-phase model are described.

In Chapter 3, the baseline numerical scheme is discussed in detail. The chap-

ter includes details on the ENO-type interpolations used to obtain high-resolution

interpolations across large gradients, details on how the proposed scheme satisfies

phase equilibrium conditions, and details on the implementation of the generalized
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interface regularization term to multi-component multi-phase mixtures. Finally, this

chapter overviews the extension of the system to a high-order hybrid scheme. The

hybrid scheme uses a 6th order kinetic energy and entropy preserving (KEEP) cen-

tered scheme in smooth regions and an ENO-type scheme around discontinuities.

Lastly, Chapter 3 presents details on the temporal integration and the Navier-Stokes

characteristic boundary conditions (NSCBC) used in this work.

Chapter 4 goes through extensive testing of the proposed numerical framework

with simulations ranging from single-phase to multi-phase multi-component flows.

Chapter 5 extends the numerical scheme described in Chapter 3 to generalized

curvilinear coordinates. In addition to the extension of hyperbolic terms to curvi-

linear grids, this chapter proposes a method for implementing phase field models on

curvilinear grids without creating spurious oscillations around material interfaces.

Chapter 6 overviews the additional physical modeling required for simulation of

the liquid rocket combustor, including subgrid models, phase change models, and

chemistry models. In addition to modeling details, Chapter 6 provides verification

and validation cases for both phase change and subgrid spray modeling.

Chapter 7 overviews the application of all of the aforementioned chapters to a

simulation of the liquid rocket model combustor. The simulation includes both the

injection and ignition stages, and contains comparisons to experimental results.

Finally, Chapter 8 summarizes the results of the thesis.

Accomplishments

The main accomplishments in this thesis are listed below:

1. Satisfying the interface equilibrium condition with the four-equation model us-

ing high-order interpolations

2. Robust compressible flow multi-phase simulations with the four-equation model

with provably admissible solutions

3. Application of phase field models on generalized curvilinear grids without cre-

ating spurious oscillations across phase interfaces
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4. Extension of the conservative di!use interface method (CDI) to multi-component

multi-phase regimes using confined scalar arguments

5. Consistent integration of multi-physics models with the high-order four-equation

numerical scheme, including subgrid spray models, finite-rate phase change, and

phase constrained species di!usion and finite-rate chemistry models

6. Successful simulation of both the injection and ignition stages of a cryogenic

liquid rocket combustor with reasonable comparisons with experimental results



Chapter 2

Governing Equations

2.1 Physical model

The multi-phase, multi-component form of the compressible Navier-Stokes equations

will be studied in this work. In addition, we present a material-interface regularization

model which can be added to the system to represent immiscible material interfaces.

Although we can represent immiscible interfaces, the proposed model is general and

can be used for modeling of miscible interfaces (similar to implicit interface capturing)

by omitting the regularization terms and relying on a species di!usion model. To

clearly distinguish between di!erent phases, we introduce a notation in which the

phase of a material will be indicated by the superscript p, where p = [1, 2], and

the components within a given phase will be indicated by the subscript c, where

1 ↑ c ↑ N . Although we will utilize index notation for coordinates and tensor

components, we do not imply index notation for p and c.

The fluid state at a given time t can be described at position x = [x, y, z]T

by the vector of primitive variables W = [T, Y c

p
, u, v, w, P ]T or by the vector of

conserved variables U = [ωY c

p
, ωu, ωv, ωw, ωE]T . In these definitions, Y c

p
is the mass

of component c of phase p per total mass, known as the mixture mass fraction,

u = [u, v, w]T is the velocity vector, P is the pressure, T is the temperature, ω is

the mixture density, and ωE is the total energy per unit volume defined as ωE =

ωe+ 1
2ωu ·u where e is the internal energy per unit volume. Using these variables, the

15
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multi-phase multi-component Navier-Stokes equations with interface regularization

terms can be compactly written in di!erential form in terms of the conserved variables

U ,

ςU

ςt
+

ς [F(U ) + Fε(U ) + FDI(U )]

ςx
+

ς [G(U ) + Gε(U ) + GDI(U )]

ςy

+
ς [H(U ) + Hε(U ) + HDI(U )]

ςz
= 0,

(2.1)

for p = 1, 2 and 1 ↑ c ↑ N . The convective fluxes F , G, H are defined as,

F(U ) =





ωY c

p
u

ωuu + P

ωuv

ωuw

u(ωE + P )





G(U ) =





ωY c

p
v

ωuv

ωvv + P

ωvw

v(ωE + P )





H(U ) =





ωY c

p
u

ωuw

ωvw

ωww + P

w(ωE + P )





, (2.2)

and the viscous fluxes, Fε , Gε , Hε can be expressed as,

Fε(U ) =





J c

p,x

↓φ11

↓φ12

↓φ13

$iuiφ1i + q1





Gε(U ) =





J c

p,y

↓φ21

↓φ22

↓φ23

$iuiφ2i + q2





Hε(U ) =





J c

p,z

↓φ31

↓φ32

↓φ33

$iuiφ3i + q3





, (2.3)

where φij is the viscous stress tensor,

φij = µ

[
ςui

ςxj

+
ςuj

ςxi

↓ 2/3
ςuk

ςxk

↼ij

]
, (2.4)

with µ as the dynamic viscosity, and ↼ij as the Kronecker delta. Additionally, we

propose a leakage-free intraphase species mass di!usion model as an extension of a

well-known version of the Stefan-Maxwell di!usion model [33] using a confined scaler
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argument [121, 117]. The resulting model can be written as a phase constrained

Fickian di!usion term and a mass corrector as,

J c

p,i
= ↓ωY c

p

[
Dc

p

ς

ςxi

(
ln

(
Xc

p

Xp

))
↓

∑

j

(
Y j

p

Yp

)
Dj

p

ς

ςxi

(
ln

(
Xj

p

Xp

))]
(2.5)

= ↓ωY c

p

[
Dc

p

Xp

Xc
p

ς

ςxi

(
Xc

p

Xp

)
↓

∑

j

(
Y j

p

Yp

Xp

Xj

p

)
Dj

p

ς

ςxi

(
Xj

p

Xp

)]
(2.6)

= ↓ω

[
Dc

p
Yp

W c

p

Wp

ς

ςxi

(
Xc

p

Xp

)
↓ Y c

p

∑

j

(
W j

p

Wp

)
Dj

p

ς

ςxi

(
Xj

p

Xp

)]
(2.7)

where Dc

p
is the mass di!usivity of component c within phase p, Xc

p
is the mixture

molar fraction of component c of phase p, Xp is the mixture molar fraction of phase p,

Yp is the mixture mass fraction of phase p, W c

p
is the molecular weight of component

c, and Wp is the molecular weight of phase p. Formulas describing the computation

of Wp, Yp, and Xp are in 2.2.

One key di!erence between this formulation and the common non-dilute Stefan-

Maxwell model is the incorporation of the denominators (Xp and Yp) in the gradient

terms. This enforces phase-constrained di!usion of intraphase species by restrict-

ing the volume of influence of species di!usion to be within each phase, preventing

unphysical leakage of components across phases. This formulation can be derived us-

ing the consistent transport models for confined scalars introduced in previous work

[121, 117]. Any physical exchange across phases (e.g. phase change) would require

additional models to explicitly represent mass-transfer between phases. Lastly, the

heat flux qi is defined as,

qi = ↓ε
ςT

ςxi

+
∑

p

∑

c

J c

p,i

Y c

p

Yp

hc

p
, (2.8)

where ε is the heat conductivity of the mixture and hc

p
is the specific enthalpy of

component c of phase p. The final terms in Eq. 2.1, FDI , GDI , HDI , are the interface

regularization terms (i.e. the di!use interface terms) and are described in Section 3.2.
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2.2 Mixture rules

2.2.1 Equilibrium assumptions

In this work, thermal and mechanical equilibrium is assumed between phases within

a computational element by enforcing that one temperature, pressure, and velocity

vector is shared between phases. In the literature, models which enforce thermo-

mechanical equilibrium are often known as the four-equation multi-phase model [93,

154, 35, 57, 105, 100, 146]. One of the main contributions of this work is providing

a computational strategy to satisfy the discrete interface equilibrium condition near

machine precision with the four-equation model. The proposed scheme is presented

in Section 3.1.

The following sections overview the mixing rules required to obtain the equation of

state closure for Eq. 2.1. Section 2.2.2 starts by defining the mixing rules describing

multi-phase mixtures and Section 2.2.3 extends this to a general multi-phase multi-

component model.

2.2.2 Interphase mixing rules

In this work, multi-phase mixtures are assumed to be immiscible. To describe im-

miscible phases, separate phases are assumed to occupy their own individual volumes

and share a common pressure (Amagat’s law). The mixing rules are summarized as,

Tp = T ↔p, Pp = P ↔p, v =
∑

p

Ypvp, e =
∑

p

Ypep (2.9)

where Tp, Pp, ep, and vp are the temperature, pressure, internal energy, and spe-

cific volume for phase p. These thermodynamic variables can be obtained from the

equation of states for each phase p. These mixing rules allow for each phase p to be

governed by di!erent equation of states as well as by unique intraphase mixing rules

to describe multi-component mixtures.

Other quantities that are treated with interphase mixing rules include the mixture
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viscosity µ and mixture thermal conductivity ε as,

µ =
∑

p

ϱpµp, ε =
∑

p

ϱpεp (2.10)

where µp and εp are the phasic viscosity and thermal conductivity respectively, and

ϱp is the phase volume fraction. In this work εp and µp are assumed constant in the

liquid phase. For the gaseous phase, εg is defined as,

εg =
µg

Pr

∑

c

(Y c

g
/Yg)CP

c

g
(2.11)

and µg is defined using Wilke’s rule [170] as,

µg =
∑

i

(Y i

g
/Yg)µi

g
j
GijWc/Wj(Y

j

g /Yg)
(2.12)

where,

Gij =
1

↗
8

(
1 +

Wi

Wj

)→1/2
[

1 +

(
µi

g

µj

g

)→1/2 (
Wi

Wj

)1/4
]2

(2.13)

and the Prandtl number, Pr, the dynamic viscosity of species µi

g
, and the specific

heats, CP
c

g
, are assumed constant. Although not explored in this work, the for-

mulation does not restrict these quantities from being extended to more advanced

definitions, including defining the components with a non-linear dependence on tem-

perature.

2.2.3 Intraphase mixing rules

Classical intraphase mixing rules include assuming the individual components within

a phase occupy their own volume (Amagat’s law) or assuming components share

volumes (Dalton’s law). Traditionally, mixtures of gas components are assumed to

follow Dalton’s law, with each individual component contributing a partial pressure

towards the mixture pressure [25]. For a real gas equation of state (e.g. including

the compressiblity factor), Dalton’s law and Amagat’s law will give di!erent results.
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However, if the gas components are modeled as ideal gases, both representations

obtain equivalent thermodynamic states [25].

The governing equations in Section 2.1 are written to allow either intraphase

mixing rule to be applied. In this work, although the gas components follow the ideal

gas law, both mixing rules are summarized to show the generality of the four-equation

model and provide a background for extensions to more complex equations of state.

The ideal mixing rules associated with assuming all intraphase components occupy

the same volume (Dalton’s law) are summarized as,

Tp = T c
↔c, Pp =

∑

c

P c

partial
, vp = vc

p
↔c, ep =

∑

c

(Y c

p
/Yp)ec

p
(2.14)

where (assuming the ideal gas law) the partial pressure of component c is defined as,

P c

partial
= ωY p

c
RT/W c (2.15)

where R is the universal gas constant and W c is the molecular weight of component c.

Additionally, the ideal mixing rules associated with assuming all components occupy

the individual volumes (Amagat’s law) are summarized as,

Tp = T c
↔c, Pp = P c

↔c, vp =
∑

c

(Y c

p
/Yp)vc

p
, ep =

∑

c

(Y c

p
/Yp)ec

p
. (2.16)

Lastly, the mass di!usivity of component c within phase p is defined as,

Dc

p
=

µp

ωpScc

p

(2.17)

where, in this work, a constant Schmidt number, Scc

p
, is assumed for each component

within a phase.

2.3 Noble Abel sti!ened gas EOS

To close the system illustrated in Eq. 2.1 the Nobel-Abel equation of state (NASG

EOS) [101] is used for all components in the multi-phase multi-component mixture.
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For a pure component, the general NASG EOS assuming constant heat capacity reads,

vc

p
(P, T ) =

(CP
c

p
↓ Cv

c

p
)T

P + P ↔c
p

+ bc

p

ec

p
(P, T ) =

P + ↽c

p
P ↔

c

p

P + P ↔c
p

Cv
c

p
T + qc

p

hc

p
(P, T ) = CP

c

p
T + bc

p
P + qc

p

(2.18)

where for component c in phase p, CP
c

p
is the heat capacity at constant pressure,

Cv
c

p
is the heat capacity at constant volume, ↽c

p
is the heat capacity ratio, bc

p
is the

co-volume of the component molecules, P ↔
c

p
is the sti!ened pressure to model the

attractive forces between molecules in a material, and qc

p
is a reference energy. If bc

p

and P ↔
c

p
are taken as zero (as is done for components in the gas phase) the NASG

EOS reduces to the ideal gas equation of state.

During a simulation, the internal energy and volume (or density) of the mixture

can be determined from the conserved vector U and the mixing rules in Section 2.2.

To obtain expressions for the pressure and temperature of the mixture in terms of

internal energy and volume, the mixing rules discussed in Section 2.2 can be combined

with the NASG EOS. For a system with multiple components in both phases, an

iterative procedure is required to find the pressure and temperature that satisfy the

equilibrium conditions [35]. In this work, only one component will be modeled in the

liquid state, and the gaseous state will be composed of ideal gas components. Given

these simplifications, we can use Amagat’s law for both intraphase and interphase

mixing and the NASG EOS to obtain closed expressions for the mixture pressure. An

expression for the mixture pressure can be found by enforcing the equality between

the two definitions for mixture temperature found from Eq. 2.18,
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T (e, P, Y c

p
) = (e ↓ q)


∑

p

∑

c

Y c

p
Cv

c

p
(P + ↽c

p
P ↔

c

p
)

P + P ↔c
p

→1

(2.19)

T (ω, P, Y c

p
) = (1/ω ↓ b)


∑

p

∑

c

Y c

p
Cv

c

p
(↽c

p
↓ 1)

P + P ↔c
p

→1

. (2.20)

Solving for a common pressure between Eq. 2.19 and 2.20 leads to

P =
a2 +


a2

2 + 4a1a3

2a1
(2.21)

with

a1 = Cv

a2 =

(
e ↓ q

1/ω ↓ b

)
(CP ↓ Cv) ↓ P ↔Cv ↓ P ↔Y1(CP 1 ↓ Cv1)

a3 =

(
e ↓ q

1/ω ↓ b

)
P ↔[CP ↓ Cv ↓ Y1(CP 1 ↓ Cv1)]

(2.22)

and

Cv =
∑

p

∑

c

Y c

p
Cv

c

p
, CP =

∑

p

∑

c

Y c

p
CP

c

p

q =
∑

p

∑

c

Y c

p
qc

p
, b =

∑

p

∑

c

Y c

p
bc

p

(2.23)

where for this work p = 1 is defined as the liquid phase and P ↔ ↘ P ↔
c=1
p=1 as there is

only one component in the liquid. Once pressure is determined using Eq. 2.21, either

Eq. 2.19 or Eq. 2.20 can be used to obtain the mixture temperature. For mixtures

with multiple components in each phase or specific heats dependent on temperature,

iterative solvers can be used to determine the equilibrium state [35].

Unless otherwise specified, the NASG EOS parameters used for all materials

throughout this work are included in Table 2.1.
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Material CP [J kg→1K→1] ↽ [-] q [J kg→1] b [m3 kg→1] P↔ [Pa]

Water (L) 4.185 → 103 1.0123 ↓1.143 → 106 9.203 → 10→4 1.835 → 108

Air 1.011 → 103 1.4 0 0 0

Helium 5.091 → 103 1.66 0 0 0

SF6 0.661 → 103 1.093 0 0 0

Table 2.1: NASG Parameters used in this work



Chapter 3

Numerical Method

3.1 Godunov spatial discretization

In the Godunov approach, the integral form of the partial di!erential equations in

Eq. 2.1 will be solved using the finite-volume method.The di!erential form of Eq. 2.1

is assumed to admit smooth solutions for which partial derivatives exist. A general

cuboid cell (i, j, k) has the spatial width defined by #x, #y, and #z and a cell volume

defined as #x#y#z. In this work, isotropic Cartesian grids (#x = #y = #z) will

be used to spatially discretize the system. In the finite-volume formulation, the cell-

averaged values of the conserved variables can be obtained as,

Ūi,j,k =
1

V


x

i+ 1
2 ,j,k

x
i→ 1

2 ,j,k


y

i,j+ 1
2 ,k

y
i,j→ 1

2 ,k


z

i,j,k+ 1
2

z
i,j,k→ 1

2

Udxdydz. (3.1)

Applying the volume integration to Eq. 2.1 leads to a set of ordinary di!erential

equations,

24
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d

dt
Ūi,j,k = ↓

1

#x


F

i+ 1
2 ,j,k

↓ F
i→ 1

2 ,j,k



↓
1

#x


Fε i+ 1

2 ,j,k
↓ Fε i→ 1

2 ,j,k



↓
1

#x


FDI i+ 1

2 ,j,k
↓ FDI i→ 1

2 ,j,k



↓
1

#y


G

i,j+ 1
2 ,k

↓ G
i.j→ 1

2 ,k



↓
1

#y


Gε i,j+ 1

2 ,k
↓ Gε i.j→ 1

2 ,k



↓
1

#y


GDI i,j+ 1

2 ,k
↓ GDI i.j→ 1

2 ,k



↓
1

#z


H

i,j,k+ 1
2

↓ H
i,j,k→ 1

2



↓
1

#z


Hε i,j,k+ 1

2
↓ Hε i,j,k→ 1

2



↓
1

#z


HDI i,j,k+ 1

2
↓ HDI i,j,k→ 1

2



(3.2)

where, Fi+1/2,j,k, Fε i+1/2,j,k, and FDI i+1/2,j,k are the averaged cell face fluxes on the

xi+1/2 face for the convective, di!usive, and regularization terms respectively. The

definitions of the fluxes on the y↓ and z↓ faces are analogous. For multi-dimensional

problems Eq. 3.2 is solved using a dimension-by-dimension approach where each

dimension is evaluated separately. Additionally, in this work all cell face averaged

variables are approximated using a one-point quadrature rule. Higher-order repre-

sentations are possible and have been explored in other works [36]. To calculate the

convective flux on the cell faces the Godunov approach [161] is used by solving a

Riemann problem on a cell face. The Riemann problem is defined by fluid states

on the left and right sides of a cell face, which are obtained by numerical interpola-

tions. Across discontinuities, including shocks and material interfaces, the method

of interpolation can be critical to obtaining a robust and oscillation-free solution. A

brief review of previous approaches to limiting oscillations across discontinues and

interfaces was presented in Section 1.

In this work, an ENO-type (WENO-type, or TENO-type) interpolation scheme is
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used in combination with a HLLC Riemann solver for the hyperbolic terms. A key

challenge when applying this methodology to material interfaces is formulating the

interpolations to satisfy the IEC. Details on the variables which are reconstructed by

the ENO-type scheme while satisfying the IEC can be found in Section 3.1.3 and de-

tails on the HLLC form is in 3.1.5. The viscous fluxes are interpolated to faces using

a standard second-order central scheme. The interface regularization fluxes are inter-

polated to faces using a second-order kinetic energy and entropy preserving (KEEP)

central interpolation that satisfies the IEC [84]. More detail on the regularization

terms and the KEEP interpolation is in Section 3.2.

3.1.1 ENO-type interpolations

This section will overview the ENO-type interpolation schemes used in this work. For

any given field, ENO-type interpolations will take a convex combination of r candidate

sub-stencils to obtain low-order upwind biased interpolations around discontinuities

and high-order low-dissipation interpolations in smooth regions. For example, an

order (2r-1) ENO-type interpolation on a one-dimensional field f from cell centers to

a cell face at xi+1/2 can be defined,

f̂i+1/2 =
r→1∑

k=0

wkf̂k,i+1/2 (3.3)

where the convex weights, wk, are determined based on the smoothness of the lower

order sub-stencil interpolations. The locations of the sub-stencils (Sk) used for finding

all interpolations at xi+1/2 in this work are shown in Figure 3.1.

The sub-stencil interpolations, f̂k,i+1/2, are obtained as,

f̂k,i+1/2 =
∑

m

cmfm (3.4)

where the coe”cients cm for a given sub-stencil location Sk are provided in Table 3.1.

The core di!erences between ENO-type schemes, including the distinctions within
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Figure 3.1: Location of sub-stencils used by ENO-type schemes to interpolate to
xi+1/2.

f̂k,i+1/2 ci→2 ci→1 ci ci+1 ci+2 ci+3

k = 0 -1/6 5/6 2/6
k = 1 2/6 5/6 -1/6
k = 2 2/6 -7/6 11/6
k = 3 3/12 13/12 -5/12 1/12

Table 3.1: Coe”cients for sub-stencils used by ENO-type schemes

weighted (W)ENO schemes and targeted (T)ENO schemes, are the smoothness in-

dicators and the subsequent selection and weighting of the sub-stencil interpolations

f̂k.

WENO5-JS [86]

The WENO5-JS scheme uses the sub-stencils at locations S0, S1 and S2. The smooth-

ness indicators for each sub-stencil are defined in terms of cell-averaged quantities fi

as,

⇀0 =
1

4
(fi→1 ↓ fi+1)2 +

13

12
(fi→1 ↓ 2fi + fi+1)2

⇀1 =
1

4
(3fi ↓ 4fi+1 + fi+2)2 +

13

12
(fi ↓ 2fi+1 + fi+2)2

⇀2 =
1

4
(fi→2 ↓ 4fi→1 + 3fi)

2 +
13

12
(fi→2 ↓ 2fi→1 + fi)

2

(3.5)
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and can be used to form the convex weights as,

wk =
⇁k2

k=0 ⇁k

, ⇁ =
dk

(⇀k + ϖ)q
(3.6)

where d0 = 0.6, d1 = 0.3, d2 = 0.1, ϖ is a small parameter taken as 1 → 10→6, and

q ≃ 1. In this work, we set q = 2, as this value is commonly used to enhance the

non-oscillatory behavior of the scheme. While WENO5-JS is e!ective at limiting

oscillations around discontinuities, the sub-stencil weighting strategy has been shown

to degrade around critical points and reduce the overall accuracy of the scheme.

WENO5Z [17]

The WENO5Z weighting strategy was inspired to improve the performance of WENO5-

JS around critical points. Though it only achieved limited success near critical points,

it improved the convergence towards the optimal weights compared to WENO5-JS.

The weighting strategy is defined as,

⇁k = dk

(
1 +

(
φ5

⇀k + ϖ

))
, φ5 = |⇀1 ↓ ⇀2|. (3.7)

where in this work, q = 2, ϖ = 1 → 10→5, and the dk coe”cients are identical to

WENO5-JS.

TENO5 and TENO6 [59]

TENO schemes use the stencil selection shown in Figure 3.1. Compared to the WENO

schemes, the TENO schemes have a di!erent reconstruction strategy and smoothness

indicators. Motivated by the smoothness indicators in WENO5Z, TENO schemes

define a smoothness measure as,

↽k =

(
C +

φk

⇀k,r + ϖ

)q

, k = 0...K ↓ 3 (3.8)

where K is the order of accuracy. In this work, C = 1 and for the TENO5 and

TENO6 schemes, q = 6, and ϖ = 1 → 10→10. The smoothness indicators ⇀ remain
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identical as with WENO5 schemes, though for TENO6 another indicator is needed,

and is defined as

⇀3 =
1

36
(↓11fi + 8fi+1 ↓ 9fi+2 + 2fi+3)2

+
13

12
(2fi ↓ 5fi+1 + 4fi+2 ↓ fi+3)2

+
781

720
(↓fi + 3fi+1 ↓ 3fi+2 + fi+3)2.

(3.9)

The next major di!erence between the TENO schemes and the WENO schemes is the

stencil selection. TENO schemes define a cuto! function to fully suppress sub-stencils

which are non-smooth. The cuto! is evaluated based on,

↼k =





0, if χk < CT

1, otherwise
(3.10)

where,

χk =
↽k

K→3
k=0 ↽k

. (3.11)

The cuto! value, CT , is taken as CT = 1 → 10→6 for TENO6 and CT = 1 → 10→5 for

TENO5.

TENO6-A [60]

The cuto! value CT is generally responsible for determining numerical dissipation.

To minimize dissipation around high-wavenumbers while retaining non-oscillatory

interface capturing, the CT parameter can be adapted following,

CT = 10→↗!↘

% = ⇁1 ↓ ⇁2(1 ↓ g(m))

g(m) = (1 ↓ m)4(1 + 4m)

(3.12)
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where ⇐%⇒ denotes the Gauss bracket of %, and m is given by,

m = 1 ↓ min(1, ηi+1/2)

ηi+1/2 = min(ηi→1, ηi, ηi+1, ηi+2)

ηi =
|2(fi+1 ↓ fi)(fi ↓ fi→1)| + ϖ

(fi+1 ↓ fi)2 + (fi ↓ fi→1)2 + ϖ

ϖ =
0.9Cr

1 ↓ 0.9Cr

ϑ2

(3.13)

where in this work Cr = 0.2, ϑ = 1e ↓ 8, ⇁1 = 9.5, and ⇁2 = 3.5.

3.1.2 Avoiding spurious oscillations

The ENO-type schemes described above have been formulated for systems without

coupled variables. When applying ENO-type schemes to the coupled equations in

the compressible Navier-Stokes equations, the field variables are dependent on one

another and if di!erent stencils are used across each field (which is very likely for

ENO-type schemes) inconsistencies between the discretization of the coupled vari-

ables can lead to numerically produced spurious oscillations. Instead, projecting the

coupled fields to characteristic space (diagonalizing the system) before interpolation

decouples the fluid fluids into independent characteristic variables and avoids the is-

sues associated with using ENO-type schemes on coupled systems [72, 150, 151, 152].

Although interpolating the characteristic variables reduces spurious oscillations, it

does not cause the system to inherently satisfy the interface equilibrium condition for

multi-phase systems, and will result in oscillations around material interfaces unless

specific steps are taken. As discussed in Sections 1.1.3 and 1.1.3, past works have

presented strategies for satisfying the IEC using ENO-type schemes. However, these

strategies either lose conservation of mass or energy, add redundant equations, or do

not satisfy our desired mixing rules and thermodynamic equilibrium assumptions.
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3.1.3 Satisfying the interface equilibrium condition

Notably, in this work, the IEC is satisfied to near-machine precision using the four-

equation model without redundant equations. The idea is based on the use of the

primitive vector W = [T, Y c

p
, u, v, w, P ]T , as the basis for building the interpolations

to cell faces. An important clarification must be made that this set of primitive vari-

ables includes temperature instead of density (unlike what is done for the volume-

fraction-based five-equation model [36]). Interpolating (including with a nonlinear

ENO-type scheme) directly based on P , T , and u enforces the interface equilibrium

condition numerically, since a well-formulated numerical scheme will keep a constant

field constant after interpolation. Replacement of T with ω, as done in other studies

[36], will no longer maintain a constant temperature after interpolation (since ω con-

tains a jump across the interface) and results in oscillations of P , T , and u (shown

in Table 4.8). Instead, using the primitive vector, W = [T, Y c

p
, u, v, w, P ]T , removes

oscillations around isothermal material interfaces and discretely satisfies the IEC.

Though the strategy outlined above will satisfy the IEC, as discussed in Section

3.1.2, it is advantageous (especially around shocks) to decompose the fluid-state into

characteristic variables in order to avoid additional spurious oscillations from the

non-linearity of the ENO-type schemes. In this work, the proposed primitive basis of

W = [T, Y c

p
, u, v, w, P ]T (not including one Y c

p
) is used to define characteristic vari-

ables. The characteristic matrices used for the projection of W = [T, Y c

p
, u, v, w, P ]T

into characteristic space are included in 3.1.6. Additionally, using an interpolation

based on characteristic variables with a non-linear ENO-type scheme can be ana-

lytically shown to satisfy the IEC ( 3.1.7). A numerical example showcasing the

successful application of this IEC ENO-type scheme to solve an inviscid multi-phase

droplet advection with oscillations in pressure, velocity, or temperature, near machine

precision is given in Section 4.3.1.

3.1.4 Godunov Approach

The resulting numerical strategy for obtaining the flux on cell faces is summarized

below.
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1. Project W into characteristic space to obtain: W̃

(a) Define an average of U on a face: U
i+ 1

2
(using either arithmetic or Roe

average)

(b) Define the matrix of left eigenvectors, S
→1 from the averaged state of U

i+ 1
2

(c) W̃ = S
→1

W

2. Obtain left and right states of W̃ on the cell face using ENO-type interpolation

3. Project W̃
L

i+ 1
2

and W̃
R

i+ 1
2

to physical space to obtain: W
L

i+ 1
2

and W
R

i+ 1
2

(a) Define the matrix of right eigenvectors, S from the averaged state of U
i+ 1

2

(b) W
L

i+ 1
2

= SW̃
L

i+ 1
2
, W

R

i+ 1
2

= SW̃
R

i+ 1
2

4. Obtain the left and right states for density using the EOS

5. Find the left and right states of the conserved variables from primitives

6. Find the cell face flux using a HLLC Riemann solver:

F
i+ 1

2
= F

HLLC(UL

i+ 1
2
, U

R

i+ 1
2
)

The approach outlined above will result in high-resolution capturing of material

interfaces and shocks with minimal dissipation. However, unlike shocks, material in-

terfaces are not self-sharpening. Though high-order ENO-type interpolations can be

used across material interfaces as an implicit interface capturing scheme, the numeri-

cal dissipation from the upwind-biased interpolations will cause mixing of immiscible

phases throughout time. To enforce immiscibility between phases, interface regular-

ization terms can be added to the system to sharpen multi-phase interfaces while

allowing intraphase species di!usion.

3.1.5 HLLC Riemann solver

To solve the Riemann problem at the cell faces we use the approximate 1D HLLC

Riemann solver [161]. Extension to multi-dimensional flows is done using a dimension-

by-dimension approach. As an example, the following section will define the 1D HLLC
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approximate Riemann solver in the x-direction. The wave speeds are defined as,

sL = min(ū ↓ ā, uL
↓ aL) (3.14)

sR = max(ū + ā, uR + aR), (3.15)

and

s→ = min(0, sL) (3.16)

s+ = max(0, sR) (3.17)

where the overbar represents the arithmetic average across the xi+1/2 interface.

The intermediate wave speed is chosen as,

s↓ =
P R

↓ P L + ωLuL(sL
↓ uL) ↓ ωRuR(sR

↓ uR)

ωL(sL ↓ uL) ↓ ωR(sR ↓ uR)
(3.18)

Lastly, the intermediate conservative state is defined by,

U
↓K =

(
sK

↓ uK

sK ↓ s↓

)





(ωY c

p
)K

ωKs↓

ωKvK

ωKwK

EK + (s↓
↓ uK)

(
ωKs↓ + P

K

sK→uK

)





(3.19)

With the wave speeds and the intermediate state defined the local Riemann problem

at cell face xi+1/2 can be solved using the HLLC Riemann solver to determine the con-

vective flux, F
HLLC(UL, U

R) where the HLLC flux can be defined symmetrically

as,

F
HLLC(UL, U

R) =
1 + sign(s↓)

2


F

L + s→(U ↓L
↓ U

L)


+
1 ↓ sign(s↓)

2


F

R + s+(U ↓R
↓ U

R)


.

(3.20)
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3.1.6 Characteristic decomposition

The Euler equations (ignoring viscosity and interface regularization in Eq. 2.1) is

defined by,

ςU

ςt
+

ς [F(U )]

ςx
+

ς [G(U )]

ςy
+

ς [H(U )]

ςz
= 0. (3.21)

where it can be re-written as in terms of primitive variables, W = [T, Y c

p
, u, v, w, P ],

using a Jacobian matrix of conserved and primitive variables defined as,

P =
ςU

ςW
(3.22)

and flux Jacobian matrices defined by,

Qx =
ςF

ςW
, Qy =

ςG

ςW
, Qz =

ςH

ςW
. (3.23)

Now the quasi-linearized Euler equation in terms of primitive variables can be written

as,

ςW

ςt
+ A

ςW

ςx
+ B

ςW

ςy
+ C

ςW

ςz
= 0. (3.24)



CHAPTER 3. NUMERICAL METHOD 35

where A = P
→1

Qx, B = P
→1

Qy, and C = P
→1

Qz are defined as,

A =





u . . .0 ωa
2
ϑ→1
ϖ

0 0 0
...0

. . .u
...0

...0
...0

...0

0 0 u 0 0 1
ω

0 0 0 u 0 0

0 0 0 0 u 0

0 0 ωa2 0 0 u





B =





v . . .0 0 ωa
2
ϑ→1
ϖ

0 0
...0

. . .v
...0

...0
...0

...0

0 0 v 0 0 0

0 0 0 v 0 1
ω

0 0 0 0 v 0

0 0 0 ωa2 0 v





C =





w . . .0 0 0 ωa
2
ϑ→1
ϖ

0
...0

. . .w
...0

...0
...0

...0

0 0 w 0 0 0

0 0 0 w 0 0

0 0 0 0 w 1
ω

0 0 0 0 ωa2 w





(3.25)

where the (· · · ) represent the number of additional entries required to represent all

but one Y c

p
species in the system. The primitive system can be diagonalized using a

characteristic decomposition,

A = SA”S→1
A B = SB”S→1

B C = SC”S→1
C
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where, for A, the right-eigenvectors SA and left-eignevectors S→1
A are defined as,

SA =





1 . . .0 0 0 (ωa
2
ϑ→1)

(ϖa2ω)
(ωa

2
ϑ→1)

(ϖa2ω)
...0

. . .1
...0

...0
...0

...0

0 0 0 0 1/(aω) ↓1/(aω)

0 0 1 0 0 0

0 0 0 1 0 0

0 0 0 0 1 1





, S→1
A =





1 . . .0 0 0 0 ↓
(ωa

2
ϑ→1)

(ϖa2ω)
...0

. . .1
...0

...0
...0

...0

0 0 0 1 0 0

0 0 0 0 1 0

0 0 (aω)/2 0 0 1/2

0 0 ↓(aω)/2 0 0 1/2





.

(3.26)

Similar characteristic decomposition can be performed for B as,

SB =





1 . . .0 0 0 (ωa
2
ϑ→1)

(ϖa2ω)
(ωa

2
ϑ→1)

(ϖa2ω)
...0

. . .1
...0

...0
...0

...0

0 0 1 0 0 0

0 0 0 0 1/(aω) ↓1/(aω)

0 0 0 1 0 0

0 0 0 0 1 1





, S→1
B =





1 . . .0 0 0 0 ↓
(ωa

2
ϑ→1)

(ϖa2ω)
...0

. . .1
...0

...0
...0

...0

0 0 1 0 0 0

0 0 0 0 1 0

0 0 0 (aω)/2 0 1/2

0 0 0 ↓(aω)/2 0 1/2





(3.27)

and additionally for C,

SC =





1 . . .0 0 0 (ωa
2
ϑ→1)

(ϖa2ω)
(ωa

2
ϑ→1)

(ϖa2ω)
...0

. . .1
...0

...0
...0

...0

0 0 1 0 0 0

0 0 0 1 0 0

0 0 0 0 1/(aω) ↓1/(aω)

0 0 0 0 1 1





, S→1
C =





1 . . .0 0 0 0 ↓
(ωa

2
ϑ→1)

(ϖa2ω)
...0

. . .1
...0

...0
...0

...0

0 0 1 0 0 0

0 0 0 1 0 0

0 0 0 0 (aω)/2 1/2

0 0 0 0 ↓(aω)/2 1/2





.

(3.28)

With the definitions for the characteristic composition the projections to/from charac-

teristic space in the Godunov algorithm described in Section 3.1.4 can be completed.
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3.1.7 IEC analysis with characteristic variables

As discussed in Section 3.1.3 the clearest way to satisfy IEC is by directly interpolat-

ing the set of primitive variables W = [T, Y c

p
, u, v, w, P ]T . Instead, in Section 4.3.1

the characteristic variables projected from the primitive variables W is shown to pro-

vide acceptable levels of IEC error (near machine precision for multiple WENO-type

schemes tested). The analysis showing how interpolations based on the characteristic

variables satisfies IEC is shown below.

As an example, the characteristic variables in the x-direction based on W =

[T, Y c

p
, u, v, w, P ]T is defined by,

W̃ = S→1
A W =





w̃1

w̃2

w̃3

w̃4

w̃5

w̃6





=





T ↓
(ωa2ϑ→1)

(ϖa2ω) P

Y c

p

v

w

u(aω)/2 + 1/2P

↓u(aω)/2 + 1/2P





. (3.29)

where the (·) represents the arithmetic (or Roe) average onto the face. These quanti-

ties are constant across the full stencil. Following the Godunov approach described in

Section 3.1.4 W̃ is projected using an ENO-type scheme to the left and right states

across a cell face. W̃
L/R are projected to W

L/R using,

W
L/R = SAW̃

L/R (3.30)

To satisfy IEC after interpolation the following conditions must be met (assuming an

initially constant T, P, and u),

T = T L/R, P = P L/R, u = u
L/R. (3.31)
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First, the pressure and normal velocity conditions can be analyzed,

P L/R = w̃L/R

5 + w̃L/R

6 (3.32)

uL/R = (1/aω)w̃L/R

5 ↓ (1/aω)w̃L/R

6 . (3.33)

To show that pressure and velocity stay constant after ENO-type interpolation, we

can note that both w̃5 and w̃6 are constant across an isothermal material interface by

seeing that pressure, velocity, and the averaged quantity, (aω)/2, are constant over

the stencil. With both w̃L/R

5 = w̃5 and w̃L/R

6 = w̃6 we can see that P L/R = P and

uL/R = u.

The temperature on the cell face is determined by,

T L/R = w̃L/R

1 +
(ωa2⇀ ↓ 1)

(⇁a2ω)
(w̃L/R

5 + w̃L/R

6 ) (3.34)

= w̃L/R

1 +
(ωa2⇀ ↓ 1)

(⇁a2ω)
(P L/R) (3.35)

=


T ↓

(ωa2⇀ ↓ 1)

(⇁a2ω)
P

L/R

+
(ωa2⇀ ↓ 1)

(⇁a2ω)
(P L/R) (3.36)

To see how temperature equilibrium is maintained, note that w̃1 is also constant

(across an isothermal interface), so w̃(L/R)
1 = w̃1 leading to,

T L/R = T ↓
(ωa2⇀ ↓ 1)

(⇁a2ω)
P +

(ωa2⇀ ↓ 1)

(⇁a2ω)
(P L/R) (3.37)

where if the condition for P = P L/R is satisfied, T L/R = T .

The analysis above proves that using the characteristic variables based on the

primitive basis vector W satisfies IEC by keeping pressure, temperature, and velocity

oscillation free across an isothermal material interface. The theoretical analysis was

confirmed in practice as the results of the IEC test in Section 4.3.1 provided levels of

error near machine precision for all fields.
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3.2 Interface regularization

To counteract the intrinsic numerical di!usion caused by both the ENO-type in-

terpolation and the approximate Riemann solver [161] from the Godunov approach

described in Section 3.1.4, material interface regularization terms can be added to

enforce a finite thickness interface throughout a simulation.

A comparison of results achieved using an implicit interface capturing scheme

(WENO5Z) and using an explicit phase field method (WENO5Z+CDI) is shown for

a Rayleigh-Taylor instability in Figure 3.2. The setup for the case follows the de-

tails presented in Chapter 5 and Figure 3.2 shows the density field at t = 1.0125s.

As shown, the two approaches have di!erent e!ects. The implicit interface captur-

ing scheme represents subgrid interfaces with mixing, whereas the explicit interface

regularization model will keep interfaces phase-immiscible. However, the interface

regularization terms result in preemptive breakup of under-resolved interfaces even

in the absence of surface tension. Generally, for scenarios with short residence times

and negligible surface tension, using an implicit interface capturing could be accept-

able, since material interfaces will not be substantially thickened by the numerical

scheme over short periods. However, for scenarios with long residence time or non-

negligible surface tension, adding regularization terms to represent immiscibility is

appropriate.

The interface regularization proposed in this work is an extension of the conserva-

tive di!use interface (CDI) model [29, 119, 122, 83] to incorporate multi-component

mixtures. The multi-phase multi-component CDI model is designed to capture im-

miscible interfaces between phases and treat all components within phases as confined

scalars [121]. Because intraphase components are treated as phase-confined scalars,

they do not leak across phase interfaces, even when intraphase di!usion is included.

The model form of the multi-phase multi-component CDI model can be written as,
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Figure 3.2: Comparison of density field for RT-instability with (right) and without
(left) interface regularization terms.

FDI(U ) =





Rc

p,x

uR,x

vR,x

wR,x

kR,x +


p
hpRp,x





GDI(U ) =





Rc

p,y

uR,y

vR,y

wR,y

kR,y +


p
hpRp,y





HDI(U ) =





Rc

p,z

uR,z

vR,z

wR,z

kR,z +


p
hpRp,z





(3.38)
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with,

Rc

p,x
= ↓

Y c

p

Yp

ωp%

[
ϖ
ςϱp

ςx
↓ (ϱp ↓ ϱmin)((1 ↓ ϱmin)) ↓ ϱp)

ϱςp

ϱx

|▷⇑ϱp|

]
, (3.39)

and k = 1
2u · u as the kinetic energy, Rp,x =


c
Rc

p,x
, R,x =


p

Rp,x, and ωp and hp

are defined using the EOS and governing mixing rules of the given phase p. The regu-

larization term in the y- and z-directions is written similarly to the x-direction shown.

Additionally, %, ϖ, and ϱmin are user-set parameters. The parameter % is a velocity

scale which determines the speed at which the interface equilibrates towards a hyper-

bolic tangent profile. The parameter ϖ is a length scale and determines the thickness

of the interface. The parameter ϱmin determines the volume fraction floor and ceiling

which the regularization term relaxes towards. In this work, ϱmin = 10→8 for all cases.

The multi-phase form of Eq. 3.39 has been studied extensively and it has been shown

that properly choosing ϖ ⇓ # and % = max(|ui,j,k|, |vi,j,k|, |wi,j,k|), ↔ i, j, k results in

bounded volume fraction for a large range of circumstances, including incompressible

flows [119, 122], and compressible flows [83]. However, when numerically solving Eq.

3.39 interpolation errors of ϱp can occur close to the interface since the regularization

sharpens the interface towards a hyperbolic tangent profile of thickness ϖ. Interpo-

lations of ϱp, and its derivatives, are needed to calculate the non-linear sharpening

term and the interface normal on a cell face. In order to reduce numerical errors dur-

ing these interpolations, ϱp can be transformed to an approximate signed-distance

function ◁p [153, 28, 167, 81] using,

◁p = ϖ ln
ϱp + ↼

1 ↓ ϱp + ↼
(3.40)

where ↼ is a very small number (taken as ↼ = 10→100 in this work, similar to [81]). Near

the interface the ◁p field is approximately linear and will not su!er from numerical

error associated with interpolation. An analytical reformulation of Eq. 3.39 in terms
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of ◁p has been previously completed [81] and results in,

Rc

p,x
= ↓

Y c

p

Yp

ωp%

[
ϖ
ςϱp

ςx
↓

1

4

(
1 ↓ tanh2

(◁p

2ϖ

)
↓ 4ϱmin(1 ↓ ϱmin)

) ϱφp

ϱx

|▷⇑◁p|

]
. (3.41)

Both models shown in Eq. 3.39 and Eq. 3.41 are equivalent on the continuous level

(absent the e!ects of ↼), but the numerical advantages of transforming the nonlinear

term from ϱp to ◁p make the transformed model more computationally attractive.

As such, the regularization model in Eq. 3.41 will be used for all simulations in this

work.

3.2.1 Numerical implementation of regularization model

Analogous to the formulation of the ENO-type scheme to satisfy the IEC, the ther-

modynamic quantities in the regularization flux can be independently interpolated

and subsequently averaged to construct a face flux that adheres to the IEC. Ac-

cordingly, the regularization flux in Eq. 3.38 is implemented using a second-order

skew-symmetric split-form centered scheme that satisfies the IEC while preserving

kinetic energy and entropy (KEEP) [84].

As an example, the numerical flux for the regularization terms on a cell face in

the x-direction can be written as,

⊋FDI(U )
(i±1/2)

=





Rc
p,x

(i±1/2)

u(i±1/2) R,x

(i±1/2)

v(i±1/2) R,x

(i±1/2)

w(i±1/2) R,x

(i±1/2)

k
(i±1/2) R,x

(i±1/2)
+


p

⊋hpRp,x

(i±1/2)





(3.42)
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where

ap,x

(i±1/2) = %

[
ϖ
ςϱp

ςx

(i±1/2)

↓
1

4

(
1 ↓ tanh2

(◁p

(i±1/2)

2ϖ

)

↓ 4ϱmin(1 ↓ ϱmin)
) ⊋ϱφp

ϱx

|▷⇑◁p|

(i±1/2)] (3.43)

Rc
p,x

(i±1/2)
= ↓

Y c
p

Yp

ωp

(i±1/2)

ap,x

(i±1/2) (3.44)

R,x

(i±1/2)
=

∑

p

∑

c

Rc
p,x

(i±1/2)
(3.45)

k
(i±1/2)

=
1

2
(u(i±1)u(i) + v(i±1)v(i) + w(i±1)w(i)) (3.46)

⊋hpRp,x

(i±1/2)
= ↓hpωp

(i±1/2)ap,x

(i±1/2). (3.47)

In the notation above, (·)
(i±1/2)

denotes a field which consists of a numerical deriva-

tive operation onto a face, and (·)
(i±1/2)

represents an interpolation operation onto

a face. The critical part of skew-symmetric split-form, which allows the scheme to

satisfy IEC, is keeping all velocity and density interpolations to faces separate. For

example, the momentum flux in the x-direction is written as u(i±1/2) R,x

(i±1/2)
, instead

of ↓


p


c

Y c
p

Yp
ωpu

(i±1/2)

ap,x

(i±1/2). Furthermore, it is critical to interpolate the prod-

uct of enthalpy and density together, as this will retain a consistent pressure field at

the cell face. In this work, we use second-order accuracy for the CDI regularization

terms. However, the implementation of skew-symmetric terms can be extended to

arbitrary orders of accuracy. An example of applying a high-order skew-symmetric

KEEP scheme to convective terms can be found in [99].

3.2.2 Positivity preservation

Section 3.1 describes the numerical methods that provide nearly non-oscillatory solu-

tions for flows with shocks and material interfaces. However, the high-order ENO-type
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schemes still lead to small oscillations which can result in inadmissible thermodynamic

states (e.g. negative internal energy or density) and code failure. The positivity of the

speed of sound is a critical metric for simulation robustness. To guarantee a positive

speed of sound the equation of state can be used where the hyperbolic speed of sound

is defined by,

a2 =
CP

ω⇀CP ↓ ⇁2T
(3.48)

where ⇀ = 1
ω


ϱω

ϱP


T,Y

and ⇁ = ↓
1
ω


ϱω

ϱT


P,Y

. For the NASG EOS used in this work

[135],

⇀ = ω
∑

p

∑

c

Y c

p

(
(↽c

p
↓ 1)Cv

c

p
T

(P + P ↔c
p
)2

)
(3.49)

⇁ = ω
∑

p

∑

c

Y c

p

(
(↽c

p
↓ 1)Cv

c

p

(P + P ↔c
p
)

)
. (3.50)

For a single-phase flow where P ↔
c

p
= 0 ↔ c, p, the temperature, pressure, and

density must be positive to keep the square of the speed of sound positive. For a

multi-phase flow it is possible for the squared speed of sound to be positive even if

mixture pressure is negative. Physical situations like cavitation can result in negative

pressures, and the NASG equation of state used in this work permits this. From Eq.

2.19 and Eq. 2.20, to guarantee an admissible temperature, both the internal energy

and the density of the mixture must be positive. Additionally, a positive temperature

and pressure will guarantee positive phasic internal energies and densities from Eq.

2.18. For both single- and multi-phase flows, to guarantee the positivity of the squared

speed of sound with the NASG equation of state the following two requirements must

hold,

(e ↓ q) > 0 and (1/ω ↓ b) > 0. (3.51)

With these requirements satisfied the solution will have an admissible speed of sound,

temperature, pressure, and mixture density. In order to guarantee boundedness for

mass fractions and volume fraction between zero and one, a separate check must take
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place,

(Y c

p
> 0) ↔ c, p. (3.52)

To ensure a physically admissible solution at all times, three limiters are added

to the numerical procedure. In the Godunov approach described in Section 3.1.4,

an interpolation limiter is added after the ENO-type high-order interpolation to the

face, and a flux limiter is added after the approximate Riemann solver. Additionally,

a flux limiter is added after the interface regularization flux described in Section 3.2

due to the addition of the sharpening term. All three of these limiters are discussed

below.

3.2.3 Interpolation limiter

After high-order ENO-type interpolation (step 4 of the Godunov approach), the

boundedness of the mass fractions is achieved by limiting the mass fractions using

an approach described in [12]. As an example, the procedure for interpolation of the

mass-fraction on the minus side of the (i + 1/2) face will be described. First, the

mass fraction field left out of the characteristic projection is individually interpolated

to the cell face using an ENO-type scheme. Then, the mass fractions can be limited

with the following steps,

1. If


c


p

Y c

p

→
(i+1/2) > 1

(a) $→ =


c


p

(
min


Y c

p

→
(i+1/2), Y c

p (i)


↓ Y c

p

→
(i+1/2)

)

(b) ϖc

p
=

(
1→

∑
c

∑
p Y

c
p

→
(i+1/2)

”→

) (
min


Y c

p

→
(i+1/2), Y c

p (i)


↓ Y c

p

→
(i+1/2)

)

2. If


c


p

Y c

p

→
(i+1/2) < 1

(a) $+ =


c


p

(
max


Y c

p

→
(i+1/2), Y c

p (i)


↓ Y c

p

→
(i+1/2)

)

(b) ϖc

p
=

(
1→

∑
c

∑
p Y

c
p

→
(i+1/2)

”+

) (
max


Y c

p

→
(i+1/2), Y c

p (i)


↓ Y c

p

→
(i+1/2)

)

3. Y c

p

→
(i+1/2) = Y c

p

→
(i+1/2) + ϖc

p
.
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The mass fraction limiter for the positive side of the (i + 1/2) cell face is done

symmetrically. One of the advantages of this limiter is that for multi-component

systems it will ensure that interpolation error does not impact inert species in the

stencil and only those with varying profiles. It will also spread out error between

multiple species instead of forcing all interpolation errors on the species left out of

the interpolation. Additionally, we note that the limiter is used to construct an

admissible state on a face to eventually construct a flux, so the numerical scheme

remains fully mass conserving, as the conserved values of ωY c

p
are unchanged by the

limiter.

Additionally, the positivity of pressure and temperature can be independently

checked after the ENO-type interpolation and mass-fraction limiter. If a field is inad-

missible, a first-order interpolation (cell-centered value) is taken as the corresponding

left/right state to build the flux in the Riemann solver. For example,

P →
i+1/2 = Pi(1 ↓ 0P ) + P →

(i+1/2)0P (3.53)

T →
i+1/2 = Ti(1 ↓ 0T ) + T →

(i+1/2)0T . (3.54)

where 0P or 0T are either taken as 0 or 1 depending on if the interpolated value

is admissible. Note that unlike works with similar limiters [171, 15], in this work 0P ,

0T , and ϖc

p
are kept independent for each field after interpolation, allowing for a less

dissipative positivity-preserving interpolation.

Once all fields in the ENO-type interpolation have been limited, the state on

the cell face can be used to build admissible conserved variables (step 5 of Godunov

approach) and a Riemann solver can be used to find a flux (step 6 of the Godunov

approach).

3.2.4 Flux limiter

After using the Riemann solver to find a flux on the cell face, a flux limiter is used

to guarantee that the state at the following time step is admissible [171, 15]. An

outline for limiting the advection flux at cell face xi+1/2 in the x-direction with an
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approximate HLLC Riemann solver is shown below.

1. Calculate F
HLLC(UL

(i+1/2), U
R

(i+1/2))

2. Use pseudo-time integration within the RK sub-step to check that

F
HLLC(UL

(i+1/2), U
R

(i+1/2)) is admissible. Below, D is the spatial dimension of

the simulation and RK0, RK1, and RK2 are coe”cients for a given SSP RK

sub-step as shown in Eq. 3.69.

(a) Ũ
(RKstep+1)
i

= RK0U
(n)
i

+ RK1U
(RKstep)
i

+ 2RK2#tDF
HLLC

(b) Ũ
(RKstep+1)
i+1 = RK0U

(n)
i+1 + RK1U

(RKstep)
i+1 ↓ 2RK2#tDF

HLLC

3. If Eqs. 3.51 and 3.52 hold for both Ũ
(RKstep+1)
i

and Ũ
(RKstep+1)
i+1 ,

F
HLLC(UL

(i+1/2), U
R

(i+1/2)) is admissible. Otherwise, a first-order positivity-

preserving flux, F
HLLC(U(i), U(i+1)), is used.

Step 3 of the outline above can be augmented with a blending operation between the

higher-order flux F
HLLC(UL

(i+1/2), U
R

(i+1/2)) and the first-order flux F
HLLC(U(i), U(i+1)).

Initial tests using blending did not show a noticeable improvement in the results. In

order to reduce the complexity and cost of the positivity preserving routine, blending

was not used in this work. It is also useful to observe that checking the solution

satisfies the constraints in Eqs. 3.51 and 3.52 only requires the conserved vector U

without the evaluation of the NASG EOS. For this work, the NASG EOS is analyt-

ical for all fields, but for more complex systems, including those with non-constant

specific heats, an expensive iterative procedure could be required to evaluate pressure

and temperature [35]. Evaluating Eqs. 3.51 and 3.52 remains inexpensive, even when

the EOS becomes more complex.

After calculating the di!use interface flux from Section 3.2, the di!use interface

flux can be deemed admissible by using the same flux-limiter algorithm described

above. In step 1, replace F
HLLC with F

HLLC +F
DI , where F

HLLC is the admissible

flux from the advection term. If the di!use-interface flux is inadmissible it is not added

to the solution. Restricting the use of the di!use-interface flux is infrequent and does

not result in any visible smearing/mixing of immiscible multi-phase interfaces for the

simulations in Chapter 4.
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3.3 Hybrid spatial discretization

The spatial discretization methods used for the Godunov approach described above

can robustly represent discontinuities without adding substantial dissipation. Even

so, for some physical processes that are sensitive to numerical dissipation (e.g. turbu-

lence), it is advantageous to hybridize the low-dissipation upwind-biased ENO-type

schemes and Riemann solvers with a zero-dissipation central scheme. Additionally, a

central scheme will be computationally e”cient compared to the combination of the

ENO-type interpolation and Riemann solver needed for the Godunov approach, and

can be formulated to obtain high-order accuracy in smooth regions.

3.3.1 Skew-Symmetric KEEP Scheme

This section will provide an overview of a high-order skew-symmetric scheme that is

kinetic energy and entropy preserving (KEEP). The skew-symmetric KEEP scheme

is used in smooth regions whereas the Godunov approach is used near discontinuities.

In this work, the skew-symmetric scheme is based o! the work from [84], and extended

from second-order to arbitrary high-order accuracy using method similar to [94, 99].

Following [84], the convective fluxes in the x-direction can be split and interpolated

using a second-order interpolation on a cell face as,

⫅̸F(U)
(i±1/2)

=





Cc
p

(i±1/2)

1

M (i±1/2)
11 + P (i±1/2)

11

M (i±1/2)
12 + P (i±1/2)

12

M (i±1/2)
13 + P (i±1/2)

13

I(i±1/2)
1 + K(i±1/2)

1 + W (i±1/2)
1





(3.55)
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where,

Cc
p

(i±1/2)

j
= ωY c

p

(i±1/2)
uj

(i±1/2) (3.56)

M (i±1/2)
jk

= ω(i±1/2)uj
(i±1/2)uk

(i±1/2) (3.57)

P (i±1/2)
jk

= P
(i±1/2)

↼jk (3.58)

I(i±1/2)
j

= ωe(i±1/2)uj
(i±1/2) (3.59)

K(i±1/2)
j

= ω(i±1/2)uj
(i±1/2) u(i±1)

l
u(i)

l

2
(3.60)

W (i±1/2)
j

=
u(i±1)

j
P (i) + u(i)

j
P (i±1)

2
(3.61)

Similar to the implementation of the regularization terms in Section 3.2.1, in the

notation above (·)
(i±1/2)

denotes a field which consists of a numerical derivative op-

eration onto a face, and (·)
(i±1/2)

represents a second-order interpolation operation

onto a face.

Order of accuracy aq,1 aq,2 aq,3 aq,4

2 1/2
4 2/3 -1/12
6 3/4 -3/20 1/60
8 4/5 -1/5 4/105 -1/280

Table 3.2: Coe”cients for central di!erence approximations for a desired order of
accuracy and stencil size [58].

The second-order scheme above can be extended to an arbitrary high-order scheme

by redefining the split terms by using the approach from [139] and using the coe”-

cients (aq,s) from Table 3.2. The high-order form for the cubic splitting for arbitrary

flux Q in terms of variable 0 is given by,

⫅̸Q(0)
(i±1/2)

= 2
q/2∑

is=1

aq,is

is→1∑

j=0

ω(i≃j) + ω(i≃j±is)

2

0(i≃j) + 0(i≃j±is)

2

u(i≃j) + u(i≃j±is)

2
,

(3.62)
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and the quadratic splitting (for terms similar to ω(02/2)u)) is given by,

⊋Q(02)
(i±1/2)

= 2
q/2∑

is=1

aq,is

is→1∑

j=0

ω(i≃j) + ω(i≃j±is)

2

0(i≃j)0(i≃j±is)

2

u(i≃j) + u(i≃j±is)

2
. (3.63)

Applying these general forms to Cc
pj

, Mjk, Ij, and Kj achieves a high-order KEEP

scheme (note: 0 can be taken as 1 to give an example to fit terms such as Cc
pj

or Ij).

The pressure terms can be written similarly as,

W (i±1/2)
k

= 2
q/2∑

is=1

aq,is

is→1∑

j=0

P (i≃j±is)u(i≃j)
k

+ P (i≃j)u(i≃j±is)
k

2
(3.64)

and

P (i±1/2)
kl

= 2
q/2∑

is=1

aq,is

is→1∑

j=0

P (i≃j±is) + P (i≃j)

2
↼kl. (3.65)

With the above skew-symmetric splitting, the central scheme achieves the KEEP

properties while reducing oscillations around material interfaces (for short-time sim-

ulations). For long-time simulations it is still advantageous to use the IEC ENO-type

scheme around both material interfaces and shocks to keep simulations stable and

generally oscillation free. The indicator used to switch between obtaining the flux

on a face with either the Godunov approach or the skew-symmetric scheme will be

described in the following section.

3.3.2 Density-based scheme indicator

Before applying either the Godunov approach or the skew-symmetric scheme to a face,

a density-based indicator is evaluated over the domain to label which cell requires

the Godunov approach. The indicator is based on the evaluation of the sub-stencil

smoothness parameter of the TENO6-A scheme [60]. As described in Section 3.1.1, in

the adaptive TENO6 scheme, the cuto! value CT changes locally in space and time.

For the density indicator, it is adapts using,
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CT = 10→[12.5→8.5(1→d)] (3.66)

where d = (1 ↓ #)10(1 + 10#) and # is the maximum value of the modified Ducros

sensor over the stencil with points i = 0, ...is, given by,

# =
is

max
i=0

&(i)

&(i) =
|▷⇑ · ▷u|

(i)

(
(▷⇑ · ▷u)2

)(i)

+
(

|▷⇑ → ▷u|2
)(i)

+ ϖ

. (3.67)

For a given direction and species equation, the TENO6-A scheme is evaluated as

smooth using,
εi3

j=1 εj

< CT . (3.68)

where εi is the same smoothness indicator described in Section 3.1.1 for TENO6. The

final cell label is determined based on the union of Eq 3.68 across all species equations.

If any sub-stencil for any species equation is not smooth, the Godunov approach is

used for both the current cell and its immediate neighbors in that direction (not

including diagonal).

3.3.3 Hybrid positivity preservation

In order to retain the robustness guarantees presented in Section 3.2.2, the skew-

symmetric scheme must be checked similarly to the Godunov approach. The com-

plete algorithm for the proposed robust hybrid scheme can be seen in Figure 3.3.

The cell’s are first labeled using the indicator from Section 3.3.2. After finding a

convective flux with either the Godunov approach described in Section 3.1.4 or with

the skew-symmetric approach described in Section 3.3.1, the solution is checked to

be admissible. If the skew-symmetric scheme returns a non-admissible solution, the

Godunov approach is tried before going directly to a 1st-order HLLC reconstruction

to ensure that the highest fidelity solution is obtained throughout the domain.
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Shock Sensor: 
Partial Densities

Yes

Godunov Approach Skew Symmetric

No

Admissible 
Solution?

High-resolution 
Reconstruction

Admissible 
Solution?

Discontinuity?

High-order  
Reconstruction

No

Yes Yes

1st Order 
Reconstruction

No

Figure 3.3: Flowchart of hybrid discretization scheme for the convective terms with
positivity preserving limiter.

3.4 Temporal integration

After spatial discretization, the system is expressed as a set of ordinary di!erential

equations which can be integrated in time. In this work, we use a third-order strong-

stability preserving (SSP) Runge-Kutta method expressed below [69],

u(1) = un + #tL[un]

u(2) =
3

4
un +

1

4
u(1) +

1

4
#tL[u(1)]

un+1 =
1

3
un +

2

3
u(2) +

2

3
#tL[u(2)]

(3.69)

where L[·] is the operator to evaluate the numerical approximation of the spatial

operations. The superscripts with parenthesis, (1) and (2), denote the first and

second sub-steps within time step n. The superscripts without parenthesis, n and
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n + 1, denote the current time step n as well as the subsequent time step n + 1.

Additionally, the time step size #t is given by either the advection or di!usion CFL

criterion expressed as,

#t =
CFL

maxi=1:3

(
|ui+a|

#xi
, 4µ/ω

#x
2
i
,

4 max{Dc
p}

#x
2
i

) (3.70)

where 0 < CFL ↑ 1 and a is the hyperbolic speed of sound given by Eq. 3.48.

3.5 Boundary conditions: Navier-Stokes charac-

teristic boundary conditions

The Navier-Stokes characteristic boundary conditions [160, 140](NSCBC) are used for

non-reflecting inflow and outflow conditions. Details on single-phase multi-component

uses of the NSCBC conditions can be found in [128]. Extension of the classic multi-

component mixing rules to include multi-phase multi-component flows for the NASG

equation of state has been completed [135] and is used in this work.

Similar to the characteristic decomposition discussed in Section 3.1.6, the NSCBC

are based on evaluating the ingoing and outgoing characteristics to limit oscillations

for inflows and reflected waves for outflows. To be consistent with past works, the

primitive vector used to project the system into characteristic space is given by W =

[ω, Y c

p
, u, v, w, P ] and the conserved variables are now U = [ωY c

p
, ωu, ωv, ωw, ωE, ω].

The process of completing the characteristic decomposition is identical to that shown

in Section 3.1.6. First, the conservative system is re-written in terms of primitive

variables by defining

P =
ςU

ςW
(3.71)

and flux Jacobian matrices defined by,

Qx =
ςF

ςW
, Qy =

ςG

ςW
, Qz =

ςH

ςW
. (3.72)
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The quasi-linearized Euler equation in terms of these primitive variables can be writ-

ten as,

ςW

ςt
+ A

ςW

ςx
+ B

ςW

ςy
+ C

ςW

ςz
= 0. (3.73)

where A = P
→1

Qx, B = P
→1

Qy, and C = P
→1

Qz. For conciseness, only the

x-direction is expanded below. The other directions are defined similarly. In the

x-direction,

A =





u . . .0 ω 0 0 0
...0

. . .u
...0

...0
...0

...0

0 0 u 0 0 1
ω

0 0 0 u 0 0

0 0 0 0 u 0

0 0 ωa2 0 0 u





(3.74)

where the (· · · ) represent the number of additional entries required to represent all

but one Y c

p
species in the system. The primitive system can be diagonalized using a

characteristic decomposition,

A = SA”S→1
A

where, for A, the right-eigenvectors SA and left-eignevectors S→1
A are defined as,

SA =





1 . . .0 0 0 1/a2 1/a2

...0
. . .1

...0
...0

...0
...0

0 0 0 0 1/(aω) ↓1/(aω)

0 0 1 0 0 0

0 0 0 1 0 0

0 0 0 0 1 1





, S→1
A =





1 . . .0 0 0 0 ↓1/ω
...0

. . .1
...0

...0
...0

...0

0 0 0 1 0 0

0 0 0 0 1 0

0 0 (aω)/2 0 0 1/2

0 0 ↓(aω)/2 0 0 1/2





.

(3.75)

With the definitions for the characteristic composition, the characteristic velocity

ε in the x↓direction can be defined as,
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ε1...N→1 = u (3.76)

εN→1 = u + a (3.77)

εN = u ↓ a (3.78)

where N is the number of equations. The characteristic velocities will determine the

direction of the characteristic waves. The waves are given by,

L = ”S→1
A

ςW

ςx
(3.79)

L1 = ε1

(
ςω

ςx
↓

1

a2

ςP

ςx

)
(3.80)

Ls+1 = εs

ςYs

ςx
(3.81)

LNs+2 = εNs+2
ςv

ςx
(3.82)

LNs+3 = εNs+3
ςw

ςx
(3.83)

LN→1 =
εN→1

2

(
ςP

ςx
+ ωa

ςu

ςx

)
(3.84)

LN =
εN

2

(
ςP

ςx
↓ ωa

ςu

ςx

)
(3.85)

where Ns is the number of species. The characteristic waves can be used to build

useful relations known as the local one-dimensional inviscid (LODI) relations defined

as,
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ςω

ςt
+

(
L1 +

1

a2
(LN + LN→1)

)
= 0 (3.86)

ςYs

ςt
+ Ls+1 = 0 for s = 1, Ns (3.87)

ςu

ςt
+

1

aω
(LN→1 ↓ LN) = 0 (3.88)

ςv

ςt
+ LNs+2 = 0 (3.89)

ςw

ςt
+ LNs+3 = 0 (3.90)

ςP

ςt
+ LN→1 + LN = 0. (3.91)

The LODI relations can be used to create boundary conditions. For example, for

a constant pressure boundary the condition of, LN→1 = LN , should be satisfied.

After the characteristic waves are determined, the conserved variables can be updated

accordingly by defining,

ςW

ςt
+ d = 0. (3.92)

where,

d =





L1 + 1
a2 (LN + LN→1)

Ls+1 = 0 for s = 1, Ns

1
aω

(LN→1 ↓ LN)

LNs+2

LNs+3

LN→1 + LN





(3.93)

and multiplying P to get,

ςU

ςt
+ P d = 0. (3.94)
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where,

P d =




d1Y1 + ds+1ω, for s = 1, Ns

dNs+2ω + d1u

dNs+3ω + d1v

dNs+4ω + d1w

d1

(
ω

(
ϱe

ϱω

)

P,Yk

+ ωE

ω

)
+ dNω


ϱe

ϱP


ω,Yk

+


Ns

s
ωds+1

(
ϱe

ϱYs

)

P,ω,Yi ↑=s

+
3

i=1 ωdNs+1+iui

d1





(3.95)

The thermodynamic quantities, like
(

ϱe

ϱω

)

P,Yk

, can be determined using the relation-

ship below,

de =
1

ω

(
ωCp⇀

⇁
↓ ⇁T

)
dP +

1

ω2

(
P ↓

ωCp

⇁

)
dω +

Ns∑

k=1

(
hk ↓

ωCp

⇁
vk

)
dYk. (3.96)

For a given boundary condition, the spatial derivatives required to defined d can

either come from a first-order upwinding scheme, or would be defined using user

specified data. Examples on how the specification works for both a subsonic inflow

and outflow is described below.

Subsonic inflow

For a subsonic inflow, all characteristic velocities are positive except εN . This means

that characteristic waves L1 through LN→1 must be determined by the inflow bound-

ary. The final characteristic wave LN is determined by the interior domain. For

example, for a subsonic inflow the velocity, composition, and temperature can be im-

posed by the boundary. With these fields imposed, either the pressure or the density

can be taken from using information from the interior.

Unlike the subsonic inflow, a supersonic inflow allows for all fields to be imposed

by the boundary. This means that the NSCBC becomes equivalent to a Dirichlet
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boundary condition for supersonic conditions.

Non-reflecting subsonic outflow

For a subsonic outflow, all characteristic velocities are positive except εN . This

means that characteristic waves L1 through LN→1 can be determined by the interior

of the domain, while the final characteristic, LN→1, must be diminished to limit

reflections back into the domain while still retaining the ability to inform the interior

flow about the outflow pressure. For example, setting LN→1 = 0 for all times will

result in an ill-posed problem, as the domain requires exterior information to set the

internal pressure. Furthermore, setting LN→1 = 0 will result in a potentially unstable

numerical method as the outflow velocity could become unbounded as seen by Eq.

3.88. Instead, LN→1 can be set as,

LN→1 = K(P ↓ PBC) (3.97)

where PBC is a user set parameter, and K is an constant defined as, K = C(1 ↓

(u/a)2)a/L where C is a user constant and L is a user-set length.

Similar to the subsonic inflow, if all characteristic velocities are positive, the

NSCBC procedure is not needed for the outflow. In this setting the interior of the

domain can set the flow and the NSCBC method will result in a first-order upwinding

scheme at the boundary.

Complications when applying NSCBC to multi-phase problems

The NSCBC boundary conditions used in this work were developed for multi-component

gas flows. When applied to multi-phase flow these NSCBC conditions can become

less robust and allow for larger reflections. Additionally, the positivity procedure was

not applied to the NSCBC flux (although nothing theoretically restricts this), so code

failure is still possible at the boundary.

The NSCBC inflow conditions summarized above assume that the composition

is determined throughout time based on external data. However, in two-phase flows
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with phase change, the composition should be allowed to vary with the thermody-

namic state, since the boundary state is partially set by the left-going characteristic

wave (which is generally responsible for determining the pressure or density on the

boundary). Changing the composition based on the interior thermodynamic state

causes an inconsistency with the LODI relations. For example, incorporating phase

change would cause Ls+1 to be dependent on internal data, where it was assumed to

be based on external data. The complication of combining phase change physics with

the NSCBC procedure was not completed in this work, but is an important consid-

eration for the subsonic two-phase inflow with phase change and should be explored

in the future.

3.6 High performance computing

The implementation of the proposed models and numerical schemes was completed in

the highly parallel Hypersonic Task-based Regent (HTR) solver [143, 45, 44]. HTR

is a task-based solver built on the Legion runtime which provides portability to run

distributed simulations on both CPUs and GPUs [11].

HTR was originally developed for simulation of compressible multi-species single-

phase flows. The application of the code has been shown to obtain near ideal weak-

scaling on both CPU- and GPU-based machines as shown in Fig. 18. from [143].

Although the performance of HTR was not the focus of this work, HTR has been

extensively used and has to continued to properly weak scale throughout the im-

plementation of the multi-phase models described in this work and many additions

completed by others. These additions include adding sub-grid scale modeling ca-

pabilities for momentum and combustion, as well as extending the code to handle

multi-block geometries.



Chapter 4

Model Problems and Code

Validation

The formulation presented in Section 2.1 is written in a general form and is applicable

to flows ranging from single-component single-phase to multi-phase multi-component

without changing the numerical scheme, adding redundant equations, or changing the

equilibrium assumptions of the four-equation model. The following chapter contains

results for numerical tests focused on di!erent multi-material flows, as well as illus-

trates the advantages of a hybrid numerical method which uses a high order central

scheme in smooth regions, and a Godunov scheme in zones with large gradients. To

start, the Godunov scheme will be analyzed in detail to illustrate the applicability

of the Godunov approach to simulate single-phase to multi-component multi-phase

flow. The applicability of the Godunov formulation for these regimes will be shown

with simulations focused on single-phase flows in Section 4.1, single-phase multi-

component tests in Section 4.2, multi-phase single-component tests in Section 4.3,

and multi-phase multi-component tests in Section 4.4. After establishing the ability

of the Godunov scheme, Section 4.5 will describe the results for the hybrid scheme.

All results, unless otherwise specified, were created using WENO5Z [17] for spatial

interpolation and a temporal CFL of 0.5.

60



CHAPTER 4. MODEL PROBLEMS AND CODE VALIDATION 61

4.1 Single phase tests

This section contains three single-phase verification cases. The first is a 2D vortex

advection problem to verify the convergence of the numerical scheme in multiple

dimensions. The second test is the standard Shu-Osher shock tube problem. The

third is a common 2D Riemann problem to show the high-resolution capabilities of

the Godunov implementation described in Section 3.1.4.

4.1.1 Two-dimensional vortex advection

To verify the implementation of the numerical scheme, a 2D vortex advection test was

completed. Details on the initial condition for the test can be found in the following

reference [143]. As mentioned in section 3.1 a one-point quadrature rule was used to

construct the cell face averages. This common approach keeps the Godunov scheme

at a reasonable cost, but reduces the order of accuracy to 2nd-order in multiple di-

mensions. Even so, the high-order ENO-type interpolations result in a low-dissipation

and high-resolution scheme which, in practice, resembles the truly high-order coun-

terpart at a far reduced cost. Figure 4.1 shows the expected order of convergence

for the vortex advection problem using the WENO5Z [17] scheme with the Godunov

method.

Figure 4.1: Convergence of WENO5Z scheme for advection of 2D vortex.
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4.1.2 Shu-Osher shock tube

Another standard single-phase test to show the applicability of the proposed scheme

to handle shocks in single-phase flow is the Shu-Osher problem. The initial condition

is given in Table 4.1 with a spatial resolution of (200 → 1) and a constant time step

of 4 → 10→3. The resulting density field is shown at t = 1.8 in Figure 4.2 to compare

the influence of WENO5JS [86], WENO5Z [17], and TENO6 [59] on the solution. As

expected, the lowest dissipation scheme is TENO6 with a very close match to the

high-resolution reference solution. Additionally, the improvements associated with

the WENO5Z compared to the WENO5JS scheme are visually confirmed.

Location ω u P µ ↽

0 ↑ x < 1 3.857143 2.629369 10.3333 0.0 1.4

1 ↑ x < 10.0 1 + 0.2 sin (5(x ↓ 5)) 0.0 1.0 0.0 1.4

Table 4.1: Initial conditions for 1D multi-phase multi-component Shu Osher

Figure 4.2: Shu-Osher problem for (a) density and (b) density zoomed. Scheme
comparisons for WENO5JS, WENO5Z, and TENO6 using Godunov scheme.

4.1.3 2D Riemann problem

The final single-phase test is a two-dimensional Riemann problem [149, 56] which will

showcase the high-resolution capability of the proposed scheme. The initial conditions
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for the simulation are listed in Table 4.2 for a domain of size [0, 2]→[0, 2] with a spatial

resolution of (2000→2000). Figure 4.3 compares the density field for four schemes at a

non-dimensional time t = 1.1 over a subset of the domain defined by [0, 1.2] → [0, 1.2].

The test case is without physical viscosity (Re = ⇔), so small-scale structures are

only destroyed by numerical dissipation. Figure 4.3 shows the expected trends of

more small-scale features for the lower dissipation TENO-type schemes compared to

the WENO-type. Even so, all schemes showcase high-resolution solutions with both

oscillation-free shocks and a richness of fine-scale structures.

Location ω u v P µ ↽

x > 1 & y > 1 1.5 0.0 0.0 1.5 0.0 1.4

x < 1 & y > 1 33/62 4/
↗

11 0.0 0.3 0.0 1.4

x < 1 & y < 1 77/558 4/
↗

11 4/
↗

11 9/310 0.0 1.4

x > 1 & y < 1 33/62 0.0 4/
↗

11 0.3 0.0 1.4

Table 4.2: Initial conditions for the 2D Riemann problem

4.2 Multi-component tests

In this section two single-phase multi-component simulations are shown without in-

terface regularization to verify the applicability of the framework for multi-component

gaseous flows. The first test is a shock-bubble interaction between helium and an air

bubble and is compared against an experiment [70]. The second test is a single-mode

Richtmyer-Meshkov instability and compared to past computational studies [159, 75].

4.2.1 Shock-bubble interaction: air-helium bubble

The interaction of a shock in air with a helium bubble is a well-documented test case

for multi-component flows [159, 75, 15]. The schematic showing the setup for this case

is shown in Figure 4.4. The initial thermodynamic state as well as the component

viscosity and Schmidt numbers used in this test are shown in Table 4.3. Lastly, a
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Figure 4.3: Riemann problem comparing density fields using the high-resolution Go-
dunov method with TENO5 [59], TENO6 [59], WENO5JS [86], and WENO5Z [17]
schemes. .

mixture Prandtl number of 0.71 is used to define the heat conduction and a spatial

resolution of (4096 → 1024) was used.

Material ω [kg/m3] u [m/s] P [Pa] µ [Pa-s] Sc [-]

Helium 0.166 0.0 101325.0 1.96 → 10→5 0.70

pre-shock air 1.18 0.0 101325.0 1.81 → 10→5 1.0

post-shock air 1.624 115.65 159050.0 1.81 → 10→5 1.0

Table 4.3: Initial conditions for 2D shock-bubble interaction between air and helium

For this case the shock-wave speed is 423 m/s and for the setup shown in Figure

4.4, the shock impacts the helium bubble after 23.6 µs. As this case is between
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