




http://creativecommons.org/licenses/by-nc/3.0/us/


















3 Wall model for laminar boundary layers 32

3.1 Falkner-Skan Similarity solution . . . . . . . . . . . . . . . . . . . . . 33

3.2 Shear stress model . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

3.3 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

3.3.1 Stagnation Flow . . . . . . . . . . . . . . . . . . . . . . . . . . 37

3.3.2 Spatially varying pressure-gradient boundary layer . . . . . . . 38

3.3.3 NACA0012 airfoil . . . . . . . . . . . . . . . . . . . . . . . . . 41

4 Flat plate simulations 46

4.1 Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

4.2 PSE inflow for WMLES . . . . . . . . . . . . . . . . . . . . . . . . . 49

4.3 H-type transition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

4.4 K-type transition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

4.5 Oblique transition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

5 Extension to complex geometry 69

5.1 Flat-plate simulations . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

5.2 NLF(01)-0416 airfoil . . . . . . . . . . . . . . . . . . . . . . . . . . . 78

6 Conclusions 92

A NLPSE Operators 96

B Linear solvers 100

xiii



List of Tables

4.1 Mesh resolution in inner unit scaling for the H-type transitional bound-

ary layers simulated. Inner units are scaled by the maximum uτ in the

domain. We also report the number of grid points contained within

the 99% boundary layer thickness at the inlet of the domain. For cases

denoted NLPSE/WMLES, the bold text indicates for which side of

the simulation mesh data is being presented. 6 temporal modes and 3

spanwise modes are carried in the NLPSE simulation. . . . . . . . . . 56

4.2 Mesh resolution in inner unit scaling for the various K-type transition

flows simulated. Inner units are scaled by the maximum uτ in the

domain. We also report the number of grid points contained within

the 99% boundary layer thickness at the inlet of the domain. For cases

denoted NLPSE/WMLES, the bold text indicates for which side of

the simulation mesh data is being presented. 3 temporal modes and 3

spanwise modes are carried in the NLPSE simulation. . . . . . . . . . 60

4.3 Mesh resolution in inner unit scaling for the various oblique transition

flows simulated. Inner units are scaled by the maximum uτ in the

domain. We also report the number of grid points contained within

the 99 boundary layer thickness at the inlet of the domain. For cases

denoted NLPSE/WMLES, the bold text indicates for which side of

the simulation mesh data is being presented. 6 temporal modes and 6

spanwise modes are carried in the NLPSE simulation. . . . . . . . . . 65

xiv



5.1 Mesh resolution in inner unit scaling for the three PSE-Sponge H-type

transition simulations. Inner units are scaled by the maximum uτ in

the domain. We also report the number of grid points contained within

the 99% boundary layer thickness at the inlet of the domain. . . . . . 72

5.2 Mesh resolution in inner unit scaling for the three PSE-Sponge K-type

transition simulations. Inner units are scaled by the maximum uτ in

the domain. We also report the number of grid points contained within

the 99% boundary layer thickness at the inlet of the domain. . . . . . 72

5.3 Mesh resolution in inner unit scaling for the three PSE-Sponge oblique

transition simulations. Inner units are scaled by the maximum uτ in

the domain. We also report the number of grid points contained within

the 99% boundary layer thickness at the inlet of the domain. . . . . . 72

xv



List of Figures

1.1 This diagram illustrates the wall flux modeling approach used in LES.

The outer LES solution supplies the top boundary condition to an

auxiliary wall model, whose role is to deliver wall fluxes to the LES in

the form of a Neumann boundary condition coming from a solution to

the wall model equations. . . . . . . . . . . . . . . . . . . . . . . . . 3

1.2 Paths to turbulence in boundary-layer flows presented in graphical

form adapted from (Morkovin, 1994). . . . . . . . . . . . . . . . . . . 5

2.1 Relationship between the global Cartesian system and body-attached

coordinate system. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

2.2 Schematic for solving the nonlinear PSE. The initial state is computed
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Chapter 1

Introduction

1.1 Motivation

Large-eddy simulation (LES) has emerged during the past several decades as a practi-

cal approach for simulating turbulent flows in engineering applications. The method

resolves the large scales of turbulent flows while modeling the small ones, provid-

ing higher accuracy and fidelity compared to the Reynolds-Averaged Navier-Stokes

(RANS) approach while providing more acceptable computational costs than direct

numerical simulations (DNS) .

LES resolution requirements for wall-bounded flows remain a significant barrier

for practical engineering applications. Yang and Griffin (2021) estimated that the

required number of grid points to resolve the outer layer scales as Re1.0, while the

inner layer must be scaled at least as Re1.86. This stronger constraint for the inner

layer arises because the physical dimensions of the locally larger eddies diminish much

faster than the boundary layer thickness with increasing Re. These cost estimates

demonstrate that wall-resolved LES (WRLES) is only practical at moderate Reynolds

numbers due to the inner layer resolution requirements.

To address this near-wall challenge, wall-modeled LES (WMLES) has been devel-

oped to eliminate the need to resolve the inner layer. The most common approach

assumes that the thin boundary layer equations are valid near the wall. Under the

assumption of local balance between pressure gradient and streamwise convection, the

1
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near-wall momentum equations simplify to a constant stress layer in the wall-normal

direction:

∂τw

∂n
=

∂

∂n

�
µ

dU

dn
− ρu′v′

�
= 0 (1.1)

where τ is the wall shear stress, n is the wall-normal direction, U is the outer LES

velocity, µ is the dynamic viscosity, and u′v′ is the Reynolds shear stress. This

equation is subject to a no-slip condition Uw = 0 at the wall and coupled to the

LES solution at some distance from the wall (U(n = hwm) = ULES). With suitable

closure for the Reynolds shear stress, Eq. 1.1 can be solved for wall stress, which

is then provided as the wall boundary condition for the LES and is demonstrated

schematically in Figure 1.1. This approach is referred to as the equilibrium wall

model (EQWM) and is adopted for the present studies. In the case where the energy

equation is included (e.g. compressible flow), there is an additional model for the

heat flux from the knowledge of the temperature. WMLES has demonstrated success

in wall-bounded flows (Cabot and Moin, 2000; Balakumar et al., 2014), flows in

complex geometries (Lehmkuhl et al., 2016; Goc et al., 2021; Bornhoft et al., 2025),

and separating flows (Park, 2017; Agrawal et al., 2022).

Despite these successes, less work has been pursued using WMLES for transitional

flows, revealing a critical computational bottleneck. Modeling laminar-turbulent tran-

sition remains one of the key challenges in numerical simulation of boundary layers,

especially at coarse grid resolutions. Transition to turbulence strongly affects prac-

tical concerns such as wall-shear stress distribution and surface heat transfer. For

WMLES specifically, an analysis of a NACA0012 airfoil showed that the thin laminar

regions require 10–100 times more grid points than the turbulent regimes in order

to properly capture the amplification of disturbances preceding breakdown to turbu-

lence (Slotnick et al., 2014). For example, flow around a wing typically has a very

thin laminar region in the vicinity of the leading edge extending to only a few percent

of the chord length, yet simulating this region demands prohibitively fine resolution

with current approaches.

This work addresses this computational bottleneck in WMLES for transitional
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flows by developing new modeling approaches that maintain accuracy while signifi-

cantly reducing the computational cost. The key insight is to combine physics-based

transition prediction methods and reduced order laminar flow equations with wall

modeling. In doing so, we bypass the expensive resolution requirements in laminar

regions while accurately capturing the transition process.

Voronoi LES Grid

Flow state
ρ, ui, T

x

Wall stress
τw Wall Model

Figure 1.1: This diagram illustrates the wall flux modeling approach used in LES. The
outer LES solution supplies the top boundary condition to an auxiliary wall model,
whose role is to deliver wall fluxes to the LES in the form of a Neumann boundary
condition coming from a solution to the wall model equations.

1.2 Transition scenarios

The transition from laminar to turbulent flows of boundary layers is affected by sev-

eral parameters, of which the Reynolds number is often the most important. Figure

1.2 summarizes possible paths of transition from the initial forcing of instabilities

through the growth and interactions of perturbations, three-dimensional breakdown,

and eventually turbulence. The separate pathways that the transition process can

take are distinguished by the overall disturbance magnitude leading to transition.

When freestream disturbances are small, the initial receptivity process leads to eigen-

mode growth before secondary instabilities and nonlinear mode interactions lead to

breakdown. This pathway is often referred to as natural transition and is the typical
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transition pathway observed in flat plate boundary layers, high-speed sharp cones,

and atmospheric flight at low angles of attack (Mack, 1975; Reed et al., 1996; Jewell

and Kimmel, 2017). This thesis focuses on modeling primary instability growth, by

incorporating the effects of nonlinearity in the flow.

The instabilities that undergo eigenmode growth, also known as modal instabil-

ities, originate from the description of the eigenmodes of the Orr-Sommerfeld and

Squire equations (Schmid and Henningson, 2001). The eigenmodes to these equa-

tions that indicate the highest growth rate are identified as the eigenmodes that will

dominate the linear growth region during the transition pathway. For viscous, two-

dimensional, and incompressible flows there exists a destabilizing effect in boundary-

layers due to the viscous terms in the equations. This unstable eigenmode is called a

Tollmien-Schlichting wave (Schmid and Henningson, 2001). Various approaches exist

to predict transition in computational fluid dynamics. They differ in their modeling

complexity, and therefore computational cost and physical accuracy. With a DNS, for

example, no modeling is required and all the flow scales are thus resolved. However,

as discussed previously, techniques such as DNS and WRLES are too computation-

ally intensive to be tractable for engineering problems of interest. The most widely

used transition prediction methods in industry and academia are 1) RANS transition

prediction methods (Langtry and Menter, 2009; Menter et al., 2015) and 2) the eN

method (Smith, 1956; van Ingen, 1956).

1.3 Classical approaches to transition modeling

1.3.1 RANS-based transition prediction methods

Reynolds-Averaged Navier-Stokes transition models represent a widely used approach

to transition prediction that augments existing turbulence models with additional

transport equations for transition-related quantities. Unlike stability-based methods

that attempt to capture the underlying physics of instability growth, RANS transition

models rely on empirical correlations and transport equations to trigger the onset of

turbulence in regions where transition is expected to occur.
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Increasing disturbance level

Forcing environmental disturbances

Receptivity mechanisms

Transient growth

Eigenmode growth

Parametric instabilities
and mode interactions

Bypass
mechanisms

Breakdown

Turbulence

Figure 1.2: Paths to turbulence in boundary-layer flows presented in graphical form
adapted from (Morkovin, 1994).
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The most prominent example is the γ-Reθt transition model developed by Langtry

and Menter (2009), which adds two transport equations to the baseline turbulence

model. First is a transport equation for the intermittency parameter γ, which helps

to identify the state of the flow from fully laminar (γ = 0) to fully turbulent (γ =

1). Second is a transport equation for the transition momentum thickness Reynolds

number Reθt , which transports information about the local transition criteria. These

new transport equations ultimately work to modify the turbulent production terms

in the underlying turbulence model which serve to suppress turbulence production in

laminar regions and activate it in transitional and turbulent regions.

While RANS transition models offer computational efficiency and ease of imple-

mentation, they suffer from several fundamental limitations. First, they are not fully

predictive, as they contain numerous empirically tuned coefficients that were cali-

brated against specific test cases and may not generalize well to other configurations.

Second, these models typically require user specification of parameters such as tur-

bulence intensity or the model for eddy viscosity, which are often unknown a priori

in practical applications. Third, the models lack direct connection to the underly-

ing physics of transition, instead relying on correlations that may fail outside their

calibration range.

1.3.2 Linear stability theory and the eN method

The fundamental mechanisms driving disturbance amplification in boundary layer

flows can be effectively analyzed through linearized governing equations. By em-

ploying the assumptions of locally parallel base flow and wave-like perturbations, as

originally formulated by Orr (1907) and Squire (1933), an eigenvalue problem emerges

that reveals unstable modes exhibiting downstream growth. However, the locally par-

allel flow assumption can be limiting in capturing the proper growth in developing

boundary layers.

The eN method is an application of linear stability theory (LST) that examines

the stability of a laminar boundary layer by investigating the development of small
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perturbations using the Orr-Sommerfeld equations. The basic approach is to super-

impose harmonic waves as disturbances onto the stationary base flow. Using the

eN method, one assumes that transition takes place when the downstream evolved

disturbance reaches eN times the amplitude of the initial disturbance magnitude. In

other words, N indicates the magnitude of disturbance growth as

N = ln
A

A0

, (1.2)

where A is the amplitude of the disturbance and A0 indicates the initial amplitude

when the wave enters the unstable region of flow. Typically, the amplitude of the dis-

turbance is calculated using LST or the linear parabolized stability equations (PSE).

The magnitude of N is often found by observing the transition location and com-

paring it with theory and TS wave predictions. Values between 8 and 11 are typical

starting estimates in low-disturbance environments (Smith, 1956; van Ingen, 1956).

Linear methods have seen much success in predicting transition for a variety of flow

regimes and configurations (Crouch and Ng, 2000; Krumbein, 2008; Paredes et al.,

2016; Mengmeng et al., 2019), however the parameter N must be tuned for each flow

of interest before one can use this method reliably. This tuning, and the fact that

receptivity and nonlinear mechanisms are neglected, leave this method only suited for

low-disturbance environments, simple flows, or cases for which complex parametric

studies have been performed. Since these are purely linear calculations, nonlinear

interactions are neglected in the resulting amplification and the receptivity process is

not taken into consideration.

The limitations of linear methods become apparent when considering nonlinear

effects on disturbance growth. Bertolotti et al. (1992) compared the growth rates

of Tollmien-Schlichting modes on a flat plate using both linear and nonlinear PSE

approaches. At identical initial amplitudes, the nonlinear PSE predicted significantly

higher growth rates after the initial transient than the linear analysis. Furthermore,

Bertolotti demonstrated that even small increases in initial amplitude could lead to

unstable growth of the TS mode due to the presence of higher harmonics in the flow

— a phenomenon that cannot be captured using linear methods alone.
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1.3.3 Parabolized stability equations

The local solution provided by the Orr-Sommerfeld equations assumes parallel flow

and as such ignores streamwise variations of the base flow and perturbations. The

linear parabolized stability equations (LPSE) predict the evolution of perturbations

without assuming parallel flow and allow for a streamwise dependency of the shape

function and streamwise wavenumber.

The parabolized stability equations are a spatial marching technique used to com-

pute the streamwise evolution of flow disturbances. These techniques offer compu-

tational cost advantages to DNS in terms of expense, while retaining accuracy in

the prediction of quantities of interest in naturally transitioning flows. Utilizing the

properties of slowly evolving shear flows, one can implement spatial marching tech-

niques to reduce computational expense while accurately predicting the amplification

of disturbances. The PSE are based on the decomposition of such disturbances into

slowly- and fast-evolving components (Bertolotti et al., 1992; Herbert, 1997). The

ansatz decomposes the fluctuating state variables into wavelike disturbances with a

slowly evolving amplitude function and a fast, oscillatory component, as shown in

Eq. 1.3

ϕ′(ξ, η, z, t) =
MX

m=−M

NX
n=−N

ϕ̂m,n(ξ, η) exp

�
i

Z ξ

ξ0

αm,n(ξ′)dξ′ + inβz − imωt

�
, (1.3)

where ϕ̂ is a shape function which varies slowly in the streamwise ξ direction and in

the wall-normal η direction, t is time, z is the spanwise coordinate, α(ξ) is a complex

wavenumber, β is the real spanwise wavenumber of the disturbance, and ω is its real

frequency. The temporal and spanwise Fourier expansions are truncated at a finite

number of M and N modes respectively.

The PSE has been demonstrated to accurately capture the evolution of pertur-

bations for many flows of interest at a fraction of the cost of DNS (Bertolotti et al.,

1992; Joslin et al., 1993; Haynes and Reed, 2000; De Tullio et al., 2013; Lozano-Durán

et al., 2018). Several factors contribute to the increased computational efficiency of



1.4. OUTLINE 9

the PSE approach when compared to direct numerical simulations. First, the Fourier

series in t and z from Eq. 1.3 are severely truncated. Furthermore, the decomposition

of the shape functions into a slow- and fast-changing part allows a coarser stream-

wise resolution since the grid only needs to resolve the former. Finally, the parabolic

nature of the discretized equations permits their efficient solution via a marching pro-

cedure in ξ, which effectively terminates when the iterative update of the wavenumber

or solution of the nonlinear system fails to converge – typically related to the rapid

growth of nonlinear effects and the truncation of the Fourier series which produce

an inaccurate representation of the flow past the onset of transition (Lozano-Durán

et al., 2018).

1.3.4 One-way spatial integration

Briefly, we mention the recently developed method of one-way spatial marching, also

known as the One-Way Navier-Stokes (OWNS) method (Towne and Colonius, 2015;

Sleeman et al., 2025). This method splits perturbation equations using a projection

operator that has been formally shown to remove upstream-traveling wave compo-

nents from the governing equations. Though the method has demonstrated the ability

to stably march in some conditions where the PSE are unstable, it is at increased

computational cost by comparison.

1.4 Outline

In Chapter 2, we present the mathematical framework and numerical models that

form the foundation of this work. We begin with the governing equations for large-

eddy simulation and provide an overview of the parabolized stability equations, in-

cluding their mathematical background, stabilization techniques, and base flow equa-

tions. The chapter concludes with a detailed description of the newly developed

open-source stability code glimPSE. In Chapter 3, we present the development of a

wall model suitable for simulating laminar boundary layers based on the Falkner-Skan

similarity solution. This model addresses the computational bottleneck in WMLES



10 CHAPTER 1. INTRODUCTION

applications where laminar regions require prohibitively fine resolution. We derive

the mathematical framework for the Falkner-Skan wall model (FSWM) and demon-

strate its verification in canonical settings including stagnation flow, spatially varying

pressure-gradient boundary layers, and flow over a NACA0012 airfoil. In Chapter 4,

we demonstrate a practical method for simulating flat plate boundary layer transi-

tion by dividing the computational domain into laminar, transitional, and turbulent

subdomains. The nonlinear parabolized stability equations are successfully shown

to provide realistic turbulent inflows for downstream WMLES simulations. This ap-

proach significantly reduces computational cost compared to DNS and WRLES while

retaining high accuracy in transition prediction. In Chapter 5, the method is extended

using a novel PSE-sponge forcing technique, wherein the solution of the PSE equa-

tions is used to volumetrically force the LES equations toward a transitional state.

Flat plate simulations are used to investigate sensitivity to the strength of the sponge

forcing and the number of modes retained in this new approach. The method is

then extended to and validated on the natural laminar flow (NLF) NLF(01)-0416 air-

foil, demonstrating its applicability to practical aerodynamic configurations. Finally,

conclusions are drawn in Chapter 6.

1.5 Accomplishments

The following list summarizes the key contributions of this work:

• Developed a wall-model based on the Falkner-Skan similarity solution for lam-

inar boundary layers, enabling the simulation of laminar boundary layers at

affordable cost using WMLES.

• Developed a new open-source stability code glimPSE. This solver is suitable for

solving the incompressible Orr-Sommerfeld equations, Görtler equations, linear

parabolized stability equations, and nonlinear parabolized stability equations

on curvilinear grids.

• Demonstrated that the nonlinear parabolized stability equations can be used to
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generate realistic inflows for subsequent WMLES simulations. This method is

a novel approach for the simulation of transitional boundary-layers.

• Developed a PSE-sponge approach for the simulation of flows over airfoils in

curvilinear coordinates, wherein the solution of the PSE can be used to volu-

metrically force the LES equations toward a transitional state. This approach

is validated on flat-plate boundary-layer transition and extended for the simu-

lation of the NLF(01)-0416 natural laminar flow airfoil.



Chapter 2

Mathematical formulation and

numerical methodology

2.1 LES governing equations

All LES results described herein, including the laminar and transitional simulations,

are obtained using the code charLES, a massively parallel, low-dissipation finite-

volume solver (Goc et al., 2021). The numerical scheme is based on discretely kinetic

energy-and entropy-preserving formulation (Honein and Moin, 2004; Chandrashekar,

2013) that has been shown to be suitable for coarsely resolved LES of flows. The

discretization is suitable for arbitrary unstructured polyhedral meshes, and the so-

lutions contained herein are computed on unstructured grids constructed based on

Voronoi diagrams. The time advancement is performed using a three-stage explicit

Runge–Kutta scheme (Gottlieb et al., 2001), and the spatial discretization is formally

second-order accurate. The governing equations solved by charLES are the low-pass

filtered, compressible Navier-Stokes for mass, momentum, and total energy given by

∂ρ

∂t
+

∂ρ ũj

∂xj

= 0, (2.1)

∂ρ ũj

∂t
+

∂ρ ũiũj

∂xj

= − ∂p

∂xi

+
∂τ̃ij

∂xj

−
∂τ sgs

ij

∂xj

, (2.2)

12
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∂E

∂t
+

∂
��

E + p
�
ũj

�
∂xj

=
∂(ũiτ̃ij)

∂xj

−
∂

�
ũiτ

sgs
ij

�
∂xj

+
∂

∂xj

�
k

∂T

∂xj

�
−

∂Qsgs
j

∂xj

, (2.3)

where ρ, p, T and ui refer to the fluid density, pressure, temperature, and veloc-

ity vector, respectively. The total energy is defined as E = ρẽ + ρũkũk/2, τ̃ij =

2µ(T̃ ) − 2µ(T̃ )(∂ũk/∂xk)δij/3 is the resolved Cauchy stress tensor, µ(T̃ ) is the dy-

namic viscosity, and S̃ij = 1/2(∂ũi/∂xj + ∂ũj/∂xi) is the resolved strain rate tensor.

The (·) and (̃·) symbols refer to Reynolds and Favre averaging operators, respec-

tively. The subgrid-scale terms, indicated by the superscript sgs, account for the

stress and heat flux of unresolved eddies on the scale resolved by the grid and are

defined respectively as

τ sgs
ij = ρ( guiuj − ũiũj), (2.4)

Qsgs
j = ρ( feuj − ẽũj). (2.5)

For the transitional simulations performed, the dynamic Smagorinsky model (Ger-

mano et al., 1991; Moin et al., 1991) is employed. In regions where there is laminar

flow or the turbulent fluctuations are small, the dynamic subgrid eddy viscosity model

vanishes and does not interfere with the transition process (Sayadi and Moin, 2012).

2.2 Mathematical background of PSE

Consider a body-fitted, streamwise-aligned coordinate system. The ξ coordinate rep-

resents the streamwise direction, the η coordinate represents the wall-normal direc-

tion, and the z coordinate is in the mutually orthogonal spanwise direction. The u, v,

and w velocities are aligned with a Cartesian grid. Curvature effects are known to be

important to transition instabilities, and are accounted for in the governing equations

by transforming the Cartesian equations into a curvilinear system with the introduc-

tion of grid metrics. For a body-fitted orthogonal grid system, it can be shown that



14 CHAPTER 2. FORMULATION AND METHODOLOGY

the metrics for the transformation between the Cartesian and curvilinear coordinate

systems are given by

J−1
11 =

∂x

∂ξ
= hL cos θ, J−1

12 =
∂x

∂η
= − sin θ, (2.6)

J−1
21 =

∂y

∂ξ
= hL sin θ, J−1

22 =
∂y

∂η
= cos θ,

where hL = 1 + ηκ is the first Lamé parameter, κ = −∂θ/∂ξ is the curvature of the

surface, θ describes the angle between the tangent to the surface and the Cartesian

x coordinate frame, and Jij are elements of the Jacobian matrix governing the trans-

formation. From the inverse of the Jacobian matrix, we can derive the direct metrics

as

J11 =
∂ξ

∂x
=

cos θ

hL

, J12 =
∂ξ

∂y
=

sin θ

hL

, (2.7)

J21 =
∂η

∂x
= − sin θ, J22 =

∂η

∂y
= cos θ.

Because spanwise curvature is not considered, all spanwise associated metrics are zero

except for J33 = 1.

All equations are written and solved in nondimensional form. We denote physical

quantities by (·)∗ and nondimensional quantities by (·). Physical length scales are

scaled by the boundary-layer length scale l∗
0 =

p
ν∗ξ∗/U∗

e , where Ue is the local

boundary-layer edge velocity at the first marching station of the PSE solver, ξ∗ is the

coordinate of the PSE starting location relative to a leading edge origin, and ν is the

kinematic viscosity. The boundary-layer Reynolds number is then Re = U∗
e l∗

0/ν∗ .

The dimensionless quantities are therefore
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x
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z

ξ
η

z

θ
U∞

Figure 2.1: Relationship between the global Cartesian system and body-attached
coordinate system.

u =
u∗

U∗
e

, v =
v∗

U∗
e

, w =
w∗

U∗
e

, (2.8)

ξ =
ξ∗

l∗
0

, η =
η∗

l∗
0

, z =
z∗

l∗
0

,

ρ =
ρ∗

ρ∗
e

, t =
t∗U∗

e

l∗
0

, κ = κ∗l∗
0,

where ρ∗
e is the edge density.

As is common in modal stability theory, the flow quantities are decomposed into

a steady Φ component and an unsteady ϕ′ component where the state vector is

ϕ = (u, v, w, p)T , with the variable p for the pressure. The decomposition is therefore

written as ϕ(t, ξ, η, z) = Φ(ξ, η) + ϕ′(t, ξ, η, z). For the remainder of this chapter

we omit primes for brevity and focus our analysis on the fluctuating components

of velocity and pressure. The PSE can be derived by subtracting the mean NS

equations from the full NS equations. The incompressible equations for the fluctuating

components of velocity and pressure in the Cartesian coordinate frame using index

notation are
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∂ui

∂xi

= 0, (2.9)

∂ui

∂t
+ Uj

∂ui

∂xj

+ uj
∂Ui

∂xj

+
∂p

∂xi

− 1

Re

∂2ui

∂xj∂xj

= −uj
∂ui

∂xj

+ uj
∂ui

∂xj

. (2.10)

These equations are transformed into the curvilinear coordinate system in tensor

notation as follows:

Jji
∂ui

∂ξj

= 0, (2.11)

∂ui

∂t
+ Jjk

�
Uk

∂ui

∂ξj

+ uk
∂Ui

∂ξj

�
+ Jji

∂p

∂ξj

− 1

Re
Jjk

∂

∂ξj

�
Jlk

∂ui

∂ξl

+ Jli
∂uk

∂ξl

�
(2.12)

= Jjk

�
−uk

∂ui

∂ξj

+ uk
∂ui

∂ξj

�
,

where ξi = (ξ, η, z) and i = 1, 2, 3. The no-slip boundary conditions are applied at

the wall and we require that the disturbances fade to zero in the free stream. For this

reason, it is natural to introduce the grid-aligned velocities, us and un, rather than

using the Cartesian velocities. The Cartesian velocity field can be transformed to the

grid-aligned field by using the transformation

us = J

�
∂y

∂η
u − ∂x

∂η
v

�
, (2.13)

un = J

�
−∂y

∂ξ
u +

∂x

∂ξ
v

�
,

where J = det(Jik). The boundary conditions are then
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ûs|η=0 = 0, ûn|η=0 = 0, ŵ|η=0 = 0, (2.14)

ûs|η=∞ = 0, ûn|η=∞ = 0, ŵ|η=∞ = 0.

Substituting the PSE ansatz, Eq. 1.3, into the governing equations Eqs. 2.11 –

2.12 and retaining terms up to order Re−1, the PSE takes the form

MX
m=−M

NX
n=−N

 �
Aϕ̂ + B∂ϕ̂

∂η
+ C ∂2ϕ̂

∂η2
+ D∂ϕ̂

∂ξ
+ E ∂2ϕ̂

∂ξ∂η

�
(m,n)

!
= N L(m,n), (2.15)

where each (m, n) mode corresponds to a system of equations, and the operators are

defined in Appendix A (Chang et al., 1993; Schmid and Henningson, 2001). It should

also be noted, however, that there is ambiguity related to the streamwise dependence

of the amplitude of the state vector and the streamwise wavenumber. This ambiguity

is removed with the help of an auxiliary condition (Herbert and Lin, 1993)

Z
Ω

ϕ̂H ∂ϕ̂

∂ξ
= 0. (2.16)

This forces the variation of the amplitude function to remain small enough to justify

the scalings required for the PSE equations to be valid. In other words, α will be

updated such that ϕ can be normalized to satisfy Eq. 2.16. This pushes all the fast

changing component in the streamwise direction to be retained in the exponential

portion of the ansatz and to leave the slowly varying portion as the state vector.

Each (m, n) system must be solved iteratively, with a set of inner iterations that

converge αmn and an outer loop that converges the nonlinear forcing N L(m,n). This

iterative procedure uses an initial estimate of the shape functions and wavenumbers

to compute a forcing term for all modes present in the system. Once the resulting

nonlinear interactions are accounted for, the iterative iterations are performed in

parallel to converge alpha for modes. During this iterative procedure, the amplitude

of the modes’ shape function is varied to satisfy the auxiliary condition in Eq. 2.16.

Thus, new forcing must be computed that accounts for the change in amplitude of
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the shape functions, as well as the new values of α. The calculations are repeated

until the change in the growth rate of all the modes falls below a user-determined

convergence criterion. This procedure is illustrated in Figure 2.2.

ϕ̂0
k+1 = ϕ̂i

α0
i+1 = αi

Calculate N L(m,n)

Compute base flow

h�
Asolve + D

∆ξ

�
ϕ̂k+1

i+1 = bi

i
→ ϕ̂k+1

i+1

�R η

0
ϕ̂H ∂ϕ̂

∂ξ
dη

�k+1

i+1
< ϵ1

|N Lk+1 − N Lk| < ϵ2

ϕ̂i+1, αi+1

Converged

αk+1
i+1 = αk

i+1 − i
∆ξ

R ∞
0 ϕ̂H,k+1

i+1 (ϕ̂k+1
i+1 −ϕ̂i)dηR ∞

0 |ϕ̂k+1
i+1 |2dη

True False

True

False

Figure 2.2: Schematic for solving the nonlinear PSE. The initial state is computed via
the Orr-Sommerfeld or Görtler equations. Inner loop iterations converge the value of
α for every (m, n) mode while outer loop iterations converge the nonlinear interactions
and recompute the forcing F̂mn.



2.2. MATHEMATICAL BACKGROUND OF PSE 19

PSE Stabilization

The PSE are not a fully parabolic set of equations. Specifically, the streamwise pres-

sure gradient term introduces residual ellipticity that requires numerical treatment

to stabilize the marching procedure (Andersson et al., 1998; Towne et al., 2019). One

way to deal with this is to numerically solve this system using the implicit Euler in-

tegration scheme. This has the advantage that it will damp any remaining ellipticity

in the governing equations. However, one can show that for incompressible flows this

scheme results in the step size restriction

∆ξ >
1

|αr|
(2.17)

where αr is the real portion of α and ∆ξ indicates the streamwise step size (Schmid

and Henningson, 2001).

One technique to stabilize the PSE is to suppress the streamwise pressure gradient

term in the governing equations. This can be done by taking the streamwise pressure

gradient

∂p′

∂ξ
=

�
iαp̂ +

∂p̂

∂ξ

�
exp

�
i

Z
α(ξ)dξ

�
(2.18)

and introduce the parameter ϵ which varies between 0 and 1

∂p′

∂ξ
=

�
iαp̂ + ϵ

∂p̂

∂ξ

�
exp

�
i

Z
α(ξ)dξ

�
. (2.19)

A value of 0 represents complete nullification for the streamwise pressure gradient.

This damps both upstream- and downstream-traveling solutions leading to a stable

marching scheme.

Another method to stabilize the marching procedure for PSE requires introducing

a new damping term into the governing equations. The NLPSE governing equation

Eq. 2.15 can be rewritten as

Lϕ̂ + M
∂ϕ̂

∂ξ
= 0, (2.20)
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where the nonlinear terms and summations have been dropped for brevity. The wall-

normal and spanwise derivative terms have been absorbed into the operator L and

the remaining terms are now contained within M . By adding a new term s, where s

is a positive real number, to Eq. 2.20 as

Lϕ̂ + M
∂ϕ̂

∂ξ
+ sLϕ̂ = 0, (2.21)

the minimum step size restriction Eq. 2.17 becomes

∆ξ =
1

|αr|
− 2s. (2.22)

Further details regarding these stabilization techniques can be found in Andersson

et al. (1998). All results shown were computed using implicit Euler marching and

with both forms of stabilization active.

Equations for the base flow

The governing equations for the mean flow components are found by applying a time

average and a spanwise average to the NS equations. We assume that no spanwise

mean flow exists (i.e., W = 0), and that spanwise averaging eliminates any depen-

dence on z,

Jji
∂Ui

∂ξj

= 0, (2.23)

U

�
J11

∂U

∂ξ
+ J21

∂U

∂η

�
+ V

�
J12

∂U

∂ξ
+ J22

∂U

∂η

�
− (2.24)

1

Re

�
J12

∂

∂ξ

�
J12

∂U

∂ξ
+ J22

∂U

∂η

�
+ J22

∂

∂η

�
J12

∂U

∂ξ
+ J22

∂U

∂η

��
=

−
�

(J11u + J12v)
∂u

∂ξ
+ (J21u + J22v)

∂u

∂η
+ w

∂u

∂z

�
,
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J12
∂P

∂ξ
+ J22

∂P

∂η
= −

�
(J11u + J12v)

∂v

∂ξ
+ (J21u + J22v)

∂v

∂η
+ w

∂v

∂z

�
. (2.25)

In our formulation, the mean flow distortion appears in Eqs. 2.24–2.25 for the mean

flow as a forcing term on the right-hand side, rather than as a mode to be solved for

using the PSE operator. Because the base flow used in the solver has the nonlinear

forcing directly in the governing equations, the typical mean flow distortion associated

with a (0, 0) mode is computed as a postprocessing step by subtracting the results of

Eqs. 2.23–2.25 from a zero right-hand-side run of those same equations. Boundary

conditions are also required for this set of equations which must be imposed on the

grid-aligned coordinate system. The boundary conditions are

Us(ξ, η)|η=0 = 0, Un(ξ, η)|η=0 = 0, (2.26)

Us(ξ, η)|η=∞ = U∞,
∂Un

∂η
|η=∞ = 0.

2.3 PSE-Sponge

In order to use the PSE as a transition model for complex geometries on unstructured

grids, we propose the PSE-Sponge approach, in which the governing equations are

modified to include a sponge zone. The PSE-Sponge approach works by correcting

the LES solution towards the more accurate PSE prediction in regions where the

LES mesh is too coarse to properly resolve the transition physics. By forcing the LES

state toward the PSE solution, which captures the correct instability growth and

nonlinear interactions, the method ensures that the flow field maintains the proper

transitional characteristics that would otherwise be lost due to numerical dissipation

and insufficient grid resolution. The governing equations become

∂ρ

∂t
+

∂ρ ũj

∂xj

= σ∗(ρP SE − ρ), (2.27)
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∂ρ ũj

∂t
+

∂ρ ũiũj

∂xj

+
∂p

∂xi

− ∂τ̃ij

∂xj

+
∂τ sgs

ij

∂xj

= σ∗
�

(ρ ũj)P SE − ρ ũj

�
, (2.28)

∂E

∂t
+

∂
��

E + p
�
ũj

�
∂xj

− ∂(ũiτ̃ij)

∂xj

+
∂

�
ũiτ

sgs
ij

�
∂xj

− ∂

∂xj

�
k

∂T

∂xj

�
+

∂Qsgs
j

∂xj

= σ∗(EP SE −E),

(2.29)

where σ∗ represents the sponge strength parameter that controls the rate at which the

LES solution relaxes toward the PSE target state, and variables with the subscript

PSE denote the PSE predicted field. In the finite volume discretization used by

charLES, the continuity equation, for example, with PSE-Sponge forcing becomes

∂ρV
∂t

����
i

+

� NfX
j=1

(ρũj)

�
i

=

�
σ∗V(ρP SE − ρ)

�
i

, (2.30)

where V is cell volume, the sponge term represents a volumetric mass source/sink that

drives the cell-averaged density toward the PSE prediction, the equation is evaluated

for a finite volume cell i, and the summation term accounts for the flux across the j

faces of the cell. The volume scaling ensures that the sponge forcing has the correct

units and scales appropriately with cell size. Dimensional analysis reveals that σ∗

is an inverse time scale and therefore is subject to physical constraints associated

with the problem. First, because charLES is an explicitly time marched code, the

numerical stability criterion requires ∆t ≤ c/σ∗, where c is a constant coefficient

dependent on the time stepping scheme used. Second, since we are modeling natural

transition with well-defined timescales associated with the transition phenomena, the

sponge must act fast enough to faithfully recreate the physics leading to transition.

This imposes the constraint 1/σ∗ < tT S, ensuring the sponge parameter respects

the inherent physics of the boundary layer transition process. We nondimensionalize

this parameter by the time scale of the primary disturbance present in the natural

transition process
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σ = σ∗tT S =
2πσ∗

ωT S

. (2.31)

Recommendations for the value of σ and its sensitivity are discussed in Chapter

5. Additionally, rather than employing the EQWM or standard no-slip boundary

conditions, we impose the wall shear stress computed directly by the PSE solver. In

zones where the sponge is active, we enforce τw,LES = τw,P SE. It is demonstrated in

Chapter 5 that the combined effect of the PSE-derived shear stress and volumetric

forcing is required for accurate modeling of the transitional flows simulated.

In practice, because we are simulating flows that evolve from laminar through

transitional to turbulent regimes, we employ a blending function to provide a smooth

transition from the PSE-sponge approach with τw,P SE to standard LES with the

EQWM. The length scale of this blending function is defined using physics-based

parameters, specifically the streamwise wavelength of the primary instability in the

problem. The blending function used is

γ = 0.5

�
1 + tanh

�
(xLES − xtr)α0

2π

��
, (2.32)

where xLES is the streamwise position in the computational domain, xtr is the tran-

sition location as predicted by the PSE, and α0 is the initial streamwise wavenumber

of the primary disturbance. It is applied to both the volumetric sponge forcing and

the boundary condition treatment with

τw = (1 − γ)τP SE + γτEQW M (2.33)

and

σeff = (1 − γ)σ (2.34)

ensuring a consistent and physically motivated transition between the two model-

ing approaches. An identical blending treatment is performed in the wall-normal

direction.
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The purpose of this model is to simulate transitional flows at more affordable com-

putational cost than wall-resolved LES and with better accuracy than pure WMLES.

In this computational regime, the LES grids are too coarse to generate accurate base

flows directly. This is addressed through FSWM-based laminar precursor simulations

that provide arbitrarily high-resolution boundary layer profiles suitable for stability

analysis. An important constraint of this framework is that the PSE serves as the

high-fidelity transition model. Since the PSE solution is computed on high-quality

structured curvilinear grids and must subsequently be interpolated onto the unstruc-

tured LES grid, we require that the PSE grid resolution be finer than that of the LES

grid to maintain accuracy. We use first order linear interpolation to transfer the PSE

solution on to the LES grid in the transitional region of flow.

2.4 glimPSE solver

2.4.1 Program architecture

The PSE framework employs a marching scheme to solve the nonparallel, nonlocal

stability problem. This marching scheme requires an initial condition for the first

station in the computational domain. The initial condition consists of an amplitude

A0, a shape function ϕ̂, and an initial wavenumber α. The inflow to the NLPSE has to

be in the linear regime, where amplitudes are infinitesimal and nonlinear interactions

can be neglected. This is a prerequisite because starting in the nonlinear regime

means that nonlinear terms were wrongfully neglected in the formation of the initial

condition, resulting in an erroneous state of the initial condition. glimPSE has built-in

linear solvers that can compute solutions to the linear Orr-Sommerfeld (curvature-

free) and Görtler (curvature-containing) equations to generate initial conditions for

PSE marches. Following the generation of the initial mode shapes and eigenvalues,

the solver computes a matrix of viable harmonic interactions subject to the quadratic

nonlinearity in incompressible flows (Saric, 1993), which is schematically illustrated

in Figure 2.3. The solver is parallelized with the MPI4PY library. Parallelization

is leveraged to simultaneously compute initial shape functions and eigenvalues for
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all modes, as well as for parallel convergence of αmn and N Lmn at each streamwise

station. The code’s parallel efficiency is demonstrated in Figure 2.4.

m

n M

N

Figure 2.3: Schematic illustrating the allowed quadratic interactions of the modes.
The modes in the dashed frame constitute the physical field. The shaded region can be
generated by leveraging Fourier symmetry and requiring the velocity perturbations to
be real. This diagram illustrates the specific case of a set of an initial (2, 0) Tollmien-
Schlichting mode and (1, 1)/(1, −1) oblique modes (blue circles). The mean flow
distortion corresponds to the (0, 0) mode (red circle). The orange and green circles
denote the allowable first- and second-order interactions, respectively.

2.4.2 Verification cases

Here we present a suite of verification cases that span a variety of linear and nonlinear

computations relevant to stability analysis and transition prediction.

Flat plates

The first test case we examine is the nonlinear evolution of a Tollmien-Schlichting

(TS) wave in a Blasius boundary layer flow using the initialization from Bertolotti

et al. (1992). The disturbance parameters for the TS wave are a nondimensional

temporal frequency
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Figure 2.4: Strong scaling showing the parallel speedup of glimPSE. For this plot,
subharmonic mode evolution was solved with 25 modes for 30 spatial marching steps.

F =
ων

U2
∞

· 106 = 86 (2.35)

and an initial root mean squared (rms) amplitude of 0.25% of the freestream velocity.

The inlet is specified at
√

Rex = 400. Figure 2.5 plots the maximum rms amplitude

of the u-velocity perturbation as a function of the streamwise coordinate. Bertolotti

et al. (1992) only reports the growth of the first and second harmonics. Data from

Sleeman et al. (2023) which also reports the growth of the mean flow distortion are

also included. Excellent agreement with both is observed in Figure 2.5.

Next, we consider the oblique-wave breakdown studied by Joslin et al. (1993).

This flow is initialized at
√

Rex = 523 with a pair of symmetric oblique waves at

temporal frequency F = 86 and nondimensional spanwise wavenumbers

b =
βν

U∞
· 103 = ±2

9
. (2.36)

The initial rms amplitude of the waves is A1,±1 =
√

2 ·10−3. In Figure 2.6, we plot the

maximum rms amplitude of the u velocity perturbation for various harmonics excited
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Figure 2.5: Nonlinear evolution of a Tollmien-Schlichting wave in a Blasius boundary
layer showing excellent agreement between glimPSE results and reference data from
Bertolotti et al. (1992) and Sleeman et al. (2023).

in the flow. Good agreement with the data from Joslin et al. (1993) is observed.

The last flat plate stability case used to verify glimPSE is the data from Joslin

et al. (1993) in the case of subharmonic-wave breakdown. This flow is initialized

at
√

Rex = 426 with a fundamental TS wave at frequency F2,0 = 124 and a pair

of subharmonic oblique waves with frequency F1,±1 = 62 and spanwise wavenumber

b = ±0.3303. The initial rms amplitudes of the disturbances are A2,0 = 4.8 · 10−3 and

A1,±1 = 1.45 ·10−5. Figure 2.7 demonstrates that our solver has good agreement with

the data from Joslin et al. (1993) except near the trailing edge of the flat plate where

nonlinear effects quickly increase in magnitude. We attribute these discrepancies to

differences in the numerical method, including the effect of aliasing error.

Curved geometries

The problem of boundary-layer flow over a concave surface is known to be unstable

and leads to the formation of Görtler vortices due to centrifugal force acting on the

boundary layer. This problem is relevant to many practical engineering applications
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Figure 2.6: Oblique-wave breakdown case showing evolution of various harmonics.
Good agreement is observed with reference data from Joslin et al. (1993).
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Figure 2.7: Subharmonic-wave breakdown case showing good agreement with refer-
ence data from Joslin et al. (1993), with minor discrepancies near the trailing edge
attributed to differences in numerical implementation.
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such as flow on turbine blades and flow through nozzles. The origin of the NLPSE

used in the simulation of the Görtler instability goes back to Hall (1988). Typically,

these are modes with zero temporal frequency and nonzero wavelength in span. The

problem of secondary instability including the fundamental and subharmonic modes

was extensively studied by Li and Malik (1995). The cases shown in Figures 2.8 and

2.9 reproduce the NLPSE calculations of Li and Malik (1995), with parameters taken

from the experiment of Swearingen and Blackwelder (1987). The free-stream velocity

is U∞ = 500 cm/s and the radius of curvature of the concave surface is R = 320

cm. The initial shapes of the disturbances used in the NLPSE marches are found by

solving the Görtler equations with spanwise wavelengths λz = 0.9 cm and λz = 3.6

cm each with zero temporal frequency. We plot the evolution of disturbance energy

as a function of the dimensional streamwise coordinate to match the original results

of Li and Malik (1995), who defined the energy of a particular Fourier component as

En =

Z ∞

0

�
|ũ2

n| + |ṽ2
n| + |w2

n|
�

dη, where n ̸= 0, (2.37)

EMF D =

Z ∞

0

�
|ũ2

MF D| + |w2
MF D|

�
dη. (2.38)
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Figure 2.8: (a) The nonlinear evolution of disturbance energy for various spanwise
Fourier modes for a fundamental wavelength of λ∗

z = 0.9 cm. (b) Streamwise velocity
contour demonstrating the formation of Görtler vortices at ξ∗ = 100 cm.

The NLF(1)-0416 airfoil is a natural laminar flow configuration that was developed

at NASA Langley Research Center. This airfoil serves as a classic verification case for
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Figure 2.9: (a) The nonlinear evolution of disturbance energy for various spanwise
Fourier modes for a fundamental wavelength of λ∗

z = 3.6 cm. (b) Streamwise velocity
contour demonstrating the formation of Görtler vortices at ξ∗ = 100 cm.

two-dimensional flow transition, as the experiment from Somers (1981) is known to

have undergone natural transition. The flow conditions simulated herein correspond

to Mach number M∞ = 0.1, chord Reynolds number Rec = 4 · 106, and angle of

attack α = 0.0◦. For this verification case, a 2D laminar solution from Griffin et al.

(2024b) is used as the base flow in the stability analysis. The mean flow field is

shown in Figure 2.10. A preprocessing step is done to convert the Cartesian flow field

to the curvilinear grid-aligned velocities. Additionally, there is a first-order linear

interpolation that maps the RANS solution to the PSE grid used in the stability

analysis.

PSE simulation begins at the neutral point of the airfoil, corresponding to an

approximate location of x/c = 0.16 (Olichevis Halila et al., 2021). For this problem,

the transition location is typically denoted as the location where the N factor becomes

N = 9 (Stock, 2002; Zafar et al., 2020). Figure 2.11 plots the N -factor envelope for

various nondimensional temporal frequencies. We find the N = 9 crossing first occurs

for the F = 40 curve and corresponds to xtr/c = 0.3815 compared to the experimental

value of xtr = 0.385.

These verification cases form a comprehensive set of simulations that test all

aspects of the linear and nonlinear solvers built into glimPSE. The solver is open-

source and available at https://github.com/cagonzal/glimPSE.

https://github.com/cagonzal/glimPSE


2.4. GLIMPSE SOLVER 31

1 0 1 2
x/c

1.0

0.5

0.0

0.5

1.0

y/c

0.0
2.4
4.8
7.2
9.6
12.0
14.4
16.8
19.2

Figure 2.10: Steady base flow colored by the Cartesian U velocity field used in the
stability analysis.
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Figure 2.11: N -factor envelope generated by linear PSE for the NLF(01)-0416 airfoil.
The horizontal dashed denotes N = 9.



Chapter 3

Wall model for laminar boundary

layers

One of the main limitations of applying WMLES to external flows is the prohibitively

large computational cost required to accurately resolve the thin laminar boundary

layer near the leading edge, particularly at high Reynolds numbers. The numerical

resolution must capture the appearance and growth of instability waves that lead to

transition, demanding fine mesh spacing that drives up computational expense. This

accurate laminar resolution is critical because errors propagate downstream in mul-

tiple ways. The laminar solution determines the transition location, and in external

flows, the cumulative near-wall momentum loss from adverse pressure gradients and

wall-shear stress governs boundary layer separation. Current WMLES wall models

assume fully turbulent conditions from the leading edge, overpredicting wall-shear

stress in laminar regions and artificially reducing near-wall momentum. To address

these resolution requirements while maintaining physical accuracy, we propose a wall

modeling approach based on the Falkner-Skan similarity solution. This modeling ap-

proach was originally developed by Gonzalez et al. (2020) and validated on simple

flat plate geometries and later tested on airfoils by Dauricio and Azevedo (2023). In

this approach, the laminar flow is predicted through a Neumann boundary condi-

tion specifying wall-shear stress with no transpiration. Since boundary layer theory

32
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assumes the streamwise pressure gradient is imposed by the outer flow, this gradi-

ent becomes a known geometric function in the governing momentum equations for

attached external flows.

3.1 Falkner-Skan Similarity solution

It is assumed that at each point along the wall-parallel direction, there exists a sim-

ilarity solution from the general Falkner-Skan family satisfying the boundary layer

dynamics. As a fundamental base, the laminar Falkner-Skan wall model (FSWM)

assumes that the dynamics of the near-wall region can be described at each location

as a self-similar solution. In this work the laminar boundary layers analyzed will

be restricted to incompressible, steady, and two-dimensional laminar state. Based

on these simplifications, the wall-shear stress can therefore be modeled by solving

the Falkner-Skan third-order ordinary differential equation over a semi-infinite in-

terval with suitable local Falkner-Skan constants. The Falkner-Skan boundary layer

equation is given by

d3f

dη3
+ f

d2f

dη2
+ β

 
1 −

�
df

dη

�2
!

= 0, 0 < η < ∞, (3.1)

where β is a constant dependent on the geometry and the corresponding pressure

gradient, and η denotes the similarity variable expressed as

η = Cyξα. (3.2)

The function f(η) in Eq. 3.1 defines the velocity profile within the boundary layer

through its first derivative

df

dη
=

u

Ue

, (3.3)

where u is the velocity within the boundary layer in the streamwise ξ direction, and

Ue is the outer flow velocity, that is, the velocity at the edge of the boundary layer,

which is assumed to be a function of ξ only (White, 1974). The outer flow velocity is
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Ue(ξ) = Kξ
β

2−β = Kξm, (3.4)

where

m =
β

2 − β
. (3.5)

The power-law freestream velocity given in Eq. 3.4 is the exact solution to inviscid

flow past a wedge or corner shape of half angle πβ/2 (White, 1974), as illustrated

in Figure 3.1. The parameter β can also be considered as a measure of the pressure

gradient dp/dξ. By differentiating Eq. 3.4 and using the Bernoulli equation, one

can show that the relationship between the pressure gradient of the laminar flow and

the wedge angle of the geometry is given by Eq. 3.6. If β is positive, the pressure

gradient is favorable (corresponding to an accelerating freestream velocity), and if β is

negative, the pressure gradient is adverse (corresponding to a decelerating freestream

velocity). Valid solutions to the Falkner-Skan similarity solution exist between the

range −0.198838 ≤ β ≤ 4/3 (White, 1974).

∂p

∂ξ
= −K2 β

2 − β
ξ

2β
2−β

−1. (3.6)

Ue(x)

πβ

xn

xs

Figure 3.1: Falkner-Skan wedge flow with streamlines. Ue(ξ) is the local free-stream
velocity, xn is the wall-normal coordinate, and ξ is wall-tangential coordinate.

For consistency with the Blasius boundary layer solution, which is achieved for β = 0,
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we choose

η = y

s
m + 1

2

Ue(x)

νξ
. (3.7)

The boundary conditions are

f = 0 at η = 0, (3.8)

df

dη
= 0 at η = 0, (3.9)

df

dη
= 1 at η → ∞. (3.10)

This problem is typically reformulated as a boundary value problem and solved using

the shooting method.

3.2 Shear stress model

The Falkner-Skan wall shear stress can be shown to be given by

τw(x) = µ

s
m + 1

2

U3
e

νξ

d2f

dη2

����
η=0

. (3.11)

The EQWM requires the LES velocity at the wall model exchange location hwm, which

is typically evaluated at the first off-wall cell. In contrast, the FSWM requires the

inviscid outer flow edge velocity Ue to properly specify the wall shear stress boundary

condition. The value of Ue is determined by the use of wall-normal charLES probes

extending from walls with the FSWM boundary condition illustrated schematically in

Fig 3.2. These probes are uniformly discretized and state variables are populated via

a linear reconstruction from the nearest control volume center. Once populated, the

local state of the boundary layer is known and the location of the boundary layer edge

δ99 can be computed. We use the boundary layer local-reconstruction method which

has been shown to achieve negligible errors in boundary layer thickness estimation in
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a variety of flows (Griffin et al., 2021).

•

•

•

•

i

∆si

Figure 3.2: Wall-normal probe discretization for LES wall modeling. Discretiza-
tion points (red dots) are assigned to containing control volumes, with velocity in-
terpolated from control volume (CV) centers using linear reconstruction: upoint =
uCV + ∇uCV · ∆s, where ∆s is the displacement vector shown by the arrows.

In order to determine the constant parameter β, it is reminded that the basic

assumption of the model is that the boundary layer solution locally satisfies Eq. 3.1

and that this problem is representative of flow over a wedge. Thus, we assume that at

each location along the body surface, the dynamics of the fluid particles are similar

to those in the flow over a wedge with a half angle related to the geometric angle

between the wall-tangent and the streamwise directions, illustrated in Figure 3.3 and

given by

β =
2

π
cos−1

�
t̂ · ŝ

�
, (3.12)

where t̂ is the unit wall-tangent vector and ŝ is a unit vector in the streamwise

direction.
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Figure 3.3: Illustration of the local wedge angle β. t⃗ and s⃗ are aligned with the
wall-tangent and streamwise direction, respectively.

3.3 Results

3.3.1 Stagnation Flow

The FSWM is first applied to a stagnation flow configuration. This problem is a

practical choice for the verification of the model as it is a solution to the Falkner-

Skan similarity equation for β = m = 1, as well as being representative of the

leading-edge region of an airfoil. Since stagnation flow is an inherent problem to the

Falkner-Skan family of solutions, this case provides an ideal problem for verification

of the algorithm. Additionally, we are testing the ability of the model to predict the

shear stress at very coarse resolutions where the boundary layer is entirely subgrid.

A schematic of the computational domain is shown in Figure 3.4.

The similarity solution for stagnation flow is solved numerically to generate the

profiles of Un and Ut at the top boundary xn = Ln. A symmetry boundary condition

is enforced at xt = 0 and a Navier-Stokes characteristic boundary condition (Poinsot

and Lele, 1992) is enforced at xt = Lt. The temperature profile T (xt, xn) and density

profile ρ(xt, xn) specified at the top boundary are corrected from uniformity by using

the isentropic flow relations.

The only parameters necessary to fully define the Hiemenz problem are the viscos-

ity ν and the strain rate K. The solution is normalized such that the 99% boundary
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layer thickness δ99 = 1. The values of K and ν simulated are

K = 2.3 · 10−3s−1, ν = 3.978 · 10−4m2s−1. (3.13)

The computational domain size is Lt = 150 and Ln = 20 in the wall-tangential

and wall-normal directions, respectively. This results in an outlet Reynolds number

Reδ99 = 840. For the DNS, the wall-tangential direction has a uniform grid spacing

with Nt = 150 and the wall-normal direction has hyperbolic tangent clustering with

a ratio of xn/∆xwall = 20 and Nn = 128. Coarse simulations utilizing the FSWM,

EQWM, and no-slip boundary conditions are performed on a grid with uniform spac-

ing in both the streamwise and wall-normal directions, with Nn = 5 and Nt = 150.

The coarse no-slip simulations are referred to as coarse LES (CLES).

A comparison of boundary layer profiles between the DNS result and FSWM

calculation at several stations along the wall is shown in Figure 3.5. Though the

first FSWM simulation velocity value is far outside the δ99 boundary layer thickness,

the method is nevertheless able to accurately predict the wall stress. Figure 3.6

compares the wall shear stress predicted by the tested boundary conditions. We

observe excellent agreement between the DNS and the prediction by the FSWM.

The CLES and EQWM simulations are both unable to capture the true wall shear

stress at this resolution. The EQWM fails simply because the flow is laminar and

the underlying turbulent model assumptions are incorrect. The comparison to the

EQWM prediction is important because in a typical large-scale WMLES containing

laminar, transitional, and turbulent flow regimes, the EQWM has been applied to all

solid boundaries.

3.3.2 Spatially varying pressure-gradient boundary layer

To test the model in a more general setting, the FSWM is applied to flow over a

flat plate with a spatially varying edge pressure gradient, schematically illustrated

in Figure 3.7. This case provides a more relevant test of the local self-similarity

assumption underlying the FSWM in more complex cases. Unlike the stagnation flow

case, the pressure gradient changes as a function of streamwise coordinate, which is
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Figure 3.4: Schematic description of stagnation flow against a vertical plate. The
computational domain is denoted by the dashed box.
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Figure 3.5: Comparison of boundary layer profiles between coarse FSWM (symbols)
simulation and DNS calculations. The symbols correspond to the height of first grid
point above the wall in the simulation.
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Figure 3.6: Wall stress predicted by various boundary conditions for the coarse sim-
ulation.

not a property of the Falkner-Skan similarity solutions that are analyzed for a single

value of β. The results of this flow simulation demonstrate whether we can use the

FSWM for flows with varying β(x).

An exponentially growing and decaying injection wall-normal velocity distribu-

tion is prescribed along the top boundary of the computational domain to create a

favorable to adverse pressure gradient. The normal velocity distribution is given by

Un(xn) = −u0xs exp

�
1

2
− 1

2
x2

s

�
, (3.14)

with

xs =
ξ − xi

∆xi exp(−1/2)
, (3.15)

where xi is the location where the wall-normal velocity returns to zero, ∆xi is the

representative width of the injection region, and u0 is the maximal amplitude of the

velocity field.

A profile of Ut(ξ) satisfying the continuity equation is found analytically by finding
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the inviscid solution of a uniform flow subjected to the suction-injection profile Un

along xn = Ln, with no penetration along the wall at xn = 0 (Karp and Hack, 2020).

The size of the computational domain is Lt = 100 along the wall-tangential direction

and Ln = 20 in the wall-normal direction. For the DNS calculation, a uniform mesh

distribution with Nt = 200 is used along the wall-tangential direction and a hyperbolic

tangent clustering with a ratio of ∆xn/∆xwall = 20 and Nn = 256 is used along the

wall-normal direction. For the presented results, the maximum inlet Mach number

is Ma = 0.05. The Reynolds number based on Ue,max and δ99,min is Re = 450. The

top boundary condition chosen, shown in Figure 3.8, provides a favorable pressure

gradient near the inlet, followed by a mildly adverse gradient toward the end of the

domain. Coarse simulations are run on a uniformly spaced grid that has a resolution

of Nt = 50 and Nn = 8 in the wall-parallel and wall-normal directions, respectively.

At this resolution, the boundary layer is entirely subgrid.

Figure 3.9 compares the wall shear stress obtained from the DNS calculations with

that from the simulations run on the coarse mesh using no-slip, EQWM, and FSWM

boundary conditions. Similar to the results in the case of plane stagnation flow, the

FSWM boundary conditions offer a better prediction of the wall shear stress than the

EQWM and the no-slip boundary conditions. Both the no-slip and EQWM boundary

conditions fail to capture the overall shape of the stress distribution, and instead

the shear stress monotonically increases throughout the computational domain. In

contrast, the FSWM performs well in capturing the initial increase in wall stress,

peaking in the center of the domain and then decreasing toward the outlet. This

behavior directly reflects the varying β(x) parameter that adapts to the local pressure

gradient conditions, demonstrating the validity of the local self-similarity assumption

for flows with spatially varying pressure gradients.

3.3.3 NACA0012 airfoil

The NACA0012 airfoil represents a test case for external aerodynamic flows, featuring

variable curvature and both favorable and adverse pressure gradient regions along the

surface. This case validates the FSWM’s ability to handle complex geometries relevant
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Figure 3.7: Schematic of a spatially varying pressure-gradient boundary layer flow.
The left boundary condition prescribes a laminar boundary layer and the top bound-
ary condition prescribes a spatially varying vertical velocity profile.

0.0 0.5 1.0
xt/Lt

0.00

0.05

U
t

(a)
0.0 0.5 1.0

xt/Lt

0.00

0.02

0.04

U
n

(b)

0.0 0.5 1.0
xt/Lt

0.712

0.714

p

(c)
0.0 0.5 1.0

xt/Lt

0.999

1.000

T

(d)

Figure 3.8: Top boundary condition profiles used to initialize the spatially varying
pressure-gradient boundary layer for (a) wall-tangential velocity, (b) wall-normal ve-
locity, (c) pressure, and (d) temperature.
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Figure 3.9: Wall stress predicted by DNS and coarse simulations using the EQWM,
FSWM, and coarse no-slip (CLES).

to practical aerodynamic applications and provides comparison against established

DNS data from Swanson and Langer (2016).

The simulation parameters for the NACA0012 airfoil are a chord Reynolds number

of Rec = 5, 000, Mach number of Ma = 0.5, and angle of attack of α = 0◦. The

computational domain utilizes an O-mesh topology with a far-field radius extending

25 chord lengths from the airfoil. A coarse and fine mesh are used to demonstrate

grid convergence of the FSWM. Far-field boundaries employ characteristic-based non-

reflecting conditions while the FSWM is applied at the airfoil surface.

Figure 3.10 presents the skin friction coefficient along the NACA0012 airfoil sur-

face using the FSWM boundary condition. Figure 3.11 plots the surface pressure

coefficient. The results once again demonstrate that the FSWM boundary condi-

tion is able to accurately predict laminar boundary layer behavior on coarse grids.

On the coarse grid, though the FSWM slightly underpredicts the magnitude of peak

skin friction, the location of the predicted peak is accurate and the downstream skin

friction on the airfoil agrees with the DNS curve. Upon grid refinement, the peak

skin friction from the FSWM agrees with the DNS. Similarly, on the coarse grid the
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FSWM simulation underpredicts the surface pressure coefficient at 15% of the chord,

but this discrepancy vanishes upon grid refinement.

The superior performance of the FSWM stems from its ability to model the ap-

propriate laminar boundary layer physics through the locally varying β parameter.

This parameter adapts to the changing pressure gradient conditions along the airfoil

surface, transitioning from favorable pressure gradients near the leading edge to ad-

verse gradients in the aft portion. The grid convergence study demonstrates that the

FSWM provides consistent predictions across different mesh resolutions, highlighting

its potential for computational efficiency in practical aerodynamic simulations where

direct resolution of the laminar boundary layer would be prohibitively expensive.
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Figure 3.10: Grid convergence for skin friction coefficient versus nondimensional
streamwise position for FSWM simulations. DNS data from Swanson and Langer
(2016).
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Chapter 4

Flat plate simulations

4.1 Background

Boundary-layer transition to turbulence describes a complex process which can ad-

vance through several distinct pathways. In the presence of relatively low levels of

external perturbations, as found for instance at atmospheric conditions, the transi-

tion process often begins with the amplification of exponential instabilities. In zero-

pressure-gradient boundary layers, exponential growth commonly occurs via the TS

wave, a viscous instability that becomes active past a critical Reynolds number. The

TS wave is initially most unstable at zero spanwise wavenumber and is as such unable

to initiate the three-dimensional state associated with breakdown to turbulence.

In so-called K-type transition (Kachanov et al., 1977), three-dimensionality is pro-

vided by oblique modes at the same frequency as the TS wave. This fundamental

frequency interaction causes the growth of higher harmonics and weakly nonlinear

dynamics, leading to the development of streamwise-aligned Λ-shaped vortices. Λ-

vortices have two elongated legs of oppositely signed streamwise vorticity and a tip of

spanwise vorticity characteristic of hairpin vortices. The key feature of K-type tran-

sition is that the oblique modes oscillate at the fundamental TS frequency, creating a

coherent resonance that produces Λ-vortices arranged in a regular, streamwise-aligned

grid pattern.

46
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An alternative path to transition begins with excitation of a TS wave supple-

mented by subharmonic oblique modes. This is known as H-type transition (Herbert,

1988). In contrast to K-type transition, the oblique modes in H-type transition os-

cillate at exactly half the frequency of the fundamental TS wave. This subharmonic

frequency relationship creates a different nonlinear interaction mechanism that simi-

larly leads to the formation of Λ-vortices, though in contrast to the streamwise-aligned

grid formation of K-type transition, in H-type transition the vortices develop in a

staggered formation. The subharmonic nature of the oblique disturbances fundamen-

tally alters the phase relationships and growth rates, resulting in this characteristic

staggered vortex arrangement.

Oblique transition represents a fundamentally different transition scenario that is

initiated by two oblique modes with opposite wave angles without the presence of a

TS mode (Klebanoff et al., 1962). In this pathway, the transition process bypasses the

traditional TS wave mechanism entirely. The two oblique waves, typically inclined at

equal but opposite angles to the streamwise direction, interact nonlinearly to gener-

ate counter-rotating streamwise vortices. These vortices are the primary mechanism

for energy transfer from the oblique waves to the mean flow. The dominant feature

of oblique transition is the emergence of large-amplitude spanwise-periodic stream-

wise streaks that grow inside the boundary layer. As these oblique waves propagate

downstream, their nonlinear interaction serves to generate and strengthen counter-

rotating streamwise vortices, which in turn amplify the streamwise streaks through a

lift-up mechanism. For large initial amplitudes, the periodic streaks grow in ampli-

tude and become increasingly unstable, eventually leading to secondary instabilities

and breakdown to turbulence (Berlin et al., 1999). The absence of a TS wave in this

scenario makes oblique transition particularly relevant for flows with high levels of

freestream turbulence or specific disturbance environments where oblique modes are

preferentially excited.

In this chapter, we will consider the three aforementioned natural transition sce-

narios for zero pressure gradient flat plate boundary layers and combine the advan-

tages of LES and PSE to enable the efficient simulation of transitional boundary

layers. Current standard practice for the simulation of external aerodynamic flows
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in the context of LES is to apply either the EQWM in the case of WMLES, or a

no-slip boundary condition in the case of WRLES (Figure 4.1). The results of this

approach are illustrated for a flat-plate boundary layer in Figure 4.2 where we plot

skin-friction coefficient versus nondimensional streamwise coordinate for a zero pres-

sure gradient boundary layer (ZPGBL) undergoing H-type transition. More details

on the full computational setup are provided in Section 4.3. Both the WMLES and

CLES results are computed on the same grid which resolves the inlet laminar bound-

ary layer with 4 points within δ99. This amount of resolution is a realistic value for

WMLES simulations of practical engineering configurations in external aerodynam-

ics (Goc et al., 2021; Lozano-Durán et al., 2022). It is clear from Figure 4.2 that

both the EQWM and no-slip boundary conditions are unsuitable for the simulation

of transitional flows at this resolution level. The CLES case highlights that the grid

is too coarse to capture the physical structures important to the transition process

with a no-slip boundary condition, and therefore never transitions. Meanwhile, the

standard WMLES result shows an incorrect transition to turbulence at the inlet of

the domain. This is due to the turbulent boundary layer assumptions inherent to the

model. Even in the case where the turbulent eddy viscosity in Eq. 1.1 is set to zero,

there is still erroneous transition to turbulence at the inlet. While the EQWM has

proven a successful approximation in applications where the flow is fully turbulent,

or even in nonequilibrium regimes, it drastically fails in laminar and pretransitional

flows. In these cases, the overestimation of the momentum drain causes a premature

transition (Lozano-Durán et al., 2018).

Laminar inflow
+ disturbances

Transition Turbulent section Outflow BC

EQWM / No-slip

Figure 4.1: Schematic of a standard computational domain for the simulation of a
zero pressure gradient flat plate transitional boundary layer.
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Figure 4.2: Skin friction Cf prediction versus nondimensional streamwise coordinate
Rex for a ZPGBL undergoing H-type transition. The turbulent correlation used is
Cf = 0.455/ ln2(0.06Rex) (White, 1974).

4.2 PSE inflow for WMLES

It has been shown by Lozano-Durán et al. (2018) that one way to simulate an H-type

transitioning boundary layer is to use the NLPSE to simulate the laminar and transi-

tional regions of the flow, and to subsequently use the last stations from the NLPSE

simulation to generate a turbulent inflow for a downstream WMLES. Starting with

a Blasius base flow and the disturbance environment from Joslin et al. (1993) for

H-type transition, Lozano-Durán et al. (2018) were able to accurately simulate the

transitioning boundary layer at significantly reduced cost compared to WRLES and
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DNS with this approach. Here we take this methodology a step further by using

the Falkner-Skan wall model described in Chapter 2 to generate the baseflow used to

initialize the PSE. This choice is of paramount importance for realistic flow configura-

tions where the laminar state of the boundary layer is not known a priori. Therefore,

the simulations will be carried out in the following way: First, a precursor simulation

where the FSWM is used as the wall boundary condition is carried out. This will

allow us to generate arbitrarily high resolution laminar boundary layer profiles that

accurately represent the flow simulated. The Falkner-Skan profile from the precursor

simulation is used as the base flow for the start of a NLPSE simulation. The distur-

bances used to initialize the PSE march must be known a priori or computed using

a receptivity analysis. The NLPSE is marched until the point of transition, which is

taken to be where instability in the solver leads to “blow-up” (Lozano-Durán et al.,

2018; Gonzalez et al., 2023). Finally, the last stable station of the PSE is used as a

spatially- and time-varying inflow condition for a WMLES. In this truncated WM-

LES domain, the EQWM is a valid boundary condition as the flow is nearly or fully

turbulent. This methodology is illustrated graphically in Figure 4.3.

Baseflow extraction
site

1. Precursor simulation of
laminar baseflow using the
FSWM.

2. Nonlinear marching to the point of tran-
sition.

3. Turbulent equilibrium wall model is
valid everywhere within this domain.

Inflow

Figure 4.3: Proposed modeling approach for transitional wall-bounded flows. The
FSWM is used in a precursor simulation to extract a laminar base state. This base
state is fed into the NLPSE simulation which is then marched to the transition point
of the flow. A subsequent WMLES is conducted using the PSE-generated inflow.

To further emphasize this point, we remark that for WMLES of aircraft configura-

tions at practical resolutions, it is typical to have fewer than 10 points per boundary
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layer thickness near the leading edge of surfaces (Goc et al., 2023; Bornhoft et al.,

2024). This level of coarseness cannot support accurate mean baseflows and distur-

bance eigensolutions for transition analysis. In Figure 4.4, we report the skin-friction

profile of a laminar boundary layer and compare results from FSWM simulation and

CLES. These simulations were computed on identical grids which resolved the inlet

boundary layer thickness with 4 points. The CLES under-predicts the skin friction

by nearly 10%. An accurate skin friction and decay rate is recovered by Rex ≈ 5.0e5,

at which point the resolution is approximately 6 points per boundary-layer thick-

ness. However, mean baseflow profiles typically require approximately 30 points per

boundary-layer thickness for the accurate computation of stability modes (Choi and

Moin, 2012). In contrast, the FSWM is able to accurately predict the skin friction

and provide velocity profiles of arbitrary resolution inferred from the inviscid outer

flow using the coarse mesh.

4.3 H-type transition

Transition is triggered in this set of simulations by imposing an inflow condition con-

sisting of the FSWM extracted boundary layer profile plus disturbances obtained from

the local Orr-Sommerfeld-Squire problem. In particular, we prescribe the disturbance

in terms of a fundamental TS wave and a subharmonic oblique wave at Rex = 1.8·105.

The fundamental nondimensional frequency of the TS wave is

F =
ων

U2
∞

· 106 = 124 (4.1)

and the subharmonic frequency is set to half that value. Following Joslin et al.

(1993), the root-mean-square (rms) amplitudes of the fundamental and subharmonic

disturbances are A0 = 0.0048 and A1 = 0.145·10−4, respectively. The nondimensional

spanwise wavenumber of the subharmonic oblique disturbances are set to
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Figure 4.4: Skin friction Cf prediction versus nondimensional streamwise coordinate
Rex for a laminar boundary layer. We observe that at this mesh resolution, the no-
slip boundary condition mispredicts the wall stress. In contrast, FSWM reproduces
the Blasius stress.
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b =
βν

U∞
· 103 = ±0.3303. (4.2)

The length, height, and width of the computational domain are

Lx = 305δ0, Ly = 30δ0, Lz = 20δ0, (4.3)

where δ0 is the 99% boundary-layer thickness at the inlet. At the outlet, δ/δ0 ≈ 6.

The top and outlet boundaries are imposed to satisfy the Navier-Stokes characteristic

boundary condition (Poinsot and Lele, 1992). The domain is set to satisfy periodicity

in the spanwise direction. For all LES simulations, hyperbolic tangent stretching is

utilized in the wall-normal direction, and uniform spacing is used in the streamwise

and spanwise directions. Mesh resolutions for all simulations are given in Table 4.1.

We report the grid spacing with respect to both inner and outer length scales. For

the outer length scales, we define the wavelengths

λx =
2π

Real(α2,0)
(4.4)

and

λz =
2π

β
. (4.5)

Time-averaged skin friction over the whole computational domain for all computed

simulations is shown in Figure 4.5. The DNS data computed by charLES serves

as the reference solution. Skin-friction data from a WRLES is also plotted. The

WMLES skin friction from Figure 4.2 is replotted for convenience. Finally, we plot the

skin-friction profile from the joint NLPSE and WMLES computation. Also included

in these figures are the Blasius laminar boundary-layer skin friction and Prandtl’s

turbulent stress correlation (White, 1974) as reference lines.

The WRLES case is sufficiently refined to show reasonable agreement with the

skin friction data from the DNS. Though the location of transition is slightly down-

stream with respect to the DNS, it displays a similar overshoot above the turbulent
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correlation and subsequently decays with the same slope as the DNS. The WMLES

is carried out on the same grid as the CLES from Figure 4.5, as reported in Table

4.1. In the case of the WMLES result, the equilibrium wall model is applied along

the entire wall.

Instantaneous contours of the u, v, and w, velocity fields at y+ = 20 for the

DNS are shown in Figure 4.6. The u and v velocity contours in particular reveal

the formation of elongated, staggered Λ-vortices beginning at approximately Rex =

4 · 105. These vortical structures have disintegrated by Rex = 5.5 · 105 where fine

scale turbulent structures are formed in the remainder of the computational domain.

The WRLES velocity contours are shown in Figure 4.7. As expected, these exhibit

a qualitatively similar result as the DNS. However, it is clear that the formation of

the Λ-vortices has been altered slightly by the reduced resolution. One can observe

smearing and loss of symmetry in the staggered pattern. Nevertheless, the physics is

quantifiably faithfully reproduced as evidenced by the skin friction plot. The WMLES

velocity contours are shown in Figure 4.8. We can observe that fully turbulent flow

forming at the inlet of the computational domain, demonstrating that the EQWM

boundary condition is not suitable at these resolutions for accurately modeling the

transitional flow.

Finally, we discuss the NLPSE–WMLES simulation. The setup for the NLPSE–

WMLES case begins with the precursor simulation of the boundary layer flow using

the FSWM as the wall boundary condition. As expected, skin-friction data from

this simulation agrees with the Blasius similarity solution. Similar to the CLES case

described above, the grid is too coarse for the disturbances supplied at the inlet to

have an effect on the mean results of this simulation. As a proof of concept, we use

the FSWM to generate a new baseflow used for the NLPSE simulation. The NLPSE

solver glimPSE marches the mean flow and disturbances, with M = 6 temporal

modes and N = 3 spanwise modes, downstream up to the point of transition. In

practice, the NLPSE solver evolves the disturbance equations until it “blows up”

due to the increasingly active non-linear terms; this causes the iterative update of

the streamwise wavenumber or solution of the nonlinear system to fail to converge.

The rapid growth of nonlinear effects and the limited length of the Fourier series
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produce an inaccurate representation of the flow in the late transitional region which

leads to the production of NaNs in the numerical solver. The final numerically stable

location is denoted as the point of transition. For this case, the location at which

the NLPSE solver transitions to the WMLES is Rex = 5 · 105, slightly upstream of

the“blow-up” point of the NLPSE solution. The WMLES in the last portion of this

hybrid simulation approach uses a grid with the same spacing as the full CLES or

WMLES cases. The NLPSE/WMLES skin friction shown in Figure 4.5 demonstrates

excellent quantitative agreement with our DNS. The location of transition is predicted

accurately and the magnitude of the skin friction overshoot is consistent with both the

DNS and WRLES. Additionally, the overshoot stress decays at the correct rate. The

instantaneous velocity contours from the NLPSE/WMLES are shown in Figure 4.9.

The vertical, dashed white line represent the patching station between the NLPSE

and the WMLES. It can be observed that the NLPSE produces a staggered vortex

structure, similar to the Λ-vortices seen in the DNS and WRLES. The amplitude and

time variation of these transitional structures are represented by the PSE ansatz in

Eq. 1.3 and used as an inflow to the WMLES domain. To the right of the dashed

white line, the flow structures are preserved across the computational domain and

successfully advected downstream.

The major advantage of the joint NLPSE-WMLES approach is the significantly

reduced computational cost compared to both DNS and WRLES. The combined

number of grid cells for the NLPSE–WMLES is 9.62 · 105, three orders of magnitude

fewer than the DNS and two orders of magnitude fewer than the WRLES. This

represents a 99.8% and 98.5% reduction in mesh size, respectively. Even compared

to the full WMLES, which fails to accurately capture the transition process, there is

a mesh size reduction of 70%.

4.4 K-type transition

Transition is triggered in this set of simulations by imposing an inflow condition con-

sisting of the FSWM extracted boundary layer profile plus disturbances obtained from

the local Orr-Sommerfeld-Squire problem. For K-type transition, the disturbances are
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Case ∆x+ ∆y+ ∆z+ λx

∆x
δ0

∆y
λz

∆z
Nx Ny Nz Ncv

DNS 6.8 0.49 5.6 144.6 99 182.3 5000 400 400 8.0E8
WRLES 30.48 1.06 10.94 32 41 91 1100 300 200 6.6E7
WMLES 61.88 17.39 27.37 15 4 36 650 60 80 3.12E6

CLES 61.88 17.39 27.37 15 4 36 650 60 80 3.12E6
NLPSE–WMLES 24.75 0.33 13 20 550 100 1 5.5E4
NLPSE–WMLES 61.88 17.39 27.37 15 4 36 380 60 40 9.12E5

Table 4.1: Mesh resolution in inner unit scaling for the H-type transitional boundary
layers simulated. Inner units are scaled by the maximum uτ in the domain. We also
report the number of grid points contained within the 99% boundary layer thickness at
the inlet of the domain. For cases denoted NLPSE/WMLES, the bold text indicates
for which side of the simulation mesh data is being presented. 6 temporal modes and
3 spanwise modes are carried in the NLPSE simulation.
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Figure 4.5: Skin friction Cf prediction versus nondimensional streamwise coordinate
Rex for a ZPGBL undergoing H-type transition.
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Figure 4.6: DNS (a) u, (b) v, and (c) w instantaneous velocity contours plotted at
y+ = 20 plotted against Rex and z/δ99 for a ZPGBL undergoing H-type transition.
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Figure 4.7: WRLES (a) u, (b) v, and (c) w instantaneous velocity contours plotted
at y+ = 20 plotted against Rex and z/δ99 for a ZPGBL undergoing H-type transition.
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Figure 4.8: WMLES (a) u, (b) v, and (c) w instantaneous velocity contours plotted
at y+ = 20 plotted against Rex and z/δ99 for a ZPGBL undergoing H-type transition.
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Figure 4.9: NLPSE/WMLES (a) u, (b) v, and (c) w instantaneous velocity contours
plotted at y+ = 20 plotted against Rex and z/δ99 for a ZPGBL undergoing H-type
transition.
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initialized with a primary TS wave and a pair of oblique waves at the same temporal

frequency as the fundamental wave. For this set of simulations, the inflow is specified

at Rex = 1.0e5. The nondimensional temporal frequency is

F = 110.0 (4.6)

and the nondimensional spanwise wavenumber is

b = 0.418879. (4.7)

The amplitudes of the TS mode and oblique waves are

AT S = 0.05, AOB = 1.5 · 10−5. (4.8)

The computational domain is chosen to match that described in Section 4.3. The

mesh resolutions for all reported simulations are given in Table 4.2. The grid spacing

is reported with respect to both inner and outer length scales. For this case, there

is no existing DNS reference to compare skin-friction to. The highest fidelity data

available for this transition scenario is the WRLES whose grid is reported in Table

4.2.

Figure 4.10 shows the skin friction for all simulated cases as a function of nondi-

mensional streamwise position. Similar to the H-type transition case, the standard

WMLES simulation using the EQWM along the complete lower boundary mispre-

dicts the expected transitional behavior. From the skin friction plot, and from the

instantaneous velocity contours in Figure 4.12, it is clear that the flow transitioned

near the inlet of the computational domain.

The WRLES in Figure 4.11 shows the expected qualitative features of K-type

transition. Specifically, the formation of streamwise aligned Λ-vortices is observed

between 2.0 · 105 < Rex < 3.0 · 105 in the u-velocity contours. In the w-velocity

contours, the colors indicate the counter-rotating nature of the Λ-vortices. The skin-

friction curve from this WRLES exhibits typical rapid skin-friction rise which leads
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