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Abstract

In environments containing high energy density (HED) plasmas such as Inertial Confinement Fusion
(ICF) or supernovae remnants, the Rayleigh-Taylor instability (RTI) commonly occurs under large
contrasts in density, temperature and fluid transport properties that scale strongly with temperature
(x 75/ 2). In this dissertation, we examine highly resolved simulations of the 3D fully compressible
RT instability at various temperature ratios and with different transport property configurations,
providing a systematic analysis of how heat conduction, large variations in transport properties and
sudden changes in transport properties can affect the development of a RT mixing layer. Beginning
with standard isothermal simulations, we then consider an idealized configuration of a hotter, less
dense fluid pushing against a colder, more dense fluid, mimicking the conditions seen at the center
of an ICF capsule implosion, with the most extreme cases containing transport property magnitude
ratios of up to 88.2 across the interface. The influence of the interface density ratio, background
density stratification and Prandtl number are also explored.

Both heat transfer and transport property contrasts induce a departure from the self-similarity in
instability growth rates and average profiles of flow statistics that have been frequently observed in
isothermal RT simulations. For fluids with different molecular/atomic masses, heat transfer causes
nonequal fluid expansion and contraction, which can significantly modify the density field, resulting
in delayed instability growth or intensified turbulent fluctuations depending on the location in the
flow. Furthermore, at high transport property contrasts, there is extreme misalignment between
regions of mixing and regions of most intense turbulent activity. At sufficiently high Reynolds
numbers, certain quantities (velocity spectra, minimum Kolmogorov length scale, etc.) appear to
only depend on the current transport property magnitudes and not on past flow history, provided

that the density field distribution for the flows remains similar.
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Nomenclature

This list describes the most basic variables and nondimensional parameters used in this thesis
8 Bulk viscosity

Vi Ratio of specific heats of species k

K Thermal conductivity
m Dynamic viscosity

v Kinematic viscosity
Q5 Rotation rate tensor
p Density

A Atwood number

Aij Velocity gradient tensor

At Atwood number

c’; Specific heat at constant pressure of species k
ck Specific heat at constant volume of species k

D;; Mass diffusivity of species ¢ into species j, just D for binary systems
fr Mole fraction of species k

M Isothermal Mach number, equivalent to v/Sr

Mjy, Molecular/atomic mass of species k

M,,  Average molecular/atomic mass of the mixture

Ma Mach number
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Uq

Zg

Y3

Pressure

Prandt]l number

Gas constant of species k
Gas constant of the mixture
Universal gas constant
Reynolds number

Strain rate tensor

Schmidt number

Stratification parameter, equivalent to M?

Temperature

Time

Velocity component in direction 4, equivalent to (u, v, w)

Specific volume

Position along direction i, equivalent to (z,y, 2)

Mass fraction of species k
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Acronyms

ARTI Ablative Rayleigh-Taylor instability.
CRTI Classical Rayleigh-Taylor instability.

DBM Discrete Boltzmann method.

DNS Direct numerical simulations.
ftke Favre turbulent kinetic energy.
HED High energy density.

ICF Inertial confinement fusion.

LANL Los Alamos National Laboratory.

LES Large-eddy simulations.
NIF National Ignition Facility.
PDF Probability density function.

RANS Reynolds-averaged Navier-Stokes.
RMI Richtmyer-Meshkov instability.

RTI Rayleigh-Taylor instability.

SDF Surface density function.

SNR Supernova remnant.

TMR Total mixing rate.
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Chapter 1

Introduction and Background

1.1 General Motivation

An accurate understanding of hydrodynamic instabilities is critical for predicting the behavior of
many natural phenomena and engineering applications. These instabilities reveal themselves in ev-
eryday life, from the mixing patterns that emerge after pouring cream into coffee (Rayleigh-Taylor
instability) to a stream of water breaking up midair after exiting a garden hose (Plateau-Rayleigh
instability). From small perturbations, flow instabilities typically have an early linear growth stage
that progresses to a nonlinear growth regime, eventually ending in chaotic development and turbu-
lence. Linear stability analysis and various nonlinear models can analytically approximate early flow
behavior, but experiments and numerical simulations remain the primary tools to investigate mixing
and turbulence. Due to the limitations of today’s supercomputers, resolving turbulence all the way
down to its finest scales in many simulations is still not tractable for the majority of problems.
Large-eddy simulations (LES) filter out the smallest length or time scales and attempt to model
the unresolved scales instead. Reynolds-averaged Navier-Stokes simulations (RANS) solve the time
or space averaged Navier-Stokes equations and model any unclosed terms related to the fluctuat-
ing quantities. These models, of course, still need to be be validated against experimental data or
direct numerical simulations (DNS) that sufficiently resolve all scales. In this thesis, we present
comprehensive results from a large set of three-dimensional compressible Rayleigh-Taylor instability

simulations at DNS resolutions with the ultimate goal of assisting RANS model development.

1.2 The Rayleigh-Taylor Instability

The Rayleigh-Taylor instability (RTT) occurs when lighter fluid supports heavier fluid against gravity,
but most generally whenever less dense fluid pushes against more dense fluid. Lord Rayleigh, while

trying to explain the formation of cirrus clouds, considered the classical linear stability problem of
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a heavy fluid on top of a light fluid under the influence of gravity. Assuming that the two fluids
were incompressible and inviscid, he calculated that any disturbance at the interface would grow
exponentially [137]. Taylor later generalized this problem, revealing the equivalency of gravity with
a constant acceleration of the system [158]. Since then, their foundational work has inspired a wealth
of theoretical, experimental and computational studies exploring increasingly complex configurations
of the instability [192, 193].

As the RTT develops, perturbations at density interfaces in the flow grow into spike structures
of heavier fluid and bubbles of lighter fluid, which then interact nonlinearly before transitioning to
turbulence. In multispecies RTI, mixing processes are greatly enhanced as the interface becomes in-
creasingly corrugated and stretched. At late times in multimode RTT, two limiting self-similar growth
behaviors have been observed: bubble merging and bubble competition [181]. Bubble merging oc-
curs when all the initial perturbation wavelengths are smaller than the characteristic wavelength of
the dominant bubbles. Smaller bubbles merge to form bigger and faster moving bubbles, eventually
losing all memory of the initial conditions. On the other hand, bubble competition occurs when the
initial perturbations contain longer wavelengths, with the largest modes growing exponentially and
competing with each other until they saturate. In this regime, the flow development continues to
depend on the initial conditions and growth rate of the mixing layer is typically larger than that of
the bubble merging case [132].

The driving mechanism behind the RTT is baroclinic torque, which deposits vorticity at the
interfaces where the pressure and density gradients are misaligned. The vorticity transport equation,
derived by taking the curl of the compressible Navier-Stokes equation, can be expressed in index

notation as

3wi 6w¢ +S auk 1 8/) 8p 0 1 ale (1 1)
= —u;— Wi — Wi—— + — € —— —— +€ie— | ——— .
ot J Ox; I oz, p? jkaxj oxy, Jk@a:j p Ox
~—_———
baroclinic production
with the strain tensor o o
1 u; U
Sij == ¢ J 1.2
J 2 <6.Z‘] + (’)mz) ( )
and vorticity vector
8uk
P 1.3
w € jk 8$j ( )

where u; is velocity, p is density and p is pressure. The baroclinic production term is highlighted in
Equation 1.1. When Vp-Vp < 0, the deposited vorticity and induced velocity field tends to increase
the misalignment, leading to further vorticity deposition, and when Vp-Vp > 0, the induced velocity
field stabilizes the interface. In the classical RTI formulation, the lighter fluid supports the heavier
fluid under a constant gravitational force, so the pressure gradient is hydrostatic, but the RTT occurs

whenever the lighter fluid is at a higher pressure and pushing against the heavier fluid.
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1.2.1 Linear Stability Analysis

The most important parameter for characterizing RTT is the density ratio, or similarly the Atwood
number A. Higher Atwood numbers correspond to faster and more asymmetric growth of the bubbles

and spikes.

A= Zz -_F Zi P2 > p1 (1.4)
Consider a system of two inviscid, immiscible and incompressible fluids, the bottom fluid with den-
sity p1 and top fluid with density ps under a constant gravitational acceleration g in the vertical
x3 direction. Linear stability analysis assumes that all flow fields can be decomposed into a back-
ground /base state and a small perturbation, for example u(x1, x2, 23,t) = U(xs) + v/ (21, 22,t), and
that all perturbations follow the specific exponential form shown in Equation 1.5. The interface
location 7 is assumed to be

n(wy, wo, t) = noe'(F1e1tezha)nt (1.5)

where 7 is the initial magnitude of the perturbation, ki, ko are the wavenumbers in the transverse

x1, Ty direction and n is the growth rate. For this system, the growth rate is

n=+/Agk k=K 4+ k3 (1.6)

which shows that higher wavenumber (smaller wavelength) perturbations grow faster during the
initial growth stage. Without viscosity or some other stabilizing factor, the growth rate is unbounded
with increasing k. If the effects of viscosity and interspecies diffusivity are included, the growth rate

becomes [59]:

1/2
n= (Azk + V2k4) — (v + D)k? (1.7)

where v is the kinematic viscosity, D is the species diffusivity and ¢ = ¥(A,k,d) is an empirical
function that depends on A, k and the initial interface diffusion thickness 0. Viscosity and species
diffusion tends decrease the growth rate at higher wavenumbers and can stabilize the interface for
perturbations above a critical wavenumber k.. If we consider two immiscible, compressible ideal
gases with ratio of specific heats v, and 79, the dispersion relation for the growth rate becomes

much more complicated [102]:

n? = k2g ( Y2kt +n?) — 31 (K>3 +n?) ) (1.8)

At (kQC% + n2)/\11 - 72(k2c% + ’I’L2)/\22

with

Vg n? | (u-Dg* e
A2, = +ky/1 L 1.9
2 T2 \/ i k2c2, N n2c? - 4k2c} (19)

(3
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and the speed of sound ¢; = y/7;(pi/p;) that remains constant on each side of the interface. Here,
the background equilibrium density and pressure profiles are exponential, while the background
temperature is constant. This linear stability analysis has been extended to consider fluid viscosity
and the presence of a constant background temperature gradient [69]; both require numerically
solving a fourth-order ordinary differential equation to obtain the growth rate. Lafay, Le Creurer
and Gauthier performed a linear stability analysis for two miscible and viscous ideal gases using a
self-adaptive multidomain Chebyshev numerical method [87], showing that increasing background

density stratification decreases growth rate and decreasing 7y increases growth rate.

1.2.2 Nonlinear Evolution

Y, Yy

8.00 0.25 050 0.75 8.00 0.25 0.50 0.75
X X

ty/ Ag/X

(a) Mass fraction contours of Re=400, At=0.2 (b) Normalized bubble front velocity Frp and

single-mode RTI simulated with PadeOps at t=0 bubble height Hp, along with the various growth

and t=10 stages of the single-mode RTI Image source: Wei
and Livescu. [172]

Figure 1.1: Example of single-mode RTI

When the magnitude of perturbations becomes too large, linear stability theory no longer applies
and the instability reaches the nonlinear stage. Analytical study of this stage will be mainly limited
to single mode perturbations (Figure 1.1a) for simplicity. While single mode RTI is not subject to
the bubble merging and competition seen in multimode RTT and is not representative of RTT in the
real world, it provides an upper bound for the instability growth rate and bubble velocity.

The bubbles can be approximated using potential flow theory, which assumes the flow is irro-
tational and can be represented with the velocity potential ¥ = V¢. During the potential growth

stage, labeled (PFG) in Figure 1.1b, the bubble commonly reaches a quasi-steady velocity. In two
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dimensions, the most basic potential analysis, first done by Layzer [91], assumes the interface per-
turbation is parabolic of the form 1 = 19 (t) + n2(t)(z — z0)? with the bubble radius of curvature
R = —1/(2n2) and the bubble tip location at (zg,70), and that the velocity potential has the form

¢ = a(t)cos(k(x — xq))e k=m0 (1.10)

This assumes that the light fluid is a vacuum (A = 1) and the heavy fluid is inviscid. After applying
Bernoulli’s equation and the kinematic restriction that the interface must move with the velocity

field, the unknown variables 79 (t),n2(t) and a(t) along with the asymptotic bubble velocity can be

determined [76]
g 9
2D: =4/ = D: =4/= 1.11
U =13 3D s \/; (L11)

with wavenumbers defined as k = 27/ for 2D and k = 28,/D for 3D. Here, A is the perturbation
wavelength, D is the bubble diameter and 3; is the first zero of the Bessel function Jy(r). Repeating
this analysis in cylindrical coordinates yields the 3D asymtotic bubble velocity, which is larger than
the 2D velocity because of the reduced drag per unit volume.
Goncharov [71] extended the analysis to arbitrary Atwood number using separate potentials for
the heavy and light fluid
" = ay(t)cos(kx)e =) (1.12)

¢! = by (t)cos(kx)eFE=m) 4 by(t)z (1.13)

The kinematic restrictions for the interface remain the same and the continuity of pressure is satisfied
by setting the pressure terms equal to each other in the unsteady Bernoulli equation. The asymptotic
bubble velocities in 2D and 3D are

2Ag
(14 A)3k

3D: Uy = (| 249 (1.14)

2D: =
Us (1+ Ak

More recently, Zhang and Guo [186] derived a more general expression for the bubble and spike
velocities. Positive values of Atwood number A are used for bubbles, while the negative values of A

are used for spikes with the same density ratio.

du 1, 9 9

o = ok —ug,) (1.15)
e (f pracyvaasarp  \ 119
P\ Bk (L+A)B+A) 43+ A + 209 + A)(1+ A1/ '
L3 (+AB+A)  [E+A)+V29+A)(1+4) 1

A3+ A+V2(1+ A)y 0] [(B+ A2 +2V2(3 — A)(1+ A)1/2]
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where v, is the velocity during the quasi-steady stage when both velocity and curvature of the
spike/bubble tip is insensitive to time. Note that all potential flow results lose validity when vortex
roll-up begins and the characteristic mushroom shaped heads form, or when the Kelvin-Helmholtz
instability generates vorticity at the sides. This is when the reacceleration stage begins [172].
Alternatively, the bubble or spike development can be described with a buoyancy-drag model,
which involves an equation of motion that balances the inertial, buoyancy and Newtonian forces

[52, 128]. The simplest models have the general form of

du C,
(pzn + Capout)a = 6(pout - pzn)g - pooutu2 (118)

with pin = p2, pout = p1 for spikes and p;, = p1, pour = p2 for bubbles (p1 < p2). C, is an ”added
mass” coefficient that depends on the shape and volume of the penetrating spike/bubble. Cj is
the drag coefficient that also depends on the shape of the spike/bubble. The factor 5 < 1 reduces
the buoyancy force due to fluid mixing at the atomic level reducing the density contrast. For the
immiscible RT configuration (8 = 1) during the quasi-steady stage (du/dt = 0), the bubble/spike

2A g\ itA g
_ 9A _ J_ 1
Us/s \/u:Acd \/liAk:C’d (1.19)

suggesting that Cy = 67 for 2D and Cy = 27 for 3D to agree with potential flow analysis.

velocity is

All the stages of single-mode RTT are shown in Figure 1.1b. The diffusive growth (DG) stage
is described by the diffusion equation, the exponential growth (EG) stage by linear stability theory
and the potential flow growth (PFG) stage by potential flow theory. Vorticity generation and the
resulting induced velocity field are responsible for the instability reaching the reacceleration (RA)
and chaotic development (CD) stages. For multimode RTT flows, Zhang et al. [187] incorporated
mass and momentum conservation into the buoyancy-drag framework and could validate their model
against experimental results at a variety of density ratios and acceleration histories. Most recently,
Schilling [145] created a turbulence model for Rayleigh-Taylor, Richtmyer-Meshkov and Kelvin-
Helmholtz mixing layers by combining a buoyancy-shear-drag model with mean flow equations or
approximate expressions for the mean fields, which avoids explicitly solving the turbulent transport

equations typically required in a full RANS model.

1.2.3 Turbulence and Self-Similarity

In multimode RT, after the nonlinear evolution stage, the flow may transition to a state of fully
developed turbulence (where there is an identifiable inertial range in the turbulent energy spectrum)

if the Reynolds number is high enough. We can define a general outer-scale or bulk Reynolds number

L
Rep = TU (1.20)
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where L is a length scale for the transverse extents of a flow, U is the characteristic velocity and
v is the kinematic viscosity. For RT flows, L would be the mixing height and U would be the
mixing height velocity. In stationary flows, Dimotakis [55] found that the outer-scale Re, must
exceed 1 —2 x 10* to sustain fully developed turbulence, which is associated with a mixing transition
to more well-mixed state. This was determined to be a necessary but not sufficient condition for
transition in accelerated, nonsteady flows such as the RTI, as there is an added temporal requirement
[197].

During the late turbulent stage in the RTT bubble merging regime, simple dimensional arguments
suggest the mixing zone width A should depend only on the density ratio, acceleration and time,
leading to

h ~ aAgt? (1.21)

where « is a dimensionless growth parameter commonly assumed to be constant [48]. During this
stage, is expected that the dominant bubbles and spikes grow self-similarly, meaning that their
wavelengths, diameters and heights remain proportional to each other. A governing equation for h
can be derived by applying a self-similarity ansatz to the second-moment equations [143] or with a

mass flux and energy balance argument [47]:
h? = 4aAgh (1.22)

which has the solution
h = aAgt? + 2(aAgho)'/*t + hy (1.23)

where the virtual starting thickness hy can be chosen at any time ¢t = ¢y during self-similar growth.
When position is scaled with the mixing height, the spatial profiles of various statistics such as
horizontally averaged density, average mole fraction and the intensity of density fluctuations have
been found to be self-similar [48, 107].

1.3 Applications and Three Problems of Interest

The Rayleigh-Taylor instability can be observed in a wide range of situations, including atmospheric
and ionospheric flows, particulate ejecta plumes from volcanoes, solar prominences, scramjet propul-
sion, vapor cloud explosions, both type I and II supernova detonations, nuclear fusion experiments
(both inertial confinement fusion and magnetic confinement fusion), formation of salt domes in
Earth’s crust, turbulence in the interstellar medium and galaxy clusters, and much more [192, 196].
In this section, we will highlight three applications that are highly relevant to the model problem
we utilize in this thesis: the formation of mammatus clouds, the formation of supernova remnants
and the ICF implosion process. All these problems involve hotter, less dense fluid pushing against

colder, more dense fluid - a Rayleigh-Taylor unstable setup that can be influenced by conductive
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heat transfer and/or transport property differences.

1.3.1 Mammatus Clouds

=0 —— >0

Cloud fluid
Temperature: 7, i

= «d
Sat. vapour: r =r (T,
Liquid: r,=r,? p

- Liquid evaporation

Dry air *sub-cloud layer”

Temperature: 7

r=r=0

Pl
(a) Image of a mammatus cloud Im- (b) Schematic showing how the density overhang develops

age source: Ravichandran, Meiburg & underneath a cumulus anvil Image source: Ravichandran,
Govindarajan [136] Meiburg & Govindarajan [136]

Figure 1.2: Picture and schematic of mammatus cloud formation

Fluid instabilities are ubiquitous in Earth’s atmospheric flows, affecting cloud formation, jet
stream dynamics, the formation of tornadoes and many other weather phenomena. Unlike the
majority of clouds which are formed by air rising and cooling, mammatus clouds with their distinct
pouch or lobe-like structures appear to be formed by sinking air [80]; an example is shown in Figure
1.2a. As shown in Figure 1.2b, mammatus clouds are typically found beneath cumulonimbus clouds
when a sub-cloud layer of cold, dense air forms above warmer, less dense, dry air [136]. The exact
mechanism by which this occurs is still debated, with the most popular explanation that the sub-
layer is formed from evaporation or sublimation of settling water vapor droplets or ice crystals near
the cloud base, but the resulting density overhang is susceptible to the Rayleigh-Taylor instability.
Mammatus clouds are often harbingers of extreme weather, so a better understanding of the physics

that forms them will help improve weather prediction.

1.3.2 Supernova Remnants (SNRs)

A type II supernova is typically initiated when the nickel-iron core of a massive star at least eight
times the mass of our Sun can no longer support the star’s overlying weight and collapses. The
core becomes extremely dense, electrons and protons combining to form a mass of neutrons or a
black hole if the core is massive enough. The layers of the star fall inwards and then bounce off
of the center, sending a shockwave (or blast wave) outwards that ejects the star’s outer layers.
This stellar ejecta becomes a supernova remnant (SNR) composed of colorful gas and dust, as

shown in Figure 1.3a. The finger-like structures commonly observed in SNRs are attributed to the
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(a) Image and schematic of the core-collapse su- (b) Example density and temperature profiles of
pernova SNR E0102.2-72 Image source: Kuranz a type Il supernova Image source: Kuranz et al.
et al. [86] [86]

Figure 1.3: Picture and schematic of type II supernova remnant formation

Richtmyer—Meshkov and Rayleigh-Taylor instabilities. Figure 1.3b shows the proposed structure of
an SNR after the blast wave has reached the surface of the star. There is a dense, expanding shell of
stellar ejecta that drives a forward shock into the surrounding circumstellar medium (CSM), heating
it to relatively high temperatures. At the same time, a reverse shock develops in the expanding and
decelerating ejecta. This leads to a RT unstable interface between the colder, more dense shocked
ejecta and hotter, less dense shocked CSM. Kuranz et al. [86] found that under certain conditions,
the magnitude of conductive heat fluxes across this unstable interface may become on par with the
magnitude of radiative heat fluxes. We should note that the progenitor star is layered like an onion
with layers of elements (Helium, Carbon, Neon, Oxygen, Silicon, etc.) and that these additional

material interfaces may also be RT unstable during the supernova explosion [82, 39].

1.3.3 Inertial Confinement Fusion (ICF)

Inertial confinement fusion (ICF) is a process that attempts to reproduce the extreme temperatures
and pressures found at the center of stars by imploding and heating a small capsule of fuel using
powerful lasers or ion beams [50]. The spherical fuel pellet is typically composed of deuterium (D)
and tritium (T) gas surrounded by layers of solid DT, plastic (CH) and/or high density carbon
(HDC) with dopants such as tungsten (W) or Germanium (Ge). Usually, lasers are used to irradiate
the capsule, so the outer layers (also known as ablator material) absorb energy, heat up, expand and
ablate off. During this acceleration phase, the inner portion of the capsule is accelerated inwards
to a very high speed as the ablator material is blown outwards with a rocket-like effect. Then,
the deceleration phase begins when the compressed fuel at the center begins to push back on and
decelerate the incoming capsule walls, as shown in Figure 1.4a. This central region, commonly

referred to as the "hot spot,” is where the fusion reactions (of primarily deuterium and tritium to
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[141]

Figure 1.4: Picture and schematic of the hot spot formation during the ICF implosion process

Helium, neutrons and energy) begin. The heat from fusion reactions continues to raise the fuel’s
temperature and facilitates further fusion reactions, potentially leading to a chain reaction and
reaching ignition. Figure 1.4b shows typical density and temperature profiles during the deceleration
stage of ICF. While ICF is one of two fusion methods currently being pursued, the other being
magnetic confinement fusion, successful development of any fusion technologies will provide humanity
with a immense source of clean energy.

The hot spot forms due to a combination of PdV work done by the capsule walls and heat
released from the DT fusion reactions, also known as alpha heating (note that alpha particles are
helium nuclei). The main challenge facing ICF is reliably achieving symmetric capsule implosions,
which is needed for maximum compression and heating - the optimal conditions for ignition. Hy-
drodynamic instabilities seeded by nonuniform laser heating, surface roughness of the inner and
outer capsule walls or material inhomogeneities within the capsule layers can grow exponentially
during the implosion. These instabilities decrease the compression efficiency and cause the colder
capsule walls or ablator material to mix into the hot spot, decreasing its temperature. Due to these
difficulties, ignition (when the fusion reactions become self-sustaining) and net energy gain (when
the heat release from fusion reactions exceeds that of the laser energy input) has been achieved only
recently in 2021 [2] and 2022 [1] at the National Ignition Facility (NIF).

The Rayleigh-Taylor instability is active during both the acceleration and deceleration phases

of ICF, at the ablated material-outer capsule surface interface and the capsule core-inner capsule
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surface interface respectively. During the acceleration phase, the hotter, less dense ablated material
pushes against the colder, more dense capsule shell. This version of the RTI, called ablative RTT
(ARTTI), requires a continuous input of energy to sustain the mass ablation. During the deceleration
phase, the hotter, less dense core of DT gas (which eventually becomes the hot spot) pushes back on
the colder, more dense capsule shell. Mass ablation in another form is present during the deceleration
phase, as heat is transferred from the hot spot to the inner capsule surface through electron thermal
conduction [18]. The inner capsule surface expands and ablates off inwards back into the hot spot,
but in this case there is no net energy loss or gain. Therefore, understanding how conductive heat
transfer and the resulting mass ablation interacts with the RTT is critical for designing successful

ICF experiments.

1.4 Modern Simulations and Experiments of the Rayleigh-
Taylor Instability

Fundamental RTT studies have largely focused on the Boussinesq, variable density or fully com-
pressible formulations of the Navier-Stokes equations. Here, we briefly describe the two-species
configurations for each formulation.

The Boussinesq assumption assumes density differences are small and negligible outside of the
momentum equation. We describe the formulation used by Ristorcelli and Clark [143], which con-
siders two fluids of similar densities ps 2 p1 and the average density of p, = (p1 + p2)/2. They

define an instantaneous density p and a scalar concentration ¢ = 2(p — p,)/(p2 — p1) bounded by

—1 < ¢ < 1. The governing equations are

8Uj
— = 1.24
7 =0 (1.24)

Ou; ou; Op 0?u;
Gl 20 = P )% Ay, 1.2
at Oz ox; v 81:? “ (125)

with kinematic viscosity v = constant and A = (p2 — p1)/(p1 + p2) << 1.

Oc Oc D 9%c

a " ow, o2

o J (1.26)

This regime is limited to low At and yield statistics that are typically symmetric on the spike and
bubble sides. It also serves as a good staring point for analytical studies of the RTI, such as for

predicting time scalings for growth rate and other variables.
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The most commonly used variable-density formulation involves two incompressible, miscible flu-

ids with densities ps > p;.

ap 0

e + o, (pu;) =0 (1.27)
0 0 - 6p (97'7;]‘
a(ﬂuz) + aTCj(PUzUJ) = o, + dz, + pgi (1.28)

where the velocity dilatation field is dictated by mixing

Ou; 0 (D 0p
9 9 (2P 1.2
Or; O, <P 5%‘) (129

The mass fraction Y5 can be directly calculated from the density

1 Y, 1-Y,

=2 (1.30)
P pe p1
and the mole fraction fs is
_pP—M
f2 = (1.31)
P2 — P1

[48]. Here, variable density effects can be explored, beginning with asymmetric penetration depths
of the spikes and bubbles. The largest RTI simulations to date have been performed using this
formulation; the benefits of larger simulation sizes are better converged statistics and access to
higher Reynolds numbers.

The two-species fully compressible formulation solves the species, momentum and total energy

transport equations

0 0 ) Y,

0 9 __Op 07 _

a(ﬂuz) + %(Puzug) = o, + oz, + pgi (1.33)
o + 87:] [(PE: + p)u;] = oz, (Twuz + K&xj qd,]) + pgiu; (1.34)

with the relationship between density, temperature and pressure closed with an equation of state.
The total energy FE;, viscous stress 7;; and enthalpy diffusion term gq ;, required to avoid large
errors in the temperature field for multispecies mixing [46], are defined in the next chapter. This
formulation is the most computationally expensive because of the need to resolve acoustic waves,

and thus has been limited to smaller domains and lower Reynolds number ranges.

1.4.1 Classical Rayleigh-Taylor Instability

Over a thousand publications related to the RTT and Richtmyer-Meshkov instability (RMI) are

published each year [196], making a comprehensive review here impractical. In this section, we will
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focus on the more recent, noteworthy 3D multimode RTT simulations that solve the variable density
or fully compressible equations. In variable density RTI, the participating fluids have different
densities (finite At), as opposed to Boussinesq RTI, which assumes the fluids have very similar
densities (small At) and that density variations are negligible in the momentum equation outside
of the buoyancy term. The most popular variable density RTI formulation uses two incompressible,
miscible fluids of different microscopic densities, so that density can change only through mixing
[103].

Cook and Dimotakis [48] investigated variable density, At=0.5 RTT with different initial pertur-
bation spectra on a 256x256x1024 grid, observing that mixing zone growth, the Taylor microscale
and mixing can be sensitive to the initial perturbation spectrum. A collaboration, called the Alpha-
Group, compared seven different monotone-integrated LES (MILES) codes from five different insti-
tutions in an attempt to improve estimates of the growth rate o [53]. The majority of the codes
were compressible (although the problem was at the near incompressible limit), solving the Euler
equations and relying on numerical dissipation to stabilize the solution. The high Reynolds number,
At = 0.5 RTT simulations were initiated with short wavelength perturbations that ensured the flow
was in the bubble merger regime. The final estimate of a ~ 0.025 from simulation data did not
agree with the experimental results of o ~ 0.057. The discrepancy is suspected to be caused by
long-wavelength perturbations in the experiments that were not present in the simulations. Cabot
and Cook [30] conducted a large 30723, At = 0.5, fully resolved variable density RTI simulation
which was later thoroughly analyzed by Livescu et al. [107], where they computed budgets of the
kinetic energy, mass flux and density specific volume covariance equations and explained the various
asymmetries in the mixing layer not seen in Boussinesq regime. Livescu, Wei and Petersen [110]
performed the largest variable density RTI simulation to date, with a grid size of 40962 x 4032 at
At = 0.75, along with a series of simulations exploring Atwood numbers ranging from 0.04 to 0.9.
Livescu, Wei and Brady [109] studied variable density RTI with reversed or zero gravity at a time
after the mixing layer had developed substantially, finding that some turbulence quantities (such
as anisotropy) undergo significant changes while other quantities (such as the alignment between
vorticity and strain rate tensor eigenvectors) do not.

Homogeneous variable density buoyancy driven flows are useful because they represent the inte-
rior of an RTT mixing layer. Livescu and Ristorcelli [105, 106] explored these flows with At up to
0.5, determining that turbulent mass flux, with its role in converting potential to turbulent kinetic
energy, is the most important dynamical quantity to model correctly and that pure heavy fluid
mixes slower than the pure fluid. Aslangil, Livescu and Banerjee have examined these flows over a
wider range of At (0.05 to 0.9) [5] and under acceleration reversal [4]. We will leave the overview of
compressible RTT until after we fully explain our research methodology in section 1.5.

Table 1.1 provides an overview of the typical Atwood numbers, maximum problem sizes and

highest achieved Reynolds numbers for modern 3D, multimode RTT simulations in the Boussinesq,
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variable-density and fully compressible range. The literature has been terribly inconsistent regarding
Reynolds numbers, often reporting a variety of bulk Rep, turbulent Re;, horizontal Taylor Rey, or
vertical Taylor Rey, Reynolds numbers with slightly different definitions. There is also a compu-
tational Reynolds number that arises during the nondimensionalization the governing equations for
the simulation (such as in Eq. 2.1-2.3). The Re* label is used for nonstandard Reynolds numbers,
when we need to explain the definition the study used. The Re definitions used in this thesis are
described in Section 3.1. The most common reported Re metric is the outer scale or bulk Reynolds
number which is based on a mixing height A and mixing height velocity h. In compressible RTI,
a wide range of Atwood numbers (0.2 to 0.9) has been explored, but problem sizes rarely exceed
5122 x 1024.

Boussinesq DNS

Reference At Resolution Rey, Rey Rey, | Rexs Re*
Ristorcelli and Clark 2004 [143] 0.01 150% x 300 3000 - - - -
Mueschke & Schilling 2009 [124] 7.5 x 10~% | 1152 x 760 x 1280 | 1700 - - - -
Livescu et al. 2010 [108] 0.04 10242 x 4032 - 3000 - - 150117
Boffetta et al. 2010 [23] low 5122 x 2048 - - - - 19612}
Schneider & Gauthier 2016 [148] 0.1 9402 x 960 3000 - 86 142 -

Variable Density DNS

Reference At Resolution Rey, Rey Rey, | Rexs Re*
Cook & Dimotakis 2001 [48] 0.5 2562 x 1024 3700 - - 100 -
Cook & Zhou 2002 [49] 0.5 5122 x 2040 5500 - - 90 -
Zhao, Betti & Aluie 2021 [189] 0.5 5122 x 2048 - - - - 1385413}
Livescu, Wei & Brady 2021 [109] 0.75 10247 x 2304 - 5500 - - -
Cabot & Zhou 2013 [29 0.2 20483 ~10000 - 95 362 -
Cabot & Zhou 2013 [29 0.8 20482 x 2304 ~10000 - 70 216 -
Cabot & Cook 2006 [30] 0.5 30723 30000 | 4600 - - 17511
Livescu, Wei & Peterson 2011 [110] | 0.75 40962 x 4032 - - - - -

Compressible DNS

Reference At Resolution Rey, Rey Rey, | Rex. Re*
Gauthier 2017 [67] 0.25 10002 x 900 - 76 - 46 -
Zhao, Liu & Lu 2020 [191] 0.6 6502 x 1300 26000 - - - -
Luo & Wang 2022 [113] 0.5 5122 x 1024 - - 247 | 65.7 -
Fu et al. 2025 [62] 0.9 4002 x 2400 28000 - - - -
Zhao et al. 2025 [188] 0.5 5122 x 1024 16164 - - - 939813}

{1} Re* = \/20/3Re; is a Taylor Reynolds number calculated using an isotropic formula
{2} Re” is a turbulent Reynolds number, but using a transverse velocity scale instead of kinetic energy
{3} Re" is a Reynolds number using the horizontal domain size as the length scale

Table 1.1: A list of typical resolutions, Atwood numbers and various maximum achieved Reynolds
numbers for modern RTT simulations in the Boussinesq, variable-density and compressible regimes

1.4.2 High Energy Density (HED) Physics Configurations

The high energy density (HED) regime involves very hot, dense matter at pressures over 100 GPa and
temperatures of millions of Kelvin, mainly encountered in astrophysical settings and thermonuclear
fusion experiments. In the laboratory, these conditions can only be accessed at special experimental

facilities such as the National Ignition Facility (NIF) at Lawrence Livermore National Laboratory
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or the the OMEGA laser at the University of Rochester [100, 141]. HED matter is composed of
fully ionized plasma or even degenerate fermions, which have very different material properties
compared to regular fluids [72]. Furthermore, the effects of mass ablation, radiation transport
and electromagnetic fields become important [13, 156]. Therefore, the RT and Richtmyer-Meshkov

instabilities in HED settings may behave very differently compared to their classical counterparts.
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Figure 1.5: Picture and schematic of a typical ablative RTT (ARTI) simulation

Ablative RTT (ARTI) is a phenomenon that may occur at a interface between hotter and colder
fluid. If energy input into the hot fluid is so extreme that a large amount of heat is deposited from
the hotter fluid onto the colder fluid, the cold fluid expands vigorously and “ablates” away from the
interface. The less dense ablated material pushes against the unexpanded, dense cold fluid in an
RT unstable manner [155]. This likely occurs during both the acceleration phase and deceleration
phases of ICF [17, 16] and the formation of SNRs [86]. As seen in Figure 1.5a, the bubble and spike
structures are very different compared to the characteristic mushroom shapes of classical RTT. When
radiative heat transfer is not significant, the ARTI linear stability growth rate is often approximated
by fitting

n = a,\'kg — B AV, (1.35)

to numerical results with ablation velocity V,, = 1, /pp, ablation rate 1, heavy fluid density p;, and
constants ag,B, [178]. The first term is the classical RTT (CRTI) growth rate, while the second term
accounts for the ablative stabilization. The asymptotic bubble velocity for ARTI is faster than that

of CRTT because the ablative flow carries any generated vorticity from the interface to the bubble
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where 7, = p1/p2 is the density ratio of the light/heavy fluids and wy is the vorticity associated
with the bubble vortex [17]. ARTI simulations differ greatly from classical RTI because they are
initialized with a fully developed ablative interface containing a nonzero velocity field and a non-
hydrostatic pressure profile (Figure 1.5b), apply a continuous heat flux at the hotter fluid boundary,
and sometimes implement a time-varying gravitational force to keep the interface location stationary
[176, 190]. ARTT has lower linear growth rates compared to classical RTI and a cutoff wavenumber
above which the instability is stabilized by the mass ablation, but recent research has suggested that

there are conditions when all wavenumbers can be unstable in the nonlinear regime [185].

1.5 Overall Methodology and Prior Relevant Work

In this thesis, we begin to bridge the gap between the fundamental, idealized simulations of RTT
[48, 30, 67] and the full multiphysics simulations of ICF and SNRs [171, 119, 42]. By beginning
with standard, baseline isothermal RT simulations, and then comparing them to their equivalent
variable temperature and variable transport property configurations, we are able to precisely isolate
the effects of heat transfer, variable transport properties and sudden transport property changes in
a much more systematic way compared to previous studies. We use the idealized problem setup of
hotter, lighter fluid pushing against colder, heavier fluid. The effects of different Atwood numbers,
background stratification strengths and Prandtl numbers are also systematically explored.

The vast majority of compressible RTT studies assume a constant initial background temperature
and fluids with equivalent, constant transport properties [92, 138, 67, 174, 6, 113, 188, 62], but
there have been some studies beginning with non-isothermal conditions. Note that temperature
fluctuations do arise in compressible simulations due to viscous dissipation, but they remain small
compared to the background temperature and do not significantly affect the flow at low Mach
numbers. In simulations of a shocked HED mixing layer, Bender et al. [13] discovered that the post-
shock lighter fluid regions become significantly hotter than denser fluid regions, and the resulting
heat transfer causes non-negligible changes in enstrophy production and small-scale mixing. There
has been some exploration of the RTIT with thermal variations using Boussinesq and single-fluid
low—Mach formulations [101, 21, 103], with particular interest in polymer flows [22], but there
has been less focus on heat transfer effects in fully compressible, turbulent RTI flows, where the
fluids themselves can significantly change density in response to heat fluxes. For 2D single-mode
compressible RTI, Wieland et al. [173] compared isothermal, isentropic or isopycnic background
stratifications, finding significant differences in instability growth rates. The RTT configuration of

colder fluid above hotter fluid is commonly encountered in studies using the discrete Boltzmann
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method (DBM), a simulation procedure that does not need to assume a continuous media or the
fluid to be in local thermodynamic equilibrium, although they are still mostly limited to the 2D
single-mode setups and are difficult to compare with hydrodynamic simulations [88, 177]. With the
DBM, Chen et al. [34] examined the effects of heat transfer and viscous stress in single-mode RTI
and confirmed that higher thermal conductivity or viscosity suppresses development.

Large transport property variations are common in HED flows due to the highly temperature-
dependent properties of fully ionized plasma, which roughly scale as T°/2 [169, 167]. Some plasma
RTT simulations in the HED regime of interest have used two-fluid plasma solvers [98, 99], particle-
in-cell (PIC) solvers [168] and magnetohydrodynamic (MHD) flow solvers [14], but they have mostly
been limited to 2D configurations due to high computational costs. Other studies have augmented
hydrodynamic codes with detailed plasma transport property models. Viciconte et al. [165] explored
the suppression of turbulence and relaminarization process caused by the temperature increase in
an adiabatically compressing spherical plasma mixing layer. Haines et al. [74] simulated the 2D
RT and Kelvin-Helmholtz instabilities with properties and concluded that viscosity and molecular
diffusion effects were significant at the scales relevant to ICF. Regarding non-HED flows, Jaberi et al.
[78] isolated the effects of exothermic heat release and temperature-dependent transport properties
in chemically reacting compressible homogeneous turbulence, attributing most of the differences in
turbulence structure to variations in the transport properties.

In applications such as ICF, it is important to understand how flows respond to sudden changes
in viscosity and mass diffusivity, which may occur when a fluid is heated quickly. G. I. Taylor was
the first to hypothesize that dissipation in turbulent flows will be independent of viscosity if the
Reynolds number is high enough [157]. Kolmogorov later also used this assumption to derive his
famous -5/3 power law for the energy spectrum in the inertial range [83]. This postulate has been
confirmed in variable density turbulent mixtures in work by Lee et al. [93], where they observed
velocity gradients quickly adapting to sudden spatial changes in viscosity and dissipation relaxing
back to the original levels from before the viscosity change. Similar results were found for analogous
variable-conductivity mixtures and scalar dissipation by Kumar et al. [85]. However, Livescu and
Daniel [104] discovered conditions for violations of Taylor’s postulate by imposing viscosity contrasts
dependent on scalar field concentrations in single-fluid forced isotropic turbulence, observing that
high-viscosity and low-viscosity regions have lower dissipation than medium-viscosity regions.

There have been many RTI direct numerical simulations (DNS) focusing on Atwood number vari-
ations for both the single mode case [133, 75, 163] and turbulent multimode case [110, 29, 194, 109],
although a large majority of these studies solve the two-fluid incompressible variable density Navier-
Stokes equations, in which the microscopic densities of the heavy and light fluids are constant, so
that the overall density changes only through mixing. The studies show increasing asymmetry of
spike/bubble penetration depths, turbulent fluctuations and various mix metrics across the mix-

ing layer as the Atwood number increased. Variable density effects first observed in homogeneous
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buoyancy-driven flows, such as the pure light fluid becoming more turbulent and mixing faster than
pure heavy fluid, have been corroborated in analogous RTI flows [106, 108, 103]. Furthermore,
Youngs [183] explored Atwood number effects with large-eddy simulations (LES) of the Euler equa-
tions while Yilmaz [179] conducted LES of the fully compressible Navier-Stokes, finding similar flow
asymmetries.

When discussing compressibility effects, a distinction must be made between two separate types
of compressibility: flow compressibility, related to the thermodynamic state of the system, and
intrinsic/fluid compressibility, related to fluid properties such as the specific heat ratio [138]. Ac-
cording to a linear stability analysis conducted by Livescu [102], compressibility effects may be
stabilizing or destabilizing depending on the type of compressibility considered. The interface speed
of sound, which can be varied by changing the interface pressure while keeping the density constant,
dictates the equilibrium density and pressure profiles. A Mach number defined using the gravity
wave speed and the isothermal speed of sound at the interface is commonly used to characterize the
background density stratification intensity associated with flow compressibility, with higher Mach
numbers indicating stronger stratification. Flow compressibility has been extensively explored in
compressible RTT studies [66, 67, 113, 6, 62]; in general, stronger background density stratification
suppresses instability development and turbulence. On the other hand, intrinsic compressibility
depends on a fluid’s material properties such as the specific heat ratio v and can be interpreted as
a characterization of how strongly the fluid itself contracts or expands in response to heat trans-
fer or pressure variations. With increasing -, any pressure changes will result in smaller volume
changes, so the gas becomes less compressible. For fluids that can be modeled as ideal gases and
have equivalent specific heat ratios (e.g. v = 5/3 for monoatomic plasma ions in HED applications),
the intrinsic compressibility is determined by the magnitudes of the specific heats (cp, ¢,) and ideal
gas constant R. Therefore, gases with with higher atomic masses have lower compressibility, as they
have lower ideal gas constants and specific heats, and assuming approximately isobaric conditions
for RT mixing, a given amount of heat flux will cause smaller density changes. There has been lim-
ited exploration of intrinsic/fluid compressibility beyond linear stability analysis. Chen et al. [36]
found that the specific heat ratio significantly affects heat conduction and temperature gradients
for 2D single-fluid compressible RTT using the discrete Boltzmann method. Lafay et al. [87] briefly
explored the two-species single-mode RTI with various combinations of more incompressible, larger
~ and more compressible, smaller v fluids using hydrodynamic simulations. Both flow and intrinsic

compressibility are covered in this paper.

1.6 Main Research Questions and Thesis Overview

Despite always including SNRs and ICF in the list of relevant applications, all the previous funda-

mental studies of 3D RTT turbulence have not considered temperature differences across the interface
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or fluid transport property variations. This motivates our main research questions: What are the
effects of conductive heat transfer, transport property contrasts and sudden changes in transport
properties on the development of the multimode 3D Rayleigh-Taylor instability and subsequent
turbulence/mixing? What are the additional impacts of density ratio (Atwood number), Prandtl
number and background density stratification on the RTI? The answers to these questions will be
extensively covered in our results (Chapters 3-5) and summarized in the conclusions (Chapter 6).

We approach these research questions by comprehensively analyzing a large set of 3D DNS RTT
simulations of a hotter, less dense fluid pushing against a colder, more dense fluid with various
transport property configurations. For efficient comparison, results will be commonly presented
in groups of four containing a isothermal case, a constant transport property case with an initial
temperature difference, a variable transport property case with an initial temperature difference and
time-varying transport property case with an initial temperature difference. With the large number
of simulations in this thesis (Table 2.2), we will often present many sets of results at once to better
demonstrate commonalities and/or to highlight any irregularities. The reader is heavily encouraged
to identify overarching patterns or recurring trends between the sets of figures, as we endeavor to
convey in the narrative, rather than focusing on the specifics of every individual figure.

The rest of this thesis is organized as follows. Chapter 2 defines the governing equations and
the nondimensional parameters for compressible RTI, the problem setup with description of the
different transport property configurations and the numerical methods used for the DNS calculations.
Chapter 3 provides an overview of the simulation results, defining and presenting all of the more
basic statistics required to characterize the RTI flows. Chapter 4 provides a deeper analysis of the
energetics, dynamics and turbulence structure of the flows. Chapter 5 concentrates on statistics
specific to mixing. Supplementary figures which provide documentation and support the main
observations but could detract from the narrative in Chapters 3-5 are placed in Appendix D. Finally,
Chapter 6 discuses the results of our idealized variable-temperature setup in the context of real-world
situations, summarizes primary conclusions and proposes future work.

The main findings of this thesis are as follows:

e Both intrinsic/fluid and flow compressibility can be important in compressible RTT. Intrinsic
compressibility affects the density response to heat transfer, which can either amplify or reduce
turbulent activity depending on the region in the flow and the relative atomic/molecular masses
of the two fluids. Higher flow compressibility (background density stratification) typically

suppresses instability development and turbulence.

e Heat transfer and transport property contrasts induce a misalignment in mixing and turbu-
lence. The self-similar behavior observed in Boussinesq and variable-density RTI is either
absent or substantially delayed when heat transfer and transport property contrasts are ap-

plied.
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e Taylor’s viscosity-dissipation independence postulate has limited applicability, even inside the
most turbulent regions in our simulations. When transport properties are altered, the velocity
and mass fraction gradients adapt to approximately (but not exactly) preserve the dissipation
and scalar dissipation magnitudes. This adjustment has a slight delay, which becomes more

noticeable at larger property change magnitudes.

e Many small-scale or turbulent quantities (minimum Kolmogorov length scale, vorticity distri-
bution in the turbulent region, energy spectra) appear to depend only the current magnitude
of the transport properties, not on the past flow history. Large-scale metrics such as mixing

height or bulk Reynolds number are insensitive to sudden transport property changes.

e Atwood number and heat transfer effects compete against each other. Heat transfer takes
time to modify the density field and affect the RTI development, while higher Atwood number

accelerates the instability development.

e With our simulation setup, intense heat transfer associated with lower Prandtl numbers lead
to the formation of a complex, double-layered background density profile that significantly
delays instability development and has broad consequences for self-similarity/turbulence at

later times.



Chapter 2

Problem Setup and Numerical
Methods

We solve the fully compressible Navier-Stokes equations, consisting of k species equations, the mo-

mentum equation and the energy equation.

2.1 Governing Equations and Nondimensionalization

The variables are nondimensionalized as follows: density p by the initial density difference at the
interface po = (p(2;h,) + p(2;,,))/2, position x; by the length scale Ly, velocity u; by the velocity
scale based on free fall velocity over a distance Lq (same as gravity wave speed) v/gLg = Uy, pressure
p by poUZ, time ¢ by \/Lo/g, specific total energy E; = e + u;u;/2 by UZ and temperature T' by
Ug /S, where
specific internal energy. The quantity z;,; is the initial interface position and Lg can be related to

is the specific heat at constant pressure of the top fluid and e is the mixture’s

the most unstable wavelength. The nondimensionalization of transport properties and the resulting
nondimensional parameters (Re, Pr, Sc) use the upper fluid properties at a reference pressure and
temperature. With species mass fraction Yy, viscosity pu* = u/uo, bulk viscosity 5* = 8/5p, thermal
conductivity k* = k/kg, mass diffusivity D* = D/Dy, mixture ideal gas constant R = R,,/Ro,
ratio of specific heats v and species specific enthalpy h} = hy/UZ, the governing equations in

nondimensional form are:
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with the Reynolds, Prandtl and Schmidt numbers defined as:
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The Fickian mass diffusion flux for species k along direction j (with no summation over k here) is

Y, oY,
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where Dy, is the effective binary diffusion coefficient for species k. For two species, the diffusion flux

simplifies to
L OY%

ox*

J

les* =—p*D (2.7)

We use the Newtonian viscous stress

g = H (ax; * em) + (ﬁ BEl ) D (28)

K3
conductive heat flux along direction j

. Lor*
qc,j = —K @ (29)

J

and the interspecies diffusion enthalpy flux along direction j
@G, =hid)" (2.10)

From this point forward, the * symbols signifying the nondimensionalization are dropped from all

variables and expressions for clarity, unless indicated otherwise.

2.1.1 Mixture Properties

We assume the fluid is a mixture of ideal gases with species molecular/atomic mass My, mass fraction

Y}, mole fraction fy, specific heat at constant volume c¥, specific heat at constant pressure c’; and

ideal gas constant Ry = R, /M where R, is the universal gas constant. The average molecular
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mass M, and average ideal gas constant R,, of the mixture is

1 Y,
mzzk My,
R, Vi, _ Y,
Rm_Mm_Zk MkR“ Zk B

The mole fraction and mass fraction are related through

M,,
—y, -
I R,

The species density, partial pressure, specific internal energy and specific enthalpy are

pr = pYk
Pk = Pfk
ek:cﬁT
hp =ep + Pk
Pk
p:Zpk p:ZPk €:ZekYk
k k k
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(2.11)

(2.12)

(2.13)

(2.14)

(2.15)
(2.16)

(2.17)

(2.18)

The mixture specific heat at constant volume, mixture specific heat at constant pressure and mixture

ratio of specific heats is

mo__ k
)l = E cy Yk

k
mo__ k
Cp = E cka
k
m m
Yo = p p
™= = =
ar o — Ry

which leads to the ideal gas relation

The mixture shear viscosity, bulk viscosity and thermal conductivity is [140]

_ kY /My
VAL

5= >k BeYe /My o >k bk Y/ My
>k Y/ VM >k Yi/V My

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)
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The effective binary diffusion coefficient for species k is defined as in [134]

Di=(1-f)Y (Df’l)

k£l

where Dy, is the binary mass diffusion coefficient between species k and .

2.2 Software and Numerical Methods

24

(2.24)

The PadeOps software developed at the Stanford Flow Physics and Aeroacoustics Laboratory uses

a 10th order compact finite difference scheme on a collocated grid for calculation of spatial deriva-

tives and a 4th order Runge-Kutta time stepping scheme for time discretization. Details of the

numerical algorithms can be found in [154]. The software originally solved the governing equations

in conservative form:

0 0 1,
9tV = (‘PYWJ - ReScJJ)

ﬁ( u,)_i _u,u,_@_,_iaﬂj + 00;
ot pUi) = O0x; puit; Oz;  Re Oz; P9

8pEt_i (E—l—)—l—i 1 . 1 S+ -
ot Oz pEe T DU, ReT”ul RePrqw Rechd’] PGt

(2.25)

(2.26)

(2.27)

where the fluxes on the RHS are calculated before the divergence operator is applied, so any sec-

ond derivatives are evaluated using two applications of the first derivative operator. To increase

solution accuracy and stability, we solve the equations in non-conservative form, which contain

terms expanded with the chain rule so the resulting derivatives of transport properties and the sec-

ond derivatives are directly calculated. Without the non-conservative formulation for the diffusive

terms, the code will be unstable if anti-alias filtering is not applied. The species mass diffusion,

viscous and thermal conduction terms are expanded as:

dJF  d(pD) dY;, b 0%Y),

%j_ 81‘]’ 833]‘ p 833j(9$j

%_W(aui+8uj>+u( 0%u; 82uj>+(8ﬂ_28,u)8u15

aﬂjj o 0a:j 0a:j 8xl 8xj8xj + 89518% 5‘xj 3 5‘xj 5‘7551 g
2 ('32ul
* (ﬁ B 3M> 8%(%

dqe; Ok OT 0T

ij _8Ij al‘j _ﬁaﬂjjal’j

(2.28)

M s (2.29)

(2.30)
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0 aTij 8ul
igUi) = i i 2.31
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Oty _ 1, 95 1 O b (2.32)

Oz b Ox;  Oz; 7
This ensures that the effect of viscosity and other transport properties is properly applied at the
Nyquist wavenumber, critical for maintaining stability when no subgrid modeling, filtering or local-
ized artificial diffusion (LAD) are used in the main body of the solution. Additionally, the convective
terms in the governing equations are expanded into a skew-symmetric form that has been shown to
reduce aliasing errors [20]:
O(pYiuj) _ 1,,0(py;) 1 9%  10(pYiuy)

6 — - 2.33
61‘]‘ 2 8l‘j + 2pu] 833‘]' + 2 8.Tj ( )

Ipujuz) 1 O(pu;) 1 Ou;  10(puiuy)
(9.113' QUZ 61‘]‘ + 2‘0”] 8mj + 2 (9.113' (234)

I((pE + P)uy)
83:j

Apu;) 1 ~OE  10(pEu;)  O(Puy)
E 3xj + 2puj ij + 2 31‘]‘ + 3xj (235)

1
T2
The inclusion of this skew-symmetric expansion has little effect at higher resolutions but increases
solution stability at lower resolutions, as seen in Appendix A. The code has been verified with
successful replication of results from 2D single-mode RT simulations conducted by Creurer and
Gauthier [92]. Additionally, further tests confirmed that symmetry properly is maintained and that

the numerics support a stable, diffusing interface when no perturbations are present.
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Figure 2.1: The timestep stability limit for a representative 1D RT test case with p, x, D oc T—5/2
and comparison to various temperature scalings

Some simulation cases explored here involve two fluids with transport property magnitude con-

trasts of up to 88, which introduces a large amount of numerical stiffness into the problem. For
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these cases, the stability limit for time stepping becomes dependent on both the magnitude of the
transport properties and their spatial derivatives, not on the Courant-Friedrichs-Lewy (CFL) con-
dition. It has been found that the critical timestep scaling required for stability at the onset of this
compressible RTT problem can be even more strict than suggested by typical viscous explicit time-
stepping restriction scalings such as At oc pAx?/u, as shown in Figure 2.1. The critical timestep
At was determined by running a large set of simulations of a representative 1-dimensional version
of the problem at different timestep sizes, where At is the minimum timestep size that prevents the
solution from diverging. The 1D test problem has the same nondimensional parameter values as
the the case described in Table 2.1. We see that explicit time integration algorithms that restrict
the timestep size by considering the diffusive timescales using the maximum transport property
magnitudes during a simulation step (At oc (pAa?/kT)/3) or At < Ax?/D obtained through
dimensional analysis, as seen in [46, 154]) will fail to maintain stability. In the variable property
cases of this study, the initial timestep was manually set to a very small value at the beginning
and then gradually increased as the simulations progressed and the initially steep temperature and
property gradients at the interface relaxed. When pushing towards even higher temperature ratios
than explored here, implicit timestepping schemes are recommended for at least the diffusion terms

to avoid this stringent timestep requirement.

2.2.1 Justification of Compressible Simulations

We are interested in simulating subsonic RTI flows with large temperature and density differences
relevant to HED applications. Historically, the majority of RTI simulations at the DNS level have
relied on the Boussinesq, incompressible or low-Mach approximations to reduce computational costs.
The Boussinesq approximation can only be used for flows with small density variations (At — 0),
but Atwood numbers in ICF experiments may exceed 0.9 [50]. Incompressible simulations assume
an infinite speed of sound (¢ — o0), implying that 7" — oo and p — oo if the materials are gases,
which is not appropriate for simulating heat conduction effects. Low-Mach approximations split the
pressure into thermodynamic and dynamic components, allowing for large temperature and density
fluctuations. The thermodynamic component is assumed to be constant and replaces the total
pressure everywhere except the momentum equation, while the dynamic component is assumed to
be proportional to the Mach number squared. However, RTI systems are usually under hydrostatic
equilibrium, and low-Mach formulations are not valid when the flow domain greatly exceeds the
pressure scale height. Anelastic approximations carry small thermodynamic fluctuations with respect
to a hydrostatic background state, ignore the density fluctuations in the continuity equation and
approximate the buoyancy term in the momentum equation. While anelastic systems are able to
account for flow compressibility effects, they are limited to small local density differences. Schneider
and Gauthier [147] noted that their anelastic formulation developed specifically for compressible RT

mixing was only applicable when the At is much less than 1. Therefore, the RT mixing configurations
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of greatest interest in this thesis, with large thermal and density variations, are most accurately
simulated with fully compressible simulations [103].

It should be noted that more complex formulations, such as the MAESTROeX algorithm devel-
oped for low Mach number stellar flows [60], could potentially be used to reduce computational costs
for simulations within this thesis. The algorithm modifies the anelastic approximation to account
for an evolving background state and local compressibility effects due to heating, the only constraint
being that the pressure must stay close to the background pressure. It also evolves a density-like
variable By to carry the background stratification rather than actual density. Similar to the low-
Mach and anelastic approximations, this approximation filters out the acoustic waves, eliminating

the need for smaller simulation timesteps to resolve them.

2.2.2 Characterization of the Numerical Method

Many flow solvers that use high order schemes on collocated grids require certain numerical treat-
ments to control oscillations at density or material interfaces and maintain solution stability, even
when performed at highly resolved, near-DNS or DNS resolutions. Localized Artificial Diffusiv-
ity (LAD) supplements physical viscosity and diffusion coefficients to regularize discontinuities or
interfaces. It has been used in various LES [46], high resolution Navier-Stokes-based simulation
[154] and DNS [31] studies. In fully compressible RTI DNS, a hyperviscosity model that introduces
a scale-dependent numerical viscosity to remove high-wavenumber noise has been used to ensure
stability of the algorithm [112, 113]. At minimum, it is common to employ a dealiasing filter to
remove the highest-wavenumber components of a flow [154, 31, 19, 116, 188]. Weighted Essen-
tially Non-oscillatory (WENO) schemes, which selectively add numerical dissipation to regions with
discontinuities, have also been utilized for compressible RTI [62]. Without any filtering or artificial
diffusion of any kind, it has been documented that under-resolved simulations become unstable when
enough energy has reached the Nyquist wavenumber [49]. For the simulations in this thesis, we use
a rather expensive non-conservative formulation with a skew-symmetric convective term expansion
to ensure proper energy dissipation at the Nyquist frequency.

We tested the various numerical methods described previously against a diffusion-dominated
problem, an advection-dominated problem and a single-mode RTI problem. It was found that the
application of an anti-alias filter, required to stabilize the solution when the equations are solved
in conservative form, was extremely detrimental to the accuracy of flow variables, particularly for
mixing. We verified that the numerical scheme employing the non-conservative form and skew-
symmetric expansion of convective terms while avoiding anti-alias filtering, used in all the simulations
within this thesis, increased the rate of convergence and achieve lower error magnitudes specifically
when approaching DNS regimes. Note that the commonly-used anti-alias filtering applied at each
simulation timestep or each substep of the time-stepping algorithm are ad hoc and not the same

as true aliasing removal in the nonlinear terms. Full details of the test problems and convergence
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results are found in Appendix A.

2.2.3 Code Performance and Scaling

The PadeOps flow solver uses 2D domain decomposition with the 2DECOMP&FFT library and MPI
to run on massively parallel CPU systems. Figures 2.2 and 2.3 show the scaling tests performed on
the Sherlock 3.0 supercomputer at Stanford University and the much larger Chicoma supercomputer
at Los Alamos National Laboratory. The Sherlock cluster was quite homogeneous, containing a
variety of processors from both Intel and AMD connected with a 200Gb/s Infiniband HDR network.
The most common node was the AMD EPY 7502 processor with 32 cores (2.5 GHz, 128MB cache)
and 256 GB of memory. The Chicoma contains 1792 nodes, each with 128 cores (AMD Rome EPYC
TH12, 2.6GHz, 256 MB cache), 512 GB of memory per node and a 200GB/s HPE/Cray Slingshot11

interconnect.
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Figure 2.2: 2D and 3D strong scaling on the Sherlock 3.0 cluster

The code scales very well on a variety of systems. On the Sherlock cluster (Figure 2.2),; the
code displays near-ideal strong scaling for both 2D and 3D problems. On the much larger Chicoma
cluster (Figure 2.3 ), the code displays near-ideal scaling up to 32,768 cores and maintains a weak
scaling parallel efficiency of over 80% for a RTI test problem using 138k simulation grid points per

Processor.

2.3 Simulation Setup

We consider the classical Rayleigh-Taylor instability configuration of a denser fluid labeled (2) above
a less dense fluid (1) under a constant gravitational acceleration. The domain for the 3D cases is

4Ly x 4Ly x 10Ly with a base grid resolution of 512x512x1280. The resolution is increased as
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Figure 2.3: Strong and weak scaling on the Chicoma cluster

needed to meet turbulence resolution requirements for certain cases. The domain is periodic in
the horizontal direction and the top/bottom boundary conditions mimic an infinite domain using
a diffusion/forcing zone and Navier-Stokes Characteristic Boundary Conditions, described in detail
later in Section 2.3.6. Beginning with an isothermal ambient atmosphere base case of two moderately
stratified exponential density fluid layers under hydrostatic equilibrium, we then investigate cases
where the fluids begin at different temperatures and have different transport property configurations.
In our variable temperature simulations, we choose the lower, light fluid to be hotter, in order to

mimic ICF hot spot conditions.

2.3.1 Initial Background State

The equations for the 1D background profiles of density p(z), mass fraction Yj(z) and pressure p(2)
used in our simulations have been developed by Creurer and Gauthier [92], the only difference being
that the Sr parameter is subsumed into p(z) rather than being included in the nondimensional
governing equations. The density p(z) and other profiles are constructed from regularized Heaviside
functions H4(z) = (1 £ erf(z/0))/2 with an initial interface length scale 4.

p(z) = (14 At)exp(A_2z)Hi(z) + (1 — At)exp(A+2z)H_(z) (2.36)

Yi(z) = (1+ At)exp(A_2)H;(2)/p(z) Ya(z) =1-Yi(2) (2.37)
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Figure 2.4: Example one-dimensional background state profiles

eAFH (2) +eMFH (2)—
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where Ay = —Sr/(1+ At), AL = ALd/2, Sr is a nondimensional stratification parameter and pj is

p(z) = pp + (1 — At?)

/Sr (2.38)

the integration constant that satisfies the isothermal temperature boundary conditions, as pressure

is determined analytically by integrating the density assuming hydrostatic conditions.

dp

S 2.39
5 g (2.39)

The ideal gas assumption is used to calculate T'(z).

__ Pl 1 %) V) o
p(z)Ron(2) Ma() M, T Rin(2) (2.40)

where M), are the molecular masses of each species. Note that away from the interface, the tempera-
ture becomes constant, but different on the two sides of the interface, except for the isothermal case.
The Atwood number defined in terms of the density at both sides of the interface or the molecular

mass ratio and temperature ratio is:

At — P2 =G _ <M2T1 - 1> / (MQTl + 1) (2.41)

p2(2ine) + P1(250)
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or equivalently o L4 Ar 1
2
— = 2.42
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This setup for the background state enables easy exploration of various Atwood numbers, tempera-
ture ratios and stratification strengths. Under the standard RT configuration, when the At is large,

the density gradient in the heavy fluid will become much larger than that of the light fluid.

2.3.2 Velocity Initialization and Pressure Waves

The non-isothermal simulations begin heavily out of equilibrium with sharp gradients in density,
mass fraction and temperature at the interface. In the isothermal cases, mixing from molecular
diffusion at the interface induces a nonzero velocity field divergence that helps smooth out the
initial density jump. When a temperature difference is imposed, further fluid dilatation can occur
as the fluids equilibrate in temperature, and the RT instability is forced to develop in the presence
of a temporally evolving background state. On average, there is expansion of the cold, heavy fluid
and contraction of the hot, light fluid. The exact process by which molecular diffusion and heat
transfer induces density changes can be determined by examining the evolution equations for density,
velocity and pressure, derived from the governing equations using the ideal gas relations e = ¢)'T’,
Ry = YRy, ¢ = ch’;, h=e+p/p=re, p=(y—1)pe=pR,T and ¢}’ =R, /(v —1).

Dp Ou;
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with the material derivative operator D/Dt = 9/0t + w;0/0z;. Terms II and III in the pressure
evolution equation originate from the enthalpy diffusion term in the energy equation, while term I
comes from the heat flux term. In isothermal flows, term II will be approximately zero and term IIT
is responsible for changes in the density field due to species diffusion. Note that Terms II and III can
only be active when the ideal gases have different molecular/atomic masses. According to Equations

2.43-2.45, the relaxation of any density gradients at interfaces between two different species is not a
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diffusional process, as density itself cannot diffuse. Instead, heat flux and species diffusion (terms I,
IT and III in equation 2.45) cause pressure fluctuations and induce velocity dilatations, which then
alters the density field.

Even when the simulation is initialized with zero velocity, an acoustic wave will immediately be
launched from the interface because of the enthalpy diffusion terms II and III. Configurations that
begin thermally out of equilibrium (97 /dxz; # 0) will experience even stronger pressure waves. To
reduce the magnitude of this initial pressure wave, the simulation can be initialized with a nonzero

velocity field u;, determined by solving the following equation (which neglects viscous effects):

0 o [ ar dc, OT 9
= — —1)Dp L T— |D 2.4
Wow, ~ " Vg, {ka J] = DD 50 T os { p E):cj (2.46)

If the background is isothermal and some mathematical approximations are applied, Reckinger et

al. [138] were able to derive an approximate analytical expression for u;

OlnR

i=D

(2.47)

This velocity field initialization will only partially reduce the initial pressure disturbance at the
interface and does not account for temperature gradients or high stratification. Due to the additional
complexity of temperature gradients in our simulations [19], we choose to begin with a zero velocity
initialization for simplicity. Even though a single pressure wave will be launched into both the top and
bottom fluids at the simulation initialization [138], there is no effect on the RTI development because
the disturbance leaves the interface region quickly and are eliminated they reach the boundaries.
Figure 2.5 shows the evolution of the initial pressure wave in the At=0.2 isothermal base simulation.
It is the strongest acoustic wave that will be observed over the entire duration of the simulation.
Both pressure and temperature acoustic fluctuations are barely detectable, at less than 0.01% of
their background magnitudes.

Using LES, Olson and Cook [127] observed that under the right conditions, the rising bubbles
in compressible RTI could act as pistons and constantly generate compression waves or shocklets.
The waves propagate upwards in the heavy fluid, catching up to previously generated waves and
eventually combining into a strong shock wave at a location deeper inside the heavy fluid. At
the beginning, the light fluid decreases in average temperature while the heavy fluid temperature
increases, although the missing enthalpy diffusion term in the energy equation likely contributes to
this result [46]. Over time, the temperature significantly increases in the heavy fluid and the sharp
peak in the temperature profile can be used to track the shock’s location. To encounter the shock
wave, the vertical domain size must be large enough, the stratification M must be very high (at least
> 1) and At must be large enough.

In simulations with insufficiently high M or At, it is observed that the temperature fluctuations

are small compared to the background and are on average negative on the heavy fluid side and
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Figure 2.5: Average pressure and temperature perturbations away from background at very early
simulation times for the At=0.2 isothermal base case, showing the evolution of the initial pressure
wave

positive on the light fluid side [67, 112, 114], the opposite of what was observed at early times in
Olsen and Cook [127]. It is also highly possible that insufficient vertical domain size and wall effects
have played a role in suppressing the shock formation in many simulations. Reckinger [139] was
able to observe similar temperature fields compared to Olson and Cook at M=1.5 and At=0.9. Fu
et al. [62] observed what appears to be the beginnings of a shock forming in the upper fluid at
M=1 and At=0.9 in the vertical velocity contours, while observing nothing at M=0.32 and At=0.9.
In our isothermal simulations with (M=0.2, At=0.2), (M=0.5, At=0.2) and (M=0.2, At=0.5), no
considerable pressure waves have been observed as the spikes and bubbles develop, and there are no

signs of a shock forming in the heavy fluid.

2.3.3 Initial Perturbations

All 3D simulations begin with the same initial perturbations, shown in Figure 2.6a. Defining the
wavenumbers as k, = 27/)\, and ky = 27/ Ay, Where Az, A, are the perturbation wavelengths in
the two horizontal directions, we apply randomized, isotropic, multimode perturbations n(z,y, z) to
the 1D background profiles from Equations 2.36-2.40, turning them into perturbed fields in all 3

dimensions:

n(x,y,z) = real[z Z a;jexp(iky nx)exp(iky my)exp(—27|z — zint|) (2.48)

n m
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ppe’rt(xvya Z) = P(Z + n(xyya Z))v }/peTt(xyyv Z) = Y(Z + 77(337%2)),
Tpert(z,y,2) =T (z+n(z,y,2), Dpert(,y,2) =p(z+n(z,y,2)) (2.49)

where ay,, is the magnitude corresponding to the set of wavenumbers (ks », ky.m ). The @y, and their
corresponding wavenumber values, which can be chosen to be negative, are stored for reproducibility
of the results. These perturbations to the background profiles decrease in intensity away from the ini-
tial 3D simulation interface location z;,,+ = 5.5. The radially averaged spectrum E, (k) of n(x,y, zint)
is Gaussian in k =  /k2 + k2 wavenumber space with the peak located at ky,q4. =~ 14.5, a standard de-

viation of %7‘(‘, and a total perturbation energy per area of fOL’ fOLy n(x,y, Zint)dedy/Ly L, = 1.2E 5.
The value of k,,,, corresponds to most unstable mode of the equivalent 2D version of this problem.
As indicated in Figure 2.6b, Lg is approximately the wavelength corresponding to the left tail of the

spectrum distribution, where the value of E,(k) approaches zero.
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Figure 2.6: Initial perturbations in physical and spectral space

2.3.4 Nondimensional Parameters

The nondimensional parameters that characterize the simulations use transport property magnitudes
(10, Ko, Do) referenced to the upper fluid, which remains at a constant temperature across each
set of simulations. In the variable transport property configurations, the actual Re will be much
lower in the hotter fluid, significantly increasing the influence of heat transfer and species diffusion
in that region through the thermal Peclet number Pe, = RePr or species transfer Peclet number
Pep = ReSc. The Reynolds number is based on the free fall velocity over a distance Lo, Uy = /gL,
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and the length scale Ly is near the maximum wavelength of the applied initial perturbations. Table
2.1 provides all the nondimensional parameters describing the isothermal base case, which has a
moderate interface density jump of At = 0.2 inside a moderately stratified background state with
stratification parameter Sr = M? = gL/(T.R/M,) = 0.04. Even though there is visible stratification
in the density profile, the value of the stratification parameter is considered close to the (flow)

incompressibility limit of S — 0. The Schmidt number and Prandtl number are both set to 1 for

generality.
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Figure 2.7: Plots showing the effect of At and Sr on the density profile, solid lines indicate the cases
that have been simulated

Re At | Sr | Pr| Sc|v=m2 0
10000 | 0.2 | 0.04 | 1 | 1 5/3 0.031

Table 2.1: Simulation parameters for the baseline At=0.2 case

Starting from the base case, we methodologically investigate variations in interface density ratios
(At), temperature differences (T3 /T5), background stratification (Sr) and heat diffusion intensity
(Pr); the list of all cases is shown in Table 2.2. The computational Reynolds number, Schmidt
number, specific heat ratio ; and initial interface length scale § remain the same for all cases.
The following describes the rationale for our additional simulations. Large density and temperature
differences are expected in HED applications of interest such as ICF and SNRs [69], so we increase

the Atwood number to 0.5 and the temperature ratio up to 6 in one set of simulations. Another set
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of simulations is motivated due to the popularity of exploring compressibility through background
stratification, although the increase to Sr = 0.25 is still at the lower end of the typical range
of stratification strengths explored by past studies [113]. The various background density profiles
explored are shown in Figure 2.7. The final set of simulations attempts to explore a Prandtl number
regime closer to HED plasmas, which are characterized by very low Prandtl numbers due to high
electron thermal diffusion and radiative diffusion [135, 65]. A Sc of O(1) and low Pr can be used
for a crude approximation of plasma properties in purely hydrodynamic simulations [118].

Note that a specific heat ratio of v = 5/3 is a good approximation for fully ionized, monoatomic
plasma ions. This approximation of modeling plasma as a single fluid with transport properties
requires that the plasma be highly collisional and the Debye length be small, both of which apply
to the late-stages of ICF implosions [156].

Case Label ‘ At ‘ Sr ‘ Pr ‘ T /Ts ‘ My /My ‘ Property Type

Base 021004 1 1 2/3 Constant
T3Const 0.2 | 0.04 1 3 2 Constant
T3Var 0.2 | 0.04 1 3 2 Variable
T3Trans 0.2 | 0.04 1 3 2 Transitional
T5Const 02]004| 1 5 10/3 Constant
T5Var 0.2 | 0.04 1 5 10/3 Variable
T5Trans 0.2 ] 0.04 1 ) 10/3 Transitional
AtBase 051]004| 1 1 1/3 Constant
AtT3Const 0.5 | 0.04 1 3 1 Constant
AtT3Var 0.5 | 0.04 1 3 1 Variable
AtT3Trans 0.5 | 0.04 1 3 1 Transitional
AtT6Const 0.5 | 0.04 1 6 2 Constant
AtT6Var 0.5 | 0.04 1 6 2 Variable
AtT6Trans 0.5 | 0.04 1 6 2 Transitional
SrBase 02025 1 1 2/3 Constant
SrT3Const 0.2 | 0.25 1 3 2 Constant
SrT3Var 0.2 | 0.25 1 3 2 Variable
SrT3Trans 0.2 | 0.25 1 3 2 Transitional
T3ConstPr 0.2 | 0.04 | 0.25 3 2 Constant
T3VarPr 0.2 1 0.04 | 0.25 3 2 Variable
T3ConstLowPr | 0.2 | 0.04 | 0.1 3 2 Constant
T3VarLowPr 0.2 10.04| 0.1 3 2 Variable

Table 2.2: Simulation parameters for all 3D cases

To summarize, we mainly focus on 6 sets of simulations: a set of At = 0.2, temperature ratio
3 simulations; a set of At = 0.2, temperature ratio 5 simulations; a set of At = 0.5, temperature
ratio 3 simulations; a set of At = 0.5, temperature ratio 6 simulations; a set of At = 0.2, higher

stratification (Sr = 0.25), temperature ratio 3 simulations; and a set of At = 0.2, lower Prandtl
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number (Pr = 0.25,0.1), temperature ratio 3 simulations. Each set of simulations, with the exception
fo the Pr variation cases, contain an isothermal, constant property, variable property and transitional

property simulations.

Note on Stratification Parameter

gLo
ToRo

density stratification. A similar parameter is a Mach number M constructed from the gravity wave
speed v/gL and the isothermal speed of sound at the interface ¢c; = \/pr/pr, where the subscript I

denotes the reference/interface value. For both parameters, smaller values indicate weaker stratifi-

The stratification parameter Sr = is used to characterize the strength of the initial background

cation. Using the ideal gas relation allows us to relate these two stratification parameters:

M= VgLo _ gLo :\/§
Vpr/pr ToRy

noting that the reference temperature, pressure and density is defined as Ty = U2/ cg, po = poUg = p1

(2.50)

and pp = pr to maintain consistency with our nondimensionalization. If we were to exclude the Sr
stratification parameter from our initial pressure profile (Equation 2.38), the nondimensionalized

governing equations become

D v+ 2 ey = L % (2.51)
ot Pk o PEEY) = " Rese O ’
0 0 1 8]) 1 8Tij
2 (pus) + — (puuj) = —— — : 2.52
ot (pus) + Oz (puiu;) Srdx;  Re Oz trgi (2:52)

9 e—i—Sr}u-u- —|—i e—i—Sr1 U +p | uy| =
ot | 2 )| T gy [\POT PP TR ) |

o [ Sr 1

1
oz, <ReT]u RePre ReSCQd’J) * Sregiui (2:53)

We observe that at low stratification, pressure and temperature gradients are much more influential
than velocity or mass fraction gradients assuming Re, Pr and Sc are close to unity. When tem-
perature and density are kept constant on both sides of the interface, St — 0 corresponds to the

incompressible limit where P — co and T' — oc.
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2.3.5 Transport Property Configurations

Three different transport property configurations are explored in the variable temperature simu-
lations, with the intent to systematically separate the effects of nonuniform background tempera-
ture and temperature-dependent transport properties. The first constant property configuration
assumes that both fluids have equal and constant transport properties. When compared to the
isothermal case, the effects of heat transfer are isolated. The second variable property configu-
ration assumes the fluid transport properties obey a plasma-type temperature scaling. We choose
w1 (T) = po(T) and k1(T) = k2(T). According to kinetic theory, shear viscosity, diffusion constant
and thermal conductivity for HED plasmas in ICF applications can approximately obey the power
law p oc T?5, D oc T?5 and k oc T?5 [169, 167]. In comparison, according to basic kinetic theory,
which treats gases as rigid elastic spheres, the transport property scales as oc T/2 [33]. Bulk viscos-
ity is zero because plasmas can be modeled as monoatomic ions. For the variable transport property

cases, a nondimensionalized transport property (represented by ¢) variation is

T\ 25
o =(7) (2.54)
where T} is the initial temperature of the upper fluid that does not change temperature between cases.
For a temperature ratio of 3, the transport property magnitude contrast is approximately 15.6, and
for a ratio of 5, the contrast is about 97.7. The third transitional property configuration begins
with constant transport properties, but after some time has elapsed, the coefficients are artificially
modified to reflect their dependence on the temperature field. A similar methodology has been
used in Lee et al. [93] where they applied viscosity differences dependent on mixture fraction and in
Livescu and Daniel [104] where they used a passive scalar that could represent species or temperature.
This approximates one of the fluids quickly heating up after the instability has progressed for some
time, such as during the formation of the hot spot in ICF. For these transitional cases, the transport

properties are implemented as

G(.T) = (1— &) + (f) e, (2.55)

€5(t) = 0.5+ %erf((t —t)/7) (2.56)

with transition time ¢; = 8.5 for the baseline At=0.2 cases or t; = 5.5 for the baseline At=0.5 cases, a
transition timescale of 7, = 0.1 and initial upper fluid temperature Ty. The transition time ¢; occurs
after the flow has reached a sufficiently turbulent state and is dependent on the At, as the higher
At cases develop faster in time. A sign that the flow has transitioned to turbulence can be observed
through slope changes in the plots of penetration depths and average dissipation, but the most

important criterion used is that the velocity spectrum has developed a classical turbulent inertial
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range. We apply the transport property change in our transitional property cases as soon as possible
due to the limited domain size. The function £, () has an initial value of 0 and a final value of 1, with
7+ chosen so there is a fast but smooth transition (as opposed to a step function or a gradual change)
at the time the temperature dependence is turned on. The proper, physically realistic method to
simulate fluid heating is to add a heat source term to the energy equation. However, this is likely
to introduce strong pressure waves, which will interfere with flow development [64]. Artificially
manipulating the transport properties as described will allow us to avoid such complications and

completely isolate the transport property effects.

2.3.6 Boundary Conditions

w05t

Figure 2.8: Mask function £ used for boundary filtering and the forcing zone, red region indicates
locations where the mask is exactly zero

Most simulations of the RTI apply slip walls at the top and bottom of the domain [127, 67,
62], but in compressible simulations this allows acoustic waves to reflect off the boundary and
potentially influence instability growth and turbulent behavior. Instead, we leave the boundaries
open to approximate an infinite domain. While a 10th order compact finite difference scheme is used
to calculate derivatives in the main body of the solution, we apply a general boundary closure for
the last few points at the boundary, with a 4th order one-sided stencil for the boundary point, an
4th order stencil for the second point, a 6th order stencil for the third point and so on. However, if
this boundary treatment is applied by itself, numerical errors will add up over time as the simulation
progresses and cause boundary node instability, especially because the stratified background causes
many variables to have nonzero derivatives at the boundary. To stabilize the boundary nodes and
eliminate the effects of any acoustic waves that reach the boundary [138, 113], we need to apply a
few other boundary treatments.

In all the simulations within this thesis, the average vertical velocity away from the mixing
layer remains zero. However, it has been noted in a few compressible RTI studies that with high
enough At and Sr, a large zone of nonzero vertical velocity may develop deeper within the heavy
fluid, eventually leading to a shock wave if conditions allow [127, 62]. It remains unclear how this
phenomenon will interact with boundary conditions intended to replicate an infinite domain within

a finite simulation space.
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Forcing Zone

We create a boundary diffusion zone by adding a forcing term and a numerical diffusion term to the

governing Equations 2.1-2.3:

ou o*U’
5 FU) + vaa D0z,

— Cy&;U’ (2.57)

where U = (pY;, pu;, pE;) are the evolved quantities, U’ = U —U pq.i are the perturbations compared
to the initial background state, and &; and ¢; are the diffusion and forcing term mask functions.
The mask function has a value of zero in the domain interior but smoothly transitions to one near

the boundaries. It is of the form

1 — F, L 1 —L F L
£=1— —erf z maskd/z T Zerf z z T f'masklz (258)
2 5mask: 2 5mask:

with Fy,.sk the desired fraction of the domain in which the mask is nonzero and 6,44k is the length
scale of the shift from zero to one. We choose F,qsx = 0.1 and 6,,45x = 0.1Lg, so more than 20%
of the computational domain is affected by the forcing and added numerical diffusion. The forcing
term forces the solution at the boundary towards the initial background state, while the diffusion
term is required to maintain numerical stability. The numerical diffusion coefficient is defined with
grid size Az and simulation timestep At
2
Vg = Cd% (2.59)
where Cy; = 1 corresponds to the stability limit of a general one-dimensional advection-diffusion
equation and Cy = 1/3 for the limit of the corresponding three-dimensional problem; we choose
Cq = 0.25. The forcing parameter C; uses the local acoustic sound speed ¢ = \/W at the
boundaries and the length scale Ly [138]. Note that this parameter has different values at the top
and bottom boundaries.
Oy =0.25— (2.60)
Lo

The simulations are terminated as soon as the first non-acoustic disturbances from the mixing layer

reach the edge of the mask function.

Boundary Filtering

The boundary anti-aliasing filtering is implemented as

U—(1-OU+¢0 (2.61)
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where U represents the filter applied on the conserved quantities U and ¢ is the filter mask, which
is nonzero only close to the boundaries. This filtering operation on U is applied at every substep of
the time-stepping algorithm. The 8th order compact filter that is used removes the top 10% of the

resolvable wavenumber components. In our simulations, we choose { = &5 = &;.

Navier-Stokes Characteristic Boundary Conditions in a Stratified Domain

We minimize the reflection of acoustic waves at the boundaries using the Navier-Stokes Charac-
teristic Boundary Conditions (NSCBC) methodology, which prescribe boundary conditions through
analysis of the characteristic lines crossing the boundaries. Poinsot and Lele [131] introduced the
Local One-Dimensional Inviscid (LODI) relations used in the NSCBC method, and Reckinger et
al. [138] extended those relations to accommodate multiple species and a stratified background
state. Use of the LODI relations here is justified because the strongest perturbations generated
from the interface are approximately planar, propagating in the vertical x3 direction. To extend the
LODI relations to stratified backgrounds, the pressure and density must be decomposed into their

hydrostatic background states and perturbations.

P=Dpn+D p=pntp
pr, and pp, satisfy
aph _
8./,C3 phg

and are constant in time. One-dimensional characteristics analysis on the governing equations with

the background subtracted identifies seven waves with speeds

)\1 —Uusz —¢C (262)
)\2 = )\3 == /\4 = )\5 = )\6 = Uus (263)
A7 =us +c¢ (2.64)

Along the characteristic lines, the waves have amplitudes of

o 8]3 8U3
I = (us —¢) (35133 - p88x3> (2.65)
95 Op
_ 27K P
IQ = Uus <C aaj‘3 81}3) (266)
. 8u1
I = uy 222 (2.68)
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.[5 = Uus 8.]33 (269)
v
o 315 BU3
I = (uz +¢) (8x3 + pcax3> (2.71)

A1 and A7 are the sound waves traveling in the negative and positive vertical directions. Ao is the
convection velocity of entropy waves. A3 and A4 are the advection velocities for the vertical transport
w1 and us, while A5 and Ag are the advection velocities of species mass fractions Y7 and Y5. For

convenience, the characteristic wave amplitudes can be rearranged into

X1 = 2%2(17 + I + 213) (2.72)
1

X2 = 276(17—11) (2.73)

xs =13 (2.74)

Xa =14 (2.75)

x5 =I5 (2.76)

x6 = Is (2.77)

X7 = %(17 + 1) (2.78)

To facilitate the application of boundary conditions, the governing equations can be rewritten as

a(gi/l) Ly <><1 g g% ) s - n;2 a(%l:n) - gﬁ (2.79)
8%?) =-Y; <X1 + usgf:;) — PX6 — Z % - Zf (2.80)

S n
5(21;1) = —u (Xl + “322) —PX3 — n:ZLz a(pauTI:TL) - % + 83;1; (2.81)
8(2?2) = —Us (Xl + “322) — PX4 — n:ZLz 3(%2:”) - 387;; + 83;2; (2.82)
a(g?3> = —us (X1 + ug?iZ) —(px2—png) — >, 8(%15’:") + %7;; — g (2.83)

n=1,2
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0(pE 1 0 1
(gt Y _ it <X1 + u3az};) — (purxs + puzxa + pusxz — phgus) — ﬁ()(? — Prgus)
I(pEtun) I(pun) Otiju;  0qc;  0qa
_ — — - = — ’ 2.84
n;2 axn n;2 3£Cn pUsg + 8.’Ej 8:10]- 8.’Ej ( )

Here, Jj’.“ represents the species flux of species k in direction j, ¢, ; is the heat flux along direction
j and gq ; is the enthalpy flux in direction j. These equations are mathematically equivalent to the
original governing equations, but in a different form for straightforward application of the boundary
conditions.

For our problem, an acoustic wave of speed Ay and amplitude I; enters at the top boundary, and
a corresponding wave of speed A7 enters from the bottom. As a soft boundary condition, we impose
two desired pressures pioo,P—oo located at z = +oo and make the assumption that the pressure at
the boundaries (piop, Prot) Where the waves leave the domain should stay close t0 (ptoo, P—oo). This
can be achieved by specifying the amplitude variations of the incoming waves depending on how far

the actual pressure strays from the desired pressure. At the top boundary, we set the incoming wave

amplitude
I = K(p — prop) (2.85)
and at the bottom boundary
I7 = K(p — pot) (2.86)
where the timescale 1/K is defined by
2 ¢ . U
K = Co(1- Ma,,,) 1 Maynas = min [max [H] ] (2.87)
0 c

When C,. = 0, the boundary is perfectly reflecting and the system becomes ill-posed. As C,. increases,
the incoming waves will more aggressively correct deviations from the desired pressures. Following
Reckinger et al. [138], we use C, = 0.25. Finally, viscous conditions require restrictions on the

derivatives of normal species flux, tangential stresses and normal heat flux.

o3

% _ 87’31 87’32 _ 8‘]0,3
8&63 o (9:L‘3 - (9.%‘3 (933‘3 - 81'3

=0 (2.88)

All other non-specified wave amplitudes and other quantities are calculated using one-sided stencils
to estimate derivatives at the boundary. After applying the changes specified by equations (2.85)-
(2.88) directly to the governing equations (2.79)-(2.84) for the boundary nodes, the system is evolved

in time normally.



Chapter 3

Basic Flow Characterization

This chapter provides an overview of the simulation cases studied in this thesis. Results based
on a limited analysis of the At=0.2, T3 cases have been reported in Cherng et al. [40]. First,
definitions for the mixing heights and various Reynolds numbers are provided, as they can vary
from study to study, and we provide a brief overview of the isothermal base case. Basic statistics
such as the mixing extents, Reynolds numbers and length scales are presented. The effect of heat
transfer and transport properties on the background state and then the nonlinear development of the
spikes/bubbles is examined. We search for the various self-similarities that are commonly observed in
classical RTT flows. Finally, we provide a brief discussion about the grid convergence and statistical
convergence of our simulations.

As an initial comparison, Figure 3.1 contrasts the density contours of an isothermal case, a
constant property case with a temperature difference across the interface and a variable property
case with the same temperature field as the constant property case. Orange represents the highest
densities and dark blue the lowest densities. This is the first indication that both heat transfer itself
and transport property differences can significantly affect the development of the RTI, with changes
in spike/bubble shape and the magnitudes of local density differences.

3.1 Definitions

Planar averages are taken in the transverse directions, which are periodic and perpendicular to
the direction of gravity. Angle brackets or overbars are used to denote the planar averages, unless
otherwise indicated with a subscript. The following averages for an arbitrary variable ¢ are also

defined: the domain average

(6)a = /0 - /O - /O " pdudyd / LoL,L. (3.1)

44
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(b) Constant Property, (c) Variable Property,
(a) Isothermal T /Ty =5 T /Ty =5

Figure 3.1: Example contours of density at the late nonlinear stage at t=6 for the (a) Base case (b)
T5Const case (c) T5Var case

and the mixing zone average based on the spike penetration depth location zs and bubble penetration

(B = /0 " /O " / bdadydz / LuLy(2— =) (3.2)

The locations zs; and z, can be defined based on average mole or mass fractions, velocity fluctuation

depth location zp

intensities, or any other chosen metric. Example locations of z; and z, are shown on the left side of
Figure 3.1a.

In miscible fluids, there are no unique definitions for the total mixing heights or spike/bubble
penetration depths. Historically, the most common method of determining mixing boundary loca-
tions has been with the 99% or 95% limits of average mass or mole fraction [70, 53]. We define
the mixing height hgs = 20.05 — 20.95 as the distance between the average mole fraction (f1) = 0.05
and (f1) = 0.95 locations. The bubble penetration depth is defined as hy = 29,05 — 2int and spike
penetration depth as hs = zint — 20.95 Where z;,,; is the initial interface location.

We also define corresponding length scales based on the root-mean-square value of the vertical
velocity fluctuations w,.,,s, which varies along z and can be considered a measure of turbulence
intensity. The mixing height h.,-ms, bubble penetration depth h,, and spike penetration depth A,
are based on the locations where the w;.,s is 5% of the maximum value at that point in time. This
alternative definition is useful when turbulent activity and mixing are not aligned. In spatial profiles

of statistics, position is commonly normalized with hgs, Ayrms O

hws z < Zint
hws,wb = (33)
hwb z 2 Zint

Generally, hgs is best used for mixing statistics and hyrms OF Ryswp for turbulence statistics, al-
though this convention is not strictly followed.

However, these mixing height metrics and especially their time derivatives are highly susceptible
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to noise in simulations and experiments with limited domain space. An integral mixing height scale
less sensitive to typical flow fluctuations uses the average mole fraction (although most studies use

average mass fraction)
L. B
W=4/ fl(l —fl)dz (34)
0

This measure is particularly attractive because fi, (or Yj) can be readily available information in
RANS models.

We decompose the velocity (u,v,w), density p, pressure p and specific volume v into Reynolds
(u = (u)+u') and Favre (u = (pu)/{p)+u” = u+u") averages and their corresponding perturbations.
The Favre turbulent kinetic energy k, transverse Taylor length scale A, vertical Taylor length scale

.-, and dissipation rate € are defined as

k= (puiui)/(2p) (3.5)
12
pL—— (3.6)
(au// )2
ox
"2
A2 = (3.7)
( ow'’ ) 2
0z

/ ’
) ro_ Oup | Oup 3 0up s
where 7/, = psi; and s;; = o + 92 ~ 304 0ij-

The turbulent Reynolds number and Taylor Reynolds numbers, all a function of vertical position z,

are defined as -
k%p

p
Rey =~ 3.9
€t e ( )
2 Mg
Reygy = L2000 (3.10)
12
Tms>\zz
Rey.. = wT (3.11)

where 7 is the average kinematic viscosity. The outer scale or bulk Reynolds number Re;, is defined
in this thesis with mixing width W )
W

Reb =

(3.12)

because the time derivative estimates of W are much less noisy than that of hgs. The Kolmogorov

n= (Vsp>1/4 (3.13)

€

length scale 7 is



CHAPTER 3. BASIC FLOW CHARACTERIZATION 47

The extra p in Eq. (3.9) and (3.13) is required for consistency with our definition of €, which is the
dissipation rate of Favre turbulent kinetic energy in variable density or compressible flows [107, 150].
<H Oul Oul >

This is different by a factor of density from the more standard dissipation rate €;,. = o an

defined for incompressible turbulence.

Simulation data dumps for statistics and visualization were performed every At = 0.05. There-
fore, all the time history plots shown in this thesis have a time resolution of 0.05. Any time
derivatives, denoted by either a overdot or 9/0t, are numerically approximated with the same 0.05
timestep resolution, although this is much less precise than calculating time derivatives using the
simulation timestep while the simulation is running. Each data dump for the 3D simulations is

between 20GB and 65GB in size, depending on simulation resolution.

3.1.1 Description of the Transitional Property Cases

In this thesis, results are commonly presented in sets of 4: isothermal cases in blue, constant
property, variable temperature cases in red, variable property, variable temperature cases in yellow
and transitional property, variable temperature cases in purple. A more focused discussion of the
transitional cases is merited due to their importance and higher complexity. As described before, the
transitional property cases branch off from the constant property cases when the simulations reach
a sufficiently turbulent state, and the transport properties are adjusted to their plasma-type oc 7°/2
magnitudes according to the current temperature field. Figure 3.2a shows the average temperature
profiles for the At=0.2, T3 cases at the property transition time. At this time, both heat diffusion
and turbulent mixing has relaxed the initially sharp temperature profile in the constant and variable
property simulations. While the temperature profiles are similar, the variable property profile is
slightly sleeper than that of the constant property case.

We recall Equations 2.55 and 2.56 used to impose changes in the transport property ¢ (which

can be p, 8, k, D) in the transitional cases.

2.5
G(.T) = (1— &) + (;) 7

€s(t) = 0.5+ %erf((t —t1) /1)

with transition time ¢; = 8.5 for the baseline At=0.2 cases or t; = 5.5 for the baseline At=0.5
cases, a transition timescale of 74 = 0.1 and initial upper fluid temperature Ty. The function
&4 ensures a fast but smooth transition at the time the temperature dependence is turned on, as
shown in the black dotted line in Figure 3.2b. Time histories of the maximum root-mean-squared
horizontal velocity fluctuations u,.,,s are provided as an initial example. In response to the increased
viscosity magnitude, we observe that the maximum t,.,s in the transitional property case (purple

line) becomes lower than that of the original, constant property case (red line). The strength and
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behavior of the response to property changes has been found to depend on the quantity involved,

the dimensional parameters and the position within the mixing layer.

160

___________ ——Isothermal
140 ¢ ——Constant 0.15F
Variable
1201 — Transitional -
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(a) Average temperature profiles for the At=0.2, (b) Time history of the maximum root-mean-

T3 cases at the property transition time ¢, = 8.5 squared horizontal velocity fluctuations s for
the At=0.2, T3 cases; the black dotted line is a
representation of the transport property transi-
tion

Figure 3.2: An example average temperature profile at the transport property transition time and
an example time history plot of u,,-ms Showing a response to property transition

3.2 Baseline Isothermal Case Overview

As a starting point, this section briefly describes the At=0.2 isothermal base case, which experi-
ences both variable-density (At > 0) and background stratification (Sr > 0) effects. The precise
definitions of the quantities plotted in Figure 3.3 will be covered in later sections. Figure 3.3a shows
the spike and bubble penetration depths based on the 5% mole fraction limits. With a moderate
Atwood number of 0.2, there is asymmetric development of the spikes and bubbles, with penetration
of the spikes into lower-density fluid higher than the penetration of the bubbles into higher-density
fluid. A transition from the initial exponential growth of the spikes and bubbles to the beginning of
a self-similar mixing stage can be seen at around ¢ = 8. Figure 3.3b plots the horizontally-averaged
mole fraction profiles against the vertical position scaled by the mixing height at various times. The
curves at later times collapse into a self-similar profile. The asymmetry of spike/bubble side growth
and spatial self-similarity of quantities such as average density or average concentration has been
well-documented in variable-density RTT literature [48, 107]. The time evolution of the  mix param-
eter is plotted in Figure 3.3c. The general temporal evolution of 0, along with the final value of about
0.8, is also in line with previous literature [48, 117, 113]. Figure 3.3d contains plots of the domain
integrated Favre turbulent kinetic energy pul/u! /2 and dissipation rate of turbulent kinetic energy

¢, theoretically in Boussinesq RTI expected to grow as oc t* and o 3, respectively [143, 148, 67).
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Due to the stratified background density, the development of TKE and dissipation will be different
from typical Boussinesq or variable density results, since the spikes need to push into increasingly
heavy fluid while the bubbles rise into increasingly lighter fluid. The growth of total TKE does
not approach the t* incompressible self-similar scaling, instead reaching a peak value followed by
a slight trough, behavior that has been observed in previous simulations of compressible RTT [67].
The magnitude of the dissipation rate reaches a peak near the onset of turbulent mixing and then
slowly decays. In more highly stratified conditions, the turbulence will display a stronger decaying
regime and dissipation decreases much more rapidly [67], up to total suppression of the instability
[174]. Starting from this baseline isothermal case, we explore approximately twenty additional cases
with differing temperature ratios, density ratios, background stratification, Prandtl numbers and

transport property behaviors.
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(a) Time history of the spike and bubble side (b) Average mole fraction (f1) profiles at various
penetration depths based on the 5% average mole times, centered around the initial interface loca-

fraction limits tion zin+ and scaled by mixing height hos
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(¢) Time history of Young’s mixing parameter § (d) Time history of the total Favre turbulent ki-
netic energy and the total dissipation rate of tur-
bulent kinetic energy e

Figure 3.3: Brief overview of the At=0.2 isothermal base case
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3.3 Mixing Layer Width and Mixing Extents

The most basic statistics used to track RTI growth are the mixing height and spike/bubble pene-
tration depths. Figure 3.4 shows the time history of the integral mixing height measure W, which
evolves nearly identically to the hgs mixing height based on the 5% average mole fraction limits.
Figure D.1 in the appendix provides the ratio of hgs to W if the exact conversion is desired. This
ratio remains approximately constant near a value of 1.5, with slight variations due to heat trans-
fer and property contrast effects. Recalling Equation 1.23, the mixing height in Boussinesq RT is
expected to grow as
h = aAgt® + 2(aAgho)t*t + ho

This equation suggests the mixing layer grows approximately linearly at early self-similar times and
approaches asymptotic t? growth at late times. For this equation to be valid, the flow must have
progressed past the initial linear or nonlinear growth stages and actually be developing self-similarly.

In the plots of W, the sets of isothermal, constant, variable and transitional cases exhibit common
behavior. The mixing heights of the isothermal (blue) and constant (red) cases evolve similarly at
the start, but then the growth of W for the constant case briefly slows down before picking up speed
near the end. The final constant property case mixing height velocity typically approaches that of
the corresponding isothermal case. This observation can be confirmed through examination of the
mixing height velocity (Figure D.2), which shows a decrease and then increase in the constant case.
The time when the constant property cases significantly diverges from the isothermal cases is around
t=8 for the At=0.2 cases and t=5 for the At=0.5 cases, which agrees with the /At time scaling
for RTI. This likely marks the beginnings of chaotic or turbulent flow behavior. The results suggest
that heat transfer by itself slows down mid-to-late time mixing width growth, and if strong enough
(Figure 3.4b), at earlier times too. With the increased viscosity and mass diffusivity in the hotter
fluid, the property contrasts in the variable (yellow) cases further delay mixing width growth. The
increased mass diffusivity in the variable property cases, which broadens the mole fraction profile,
is responsible for the larger mixing height at the beginning compared to the isothermal or constant
property cases. Longer simulation durations will be needed to confirm the late time behavior - if
the flows eventually approach the asymptotic oc ¢2 mixing height scaling. Comparing the constant
(red) and transitional (purple) cases, we see that sudden changes in transport properties typically
have little effect on the mixing height.

When the At is larger but temperature ratio is not too high (Figure 3.4c), the overall mixing
height appears relatively insensitive to heat transfer or transport properties. Both higher background
density stratification (Figure 3.4e) and lower Prandtl number (Figure 3.4f) in conjunction with the
initial temperature difference suppress or delay the mixing height growth. For our Pr variation cases,
we adopt a new color scheme: dark green for the Pr=0.25, constant property case, light green for the

Pr=0.1, constant property case, light brown for the Pr=0.25, variable property case and magenta
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for the Pr=0.1, variable property case. Only the lower Prandtl number cases show possible signs of
the asymptotic 2 mixing height scaling.

The penetration of the spikes and bubbles can differ significantly, with the spikes penetrating
faster than the bubbles in variable-density RTT [107, 103]. Figures 3.5 and 3.6 contain the spike
penetration depths, bubble penetration depths and spike-to-bubble height ratios based on average
mole fraction for all simulation cases. Note that a significant portion of previous compressible RTT
studies use average mass fraction instead of mole fraction for these statistics [67, 7, 90, 62]; the
non-negligible differences will be discussed in Section 3.3.1 later. Yilmaz [179] reported a formula
|hs/hy| = 1.01(pa/p1)°18 for variable-density RTI, suggesting a ratio of 1.09 for the At=0.2 simula-
tions and 1.23 for the At=0.5 simulations. This empirical scaling may not be applicable even for our
isothermal simulations, as the bubble/spike growth may be altered by the background stratification
and because of the choice of mole fraction-based statistics instead of mass fraction. Because of the
stratified background, the spikes fall into increasingly dense surrounding fluid while the bubbles rise
into decreasingly dense fluid. Furthermore, heat transfer in the constant and variable property cases
can alter the density of the bubbles/spikes and background fluid.

In the At=0.2 simulations (Figures 3.5a-3.5¢), heat transfer and property contrasts generally
decrease both spike and bubble penetration. In the isothermal cases, the spike/bubble height ratio
stays relatively constant at a value slightly above one. Initially, heat transfer and property con-
trasts both greatly increase the asymmetry of of the spike/bubble penetrations for our simulation
configuration, but at later times hg/hy falls to a value nearer to one. In the At=0.5 simulations
(Figures 3.5d and 3.6a), heat transfer appears to induce higher spike penetration depths but lower
bubble penetration. The transport property contrasts still typically decrease both spike and bubble
penetrations. In the isothermal cases, the At=0.5 simulations reach a higher spike/bubble ratio at
middle times than the At=0.2 cases, but eventually the ratio declines to a value closer to one. The
ratio is sensitive to only to heat transfer, reaching a final value of about 1.5 regardless of transport
property magnitudes.

In all sets of cases, heat transfer and property contrasts both greatly increase the initial asym-
metry of the spike/bubble penetrations in our simulation configuration, but at later times hg/hy
falls to a value nearer to one. Predictably, the initial spike side penetration is higher because of the
increased mass diffusion in the hotter, bottom fluid for all the variable property cases, while there is
no difference on the bubble side. The sudden transport property changes are not strong enough to
affect the average large-scale motions of the spikes and bubbles, except in our largest property ratio
case on the hot fluid/spike side (Figure 3.6a). At lower Pr (Figure 3.6b), spike/bubble development
is greatly delayed, and after the initial, rapid increase in hg/hy, there is a slower relaxation towards
a value just slightly above one. Again, we must emphasize that these observations are based on mole
fraction extents, and that the behavior of statistics based on mass fraction extents (Figures D.3 and
D.4) may be different.
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Figures 3.7 and 3.8 compare the mixing extents with the region of maximum turbulent ac-
tivity. The solid lines indicate the mixing extents defined as the average mole fraction (f;) =
0.05,0.25,0.5,0.75,0.95 locations. The dashed lines indicate the extents of the most turbulent re-
gion, defined as the uppermost and lowermost locations where the turbulent Reynolds number Re;
is at least 80% of the peak Re; in the domain at that specific point in time. This is the region where
velocity fluctuations or turbulent activity are strongest, and mixing is dominated more by stirring
compared to mass diffusion. The central dashed line indicates the location of the maximum Rey,
which shows a tendency to jump around several peak locations over time. Statistical convergence of
the Re;-based locations can be improved by simulations with a larger domain size.

The location of the mixing midplane (f) = 0.5 (central solid line) does not stay at the initial in-
terface position, instead drifting downwards into the light fluid for all cases. The higher temperature
ratio cases show higher skewness in the mixing extents, although this may be a consequence of the
changing molecular mass ratio M7 /M> in our simulation setup, as described later. In the isothermal
cases (Figures 3.7a, 3.7c and 3.8a), the velocity fluctuations start relatively symmetric about the
mixing midplane, but the most intense turbulent activity later prefers the heavier fluid side. Mixing
remains approximately symmetric, with any asymmetries attributed to slight variable-density or
background stratification effects.

Heat transfer itself in the constant property cases shifts turbulent activity upwards, while the
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transport property contrast in the variable property cases shifts it even further into the heavier
fluid. The flow responds to the transport property change in the transitional property cases by
immediately shifting the turbulent region extents to approximately the locations in the variable
property cases, where the flow had started with the variable transport properties from the beginning.
The mixing extents appear less affected by the transport property change. These figures highlight
the misalignment between mixing and turbulent activity caused by heat transfer and variation in
transport properties.

Figures 3.9 and 3.10 compare the outer extents of mixing and turbulent activity. The solid
black lines indicate the position of the (f1) = 0.05,0.95 mixing extents. The solid blue lines are the
velocity fluctuations extents based on the locations where the wy,,s is 5% of the maximum value
at that specific point in time. Again, both outer extents of the isothermal cases (Figures 3.9a, 3.9¢
and 3.10a) remain relatively symmetric around the original interface location over time. The wyp,s
extents are always wider than the extents marked by the mole fraction thresholds, but they are not
always symmetrically disposed. Heat transfer in the constant property cases affects the symmetry
of the outer extents, with velocity fluctuations penetrating farther into the heavy fluid compared
to mixing. Interestingly, there are only slight variations in the overall shape of the outer extents
between the constant, variable and transitional cases, suggesting that these large-scale mixing height

measures are less sensitive to transport properties.

3.3.1 Discussion of Mole Fraction Versus Mass Fraction Statistics

In this thesis, we mainly focus on mole fraction-based analysis because it is more fundamental from
a chemistry or chemical mixing viewpoint. However, it must be acknowledged that the majority
of RTT literature uses the mass fraction Yj instead of mole fraction f; to determine the mixing
extents (hos,hs,hpy) or in the equation for the integral mixing height measure W. Additionally, the
Reynolds or Favre averaged mass fraction (Y} or 17;@), not the average mole fraction, are available
from unsteady RANS models because they solve the averaged species equations [24, 121].

For two-fluid variable-density formulations with its two constant microscopic densities py > p1,
the mole fraction should be proportional to mass fraction multiplied by density (pYa = pafo using
Equations 1.30 and 1.31). However, for compressible formulations, the relationship between the

mass and mole fractions depends on the molecular/atomic masses M}, of the fluids.

B Y/ M,
~ Y/MiA+ (1 =Y1)/Ms

Ys /My
(1-Y3)/M; +Ys/Ms

f fo = (3.14)
When the ratio M7 /My is far from unity, there may be significant differences between mole fraction
and mass fraction statistics.

Figure 3.11 contains a side-by-side comparison of bubble/spike penetration statistics based on the

average mole or mass fractions for the At=0.2, T3 cases. The isothermal case has a M;/Ms of 2/3
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and the variable temperature (constant, variable and transitional property) cases have a M; /Ms of 2.
The general evolution of the spike height is similar when using either mass and mole fraction, the only
major difference being more noticeable suppression of the spike growth at mid-to-late times when
using mass fraction extents. However, the mass fraction-based bubble height becomes considerably
higher over time in the constant and variable property case compared to the mole fraction-based
bubble height. This results in the mass fraction-based hs/hy ratio in the constant and variable
cases falling significantly below one, different from the corresponding mole fraction-based ratio. The
complete set of mass fraction-based results are provided in Figures D.3 and D.4 for comparison.
Figure 3.12 provides side-by-side comparisons of the 5%/25%/50%/75%/95% mixing extents
based on average mole fraction or average mass fraction for various molecular/atomic mass ratios.
Although the profiles of both mole and mass fraction-based statistics become skewed over time, we
observe that the mole fraction fj profiles become more skewed compared to the mass fraction Yy
profiles as the M; /M, ratio becomes larger. In typical isothermal initial condition simulations, the
molecular mass ratio is determined by the chosen Atwood number (Equation 2.41). However, as we
adjust M, /Ms to vary the temperature difference in our simulation setup, the differences in mole
and mass fraction statistics become more pronounced. In our variable temperature simulations, the

molecular mass ratio can range anywhere from 1 to 10/3.

3.4 Reynolds Numbers and Turbulence Resolution

Table 3.1 presents the maximum bulk Reynolds number, turbulent Reynolds number, maximum
horizontal and vertical Reynolds number and minimum Kolmogorov scale at the simulation end
time for all cases. The simulations are terminated approximately at the time the first non-acoustic
velocity disturbances reach the forcing/diffusion zone at the boundary. The final simulation times
are t=13 for the At=0.2 cases and t=8.25 for the At=0.5 cases, which follows the /At RTT time
scaling. The Pr variation cases can be run for much longer, until t=17.5, because they exhibit a
very large delay in the initial instability development.

The bulk or outer-scale Reynolds number Re; is a large-scale measure of the flow; it should
exceed approximately 1 — 2 x 10* to sustain fully developed turbulence [55]. Our definition of Re,
(Equation 3.12) uses the integral mixing width W for its smoother time derivative W, so our Rep
magnitude will be naturally lower than those reported in other RTT studies. More typical definitions
of Rep (such as those in Table 1.1) use the outer length scale hgs or hgg. The ratio hgs/W, provided
in Figure D.1, if considered to be roughly constant over time, allows for approximation of hos using
W and conversion to the more typical definition of Rey,. The approximate value of hgs /W in our
simulations is 1.5.

Figure 3.13 shows the time histories of the maximum bulk or outer-scale Reynolds number, which

for all cases follow the same general evolutionary pattern. There is initial growth in an exponential
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or t* (with @ > 1) manner, then a peak followed by a slight trough (or local minimum), before
finally entering another growth stage. Theoretically, Re;, in this final growth stage is expected to
scale as t® [49], although this assumes a t? mixing height scaling that is not seen in the majority
of our simulations. After the peak, all the constant property cases experience a larger dip in Re
than the isothermal property cases but has a much steeper rise in Re, afterwards. The Re; is
predictably suppressed by transport property contrasts. Unless the transport property variations
are large enough (Figure 3.13d) or the background density is highly stratified (Figure 3.13e), the

maximum Re; are insensitive to sudden transport property changes.
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In our simulations, Re; can vary strongly in space due to the viscosity contrasts and non-constant
background density, as shown in Figure 3.14. The variable cases and transitional cases after the
property change have extremely low bulk Reynolds numbers on the hot fluid side, but similar Re; to
the isothermal and constant property cases on the cold fluid side. In most cases, the maximum Re;,
occurs on the upper fluid side at the furthest point where the average density profile is disturbed. In
the highly stratified cases (Figure 3.14e), the maximum Rey, in the isothermal and constant property
cases occurs at the bottom boundary where the density is highest, although this Re; value may be
misleading because there is no flow occurring at that location.

The turbulent Reynolds number in RT mixing is best interpreted as the ratio between turbu-
lent eddy viscosity and molecular diffusivity, and can also be considered as a measure of the scale
separation in the energy spectrum. It is importantly proportional to the quantity k2 /€, which is
used for estimating the eddy viscosity in many gradient transport turbulence models. The time
history of maximum turbulent Reynolds number Re; is provided in Figure 3.15. At the simulation
end time, the variable temperature, constant property cases have much higher maximum Re; than
the corresponding isothermal cases, while the variable property and transitional property cases have
similar Re; magnitudes. The maximum Re; in the isothermal and constant cases follow the same
general evolution as the Rep plot, with growth, a local maxima, a local minima and then growth
again. For the variable cases, the plots of Re; shows slower and more consistent growth, without
any major peaks or valleys. Right at the application of the transport property changes, the Re;
drops to approximately the variable property magnitudes.

As seen in Figure 3.16, the profiles of Re; at the final simulation time rise from zero at the edges
of the flow and peak somewhere within the mixing zone, but not at the initial interface position
zZint = D.b for most cases. Heat transfer in the constant property cases slightly shifts the peak
of turbulence upwards and adding the transport property dependencies in variable property cases
shifts the peak further into the heavy fluid region. Due to the large transport property contrasts
in the variable and transitional property cases, the vertical variation of all the Reynolds numbers
becomes highly asymmetric about z;,;. The maximum Re; values of the constant property case
greatly exceed those of all other cases after the transition to turbulence; the detailed explanation
for this phenomenon is covered in Sections 3.7 and 4.1.

The Taylor Reynolds numbers Re),, and Re),, are based on the horizontal \,, and vertical
.. Taylor microscales and their associated velocity scales. The Taylor microscales characterize the
length scales at which viscosity begins to influence the flow eddies and approximately marks the
threshold between the inertial subrange and dissipative scales. As expected for highly anisotropic
flows, the vertical Taylor Reynolds number is approximately 1.6 times as large as the horizontal
one at all times. The spatial and temporal evolution of Rey;, and Rey.., shown in Figures D.6
and D.5, are similar to that of Re;. In previous fully-resolved simulations of variable-density RT

turbulence, Re; = 4600 had been achieved at At = 0.5 [107], corresponding to a Taylor Reynolds
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number Rey based on the isotropic turbulence formula (i.e., Rey = \/Q()/Z’)—Ret) of approximately
175. At these Reynolds numbers, some scale separation between the production and dissipative
scales is expected. In fully compressible RTT simulations, Gauthier [67] reached a maximum Rey,
of 76 while Luo and Wang [113] reached a Re,, of 65.7, although both explored highly stratified
density configurations where Re) ., cannot monotonically increase the entire simulation. The values
reached in this thesis are significantly higher because we are nearer to the Sr—0 incompressible limit
at Sr=0.04 or Sr=0.25.

Many of the Re; profiles contain local peaks at the edges of the mixing layer, where the dissipation
and ftke approach zero (e — 0 and k— 0). These peaks should be disregarded because the definition
of € is not intended to be used for non-turbulent or highly intermittent regions, so any Re; calculated
there is not meaningful. In the profiles of Re).,, the peaks at the mixing region edges can be
attributed to the large Taylor length scale A,, in that area. Again, the definition of the Taylor scale
A, is not meant for laminar regions, so those peaks should also be disregarded.

The dimensionless parameter K,,qzMmin based on the maximum resolvable wavenumber is k., =
27 /(2Ax) with grid size Az characterizes the turbulence resolution of the simulation. A ka0 9min
of about 1.5 is adequate for resolving average values of quantities such as e, but not for quantities
involving higher-order moments of velocity gradients [57, 26]. Higher kpazfmin is required for
capturing extreme velocity events, which are rare at the moderate Reynolds numbers explored here,
especially in the variable and transitional property cases with much higher viscosity in the lower
fluid. Aside from the AtT6Const and AtT6Trans cases, the lowest kiuqq?min in our simulations is
about 1.4, which should be within acceptable limits. Therefore, we expect all our direct numerical
simulations to have fully resolved or close to fully resolved statistics. Grid resolution studies have
been completed (Section 3.9) to understand the consequences when simulations are unambiguously
under-resolved, such as the times past t=2.7 in the AtT6Const and AtT6Trans cases. Note that the
variable and transitional property (after the transition) cases, with their higher viscosity and mass
diffusivity magnitudes, are predictably better resolved at the simulation end time compared to the
isothermal and constant property cases.

Time histories of the minimum Kolmogorov scale 7, which represents the size of the smallest
eddies in turbulent flows before viscosity dominates, are presented in Figure 3.17. Theory suggests

1/4 in the Boussinesq self-similar regime [143], although in our simulations

that n should scale as ¢~
it appears to approach a constant value. The minimum Kolmogorov scale is completely unaffected
by any heat transfer effects, as the curves for the isothermal and constant property cases are near-
indistinguishable. The higher viscosity in the variable property cases increases the Kolmogorov
scale, as expected. When the property changes are applied in the transitional case, 7, quickly
jumps from the constant property case magnitude to the variable property case magnitude. The
Kolmogorov scale also appears to be insensitive to Pr, its magnitude only dependent on the current

magnitude of the transport properties and not on past flow history.



CHAPTER 3. BASIC FLOW CHARACTERIZATION 65

_|—Isothermal
5000 F | 5000 } |~ Constant |
Variable
4000 f 4000 t |~ Transitional
o o
¥ 3000 @ 3000
E3 =
@ «©
£ 2000 € 2000
1000 1000
0 0
0 0
t t
(a) At=0.2, T3 cases (b) At=0.2, T5 cases
15000 15000
— 10000 10000
o 0

max[Re
max[Re, ]

5000 5000

0 0
0 2 4 6 8 0 2 4 6 8
t t
(c) At=0.5, T3 cases (d) At=0.5, T6 cases
8000 T T 12000
——Pr=0.25, Constant
i 100001 |——pr=0.25, Variable
£oag S Pr=0.1, Constant
- ) —Pr=0.1, Variable
o o
L. 4000} £ 6000
£ £
4000
2000
2000
0 i ; n
0 5 10 0 5 10 15
t t
(e) At=0.2, T3, Sr=0.25 cases (f) At=0.2, T3, Pr variation cases

Figure 3.13: Time history of maximum bulk/outer-scale Reynolds number Re;, based on the mixing
width W for various cases
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Figure 3.14: Profiles of bulk/outer-scale Reynolds number Re;, based on the mixing width W at the

final simulation time for various cases
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Figure 3.15: Time history of maximum turbulent Reynolds number Re; for various cases
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Figure 3.16: Profiles of turbulent Reynolds number Re; at the final simulation time for various cases
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Figure 3.17: Time history of minimum Kolmogorov length scale 7, for various cases
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Case Label %ﬁuﬁﬁs Rey, Re; | Rexzgr | Rexzz | kmaztmin | Comments
Base 13 | 4700 | 1700 150 220 | 1.396697 {1}5
T3Const 13 | 4900 | 4900 220 390 | 1.355439 {5}
T3Var 13 | 4800 | 1800 150 250 | 2.105722 {5}
T3Trans 13 | 4600 | 1900 150 240 | 2.087787 {5}
T5Const 13 | 4100 | 3300 200 290 | 1.413916 {2}
T5Var 13 | 3900 | 1900 200 280 | 1.954684

T5Trans 13 | 4000 | 1200 130 250 | 2.388181 {2}
AtBase 8.25 | 10800 | 3100 200 300 | 1.478227 {3}
AtT3Const 8.25 | 9500 | 2900 190 280 | 1.480158 {3}
AtT3Var 8.25 | 12400 | 1600 150 200 | 1.510337
AtT3Trans 8.25 | 10500 | 1400 140 200 | 2.184498 {3}
AtT6Const 8.25 7300 | 5200 260 390 | 0.985445 {4}
AtT6Var 8.25 | 7800 | 1400 170 270 | 1.771155
AtT6Trans 8.25 | 5000 | 1600 200 320 | 1.837103 {4}
SrBase 13 | 6200 | 800 100 130 | 1.677942
SrT3Const 13 | 6700 | 2300 160 280 | 1.638253

SrT3Var 13 | 2100 | 1100 110 190 | 2.960235
SrT3Trans 13 1900 | 900 100 160 | 3.068808
T3ConstPr 17.5 | 10400 | 5400 260 380 | 1.435622

T3VarPr 17.5 | 8200 | 3000 190 290 | 1.871565
T3ConstLowPr 17.5 | 7100 | 4700 240 380 | 1.515082
T3VarLowPr 17.5 | 2900 | 3100 200 300 | 1.846794

{1} Baseline case is At=0.2, Sr=0.04, Pr=1 with 512x512x1280 resolution

{2} 1.2x the base resolution

{3} 1.5x the base resolution

{4} Under-resolved turbulence starting from t=2.7 according to the kmazNmin 2, 1.5 metric

~

{5} Preliminary results for these cases have been presented in Cherng et al. [40]

Table 3.1: Maximum bulk Reynolds number, turbulent Reynolds number, maximum horizontal and
vertical Reynolds number and minimum Kolmogorov scale at the simulation end time for all cases

3.5 Diffusive and Inertial Regions

Many RT and RM studies have presented statistics that are volume averaged over the mixing layer
extents [67, 13], but with the addition of large property contrasts in our simulations, the z-dependent
profiles of quantities commonly become very asymmetric in space. Furthermore, certain mixing
zone averaged variables have been found to be sensitive to the exact definition of the mixing layer
extents. For purely illustrative purposes at this point, Figure 3.18 compares the dissipation of
turbulent kinetic energy averaged within the (f1) = 0.05/0.95 or the (f1) = 0.001/0.999 extents.
There are clear differences in average dissipation for the variable property and transitional property
cases, which can be attributed to the influence of transport properties near the mixing zone edges.

Therefore, we will avoid mixing zone averaging where possible and mainly focus on domain integrated
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quantities or track statistics following the planes of constant average temperature, which should have

comparable transport property magnitudes.

——Isothermal

— Constant
Variable

— Transitional

(a) Using the mixing zone extents between (f1) = (b) Using the mixing zone extents between (f1) =
0.05 and (f1) = 0.95 locations 0.001 and (f1) = 0.999 locations

Figure 3.18: Comparison of dissipation averaged over different mixing extents for the set of At=0.2,
T3 cases

In the variable property cases and transitional cases after the property transition, the domain
can be divided into ”diffusive” and ”inertial” regions. The diffusive region is on the hot fluid side
where viscous/diffusive forces are higher and the various Reynolds/Schmidt numbers are low. The
inertial region is on the cold fluid side, where inertial forces are more dominant and the turbulent
activity is most intense. The flow is expected to vary significantly in these two regions. When
comparing the diffusive and inertial regions, we will probe statistics at locations where the flow
is still sufficiently turbulent, avoiding locations too near the mixing layer edges. To represent the
diffusive region, we choose the position of the average mole fraction (f;) = 0.75 plane or the average
normalized temperature <T> = 0.75 plane. These two locations, while not exactly the same, move
in space similarly over time. The <T> = 0.75 position is better for comparisons between the non-
isothermal constant property, variable property and transitional property simulations, since the
average transport property magnitudes and/or temperatures will be similar. In the time history
plots of statistics following the <T) = 0.75 location, the initial interface position is used for the
isothermal cases. The inertial region is represented by the location of the plane with the maximum
turbulent Reynolds number Re;, which may jump around over time, or alternatively by the average
position of the top 20% Re; locations, which is much less prone to sudden jumps. Note that the
horizontally-averaged statistics following along specific plane locations will have higher jaggedness in
the time histories compared to averages over the entire mixing layer. This is due to data limitations
affecting statistical convergence, discussed further in Section 3.9.

Figures 3.19a and 3.19b track the average transport property magnitudes following the represen-

tative locations of the diffusive and inertial regions for the At=0.2, T3 cases. It shows how when

















































































































































































































































































































































































































































































































































































