ANALYTIC CONTINUATION AND HIGH ENERGY ESTIMATES
FOR THE RESOLVENT OF THE LAPLACIAN ON FORMS ON
ASYMPTOTICALLY HYPERBOLIC SPACES

ANDRAS VASY

ABSTRACT. We prove the analytic continuation of the resolvent of the Lapla-
cian on asymptotically hyperbolic spaces on differential forms, including high
energy estimates in strips. This is achieved by placing the spectral family of
the Laplacian within the framework developed, and applied to scalar problems,
by the author recently, roughly by extending the problem across the boundary
of the compactification of the asymptotically hyperbolic space in a suitable
manner. The main novelty is that the non-scalar nature of the operator is
dealt with by relating it to a problem on an asymptotically Minkowski space
to motivate the choice of the extension across the conformal boundary.

1. INTRODUCTION

Suppose that (X, g) is an n-dimensional asymptotically hyperbolic space with
an even metric in the sense of Guillarmou [12]. That is, g is Riemannian on X,
X has a compactification X with boundary defining function z, and there is a
neighborhood U = [0,¢€), X X of X on which g is of the warped product form
dr;;" h ' with h = h(x,.) a smooth family of symmetric 2-cotensors on dX whose
Taylor series at = 0 is even, and h(0,.) is positive definite. We refer to [12] for a
more geometric version, and to Graham and Lee [11, Section 5] for how to put an
arbitrary asymptotically hyperbolic metric, i.e. one for which x2g is Riemannian
on X and |dx|ng =1 at z =0, into a warped product form. We write X eyen for X
equipped with the even smooth structure, i.e. using coordinate charts [0, ez)u x O,
O a coordinate chart in 0X, in the product decomposition above, where p = z2.
(So a C* function on X is in C°°(Xeven) if and only if its Taylor series has only
even terms at z = 0.)

Let Ak denote the Laplacian on k-forms on the complete Riemannian manifold
(X,g). Thus, A with domain C°(X; A¥X) is essentially self-adjoint, and is indeed
non-negative, so in particular (A — \)~! exists for A € C\ [0,00). We show that

Theorem 1.1. The operators

Sd(Ap — 0% — (n— 2k —1)2/4)71, do(Ay — 0% — (n— 2k +1)2/4)7!
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have a meromorphic continuation from Imo > 1 to C with finite rank poles and
with non-trapping, resp. mildly trapping, high energy estimates in strips | Imo| < C
if g is a non-trapping, resp. mildly trapping, metric.

Here recall that g non-trapping means that all geodesics approach 90X as the
time parameter goes to +oo, while mildly trapping, defined in [20, Section 2], is
an analytic assumption on a model problem near the trapping (roughly polynomial
bounds for the model resolvent) and the nearby bicharacteristic flow; we recall this
briefly at the end of Section 4. Non-trapping high-energy estimates mean that for
all Cop > 0 and s with s + 3/2 > Cj there is C > 0 and R > 0 such that

16d(Ay, — 0 = (n — 2k — 1)2/4)_1||L(y§ xg,) < Clol,
(1.1) 1d3(Ax = 0® = (n = 2k +1)?/4) || a1 e ) < Clol,
|[Imo| < Cy, |Reo| > R,

where the norms are on suitable (high-energy) Sobolev spaces, namely

ng _ $7zo+(n72k71)/2HISU|_l(Yovcn; Akycvcn);
ys+1 _w+(n_2k_1)/2+2H|8:|_E1 (Yeverﬁ Akyeven)a
Xdé {u cC™ oo( ) . ;UZU_("_%_?’)/QU c Hﬁy‘*l(yeven;Akyeven%

xzo*("*2k73)/2*2d‘u Au € Hﬁ7|—1(yeven;AkYeven)}
Ca otk HS (K even; A Xeven),
Vist={fec>(X): a2 e B (Xovon; A Xeven),
xw—("—2k—3)/2—4du Afe Hr;T}l(Yeven;AkYeven)}

D) x—zo+(n—2k—3)/2+4H|sU+|}1 (Yeven; Akyeven)'

Here the power of |o| on the right hand side of (1.1) is 1 rather than —1 due to
the presence of dd and §d on the left hand side which are |o|? times second order
semiclassical differential operators, as recalled below. Mildly trapping estimates
mean that |o| is replaced by |o|**! for a s¢ > 0 arising from the polynomial models
on the trapped model. Notice that as Re o is assumed sufficiently large, the thresh-
olds (n — 2k 4 1)?/4 are irrelevant in these estimates. Recall also briefly that on
a compact manifold, possibly with boundary, the semiclassical Sobolev spaces are
L2-based Sobolev spaces in which each derivative is weighted with |07, |0 > 1.
In particular |o|~2dd, |o|~2dd are second order semiclassical operators.

Denoting the Hodge star operator on X by *, and adding a subscript to the
form spaces to denote the form degree it is straightforward to check that x :
Xsar = Xispn_p and x : y;;; — yddn . are isomorphisms, so the estimates
corresponding to coexact and exact forms indeed match up. Note that under the
mapping k +— n — k, the threshold (n — 2k + 1)?/4 becomes (n — 2k — 1)%/4.

We also mention that when one only wants to estimate the operators in The-
orem 1.1 away from 0X, one can use semiclassical elliptic regularity to make the
differential order of the domain and target spaces equal. There is a real loss at 0X
in terms of standard X cven-derivatives since the operator which plays a crucial role
in our analysis, on an extended space X, ceases to be elliptic there.
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Noting that
MAL =N = —Id 4 6d(Ar — N+ ds(Ar — N7,
and noting that strips

|Tm /A — (n — 2k +1)2/4| < C

are comparable (i.e. are contained within each other up to changing C by an arbi-
trarily small amount) as | Re /A — (n — 2k £ 1)2/4| — +o00, we deduce that

Corollary 1.2. Let ¥ be the Riemann surface of the functions
A= VA= (n—2k —1)2/4, A= /A — (n— 2k + 1)2/4;

thus A — X defined on C\ [0,00) extends to a holomorphic function w on ¥ (cf. |2,
p. 722]).
The operator family

A (Ak - A)ila
has a meromorphic continuation from C\[0,00) to the Riemann surface ¥ with finite

rank poles apart from a possible infinite rank pole at the zeros of w (thus including
A = 0), and with non-trapping, resp. mildly trapping, high energy estimates in strips

|Tm /A — (n — 2k —1)2/4| < C

if g is a non-trapping, resp. mildly trapping, metric.

An analogous theorem on functions, without high energy estimates, is due to
Mazzeo and Melrose [18] and Guillarmou [12], using the 0-calculus of Mazzeo and
Melrose. A different proof, with high energy estimates, was provided by the author
in [20] and [21]. Also, an analogous theorem (without high energy estimates) for
the Dirac operator on a conformally compact spin manifold using the 0-calculus
was proved by Guillarmou, Moroianu and Park [13]. The L2-Hodge theory was
described by Mazzeo in [17], again using the O-calculus. In the context of actual
hyperbolic manifolds, i.e. quotients of real hyperbolic space (as well as complex
and quaternionic hyperbolic spaces) the resolvent was constructed by Carron and
Pedon [2] using explicit formulae for exact hyperbolic space; this followed the much
earlier results of Donnelly [5] identifying the hyperbolic Laplacian up to unitary
equivalence. In the more general asymptotically hyperbolic setting Kantor [16] has
obtained an analytic continuation (without high energy estimates) except in middle
degree using the 0-calculus and Pedon’s explicit results, in part based on some notes
provided by Guillarmou on the model case.

This theorem is proved by ‘conjugating’, or more precisely appropriately modi-
fying, the Laplacian on differential forms to an operator which has a continuation
across the boundary, as was done in the scalar setting by the author in [20] and [21].
However, here we emphasize an ‘ambient space’ point of view, which, while by no
means necessary, is very enlightening; it uses a one higher dimensional (Minkowski
type) Lorentzian manifold to perform this continuation across the boundary. Ambi-
ent metric constructions in conformal geometry (relating the ‘bulk’ and the asymp-
totically hyperbolic boundary) were introduced by Fefferman and Graham [7], see
[10] for a recent treatment, but there Ricci flatness was an important consideration,
while here this plays no role, instead merely the RT-equivariance is relevant. We
also refer to the recent monograph by Fefferman and Graham [8] for a more thor-
ough treatment, including what they call ‘pre-ambient metrics’ (without a Ricci
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condition). There is also the very recent work of Gover, Latini and Waldron [9] us-
ing the tractor calculus to analyze the geometric connection between asymptotically
hyperbolic and ambient frameworks on differential forms.

The operator obtained in this extension process is an operator P, acting on two
copies of the form bundle. In order to explain how this arises, and to motivate
the subsequent constructions, we start by considering the d’Alembertian s on
Minkowski space (R"*! g) and the hyperbolic Laplacian in the next section, in
which case the extension will be to an operator on S™ acting on two copies of the
form bundle, and then finally extend the results to general X in the Section 3. The
connection between an operator on the extended space acting on two copies of the
form bundle and the spectral family of the asymptotically hyperbolic Laplacian is
the key point of the paper. Once this connection is established, we simply need to
recall the general analytic framework for such non-elliptic problems, which we do
in Section 4, to complete the proof of the theorem. This final section is merely
a summary of the relevant parts of [21] and [20] since no new analytic tools are
required; the set-up in these papers was such that it included non-scalar operators
with scalar principal symbols, which the Laplacian on forms possesses. If the reader
does not want to take the analytic ingredients as a ‘black box’, it is recommended
that [21] be read before this paper.

There are no infinite rank poles on functions or top forms; from the perspective of
the present paper this is so since one can work with a line bundle, i.e. by restriction
of the form degree one of the two copies in the sum discussed above becomes trivial.
One should be able to perform a more detailed analysis at the zeros of w to rule
out the infinite rank poles in certain other degrees; they are well-known to occur in
middle degree even on hyperbolic space, see [5]. We briefly point out an approach
to this more detailed analysis at the end of Section 2.

While we use P, and complex absorption to analyze the asymptotically hyper-
bolic resolvent, in fact when combined with analysis of the Klein-Gordon operator
on asymptotically de Sitter spaces, the complex absorption can be dropped and
the argument is fully reversible. In particular, on functions, this reversibility holds
in the sense that the poles of the resolvent of the Laplacian on X correspond (un-
derstood in pairs, at o and at —o, as a dual problem also enters), apart from
some integer coincidences, to poles of P;1. This, including the connection of the
Poisson operators and scattering matrices will be discussed in a companion paper
[22]. A concrete application without complex absorption is the analysis of [1] in
asymptotically Minkowski spaces (again, on functions).

We reiterate the structure of this paper: in Section 2 we discuss how the analysis
of the spectral family of the Laplacian on differential forms on hyperbolic space H™
(and de Sitter space dS™) can be understood via analyzing a family of operators (no
longer a spectral family!) on the sphere S™ acting on two copies of the form bundle
AS™. We explain the motivation for the introduction of this operator via discussing
the wave operator on differential forms on Minkowski space R"*1: this is a (pre-
Jambient metric perspective referred to above. Next, in Section 3 we perform an
analogous construction for general even asymptotically hyperbolic spaces. Finally,
in Section 4 we recall the analytic set-up from [20] and [21] to complete the proof
of our main theorem.
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2. MINKOWSKI SPACE, HYPERBOLIC SPACE AND DE SITTER SPACE

In this section we connect the analysis on the form bundles on Minkowski, hyper-
bolic and de Sitter spaces. Here we underemphasize de Sitter space, but in fact the
analysis of the wave operator on forms on it is completely parallel to our treatment
of hyperbolic space, as we point this out occasionally in what follows. This connec-
tion has a direct extension, with simple modifications, to the general asymptotically
hyperbolic/de Sitter setting, thus while the present section is a model case, it is the
heart of the paper.

ds’

}

FIGURE 1. Minkowski space R™*! with the sphere S being a
smooth transversal to the RT-action on R"™* \ {0} by dilations
(with some orbits shown). The hyperboloids and the correspond-
ing regions, via the RT action, on S", namely the interior and
exterior of the light cone, are also indicated.

The starting point of analysis is the manifold R"*!, or rather R"*! \ o, which
is equipped with an RT-action given by dilations: (),z) + Az. A transversal to
this action is, as a differentiable manifold, S, which may be considered as the unit
sphere with respect to the Euclidean metric, though the metric properties are not
important here (since we are interested in the Minkowski metric after all). Thus,
writing (z1,...,2n+1) as the coordinates, let

dz%—&—...—l—dz,%—i—dziﬂ,

be the Euclidean metric, and let p be the Euclidean distance function on R**! from
the origin, namely
p=0+. )
Then S™ is the 1-level set of p. One can identify R"™!\ {0} via the Euclidean
polar coordinate map with R:{ X S™, namely the map is R;r X S" 3 (p,w) — pw €
R+ {0}.
The Minkowski metric is given by

G=dz2, — (d2f +...+dz2),
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and we also consider the Minkowski distance function r. Thus, away from the light
cone, where 27214-1 =22 4. 422 let

r= |zi+1f(zf+...+z?l)|1/2.

We are interested in Oy on differential forms. To analyze this, we conjugate pQDg
by the Mellin transform M, on R} xS™, identified with R"*'\ {0} as above. To be
precise, we identify the form bundle on R"*1\ {0} with the pullback of AS™ @ AS™
by decomposing a differential form into tangential and normal parts relative to
the Fuclidean metric i.e. writing forms as conormal forms plus orthogonal to these
forms, which we think of as tangential forms. Notice that T,R* @ T,,S™ is an
orthogonal decomposition of prR"H relative to the Euclidean metric. Thus, a
k-form on R™ x S™ is written as

dp
u=ur+— Aun,
p

where up and upy are respectively k and k — 1 forms on S”, depending on p; we
used %” instead of dp due to homogeneity reasons. The so-obtained operator,

Py = Mpp°0z M, " € Diff?(S"; AS" @ AS™),

with & the Mellin dual parameter, fits into the framework of [20] and [21]. As an
aside, we remark that it will be convenient to shift the Mellin parameter, or equiv-
alently conjugate [J; by a power of p; we shall do so later in (2.4), and this is the
reason for adding the cumbersome subscript 0 to P s presently. We explain the fit
in more detail in the general asymptotically hyperbolic setting in Section 3, but we
briefly indicate why this happens in terms of the scalar problem using special prop-
erties of the Minkowski metric here. Thus, the reason for the aforementioned fit
into the framework is simple: in the case of the scalar d’Alembertian on Minkowski
space this was shown in [20]; the d’Alembertian on forms is scalar on Minkowski
space with respect to the decomposition of the form bundle relative to any basis
of R™*! identified with T,R"™*! for all z € R"*!, so with respect to this decom-
position of the bundle (identifying the form bundle as a trivial bundle over S™),
the (component-wise) Mellin transform fits into the framework as claimed. Now,
the transition to the tangent plus normal form bundle decomposition amounts to
a conjugation by a bundle endomorphism (we perform a similar one below) on S™;
such a conjugation preserves all the properties required for the analysis, except
causing a form-degree dependent shift in the subprincipal term due to the different
homogeneities of the forms (degree k on k-forms relative to the above trivialization,
vs. degree 0 relative to the tangential plus normal decomposition).

While so far we explained why the Minkowski wave operator on forms can be
analyzed by means of [20] and [21], we still need to connect this to asymptotically
hyperbolic and de Sitter spaces. But in the region in S™ corresponding to the
interior of the future light cone, which can be identified with the hyperboloid

H": 22, — (21 4+...+22) =1, 2,41 > 0,

via the RT-quotient, one can also consider the Mellin transform of T2|:’§ with re-
spect to the decomposition R x H", and the corresponding tangential-normal
decomposition of the form bundle relative to the Minkowski metric, to get

P5 = M,r?0;M; 7! € Diff?(H"; AH" @ AH™).
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Now, P5 is not well-behaved at the boundary of the future light cone, but it is
closely related to P;. If we use coordinates
Py
wj=—"— j=1,...,n,
Zn41
on the sphere away from the equator z,4+1 = 0 (note that w; is not the jth com-
ponent of w with S™ considered as a subset of R"™!!), then, with |.| the Euclidean

norm on R",
1—|w|?
=F F = -
r=Fo, Fw) =1

p=F?

is a smooth function on S™ near (its intersection with) the light cone which vanishes
non-degenerately at the light cone. On the other hand, the Poincaré ball model H"
of H™ arises by regarding it as a graph over R™ in R” x R, and compactifying R"
radially (or geodesically) to a ball, with boundary defining function, say, (27 +...+
22)=Y2 or, p=! — these two differ by a smooth positive multiple on H”. As7 =1 on
H", this means that F' is a valid boundary defining function in the Poincaré model,
in contrast with the natural F? defining function of the light cone. In particular,
with y;, j =1,...,n — 1, denoting local coordinates on S*~1, identified with OH",
hence the light cone within S*~!, differential forms on S™ have the form

Note that

crdy’ + c;dF? A dy”

with ¢; and c¢; smooth. We remark that pulling back the Minkowski metric to
H", which by definition yields the hyperbolic metric, a straightforward calculation
yields that that

(dF)? 1—F?

with h the round metric on the sphere S~ !; this satisfies F2¢ a smooth metric up
to the boundary, F' = 0 (with a polar coordinate singularity at F' = 1; F' and y are
not valid coordinates there, though F is still C* near F' = 1, and the metric is still
C there as well, as can be seen by using valid coordinates), with the coefficients
even functions of F'. The metric g can be put in the normal form g = % by
letting « = 1—5-\/%’ which is an equivalent boundary defining function, but this
is not necessary here.

We remark at this point that de Sitter space can be approached in a completely
parallel manner. Recall that de Sitter space is the hyperboloid

dS™: 22, — (A +...+22) =1

in Minkowski space with the pulled back metric. Now, the region in S™ correspond-
ing to the ‘equatorial belt’, i.e. the exterior of the future and past light cones, can
be identified with this hyperboloid via the R*-quotient. In this region one can also
consider the Mellin transform of r20]; with respect to the decomposition R, x dS™,
and the corresponding tangential-normal decomposition of the form bundle relative
to the Minkowski metric, to get

Pas.e = M.r?0;M; " € Diff?(dS™; AdS™ & AdS™).
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Returning to H™ and rewriting a form in tangential-normal decomposition with
respect to the Minkowski metric as such with respect to the Euclidean metric, where

H" is identified as an open subset of S™, one has

dr dF dp dp
vTJr—/\vN:(UT+f/\UN)+—/\vN:uT+f/\uN,
T F p p

vr| ur o Id %/\ -1 _ Id —%/\
|:’UN:| =J |:UN:|7 J = |:0 Id ’ J o 0 1d ’

Since for f taking values in a bundle over S™

with

o0 . d
A%f@¢®:ié p*”féi

with a similar formula for M,., we have, if we identify H"™ with an open subset
of S™ (the interior of the future light cone), and correspondingly identify the form
bundles, on C>°(H"),

(2.2) Mop* g MG (6) = T MOy M 2,

We next compute M,r?03 M1 this is feasible since RT x H" is an orthogonal
decomposition relative to g. Concretely, the Minkowski metric is

§=dr* — 1%,

where ¢ is the hyperbolic metric, since by definition the hyperbolic metric is the
negative (with our sign convention) of the restriction of the Minkowski metric to the
hyperboloid H". This form of g is the analogue of the Euclidean metric being of the
form dp® + p2k, k being the round metric on the sphere, which again corresponds
to the sphere, p = 1, being given the pull-back of the Euclidean metric.

The metric ¢ is thus a (non-Riemannian) conic metric, whose Laplacian was
computed by Cheeger [3, Equation (3.8)]. This is best done relative to a tangential-
normal decomposition of the form bundle of R™*! relative to H" and the Minkowski
metric, i.e. writing forms as conormal forms plus orthogonal to these forms, which
we again think of as tangential forms. Concretely, following Cheeger’s decomposi-
tion, a k-form on R x H" is written as

v =907 +dr Ay,

where vy and vy are respectively k and k — 1 forms on H™. Then, in this decom-
position, writing v = (vr, vy ), writing X = H",
|:_r—2AX _ r2k—7LaTT7L—2kaT —2T_1dX :|

Uy = 238y —r2Ay — B, r2(k=D)=ng pn—2(k=1)

similarly to Cheeger’s case with some sign changes due to the Lorentzian signature
of g. Rewriting in a form that is more useful for homogeneity reasons,

T ~ ~
U:UT+7/\UN7 Ur = vr, YN = TUN,

20, — —Ax — r”“"“@rr”*?kar —2dx
T 20x —Ax — r3arr2(k—1)—narrn—2(k—1)—1



ANALYTIC CONTINUATION FOR DIFFERENTIAL FORMS 9

Thus, as
p2hont2g n=2kg — (19,)2 + (n — 2k — 1)r0,

n— 2k —1\2 n—2k —1\2
o ol
r3(f9rr2(’“‘1)‘"&7“”‘2(’“‘1)_1 _ (7’8,« _ 2)(rar + (TL — 2k + 1))

B ( 5 +n—2k—1>2 (n—2k+3>2
= |\T0r 9 9 )
in this basis we have
(2.3)
Diff?(X; AX @ AX) > M,r?0yM; !
2 2
~Ax + (& — z%’“—l) + (%’“—1) —2dx
= 2 2
25X _AX + (5 o Zn—22k—1> + (n—22k+3)
In view of this formula, it is convenient to introduce
n—2k—1
= —_—
oc=0 5

to simplify some expressions; so shifting the Mellin parameter amounts to conjuga-
tion of Oz by r~(»=2k=1)/2 i e. considering
(2.4)

M,«Tzr(”_%_1)/2D§r_("_2k_1)/2/\/1;1(U) = M,r?’0;M;*(5), 6 =0+
Thus,

M,r2p(n=2=1)/20 = (n=2k=1)/2 p (-1
(2.5) ~Ax +0?+ (%’Hf —2dy

- 20 “Ax+o?+ (%)2
Combining with (2.2) we deduce the following lemma:
Lemma 2.1. Let

P, = Mpp2p(n—2k—1)/2Dgp—(n—2k—1)/2Mp—1.
Then )
—Ax +0?+ (%’H) —2dx
20 “Ax 402+ (%’”3)2
— JEwoH(n=2k=1)/242p puo—(n-2k=1)/2 ;-1

While (2.5) is not a diagonal matrix, the off-diagonal terms have a special struc-
ture. In particular, for vy coclosed and vy closed we have that

Mrrzr(nf%f1)/2D§7,7(n72k71)/2M;1 BT]
N

2
~Ax +0%+ (7"*22’“*1> 0 {UT]
2 9
0 “Ax 402+ (n—22k+3)
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SO

MTTQ,,,(ankf1)/2Dg7,7(n72k71)/2M;1 {

Oxdx 0
0 dxéx

Oxdx 0 2 (n—2k—1)/2_..—(n—2k—1)/2 y j—1
[ 0 dX(SX:| M,rér Ogr M

(-ax+o%+ (%’H)Z)(sxdx 0
0 (—Ax+a2+(%’“+3)2)dxdx

Correspondingly, let tx 7, Tesp. tx,n,k—1 denote the inclusion maps AFX 5 AP X
AFIX ) resp. AFTIX — AFX @ AP71X as 0 in the other summand, and 7x 7,
resp. Tx N k—1 be the projection maps. Then, using (2.2),

s (= Ay + o+ (1Y)

2
— 5XdXﬂ-X,T,kM'r'TQT(n_Qk_1)/2D§r_(n_Qk_l)/QM;lLX,T,]C»
— 2k 4+ 3\2
o (= B+ () )

= dX5X7TX7N7;€_1MT7‘21"(”72’“71)/2Dgr7("72]“71)/2./\/1;%)(,1\;7;6_1.

We then have, via regarding X = H” as a subset of X = S™ and using the corre-
sponding identification of the form bundles

seis (4ot (2L

= SxdxmxT kJFfw'Jr(ankfl)/2+2P0F107(n72k71)/2jflLX Tk

n—2k+ 3)2>
2
za‘+(n—2k—1)/2+2P an—(n—Qk—l)/QJ—l

dX5X(—Ax+02+(

=dx0x7x,Nrk—1JE~ LX,Nk—1-

Correspondingly, for an appropriately chosen inverse P; ! of the M -conjugated
operator we have for Imo > 1, with 7x denoting restriction to X, ex an extension
map from X to X, ie. ex : C(X;AXPAX) — C(X; AXBAX) withrxex =1d
that

(2.6)

(- 07 (R (s (SR
_ (SXdXﬂ'X,T,kJF_w+(n_2k_1)/2TXPU_1€XFw_(n_Qk_l)/Q_QJ_le,T,k

and

Sl 2% + 312y 1 % + 332y 1

(- 07 (YL (L (S

_ dX(SXT"X,N,kflJF_W—Hn_Qk_1)/QTXP[:16XFZU_(n_2k_1)/2_2J_1LX,N7k71-

It is useful to have a modification G, of P;! to ‘cut off’ the problem, namely to
localize it to a neighborhood of the forward light cone. Concretely, G, is constructed
using a complex absorption operator ), with Schwartz kernel supported in ()~( \
U)?, as

Gy = (P, —1Q,) " .
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In fact, P, — 1), is Fredholm between appropriate spaces recalled in the next
section, with a meromorphic inverse and with non-trapping high energy estimates
under non-trapping assumptions on X. (Technically @ is defined only for a certain
set of o, or rather one needs to use different operators @ in different subsets of C,
but in strips, or even in somewhat larger conic sectors, which are our main interest,
a single @ suffices. We refer the reader to [20, Section 4.7] for further details.) This
modification is just as good as P, ! for our purposes:

Lemma 2.2. If G, is chosen so that it maps C°(X;AX & AX) to C* forms
on X in a neighborhood U of X, and so that rxP,G, = Id where rx denotes
restriction to X, then for Imo > 1, then (2.6), resp. (2.7), hold on C°(X; A¥X),
resp. C2°(X; A*~1X), with G, replacing P; 1.

Proof. We consider (2.6); the treatment of (2.7) is completely analogous. Let f €
C®(X;A*X), Imo > 1. We claim that

u= 5XdX’]TX,T,kJF?ZUJF(TLiQkil)/QTXGO'GXF“77(nizkil)/272J71[/X,T,k‘f e C>® (X, AkX)

satisfies

(2.8) (—Ax+o2+ (%’H)Q)u:f, F=bxdxf.
Indeed, using rx P, = P,rx,
~Ax + 02 +(M’“) —2dx
2
20x ~Ax +o0?+ (%)

% JF—1<7+(n—2k:—1)/2,,,XGo_eXan—(n—Zk—l)/2—2J—1LX T kf
— JF—zJ-l—(n—Zk—l)/2+2PUTXGanF'La—(n—2k—l)/2—2J—1LX’T’kf — TXLX,T,kf — |:.£:| ;

so with
i = JF710'+(n72k71)/27,XGJSXon'f(n72k71)/272J71LX,T’kfv

so u = 0xdxmx kU, one has

Oxdx f=0xdxmx Tk [(ﬂ

2
—Ax + 02 +(n 2k— 1) —2dy )
=0xdxTx,Tk 2
20 x ~Ax +o0%+ (—”‘22"’*3)
r n—2k—1 2
=TX Tk Oxdx 0 :| “Ax ot +< ) ~2dx U
Tk 0 dydx 29 _AX+02+(n 2k+3
_ N
(Sxdx( Ax—f—U + (M> ) 0
=TX Tk 2
0 dxéx(—AX'i‘O'Q‘f' n 2k+3)
n—2k—1\2 2k71 2

:5de<*Ax+Cf2+< 5 ))WX7T,kﬂ:(—AX+02+( 5
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and
= 7_‘_X’T’kle—zo-l—(n—Qk—1)/2coc>(Y; AkX P Ak_lX)

c F7w+(n72k71)/2coo(y; Akj() + Ffza+(nf2k71)/2d?F /\COO(Y; Akflj()7

and thus is in L?(X; A*X). Therefore, as given f € L?(X; A*X) there is a unique

2\ —1
L? form solving (2.8), we conclude that (— Ax + 0% + %’H) ) Oxdx f is

indeed given by the right hand side of the second equality in (2.6). Since
n—2k—1\2\"!

—))

also solves (2.8) due to the fact that Ax and dxdx commute as operators on

C®(X;AX), and as it is in L? (for Imo > 1), the first equality in (2.6) also

holds. O

5XdX(—Ax+02+(

Then, as the right hand side of (2.6) is meromorphic on C with finite rank poles
and has appropriate high energy estimates under non-trapping assumptions, one
obtains such an extension of the left hand side. A similar argument applies for
(2.7), but we need to note this is acting on k — 1 forms on X, and thus we need
to replace k by k + 1 throughout to obtain a formula for the k-form Laplacian,
resulting in the shift in the statement of Theorem 1.1.

A bit of care is needed in order to derive the precise form of the mapping proper-
ties and the corresponding high energy estimates. Namely, as we recall in the next
sections,

(Py —1Q,) "t : H H(X;AX) —» H*(X;AX), s >1/2 —Imo,
with the high energy estimate that for fixed s, o satisfying —s + 1/2 < Imoao,
|Reo| > R, R > 0 sufficiently large,

1Py —1Qs) ”/;(Hf;lil()?;AX’),H‘SU‘?I(X';AX)) <Clo|™7,

where H, |1 (X) is the semiclassical Sobolev space in which derivatives come with

a prefactor of |o|~!; see the introduction of [21] for more details. Now all the
other operators in (2.6)-(2.7) are straightforward to estimate, being bundle maps
or differential operators. However, these are singular maps: F' vanishes at 90X,
and J~! involves ‘%F/\ when applied to normal forms, i.e. essentially %“/\. Thus,
dropping the bundles from the notation momentarily,

(P —1Qq) tex Fo= 2R DR2=2 1=y g fll e LX)

lo =
—(n—2k—1)/2—2
< CHFTU (n )/ fHH‘S;‘il(Yeven)’

||(Po' o ZQg)_1€XFZG_(n_2k_1)/2_2J_1LXyN’k71f||H‘s ‘71()2)

< C(||Fw_(n_2k_1)/2_2f”H‘SU_‘il(fe\,e,,) + HFW—(n—Qk—l)/Q—4du A f”H‘:il(Yeven))

~ 1wo—(n—2k—1)/2—4
<C|F ( 1/ f”H‘s;‘il(chm)a

where the loss for normal forms relative to tangential forms (in terms of a simple
Sobolev space, given on the right hand side of the last inequality) comes from the
singular factor in J giving rise to the duA term, and where the spaces on X and
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Xeven are the sections of appropriate degree parts of AX @ AX, resp. AXcven-
Further,

||on—(n—2k—1)/2+2 —10+(n—2k—1)/2

Tx Tk TXUHH‘S‘ | Keven)

< CI(||Fro= 2R DB g J T2k 1)/27“XU||Hf 1 (Keven)

+ ||[Fro—(n=2k=1)/2q,, A 7TX,T,kJFimjL(nizkil)ﬂTXU”Hls ‘_1(Ymn))

C'/||U|\Hf| LX)

Hon—(n,—Qk—l)/QﬂX)N7k_1JF—10+(n—2k—1)/2rXU”HS x ) HU”HS (&)
o — even

where the loss is now in tangential forms due to J. However, these losses are merely
apparent, as we momentarily show using the special structure of dxdx and dxdx.

Indeed, dxdx,dxdx are even differential operators i.e. when regarded as an
operator on Xeven, they satisfy dxdx,dxdx € Diff? (X even; AX even), and even
Oxdx,dxdx € D1ﬁb( evemAXeven) this can be seen from a direct calculation,
which we discuss below in the general conformally compact case in Lemma 3.1.
(Recall that Vi, (X even) is the set of smooth vector fields tangent to the boundary;
Diffy, is generated by these.) In fact, an even stronger statement also holds for
certain parts of this operator, namely, with duA denoting the operator of wedge
product with du,

(dpn)dx b, x dx (dpn) € pDiff (X even; AXeven);
see Lemma 3.1. Correspondingly, for any o € C, basically relying on
P2 (pd ) u=? = pd, — a2,
one has
F*§xdx F~* € Diff}(Xeven; AXeven) € Diff*(Xeven; AX even),
and
Fooxd (% A) € DI (Reven: A even) € DHE (Ko AXven),
with analogous statements for dxdx. Thus,

an—(n—2k—1)/26XdX7TX,T’kJF—za+(n—2k—1)/2 e Diﬁ%(yeverﬁ AYeven)a
F‘Zai(7172]671)/2dX(SXWX,N,I@—1JF‘7ZU+(“72I€71)/2 S Diﬁ%(yeven;AYeven)v
Fro=(n=2k=D/2=2( \yd xS xmx w1 JF 70287 D/2 € Diff? (X oven; AX ven)-

Therefore, for s € R, the operators

Fuf—(n—Zk—l)/2<|a|>—26XdX7TX T kJF_ZJ+(n_2k_1)/2,
wa(n72k71)/2<|O_|>f2dX5X7TX7N7k_1JF7w+(n72k:71)/2’

Fw_(n_2k_1)/2_2<|U|>_2(dMA)dX5X7TX,N7k71JF_W—HTL_Qk_l)/Q
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are uniformly bounded in £(H ﬁjﬁl (X even; AX even ) H fg -1 (X even; AX even)). In sum-
mary, using (2.6)-(2.7) for Imo > —s — 3/2, | Re o| sufficiently large,

— 2k — 132y -1
||an—(n—2k—1)/2§XdX ( —Ax + o2+ (%) ) f”HS ‘ (Foven)
.

< Colo||Fr o202 g o
|’7‘_ even

B n—2k+3\2\ 1
| Fro—(n—2k 1)/2dx5x(*Ax+02+(#)) Flae, o)

n—2k+3

2\ —1
i ||onf(nf2k71)/272(d,u/\)dx(sx( —Ax +0*+ (f) ) f‘|Hfg|,1<Yeven)

< CO|J|||wa(n72k71)/272fHHlS:‘l_l(Yeven) + HFw*("*zkfl)/Z*‘ld/J A f”Hr;l_l(

Since 0xdx + dxdx = Ax, combining (2.6)-(2.7) gives the meromorphic con-

2\ -1
tinuation of ( —Ax +02+ (%) ) itself, but with another branch arising

from closed forms, i.e. the meromorphic continuation is not merely to the Riemann

2
surface of the inverse function of A\ — /A — (%) , rather the joint Riemann
2
surface of this and A +— /A — (%M) . Further, what one actually obtains is

Ax<—Ax+02+ (%)2)_1

s ot (TR (et (TR

and thus an infinite rank pole is allowed at points where the analytic continuation
2
of A — X vanishes (note that A = 02 + (%’H) is the spectral parameter in the

above formula.) We write
RX (O’)
2\ —1
for the meromorphic continuation of ( —Ax 402+ (%’H
We remark that with slightly more work the ‘cross terms’, i.e. dxdx with normal
forms and dxdx with tangential forms can also be analyzed, and then the nature
of the possible pole at zero can be described more precisely, but this is not our
focus here. The basic point is that for an operator mapping between direct sums of
Banach spaces, Xop X, — Yo® V1, if D : X1 — Y is invertible then the invertibility

of A— BD™'C: Xy — Y and [é g are equivalent, with
(2.9)
A Bl' (A—BD-1C)"! —(A- BD~'C)"*BD!
¢ D| T |-DC(A-BD'C)' D'4D'C(A-BDC)'BD

There is an analogous formula if the role of the two components are interchanged.
Since for top and bottom degree forms one of the two components is trivial (as
A71X, resp. A"T1X are trivial), one can proceed inductively from the two ex-
tremes towards middle degrees. Thus, for 1-forms, for instance, one uses that
one has obtained D, on 0-forms to conclude that, provided that the domains re-
main compatible, one has a meromorphic continuation for 1-forms with at most

Xeven)
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a finite rank pole at 0 since, writing the right hand side of (2.9) as {g F},

A7l = FE - F(D - CA™'B)G, and CA™'B (recall that B and C are —2dx and
20x) can be computed using the information already obtained above, including at
0.

3. CONFORMALLY COMPACT SPACES

We now extend the results to general even conformally compact spaces. That
is, if (X, g) is Riemannian and even asymptotically hyperbolic, there is a product
decomposition near the boundary Y, of X such that

dz? + h(z,y, dy)
9= —"5
x
with % even in z, i.e. h = h(22,y,dy), with h smooth. We write X cyen for X with
the new smooth structure in which y = 22 is a boundary defining function. We
consider h as a symmetric 2-cotensor on Y valued function on X ¢yen defined near Y.
Before considering the appropriate extension of an operator related to the spectral
family of Ax across 0X, we first discuss dxdx and dxdx in some detail.
Lemma 3.1. Sup&)se that (X, g) is equipped with an even asymptotically hyper-
bolic metric, with Xeven being the compactification equipped with the even smooth
structure. Then o o
5XdX7 dX(sX S Dlﬁ% (Xeven; AAXFeven)-
Further, with duN denoting the operator of wedge product with du,
(dun)dxdx, 6xdx (duA) € puDifff (X even; AX even)-
Proof. With p = 22, we use a conormal vs. tangential decomposition of forms near
Y on Xgyen, i.6. we write k-forms as linear combinations of
dy®, duNdyP, ol =k, |B| =k — 1.

In this basis, dx has the form

dy 0
dy = ,
* [au _dY]
while g has the form g = % + %, so the dual metric is G = 4p*02 + pH, where H

is the dual metric of h. Correspondingly,

vdet h

dpdh = W du |dy|7

149l = 2

and on k-forms the dual metric is
G — ,U,ka 0
k= 0 4/.Lk+1Hk_1 )

where Hy, is the dual metric of A on boundary k-forms. We compute §x as dx =
G,;Eldf;aSCGk, dpase being the adjoint of dx where the Euclidean inner product is
used in the fibers of T* X via a local trivialization, but the metric density |dg| is
used to integrate, i.e. df,.. = (det g)'/26gn (det g)'/2. This gives

S — |HOY —4420,, + 2u(n — 2k — 1) + p2y

X,k? - O *Méy )
v = —4H ' (det h)~'/20,,(det h)V/? H),_;.
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This yields

PR . |:/.Ldy(5y dy (2_4U26u +2u(n — 2k — 1)2 + u?y) ]
’ ’ Oupdy  Op(=4p”0y + 2pu(n — 2k — 1) + p*y) + pdy by |’
O0x kr1dx i
_ [uéydy + (—4p20, +2p(n — 2k — 3) + p24)0,  —(—4p29, + 2u(n — 2k — 3) + pv)dy
— by 8y, piy dy ’

which are indeed in Diff% (X even; AX even ). Furthermore,

_ [ndvdy  dy (=440, + 2u(n — 2k — 1) + pi*7)
(duN)dx k—10x K = [ 0 0 ;

0 —(—4p20, + 2u(n — 2k — 3) + p?y)d
Ox kprdx k(dpun) = {0 (=417, ILL/ST(LSYdY )+ 1) Y] ,

which are in uDiffi(Yeven; AX cven ), completing the proof. O

Note that this in particular implies that Ax € Diﬂ:"f)(yeven;AYeven). In the
scalar setting, more is true: after one conjugates the spectral family, Ax — o2 —
(n — 1)2/4, by the appropriate power of u, one can factor out g and still have
a differential operator with smooth coefficients. The appropriate power is closely
related to the asymptotic behavior of the Green’s function at dX. The diverse
behavior of the form Laplacian on different kinds of forms makes this a more difficult
process in the form valued setting. For instance, notice that one can factor u out
of dx r—10x 1 on the right, while for dx x+1dx ; this can be done on the left — and
this ignores additional issues from the spectral family!

We now describe two possible ways of proceeding, with the first being an analogue
of [21] but working with an extended system (not merely extending a form bundle,
but working with two copies); we pursue the second one of these in detail, which is
based on the Minkowski space model.

The first method is as follows. One may regard (2.2) as a statement that the
right hand side, valid in H” = X, extends to a differential operator on " = X
of the appropriate type, with smooth coefficients, acting on two copies of the form
bundle on the sphere, after J~'F*~2 is applied from the left, F'~*°.J applied from
the right, and the smooth structure is changed to the smooth structure corresponding
to the boundary defining function F?. In view of (2.3), this is a statement about
the spectral family of a slightly modified version of A x, incorporated into a system.
This transformation only depends on a choice of F', and for most purposes the only
relevant feature of F' is that it is a boundary defining function, well-behaved relative
to the evenness statement. That is, if (X, g) is Riemannian and even, there is a
product decomposition near the boundary Y, of X such that

da? + h(z,y, dy)
9=—"">22

)

with & even in z, i.e. h = h(z2,y,dy). Taking F = x, one modifies the system
(3.1)

2
) “Ax +02+ (n722k71) —2dy
= 2
25X _AX 4 0.2 + <n—22k+3)

€ Diff>(X; A*X @ A*1X)

o =
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to the operator

(32) P0|X — J_lFZU—(n_2k_1)/2_2PO.F_10+(n_2k_1)/2J7

even

which one now checks is the restriction of an operator P, defined on an extension
X of Xeven across Y, and satisfying the requirements of [20] and [21]. This was
checked explicitly on functions in [21]. Note that at the level of the principal symbol,
given by the dual metric function (times the identity operator), this means that
F~2@G extends smoothly to T’ *X , which is automatic for an even asymptotically
hyperbolic metric.

A different way of proceeding, which we pursue instead, is via extending the
metric to an ambient metric, playing the role of the Minkowski metric, which is
homogeneous of degree 2. Thus, one considers M = R; x X, as well as Rf x X,
with r = Fp, F = z, although we note that with F' defined above in the Minkowski
setting, the hyperbolic metric has some higher order (in x) dz? terms in view of
(2.1), which however do not affect properties of the extension. On R} x X the
analogue of the Minkowski metric is

=g () = (2 ) - ).

Substituting the form of g and writing F = z, F? = 4,

2
g= pz(ud% + 1(@ ®dp+ dp @ @) - h(u,y,dy))
p 2\ p p

But now the desired extension is immediate to a neighborhood of Xeyen in X
(which is all that is required for the analysis), by simply extending h smoothly to
a neighborhood. This is easily checked to be Lorentzian (and as for this part forms
are irrelevant, there is nothing to check beyond what was done in the scalar setting
in [21]), with du time-like in p < 0, and now the Mellin transform gives rise to a
smooth family of operators P, on X, related to P, via the same procedure as in
the Minkowski setting. (In the scalar setting, this is a special case of metrics under
study by Baskin, Wunsch and the author [1] as this paper was written, termed
‘Lorentzian scattering metrics’.) Since the requirements for the analysis involve
the principal symbol for the Mellin transform (including in the high energy sense),
which is the same as in the scalar setting (times the identity), namely the dual
metric function on M, with o being the Mellin-dual variable of pd,, plus some
bound on the subprincipal symbol at N*Y as a bundle endomorphism (which is
automatic by the compactness of Y'), the results of [20] and [21] are now applicable.
Note that the o-dependence of the subprincipal symbol can be read off from the
b-principal symbol of [j, so the issue is finding a o-independent function (which,
again, at most shifts by a constant what spaces should be used).

However, it is actually instructive to compute the subprincipal symbol at N*Y.
It turns out that this is a scalar bundle map on AFX @ AF=1X. First, the dual
metric of g is

G= %(au ®0,+0,®0,) — %63 —p?H,

with H the dual metric of h, and the metric density is

dg| = 5 dpdyu|dh| = T /[deth] dpdp|dy.
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Next, writing k-forms on M as linear combinations of
dy®, du Ndy®, dp Ndy”, dp Ndp Ndy®, la| =k, |Bl=k—1=1|y|, || =k -2,

one obtains that on k-forms

dy 0 0 0
g |8 —dvy 00
9, 0 —dy 0

0 9, -0, dy

and thus, using the expression for d on k— 1-forms to compute its adjoint on k-forms,
(3.3)

Sy —4(0u)h +20(=0, — B=2EEL) 2p(0,); 0
5= p2 |0 —by 0 20(0,)7 |
0 0 =0y 4u(0u);, — 2p(=0, — =)
0 0 0 Oy
where
(0.} = ————hd, /et hH.

Vdeth
This computation is analogous to the computation of dxdx and dxdx above, but
is more complicated as one needs to work with a four-by-four system. It can again
be done in steps, first computing the adjoint

df oo = p"(det h) 712550 (det b)Y/ 2p"
of d relative to the Euclidean inner product on the fibers of T* M in local coordinates
(p, i1, y) but with the actual metric density in the base, which is straightforward,

and then computing 6 = é’ldﬁaseé, where G also stands for the dual metric on
the form bundle, which is a block matrix of the form

P2 (—H) 0 0 0

o 0 —2p U (—H)poy 2p7 2D (< H ) 0

k= 0 2p 2D (—H)j 0 0
0 0 0 —2p 22 (—H)y o

p

on k-forms, where (—H); is the inner product induced by —H on j-forms on ¥ =
0X. Note that the k-dependent powers of p arise from the degree of the form in
the y-variables. Thus, &, = G}, d;, .G, gives rise to (3.3).

Now one can compute Ay = di_10; + dk+1dy in a straightforward, if compu-
tationally slightly messy, manner. To state the result of the computation, it is

convenient to rewrite k-forms on M as linear combinations of

d d
dy®, du A dyP, ?p/\dgﬂ, ?p/\d,u/\dy‘s, ol =k, |Bl=k—1=], 6| = k2.

Then one obtains that, with Vb(X;Y) denoting set of vector fields on X tan-
gent to Y, Diff]’ (f( ;Y) denoting finite products up to m factors of these, and
Diffbm(f( ;Y E) the corresponding operators acting on sections of a vector bundle
E on X (with the action defined via trivialization as matrices of scalar operators),
Mpp?Og Mt = (40,10, — 446 + (n — 2k —1)/2)9,) ® 1d + Q,
Q € Diff (X;V; A*X ¢ AF 1 X),
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or
Pa- _ Mpp2p(n72k71)/2D§p7(n72k71)/2M;1
= (40,10, — 4100,) ®1d + Q, Q € Diffg(X;Y;AFX @ A*1X).

This means that the spaces for Fredholm analysis, briefly recalled below from [21],
are

(3.4)

P, X% 5 ys—1
X*={ue H(X; A" X a A*'X): Poue H Y X;A*X @ AF1X)},
V= B Y X AP X @ AP 1X), s> —Tmo +1/2,

and elements of the distributional kernel of P, behave as (u £ 20)*”; these are
just outside the space X* when s > —Imo + 1/2. As mentioned before, P; 1, or
rather (P, —1Q,)~!, where Q, is the complex absorbing operator, is related to
the resolvent family of A x via the same procedure as in the Minkowski setting; no
special properties of the Minkowski metric were used in the proof of (2.6)-(2.7).

4. ANALYSIS

We finally recall the analytic set-up from [20] and [21] to complete the picture.
This brief discussion is not meant as a thorough introduction to the analytic meth-
ods of these papers; it merely recalls the key points, stating the analytically relevant
properties that are satisfied. In this discussion P, is exactly the family of operators
constructed in the previous section.

The key part of proving the theorem is obtaining estimates in a strip |[Imo| < C;
working in this region means that even in the large parameter sense (i.e. when o
is large) the principal symbol of P, is a real scalar. More precisely, the general
setup, satisfied by our operator P,, is that P,, of order m, has real scalar principal
symbol even with o as a large parameter (even if o is complex but is in a strip,
in the principal symbol sense it may be regarded real, and we often do so for
convenience), i.e. the principal symbol is p,Id, with p, real valued. The classical
principal symbol (without o as a large parameter) is denoted by pId, and p is
assumed to be independent of o. It is convenient to rescale the problem to a
semiclassical one for large parameter issues, i.e. consider Py, = h?P,-1,, with
|Im z| < Ch, i.e. at the principal symbol level z is real; the semiclassical principal
symbol is p; .. We emphasize that p, and p are exactly the same as the symbols
arising in [21], which is the reason all the hypotheses of the general setting are
satisfied (when g is non-trapping, in the semiclassical sense as well) since they are
shown in [21].

Next, we consider the characteristic set X of p; in the general setting one assumes
that this is a union of disjoint sets ¥4 ,3_, each of which is a union of connected
components of ¥.. Due to Hérmander’s theorem [15], [6], one has real principal type
propagation where H,, is not radial, i.e. the Hamilton vector field H, is not a multiple
of the radial vector field (the generator of dilations on the fibers of T*X \ 0). One
assumes (though a more general setting is discussed in [20]; this is needed there
since the conormal bundle of the event horizon in Kerr-de Sitter space is not radial,
though it is an invariant Lagrangian submanifold) that the set of radial points of
p, i.e. where H, is radial, is a union of conic Lagrangian submanifolds; in this case
under a non-degeneracy assumption it is automatically a source or sink for the
Hamilton flow within 4.
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At radial points, the basic theorem due to Melrose in asymptotically Euclidean
scattering [19], proved in this generality by the author in [20], and refined by Haber
and the author [14]. The result states that if one has a solution u of P,u = f, and u
possesses a priori regularity beyond a threshold level at the radial set, then one has
hyperbolic type estimates (loss of one derivative relative to elliptic estimates), i.e. u
is m — 1 Sobolev orders more regular than f. Note that there is no need to assume
that u has this m — 1 order improved regularity anywhere, unlike for real principal
type propagation, where one can merely propagate such estimates. On the other
hand, below a threshold level, one has the real principal type result in that without
having to assume any regularity on u at the radial set, one can propagate regularity
(up to, i.e. below, this threshold) from a punctured neighborhood of the radial set
to the radial set, up to m — 1 order improved relative to f. Such results are local to
each component of the radial set, and indeed can be localized even within the radial
set, as shown in [14]. Here the threshold value is by no means mysterious; if P, is
formally self-adjoint, it is (m — 1)/2. In general it is given by (m — 1)/2 plus the
ratio of the imaginary (or skew-adjoint) part of the subprincipal symbol and the
Hamilton vector field applied to the logarithm of a positive homogeneous degree
one function evaluated at the Lagrangian when the subprincipal symbol is scalar
(but possibly variable), if it is not scalar, one needs to take an operator bound of
the skew-adjoint part of the subprincipal symbol as a self-adjoint operator. In the
present case, the shift is — Im o; as m = 2, this gives a threshold value of 1/2—Imo.

Finally we introduce complex absorption. This is a pseudodifferential operator
Q. , with real scalar principal symbol ¢, and one considers P, —1(Q),. Here ¢ and
gr,» are supported away from the radial sets of p, and they are harmless in the
elliptic set of p and ps .. In the real principal type region () breaks down the
symmetry of the propagation estimates (forward vs. backwards); for ¢ > 0 one can
propagate estimates forwards, for ¢ < 0 backwards. Of course, adding @ changes
the operator, so we want ) to be supported outside the region we care about (such
as X oven above).

Now, in order to have a Fredholm problem we need that all bicharacteristics
of p in ¥4 are non-trapped, i.e. that they escape both in the forward and in the
backward directions to locations where they can be controlled, i.e. either they enter
{q # 0} in finite time, or they tend to Ay. More concretely, if we label X1 so that
A, is asource and A_ is a sink, which is the labelling of [21] (and the opposite of the
labelling of [20]) then we require that each bicharacteristic in X1 \ Ay either tends
to Ay or enters {¢ > 0} in finite time in the backward direction, and enters {q > 0}
in finite time in the forward direction, while each bicharacteristic in ¥X_ \ A_ either
tends to A_ or enters {¢ < 0} in finite time in the forward direction, and enters
{¢ < 0} in finite time in the backward direction. (Note that in {g > 0} and {¢ < 0}
the requirements are automatically satisfied!) Thus, in high regularity spaces (with
s bigger than a threshold) we can propagate estimates away from Ay U A_ (and
towards the support of the complex absorption), while in the low regularity spaces
we can proceed in the opposite direction.

Thus, if s is greater than the threshold value at A, and A_, then one can
propagate regularity and estimates from Ay U A_ to {¢ > 0} U {q¢ < 0}. For the
adjoint operator under these assumptions one has a similar result if one works with
low regularity spaces, namely if one replaces s by —s 4+ (m — 1), which is exactly
the relevant space for duality arguments; one then propagates the estimates in the
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opposite direction. Concretely, one has estimates
[ullzs < C([(Po — Qo )ull grs=m+1 + [[ull r-~)

and
wll g —stm-1 < C([(Py +21Q5)ull -+ + [[ull g-~+)

for appropriate N, N’ with compact inclusion into the spaces on the right hand
side, yielding that, with

VE=H* X*={uc H: (P, —1Q,)uc H*"™"}

(note that the last statement in the definition of X'* depends on the principal symbol
of P, —1Q, only, which is independent of o),

Py X* = YmmHl proxmetml oy

are Fredholm. Further, if P, —2Q, depends holomorphically on ¢ (for ¢ in an open
subset of C), then P, — 1@, is a holomorphic Fredholm family, while P* + Q%
is antiholomorphic. Note also that if P, — 1Q, is invertible (or if simply u €
Xs, feysmtl Pou= f), and WF(f) is disjoint from Ay then WF(P;1f) is
also disjoint from this Lagrangian. Further, if f is C>, then P;lf is also C*°.
For the adjoint, corresponding to propagation in the opposite direction, we have
WF((P)~'f) € Ay UA_ when f is C™.

For the semiclassical problem, a natural assumption is non-trapping, i.e. all semi-
classical bicharacteristics in ¥4 apart from those in the radial sets, in X5 4+ are
required to tend to L+ U{=%qs . > 0} in the forward direction and Ly U{%gp . > 0}
in the backward direction. Here L. is the image of AL in S*X under the quo-
tient map, and one considers S*X as the boundary of the radial compactification
of the fibers of T*X. Under this assumption, one has non-trapping semiclassical
estimates (analogues of hyperbolic estimates, i.e. with a loss of h relative to elliptic
estimates). This in particular proves that for small h the operator is invertible (not
just Fredholm), and thus the non-semiclassical Fredholm family has a meromorphic
inverse with finite rank poles.

This completes the description of the analytic ingredients in the non-trapping
setting, which are satisfied in view of p, and p being as in [21], and the subprincipal
symbol being also the same at N*Y as shown in (3.4), proving Theorem 1.1 and
Corollary 1.2.

We refer to [20, Section 2, Definition 2.18] for semiclassical mildly trapping as-
sumptions. These roughly state that there is a compact subset K of T*X (the
‘trapped set’), a neighborhood O of K and a convex function F' on T*X which is
> 2 on K and 1 outside O, and if one adds a complex absorption Q, which vanishes
near K but is elliptic outside O, then (P, , — th,z)’l satisfies polynomial bounds,
Ch=>=! in Imz > —Cyh (i.e. in a strip without the semiclassical rescaling), and
such that the bicharacteristics of pp . are non-trapped once one regards O as non-
trapped, i.e. entering O in finite time is regarded as good as entering {£q > 0} in
finite time. Due to the gluing construction of [4], semiclassical mildly trapping can
be immediately be combined with the analysis developed for non-trapping P,, see
[20, Theorem 2.19], roughly by placing complex absorption near K but inside O
to obtain a non-trapping ‘exterior’ model, which can be glued with the ‘interior’
model (Py . —1Qp..) "
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