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Abstract

Suppose that there are n jobs and n machines and it costs
cij to execute job © on machine j. The assignment problem
concerns the determination of a one-to-one assignment of
Jjobs onto machines so as to minimize the cost of executing
all the jobs. The average case analysis of the classical ran-
dom assignment problem has received a lot of interest in
the recent literature, mainly due to the following pleasing
conjecture of Parisi: The average value of the minimum-
cost permutation in an n X n matrix with i.i.d. exp(1) en-
tries equals ZLI %2 Coppersmith and Sorkin (1999) have
generalized Parisi’s conjecture to the average value of the
smallest k-assignment when there are n jobs and m ma-
chines. We prove both conjectures based on a common set
of combinatorial and probabilistic arguments.

1. Introduction

Suppose there are n jobs and n machines and it costs
cij to execute job ¢ on machine j. An assignment (or
a matching) is a one-to-one mapping, 7 : {1,...,n} —
{1,...,n}, of jobs onto machines. The cost of the assign-
ment 7 equals > Ci,n(i)» and the assignment prob-
lem is about finding the minimum cost assignment. Let
A, = ming 3" | ¢; (s represent the cost of the mini-
mizing assignment. In the random assignment problem the
ci;’s are random variables drawn from some distribution,
and the quantity of interest is the expected minimum cost,

E A,).

When the ¢;; are ii.d. exp(1l) variables, Parisi [21] has
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made the following conjecture:

Coppersmith and Sorkin [6] have proposed a larger class of
conjectures which state that the expected cost of the mini-
mum k-assignment in an X nn matrix of i.i.d. exp(1) entries

is:
> e
ot (MO0 =J)
By definition, F'(n,n,n) = IE(A,,) and their expression
coincides with Parisi’s conjecture.

F(k,m,n) =

In this paper, we prove Parisi’s conjecture by two dif-
ferent but related strategies. Both involve establishing the
exponentiality of the increments of the weights of match-
ings. The first builds on the work of Sharma and Prabhakar
[22] and establishes Parisi’s conjecture by showing that cer-
tain increments of weights of matchings are exponentially
distributed with a given rate and are independent. The sec-
ond method builds on the work of Nair [18] and establishes
the Coppersmith-Sorkin conjectures. It does this by show-
ing that certain other increments are exponentials with given
rates; the increments are not required to be (and, in fact, are
not) independent.

The two methods mentioned above use a common set
of combinatorial and probabilistic arguments. For ease of
exposition, we choose to present the proof of the conjec-
tures in [22] first. We then show how the arguments also re-
solve the conjectures in [18]. Before surveying prior work,
it is important to mention that simultaneously and indepen-
dently of our work Linusson and Wistlund [15] have also
announced a proof of the Parisi and Coppersmith-Sorkin
conjectures based on a quite different approach.

1.1. Background and related work

There has been a lot of work on determining bounds for
the expected minimum cost, A,,, and calculating its asymp-
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totic value. Assuming, for now, that lim,, IE(A,,) exists, let
us denote it by A*. We survey some of the work; more
details can be found in [24, 6]. Early work uses feasible so-
lutions to the dual linear programming (LP) formulation of
the assignment problem for obtaining the following lower
bounds for A*: (1 + 1/e) by Lazarus [13], 1.441 by Goe-
mans and Kodialam [8], and 1.51 by Olin [20]. The first
upper bound of 3 was given by Walkup [26], who thus
demonstrated that lim sup,, F(A,,) is finite. Walkup’s argu-
ment was later made constructive by Karp ef al [12]. Karp
[10, 11] made a subtle use of LP duality to obtain a better
upper bound of 2. Coppersmith and Sorkin [6] have further
improved the bound to 1.94.

Meanwhile, it had been observed through simulations
that for large n, E(A,,) =~ 1.642[4]. Mézard and Parisi [16]
used the replica method [17] of statistical physics to argue
that A* = %2 (Thus, Parisi’s conjecture for the finite ran-
dom assignment problem is an elegant restriction, for i.i.d.
exp(1) costs, of the asymptotic result to the first n terms in
the expansion: %2 =32 l.%.) More interestingly, their
method allowed them to determine the density of the edge-
weight distribution of the limiting optimal matching. These
sharp (but non-rigorous) asymptotic results, and others of a
similar flavor that they obtained in several combinatorial op-
timization problems, sparked interest in the replica method

and in the random assignment problem.

Aldous [1] proved that A* exists by identifying the limit
as the value of a minimum-cost matching problem on a cer-
tain random weighted infinite tree. In the same work he
also established that the distribution of ¢;; affects A* only
through the value of its density function at 0 (provided it
exists and is strictly positive). Thus, as far as the value of
A* is concerned, the distributions U[0, 1] and exp(1) are
equivalent. More recently, Aldous [2] has established that
A* = 7% /6, and obtained the same limiting optimal edge-
weight distribution as in [16]. He also obtains a number
of other interesting results such as the asymptotic essen-
tial uniqueness (AEU) property—which roughly states that
almost-optimal matchings have almost all their edges equal
to those of the optimal matching.

Another notable paper on the infinite random assignment
problem is due to Talagrand [25]. He considers a version
of the assignment problem in the “very high temperature”
regime and rigorously establishes that the structure of the
solution is indeed as predicted by the replica method. This
work constitutes a part of a larger program Talagrand has
initiated on rigorizing the replica method for combinatorial
optimization problems.

Generalizations of Parisi’s finite conjecture have also
been made in other ways. Linusson and Wistlund [14]
conjecture an expression for the expected cost of the mini-

mum k-assignment in an m X n matrix consisting of zeroes
at some specified positions and exp(1) entries at all other
places. Indeed, it is by establishing this conjecture in their
recent work [15] that they obtain proofs of the Parisi and
Coppersmith-Sorkin conjectures. Buck, Chan and Robbins
[5] generalize the Coppersmith-Sorkin conjecture for matri-
ces M = [m;;] with m;; ~ exp ic;) for ry,c; > 0.

Alm and Sorkin [3] verify the Coppersmith-Sorkin con-
jecture when k < 4,k =m = 5and k = m = n = 6; and
Coppersmith and Sorkin [7] study the expected incremen-
tal cost of going from the smallest (m — 1)-assignment in
an (m — 1) X n matrix to the smallest m-assignment in an
m X m matrix.

2. Preliminaries

We introduce some notation that will be used in the pa-
per. For an (n — j) x n matrix, L,,_;, of i.i.d. exp(1) entries
define 77" =7 to be the weight of the smallest matching of
sizen — j.

Let K be the matrix formed by the n — j columns used
by T7"77. Consider the set of all matchings in L,,_; of size
n — j which use exactly n — j — 1 columns of K. Define
T, to be the weight of the smallest matching in this set.

Now let K be the matrix of size (n — j) x (n —j — 1)
consisting of the columns used by both T|"~7 and T 7.
Consider the set of all matchings in L,_; of size n — j
which use exactly n — j — 2 columns of K1». Let T:? ~J be
the weight of the smallest matching in this set.

In this way we can recursively define Ki, ; , ¢ =
3,...,n—jtobe the matrix of size (n—j) x (n—j—i+1)
consisting of the columns present in all the matchings
{1,157, ..., "7}, and obtain T,", .., T)'"/ | as

above. We shall refer to the matchings {7} 7, ..., T}
as the T-matchings of the matrix L,_;.!

The T-matchings for a 2 x 3 matrix are illustrated below.

LQZ

!Conventions: (1) If the minimum weight permutation is not unique,
we shall consistently break the tie in favor of one of these permutations. (2)
To avoid an explosion of notation, we shall use the same symbol for both
the name of a matching and for its weight. For example, the 77 defined
above might refer to the smallest matching as well as to its weight.
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3|6 6|11 3|1
9|2 2120 9 | 20
TP=5 T?=13 T7=20

Conjecture 1 [22]Forj=1,...,n—1, Tﬁ‘ll - Tj”—1 ~
exp §(n—j)) and these increments are independent of each
other.*

Remarks: It was shown in [22] that Conjecture 1 implies
Parisi’s conjecture: E(A,) = I, . Further, it was
established that 79'™* — T/""" ~ exp(n — 1) and that
T~ — Ty~ LTy~ — TP~'. As noted in [22], a nat-
ural generalization of their argument for showing Tg’fl —
T ' ~ exp(n — 1) fails for higher increments. However,
we use a different generalization in this paper, involving a

subtle randomization step, to prove Conjecture 1.
2.1. A Sketch of the Proof

Our proof of Conjecture 1 is inductive, and follows the
steps below.

INDUCTIVE HYPOTHESIS: Start with a matrix L,,_; of size

(n — j) x n containing i.i.d. exp(1) random variables such
n—1 n—1 _ pn—j n—j .

that 7" " =T = Tk7j+2 — Tk7j+1,k > j.

INDUCTION STEP:

Step 1: Obtain L,,_;_1, a matrix of size (n —j —1) xn,
from L,,_; such that
e T =T -1 k> + L

Step 2: Establish that the entries of L,_;_; are i.i.d.
exp (1)random variables.

This completes the induction step since L,,_;_; satisfies
the induction hypothesis for the next iteration.

In Step 2 we also show the following:

L1y — ?1"73' ~1exp(j(n — 7)) and hence conclude
that T} " — T}~ ~exp fj(n — j)).

2. TP5' =T}~ " is independent of L,, ;1. Observe that
the higher increments T,;’Jll — TPt for k > j, are
functions of L,_;_;. This will allow us to conclude

that T;’gl - Tjnf1 is independent of T} ' — T;" " for

k> 7.

2The symbol ‘~’ stands for ‘is distributed as’ and the symbol < | |
stands for ‘is independent of .

Remark: The randomization procedure alluded to ear-
lier is used in obtaining L,,_j_; from L,_; and ensures
that L,,_;_; hasii.d. exp(1) entries.

We state some combinatorial properties regarding
matchings in Section 3 that will be useful for the rest of the
paper. Section 4 establishes the above induction, thus com-
pleting the proof of Conjecture 1. We extend the method
used in Section 4 to prove the Coppersmith-Sorkin conjec-
ture in Section 5. Due to page limitations the proofs of
the combinatorial properties and some lemmas in Section
4 have been removed. The interested reader can find them
in the full version of the paper, [19].

3. Some combinatorial properties of matchings

Lemma 1 Consider an n x (n + 1) matrix M and let K,
be the set of columns used by T{*. Then for any column
c € K, the smallest matching of size n that doesn’t use
¢, denoted by M., contains exactly one element outside the
columns in K.

Lemma 2 Consider ann x (n + 1) matrix M in which T
is the smallest matching of size n. Suppose there exists a
collection of n columns in M, denoted by K, with the prop-
erty that the smallest matching M of size n in K is lighter
than M': the smallest among all matchings of size n that
have exactly one element outside K. Then M = T7".

Lemma 3 Let M be the smallest matching of size n in an
n X (n+1) matrix M. Let M., be any (n +71) x (n +1)
matrix (r < 1) whose first n. rows equal M (i.e. M,y is an
extension of M). Let M’ denote the smallest matching of
size n + 1 in Mcyt. Then the set of columns in which the
elements of M lie is a subset of the columns in which the
elements of M lie.

The following is a useful alternate description of
T/, i > 2. Let S’ be the weight of the smallest
matching in L,_; after removing its " column. Note
that for all i ¢ K, S/ = T7. Consider S/"’
for ¢ € K; and arrange them in increasing order to get
{R}!7,i=1,..,n—j}

Lemma4 7/ =R/, i=1,.,n—j
Corollary 1 The matchings Tl-”fj, i =2,..,n—j+1
contain exactly one element outside K.

Corollary 2 Given a matrix L,_j, arranging the S}' =i
or i € Kio i In increasing order gives the sequence
) : 8 8 q

n—j mn—j n—j
T,ch1 ,Tk+2,...,Tn_j+1.
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Lemma 5 [23] Consider all the elements of ann x (n+1)
matrix M that participate in at least one of the matchings
T (or, equivalently, in one of the S;). The total number of
such elements is 2n and exactly 2 such elements are present
in every row of M.

Lemma 6 Consider ann X (n + 1) matrix M and mark all
the elements that participate in any one of the matchings
T8 T3, ... Ty defined in Section 1. Then exactly two
elements will be marked in each row.

4. Proof of Conjecture 1

We shall execute the two steps mentioned earlier. Thus,
we shall begin with an (n — j) x n matrix, L, ;, which has
i.i.d. exp(1) entries.

Now consider the general step j. Suppose we have that
Ly—; contains i.i.d. exp(1) entries and T} o

k+1
T,? jJ o =T}y, fork > j, where the T;" " are as defined

in Section 1.
4.1. Step 1: Obtaining L,,_; , from L,,_;

The matrix L, _;_; is obtained from L,,_; by applying
the series of operations ®, A and I, as depicted below
[ A 5 11
Ln,j — _>Ln7] — —>Ln,j — —>Ln,j,1.
It would be natural to represent the T-matchings correspond-
ing to each of the intermediate matrices L;,_; and L,,; us-
ing appropriate superscripts. For example, the T-matchings
of L7, _; can be denoted {17~} However, this creates
a needless clutter of symbols. We will instead denote L7, _;
and {77} simply as L* and {T}. respectively. Ta-
ble 1 summarizes the notation we shall use, with the matrix,
its dimensions and notation for its 7-matchings given in the
first, second and third rows respectively.

Ln_j L*=L;, ; | L=Ln Ln_j1
nm=g)xn|m-—g)xn|m-—g)xn|m-j—1)xn
{Tz‘nij} {Ti*} {Tz} {Tz‘nijil}

Table 1. Operations to transform L,,_; t0 L,,—j_1.

We now specify the operations ®, A and II.

& : In the matrix L,,_j, subtract the value Tj' ™/ — 77"~/
from each entry not in the sub-matrix K;. (Recall from
Section 1 that K; denotes the (n — j) X (n — j) sub-matrix

of L,,_; whose columns contain the entries used by 77" )
Let the resultant matrix of size (n — j) x n be L*.

A : Consider the matrix L*. Generate a random variable
X withIP (X = 1) = P(X = 2) = . Define Y so that
Y =1when X =2andY =2 when X = 1. Denote by e;
the unique entry of the matching T'5; outside the matrix K;».
Denote by e» the unique entry of the matching 75 outside
the matrix K12. Now remove the row of L* in which e1 18
present and append it to the bottom of the matrix.? Call the
resultant matrix L. Note that L is a row permutation of L*.

I1 : Remove the last row from L (i.e., the row containing
e1 and appended to the bottom in operation A) to obtain the
matrix L,_j_1.

Lemma 7 The following statements hold:
(i) T3 =T7 =Ty

(it) Fori > 2, Tty = T7 = Ty =177
(i1i) Fori > 1, Ty = T}

Proof Since T}" =7 is entirely contained in the sub-matrix
K, its weight remains the same in L*. Let S be the set of
all matchings of size n — j in L* that contain exactly one
element outside the columns of K. From the definition of
L~ itis clear that every matching in S is lighter by exactly
Ty~ — T7""7 compared to its weight in L,,_;. From the
definition of T’ 7 we know that every matching in § had
a weight larger than (or equal to) T”_j in the matrix L,,_;.
Therefore, every matching in S has a weight larger than (or
equal to) Ty 7 — (T3 —T7"7) in L*. So every matching
that has exactly one element outside the columns of K in
L* has a weight larger than (or equal to) 7}"~’. Therefore,
from Lemma 2 it follows that 77" 7 is the smallest matching
in L*. Thus, we have T} = T)" /.

From Corollary 1 we know that T} has exactly one el-
ement outside the columns of K for i > 2. Since every
matching in S is lighter by 757 — 7177 from its weight
in L,,_, it follows that Tj* = T 7 — (T}* 7 — T;""7) for
i > 2. Substituting i = 2, we obtain Ty = T}" 7. This
proves part (i). And considering the differences T}, ; — T}
establishes part (7).

Since the values of T-matchings are invariant under row
and column permutations, part (ii7) follows from the fact
that L is a row permutation of L*. |

To complete Step 2 of the induction we need to establish
that L,,_;_ has the following properties.

3The random variable X is used to break the tie between the two match-
ings 17" and T, both of which have the same weight (see Lemma 7). This
randomlzed tie-breaking is essential for ensuring that L,_;_; has i.i.d.
exp(1) entries; indeed, if we were to choose the entry in T* (or for that
matter, in 7%5) with probability 1, then the corresponding Ln_ j—1 will not
have i.i.d. exp(1) entries.
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Lemma8 Ty — Ty = T4 /' =T 77! j+1<k<
n— 1.

Proof The proof of the lemma consists of establishing the
following: Fork=j+1,...,n—1

@)

n—j n—j
Tiotr — Tk T o =T i

—~
N

= Th—jt2 — Th—jn
C

\¢) n—j—1 _ gm—j—1
- Tk—j+1 Tk—j ’

—~
N

where (a) follows from the induction hypothesis on Tﬁ:lj -

T/, and (b) follows from Lemma 7. We shall establish
(c) by showing that

Ti=T" 7 "'"4v,i=2,...,n—j+1 (1)

for some appropriately defined constant v.

Two cases arise: For e; and e, as defined in the operation
A, Case 1is when e; and e, are present in the last row of ﬂ,
and Case 2 is when e; is present in the last row of L and €s
is present in a different row.

Case 1: We claim that the values of e; and e, are
equal, say to v. This is because e; and e, choose the
same matching of size n — j — 1 from the matrix K5 (call
this matching M) to form the matchings Tl and Tg. But
Ty =Ty = Ty*™7, from Lemma 7. Therefore e; = e5.

Consider all matchings of size n — j — 1in L,,_;_ that
have exactly one entry outside the columns defined by K.
Clearly, one (or possibly both) of the entries e; and ey could
have chosen these matchings to form candidates for T:. The
fact that the weight of these candidates is larger than T
indicates that the weight of these size n — 5 — 1 matchings
are larger than the weight of M. Thus, from Lemma 2, we
have that M equals T}~/ ~": the smallest matching of size
n—j—1in L,_j_1. Therefore, Tf“j =T =T, =
T 4.

Now consider S;, the smallest matching in L obtained by
deleting the it column in K. Since this is Tk for some
k>3, 5,- must use one of the entries e; or es, according to
Lemma 6. Therefore, S; > S;‘_]_l + v, where S?_j_l is
the weight of the best matching in L,,_;_; that doesn’t use
the i** column in K.

However, from Corollary 1 applied to L,,_;_;, we have
that S77~" has exactly one element outside Kj» since
K5 defines the columns in which the smallest matching of
Ly, j—1 is present. Therefore S7"/~" can pick at least one

of the two entries e; or es to form a candidate for S”l" ~J that
has weight S/~ ~' + v. This implies $; < S/ /™' +v.

This shows S; = S 77" + .

But, arranging S’i, for all 7 € K2, in increasing order
gives us Ts,..., T jy1. And arranging S 7" in in-
creasing order gives us T 7 1, ... ,Tg:jjfl. These ob-
servations follow from Corollary 2. This verifies equation
(1) and completes Case 1.

Case 2: Please refer to [19] for the proof of this case.

Corollary 3 Let M be the smallest matching of size n —
j—1in E, contained in the columns of K13, that e, goes
with to form Ty = T* ™. Then M = T]* ™7™, the smallest
matching of sizen —j —1lin L,_j_;.

Proof Letting v be the weight of e;, we note that T} is
formed by e; and M. From Equation (1), T has a weight
equal to v 4+ 77" /7', Hence the weight of M equals
Tt |

4.2. Step 2: L,,_;  hasi.i.d. exp(1) entries

We compute the joint distribution of the entries of
L,_j_1 and verify that they are i.i.d. exp(1) variables. To
do this, we identify the set, D, of all (n — j) x n matri-
ces, L,,_;, that have a non-zero probability of mapping to a
particular realization of L,,_;_; under the operations ®, A
and II. By induction, the entries of L,,_; are i.i.d exp(1)
random variables. We integrate L,_; over D to obtain the
joint distribution of the entries of L, _;_1.

Accordingly, fix a realization of L,,_;_; € ]Rgf‘*j*) xn

and represent it as below

lig SR ST lin

Ln—j—l =

ln—j—l,n
(2)
Let Dy = II7*(L,,_;_1) be the pre-image of L,_;_1
under II, and let Dy = A7'II7Y(L,—j—1). Now A is a
random map, whose action depends on the value taken by
X. In turn, this is related to whether e; and e, are on the
same row or not. Therefore we may write D, as the disjoint
union of the sets D4 and D¢, which respectively correspond
to e; and e» belonging to the same and to different rows.
Finally, D = ®~'A~'II7!(L,,—;_1), the set we’re trying
to determine.

ln—j—l,l ln—j—l,n—l

Consider an M’ € IRS:L_j )X " such as represented below

Lo j1 | |

'n—j—1 1 Tjt1 J
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In the above representation 1, ...,7,—j—1 denote the ele-
ments in the columns of K"/~ the sub-matrix of L,, - -1
which contains T}~/ ™"

We shall show that Dy is precisely the set of all such M’
for which the vector (r1,...,7n—j—1, 21, ..., £j4+1) satisfies
the conditions stated in Lemma 9.

Consider an element d outside the columns of K" 7~ *
in L,_j_1. Let Ay be the cost of the smallest matching,
say My, of size n — j — 1 with the following property:
The entries of M, are in K{’_j_l U (r1,..,rp—j—1) and
no entry is present in the same row as d. Clearly d U My
is a matching of size n — j in the matrix M'. Let d, be
that entry outside the columns of K 7" in L,,_; _; which
minimizes d + Ag4. Let J = d, + Ay, and let j, denote the
column in which d,, occurs.

Given any 7= (r1,...,Tp—j_1) € ]Ri_j_l, the follow-
ing lemma stipulates conditions that (z1, ..., ;41 ) must sat-
isfy so that M’ is in Dyy.

Lemma 9 For any 7 € R} 77", let Sy (7) be the collec-
tion of all M such that one of the following two conditions
hold:

(i) There exist i and k such that x; = xy, ©; + Tlnfjf1 <
Jand x,, > x; forallm # i, k.

(1) There exists i # j, such that x,, > x; for allm # i
and z; + T 71 = J.

Then Dp = Str é UFelefjfl SH(?)

Proof Please refer to [19] for a proof. |

Let D§; and DY be the subsets of matrices in Dy that
satisfy Conditions (7) and (i) of Lemma 9, respectively.
Clearly Dy is the disjoint union of D$; and D&. (The su-
perscripts s and d are mnemonic for whether e; and e oc-
curred in the same row or in different rows.)

Now that we have identified Dy explicitly in Lemma 9,
Dy can be identified following manner: Pick a matrix M; €
Dy and form n — j matrices by removing the last row of M,
and placing it back as the sth row, fori = 1,...,n — j. Call
this collection of n — j matrices Sy (M). Define

Sa= |J Sam).

M1 €D
Lemma 10 Sy, = Djy.

Proof Please refer to [19] for a proof. |

Partition D, into D5 = Sx(Df;) and D = Sa(Dfh);
these partitions correspond to the cases where e; and e, are
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in the same row and in different rows. Also observe that
when M € Dj we have IIA(M) = L,_;_; with proba-
bility one and when M € D¢ we have IA(M) = Ly,_j_1
with probability 3.

We are finally ready to characterize D, the set of L,,_;’s
that map to a particular realization of L,,_;_; with non-zero
probability.

Consider any M € Dp. Let 6 be any positive number.
Consider the column, say c¢; in M which contains z;. (Re-
call, from Lemma 9, that x; is the smallest of the x,,,’s in the
last row deleted by II.) Let K be the union of the columns
of K1'™7~" and ¢;. Add @ to every entry in M outside the
columns K. Denote the resultant matrix by S (6, M). Let

S= U

0>0,MEDx

S1(6, M).

Now consider the column, say c in M where the entry
x or d, (depending on whether A(M) satisfies condition
(i) or condition (ii) of Lemma 9) is present. Let K' be
the union of columns of K" 7~" and c,. Now add 6 to
every entry in M outside the columns K'. Call this matrix
So ((9, M) Let

S= U

0>0,MeDp

52(07M)7

and note that S; and S are disjoint since ¢; # ca.
Remark: Note that § is added to precisely j(n — j) entries
in M in each of the two cases above.

Lemmall D =S5 UGS..

Proof Please refer to [19] for a proof. |

Remark: Note that the variable 6 used in the character-
ization of D precisely equals the value of T3 — TM, as
shown in the proof of Lemma 11.

Continuing, we can partition D into the two sets D® and
D4 as below:

D* = Si(Ry,D}) U S (R, D})

(3
D = $; (R, D?) U Sy (Ry, D).

Observe that whenever M € D*, we have (M) € D}
and hence ITA®(M) = L,_;_, with probability 1. For
M € D, ®(M) € DY. Hence IA®(M) = L,,_;_1 with
probability 1.

Now that we have characterized D, we “integrate out the
marginals” (1, ..., "n—j—1, 21, ..., j4+1) and @ by setting

§=(Ln_j_1,7,60) and & = (¥,7),
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where L, _j_1 € ]R("_J_l)xn is as defined at equa-
tion (2). We will evaluate fo(B) = fR fw (T, Z)d T+
f'/a fuw (¥, Z)d % to obtain the margmal density of ¥. The
regions R1 and R are defined by the set of all s that sat-
isfy (i) and (i7) of Lemma 9, respectively.

On R4, we have that x; = z;, < J — Tf_j_l for .J as
in Lemma 9. We shall set U = J — 77" /", and u,,, =
Ty — x; for m # i, k. Finally, define

sy=lbig+. .+l jantri+..+ra_j1+jn—j>0.

Thus, s, denotes the sum of all of the entries of L,,_; except
those in Z. As noted in the remark preceding Lemma 11, the
value 0 was added to precisely j(n — j) entries. We have

fu(¥,2)d 2
R1

(@ 2(n—j)<j;1> /OU/:’/.._/O‘”

—(sv+(J+D)zi+ur+...+uj_1) duy . .

e cduj_y dx;

= j—je s (1-e Y, @
The factor (}') at equality (a) comes from the possible
choices for ¢ and k from 1,...,j + 1, the factor (n — j) comes
from the row choices available to e; as in Lemma 10, and
the factor 2 corresponds to the partition, S; or S, that L,

belongs to.
Y

Similarly, on Ry, we have that z; = J — T} 7 ' = U
and we shall set u,, = x,, — x; for m # i to obtain
fw(U, r)dz
. i [
= n — ]
—(3v+(]+1 YU4ur+...4uj) du; .. duj]
= j(n—je e UHIY 5)

In equality (b) above, the factors j, (n — j) and 2 come,
respectively, from the choice of positions available to z;,*
the row choices available to e; and the partition, S; or S,
that L,,_; belongs to. The factor £ comes from the fact
that on R, e; and e occur on different rows. Therefore,
L,_jisin D4 and will map to the desired L,,_;_; with

probability %
Putting (4) and (5) together, we obtain
fol® = jn—je ™

e_(ll,1+---+ln—j—1,n) —j(n—j)0

x j(n —j)e
x 67(r1+...+rn_j_1).

#Note that there are only j choices available to x; since it has to occur
in a column other than the one in which d, occurs.
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We summarize the above in the following lemma.

Lemma 12 The following hold:

(i) Lp—;—1 consists of i.i.d. exp(1) variables.

(ii)§ = Ty 7 =T 7 is an exp(j(n— j)) random variable.
(iii) 7 consists of i.i.d. exp(1) variables.

(iv) Lp—j—1, (Ty'™) = T7""7), and 7 are independent.

From Lemma 8 we know that the increments {T}41 —
Ty, k > j} are a function of the entries of L,,_;_1. Given
this and the independence of L,,_;_; and T, — T} from
the above lemma, we get the following corollary.

Corollary 4 1,
k> j.

— Ty is independent of Ty — T} for

In conjunction with Lemma 12, Corollary 4 completes
the proof of Conjecture 1. It has been shown in [22] that
establishing Conjecture 1 proves Parisi’s conjecture.

5. The Coppersmith-Sorkin Conjecture

As mentioned in the introduction, Coppersmith and
Sorkin [6] have conjectured that the expected cost of the
minimum k-assignment in an m X n matrix, P, of i.i.d.
exp(1) entries is:

1
F(k,m,n) = — . (®)
2 (m —i)(n —j)

4,j>0,i+j<k

Consider the matrix P and w.l.o.g. assume that m < n.
For 1 < p < m, let V" be the weight of the smallest match-
ing of size p and denote the columns it occupies by K7.
Next, for 1 < p < m — 1, define V,...,V;”, | to be the
ordered sequence (increasingly by weight) of the smallest
matching obtained by deleting one column of K7 at a time.
We shall refer to the set V™ | J (L_Jp_1 {VE,..., Vpp+1}) as

the V-matchings of the matrix P. Nair [18] has made the fol-
lowing distributional conjectures regarding the increments
of the V-matchings.

Conjecture 2 [18] The following hold for1 <i <m — 1:

Vi —Vi ~ expm(n—i))

Vo1 =V, ~ exp((m—p+1)
x(n—i+p-—1))

Vip —Vi ~ exp((m
Vit — o o~ exp((m

—i+1)(n-1))
—i)n)

II'FI'

COMPUTER
COCTETYVY



We have grouped the increments according to size. That
is, the i*" group consists of the differences in the weights:
Vi, V4, .., Vi, Vi, and V¥ is the matching of size i,
Vi is the second smallest of size i, etc, until V™' —the
smallest matching of size ¢ + 1. Note that according to Con-
jecture 2 the telescopic sum Vf“ — V! has expected value
F(i+1,m,n)—F(i,m,n). Note also that V;* ~ exp(mn),
being the smallest of rn X n independent exp(1) variables.

The rest of the Section is devoted to establishing Conjec-
ture 2 for the i** group.

Proof of Conjecture 2

We will establish the conjectures for the it* group induc-
tively, as in Section 4. Consider a matrix, P, _;11, of size
(m—j+1)xnandlet {V,&™ 71} denote’ its V-matchings.
The induction consists of the following two steps:

Inductive Hypothesis:

o Assume the increments satisfy the following combina-
torial identities

V;—H—l,m—ﬁ—l _ Vll—J+1,m—J+l — ijz+1 _ ijz %)

i—jlm—j 41 _ yrimitlm—jtl i i
Vs -V = Vipp—=Vin

i j+1mej 1 itlmejrl oy i
Visits = Vo = Vin-V

i—j+2,m—j+1 R R S e
Vi -V.Ii5 = WV —=Vi

e The entries of P,,_ ;1 are i.i.d. exp(1) random vari-
ables.

Induction Step:

Step 1: From P,,,_j 11, form a matrix P, _; of size (m—
j) X n with the property that
VI i = Vi = Vi

J
i—j,m—j i—7,m—j _ i i
Vil — i = Vi = Vi

Vign =V

Vishm—i _yimimei
i—j+1 i—J
i jl,m—j i—jm—j i+l i
Vi - Vi = WV =V

Step 2: Establish that the entries of P, _; are i.i.d.
exp (1)random variables.

This completes the induction step since P,,_; satisfies
the induction hypothesis for the next iteration.

SWe regret the cumbersome notation; but we must keep track of three
indices: one for the number of rows in the matrix (of size m —j + 1 X n),
one for the size of the matching, ¢, and one for the rank of the matching,
p, among matchings of size q.

In Step 2 we also show that V, 7+bm it

Vli—j+1,m—j+1 ~ exp ((n _ ,] + 1)(n _ia ,] _ 1))
and hence conclude from equation (7) that ji+1 - VJz ~
exp((m—j+1)(n—i+j—1)).

The induction starts at ; = 1 and terminates at j = ¢ — 1.
Observe that the matrix P satisfies the inductive hypothesis
for j = 1 trivially.

Proof of the Induction:

Step 1: Form the matrix P,,_ ;1 of size (m — j + 1) x
(m — i + n) by adding m — ¢ columns of zeroes to the left
of P,,_j+1 as below

Prji1 =[0]Pn_ji1].
Let Tlm—J‘fl,___,Tg’;‘:ijl denote the weight of the T-
matchings of the matrix P, j+1. Then we make the fol-
lowing claim.

Claim 1
Fmitl  _ yieitlmejtl
1 - 1
=i+l yimitlm—it1
2 2
Fm—j+1 i—j+1,m—j+1
TZive = Vije
and
rm—j+1 _ am—j+1 _ _ qpm—j+1 _ yri—j+2,m—j+1
Titjis =Ticjia = =T jin =W )

Proof Note that any matching of size m — j + 1in Pr,—j41
can have at most m — ¢ zeroes. Therefore, it is clear that the
smallest matching of size m — j + 1in P,,_j41 is formed
by picking m —i zeroes along with the smallest matching of
sizei—j+1in Pp,_jy1. Thus, )91 = yimstbm=rtt,

If we remove any of the columns containing zeroes we
get the smallest matching of size m — j + 1 in the rest of
the matrix Py,_ ;41 by combining m — i — 1 zeroes with
the smallest matching of size ¢ — 7 + 2 in P,,_;1,. Hence
m — i of the T"s, corresponding to each column of zeroes,

have weight equal to V; 772 7 +1,

If we remove any column containing Vli_j"'l’m_jH,
then the smallest matching of size m — j + 1in P, j41 is
obtained by m — i zeroes and the smallest matching of size
t —j + 1in P,,_;4; that avoids this column. Hence they

have weights V!=/+1.m=i+1 for p € {2,3,...,i — j + 2}.

We claim that V;y7/T>™79F0 s Jarger than
Vimittm=itl for p in {1,2,3,...,i — j + 2}. Clearly
yimitEmeitl syt meitl  Ryrther, for p > 2,

1
we have a matching of size i — j + 1 in V;/ /2™ 77+t
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that avoids the same column that V717 +1 avoids
n VLM But VimithmeitL s the smallest
matching of size ¢ — j + 1 that avoids this column. Hence
we conclude that V) /T3 7 > prizjttmojt,

Hence arranging the weights (in increasing order) of the
smallest matchings of size m — j + 1 in P,_ j+1, obtained
by removing one column of 7" ~I*1 at a time, establishes
the claim. n

From the above it is clear that the matchings T;" 71+
and T, ~I*1 are formed by m — ¢ zeroes and the matchings
Vi Ithm=It gng yim It m eIt pegpectively. Hence, as
in Section 4, we have two elements, one each of Tlm A
and Ty" ~I*1 that lie outside the common columns of
T 77 and Ty" 7%, Let K, denote these common
columns. (Note that Kj5 necessarily includes the m — ¢
columns of zeros).

We now proceed to perform the procedure outlined in
Section 4 for obtaining P,,_; from FP,_j;, by work-
ing through the matrix P,;,_;;1 which is an extension of
Pr_jy1.

Accordingly, form the matrix P* by removing the value
Ty — 7% from all the entries in P, j1 that
lie outside K;5. Generate a random variable X, as before,
with IP(X = 1) =P (X = 2) = 1. LetY = 1 when
X =2andletY = 2 when X = 1. Denote by e; the
unique entry of the matching T% outside the matrix Kj».
Denote by e, the unique entry of the matching 75 outside
the matrix K;». Remove the row containing e; and call this
matrix P,,_;. Now remove the m — i columns of zeroes to
obtain the matrix P,,_; of size (m — j) x n

Let T)"77, .., T~J | denote the weight of the T-
matchings of the matrix P,,_; and V2"™~J denote the V-

matchings of the matrix P,_;. We make the following

claim.
Claim 2
T = g
T = yiime
T = Vi
and
mg_mg_ _m i—j+1,m—j
T]+2 Tj+3_"— +1—V .
Proof The proof is identical to that of Claim 1. |

Now from Lemma 8 in Section 4 we know that

T =Tt =T T for1 < p < m —j.

®)

Finally, combining Equation (8), Claim 1, Claim 2 and
the inductive hypothesis on P, ;1 we obtain:

i—j,m—j i—j,m—j _ i i
Vs -V = Viee=Vin
i—j,m—j i—j,m—j _ i i
V3 - ‘/2 - V}'+3 - V}'+2
i—j,m—j i—j,m—j _ 7 7
V —Jj+1 - ‘/i—j - Vri—f—l - V;
i—j+lm—j i—3,m—j _ i+1 i
1% — Vi = Vit ovi,..

This completes Step 1 of the induction.

Step 2: Again we reduce the problem to the one in Sec-
tion 4 by working with the matrices P, _ j+1 and P, _ 7 in-
stead of the matrices P,_j+1 and P,_;. (Note that the
necessary and sufficient conditions for a P,,_;; to be in
the pre-image of a particular realization of F,_; is ex-
actly same as the necessary and sufficient conditions for a
Prn—j+1 to be in the pre-image of a particular realization of
Pn_;)

Let R, denote all matrices Py, j11, of sizem — j + 1,
that map to a particular realization of Pp,_; with e; and es
in the same row. Let R, denote all matrices P,,_ j+1 that
map to a particular realization of P, J with e; and ey in
different rows. Observe that in Ry, Pp,—j1q will map to
the particular realization of P,,_; with probability 1 5 asin
Section 4. We borrow the notation from Section 4 for the
rest of the proof.

Remarks: Before proceeding, it helps to relate the quanti-
ties in this Section to their counterparts in Section 4. The
matrix L,_; had dimensions (n — j) X n; its counterpart
Ppn—j+1 has dimensions (m — j + 1) x (m — i + n). The
number of columns in L, _; outside the columns of T} -
equalled j; now the number of columns of P, j+1 outside
the columns of 7}" —itl equals n — ¢ + 7 — 1. This implies
that the value § = T;" 7+ — T/ 7 will be subtracted
from precisely (m — j + 1)(n — i + j — 1) elements of
P, _ j+1- Note also that the vector 7, of length m — j, has
exactly m — i zeroes and ¢ — j non-zero elements.

Let Py, [pk,1] denote a particular realization of
P,,_;. We proceed by setting, as in Section 4,

9= (Pp-;,70) and @ = (7, 7).

To obtain the marginal density of ¥, we will evaluate
» (D) = le fu(¥,2)d 2+ fm fu(U,2)d %

On R4, we have that z, = x, < U for U as in Section 4.
(The counterparts of , and x; in Section 4 were x; and zy,
and these were defined according to Lemma 9.) We shall
set u; = x; — x4 for I # a, b. Finally, define

Sy = p1,1+---+pm7j,n+rl+---+Ti—j
H(m—j+1)(n—i+j—1)0.
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Thus, s, denotes the sum of all of the entries of P, ;41
except those in Z. We have

fu(U,8)dZ

R1

@ 2(m—j+1)(n_;+j> /OU/OO/

6*(Sv+(n*1+J)1a+u1+---+un—i+]‘—2) dus ... v, i 2 dz,

= (m—j+)(n—it+j—1)e ™ (1 - e_("_H'j)U) .9

The factor ("~//) at equality (a) comes from the possible
choices for a, b from the set {1,...,n — i + j}, the factor
(m — j + 1) comes from the row choices available to e; as
in Section 4, and the factor 2 corresponds to the partition,
S or Sy (defined likewise), that P, j 11 belongs to.

Similarly, on R», we have that z, = U and we shall set
u; = x; — x4 for [ # a to obtain

fu (0, 2)d 2

© Jewm-jrm-i+i-n [ f

—(sv+(n—i+j)Utur+...4up _i45-1) duy

e ..dun_H_j_l]

= (m—j+)(n—i+j—1)e e "IV (10

In equality (b) above, the factor (n — i + j — 1) comes
from the choice of positions available to z, (note that z,
cannot occur in same column as the entry d, which was
defined in Lemma 9). The factor (m — j + 1) comes from
the row choices available to e;, and the factor 2 is due to
the partition, S; or Sy, that P,,_; belongs to. Finally, the
factor % comes from the fact that on R, e; and e; occur on
different rows. Therefore, P, ;41 will map to the desired
P,,_; with probability %

Putting (9) and (10) together, we obtain

fu@ =
= Pt APmjn) o o (rittriog)
X (m—j+1)(n—i4j—1)e mITDOHIDE

We summarize the above in the following lemma.

Lemma 13 The following hold:

(i) Py,—j consists of i.i.d. exp(1) variables.

(ii) 0 =Ty 7t T T isanexp (fn—j+1)(n—i+
j — 1)) random variable.

(iii) 7 consists of i.i.d. exp(1) variables and m — i zeroes.

(iv) P, (T;n_j —T["™7), and #are independent.

This completes Step 2 of the induction. |
From Claim 1, we have that 7," /" — 7=/t =

i j+1,m—j+1 i j+1,m—j+1
V. -V

5 , and from the inductive

hypothesis we have V7 ttm it

V., — V}. Hence we have the following corollary.

_ Vi*j+1,m*j+1
1

Corollary5 V| =V} ~exp ((n —j + 1)(n —i+j —
1) forj =1,2,..i — 1.

To complete the proof of Conjecture 2 we need to com-
pute the distribution of the two increments V;, | — V;* and
Vit — ii+1’ At the last step of the induction, i.e. j =
i — 1, we have a matrix P,,_;;1 consisting of i.i.d. exp(1)
random variables and satisfying the following properties:
V217mfz+1 _ V117mfz+1 — ii—l _ Vvlz and ‘/12,mfz+1 _
AR A - 1. The following lemma com-
pletes the proof of Conjecture 2.

Lemma 14 The following identities hold:

(i) VI S VR (= i+ 1) (0 — 1),

(i) Vf’mf"+1 - szl,me»l ~ exp((m — i)n).

Proof This can be easily deduced from the memoryless
property of the exponential distribution; equally, one can
refer to Lemma 1 in [18] for the argument. (Remark: There
is a row and column interchange in the definitions of the
V-matchings in [18].) |

Thus, we have fully established Conjecture 2 and obtain

Theorem 1
1
F(k,m,n) = Z - -
iseitier M=) =)
Proof
Vi = W -VEH+ W -vED
ok (Ve =V AV
1
= BV = _r
" i,j2(§-j<k (m —i)(n —j)
and F(k,m,n) = IE(VIIC).

This gives an alternate proof to Parisi’s conjecture since
[6] shows that E,, = F(n,n,n) = Y. | &.

=1 ¢
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