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Abstract

Suppose that there are n jobs and n machines and it costs ¢;; to execute job i on machine
j. The assignment problem concerns the determination of a one-to-one assignment of jobs onto
machines so as to minimize the cost of executing all the jobs. When the ¢;; are independent and
identically distributed exponentials of mean 1, Parisi has made the beautiful conjecture that
the average minimum cost equals Y7 | 5. Coppersmith and Sorkin (1999) have generalized
Parisi’s conjecture to the average value of the smallest k-assignment when there are n jobs and
m machines. In this paper, we develop combinatorial and probabilistic arguments and resolve
a conjecture of Sharma and Prabhakar (2002). This implies a proof of Parisi’s conjecture.
Our arguments also resolve a conjecture due to Nair (2002), and this yields a proof of the
Coppersmith-Sorkin conjecture.

1 Introduction

Suppose there are n jobs and n machines and it costs ¢;; to execute job ¢ on machine j. An assignment
(or a matching) is a one-to-one mapping of jobs onto machines. Representing an assignment as a
permutation 7 : {1,...,n} — {1,...,n}, the cost of the assignment m equals > " | ¢; ). The
assignment problem consists of finding the assignment with the lowest cost. Let

n
Ay = Hl;n E Ci, (i)
i=1

represent the cost of the minimizing assignment. In the random assignment problem the c;; are i.i.d.
random variables drawn from some distribution. A quantity of interest in the random assignment
problem is the expected minimum cost, IE(A,,).

When the ¢;; are i.i.d. exp(1) variables, Parisi [Pa 98] makes the following conjecture:

n

E(A,) = Z%z-

i=1

Coppersmith and Sorkin [CS 99] propose a larger class of conjectures which state that the expected
cost of the minimum k-assignment in an m x n matrix of i.i.d. exp(1) entries is:

F(k,m,n) = Z ( !

i >0,iti<k VT i)(n—j)

By definition, F'(n,n,n) = IE(4,,) and their expression coincides with Parisi’s conjecture.



In this paper, we prove Parisi’s conjecture by two different but related strategies. Both involve
establishing the exponentiality of the increments of the weights of matchings. The first builds on
the work of Sharma and Prabhakar [SP 02] and establishes Parisi’s conjecture by showing that
certain increments of weights of matchings are exponentially distributed with a given rate and are
independent. The second method builds on Nair [Na 02] and establishes the Coppersmith-Sorkin
conjectures. It does this by showing that certain other increments are exponentials with given rates;
the increments are not required to be (and, in fact, aren’t) independent.

The two methods mentioned above use a common set of combinatorial and probabilistic arguments.
For ease of exposition, we choose to present the proof of the conjectures in [SP 02] first. We then
show how the arguments also resolve the conjectures in [Na 02].

Before surveying the literature on this problem, it is important to mention that simultaneously and
independently of our work Linusson and Wastlund [LW 03] have also announced a proof of the Parisi
and Coppersmith-Sorkin conjectures based on a quite different approach.

1.1 Background and related work

There has been a lot of work on determining bounds for the expected minimum cost and calculating
its asymptotic value. Assuming, for now, that lim, IE(A,) exists, let us denote it by A*. We
survey some of the work; more details can be found in [St 97, CS 99]. Early work uses feasible
solutions to the dual linear programming (LP) formulation of the assignment problem for obtaining
the following lower bounds for A*: (1 + 1/e) by Lazarus [La 93], 1.441 by Goemans and Kodialam
[GK 93], and 1.51 by Olin [O1 92]. The first upper bound of 3 was given by Walkup [Wa 79], who
thus demonstrated that limsup,, F(A4,) is finite. Walkup’s argument was later made constructive
by Karp et al [KKV 94]. Karp [Ka 84, Ka 87] made a subtle use of LP duality to obtain a better
upper bound of 2. Coppersmith and Sorkin [CS 99] have further improved the bound to 1.94.

Meanwhile, it had been observed through simulations that for large n, E(A,) ~ 1.642 [BKMP 86].
Mézard and Parisi [MP 87] used the replica method [MPV 87| of statistical physics to argue that A* =

%2. (Thus, Parisi’s conjecture for the finite random assignment problem is an elegant restriction, for

i.i.d. exp(1) costs, of the asymptotic result to the first n terms in the expansion: 7%—2 =3 %2 .) More
interestingly, their method allowed them to determine the density of the edge-weight distribution of
the limiting optimal matching. These sharp (but non-rigorous) asymptotic results, and others of a
similar flavor that they obtained in several combinatorial optimization problems, sparked interest in

the replica method and in the random assignment problem.

Aldous [Al 92] proved that A* exists by identifying the limit as the value of a minimum-cost matching
problem on a certain random weighted infinite tree. In the same work he also established that the
distribution of ¢;; affects A* only through the value of its density function at 0 (provided it exists and
is strictly positive). Thus, as far as the value of A* is concerned, the distributions U]0, 1] and exp(1)
are equivalent. More recently, Aldous [Al 01] has established that A* = 7?/6, and obtained the same
limiting optimal edge-weight distribution as [MP 87]. He also obtains a number of other interesting
results such as the asymptotic essential uniqueness (AEU) property—which roughly states that
almost-optimal matchings have almost all their edges equal to those of the optimal matching.

Generalizations of Parisi’s conjecture have also been made in other ways. Linusson and Wastlund
[LW 00] conjecture an expression for the expected cost of the minimum k-assignment in an m x n
matrix consisting of zeroes at some specified positions and exp(1) entries at all other places. Indeed, it
is by establishing this conjecture in their recent work [LW 03] that they obtain proofs of the Parisi and
Coppersmith-Sorkin conjectures. Buck, Chan and Robbins [BCR 02] generalize the Coppersmith-
Sorkin conjecture for matrices M = [m;;] with m;; ~ exp(r;c;) for r;,¢; > 0.

Alm and Sorkin [AS 02] verify the Coppersmith-Sorkin conjecture when k& < 4, Kk = m = 5 and
k =m = n = 6; and Coppersmith and Sorkin [CS 02] study the expected incremental cost of going
from the smallest (m — 1)-assignment in an (m — 1) X n matrix to the smallest m-assignment in an



m X n matrix.

2 Preliminaries

We begin by recalling the notation and the essentials of the development in [SP 02]. Let C' = [c¢;;]
be an n X n cost matrix with i.i.d. exp(1) entries. Delete the top row of C' to obtain the rectangular
matrix L of dimensions (n — 1) x n. For each i = 1,...,n, let S; be the cost of the minimum-
cost permutation in the sub-matrix obtained by deleting the i*"* column of L. These quantities are
illustrated below, taking L to be the following 2 x 3 matrix.

31611
L:
912120
6|11 3|11 316
= 5 =13; = Sy = 20; = S3 =5.
2] 20 9| 20 912
Denote the ordered sequence of S; by T;, i =1,...,n. That is, let 0 be the random permutation of

{1,...,n} such that S,1) <... < S,(,). Then T; = S,(;). In the above example, Ty = 5, T = 13
and T3 = 20.

Conventions

(1) Throughout this paper, if the minimum weight permutation is not unique, we shall consistently
break the tie in favor of one of these permutations.

(2) To avoid an explosion of the notation, we shall some times use the same symbol for both the
name of a matching and for its weight. For example, the T} defined above might refer to the smallest
matching as well as to its weight.

Conjecture 1 [SP 02] For j =1,...,n—1, Tj11 —T; ~ exp(j(n — j)) and these increments are
independent of each other.!

Remarks: It was shown in [SP 02] that Conjecture 1 implies Parisi’s conjecture: E(A,) = Y1 | &.

Further, it was established that To—T; ~ exp(n—1) and that T35 —T» 1l T5—T). As noted in [SP 02],
a natural generalization of their argument for showing T —T) ~ exp(n—1) fails for higher increments.
However, we use a different generalization in this paper, involving a subtle randomization step, to
prove Conjecture 1.

2.1 A Sketch of the Proof

We first introduce some notation that will be used in the proof. For an (n — j) X n matrix, L,,_;, of
i.i.d. exp(1) random variables define T}""7 to be the weight of the smallest matching of size n — j.

Let K7 be the matrix formed by the n — j columns used by Tlnfj. Consider the set of all matchings
in L,_; of size n — j which use exactly n — j — 1 columns of K;. Define T,/ to be the weight of
the smallest matching in this set.

Now let K12 be the matrix of size (n — j) x (n — j — 1) consisting of the columns used by both Tln_j
and T, 7. Consider the set of all matchings in L,,_; of size n— j which use exactly n— j —2 columns
of Kis. Let T3 ™7 be the weight of the smallest matching in this set.

IThe symbol ‘~’ stands for ‘is distributed as’ and the symbol ¢ L ’ stands for ‘is independent of’.



In this way we can recursively define K13 ; , i =3,...,n —j to be the matrix of size (n —j) x (n —
—i+1) consisting of the columns present in all the matchlngs {T" IoTy, ..., T}, and obtain
T L, T ~/,, as above. We shall refer to the matchings {7}"~ N S

J+1} as the T-matchings
of thc matrlx L,_;.

Note: When j = 1 then L,_; = L and the T-matchings of the matrix L are exactly equal to the
sequence {T;}} defined above, i.e T, =T ' i=1,...,n

Our proof of Conjecture 1 is inductive, and follows the steps below.

1. At the j'* step, we shall start with a matrix L,_; of size (n — j) X n containing i.i.d. exp(1)

random variables such that Tj1 — T, = T}~ JJ+2 T, ]]H, k> j.

We shall prove that Ty 7 — T"7 ~ exp(j(n — 7)) and hence conclude that Tjy; — Tj ~
exp(j(n — j)).

2. Next, we obtain L,_;_1, a matrix of size (n — j — 1) x n, from L,,_; such that Ty — T}, =

Tin — L) k=L

3. We shall show that L,,_;_; contains i.i.d. exp(1) random variables, thus completing the induc-
tion from L;,,_; to Ly_j_1.

We will also show that Tj4; — T} is independent of L,_;_; and observe that the higher
increments Tjy41 — Tk, for k > j, are functions of L, _;_;. This will allow us to conclude that
T;+1 — T} is independent of T4 — T}, for k > j.

Remark: The randomization procedure alluded to earlier is used in obtaining L,,_;_; from L,,_;
and ensures that L,,_;_; has i.i.d. exp(1) entries.

We state some combinatorial properties regarding matchings in Section 3 that will be useful for the
rest of the paper. The proofs of these lemmas are provided in the Appendix. Section 4 establishes
the above induction, thus completing the proof of Conjecture 1. For completeness, in Section 5, we
recall the argument in [SP 02] and show that Conjecture 1 implies Parisi’s conjecture. We extend
the method used in Section 4 to prove the Coppersmith-Sorkin conjecture in Section 6. We conclude
in Section 7.

3 Some combinatorial properties of matchings

Lemma 1 Consider an n x (n+ 1) matriz M and let K1 be the set of columns used by T{*. Then
for any column ¢ € K1, the smallest matching of size n that doesn’t use ¢, denoted by M., contains
ezactly one element outside the columns in K.

Lemma 2 Consider an n x (n + 1) matric M in which T} is the smallest matching of size n.
Suppose there exists a collection of n columns in M, denoted by K, with the property that the
smallest matching M of size n in K is lighter than M’: the smallest among all matchings of size n
that have exactly one element outside K. Then M = T7".

Lemma 3 Let M be the smallest matching of size n in an n x (n+ 1) matric M. Let M., be any
(n+7)x (n+1) matriz (r <1) whose first n rows equal M (i.e. Moyt is an extension of M ). Let M’
denote the smallest matching of size n + r in Meyt. Then the set of columns in which the elements
of M lie is a subset of the columns in which the elements of M’ lie.

The following is a useful alternate description of Ti"_j , 1> 2. Compute the weight of the smallest
matching in L,_; after removing its i*" column and denote the weight of that matching by S’



Note that for all i ¢ Ky, S]'" 7 = T}""?. Thus we shall only consider S "7 when i € K, and arrange
them in increasing order to get {R; 7} 7. Then we get the following lemma.

Lemma 4 T}, ' =R/, i=1,..,n—j.
Corollary 1 The matchings Tin_j7 1=2,....n—j+ 1 contain exactly one element outside K.

Corollary 2 Given a matriz L,_;, arranging the S?fj fori € Kqa._ k in increasing order gives the

n—j mn—j n—j
sequence Ty 7, Ty 5. T 5.
Lemma 5 [SP 03] Consider all the elements of an n x (n+1) matrix M that participate in at least
one of the matchings T; (or, equivalently, in one of the S;). The total number of such elements is

2n and exactly 2 such elements are present in every row of M.
Proof See Sharma and Prabhakar [SP 03]. |

Lemma 6 Consider an n X (n+1) matrix M and mark all the elements that participate in any one
of the matchings T1, T3, ..., T}, | defined in Section 1. Then exactly two elements will be marked
in each Tow.

4 Proof of Conjecture 1

We shall execute the three steps mentioned earlier. Thus, we shall begin with an (n — j) x n
matrix, L,_;, which has i.i.d. exp(1) entries. Recall that when j =1, L,,_1 = L and Tj41 — T =

Tl?gll — T,?717 k=1,...,n—1, since by definition T} = T,?il V k. This starts off the induction.

Now consider the general step j. Suppose we have that L,_; contains i.i.d. exp(1l) entries and

Tii1 — T = T,?:j]+2 — T,?:j]+1 for k > j, where the Tl-"_j are as defined in Section 1.

Step 1: Distribution of T,/ — 777 =T;,, — T}
Theorem 1 [Na 02] T3 7 — T/ ~ exp(j(n — 7).

Proof Let K be an (n — j) x (n — j) matrix consisting of any n — j columns of L,_;. Let T{ be
the smallest matching of size n — j in K. For any element ¢ not in K, let A. be the weight of the
smallest matching of size n — j — 1 from K that does not have an element in the same row as c.
Thus, ¢+ A, will be the weight of the smallest matching of size n — j that contains ¢ and precisely
n—j — 1 elements from K. As an illustration, the crosses in the figure below constitute A, and the
elements marked by the dots constitute T7%.

Let K be the (n—j)x j matrix formed by the j columns of L,,_; not present in K. Let c1, ca, ..., Ci(n—j)

be an enumeration of the elements of K. We claim that d; 2 K — A., > 0. This follows from



two points: (i) T{ has n — j — 1 elements that are not in the row of ¢;, and so ¢; has the option
of choosing them as A.,, and (ii) all the entries of L, _; are positive. Further, note that o(d;) C
o(K), i=1,.....5(n — j), where o(X) denotes the sigma-algebra generated by X.

We proceed by stating the following fact, whose proof follows from a simple application of the
memoryless property of exponentials.

Fact 1 Suppose X;, i =1,...,m, are independent exp(1) random variables. Let Y; >0, i=1,....m
be random wvariables such that o(Y1,...,Yy,) C F for some sigma algebra F. If X; WL F for each i,
then on the event {X; > Y;, i = 1,....m}, X; — Y; are independent exp(l) random variables and
independent of F.

Consider the event E = {K contains the smallest matching of size n — j in L,,_;}. We will show
that E is same as the event F = {¢; > d;, i = 1,...., j(n — j)}. Since TK = T[""7 by definition of E,
the minimality of 77" —J implies that ¢; + A, > T. Hence E C F. Conversely, given F, Lemma 2
implies that T = T7""7. Therefore F C E.

Given this, Fact 1 implies ¢; — d; are independent exp(1) random variables on the event E. Condi-
tioned on E, observe that ‘ _
)7 — T =min{c; — d;}. (1)
K3

Being the minimum of j(n — j) independent exp(1) random variables, T3 7 — T ~ exp(j(n — j))
on E.

Now K was any (n—j) x (n—j) sub-matrix of L,,_;. Repeating the argument for all possible choices
of K proves the theorem. | |

Remark: The theorem in [Na 02] considers a slightly more general setting of matchings of size k
in an m x n matrix. The argument used in the above theorem is an extension of the argument in
[SP 02] for showing that Tp — T1 ~ exp(n — 1).

Corollary 3 Let _Kl be the columns used by the smallest matching in L,_;. For each ¢; ¢ Ky,
¢ — (Ty7 —=1777) > 0.

Proof This follows from equation (1) and the fact that d; > 0, where d; are defined in the proof of
Theorem 1. |

Step 2: Obtaining L,,_;_; from L,,_;

The matrix L,,_;_1 is obtained from L,_; by applying the series of operations ®, A and II, as

depicted below
A n

[ % =
Lnfj e Lnfj e Lnfj — Ln,jfl.

It would be natural to represent the T-matchings corresponding to each of the intermediate matrices
L;_; and Ln_j‘using appropriate superscripts. For example, the T-matchings of L},_, can be
denoted {T:Ukj )}. However, this creates a needless clutter of symbols. We will instead denote
L;,_; and {Ti*(nﬂ )} simply as L* and {T}}, respectively. Table 1 summarizes the notations we shall
use.

We now specify the operations ®, A and II.

@ : In the matrix L, _;, subtract the value Ty 7 — 77"~/ from each entry not in the sub-matrix K.
(Recall from Section 1 that K; denotes the (n — j) x (n — j) sub-matrix of L,_; whose columns
contain the entries used by 77" 7.) Let the resultant matrix of size (n — j) x n be L*.



A : Consider the matrix L*. Generate a random variable X with IP(X = 1) = IP(X = 2) = 1.
Define Y so that Y =1 when X = 2 and Y = 2 when X = 1. Denote by e; the unique entry of the
matching Ty outside the matrix K. Denote by es the unique entry of the matching Ty outside
the matrix K15. Now remove the row of L* in which e; is present and append it to the bottom of
the matrix.2 Call the resultant matrix L. Note that L is a row permutation of L*.

IT : Remove the last row from L (i.e., the row containing e; and appended to the bottom in operation
A) to obtain the matrix L,,_;_.

Lemma 7 The entries of L™ are all non-negative.

Proof Entries in the columns of K; are left unchanged by ®; hence they are non-negative. Corollary
3 establishes the non-negativity of entries in the other columns. |

Lemma 8 The following statements hold:
() Ty =Ty =177

(i) Fori>2, Ty, —T;F =T/ —T/"7.

(iii) Fori>1,T; =Ty.

Proof Since T} s entirely contained in the sub-matrix K7, its weight remains the same in L*.
Let S be the set of all matchings of size n — j in L* that contain exactly one element outside the
columns of K;. From the definition of L*, it is clear that every matching in S is lighter by exactly
Ty~ — T]"7 compared to its weight in L, ;. From the definition of Ty 7 we know that every
matching in S had a weight larger than (or equal to) T, ~7 in the matrix L,,_;. Therefore, every
matching in S has a weight larger than (or equal to) T3 7 — (T5"7 —=T7"7) in L*. So every matching
that has exactly one element outside the columns of K in L* has a weight larger than (or equal to)
Ty""7. Therefore, from Lemma 2 it follows that 7} is the smallest matching in L*. Thus, we have
TF =107,

From Corollary 1 we know that T;* has exactly one element outside the columns of K for ¢ > 2.
Since every matching in S is lighter by T3 I T I from its weight in L, _;, it follows that
Tr =T/ — (Ty7 —T"7) for i > 2. Substituting i = 2, we obtain Ty = T;*?. This proves part
(¢). And considering the differences T}, ; — T;" establishes part (ii).

Since the values of T-matchings are invariant under row and column permutations, part (#it) follows
from the fact that L is a row permutation of L*. [ |

To complete Step 2 of the induction we need to establish that L, _;_; has the following properties.

Lemma 9 Ty —Th =T,/ —Tp /7' j+1<k<n-1

2The random variable X is used to break the tie between the two matchings T} and T3, both of which have the same
weight (see Lemma 8). This randomized tie-breaking is essential for ensuring that L,,_;_1 has i.i.d. exp(1) entries;
indeed, if we were to choose the entry in T} (or, for that matter, in T;) with probability 1, then the corresponding
L,,—;—1 will not have i.i.d. exp(1) entries.

Matrix Lnj L*=L;_; | L=1L, Ln_j 1

Dimensions | (n—j)xn | (n—j)xn | (n—j)xn | (n—j—1)xn

T-matchings {1771 {Try {T;} (T4

Table 1: Operations to transform L,_; to Ly_j_1.



Proof The proof of the lemma consists of establishing the following: For k=j+1,...,n—1

Tn J _ - 7

Thy1 — Tk k—j42 ~ Lr—jt1

= Tpjra—Thjn

(c n—j—1 n—j—1
= Tk—j+1_Tk—j )

~

where (a) follows from the induction hypothesis on T;_flj - Tinfj , and (b) follows from Lemma 8.
We shall establish (¢) by showing that

Ti=T'7 v, i=2... . n—j+1 (2)

for some appropriately defined constant v.

Two cases arise: qu e1 and ey as defined in the operation A, Case 1 is Whe~n e1 and ey are present
in the last row of L, and Case 2 is when e; is present in the last row of L and ey is present in a
different row.

Case 1: We claim that the values of e; and ey are equal, say to v. This is because e; and eq
choose the same matching of size n — j — 1 from the matrix Ko (call this matching M) to form the
matchings Ty and Ty. But Ty = Ty = T""7, from Lemma 8. Therefore e; = es.

Consider all matchings of size n —j — 1 in L,,_;_; that have exactly one entry outside the columns
defined by Kjs. Clearly, one (or possibly both) of the entries e; and ez could have chosen these
matchings to form candidates for T;. The fact that the weight of these candidates is larger than T}
indicates that the weight of these size n — j — 1 matchings are larger than the weight of M. Thus,
from Lemma 2, we have that M equals T}"~ 971 the smallest matching of size n — j — 1 in Lp_j_1.
Therefore, T]" T =Ty =Ty = T~ 7w,

Now consider S;, the smallest matching in L obtained by deleting the i*" column in K15. Since this

is Tk for some k£ > 3, 5’1 must use one of the entries e; or e, according to Lemma 6. Therefore,

S; > S;L*J*l + v, where Sfﬂ*l is the weight of the best matching in L,,_;_; that doesn’t use the
b column in Kis.

However, from Corollary 1 applied to L,_;_1, we have that S”_j ! has exactly one element outside
K5 since K15 defines the columns in which the smallest matchlng of L,,_;j_1 is present. Therefore
S I=1 can pick at least one of the two entries e; or e, to form a candidate for S "~J that has weight

S/~ 4 v, This implies S; < 877" + v,

This shows S; = Snfjf1 + .

But, arranging S;, for all i € K14, in increasing order gives us T, . . . ,Tn,jJrl. And arranging S?_j_l

in increasing order gives us Ty 7', ... T"" J !, These observations follow from Corollary 2. This
verifies equation (2) and completes Case 1.

Case 2: In this case, only e; is present in the last row of L. Let v be its value. Let M denote the
matching of size n — j — 1 in K5 that e; goes with to form T;. Consider the column, say cz, in
which ey is present, and further consider the entry in this column in the last row of L (i.e in the
same row as ej). Denote this entry by e} and let v; be its value.

Since e5 when combined with the matching M in Ko has a weight larger than Ti, it must be that
v1 = v + x for some x > 0.

Now, given any € > 0 let L be a matrix identical to L in every entry except eh. The value of €} is
changed to v + € from vy = v + x. Let {Tf} denote the T-matchings of L¢.

Claim 1 Tf =T, for every i.



Proof Tt is clearly sufficient to show that e} is not used by any of the matchings Tf or T;. Since T
uses an entry in the last row that is different from e; and e} (it doesn’t use ey since TQ cannot use
the column in which e; is present; it cannot use e} since it uses ey in the same column), it follows
from Lemma 6 that e}, cannot be present in any of the T;.

To see that e}, cannot be present in any of the Tiﬁ consider the following. Compute 5’5 ,» the smallest
matching in L€ that avoids column cg, the column in which e; is present. We shall now show that
S¢, uses ex and has weight 71 (= T», by Lemma 8).

Consider the set, F, of all matchings in L¢ that do not use ¢y or eh. Since all the entries that give
rise to matchings in F' have the same weight in L and L, it follows that the best matching in F
uses e; and has weight Ty = Ty. Now consider the set F’ of all matchings in L€ that do not use ¢y
but necessarily use e,. Write a matching in F’ as e}, + M’, where M’ is a member of the set, G, of
all matchings of size n — j — 1 that do not use cy, c2 and the row containing ej (the last row) We
know that Tj = e; + M. From the minimality of T}, it follows that M is the lightest matching in
the set, G', of all matchings of size n — j — 1 that do not use ¢y and the row containing e; (which
also contains e5). Since G C G, this implies that M is the lightest matching in G, and e, + M is
the lightest matching in F’. (Note that, M uses the columns K5 and hence is in G.) Therefore,
the weight of e + M equals € + T > Ty = Tb; thus, it is heavier than the lightest matching in F.
Combining these, we have S ¢ uses ey and has weight 77.

Now, S’él must use an entry, say €', in the last row that is not e; (it avoids the column c4) or e} (it
uses e3). Therefore by Lemma 6, it follows that every matching T} uses one of the entries e; or €.
This implies e} cannot be present in any of the T, and the proof of the claim is complete. [ |

Define a matrix L ¢ which is identical to the matrix L¢ except for the entries e; and e}. We change
the values of e; and €4 to v — €. Let the T-matchings of L~¢ be denoted by {I; “}.

Compute Sz ¢, the smallest matching in L€ that avoids column ¢;. An argument similar to the one

cy
before gives us the followmg the smallest matching in F' uses ez and has weight T; the smallest

matching in F’ uses e, + M and has weight Ty —e. Combining these, we deduce that S uses e}
and has weight T} — .

s » the smallest matching in L~ which avoids the column c,. It is easy to see that
the SC2 uses e; and M and has weight T} — e.

Now compute Sz

Hence from Lemma 6, every Ti_e must use one of e; or €5. An argument similar to Case 1 now yields
the following:
Ty =Ty, =T" """ +v—¢ andforalli >2, T, =T""7""+v—e (3)

7

(Recall the argument: First show that the equation holds for the 5’; ¢ and then arrange these in
increasing order to get the T; °. To complete, note that the first n — j — 1 rows of L™ have entries
identical in value to those of L.)

As € tends to zero, we have that entry by entry the matrix L=¢ tends to L¢. Hence the weights
{T;7°} and {Tf} approach one another. Letting € tending to zero in Equation (3) and using Claim
1 we obtain the following: 4 } 3 3
TP o =lim T = lim Ty = T
€— €—

This verifies Equation (2) in Case 2 and completes the proof of the Lemma 9. |

Corollary 4 Let M be the smallest matching of sizen—j—1 in L, contained in the columns of K12,
that e, goes with to form T) = T'™7. Then M =T}~ I=1 the smallest matching of sizen —j — 1
in Ln_j_1.

]_':’roof Letting v be the weight of e;, we note that Tl is formed by e; and M. From Equation (2),
Ty has a weight equal to v + 777!, Hence the weight of M equals T}/ ~". [ |



Step 3: L,_,;_; has i.i.d. exp(1) entries

We compute the joint distribution of the entries of L,_;_1 and verify that they are i.i.d. exp(1)
variables. To do this, we identify the set, D, of all (n — j) x n matrices, L,,_;, that have a non-zero
probability of mapping to a particular realization of L, _;_; under the operations ®, A and II. By
induction, the entries of L,,_; are i.i.d exp(1) random variables. We integrate L,,_; over D to obtain
the joint distribution of the entries of L,_;_1.

Accordingly, fix a realization of L,,_;_1 € IR(ffj X and represent it as below
lia l1,2 N S l1n—1 lin
o= | @
ln—j-11 ln—j—12 = =+ lpjoin-2 lp—jo1n-1 ln—j-1n

Let D = H_l(Ln,j,l) be the pre-image of L,,_;_1 under I, and let Dp = A_1H_1(Ln,j,1). Now
A is a random map, whose action depends on the value taken by X. In turn, this is related to
whether e; and es are on the same row or not. Therefore we may write Dy as the disjoint union
of the sets D4 and D%, which respectively correspond to e; and es belonging to the same and to
different rows. Finally, D = ® " 'A~'II7!(L,,_;_1), the set we're trying to determine.

Consider an M’ € IRff_j )Xn, such as represented below

M = Lnjm
n T2 - - Tp—j-1 T1 - - Tj41
. . —7—1
In the above representation r1, ...,7,—j_1 denote the elements in the columns of K} 77", the sub-

. . . —7—1
matrix of L,_;_; which contains 77777 ".

We shall show that Dry is precisely the set of all such M’ for which the vector (r1, ..., 7m—j_1,Z1, ..., Zj41)
satisfies the conditions stated in Lemma 10.

Consider an element d outside the columns of K?_j_l in Lp—j—1. Let Ay be the cost of the
smallest matching, say Mg, of size n — j — 1 with the following property: The entries of M  are in
K{h]*l U(71,..,7n—j—1) and no entry is present in the same row as d. Clearly UM is a matching
of size n— j in the matrix M’. Let d, be that entry outside the columns of K?_j_l in Ly,_;_1 which
minimizes d + Ag4. Let J =d, + Ag4,, and let j, denote the column in which d, occurs.

Givenany ¥ = (rq,...,7n—j_1) € IRi_j_l, the following lemma stipulates conditions that (z1, ..., 2j41)
must satisfy so that M’ is in Dyy.

Lemma 10 For any T € IRTfr_j_l, let Sii(7) be the collection of all M' such that one of the following
two conditions hold:

(i) There exist i and k such that x; = xy, x; + Tln_j_1 < J and x> x; for allm #£ i, k.

(ii) There exists i # j, such that x,, > x; for allm # i and x; + Tlnfjf1 =J.
A
Then Dn = Sn = Femiﬂel SH(F)

Proof (o) Dn C Su: Let M € Dp be any matrix such that II(M) = L,,_;_1. Therefore the
sub-matrix consisting of the first n — j — 1 rows must be L,,_;_1. Let r1,..,7,—_;_1 be the entries in
the last row of M in the columns of K77~'. We shall show that M € Sy (7).
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By the definition of A we know that the entry e; occurs in the last row. From Corollary 4 we know
that e; chooses the matching 77"~ 771 to form the matching Tx. Hence e; must be one of the z;’s.
By definition, e; lies outside the columns of Kj5. From Corollary 4 we know that the columns of
Ko are the same as the columns of K, n=i=1 We also know, from Lemma 8 and the fact that X
and Y only take the values 1 or 2, that TX = Ty = T1 T2

Two cases occur.

(a): e1 and ey are in the last row. In this case, we know from the proof of Lemma 9 that e; = es.
(This is Case 1 in the proof of Lemma 9 and there we showed that e; = e3 = v.) Since both e; and
ez are in the last row and outside columns of K n=j-1 , we know that e; = x; and ey = xj, for some
i # k. Therefore, z; = x,. We know that e; + T" -1 = Ty, hence from the minimality of T'x we
have z; + Tln_j_1 < J. Also, z; + Tl"_j_1 < Ty + Tln_j_1 for m # i,k for the same reason. This
implies M satisfies the first condition of Lemma 10. Therefore, under (a) it follows that M € Sy (7).

(b): ey is in the last row and ey is not. In this case, from the minimality of d, + A4, it follows
that es + A., > d, + Ay, = J1. But we also know that es together with a n — j — 1 size matching
from the columns of Kj5 (which are the same as the columns of K"7~') forms Ty. Therefore,
ez + A, = Ty = Ty. The minimality of T, now implies e2 + A, < d, + Ay, = J. Therefore we
conclude that e; must in fact be d,. (Combinatorially, ea + A, and d, + A4, could just as well be
two different matchings with the same weight. But we ignore this zero probability event.)

Thus, T} = e +A,, = J. We know that e; is one of the ’s and e; and e occur in different columns,
hence e; = x; for some i # j,. Thus, z; +T," 7" = T} and from the minimality of T}, we also have
that o; + T]" 77" > &, + 7777 7" for m # i. Thus, M satisfies the second condition of Lemma 10
and hence M € Sy (7).

(8) Su C Du: Let M € Sp(7) for some 7. Clearly II(M) = L,,_;_1 since II operates by removing
the last row of the matrix. Therefore, we just need to establish the existence of an L,_; that has a
non-zero probability of mapping to the matrix M. Let {T*} denote the T-matchings of M.

The matrix M satisfies one of Conditions (i) or (i) of Lemma 10. Accordingly, this gives rise to
two cases.

(a): M satisfies Condition (i). We claim that A(®(M)) = M. From Lemma 3 we have that
TM must use all the columns of T"7~'. This implies that exactly one entry of T}V lies outside
the columns of K"7~!. But, Condition (i) has it that 2; + 77" 7~' < min{az,, + 7" 7', J} =
min{z,, + T}~ 1, d+ Ag}. Since the last minimization is over all possible choices of this lone entry,
d, that TM chooses outside the columns of K777~ it follows that TM = z; + T"/~'. Condition
(4) also has it that ), = x;. Hence TM = TM =z +T] 77"

This implies T3 — TM = 0 and hence ®(M) = M. Since x; and z; are the entries of 7Y and T
outside the columns of K5, this implies e; and es are x; and x; in some order. Observe that A
removes the row in which e; is present and appends it to the bottom of the matrix. However, in
this case, as e is already present in the last row, we obtain A(M) = M. Thus A®(M) = M and
this shows that M is in the range of A®(-).

(b): M satisfies Condition (7). Again starting with L,,_; = M, we claim that A®(M) = M with
probability 1.

A similar argument as in Case (a) yields x; + Tlnfjf1 =TM =TM = J =d, + Ay,. Hence
TM —TM =0 and we get that ®(M) = M. Note that e; and ey are decided by the outcome of X.
Hence P(e; = x4,e2 = d,) = % =1P(eg = zi,e1 = d,). When e; = z;, by the definition of A we get
that A(M) = M. When e; = d, the row that moves to the bottom is the one in which d, occurs;
hence A(M) # M in this case. Therefore, with probability 3 we will obtain M as the result of the
operation A®(M). This implies M is in the range of A®(-).

Taken together, both cases imply that if M € Sp(7) then M € Dy for any 7 € IRi_j ~!. Therefore,
St C Dr. [ ]
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Let Dj; and D¢ be the subsets of matrices in Dy that satisfy Conditions (i) and (i) of Lemma
10, respectively. Clearly Dy is the disjoint union of Dj; and D&. (The superscripts s and d are
mnemonic for whether e; and es occurred in the same row or in different rows.)

Now that we have identified Dy explicitly in Lemma 10, D, can be identified following manner:
Pick a matrix M; € Dy and form n — j matrices by removing the last row of M; and placing it back
as the ith row, for ¢ = 1,...,n — j. Call this collection of n — j matrices Sp(M;). Define

Sa= |J Sa(n).

M1 €D

Lemma 11 Sy = D,.

Proof Let M € Dy, then we have A(M) = M, for some M; € Dr. The map A operates on M by
removing a row and appending it to the bottom. Hence if A(M) = M; then M € Sp(M;1) C Sa.
Therefore Dy C Sy.

Conversely, consider an M € Sp. We will show that M € D, by establishing two things: M belongs
to the range of ® (hence we may apply A to it), and IIA(M) = L,,—;_1 with a non-zero probability.

Consider an M € Sp(M;) for some M; € Dy. Now, from Lemma 8 we know that TlM1 = T2M1 for
any M7 € Dp. Since row permutations do not change the values of T-matchings, it follows that
TM = TM. This implies ®(M) = M, or M is in the range of ®.

To complete the proof, we again consider any M € Sy and a corresponding M; € Dy such that
M € Sy(M;y). As before, there are two possibilities: (a) M; € Dj; or (b) M; € D.

Under (a), e; and e are in the same row of M;. Since M and M; are row permutations of one
another, e; and ey are also in the same row of M. Therefore, A will map M back into M; with
probability 1, by simply moving this common row to the bottom.

By contrast, under (b), e; and ez are on different rows of M; and hence of M. Thus, this time
around A will map M back into M; with probability of % This is because A has a choice of two
rows (depending on the outcome of X) that could be moved down with equal probability. But only
one of these choices will yield Mj.

This shows Sy C Dy and completes the proof of Lemma 11. |

Partition Dy into Di = Sa(Df;) and D = Sx(DE); these partitions correspond to the cases
where e; and ey are in the same row and in different rows. Also observe that when M € D we
have ITA(M) = L,_;_; with probability one and when M € D} we have IIA(M) = L,_;_; with
probability %

We are finally ready to characterize D, the set of L,_;’s that map to a particular realization of
L,,_j_1 with non-zero probability.

Consider any M € Dj. Let 0 be any positive number. Consider the column, say ¢; in M which
contains z;. (Recall, from Lemma 10, that x; is the smallest of the x,,’s in the last row deleted by
I1.) Let K be the union of the columns of K77~' and ¢;. Add  to every entry in M outside the
columns K. Denote the resultant matrix by S1(0, M). Let

Si= |J  s0,m).

6>0,McDp

Now consider the column, say co in M where the entry xy or d, (depending on whether A(M)
satisfies condition (i) or condition (ii) of Lemma 10) is present. Let K’ be the union of columns of
Kf_J_l and cy. Now add 6 to every entry in M outside the columns K’. Call this matrix Sa(6, M).
Let

5.2 = U SQ (Qa M)7

0>0,M&Dx
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and note that &; and Sy are disjoint since ¢; # cs.
Remark: Note that 6 is added to precisely j(n — j) entries in M in each of the two cases above.

Lemma 12 D =85, USs.

Proof Consider M € D. From Lemmas 10 and 11 we know that ®(M) € Dy. Let TM — TM = 6.
Let K denote the columns that contain T}M. Subtracting  from the entries of M outside the
columns of K leaves us with M; € Dj. From the proof of Lemma 8 we know that under ® the
locations of the entries of T-matchings do not change; only the weights of T, i > 2 are reduced by
TM — TM = @. Therefore, in the matrix M, exactly one of z; or y (where y is x;, or d, depending
on which condition of Lemma 10 A(M;) satisfies) was part of T, If it is z;, then we see that
M = 51(0, My). If it is y, then M = S5(0, My). This implies M € §; U Ss.

For the converse, consider an M = S1(0, M7) for some M; € Dp and 6 > 0. Since x; + Tlnfjf1 was
the smallest matching in M, and M dominates M entry-by-entry, z; + 717" ~I=1 continues to be the
smallest matching in M. Consider every matching that contains exactly one element outside the
columns defined by the matching z; U 77"’ - By construction, the weight of these matchings in

M exceeds the weight of the same matchings in M; by an amount precisely equal to 6. Hence, by
Corollary 1, we have that TM — T = @ for i > 2. This further implies T} — TM = T, — M 14.

But we know that for any M; € Dy, Ty = TM'. Therefore TM — TM = 6, and ®(M) is the
matrix that results from subtracting ¢ from each entry outside the columns containing the matching
2;UT]" 7. But, by the definition of Sy (8, M;), ®(M) is none other than the matrix M;. Therefore
M €D, and §; C D.

Now consider an M = Sy(6, M;). In this case zj + 77" 7" (or d, + Ag,) continues to remain the
smallest matching in M. An argument identical to the one above establishes that ®(M) = M.
Hence, M € D and S; C D and the proof of the lemma is complete. |

Remark: Note that the variable 6 used in the characterization of D precisely equals the value of
TM — TM as shown in the proof of Lemma 12.

Continuing, we can partition D into the two sets D* and D¢ as below:
D =S (Ry, D) US2(Ry, D) and D% = S; (R4, DY) U Sa(IRy, D). (5)

Observe that whenever M € D*, we have ®(M) € D} and hence [TA®(M) = L,,_;_; with probability
1. For M € D, ®(M) € D4. Hence IA®(M) = L,,_;_1 with probability 1.

Now that we have characterized D, we “integrate out the marginals” (ri,...,7p—j_1,21, ..., Z;41) and
0 by setting

U= (Lp—j_1,70) and &= (7,Z),
where L,,_;_1 € IRS?*FDX" is as defined at equation (4). We will evaluate f,(¢) = le fuw (0, Z)dZ+
fR2 fuw (U, Z)dZ, to obtain the marginal density of . The regions Rq and Ro are defined by the set
of all Zs that satisfy (7) and (é¢) of Lemma 10, respectively.

On Rq, we have that z; =z, < J — Tf7j71 for J as in Lemma 10. We shall set U = J — Tlnfjfl,
and u,, = x,, — x; for m # i, k. Finally, define

Sy =l + .. +lpjapt+ri+. a1 +j(n—75)6.

Thus, s, denotes the sum of all of the entries of L,_; except those in Z. As noted in the remark
preceding Lemma 12, the value 8 was added to precisely j(n — j) entries. We have

v Dap @ AIFEY [T Gt Gt ) e
fw (0, 2)dZ = 2(n—j) 5 e =V duy ... duj_q da;
0o Jo 0

= jln=je (1= e, (6)

R1
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The factor (j ‘51) at equality (a) comes from the possible choices for ¢ and k from 1,...,5 41, the factor
(n — j) comes from the row choices available to e; as in Lemma 11, and the factor 2 corresponds to
the partition, S or Sz, that L,_; belongs to.

Similarly, on Rs, we have that z; = J — Tlnfjf1 2 U and we shall set u,, = x,,, — x; for m # i to
obtain

1 > > ,
fu (¥, 7)dT w2 {2(n—j)j/ / e (ot GHDU b bws) gy -y
Ro 2 0 0

= jln—j)e e GIV, (7)

In equality (b) above, the factors j, (n — j) and 2 come, respectively, from the choice of positions
available to z;,% the row choices available to e; and the partition, S; or Sa, that L,,—; belongs to.
The factor % comes from the fact that on Rg, e; and ez occur on different rows. Therefore, L,,_; is
in D? and will map to the desired L,,_j_1 with probability %

Putting (6) and (7) together, we obtain
fv(q_j) = J(TL _j)e_sv — et tlnj1,n) ](n _j)e—j(n—j)O w o= (Mt rj1)
We summarize the above in the following lemma.

Lemma 13 The following hold:

(i) Lp—;—1 consists of i.i.d. exp(1) variables.

(i) 0 = T3 7 — T is an exp(j(n — j)) random variable.
(iii) 7 consists of i.i.d. exp(1) variables.

(iv) Lp—j—1, (Ty~7 —T7"77), and 7 are independent.

Remark: It is worth noting that the above lemma provides an alternate proof of Theorem 1. That
is, it shows that 757 — T""7 = Tj41 — T} is an exp(j(n — j)) random variable.

From Lemma 9 we know that the increments {741 — Tk, k > j} are a function of the entries of
L,,_;_1. Given this and the independence of L,_;_; and T}j;; — T} from the above lemma, we get
the following corollary.

Corollary 5 T —Tj is independent of Tj1 — T} for k> j.

In conjunction with Theorem 1, Corollary 5 completes the proof of Conjecture 1. The next section
recalls the argument (from [SP 02]) that establishing Conjecture 1 leads to the resolution of Parisi’s
conjecture.

5 Resolution of Parisi’s conjecture

Let C be a matrix of i.i.d exp(1) entries of dimension n x n. Denote by L the sub-matrix obtained
by removing the first row of C. Recall that for ¢ = 1,...,n, S; is the cost of the minimum-cost
permutation in the sub-matrix of L obtained by deleting it’s i*” column. As before, denote the
ordered sequence of the S;’s by {T;}7.

3Note that there are only j choices available to x; since it has to occur in a column other than the one in which
d, occurs.
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Now consider IE(A4,,), abbreviated to E,.

E, / P(A, > z)dx
0

/OO P(A,(7) > x,Vr) dx
0

oo
/ P(ci; >z — S;,Vj) dx
0

E;, </ P(Clj>$—8j,Vj) d]}|L>
0

where IEp(.|L) denotes the conditional expectation with respect to the matrix L. Note that condi-
tioned on L, the S;’s are constant and are therefore denoted by s;. Next, consider

I = / P(ci; > x —sj,Y)) dx
0
= / H P(c1; >x —sj)de  (independence of c¢i;)
0 o
ty to tn oo
= / dx +/ e~ @) qp 4. +/ e~ ((r=Da—ti=—tn1) gy +/ e~ (me—ti==tn) gy
0 t1 tn—1 tn
(where the t; are obtained by ordering the s;)
= t+ (1 — e*“?*“)) +1 (e*(tr“) — e*(zt?’*“*tz)) +..+
2
1 (67((%2)%,1417---4%2) _ 67((%1)%417.'-4",1)) 4 LoDttt )
n—1 n
1 1 1
= ¢ 1 —e~(ta=t1) _ —=Qts—ta—ta) _  _ _ ~  —((n—Din—ti——tn_1)
Lt 2¢ ¢ n(n — 1)6
Therefore,
Ba = BT 41-3 (e meneni)
(T)+ ; ii—1)  \°
= 1 El —3(Tj4+1=T;)
= IE(T; 1-— IE | e=? . 8
) +1-Y o e ©

i=2
We proceed by using the following from Section 4:

Theorem 2 Forj=1,...,n—1, T,11—T; ~exp(j(n—yj)) and these increments are independent
of each other.

Using this theorem we obtain

Sy i1 i—1 ) ,
6121 (T3 =T5) — E (e_j(T7+1—Tj)> — H n-—jg _n—¢ + 1_
ol el e j+1 n

Substituting this in (8) gives



We are left with having to evaluate IE(T}). It turns out that Theorem 2 proves useful in doing this
as well.

First, for j = 2,...,n,

J
E(T)) = B(T)+ Y B(Tp —Ti)
k=2
: 1
= IE(T)+ by Theorem 2).

2 k—1)(n—k+1) (

Moreover, the random variables Si, ..., S, are all distributed as A,,_;. Therefore, IE(S;) = E,,_1, V1.
Further, since S is one of the T;’s chosen uniformly at random, it is straightforward to note that

B(s) = > B(T)
j=1

18 J 1
= EJZ_%(]E(TIHZ (k—l)(n—k+1)>

k=2
1% 1
n 4 j
Jj=1
n—1
Assuming, by induction, that F,_; = J% = IE(S}), we obtain from (10) that
j=1
n—1 1 1
E(T)) = - — — 11
=X (%) (1)
j_
Substituting IE(T}) obtained above in (9) we get
n—1 n—1 n
1 1 1 1 1 1
En = -5 . 5 - - = - 12
— (z2 m> * n? * n ; i — i (12)

This establishes Parisi’s conjecture.

6 The Coppersmith-Sorkin Conjecture

As mentioned in the introduction, Coppersmith and Sorkin [CS 99] have conjectured that the ex-
pected cost of the minimum k-assignment in an m X n matrix, P, of i.i.d. exp(1) entries is:

Flmmn) = S & — 1 (13)

0,5>0,i+5<k (m —d)(n —j)

Nair [Na 02] has proposed a larger set of conjectures that identifies each term in equation (13) as
the expected value of an exponentially distributed random variable corresponding to an increment
of appropriately sized matchings in the m x n matrix. We prove this larger set of conjectures using
the machinery developed in Section 4 and therefore establish the Coppersmith-Sorkin conjecture.

Consider the matrix P and w.l.o.g. assume that m < n. For 1 < p < m, let V¥ be the weight of the
smallest matching of size p and denote the columns it occupies by K¥. Next, for 1 < p < m—1, define
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VP
by deleting one column of K¥ at a time. We shall refer to the set V™ J (U;n:_ll{le s VY +1}) as

the V-matchings of the matrix P. Nair [Na 02] has made the following distributional conjectures

. Vpp ’+1 to be the ordered sequence (increasingly by weight) of the smallest matching obtained

regarding the increments of the V-matchings.

Conjecture 2 [Na 02] The following hold:

v ~ exp(mn)
Vo o~ ep(mn-1)
VE-VE o~ esp(m—1n)
Vs =V ~ exp(m(n —i))
Vi=Vy ~ exp((m —1)(n—i+1))
Vi =V, ~ exp((m—p+1)(n—i+p—1))
H =V ~ exp((m —i+1)(n—1))
Vit - Vi, ~ exp((m —i)n)
|74 A ~ exp(m(n —m + 1))
ym=t _ymot ~ exp(2(n — 1))
Vit — vt ~ exp(n)

We have grouped the increments according to size. That is, the i*" group consists of the differences
in the weights: Vi, V{ ..., Vii_H, Vf“, and V{ is the matching of size i, V3 is the second smallest
of size i, etc, until Vf“—the smallest matching of size i + 1. Note that according to Conjecture
2 the telescopic sum V™' — V} has expected value F(i + 1,m,n) — F(i,m,n). Note also that
Vit ~ exp(mn), being the smallest of m x n independent exp(1) variables.

The rest of the section is devoted to establishing Conjecture 2 for the it" group.
Proof of Conjecture 2

We will establish the conjectures for the i*" group inductively, as in Section 4. Consider a matrix,
Pp,_ji1, of size (m—j+1) xn and let {Vﬂmﬂ“} denote? its V-matchings. The induction consists

4We regret the cumbersome notation; but we must keep track of three indices: one for the number of rows in the
matrix (of size m — j + 1 X n), one for the size of the matching, ¢, and one for the rank of the matching, p, among
matchings of size q.
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of the following two steps:

Inductive Hypothesis:

e Assume the increments satisfy the following combinatorial identities

i—j+1,m—j+1 i—j+1lm—j+1  _ i i
V2 - "1 - Vj+1 - Vg (14)
i—j+1,m—j+1 i—j+lm—j+1 i i
Vs Vs = Vie—Vig
i—j+1m—j+1 _ yri—j+lm—j+1 i1
Vz’—j+2 Vi—j+1 - i+1 Vz‘
i—j4+2,m—j+1 i—j+1l,m—j+1 i+1 i
V1 - Vz’—j+2 - Vl - Vit1-

e The entries of P,,_j41 are i.i.d. exp(1) random variables.

Induction Step:

Step 1: From P,,_;41, form a matrix P,,_; of size (m — j) x n with the property that

i—j,m—j i—j,m—j  _ i i
Vy -V = Vie—Vin

t—j,m—j t—jm—j  _ i i
V3 -V, = Viis = Vi

i—j,m—j i—jm—3  _ i i
Vi—j+1 - ‘/ifj = i1 — Vi
i—j+1,m—j i—jm—j i1 i

Vi - VFJ'H = W =Vig.

Step 2: Establish that the entries of P, _; are i.i.d. exp(1) random variables.
This completes the induction step since P, _; satisfies the induction hypothesis for the next iteration.

In Step 2 we also show that V7 Thm7Ht _ =it bm=itl  oxp((m —j+1)(n—i+j —1)) and
hence conclude from equation (14) that V/,, — V' ~exp((m —j +1)(n —i +j — 1)).
The induction starts at 7 = 1 and terminates at j = ¢ — 1. Observe that the matrix P satisfies the

inductive hypothesis for j = 1 trivially.

Proof of the Induction:

Step 1: Form the matrix P,,_;1 of size (m — j + 1) x (m — i + n) by adding m — i columns of
zeroes to the left of Pp,_;411 as below

Pr—ji1 = [0|Pp—ji1].

Let T" 1, T:L‘:J]Ll denote the weight of the T-matchings of the matrix P,,_ ;1. Then we make

the following claim.

Claim 2
*1m—j+l _ Vli—j+1,m—j+1
*2mfj+1 — VQifjﬂ,mel
pm—j+l1 i—j+1m—j+1
TiZjio = Vijo
and
Fm—j+1 _ mm—j+l _ _ m—j+1 _ yri—j+2,m—j+1
Ticjis =Ticjia = =1 i = Vi :
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Proof Note that any matching of size m—j+1 in Pm,jﬂ ‘can have at most m —i zeroes. Therefore,
it is clear that the smallest matching of size m — j + 1 in P,,_;4; is formed by picking m — ¢ zeroes
along with the smallest matching of size ¢ — j + 1 in P,,,—j;1. Thus, _17"73“ = Vf*ﬁLm*JH.

If we remove any of the columns containing zeroes we get the smallest matching of size m — j + 1
in the rest of the matrix P,,_;;; by combining m — ¢ — 1 zeroes with the smallest matching of size

t—3j+2in Py_jt1. Hence m — i of the T’s, corresponding to each column of zeroes, have weight

equal to vy IT2mmItL

If we remove any column containing Vf_j +Lm=i*1 “then the smallest matching of size m — j + 1
in P,,_;4+1 is obtained by m — i zeroes and the smallest matching of size ¢ — j + 1 in P,,_;41 that

avoids this column. Hence they have weights V,/=/+1m=7+! for p € {2,3,...,i — j + 2}.

We claim that V{7 T2™ %1 is Jarger than Vimdttm=itl for p in {1,2,3,...,i — j + 2}. Clearly
yyItEmeatl s yemitbmedtl - purther, for p > 2, we have a matching of size i — j 4+ 1 in

yi-ittm—itl g

oy
yimit2m=i+ ut

that avoids the same column that V;/=7T1m=/+1 ayoids in
Vpi’j“’m*j“ is the smallest matching of size i — j + 1 that avoids this column. Hence we conclude
that V1i7j+2,mfj+1 > ‘/pifjJrl,mfjJrl'

Hence arranging the weights (in increasing order) of the smallest matchings of size m — j + 1 in

Py,—j11, obtained by removing one column of T}" ~ITL at a time, establishes the claim. |
Tt T 7+ are formed by m — i zeroes and

From the above it is clear that the matchings and

the matchings Vfﬂ“’mﬂ*l and V;*]Jrl,m*JJrl
m

elements, one each of T/ /*" and T3" ! that lie outside the common columns of
T2m I Let K 12 denote these common columns. (Note that Ko necessarily includes the m — i
columns of zeros).

respectively. Hence, as in Section 4, we have two
T and

We now proceed to perform the procedure outlined in Section 4 for obtaining FP,—; from Py, ;1
by working through the matrix FP,,_;4+1 which is an extension of Pp,—j41.

Accordingly, form the matrix P* by removing the value T," It _ " It from all the entries in
Pm,jﬂ that lie outside K2. Generate a random variable X, as before, with PX=1)=PX =
2) = % Let Y =1 when X =2 and let Y = 2 when X = 1. Denote by e; the unique entry of the
matching T outside the matrix K. Denote by es the unique entry of the matching 7y outside
the matrix Ki2. Remove the row containing e; and call this matrix Pm_j. Now remove the m — ¢

columns of zeroes to obtain the matrix Pp,_; of size (m — j) x n.

Let Tlmfj, . T;L":fﬂ denote the weight of the T-matchings of the matrix Pm,j and qu’m*j denote

the V-matchings of the matrix P,,_;. We make the following claim.

Claim 3
(A VA
=i = ypTime
m—j _ i—j,m—7
it = Vo
and
Fm—j _ qpm—j _ _qpm—j _ yi—jtlm—j
Ti7j+2 - Tifj+3 — T T w41 T N :
Proof The proof is identical to that of Claim 2. |

Now from Lemma 9 in Section 4 we know that

T;j_gj"'l — T;}_}j+1 = T;’j__lj — T;n_j forl<p<m-—j. (15)
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Finally, combining Equation (15), Claim 2, Claim 3 and the inductive hypothesis on P,,_;;1 we
obtain:

i—j,m—j i—jm—j  _ i i
Va -V = Vi —-Vi,
i—j,m—j t—j,m—j  _ i i
V3 - V3 = Vi = Vi
i—jym—j _ yi—jm—i  _ i i
Vicitn 7 Vi = Vi -V
i—j+1,m—j i—jym—j  _ i+1 i
Vl - VFj+1 - Vl - Vi1

This completes Step 1 of the induction.

Step 2: Again we reduce the problem to the one in Section 4 by working with the matrices P,,— ;1
and Pm,j instead of the matrices P,,_j+1 and Pp_;. (Note that the necessary and sufficient
conditions for a Pp,_j4+1 to be in the pre-image of a particular realization of P,,_; is exactly same as
the necessary and sufficient conditions for a P,,_ j+1 to be in the pre-image of a particular realization
of Pm—j-)

Let R; denote all matrices Pm—j+1, of size m — j + 1, that map to a particular realization of Pm_j
with e; and ey in the same row. Let Ry denote all matrices Pm,jﬂ that map to a particular
realization of ﬁm,j with e; and ey in different rows. Observe that in Ro, Pm,jﬂ will map to the
particular realization of Pm_j with probability % as in Section 4. We borrow the notation from

Section 4 for the rest of the proof.

(Before proceeding, it helps to make some remarks relating the quantities in this section to their

counterparts in Section 4. The matrix L,_; had dimensions (n — j) X n; its counterpart Py,—j41
has dimensions (m — j + 1) x (m — i+ n). The number of columns in L,,_; outside the columns
of TV ~J equalled j; now the number of columns of Pp,—j+1 outside the columns of 77" It equals
n — i+ j — 1. This implies that the value 6 = T;%jﬂ — Tlm*j+1 will be subtracted from precisely
(m—j+1)(n—i+j—1) elements of P,_;11. Note also that the vector 7, of length m — j, has
exactly m — i zeroes and ¢ — j non-zero elements.)

Let P,,—; = [px,] denote a particular realization of P,,_;. We proceed by setting, as in Section 4,

7= (Pp_;,7,0) and @ = (7).

We will evaluate f,(7) = le Jo (¥, T)dT + fRz fuw (¥, )dE, to obtain the marginal density of .

On R4, we have that 2, = 2, < U for U as in Section 4. (The counterparts of =, and x} in Section
4 were x; and xy, and these were defined according to Lemma 10.) We shall set u; = x; — x, for
l # a,b. Finally, define

Sy =pP1a+ e FPm—jntri+..+rij+(m—j+1)n—i+5—1)0.

Thus, s, denotes the sum of all of the entries of P,,_;;1 except those in . We have

fu (0, Z)dE

R1
(@) . n—iti\ (U [ B e N
= 2(m—j+ 1)( 5 > /0 / . ./6 (svt+(n—itj)zaturt.. . Fun—itj—2) duy ... dtiy_iyj_o dz,
0
= (m—j+Dn—it+j—1e (1 fefwiﬂ‘)U). (16)
The factor (”72”]‘) at equality (a) comes from the possible choices for a,b from the set {1,...,n —

i+ j}, the factor (m — j + 1) comes from the row choices available to e; as in Section 4, and the
factor 2 corresponds to the partition, S; or S (defined likewise), that P,,—;11 belongs to.
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Similarly, on Ro, we have that x, = U and we shall set u; = z; — x, for [ # a to obtain

fu(0, 2)dZ
R2

1 - , »
© 3 2m—j+1)(n—i+j5—-1) / - -/e_(é”+("_Z+])U+“1+'“+“"*iﬂ'*1) duy ... dtp—iqj1
0

= (m—j+1)n—i4j—1)e sve =+, (17)

In equality (b) above, the factor (n — i 4+ j — 1) comes from the choice of positions available to z,
(note that z, cannot occur in same column as the entry d, which was defined in Lemma 10). The
factor (m —j+1) comes from the row choices available to e, and the factor 2 is due to the partition,
81 or Sy, that P,,_; belongs to. Finally, the factor % comes from the fact that on Ro, e; and es
occur on different rows. Therefore, P, ;41 will map to the desired P,,_; with probability %

Putting (16) and (17) together, we obtain
fo(@) =e %" = (e*(P1,1+...+pm—j,n) x(m—j+1)(n—i+j— 1)6*(m*j+1)(n*i+ﬂ'*1)9 w e~ (ritotriog)

We summarize the above in the following lemma.

Lemma 14 The following hold:

(1) Pn—j consists of i.i.d. exp(1) variables.

(ii) 0 = Ty 7t — Tt s an exp((m — j 4+ 1)(n — i + j — 1)) random variable.
(iii) 7 consists of i.i.d. exp(1) variables and m — i zeroes.

(iv) Pp—j, (T5" 7 —T{"77), and 7 are independent.

This completes Step 2 of the induction. |
From Claim 2, we have that 75" 7+t — =7+l — yj=itlm=itl _ yi=itlm=it1 " 4nq from the
inductive hypothesis we have V, /*tm=i+t _ ppmittm=itt — yi i Hence we have the

following corollary.

Corollary 6 V/,, -V} ~exp((m—j+1)(n—i+j—1)) forj=1,2,..,i—1.

To complete the proof of Conjecture 2 we need to compute the distribution of the two increments
i —Viand Vit — V7 | At the last step of the induction, i.e. j =i—1, we have a matrix Pp,_;41

consisting of i.i.d. exp(l) random variables and satisfying the following properties: V21’m_i+1 —
VT = Y~ Vi and VP v =y VA The following lemma completes

the proof of Conjecture 2.

Lemma 15 The following identities hold:
(i) Vpr T VT exp((m =i+ 1) (n — 1)),
(i7) V2T bt O exp((m— i)n).
Proof This can be easily deduced from the memoryless property of the exponential distribution;

equally, one can refer to Lemma 1 in [Na 02] for the argument. (Remark: There is a row and column
interchange in the definitions of the V-matchings in [Na 02].) [ |

Thus, we have fully established Conjecture 2 and obtain
Theorem 3

F(k,m,n) = Z ,1

iizoger (M= D =J)
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Proof

Vlk = (Vlk — kafl) + (kacfl _ V]f:ll) 4+ -+ (‘/21 _ Vvll) + Vll
1
= EWV) = o
1 i>j207;rj<k (m —i)(n—j)

and  F(k,m,n) E(VF).

This gives an alternate proof to Parisi’s conjecture since [CS 99] shows that E,, = F(n,n,n) =

i

7 Conclusions and further work

This paper provides a proof of the conjectures by Parisi [Pa 98] and Coppersmith-Sorkin [CS 99].
However, there are still some interesting properties of matchings in matrices with i.i.d. exp(1) entries
that remain unresolved. Of particular interest is the following conjecture: Let @ be an (n — 1) x n
matrix of i.i.d. exp(1l) entries and let TiQ denote its T-matchings. Let YT denote the set of all
placements of the row-wise minimum entries of (Q; for example, all the row-wise minima in the same
column, all in distinct columns, etc. Consider any fixed placement of the row minima £ € Y. Then
we make the following conjecture.

Conjecture 3 Conditioned on a particular placement, &, of the row-wise minima of @, Tﬁ_l —TjQ ~

exp(j(n—3)) for j=1,...,n— 1. Furthermore, these increments are independent of each other.

Clearly, if we average over all £ € T then we recover Conjecture 1. It is simple to prove Conjecture
3 in the case when £ is the placement that corresponds to all row minima being in distinct columns.
Therefore, if a simple argument could be advanced for showing that the distribution of {T' 3%1 — TJQ}
is invariant with respect to the placement of the row minima, we will prove Conjecture 3 and hence
obtain another proof of Parisi’s conjecture.

We have verified Conjecture 3 for n < 4. We believe that similar conjectures exist for m x n
matrices (m < n) as well, i.e. distributional properties of the increments of the T-matchings ought
to be independent of the row minima placement.

As Aldous [Al 01] has noted, [Do 00] contains an incomplete proof to Parisi’s conjecture. We believe
that some of the claims in [Do 00] can be justified using a generalization of Conjecture 3. It is also
interesting to note that we do not use the exponentiality of the variables until we “integrate out the
marginals”. So it might be possible to say something in cases where the entries are not exponential
or are exponentials with unequal rates as in [BCR 02].
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Appendix: Proofs of the combinatorial lemmas

To execute some of the proofs we will use the alternate representation of an arbitrary k x [ matrix M
as a complete bipartite graph, with k& vertices on the left and [ vertices on the right corresponding
to the rows and columns of M, respectively. The edges are assigned weights m;; with the obvious
numbering.

Proof of Lemma 1 We represent the matrix M as a complete bipartite graph G, 4+;. Choose an
arbitrary column ¢ € K7 and focus on the subgraph consisting of only those edges that participate
in T (as defined in Section 1) and M. Such a subgraph is depicted in Figure 1 where the bold
edges belong to T7* and the dashed edges correspond to M, the smallest matching in the matrix
obtained by deleting column 1.

[ L J
- — =
N row vertices - N K,
o e
- S ° n+l column vertice
[ J
“
[ J
o

Figure 1: Subgraph depicting an even-length path and a 2-cycle

In general, a subgraph of a bipartite graph can consist of the following components: cycles, and
paths of even or odd lengths. We claim that it is impossible for the subgraph induced by the edges
of TT* and M to have cycles of length greater than two, or paths of odd length.

A cycle of length greater than two is impossible because it would correspond to two different sub-
matchings being chosen by 77" and M; on a common subset of rows and columns. This would
contradict the minimality of either 77" or of M;.

An odd-length path is not possible because every vertex on the left has degree 2 and therefore any
path that enters it will be able to leave. Thus, any path will have to be of even length. (Note that
we can have cycles of length two because they correspond to a common entry being chosen by both
matchings.)

Next we show that the only other component that can be present is a path of even length whose
degree-one vertices are on the right. Every node on the left has degree 2 and hence even paths with
two degree-1 nodes on the left is not possible. Suppose there are two or more paths of even length.
Consider any two of them: at least one of them will not be incident on column 1. Now the bold
edges along this path are smaller in weight than the dashed edges by the minimality of 77". Thus
we can append these bold edges to the dashed edges not on this path to obtain a new matching M}
which would be smaller than Mj. This contradicts the minimality of M; amongst all matchings
that do not use column 1.

Having deduced that this subgraph only consists of 2-cycles and one even-length path, we can now

24



prove Lemma 1. A 2-cycle doesn’t violate Lemma 1 because it corresponds to a right-side vertex (or
column) in K being used by M;. Consider the even-length path, and observe that all but one of
the dashed edges along the even-length path are incident on columns in K. This is because dashed
edges alternate with bold edges and the latter are incident only on columns in K;. This leaves
exactly one dashed edge (the last one in the path) being incident on a column outside K. [ |

Proof of Lemma 2 First note that we only need to prove the result for | < n because T7* can use
at most n columns outside those in K.

The proof is by induction on matrices of size n x (n+j), each containing the columns K. The lemma
is trivially true for j = 1. Suppose that it is true for matrices of size n x (n+j), j=1,...,01—1. If
the statement is not true for j = [, then we show that Lemma 1 is contradicted.

Assume therefore that 77" consists of elements from more than one column outside K. Observe that
the number of columns that 77" uses outside K cannot be less than [ because that would violate the
induction hypothesis for some lower j. Hence assume that 77" uses all [ columns outside K.

Now choose any one of these [ columns and find the smallest matching that does not take an element
from it. We know from the induction hypothesis that this matching is M. But since M and 17
have at least [ columns which are not common, we arrive at a contradiction with Lemma 1. |

Proof of Lemma 3 As before, we represent the augmented matrix M,,; as a complete bipartite
graph Gy q,n+; and focus on the subgraph (see Figure 2) consisting of only those edges that are
part of M (bold edges) and M’ (dashed edges).

n row vertices

n+l  column vertices

r row vertices appended g e
o-. :

.

.

Figure 2: Subgraph depicting odd-length paths and a 2-cycle

We proceed by eliminating the possibilities for components of this subgraph. Asin Lemma 1, a cycle
of length greater than 2 is not possible, but 2-cycles (common edges) are possible.

Next we show that paths of even length cannot exist. There are two types of even-length paths,
those with degree-1 vertices on the left and those with degree-1 vertices on the right. Since every
vertex on the left in the original matrix has degree 2, even-length paths that have degree 1 on the
left are not possible.

The other type of even-length path where the degree-1 vertices are on the right has the property
that the solid and dashed edges use the same vertices on the left (i.e. same set of rows). Now,
we have two matchings on the same set of rows and therefore by choosing the lighter one, we can
contradict the minimality of M or M’.

We now consider odd-length paths. Again, since every vertex on the left in the original matrix has
degree 2, this implies that the only type of odd-length paths that are possible are those for which
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the number of edges from M,,; is one more than the number of edges from M. But in such an
odd-length path, the vertices on the right (columns) used by the original matrix are also used by
the augmented matrix.

The only other component left to consider are 2-cycles (or common edges). Here we have the same
column used by both matchings. This completes the proof that every column used by M is also
used by M. [ |

Proof of Lemma 4 The proof is by induction on i. By definition, 7' =7 is the smallest matching

7 avoids one

of size n — j in L,_; that contains exactly n — j — 1 elements from K;. Therefore T,
column in K7, say i,. This implies that 757 > S ~J. Now from Lemma 1 we know that the smallest
matching that avoids any column 7 € K; contains just one element outside K. This implies that for
all i € Ky, S;'"7 contains exactly n — j — 1 elements from K. Thus 7577 < S/, i=1,...,n—j.
In particular, Ty 7 < Sy ~7 and this yields the following inequality: T 7 = Sy <8 0=
1,...,n—j. Again, by definition, R}/ = Siofj, the smallest of the S7*7’s. Therefore, Ty 7 = R}~
and the result holds for i = 1.

Now assume Tﬁﬁj = R?_j ,i=1,...,k —1 for some kK < n — j. Consider the columns present in
Kis.. These columns were by definition present in all of T}/, 757, T ~J and hence, by the
induction hypothesis, in all of R?_j , Rg_j R RZ:{. Note that there are exactly k — 1 columns that

are present in K7 but not in K4y . Therefore, R?fj, i =1,....,k — 1 is the ordered sequence of
weights of the smallest matchings of size n — j when one of these columns is removed at a time.

This implies that RZ_j is the weight of the smallest matching that avoids a column in Kio . By

definition, T,;:f is the smallest matching that uses all but one column in K5 ;. Therefore, T,;:l]

avoids one column in Kjs ; and we obtain T,::lj > RZ_j . From Lemma 1 we know that all S} —Iog

contain exactly n—j —1 elements from K. This implies in particular that R}’ contains all but one

column in Ky since it avoids a column in Ko k. Clearly R]™7 was a possible choice for T} 7

k+1 -
n—j n—j
Hence TkJrl <R .

n—j n—j

Therefore, we have T, {/ = R, and this completes the induction step. |

Proof of Corollary 1 From Lemma 1 we know that for all 4, S?ij contains exactly n —j — 1
elements from K;. From this fact and the equivalence to R;” ?’s established in Lemma 4, the

corollary follows. [ ]

Proof of Corollary 2 This follows easily by noticing that in the proof of the induction step in
Lemma 4, R, 7, k= 1,...,n — j is the weight of the smallest matching that avoids exactly one

column in Kyo. k. But T;'7 = R.™/, k=1,...,n — j and we are done. [ |

Proof of Lemma 6 For the proof we will augment the given matrix by an (I — 1) x (n+!) matrix
with all elements equal to 0 as in Figure 3 and call the augmented matrix Mgyg. In My, 4, mark all
the elements that participate in any of the minimum permutations in the n + [ square sub-matrices
obtained by deleting one column at a time. Denote by S; the weight of the smallest matching in the
square sub-matrix of Mg,y resulting from the deletion of column i. Denote by {T;}} the ordered
sequence of S;’s. From Lemma 5, exactly two elements per row will be marked in Mg,y by the
elements of {T;}7.

Now since the lower part of M,,, always contributes zero towards every matching in the original
matrix, we note that 77 = T7'. In fact, the deletion of any column 7 in My, that is not in K; will
lead to T; = T7".
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n rows

1-1 rows o|jo0o|j0|0|0|0]|O0

n+l columns

Figure 3: The augmented matrix

When we start deleting columns in K; we obtain the higher T;’s for M,,y. By the equivalent
characterization of the sequence T7*, 73", ..., T}, ; described in Lemma 4, we notice that the elements
that participate in these 77*’s are precisely those that are marked in the upper n rows in Mg,4. Since
two dots per row are marked in Mg,4, we obtain our result. |
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