MATH 205A HOMEWORK 2 SOLUTIONS (FALL 2018)

0. Let A C X. By definition of p*, there exist B, € A with A C B, such that
w(By) = u*(A). Let B=0nN,B,. Then A C B and B € A. Thus

(*) e (A) < u(B).

Also, for every n we have B C B, so u(B) < u(B,). Letting n — oo, we have
w(B) < p*(A). Hence by (*), u(B) = p*(A). This proves (a).

Proof of (b): Clearly p*(0) = 0. Now suppose A C U, A,,. By part (a), for each n
there exists B,, € A with 4,, C B,, and pu*(A,) = u(B,). Thus

1W(A) < p(UB,)  (def of )
< Z w(By)
= Z 1w (Ay) (by choice of By,)
This proves that p* is an outer measure.

Proof of (¢) Suppose A € A. Then for B € A with A C B, pu(A) < p(B). Thus the
infimum in the definition of p*(A) is attained by A itself, so u*(A) = p(A).

Let S be any set in X. Let T be a set such that S C T € A and p*(S) = w(T).
(This T exists by part (a).) Then

p(S) = w(T)
=pu(TNA)+pu(TnNA)
> pr(SNA)+ p (SN A9

(The last inequality holds because p of any measurable set is > p* of any subset.)
Since this is true for all S, we see that A is p*-measurable. O

1. This is exactly like the proof that Lebesgue outer measure is an outer measure.
That p*(0) = 0 is trivial:
0 cuse,0

SO
w(0) <o) =0.
n=1
Suppose A C U, A,. We must show that

(*) prA) < pt(Ay).
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We may assume each p*(A4,) < co since otherwise (*) is trivially true. Let € > 0.
By definition of inf, we can cover A,, by sets B,; € C:

such that
N €

%

Then A C U,, ; By, so

p(4) < Z<Z>(Bm)

= (Z,u*(A,J) +e

This is true for each € > 0, so we have (*). O

2. In general, any set of outer measure 0 is measurable (as proved in class). Thus
the complement of any set of outer measure 0 is also measurable.

In part (a), this means that if S or X \ S is countable, then S is p*-measurable.
Suppose neither S nor X \ S is countable. Then p*(S) = p*(X \ S) = 1. Thus

W) = 1< 2= @' (S) + u' (X \ 5)

so S is not p*-measurable.
Thus we have shown: S is p*-measurable if and only if either S or X'\ S is countable.

For part (b), let S and A be any sets in X. If A is countable, then so are AN S
and AN S sov*(A)=v*(ANS)=v*(ANS°) =0, so

(*) v (A) =v*(ANS) + v (AN S°).

If on the other hand A is uncountable, then either AN S or A NS¢ (or both)
must be uncountable. Thus in this case v*(A) = co and at least one of v*(A N S)

and v*(A N S°) is oo, so again we have (*). Thus S is v*-measurable (for every
S cC X). O

3. Suppose first that A(A) < co. Let s be the supremum of

AANT)
A(T)

over all nonempty open intervals I. We must show that s = 1.
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Consider any covering A C U, I,, of A by nonempty open intervals. Then

MA) <D NANL) =D WA(IH) < sAI),

S0
AA) <531l
Taking the infimum over all such coverings gives
A(A) < sA(4).
Since 0 < A(A) < oo, this means s > 1.

If A\(A) = oo, then let A4, = AN[—n,n|. Then 47 C A2 C ... and A = UA,, so
A(A) = lim A(A,), so A(A,,) > 0 for sufficiently large n. Also, A(4,) < 2n < oo.
Thus (as we have already proved) the assertion of the problem is true for A,,. But
then it is clearly true for any set (e.g. A) that contains A,,. a

/.

Lemma 1. Let (X, A, ) be a measure space and let F be a nonempty collection of
sets in A such that F is closed under countable unions. Then there is set B € F
such that u(B) = maxcer pu(C).

Proof. Let « be the supremum of p(C) among all C' € F. By definition of sup,
there exist sets B,, € F such that

lim w(B,) = a.
n— oo
Let B = U, B,,. Then B € F since F is closed under countable unions. Since

B, C B, pu(Bn) < p(B). Letting n — oo gives o < u(B). In other words,
w(T) < pu(S) for all T € F. O

To prove the assertion of problem 4, we apply the lemma to the measure space
(X, M=, 1n). We let F be the colletion of B € M, such that B C A. Then F
is nonempty (since ) € F) and is closed under countable unions. By the lemma,
there is a set B € F such that

u(B) = 1u(2)
for all Z € F. Since B C A,

Let S= A\ B.

Since A = B U S is not p*-measurable and since B is p*-measurable, the set S
cannot be p*-measurable.

Suppose T is a p*-measurable subset of S. Then BUT € F so (by choice of B)
*) 1(B) = u(BUT) = u(B) + p(T)

since B and T are disjoint. Since p(B) is finite, (*) implies that u(7") = 0. O
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5. Recall that we proved in class that A contains a closed set C' with A(A\C) < €/2.
We also proved that A is contained in an open set W with A(U \ A) < ¢/2. Thus

AW\ C) = AW\ A) + A\(A\ C) < e.

Since W \ C is open, it is a countable union of disjoint open intervals I, the
endpoints of which are in C' U W*€. Now define f by

0 ifxeWe,
f(x)_{l ifzeC,

and extend f by linear interpolation to each of the intervals I,,. Then f is continuous
and

{z: f(z) #1a(x)} CcWN\C
so Mz : f(z) #1la(@)} <AWN\C) <e. O

Another way to define f that is more elegant and that works in R"™: Note
that for any nonempty closed set K, the function

dist(z, K) = min{|z —y| : y € K}
is continuous and dist(x, K) = 0 if and only if z € K.

We may assume W # R and C # ) (since otherwise we can just let f =1 or f =0.)
Now define ) .
f(z) = - dlbtc(x, W ) .

ist(z, We) + dist(z, C)
Since W€ and C are disjoint, the denominator is never 0. Thus f is continuous.
Also, note that f(z) =0ifx € W€ and f(z)=1ifz e C.

6. Recall that if p and ¢ are rational numbers with p # ¢, then A +p and A + ¢
are disjoint. [Proof: if z belonged to both, then  — p and = — ¢ would both be in
A, which is impossible since they differ by a rational number, namely p — ¢.] Note
that any subset of A has the same property.

Now suppose S is a Lebesgue measurable subset of A. By translational invariance
of Lebesgue measure, S + ¢ is also Lebesgue measurable (for any ¢) and has the
same measure as S. Note also that

[0,2] D UL, (S + (1/n)).

Thus
2=X0,1] 2 AMUn(S+2)) =D _AS+2)=> AS)

so0 A(S) must be 0. O



