MATH 205A HOMEWORK 5 (FALL 2018)

0. (Not to turn in). Let 1 < ¢ < r < oo. Show that LI(R) ¢ L"(R) and L"(R) ¢ L4(R).

1. Suppose 1 < p < co. Let f: R — R be a Lebesgue measurable function such that f [fIP dX\ < oo.
Prove that for every € > 0, there is a step function g such that

1f=gllp <e

(A step function is a function that can be written as a linear combination of characteristic functions
of intervals, i.e., a function of the form ), arlk) where each A(k) is an interval.)

2. Let (X, A, u) be a probability space, i.e., a measure space with u(X) = 1. Let f : X — R be a
A-measurable function. Prove that if 1 <p <, then | f||, < | fll-.

3. Let (X, A, ) be a measure space and let 1 < p < ¢ <r < oo. (Here p and ¢ need not be conjugate
exponents.) Show that if f € LP and if f € L", then f € L.

4. Let f : R — R be a Lebesgue measurable function with [ |f|d\ < co. Prove that

lim [ f(t)sin(at)dt = 0.

a— o0

5. Let (X, A, 1) be a measure space and suppose f,, (n =1,2,...)) and f are functions in LP(X, A, u)

such that
/fngdﬂﬁ/fgdu

for every g € LI(X, A, ), where p, ¢ € (1, 00) are conjugate exponents. Prove that || f||, < liminf,,_, || fnllp-

6. Suppose that (X,.A, p) is a finite measure space and that f is a p-integrable function. Let F be a
o-algebra contained in A. Prove that there is an F-measurable function g such that

/Sfduz/sgdu

for every S € F.



