MATH 205A HOMEWORK 6 (FALL 2018)

1. Suppose that (X, .4, ) is a finite measure space and that f : X — R is an
A-measurable function. Prove that || f]leo = limpy_oo ||f]lp-

Recall that ||f|leo is the infimum of the set of nonnegative essential upper bounds
for | f(-)|. An essential upper bound for a function g : X — [—00, o0] is a number
¢ such that p{z : g(x) > c} =0.

(The definition of || f||» given in the book is more complicated. It agrees with the
definition above for finite and for o-finite measure spaces.)

2. Let f € LP(R) where 1 < p < co. Prove that for every e, there is a continuous,
compactly supported function g : R — R such that || f — g/, < e.

(The support of g is the closure of the set of points where g # 0. We say that g is
compactly supported if the support of g is compact.)

3. Suppose f € LP(R), where 1 < p < oco. Let f;, be the function given by
fu(z) = f(x 4+ h). (a) Prove that

AIL% | fn — fllp =0.

(b) Suppose g € L1(R) (where % + % =1). Define ¢ : R = R by

o(z) = [z —1t)g(t) dt.

teER
Prove that ¢ is bounded and uniformly continuous.

4. Suppose f : R™ — R is Lebesgue measurable. Define a function M f : R" —

[0, 00] by
1
Mf(x) =su 7/ dA
f( ) r>13 /\B(I,T) B(z,r) |f‘
Let A= {xz: Mf(x) > a}. Prove that
5n
AA) < Z”f”l'

5. Let (X, A, 1) be a measure space, and let 0 < r < s <t < co. Prove that

(1712)° < (LA (A0

where o € (0, 1) is the number such that s = ar + (1 — a)t.

(For 0 < p < 1, we define || f||, to be ([ |f|1’)1/p7 just as we did for p > 1. However,
for 0 < p < 1, this quantity is not a norm: the triangle inequality fails.)
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