MATH 205A HOMEWORK 6 SOLUTIONS (FALL 2018)

1. Suppose that (X, .4, ) is a finite measure space and that f : X — R is an
A-measurable function. Prove that || f|jcc = limpy_ oo || f]|p- Recall that || f||oo is the
infimum of the set of nonnegative essential upper bounds for |f(-)|. An essential
upper bound for a function g : X — [—00,00] is a number ¢ such that p{z :
g(x) > ¢} = 0. (The definition of || f]|e given in the book is more complicated. It
agrees with the definition above for finite and for o-finite measure spaces.)

Solution: We may assume that 0 < || f||c since the result is trivially true if f =0
a.e. Let 0 < ¢ < ||f|loc- Then the set

S={z:f(@)]>c}

has positive measure (by definition of || f]|oc.) Thus

(Jur) "= ([uer)” = ([e)" =

which tends to ¢ as p — oo (since 0 < p(S) < 00.) Thus liminf, o ||f]l, > ¢
Since this holds for every 0 < ¢ < || f]|c0, we have

. .
() liminf || fllp 2 [1f]loo-

On the other hand, if ¢ > || f||c, then | f(z)| < c for almost every z, so ([ |f|p)l/p <
(f cp)l/p = (Pp(X))P = ¢(u(X))"/P which tends to ¢ as p — oo, 50

(1) limsup || f, < c.

pP— 00

Since this holds for all ¢ < ||flc, we have limsup, , . [[fll, > [[fll- By (*),
equality must hold.

2. Let f € LP(R) where 1 < p < oo. Prove that for every e, there is a continuous,
compactly supported function g : R — R such that || f — g/, < e.

(The support of g is the closure of the set of points where g # 0. We say that ¢ is
compactly supported if the support of g is compact.)

Solution: Suppose first that f = 1; is the indicator function of an interval I. Let
J be a closed interval contained in the interior of I, and let g : R — [0,1] be a
continuous function that is equal to 0 on the complement of I and that is equal to
1 on J. (For instance, we can interpolate linearly on I\ J.) Then

If = glly < AT\ T)Y?

which we can make arbitrarily small by suitable choice of J. Thus the result is true
for f =1;.
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It follows immediately that it is true for any step function f. (For such an f can
be written as Z;.l:l cjliy) where ¢; # 0 and I(j) is a bounded interval. For each
J, there is a continuous, compactly supported g; such that ||17;) — g;ll, < €/(nc;).
Thus || f—g|l, < €, where g is the continuous, compactly supported function y_ ¢;g;.)

Now for any f € LP, we showed in an earlier hw that there is a step function
h: R — R such that ||f — k|, < €/2. We just showed that there is a continuous,
compactly supported function g such that |h — g||, < €/2. Thus ||f — g]l, < e

3. Suppose f € LP(R), where 1 < p < oco. Let fj, be the function given by
fu(x) = f(z + h). (a) Prove that

tim 13— 1, = 0.

Solution: Suppose first that f = cl; where J is an interval and ¢ # 0. Then for
all h sufficiently near 0,

1= fllp = lel (20)77
Thus the result is true for such an f. It follows immediately (by Minkowski’s
inequality) that it holds for any step function f € LP.

Now let f be an arbitrary function in £P. Let € > 0. Then there is a step function
g € LP such that

1f —gllp <e
Now

1f = Fulle < 1F = gllp + llg = gnlly + 1/ = gnll
=2\lf —gllp+ llg — gnllp (by translation invariance of \)

<2+ g —gnlly

Thus since the result is true for the step function g,

limsup ||f — fullp < 2e.
h—0

Since this is true for all € > 0, in fact the lim sup must be 0. (]
(b) Suppose g € LI(R) (where % + % =1). Define ¢ : R — R by

¢(r) = f(z —1t)g(t) dt.

teR
Prove that ¢ is bounded and uniformly continuous.

Remark: The function ¢ obtained from f and g in this way is written f % g and is
called the convolution of f and g.

Solution: Note that f and x — f(t — x) have the same L£P norm (since Lebesgue
measure is invariant under z — ¢ — x.) Thus by Holder’s inequality,

(*) [(F = g)(@)| < (I fllpllgllq
for each x. Thus ¢ is bounded.
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To show uniform continuity, note that

(1) (f*a)@+h) - (f*g)(x) = / f+ h— t)g(t) dt — / fx — Dg(t) di
@) = [ +h=1) = 1o =)y dt = (5~ 1)+ 9)(a).
Thus

sup |(f * g)(x +h) = (f x g)(2)| = supz € R[((fn — f) * 9)(2)]

z€R
<|lfn=Ffllpllglly by (%))
which tends to 0 as h — 0 by part (a). Thus f * g is uniformly continuous.

4. Suppose [ : R™ — R is Lebesgue measurable. Define a function M f : R" —
[0, 00] by

1
Mf(x) =su 7/ dA
f( ) T>13 AB(J},T) B(a:,r)|f‘

Let A= {z: Mf(z) > a}. Prove that

AA4) < 2l

Solution: We may assume that ||f||1 < co. Let F be the family of closed balls
B(z,r) such that

1
_ / |f]dX\ > a.
AB(z,r) JB@,r

Note that A is covered by the balls in F. Note also that if B1,Bo, ... are disjoint
balls in F, then

0> fl =3 [ 17ldx> a3 AB.

Thus we see that F does not contain an infinite sequence of balls whose diameters
are bounded away from 0.

Thus by the five-times covering lemma, there is an infinite sequence (finite or infi-
nite) B; of disjoint balls in F such that

~

AC (Ui<mB1) U (Ulszz)
For each i. In particular,

AC Uzﬁl
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Thus

A
il
=

5. [Not to turn in] Let (X, A, u) be a measure space, and let 0 < r < s < t < 0.

Prove that
(1) < A1 Ll et
where a € (0, 1) is the number such that s = ar + (1 — a)t.

(For 0 < p < 1, we define || f||, to be ([ |f|p)1/p, just as we did for p > 1. However,
for 0 < p < 1, this quantity is not a norm: the triangle inequality fails.)

Solution: Let p = é andg=—1-,s01= 5+ % and s = Then

wmm=/uw

= [1ar1aye

g(/wﬁjﬁw(/wwwfm
()" (fim)

= (1) P (1L 1l
= (1) (IF 1)



