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Abstract— We investigate the design of rate-distortion optimal
quantizers for distributed compression in a network with multiple
senders and receivers. In such network, several noisy observations
of one or more unseen sources are separately encoded by each
sender and the quantization indices transmitted to a number of
receivers, which jointly decode all available transmissions with
the help of side information locally available. The joint statistics
of the source data, the noisy observations and the side information
are known, and exploited in the quantizer design. A variety
of lossless coders for the quantization indices, including ideal
multiple-source Slepian-Wolf coders, are allowed.

We present the optimality conditions such quantizers must
satisfy, together with an extension of the Lloyd algorithm for a
locally optimal design. Experimental results for distributed quan-
tization of Gaussian sources confirm the high-rate quantization
theory established in our previous work.

|. INTRODUCTION

Consider the sensor network depicted in Fig. 1, where
sensors obtain noisy readings of some unseen data of interest
which must be transmitted to a central unit. The centra unit

\

£
Remote Sensor

[ ]

\ - L Side

> Information
E

=
Remote Sensor Central Unit\ =
\ =
B Local Sensor

Remote Sensor
Fig. 1: Distributed source coding in a sensor network.

has access to side information, for instance archived data or
readings from local sensors. At each sensor, neither the noisy
observations of the other sensors nor the side information
is available. Nevertheless, the statistical dependence among
the unseen data, the noisy readings and the side information
may be exploited in the design of each of the individua
sensor encoders and the joint decoder at the central unit to
optimize the rate-distortion performance. Clearly, if al the
noisy readings and the side information were available at
a single location, traditional joint denoising and encoding
techniques could be used to reduce the transmission rate as
much as possible, for a given distortion. However, since each
of the noisy readings must be individually encoded without
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access to the side information, practical design methods for
efficient distributed coders of noisy sources are needed.

The first attempts to design quantizers for Wyner-Ziv (WZ)
coding, i.e, lossy source coding of a single instance of
directly observed data with side information at the decoder,
were inspired by the information-theoretic proofs. Zamir and
Shamai [1] proved that, under certain circumstances, linear
codes and high-dimensional nested lattices may approach the
WZ rate-distortion function, in particular if the source data
and side information are jointly Gaussian. This idea was
further developed and applied by Pradhan et al. [2], [3], and
Servetto [4], who published heuristic designs and performance
analysis focusing on the Gaussian case, based on nested
lattices, with either fixed-rate coding or entropy coding of the
guantization indices.

A different approach was followed by Fleming and Ef-
fros [5], who generalized the Lloyd algorithm [6] for locally
optimal, fixed-rate WZ quantizer design. Later, Fleming, Zhao
and Effros [7] included rate-distortion optimized quantizersin
which the rate measure is a function of the quantization index,
for example, a codeword length. Unfortunately, vector quan-
tizer dimensionality and entropy code block length coincide
in their formulation, and thus the resulting quantizers either
lack in performance or are prohibitively complex. An efficient
algorithm for finding globally optimal quantizers among those
with contiguous code cells was provided in [8], athough, re-
grettably, it has been shown that code cell contiguity precludes
optimality in general [9].

It may be concluded from the proof of the converse to the
WZ rate-distortion theorem [10] that there is no asymptotic
loss in performance by considering block codes of sufficiently
large length, which may be thought of as vector quantizers,
followed by fixed-length coders. This suggests a convenient
implementation of WZ coders as quantizers, possibly preceded
by transforms, followed by Slepian-Wolf coders, analogously
to the implementation of nondistributed coders. The quantizer
divides the signal space into cells, which, however, may
consist of noncontiguous subcells mapped into the same
quantizer index. Cardina and Van Asche [11] considered
Lloyd quantization for ideal symmetric Slepian-Wolf coding,
without side information. Cardinal [12], [13] has also studied
the problem of quantization of the side information itself for
lossless distributed coding of discrete source data (which is
not quantized).

A more general extension of the Lloyd algorithm appeared
in our own work [14], which considered a variety of coding



settings in a unified framework, including the important case
of ideal Slepian-Wolf distributed coding of one or severd
sources with side information, i.e., when the rate is the joint
conditional entropy of the quantization indices given the side
information. A theoretic characterization of WZ quantizers
with Slepian-Wolf coding at high rates was presented also in
our own work [15]. Xiong et al. [16], [17] implemented a WZ
encoder as a nested lattice quantizer followed by a Slepian-
Wolf coder, and in [18], a trellis-coded quantizer was used
instead (see aso [19]).

As for quantization of a noisy observation of an unseen
source, the nondistributed case was studied by Dobrushin,
Tsybakov, Wolf, Ziv, Ephraim, Gray and others in [20]-
[22]. Most of the operational work on distributed coding of
noisy sources, i.e., for afixed dimension, deals with quantizer
design for a variety of settings, as in the work by Lam and
Reibman [23], [24], and Gubner [25], but does not consider
entropy coding or the characterization of such quantizers at
high rates or transforms. The problem of optimal noisy WZ
(NWZ) quantizer design with side information at the decoder
and ideal Slepian-Wolf coding has only been studied under the
assumptions of high rates and particular statistical conditions
by our research group [26].

The object of this paper is to investigate the design of rate-
distortion optimal quantizers for distributed compression in a
network with multiple senders and receivers. In such network,
severa noisy observations of one or more unseen sources are
separately encoded by each sender and the quantization indices
transmitted to a number of receivers, which jointly decode
al available transmissions with the help of side information
locally available. We present a unified framework in which a
variety of coding settings is alowed, including ideal Slepian-
Wolf coding, along with an extension of the Lloyd algorithm
for “locally” optimal design. This work builds upon the dis-
tributed coding problem studied in [27], by considering several
decoders, and summarizes part of the research detailed in [28],
where mathematical technicalities and proofs are provided.

Sec. |l contains the formulation of the problem studied. A
theoretic analysis for optimal quantizer design is presented in
Sec. I, illustrated with the example of broadcast with side
information in Sec. 1V. Experimental results for NWZ coding
of jointly Gaussian data are shown in Sec. V.

Il. FORMULATION OF THE PROBLEM

Throughout the paper, the measurable space in which a
random variable (r.v.) takes on values will be called an alpha-
bet. All alphabets are assumed to be Polish spaces to ensure
the existence of regular conditional probabilities. We shall
follow the convention of using uppercase letters for r.v.'s, and
lowercase |etters for particular values they take on. Probability
density functions (PDF) and probability mass functions (PMF)
are denoted by p and subindexed by the corresponding r.v.

We study the design of optima quantizers for network
distributed coding of noisy sources with side information.
Fig. 2 depicts a network with several lossy encoders com-
municating with several lossy decoders. Let m,n ¢ Z7T

represent the number of encoders and decoders, respectively.
Let X, Y = (Y;)}_, and Z = (Z;);2, ber.v’s defined on a
common probability space, statistically dependent in general,
taking values in arbitrary, possibly different alphabets, respec-
tivlly 27,  and &. For each i = 1,...,m, Z; represents
an observation statistically related to some source data X of
interest, available only at encoder i. For instance, Z; might
be an image corrupted by noise, a feature extracted from the
source data such as a projection or a norm, the pair consisting
of the source data itself together with some additional encoder
side information, or any type of correlated r.v., and X might
aso be of the form (X,;),, where X, could play the
role of the source data from which Z; is originated. For
each j = 1,...,n, Y; represents some side information, for
example, previously decoded data, or an additional, local noisy
observation, available at decoder j only. For each ¢, a quantizer
qi-(2i) = (4ij(2i))}j—1, which can also be regarded as a family
of quantizers, is applied to the observation Z;, obtaining
the quantization indices Q;. = (Qi;)}_,. Each quantization
index Q;; is losslessly encoded at encoder ¢, and transmitted
to decoder j, where is losslessly decoded. We shall see that
both encoding and decoding of quantization indices may be
joint or separate. For each 7, al quantization indices received
by decoder j, Q.; = (Qi;)2,, and the side information Y
are used jointly to estimate the unseen source data X . Let X j
represent this estimate, obtained with a measurable function
i(q.j,y;), caled reconstruction function, in an aphabet Z;
possibly different from 2”. Define Q = (Qi;)i27 j—1, X =
(X3)j=1, and 2(q,y) = (&5(q4,95))f=- 2 and 27 will
denote the alphabets of @ and X, respectively. Partially
connected networks in which encoder ¢ does not communicate
with decoder j can easily be handled by redefining Q ., Q.;
and @ not to include Q;;.

We now extend the concept of rate function presented
in [14] by means of a much more general definition, accom-
panied by a characteristic property which will play a major
role in the extension of the Lloyd algorithm for optimized
guantizer design, called ‘update property’. Even though the
definition of rate function and its update property may seem
rather abstract and complex at this point, it possesses great
generality and it is applicable to awide range of problems. The
terms ‘cost function’, ‘distortion function’ and ‘rate function’,
formally defined to be equivalent, will be used to emphasize
different connotations in the context of applications, usually
a Lagrangian cost, a transmission rate, and the distortion
introduced by lossy decoding, respectively.

A cost function is a nonnegative measurable function of
the form c¢(q,x,Z,y, ), possibly defined in terms of the
joint probability distribution of (Q, X,Y, Z)®. Its associated
expected cost is defined as C = E¢(Q, X, X, Y, Z). Further-
more, a cost function will be required to satisfy the following

@Rigorously, a cost function may take as arguments probability distribu-
tions (measures) and probability functions, i.e., it is a function of a function.
We shall become immediately less formal and call the evaluation of the cost
function for a particular probability distribution or function, cost function as
well.
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Fig. 2: Distributed quantization of noisy sources with side information in a network with m encoders and n decoders.

update property. For any modification of the joint probability
distribution of (Q, X,Y, Z) preserving the margina distribu-
tion of (X, Y, Z), there must exist an induced cost function ¢’,
consistent with the original definition ailmost surely (a.s.) but
expressed in terms of the modified distribution, satisfying
Ed(Q,X,Y,Z) > C, where the expectation is taken with
respect to the original distribution.

For example, consider r(q,y) = —logpo v (qly). The
rate function corresponding to any other PMF p’Q|Y would
be r'(q,y) = —logp’Q‘Y(q,y). The modified associated rate
would then be R’ = E+'(Q,Y), where 7’ is defined in terms
of the new PMF but the expectation is taken with respect to
the origina one. Clearly, R’ — R = D(pQ|y||p'Q‘Y) > 0,
hence r is indeed a rate function. In fact, it was observed
in [14] that for this example of rate function, the associated
rate R = H(Q|Y) is precisely that introduced by an ideal
Slepian-Wolf coder. Consequently, r(q,y) = —logpg| v (gl y)
was used to model both this type of coder and a conditional
coder with access to the side information at the encoder. It can
be seen that al rate functions defined in [14] satisfy the above
definition, thereby making the corresponding coding settings
applicable to this framework.

If the alphabets of X, Y, Z and X were equal to some
common normed vector space, then an example of a distortion
function would be d(z, 2,y, 2) = a|jz — 2||? + Blly — 2||* +
vllz — 2|2, for any «, 3,y € [0,00). An example of a cost
function suitable for distributed source coding, the main focus
of this work, is ¢(q,z,%,y) = d(z, &) + Ar(q,y), where X
is a non-negative real number determining the rate-distortion
tradeoff in the Lagrangian cost C = D + A R.

Given a suitable cost function ¢(q, z, &,y, ), we address
the problem of finding quantizers ¢;.(z;), and reconstruc-
tion functions & ;(q.;, y;), Minimizing the associated expected
cost C. The choice of the cost function leads to a particular
noisy distributed source coding system, including a model for
lossless coding.

I11. OPTIMAL QUANTIZER DESIGN

We now establish necessary conditions for the optimal
guantization and reconstruction functions, analogous to the
nearest neighbor and centroid condition found in conventional,
nondistributed quantization. Each necessary condition may be
interpreted as the solution to a Bayesian decision problem.
They will be expressed in terms of conditional cost functions,
defined below, which play the role of conditional risks in
Bayesian decision theory. A detailed, rigorous derivation of
these conditions is presented in [28].

The conditional cost function for encoder i is defined as

Ci (Qi- ) ZZ) =E [[C(Qa X, ‘%(Qa Y)a Y, Z)]Qi»:qi» ZZ] )
[expression|susittion  denotes substitution in an expression,
i.e., the expression of the definition is evaluated at ¢;. and
conditioned on the event {Z; = z;}. Observe that the con-
ditional cost function is completely determined by the joint
distribution of X, Y and Z, the cost function ¢(q, z, &, y, z),
the quantization at other encoders pg, |z, (g, 2ir), and al
the reconstruction functions, grouped as Z(q,y). Using the
fact that Q; = ¢;(Z;) and iterated expectation, it is easy to
see that for each sender i, E¢;(Q;.,Z;) = C. In terms of
Bayesian decision theory, the expectation of conditional risks
gives the overall Bayes risk. This key property leads to the
necessary optimality condition for the quantization function at
sender 4, which may be informally expressed as:

qi(Z;) as argmin é&;(q;., Z;), (@D}
qi-
provided that a minimum exists.
Similarly to the sender cost functions, the conditional cost
function for decoder j is

&i(a.4,25,y;) = Elle(@. X, X, Y, 2)] ¢, _; |43, i),
Observe that the defining expression is evaluated at 2; and
conditioned on the event {Q.; = ¢, Y; = y;}, and it
is completely determined by the joint distribution of X, Y
and Z, the cost function ¢(q, z, %, y, 2), al quantizers, and the




reconstruction functions at other decoders z ;/(q.,7, y,). Like
in the case of the sender cost functions, it can be shown that
for each j, Eéj(Q.j,XJ,Yj) = C. From this key property it
follows that an optimal reconstruction function must satisfy

#5(Q4,Y;) B argmin;(Q.5, 25, Y)), @)
provided that a minimum exists, for each pair (q.;, y;) satisfy-
ing pq.,|v; (¢.51y;) > 0 (27(g.j,y;) can be arbitrarily defined
elsewhere).

The necessary optimality conditions (1) and (2), together
with the rate update property defining rate functions, suggest
an aternating optimization algorithm that extends the Lloyd
algorithm to the quantizer design problem considered in this
work:

1. Initialization: For each i = 1,...,m, ] =1,.
choose initia quantization functlons (¢; )( ))z, and
initial reconstruction functlons( (q],yj)) Set k =

1 and CO = x

2. Cost function update: Update the cost function
) (q,z, &y, z), completely determined by probability
distributions involving Q) , X, X, Y and Z.

3. Convergence check: Compute the expected cost C (%)
associated with the current quantizers (g, (k) (2i))i, re-
construction functions ‘¥ )(q.j, y;) and cost function
¥ (q,z, &y, 2). Dependmg on its value with respect
to k=1, continue or stop.

4. Quantization update; For each 4, obtain the next opti-
mal quantization function (g;. (k1 )(zi))l-, given the most
current quantization functlons with index i’ # i, al re-
construction functions a:gk ) (¢.5,y;) and the cost function
M (q,z,,y,2).

5. Reconstruction update: For each j, obtain the next op-
timal reconstruction function £§k+1)(q.j,yj), given the
most current version of the reconstruction functions with
index j' # j, al quantization functions (¢*™(z,));,
and the cost function c®)(q, z, 2, v, 2).

6. Increment k& and go back to 2.

It can be proved that the sequence of costs C (%) in the above
algorithm is non-increasing, and since it is non-negative, it
converges. In addition, any quantizer satisfying the optimality
conditions (1) and (2), without ambiguity in any of the
minimizations involved, is a fixed point of the algorithm. Even
though these properties do not imply per se that the cost
converges to a local or global minimum, the experimental
results in the next section show good convergence properties,
especially when the algorithm is combined with genetic search
for initialization.

Many variations on the agorithm are possible, such as
constraining the reconstruction function, for instance imposing
linearity in Y for each Q when the distortion is the mean-
squared error of the estimate X, or any of the variations
mentioned in [14].

IV. EXAMPLE: BROADCAST WITH SIDE INFORMATION

Even though the original motivation and purpose of our
work is the network distributed coding depicted in Fig. 2, a
number of problems of apparently different nature can in fact
be unified within the theoretic framework developed [28]. An
example is the problem of broadcast with side information,
which we discuss next. Additional cases are quantization of
side information, quantization with encoder side information,
distributed classification, Gauss mixture modeling, the Blahut-
Arimoto algorithm for WZ coding, and the bottleneck method.

In the problem of broadcast with side information, a single
noisy observation Z is quantized, the quantization index @
is lossessly encoded, and the single, resulting bit stream is
broadcast to two (or more) decoders, which have access to
different side information, Y; and Y5, in order to obtain the
reconstructions X; and X, of some data of interest X. This
problem, depicted in Fig. 3, correspondsto the case of network
distributed quantization with m = 1 encoder and n = 2
decoders, with the additional constraint that Q11 = Q1o.
Define Q = Q11 = Q2. According to [29], the lowest
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Fig. 3: Broadcast with side information. This corresponds to the network
distributed setting with m = 1 encoder and n = 2 decoders, with the
additional constraint Q11 = Q12.

achievable rate corresponding to the common, broadcast bit
stream coding @, is R = max{H(Q|Y7), H(Q|Y2)}, in other
words, the maximum of the rates required by Slepian-Wolf
coders alowed to transmit a different bit stream to each
receiver. The objective is to find the quantizer and the two
reconstruction functions that minimize the distortion D =
Ed(Q,X,X,Y,Z) with a maximum rate constraint, R <
Rmax- Thisincludesthe case when only one decoder has access
to side information, studied from an information-theoretic
perspective in [30], [31], where the motivational application
is source coding “when side information may be absent”.

The problem of designing quantizers and reconstruction
functions to minimize a distortion given a rate constraint
is usualy handled via a distortion-rate Lagrangian cost.
Precisely, points of the operational distortion-rate function
D(Rmax) = infr<r. P, @e found by minimizing the La-
grangian cost C = D + AR instead, for different values of \.
If the operational distortion-rate function is convex, then the
complete distortion-rate curve will be swept. In general, a
lower convex envelope is obtained.

Define R; = H(Q|Y;). To tackle the broadcast problem we
observe that the rate constraint R = max{R1, R2} < Rmax iS



equivalent to the set of constraints R1 < Rmax» R2 < Rmax-
In terms of the operationa distortion-rate function,

D(Rmax) = _inf D= inf  D.

Rngax R17R2§Rmax

This leads to proposing the Lagrangian cost function ¢ =
d+ A7+ Aaro, Wwhere r;(q,y;) = — 10gPQm (qly;), with
associated Lagrangian expected cost C = D + AR + A2 Ra,
which corresponds to the coding setting shown in Fig. 4. The
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Fig. 4: Quantization setting equivalent to the problem of broadcast with side
information when the Slepian-Wolf rates satisfy a common rate constraint,
i.e, H(Q[Y1), H(Q|Y2) < Rmax.

rate-distortion points of interest correspond to those multipliers
A1, A2 such that Ri,Ro < Rmax. Of course, just as in any
Lagrangian optimization, only the lower convex envelope of
the operational distortion-rate function D(R max) Will be found.

V. EXPERIMENTAL RESULTS

In this section, we illustrate the theoretic analysis with
experimental results for a simple, intuitive case of distributed
source coding, represented in Fig. 5. In this case, X, X5
are k i.i.d. samples drawn according to jointly Gaussian
statistics, precisely, A" (0, (7)), with |p| < 1. We wish to
design distributed quantizers minimizing the Lagrangian cost
C =D + AR, where the distortion is the mean-squared error
D=1 E|X - X|?, and the rate is that required by an ideal
Slepian-Wolf coder, R = + H(Q1, Q2), both normalized per
sample.

The high-rate approximation theory for network distributed
quantization [28] implies that

D ~ 2meMj /1 — p2 27 2R,

where M}, is the minimum normalized moment of inertia of
the convex polytopes tessellating R”*. Replacing M;, by its
limit as k — oo, i.e, 1/2me, and solving for R, we obtain the

approximation R ~ 1 log —Vll;pz to the information-theoretic
rate-distortion function. The exact information-theoretic rate-
distortion function can be obtained by application of a recent
result [32]®:

) (1—p2)<1+ 1+
Rzzlog

4p%2D2
ek

2D? ’

® According to our definition of D and R, D = (D1 + D2), R =
%(Rl + R2), where the infimum R is given by [32, §2] in terms of D; and
Do. Show that the distortion allocation minimizi‘n% R Ieg%sto Dy = Do, for

example using the Pareto optimality condition 3671 = o1y

which as expected matches our approximation for small D.

For p = 1/2, dimensions &k = 1, 2, and several vaues
of )\, quantizers and reconstruction functions were designed
using the extension of the Lloyd algorithm presented in this
work. A simple genetic search method was combined with
the Lloyd algorithm to select initial quantizers based on
their cost after convergence. The corresponding distortion-
rate points are shown in Fig. 6, aong with the information-
theoretic distortion-rate function, the high-rate approximation,
and the distortion bound Dy = of(i = 1. The results obtained
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Fig. 6: Distortion-rate performance of optimized symmetric distributed quan-
tizers with Slepian-Wolf coding for £ = 1, 2. (ﬁ;) ~N (0, (1}2 1{2)).

confirm the theory developed in [28] and the usefulness of the
algorithm presented, for the statistics of the example.

For £k = 1 and high rates, al quantizers obtained exper-
imentally where uniform without index repetition. Two of
the 2-dimensional quantizers designed are depicted in Fig. 7.
According to their rate-distortion performance compared to

(& R ~0.27, D ~ 0.73.

(b) R ~1.26, D ~ 0.21.

Fig. 7: 2-dimensional symmetric distributed quantizers with Slepian-Wolf
coding found by the Lloyd algorithm. 2 ~N <90, (1}2 1{2>>. Circles
enclose sets of probability 0.1, 0.5, 0.9, 0.99 and 0.999.

the high-rate approximation in Fig. 6, quantizers (a) and (b)
can be thought of as a low-rate and a high-rate quantizer
respectively. Quantizer (b) is a uniform hexagonal tessellation,
as predicted by [28]. In all our experiments, the two encoders
had very similar quantizers for a given \. The algorithm was
run on a fine discretization of the PDF, which for £ = 2 used
approximately 5.0-10° samplesin a 4-dimensional ellipsoid of
probability of probability 1—10~4, giving 3657 points for each
X;. Due to this discretization, the edges of the quantization
regions appear somewhat jagged.



Source Data

Xo ~ N(0, |p))

Q1 P X
— F—
SwW
3 Decoder Ha.y) |;
Q2 .
> —

N2 ~/\/(0 1—1pl)
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VI.

We have established necessary optimality conditions for
network distributed quantization of noisy sources and extended
the Lloyd agorithm for its design. The concept of cost
function enables us to model the lossless coding method used
for the quantization indices, particularly ideal Slepian-Wolf
coding. In addition, cost functions are the key to avery genera
formulation that unifies a number of related problems, such as
broadcast with side information, distributed classification, or
guantization of side information.

Experimental results confirm the high-rate approximation
theory for distributed quantization, and the recent information-
theoretic analysis of the two-terminal quadratic-Gaussian prob-
lem. In addition, they suggest that the convergence properties
of the extended Lloyd algorithm are similar to those of the
classical one, and can benefit from a genetic search algorithm
for initialization.

CONCLUSION
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