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Abstract—Motivated by live streaming applications using peer
assistance, we study burst erasure correction codes with optimal
decoding delay for parallel-link networks. We consider a new
model for network error correction, where each source symbol
is decoded at the sink on-the-fly with a strict decoding deadline.
We distinguish two types of errors which have very different
implications on the code design – erasure burst and link outage.
For a class of codes that achieve the Singleton bound, we state a
theorem that characterizes the fundamental tradeoff among the
coding rate, decoding delay and error correction performance,
whose achievability is illustrated by a practical code construction.

Keywords—low delay, burst erasure code, network error cor-
rection, peer-to-peer

I. INTRODUCTION

Designing a live streaming system over the Internet is
often challenging, since one needs to meet multiple conflicting
goals, including high throughput, low latency and high robust-
ness to errors. In a practical network architecture, errors often
come from multiple sources – some of them are long-term,
such as a node or link outage; some are temporary, such as
random or bursty packet losses.

We study in this work erasure correction codes for sim-
ple parallel-link networks, under the constraint that each
packet/symbol is subject to a decoding deadline. This work
falls into the framework of coherent1 network error correction
[1], [2]. However, we introduce a model that distinguishes
spatial and temporal coding redundancy2, thus allowing us to
consider two types of errors differently – erasure burst and link
outage. Focusing on a class of codes that achieve the Singleton
bound, we study the fundamental tradeoff among the coding
rate, decoding delay and its error correction performance.

A number of applications could benefit from our proposed
codes, including peer-assisted IPTV packet loss repair [3],
multiple-sender distributed video streaming [4] and peer-to-
peer live multicast with multiple complementary trees [5].

This paper is structured as follows. Section II discusses
related work. We formulate the problem in Section III, and

1By coherent coding, we can carefully select the coding structure to meet
the decoding deadline (potentially before the coding block ends). In contrast,
incoherent coding eliminates the possibility of decoding a symbol earlier than
the end of a coding block.

2A way to introduce a time dimension to the model in [1] is through a
time-expanded graph. In this work, we do not follow this method since it
hardly gives any insight on how to construct the codes with optimal decoding
delay.

present the main results in Section IV. The achievability and
the converse part of the main theorem are proven in Section
V by construction and in Section VI, respectively.

II. RELATED WORK

Our study is inspired by [6], [7], [8], where Martinian
et al. studied delay-optimal systematic codes for a single
erasure burst. They first design a family of block codes, then
use diagonal interleaving [7] to convert the block codes into
streaming codes.

For single-link block codes that correct one B-burst with
delay T , it is sufficient to use a (T, T − B) cyclic code over
finite field Q, of generator matrix

GC =
(
IT−B P(T−B)×B

)
(1)

where IM ∈ QM×M denotes identity matrix of dimension
M×M and P(T−B)×B ∈ Q(T−B)×B is the parity sub-matrix.
Martinian et al. propose a construction of (T+B, T ) code with
the same delay and burst correction performance, but of better
rate, having the form:

GD =

(
IT

IB
P(T−B)×B

)
(2)

where P(T−B)×B is the same as in (1). An intuition behind
this construction is that since it does not correct wrap-around
bursts, the rate can be improved. A converse result based on a
periodic erasure channel argument shows that the constructed
streaming code achieves the rate-delay-burst bound [6]:

T ≥ max

(
R

1−R
, 1

)
·B. (3)

The single-link code is extended to parallel links in [8], but
is limited to a single burst. Delay-optimal erasure codes for
broadcast channel is studied by Khisti et al. in [9].

This work differs from [6], [7], [8], [9] as follows. i) Block
codes are considered instead of streaming codes. The con-
version from block codes to streaming codes can be achieved
trivially [7]. ii) A broader class of causal codes are considered
instead of systematic codes. iii) More general erasure patterns
are considered, including erasure bursts and link outages. In
particular, we consider multiple erasure bursts instead of a
single burst as in [8].

Our code construction has some similarity with product
codes, which is a special class of concatenated codes [10].



III. PROBLEM FORMULATION

Throughout the paper, random variables are denoted by
sans-serif letters (e.g., s, x, y). The entropy of random variable
x is denoted by H(x), and the conditional entropy of x given
y is denoted by H(x | y). (m,n) is used to index the position
of a symbol within the parallel-link coding block, where m
indexes the link and n indexes the time. a, ..., b is sometimes
denoted by a : b for brevity.

An M -parallel-link network contains a source node s con-
nected to a sink node t via M parallel links. In this work
we consider homogeneous links and assume each link has
unit capacity, i.e., it can transmit one symbol within a unit
time. Multiple channel symbols can be transmitted over a link
sequentially over time3. The channel symbol can either be
erased (denoted by symbol �) or passed to the receiver intact.
Consider a length-N channel symbol block for each link m,
m = 1, ...,M . Denote by B ⊆ {(m,n)}m=1,...,M, n=1,...,N an
erasure pattern, i.e., the set of channel symbol positions where
erasures occur. When x[m,n] is transmitted over the link, the
received channel symbol is

y[m,n] =

{
�, (m,n) ∈ B
x[m,n], otherwise.

We care about two types of practically relevant errors. A link
outage occurs when all the symbols transmitted over a link
are erased. A B-burst is B consecutive symbol erasures on a
link. In this work, we assume that within a coding block, at
most one burst occurs in a link. An erasure pattern collection
is a set of erasure patterns {B}. For example, the set of all
patterns with L link outages and Z B-bursts, each occurs on
a separate link, is an erasure pattern collection.

A code C over an M -parallel-link network consists of a set
of M encoding functions {Em}Mm=1 and a decoding function
D. The operation of the code is described as follows.

Encoding. At time n, the source node observes a vector
of source symbols S[n] = (s[1, n], ..., s[Kn, n])

T ∈ QKn×1,
where each source symbol is over finite field Q, and Kn

is the number of source symbols injected at time n 4. To
encode the source symbols into channel symbols, for each
link m, m = 1, ...,M , we consider an encoding function Em :
QK �→ QN that takes in a vector of K :=

∑N
n=1 Kn source

symbols S ∈ QK 5 and maps them into a block of N channel
symbols. The generated channel symbols Xm = Em (S) are
then transmitted sequentially over the link. The rate of the
code is defined as:

R :=
K

N
symbols/unit time. (4)

3Note that in this formulation, we ignore the link delay.
4In our setting, Kn varies over time. This is akin to the single-link (N,K)

block code case, where Kn = 1 for n = 1, ...,K and Kn = 0 for n =
K + 1, ..., N . Note that the source symbol rate can be smoothed out by
packetizing symbols through diagonal interleaving [7].

5S and {S[n]}n=1,...,N are one-one, but the symbols could be re-ordered
at the convenience of the algorithm description. See Section V-A for more
details.

The code is causal, if in the encoding function the current
channel symbol is a function of the current and previous source
symbols. That is, let Em = {Em,n}Nn=1, where Em,n is the
encoding function for output symbol at time n, then x[m,n] =
Em,n ({S[n′]}nn′=1), m = 1, ...,M , n = 1, ..., N .

If the code is linear, the encoding functions can be repre-
sented in matrix multiplication as

Xm = Em(S) = S ·Gm (5)

where S ∈ Q1×K , Xm ∈ Q1×N and Gm ∈ QK×N .
Decoding. At the sink, the decoding function D :

{Q, �}M×N �→ QK takes in the received channels symbols
{Ym}Mm=1, where Ym = (y[m, 1] ... y[m,N ]), and maps
them into the reconstructed source symbols Ŝ ∈ QK . If
Ŝ = S for every B ∈ {B}, we say code C is feasible for
the erasure pattern collection {B}. Furthermore, each source
symbol is subject to a decoding delay of T symbols. That is,
let D = {Dn}Nn=1, where Dn is the decoding function that
outputs the reconstructed source vector Ŝ[n] ∈ QKn×1, then
Ŝ[n] = Dn({y[m,n′]}m=1,...,M, n′=1,...,n+T ), i = 1, ..., N .
We then say the code is delay-T .

The canonical Singleton bound, in the context of erasure
codes, assures that the number of source symbols is no larger
than the number of unerased symbols. For an M -parallel-link
block erasure code feasible for L link losses and Z B-bursts,
it means MN ≥ K + LN + ZB. If MN = K +LN +ZB,
we refer to the code as Singleton-achieving.

IV. THE MAIN RESULT

In this section, we state the main theorem of this paper.

Theorem 1. It is possible to construct a delay-T rate-R
Singleton-achievingM -parallel-link causal block erasure code
feasible for L link outages and Z B-bursts, each occurring
on a separate link, if

R ≤ R∗ :=

{
M − L− ZB

T+B , T ≥ B

M − L− Z, T < B,
(6)

Conversely, if R > R∗, no feasible code can be constructed.

Proof: The achievability of the code is proven by con-
struction in Section V. The converse is proven in Section VI.

Theorem 1 assures the best rate that can be achieved for
the case when the decoding of the source takes place either
before (T < B) or after (T ≥ B) the end of a single burst. An
alternative view of the theorem is by obtaining the expression
for T from (6):

T ≥
{
max

(
Z

M−L−R − 1, 1
)
B, R > M − L− Z

0, R ≤ M − L− Z,
(7)

which suggests that when R > M − L− Z , the lowest delay
that can be achieved is T = B, which occurs when R =
M − L − Z

2 . The delay T cannot be reduced further when
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Fig. 1. Numerical comparison of the rate-delay bound for delay-optimal
codes and MDS codes. In this plot, we fix L = 2 and Z = 3.

M−L−Z < R < M−L−Z
2 . However, when R ≤ M−L−Z ,

we could have T = 0.
For M = 1 and L = 0, (7) degenerates to (3), which is

the single-link bound in [6]. As expected, in this case it is
not possible to recover an erasure before delay B. However,
notice that the result in [6] applies to systematic codes only,
whereas Theorem 1 applies to more general causal codes.

We plot in Fig. 1 the rate-delay bound derived in Theorem
1 for a few parameters. The result is benchmarked against
the bound for codes that use symbols within delay T from
different links forming a long coding block, and apply a
K× (MN) generator matrix for maximum distance separable
(MDS) codes. We observe that the bounds are the same at
T < B. At T ≥ B, the delay-optimal bound have higher
rate than the bound for MDS codes, with the largest gain
in low-rate region. The gain diminishes as T

B becomes large.
Furthermore, codes of larger M have a higher per-link rate R

M
than codes of smaller M . This is expected, as path diversity
introduces more robustness to errors, in turn improves coding
efficiency.

V. CODE CONSTRUCTION

We consider the achievability part of Theorem 1 by con-
structing a code to meet the rate-delay bound in (7).

A. Encoding

Proposition 2 (Encoding). The encoding matrices Gm, m =
1, ...,M , of an delay-T rate-R∗ (as in (6)) Singleton-achieving
M -parallel-link causal linear block erasure code feasible for
L link outages and Z B-bursts, each occurs on a separate
link, can be constructed as follows. First select a field size
qm such that a (T, T −B) cyclic code, an (M,M −L) MDS
code and an (M,M−L−Z) MDS code can be constructed in
the finite field Q = GF(qm). Create a systematic (T, T −B)
cyclic code with generator matrix GC and the corresponding
single-link inner code generator matrix GD (as in (2)). Create
an (M,M − L) MDS outer code with generator matrix
U ∈ Q(M−L)×M and an (M,M − L − Z) MDS outer code
with generator matrix V ∈ Q(M−L−Z)×M . Create a generator

matrix G ∈ Q[(M−L)T+(M−L−Z)B]×[(T+B)M ] as

G =

(
GU

GL

)
:=

(
U ⊗GD

V ⊗ (
0B×T IB

) )
where ⊗ denotes Kronecker product, 0B×T ∈ QB×T is an
all-0 matrix and IB ∈ QB×B is an identity matrix. GU ∈
Q[(M−L)T ]×[(T+B)M ] and GL ∈ Q[(M−L−Z)B]×[(T+B)M ] are
the upper and lower part of G, respectively. Divide G into
M equal-size sub-matrices, i.e., G =

(
G1 G2 ... GM

)
and use Gm ∈ Q[(M−L)T+(M−L−Z)B]×[T+B] as the genera-
tor matrix for link m, m = 1, ...,M .

Let the source vector (as in (5)) be S =: (s1 s2 ... sK). S[n],
the source symbols injected at time n, is specified in (8).

Example. To construct a 4-parallel-link code that corrects one
link outage and two 2-bursts with delay 3, we choose a (5, 3)
single-burst block erasure code in GF(2) with generator matrix
GD as

GD =

⎛⎝ 1 0 0 1 0
0 1 0 0 1
0 0 1 1 1

⎞⎠ ,

a (4, 3) MDS code in GF(2) with generator matrix

U =

⎛⎝ 1 0 0 1
0 1 0 1
0 0 1 1

⎞⎠
and a (4, 1) MDS code in GF(2) with generator matrix V =
(1 1 1 1) . G = (G1 G2 G3 G4) is then constructed as in (9).
Let S = (s1 s2 ... s11). The source symbols injected at time
1 to 5 is specified as S[1] = (s1 s4 s7)

T, S[2] = (s2 s5 s8)
T,

S[3] = (s3 s6 s9)
T, S[4] = (s10)

T and S[5] = (s11)
T.

The constructed generator matrix G consists of two parts.
The upper part GU uses the single-link code GD as the inner
code at each link, and is further coded by an outer code U
of rate M−L

M applied across the links to resist up to L link
outages. The upper part, if used alone, provides resistance to
up to one B-burst at each link and up to L link losses. Given
that the B-bursts occur only in Z links, the lower part GL

inserts more source symbols while hoping to recover them all.
The inserted source symbols (corresponding to the IB part)
share the channel symbols with the parity part of GD . Since
they have to resist both L link losses and Z bursts, they are
coded by the outer code V of rate M−L−Z

M .
One can verify that the constructed code is causal by

observing the source symbols S[n] injected at each time n
and the corresponding coefficients in Gm, m = 1, ...,M .

One can also verify that the constructed code has rate
R = M − L − ZB

B+T . As a special case, when T < B, (6)
suggests that we rather consider codes with R = M −L−Z ,
which would give us T = 0. In this case, the generator matrix
degenerates to G = V ⊗ IN , i.e., the source symbols are
coded via generator matrix V and then interleaved by N . For
the single-link code with M = 1, L = 0 and Z = 1, G simply
degenerates to GD. For codes that only correct link outages,
i.e., Z = 0 (or equivalently, B = 0), the generator matrix
degenerates to G = U ⊗ IN .



S[n] =

{
({s(i−1)T+n}M−L

i=1 )T, n = 1, ..., T

({s(M−L−1)T+(i−1)B+n}M−L−Z
i=1 )T, n = T + 1, ..., T +B.

(8)

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0
0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1
0 0 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1
0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 1 0 0 1 0
0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 1 0 0 1
0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 1 1 1
0 0 0 0 0 0 0 0 0 0 1 0 0 1 0 1 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0 1 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 1 1 1
0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0
0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
(9)

In a slight modification to this construction, we can also
construct an burst-correction-only (M −L)-link code correct-
ing Z B-bursts as the inner code and an (M,M − L) MDS
outer code across the links. This concatenated construction,
after simplification, gives a generator matrix very similar
(but not identical) to the one in Proposition 2. This type
of construction often requires a larger field size Q, but is
useful when extending the parallel-link code to single-source
multicast networks.

B. Decoding

Define �L as the set of link outages and �B the set of links
where erasure bursts occur. Divide the source vector into

S = ( A1 ... AM−L B1 ... BM−L−Z )

where Ai ∈ QT and Bi ∈ QB are the sub-vectors correspond-
ing to GU and GL, respectively. Denote by EGD : QT →
QT+B the encoding function of the single-link code with
generator matrix GD , and DGD : {Q, �}T+B → QT ×QT+B

the corresponding decoding function that outputs the source
symbol vector and the clean channel symbol vector. The
encoding and decoding functions for U and V are defined
similarly.

Proposition 3 (Decoding). The M -parallel-link causal linear
block erasure code described in Proposition 2 can be decoded
in the following steps:

• For each link m /∈ �L∪�B , mark the last B symbols of Ym

as erased and perform decoding (Cm,XU
m) = DGD(Ym).

Compute the difference XL
m = Ym − XU

m, m /∈ �L ∪ �B
where XL

m corresponds to the information encoded by
GL.

• Perform decoding ({B̂i}M−L−S
i=1 , {XL

m}Mm=1) =
DV ({XL

m}m/∈�L∪�B ). Compute the difference
YU
m = Ym − XL

m, m ∈ �B where YU
m corresponds

to the information encoded by GU (but still corrupted
by the bursts).

• Perform decoding (Cm,XU
m) = DGD(Y

U
m), m ∈ �B .

• Perform decoding ({Âi}M−L
i=1 , {XU

m}Mm=1) =
DU ({XU

m}m/∈�L).
• Output Ŝ = ( Â1 ... ÂM−L B̂1 ... B̂M−L−Z ).

Example. Consider the 4-parallel-link code example correct-
ing one link outage and two 2-bursts with delay 3, described
in Section V-A. Assume Link 1 is lost (i.e., �L = {1}), Link
2 has y[2, 1], y[2, 2] erased, and Link 3 has y[3, 2], y[3, 3]
erased (thus �B = {2, 3}). To decode, start with decoding
channel symbols on Link 4. Mark y[4, 4], y[4, 5] as erased
(since they are “corrupted” by the last two source symbols)
and perform decoding to recover XU

4 . Note that since the
code is linear, if we linearly combine three codewords, the
resulting sum is still a codeword, thus the decoding can be
performed successfully. After that, we recover XL

4 = Y4−XU
4

and perform decoding on XL
4 , which allows us to completely

recover the source information corresponding to the lower part
GL. After removing these information, we are left with YU

2

and YU
3 , and then we can proceed to recover XU

2 , XU
3 and

the corresponding source information within delay constraint.
Finally, performing decoding across the links, we recover XU

1

and the corresponding source information.

VI. THE CONVERSE

In this section, we prove the converse part of Theorem 1.
The converse result in [6], [8] based on the periodic erasure
channel argument is applicable when the code is systematic.
For the more general causal codes, a different proof technique
is required. The entropy argument used in this section is based
on the following reasoning. Since the feasibility of a code
must be irrespective of the source’s prior distribution, if we
can assign the source symbols some distribution, and use the
entropy inequalities to show that there exists a set of conditions
(i.e. erasure patterns) that the code cannot possibly meet all at
the same time, we thereby show the infeasibility of the code.
We first state a useful entropy lemma:



Lemma 4. Let X = (x1, ..., xn), n ≥ 2, and XΩ\i =
(x1, ...xi−1, xi+1, ..., xn). If H(s) > 0 and

H(s|XΩ\i) = 0, i = 1, ..., n, (10)

then H(X) <
∑n

i=1 H(xi).

Proof: Consider

H (x1 | xn2 ) ≤ H (s, x1 | xn2 )
= H (s | xn2 ) +H (x1 | s, xn2 )
= H (x1 | s, xn2 ) (11)

≤ H (x1 | s, xn3 )
= H (s | x1, xn3 ) +H (x1 | xn3 )−H (s | xn3 )
= H (x1 | xn3 )−H (s | xn3 ) (12)

≤ H (x1)−H (s | xn3 ) (13)

where xji denotes (xi, ..., xj). In (11) and (12) we apply (10)
for i = 1 and i = 2, respectively. Apply (13), we have:

H(X) = H (x1 | xn2 ) +H (xn2 )

≤ H (x1)−H (s | xn3 ) +H (xn2 )

≤
n∑

i=1

H(xi)−H (s | xn3 ) .

If H (s | xn3 ) > 0, the conclusion follows; otherwise we have

H (s | xn3 ) = 0. (14)

Similarly, apply (14), together with (10) for i = 3 to upper
bound H

(
x21 | xn3

)
, we end up with

H
(
x21 | xn3

) ≤ H
(
x21
)−H (s | xn4 ) .

If H (s | xn4 ) > 0, the conclusion follows; otherwise we have
H (s | xn4 ) = 0. Repeat the same argument until we exhaust all
the cases.

Let the source symbols s[m,n], m = 1, ...,Kn, n = 1, ..., n
be distributed i.i.d. uniform over Q. Thus

H(s[m,n]) = H(s) := logQ. (15)

Furthermore, since each x[m,n] is over Q, we have

H(x[m,n]) ≤ H(s), ∀m,n. (16)

Let W := M − L denote the number of links without link
outage. By the Singleton-achieving assumption,

K = WN −BZ. (17)

In the sequel, we discuss two cases. Note that the causality
assumption is used in proving Case II, and the proof for Case
I holds for general non-causal codes.

Case I: T ≥ B, where we want to show

T ≥ N −B. (18)

Assume the opposite is true, for example, T = N − B − 1.
Then S[1] must be recovered at time N −B.

Let XW×(N−B) := x[1 : W, 1 : (N − B)] be divided into
non-overlapping segments of length B except the segments

in the last columns, then the number of segments in each
row is NB :=

⌈
N−B
B

⌉
. Precisely, let the index sets be

Im,1 = {(1, 1), ..., (1, B)}, Im,2 = {(1, B + 1), ..., (1, 2B)},
..., Im,NB = {(1, NBB − B + 1), ..., (1, N − B)}, m =
1, ...,W , then XW×(N−B) = {x[Im,i]}m=1,...,W, i=1,...,NB .
Overall, there are WNB segments. Let them be indexed as
I(1) = I1,1, I(2) = I2,1,..., I(W+1) = I1,2,..., I(WNB) =
IW,NB .

Consider a set of WNB − Z + 1 erasure patterns (refer to
Table I(a) for an example):

Bi = {I(j)}Z−1
j=1

⋃
I(Z−1+i), i = 1, ...,WNB − Z + 1.

That S[1] is recovered at N −B implies

H(S[1] |XW×(N−B) \ x[Bi]) = 0, i = 1, ...,WNB − Z + 1.

Applying Lemma 4 with s = S[1] and xi = x[I(Z−1+i)], i =
1, ...,WNB − Z + 1, we have

H(XW×(N−B) \ x[{I(j)}Z−1
j=1 ])

<

WNB−Z+1∑
i=1

H(x[I(Z−1+i)]) (19)

≤
∑

x[m,n]∈XW×(N−B)

\x[{I(j)}
Z−1
j=1

]

H(x[m,n])

≤ (K −WB +B) ·H(s) (20)

where (20) follows (17) and (16).
Now, consider the erasure pattern (refer to Table I(b) for an

example):

B0 = {I(j)}Z−1
j=1

⋃
{(W,N −B + 1), ..., (W,N)}.

The feasibility of the code implies that all the source symbols
S must be recovered from the remaining symbols XW×(N−B)\
x[{I(j)}Z−1

j=1 ] and x[1 : W − 1, N −B + 1 : N ], or

H(S |XW×(N−B)\x[{I(j)}Z−1
j=1 ], x[1 : W−1, N−B+1 : N ]) = 0.

But

0 = H(S |XW×(N−B) \ x[{I(j)}Z−1
j=1 ],

x[1 : W − 1, N −B + 1 : N ])

≥ H(S)−H(XW×(N−B) \ x[{I(j)}Z−1
j=1 ]) (21)

−H(x[1 : W − 1, N −B + 1 : N ]))

> K ·H (s)− (K −WB +B) ·H(s)

−(W − 1)B ·H(s) (22)

= 0

where in (21) we use the fact that x[m,n] must be a function of
S, implying H(XW×(N−B) \ x[{I(j)}Z−1

j=1 ], x[1 : W − 1, (N −
B+1) : N ] | S) = 0; (22) follows (15), (16), (20) and that the
source symbols are independent. The above equations lead to
contradiction; thus, the assumption is false and (18) is true.

Combining (4), (17) and (18), we obtain

R ≤ W − BZ

T +B
, T ≥ B.



Case II: T < B, where we want to show

N ≤ B. (23)

Assume the opposite is true, for example, let N = B + 1.
Define two index sets

I(Z−1)×B := {(m,n)}m=W−Z+2,...,W, n=1,...,B,

I(Z−1)×1 := {(m,n)}m=W−Z+2,...,W, n=N .

Consider the erasure pattern (refer to Table I(c) for an exam-
ple):

B1 = I(Z−1)×B

⋃
{(1, 1), ..., (1, B)}.

Since S[1] is recovered at T + 1, where T + 1 ≤ B, we must
have H(S[1] | x[2 : (W − Z + 1), 1 : (T + 1)]) = 0, or

S[1] = f (x[2 : W − Z + 1, 1 : T + 1]) . (24)

Now consider the erasure pattern (refer to Table I(d) for an
example):

B2 = I(Z−1)×B

⋃
{(1, 2), ..., (1, N)}.

That the code is feasible implies

0 = H(S | x[1 : W − Z + 1, 1],

x[2 : W − Z + 1, 2 : N ], x[I(Z−1)×1])

= H(S | x[1 : W − Z + 1, 1],

x[2 : W − Z + 1, 1 : N ], x[I(Z−1)×1]) (25)

≥ H(S | S[1],
x[2 : W − Z + 1, 1 : N ], x[I(Z−1)×1]) (26)

= H(S | f (x[2 : W − Z + 1, 1 : T + 1]) ,

x[2 : W − Z + 1, 1 : N ], x[I(Z−1)×1]) (27)

≥ H(S | x[2 : W − Z + 1, 1 : N ], x[I(Z−1)×1]) (28)

= H(S)

−H(x[2 : W − Z + 1, 1 : N ], x[I(Z−1)×1]) (29)

≥ [K − (W − Z)N − (Z − 1)] ·H (s) (30)

= H (s) (31)

where in (25) we repeat the conditioning x[2 : W −Z +1, 1],
(26) follows the causality of code, thus x[1 : W−Z+1, 1] must
be a function of S[1], (27) follows (24), (28) follows that T +
1 ≤ N , (29) follows that x[m,n] is function of S for all m, n,
(30) follows (15) and that the source symbols are independent,
and (31) follows (17). This leads to contradiction. Therefore,
the assumption is false, and we have (23). Combining (4), (17)
and (23), we obtain

R ≤ W − Z, T < B.

VII. CONCLUSION

We have studied the burst erasure correction problem
for parallel-link networks with link outage. Our preliminary
results show that this class of codes is both theoretically
interesting and practically relevant. In the sequel, we outline a
few future research problems. 1) Our discussion is restricted

TABLE I
ILLUSTRATION OF THE ERASURE PATTERNS USED IN PROVING THE

CONVERSE. � DENOTES AN SYMBOL ERASURE.

Time 1 2 3 4 5

Link 1 � �
Link 2 � �
Link 3

(a) Case I: B1. W = 3, Z = 2,
B = 2, N = 5.

Time 1 2 3 4 5

Link 1 � �
Link 2
Link 3 � �

(b) Case I: B0. W = 3, Z = 2,
B = 2, N = 5.

Time 1 2 3 4 5

Link 1 � � � �
Link 2
Link 3 � � � �

(c) Case II: B1. W = 3, Z = 2,
B = 4, N = 5.

Time 1 2 3 4 5

Link 1 � � � �
Link 2
Link 3 � � � �

(d) Case II: B2. W = 3, Z = 2,
B = 4, N = 5.

to Singleton-achieving codes. A natural question to raise is,
can non-Singleton-achieving codes beat the rate-delay bounds
in (6)? Our conjecture is no, but it remains a open problem for
future research. 2) It will be interesting to extend the parallel-
network code to more general scenarios, for example, single-
source multicast. In fact, in, we have a simple example [11]
to show that this is possible. 3) For practical implementation,
it will be interesting to consider how to design the code when
link delay is also taken into account.
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