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Abstract Shale is a highly heterogeneous material across

multiple scales. A typical shale consists of nanometer-scale

pores and minerals mixed with macroscale fractures and

particles of varying size. High-resolution imaging is crucial

for characterizing the composition and microstructure of

this rock. However, it is generally not feasible to image a

large sample of shale at a high resolution over a large field

of view (FOV), thus limiting a full characterization of the

microstructure of this material. We present a stochastic

framework based on multiple-point statistics that uses

high-resolution training images to enhance low-resolution

images obtained over a large FOV. We demonstrate the

approach using X-ray micro-tomography images of

organic-rich Woodford shale obtained at two different

resolutions and FOV. Results show that the proposed

technique can generate realistic high-resolution images of

the microstructure of shale over a large FOV.

Keywords Multi-scale imaging � Multiple point statistics �
Porous media � Shale � Stochastic simulation �
X-ray micro-CT

1 Introduction

Shale is a highly heterogeneous rock at multiple scales. A

typical shale consists of nanometer-scale pores within

organic matter, nanometer- to micron-sized inorganic

pores, and micron- to millimeter-sized fractures and

particles [1, 2, 4, 43, 59, 61]. Imaging and visualization of

the microstructure of a shale are essential steps toward

characterizing the heterogeneity of this material. High-

resolution imaging has been conducted by a number of

authors using a variety of techniques such as X-ray com-

puted tomography (CT) [6, 32, 37], X-ray micro-tomog-

raphy (micro-CT) [9, 21, 29, 32, 55, 62, 66], transmission

X-ray microscopy (TXM) [58], and focused ion beam/

scanning electron microscopy (FIB/SEM) [10, 19, 29].

Advances in high-resolution imaging capabilities such as

SEM, TXM [44], and X-ray nano-tomography [23] have

made it possible to image heterogeneous materials down to

the nanoscale resolution. However, when it comes to the

state-of-the-art imaging capabilities, there is an inherent

conflict between resolution and field of view (FOV):

Higher resolution comes with a more limited FOV,

whereas larger FOV is obtained at the expense of resolu-

tion. In particular, X-ray tomography techniques require a

smaller sample size to achieve a higher resolution. Con-

sequently, multiscale imaging, which entails joint appli-

cation of imaging techniques with different resolutions and

FOV, is often employed. Two critical questions then nat-

urally follow: First, how can information obtained at dif-

ferent scales be combined to fully characterize a

heterogeneous material? Second, how representative are

the high-resolution images captured over a small area in 2D

and over a small volume in 3D? The present work intends

to provide a statistical approach toward answering these

questions.

Multiscale imaging has been a subject of growing

importance, especially in the field of geosciences [18], due

to the significance of material heterogeneity on every

aspect of the material response. In recent years, many

researchers have applied imaging techniques with different

resolutions and FOV to explore the structure of
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heterogeneous geomaterials [7, 20, 25–27, 29, 33, 34,

36, 51, 60]. A majority of these works consist of obtaining

a low-resolution image of a large sample scanned over a

large FOV and then selecting regions of interest for further

high-resolution imaging. Some of these works have also

included registration and fusion of high-resolution images

into the low-resolution dataset. In practice, however, high-

resolution imaging is only feasible over a small portion of a

low-resolution, large-FOV image. To circumvent this

limitation, statistical methods are often employed.

Statistical methods have been used widely in the liter-

ature to generate random realizations of the microstructure

of porous materials such as rocks, with a main focus on

generating only the pore space. Among these statistical

methods are Markov chain models [63], simulated

annealing [17, 40], two-point statistics [5], and multiple-

point statistics [47]. Traditionally, two-point statistics and

variogram-based methods were used [50], which aim at

obtaining a model such that two-point statistical relations

in the reconstructed field match with the observed field.

These methods are often inadequate for complex structures

since they cannot capture connectivity patterns. In recent

years, multiple-point statistics (MPS) has received con-

siderable attention. This technique takes into account

higher-order statistics, thus allowing for reproduction of

complex geological patterns [30]. MPS algorithms such as

single normal equation simulation (SNESIM) [54], direct

sampling (DS) [41], and image quilting (IQ) [22], pivot

around selection of training image(s) and taking the

statistics from training images which feature the repre-

sentative patterns that are subject to simulation. SNESIM

has been used widely in the literature for 3D generation of

pore space in porous media using 2D [47, 65] or 3D

training images [64].

In this paper, we demonstrate a framework based on

MPS for enhancing low-resolution image data by including

features not captured within the resolution limit. The pre-

sent framework is based on direct sampling (DS) method

[41], which allows us to work with continuous variables

and conduct fine-scale simulations conditioned on a coarse-

scale dataset [31] to ensure consistency between the two

scales of interest. We show how the present framework can

be applied for low- and high-resolution X-ray micro-to-

mography imaging of shale. The presented framework

results in high-resolution images over larger FOV, thus

facilitating an understanding of the heterogeneity of a shale

across scales. Results can be used in a variety of applica-

tions, including obtaining the permeability, porosity, and

mechanical properties of a shale sample. Apart from the

enhanced images, the present approach can also be used to

generate realistic digital cores of rocks for the purpose of

numerical simulation incorporating microstructural effects

on the bulk properties and behavior of a

material [11, 12, 13, 49, 56, 57]. Since the present

approach is stochastic in nature, multiple realizations of the

same domain can also be conducted for uncertainty

quantification [24].

2 Statistical approach

When it comes to imaging, there is an inherent conflict

between resolution and FOV: The higher the resolution, the

more limited the FOV. To illustrate this point, Fig. 1a

shows a 2D slice of Woodford shale obtained using X-ray

micro-tomography with a pixel resolution of 4.14 lm.

Maximum instrument FOV for this scan is about 4 mm.

Figure 1b shows a magnified region revealing limited

resolution. In contrast, Fig. 1c shows the result of a high-

resolution scan of the same region as Fig. 1b, with pixel

size of 0.517 lm and a maximum FOV of about 0.5 mm.

The grayscale images are based on X-ray attenuation

coefficients, with brighter regions corresponding to mate-

rial of higher density and darker regions corresponding to

material of lower density. Two regions marked as ‘‘3’’ in

Fig. 1b, c are shown in Fig. 1d, e, respectively. Figure 1e is

a zoom of region ‘‘3’’ in Fig. 1c and reveals that the blurred

bright region consists of pyrite framboids and orga-

nic/pores. Figure 1f shows an enlarged particle from a

region marked as ‘‘4’’ in Fig. 1c, which appears to be a

pyrite framboid. A comparable region of similar size is

shown in Fig. 1g, which shows submicron pyrite particles

and organic/pores. Figure 1g is a 2D slice of a subsample

with a diameter of about 20 lm and was obtained using

TXM at Stanford Synchrotron Radiation Lightsource

(SSRL). The image has a resolution of about 30 nm and

maximum FOV of 30 lm. The ideal condition would be to

have the FOV delineated in Fig. 1a and the resolution of

Fig. 1g, but in general this is not feasible.

The stochastic approach presented here is based on the

hypothesis that imaging with a lower resolution over larger

FOV not only captures large-scale features but also pro-

vides information on features below the resolution limit.

This is consistent with the knowledge that each voxel in a

grayscale image obtained via X-ray tomography is pro-

portional to the average of X-ray attenuation coefficients of

the material phases located at that voxel, generally known

as partial volume effect [18]. Statistical simulations of fine-

scale features therefore need to be consistent with the

large-scale information. Consider Fig. 1 as an example.

The large bright region marked ‘‘1’’ in Fig. 1b shows that

the large pyrite mineral is captured in the low-resolution

image, as evidenced by the same region marked on the

corresponding high-resolution image in Fig. 1c. On the

other hand, the combination of pores, organics, and light

mineral particles observed in a nearby region marked ‘‘2’’
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of the same size in Fig. 1c are not resolved in the low-

resolution image. Nevertheless, the intensities and distri-

butions of the gray values observed in region ‘‘2’’ marked

on Fig. 1b provide some information regarding the phases

located in this region.

Based on the aforementioned idea, we demonstrate the

application of MPS to generate high-resolution images of

fields for which only low-resolution data are available. For

this purpose, a high-resolution image and its corresponding

low-resolution image form a two-variate training image

(TI), which is considered to contain various types of pat-

terns expected to occur in the simulation domain (see

Fig. 2). The simulation procedure for the present problem

is described here briefly. For further details on the DS

algorithm, the reader is referred to [41].

Figure 2a, b schematically shows the fine-scale simu-

lation grid and the corresponding low-resolution image,

respectively. The low-resolution image has to be presented

in the fine-scale grid system, as shown in Fig. 2c. Fig-

ure 2d, e illustrates the high-resolution training image and

its corresponding low-resolution image, respectively. The

(a)

(d) (b)

(c)(e)

(g) (f)

Fig. 1 Multiscale imaging of shale. A single slice of shale with pixel

size of 4.14 lm, obtained using a low-resolution micro-tomography

scan, is shown in (a), and the marked region is enlarged in (b).
c Illustrates the same region shown in (b) obtained using a micro-

tomography scan with a pixel size of 0.517 lm. Region 3 marked in

(b, c) is enlarged in (d, e), respectively, showing small pyrite

particles, framboids, pores/organics, and matrix of low-density

minerals and clay which appear as a blurred range of gray values in

the low-resolution image. Region 4 marked in (c) is enlarged in

(f) which appears to be a pyrite framboid. A 6-lm-sized framboid

comparable to (f), shown in (g), was obtained using TXM with a

resolution of 30 nm

(a) (d)

(b) (e)

(c) (f)

Fig. 2 Schematic of training image and simulation grid. a Fine-scale

simulation grid. b Low-resolution image corresponding to the

simulation grid. c The same low-resolution image as (b) presented
in the fine-scale simulation grid system. d High-resolution training

image. e Low-resolution training image. f Low-resolution training

image presented in the same high-resolution grid as (d)
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two images are registered and transformed to the same fine-

scale grid, as shown in Fig. 2f. In a mathematical setting,

our goal is to simulate a random function ZhðxÞ repre-

senting gray-value of a pixel located at position x in the

fine-scale simulation grid. The TI is a two-variate field

consisting of variables ZhðyÞ and ZlðyÞ, which correspond

to high-resolution and low-resolution images, respectively,

where y denotes position vector of each fine-scale pixel in

the TI. The conditional cumulative density function for

variable ZhðxÞ can be written as follows:

Fh z; x; dhx ; d
l
x

� �
¼ P ZhðxÞ� z j dhx ; dlx

� �
ð1Þ

in which

dhx ¼ Zh xþ hh1
� �

; . . .; Zh xþ hhnh

� �h i
ð2Þ

defines a vector containing nh closest high-resolution pixels

to x that are already simulated, and hhj is a lag vector from

x to neighboring pixels. Similarly,

dlx ¼ Zl xþ hl1
� �

; . . .; Zl xþ hlnl

� �h i
ð3Þ

defines a vector containing nl closest fine pixels in the low-

resolution image of the simulation grid. Some MPS algo-

rithms such as SNESIM [54] for categorical variables scan

the TI to build the probability distribution function corre-

sponding to Eq. (1) and sample from that distribution. DS

method, on the other hand, relies on a different sampling

strategy [41]. The idea is to find a pixel in the TI with

neighbors [as defined through lag vectors in Eqs. (2) and

(3)] that are similar to neighbors in the simulation grid, and

assign the value of that pixel to the simulation grid.

The simulation proceeds by randomly visiting each pixel

in the fine-scale simulation grid. For simulating each high-

resolution pixel, the lag vectors hhm (m ¼ 1; . . .; nh) and hlk
(k ¼ 1; . . .; nl), and the data events dhx and dlx in the simu-

lation grid are first identified. Subsequently, fine pixels in

the TI are visited randomly, and data events dhy and dly are

obtained from the TI using the same lag vectors hhm and hlk.

The similarity between data event observed in the simu-

lation grid and TI is measured by calculating the following

distance, and then checking to see if it is smaller than a

specified threshold t:

d ¼ whf dhx ; d
h
y

� �
þ wlf dlx; d

l
y

� �
\t ð4Þ

where wh and wl, which satisfy the condition wh þ wl ¼ 1,

determine how much weight is assigned to the previously

simulated high-resolution data and the given low-resolu-

tion data, respectively. f ð�Þ is a function that determines the

distance between the two vectors, e.g., the normalized

Euclidean distance and Manhattan distance (see [41]).

Once a distance d\t is observed, the value of the pixel in

the TI is assigned to the simulation grid. If the threshold is

not satisfied after scanning a predefined portion of the TI,

F, the pixel value corresponding to the smallest d is

selected.

3 X-ray micro-tomography imaging

In the present work, a millimeter-sized sample of organic-

rich Woodford shale was used. This is the same shale

sample studied in [10], obtained from an exploratory

wellbore of the northern flank of the Arbuckle uplift, near

the Arkoma basin, Pontotoc County, Oklahoma, USA. The

corresponding laboratory and field characterization results

can be found in [3]. X-ray computed micro-tomography

(micro-CT) was performed at Stanford Nano Shared

Facilities (SNSF), using Xradia Zeiss 520 Versa. The

instrument has a sealed transmission X-ray source with

voltage range of 30–160 kV and maximum output of 10 W.

The best spatial resolution of the instrument is 0.7 lm, and

the minimum achievable pixel size is 70 nm.

First, a low-resolution scan was conducted on the mil-

limeter-sized sample, with the following scan parameters:

X-ray source voltage: 40 kV; X-ray source power: 3 W;

optical magnification: 4X; source filter: LE2; camera bin-

ning: 2; pixel size: 4.14 lm; FOV: 1013� 1013 pixels.

Exposure time was selected as 1 s per projection. 1600

projections were acquired over a 360� rotation, corre-

sponding to an angular increment of 0:225�. The source to

rotation axis distance and the detector to rotation axis

distance were set to 10.670 and 6.653 lm, respectively.

Secondary references with LE6 filter were acquired and

applied to reduce possible beam hardening ring artifacts.

Subsequently, without removing the sample from the

holder, a high-resolution interior tomography was con-

ducted on a small portion of the sample. The following

settings were used for this scan: X-ray source voltage: 60

kV; X-ray source power: 5 W; optical magnification: 40X;

source filter: LE3; camera binning: 2; pixel size: 0.517 lm;

FOV: 973� 973 pixels. The source to rotation axis dis-

tance and the detector to rotation axis distance were set to

10.963 and 3.812 lm, respectively. To increase the signal-

to-noise ratio for this high-resolution interior tomography,

the X-ray exposure time has to be much larger than the

low-resolution full-FOV scan. Exposure time of 21 s was

used in this scan as it provided sufficient signal-to-noise

ratio. Moreover, significantly smaller angular increments

are required. In this case, 3000 projections over 180� plus

the fan angle, corresponding to an angular increment of

0:06� , were found to be sufficient.

Figure 3a shows the low-resolution full-FOV 3D vol-

ume imaged with 4.14 lm pixel size. Figure 3b shows the

high-resolution 3D volume with 0.517 lm pixel size inside
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the low-resolution dataset, and Fig. 3c provides the

enlarged view of the high-resolution volume. Segmentation

of the high-resolution volume into fractures and pores

(Fig. 3d, e), as well as pyrite (Fig. 3f), is also shown.

Figure 3d, e demonstrates anisotropy in the form of

preferred orientation of cracks and pores. To facilitate

high-resolution simulations, we selected the ratio between

pixel sizes of the low-resolution and high-resolution scans

to be an integer by adjusting the source and detector dis-

tance in the micro-CT instrument, which determines the

Fig. 3 3D visualization of micro-tomography results. a 3D visualization of the millimeter-sized sample of Woodford shale imaged using micro-

tomography with a pixel size of 4.14 lm. Cylindrical portion of the sample scanned with pixel size of 0.517 lm is shown in (b, c). Height of the
cylinder is 480 lm and its diameter is 463 lm. d, e Show cracks and pores inside the high-resolution volume, demonstrating strong anisotropy.

Arrows on (d, e) show bedding plane directions. Pyrite particles are segmented as shown in (f), which take about 10% of the volume. Images

were processed and visualized using ORS Visual SI Advanced
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pixel size. This is not a necessary condition, however, and

in general, the conditioning (low-resolution) secondary

data at each pixel in the fine-scale simulation grid can be

determined based on the weighted average of the secondary

values covering that particular pixel.

4 Results and discussion

For purposes of illustrating the proposed approach, we

carry out high-resolution simulations using 2D slices.

High-resolution 3D realizations can be similarly generated

using 3D tomography data. Figure 4a, b shows, respec-

tively, the selected high- and low-resolution images to be

used as a two-variate TI.

Two slices, numbered 1 and 2, shown in Fig. 4c, are

selected for simulation using their corresponding low-reso-

lution images given in Figs. 5a and 7a. In this case, each

pixel in a low-resolution image contains 64 high-resolution

pixels. The simulations were conducted using the program

‘‘DS: Multiple-Points Simulation by Direct Sampling’’ [41].

Appropriate parameters used in DS simulations need to be

determined for the specific problem at hand. An extensive

guide for parameter selection for DS algorithm is provided

in [42]. For the examples presented here various parameters

were tested and the following were found to be suitable:

t ¼ 0:01 and wl ¼ wh ¼ 0:5 as defined in Eq. (4); and

maximum fraction of TI scanned, F ¼ 1. Manhattan dis-

tance has been used in all the simulations to calculate the

distance in Eq. (4). Also, maximum number of neighboring

Fig. 4 a 2D slice obtained from the high-resolution scan and b the corresponding region obtained from the low-resolution scan form the two-

variate training image used for the present simulations. The two slices shown in (c) are selected to be simulated using only their corresponding

low-resolution image as conditioning data
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pixels used to determine data events defined in Eqs. (2) and

(3) was set to 40 over a maximum search distance of 20

pixels in each direction.

Figures 5c and 7c each show a single realization of Slice

1 and Slice 2, respectively. In the present work, we use

three different ways to compare each simulated image with

its corresponding true image: variogram, pixel-wise error

histogram, and visual comparison.

Variogram serves as a measure of spatial continuity of

the data and is defined as follows [35]:

cðhÞ ¼ 1

2
E ZhðxÞ � Zhðxþ hÞð Þ2
h i

ð5Þ

where h is the lag distance. Figures 6a–c and 8a–c compare

variograms of the realizations and true images in hori-

zontal, vertical, and diagonal (from lower left to upper right

corner of the image) directions. It can be seen from these

plots that the simulated images capture the spatial conti-

nuity of the true image in various directions. True images

shown in Figs. 5b and 7b are used to obtain the pixel-wise

error between each true image and the corresponding

simulated field. The histograms of normalized errors are

plotted in Figs. 6d and 8d, with mean l, standard deviation

r and skewness d shown on each plot. It can be seen that

the mean of errors is zero and standard deviation is rela-

tively small (r ¼ 0:16) for both images, showing that a

majority of the simulated pixels are close to the true value.

By visual comparison, we observe that Fig. 5b has a

relatively isotropic structure with a slight preferential ori-

entation of microcracks and pores in the diagonal direction,

and simulated image in Fig. 5c captures the same pattern.

On the other hand, Fig. 7b demonstrates cracks and

Fig. 5 a Low-resolution image corresponding to Slice 1 shown in Fig. 4c, used for high-resolution simulations. b True high-resolution image of

Slice 1. c One realization obtained using the present approach. d Segmentation of the realization shown in (c) into four phases

Acta Geotechnica (2017) 12:1193–1205 1199

123



particles along the vertical direction, which can also be

observed in the simulated Fig. 7c.

It should be noted that here we have chosen to work with

continuous variables, i.e., gray values, as opposed to cat-

egorical variables (i.e., individual phases). This

scheme provides two main advantages. First, as described

earlier, low-resolution images provide information about

features below their resolution limit which cannot be seg-

mented into individual phases. Therefore, using continuous

variables for low-resolution data allows us to readily con-

dition the simulations on these data. Second, high-resolu-

tion images are simulated pixel by pixel, which may lead to

generation of a number of ‘‘noisy’’ pixels not fully con-

sistent with their neighbors. Application of continuous

variables for high-resolution simulations facilitates subse-

quent filtering and denoising. Statistically simulated ima-

ges can be treated as high-resolution X-ray tomography

data. Therefore, post-simulation processing needs to be

done on the simulated images, which mainly consists of the

following:

1. Application of denoising and filtering algorithms, e.g.,

bm4d [38], non-local means [16], or smoothing using

kriging [39].

2. Well-known image segmentation techniques can be

used to segment the simulated grayscale images into

different phases [48].

The realizations shown in Figs. 5c and 7c are filtered and

segmented into four phases as follows. Phase 1: mixture of

clay, organics, and minerals matrix; Phase 2: high-density

minerals (e.g., pyrite); Phase 3: fractures and pores; Phase

4: light minerals (e.g., silicates). The segmentations are

performed based on histogram thresholding, and the

segmented images are shown in Figs. 5d and 7d. Figure 9

shows the comparison of the phase proportions of the

simulated images with those of the true images, obtained

using the same histogram thresholding criteria. It should be

noted that this shale sample contains features below the

0.7 lm resolution limit of the micro-CT instrument (e.g.,

nano-pores, organic matter, and submicron particles shown

in Fig. 1g) which are not resolved. Therefore, the segmen-

tation is performed here to compare the true images and

their corresponding simulated images, rather than reporting

the exact proportions of individual phases. Figure 9 shows

that the phase proportions in the segmented simulated

images are consistent with those of the true images

segmented using the same criteria. This is important, for

example, in flow simulations where porosity of the sample

is one of the important factors that need to be captured.

It is worth noting that scan parameters such as X-ray

energy affect X-ray attenuations of different material

phases, which would result in differences in the grayscale

images obtained with different settings. Since the high-

Fig. 6 a, b, c Comparison of variograms of the simulation result with the true image in horizontal, vertical, and diagonal (lower left to upper

right corner of the image) directions. d Histogram of pixel-wise normalized error between Figs. 5b and 5c
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resolution and low-resolution scans typically require dif-

ferent scan parameters, it is normally expected that the gray

values in the large-FOV and high-resolution scans from the

same region would not be directly comparable. This does

not pose any problems, since according to the nature of the

described algorithm, the low-resolution images and their

corresponding high-resolution images do not need to be

comparable in terms of the gray values, as they are two

separate variables. The low-resolution and high-resolution

variables from the simulation domain are compared sepa-

rately with their corresponding values in the training image

in order to calculate the distance define in Eq. (4). How-

ever, it is essential for the grayscale low-resolution images

in the TI and the simulation field to be comparable. In the

present work, the low-resolution images were selected

from a single large-FOV scan and were subjected to the

same image processing. In general, to assure consistency

between low-resolution images in the TI and the simulation

field, a uniform histogram transformation with support

parameters of 0 and 1 can be done for all the images. After

performing the simulations, the histogram of images must

then be transformed back to the histogram of TI or another

suitable image.

5 Concluding remarks

We have demonstrated an approach based on MPS to

generate high-resolution images of shale conditioned on

the observed low-resolution images. Simulation results

were shown to be consistent with the true images obtained

from high-resolution scans, which suggests that this

Fig. 7 a Low-resolution image corresponding to Slice 2 shown in Fig. 4c, used for high-resolution simulations. b True high-resolution image of

Slice 2. c One realization obtained using the present approach. d Segmentation of the realization shown in (c) into four phases
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approach can offer a solution to the trade-off between

imaging resolution and FOV associated with imaging of

heterogeneous materials. The results here were shown for

2D simulations, but the same procedure applies to 3D

simulations.

It is worth emphasizing that the present approach is

statistical in nature and that it is not meant to generate an

image that exactly matches the true field. Instead, the goal

is to generate high-resolution realizations of the field that

are consistent with the observed low-resolution images and

are similar to the true field in terms of structural features

such as patterns, connectivity, anisotropy, and histogram.

There is generally no practical limitation on the ratio of

pixel sizes in the low-resolution and high-resolution ima-

ges. As an extreme example, if the whole high-resolution

image corresponds to one or a few low-resolution pixels,

the low-resolution image in this case does not provide any

useful information and there will practically be no condi-

tioning on the low-resolution data. In this case, the algo-

rithm will randomly generate a microstructure based on

patterns obtained from the high-resolution training image,

similar to having a univariate TI. Clearly, the more infor-

mation the low-resolution image has, and/or the closer the

pixel sizes are to the fine-scale field, the more accurate the

simulations. Therefore, the sufficient pixel sizes for the

high-resolution and low-resolution data in order to provide

meaningful patterns within both datasets need to be

determined for the specific material being studied. Addi-

tionally, it is important for a TI to include the patterns

expected in the simulation field.

Finally, we note that the proposed multiscale imaging

approach has vast applications to computational modeling

as well. An example is mesh sensitivity study in finite

element analysis, which is a routine task when the domain

of the problem is spatially homogeneous. However, when

the domain of the problem is characterized by spatially

varying material properties, such as density and degree of

saturation [14, 15, 52, 53], then the refinement in the mesh

must be accompanied by the corresponding refinement in

Fig. 8 a, b, c Comparison of variograms of the simulation result with the true imagein horizontal, vertical, and diagonal (lower left to upper right

corner of the image) directions. d Histogram of pixel-wise normalized error between Figs. 7b and 7c

Fig. 9 Comparison of the phase proportions between the true high-

resolution images and the simulation results
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the spatial description of material heterogeneity. Note that

a mesh sensitivity study does not necessarily require the

true high-resolution field but only a high-resolution real-

ization of the field that is consistent with the coarse mesh,

so the proposed statistical approach may be used for this

purpose. Multiscale finite element analyses requiring

detailed microstructure characterization at the Gauss inte-

gration points [8, 28, 46] may also benefit from the pro-

posed MPS approach, particularly when the true high-

resolution field is not available over the entire problem

domain.
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