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Abstract

This paper presents a mathematical model for analyzing strain localization in frictional solids exhibiting displacement jumps.
Precise conditions for the appearance of slip lines, including their initiation and evolution, are outlined for a rate-independent, strain-
softening Drucker—Prager model, and explicit analytical expressions are used to describe the orientation of the slip line. A stress—
displacement relation obtained through the consistency condition is also formulated to describe the quasi-static response in the post-
localization regime. The mathematical model, which is cast within the framework of finite element analysis employing the assumed
enhanced strain method, circumvents mesh-dependence issues often associated with rate-independent plasticity models. It is shown that
the enhancement equation is nothing else but the consistency condition imposed on the band. Numerical examples involving plane
strain compression are described to demonstrate objectivity with respect to mesh refinement and insensitivity to mesh alignment of
finite element solutions. © 2001 Elsevier Science B.V. All rights reserved.

1. Introduction

Many problems in geomechanics require a mathematical description of failure and post-failure condi-
tions of geotechnical structures such as dams, embankments, excavations, foundations, and slopes. Failures
of these structures are often accompanied by the appearance of highly localized patterns of deformation,
ultimately leading to the development of a well-defined failure mechanism. The failure mechanism mani-
fests in the form of a slip surface along which relatively rigid masses of earth slide past each other. The band
of intense shearing has an initial characteristic width or thickness, but this thickness could shrink to zero as
the slip surface develops completely. Mathematically, the continuum experiences displacement jumps along
this slip surface.

The limit equilibrium method is commonly used to examine the failure mechanism of geotechnical
structures. Examples of the limit equilibrium method for geotechnical analyses are the Coulomb, trial
wedge, and slip circle methods, as well as a large family of slope stability analysis methods. The limit
equilibrium method requires that the surface of discontinuity be defined a priori, and does not describe
patterns of deformation in the continuum. In particular, the method does not account for the softening
response along the surface of discontinuity, and hence, it is useful only for stability analysis but not for
deformation analysis.

The standard finite element method has been used successfully to solve a wide variety of deformation-
type continuum problems, but its application to analysis of failure and post-failure conditions is severely
limited by its inability to resolve the effect of strain localization along a narrow shear band. This
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shortcoming is due to the general requirement that the standard finite elements be conforming, which
renders the acceptability of the method dependent on how accurately the finite element mesh can resolve the
strain localization across the thickness of the shear band. The difficulty is compounded further by the fact
that rate-independent plasticity models do not provide a characteristic length scale that fixes the thickness
of the shear band.

The assumption that the band thickness is zero creates a scenario in which the constitutive model is not
required to provide a characteristic length scale. However, this assumption is tantamount to allowing the
development of jumps or discontinuities in the displacement field. Mathematically, the strains or defor-
mations generated by this displacement field are o-functions along the surface of discontinuity, and so
plastic deformations can be assumed to be localized to this discontinuity. The problem of strain localization
involving displacement jumps has been termed ‘“‘strong discontinuity’ in [1], in contrast to the problem
involving strain or deformation jumps, which has been termed ‘“weak discontinuity’ also in [1].

The assumption of a zero band thickness is a mathematical simplification since it avoids the problem
associated with the lack of a characteristic length scale in rate-independent solids, but it has some strong
physical justifications for geologic media. Soils and rocks routinely exhibit cracking and faulting when
sheared [2], leading to jumps in the displacement field. Even clays subjected to plastic flow can undergo
sliding and splitting [3]. Further, the thickness of shear band in sands can vary between 10 and 20 times the
mean grain size diameter [4,5], which is small compared to typical dimensions of geotechnical structures.
The assumption of displacement jumps was central to the development of Coulomb’s [6] and Rankine’s [7]
methods of earth pressure calculations, to Terzaghi’s [8] and Meyerhof’s [9] methods of bearing capacity
analyses, and to many slope stability analysis methods [10,11]. In contrast, shear bands observed in a
variety of metals are of finite thickness, such as those first identified as the so-called heat lines in the ex-
perimental work of Tresca (see [12]), so that jumps in displacements in this material may not be fully re-
alized.

Finite element analyses of strain localization in solids exhibiting displacement jumps have been presented
recently in [1,13-18] within the context of strain-softening, J, flow theory and a damage model. Precise
conditions for the appearance of slip lines have been outlined for rate-independent problems in the quasi-
static regime, and finite element approximations for the post-localization regime have been formulated
within the context of the assumed enhanced strain methods described in [19]. It has now been demonstrated
that the strong discontinuity approach coupled with the assumed enhanced strain method could circumvent
mesh-dependence issues often associated with rate-independent plasticity models [20,21]. Furthermore, the
approach does not require any viscoplastic regularization [22,23] or more complicated reformulations of the
constitutive equation [24,25] to advance the solution to the post-bifurcation regime. The objective of this
paper is to exploit these important features for the analysis of strain localization in frictional materials
exhibiting displacement jumps. To this end, we consider a two-invariant, non-associated Drucker—Prager
plasticity model and outline precise conditions for the appearance of slip lines in this material.

The Drucker—Prager model allows the analysis of several relevant features not captured by the J,
plasticity model, such as the influence of the mean normal stress on yielding, the effect of plastic dilatation
along the slip line, and the general treatment of plasticity models with non-associated plastic flow. The
choice of this specific plasticity model is motivated by its capability to describe the behavior of dilatant
frictional materials. In addition to defining conditions for the appearance of slip lines, this paper also covers
the general stress—displacement relationship at post-localization on frictional materials.

As for notations and symbols, bold-face letters denote matrices and vectors; the symbol ‘-’ denotes an
inner product of two vectors (e.g. @ - b = a;b;), or a single contraction of adjacent indices of two tensors (e.g.
¢-d = c;dy); the symbol .’ denotes an inner product of two second-order tensors (e.g. ¢ : d = ¢;;d;;), or a
double contraction of adjacent indices of tensors of rank two and higher (e.g. C : € = Cyy¢5,).

2. Model problem for non-associated plasticity
In order to study the important features of solutions involving jumps in displacement field in dilatant

frictional materials, we consider the general case of non-associated rate-independent plasticity in the
classical format of infinitesimal strains for an intact continuum. We next investigate conditions for the
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onset of displacement jumps in the continuum. Subsequently, we introduce a damage function, which may
be distinct from the yield function, to characterize the response of the material in the bifurcated stage. In
the next section, we specialize the formulation to non-associated Drucker-Prager plasticity and accom-
modate the presence of displacement jumps in this material.

2.1. Infinitesimal plasticity theory for intact continuum

Consider a convex elastic domain E defined by a smooth yield surfact & in the Cauchy stress space &
E={(s,0) € S x R"|Z(s,0) <0}, (2.1)

where S is the space of symmetric rank-two tensors and 6 is a stress-like vector of plastic internal variables
of dimension m characterizing the hardening response of the material. The constitutive equation is ex-
pressed in terms of a free energy function ¥(e°, &), where €° is the elastic component of the infinitesimal
strain tensor, and ¢ denotes a strain-like vector of plastic variables conjugate to 6. By definition, the
constitutive equations for ¢ and 0 take the form

LG T

oP(e, &)
Oe® - '

o¢

We next consider a plastic potential function 2(s, ), which can be distinct from % (s, 0). The special
case 02/06 = 07 /0¢ pertains to associative plasticity, while the case 02/00 = 0% /00 corresponds to as-
sociative hardening. Let the total infinitesimal strain tensor be decomposed into elastic and plastic parts, i.e.
€ = €° + €P. Then the evolution equations for € and ¢ take the form

(2.2)

) . .02(e¢,0) . 02(c,0)
€
E=é-d—7 ", E=l—pp (2.3)
where 1 is a plastic consistency parameter satisfying the Kuhn-Tucker complementary conditions
120, %(6,00<0, 17 (0,0)=0. (2.4)

The general setting is provided by the continuum model described above. We will now provide extension of
the model to include the presence of a discontinuous displacement field.

2.2. Constitutive theory in the presence of discontinuous displacement field

Consider the following displacement field with a jump discontinuity:

1 ifxeQ,,

0 ifxeQ. (2.5)

u=1u+[u]Hy(x), Hg(x)= {
where 7 is the continuous part of u, and [u] is the jump discontinuity on the surface ¥ separating the
subdomains 2, and Q_ of an otherwise continuous body Q2. The associated total strain rate tensor resulting
from this field is the symmetric component of the displacement gradient tensor, which can be written in
compact form as [1]

€ =sym(V u) + sym([it] @ ndy), (2.6)

where n is the unit normal vector to the surface ¥ and pointing in the direction of Q,, and é is the Dirac
delta function on the surface <.

Since 7 (6, 0) = 0 on initial yielding, and remains equal to zero during yielding, we obtain the consis-
tency condition

. oF . 02 0F 02
F(6,0)=—:C: | sym(Vu) + sym([it] @ néy) — A—| —A— H =

O da 0 T3~ " (2.7)
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where

B PPP(e, &) H— ?P(e, &)

C=Z%eoe * H=Zzz (238)

are the (symmetric) Hessian tensors of ¥(e°, &) evaluated with respect to € and &, respectively. The tensors
C and H have the physical significance of being the tangential elastic stress—strain tensor and the tangential
plastic moduli matrix, respectively.
Hardening, softening, or perfect plasticity is determined by whether the following parameter is greater
than, less than, or equal to zero
07 02
H o =—H —. 29
o0 00 (29)
Although softening response could entail the development of solutions exhibiting displacement jumps
[26,27], we will not rule out the case of hardening response. Satisfaction of (2.7) for non-trivial value of [i]
requires that /4 and s be of the form [1]

Ah=1250g, H'=H;'5y, (2.10)

where A; > 0 and #5 < 0 are real, non-singular functions. The setting described by (2.10) thus requires that
A and  be treated as distribution functions.

With (2.10) in hand, it is now possible to impose the consistency condition (2.7). Setting the regular and
singular parts to zero, we obtain the two separate conditions

07

5 C: sym(Va) — As# 5 = 0 (2.11)
o
for the regular part, and

0F . , 02]

2 C: |sym([a] ®n) — A53g | = 0 (2.12)

for the singular part. Solving (2.12) for ;s gives

1 07 . 07 02
L = % :Cosym([a] @n), y= % .C.ao_. (2.13)

Since /5 5 < 0, by definition, then (2.11) implies that 0.7 /0¢ : C : sym(Vﬁ) < 0, and so at the instant of
localization the stress point unloads elastically as a continuum relative to the current value of %, with
6 = C : sym(Vu) representing the continuum stress rate.

2.3. Localization condition

Equilibrium requires continuity of the traction vector ¢ (as well as its rate, #) across .%. For the model
problem, we have

i‘:n-d':n-C:(é—/la—g):i—ki‘(;é;/, (2.14)
Jo
where

f=n-C:sym(Vi) (2.15)

is the regular part, and

ts=n-C® :sym([a] ® n) (2.16)
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is the singular part, with

_
c—cC-C, CP:Z%C:g—f@@%—j:C (2.17)

representing the elastic-perfectly plastic tangent operator. The tensor C*® has a structure that is mathe-
matically similar to the continuum elasto-plastic tangent operator ¢°? used in classical plasticity theory,
except that the former is defined with the denominator y devoid of the hardening parameter. This is due to
the assumption that # ' only contains a delta-term, which effectively limits the plastic response to the
band. _

Let the strength, or magnitude, of the jump rate [#] be denoted by {, and let m represent a unit vector
describing its direction such that [i] = {m. Using these definitions, and setting #; = 0 in (2.16), we obtain
the localization condition

A-m=0, A=n-C?. n, (2.18)

where A is the elastic-perfectly plastic acoustic tensor. It is again noted that the tensor 4 has a structure that
is mathematically similar to that of the elastoplastic acoustic tensor used in classical weak discontinuity-
type formulations, except that the expression for the former does not contain the hardening parameter .

Non-trivial solutions of (2.18) are, of course, possible only when A is singular. This happens initially
when the determinant of 4 becomes equal to zero. If the determinant indeed becomes equal to zero, it will
approach this value from the positive side, since

A=n-(C—C") - n=A— A (2.19)

and det(A4°) > 0 since C is positive definite. For the plane strain case, the solution of (2.18) can be obtained
either numerically (e.g., using the algorithm of [20,21]), or in closed form. For the non-associated Drucker—
Prager plasticity model, the closed form solution for the vanishing of the determinant of 4 in plane strain is
provided in the next section.

Remark 1. If the tensor sym([i] ® n) is assumed to take the form

sym([a] @ n) = ;”2;3’ (2.20)

where 4 is a proportionality coefficient, then a direct substitution of (2.20) into (2.16) automatically results
in the localization condition #; = 0. This is true because 02/0¢ belongs in the nullspace of C* [28], and so
any tensor of the form (2.20) satisfies the homogeneous equation (2.18). This argument is central to the
development of [13,14], which, unfortunately, is incorrect for the general 3D case (except for the very
special case of plane strain with J, plastic flow) since 0.2/0¢ is not an acceptable form for sym([i] ® n): the
latter tensor is derived from the dyad of two vectors, [[i] and n, and therefore can have at the most only two
non-zero eigenvalues, whereas the tensor 02/0s generally has three non-zero eigenvalues even for the
simple case of J, plastic flow. This issue is elaborated further in Remark 3 given later in this section.

2.4. Evolution of displacement jump: damage model

Eq. (2.18) defines a necessary condition for the onset of displacement jumps. A central assumption that
led to this condition was that plasticity is localized to the discontinuity, and so any point in the neigh-
borhood of the surface of discontinuity effectively unloads once the surface of discontinuity, or band, has
formed. It is therefore important to distinguish between the response of the intact continuum and the
bifurcated response of the damaged material, since the former response represents the behavior of the
continuum outside the band, whereas the latter response represents the behavior of a macroscopic point on
the band. In particular, we elaborate the dual nature of the response of a macroscopic point in the
neighborhood of the surface of discontinuity according to whether this point is interpreted to be on the
band, or just outside the band. First, we introduce a model characterizing the bifurcated response, herein
called the damage model.
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Consider a convex elastic domain E’ defined by a smooth damage function % in the Cauchy stress
space ¢

E ={(6,¢) € S x R"|%(0,$) <0}, (2.21)

where S is the space of symmetric rank-two tensors, and ¢ is another stress-like vector of plastic internal
variables of dimension n characterizing the softening response of a damaged material. The damage function
% is introduced in addition to the yield function # in order to differentiate between the constitutive re-
sponse of the material in the intact state and its response in the damaged state. In addition, we consider a
damage potential function %, which takes on a parallel definition to the plastic potential 2, describing the
irreversible deformation response of the material in the damaged state.

Yielding in the damaged state is described by the consistency condition

. ag R . A 6% L7z

Y(o,¢) = % C: [sym(Vu) 4 sym([it] @ noy) — ‘ae | IH =0, (2.22)
where # is the softening modulus in the damaged state which takes on a parallel definition to the pa-
rameter 2 in the intact state. Assuming that plasticity remains localized to the discontinuity, then the
distribution function (2.10) remain valid, and so the consistency condition (2.22) implies the two separate
conditions

0%

% € sym(Viat) — AsH 5 = 0 (2.23)
[

for the regular part, and

09 . O
% C: (sym([a] ® n) — A{;E =0 (2.24)
for the singular part. Since 2;#’5 < 0, by definition, then (2.23) implies that 0%/0¢ : C : sym (Vi) < 0,
effectively capturing the softening response, with ¢ = C : sym (V) representing the continuum stress rate.
Condition (2.23) thus requires that the stress point remain on ¥ as the size of the damage function shrinks
at a rate of A;.¢;.
Eq. (2.24) restricts the magnitude and direction of the slip rate according to the damage potential
function £. Solving (2.24) for /s gives
109 0% O

ls ==——:C:sym([it] @ n), Z:$:C.$.

- % (2.25)

As before, let [it] = {m. Combining (2.24) and (2.25) gives

= (Z) (09 /06) : C : sym(Vi) (2.26)

Hs | (09/06): C:sym(m@n)’

Eq. (2.26) describes the evolution of the jump rate in the bifurcated state.
Clearly, displacement jumps can evolve only when the singular component of the traction vector ¢ re-
mains equal to zero. The evolution condition is (cf. (2.16))

ts=Cn-C®:sym(m®n) =0, (2.27)
where
~ 1 0% 09
CP=C—=-C:—3—:C (2.28)
7 0o  Oo

is the elastic-perfectly plastic tangent operator for the damage model. Equivalently, (2.27) can be written as
(cf. (2.18))
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A-m=0 A=n-C® n, (2.29)

where A is the elastic-perfectly plastic acoustic tensor in the bifurcated state.

Remark 2. The difference between (2.18) and (2.29) is that the former establishes the condition for the onset
of displacement jump based on the continuing velocity equation of equilibrium for the intact continuum,
whereas the latter sets the condition for the evolution of displacement jump based on the constitutive re-
sponse of a preexisting band. Thus, whereas the unit vectors n and m result from the analysis of the non-
trivial solution of (2.18), Eq. (2.29) assumes that these vectors are already well defined, and so the latter
equation may simply be used to investigate conditions under which the displacement jump can evolve and
continue to be active.

The assumption that plasticity is localized to the discontinuity implies that the continuum unloads just
outside the band. Thus, the slip tensor sym([it] ® n) must be fully plastic, and so

. G
sym([a] ® n) = 255, (2.30)
so that
6 = C :sym(Vu). (2.31)

Eq. (2.30) also has the mathematical significance that sym([&] ® n) lies in the null space of C®, since
substituting it in (2.27) results in the satisfaction of the evolution condition #; = 0. In this case, the stress
rate & just outside the band is given by (2.31) and depends solely on the regular component sym(Va) of the
total strain rate.

Remark 3. Eq. (2.30) is not a contradiction of the point made in Remark 1, which states that 02/0e is not
an acceptable form for the tensor sym([i] ® n), since 2 and # could be two entirely different plastic po-
tential functions. If 2 and # were the same, then (2.30) would not hold and the shear band would not
propagate. This statement agrees with the conclusion formulated in [29], where a combined weak-strong
discontinuity approach for post-localization analysis was proposed because the band would not propagate
with the strong discontinuity model alone when used in conjuction with a J,-plastic flow. However, this is
an unnecessary assumption since there is no reason to suppose that the constitutive response of the intact
and damaged continuum must be the same. For example, one can choose a Mohr—Coulomb form for the
plastic potential function % which results in a stress gradient tensor 0% /0e that possesses exactly two non-
zero eignevalues, thereby allowing (2.30) to hold. The point, however, is that a precise form for £ is not
even necessary since it will not enter into the formulation anyway. More discussions follow in Section 3.
Assuming (2.30) holds, then we can write
oR

sym(m ® n) = A%’ (2.32)

where A is some proportionality factor. Substituting (2.32) in (2.25) gives
Jo = AL, (2.33)
which means that s is a linear measure of the slip rate ¢ Substituting (2.31) and (2.33) in (2.23) gives

0% -

—:6—Hs(=0 2.34
60' 4 OC ) ( )
where #5 = AA; is an alternative softening modulus on the band whose physical significance is elaborated
in Remark 4 that follows. Eq. (2.34) is the consistency condition on the band, and states that the stresses
just outside the band satisfy the yield condition on the band. The same equation also implies that the
stresses on the band are the same as those just outside the band.
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Fig. 1. Dual response of a macroscopic point (shaded region): (a) onset of displacement jump; (b) evolution of displacement jump.

ONSET OF
Y, LOCALIZATION

STRESS
SPACE

Fig. 2. Evolution of yield and damage functions at post-localization.

Remark 4. The softening modulus J#; relates the rate of softening of the element to the slip rate on the
band. As an illustration, consider the case of uniaxial loading in which the only non-zero stress component
in the element is the axial stress o. For a Von Mises material equation (2.34) reduces to ¢ = #(, which
means that #s = do/d{ <0 is the slope of the axial stress—total slip curve beyond the bifurcation point.
Thus, # 5 takes on an analogous meaning to the familiar plastic modulus A’ used in deviatoric plasticity
theory which relates the effective stress rate @ to the effective plastic strain rate €.

Figs. 1 and 2 provide pictorial representations of the onset and evolution of displacement jumps.
Fig. 1(a) shows a macroscopic point on the verge of experiencing a displacement discontinuity across the
surface .. This stress point is instantaneously yielding as a continuum, so # = % = 0. The localization
condition is 4 - m = 0, which allows the onset of displacement jump along a surface with unit normal n.
Fig. 1(b) shows the same macroscopic point during the evolution of the displacement jump. This stress
point has % = ¥ = 0 on the band, and thus, guarantees yielding along .#; however, # < 0 just outside the
band, implying that the still intact material in the neighborhood of ¥ has unloaded. The evolution con-
dition is A - m = 0 on the preexisting band. Fig. 2 shows the dual nature of the response of this macroscopic
point during the evolution of the band. Here, the size of the yield function % is frozen at its value during
the onset of localization. However, the damage function ¥ = 0 continues to shrink due to the softening
response of the stress point on the band.

3. Drucker-Prager model with non-associated plasticity

We now specialize the formulation of the preceding section to a non-associated Drucker—Prager model.
This model has been used traditionally to describe the behavior of dilatant frictional materials, such as
dense sands and rocks. We provide a closed form expression for the onset of displacement jumps in
Drucker—Prager materials under plane strain stress condition, as well as specialize the development of the
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post-localization model to include the time-integrated version of the evolution equation for displacement
jumps.

3.1. Infinitesimal continuum theory

Consider a free energy function ¥(e°, &) that is quadratic in both €® and &. Here, the Hessian tensors C
and H are both constant, and so ¥ can simply be written as

1 1
'P(ee,ﬁ):Y’OJrzee:ce:eeJrzé'Hf, (3.1)

where ¥ is a scalar constant, and ¢° is the usual rank-four elastic stress—strain tensor, which, for isotropic
elastic material, takes the form

1
c°:K1®1—|—2,u<I—§1®1), (3.2)
where K and u are the (constant) elastic bulk and shear moduli, respectively, 1 is the Kronecker delta

tensor, and [ is the rank-four identity tensor. Now, take & € R* as a vector of plastic internal variables
containing volumetric and deviatoric plastic strains, defined as

L VP o K’ 0 o 01 . 4 .
5'{@’}’ H{O H’]’ 0{92}66}16’ (3.3)
where K’ and H' are plastic bulk and shear moduli, respectively, and
. . . 2. . . o1 . .
P = tr(eP), &F = \/;Hep”v =& — vpg, P = / Pdt, e = / érde. (3.4)
t t

More complex hardening/softening laws, such as a bilogarithmic compressibility relationship between the
plastic variables 0; and v for soils, can be postulated [30-32], but these details are not central to the theory
and may be omitted in the present discussion.

The Drucker—Prager yield function takes the form

7 (6,0) = \GIISII —V3(a— pp) =0, (3.5)
where
p:%tr(o')7 s =0 —pl, (3.6)

and (o, ) are material parameters which are related to the cohesion ¢ and angle of internal friction ¢
commonly used to describe a Mohr—Coulomb material [33]. The parameters o and  depend on the co-
hesion ¢ and friction angle ¢ through the relationship of the form [32]

- 6ccos.¢_ Cpe 6sm<.15 . (3.7)

V3(3 £sin ¢) V3(3 £sin ¢)
where the £-sign depends on whether the Drucker—Prager cone is completely inscribed in or completely
circumscribes the Mohr—Coulomb hexagon. A constant 5 then implies a constant angle of internal friction
. However, in this paper we will allow « to vary with plastic deformation, so that, in effect, the cone
generated by (3.5) in principal stress space retains its shape and proportion but not its size.
Now, consider a plastic potential of the form

2(e,0) = \/%IISII —V3(a—bp), (3.8)
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where b > 0 is another material constant whose physical significance is elaborated in the next section.
Defining

1
o= o+ b0 +—=0,, 39
0 1 /3 p) (3.9)
where o, is constant, and (0;,0,) are the elements of the vector @ as defined in (3.3),, we see that
., ,02 0F V3b
C—Aao—iw——i{ e (3.10)

and so the model is associative with respect to hardening. On the other hand, » = f§ implies associative
plasticity, but a non-associated model can always be constructed by choosing » # f. The expression for the
hardening parameter # thus simplifies to

# =30K' +H'. (3.11)

We next recall the following expression for the hardening modulus that allows for the development of
singular solutions on the band

H = H'0y, Hs=3bKs+ H;, (3.12)
where K; and H; are the plastic moduli on the band (equivalent to the continuum moduli K’ and H’ in the

intact state). In general, the elaborate expressions (3.11) and (3.12) are not necessary since it only suffices to
specify the parameters # and #; in the analysis.

3.2. Localization condition in plane strain
Following the procedure of the previous section, let us now evaluate relevant expressions leading to the

condition for the onset of displacement jumps. The gradients of & and 2 with respect to stresses may be
evaluated readily as

07 3. 1 02 3. 1
E_\@Hﬁm, a—\/;n—&-%bl, (3.13)

where it = s/||s||. The elastic-perfectly plastic tangent operator is

C?=C"-C°, (3.14)
where
CeK1®1+2,u(I;1®l> (3.15)

is the elastic component of C*?, and
1
c® :ﬂﬂbKﬁ@H V2uK (Bt @1+ b1 @ it) + 2120 @ (3.16)

is the plastic part, with y = fbK + p.
The corresponding elastic-perfectly plastic acoustic tensor is

A=A — A, (3.17)

where

Ae:n-Ce-n:(K+§)n®n+u1 (3.18)
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is the elastic part of 4, and

1
A" =n-C°-n=-|pbK*n@n+ V2uK(BN @ n+bn® N) +2y2N®N} (3.19)
X
is the plastic part, with N = 71- n = n - n. Note that neither C** nor 4 has a major symmetry unless f§ = b.
Since a necessary condition for the onset of displacement jump is 4 - m = 0, it is necessary that det(4) =0
for non-trivial solutions to exist.

For plane strain localization on the plane (x,x,), the tensor 4 has the structure

A0 7 Ay A
A= A= . 3.20
[0 /J’ {Am AZJ (3:20)

This results from imposing the condition that the vector n should have the null element n3; = 0, which in
turn implies that /V has the null element N3 = 0. Thus, the slip direction m must also have the null element
m3 = 0 or the localization condition will not be satisfied. The slip vector m with m; = 0 satisfies the ki-
nematics of plane strain deformation, as well as results in the slip tensor having the property that
sym(m ® n),, = sym(m;n;) = 0 whenever i = 3 or j = 3.

Since m; = 0, then non-trivial solutions can exist if and only if

A-in=0 = det(4) =0, (3.21)

where m = {m;,m,}. A closed form solution to the zero-determinant condition for the plane-strain problem
is available, as shown in [17]. The idea is to consider the right eigenvalue problem

A-in= A - in (3.22)
and then premultiplying (3.22) by the inverse, (A})*l, to obtain the standard eigenvalue problem
B -m=/m, (3.23)

where B = (A~e)71A~. The inversion is always possible since A° is positive definite, see (3.18). One eigenvalue
of B is A" =1, which corresponds to the elastic eigenmode [17], while the second eigenvalue is
D =1- (A~e)_1 : A?, which corresponds to the localization mode. Setting /¥ = 0 then guarantees a sin-
gular B, which in turn implies a singular A. This condition is equivalent to the scalar expression (cf. (82) of

[17D)

hzz(ﬂ—b)z—(l—v)<3ﬁ+ﬁ+b> =0, (3.24)

where s; = g3 — p is the (3, 3)-normal component of the deviatoric stress tensor s, and v is the elastic
Poisson’s ratio.

Eq. (3.24) ensures the initial vanishing of the determinant of 4. Over a finite time-step the localization
condition can be detected by checking to see if the sign of / reverses during a given loading increment, i.e., if
h,h,1 < 0 over the time interval ¢, < ¢ < t,4. If it does, then det(A) crosses the value of zero within this
critical time interval for some orientation of the unit normal vector n. Equivalently, one can monitor the
absolute value of / as defined in (3.24) to see if it falls below some maximum allowable value, as elaborated
further in Section 5, to activate the localization mode. The angle 6 that n makes with respect to the major
principal stress in compression, oy, is equal to the angle that the slip surface makes with respect to the minor
principal stress in compression, o, and is given by the expression (cf. (80) of [17])

tan’0 = — 2, (3.25)
C1
where
e =3(s1 +vs3) + (L+v)(B+b)|s||/V2 <0, (3.26a)

¢y =3(s2+vs3) + (1 +v)(B+b)|sl|/vV2 > 0. (3.26b)
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The inequalities in (3.26a) and (3.26b) must be satisfied in order for (3.25) to provide real roots. This is
possible provided that f and b fall within some permissible values, and that the stresses are chosen such that
S| =01 —p, $» = 0, — p, and the ordering is s; < 53 < 5. Fig. 3 shows the meaning of the angle 0 relative to
the directions of the major and minor principal stresses in compression.

The eigenvector m satisfies the characteristic equation and defines the direction of the slip rate at the
onset of localization. Noting that m = {m;,m,} and m, = +(1 — m%)fl/ *, we can readily substitute this
eigenvector into the characteristic equation (3.21) to obtain

A12 A22
m=t—— or m=t———— (3.27a)
VAL + AT VA3 + 435,
and
A A
my = ! or 2! (3.27b)

F— m=F
VAL AL VA + A5

Provided that A is singular, the components of 7z can be calculated from either expression in Eqgs. (3.27a)
and (3.27b), which should yield the same result.

Remark 5. The sign of m can be chosen so that sin y = n-m > 0, where ¥ is the dilatancy angle repre-
senting the angle that m makes with respect to the slip surface % (see Fig. 4). This guarantees a dilatant
behavior and prevents overlapping of the sliding elements. Thus, a unique eigenvector m can be associated

Fig. 3. Orientations of slip line . and unit normal n.

X

Fig. 4. Displacement jump direction m and dilatancy angle .
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with a unit normal vector n to result in a dilatant behavior at the onset of localization. However, there are
always two possible unit vectors n that can be extracted from (3.25) depending on the sign chosen for the
angle 6. In this case, the sign of 0 is chosen so that the slip surface orientation conforms with the in-
stantaneous displacement gradient of the localizing element at the onset of localization, i.e., n is chosen so
that Vu : (m ® n) is maximized. Clearly, no unique solution can be found if Vu is symmetric, but for non-
symmetric displacement gradient its rotational component can be used to determine uniquely the desired
direction n.

3.3. Post-localization model

To be able to advance the solution beyond the point of localization, it is necessary to formulate a
damage model. In doing so it is again important to remember that once an element has localized both the
yield and plastic potential functions in the intact state deactivate, and new yield and plastic potential
functions take effect reflecting the bifurcated constitutive response of the element in the damaged state.

Let us consider a damage model given by the function

G =symn®l):6—[o —(n®n):etan .| =0, (3.28)

where / is the unit tangent vector to the band, ¢, the mobilized friction angle on the band (not to be
confused with the angle ¢ used in (3.7) for the intact continuum), and .¢/ is the size of ¥ which takes on the
initial value

Ly=symn®l):6"+ (n®n): 6" tan¢,, (3.29)

where ¢* is the value of ¢ at the onset of localization. We assume that ¢, is constant but accommodate a
softening response by allowing o7 to vary. Eq. (3.28) has the physical significance that slip on % occurs
when the resolved tangential shear stress reaches a certain maximum value, and that this maximum value is
proportional to the normal compressive stress acting on . For future use, the stress gradient of the
function ¥ is given by

0%
&:sym(m@m, u=Il+ntang,. (3.30)

As for the damage function #, Remark 3 indicates that a precise form for this function is not necessary
since

0R
76 & sym(m @ n), (3.31)

and sym(m ® n) has already been evaluated at the onset of localization. However, (3.31) assumes that the
dilatancy angle at the onset of localization persists at post-localization. If this is not the case, then # can be
suitably defined to reflect the evolution of the dilatancy angle at post-localization, for example, through
some form of variation of the slip direction m at post-localization.

4. Finite element implementation

For simplicity, we will restrict the development below to quasi-static problems under the assumption of
infinitesimal deformation. A first step in the finite element implementation is the development of the weak
form of the governing equilibrium equations. The reader is referred to [1,13,14] for details of the mathe-
matical formulation. To avoid repetition, we will simply summarize important details of the formulation
and point out essential modifications to the governing weak equation that make the model suitable for the
two-invariant, non-associated Drucker—Prager theory described in the preceding section.
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I ol

Fig. 5. Definition of surface of discontinuity.

4.1. Weak form

Consider a reparameterized displacement field u of the form
u="u+ [ulMy. 4.1)
The jump of My across & is [My] =1, with My =0 on the surface ¥ of its (compact) support

Q= Q’jr U Q" see Fig. 5. In terms of the Heaviside function H, the jump function M, may be represented
as

My =Hy — f", (4.2)
where f” is any arbitrary smooth function that satisfies the requirements f* = 0in Q_\ Q", and f" = 1 in

Q. \ @, see Fig. 5.
The weighting function # may be expressed in the same reparameterized form

n=1+[nlMy, (4.3)

where [#] is the variation jump on .. Here, 7 satisfies the usual boundary condition 7 = 0 on the part of
the boundary I where u is prescribed (essential boundary condition). Using the weighting function #, the
variational equation in rate form can be written as

/Vq:c’rdQ—/n-fdQ—/q~idF:0, (4.4)
Q Q r

where f and # are the prescribed body force and traction rate vectors, respectively.
In [18], it was shown that (4.4) is equivalent to the standard local equilibrium equations

div(6)+f =0 inQ\¥ and é-v=t onl, (4.5)

in which v is the outward unit normal to the surface I';, where the traction rate vector ¢ is prescribed. Since
the domain of validity of (4.5), excludes the surface ., the equations are supplemented by the conditions

(6,—6_)-n=0 and 6y -n=06,"n, (4.6)

where 64 - n denotes the traction rate vector acting on the surface .#. Relations (4.6) imply that the jump of
the traction rate vector across .% is zero, and that the traction rate vector acting on the surface of dis-
continuity & is equal to the traction rate vector acting on the continuum located adjacent to .

4.2. Finite element approximations

The finite element approximations are based on the weak equations resulting from the assumed en-
hanced strain method [18,19]
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/sym(Vﬁh):d’dQ:/ﬁh -fdQ—i—/ﬁh-idF, (4.7a)
Q Q r

/ 7 :6dQ =0 Ve € {set of localized elements}, (4.7b)

loc

where sym(V#") represents the compatible component of the total strain variation, and 7" represents the
assumed enhanced component. Eq. (4.7a) is the usual weak statement of balance of momentum, while
(4.7b) defines the nature of the enhancement for the localized elements. In order for 3" to enhance the
compatible strain field, sym(V#"), their spaces must have a null intersection [19].

We now consider two cases. The first has [u] = [#] = 0in Q°. Thus " = %", and so (4.7a) reverts back to
the standard weak statement of balance of momentum in Q° with no displacement jumps, and the element is
not enhanced. The second and more relevant case has [u] = {*m # 0 with {* # 0 representing the total
strength of the jump in Q°. In this case, the small strain tensor becomes

e. = cnf(e;) +enh(e;) = reg(e;) + sng(e;), (4.8)

where “cnf” denotes conforming, “enh” enhanced, “reg” regular, and “sng’ denotes singular parts, which
are given explicitly by

cnf(€!) = sym(Va"), (4.9a)

enh(e’) = C*sym(n @ m)dy — Csym(Vf! @ m), (4.9b)

reg(e!) = sym(Va") — sym(V /(! @ m), (4.9¢)

sng(e") = Csym(n @ m)d. (4.9d)
Thus

6 = ¢ :reg(eh). (4.10)
The particular case, where [u] # 0 requires the construction of the weighting function y" for use in the weak
Eq. (4.7b).

Let us set
& 0%
sho_ Lo — WS- -7 R! 4.11
Y €|:Ae!p l///:|7 l/’ 60'7 56 ’ ( )

C

where 4. is the area of the element Q] _, and ¢, is the length of the discontinuity line (see Fig. 6). This
weighting function satisfies the stability and consistency (patch test) conditions set forth in [19] for

4
band type #1
AN
X
L»
2
X, band

type #2

Fig. 6. Slip in a bilinear quadrilateral element.
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convergence of enhanced strain methods. For the damage model presented in Section 3.3, a specific form
for ¥ is given by (3.30).
Substituting (4.11) in (4.7b), and taking note that £ is an arbitrary non-zero scalar function, we obtain

f—(// lll:o"dQZ/lllié'dyZch;!/IZ(L (4.12)
A° 0 e :

loc
assuming that ¥ : ¢ is constant along .. Thus, from (2.34)

1 _.
— [ yiedo= k. (4.13)
A Jar,

Eq. (4.13) implies that the enhancement to the finite element equations is provided by the consistency
condition on the band.

4.3. Matrix equations

Consider the following standard element matrix substitutions:
W — N¢*, Vi — B¢*, ¢ — F, sym(Vf'eom) — G, & — D", (4.14)

where ¢° € R™ is an arbitrary vector of nodal displacements, and nq is the number of element displace-
ment degrees of freedom. With a slight abuse in notation, we will denote in the following the stress rate
tensor and its vectorized form by the same symbol 6.

We again consider two cases. The first has [u] = [#] = 0, and so we revert back to the standard weak
statement of balance of momentum (4.7a), which, in time-integrated matrix form, reads

re:/ B’adQ—/ N’fdQ—/ N'tdl’ = 0. (4.15)
c c FC

In this case the displacement jumps are zero, and the element is not enhanced. The second and more rel-
evant case has [u] # 0. In this case, (4.15) is imposed in Q] _, and is augmented by the scalar Eq. (4.13),
which, in incremental form, reads

b :/% F'AcdQ — # ;AL = 0. (4.16)
Qc

loc

Here, A(® is the incremental strength of the jump, which may be assumed constant in Q] _ but discontinuous

across the elements. For simplicity in implementation, we will evaluate F* at the beginning of the time
increment and assume that it is constant over the time interval in question (explicit treatment).

Consider now the case where [u] # 0. Here, the linearizations of (4.15) and (4.16) for the case of dead,
monotonic loading [34] are

or* = K§,0d° + KflzéCe, (4.17a)
ob* = széde + K&é{e, (4.17Db)
where

K, = / B'D'BdQ, K, —— / B'D*GdQ,

e

L ‘ (4.18)
Kid:_/ F’DeBdQ, Kg; = —— FlDeGdQ—QW?(j,
Ae e 14e Qe

loc loc

with D° representing the matrix form of ¢°. Since (° is discontinuous across elements, a condensed element
stiffness matrix may be formed to yield



R.I Borja, R.A. Regueiro | Comput. Methods Appl. Mech. Engrg. 190 (2001) 2555-2580 2571

Band type #1 Band type #1 Band type #2

Fig. 7. Interpolation functions for band type #1 and band type #2.

K =K, — KyK;' K. (4.19)

Observe from (4.19) that for localized elements, the elastic stiffness matrix is effectively reduced by a
“plastic” component arising from the slip along the surface of discontinuity.

Remark 6. The model presented above requires some special interpolation functions for localization
analysis. The specific finite element for which the formulation will be tested is the four-noded bilinear
quadrilateral element shown in Fig. 6. For this element, a band can form either by: (a) cutting one node of
the element (band type #1); or (b) cutting two nodes (band type #2). In either case, the unit normal to the
band is represented by the vector n, while the slip direction is denoted by the vector m. Fig. 7 shows the
enhanced displacement interpolation functions describing the two band types. For band type #1, either one
or three nodes bordering Q}jr (on the surface V’i) can be cut by the slip line. The latter case (three active
nodes) can be incorporated quite easily into the algorithm pertaining to the former case (one active node)
simply by changing the signs of the interpolation functions. Band type #1 shown in Fig. 7 requires an
interpolation function f* = N,, where N, is the standard (smooth) interpolation function associated with
node 4 € yﬁ of a typical bilinear quadrilateral element. Band type #2 requires an interpolation function
f" = N, + N3, where 4 and B are elements of the boundary Vﬁ.

5. Numerical examples

Plane strain compression problems are presented to demonstrate the degree of objectivity with respect to
mesh refinement and insensitivity to mesh alignment of finite element solutions employing the Drucker—
Prager model with displacement jumps. Objectivity with respect to mesh refinement is measured by the
closeness of the force-displacement curves during softening, the enhanced solutions exhibiting mesh in-
sensitivity compared to the standard solutions during softening. Insensitivity to mesh alignment is dem-
onstrated by slip lines orienting sharply in the mesh without the element sides being aligned with the
expected slip line orientation. We note that all meshes shown here are “unstructured” in the sense that no
attempt is made to align element sides with an expected slip line orientation.
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For numerical implementation, the localization condition (3.24) is rewritten herein in a slightly different
form to read as follows:

3V/2s; /| 2

THEN the element has localized.

IF <h°' OR det(4) <0

(5.1)

The localization tolerance, 4", is an important parameter which must be chosen carefully. In general, /"'
may be small, but if it is too small, the slip line may not fully propagate through the mesh because the
localization condition would be too strict for elements further along the slip line to localize, particularly
with a coarse time-step size; as a result, localized softening would not be observed in the force-displacement
plot. Depending on the time-step size, the criterion det(A4) < 0 may be met rather than the first inequality in
(5.1), but this first inequality will be met to the finest tolerance A so desired if the time-step is refined
enough. In the numerical examples, 4 = 1 x 10~> has been used.

The problem configuration is shown in Fig. 8. In this example, an irregular mesh composed of 63 ele-
ments and regular unstructured meshes with three levels of mesh refinement are used to analyze the
problem: 75 element mesh, 300 element mesh, and 1200 element mesh (Fig. 9). Roller supports are placed
on the boundaries in an attempt to provide a homogeneous state of stress prior to localization. Material
properties are as follows: modulus of elasticity, £ = 2 x 10* kPa; Poisson’s ratio, v = 0.4; oy = 17.14 kPa;
B = 0.49487 (calculated from (3.7) for ¢ = 30° with a positive sign in the denominator); pre-localization
plastic moduli for shear and volumetric components (see (3.3),), H = —50 kPa and K’ = 0; post-local-
ization softening moduli, Hs = —2000 kPa/m and K} = 0 (given per meter because the delta function, d,
inherently has dimension of 1/length); and mobilized friction angle at post-localization, ¢, = 30°. Checks
were routinely made to ensure that these moduli resulted in a bifurcated softening behavior (as opposed to
continuum softening).

Note that the pre- and post-localization plastic moduli do not necessarily have to be the same (i.e.
H' # H;, K' # K;) because at the onset of localization the solution bifurcates, and so the standard con-
tinuum plastic moduli have no meaning for the localized problem. As for the dilatation constant b, three
values were tested: b = § = 0.49487 (associative, dilative plastic flow); b = 0.3 (non-associative, dilative
plastic flow), and » = 0 (non-associative, deviatoric plastic flow). Note that the classical deviatoric Von
Mises model is captured naturally by setting b = # = 0. In this case, and in other cases involving deviatoric
plastic response, the B-method [35] is employed to alleviate mesh locking.

Case 1 (Associative, dilative plastic flow). The deformed meshes (displacement magnification = 1.0) and
load-displacement curves predicted by the standard and enhanced finite element solutions are shown in
Figs. 9 and 10, respectively. For the enhanced solution the slip line is oriented at 30° to the compression
axis, and the dilatancy angle ¥ that m makes with the slip line is 31° (see Fig. 4). Since the state of stress
prior to localization is homogeneous, localization is detected simultaneously in all elements. Consequently,
there arise two possible shear band orientations and an infinite number of shear band positions. For
presentation purposes one orientation of the slip line is chosen arbitrarily, as well as traced to the arbitrarily
chosen positions shown in Fig. 9. The standard solutions predicted a persistent homogeneous state of stress
beyond the bifurcation point; consequently the resulting load—displacement curves remain one on top of the
other (Fig. 10), although the accelerated softening response is not captured by the standard solutions. On

0.05m n—

i
|
K : o}

0.15m

Fig. 8. Plane strain compression problem with prescribed displacement, d.
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Fig. 9. Plane strain compression problem: associative, dilative plastic flow (f = b = 0.49487).

25

63 ELEMENTS -

REACTION FORCE, kN/m
(M)
T

75 ELEMENTS —
300 ELEMENTS ----
15l 1200 ELEMENTS - 1
- STANDARD o
ENHANCED  x
1 -
0.5 ]

1 1 1 "l 1 1 1 1 1

0
0 0.0005 0.001 0.0015 0.002 0.0025 0.003 0.0035 0.004 0.0045 0.005
PRESCRIBED DISPLACEMENT, m

Fig. 10. Plane strain compression problem: associative, dilative plastic flow (f = b = 0.49487).
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the other hand, the enhanced solutions also plot one on top of the other before and after localization, as
well as clearly show capability to capture the accelerated softening response after localization. The post-
localization responses predicted by the enhanced solutions are identical to machine precision.

Case 2 (Non-associative, dilative plastic flow). The deformed meshes and load-displacement curves pre-
dicted by the standard and enhanced finite element solutions are shown in Figs. 11 and 12, respectively. For
the enhanced solution, the slip line is oriented at 35° to the compression axis, and the dilatancy angle i that
m makes with the slip line is 19°. The standard solutions with 63 and 75 elements predicted persistent
homogeneous states of stress after localization (also evident by the standard deformed meshes remaining
rectangular in Fig. 11), whereas the 300 and 1200 element meshes demonstrate mesh dependence for the
standard plasticity solution (also evident by the corresponding standard deformed meshes deforming non-
homogeneously as shown in Fig. 11). It is common for non-associative softening plasticity that localization
is detected before the standard solution curves are seen to deviate from one another, as shown in Fig. 12 as
well as in later figures. On the other hand, the enhanced solutions remain absolutely mesh-insensitive as
affirmed by the load—displacement curves remaining one on top of the other in Fig. 12. Note that the 1200
element standard solution curve is shown in Fig. 12 (as well as in Figs. 14 and 16) only to the point where it
could not be converged further.

Case 3 (Non-associative, dilative plastic flow with weak element). In Fig. 13 a weak element is introduced
(g 1s reduced by 1%) at the locations specified by the blackened elements. This perturbation created a non-
homogeneous stress field. The deformed meshes and load—displacement curves predicted by the standard
and enhanced finite element solutions are shown in Figs. 13 and 14, respectively. As expected, the standard
solutions demonstrate mesh-dependence. Also, the enhanced solutions are not exactly one on top of the
other as demonstrated in Fig. 14 because the stress state is not uniform (which means the stresses at

T
T
T

T

Fig. 11. Plane strain compression problem: non-associative, dilative plastic flow (ff = 0.49487, b =0.3).
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63 ELEMENTS
75 ELEMENTS —
300 ELEMENTS
1200 ELEMENTS
STANDARD &
ENHANCED x

REACTION FORCE, kN/m

1 1 1 1 1 1 1 1 1

0
0 0.0005 0.001 0.0015 0.002 0.0025 0.003 0.0035 0.004 0.0045 0.005
PRESCRIBED DISPLACEMENT, m

Fig. 12. Plane strain compression problem: non-associative, dilative plastic flow (ff = 0.49487, b =0.3).

immwan|

r
s

Fig. 13. Plane strain compression problem with weak element: non-associative, dilative plastic flow (ff = 0.49487, b = 0.3). Location
of weakened elements indicated by blackened elements on the deformed meshes resulting from the standard finite element solution.
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PRESCRIBED DISPLACEMENT, m

Fig. 14. Plane strain compression problem with weak element: non-associative, dilative plastic flow (f = 0.49487, b =0.3).

pre-localization are not identical to machine precision due to the finite element approximations, and so the
onset of localization does not occur simultaneously in all elements). However, the curves are close enough
to call the enhanced solution mesh-independent.

Case 4 (Non-associative, deviatoric plastic flow). Figs. 15 and 16 show mesh-dependence for each standard
solution but identical load—displacement curves for the enhanced solutions (no weak element is used). For
this case, the slip line is oriented at 39° to the compression axis, whereby the angle i/ that m makes with the
slip line is 2°. Note that yy # 0 even if b = 0 because f§ # 0. This means that some small dilatancy is pre-
dicted at the onset of localization even if the dilation angle of the intact material is zero due to frictional
effects. The enhanced solution curves are seen to bifurcate right at the onset of plastic flow.

Remark 7. Note that in Figs. 11 and 15 there are no weak elements or other inhomogeneities to trigger
localized deformation in the standard solution, but due to the ill-posed governing partial differential
equation it is possible that localization could be triggered even by the predictor—corrector approach to
numerically integrating the rate-constitutive equations. For the record, a standard fully implicit backward
integration is performed in all of the analyses, and the numerical solutions all converged to an absolute
tolerance of 1 x 107'° on the Euclidean norm of the vector residual in (4.15) and the scalar residual in
(4.16).

Finally, contours of octahedral shear strains generated by the enhanced solutions for Cases 2 and 4 are
compared in Fig. 17. Here, the strains were evaluated at the Gauss points based on the computed total
nodal displacements, and hence represent the conforming part of the total strain tensor,
conf(e") = sym(Va"), see (4.9a). The enhanced part just outside of the shear band is obtained from (4.9b)
as —{°sym(Vf! @ m), which, when added to the conforming part, produces approximately a uniform strain
field (not shown since it is trivially uniform). Recall that the contribution of the enhanced part is condensed
statically on the element level to get the total solution. Fig. 17 shows that the effect of dilatancy is to slightly
intensify the conforming octahedral shear strains, Fig. 17(a), as compared to the deviatoric case, Fig. 17(b).
Furthermore, refining the mesh results in more intense conforming octahedral shear strains near the band,
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Fig. 15. Plane strain compression problem: non-associative, deviatoric plastic flow (f = 0.49487, » =0). Bilinear quadrilaterals
with B.
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Fig. 16. Plane strain compression problem: non-associative, deviatoric plastic flow (f = 0.49487, b = 0).
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0.0

Fig. 17. Conforming octahedral shear strains from enhanced finite element solutions: (a) non-associative, dilative; (b) non-associative,
deviatoric. From top to bottom: 75 element mesh; 300 element mesh; 1200 element mesh.

but concentrated over a narrower zone. Of course, the total strain field in all cases is singular on . due to
an additional term associated with 5, see (4.9b). Fig. 17 adds context to the mesh-insensitivity of the
enhanced finite element solution because, no matter how mesh-dependent the conforming part is, the total
strain field just outside the shear band remains essentially unaffected by the mesh refinement.

6. Summary and conclusion

We have presented a mathematical model for analyzing strain localization in frictional solids exhibiting
displacement jumps. Precise conditions for the appearance of slip lines are outlined for a rate-independent,
strain-softening Drucker—Prager model. The formulation is cast within the framework of finite element
analysis employing the assumed enhanced strain method. Numerical examples involving plane strain
compression at varying levels of non-associativity, with and without a weak element, have demonstrated
objectivity with respect to mesh refinement and insensitivity to mesh alignment of the enhanced finite el-
ement solutions. Results presented in this paper have significant impact in modeling many complex me-
chanical behavior of soils and rocks experiencing highly localized patterns of deformation, eventually
leading to displacement discontinuities.
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