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Abstract

A finite element model of localized deformation in frictional materials taking a strong discontinuity
approach is presented. A rate-independent, non-associated, strain-softening Drucker-Prager plasticity
model is formulated in the context of strong discontinuities and implemented along with an enhanced
quadrilateral element within the framework of an assumed enhanced strain finite element method. For simple
model problems such as uniform compression, the strong discontinuity approach has been shown to lead to
mesh-independent finite element solutions when localized deformation is present. In this paper, a finite
element analysis of localized deformation occurring in a more complex model problem of slope stability is
conducted in a nearly mesh-independent manner. The effect of dilatancy on the orientation of slip lines is
demonstrated for the slope stability problem. © 1999 Elsevier Science B.V. All rights reserved.

1. Introduction

Localized deformation in the form of slip surfaces and shear bands occurs naturally in frictional
materials such as soil and rock. As a result, in order for the geotechnical engineer or engineering
geologist to make informed analysis and design decisions for geomechanical structures in which
localized deformation may develop, slip surfaces and shear bands should be represented numer-
ically by a finite element model. The usefulness of a finite element model is realized when analyzing
geomechanical structures with complex geometry and material behavior because for such problems
an analytical limit equilibrium solution is unwieldy [1,2].

There have been numerous experimental studies of the physical phenomenon of localized
deformation in frictional materials such as soil and rock by Vardoulakis et al. [ 3], Vardoulakis and
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Goldschieder [4], Hallbauer et al. [5], Santarelli and Brown [6], Wawersik et al. [ 7], Ord et al. [8],
Yumlu and Ozbay [9], and Labuz et al. [10], to name a few (see Read and Hegemier [11] for
a review). Many of these studies have attempted to understand the connection between the
microscopic actions (e.g., micro-cracking in brittle rock, mineral particle rolling and sliding in
granular soil, and mineral particle rotation and translation in the cement matrix of soft rock) and
the macroscopic behavior (e.g., formation of slip surfaces and shear bands and progressive loss of
overall material body strength). A number of microscopic-based numerical models of localized
deformation in granular materials have been considered to attempt to establish this connection
numerically [ 12-16]. This paper, on the other hand, discusses a macroscopic approach to modeling
localized deformation via the finite element method.

Concurrent with the appearance of localized deformation is the loss of overall strength
of the frictional material body. Typically, rate-independent strain-softening plasticity models
have been used to represent this overall ‘softening’ behavior in frictional materials like soil and
rock [17]. It is well-known, however, that rate-independent strain-softening plasticity models
lead to mesh-dependent finite element solutions because such models do not contain a
material length scale needed to define the width of a localized deformation zone and because
the associated governing partial differential equation is ill-posed [18]. In addition, the
mesh alignment of standard finite elements has been shown to affect the simulated localized
deformation pattern. Therefore, a more sophisticated numerical tool to represent the formation of
slip surfaces and shear bands in frictional materials like soil and rock in a mesh-independent
manner is in order.

The phenomenon of localized deformation has been studied as a material instability leading to
a bifurcation in solution of the initial boundary value problem [19-23]. These works laid the
foundation for determining a localization condition which detects the bifurcation point of solution,
a condition used by many numerical modelers to determine when to include enhancements to the
finite element displacement or strain interpolations. In this paper, we use a model which leads to
a bifurcated solution. This model will be introduced after a brief discussion of other numerical
models which have been developed to simulate localized deformation.

Many attempts have been made to numerically model localized deformation using rate-indepen-
dent, strain-softening plasticity models, but, in the absence of a material ‘length scale’, adaptive
remeshing, or another regularization technique, these attempts typically do not satisfy two
necessary criteria for a finite element solution to be meaningful (i.e., mesh-independent): objectivity
with respect to mesh refinement and insensitivity to mesh alignment. The length-scale approach for
modeling localized deformation in a manner independent of element size was considered by
Pietruszczak and Mroz [24], Bazant and Lin [25], and Oliver [26], among others. The basic idea
of incorporating a material length scale within the constitutive model and/or at the finite element
level is to fix the width of the localized deformation zone since rate-independent plasticity models
do not provide this information. Essentially, the introduction of a material length scale precludes
a causal a priori-defined length scale of the associated mesh-size pathology; this a priori-defined
length scale takes the form of the finite element diameter. From a purely numerical perspective, the
adaptive remeshing approach for modeling localized deformation was considered by Zienkiewicz
and Huang [27] and Zienkiewicz et al. [ 28], among others. This approach does not consider local
material instability but addresses the phenomenon of localized deformation solely via adaptive
mesh strategies. The difficulty with this approach is that one needs to refine the mesh to the ‘fine
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scale’ of the physical manifestation of localized deformation in order to adequately represent the
phenomenon. It would thus be more attractive to incorporate this ‘fine scale’ into a ‘coarse scale’
like a finite element mesh through a multiscale approach [29,30]. The length-scale approach is
multiscale but requires the ad hoc introduction of a material length scale and also typically does
not sharply capture the orientation of the localized deformation pattern, unless combined with an
enhanced finite element method like that of Ortiz et al. [31] or Belytschko et al. [32]. On the other
hand, it has been shown that rate-dependent plasticity models contain an implicit length scale
which regularizes the mesh pathology associated with the rate-independent limit [18,33-37]. Here,
though, it is of interest to consider the rate-independent case directly. Other models which contain
an implicit length scale are the higher-order gradient plasticity models [38,39] and the micropolar
continuum models [40-42].

A previously developed model which falls under the rubric of ‘multiscale approach’ represents
localized deformation as a strong discontinuity (jump in displacement field) and is called the strong
discontinuity approach in this paper. The strong discontinuity approach referred to in this paper is
that developed by Simo and co-workers [43-47] and yields mesh-independent finite element
solutions without introducing a material length scale and without requiring special mesh alignment
strategies. There have been other strong discontinuity approaches by Wan et al. [48], Larsson et al.
[49,50] in the sense that displacement jumps are treated directly rather than smeared into weak
discontinuities (jump in strain field; see [51]). The strong discontinuity approach by Simo and
co-workers is adopted in this work to formulate a rate-independent, non-associated, strain-
softening Drucker-Prager plasticity model in the context of strong discontinuities and to imple-
ment this plasticity model along with an enhanced quadrilateral element within the framework of
an assumed enhanced strain finite element method [52,53]. The formulation and implementation
are carried out for small deformations and rotations, and under drained condition (whereby the
effect of pore-fluid influence is neglected) and quasi-static loading.

The presentation of this paper proceeds as follows: Section 2 establishes the governing equations
of quasi-static equilibrium for an isothermal solid with discontinuity; Section 3 defines the
kinematics of strong discontinuities; Section 4 outlines a standard, general non-associated plastic-
ity model; Section 5 discusses the derivation of a general non-associated plasticity model with
strong discontinuity; Section 6 particularizes the results in Section 5 for a Drucker-Prager
plasticity model; Section 7 delineates the finite element implementation; Section 8 presents
a numerical simulation of localized deformation in a slope; and Section 9 closes the paper.

2. Governing equations with discontinuity

Consider a closed body Q = R™(ng;m = 1, 2, or 3) with smooth (i.e. C') internal discontinuity
surface ¥ < R™~~1 as shown in Fig. 1. Let xe Q denote the location of material particles x in €.

The local (strong) form of the quasi-static, isothermal equilibrium equations may be expressed as
follows [54]: Given b:Q — R"™~, ¢t:9,Q - R™, and ¢:09,Q2 - R™, find u:Qx[0,T]— R~
(where [0, T] < R, is the time interval of interest) such that

Ve +b=0 inQ,

o'v=t ondL,
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Fig. 1. Body Q with discontinutiy #(Q = Q, uQ_, 0Q = 0,QU3,QuUY, Q = QUIQ).

u=g onod,Q,
[6] - n=1[t,] =0 across.?, (1)

where o is the Cauchy stress, b is the prescribed body force, v is the unit normal to ¢, €, n is the unit
normal to ., t is the prescribed traction, g is the prescribed displacement, and [[+] denotes the jump
of a quantity across & (i.e. [6] = 6" — ¢ 7). Refer to Malvern [55, p. 242] for a brief discussion of
discontinuity surfaces and their effect on the variational form of equilibrium.

The variational (weak) form of the quasi-static equilibrium equations, using the strong form as
a point of departure (or vice versa), may be expressed as follows [54]: Given
b:Q—-R™ t:0,Q—>R" and ¢:0,2 — R™ find ue such that for all ye 7",

jV%:adQ=Jq-bdQ+[ n-tdf—l—j n-([6] -n)drl, (2)

where 5 is the weighting function. The space of admissible weighting functions is

Y i={n:Q->R";n=00n0,Q} (3)
and the space of admissible trial solutions is defined as

U:={u:Q—R";u=goni,Q (4)

Notice that in Eq. (2) traction continuity across the discontinuity surface % is required for
equilibrium to be satisfied.

3. Kinematics of strong discontinuities

It was proven for rate-independent, infinitesimal, perfect plasticity that discontinuous displace-
ment fields are admissible solutions to the boundary value problem and are contained within the
bounded deformation (BD) space (see [ 56—-59]). The infinitesimal strains are singular distributions,
which are contained within the space of bounded measures because the integral of the Dirac-delta
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function is a finite measurable quantity. A localization condition is formulated in Section 5.4 which
detects the inception of such discontinuous displacements.
Define the discontinuous displacement field as follows:

ux,t)= ulx,t) + |u@)|H, (x), 5

(x, 1) E ), +[u(®]Hs () (5)
continuous discontinuous

where [u] = u™ —u~ = {m is the jump in displacement across the discontinuity surface ¥ and is

assumed independent of x, { is the jump magnitude, m is the unit vector designating the jump
direction, and H ,(x) is the Heaviside function defined as

H. 00 1 ifxeQ,, ©)
X) =

7 0 ifxeQ_.

It is possible for [u] to vary along the discontinuity ., but here it is considered constant with
respect to x. Taking the symmetric gradient of the displacement field in (5) and treating the
Dirac-delta function as a distribution, the small strain tensor results [43]

e=Vu= Vu + (Ju]l®n)o, (7)
regular

singular

where n is the unit normal to the discontinuity surface . pointing into Q. (see Fig. 1),and J, is the
Dirac-delta function on . Essentially, V H, = nd... It is important that the Dirac-delta function
be treated in the distributional framework [60] throughout the formulation of a plasticity model
with strong discontinuity.

4. Standard non-associated plasticity

Here, a standard non-associated plasticity model is formulated for small deformations and
rotations. Refer to Simo and Hughes [61] for a detailed discussion of the formulation and
numerical implementation of plasticity models.

Consider a convex elastic domain E defined by a smooth (i.e. C! continuous) yield surface
¢:S xR"— R in the Cauchy stress space 6: 2x[0,T] > S as

E:= {(o,x) €S x R"|¢(s, @) < 0}, (8)

where [0, T] is the time increment of interest, S is the space of symmetric second-order tensors, and
a: Qx[0,T] - R™is the stress-like vector of plastic internal variables of dimension m characteriz-
ing the hardening response of the material. The constitutive equation is expressed in terms of
a stored energy density function WY(&% &) : S x R™ —» R, where ¢°: Q — S is the elastic part of the
infinitesimal strain tensor, and &:Q x [0, T] — R™ is the strain-like vector of plastic internal
variables, which is (energy) conjugate to a. The constitutive equations are then defined via
consideration of the first and second laws of thermodynamics in the manner of Lubliner [62] as

0¥(s5, &) 0P(e, &)

6=—FF-—" a= —

o e ©)
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For the linearized theory the strain tensor is additively decomposed into elastic and plastic parts:
=28+ ¢ (10)
The plastic strain rate &°: Q2 x [0, T] — S is defined via the flow rule as

g =, 00 (11)
o6

where 4 : Q x [0, T] - Ris the plastic consistency parameter, and ¢(e, ) : S x R™ — R is the plastic
potential function, which is not necessarily equal to ¢(a, a). Associative plasticity results if
0, = 0,¢ and associative hardening if 0,¢ = J,¢. As mentioned previously, for frictional mater-
ials like soil and rock, plasticity models are non-associative because the dilation angle is experi-
mentally observed to be less than the friction angle, making J,¢ # 0,¢. Non-associated plasticity
models violate Drucker’s stability postulate [63], but make physical sense with respect to a calcu-
lation of dissipation for a cohesionless, perfectly plastic material [64]. The evolution equations for
¢® and & are defined as

F£=¢— (2—(:, §=ig—(5. (12)
The classical Kuhn-Tucker complementary conditions for loading and unloading apply:

420, ¢l6,2) <0, Ag(o,a)=0 (13)
as well as the consistency condition

$=0 I1>0. (14)
Recall the constitutive equations from (9) and express them in rate form as

6=C:& a= —H¢ (15)
where

an; e 2 €
c_CHEY PV
0e°0g® 0EOE
are the symmetric Hessian tensors of ¥(&°, &) evaluated with respect to &° and &, respectively. The
fourth-order tensor C'is the tangential elastic modulus tensor, and the second-order tensor H is the

tangential plastic modulus matrix. From the consistency condition, the plastic consistency para-
meter is solved as

0,0 :C: &

(16)

T8 Ciop A (17)
where

H =0, H-0,0. (18)
The continuum elastic—plastic tangent modulus tensor may then be derived as

P — C— C:0,000,¢:C (19)

0, :C: 0,0 + H
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With the standard, non-associated plasticity model in place, the formulation of this plasticity
model in the context of strong discontinuituies will proceed.

5. Non-associated plasticity with strong discontinuity

In this section, plastic dissipation, a stress-displacement relation, and a localization condition
will be formulated for a general, non-associated plasticity model with strong discontinuity for small
deformations and rotations. In the next section the model will be specialized for a Drucker-Prager
plasticity model.

5.1. Localized plastic flow

For hardening, associative plasticity (# > 0 from (18)) 4 is regular, and the setting for standard
plasticity holds. For softening or perfect associative plasticity (## < 0), however, it is possible for
displacements to be discontinuous and for A to be singular; note that — although not rigorously
proven in the manner of [ 56] — discontinuous displacements may be detected via the localization
condition for non-associative hardening plasticity. When discontinuous displacements are present
within a material body (detected via the localization condition in Eq. (37)), the strains are singular
at the discontinuity &, plastic flow is localized to the discontinuity % [43], and the plastic
consistency parameter 4 is a singular distribution

=158, (20)

Eq. (20) states that all further irrecoverable deformation occurs along the discontinuity % as the
body outside the discontinuity unloads elastically. Eq. (20) is the key to a formulation of
non-associated plasticity with strong discontinuity.

5.2. Plastic dissipation

A derivation of plastic dissipation with strong discontinuity yields an important quality of the
strong discontinuity model.

Recall the definition of plastic dissipation resulting from the second law of thermodynamics in
the form of the Clausius—Duhem inequality for an isothermal solid [62,65]:

Di=06:8&— ‘I"(se, ). (21)
The rate of dissipation then becomes

D=MN6:0,0 +a0,0) =504 (22)
since 4 = A;0,. The rate of dissipation is a density quantity, and, as a result, the total rate of
dissipation over a region (2 is calculated as

Dy = f Js(6: 0,0 + o 0,¢) dI. (23)
9
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Notice that the total rate of dissipation is calculated over a set of zero measure, the discontinuity
surface .&.

The stress-like vector of plastic internal variables a is a regular function along with the stress
tensor ¢. As a result, a calculation of dissipation in Eq. (22) is valid (i.e., no squares of Dirac-delta
functions). A key implication on the softening modulus matrix also results. From Egs. (15) and (20),
& may be written as

H ' 6= —);0,00,. (24)

A significant observation made in Simo et al. [43] states that since & is regular, the inverse of the
softening modulus matrix must itself be a singular distribution

H '=H;"'%, (25)

which states that softening is localized to the discontinuity .%. As a result of Eq. (25), the following
form results for the regular stress-like vector of plastic internal variables:

Thus, as a result of 1 = 1;J., the evolution of the internal variables is localized to the discontinuity
& . This result of the strong discontinuity approach could be viewed as a rather ‘strong’ approxima-
tion for some materials (i.e. those which exhibit shear bands of finite width), in the sense that
irrecoverable deformation is most likely not completely localized to a surface (except possibly for
brittle rock, in which a clear rupture surface is present [7]).

A finite element model which draws its constitutive behavior from a plasticity model with strong
discontinuity will calculate mesh-independent dissipation because the total rate of dissipation is
calculated over a set of zero measure and not over any a priori-defined finite element diameter.

5.3. Consistency condition and stress—displacement relation

From the previous discussion on plastic dissipation, note that & and & are regular distributions in
order for a calculation of plastic dissipation to be possible, which also implies that the consistency
condition ¢ = 0 is satisfied pointwise (i.e. contains no singularities). Employing the chain rule, the
consistency condition is

¢ =0,0:6+ 0, a=0. (27)
Substituting the regular expressions for ¢ (i.e., 6 = C:¥V*u) and & into Eq. (27), /s is solved as
Jo = H5 0,4 :C:Vu, (28)

where #'5s = 0,¢-Hs-0,¢. An equivalent expression for 4; may be found from the requirement
that all singularities drop out of the consistency condition:

5 _56,,<[>:C:(m®n)s
ST 0,:Ci o0

(29)
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where [#] = {m. Equating (28) and (29) gives a general expression for the magnitude of the jump
displacement rate:

(0, : C:050) 05 : C: V)
H5(0sp: C:(m@n)’)

Eq. (30) may be simplified using results from the localization condition.

(= (30)

5.4. Localization condition

Here, a condition which detects the presence of discontinuous displacements is derived and
called the localization condition. Eq. (2) showed that for equilibrium to be satisfied, the traction
must be continuous across the discontinuity surface .%:

[6] n =[i,] =0. (31)

This condition that the traction must be continuous across the discontinuity surface &% requires
that the traction rate be regular. Write the traction rate as follows:

f=6n=C:(E—10,0) n==t+1t0,, (32)
where

f=C:Vin (33)
is the regular part, and

t; = (C®: (m®n)n (34)
is the singular part (using 4; from Eq. (29)), with

LR N @
representing the elastic perfectly plastic tangent modulus tensor. For the traction rate to be regular

=0 (36)

which leads to the localization condition
A m=0, A=n-C"n (37)

where A4 is the second-order elastic perfectly plastic acoustic tensor. The localization condition
requires that m lies in the nullspace of 4, and likewise that m®n lies in the nullspace of C®P. It is
seen that [53]

(m®n)® = Ad; ¢ (38)

where A = A5/(; A for this analysis can be any real number. It is straightforward to show that 0, ¢
lies in the nullspace of C*P:

0 : C: 0,0

Cep:(?,,q):C:aaq)—C:ﬁ,,(pm

=0. (39)
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Fig. 2. Slip line orientation with respect to major principal stress axis for + 6.

Note that C°? is the elastic perfectly plastic tangent modulus tensor, and thus a derivation of
a critical hardening modulus ., similar to that derived by Rudnicki and Rice [66] is not possible.
Note that the nullspace of the consistent elastic perfectly plastic tangent modulus tensor C3%.; [67]
is the same as that of its continuum counterpart C* [ 53]. Also note that the trace of Eq. (38) leads
to an expression for the angle made by the jump rate vector [i] = {m and the tangent to the slip
line .¥ (see Fig. 2), called the jump dilation angle v:

siny:=m-n = Atr(0,¢). (40)

Eq. (40) will be used to determine the orientation of m when the plastic potential function ¢ is
specified for a particular plasticity model; this will be done for a Drucker—Prager plasticity model.
Thus, another way of writing Eq. (30) for £, using Eq. (28) for 4; and Eq. (40) to find {, is as follows:

_ (0, )
 Asm-n

¢ 0,0 6. (41)

Eq. (41) will be used to derive the stress—displacement relation for a Drucker-Prager plasticity
model.

6. Drucker-Prager plasticity with strong discontinuity

The formulation of the preceding section is now specialized for a non-associated
Drucker-Prager plasticity model. Such a model is appropriate for modeling the constitutive
behavior of frictional materials like soil and rock. First, the standard Drucker-Prager plasticity
model is described.

6.1. Standard Drucker—Prager plasticity model

A quadratic stored energy function ¥(&¢, €), which results in linear elasticity and linear harden-
ing, is defined as

PeS, &) =16 e +3E-H- ¢ (42)



R.A. Regueiro, R.I. Borja /| Finite Elements in Analysis and Design 33 (1999) 283-315 293

where ¢® and H are constant modulus tensors. Note that (g%, &) could be defined such that
nonlinear elasticity and/or hardening would result. The fourth-order tensor ¢° is the isotropic
elastic tangent modulus tensor defined as

¢ = K1®1 + 2l — $1®1) 43)

where K = 1 + 3/ is the elastic bulk modulus, 4 and f are the Lamé parameters, (1);; = J;; is the
Kronecker delta, and ({);j,; = (005 + 0;10%)/2 1s the fourth-order identity tensor.

Let the strain-like vector of plastic internal variables &: Q x [0, T] — R? have a volumetric
component and deviatoric component:

Up
&= { } , (44)
e

where

2
0P = tr(E); e = ﬁ leP]; P =& — (@°/3)1

(43)
and
T T
P = J P dt; e = J eP dt. (46)
0 0
The hardening/softening modulus matrix H is defined as
K 0
H:= , (47)
0 H

where K" and H' are the bulk and shear hardening/softening moduli, respectively. The stress-like
vector of plastic internal variables « is defined as

oy
az:={ }= —H-¢ (48)
%)
A Drucker-Prager yield function [68] takes the form
$lo, @) = /3lIs| +/3(< + pp) =0 (49)

with derivatives

3b

where

p=jtr(e), s=06—pl, ia=s/|sl, (51)
and

K:= — &+ boy +\/L§oc2 (52)
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where |s| = /sijs;;. Note that for the continuum mechanics convention used throughout this
paper, compression implies p < 0. The material constants & and f§ may be defined in terms of the
cohesion ¢ and friction angle ¢ used to describe a Mohr-Coulomb material [69]

5= 6ccosq’? . f— 6smq’>. . l<d<l. (53)
\/5(3 + A sin ¢) \/3(3 + A sin )
The value 4 = — 1 coincides with a cone that circumscribes the Mohr-Coulomb envelope

— passing through its outer apexes — in three-dimensional stress space, and 4 = 1 coincides with
a cone that passes through the inner apexes of the Mohr-Coulomb envelope. Because of the form
of k in (52), standard bulk and shear hardening/softening through o; and a, cause the size of the
yield cone to change, and not its shape. Incorporating additional hardening/softening through
p would allow frictional hardening/softening which is appropriate for modeling a cohesionless
granular material like sand, and thus the change of slope of the yield cone would be possible.

A plastic potential function ¢(e, a) is defined similar to the yield function ¢(e, ) [70] as

a) = /3lIsll + /3(¢ + bp) (54)

with derivatives

f _bl ﬁ_wz{ﬁb}, (55)
Oa. 1

where b is the materlal dilation constant. Notice that associated plasticity results if f = b, but
typically for soil and rock this is not the case. Usually, f > b with b > 0 for a dilatant material and
b < 0 for a contractant material. By setting § = b = 0, the J2 flow (von Mises) plasticity model is
recovered, which is useful for modeling the undrained condition in a cohesive soil.

With the plastic potential function ¢(e, &) defined in (54), the evolution of & then becomes

g=.9 {fb} (56)

ﬁcx
Note that b takes the form

P
</ 3éP

which is analogous to the dilatancy factor used by Rudnicki and Rice [66] and Rudnicki [71].

b= (57)

6.2. Drucker—Prager plasticity model with strong discontinuity

Here, the standard non-associated Drucker—Prager plasticity model presented in the previous
section is placed within the framework of Section 5. In particular, the two model-specific features
which need to be derived are the localization condition and stress—displacement relation.

Recall the localization condition, which detects the presence of discontinuous displacements

A m=0, A=n-C®n (58)
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where for Drucker-Prager plasticity the elastic—perfectly plastic tangent modulus tensor is

- 2
g 21 3PPK >1®1 + 20l
1
(59)

]
o ®n—3\C“ Ba®1 + b1®A),

b
where ¥ = 3(i + fbK). Note that C°P is the same as the continuum elastic—plastic tangent modulus
tensor ¢®® if # from (18) is added to y in (59), where # = 3b*K’ + H'. The corresponding

elastic—perfectly plastic acoustic tensor is
_ @ 3BbK*?
A:n-Cep-n:<K+g— ﬂy >n®n+ﬁ1
3 K
K Non — 32K (BN®n + bn®@N),

(60)

6

9

X
where V = fii-n = n- . Note that neither C*® nor 4 has major symmetry unless f = b

The localization condition 4-m = 0 naturally yields the following form of the localization
(61)

condition:
, which for

m-A-m=0
which may be viewed as a loss of strong ellipticity of C®® [72]. Recall (38)
(62)

Drucker-Prager plasticity yields

ot [oe L)
(63)

m-nz/l\/gb.

and

Expand m-A-m =0 as
_ . 3BbK*? 6/1°
<K+§— ﬁK)( )2+u—%( L (m®n))?

) (: (m®n)*) =0 (64)

Substituting Egs. (62) and (63) into Eq. (64) yields a solution for A
(65)

1

A= £+ ——.
i«/S—b2
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o) g3 01

Fig. 3. Mohr circles for localization condition stress analysis in plane strain.

Recall that A = 1,/ where A; > 0, { > 0. Thus, the solution of interest is

A=t (66)

J3—b*

As a result of Eq. (66), the jump dilation angle y may be determined from the following equation:

J3b
NeETh a

where b is determined from Eq. (57).

Consider a plane strain stress condition to calculate the localization condition and slip line
orientation. Without loss of generality, the analysis is carried out in the principal stress space,
where o, is the minor principal stress (major compressive principal stress), g, is the major principal
stress, and o3 is the intermediate principal stress, such that 0>o¢; > 03 >0, and
lo1| < |o3| < |o,|; refer to the Mohr circles in Fig. 3 (this ordering corresponds to a plane strain
stress condition in terms of aligning the principal stresses with the coordinate axes, but is still
general). Refer to Fig. 2 to construct the unit vectors

sinyy =m-n =

cos 0 cos 1
n=<{sinf), m={—siny), n=90°—0—. (68)
0 0
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Recall from Eq. (62) the expression for the symmetric tensor product of m and n, written now
explicitly as

cos 1 cos 0 cosysinf 07]°
—sinycos —sinysinf O
0 0 0
! \/;ﬁ10+ ﬁb Z ’ Lp 8 69
= 0 \/;n20+ﬁ o : (69)
v 2fts + 5b

For (m®@mn)* to diagonalize, the following must hold

cos#sin  —sinycos @ =sin(0 —n) =0 (70)
or

0—n=20—-90"+y =0 (71)

which implies

0= +@45°—y/2) |, (72)

where the + comes from Fig. 2. Thus, (72) is the orientation of the normal to the slip line with
respect to the major principal stress axis (see Fig. 2). This result has also been reached by Roscoe
([73], p. 166) and Atkinson ([74], p. 217) and refuted by Vardoulakis et al. [3]. For deviatoric
plastic flow, b = 0= = 0, and the orientation 0 = 45° is recovered.

To obtain a condition on the stress state at which localization is detected, take the difference
between the (1,1) and (2,2) components of (69), which yields

N [3 (=522
0 0=
COs 71 COS U + sin 1 SIn T2 isl , (73)

where

cos 1 cos 0 + sin 1 sin 0 = cos? 0 + sin? 0 = 1. (74)

Thus, the localization condition may be expressed in terms of a deviator stress ratio h defined
as

o sl _ [ 3

_ﬁr_ 3—b2

—_
~
193]

~
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where r = (s; — $,)/2 = (6, — 0,)/2. A straightforward analysis determines the range of h as [53]

I<h<s— (76)

which defines the range of the deviator stress ratio & in the localization condition (75).

The stress—displacement relation governs the evolution of plastic softening localized to the
discontinuity .. Upon the detection of discontinuous displacement fields via the localization
condition, the plastic flow is localized to the discontinuity via 4 = A;0.; likewise, softening is
localized to the discontinuity via H™ ' = Hj '5,,. Thus, the stress—displacement relation becomes
the constitutive equation for post-localization plasticity. The standard plasticity equations no
longer apply, except to provide the framework in which the strong discontinuity is incorporated to
produce the bifurcated solution.

Recall the general form for the stress displacement relation from (41):

. tr(0,9) o 1 s
C_Jf,;mwa"(’b'a_%(;/la“qs'a’ (77)
where #5 = 3b°K; + H,,
K; 0
0 H;
and A = (3 — b?)~ /2. The rate form of the stress—displacement relation is then found to be [53]
3 Hs
g+ NE 5 (79)

N T

where q:= m-s-n. Integrate (79) to yield the resolved stress at time instant ¢, Q(t), as

gw=mw+7%¥§mo

= 40) + % pO) + 522 (), 80)

where t = 0 corresponds to the onset of localization and {(0) = 0 (i.e., there is no jump displacement
yet developed at the instant of localization).

7. Finite element implementation

The assumed enhanced strain (AES) method [75] is a logical choice as a variational framework
for implementing the strong discontinuity approach because it satisfies the two conditions neces-
sary and sufficient for convergence when an enhanced strain field is introduced: (1) stability, and (2)
consistency (i.e. the patch test); these two conditions will be described later.
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7.1. Variational form of AES method

The AES method for the linearized theory stems from an additive decomposition of the
infinitesimal strain tensor into compatible and enhanced parts:

e= Vu + & (81)
H_J H__J
compatible enhanced

where the enhanced strain field may be derived from incompatible displacement fields across
element sides. Introducing the newly defined strain field (81) into an energy functional II and
applying the stationary condition (611 = 0) yields the modified three-field variational form [75]:

R
Vs(éu):aszféu'bdQ—FJ ou-tdrl, (82)
Jo Q 0.0
R
06:8dQ =0, (83)
JQ
R
0¢:(—6+0,7)dQ =0. (84)
JQ

Because of the orthogonality condition on the stress and enhanced strain spaces in (83), the stress
field is eliminated from the variational equations and (84) drops out.

Since the purpose of the enhanced strain field is to ‘enhance’ the compatible strain field, it makes
sense that their spaces have null intersection:

Ené =0 (85)
where the space for the compatible strains is

E=1{&:Q2->S;e=V’u} (86)
and the space for the enhanced strains is

& ={8:Q—S;#is assumed}. (87)

It has been shown for the discrete problem that (85) leads to stability of the AES method [75].

For the patch test to be satisfied — as revisited in Taylor et al. [76] — piecewise constant stress
functions must be admissible. This condition will directly affect the choice of the discrete enhanced
strain variation 6&". Rewrite (83) as

r

6:05dQ =0 (88)

JQ

because the spaces are orthogonal. Thus, piecewise constant stress functions 6, will require

"

S8dQ =0 (89)

JQ

which will be described in particular for singular enhanced strains.
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7.2. Reparameterization of the displacement field

The need for a reparameterized displacement field was recognized by Simo et al. [43] for the 1D
problem. The motivation stems from the fact that the nodal displacements are the total displace-
ments and thus already contain the effect of the displacement jump within the element. The idea
then is to confine the enhancement within the element boundaries. The resulting reparameteriz-
ation for the general three-dimensional problem is as follows:

u'(x, t) = u"(x, 1) + [u"(t)| M, (x). (90)

The restrictions on this function M, (x): Qf. — R are

1. compact support in Q" i.e. M, (x) = 0 for x outside of Q" and xe dQ", where Q" = Q"LIQ";
2. [M,]=1at &.

Thus, the construction of M. (x) is as follows:

My(x) = Hy(x) — f"(x), 1)
where
i) = { 1 atnode AedQ", ©2)
0 atnote AedQ" .

Recall that the unit normal n to the discontinuity % points into Q" .
For the two-dimensional problem, it is possible to formulate these functions M for the two slip
line cases for a quadrilateral element as shown in Fig. 4. The functions which result via the above

type 2

Fig. 4. Two slip line types in a quadrilateral element.



R.A. Regueiro, R.I. Borja /| Finite Elements in Analysis and Design 33 (1999) 283-315 301

Ms = Hg — f*
b= 3

1 1

Fig. 5. Slip line types 1 and 2. Motivation for enhanced strain interpolations via M.

construction are shown in Fig. 5. The function f” for slip line type 1 in Fig. 5 is the shape function at
that node (node 4 in Fig. 5), and " for type 2 is the sum of the shape functions at nodes and 4.

With the displacement field now reparameterized and the variational form of the AES method in
place, it is possible to proceed with formulating the nonlinear matrix finite element equations.
A thorough analysis of the weak form with strong discontinuity has been presented by Simo and
Oliver [44].

7.3. Variational equations

Let Q" = U™, Q" be the finite element discretization of a closed region Q, and Qf,, = Uk Q. .

be the finite element discretization of the localized region, where Q. = Q" n, is the number of

elements, and n., ;.. is the number of localized elements which is not a priori known. The resulting
discretized weak form results as follows [44]:

f VSi,”:ath=J ﬁ’“b”dQ—i—f "t dr,
fod Q" o,Q"

f i 6"dQ =0, 93)
Qe

where #§ = du and § = J8.
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The rest of this presentation will concentrate on the formulation for an element e with strong
discontinuity. Recall the reparameterized displacement field written for element e as

ug = ig + [ue M, [uc] = Com, (94)
where now

ne = oue = ife + [ne M2, [ne] = nem, 95)
and

My, =Hgy, —f (96)

with £ defined in Fig. 5. Thus, the strain and strain variations become

ghi=Vsul =Vl + &, 97)
where

g = — m QVLY + L(m,®n. )0, (98)
and

ve:=Vne =V°ne + e 99)

Recall that the choice of § is made such that (93), is satisfied for piecewise constant stress fields %,
or

J 7 dQ = 0. (100)
Q

h
loc,e

Eq. (100) may be written independently of other localized elements because the enhanced strains
are discontinuous between elements (which is also a property of the standard C° finite element
theory, that strains are typically discontinuous between elements; the C° theory, however, requires
continuous displacements, which is not a requirement of the functions M, which motivate the
enhanced strains used in the AES method). Considering (100), choose " to have the following form
[45]:

0 b,

o= —1e - (m.@n.) + e(m, ®n,)dy,, (101)

where [, is the length of the slip line within element e, and A4, is the area of element e. Thus,
satisfaction of the patch test is ensured.

7.4. Matrix finite element equations

The standard finite element interpolations in isoparametric coordinates & are as follows:

@ = N@dL i =3 N (102)
A=1 A=1
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where 1,4, is the number of nodes of an element e, N4(&)is the shape function at node 4, and d4 and
¢t are the displacement vector and displacement variation vector, respectively, at node A. It is
convenient to write the expressions in (102) in the following matrix form:

ig(8) = N(&)-d, 1z =N(§) e, (103)

where N,(&) is the element shape function matrix, and d, and ¢, are the displacement vector and
displacement variation vector, respectively, for element e. Taking the symmetric gradient of the
expressions in (103) yields

Vig(l) = B.(§) d.,  V'ife = B.(§)c., (104)
where B, (&) is the element strain—-displacement matrix. Likewise, write & and " in matrix form as
EZ = - GeCZ + Feczé.(/’ga Ge = [(me®l7f2)s] (105)
and
l
'}72 = - f Fe’?ﬁ + Fengéyea Fe = [(me®ne)s:| (106)

where [*] denotes matrix form of the tensor. Substituting the matrix expressions for #” from (103),
Vsp" from Eq. (104), and 7 from Eq. (106) into Eq. (93), and assuming arbitrary values of ¢, and ",
the nonlinear finite element equations expressed in residual form result as

r, .= j Ble"dQ — f NIp"dQ — J NIthdr =0,
o o 8,k

1
bi=— f Fic"dQ — (¢, +n. m.ply) =0, (107)
Q

where r, is the standard residual for equilibrium within an element e, b, is the residual expressing
equilibrium along the discontinuity .%,, 6" is in vector form, and n,-m, = \/§b/ 3 — b% Note
that Eq. (107), imposes the following conditions:

1
qh, = R m, s" n,dQ (108)
and
h 1 h
Py, = A, | tr(e") dQ (109)

for the resolved stress values along the discontinuity %,. Consider (107), more closely, and recall
the integrated form of the stress—displacement relation from (80):

h+\/§ﬂh_h +ﬂh Koo (110)
dz, ﬂp% ={q2,.loc \/mp&%,loc 3_p2 e
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where the subscript (¢) . designates the resolved stress value at onset of localization. Rewrite
Eq. (110) for ¢, as

o \ﬁﬂ h h \/gﬁ h Hs .
4y, = — \/37_71)2 Py, T 4. 10c T \/ﬁ P7.t0c + 313 Ce. (111)
Substituting (111) into (107), and using (109) yields
1 \/3[3 H s
b, =— FT&th—<q'«}1 + ——— % toc + (t)1=0 (112)
T Aedan " VAT CEa b B A
where
o, P hy§
" =s"+ 7 tr(e™){1}, (113)

and {1} is the vector form of 1. Thus, when linearizing the residual b,, this new form in Eq. (112)
must be used.

Recall that the stress 6" is regular, but with a reparameterization of the displacement field in Eq.
(94), the stress rate becomes

6" =D [8 — GLi] inQlco/T e (114)

where D° is the matrix form of ¢® and &' = V*u". For subsequent derivations, the discretization flag
h is left off for certain terms for ease of presentation. Integrating Eq. (114) yields

Opt+1 = G}‘lr"'l - De'GeACe il’l Q?oc,e/ye (115)

where o)1 = 6, + D°- A%, is the trial stress, 48, = &.,+1 — 8on> 40 = (o1 — Cemsand n + 11s
the current time step. Integrating the stress—displacement relation in Eq. (79) yields
3p 3p H s
|qf/’”n+1| + L p.(/’p,nJrl = |q.</’g,1oc| + L pf/”e,loc + _71)2 |Ce,n+1| on <¢e (116)

JV3-b? J3—b? 3

where # 5 < 0, and 5 is constant for linear softening along the discontinuity. Note that if one
were to change the sign convention from continuum mechanics convention (¢ > 0 and ¢ > 0 in
tension for 1D) to soil mechanics convention (¢ > 0 and ¢ > 0 in compression), Eq. (116) would still
be valid taking account of the appropriate change in sign before the pressure term in the yield
function in Eq. (49). Thus, the stress update for a localized element e is fully defined by Eq. (115)
and (116).

Linearization of the (in general) nonlinear finite element equations in Eq. (107) for solution by the
Newton-Raphson method (refer to Simo and Hughes [61]) yields

- r’é,nJrl = Kd?i : Ade + KdCCACe

— bew1 = (K& + K) - Ad, + (K& + K9AL, (117)



R.A. Regueiro, R.I. Borja /| Finite Elements in Analysis and Design 33 (1999) 283-315 305

where

ook
szzf BT B 4o
o

i
0841

50'k+1
= — BZ G, dQ
“ _LZ 68ﬁ+1

1 o6
szz—f FI 2L B, dQ
Qe toc

A, 53ﬁ+ 1
K; = — K, (for elastic unloading)
1 06% . 4
K§ = —— F!—/— G, dQ
“ A, Lﬁm Oen+ 1
A s
Ki= — 118
: 3—b? (118)

and k + 1 is the current iteration. Since the strain due to the jump displacement is treated as an
enhanced strain (see (98)), the jump displacement {, may be assumed discontinuous between
elements and thus may be condensed out of the equations at the element level to form the reduced
system

_;l;,nJrl :Kzeid.Adea
7 k —11k
rlé,nJrl = re,n+1 - KEC(KEC + Kf) be,n+1a

K5y = K5y — K5 (K + K§) ™ '(Ke + K5). (119)
From (115) and (113) it is possible to derive the tangential moduli tensors as
ao”fw 1 (%'Ifwr 1 -~
= D¢ = D¢ 120
08’,‘,+ 1 ’ asﬁJr 1 ( )

where D and D¢ are the matrix forms of ¢® and ¢°, respectively:

¢ = K1®1 + 2i(I — 31®1),

¢ =4K1®1 + 20 — 31®1). (121)
For plastic loading,
c H s
K; =0, K;= EEy—s (122)

else for elastic unloading,
K; = — Eda
K: =0,
Kii = K. (123)
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The stress integration algorithm along the discontinuity in a localized element with linear
softening is summarized as follows:

1. Compute the trial state by freezing localized plastic flow (i.e. use {, ,) and incrementing the total
strain:

tr,(k+1) __ L(akt1 =
oV =0, +c (@1 — &)

1
k+1 ket 1
i KD = 3 tr(c Lr+( 1 ))

tr (k+1) = o' (k+1) tr (k+1)1

S — Dn

1

tr,(k+1) __ L otr (k1)

q-f/r’e(,n-%— 1) - me snr+(1 ) ne dQ
Ae ot

1
pythy = 37J tr(oy 5 Y) dQ
e Q{'

_ [kt \/gﬁ tr,(k+ 1)
- |qf/’,,n+1| +\/Wpf//e,n+1

3 H
- <|q,</‘e,loc| + % p.V’e,loc + 3_76[?2 |Ce,n|> . (124)

2. Check for yielding along the discontinuity .., and if yielding is detected, update stress:
IF (QY, > 0) THEN
NEL;

K+ 1 \/ﬁ K+ 1 H s
|qV n+1 \/ﬁ pV n+1 |q,%,,loc| + \/ﬁ p&”c,loc + 3 _ b2

Ks =0

| k+1
en+1

. A
Kg = — sign(gdy Dsign(CEh 1) 375

ELSE

k+1 tr(k+1)
qs.m+1 =47, n+

k+1 tr(k+1)
Pr.m+1 = P&, in+

eni1 ="Leon

K = — K5

Kt =0
ENDIF
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7.5. Numerical implementation of localization condition

The numerical implementation of the localization condition in (75), which is checked at each
Gauss point, is as follows:

I8+ 1 | | 3
‘\/Ern+1 3 - b2

THEN the element has localized (125)

< h*!at a Gauss point,

where h'°! = 1 x 107> unless otherwise noted.

8. Numerical example: slope stability problem

A slope stability problem is now presented to demonstrate the ability of the model to represent
localized deformation in a classic geotechnical structure, an embankment (or slope), in a nearly
mesh-independent manner. For simple model problems such as uniform compression, the strong
discontinuity approach has been shown to lead to mesh-independent finite element solutions when
localized deformation is present [77,78].

Material parameters are shown in Table 1 for three cases: associative deviatoric plastic flow (J2
flow, or von Mises plasticity), non-associative deviatoric plastic flow, and non-associative dilative
plastic flow. A gravity load is first applied, the displacements are reset to zero, and a downward
displacement is prescribed at the middle of a rigid footing resting at the crest of the slope. The
downward displacement may represent the settlement due to a structure placed at the crest of the
slope. It is desirable to run a strain-driven problem like this one because otherwise an arc-length
method would be needed to advance the solution into and within the softening regime. The
dimensions and boundary conditions of the problem are designated in Fig. 6. This is a fictitious
example and not an attempt to model the behavior of an actual soil embankment, although the
material parameters are chosen to approximately represent those of a soil. Two meshes with 400
and 1600 linear quadrilateral elements are used to analyze the problem.

Fig. 7 shows deformed meshes at end of loading for the standard and enhanced solutions for
associative, deviatoric plastic flow. The scale factor for displacements of deformed meshes is 1.0.

Table 1
Material parameters for slope stability problem

E 10 MPa

v 04

¢ 50, 20, 20 kPa
¢ 0°, 30°, 30°

b 0.0, 0.0, 0.2
H,K' 0

H;, K; — 200 kPa/m

y 20 kN/m?
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20 m

Fig. 6. Slope stability problem. Gravity load applied before footing displacement u is prescribed.

Fig. 7. Deformed meshes for standard and enhanced solutions with associative, deviatoric plactic flow: f = b = 0.0. 400
and 1600 linear quadrilateral elements with B. Localized elements are shaded.

Note the diffuse deformation patterns for the standard solutions and the sharp localized deforma-
tion for the enhanced solutions. Shaded elements are those through which the slip line has traced.
Insensitivity to mesh alignment is demonstrated by the slip line tracing across elements without
element sides being aligned with the slip line orientation and by slip lines having the same
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Fig. 8. Load-displacement plots for associative, deviatoric plastic flow: B = b = 0.0. h'®' = 1 x 10~ 5. Similar softening
slopes of enhanced solution curves demonstrate near-objectivity with respect to mesh refinement.

orientation for the 400 and 1600 element meshes. The slip line initiates in the element just to the
right of the rigid footing corresponding with the load at which the standard and enhanced solution
curves begin to deviate from one another as seen in Figs. 8, 10, and 12. The load at which the
enhanced solution curve begins to soften corresponds with the load at which the slip line has fully
propagated through the mesh.

Load-displacement plots for associative, deviatoric plastic flow are shown in Fig. 8. The
B-method [79] is used to address potential mesh-locking due to incompressible plastic flow for
small deformations and rotations. Similar slopes of the enhanced solution curves demonstrate
near-objectivity with respect to mesh refinement. The standard solution curves demonstrate the
well-known mesh dependence for perfect plasticity. Associative, deviatoric plastic flow may be used
to simulate the behavior of a saturated cohesive soil in undrained condition (i.e. incompressible for
immediate loading).

Fig. 9 shows deformed meshes at end of loading for the standard and enhanced solutions for
non-associative, deviatoric plastic flow. The B-method is used to address potential mesh-locking
due to incompressible plastic flow for small deformations and rotations. Again, note the diffuse
deformation patterns for the standard solutions and the sharp localized deformation for the
enhanced solutions. Load-displacement plots for non-associative, deviatoric plastic flow are
shown in Fig. 10. Similar slopes of the enhanced solution curves demonstrate near-objectivity with
respect to mesh refinement. The standard solution curves demonstrate the well-known mesh
dependence for perfect plasticity.
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Fig. 9. Deformed meshes for standard and enhanced solutions with non-associative, deviatoric plactic flow:

0.0. 400 and 1600 linear quadrilateral elements with B. Localized elements are shaded.
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Fig. 11. Deformed meshes for standard and enhanced solutions with non-associative, dilative plactic flow:
p =0.5b=02.400 and 1600 linear quadrilateral elements. Localized elements are shaded.

Fig. 11 shows deformed meshes at the end of loading for the standard and enhanced solutions for
non-associative, dilative plastic flow. Standard 2 x 2 numerical integration is used. Again, note the
diffuse deformation patterns for the standard solutions and the sharp localized deformation for the
enhanced solutions. Also note the different slip-line curvatures in Figs. 9 and 11. The slip lines in
Fig. 11 have a larger radius of curvature than the slip lines in Fig. 9. This is due to the different
dilation constants used in each case. Load-displacement plots for non-associative, dilative plastic
flow are shown in Fig. 12. Similar slopes of the enhanced solution curves demonstrate near-
objectivity with respect to mesh refinement. The standard solution curves demonstrate the
well-known mesh dependence for perfect plasticity.

9. Closure

In summary, a rate-independent, non-associated, strain-softening Drucker—Prager plasticity
model has been formulated in the context of strong discontinuities and implemented along with an
enhanced quadrilateral element within the framework of an assumed enhanced strain finite element
method. A finite element analysis of localized deformation occurring in a model problem of slope
stability has been conducted in a nearly mesh-independent manner. The effect of dilatancy on the
orientation of slip lines has been demonstrated for the slope stability problem.

In conclusion, it is important to capture the structural phenomenon of localized deformation
and the associated loss of overall material body strength as accurately as possible via a finite
element model but to do so in a mesh-independent manner. The strong discontinuity approach
provides the framework to satisfy both of these modeling requirements and does so without special
treatments such as a material length scale or adaptive remeshing strategy.
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Fig. 12. Load-displacement plots for non-associative, dilative plastic flow: = 0.5,b = 0.2. h*' = 5x 107> Similar
softening slopes of enhanced solution curves demonstrate near-objectivity with respect to mesh refinement.

Future work includes extending the model for three-dimensional analysis and incorporating the
fluid phase and nonlinear geometric effects to be able to model the behavior of realistic, in situ
geomechanical structures which are susceptible to developing localized deformation.
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