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SUMMARY

We derive the governing equations for the dynamic response of unsaturated poroelastic solids at finite
strain. We obtain simplified governing equations from the complete coupled formulation by neglecting the
material time derivative of the relative velocities and the advection terms of the pore fluids relative to the
solid skeleton, leading to a so-called u® — p* — p* formulation. We impose the weak forms of the momentum
and mass balance equations at the current configuration and implement the framework numerically using a
mixed finite element formulation. We verify the proposed method through comparison with analytical
solutions and experiments of quasi-static processes. We use a neo-Hookean hyperelastic constitutive model
for the solid matrix and demonstrate, through numerical examples, the impact of large deformation on the
dynamic response of unsaturated poroelastic solids under a variety of loading conditions. Copyright © 2011
John Wiley & Sons, Ltd.
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1. INTRODUCTION

In 1972, Biot [1] brought the mechanics of porous media to the same level of development as the
classical theory of finite deformations in elasticity. In his formulation, he considered the solid motion
as a continuous sequence of incremental deformations. Because the solid properties are transported
and rotated with the motion, he used a Lagrangian or material description of deformation, in contrast to
the Eulerian or spatial description that is more appropriate for isotropic homogeneous fluids. Since
then, a number of finite deformation theories for porous solids utilizing a Lagrangian formulation have
emerged in the literature. However, a majority of them have focused solely on quasi-static
deformations [2—7]. In 2004, Li and Borja [8] formulated a completely Lagrangian description of the
dynamics of fully saturated poroelastic solids. They used a neo-Hookean hyperelasticity enhanced
with a Kelvin-type viscosity for the solid matrix and implemented the formulation within the
framework of mixed finite elements. Their work has focused on the effect of large deformation on the
dynamic response of fully saturated poroelastic material. The present paper takes one step further and
aims to incorporate partial saturation into the formulation.

The complex interplay among solid deformation, fluid diffusion, partial saturation, and large
deformation in a dynamic setting can be addressed in a coherent manner by using porous media theory
combined with today’s most advanced computational tools [9]. Porous media theory has been used
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by several researchers since the 1980s [10-24]. Applications to more complicated problems of 3D
soil-structure interaction have been proposed in [25-30]. Dynamic coupled analysis at finite strain
has also been proposed in [8,31]. Coupled analyses of unsaturated soil response have been
presented in [31, 32] using the degree of saturation as a prime variable, without determining the
pore air pressure explicitly. However, the compressibility of the pore air plays an important role in the
dynamic response of unsaturated soil [33] and hence should be considered in the formulation of
boundary-value problems. Recently, pore air pressure has been treated as a primary variable in [34-36];
however, their numerical applications are limited to the regime of small deformation.

In this paper, we use the porous media theory for the problem of coupled solid deformation-fluid
flow processes for unsaturated poroelastic materials. The contribution of the paper lies on the insight
gained into the effect of finite deformation on the static and dynamic responses of unsaturated porous
media under complex loading and displacement boundary conditions for which a numerical solution
is most appropriate. In order not to obscure the effect of finite deformation by the nonlinearity in
material response, including the plastic hysteretic response from cyclic loading, we limit the scope of
this paper to a solid matrix characterized by a neo-Hookean hyperelastic material. However, the
constitutive formulation is still based on the use of a thermodynamically consistent ‘effective stress’
measure for the solid matrix response [37, 38] and can be readily extended to the elastoplastic regime.

The paper begins with a complete formulation for the momentum and mass conservation equations,
which then paves the way for the simplified formulation that is used in the numerical implementation.
In the simplified formulation, we neglect the material time derivatives of relative velocities and the
advection terms of the pore fluids with respect to the solid matrix, leading to a so-called u®—p* —p*
formulation. The weak forms of the momentum and mass balance equations are implemented in a
finite element framework by imposing the conservation laws in the current configuration. The matrix
equations are then linearized consistently and solved by Newton-Raphson iteration. We conclude the
paper with some numerical examples aimed at demonstrating the impact of finite deformation on the
mechanical response of unsaturated poroelastic systems, as well as the efficacy of the proposed
nonlinear iterative algorithm.

2. GOVERNING EQUATIONS AT FINITE STRAIN

Following the porous media theory for a solid-water-air mixture at finite strain [39, 40], the kinematics of
motions of the solid skeleton is described with Lagrangian coordinates, while those of pore water and air
are described with Eulerian coordinates with respect to the current configuration of the solid skeleton.

First, we introduce the basic equations including balance laws and constitutive equations. Second,
we combine the basic equations and constitutive equations to obtain the full formulation of the
boundary-value problem. Finally, we derive the simplified governing equations in terms of the solid
skeleton displacement u*, pore water pressure p", and pore air pressure p” as the primary variables.
The simplified governing equations consist of the momentum balance equations for the overall three-
phase mixture and the mass and momentum balance equations for the pore water and air.

2.1. Basic assumptions

Porous media theory is based on a representation of two or more species occupying the same space at
the same time. The theory relies on the notion of volume fractions and is depicted pictorially in
Figure 1 in the context of a three-phase solid-water-air mixture.

The kinematics of each phase is based on the following assumptions [39]:

* The spatial point occupied by each material X* in the current configuration is the common point x.
* At the common spatial point x , the motions of the individual phases define the interaction among
these phases.

[73%1)

In the above definition, the superscript o means a phase, “s” means solid skeleton, “w” means pore
water, and “a” means pore air. In addition, we make the following simplifying assumptions:

1. isothermal conditions,

2. incompressible solid particle,
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Current configuration
(r=n)

Next configuration
(t =1+ Ar)

Reference configuration

Figure 1. Kinematics of a three-phase porous continuum.

(O8]

no mass exchange between the solid and fluid constituents,

4. the material time derivatives of relative velocity of the pore fluids to the solid skeleton are small
compared to the acceleration of the solid skeleton, and

5. the advection terms of the pore fluids to the solid skeleton are small as compared to the

acceleration of the solid skeleton.

Assumption 3 means that the solid and fluid are immiscible, but it does not rule out the exchange of
mass between water and air. In general, pore air dissolves into pore water following Henry’s law. The
dissolution of pore air affects pore fluid compressibility and the pore fluid responses of unsaturated soil
during shear loading [41, 42]. Their implementation may require more complex equations of state [43]
that are not covered in the present paper.

2.2. Volume fraction and partial density

The volume fraction n*(x, r) of a phase o is defined as

dv®

na(x,t) = E,

(D

where dv” is the volume of o phase in the current configuration, and dv is the overall volume of porous
media. The partial density of each phase is defined as the averaged density with the volume fraction n* as

p*=n'p™ = (1-n)p™, (2)
pw _ nwpr — nswpr’ (3)
pt = ntp™® = ns*p™ = n(1-s")p™, (4)

where p°®, p*®, and p® are the intrinsic density of solid skeleton, pore water, and pore air, respectively. n®,

n”, and n* are the volume fraction of solid skeleton, pore water, and pore air, respectively, in the current
configuration. n, s*, and s® are the porosity, degree of water saturation, and degree of air saturation,
respectively, in the current configuration. The overall density of mixture p can be expressed as

p:ps+pw+pa _ (l—n)pSR—‘rn(SprR—i-SapaR). (5)
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2.3. Kinematics of porous media

The spatial description x of the material point X* is given as

X = (pa(Xavt)7 (6)

where ¢ denotes the motion of the material point X* in Figure 1. The velocity v* of the material point
X? is defined as the time derivative of ¢
. _0r_0p*(X",1)

Toa o %

The acceleration of solid skeleton a® is given by the material time derivative D°0/Dt with respect to
solid skeleton as

DS S a S
a® = 7‘; = (Tvt + (grad v*)v®, ®)

where v* is the velocity of solid skeleton. The acceleration of pore water a” can be expressed in terms
of the material time derivative D’0/Dr as

DWvW DSvWS
= = aS —|—
Dt Dt

w

+ {arad (v +v™) ™, )

where v™* is the relative velocity of pore water to the solid skeleton. Similarly, the acceleration of pore
air a@® also can be expressed with the relative velocity v*® as

aa _ Dava _ as + DSvdS
- Dt Dt

+ {grad (v* +v*) }v®. (10)

The motions of pore fluids including water and air are described with reference to the solid skeleton
configuration.

2.4. Balance laws

The mass balance law for phase o in the current configuration may be written as

DOtpOt
—— 4+ p* divv* =m” 11
o P : (1)
where m* is the mass exchange term for phase o. Assuming the solid and fluid do not exchange mass,
then m®=0, in which case, the exchange of mass can only take place between water and air. Because
the entire mixture cannot produce mass, it follows that m™ +m®=0. This is called the summing
rule or the closure condition. The momentum balance law for phase o in the current configuration

is
pra® + m*v* = div o* + p°b* + p°, (12)

where o” is the averaged Cauchy stress tensor of phase a, b* is the gravity acceleration vector for
phase o, and p” is the interaction force vector between phase o and other phases. The interaction
force vectors p” also satisfy the summing rule, >'>_, p* = 0. In general, the mass exchange terms
depend on the properties and thermodynamic states of the constituents. Because the focus of the
paper is the hydro-mechanical response under large deformation, we will not consider this term in
the following development. We note, however, that mass exchanges could play an important role
in high-frequency dynamical processes, such as soil blasting.
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2.5. Constitutive equations

From thermodynamic studies [37, 38, 44-50] on the effective stress of unsaturated soil, we use a
consistent ‘effective stress’ measure for the solid matrix response. For partially saturated porous
continua, the general expression for the Cauchy effective stress tensor o’ consistent with continuum
principles of thermodynamics is [37]

o =0+ Bpl, (13)

where o is the total Cauchy stress tensor, B is the Biot coefficient, I is the second-order identity tensor
(Kronecker delta function), and p is the mean pore pressure given by the expression:

p=s"p" +s5p°, (14)

where p*™ and p? are the pore water and pore air pressures, respectively. This definition for effective
stress may be readily extended to double porosity continua [38]. Furthermore, the above expression for
the effective stress readily specializes to more familiar forms, including the Bishop stress [51] when
B=1 and s =y (where y is the Bishop parameter) and the Terzaghi stress [52] when B=1, s*=0 and
5% =1. For soils, the Biot coefficient B may be taken as equal to one, and so, an equivalent effective
stress equation may be written in the form:

o =o' -p'I +s"p°l, (15)

where p®=(p*-p"Y) is the suction stress or capillary pressure. In the above expression for the total
Cauchy stress tensor, we have utilized the closure condition s*+s%=1. Using the equivalent
effective stress, the averaged (or partial) Cauchy stress tensor for each phase may be written
as

o' =o' —(1-n)pl, (16)
oV = -ns"p"I, a7
o’ = —ns*p*l, (18)

where o°, 0", and o” are the averaged Cauchy stress tensors for the solid skeleton, pore
water, and pore air, respectively.
Interaction forces between fluid phases and solid skeleton are also derived based on thermodynamic

studies [39, 40, 44, 45] as
p* = p®grad n*—pu°n®v™, (19)

where u” is the material parameter tensor. The interaction forces for three phases are

p =-p"-p", (20)
ﬁw :pw grad (nsw)_”wnswvws, (21)
p* = p* grad (ns*) —p*ns"v®. (22)

Assuming that the permeability coefficients k** of pore water and k* of pore air are isotropic, the
material parameter tensors g” can be expressed as
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w_m'pe,

T (23)
a aR
p =" kp &, (24)

where g is the gravity acceleration.

The state equation for the pore water that leads to the constitutive law for the compressibility of
pore water can be obtained with Assumption 1 and the material time derivative with respect to the
solid skeleton as

Dspr B pr Dspw

Dt K%Y Dt '’

(25)

where K" is the bulk modulus of pore water. Similarly, the constitutive law for the compressibility of
pore air is given by

DSp? _ DS aR
P _erPr
Dt Dt

(26)

where @ is the absolute temperature, and R is the specific gas constant of air.
The material time derivative of water saturation s% with respect to the solid skeleton can be
expressed in terms of the matric suction p©:

DSSW B asW DSpC DSPC

Di ot Dt < Dt

27)

where c is the specific moisture capacity defined by the soil-water characteristics curve (SWCC) in
Figure 2. Two SWCC models are used in this study. The first is a popular empirical SWCC model (VG
model) proposed by van Genuchten [53], whereas the second is a logistic SWCC model (LG model)
similar to that presented in [54]. We remark that both models are empirical, as are nearly all other
SWCC models available in literature. As such, the model parameters are determined from curve-fitting
with experimentally determined water retention curves.

In the VG model,

= {1+ (o)™} ™ 29)

where sy’ is the effective degree of water saturation, and o, ny,, and m,, are the material parameters
of VG model. The effective degree of water saturation sy in Figure 2 is defined as

»
Lag

- -
w wWoLwW w
Sy S5 s 0 1 s

Figure 2. Soil-water characteristics curve and specific moisture capacity.
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sv= L T (29)

e W_ oW’
Ss 8¢

where s}" is the residual (minimum) degree of water saturation, sy’ (= 1—s?) is the maximum degree of
water saturation, and s? is the residual degree of air saturation. It is noted that VG model is valid only
for positive suction p°= 0. For p®<0, the effective degree of water saturation s and the specific
moisture capacity ¢ are set to be 1.0 and 0.0, respectively. Hence, the specific moisture capacity ¢ of
the VG model is not continuous around p°=0. The permeability coefficients of water and air with VG
model are assumed to be dependent on the effective water saturation as

NG E
K = R {1 (1= 1= (s) ™ — R, (30)
1 2myg
K= kS (=) e g 1= ()™ 0 = KOKS, 31

where k{** and kZ* are the maximum coefficients of water and air permeability, respectively, &,, and 7y,
are the material parameters of VG model, and k** and £ are the relative permeability coefficients of
water and air, respectively.

In the LG model,

st = {1 +exp(a p° +byy) } ", (32)

where ajg, by, and ), are the material parameters of LG model. The LG model is continuous at pS=0;
therefore, the convergence in the iterative numerical scheme can be achieved easier than VG model. In
LG model, the permeability coefficients of water and air are assumed to be power functions of the
effective water saturation as

kS = R (sY), (33)

S = kS (1-52)", (34)

where &, and #;, are the material parameters of LG model. The material parameters of VG and LG
models can be calibrated in order to fit the model curve to the experimental curve obtained with
conventional water retention tests. Typical values of VG model parameters are given in [55].

In the nearly saturated condition, the relative permeability coefficient of air k¥ is close to zero,
whereas in the nearly dry range, it is the relative permeability coefficients of water k' that is close to
zero. In these extreme cases, the infinitesimal relative permeability coefficients of fluids could cause
numerical instability as will be shown later. If zero relative permeability coefficients of fluid are used
in the continuity equations, the momentum balance equations of fluids cannot be taken into account.
To overcome this problem, the lower limits of relative permeability coefficients of fluids are
introduced. The lower limits of the relative permeability coefficients of fluids are assumed to be
1.0x 107 for the numerical examples presented in this study.

Finally, the Cauchy effective stress of solid skeleton is assumed as an additive decomposition of the
form [8]

’

o' = o-i/nv + avis’ (35)

Copyright © 2011 John Wiley & Sons, Ltd. Int. J. Numer. Anal. Meth. Geomech. 2012; 36:1535-1573
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where a'£m, and a"ViS are the inviscid and viscous parts of o, respectively. The inviscid part of the

Cauchy effective stress can be obtained by the hyperelastic constitutive equation (neo-Hookean model [56]) as

, u A .

o, = 7 (b°-I) + 7 (InJ*)I, (36)
where 2 and u are the Lamé constants of neo-Hookean model. The Jacobian J°® is defined as det(F °) with the
deformation gradient F'* of solid skeleton. The left Cauchy-Green tensor b° of solid skeleton is defined as
FS(F*)". The viscous part of the Cauchy effective stress for the solid skeleton can be obtained by Kelvin
constitutive equation [57] as

o = oy ¢ 1 d°, 37

where o is the material parameter reflecting the viscous damping characteristics of the solid skeleton, and d®
is the deformation rate tensor of solid skeleton. The fourth-order spatial elasticity tensor ¢ in the current
configuration can be obtained as

c:%l®l+%(,u—llnﬁ)1', (38)
where Z is the fourth-order identity tensor.

We use the inviscid hyperelastic constitutive equation for solid skeleton in quasi-static examples
and add the viscous part in dynamic examples. The choice of this relatively simple material model
allows us to focus more on the formulation and performance of the finite deformation model in the
quasi-static and dynamic responses of unsaturated porous structures. Multiplicative plasticity models
are based on the framework of hyperelasticity [58], so they can easily be cast within the proposed finite
deformation framework.

2.6. Governing equations (full formulation)

Adding the momentum balance equations (12) of three phases with (5) and (13), the momentum
balance equation of overall mixture is obtained as

S4yWS stas
patr W[ pr T lerad <VX+VWS>}VWS} +P"‘[ Dy T grad (V" +vF) "
= div (o-’—[_al) + pb, (39)

where the body force is assumed to be b*=b for all o phases. Substituting (3), (9), (17), (21), and (23)
into the momentum balance of pore water (12), the momentum balance equation of pore water is
obtained as

S4,WS

ns® p*R [as + + {grad (v* +»"™*) }p™

Dt

w WR
wkp 15 P8, wyws, (40)

= —ns% grad p¥ + ns%p o sy

Similarly, substituting (4), (10), (18), (22), and (24) into the momentum balance of pore air (12), the
momentum balance equation of pore air is obtained as

S 1,AS

ns*p™R |a® + + {grad (v* +v*) ™

Dt
ns® aR
= —ns® grad p* + ns*p*Rb— %nsavas. 41)
Copyright © 2011 John Wiley & Sons, Ltd. Int. J. Numer. Anal. Meth. Geomech. 2012; 36:1535-1573

DOI: 10.1002/nag



DYNAMICS OF UNSATURATED POROELASTIC SOLIDS AT FINITE STRAIN 1543

Substituting (2) into the mass balance equation of solid skeleton (11),

wD(1-m) D™

_ _ SR g: s _
D + (1-n) Dr + (1-n)p*™ divv® = 0. (42)

Similarly, substituting (3) into the mass balance equation of pore water (11),

WR DssY N nsw Dspr

D'n
w _wR
Dt P Dt Dt

s“p

+ nsVp*"R div v* + div (nstWRvWS) =0. (43)

By (42) x5V p"®/p*® + (43), the material time derivative of n can be vanished as

1- W WRDS sR DS WR DSs%™
( 12:]; i Dpt +ns” lgt +np*R Ti + sV p"R div v* + div (ns"p"*v™) = 0. (44)

Moreover, with (25), (27), and Assumption 2, the continuity equation for pore water with respect to
the current configuration of solid skeleton can be obtained as

o +np™Re ==+ sV p"® div v* + div (ns¥p"v™*) = 0. (45)

nswpr ~ anRC Dspw WR Dspa
Dt Dt

Similarly, using the mass balance equations for the solid skeleton and pore air with (26), (27), and
Assumption 2, the continuity equation of pore air with respect to the current configuration of solid
skeleton can be obtained as

1—sY DSp? DspY
{% —npaRC} Dl; + npaRch; + (1=s")p™ div v* + div (ns"p™Rv®) = 0. (46)

Equations (39)—(41), (45), and (46) are the governing equations of the full formulations with the
primary variables of u®, u™®, u®, p%, and p®.

2.7. Governing equations (simplified formulation)

The additional following assumptions are used for simplicity, as mentioned above: (i) the material time
derivatives of relative velocity of the pore fluids to the solid skeleton are ignored as compared to the
acceleration of the solid skeleton; (ii) the advection terms of the pore fluids to the solid skeleton are ignored
as compared to the acceleration of the solid skeleton. These assumptions are acceptable in the low-
frequency range, such as that encountered in geotechnical earthquake engineering applications [13, 68].

Neglecting the primary variables, #™* and «®, in the above full formulations, the simplified
governing equations with the primary variables of solid skeleton displacement u°, pore water pressure
p", and pore air pressure p“ are derived in this section. The simplified governing equations consist of
the momentum balance equations for the overall three-phase material and the mass and momentum
balance equations of the pore water and air.

Using the above additional assumptions, together with the momentum balance equation (39) for the
overall mixture, the momentum balance equation for total mixture is obtained as

pa® = div (o'-pI) + pb, (47)

where the second and third terms in the left-hand side of (39) are neglected. In the momentum balance
equations for the pore water and air (40) and (41), the generalized Darcy’s laws are obtained with the
above additional assumptions as

Copyright © 2011 John Wiley & Sons, Ltd. Int. J. Numer. Anal. Meth. Geomech. 2012; 36:1535-1573
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kWS
nsVyWs = g {— grad p¥ + p"R (bw—as)}7 (48)
nsiyds — as {_ rad p* + aR(ba_ S)} (49)
- paRg g p p a -

Substituting (48) into (45), the mass and momentum balance equation of pore water with respect to
the current configuration of solid skeleton is obtained as

w wR DspW Dsp?
<”SK/; —anRC> Dl; +"PWRCTIZ+SWPWR divy®

kWS
+ div { — (- grad p* + p*"Rb-p"Ra® }:0.
{g ( grad p P p ) (50)

Similarly, substituting (49) into (46), the mass and momentum balance equation of pore air with
respect to the current configuration of solid skeleton is obtained as

‘l(l s ) aR L Spa aR L Sp W R 71;
7 _ _ I 1- a d S
{ = np-c " +np C " +( s )p 1vy

kaS
di _ d a aRb_ aR s =0.
+ div {_g (- grad p* + p™b-p a)} 51)

The fourth terms in the left-hand sides of equations (50) and (51) contain the momentum balance
equations of fluids. Therefore, the momentum balance equations of fluids cannot be taken into account
if zero permeability coefficients of fluid are used. To overcome this problem, the lower limits of
relative permeability coefficients of fluids are introduced as mentioned before. Equations (47), (50),
and (51) are the simplified governing equations of u*—p" — p* formulation. The simplified governing
equations are solved with the finite element method. A time integration scheme is presented in the
following section.

3. FINITE ELEMENT FORMULATION

The finite element method is used for the spatial discretization, and Newmark integration scheme
is used for the time discretization. The weak forms obtained by conventional Galerkin method in
the current configuration are nonlinear equations with respect to the primary variables (u°, p%, and
p™) and the current configuration x. Therefore, the weak forms are iteratively solved with Newton-
Raphson method. In this iterative scheme, the weak forms are linearized with respect to the
primary variables.

3.1. Weak forms

The governing equations of the boundary-value problem for a simple body B® with boundary 0 B® in the
current configuration of the solid skeleton consist of the strong forms ((47), (50), and (51)) and the
following boundary conditions.

u®*=u® on 0B}, (52)

Copyright © 2011 John Wiley & Sons, Ltd. Int. J. Numer. Anal. Meth. Geomech. 2012; 36:1535-1573
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on = (o'-pl)n =f on 0B}, (53)

p* =5" on dB,, (54)
ns"p"Ryn =¢q¥.n=g" on 0B, (55)
p*=p?* on ()sz, (56)
ns*p™®v®.n = ¢*.n = g* on 0B (57)

aq’

where @@" is the prescribed displacement vector of solid skeleton at 0B, p* and p* are the prescribed pore
water and air pressures at By, and 0B;, , respectively. t is the prescribed traction vector at 0B;, and g%
and g* are the prescribed mass flux on a unit area with unit normal vector n at 0B}, and 0B; , respectively.
The decomposed boundaries hold

aBS‘: ()Bfl uoB; = 0B;p UaBqu‘: 0B;, UoB;,
0B, n0B; = 0B}, 0By, = 0B;, N0B;, = 0. (58)

Considering the arbitrary test function év° that satisfies

ov* =0 on 0B}, (59)

the weak form of the momentum balance equation (47) and the natural boundary conditions (53) is
obtained in the current configuration as

o' = / pov® -a® dv + / od® : a"dv—/ p div 6vsdv—/ pov® - bdv—/ o' -tda=0. (60)
s S S S 03["
Considering the arbitrary test function dp™ that satisfies

op¥ =0 on 0B 61)

wp?

the weak form of the mass and momentum balance equation of pore water (50) and the natural
boundary conditions (55) is obtained in the current configuration as

N N nsprR R Dspw R Dspa
owY = stép < K -np*Sc de + /Bs op¥np*te Dr dv
kWS
+/B op¥s¥ p R div vsdv—/B grad 6p"- {— (- grad p* + p*Rb—p“Ra’) }dv (62)
S S g

+/0Biu,5p g%da = 0.
Similarly, considering the arbitrary test function dp® that satisfies

3" =0 on 0B}, (63)

the weak form of the mass and momentum balance equation of pore air (51) and the natural boundary
conditions (57) is obtained in the current configuration as

Copyright © 2011 John Wiley & Sons, Ltd. Int. J. Numer. Anal. Meth. Geomech. 2012; 36:1535-1573
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o [ s (MA=8Y) )\ D o DY
ow /356p< or " ) o dv + S5P npe— dv
kas
+/B,5Pa(1 —sV)p™ div vsdv—/BS grad 6pa«{ . (—grad p* + p*™b-p*™a “)}d\;
qda = 64
Jr/aB;q<5p g*da = 0. (64)

3.2. Time integration

In dynamic analyses, the Newmark time integration scheme is used for the displacement of the solid
skeleton:

. 1 , ,
u=u + A+ EAtz( 1-2B)a + BALa®, (65)
v =+ (1-7)Ara; + yAtra®, (66)

where the subscript # denotes the previous time. The variables with the subscript ¢ are known at the
current time and are constant during Newton-Raphson iteration; Af is the time increment, and 3 and 7y
are the numerical parameters. Similarly, the evolutions of pore water and air pressures are expressed as

pY =p)+ At p} +%At2(1—2ﬁ)ﬁfv+BAtzﬁw, (67)
PV =+ (1=7)Arp, + yArp", (68)

Pt =pi AL+ %Arz(l ~2B)p; + BAC P, (69)
Pt = P+ (1=p)Atp; +yA1p*, (70)

where O (= D*0/Dr) denotes the material time derivative of o with respect to the solid skeleton.
In quasi-static analyses, only the velocity components are considered, and the equations take the
following forms:

w=u; + (1-7)Atv; + YA, (71)
pY =pY+ (1-7y)Ar p + yAt p¥, (72)
P =pt+ (1-7)Ar p} + yAr p*. (73)

3.3. Newton-Raphson method

The weak forms ((60), (62), and (64)) in the current configuration are nonlinear equations with respect
to the primary variables («°, p*~, and p®) at the current configuration x.

ca

ow*(a%,p",p") =0,
. i
Y ( , p P ) 0,
ow ( . p ) 0. (74)
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Taking the directional derivative [4, 5, 56,59] of the left-hand side terms with respect to the second-
order material time derivative of the primary variables and the current configuration, the weak forms
are linearized and iteratively solved with Newton-Raphson method. The linearized formulations of
these equations are obtained as

Dows[Aa’] + Dow* [Ap™] + Déw* [Ap*] = —dw},
DSw™[Aa’] + Dow™ [Ap™] + Déw™ [Ap*] = —w}!,
Dow?[Aa’] + Déw* [Ap"| + Dow? [Ap*] = —owi, (75)

where Aa®, Ap", and Ap” are the variations at the current iterative step k+ 1. The right-hand side terms
are the residual of dw}, ow}’ and dw} at the previous iterative step k. DO [Ae] denotes the directional
derivative of OO0 with respect to e. It is convenient to linearize the weak forms transformed to the
reference configuration by a pull-back operation because the initial volume dV°® in the reference
configuration is constant during the linearization. The linearized weak forms in the reference
configuration then are transformed by a push forward operation to the current configuration. The
details of the linearized weak forms are described in Appendix . The solutions at the current iterative
step k+ 1 are obtained as

a\ = @+ Ad,

PEa = b+ 85",

P = P+ A" (76)

The iteration continues until the norms of the residual vectors of dw}, ow}’, and dw? are smaller than a
specified error tolerance. The integrated variables, such as displacement and pressure, can be
calculated with integration equations from (65) to (70). In quasi-static analyses, the weak forms are
linearized with respect to the first-order material time derivative of the primary variables Av°, A p¥,
and A p?®, and the integrated variables can be calculated with equations from (71) to (73).

3.4. Finite element

The finite element formulation in the current configuration is derived by applying the standard
Galerkin method in which the test functions are approximated by the same shape functions used to
approximate the primary variables. The different shape functions between solid skeleton and pore fluid
are used for the approximations of the displacement and pressures to satisfy the discrete LBB
conditions [60, 61] for the locally undrained case at infinitesimal deformation. In the following
numerical examples under plane strain condition, an isoparametric eight-node mixed finite element
(Q8P4) interpolation is used. The displacement of the solid skeleton is interpolated using the eight-node
serendipity interpolation function N;:

8
u, =Y Nu, (77)

n-n’
n=1

where u} is the approximated displacement of solid skeleton in the element, and u; is the displacement at
the eight nodes. The pore water and pore air pressures are approximated with bilinear interpolation
function N':

4
pY =X Npy, pi= Y Np (78)
n=1

where p} and p? are the approximated pore water and pore air pressures, respectively, in the element; and
p, and p? are the pore water and air pressure, respectively, at the four corner nodes of the mixed element.

4. NUMERICAL EXAMPLES

In this section, we present one-dimensional and two-dimensional (plane strain) examples highlighting
the difference between the small and finite deformation analyses of fully and partially saturated elastic
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porous media. In some examples, the numerical results are validated through comparison with
analytical solutions or experimental results. Because the solid matrix is modeled by a neo-Hookean
hyperelastic material, which does not capture stiffness degradation, we use either a soft material or a
very large load in some examples to magnify the effect of finite deformation.

Two finite element codes are used for this purpose: one is based on the infinitesimal formulation in
which the geometric effects are completely ignored, and another is based on the proposed finite
deformation theory. Both the infinitesimal and finite deformation codes utilize the Q8P4 mixed finite
elements for the spatial interpolation of the solid displacement and fluid pressure, and the Newmark
time integration scheme employing the same time-integration parameters. In the infinitesimal regime,
the neo-Hookean hyperelastic solid reduces to the conventional Hookean material of linear elasticity,
making the comparison between the infinitesimal and finite deformation solutions meaningful.

4.1. Quasi-static consolidation of saturated poroelastic material

First, we consider the one-dimensional quasi-static consolidation problem with finite deformation.
Although the problem is one-dimensional, we model it as a plane strain problem consisting of a
saturated solid matrix column 10m deep with 100 elements in Figure 3. The upper boundary is
perfectly drained and subjected to a step load of intensity 10 kPa. The lateral boundaries are fixed in
the horizontal direction and impermeable. The bottom boundary is rigid and impermeable. Table I
shows the material parameters for the saturated poroelastic material. As a fully saturated column is
assumed, only the water phase is considered as pore fluid. The compressibility of pore water is
ignored. The external load is the surface step load only; the gravity force is not considered. A time
increment of calculation varies from 0.1 to 80.0 s with the progress of consolidation. The coefficient in
Newmark integration method is p=1.0. The error tolerance for the norm of residual vector is
1.0x107%,

The numerical results are compared to the analytical solutions for one-dimensional consolidation at
small deformation presented by Terzaghi [52]. The analytical solutions for one-dimensional
consolidation at finite deformation have been obtained in [62-65]; the following solution by Morris
[64] is compared here. The distribution of normalized void ratio E with surface drainage and surface
step loading is obtained as

4 <« [1. (mZ 2R T
E:R—i—E(I—R) Z [Esm<7>exp( y) >}, (79)

n=1,3,5

where R=El;_(, and the normalized void ratio E, dimensionless vertical material coordinate Z and
dimensionless time factor 7" are defined as

_e(z1)
E(Z> T) - 6(0, 0) I (80)
Z:% 81)
_ gtk 0dd
ERVEE N (e Y

where e is the void ratio, z is the material coordinate of the solid skeleton, [ is the height of solid
layer, and g’ is the finite strain coefficient of consolidation. g’ is assumed to be constant in the
analytical solution. In order to compare the analytical solution with the proposed numerical solutions,
the stress strain relationship in d o'/d e is calculated with the hyperelastic neo-Hookean model by (36).
The vertical Cauchy effective stress 0"y in one-dimensional problem is obtained as

, , A
o, :%((15)2—1) + (83)
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Figure 3. Finite element model in quasi-static consolidation.

Table I. Material parameters in quasi-static consolidation.

Parameter Symbol Value
Intrinsic density of solid particle PR (tm?) 1.0
Intrinsic density of fluid PR (t/m3) 1.0

Initial porosity g0 0.5
Coefficient water permeability k3 (m/s) 1.0x1072
Lamé constant ) (kN/m?) 10.0

Lamé constant )/ (kN/m?) 15.0
Gravity force g (m/s?) 0.0

The subscript “s0” denotes the initial value in the reference configuration of solid skeleton.

The derivative of effective stress with respect to the void ratio is obtained as

da’y do;ajs ! 1
de oroe M\ Tt

(1-1nJ%) (84)

A
(Js)2 1 —‘y-A‘,’()7

where ¢ is the initial void ratio. The Jacobian J® in one-dimensional problem can be expressed as

1+e
J = . (85)
1+e¢
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In the numerical simulation, the permeability coefficient of water is dependent on the volumetric
change J° to make the finite strain coefficient of consolidation g’ constant.

do, 6e> s
kWS(e) — k(\;vss S ( y// 0s __ k(\;\;s (2/1 + j')J , (86)
da'y/de (14 1/()) + (1 =092/ (1)
where the subscript “0Os” pertains to the value in the reference configuration of solid skeleton.
Figure 4 shows the time histories of the vertical displacement at the surface. The top of the figure
shows the numerical solution at finite deformation and the bottom shows the solution at small
deformation. In both cases, the numerical solutions agree with the analytical solutions. The amplitude
of vertical displacement calculated by the small deformation analyses is larger than that calculated by
the finite deformation analyses because of geometrical changes. If the permeability coefficient is
independent of the volumetric change J° in the finite deformation analyses, then the vertical
displacement approaches the steady-state value sooner for the finite deformation case as compared to
the infinitesimal deformation case because the former accounts for the shortening of the drainage
distance with vertical compression.
In the finite deformation analyses, the required number of iterations for convergence is six during
the early part of pore pressure dissipation and decreases to two as condition approaches the steady
state.

4.2. Quasi-static leaking flow of unsaturated soil

For the second set of examples, we use the numerical model to reproduce the experimental results on a
quasi-static leaking flow in a deformable unsaturated soil. The leaking flow application is well known
as a benchmark experiment conducted by Liakopoulos [66]. Liakopoulos measured the leaking flow
amount of an initially saturated soil column of fine Del Monte sand under the effect of gravitational
forces. In the experiment, the soil column was contained in an impermeable cylindrical vessel open at
the bottom and at the top so that one-dimensional flow and deformation would occur. The diameter
and height of the soil column were 10cm and 100cm, respectively. This test problem has been
simulated in [67-69] for numerical method validation purposes.
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Figure 4. Analytical and numerical solutions in the quasi-static consolidation (top: finite deformation,
bottom: small deformation).
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All phases including the pore air are considered in the quasi-static simulations. Figure 5 shows the
finite element model used in the simulations. The total height is 1 m, the width is 0.1 m, and the
column is divided into 20 eight-node elements. The nodes at the bottom are fixed in vertical and
horizontal directions. Other nodes are fixed only in the horizontal direction but are free to move in the
vertical direction. Water drainage is allowed only from the bottom, but air drainage is allowed at both
the top and bottom surfaces. The material constants, shown in Table II, are the same as those used by
Ehlers et al. [69]. Figure 6 shows the SWCC and the relationship between the relative permeability of
water and air and the effective degree of water saturation by the VG model. Before the leaking
analyses, the initial saturated state is obtained with the self-weight analysis under the same boundary
condition as the leaking analyses except that the bottom was assumed impermeable. A time increment
of calculation varies from 1.0 to 10.0 s. The coefficient in Newmark integration method is p =1.0. The
error tolerance on the norm of residual vector is 1.0x 10~ %,

Two cases are considered as follows: In Case 1, the material parameters shown in Table II are used
to reproduce the experimental results. In Case 2, smaller values of the Lamé constants are used to
reproduce the large settlement observed during leaking. The intrinsic density of the solid is set to 1.0 to
avoid excessively large compression during the initial condition of gravity load application. In Case 2,
the influence of deformation of the solid skeleton on the leaking flow in an unsaturated poroelastic
material examined further. The difference in the numerical results between the small and finite
deformation analyses is examined.

Figure 7 shows the time histories of filter velocity of leaking flow at the bottom. The numerical
result reproduces the measured filter velocity. Figure 8 shows the distributions of pore water pressure,
pore air pressure, suction, and degree of water saturation in the unsaturated soil column. The leaking at
the bottom causes a negative pore water pressure in the saturated soil column. Although the pore air
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= 18 1<
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Figure 5. Finite element model in quasi-static leaking flow.
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Table II. Material parameters in quasi-static leaking flow.

Parameter Symbol Case 1 Case 2
Intrinsic density of solid particle PR (t/m?) 2.72 1.0
Intrinsic density of pore water PR (t/m?) 1.0 1.0
Intrinsic density of pore air PR (t/m3) 1.23%x107° 1.23%x1073
Initial porosity Nos 0.37 0.37
Saturated permeability coefficient for water ky? (m/s) 45%x107° 45%x107°
Saturated permeability coefficient for air k&S (m/s) 3.0x1077 3.0x1077
Bulk modulus of water KY (kN/m2) 1.0x10% 1.0x 108
Air constant 1/(®R)(s*/m?) 1.23x107° 123x107°
Minimum degree of water saturation sy 0.02 0.02
Maximum degree of water saturation sy 1.0 1.0
Parameters in VG model Oyg 0.02 0.02
Parameters in VG model Nyg 1.5 1.5
Parameters in VG model Myg 1.03 1.03
Parameters in VG model Sve 3.5 3.5
Parameters in VG model Nvg 0.333 0.333
Lamé constant . (kN/m?) 1857.0 15.0

Lamé constant u (kN/m?) 464.0 10.0
Gravity force g (m/s?) -9.8 -9.8

The subscript “Os” denotes the initial value in the reference configuration of solid skeleton.

100 ————

Suction (kPa)
3
T
1

0.0 0.5 1.0

Effective saturation

Relative water permeability
Relative air permeability

0.0 0.5 1.0’
Effective saturation

Figure 6. SWCC (top) and relative permeability (bottom) by VG model with the parameters in Table II

pressure also becomes negative, it vanishes with time because of the air inflow through the specimen’s
top surface. A positive suction is generated underneath the surface after about 5 min, and it spreads
toward the bottom with time progress. The vertical distribution of the suction is not linear with respect
to the depth because of the existence of pore air pressure. It is noted that this effect exhibits the major
difference between the three-phase and two-phase formulations [67, 69]. Corresponding to the suction
behavior, the degree of water saturation decreases from the surface because of the leaking.
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Figure 7. Time histories of leaking from at the bottom in Case 1.
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Figure 8. Distributions of (a) pore water and (b) air pressures, (c) suction, and (d) degree of water saturation
in Case 1.

In Case 1, the residual settlement is about 0.5 cm much smaller than the height of soil column;
therefore, the difference between the small and finite deformation analyses can be ignored. In Case 2,
in which smaller stiffness of solid skeleton is used, the difference will appear clearly. Figure 9 shows
the time histories of filter velocity of leaking flow at the bottom and vertical displacement at the
surface in Case 2. In Case 2, the porosity of the solid skeleton deceases from the bottom because of the
drainage of pore water because the soft solid is easy to deform; therefore, the flux velocity at the
bottom is much larger than that in Case 1. The compressibility of the solid skeleton significantly
affects the leaking flow in the unsaturated soft poroelastic material. The amplitude of vertical
displacement by the small deformation analyses is larger than that by the finite deformation analyses
because of geometrical changes as well as the consolidation problem in the previous section. The filter
velocity of leaking flow at the bottom by the small deformation analyses is larger than that by the finite
deformation analyses corresponding to the deformation behavior.

In the finite deformation analyses of Case 1, the converged iteration number at each calculation step
is four times at the start and decreases to two times at the end of leaking. Meanwhile, in the finite

Copyright © 2011 John Wiley & Sons, Ltd. Int. J. Numer. Anal. Meth. Geomech. 2012; 36:1535-1573
DOI: 10.1002/nag



1554 R. UZUOKA AND R. I. BORJA

[1x107™°]
T T T T T
w
E 4+ Numerical (finite) J
:; ---------- Numerical (small)
8
Q2
k3
i

-0.05

Vertical displacement (m)

=01 Numerical (finite) IR By
N Numerical (small) ]
—0.15 L ' - : - s 1
0 40 80 120
Time (min)

Figure 9. Time histories of leaking at the bottom of the soil specimen (top figure) and vertical displacement
at the surface of the specimen (bottom figure) for Case 2.

deformation analyses of Case 2, the converged iteration number at each calculation step is seven times
at the start and decreases to two times at the end of leaking.

4.3. Strip footing on unsaturated poroelastic material under harmonic loading

As a final example, we consider an unsaturated poroelastic deposit supporting a vertically vibrating
strip footing. Some numerical conditions in this example are the same as those used in the analysis of
fully saturated media [8] to verify the proposed method compared with the existing research and to
show the difference between saturated and unsaturated behavior. Figure 10 shows the finite element
model. The footing is 2m wide, and the porous foundation block is 20 m wide and 10 m deep. The
foundation is divided into 100 square eight-node elements. The left vertical boundary is the plane of
symmetry, and hence, only the right half of the region is modeled. The time history of the footing load
(in MPa) on the upper boundary is given by the function w(f) =3 — 3cos(wf), where w =100 rad/s is the
circular frequency. The right and left boundaries are supported by vertical rollers, and the bottom
boundary is supported by horizontal rollers. The upper boundary is free. As for pore air, the left and
right boundaries are impermeable, while air drainage is allowed at the upper boundary. As for pore
water, we consider the following cases in order to understand the effect of water saturation on the
dynamic response.

Case 1. Fully saturated foundation. The initial water table is 0.0 m deep. Water drainage is allowed
at the upper boundary in the static self-weight analyses and the dynamic analyses.

Case 2. Partially saturated foundation. The initial water table is 5.0 m deep, where the pore water
pressure at the bottom boundary is 49 kPa in the static self-weight analyses. The upper and bottom
boundaries are impermeable in the dynamic analyses.

Table IIT shows the material parameters for the two cases. In the dynamic analyses, the viscous
damping of the solid skeleton is considered. In Case 2, the convergence of the calculation with VG
model is not achieved; therefore, the LG model is used for the SWCC model in all cases. Figure 11
shows the SWCC and the relationship between the relative permeability of water and air and the
effective degree of water saturation by the LG model. A time increment of calculation is 0.001 s in
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Figure 10. Finite element model in strip footing on unsaturated poroelastic material.
Table III. Material parameters in strip footing on unsaturated poroelastic material.
Parameter Symbol Case 1 Case 2
Intrinsic density of solid particle PR (t/m?) 2.6 2.6
Intrinsic density of pore water PR (t/m?) 1.0 1.0
Intrinsic density of pore air PR (t/m3) - 12x107?
Initial porosity Nos 0.5 0.5
Saturated permeability coefficient of water k) (m/s) 1.0x107? 1.0x1073
Saturated permeability coefficient of air ki (m/s) - 1.ox107*
Bulk modulus of water K" (kN/m?) 2.2x%10° 2.2x10°
Air constant 1/(®R)(s*/m?) 1.19%107° 1.19x107°
Minimum degree of water saturation sy - 0.1
Maximum degree of water saturation sy 1.0 1.0
Parameters in LG model ayg - 0.6
Parameters in LG model byg - -6.0
Parameters in LG model Clg - 0.1
Parameters in LG model Ce - 3.0
Parameters in LG model Mg - 1.5
Lamé constant . (KN/m?) 6000.0 6000.0
Lamé constant u (kN/m?) 4000.0 4000.0
Damping coefficient Oyis (8) 0.02 0.02
Gravity force g (m/s?) -9.8 -9.8

The subscript “0Os” denotes the initial value in the reference configuration of solid skeleton.

dynamic analyses. The coefficient in Newmark integration method is p =0.6 and f=0.3025. The error
tolerance on the norm of residual vector is1.0x 10™%.

In all cases, the initial conditions are obtained with the static self-weight analyses under the above
mentioned boundary conditions before carrying out the dynamic analyses with harmonic footing load.
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Figure 11. SWCC (left) and relative permeability (right) by LG model with the parameters in Table III.

Figure 12 shows the vertical distributions of pore water pressure and degree of water saturation at the
initial state. The horizontal distributions of all variables are homogeneous at the initial condition. It is
noted that the initial variables, such as pore water pressures at the same coordinates in the reference
configuration, are slightly different between the finite deformation analyses and the small deformation
analyses because of the settlement in the self-weight analyses. The vertical displacements at the
surface in Cases 1 and 2 are 2.8 cm and 5.0 cm, respectively, after the self-weight analyses at finite
strain.

First, the numerical results for Case 1 with fully saturated foundation are presented. Figure 13
shows the time histories of vertical displacements at node N1, which is located directly below the
center of the footing (upper left corner node in Figure 10) and node N4, which is located at a depth of
5.0 m along the center line of the footing, in Case 1. The vertical displacement at node N1 fluctuates,
and the peak time has a time lag for the harmonic loading history, while the vertical displacement at
node N3 does not fluctuate. The amplitude of vertical displacement at node N4 is much smaller than
that at node N1 although its change shows a similar perspective tendency as that at node N1. The
amplitudes of vertical displacements predicted by the small deformation analyses are consistently
larger than those predicted by the finite deformation analyses at the two nodes considered in Case 1.
Figure 14 shows the time histories of pore water pressure at node N2, which is located at a depth of
1.0 m along the center line, and nodes N4 and NS5, which are located at the bottom along the centerline
of the footing (lower left corner node in Figure 10), in Case 1. The peak times of pore water pressures
at all nodes correspond to the harmonic loading history. The amplitude of pore water pressure at node
N2 is larger than that at nodes N3 and N4. The pore water pressure at node N2 reaches the maximum
at about 0.03 s, and then, the peak amplitude gradually decreases because of the dissipation toward the
drainage boundary. The amplitudes of the pore water pressure are higher for the finite deformation
solutions than for the small deformation solutions at nodes N3 and N4 in Case 1. These results of the
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Figure 12. Vertical distributions of pore water pressure (left) and degree of water saturation (right) at the
initial condition before harmonic loading.
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Figure 13. Time histories of vertical displacement at nodes N1 and N4 in Case 1.
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Figure 14. Time histories of pore water pressure at nodes N2, N4, and N5 in Case 1.
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displacements and pore water pressures are consistent with the two-phase dynamic analyses at finite
strain [8]. Meanwhile, the amplitudes of the pore water pressure are smaller for the finite deformation
solutions than for the small deformation solutions at nodes N2 in Case 1. Figure 15 shows the
distributions of pore water pressure at 0.15 s when the peak pressures occur in Case 1. The higher pore
water pressure is concentrated underneath the footing for both analyses. The maximum pore water
pressure for the finite deformation analyses is smaller than that for the small deformation analyses
underneath the footing, while the region with high pore water pressure for the finite deformation
analysis is larger than that for the small deformation analysis.

Second, the numerical results in Case 2 with partially saturated foundation are presented. Figure 16
shows the time histories of vertical displacements at nodes N1 and N4 in Case 2. Although the results
for Case 2 are similar to that for Case 1, the amplitude of vertical displacement at node N1 in Case 2 is
much larger than that at node N1 in Case 1 because of higher compressibility of unsaturated
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Figure 15. Distribution of pore water pressure at 0.15s in Case 1.
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Figure 16. Time histories of vertical displacement at nodes N1 and N4 in Case 2.
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foundation above the water table. The amplitudes of vertical displacements predicted by the small
deformation analyses are consistently larger than those predicted by the finite deformation analyses at
two nodes similar to Case 1, and the difference between the two analyses in Case 2 is larger than that
in Case 1. Figure 17 shows the time histories of pore water and air pressures of nodes N2, N3, and N4
in Case 2. The peak times of pore water and air pressures at all nodes have time lags for the harmonic
loading history in contrast to Case 1. The pore air pressures fluctuate similar to pore water pressures.
At nodes N2 and N3 in the unsaturated foundation, the amplitude of pore water and air pressures is
much smaller than that at node N4 located near the water table. The pore water and air pressures at
node N2 reaches the maximum at about 0.05s, and then, the peak amplitude gradually decreases
similar to Case 1. The wave forms at node N3 are different from those at nodes N2 and N4, and the
phases of pore water and air pressures at node N3 are different by a phase shift value of about 7 from
that at nodes N2 and N4. At node N4, which is located near the water table in the partially saturated
foundation, the amplitude of pore water and pore air pressures reaches the maximum value at about
0.05s, and then, the peak amplitude gradually decreases in contrast to Case 1. The amplitudes of the
pore water and air pressure are higher for the finite deformation solutions than for the small
deformation solutions at nodes N3 and N4, and vice versa, at node N2 similar to Case 1. However, the
time histories of pore water and air pressures for the finite deformation analyses have a phase shift for
that by the small deformation analyses at nodes N3 and N4 in contrast to Case 1. Figure 18 shows the
distributions of pore water pressure at 0.175 s when the amplitude of vertical displacement at node N1
becomes the maximum in Case 2. The higher pore water pressure is concentrated underneath the water
table around the depth of 5.0 m in the partially saturated foundation. In the unsaturated foundation
underneath the footing, the region with high pore water pressure in the finite deformation analysis is
smaller than that in the small deformation analysis, while the region with high pore water pressure in
the finite deformation analysis is larger than that in the small deformation analysis below the water
table in the fully saturated foundation, similar to Case 1.
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Figure 17. Time histories of pore water (left) and air pressures (right) at nodes N2, N3, and N4 in Case 2.
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Figure 18. Distribution of pore water pressure at 0.175 s in Case 2.

Figure 19 shows the time histories of suction and water saturation at the central integration points at
elements E1, E2, and E3 in Case 2. All output elements are located along the center line above the
water table in Figure 10. The suctions in all elements decrease during the first loading and then
fluctuate with the harmonic loading. Corresponding to the change in the suction, the water saturations
increase at first and then fluctuate with the harmonic loading. The suction at all elements have almost
the same phases with a phase shift of 7 for pore water and air pressure responses at node N2 and N4 in
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Figure 19. Time histories of suction (left) and water saturation (right) at elements E1, E2, and E3 in Case 2.
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Figure 17. At element E3, just above the water table, the amplitudes of fluctuation in suction gradually
increase in contrast to elements E1 and E2 although the amplitudes of fluctuation in water saturation
are very near to full saturation. The amplitudes of the suction and water saturation for element E1 are
smaller for the finite deformation solutions than for the small deformation solutions similar to pore
water and air pressure responses at node N2 in Figure 17. These differences are because of the
different compressibility of the element E1 between the two analyses; thus, the compressibility in the
small deformation analyses is overestimated to be higher than that in the finite deformation analyses.
Meanwhile, the amplitudes of the suction and water saturation at element E2 are almost same in both
finite and small deformation solutions in contrast to the responses at element E1. As the initial suction
for the finite deformation analyses are slightly smaller than that for the small deformation analyses
because of the settlement during the self-weight analyses, it is difficult to discuss the detailed
comparison between the two analyses at elements E2 and E3. Figure 20 shows the distributions of
water saturation at 0.175s when the amplitude of vertical displacement at node N1 becomes the
maximum in Case 2. The higher water saturation is observed along the center line below the footing.
Although the finite deformation and small deformation analyses show similar distributions of
saturation, the region with high water saturation in the small deformation analysis is larger than that in
the finite deformation analysis underneath the footing.

We conclude this example by showing in Figure 21 the convergence profile exhibited by the
Newton iterations for different time steps. The variable N shown in the figure is the number of
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Figure 20. Distribution of water saturation at 0.175 s in Case 2.
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Figure 21. Convergence profile of global Newton iterations for finite deformation (left) and small
deformation (right) analyses in Case 2.
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calculation step. We emphasize that the mixed formulation results in a tangent operator with a large
condition number. However, with direct linear equation solving, convergence to an absolute error
tolerance of 1.0x10™® on the norm of the residual is very much possible in the finite and small
deformation analyses. The convergence in the small deformation analyses with a smaller condition
number is faster than that in the finite deformation analyses with a larger condition number. This
performance illustrates the potential of the formulation and the iterative algorithm to accommodate
more complex material constitutive models.

5. SUMMARY AND CONCLUSIONS

We have presented a coupled finite deformation formulation for the dynamic response of a mixture
consisting of a poroelastic matrix and two types of fluid represented by water and air based on
porous media theory. From the complete formulation, we have derived simplified equations by
neglecting the material time derivative of relative velocities and the advection terms of the pore
fluids relative to the solid matrix, leading to a so-called u®—p™ — p* formulation. The weak forms
of the momentum and mass balance equations are implemented in a mixed finite element
framework by imposing the conservation laws in the current configuration. The matrix equations
are then linearized consistently and solved by Newton-Raphson iteration. A neo-Hookean
hyperelastic model was used for the constitutive modeling of the solid skeleton based on a
thermodynamically consistent measure of effective stress. Mass exchanges among phases were not
considered in this paper.

Finite deformation and partial saturation influence the dynamic response of solid-water-air systems in a
complex way. For example, the plane strain example involving a vibrating footing on a partially saturated
poroelastic foundation discussed in this paper suggests that finite deformation effects tend to reduce the
calculated pore water and pore air pressures under the footing. However, on a fully saturated poroelastic
foundation, the reverse trend is true, i.e. finite deformation effects tend to increase the calculated pore water
pressure responses. The vibrating footing example also shows that finite deformation and partial saturation
impact the wave forms (amplitudes and phase shifts) of the pore water and pore air (for unsaturated
foundation) pressure responses. Because the integrity of geotechnical structures is strongly influenced by
the fluid pressure responses, the effects of finite deformation and partial saturation should be properly
accounted for in the simulations.

This paper only considers a neo-Hookean hyperelastic material for constitutive modeling of the
solid matrix response. The next step is to consider a more complex hyperelastic-plastic material. It is
expected that hysteretic damping could further complicate the dynamic response of solid-water-air
systems. It is for this reason that the present paper could serve as an important first step toward
understanding the effect of finite deformation and partial saturation in the absence of plastic
deformation and hysteretic damping. Plastic deformation and hysteretic damping will be addressed in a
future publication. Work is also in progress to investigate the performance of a stabilized mixed finite
element employing equal-order interpolation for the displacement and pore pressure fields in the
regime of partial saturation [70].

APPENDIX A: LINEARIZATION OF WEAK FORMS

The details of the linearized weak forms in the current configuration are described here. It is
convenient to linearize the weak forms transformed to the reference configuration by a pull-back
operation because the initial volume dV*® in the reference configuration is constant during the
linearization [4, 56, 59]. The linearized weak forms in the reference configuration then are transformed
by a push-forward operation to the current configuration.

In the following, ¢ is the derivative of specific soil moisture ¢ with respect to suction p°. E;NS is the
derivative of pore water permeability k™* with respect to suction p°. E;S is the derivative of pore air
permeability k** with respect to suction p°.
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A.1. Momentum balance equation of total mixture

1563

ow' = owy + 0w} + owj + dwy + ows (A1)
ow] :/ povt-a*dv = éwi(a’,u’, p*¥, p*) (Ala)
B
ows = / grad & : (o, + o ) dv = w5 (u) (Alb)
BS
owi = —/ pdivovidv = ows(u®, p*, p?) (Alc)
owy = —/ pov®.-bdv = owj(u®, p¥, p*) (Ald)
ows = — ov® - tda = dwi(r) (Ale)
B;
A.l1.1. Déw*[4a®.
Déw}[Aa’] = BAF / (s"p™® + 5°p™)ov*-a® div Aa’dv + / povS-Aa’dy (A2)
Déws[Aa®) :ﬂAtZ/BSH(gradAaS)Tgradévs} ;0 + sym(graddv®) :c :sym( grad Aas)} dv
2 S s S 2 A : S S S (A3)
+ Bsavis{—ﬁAt (grad ov® gradAa®) : ¢ : d* — 2BAt 7 divAa®grad ov* : d
+yAt gradov®:c: sym(grad Aa®)—BAr*grad ov*:c:sym(grad v* gradAa®) }dv
Dow5[Aa®] = _ﬁAtz/ ;_a{divAaS divov®— (grad ov*)" : gradAas}dv (A4)
Dow,[Aa’] = —ﬁAt2/ (stWR + sapaR)évs-b divAa’dv (A5)
Déwi[Aa®] =0 (A6)
A.1.2. DSWS[AP™].
S W 2 SprR aR wR S SA =W
Dow[Ap ™| = BAt / n{ X +c(p™-p )}6v .a*Ap dv (A7)
Déws[ApY] =0 (A8)
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Dowi[Ap"] = —BAZ [ {s¥ +c(p*~p™)} divovAp“dv (A9)

B

. w WR .
Déwi[Ap"] = —BAtz/ n{ ot c(p™-p*®) }6vs‘bprdv (A10)
Déwi[Ap™] =0 (A11)
A.1.3. D&W*[ADY].

owi[Ap"] = AP / n{% —c(p™-p™) }5vs -a*Ap'dv (A12)
Dw3[Ap™] =0 (A13)
Dw[Ap"] = -BAF / {s*=c(p*-p")} diver*Ap‘av (A14)

Bs
Dw[Ap"] = —BAL / n{s—_ —c(p™ - pWR)}évs-bAbadv (A15)

5 | OR

DSwi[Ap*] =0 (A16)

A.2. Mass and momentum balance equation of pore water

ow" = ow) + owy + owy + owy + owi + owl + owy (A17)
SWpWR
Swl = / op™n (KW _pWRC) prdv = ow) (u®,p¥, p*) (Al7a)
BS
owy = [ Sp¥np*Re ptav = owy (u®,p%, p*) (A17b)
BS
owy :/ opVs¥ p*R divvidy = owy (u®,p%, p*) (Al7¢)
B
kWS
owy = / grad op™ - " grad p“dv = owy (u®,p¥, p*) (A17d)
BS
kWS
owy = —/ grad op" - ?pWRbdv = ows (u®,p%,p*) (Al7e)
BS
kWS
owy = / grad op". ?pWRasdv = owg (u®,a’,p*, p*) (A17f)
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owy = / op¥ g da = owy (1)
By,

A.2.1. DoW"[Ad®].

DowY[Aa’] = BAZ [ dp¥p R (% —c> pY divAady
Bs

Déwy[Aa®] = AP / opVp"Re p* divAa’dy
BS

Dowy[Aa’] = BAL | dp¥p*Re p* divAa‘dy
BS

+BAL 5pwsprR{diV v* divAa® - (grad v*)" : grad Aas}dv
BS

1
Dowy[Aa’] = — ﬁAt2/ kv [—2 grad op™ - {sym(grad Aa®) grad p*™'}
8 B

+grad ép%- grad p¥ diVAas] dv
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(Al7g)

(A18)

(A19)

(A20)

(A21)

: 1 : . ‘
Déwt[Aa’] = ——ﬁAtz/ kW*pWR{— grad op*-( grad Aa®b) + grad op™ - b div Aa*}dv (A22)
g B
1
Dow( [Aa®] = —/ kK¥sp*R grad op¥-Aa*dv
it (A23)
+—[3At2/ k¥ p*R{— graddp¥-( grad Aa’a®) + gradop* - a* divAa*}dv
8 B
DswY[Aa®] = 0 (A24)
A.2.2. DoW¥[Ap"].
Dowy[Ap™] = BAF / opnp*® S—2—2i+5 pYAp”dy (A25)
B (Kv) Kv
w_WwR 5% W
+yAt [ opVnp ——c |Apdv
BS KW
Dowy[Ap"] = BAF / opnp"® (% —C)Ap” prdv (A26)
BS
- w 2 RSV L - w
DowY[Ap ™| = BAt / op¥ | —cp™™ + T div v’ Ap dv (A27)
BS
cwy —ws . ew w
DowY [Ap"] = - BAP / grad op". (- grad p"k"Ap" + gradAp kws)dv (A28)
g S
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. 1 —ws VRN
Dw¥[Ap™] = % BAP / graddp® - b (—kp VR v ’;—W) Ap"dy (A29)
WA W 1 2 w s Vs _wR ws pr W
Dowg [Ap~| = —BAt graddop™ -a’ -k, p"" + k™ 3 Ap“dv (A30)
g S
DSwY[ApY] =0 (A31)
A.2.3. DoW¥[ApY).
—a c o\ . .a
DswY' [Ap”] = BAF /B S op“np*R (ﬁ —C) pYAp°dv (A32)
DwY [Ap"] = BAF / pVnp*Re pPApidv + yAt / p¥np*ReAp”dv (A33)
BS BS
Dowy[Ap*] = BAF / op” p*Re div v Ap“dy (A34)
BQ
. 1 —ws -
Déwy [Ap'] = . BAF / grad 5p™- grad p* k" Ap“dy (A35)
BS
W —a 1 2 w TWS WwR A @
Dows[ApT] = —gﬁAt grad op™ - bk, p""Ap-dv (A36)
vay 1 —
DOwY[Ap"] = g/3At2 / ~ graddp” -a’ ky pRAp*dy (A37)
DSwY[Ap*] =0 (A38)
A.3. Mass and momentum balance equation of pore air
ow' = dwi + 6w + ows + owy + owi + dw§ + owg (A39)
a a (I_SW) aR - a a(, s W oa
owi = [ op'n “or P ¢ pldv = owi(u®,p¥, p*) (A39a)
owh = / op*p®RepVdv = owh(ut, p¥, p*) (A39b)
BS
ws = [ ap*(1=sV)p™ div v'dv = Swh (u®, p¥, p*) (A39c)
BS
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as
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k
ow = 3 grad op®. grad p*dv = éwi(u®,p¥, p*) (A39d)
kaS
owi = - n ?paR grad 6p”-bdv = éwi(u®,p¥, p*) (A39e)
as
Wi = " PR grad dp*-a‘dv = Swh(u',a*, p*, p*) (A39f)
BS
ows = oprqida = owi(1) (A39g)
3By,
A.3.1. Dow*[4a®).
a s 2 a (l_sw) aR ca g. s
Dowi[Aa’] = At - op “or PP div Aa’dy (A40)
Dowi[Aa®] = BAF / optpRe p¥ divAatdy (A41)
BS
DwA[A@’] = yAr | op*(1=s")p™ div Aa’dy
BS
+ﬁAt2/ 6pa(1—sw)paR{div v* divAa®- (gradv®)" : gradAas}dv (A42)
1 as . X .
Déwi[Aa®] = —ﬁAtz/ k* {—2 grad op*-{sym( grad Aa®) gradp®}
g B (A43)
+ grad ép?. grad p* div Aas]dv
a S 1 2 as aR a S a : S
Dowi[Aa®] = ——BAr k*p*t —grad op*-(grad Aa’b) + grad op* - bdivAa’ fdv = (A44)
g B
1
Déwi[Aa’] = — / k*p™® grad op*. Aa®dy
s (A45)
+—BAt2/ k*p*™®{~ grad op*-( grad Aa®a*) + grad 6p* - a* divAa‘}dv
8 B
DéwiAa®l =0 (A46)
A.3.2. DoWAApP™].
Dwi[Ap"] = BAF / p'n| —=c+pc) pAp dv (A47)
B OR
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DwA[Ap"] = —BAF / op*np™Re pY Ap“dv + yAt / op*np™ReAp” dv (A48)
B Bs
DwA[Ap"] = BAF / op*p™Re divv Ap™dv (A49)
BS
w 1 w
owi[Ap ]:—fﬁAtz/ grad op®. grad p* k_:SAp dv (A50)
g S
cwy 1 w
Dow[Ap"] =~ BAF / grad p*. b & p*™Ap“dv (A51)
8 s
w 1 w
DOWi[Ap ]:—gﬁAﬂ / - graddp*-a® &k p™Ap dy (A52)
wi[Ap™] =0 (A53)

A.3.3. DoWA[ApY).

1 »
DoWi[Ap] = BAP / opn (‘2——c_paRz> PAD dy
Bs OR

. 1-s% ) .
+ VAI/ 6pdn{( @% )—dec}Apadv (A54)
BS
apa oa 2 a 1 aR— | ~w A ~a
Doéwi[ApT] = BAt / op n<ﬁc—|—p c) pYAp dy (A55)
BS
arA a 2 a aR (l_sw) f S A A
Dowi[Ap™| = PAt op*q —cp +W divv Ap dv (A56)
BS
DOWA[Ap"] = — BAP / grad 6p*-( grad p*k; Ap* + grad Ap*k™)dv (A57)
g S
. 1 1 .
DwA[Ap"] = ——/S'Atz/ grad op* - b (F;SpaR + k® ﬁ) Ap“dvy (A58)
8 s
a1 1
DOWE[Ap®] = - BAF / grad op® - a* (k"“;pa“ + kS @1‘%) Ap'dv (A59)
g S

DSwA[Ap™] =0 (A60)
APPENDIX: LIST OF NOTATIONS

g material parameter of LG model

a’ acceleration of pore air

a’ acceleration of solid skeleton

Aa®  variation of a® in Newton-Raphson method

a” acceleration of pore water

big material parameter of LG model

b body force vector

b left Cauchy-Green tensor of solid skeleton
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body force vector of phase o

Biot coefficient

simple body in the current configuration of solid skeleton
boundary of a simple body in the current configuration of solid skeleton
specific moisture capacity

material parameter of LG model

derivative of specific soil moisture ¢ with respect to suction p°
fourth-order spatial elasticity tensor in the current configuration
deformation rate tensor of solid skeleton

void ratio

initial void ratio

normalized void ratio

deformation gradient of solid skeleton

gravity acceleration

finite strain coefficient of consolidation

second-order identity tensor (Kronecker delta function)
fourth-order identity tensor

Jacobian of solid skeleton

permeability coefficients of pore air

relative permeability coefficient of air

maximum coefficient of air permeability

permeability coefficients of pore water

relative permeability coefficient of water

maximum coefficient of water permeability

derivative of pore air permeability k** with respect to suction p©
derivative of pore water permeability k™* with respect to suction p°

bulk modulus of pore water

height of solid layer

porosity in the current configuration

volume fraction of pore air in the current configuration

volume fraction of solid skeleton in the current configuration

volume fraction of pore water in the current configuration

volume fraction of a phase o in the current configuration

material parameter of VG model

bilinear interpolation function for pore water and pore air pressures
eight-node serendipity interpolation function for displacement of solid skeleton
material parameter of VG model

pore air pressure

material time derivative of pore air pressure with respect to solid skeleton

second material time derivative of pore air pressure with respect to solid skeleton

variation of p* in Newton-Raphson method

approximated pore air pressure in the element

pore air pressure at the four corner nodes n

suction stress or capillary pressure

pore water pressure

material time derivative of pore water pressure with respect to solid skeleton

second material time derivative of pore water pressure with respect to solid skeleton

variation of p" in Newton-Raphson method
approximated pore water pressure in the element
pore water pressure at the four corner nodes n
mean pore pressure

prescribed pore air pressure at 0B;,

prescribed pore water pressure at 0By,
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Q

interaction force vector between phase o and other phases
prescribed mass flux of pore air on a unit area with unit normal vector n at dB,,
prescribed mass flux of pore water on a unit area with unit normal vector n at 0B,
specific gas constant of air

degree of air saturation in the current configuration
residual (minimum) degree of air saturation

degree of water saturation in the current configuration
effective degree of water saturation

residual (minimum) degree of water saturation

maximum degree of water saturation

prescribed traction vector at 0B}

dimensionless time factor

time increment

relative displacement of pore air to solid skeleton

relative displacement of pore water to solid skeleton
displacement of solid skeleton

approximated displacement of solid skeleton in the element
displacement of solid skeleton at the eight nodes n
displacement of the material point X*

prescribed displacement vector of solid skeleton at 0B;
relative velocity of pore air to solid skeleton

relative velocity of pore water to solid skeleton

velocity of solid skeleton

velocity of the material point X*

spatial description of the material point X*

material coordinate of solid skeleton

dimensionless vertical material coordinate

ve material parameter of VG model

Olyis material parameter reflecting the viscous damping characteristics of solid skeleton
p numerical parameter of Newmark time integration scheme
v numerical parameter of Newmark time integration scheme
Mg material parameter of LG model

material parameter of VG model

absolute temperature

material parameter tensor

Lamé constant of neo-Hookean model

Lamé constant of neo-Hookean model

material parameter of LG model

material parameter of VG model

overall density of mixture in the current configuration
intrinsic density of pore air

intrinsic density of solid skeleton

intrinsic density of pore water

vertical Cauchy effective stress

total Cauchy stress tensor

Cauchy effective stress tensor

inviscid part of o’

viscous part of o’

averaged Cauchy stress tensor for pore air

averaged Cauchy stress tensor for solid skeleton

averaged Cauchy stress tensor for pore water

averaged Cauchy stress tensor of phase o

Bishop parameter
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