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Figure 10.6: Election data. Counties colored by the fraction of people voting for
the Democratic candidate in the 2016 election, from red (0%) to blue (100%). (The
urban blue counties are far more densely populated than the rural red counties; in
total there were more Democratic than Republican votes.)

Figure 10.7: UMAP (left) and t-SNE (right) embeddings of the ACS data.
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Population Genetics

Our next example is from population genetics. We consider the well-
known study carried out by Novembre et al. (2008) of high-dimensional
single nucleotide polymorphism (SNP) data associated with 3,000 indi-
viduals thought to be of European ancestry. After carefully cleaning the
data in order to remove outliers, the authors embed the data into R? via
PCA, obtaining the embedding shown in Figure 11.1. Interestingly, the
embedding bears a striking resemblance to the map of Europe, shown
in Figure 11.2, suggesting a close relationship between geography and
genetic variation. (In these figures we use the same color legend used in
the original Novembre et al. (2008) paper.) This resemblance does not
emerge if the outliers are not first removed from the original data.

Follow-on work by Diakonikolas et al. (2017) proposed a method for
robust dimensionality reduction, showing good results on a version of
the data from the original Novembre et al. study that was intentionally
corrupted with some bad data. After appropriately tuning a number
of parameters, they were able to recover the resemblance to a map of
Europe despite the bad data. We will explore this issue of robustness
to poor data using distortion functions that are robust, ¢.e., allow for
some pairs of similar items to have large distance.
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Figure 11.1: PCA embedding of population genetics data. Points are colored by
country using the legend shown in the map of Europe in Figure 11.2.
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11.1 Data

We create two sets of data: one clean, and one intentionally corrupted,
following Diakonikolas et al. (2017). We follow the same experiment
setup as in Novembre et al. (2008) and Diakonikolas et al. (2017), and
work with the SNP data associated with 3,000 individuals thought
to be of European ancestry, coming from the Population Reference
Sample project (Nelson et al., 2008). Novembre et al. and Diakonikolas
et al. both start off by pruning the original data set down to the 1,387
individuals most likely to have European ancestry (explained in the
supplementary material of Novembre et al. (2008)), and then project
the data onto its top 20 principal components, obtaining the (clean)
samples y; € R, i =1,...,1387.

To create a corrupted set of data, we follow the method of Diakoniko-
las et al., who randomly rotate the data and then inject 154 additional
points y;, i = 1388, ...,1541, where the first ten entries of the y; are
i.i.d. following a discrete uniform distribution on {0, 1,2}, and the last
ten entries of the y; are i.i.d. following a discrete uniform distribution
on {1/12,1/8}. Thus the clean data is y1, ..., y13s7, and the corrupted
data is Y1388, - - -, Y1541-

We also have the country of origin for each of the data points, given
as one of 34 European countries. We use this attribute to check our
embeddings, but not to construct our embeddings. In plots, we color
the synthesized (corrupted) data points black.

11.2 Preprocessing

For both the clean and corrupted raw data sets we construct a set of pairs
of similar people &gy, as the k-nearest (Euclidean) neighbors, with & =
15. For the clean data, we have || = 16,375, and for the corrupted
data we have |Eqm | = 17, 842. We also treat the remaining pairs of people
as dissimilar, so that |Eqis| = 944,816 for the clean data, and |Eqis| =
1,168, 728 for the corrupted data. We use weights w;; = 2 for (7, j) € Esim
when individuals 7 and j are both neighbors of each other. We use weights
w;j = 1 for (i, j) € Esim when i is a neighbor of j but j is not a neighbor
of i (or vice versa). We use weights w;; = —1 for (4, j) € Egis.
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11.3 Embedding

11.3.1 PCA embedding

We start with PCA, exactly following Novembre et al., which on the
clean data results in the embedding shown in Figure 11.1. In the
language of this monograph, this embedding uses quadratic distortion
for (i,j) € &, weights w;; = y]y; (after centering the data), and a
standardization constraint. The distribution of the weights is shown in
Figure 11.4. When PCA embedding is used on the corrupted data, we
obtain the embedding in Figure 11.3. In this embedding only some of
the resemblance to the map of Europe is preserved. The synthesized
points are embedded on the right side. (If those points are manually
removed, and we PCA run again, we recover the original embedding.)

11.3.2 Unconstrained embeddings

We embed both the clean and corrupted data unconstrained (centered),
based on the graph & = gy U Eqis. We use a Huber attractive penalty
(4.2), and a logarithmic repulsive penalty (4.4) (o« = 1) to enforce
spreading. The embedding of the clean data is shown in Figure 11.5, and
for the corrupted data in Figure 11.6. We can see that this embedding
is able to recover the similarity to the map of Europe, despite the
corrupted data. In fact, this embedding appears virtually identical to
the embedding of the clean data in Figure 11.5.

11.3.3 Comparison to other methods

We show the UMAP and t-SNE embeddings on the clean and corrupted
data in figure 11.7. These embeddings were scaled and orthogonally
transformed with respect to the map given in Figure 11.2, following the
method described in §2.4.5. The embeddings with the corrupted data
are better than the PCA embedding.
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Figure 11.5: Embedding of clean data. The embedding resembles a map of Europe.
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Figure 11.6: Embedding of corrupted data. The embedding is able to recover the
similarity to the map of Europe.
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Single-Cell Genomics

For our last example we embed several thousand single-cell mRNA
(scRNA) transcriptomes. We use data that accompanies a recent pub-
lication by Wilk et al. (2020); these data are sequences of human
peripheral blood mononuclear cells (PBMCs), collected from seven pa-
tients afflicted with severe COVID-19 infections and six healthy controls.
We embed into R? and visualize the embedding vectors, finding that
the vectors are organized by donor health status and cell type.

12.1 Data

The dataset from Wilk et al. (2020) includes n = 44,721 scRNA tran-
scriptomes of PBMCs, with 16,627 cells from healthy donors and 28,094
from donors infected with COVID-19. Each cell is represented by a

R?%36! and each component gives the expression level

sparse vector in
of a gene. Wilk et al. (2020) projected the data matrix onto its top
50 principal components, yielding a matrix Y € R*721%50 which they
further studied.

In constructing our embedding, we use only the reduced gene ex-
pression data, i.e., the entries of Y. Each cell is tagged with many

held-out attributes, and we use two of these to informally validate our
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embedding. The first attribute says whether a cell came from a donor
infected with COVID-19, and the second gives a classification of the
cells into (manually labeled) sub-families.

12.2 Preprocessing

We use distortion functions derived from weights. From the rows of Y
we construct a k-nearest (Euclidean) neighbor graph, with & = 15; this
gives a graph &y with 515,376 edges. We then sample, uniformly at
random, an additional |Egp,| pairs not in &gy, to obtain a graph Egis of
dissimilar cells. The final graph & = Egn, U Egis has p = 1,030, 752 edges.
For the weights, we choose w;; = +2 if ¢ and j are both neighbors of
each other; w;; = +1 if 7 is a neighbor of j but j is not a neighbor of ¢
(or vice versa); and w;; = —1 for (i, j) € Eqis.

12.3 Embedding

We form a standardized MDE problem with embedding dimension
m = 3, based on the graph & = &, U Egis- We use the log-one-plus
penalty (4.3) (o = 1.5) for ps and the logarithmic penalty (4.4) (o =1)
for pq.

We solved the MDE problem with PyMDE, initializing the solve
with a embedding obtained by solving a quadratic MDE problem on &gy, .
The quadratic MDE problem was solved in 7 seconds (249 iterations) on
our CPU, and 2 seconds (185 iterations) on our GPU. Solving the MDE
problem took 27 seconds (300 iterations) on our CPU, and 6 seconds
(300 iterations) on our GPU. The embedding has average distortion
0.13; a CDF of distortions is shown in Figure 12.1. The embedding
used for initialization is shown in Figure 12.2, with embedding vectors
colored by the cell-type attribute.

The embedding is shown in Figure 12.3, colored by cell type; similar
cells end up near each other in the embedding. The embedding is plotted
again in Figure 12.4, this time colored by donor health status. Cells
from healthy donors are nearer to each other than to cells from infected
donors, and the analogous statement is true for cells from infected
donors.
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Figure 12.1: CDF of distortions for the embedding of scRNA data.

As a sanity check, we partition &g, into three sets: edges between
healthy donors, edges between infected patients, and edges between
infected patients and healthy donors. The average distortion of the
embedding, restricted to each of these sets, is 0.19, 0.18, and 0.21,
respectively. This means pairs linking healthy donors to infected donors
are more heavily distorted on average than pairs linking donors with
the same health status.

Figure 12.5 shows the embedding with roughly 10 percent of the
pairs in &y, overlaid as white line segments (the pairs were sampled
uniformly at random). Cells near each other are highly connected to
each other, while distant cells are not. Finally, the 1000 pairs from &g,
with the highest distortions are shown in Figure 12.6; most of these
pairs contain different types of cells.

12.3.1 Comparison to other methods

Figure 12.7 shows an embedding of the scRNA data produced by UMAP,
which took 11 seconds, and Figure 12.8 shows an embedding made using
openTSNE, which took 96 seconds, using the value bh for the parameter
negative_gradient_method (the default value resulted in an error).
The embeddings were aligned to the orientation of our embedding by
solving a Procrustes problem, as described in §2.4.5.
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Figure 12.2: Embedding based on Esim. An embedding of scRNA transcriptomes of
PBMCs from patients with severe COVID-19 infections and healthy controls (Wilk
et al., 2020), obtained by solving a quadratic MDE problem on Eim and colored by
cell type.
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Figure 12.3: Embedding based on Esim U Edis. Embedding of scRNA transcriptomes,
colored by cell type.
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Figure 12.4: Health status. Embedding of scRNA data, colored by health status.
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Figure 12.5: With edges. Embedding of scRNA data, with edges between neighboring

cells displayed as white line segments.
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Figure 12.6: High distortion pairs. Embedding of scRNA data, with the 1000 most

heavily distorted pairs displayed as white line segments.



Single-Cell Genomics

146

nad

L ps

odd

wPR¥eld

dd

MN
9jA00[NuRIY)
od

L 8dd

L 7addo
91A00UOIN 9T(TD
91AD0UOIN FT(ID
d

Figure 12.7: UMAP. Embedding of scRNA data, produced by UMAP.
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Figure 12.8: t-SNE. Embedding of scRNA data, produced by t-SNE.
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Conclusions

The task of vector embedding, i.e., assigning each of a set of items
an associated vector, is an old and well-established problem, with
many methods proposed over the past 100 years. In this monograph
we have formalized the problem as one of choosing the vectors so as
to minimize an average or total distortion, where distortion functions
specified for pairs of items express our preferences about the Euclidean
distance between the associated vectors. Roughly speaking, we want
vectors associated with similar items to be near each other, and vectors
associated with dissimilar items to not be near each other.

The distortion functions, which express our prior knowledge about
similarity and dissimilarity of pairs of items, can be constructed in
several different but related ways. Weights on edges give us a measure
of similarity (when positive) and dissimilarity (when negative). Alterna-
tively, we can start with deviations between pairs of items, with small
deviation meaning high similarity. Similarity and dissimilarity can also
be expressed by one or more graphs on the items, for example one
specifying similar pairs and another specifying dissimilar pairs. There
is some art in making the distortion functions, though we find that
a few simple preprocessing steps, such as the ones described in this
monograph, work well in practice.
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Our framework includes a large number of well-known previously de-
veloped methods as special cases, including PCA, Laplacian embedding,
UMAP, multi-dimensional scaling, and many others. Some other exist-
ing embedding methods cannot be represented as MDE problems, but
MDE-based methods can produce similar embeddings. Our framework
can also be used to create new types of embeddings, depending on the
choice of distortion functions, the constraint set, and the preprocessing
of original data.

The quality of an embedding ultimately depends on whether it is
suitable for the downstream application. Nonetheless we can use our
framework to validate, or at least sanity-check, embeddings. For example,
we can examine pairs with abnormally high distortion. We can then
see if these pairs contain anomalous items, or whether their distortion
functions inaccurately conveyed their similarity or lack thereof.

Our examples in Part I1I focused on embedding into two or three
dimensions. This allowed us to plot the embeddings, which we judged
by whether they led to insight into the data, as well as by aesthetics.
But we can just as well embed into dimensions larger than two or three,
as might be done when developing a feature mapping on the items for
downstream machine learning tasks. When the original data records
are high-dimensional vectors (say, several thousand dimensions), we
can embed them into five or ten dimensions and use the embedding
vectors as the features; this makes the vector representation of the data
records much smaller, and the fitting problem more tractable. It can
also improve the machine learning, since the embedding depends on
whatever data we used to carry it out, and in some sense inherits its
structure.

It is practical to exactly solve MDE problems only in some special
cases, such as when the distortion functions are quadratic and the
embedding vectors are required to be standardized. For other cases, we
have introduced an efficient local optimization method that produces
good embeddings, while placing few assumptions on the distortion
functions and constraint set. We have shown in particular how to
reliably compute embeddings with a standardization constraint, even
when the objective function is not quadratic.
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Our optimization method (and software) scales to very large prob-
lems, with embedding dimensions much greater than two or three, and
our experiments show that it is competitive in runtime to more spe-
cialized algorithms for specific embedding methods. The framework of
MDE problems, coupled with our solution method and software, makes
it possible for practitioners to rapidly experiment with new kinds of
embeddings in a principled way, without sacrificing performance.
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