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Abstract. We propose information-directed sampling—a new approach to online optimiza-
tion problems in which a decision maker must balance between exploration and exploita-
tion while learning from partial feedback. Each action is sampled in a manner that
minimizes the ratio between squared expected single-period regret and ameasure of infor-
mation gain: the mutual information between the optimal action and the next observation.

We establish an expected regret bound for information-directed sampling that applies
across a very general class of models and scales with the entropy of the optimal action
distribution. We illustrate through simple analytic examples how information-directed
sampling accounts for kinds of information that alternative approaches do not adequately
address and that this can lead to dramatic performance gains. For the widely studied
Bernoulli, Gaussian, and linear bandit problems, we demonstrate state-of-the-art simula-
tion performance.
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1. Introduction
In the classical multi-armed bandit problem, a decision
maker repeatedly chooses from among a finite set of
actions. Each action generates a random reward drawn
independently from a probability distribution associ-
ated with the action. The decision maker is uncertain
about these reward distributions but learns about them
as rewards are observed. Strong performance requires
striking a balance between exploring poorly understood
actions and exploiting previously acquired knowledge
to attain high rewards. Because selecting one action
generates no information pertinent to other actions,
effective algorithms must sample every action many
times.
There has been significant interest in addressing

problems with more complex information structures, in
which sampling one action can inform the decision-
maker’s assessment of other actions. Effective algo-
rithms must take advantage of the information struc-
ture to learn more efficiently. The most popular
approaches to such problems extend upper-confidence-
bound (UCB) algorithms and Thompson sampling, which
were originally devised for the classical multi-armed
bandit problem. In some cases, such as the linear ban-
dit problem, strong performance guarantees have been
established for these approaches. For some problem

classes, compelling empirical results have also been
presented for UCB algorithms and Thompson sam-
pling, as well as the knowledge gradient algorithm.
However, as we will demonstrate through simple ana-
lytic examples, these approaches can perform very
poorly when faced with more complex information
structures. Shortcomings stem from the fact that they
do not adequately account for particular kinds of
information.

In this paper, we propose a new approach—in-
formation-directed sampling (IDS)—that is designed to
address this. IDS quantifies the amount learned by
selecting an action through an information-theoretic
measure: the mutual information between the true
optimal action and the next observation. Each action is
sampled in a manner that minimizes the ratio between
squared expected single-period regret and this mea-
sure of information gain. Through this information
measure, IDS accounts for kinds of information that
alternatives fail to address.

As we will demonstrate through simple analytic
examples, IDS can dramatically outperform UCB algo-
rithms, Thompson sampling, and the knowledge-
gradient algorithm. Further, by leveraging the tools of
our recent information theoretic analysis of Thomp-
son sampling (Russo and Van Roy 2016), we establish
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an expected regret bound for IDS that applies across
a very general class of models and scales with the
entropy of the optimal action distribution. We also spe-
cialize this bound to several classes of online optimiza-
tion problems, including problems with full feedback,
linear optimization problems with bandit feedback,
and combinatorial problems with semi-bandit feed-
back, in each case establishing that bounds are order
optimal up to a polylogarithmic factor.
We benchmark the performance of IDS through sim-

ulations of the widely studied Bernoulli, Gaussian, and
linear bandit problems, for which UCB algorithms and
Thompson sampling are known to be very effective.We
find that even in these settings, IDS outperforms UCB
algorithms and Thompson sampling. This is particu-
larly surprising for Bernoulli bandit problems, where
UCB algorithms and Thompson sampling are known
to be asymptotically optimal in the sense proposed by
Lai and Robbins (1985).

IDS solves a single-period optimization problem as
a proxy to an intractable multi-period problem. Solv-
ing this single-period problem may still be computa-
tionally demanding. We develop numerical methods
for particular classes of online optimization problems.
In some cases, our numerical methods do not com-
pute exact or near-exact solutions but generate efficient
approximations that are intended to capture key ben-
efits of IDS. There is much more work to be done to
design efficient algorithms for various problem classes
and we hope that our analysis and initial collection of
numerical methods will provide a foundation for fur-
ther developments.

It is worth noting that the problem formulation we
work with, which is presented in Section 3, is very
general, encompassing not only problems with ban-
dit feedback, but also a broad array of information
structures for which observations can offer information
about rewards of arbitrary subsets of actions or fac-
tors that influence these rewards. Because IDS and our
analysis accommodate this level of generality, they can
be specialized to problems that in the past have been
studied individually, such as those involving pricing
and assortment optimization (see, e.g., Rusmevichien-
tong et al. 2010, Broder and Rusmevichientong 2012,
Sauré and Zeevi 2013), though in each case, developing
a computationally efficient version of IDS may require
innovation.

2. Literature Review
UCB algorithms are the primary approach considered
in the segment of the stochastic multi-armed bandit
literature that treats problems with dependent arms.
UCB algorithms have been applied to problems where
the mapping from action to expected reward is a linear
(Dani et al. 2008, Rusmevichientong and Tsitsiklis 2010,
Abbasi-Yadkori et al. 2011), generalized linear (Filippi

et al. 2010), or sparse linear (Abbasi-Yadkori et al. 2012)
model; is sampled from a Gaussian process (Srinivas
et al. 2012) or has small norm in a reproducing ker-
nel Hilbert space (Srinivas et al. 2012, Valko et al.
2013b); or is a smooth (e.g., Lipschitz continuous)
model (Kleinberg et al. 2008, Bubeck et al. 2011, Valko
et al. 2013a). Recently, an algorithm known as Thomp-
son sampling has received a great deal of interest.
Agrawal and Goyal (2013b) provided the first analy-
sis for linear contextual bandit problems. Russo and
Van Roy (2013, 2014b) consider a more general class
of models, and show that standard analysis of upper
confidence bound algorithms leads to bounds on the
expected regret of Thompson sampling. Very recent
work of Gopalan et al. (2014) provides asymptotic fre-
quentist bounds on the growth rate of regret for prob-
lems with dependent arms. Both UCB algorithms and
Thompson sampling have been applied to other types
of problems, like reinforcement learning (Jaksch et al.
2010, Osband et al. 2013) and Monte Carlo tree search
(Kocsis and Szepesvári 2006, Bai et al. 2013).

In one of the first papers on multi-armed bandit
problems with dependent arms, Agrawal et al. (1989a)
consider a general model in which the reward distri-
bution associated with each action depends on a com-
mon unknown parameter. When the parameter space
is finite, they provide a lower bound on the asymp-
totic growth rate of the regret of any admissible pol-
icy as the time horizon tends to infinity and show
that this bound is attainable. These results were later
extended by Agrawal et al. (1989b) and Graves and
Lai (1997) to apply to the adaptive control of Markov
chains and to problems with infinite parameter spaces.
These papers provide results of fundamental impor-
tance, but seem to have been overlooked by much of
the recent literature.

Though the use of mutual information to guide sam-
pling has been the subject of much research, dating
back to the work of Lindley (1956), to our knowledge,
only two other papers (Villemonteix et al. 2009, Hennig
and Schuler 2012) have used the mutual information
between the optimal action and the next observation to
guide action selection. Each focuses on optimization of
expensive-to-evaluate black-box functions. Here, black
box indicates the absence of strong structural assump-
tions such as convexity and that the algorithm only
has access to function evaluations, while expensive-to-
evaluate indicates that the cost of evaluation warrants
investing considerable effort to determine where to
evaluate. These papers focus on settings with low-
dimensional continuous action spaces, and with a
Gaussian process prior over the objective function,
reflecting the belief that “smoother” objective func-
tions are more plausible than others. This approach is
often called “Bayesian optimization” in the machine
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learning community (Brochu et al. 2009). Both Ville-
monteix et al. (2009) and Hennig and Schuler (2012)
propose selecting each sample to maximize the mutual
information between the next observation and the opti-
mal solution. Several papers (Hernández-Lobato et al.
2014, 2015, 2017) have extended this line of work since
an initial version of our paper appeared online. The
numerical routines in these papers use approximations
tomutual information andmay give insight into how to
design efficient computational approximations to IDS.
Several features distinguish our work from that of

Villemonteix et al. (2009) and Hennig and Schuler
(2012). First, these papers focus on pure exploration
problems: the objective is simply to learn about the opti-
mal solution—not to attain high cumulative reward.
Second, andmore importantly, they focus only on prob-
lems with Gaussian process priors and continuous
action spaces. For such problems, simpler approaches
likeUCB algorithms (Srinivas et al. 2012), probability of
improvement (Kushner 1964), and expected improve-
ment (Mockus et al. 1978) are already extremely effec-
tive. As noted byBrochu et al. (2009, p. 11), each of these
algorithms simply chooses points with “potentially high
values of the objective function: whether because the
prediction is high, the uncertainty is great, or both.” By
contrast, a major motivation of our work is that a richer
information measure is needed to address problems
with more complicated information structures. Finally,
we provide a variety of general theoretical guaran-
tees for information-directed sampling, whereas Ville-
monteix et al. (2009) andHennigandSchuler (2012)pro-
pose their algorithms as heuristics without guarantees.
Section9.1 shows thatour theoretical guarantees extend
to pure exploration problems.
The knowledge gradient (KG) algorithm uses a dif-

ferent measure of information to guide action selec-
tion: the algorithm computes the impact of a single
observation on the quality of the decision made by a
greedy algorithm, which simply selects the action with
highest posterior expected reward. This measure was
proposed by Mockus et al. (1978) and studied further
by Frazier et al. (2008) and Ryzhov et al. (2012). KG
seems natural since it explicitly seeks information that
improves decision quality. Computational studies sug-
gest that for problems with Gaussian priors, Gaussian
rewards, and relatively short time horizons, KG per-
forms very well. However, there are no general guar-
antees for KG, and even in some simple settings, it may
not converge to optimality. In fact, it may select a sub-
optimal action in every period, even as the time horizon
tends to infinity. IDS also measures the information
provided by a single observation, but our results imply
it converges to optimality. KG is discussed further in
Section 4.3.3.
Our work also connects to a much larger literature

on Bayesian experimental design (see Chaloner et al.

1995, for a review). Contal et al. (2014) study problems
with Gaussian process priors and amethod that guides
exploration using the mutual information between the
objective function and the next observation. This work
provides a regret bound, though, as the authors’ erra-
tum indicates, the proof of the regret bound is incor-
rect. Recent work has demonstrated the effectiveness
of greedy or myopic policies that always maximize a
measure of the information gain from the next sam-
ple. Jedynak et al. (2012) and Waeber et al. (2013)
consider problem settings in which this greedy pol-
icy is optimal. Another recent line of work (Golovin
et al. 2010, Golovin and Krause 2011) shows that mea-
sures of information gain sometimes satisfy a decreas-
ing returns property known as adaptive submodular-
ity, implying the greedy policy is competitive with
the optimal policy. Our algorithm also only considers
the information gain because of the next sample, even
though the goal is to acquire information over many
periods. Our results establish that the manner in which
IDS encourages information gain leads to an effective
algorithm, even for the different objective of maximiz-
ing cumulative reward.

Finally, our work connects to the literature on par-
tial monitoring. First introduced by (Piccolboni and
Schindelhauer 2001) the partial monitoring problem
encompasses a broad range of online optimization
problemswith limited or partial feedback. Recent work
(Bartók et al. 2014) has focused on classifying the
minimax-optimal scalingof regret in theproblem’s time
horizon as a function of the level of feedback the agent
receives. That work focuses most attention on cases
where the agent receives very restrictive feedback, and
in particular, cannot observe the reward their action
generates. Our work also allows the agent to observe
rich forms of feedback in response to actions they select,
but we focus on a more standard decision-theoretic
framework in which the agent associates their observa-
tions with a reward as specified by a utility function.

The literature we have discussed primarily focuses
on contexts where the goal is to converge on an optimal
action in a manner that limits exploration costs. Such
methods are not geared toward problems where time
preference plays an important role. A notable exception
is the KG algorithm, which takes a discount factor as
input to account for time preference. Francetich and
Kreps (2016a, b) discuss a variety of heuristics for the
discounted problem. Recent work (Russo et al. 2017)
generalizes Thompson sampling to address discounted
problems. We believe that IDS can also be extended to
treat discounted problems, though we do not pursue
that in this paper.

The regret bounds we will present build on our
information-theoretic analysis of Thompson sampling
(Russo and Van Roy 2016), which can be used to bound
the regret of any policy in terms of its information ratio.
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The information ratio of IDS is always smaller than
that of TS, and therefore, bounds on the information
ratio of TS provided in Russo and Van Roy (2016) yield
regret bounds for IDS. This observation and a prelim-
inary version of our results was first presented in a
conference paper (Russo and Van Roy 2014a). Recent
work by Bubeck et al. (2015) and Bubeck and Eldan
(2016) build on ideas from (Russo and Van Roy 2016)
in another direction by bounding the information ratio
when the reward function is convex and using that
bound to study the order of regret in adversarial bandit
convex optimization.

3. Problem Formulation
We consider a general probabilistic, or Bayesian, for-
mulation in which uncertain quantities are modeled
as random variables. The decision maker sequentially
chooses actions (At)t∈� from a finite action set A and
observes the corresponding outcomes (Yt ,At

)t∈�. There
is a random outcome Yt , a ∈ Y associated with each
action a ∈A and time t ∈ �. Let Yt ≡ (Yt , a)a∈A be the vec-
tor of outcomes at time t ∈�. There is a randomvariable
θ such that, conditioned on θ, (Yt)t∈� is an iid sequence.
This can be thought of as a Bayesian formulation,where
randomness in θ captures the decision-maker’s prior
uncertainty about the true nature of the system, and the
remaining randomness inYt captures idiosyncratic ran-
domness in observed outcomes.
The agent associates a reward R(y) with each out-

come y ∈ Y, where the reward function R: Y→ � is
fixed and known. Let Rt , a � R(Yt , a) denote the real-
ized reward of action a at time t. Uncertainty about θ
induces uncertainty about the true optimal action,
which we denote by A∗ ∈ arg maxa∈A Ɛ[R1, a | θ]. The
T–period regret of the sequence of actions A1 , . . . ,AT is
the random variable

Regret(T) :�
T∑

t�1
(Rt ,A∗ −Rt ,At

), (1)

which measures the cumulative difference between the
reward earned by an algorithm that always chooses the
optimal action and actual accumulated reward up to
time T. In this paper we study expected regret

Ɛ[Regret(T)]� Ɛ

[ T∑
t�1
(Rt ,A∗ −Rt ,At

)
]
, (2)

where the expectation is taken over the randomness
in the actions At and the outcomes Yt , and over the
prior distribution over θ. This measure of performance
is commonly called Bayesian regret or Bayes risk.

The action At is chosen based on the history of obser-
vations F t � (A1 ,Y1,A1

, . . . ,At−1 ,Yt−1,At−1
) up to time t.

The action At is chosen based on the history of obser-
vations F t � (A1 ,Y1,A1

, . . . ,At−1 ,Yt−1,At−1
) up to time t.

Formally, a randomized policy π � (πt)t∈� is a sequence
of deterministic functions, where πt(F t) specifies a
probability distribution over the action set A. Let D(A)
denote the set of probability distributions over A. The
action At is a selected by sampling independently from
πt(F t). With some abuse of notation, we will typically
write this distribution as πt , where πt(a)�� (At � a |F t)
denotes the probability assigned to action a given
the observed history. We explicitly display the depen-
dence of regret on the policy π, letting Ɛ[Regret(T, π)]
denote the expected value given by (2)when the actions
(A1 , . . . ,AT) are chosen according to π.

FurtherNotation. Setαt(a)�� (A∗� a |F t) tobe thepos-
terior distribution of A∗. For two probability measures
P and Q over a commonmeasurable space, if P is abso-
lutely continuous with respect to Q, the Kullback-Leibler
divergence between P and Q is

DKL(P | |Q)�
∫

log
(

dP
dQ

)
dP (3)

where dP/dQ is the Radon-Nikodym derivative of P
with respect toQ. For a probability distributionP over a
finite setX , theShannon entropyofP is definedasH(P)�
−∑

x∈X P(x) log(P(x)). Themutual information under the
posterior distribution between two random variables
X1:Ω→X1, and X2:Ω→X2, denoted by

It(X1;X2)
:�DKL

[
� ((X1 ,X2)∈· |F t)‖� (X1∈· |F t)� (X2∈· |F t)

]
, (4)

is the Kullback-Leibler divergence between the joint
posterior distribution of X1 and X2 and the product of
the marginal distributions. Note that It(X1; X2) is a ran-
dom variable because of its dependence on the condi-
tional probability measure � ( · |F t).

To reduce notation, we define the information gain
from an action a to be gt(a) :� It(A∗; Yt , a). As shown, for
example, in Gray (2011, Lemma 5.5.6), this is equal to
the expected reduction in entropy of the posterior dis-
tribution of A∗ because of observing Yt(a):

gt(a)� Ɛ[H(αt) −H(αt+1) |F t ,At � a], (5)

which plays a crucial role in our results. Let ∆t(a) :�
Ɛ[Rt ,A∗ − Rt , a |F t] denote the expected instantaneous
regret of action a at time t.

We use overloaded notation for gt( · ) and ∆t( · ). For
an action sampling distribution π ∈ D(A), gt(π) :�∑

a∈A π(a)gt(a) denotes the expected information gain
when actions are selected according to π, and ∆t(π) �∑

a∈A π(a)∆t(a) isdefinedanalogously. Finally,we some-
times use the shorthand notation Ɛt[ · ] � Ɛt[ · |F t] for
conditional expectations under the posterior distribu-
tion, and similarly write � t( · )� � ( · |F t).
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4. AlgorithmDesignPrinciples
The primary contribution of this paper is IDS, a gen-
eral principle for designing action-selection algorithms.
Wewill define IDS in this section, after discussingmoti-
vations underlying its structure. Further, through a set
of examples, we will illustrate how alternative design
principles fail to account for particular kinds of infor-
mationand therefore canbedramaticallyoutperformed
by IDS.

4.1. Motivation
Our goal is to minimize expected regret over a time
horizon T. This is achieved by a Bayes-optimal policy,
which, in principle, can be computed via dynamic pro-
gramming. Unfortunately, computing, or even storing,
thisBayes-optimalpolicy is generally infeasible. For this
reason, there has been significant interest in developing
computationally efficient heuristics.
As with much of the literature, we are motivated by

contextswhere the timehorizonT is “large.” For largeT
and moderate times t � T, the mapping from belief
state to action prescribed by the Bayes-optimal policy
does not vary significantly from one time period to the
next. As such, it is reasonable to restrict attention to sta-
tionary heuristic policies. IDS falls in this category.
IDS is motivated largely by a desire to overcome

shortcomings of currently popular design principles.
In particular, it accounts for kinds of information that
alternatives fail to adequately address:

1. Indirect information. IDS can select an action to
obtain useful feedback about other actions even if there
will be no useful feedback about the selected action.
2. Cumulating information. IDS can select an action

to obtain feedback that does not immediately enable
higher expected reward but can eventually do so when
combinedwith feedback from subsequent actions.
3. Irrelevant information. IDS avoids investments in

acquiring information that will not help to determine
which actions ought to be selected.
Examples presented in Section 4.3 aim to contrast the

manner in which IDS and alternative approaches treat
these kinds of information.

It is worth noting that we refer to IDS as a design prin-
ciple rather than an algorithm. The reason is that IDS
does not specify steps to be carried out in terms of basic
computational operations but only an abstract objec-
tive to be optimized. As we will discuss later, for many
problemclasses of interest, like theBernoulli bandit, the
Gaussian bandit, and the linear bandit, one can develop
tractable algorithms that implement IDS. The situa-
tion is similar for upper confidence bounds, Thompson
sampling, expected improvement maximization, and
knowledge gradient; these are abstract design princi-
ples that lead to tractable algorithms for specific prob-
lem classes.

4.2. Information-Directed Sampling
IDS balances between obtaining low expected regret
in the current period and acquiring new information
about which action is optimal. It does this by minimiz-
ing over all action sampling distributions π ∈D(A) the
ratio between the square of expected regret ∆t(π)2 and
information gain gt(π) about the optimal action A∗. In
particular, the policy πIDS � (πIDS

1 , πIDS
2 , . . .) is definedby

πIDS
t ∈ arg min

π∈D(A)

{
Ψt(π) :�

∆t(π)2
gt(π)

}
. (6)

We callΨt(π) the information ratio of an action sampling
distribution π. It measures the squared regret incurred
per-bit of information acquired about the optimum.
IDS myopically minimizes this notion of cost-per-bit of
information in each period.

Note that IDS is stationary randomized policy: random-
ized in that each action is randomly sampled from a
distribution and stationary in that this action distribu-
tion is determinedby theposterior distribution of θ and
otherwise independent of the time period. It is natural
towonderwhether randomizationplays a fundamental
role or if a stationary deterministic policy can offer sim-
ilar behavior. The following example sheds light on this
matter.

Example 1 (A Known Standard). Consider a problem
with two actions A � {a1 , a2}. Rewards from a1 are
known to be distributed Bernoulli(1/2). The distribu-
tion of rewards from a2 is Bernoulli(3/4) with prior
probability p0 and is Bernoulli(1/4) with prior proba-
bility 1− p0.

Consider a stationary deterministic policy for this
problem. With such a policy, each action At is a deter-
ministic function of pt−1, the posterior probability con-
ditioned on observations made through period t − 1.
Suppose that for some p0 > 0, the policy selects A1 � a1.
Since this is an uninformative action, pt � p0 and At � a1
for all t, and thus, expected regret grows linearly with
time. If, on the other hand, A1 � a2 for all p0 > 0 then
At � a2 for all t, which again results in expected regret
that grows linearly with time. It follows that, for any
deterministic stationarypolicy, thereexists apriorprob-
ability p0 such that expected regret grows linearly with
time.

In Section 5, we will establish a sublinear bound on
expected regret of IDS. The result implies that, when
applied to the preceding example, the expected regret
of IDSdoes not grow linearly as does that of any station-
ary deterministic policy. This suggests that randomiza-
tion plays a fundamental role.

It may appear that the need for randomization intro-
duces great complexity since the solution of the opti-
mization problem (6) takes the form of a distribution
over actions. However, an important property of this
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problemdramatically simplifies solutions. Inparticular,
as wewill establish in Section 6, there is always a distri-
bution with support of at most two actions that attains
theminimum in (6).

4.3. Alternative Design Principles
Several alternative design principles have figured
prominently in the literature. However, each of them
fails to adequately address oneormore of the categories
of information enumerated in Section 4.1. This moti-
vated our development of IDS. In this section, we will
illustrate through a set of examples how IDS accounts
for such informationwhile alternatives fail.
4.3.1. Upper Confidence Bounds and Thompson Sam-
pling. Upper confidence bound (UCB) and Thompson
sampling (TS) are two of the most popular principles
for balancing between exploration and exploitation. As
data are collected, both approachesdonot only estimate
the rewardsgeneratedbydifferent actions, but carefully
track the uncertainty in their estimates. They then con-
tinue to experiment with all actions that could plausi-
bly be optimal given the observed data. This guarantees
actions are not prematurely discarded, but, in contrast
to more naive approaches like the ε-greedy algorithm,
also ensures that samples are notwasted on clearly sub-
optimal actions.
With a UCB algorithm, actions are selected through

two steps. First, for each action a ∈ A an upper confi-
dence bound Bt(a) is constructed. Then, the algorithm
selects an action At ∈ arg maxa∈A Bt(a) with maximal
upper confidence bound. The upper confidence bound
Bt(a) represents the greatest mean reward value that
is statistically plausible. In particular, Bt(a) is typically
constructed to be optimistic (Bt(a) > Ɛ[Rt , a | θ]) and
asymptotically consistent (Bt(a) → Ɛ[Rt , a | θ] as data
about the action a accumulates).

A TS algorithm simply samples each action accord-
ing to the posterior probability that it is optimal. In
particular, at each time t, an action is sampled from
πTS

t � αt . Thismeans that for each a ∈A, � (At � a |F t)�
� (A∗ � a |F t) � αt(a). This algorithm is sometimes
called probability matching because the action selection
distribution is matched to the posterior distribution of
the optimal action.
For some problem classes, UCB and TS lead to effi-

cient and empirically effective algorithms with strong
theoretical guarantees. Specific UCB and TS algo-
rithms are known to be asymptotically efficient for
multi-armed bandit problems with independent arms
(Lai and Robbins 1985, Lai 1987, Cappé et al. 2013,
Kaufmann et al. 2012b, Agrawal and Goyal 2013a) and
satisfy strong regret bounds for some problems with
dependent arms (Dani et al. 2008, Rusmevichientong
and Tsitsiklis 2010, Srinivas et al. 2012, Bubeck et al.
2011, Filippi et al. 2010, Gopalan et al. 2014, Russo and
Van Roy 2014b).

Unfortunately, as the following examples demon-
strate, UCB and TS do not pursue indirect information
and because of that can perform very poorly relative to
IDS for some natural problem classes. A common fea-
ture of UCB and TS that leads to poor performance in
these examples is that they restrict attention to sampling
actions that have some chance of being optimal. This is
the case with TS because each action is selected accord-
ing to the probability that it is optimal. With UCB, the
upper-confidence-bound of an action known to be sub-
optimal will always be dominated by others.

Our first example is somewhat contrived but de-
signed tomake the point transparent.

Example 2 (A Revealing Action). Let A � {0, 1, . . . ,K}
consist of K + 1 actions and suppose that θ is drawn
uniformly at random from a finite set Θ � {1, . . . ,K}
of K possible values. Consider a problem with bandit-
feedback Yt , a � Rt , a . Under θ, the reward of action a is

Rt , a �


1 θ � a ,
0 θ , a , a , 0,
1/2θ a � 0.

Note that action 0 is known to never yield the max-
imal reward, and is therefore never selected by TS
or UCB. Instead, these algorithms will select among
actions {1, . . . ,K}, ruling out only a single action at a
time until a reward 1 is earned and the optimal action
is identified. Their expected regret therefore grows lin-
early in K. IDS is able to recognize that much more is
learned by drawing action 0 than by selecting one of
the other actions. In fact, selecting action 0 immediately
identifies the optimal action. IDS selects this action,
learnswhich action is optimal, and selects that action in
all future periods. Its regret is independent of K.

Our second example may be of greater practical sig-
nificance. It represents the simplest case of a sparse lin-
ear model.

Example 3 (Sparse Linear Model). Consider a linear
bandit problem where A ⊂ �d and the reward from an
action a ∈ A is aTθ∗. The true parameter θ is known to
be drawn uniformly at random from the set of 1-sparse
vectors Θ � {θ′ ∈ {0, 1}d : ‖θ′‖0 � 1}. For simplicity,
assume d � 2m for some m ∈ �. The action set is taken
to be the set of vectors in {0, 1}d normalized to be a unit
vector in the L1 norm:A� {x/‖x‖1: x ∈ {0, 1}d , x , 0}.
For this problem, when an action a is selected and

y � aTθ ∈ {0, 1/‖a‖0} is observed, each θ′ ∈ Θ with
aTθ′ , y is ruled out. Let Θt denote the set of all
parameters in Θ that are consistent with the rewards
observed up to time t and letI t � {i ∈ {1, . . . , d}: θ′i � 1,
θ′ ∈Θt} denote the corresponding set of possible posi-
tive components.

Note that A∗ � θ. That is, if θ were known, choosing
the action θ would yield the highest possible reward.
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TS and UCB algorithms only choose actions from the
support of A∗ and therefore will only sample actions
a ∈A that, like A∗, have only a single positive compo-
nent. Unless that is also the positive component of θ,
the algorithm will observe a reward of zero and rule
out only one element of I t . In the worst case, the
algorithm requires d samples to identify the optimal
action.
Now, consider an application of IDS to this prob-

lem. The algorithm essentially performs binary search:
it selects a ∈ A with ai > 0 for half of the components
i ∈ I t and ai � 0 for the other half as well as for any
i <I t . After just log2(d) time steps the true value of the
parameter vector θ is identified.
To see why this is the case, first note that all param-

eters in Θt are equally likely and hence the expected
reward of an action a is (1/|I t |)

∑
i∈It

ai . Since ai > 0
and ∑

i ai � 1 for each a ∈ A, every action whose pos-
itive components are in It yields the highest possible
expected reward of 1/|I t |. Therefore, binary search
minimizes expected regret in period t for this prob-
lem. At the same time, binary search is assured to rule
out half of the parameter vectors in Θt at each time t.
This is the largest possible expected reduction, and also
leads to the largest possible information gain about A∗.
Since binary search both minimizes expected regret in
period t anduniquelymaximizes expected information
gain in period t, it is the sampling strategy followed
by IDS.
In this setting we can explicitly calculate the infor-

mation ratio of each policy, and the difference between
themhighlights theadvantagesof information-directed
sampling.We have

Ψ1(πTS
1 )�

(d − 1)2/d2

log(d)/d + (d − 1/d) log(d/(d − 1)) ∼
d

log(d) ,

Ψ1(πIDS
1 )�

1
log(2)

(
1− 1

d

)2

∼ 1
log(2) ,

where h(d) ∼ f (d) if h(d)/ f (d)→ 1 as d→∞. When the
dimension d is large,Ψ1(πIDS

1 ) is much smaller.
Our final example involves an assortment optimiza-

tion problem.

Example 4 (Assortment Optimization). Consider the
problem of repeatedly recommending an assortment
of products to a customer. The customer has unknown
typeθ ∈Θwhere |Θ|� n. Eachproduct is geared toward
customers of a particular type, and the assortment a ∈
A � Θm of m products offered is characterized by the
vector of product types a � (a1 , . . . , am). We model cus-
tomer responses through a random utility model in
which customers are more likely to derive high value
from a product geared toward their type.When offered
an assortment of products a, the customer associates
with the ith product utility U (t)θ, i(a) � β1{ai�θ} + W (t)

i ,

where W t
i follows an extreme–value distribution and

β ∈ � is a known constant. This is a standard multino-
mial logit discrete choice model. The probability a cus-
tomer of type θ chooses product i is given by

exp{β1{ai�θ}}∑m
j�1 exp{β1{a j�θ}}

.

When an assortment a is offered at time t, the customer
makes a choice It � arg maxi U (t)θi (a) and leaves a review
U (t)θIt
(a) indicating the utility derived from the product,

bothofwhichareobservedby the recommendation sys-
tem. The reward to the recommendation system is the
normalized utility of the customer U (t)θIt

(a)/β.
If the type θ of the customer were known, then the

optimal recommendation would be A∗ � (θ, θ, . . . , θ),
which consists only of products targeted at the cus-
tomer’s type. Therefore, both TS and UCB would only
offer assortments consisting of a single type of product.
Because of this, TS and UCB each require order n sam-
ples to learn the customer’s true type. IDS will instead
offer a diverse assortment of products to the customer,
allowing it to learnmuchmore quickly.

To render issues more transparent, suppose that θ is
drawn uniformly at random from Θ and consider the
behavior of each type of algorithm in the limiting case
where β→∞. In this regime, the probability a customer
chooses a product of type θ if it is available tends to 1,
and the normalized review β−1U (t)θIt

(a) tends to 1{aIt �θ}
,

an indicator forwhether the chosenproduct is of typeθ.
The initial assortment offered by IDS will consist of m
different and previously untested product types. Such
anassortmentmaximizesboth thealgorithm’s expected
reward in the next period and the algorithm’s informa-
tion gain, since it has the highest probability of contain-
ing aproduct of type θ. The customer’s response almost
perfectly indicates whether one of those items was of
type θ. The algorithm continues offering assortments
containing m unique, untested, product types until a
reviewnearU (t)θIt

(a) ≈ β is received.With extremely high
probability, this takes at most dn/me time periods. By
diversifying the m products in the assortment, the algo-
rithm learns a factor of m times faster.

As in the previous example, we can explicitly calcu-
late the information ratio of each policy, and the differ-
ence between them highlights the advantages of IDS.
The information ratio of IDS is more than m times
smaller:

Ψ1(πTS
1 )�

(1−1/n)2
(1/n)log(n)+(n−1/n)log(n/(n−1)) ∼

n
log(n) ,

Ψ1(πIDS
1 )�

(1−m/n)2
(m/n)log(n/m)+(n−m/n)log(n/(n−m))
6

n
m log(n/m) .
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4.3.2. Other Information-Directed Approaches. An-
other natural information-directed algorithm aims to
maximize the information acquired about the uncer-
tainmodel parameter θ. In particular, consider an algo-
rithm that selects the action at time t that maximizes
the weighted combination of the expected reward the
action generates and the information it generates about
the uncertainmodel parameter θ: Ɛt[Rt , a]+λIt(Yt , a ;θ).
Throughout this section, we will refer to this algorithm
as θ-IDS.While such an algorithm can performwell on
particular examples, the next example highlights that
it may invest in acquiring information about θ that is
irrelevant to the decision problem.
Example 5 (UnconstrainedAssortmentOptimization).Con-
sider again the problem of repeatedly recommending
assortments of products to a customer with unknown
preferences. The recommendation system can choose
any subset of products a ⊂ {1, . . . , n} to display. When
offered assortment a at time t, the customer chooses the
item Jt � arg maxi∈a θi and leaves the review Rt , a � θJt

,
where θi is the utility associated with product i.
The recommendation system observes both Jt and
the review Rt , a and has the goal of learning to offer
the assortment that yields the best outcome for the
customer and maximizes the review Rt , a . Suppose
that θ is drawn as a uniformly random permutation of
the vector (1, 1

2 ,
1
3 , . . . , 1/n). The customer is known to

assign utility 1 to her most preferred item, 1/2 to the
next best item, 1/3 to the third best, and so on, but the
rank ordering is unknown.
In this example, no learning is required to offer an

optimal assortment: since there is no constraint on the
size of the assortment, it is always best to offer the full
collection of products a � {1, . . . , n} and allow the cus-
tomer to choose themost preferred.Offering this assort-
ment reveals which item is most preferred by the cus-
tomer, but it reveals nothing about her preferences
about others. When applied to this problem, θ-IDS
begins by offering the full assortment A1 � {1, . . . , n},
which yields a reward of 1, and, by revealing the top
item, yields information of I1(Y1,A1

;θ) � log(n). But,
if 1/2 < λ log(n − 1), which is guaranteed for suffi-
ciently large n, it continues experimenting with sub-
optimal assortments. In the second period, it will offer
the assortment A2 consisting of all products except
arg maxi θi . Playing this assortment reveals the cus-
tomer’s second most preferred item, and yields infor-
mation gain I2(Y2,A2

;θ) � log(n − 1). This process con-
tinues until the first period k where λ log(n + 1 − k) <
1− 1/k.
To learn to offer effective assortments, θ-IDS tries to

learn as much as possible about the customer’s prefer-
ences. In doing this, the algorithm inadvertently invests
experimentation effort in information that is irrele-
vant to choosing an optimal assortment. On the other
hand, IDS recognizes that the optimal assortment A∗ �

{1, . . . , n}doesnotdependon full knowledgeof thevec-
tor θ, and therefore does not invest in identifying θ.
As shown in Section 9.2, our analysis can be adapted

to provide regret bounds for a version of IDS that
uses information gain with respect to θ, rather than
with respect to A∗. These regret bounds depend on the
entropyof θ,whereas thebound for IDSdependson the
entropy of A∗, which can bemuch smaller.
4.3.3. Expected Improvement and the Knowledge Gra-
dient. We now consider two algorithms that measure
the quality of the best decision that can be made based
on current information, and we encourage gathering
observations that are expected to immediately increase
this measure. The first is the expected improvement
algorithm, which is one of the most widely used tech-
niques in the active field of Bayesian optimization (see
Brochu et al. 2009). Define µt , a � Ɛ[Rt , a |F t] to be the
expected reward generated by a under the posterior,
and Vt � maxa′ µt , a′ to be the best objective value attain-
able given current information. The expected improve-
ment of action a is defined to be Ɛ[max{ fθ(a),Vt} |F t],
where fθ(a) � Ɛ[Rt , a | θ] is the expected reward gen-
erated by action a under the unknown true param-
eter θ. The EGO algorithm aims to identify high
performing actions by sequentially sampling those
that yield the highest expected improvement. Similar
to UCB algorithms, this encourages the selection of
actions that could potentially offer great performance.
Unfortunately, like these UCB algorithms, this mea-
sure of improvement does not place value on indirect
information: it will not select an action that provides
useful feedback about other actions unless the mean
reward of that actionmight exceed Vt . For example, the
expected improvement algorithmcannot treat theprob-
lem described in Example 2 in a satisfactorymanner.

The knowledge gradient algorithm (Ryzhov et al.
2012) uses amodified improvementmeasure. At time t,
it computes

vKG
t , a :� Ɛ[Vt+1 |F t ,At � a] −Vt

for each action a. If Vt measures the quality of decision
that can be made based on current information, then
vKG

t , a captures the immediate improvement in decision
quality from sampling action a and observing Yt , a . For
a problemwith time horizon T, the KGpolicy selects an
action in time period t by maximizing µt , a + (T − t)vKG

t , a
over actions a ∈A.

Unlike expected improvement, the measure vKG
t , a of

the value of sampling an action places value on indirect
information. In particular, even if an action is known to
yield low expected reward, sampling that action could
lead to a significant increase in Vt by providing infor-
mation about other actions. Unfortunately, there are no
general guarantees for KG, and it sometimes struggles
with cumulating information; individual observations
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that provide information about A∗ may not be immedi-
atelyuseful formakingdecisions in thenext period, and
thereforemay lead to no improvement in Vt .
Example 1 provides one simple illustration of this

phenomenon. In that example, action 1 is known to
yield a mean reward of 1/2. When p0 6 1/4, upon sam-
pling action 2 and observing a reward 1, the posterior
expected reward of action 2 becomes

Ɛ[R2, a2
|R1, a2

� 1]�
p0(3/4)

p0(3/4)+ (1− p0)(1/4)
6 1/2.

In particular, a single sample could never be influential
enough to change which action has the highest poste-
rior expected reward. Therefore, vKG

t , a2
� 0, and the KG

decision rule selects action 1 in the first period. Since
nothing is learned fromthe resultingobservation, itwill
continue selecting action 1 in all subsequent periods.
Even as the time horizon T tends to infinity, the KG pol-
icy would never select action 2. Its cumulative regret
over T time periods is equal to (p0/4)T, which grows
linearly with T.
In this example, although sampling action 2 will

not immediately shift the decision-maker’s prediction
of the best action (arg maxa Ɛ[θa |F 1]), these samples
influences her posterior beliefs and reduce uncertainty
about which action is optimal. As a result, IDS will
always assign positive probability to sampling the sec-
ond action. More broadly, IDS places value on informa-
tion that is pertinent to the decision problem, even if
that informationwill not directly improve performance
on its own. This is useful when onemust combine mul-
tiple pieces of information in order to effectively learn.
Toaddressproblems likeExample1, Frazier andPow-

ell (2010) propose KG∗—a modified form of KG that
considers the value of sampling a single action many
times. This helps to address some cases— those where
a single sample of an action provides no value even
though sampling the action several times could be quite
valuable—but this modification may not address more
general problems. As shown in the next example, even
for problems with independent arms, the value of per-
fectly observing a single action could be exactly zero,
even if there is value to combining information from
multiple actions.

Example 6 (Heterogeneous Priors). Consider a prob-
lem with two actions A � {1, 2}. When action a ∈ A
is selected, a reward of θa is observed, where θ1 ∈
{0.4, 0.6} and θ2 ∈ {0.5, 0.7}. Let θ1 and θ2 be inde-
pendent, with � (θ1 � 0.4) � � (θ1 � 0.6) � 0.5 and
� (θ2 � 0.5) � � (θ2 � 0.7) � 0.5, so that Ɛ[θ1] � 0.5 and
Ɛ[θ2]� 0.6.

In this example, θ1 6 Ɛ[θ2] and Ɛ[θ1] 6 θ2 with cer-
tainty. As such, observing either θ1 or θ2 alone does not
enable a better decision. On the other hand, observing
both θ1 and θ2 is valuable, since it is possible that θ1 �

0.6 > 0.5 � θ2. KG∗ does not account for this possibility
and would repeatedly select action 2 since it only con-
siders what might be learned from sampling a single
action multiple times. The manner in which IDSmakes
use of mutual information addresses such situations;
in the case of Example 6, I(A∗;θ1) > 0 and I(A∗;θ2) > 0,
so mutual information indicates that sampling either
action provides information about the optimum, and
consequently, IDS randomizes between the two actions.

5. RegretBounds
This section establishes regret bounds for information-
directed sampling for several of the most widely stud-
ied classes of online optimization problems. These
regret bounds follow from our recent information
theoretic analysis of Thompson sampling (Russo and
Van Roy 2016). In the next subsection, we establish a
regret bound for any policy in terms of its information
ratio. Because the information ratio of IDS is always
smaller than that of TS, the bounds on the informa-
tion ratio of TS provided in Russo and Van Roy (2016)
immediately yield regret bounds for IDS for a number
of important problem classes.

5.1. General Bound
We begin with a general result that bounds the regret
of any policy in terms of its information ratio and the
entropy of the optimal action distribution. Recall that
we have defined the information ratio of an action sam-
pling distribution to be Ψt(π) :� ∆t(π)2/gt(π); it is the
squared expected regret the algorithm incurs per-bit of
information it acquires about theoptimum.Theentropy
of the optimal action distribution H(α1) captures the
magnitude of the decision-maker’s initial uncertainty
about which action is optimal. One can then interpret
the next result as a bound on regret that depends on the
cost of acquiring new information and the total amount
of information that needs to be acquired.
Proposition 1. For anypolicyπ� (π1 , π2 , π3 , . . .) and time
T ∈ �,

Ɛ[Regret(T, π)] 6
√
Ψ̄T(π)H(α1)T ,

where
Ψ̄T(π) ≡

1
T

T∑
t�1

Ɛπ[Ψt(πt)]

is the average expected information ratio under π.
We will use the following immediate corollary of

Proposition 1, which relies on a uniform bound on the
information ratio of the form Ψt(πt) 6 λ rather than a
bound on the average expected information ratio.
Corollary 1. Fix a deterministic λ ∈ � and a policy π �

(π1 , π2 , . . .) such thatΨt(πt) 6 λ almost surely for each t ∈
{1, . . . ,T}. Then,

Ɛ[Regret(T, π)] 6
√
λH(α1)T .
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5.2. Specialized Bounds on theMinimal Information
Ratio

We now establish upper bounds on the information
ratio of IDS in several important settings, which yields
explicit regret bounds when combined with Corol-
lary 1. These bounds show that, in any period, the
algorithm’s expected regret can only be large if it is
expected to acquire a lot of information about which
action is optimal. In this sense, it effectively bal-
ances between exploration and exploitation in every
period. For each problem setting, we will compare our
upper bounds on expected regret with known lower
bounds.
The bounds on the information ratio also help to clar-

ify the role it plays in our results: it roughly captures
the extent to which sampling some actions allows the
decision maker to make inferences about other actions.
In the worst case, the ratio depends on the number
of actions, reflecting the fact that actions could pro-
vide no information about others. For problems with
full information, the information ratio is bounded by a
numerical constant, reflecting that sampling one action
perfectly reveals the rewards that would have been
earned by selecting any other action. The problems of
online linearoptimizationunder“bandit feedback”and
under “semi-bandit feedback” lie between these two
extremes, and the ratio provides a natural measure of
each problem’s information structure. In each case, our
bounds reflect that IDS is able to automatically exploit
this structure.
The proofs of these bounds follow from our recent

analysis of Thompson sampling, and the implied regret
bounds are the same as those established for Thompson
sampling. In particular, sinceΨt(πIDS

t ) 6Ψt(πTS
t )where

πTS is the Thompson sampling policy, it is enough to
boundΨt(πTS

t ). Several bounds on the information ratio
of TS were provided by Russo and Van Roy (2016), and
we defer to that paper for the proofs. While the analy-
sis is similar in the cases considered here, IDS outper-
forms Thompson sampling in simulation, and, as we
highlighted in the previous section, is sometimes prov-
ablymuchmore informationally efficient.
In addition to the bounds stated here, recent work

by Bubeck et al. (2015) and Bubeck and Eldan (2016)
bounds the information ratiowhen the reward function
is convex, and uses this to study the order of regret in
adversarial bandit convex optimization. This points to
a broader potential of using information-ratio analysis
to study the information complexity of general online
optimization problems.

To simplify the exposition, our results are stated
under the assumption that rewards are uniformly
bounded. This effectively controls the worst-case vari-
ance of the reward distribution, and as shown in the
appendix of Russo and Van Roy (2016), our results can
be extended to the case where reward distributions are
sub-Gaussian.

Assumption 1. sup ȳ∈Y R( ȳ) − inf
¯
y∈Y R(

¯
y) 6 1.

5.2.1. Worst-Case Bound. The next proposition shows
thatΨt(πIDS

t ) is never larger than |A|/2. That is, there is
always an action sampling distribution π ∈ D(A) such
that ∆t(π)2 6 (|A|/2)gt(π). As we will show in the com-
ing sections, the ratio between regret and information
gain can be much smaller under specific information
structures.

Proposition 2. For any t ∈ �, Ψt(πIDS
t ) 6 |A|/2 almost

surely.

CombiningProposition2withCorollary 1 shows that
Ɛ[Regret(T, πIDS)] 6

√
1
2 |A|H(α1)T.

5.2.2. Full Information. Our focus in this paper is on
problemswith partial feedback. For such problems, what
the decision maker observes depends on the actions
selected, which leads to a tension between exploration
and exploitation. Problems with full information arise
as an extreme point of our formulation where the
outcome Yt , a is perfectly revealed by observing Yt , ã
for some ã , a; what is learned does not depend on
the selected action. The next proposition shows that
under full information, theminimal information ratio is
bounded by 1/2.
Proposition 3. Suppose for each t ∈ � there is a random
variable Zt :Ω→Z such that for each a ∈ A, Yt , a � (a ,Zt).
Then for all t ∈ �,Ψt(πIDS

t ) 6 1
2 almost surely.

Combining this result with Corollary 1 shows that
Ɛ[Regret(T, πIDS)] 6

√
1
2 H(α1)T. Further, a worst-case

bound on the entropy of α1 gives the inequality
Ɛ[Regret(T, πIDS)] 6

√
1
2 log(|A|)T. Dani et al. (2007)

show this bound is order optimal, in the sense that
for any time horizon T and number of actions |A|
there exists a prior distribution over θ under which
infπ Ɛ[Regret(T, π)] > c0

√
log(|A|)T where c0 is a nu-

merical constant that does not depend on |A| or T. The
bound here improves upon this worst-case bound since
H(α1) can bemuch smaller than log(|A|)when the prior
distribution is informative.
5.2.3. Linear Optimization Under Bandit Feedback.
The stochastic linear bandit problem has been widely
studied (e.g., Dani et al. 2008, Rusmevichientong and
Tsitsiklis 2010, Abbasi-Yadkori et al. 2011) and is one of
the most important examples of a multi-armed bandit
problem with “correlated arms.” In this setting, each
action is associated with a finite dimensional feature
vector, and the mean reward generated by an action
is the inner product between its known feature vector
and some unknown parameter vector. Because of this
structure, observations fromtakingoneactionallow the
decision maker to make inferences about other actions.
The next proposition bounds the minimal information
ratio for such problems.
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Proposition 4. IfA⊂�d ,Θ⊂�d , and Ɛ[Rt , a | θ]� aTθ for
each action a ∈ A, thenΨt(πIDS

t ) 6 d/2 almost surely for all
t ∈ �.
This result shows the inequalities Ɛ[Regret(T, πIDS)]
6

√
1
2 H(α1)dT 6

√
1
2 log(|A|)dT for linear bandit prob-

lems. Dani et al. (2007) again show this bound is or-
der optimal in the sense that, for any time horizon T
and dimension d, when the action set is A� {0, 1}d

there exists a prior distribution over θ such that
infπ Ɛ[Regret(T, π)] > c0

√
log(|A|)dT where c0 is a con-

stant that is independent of d and T. The bound here
improves upon this worst-case bound since H(α1) can
be much smaller than log(|A|)when the prior distribu-
tion in informative.
5.2.4. Combinatorial Action Sets and “Semi-Bandit”
Feedback. Tomotivate the information structure stud-
ied here, consider a simple resource allocation prob-
lem. There are d possible projects, but the decision
maker can allocate resources to at most m 6 d of them
at a time. At time t, project i ∈ {1, . . . , d} yields a ran-
dom reward Xt , i , and the reward from selecting a sub-
set of projects a ∈ A ⊂ {a′ ⊂ {0, 1, . . . , d}: |a′ | 6 m} is
m−1 ∑

i∈A Xt , i . In the linear bandit formulation of this
problem, upon choosing a subset of projects a the agent
would only observe the overall reward m−1 ∑

i∈a Xt , i . It
may be natural instead to assume that the outcome of
each selectedproject (Xt , i : i ∈ a) is observed.This typeof
observation structure is sometimes called semi-bandit
feedback (Audibert et al. 2014).
A naive application of Proposition 4 to address this

problem would show Ψ∗t 6 d/2. The next proposition
shows that since the entire parameter vector (θt , i : i ∈ a)
is observed upon selecting action a, we can provide an
improved bound on the information ratio.
Proposition 5. Suppose A ⊂ {a ⊂ {0, 1, . . . , d}: |a | 6 m},
and that there are random variables (Xt , i : t ∈ �, i ∈ {1,
. . . , d}) such that

Yt , a � (Xt , i : i ∈ a) and Rt , a �
1
m

∑
i∈a

Xt , i .

Assume that the random variables {Xt , i : i ∈ {1, . . . , d}} are
independent conditioned on F t and Xt , i ∈ [−1/2, 1/2] al-
most surely for each (t , i). Then for all t ∈ �, Ψt(πIDS

t ) 6
d/(2m2) almost surely.
In this problem, there are as many as

( d
m

)
actions, but

because IDS exploits the structure relating actions to
one another, its regret is only polynomial in m and d.
In particular, combining Proposition 5 with Corol-
lary 1 shows Ɛ[Regret(T, πIDS)] 6 (1/m)

√
(d/2)H(α1)T.

Since H(α1) 6 log |A| � O(m log(d/m)) this also yields a
boundoforder

√
(d/m) log(d/m)T.As shownbyAudib-

ert et al. (2014), the lower bound1 for this problem is of
order

√
(d/m)T, so our bound is order optimal up to a√

log(d/m) factor.

6. ComputationalMethods
IDS offers an abstract design principle that captures
some key qualitative properties of the Bayes-optimal
solution while accommodating tractable computation
for many relevant problem classes. However, addi-
tional work is required to design efficient computa-
tional methods that implement IDS for specific prob-
lem classes. In this section, we provide guidance and
examples.

We will focus in this section on the problem of gen-
erating an action At given the posterior distribution
over θ at time t. This sidesteps the problem of com-
puting and representing a posterior distribution,which
can present its own challenges. Though IDS could be
combined with approximate Bayesian inference meth-
ods, we will focus here on the simpler context in which
posterior distributions can be efficiently computed and
stored, as is the case whenworkingwith tractable finite
uncertainty sets or appropriately chosen conjugate pri-
ors. It is worth noting, however, that two of our algo-
rithms approximate IDS using samples from the poste-
rior distribution, and this may be feasible through the
use of Markov chain Monte Carlo even in cases where
the posterior distribution cannot be computed or even
stored.

6.1. Evaluating the Information Ratio
Given a finite action set A � {1, . . . ,K}, we can view an
action distribution π as a K-dimensional vector of prob-
abilities. The information ratio can then bewritten as

Ψt(π)�
(π> ®∆)2
π> ®g

,

where ®∆ and ®g are K-dimensional vectors with compo-
nents ®∆k �∆t(k) and ®gk � gt(k) for k ∈ A. In this subsec-
tion, we discuss the computation of ®∆ and ®g for use in
evaluation of the information ratio.

There is no general efficient procedure for comput-
ing ®∆ and ®g given a posterior distribution, because
that would require computing integrals over possibly
high-dimensional spaces. Such computation can often
be carried out efficiently by leveraging the functional
form of the specific posterior distribution and often
requires numerical integration. To illustrate the design
of problem-specific computational procedures, we will
present two simple examples in this subsection.

Webeginwitha conceptually simplemodel involving
finite uncertainty sets.

Example 7 (Finite Sets).Consider a problem inwhich θ
takes values in Θ � {1, . . . , L}, the action set is A �

{1, . . . ,K}, the observation set isY � {1, . . . ,N}, and the
reward function R: Y 7→ � is arbitrary. Let p1 be the
prior probability mass function of θ and let qθ, a(y) be
the probability, conditioned on θ, of observing y when
action a is selected.
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Note that the posterior probability mass function pt ,
conditionedonobservationsmadeprior toperiod t, can
be computed recursively via Bayes’ rule:

pt+1(θ)←
pt(θ)qθ,At

(Yt ,At
)∑

θ′∈Θ pt(θ′)qθ′ ,At
(Yt ,At

) .

Given the posterior distribution pt along with the
modelparameters (L,K,N,R, q),Algorithm1computes
®∆ and ®g. Line 1 computes the optimal action for each
value of θ. Line 2 calculates the probability that each
action is optimal. Line 3 computes the marginal distri-
bution of Y1, a and line 4 computes the joint probability
mass function of (A∗ ,Y1, a). Lines 5 and 6 use the afore-
mentioned probabilities to compute ®∆ and ®g.
Algorithm 1 (finiteIR(L,K,N,R, p , q))
1: Θa←{θ | a � arg maxa′

∑
y qθ, a′(y)R(y)}, ∀θ

2: p(a∗)←∑
θ∈Θa∗

p(θ), ∀ a∗

3: pa(y)←
∑
θ p(θ)qθ, a(y), ∀ a , y , θ

4: pa(a∗ , y)← 1
p(a∗)

∑
θ∈Θa∗

qθ, a(y), ∀ a , y , a∗

5: R∗←∑
a
∑
θ∈Θa

∑
y p(θ)qθ, a(y)R(y)

6: ®ga←
∑

a∗ ,y pa(a∗ , y) log
pa(a∗ , y)

p(a∗)pa(y)
, ∀ a

7: ®∆a← R∗ −∑
θ p(θ)∑y qθ, a(y)R(y), ∀ a

8: return ®∆, ®g.
Next, we consider the beta-Bernoulli bandit.

Example 8 (Beta-Bernoulli Bandit). Consider a multi-ar-
medbandit problemwith binary rewards:A�{1, . . . ,K},
Y�{0,1}, and R(y)� y. Model parameters θ∈�K spec-
ify the mean reward θa of each action a. Components
of θ are independent and each beta-distributed with
prior parameters β1

1 ,β
2
1∈�K

+
.

Because the beta distribution is a conjugate prior for
the Bernoulli distribution, the posterior distribution of
each θa is a beta distribution. The posterior parameters
β1

t , a , β
2
t , a ∈ �+ can be computed recursively:

(β1
t+1, a , β

2
t+1, a)

←
{
(β1

t , a +Yt , a , β
2
t , a + (1−Yt , a)) if At � a ,

(β1
t , a , β

2
t , a) otherwise.

Given the posterior parameters (β1
t , β

2
t ), Algorithm 2

computes ®∆ and ®g.
Line 5 of the algorithmcomputes theposterior proba-

bilitymass function of A∗. It is easy to derive the expres-
sion used:

� t(A∗ � a)� � t

(⋂
a′,a
{θa′ 6 θa}

)
�

∫ 1

0
fa(x)� t

(⋂
a′,a
{θa′ 6 x}

���� θa � x
)

dx

�

∫ 1

0
fa(x)

(∏
a′,a

Fa′(x)
)

dx

�

∫ 1

0

[
fa(x)
Fa(x)

]
F̄(x) dx ,

where fa , Fa , and F̄ are defined as in lines 1–3 of the
algorithm, with arguments (K, β1

t , β
2
t ). Using expres-

sions that can be derived in a similar manner, for each
pair of actions Lines 6–7 compute Ma′ | a :� Ɛt[θa′ | θa �

maxa′′ θa′′], the expected value of θa′ given that action
a is optimal. Lines 8–9 compute the expected reward
of the optimal action ρ∗ � Ɛt[maxa θa] and uses that to
compute, for each action,

®∆a � Ɛt

[
max

a′
θa − θa

]
� ρ∗ −

β1
t , a

(β1
t , a + β

2
t , a)

.

Finally, line 10 computes ®g. The expressionmakesuse of
the following fact, which is a consequence of standard
properties of mutual information:2

It(A∗;Yt , a)�
∑
a∗∈A

� t(A∗�a∗)

·DKL
(
� t(Yt , a � · |A∗�a∗) ‖� t(Yt , a � · )

)
. (7)

That is, the mutual information between A∗ and Yt , a is
the expected Kullback-Leibler divergence between the
posterior predictive distribution � t(Yt , a � · ) and the
predictive distribution conditioned on the identity of
the optimal action � t(Yt , a � · |A∗ � a∗). For our beta-
Bernoullimodel, the informationgain ®ga is the expected
Kullback-Leibler divergence between a Bernoulli dis-
tribution with mean Ma |A∗ and the posterior distribu-
tion at action a, which is Bernoulli with parameter
β1

t , a/(β1
t , a + β

2
t , a).

Algorithm 2, as we have presented it, is some-
what abstract and can not readily be implemented on
a computer. In particular, lines 1–4 require comput-
ing and storing functions of a continuous variable
and several lines require integration of continuous
functions. However, near-exact approximations can be
efficiently generated by evaluating integrands at dis-
crete grid of points {x1 , . . . , xn} ⊂ [0, 1]. The values of
fa(x), Fa(x),Ga(x), and F̄(x) canbe computedandstored
for each value in this grid. The compute time can also be
reduced via memoization, since values change only for
one action per time period. The compute time of such
an implementation scaleswithK2n whereK is the num-
ber of actions and n is the number of points used in the
discretization of [0, 1]. The bottleneck is Line 7.

Algorithm 2 (betaBernoulliIR(K, β1 , β2))
1: fa(x)← beta.pdf(x | β1

a , β
2
a), ∀ a , x

2: Fa(x)← beta.cdf(x | β1
a , β

2
a), ∀ a , x

3: F̄(x)←∏
a Fa(x), ∀ x

4: Ga(x)←
∫ x

0 y fa(y) dy , ∀ a , x
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5: p∗(a)←
∫ 1

0

[
fa(x)
Fa(x)

]
F̄(x) dx , ∀ a

6: Ma | a←
1

p∗(a)

∫ 1

0

[
x fa(x)
Fa(x)

]
F̄(x) dx , ∀ a

7: Ma′ | a←
1

p∗(a)

∫ 1

0

[
fa(x)F̄(x)

Fa(x)Fa′(x)

]
Ga′(x) dxm

∀ a , a′ , a
8: ρ∗←∑

a p∗(a)Ma | a

9: ®∆a← ρ∗ −
β1

a

β1
a + β

2
a
, ∀ a

10: ®ga←
∑

a′ p∗(a′)(Ma | a′ log(Ma | a′(β1
a + β

2
a)/β1

a)
+ (1−Ma | a′) log((1−Ma | a′)(β1

a + β
2
a)/β2

a)), ∀ a
11: return ®∆, ®g.

6.2. Optimizing the Information Ratio
Let us now discuss how to generate an action given ®∆
and ®g , 0. If ®g � 0, the optimal action is known with
certainty, and therefore the action selection problem is
trivial. Otherwise, IDS selects an action by solving

min
π∈SK

(π> ®∆)2
π> ®g

, (8)

where S K � {π ∈ �K
+

: ∑
k πk � 1} is the K-dimensional

unit simplex, and samples from the resulting distribu-
tion π.

The following result establishes that (8) is a convex
optimization problem and, surprisingly, has an optimal
solution with at most two nonzero components. There-
fore, while IDS is a randomized policy, it suffices to ran-
domize over two actions.

Proposition 6. For all ®∆, ®g ∈ �K
+
such that ®g , 0, the func-

tion π 7→ (π> ®∆)2/π> ®g is convex on {π ∈ �K : π> ®g > 0}.
Moreover, this function is minimized overS K by some π∗ for
which |{k: π∗k > 0}| 6 2.

Algorithm 3 leverages Proposition 6 to efficiently
choose an action in a manner that minimizes (6). The
algorithm takes as input ®∆ ∈ �K

+
and ®g ∈ �K

+
, which pro-

vide the expected regret and information gain of each
action. The sampling distribution that minimizes (6) is
computed by iterating over all pairs of actions (a , a′) ∈
A × A, and for each, computing the probability q that
minimizes the information ratio among distributions
that sample a with probability q and a′ with probabil-
ity 1 − q. This one-dimensional optimization problem
requires little computation since the objective is convex;
q can be computed by solving for the first-order neces-
sary condition or approximated by a bisection method.
The compute time of this algorithm scales with K2.

Algorithm 3 (IDSAction(K, ®∆, ®g))
1: qa , a′← arg minq′∈[0, 1][q′®∆a + (1− q′)®∆a′]2/

[q′ ®ga + (1− q′) ®ga′], ∀ a < K, a′ > a
2: (a∗ , a∗∗)← arg mina<K, a′>a[qa , a′

®∆a + (1− qa , a′)®∆a′]2/

[qa , a′ ®ga + (1− qa , a′) ®ga′]
3: Sample b ∼ Bernoulli(qa∗ , a∗∗)
4: return ba∗ + (1− b)a∗∗.

6.3. Approximating the Information Ratio
Though reasonably efficient algorithms can be devised
to implement IDS for various problem classes, some
applications, such as those arising in high-throughput
web services, call for extremely fast computation. As
such, it is worth considering approximations to the
information ratio that retain salient features while
enabling faster computation. In this section, we discuss
some useful approximation concepts.

The dominant source of complexity in computing ®∆
and ®g is in the calculation of requisite integrals, which
can require integration over high-dimensional spaces.
One approach to addressing this challenge is to replace
integrals with sample-based estimates. Algorithm 4
does this. In addition to the number of actions K and
routines for evaluation q and R, the algorithm takes as
inputM representative samples of θ. In the simplest use
scenario, these would be independent samples drawn
from the posterior distribution. The steps correspond
to those of Algorithm 1, but with the set of possible
models approximated by the set of representative sam-
ples. For many problems, even when exact computa-
tion of ®∆ and ®g is intractable due to required integration
over high-dimensional spaces, Algorithm 1 can gener-
ate close approximations from a moderate number of
samples M.

Algorithm 4 (SampleIR(K, q ,R,M, θ1 , . . . , θM))
1: Θ̂a←{m | a � arg maxa′

∑
y qθm , a′(y)R(y)}

2: p̂(a∗)← |Θ̂a∗ |/M, ∀ a∗

3: p̂a(y)←
∑

m qa , θm (y)/M, ∀ y
4: p̂a(a∗ , y)←∑

m∈Θa
qa , θm (y)/M, ∀ a∗ , y

5: R̂∗←∑
a , y p̂a(a , y)R(y)

6: ®ga←
∑

a∗ ,y p̂a(a∗ , y) log
p̂a(a∗ , y)

p̂(a∗)p̂a(y)
, ∀ a

7: ®∆a← R∗ −M−1 ∑
m
∑

y qθm , a(y)R(y), ∀ a
8: return ®∆, ®g.

The information ratio is designed to effectively ad-
dress indirect information, cumulating information,
and irrelevant information, for a very broad class of
learning problems. It can sometimes be helpful to re-
place the information ratiowith alternative information
measures that adequately address these issues formore
specialized classes of problems. As an example, wewill
introduce the variance-based information ratio, which
is suitable for someproblemswith bandit feedback, sat-
isfies our regret bounds for such problems, and can
facilitate design of more efficient numerical methods.
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To motivate the variance-based information ratio,
note that when rewards our bounded, with R(y) ∈
[0, 1] for all y, our information measure term is lower-
bounded according to

gt(a)� It(A∗; Yt , a)
�

∑
a∗∈A

� t(A∗ � a∗)

·DKL(� t(Yt , a � · |A∗ � a∗) | | � t(Yt , a � · ))
>

∑
a∗∈A

� t(A∗ � a∗)

·DKL(� t(Rt , a � · |A∗ � a∗) | | � t(Rt , a � · ))
(a)
> 2

∑
a∗∈A

� t(A∗ � a∗)(Ɛt[Rt , a |A∗ � a∗] − Ɛt[Rt , a])2

� 2Ɛt[(Ɛt[Rt , a |A∗] − Ɛt[Rt , a])2]
� 2Vart(Ɛt[Rt , a |A∗]),

where Vart(X) � Ɛt[(X − Ɛt[X])2] denotes the variance
of X under the posterior distribution. Inequality (a)
is a simple corollary of Pinsker’s inequality, and is
given in Russo and Van Roy (2016, Fact 9). Let vt(a) :�
Vart(Ɛt[Rt , a |A∗]), which represents the variance of the
conditional expectation Ɛt[Rt , a |A∗] under the posterior
distribution. This measures how much the expected
reward generated by action a varies depending on the
identity of the optimal action A∗. The above lower
bound on mutual information indicates that actions
with high variance vt(a) must yield substantial infor-
mation about which action is optimal. It is natural to
consider an approximation to IDS that uses a variance-
based information ratio:

min
π∈SK

(π> ®∆)2
π> ®v

,

where ®va � vt(a).
While variance-based IDS will not minimize the

information ratio, the next proposition establishes that
it satisfies the bounds on the information ratio given by
Propositions 2 and 4.

Proposition 7. Suppose supy R(y) − infy R(y) 6 1 and

πt ∈ arg min
π∈SK

∆t(π)2
vt(π)

.

Then Ψt(πt) 6 |A|/2. Moreover, if A ⊂ �d , Θ ⊂ �d , and
Ɛ[Rt , a |θ]� aTθ for each action a ∈A, thenΨt(πt) 6 d/2.
We now consider a couple of examples that illus-

trate computation of ®v and benefits of using this
approximation. Our first example is the independent
Gaussian bandit problem.

Example 9 (Independent Gaussian Bandit). Consider a
multi-armed bandit problem with A � {1, . . . ,K},
Y ��, and R(y) � y. Model parameters θ ∈ �K spec-
ify the mean reward θa of each action a. Components

of θ are independent and Gaussian distributed, with
prior means µ1 ∈ �K and covariances σ2

1 ∈ �K . When an
action At is applied, the observation Yt is drawn inde-
pendently from N(θAt

, η2).
The posterior distribution of θ is Gaussian, with

independent components. Parameters canbe computed
recursively according to

µt+1, a←

(
µt , a

σ2
t , a

+
Yt , a

η2

)/ (
1
σ2

t , a

+
1
η2

)
if At � a ,

µt , a otherwise,

σt+1, a←


(

1
σ2

t , a

+
1
η2

)−1

if At � a ,

σt , a otherwise.

Given arguments (K, µt , σt), Algorithm 5 computes ®∆
and ®v for the independent Gaussian bandit problem.
Note that this algorithm is very similar to Algorithm 2,
which was designed for the beta-Bernoulli bandit. One
difference is that Algorithm 5 computes the variance-
based information measure. In addition, the Gaussian
distribution exhibits a special structure that simplifies
the computation of Ma′ | a :� Ɛt[θa′ | θa � maxa′′ θa′′]. In
particular, the computation of Ma′ | a uses the follow-
ing closed-form expression for the expected value of
a truncated Gaussian distribution with mean µ̃ and
variance σ̃2:

Ɛ[X |X 6 x]� µ̃− σ̃φ
(

x − µ̃
σ̃

)/
Φ

(
x − µ̃
σ̃

)
� µ̃− σ̃2 f (x)/F(x),

whereX ∼N(µ̃, σ̃2) and f and F are theprobability den-
sity and cumulative distribution functions.

The analogous calculation that would be required
to compute the standard information ratio is more
complex.

Algorithm 5 (independentGaussianVIR(K, µ, σ))
1: fa(x)←Gaussian.pdf(x | µa , σ

2
a), ∀ a , x

2: Fa(x)←Gaussian.cdf(x | µa , σ
2
a), ∀ a , x

3: F̄(x)←∏
a Fa(x), ∀ x

4: p∗(a)←
∫ 1

0

[
fa(x)
Fa(x)

]
F̄(x) dx , ∀ a

5: Ma | a←
1

p∗(a)

∫ ∞

−∞

[
x fa(x)
Fa(x)

]
F̄(x) dx , ∀ a

6: Ma′ | a← µa′ −
σ2

a′

p∗(a)

∫ ∞

−∞

[
fa(x) fa′(x)

Fa(x)Fa′(x)

]
F̄(x) dx,

∀ a , a′ , a
7: ρ∗←∑

a p∗(a)Ma | a
8: ∆a← ρ∗ − µa , ∀ a
9: va←

∑
a′ p∗(a′)(Ma | a′ − µa)2 , ∀ a

10: return ®∆, ®v.
We next consider the linear bandit problem.
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Example 10 (Linear Bandit). Consider a multi-armed
bandit problem with A � {1, . . . ,K}, Y � �, and
R(y)� y. Model parameters θ ∈ �K are drawn from a
Gaussian prior withmean µ1 and covariancematrixΣ1.
There is a known matrix Φ � [Φ1 , · · · ,ΦK] ∈ �d×K such
that, when an action At is applied, the observation Yt ,At

is drawn independently from N(ΦAt
θ, η2), where ΦAt

denotes the Atth column ofΦ.

The posterior distribution of θ isGaussian and can be
computed recursively:

µt+1 � (Σ−1
t +ΦAt

Φ>At
/η2)−1(Σ−1

t µt +Yt ,At
ΦAt
/η2),

Σt+1 � (Σ−1
t +ΦAt

Φ>At
/η2)−1.

We will develop an algorithm that leverages the fact
that, for the linear bandit, vt(a) takes on a particularly
simple form:

vt(a)�Vart(Ɛt[Rt , a |A∗])
�Vart(Ɛt[Φ>a θ |A∗])
�Vart(Φ>a Ɛt[θ |A∗])
�Φ>a Ɛt[(µA∗

t − µt)(µA∗
t − µt)>]Φa

�Φ>a LtΦa ,

where µa
t �Ɛt[θ |A∗�a] and Lt�Ɛt[(µA∗

t −µt)(µA∗
t −µt)>].

Algorithm 6 presents a sample-based approach to com-
puting ®∆ and ®v. In addition to model dimensions K
and d and the problem data matrix Φ, the algorithm
takes as input M representative values of θ, which in
the simplest use scenario would be independent sam-
ples drawn from the posterior distribution N(µt ,Σt).
The algorithm approximates posterior means µt and
µa

t as well as Lt by averaging suitable expressions over
these samples. Due to the quadratic structure of vt(a),
these calculations are substantially simpler than those
thatwould be carried out byAlgorithm4, specialized to
this context.

Algorithm 6 (linearSampleVIR(K, d ,M, θ1 , . . . , θM))
1: µ̂←∑

m θ
m/M

2: Θ̂a←{m: (Φ>θm)a � maxa′(Φθm)a′}, ∀ a
3: p̂∗(a)← |Θ̂a |/M, ∀ a
4: µ̂a←∑

θ∈Θ̂a
θ/|Θ̂a |, ∀ a

5: L̂←∑
a p̂∗(a)(µ̂a − µ̂)(µ̂a − µ̂)>

6: ρ∗←∑
a p̂∗(a)Φ>a µ̂a

7: ®va←Φ>a L̂Φ>a , ∀ a
8: ®∆a← ρ∗ −Φ>a µ̂, ∀ a
9: return ®∆, ®v.

It is interesting to note that Algorithms 4 and 6
do not rely on any special structure in the posterior
distribution. Indeed, these algorithms should prove
effective regardless of the form taken by the posterior.
This points to a broader opportunity to use IDS or
approximations to address complex models for which

posteriors can not be efficiently computed or even
stored, but for which it is possible to generate posterior
samples via Markov chain Monte Carlo methods. We
leave this as a future research opportunity.

7. ComputationalResults
This section presents computational results from
experiments that evaluate the effectiveness of in-
formation-directed sampling in comparison to alterna-
tive algorithms. In Section 4.3, we showed that alter-
native approaches like UCB algorithms, Thompson
sampling, and the knowledge gradient algorithm can
perform very poorly when faced with complicated
information structures and for this reason can be dra-
matically outperformedby IDS. In this section,we focus
instead on simpler settings where current approaches
are extremely effective. We find that even for these sim-
ple and widely studied settings, information-directed
sampling displays state-of-the-art performance. For
each experiment, the algorithm used to implement IDS
is presented in the previous section.

IDS, TS, and some UCB algorithms, do not take the
horizon T as input, and are instead designed to work
well for all sufficiently long horizons. Other algorithms
we simulate were optimized for the particular horizon
of the simulation trial. The KG and KG∗ algorithms in
particular, treat the simulation horizon as known, and
explore less aggressively in later periods.We have tried
to clearly delineate which algorithms are optimized for
simulationhorizon.Webelieveone canalsodesignvari-
ants of IDS, TS, and UCB algorithms that reduce explo-
ration as the time remaining diminishes, but we leave
this for future work.

7.1. Beta-Bernoulli Bandit
Our first experiment involves a multi-armed bandit
problem with independent arms and binary rewards.
The mean reward of each arm is drawn from Beta(1, 1),
which is the uniform distribution, and the means of
separate arms are independent. Figure 1(a) and Table 1
present the results of 1,000 independent trials of an
experiment with 10 arms and a time horizon of 1,000.
We compared theperformanceof IDS to that of six other
algorithms and found that it had the lowest average
regret of 18.0.

The UCB1 algorithm of Auer et al. (2002) selects the
action a, whichmaximizes the upper confidence bound
θ̂t(a)+

√
2 log(t)/Nt(a)where θ̂t(a) is the empirical aver-

age reward from samples of action a and Nt(a) is the
number of samples of action a up to time t. The average
regret of this algorithm is 130.7, which is dramatically
larger than that of IDS. For this reason UCB1 is omitted
from Figure 1(a).

The confidence bounds of UCB1 are constructed
to facilitate theoretical analysis. For practical perfor-
mance Auer et al. (2002) proposed using an algorithm
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Figure 1. (Color online) Average Cumulative Regret Over 1,000 Trials
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(a) Binary rewards
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(b) Gaussian rewards

called UCB-Tuned. This algorithm selects the action a,
which maximizes the upper confidence bound θ̂t(a) +√

min{1/4, V̄t(a)} log(t)/Nt(a), where V̄t(a) is an upper
bound on the variance of the reward distribution at
action a. While this method dramatically outperforms
UCB1, it is still outperformed by IDS. The MOSS algo-
rithm of Audibert and Bubeck (2009) is similar to UCB1
and UCB–Tuned, but uses slightly different confidence
bounds. It is known to satisfy regret bounds for this
problem that are minimax optimal up to a numerical
constant factor.

In previous numerical experiments (Scott 2010;
Kaufmann et al. 2012b, a; Chapelle and Li 2011),
Thompson sampling and Bayes UCB exhibited state-
of-the-art performance for this problem. Each also sat-
isfies strong theoretical guarantees, and is known to
be asymptotically optimal in the sense defined by Lai
andRobbins (1985). Unsurprisingly, they are the closest
competitors to IDS. The Bayes UCB algorithm, studied
inKaufmann et al. (2012a), constructs upper confidence
bounds based on the quantiles of the posterior distri-
bution: at time step t the upper confidence bound at an
action is the1− 1/t quantile of theposteriordistribution
of that action.3

Table 1. Realized Regret Over 2,000 Trials in Bernoulli Experiment

Time horizon agnostic Optimized for time horizon

Algorithm IDS V-IDS TS Bayes UCB UCB1 UCB-Tuned MOSS KG KG∗

Mean regret 18.0 18.1 28.1 22.8 130.7 36.3 46.7 51.0 18.4
Standard error 0.4 0.4 0.3 0.3 0.4 0.3 0.2 1.5 0.6
Quantile 0.10 3.6 5.2 13.6 8.5 104.2 24.0 36.2 0.7 2.9
Quantile 0.25 7.4 8.1 18.0 12.5 117.6 29.2 40.0 2.9 5.4
Quantile 0.50 13.3 13.5 25.3 20.1 131.6 35.2 45.2 11.9 8.7
Quantile 0.75 22.5 22.3 35.0 30.6 144.8 41.9 51.0 82.3 16.3
Quantile 0.90 35.6 36.5 46.4 40.5 154.9 49.5 57.9 159.0 46.9
Quantile 0.95 51.9 48.8 53.9 47.0 160.4 54.9 64.3 204.2 76.6

A somewhat different approach is the KG policy of
Powell and Ryzhov (2012), which uses a one-step look-
ahead approximation to the value of information to
guide experimentation. For reasons described in Sec-
tion 4.3.3, KG does not explore sufficiently to identify
the optimal arm in this problem, and therefore its regret
grows linearly with time. Because KG explores very lit-
tle, its realized regret is highly variable, as depicted in
Table 1. In 200outof the 2,000 trials, the regret ofKGwas
lower than 0.7, reflecting that the best arm was almost
always chosen. In the worst 200 out of the 2,000 trials,
the regret of KGwas larger than 159.

KG is particularly poorly suited to problems with
discrete observations and long time horizons. The KG∗
heuristic of Ryzhov et al. (2010) offers much better per-
formance in some of these problems. At time t, KG∗ cal-
culates the value of sampling an arm for M ∈ {1, . . . ,
T − t} periods and choosing the arm with the high-
est posterior mean in subsequent periods. It selects
an action by maximizing this quantity over all pos-
sible arms and possible exploration lengths M. Our
simulations require computing T � 1,000 decisions per
trial, and a direct implementation of KG* requires
order T3 basic operations per decision. To enable
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efficient simulation,weuseaheuristic approach to com-
puting KG∗ proposed by Kamiński (2015). The approxi-
mate KG∗ algorithmwe implement uses golden section
search to maximize a nonconcave function, but is still
empirically effective.
Finally, as demonstrated in Figure 1(a), variance-

based IDS offers performance very similar to standard
IDS for this problem.

It is worth pointing out that, although Gittins’ in-
dices characterize the Bayes optimal policy for infinite
horizondiscountedproblems, the finite horizon formu-
lation considered here is computationally intractable
(Gittins et al. 2011). A similar index policy (Niño-Mora
2011) designed for finite horizon problems could be
applied as aheuristic in this setting.However,with long
time horizons, the associated computational require-
ments become onerous.

7.2. Independent Gaussian Bandit
Our second experiment treats a different multi-armed
bandit problem with independent arms. The reward
value at each action a follows a Gaussian distribu-
tion N(θa , 1). The mean θa ∼ N(0, 1) is drawn from a
Gaussian prior, and the means of different reward dis-
tributions are drawn independently. We ran 2,000 sim-
ulation trials of a problemwith 10 arms. The results are
displayed in Figure 1(b) and Table 2.
For this problem, we compare variance-based IDS

against Thompson sampling, Bayes UCB, and KG. We
use the variance-based variant of IDS because it affords
us computational advantages.

Wealso simulated theGPUCBof Srinivas et al. (2012).
This algorithmmaximizes the upper confidence bound
µt(a) +

√
βtσt(a) where µt(a) and σt(a) are the poste-

rior mean and standard deviation of θa . They provide
regret bounds that hold with probability at least 1 − δ
when βt � 2 log(|A|t2π2/6δ). This value of βt is far too

Table 2. Realized Regret Over 2,000 Trials in Independent Gaussian Experiment

Time horizon agnostic Optimized for time horizon

Algorithm V-IDS TS Bayes UCB GPUCB Tuned GPUCB KG KG∗

Mean regret 58.4 69.1 63.8 157.6 53.8 65.5 50.3
Standard error 1.7 0.8 0.7 0.9 1.4 2.9 1.9
Quantile 0.10 24.0 39.2 34.7 108.2 24.2 16.7 19.4
Quantile 0.25 30.3 47.6 43.2 130.0 30.1 20.8 24.0
Quantile 0.50 39.2 61.8 57.5 156.5 41.0 25.9 29.9
Quantile 0.75 56.3 80.6 76.5 184.2 58.9 36.4 40.3
Quantile 0.90 104.6 104.5 97.5 207.2 86.1 155.3 74.7
Quantile 0.95 158.1 126.5 116.7 222.7 112.2 283.9 155.6

Table 3. Competitive PerformanceWithout Knowing the Time Horizon

Time horizon T 10 25 50 75 100 250 500 750 1,000 2,000

Regret of V-IDS 9.8 16.1 21.1 24.5 27.3 36.7 48.2 52.8 58.3 68.4
Regret of KG(T) 9.2 15.3 20.5 22.9 25.4 35.2 45.3 52.3 62.9 80.0

Note. Average cumulative regret over 2,000 trials in the independent Gaussian experiment.

large for practical performance, at least in this problem
setting. The average regret of GPUCB4 is 157.6, which
is roughly almost three times that of V-IDS. For this
reason, we considered a tuned version of GPUCB that
sets βt � c log(t). We ran 1,000 trials of many different
values of c to find the value c � 0.9 with the lowest
average regret for this problem. This tuned version of
GPUCBhad average regret of 53.8,which is slightly bet-
ter than IDS.

The work on KG focuses almost entirely on problems
with Gaussian reward distributions and Gaussian pri-
ors.We findKGperforms better in this experiment than
it did in the Bernoulli setting, and its average regret is
competitive with that of IDS.

As in the Bernoulli setting, KG’s realized regret is
highly variable. The median regret of KG is the lowest
of any algorithm, but in 100 of the 2,000 trials its regret
exceeded 283—seemingly reflecting that the algorithm
did not explore enough to identify the best action. The
KG*heuristic exploresmore aggressively, andperforms
verywell in this experiment.

KG is particularly effective over short time spans.
Unlike information-directed sampling, KG takes the
time horizon T as an input, and explores less aggres-
sively when there are fewer time periods remaining.
Table 3 compares the regret of KG and IDS over differ-
ent time horizons. Even though IDS does not take the
time horizon into account, it is competitive with KG,
even over short horizons. We believe that IDS can be
modified to exploit fixed and known time horizons
more effectively, though we leave the matter for future
research.

7.3. Asymptotic Optimality
The previous subsections present numerical examples
in which IDS outperforms Bayes UCB and Thomp-
son sampling for some problems with independent
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arms. This is surprising since each of these algorithms
is known, in a sense we will soon formalize, to be
asymptotically optimal for these problems. This section
presents simulation results over a much longer time
horizon that suggest IDS scales in the same asymptoti-
cally optimal way.
We consider again a problem with binary rewards

and independent actions. The action ai ∈ {a1 , . . . , aK}
yields in each time period a reward that is 1 with prob-
ability θi and 0 otherwise. The seminal work of Lai and
Robbins (1985)provides the followingasymptotic lower
bound on regret of any policy π:

lim inf
T→∞

Ɛ[Regret(T, π) | θ]
log T

>
∑
a,A∗

θA∗ − θa

DKL(θA∗ | | θa)
:� c(θ).

Note that we have conditioned on the parameter vec-
tor θ, indicating that this is a frequentist lower bound.
Nevertheless, when applied with an independent uni-
formprior over θ, both BayesUCB andThompson sam-
pling are known to attain this lower bound (Kaufmann
et al. 2012a, b).
Our next numerical experiment fixes a problemwith

three actions and with θ � (0.3, 0.2, 0.1). We compare
algorithms over 10,000 time periods. Because of the
expense of running this experiment, we were only able
to execute 200 independent trials. Each algorithm uses
a uniform prior over θ. Our results, along with the
asymptotic lower bound of c(θ) log(T), are presented in
Figure 2.

7.4. Linear Bandit Problems
Our final numerical experiment treats a linear ban-
dit problem. Each action a ∈ �5 is defined by a five-
dimensional feature vector. The reward of action a at
time t is aTθ + εt where θ ∼ N(0, 10I) is drawn from
a multivariate Gaussian prior distribution, and εt ∼
N(0, 1) is independent Gaussian noise. In each period,
only the reward of the selected action is observed. In
our experiment, the action set A contains 30 actions,

Figure 2. (Color online) Cumulative Regret Over 200 Trials
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each with features drawn uniformly at random from
[−1/
√

5, 1/
√

5]. The results displayed in Figure 3 and
Table 4 compare regret across 2,000 independent trials.

Wesimulatevariance-based IDSusing the implemen-
tation presented in Algorithm 6. We compare its regret
to six competing algorithms. Like IDS, GP-UCB and
Thompson sampling satisfy strong regret bounds for
this problem.5 Both algorithms are significantly outper-
formed by IDS.

We also include Bayes UCB (Kaufmann et al. 2012a)
and a version of GP-UCB that was tuned, as in Sec-
tion 7.2, to minimize its average regret. Each of these
displays performance that is competitive with that of
IDS. These algorithms are heuristics, in the sense that
the way their confidence bounds are constructed differ
significantly from those of linear UCB algorithms that
are known to satisfy theoretical guarantees.

As discussed in Section 7.2, unlike IDS, KG takes the
time horizon T as an input, and explores less aggres-
sively when there are fewer time periods remaining.
Table 5 compares IDS to KG over several different time
horizons. Even though IDS does not exploit knowledge
of the time horizon, it is competitivewith KG over short
time horizons.

In this experiment, KG∗ appears to offer a small im-
provement over standard KG, but as shown in the next
subsection, it is much more computationally burden-
some. To save computational resources, we have only
executed 500 independent trials of the KG∗ algorithm.

7.5. Runtime Comparison
We now compare the time required to compute deci-
sions using the algorithms we have applied. In our
experiments, Thompson sampling andUCBalgorithms
are extremely fast, sometimes requiring only a few
microseconds to reach a decision. As expected, our
implementationof IDS requires significantlymore com-
pute time.However, IDSoften reaches adecision inonly
a small fraction of a second, which is tolerable in many
application areas. In addition, IDS may be accelerated

Figure 3. (Color online) Regret in Linear-Gaussian Model
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Table 4. Realized Regret Over 2,000 Trials in Linear Experiment

Time horizon agnostic Optimized for time horizon

Algorithm V-IDS TS Bayes UCB GPUCB Tuned GPUCB KG KG∗

Mean regret 29.2 38.0 32.9 58.7 29.1 33.2 30.0
Standard error 0.5 0.4 0.4 0.3 0.4 0.7 1.4
Quantile 0.10 13.0 22.6 18.9 41.3 14.5 12.7 11.9
Quantile 0.25 17.6 27.6 23.1 48.9 18.4 17.5 16.1
Quantile 0.50 23.2 34.3 29.2 57.9 24.0 24.1 20.6
Quantile 0.75 32.1 43.7 39.0 67.4 32.9 34.5 28.5
Quantile 0.90 49.5 56.5 48.7 77.1 46.6 60.9 55.6
Quantile 0.95 67.5 67.5 58.4 82.7 59.9 94.5 96.1

Note. KG∗ results are over 500 trials.

Table 5. Competitive PerformanceWithout Knowing the Time Horizon Average
Cumulative Regret Over 2,000 Trials in Linear Gaussian Experiment

Time horizon T 10 25 50 75 100 250 500

Regret of V-IDS 11.8 16.2 19.6 21.6 23.3 31.1 34.7
Regret of KG(T) 11.1 15.1 19.0 22.5 24.1 34.4 43.0

considerably via parallel processing or an optimized
implementation.
The results for KG are mixed. For independent

Gaussian models, certain integrals can be computed
via closed-form expressions, allowing KG to execute
quickly. There is also a specializednumerical procedure
for implementing KG for correlated (or linear) Gaus-
sian models, but computation is an order of magni-
tude slower than in the independent case. For correlated
Gaussian models, the KG∗ policy is much slower than
both KG and IDS. For beta-Bernoulli problems, KG can
be computed very easily, but yields poor performance.
A direct implementation of the KG∗ policywas too slow
to simulate, and so we have used a heuristic approach

Table 6. Bernoulli Experiment: Compute Time per Decision in Seconds

Arms IDS V-IDS TS Bayes UCB UCB1 KG Approx KG∗

10 0.011013 0.01059 0.000025 0.000126 0.000008 0.000036 0.074618
30 0.047021 0.047529 0.000023 0.000147 0.000005 0.000017 0.215145
50 0.104328 0.10203 0.000024 0.000176 0.000005 0.000017 0.358505
70 0.18556 0.178689 0.000028 0.000167 0.000005 0.000017 0.494455

Table 7. Independent Gaussian Experiment: Compute Time per Decision in Seconds

Arms V-IDS TS Bayes UCB GPUCB KG KG∗

10 0.00298 0.000008 0.00002 0.00001 0.000146 0.001188
30 0.012597 0.000005 0.000009 0.000005 0.000097 0.003157
50 0.023084 0.000006 0.000009 0.000005 0.000094 0.005146
70 0.03913 0.000006 0.000009 0.000005 0.000098 0.006364

Table 8. Linear Gaussian Experiment: Compute Time per Decision in Seconds

Arms Dimension V-IDS TS Bayes UCB GPUCB KG KG∗

15 3 0.004305 0.000178 0.000139 0.000048 0.002709 0.311935
30 5 0.008635 0.000064 0.000048 0.000038 0.004789 0.589998
50 20 0.026222 0.000077 0.000083 0.000068 0.008356 1.051552
100 30 0.079659 0.000115 0.000148 0.00013 0.017034 2.067123

presented in (Kamiński 2015), which uses golden sec-
tion search to maximize a function that is not necessar-
ily unimodal. This method is labeled “Approx KG∗” in
Table 6.

Table 6 displays results for the Bernoulli experiment
described in Section 7.1. It shows the average time re-
quired to compute a decision in a 1,000 period prob-
lemwith 10, 30, 50, and 70 arms. IDS was implemented
usingAlgorithm2 toevaluate the information ratio, and
Algorithm 3 to optimize it. The numerical integrals in
Algorithm2were approximatedusing quadraturewith
1,000 equally spaced points. Table 7 presents results
of the corresponding experiment in the Gaussian case.
Finally, Table 8 displays results for the linear bandit
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experimentsdescribed inSection7.4,whichmakeuseof
Algorithm 6 and Markov chain Monte Carlo sampling
with M � 10,000 samples. The table provides the aver-
age time required to compute a decision in a 250 period
problem.

8. Conclusion
This paper has proposed information-directed sam-
pling—a new algorithm for online optimization prob-
lems in which a decisionmakermust learn from partial
feedback. We establish a general regret bound for the
algorithm, and specialize this bound to several widely
studied problem classes. We show that it sometimes
greatly outperforms other popular approaches, which
do not carefully measure the information provided by
sampling actions. Finally, for some simple and widely
studied classes of multi-armed bandit problems we
demonstrate simulation performance surpassing pop-
ular approaches.
Many important open questions remain, however.

IDS solves a single-period optimization problem as a
proxy to an intractable multi-period problem. A solu-
tion of this single-period problem can itself be com-
putationally demanding, especially in cases where the
number of actions is enormous or mutual informa-
tion is difficult to evaluate. An important direction for
future research concerns the development of computa-
tionally elegant procedures to implement IDS in impor-
tant cases. Even when the algorithm cannot be directly
implemented, however, one may hope to develop sim-
ple algorithms that capture its main benefits. Proposi-
tion 1 shows that any algorithmwith small information
ratio satisfies strong regret bounds. Thompson sam-
pling is a simple algorithm that, we conjecture, some-
times has nearly minimal information ratio. Perhaps
simple schemes with small information ratio could be
developed for other important problem classes, like the
sparse linear bandit problem.

In addition to computational considerations, a num-
ber of statistical questions remain open. One question
raised is whether IDS attains the lower bound of Lai
and Robbins (1985) for some bandit problems with
independent arms. Beyond the empirical evidence pre-
sented in Section 7.3, there are some theoretical rea-
sons to conjecture this is true. Next, a more precise
understanding of the problem’s information complexity
remains an important open question for the field. Our
regret bound depends on the problem’s information
complexity througha termwecall the information ratio,
but it is unclear if or when this is the right measure.
Finally, it may be possible to derive lower bounds using
the same information-theoretic style of argument used
in the derivation of our upper bounds.

9. Extensions
This section presents a number of ways in which the
results and ideas discussed throughout this paper can
be extended.Wewill consider the use of algorithms like
information-directed sampling for pure-exploration
problems, a formof information-directed sampling that
aims to acquire information about θ instead of A∗, and
a version of information-directed sampling that uses a
tuning parameter to control how aggressively the algo-
rithmexplores. In each case, new theoretical guarantees
can be easily established by leveraging our analysis of
information-directed sampling.

9.1. Pure Exploration Problems
Consider the problem of adaptively gathering observa-
tions (A1 ,Y1,A1

, . . . ,AT−1 ,YT−1,AT−1
) so as tominimize the

expected loss of the best decision at time T,

Ɛ
[
min
a∈A
∆T(a)

]
. (9)

Recall that we have defined ∆t(a) :� Ɛ[Rt ,A∗ − Rt , a |F t]
to be the expected regret of action a at time t. This
is a “pure exploration problem,” in the sense that
one is interested only in the terminal regret (9) and
not in the algorithm’s cumulative regret. However,
the next proposition shows that bounds on the algo-
rithm’s cumulative expected regret imply bounds on
Ɛ[mina∈A∆T(a)].

Proposition 8. If actions are selected according to apolicyπ,
then

Ɛ
[
min
a∈A
∆T(a)

]
6

Ɛ[Regret(T, π)]
T

.

Proof. By the tower property of conditional expecta-
tion, Ɛ[∆t+1(a) |F t]�∆t(a). Therefore, Jensen’s inequal-
ity shows Ɛ[mina∈A∆t+1(a) |F t] 6mina∈A∆t(a) 6 ∆t(πt).
Taking expectations and iterating this relation shows
that

Ɛ
[
min
a∈A
∆T(a)

]
6Ɛ

[
min
a∈A
∆t(a)

]
6 Ɛ[∆t(πt)]

∀ t ∈ {1, . . . ,T}. (10)

The result follows by summing both sides of (10) over
t ∈ {1, . . . ,T} and dividing each by T. �

Information-directed sampling is designed to have
low cumulative regret, and therefore balances between
acquiring information and taking actions with low
expected regret. For pure exploration problems, it is
natural instead to consider an algorithm that always
acquires asmuch information about A∗ as possible. The
next proposition provides a theoretical guarantee for
an algorithm of this form. The proof of this result com-
bines our analysis of information-directed sampling
with Proposition 8.
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Proposition 9. If actions are selected so that

At ∈ arg max
a∈A

gt(a),

andΨ∗t 6 λ almost surely for each t ∈ {1, . . . ,T}, then

Ɛ
[
min
a∈A
∆T(a)

]
6

√
λH(α1)

T
.

Proof. To simplify notation, let ∆∗t � mina∈A∆t(a)
denote the minimal expected regret at time t, and g∗t �
maxa∈A gt(a)denote the information gainunder the cur-
rent algorithm.
Since ∆t(πIDS

t )2 6 λgt(πIDS
t ), it is immediate that ∆∗t 6√

λg∗t . Therefore

Ɛ[∆∗T]
(a)
6

1
T
Ɛ

T∑
t�1
∆∗t 6

√
λ

T
Ɛ

T∑
t�1

√
g∗t

(b)
6

√
λ

T

√
TƐ

T∑
t�1

g∗t
(c)
6

√
λH(α1)

T
.

Inequality (a) uses Equation (10) in the proof of Propo-
sition 8, (b) uses the Cauchy-Schwartz inequality, and
(c) follows as in the proof of Proposition 1. �

9.2. Using Information Gain About θ
Information-directed sampling optimizes a single-
period objective that balances earning high immedi-
ate reward and acquiring information. Information is
quantified using the mutual information between the
true optimal action A∗ and the algorithm’s next obser-
vation Yt , a . In this subsection, we will consider an
algorithm that instead quantifies the amount learned
through selecting an action a using themutual informa-
tion It(θ; Yt , a)between the algorithm’s next observation
and the unknown parameter θ. As highlighted in Sec-
tion 4.3.2, such an algorithm could invest in acquiring
information that is irrelevant to the decision problem.
However, in some cases, such an algorithm can be com-
putationally simple while offering reasonable statisti-
cally efficiency.
We introduce a modified form of the information

ratio
Ψθ

t (π) :�
∆t(π)2∑

a∈A π(a)It(θ; Yt , a)
, (11)

which replaces the expected information gain about A∗,
gt(π)�

∑
a∈A π(a)It(A∗; Yt , a),with the expected informa-

tion gain about θ.

Proposition 10. For any action sampling distribution
π̃ ∈D(A),

Ψθ
t (π̃) 6Ψt(π̃). (12)

Furthermore, ifΘ is finite, and there is some λ ∈� and policy
π � (π1 , π2 , . . .) satisfyingΨθ

t (πt) 6 λ almost surely, then

Ɛ[Regret(T, π)] 6
√
λH(θ)T . (13)

Equation (12) relies on the inequality It(A∗; Yt , a) 6
It(θ; Yt , a), which itself follows from the data processing
inequality of mutual information because A∗ is a func-
tionof θ. Theproof of the secondpart of theproposition
is almost identical to the proof of Proposition 1, and is
omitted.

We have provided several bounds on the information
ratio of πIDS of the formΨt(πIDS

t ) 6 λ. By this proposi-
tion, such bounds imply that if π � (π1 , π2 , . . .) satisfies

πt ∈ arg min
π∈D(A)

Ψθ
t (π)

then,Ψθ
t (πt) 6Ψθ

t (πIDS
t ) 6Ψt(πIDS

t ) 6 λ, and the regret
bound (13) applies.

9.3. A Tunable Version of Information-Directed
Sampling

In this section, we present an alternative form of infor-
mation-directed sampling that depends on a tuning
parameter λ ∈ �. As λ varies, the algorithm strikes a
different balance between exploration and exploration.
The following proposition provides regret bounds for
this algorithm provided λ is sufficiently large.

Proposition 11. Fix any λ ∈ � such that Ψt(πIDS
t ) 6 λ

almost surely for each t ∈ {1, . . . ,T}. If π � (π1 , π2 , . . .) is
defined so that

πt ∈ arg min
π∈D(A)

{
ρ(π) :�∆t(π)2 − λgt(π)

}
, (14)

then
Ɛ[Regret(T, π)] 6

√
λH(α)T .

Proof. We have that

ρ(πt)
(a)
6 ρ(πIDS

t )
(b)
6 0,

where (a) follows since πIDS
t is feasible for the optimiza-

tion problem (14), and (b) follows since

0�∆t(πIDS
t )2 −Ψt(πIDS

t )gt(πIDS
t ) > ∆t(πIDS

t )2 −λgt(πIDS
t ).

Since ρt(πt) 6 0, it must be the case that λ > ∆t(πt)2/
gt(πt)

Def
� Ψt(πt). The result then follows by applying

Proposition 1. �
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Endnotes
1 In their formulation, the reward from selecting action a is ∑

i∈a Xt , i ,
which is m times larger than in our formulation. The lower bound
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stated in their paper is therefore of order
√

mdT. They do not provide
a complete proof of their result, but note that it follows from stan-
dard lower bounds in the bandit literature. In the proof of Theorem 5
in that paper, they construct an example in which the decisionmaker
plays m bandit games in parallel, each with d/m actions. Using that
example, and the standard bandit lower bound (see Theorem 3.5 of
Bubeck and Cesa-Bianchi 2012), the agent’s regret from each compo-
nent must be at least

√
(d/m)T, and hence her overall expected regret

is lower bounded by a term of order m
√
(d/m)T �

√
mdT.

2Some details related to the derivation of this fact when Yt , a is a
general random variable can be found in the appendix of Russo and
Van Roy (2016).
3Their theoretical guarantees require choosing a somewhat higher
quantile, but the authors suggest choosing this quantile, and use it
in their own numerical experiments.
4We set δ � 0 in the definition of βt , as this choice leads to a lower
value of βt and stronger performance.
5Regret analysis of GP-UCB can be found in (Srinivas et al. 2012).
Regret bounds for Thompson sampling can be found in (Agrawal
and Goyal 2013b; Russo and Van Roy 2014b, 2016).
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