CHAPTER 11
TwWO-DIMENSIONAL AIRFOIL THEORY

11.1 THE CREATION OF CIRCULATION OVER AN AIRFOIL

In Chapter 10 we worked out the force that acts on a solid body moving in an inviscid
fluid. In two dimensions the force is
F d .. = -
: =— | ®adl-U_(t)xT(¢)k (11.1)
p(oneumtofspan) dt A

where ! (t) = 8UiddC is the circulation about the body integrated counter-clockwise
c,

about a path that encloses the body. It should be stated at the outset that the creation of

circulation about a body is fundamentally a viscous process. The figure below from Van

Dyke’s Album of Fluid Motion depicts what happens when a viscous fluid is moved

impulsively past a wedge.
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Figure 11.1 Starting vortex formation about a corner in an impulsively started
incompressible fluid.



A purely potential flow solution would negotiate the corner giving rise to an infinite
velocity at the corner. In a viscous fluid the no slip condition prevails at the wall and
viscous dissipation of kinetic energy prevents the singularity from occurring. Instead two
layers of fluid with oppositely signed vorticity separate from the two faces of the corner
to form a starting vortex. The vorticity from the upstream facing side is considerably
stronger than that from the downstream side and this determines the net sense of rotation
of the rolled up vortex sheet. During the vortex formation process, there is a large
difference in flow velocity across the sheet as indicated by the arrows in Figure 11.1.
Vortex formation is complete when the velocity difference becomes small and the
starting vortex drifts away carried by the free stream.

Figurel1.2 shows a sequence of events in the development of lift on a wing in a free
stream impulsively started from rest to velocity U_ to the right. The wedge flow depicted

above accurately characterizes the events that occur near the wing trailing edge during
the initiation of lift.
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Figure 11.2 Starting vortex formation from an impulsively started wing in an
incompressible flow. Contours distinguish the circulation about the wing and the
opposite signed circulation about the starting vortex.



The contour about the system never penetrates the vortex sheet separating from the wing
trailing edge. Since the contour lies entirely in potential flow without crossing any
discontinuities the velocity potential is a continuous single valued function along the
contour. Therefore

bU-édC+dU-6dC: VedC =0 (11.2)
Jpredc-]

C+C,
and

r, =-T (11.3)

Wing = Vortex *
A note on the sign of the circulation about the wing: Based on the orientation of the
(x,y) axes in figure 11.3 with the free stream velocity in the positive x direction and lift
on the wing in the positive y direction, the circulation about the counterclockwise

rotating starting vortex is positive while the circulation about the wing is negative.

During the starting process the shed vortex induces a down wash on the wing producing
drag. The downwash caused by the bound vorticity on the wing is negligible. The figure
below depicts this effect
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Fig 11.3 Effect of starting vortex downwash on lift and drag of an airfoil.

Assume the geometric angle of attack of the wing with respect to the oncoming flow
aligned with the x-axis is o . Assume the angle is relatively small and the lift curve slope
is

dC,
=a 11.4
do o (11.4)
The tangential velocity of a line vortex is
r
U‘9 — _ Vortex (1 15)
2rr



where r is the distance from the vortex center. After a period of time ¢ has passed, the
starting vortex has been carried a distance U_t from the wing. During this period, the

starting vortex induces a downwash velocity on the wing that we can estimate as

- I
U,(0,0,1) = "2 = v (11.6)
’ 2"U,t 2"U,t
Note again that T, =~ <0 . This downwash rotates the velocity vector of the flow coming
at the wing by the angle
U, (0,0, U,(0,0,
Oc,.=ArcTan( i )JE ul )<O : (11.7)
- U.
The velocity vector relative to the wing is
U, =(U..U,(0,0.1)) (11.8)
with magnitude
5 2\172
Uy =(U2+0,(0.04) . (11.9)
The lift and induced drag at any instant are
U,
L=FCos(o,)=F — (11.10)

(v2+U,(0.040))

U,.(0,0,r)
(U2 +U,(0.0.0)°)"

D, =-F,Sin(a,)=—F, (11.11)

The normal force on the wing is related to the relative velocity vector and the circulation
by

Fy==pU,Ty,. - (11.12)
The lift and induced drag are
L=F,Cos(a;)=—pU_T 'y, (11.13)
and
D, = pin(O,O,t)FWing . (11.14)



Using (11.6), (11.14) can be expressed as

FZ
D = p—2ine 11.15
; p27z:th ( )

The lift coefficient is proportional to the angle of attack with respect to the relative
velocity vector.

L

C, = =a,(a+a,) (11.16)

1
—pUZC
5 PYe

where L is the lift per unit span. Use (11.7) and (11.13) to express (11.16) in terms of
the as yet unknown circulation.

1 T,
—pU T, =a.=pUC| o +—22 | . 11.17
p oo™ Wing 02p oo [ ZﬂUilj ( )

Solve for the circulation (essentially the time dependent lift coefficient).

AU _t
_ZFWing (t) _ a()C _
U.c | a0 =C, (t) (11.18)
a,C

The induced drag per unit span is D, =p(l“wmg)2/ (27[Umt). The time dependent

coefficient of induced drag is

AU _t
c, (=] —%C oo . (11.19)
’ ArtU_t
+1
a,C
The characteristic time that comes out of this analysis is

_ aC

TSmrting Airfoil — M (1 120)

In terms of the characteristic time,



12" Wing (t) — C|_ :‘(& t/O/glartingAirfoil 1_ CDi - & t/O/gtartingAirfoiI
aOU#C$ a0$ t/‘ygrar‘ringAirfoil +1x a0$2 g (t / ‘ygartingAirfoiI +1)2

)
+. (1121)
#

The evolution of lift and drag over the wing is shown below.
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Figure 11.4 Onset of circulation and lift, growth and decay of induced drag on an
impulsively started airfoil.

Classical theory gives a, =2m for the lift curve slope of an airfoil at small angles of

attack. In this instance the starting time is about the time it takes the flow to travel one-
half of a chord length.

At t =0 all three are zero. As t — oo the lift and circulation approach a constant value
while the induced drag, after reaching a maximum at about one characteristic time,
decays to zero as the lift approaches a constant value.

A more sophisticated analysis of this problem that takes into account the dynamics of the
vortex sheet can be found in Saffman (Vortex Dynamics, page 111).

11.2 THE JOUKOWSKY AIRFOIL
Recall the complex stream function introduced in Chapter 10.
W(z)=®(x,y)+i¥(x,y) (11.22)
where
Z=x+iy=r(Cos(9)+iSin(9))=rei9 . (11.23)

The radius and angle are



e (X2 N y2)1/2

Tan(@) =2

X

(11.24)

Both the velocity potential and stream function satisfy the Cauchy-Riemann equations.

yoo® _do¥
dx (11.25)
yo9®_ oY '
dy o

Cross differentiating (11.25) it is easy to show that the velocity potential and stream
function both satisfy Laplace’s equation. Moreover two-dimensional potential flows can
be constructed from any analytic function of a complex variable, W (z).

The complex velocity is independent of the path along which the derivative is of the

complex potential is taken.

dW oD dx  J¥ dx

i == =U-iv

d_z_ ox dz ox dz

aw _o®dy o¥dy _V .U

(11.26)
+l—_:U—iV

R +i]—
dz dydz dydz i i

In Chapter 10 we constructed flow past a circular cylinder from the superposition of a

uniform stream and a dipole

1
W=Uwz+£(—) O=Ux+——| | W=U_y+—|—2—| (127
2 2r\ x"+y 2r\ x"+y

T\ 2

The radius of the cylinder is
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R= . 11.28
[ZﬂUwJ ( )

With the velocity on the surface of the cylinder known, the Bernoulli constant is used to
determine the pressure coefficient on the cylinder.

P 1, (P 1,
—+-U_.=|—+=U
p R

2 p 2

(11.29)

Fig 11.5 Pressure coefficient for irrotational flow past a circle.

In Chapter 10 we added circulation to the problem by adding a vortex to the flow. Take
the circulation of the vortex to be in the clockwise direction with the positive angle
measured in the clockwise direction from the left stagnation point.

W= Umz+£(lj+£Ln(z)

2r\z) 2w
r
P=Ux+——| > |-—0 (11.30)
2\ x"+y 2

K y r
Y=U_y+— +—Ln(r
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Note that the radius of the circle is unchanged by the vortex but the forward and rearward
stagnation points are moved symmetrically below the centerline producing lift on the
cylinder in the amount L=—-pU_T".

Now let the oncoming flow be at an angle of attack « below the horizontal. Take ! to
be positive when the flow is below the horizontal and negative when it is above.
Superpose this uniform flow with a dipole and a vortex. Take the circulation of the vortex
to be in the clockwise direction.

. $&L)
W(zl):U! ze"” +2_%(Z;‘l_+2_%l_n(21)

_ - $& x ).,
- (%, %)=V, (x1Cos(#)+yls|n(#))+2—%(X12+y12¢ Z—%ArcTan(yllxl) (11.31)

B . _ $& vy ), 12
=U, (yCos{#)" xSin(#)) 5oy (06 + 2]

where z, = x, +iy, is the complex variable with dimensions [Z] = Length. The radius of

R= [—X (11.32)
27RU.

Using (11.32) the potentials (11.31) can be non-dimensionalized as follows.

the circle is still




RCos(6

¢(X1,y1) (%jCOS(a)+(%j5m(a)+ 0:( 1)_7/61

RSin(06
l//(-xlsyl) ylcos(a)—XISll’l(a)—M_'_yLn(%)

n
where
AR SR
U R _U R l'[/_U R

The dimensionless circulation of the vortex is

T
2nRU

v

The flow is shown below for y =1, R=1and a=x/18.

¥>0
¥ <0

(11.33)
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Figure 11.6 Flow at angle of attack o past a circular cylinder with lift.

The dimensionless potentials expressed in (rl,! 1) coordinates are

o= "LCos(@)Cos(0,) + L-S(2)Si(8,) +~Cox6,)- 16,
r.l

1

10

v =tcode)sin(6)- Ln(a)Cos,)- Xsin(o,)+ yLa| %

(11.36)



The complex velocity is

dw(z)_e (R) v (11.37)
dz, R

The velocities in polar coordinates are

U, = %Cos(a)Cos(Ql)+ %Sin(a)Sin(QI)— A;COS(QI)
I

(11.38)
U, = _%Cos(a)Sin(01)+%Sin(oc)Cos(Ol)—EzSin(Ql)_ Y

h h

The flow is determined by o which is specified and !/ and R which remain to be
determined. On the cylinder U, =0 and r, = R. The tangential velocity in the cylinder is

6

:%(—Cos(a)Sin(Gl)+Sin(0¢)Cos(91)—Sin(91)—j/). (11.39)

n=R

Stagnation points occur where U, o= 0. The two roots of (11.39) , denoted 6,,, satisfy

Sin(a)Cos(6,,) = Cos(c)Sin(6,,)+ Sin(6,))+7v . (11.40)

Solve (11.40) for the stagnation points (r,! ) =(R,! 10) given ¥y and «. The roots of
(11.40) are

Sin(6,,) = —% + Si”(“)a))\/z(H Cos(a))-7* . (11.41)

2(1+ Cos(

Our goal is to map the flow in figure 11.6 to flow around an airfoil with several free
parameters that can be used to choose the shape of the airfoil. First we will itemize the
steps in the mapping then demonstrate the process with an example.

Step 1 — Translate the circle in the z plane to a circle in the z, plane with its origin
shifted from (0,0) . The mapping is

22 = Zl + 22(: Where ZZC = X2c + iyZ(: . (1 142)

Specify the coordinates of the center of the circle in the z, plane (XZC,yZC). In addition

specify the coordinates of the trailing edge (X2t’y2t) in the z, plane. Now the radius of
the circle in the z, plane is determined.

11



1/2

R=((% ! %) + (e ! ¥2i)') (11.43)

Step 2 — Map the circle in z, to an oval in the z, plane passing through the point
(x;,y;)=(1,0). The mapping is

£
ZQ_A

L=~ (11.44)

where € is complex and A is real. We require that the coordinates of the trailing edge
Zy = Xy Ty, satisfy

2y =2y — A"=1+i(0) . (11.45)

Solve (11.45) for (&,,¢,) using x,, =1 and y, =0.

& =(x, ~1)(xn, -4)-,

(11.46)
&=y, (21, —1-4)
Step 3 — Map the oval to an airfoil using the Joukowsky transformation.
1
2=zt — (11.47)
23
The overall transformation from the circle to airfoil coordinates is
g tig; 1
2=|(z+2,)-——t— |+ , . (11.48)
(Z1+Z2L')_A (Z +7z )_ 8r+l£i
1 2¢ Zl + ZZC _ A
Example — Joukowsky airfoil.
Choose the following values.
a=n/9 x,=-007 y,=002 Xx, =103 y, =-002 ! =02 (1149)

The coordinates of the center of the circle (x,,,y,.)and the trailing edge (X2t : y2t) in the
z, plane determine the radius of the circle in the z, plane.

1/

R= ((xh_ — %, ) + (e =3 ) )“2 = ((0.07 ~1.03)° +(0.02+ 0.02)2) " 21.10073 (11.50)

12



The location of the trailing edge in the z, plane is determined using (11.42).

2, =2, —2, =1.10-0.04i

-0.04

(11.51)
0,, = ArcTan
" 1.10

j =-003635

Now apply the Kutta condition. The dimensionless circulation (11.35) is chosen to insure
that the rear stagnation point on the circle in the z, plane depicted in Figure 11.6 is

located at the point (11.51) designated as the trailing edge. In other words, when we
choose the parameters (11.49) the radius of the circle in the z; plane, the angle of the

trailing edge and the value of / in (11.41) that gives the angle calculated in (11.51) as
the root are all determined. The circulation is determined to be

y = Sin(a)Cos(8,,,, |- Cos(a)Sin(8,,, ) Sin(6,,,, )=0412282 . (11.52)

The angle of the forward stagnation point in the z;, plane is determined from (11.41). The
roots are

Sln

- o Y
O,O—ArcSm[ 2i (1+Cos(a

Jz 1+Cog(a))- j: (-2.7562,-0.03635) (11.53)

The position of the nose stagnation point in the z, plane is

Zinose = —1.01998 — 0.41381i (11.54)
and the position in the z, plane is
Zonose = —1.08998 — 0.39381; . (11.55)

Using the translation (11.42) map the circle in the z, to a shifted circle of the same radius
in the z, plane.

z, plane z, plane

=412
center R
X,

05 1p€—15
T.E.

Figure 11.7 Mapping from Z, to Z,.
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Now map the circle in the z, plane to a slightly vertically elongated oval in the z; plane.

15

Y3
z, plane z, plane

X, X3

0.5 10w~ 15
T.E.

center

Figure 11.8 Mapping from z, to z,.

The parameter delta is specified independently and the real and imaginary parts of / are
determined by the condition that (X2TE ’y2TE) maps to (1, 0) in the z, plane. Referring to
(11.46)

g =(x,, —1)(x,, —A)-»3 =(1.03-1)(1.03-0.2) - (0.02)" = 0.0245
‘ ‘ ‘ 11.56
&=y, (2x,, —1-A)=-002(2(1.03)-1-02-0.02)=-00172 (10

Now map the oval in the z, plane to an airfoil in the physical plane z using (11.48).

L
Y3
z, plane
1
=2+ — Y
23

04,
X. 02
3 //— X
y\ 0.5 1o~ 15 \\x_d“/ 2
TE.
-0.4!

center

Figure 11.9 Mapping from z; to 7.

The mapping used to generate the airfoil in Figure 11.9 is

14



#+i#t (

RCos(! ) +iRSN(! )+ X, +1y,. " 83

0,
X+iy = .;’RCOS(! )+iRSIN(! ) + %, +iy,. "

1

#+iH
RCog(! ) +iRSN(! ) + %, +iy,. " $

% . - (
-&RCos(! )+iRSIN(! ) + X, + 1Y, §

(11.57)

where (X, y) are the coordinates of the airfoil surface. All the constants in (11.57) are

known from the values specified in (11.49) and calculated in (11.50) and (11.56). The
angle !/ in (11.57) runs from O to 2/ in the z, plane.

Ultimately we want the pressure distribution on the airfoil and for this we need to
determine the mapping of the complex velocity (11.37) from the z plane to the z plane.

Use the chain rule

AW _ dW dz dz, dz,

. (11.58)
dz dz dz dz dz
The required derivatives in (11.58) are
d_lel
dz,
2
9 __1 _ 1 - (22()2) . (11.59)
dz, !dz$ ! % (z())+
#dz % #H+ —58&
270 ()%
d—z3: 1 = Zg
z ! dz$ Z(1
#dz3§b
Combine (11.58) and (11.59).
(-4) ) 2
U=U |2 |5 (11.60)
: (22—A) + & 23_1

The velocity field in the complex z, plane (11.37), repeated here for convenience, is

15



dwlz)_ e —[£J+il. (11.61)

Zero velocities occur at:

1) The stagnation points in gz,

) z,=A, z;=00, 2=

iil) z,=0, z=oo.

Infinite velocities occur at z;, =0 and:

1) z,=1, z=2z,+1/z,=2. The infinity multiplies the zero at the stagnation point to
produce a finite velocity at the trailing edge.

i) z; =1, z=-2. This point lies inside the airfoil.

ii1) The point
LY +#=08 z,=" (14"
z!") . (4 (11.62)
z,="+2(!#
The singularity (11.62) transforms to
Zsmauiain = A+ 2(=€)"7 + ;”2 L A-2(-€)" + ;”2 . (11.63)
) A+2(-¢) A-2(-¢)

We need to be concerned about the position of the singularity (11.63) since it may lie
outside of and close to the airfoil where it can affect the pressure distribution. For the
example above

=1.81465-1.30801i , 0.906875 +2.46541i (11.64)

ZLS‘ingularity

These locations are relatively far from the airfoil and so we should expect a reasonably
smooth pressure distribution. The pressure coefficient is

P—-P, 2 2 2
€, =7 =(1-Ju.[)=1-(v2+0v2) (11.65)
EPUM

plotted below.

16
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Figure 11.10 pressure distributions on the example Joukowsky airfoil at « =1 /9.

11.3 THIN AIRFOIL THEORY

The figure below depicts a generic two-dimensional airfoil. The chord line of the airfoil
is aligned with the x-axis. The upper surface is defined by y= f(x) and the lower

surface by y = g(x). The flow is steady, inviscid and incompressible.

y

Camber line

(7 (24

o0

U._Sin()
U_Cos(a
@ Chord line y=2g(x)

Figure 11.11 Two-dimensional airfoil at angle of attack o .

The real flow about such an airfoil is viscous and there is no possibility of flow around
the sharp trailing edge. The no slip condition and viscous dissipation prevents this from
happening just as is it does in the wedge flow shown in Figure 11.1. In potential flow, the
Kutta condition is used to mimic this behavior by requiring that the flow leave the
trailing edge smoothly with no singularity. As we learned in the discussion of Joukowsky
airfoils this requirement sets the lift on the airfoil.

The stagnation pressure is constant throughout a steady potential flow.

Pl , P. 1, .v P, 1, _
;JFEUi:fJFE(UTE)Z=f+5(um)2 (11.66)

17



where the superscript "+" refers to the flow leaving the upper surface of the airfoil and
the superscript "—" refers to the flow leaving the lower surface of the airfoil. Since the
flow is incompressible, the Kutta condition boils down to

pp

(11.67)

The static pressure is the same above and below the airfoil at the trailing edge. The
immediate implication of (11.67) and (11.66) is that

Uy=Up . (11.68)
The flow velocity must also be the same above and below the trailing edge.

11.3.1 THE THIN AIRFOIL APPROXIMATION

The Joukowsky transformation is a very useful way to generate interesting airfoil shapes.
However the range of shapes that can be generated is limited by range available for the
parameters that define the transformation. In practice the thickness of most airfoils is
small compared to the chord. This enables a simplification of the surface boundary
condition for Laplace’s equation that allows very general, airfoil shapes to be produced
relatively easily. Decompose the velocity potential into the free stream and perturbation
potential.

®=U_xCos(a)+U_ySin(ot) + ¢(x,y) (11.69)
The velocities are

U=U_Cos(a)+u(x,y)

11.70
V=U_Sin(a)+v(x,y) ( )
where
= 9 V= % . (11.71)
ox dy
The disturbance potential satisfies Laplace’s equation.
V=0 (11.72)
with far field conditions
a—¢eO a—q)%O at oo (11.73)
ox dy

and surface conditions

18



v(x, (x))—g—f )=Uw(%—Tan(a)j on 0<x<C (11.74)
y=r(x

v(x,g(x))—g—i) =Um(%—Tan(oc)) on 0<x<C . (11.75)
y=g(x)

Within the thin airfoil approximation the surface conditions can be evaluated on y=0
instead of on the actual airfoil surface. The linearized surface conditions are

y( ,0*):3—"’ :Uw(j—f—a) on 0<x<C (11.76)
yy:0+ X

v(x,O_)zg—¢ =Uw(2—g—oc) on 0<x<C . (11.77)
Ve x

Define the thickness function of the airfoil.

1
T’Thickness ('x) = E(f(x)_ g(x)) (1 178)
and the camber function
1
Neanser (%) = (f (x) + (). (11.79)
The linearized problem is now defined.
V=0
lima—(p = lima—¢ =0
roe Qx e ay
By i gy a7 (11.80)
8y y=0* dx dx
a_¢ — _Uoo dnThickness + Um dncamber _ UW(X
dy x oyt dx dx

The surface condition breaks into three terms for the effect of thickness, camber and the
angle of attack. Treat the problem as the superposition of three independent potentials.

¢ = ¢Thickness + ¢Camber + ¢a (1 1 8 1)

19
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Figure 11.12 The three basic problems of thin airfoil theory.
The thickness problem

Let the thickness disturbance field be represented by a distribution of mass sources along
the x -axis in the range 0 <x < C.

y (x.) Source strength/length

\ 4

Figure 11.13 Distribution of sources generating thickness.

The velocity field due to such a distribution satisfies Laplace’s equation and V¢ =0 at
infinity. For a source of strength g(&)d& (units L /T) at (x,y)=(&,0) the complex

potential is

q(§)dé

dWThickness =
2r

Ln(re”) (11.82)
where

20



PP =(x=E&) . (11.83)
The differential velocity potential is

q(8)
2r

) 12
d¢Thickness = Ll’l((.x— g) + yz) d& . (1 184)
The potential at (x,y) is given by the sum of the potentials due to all the source

Increments.

172

Onnen =5 |- (&) Ln((x &) +?) " ag (1189)

2w Yo

with velocity components

a¢Thickness _ 1 ¢ X =
el

uThickness (X 4 y) =

ox 2« ( )
11.86
L 1 rc y
v . x’ — ICKness - — d
Thickness ( y) ay 27[ -[0 q(é) (x . 5 2 n y2 5
We wish to use the surface condition (11.80) on the thickness
an,,.
V(x,0+ ) — Uoo nThzcknesx
ddx . (11.87)
v(x’of ) — _Um nThicknesx
dx

to determine the source distribution g(x). Let y in (11.86) be a very small but fixed
number y = £. The vertical velocity component in (11.86) becomes

1 ¢c €

VThickness ('x ’ 8) =

For very small values of € the only contribution to the integral (11.88) comes from the

range of & very close to x where the function &/ ((x—f)2 +82) —1/¢. This allows

g(x) to be pulled out of the integral (11.88). Now

_glx) e €
Vi (1:8) = 2 e (11.89)

Now evaluate the remaining integral in (11.89).
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ArcTan(f) - ArcTan(x — C) (11.90)
E E
lim(ArcTan(fj — ArcTan(x —C D =7
£—0 & e
Now
+ an, . . .
VThi('kness (X,O_) = iM = iU M . (1 191)

2 © dx

Finally the thickness problem reduces to choosing the distribution of source strength to
be

q(x) = 2U°<> dnif;ckness ) (1 192)
X
The thickness potential is
_ Uoo ¢ dnThicknesx (5) 2 2 172
¢Thickness - E 0 d& Ll’l((.x— 5) + y ) dé . (1 193)

Note that the total source strength due to thickness is zero.

¢ ¢ drl ickness
J.O q('x)dx = J.O Uoo %dx = Uoo (rlThickness (C) - T’Thicknesx (O)) = 0 (1 194)

The camber problem

Let the camber disturbance field be represented by a distribution of vortices along the x -
axis in the range 0 < x <C.

y (x.y) Vortex strength/length

(%)
r

0 (o

Ue  JIZmy aaYaa'aYaA'a'

4\ S22 R AL AN\ SASA L X
N |<—d§

I

Figure 11.14 Distribution of vortices generating camber.
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Again, the velocity field due to such a distribution satisfies Laplace’s equation and
V¢ =0 at infinity. The source function y(x) is the circulation per unit length. Physically

it is the velocity difference between the upper and lower surface at the position x .

For a source of strength y(&)d& (units L/T ) at (x,y)=(&,0) the complex potential is

_v(&)dé

27

iLn(reie) (11.95)

where
PP =(x=E&) . (11.96)
Take the real part of (11.95). The differential velocity potential is

g, . = —@ArcTan(L)dg . (11.97)
2 -¢

X

The potential at (x,y) is given by the sum of the potentials due to all the vortex

Increments.

¢Camber = _é OCY(é)ArCTan[

y
5}15 (11.98)

X —

with velocity components

0 1 (e
uCumber (X,y) = M = _J. y(é)%dé

o 2 Jo — &)
a¢x | (=8 +y . (11.99)
x—
Vc(;mber(XJ):g;ymb”:—%L (€ mdﬁ
Check lim Ucampe (%) -
yl 0F
£\ _ | 1 ¢ Yy _+#(X)
Ucanber (X’O )_Jllrgl;&#($)md$—_7 (11100)
From (11.100).
y(x):uCamber (x’0+)_ucamber (X,O_) . (11101)

23



The vortex strength source function y(x) is precisely the velocity difference between the

upper and lower surface of the camber line (and the airfoil) and goes to zero at the
trailing edge as required by the Kutta condition.

The surface condition for camber is

Xll % d. a o
0= g Y S v
Taking the limit in (11.102)
+ __L ¢ 1 — dnCamber
Veansr (:0°) == | y(éj)—(x_é)d&_f U, et (11.103)

The pressure on the camber line is

n

P+ pU2 Peober (x,Oi ) + %p((UW T Ucamper )2 + (vCamber )2)

(11.104)
P iver (x,Oi) + EpUm + PU Ui pver (x,Oi)
The lift on the airfoil due to camber is
L= j (Peanper (1:07) = Pryy (1.0%) )l . (11.105)
Use (11.100) and (11.104) in (11.105). The lift on the airfoil is
L=JOC(pUW@+pUW@jdx:pUWJOC}/(x)dx (11.106)
L=pU_TI
The moment acting on the camber line about the leading edge is
M= j (Pranper (:07) = Py, (x.0)) (11.107)
which becomes
M=pU. j x)xdx . (11.108)

We still need to determine the source distribution / (X) . That is we need to solve
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C’y(é)d§=—2ﬂUwM 0! x! C /(C):O . (11109)

0 x—¢& dx

1) Introduce

X = %(1+ Cos(!))

c : (11.110)
"= §(1+ Cos(#))

This change of variables is illustrated below.

y

o
Figure 11.15 The change of variables (11.110).

2) Express 7, (*) as a Fourier series in 6.

d oo

Deaer. = 3" B Cos(nd) (11.111)

dx n=0

The coefficients are determined from the orthogonality of the expansion functions.

anz'[ﬂ(MJCOS(ne)dO for n1, Bozij”(dee. (11.112)
mdo dx mJo dx

3) Solve the integral (11.109) in the form

1 JO r(s)
27U _ *= Cos(g)— Cos(0)

dg =Y B,Cos(nf) . (11.113)
n=0

The result is
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y(6)=-2U_.> B,Sin(n0)+2

n=1

U_B, ( K

Sin(6)\ 20_B +COS(9)) . (11.114)

The constant K is determined by the Kutta condition y(6=0)=0. The result is
K =-2U_B, which cancels the singularity at 6 =0 in (11.114). Thus

y(0)=-2U. [BO [%(Ese(f)} + anSin(ne)] : (11.115)

Note that in general there is a singularity in the circulation at the leading edge where
O=rm.

Now all the zero angle of attack aerodynamic properties of the cambered airfoil are
known; namely the lift coefficient

L 1 ¢=

C,= 7(6)Sin(0)d6 =-n (2B, + B,) (11.116)

1 :U_ 0
= U2C o
2P -

and the moment coefficient.

Cy =7 M 2[1] [77(6)(1+ Cos(0))sin(6)d6 =
o PUL (11.117)
T T
_Z(ZBO +Bl)_Z(B] +Bz)
The moment coefficient can be expressed as
C, &«
CM:TL—Z(BI+BZ). (11.118)

The force system on the airfoil is equivalent to a pure moment about the leading edge
tending to pitch the nose up plus the moment that would be generated by the lift force
acting at the one-quarter chord point tending to pitch the nose down.
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Figure 11.16 Forces and moments on a thin cambered airfoil at zero angle of attack.

The angle-of-attack problem

Finally we look at the incompressible potential flow past a flat plate at a small angle of
attack illustrated below. The source is modeled as a distribution of vortices as in the

camber problem.

y (%) Vortex strength/length
7(x)
r
0 C
avyal ataYalaYaYa'a NN
o "SAWA A2 2 O SAWA WA LW
= U.Sin(a) ) |<_ dE
U_Cos() z »>le ; »

Figure 11.17 Distribution of vortices generating lift on a flat plate at angle-of-attack o .

In this case the surface condition is especially simple since dn,,,.. / dx=—o.
Veunper (1,0%) = Ut (11.119)

Equation (11.109) becomes

C%d§=27wma 0sxsc y(C)=o0. (11.120)
OX_

In (11.111) all coefficients higher than n =0 are zero so the series truncates at the first
term.
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1 ¢x
BO:—;JOadB:—a, B,.B,.B,.....B,=0 (11.121)
The circulation distribution (11.115) on the flat plate is

y(0)= 2Uma[1;;—0(se()9)]. (11.122)

From (11.116) and (11.117) the lift and moment coefficients for the flat plate at angle of
attack are

C, =2na
) 11.123
Cy =%a ( )
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