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Chapter 10 - Laminar Boundary Layers
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Suggestion: use as the appropriate temperature variable

This is OK because of the invariance under translation of the temperature.
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Problem 10.6



Ref. Schlichting, Boundary Layer Theory
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Boundary layer on a flat plate
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Assume the static pressure is constant through the boundary layer
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Zero pressure gradient case

Apply a three parameter dilation group

For invariance of the PDE require
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Check invariance of the boundary conditions

For invariance of the free stream condition require
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The group that leaves the problem as a whole invariant is

Similarity variables
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Reynolds number is based on distance from the leading edge

Vorticity

We can expect a solution that is invariant under the same group
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Derivatives

Substitute into the stream function equation and simplify
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The Blasius equation

Boundary conditions
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Friction coefficient

Transverse velocity at the edge of the layer

Boundary layer thickness
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The Blasius equation can be expressed as

Let

Let Then

Vorticity at the edge of the layer decays exponentially with distance from the wall. This is 
the justification for dividing the flow into separate regions of rotational and irrotational flow.

23



Now use the symmetries of the Blasius equation to reduce the problem further
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Begin with the translation group
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First reduction
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Second reduction – use the dilation group
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Phase portrait
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Which curve is the correct one ?  Consider the flow near the wall.

Near the wall the solution must approach
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Numerical solution
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The group can be used to generate the solution in one step!

 
Fα α 0[ ] = e−3b 0.2( )     ⇒      Fα α 0[ ] = 0.46965
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Temperature gradient shocks in nonlinear media

Group

Similarity variables

Problem reduces to a 2nd order ODE
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Numerical solution - is the solution unique ?
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The ODE reduces to an autonomous system
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Phase portrait - again

At infinity

Two possibilities

Which trajectory is the correct one ?
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Flow near the saddle point
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Near the saddle point
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Solution is discontinuous in the temperature derivative
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Thermal analogy to the Blasius problem
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General group of the boundary layer equations

Infinitesimals

The package presents the results as

In order for the invariance condition to be 
zero the free stream velocity must satisfy
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Falkner-Skan boundary layers

where ∂Ue / ∂y = 0 is applied to the invariance condition as a rule.
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Pressure gradient

Free stream velocity distribution
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Translation group

Similarity variables
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Reduce the order by one
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The unsteady boundary layer equation

General translation group - infinite dimensional group

 t = t
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Arbitrary, time dependent translation in y - mapping a general 
unsteady flow to the flat plate

The discovery that the viscous flow near the wall (the boundary layer) and the potential flow away from 
the wall can be approximately treated as mathematically distinct regions, and that an arbitrary shape can 
be mapped to a flat plate within that approximation, represents one of the most important advances in 
the history of mechanics. Today it is the fundamental basis of the modern theory of aerodynamics. 48
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