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A Primer on Symmetry Analysis 

Beihang University, Bejing China May 7, 2025 to June 4, 2025

Summary of Lectures 3, 4 and 5

Over the next three lectures we will be discussing certain geometric aspects of turbulent flow that can be described using methods that fall under 
the general topic of Symmetry Analysis. Much of the research described in these lectures took place in the 1980s and 1990s.

Lecture 3 - But before we launch into a discussion of the geometry of turbulent flow, it is necessary to review some of the basic properties of 2D 
and 3D vector fields. And it is necessary to provide a brief introduction to Lie groups and their use in solving physical problems. Note that when 
equation numbers appear on the slides, the material can be found in my Text; Introduction to Symmetry Analysis.

Lecture 4 - We will use groups to develop general similarity rules applicable to a wide variety of turbulent free shear flows including the scaling 
laws for integral measures of the flow as well as microscale motions responsible for dissipation of turbulent kinetic energy (TKE). The similarity 
rules developed for free shear flows will also be used to derive Kolmogorov scaling of the inertial subrange. 

Lecture 5 - Finally, we will focus on one of the most fundamental problems in fluid mechanics that one can imagine: the flow created by an 
impulsive force applied at a point in an infinite, incompressible, viscous fluid. We will see that the fundamental nature of transition in the jet 
created by an impulsive point force is a sequence of bifurcations in the phase portrait of particle paths in similarity coordinates leading to the 
onset of a starting vortex.

The main goal of these three lectures is make the case for carrying out a direct numerical simulation of the starting jet up to a moderately large 
Reynolds number of several thousand or so. The data will be used to identify the geometry of the 3D flow, and the possible connection to classical 
descriptions of turbulence such as the energy cascade. It might also be possible to gain fundamental knowledge of the behavior of turbulent flow 
in the limit of infinite Reynolds number.
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Instantaneous velocity vector field in the wake of a circular cylinder as seen by two observers.

No#ce the cri#cal points defining the geometry of the flow pa8ern

saddle centers

saddle

half-saddle, separa0on point
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The trajectory of a fluid par#cle in a three-dimensional unsteady flow is governed by the system of first order ODEs,

The Geometry of 2D and 3D vector fields

At a given instant in #me, t = tfixed the velocity field is frozen and instantaneous streamlines are determined by integra#ng the 
autonomous system 

where s is a pseudo#me along an instantaneous streamline. The solu#on trajectories are 

State-space analysis

Very oIen, the flow field can be completely understood without actually solving the par#cle path equa#ons. Instead 
one looks at cri#cal points, xc  , in the flow field where,

where the matrix of constants is

The geometry of the flow field, 
ie., the flow pattern, in the 
neighborhood of the critical 
point is determined by the 
eigenvalues of the matrix 𝐴!

" .   

Near a cri#cal point the flow field can be expanded in a Taylor series
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Linear Flows in 2-Dimensions
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Linear Flows in 3 - Dimensions
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3D Incompressible Flow, P = 0 

The smooth vector fields generated by fluid flow are Lie Groups. This subject will 
be central to our later discussion of the flow generated by an impulsive point force.  
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A primer on one parameter Lie groups

Lie groups arise as the solu/on families of autonomous systems of first order ODEs 

with con/nuous, inver/ble solu/ons of the form 

and ini/al condi/ons 

i) The group is a real analy#c func#on of the group parameter s. 
ii) Every s has an inverse sinv. 
iii) s=0 is the iden#ty element.

Lie groups are diffeomorphisms. 
That is, they are inverHble maps that 
preserve the tangent structure of 
the transformaHon F  to all orders. 

Beihang University, Bejing China May 7, 2025 to June 4, 2025

Sophus Lie's great advance was to recognize that this difficult to apply nonlinear invariance 
condition could be replaced by a much simpler linear condition.  
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The Lie group F can be expanded in a Taylor Series about the iden7ty element of the group, s=0. 

The infinitesimals of the group are 

also called the vector field of the group. 
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The result is the Lie series expansion for Ψ. Expand the right-hand-side of                              about s=0.  

One may notice that, up to this point, we have used the 
tilde to denote the source point of the transformation, and 
here we have suddenly switched the role of the tilde to 
denote the target point of the transformation. Of course it is 
immaterial which value of x is assigned the tilde, which is 
merely a distinguishing mark. We are about to develop the 
infinitesimal theory of groups, which involves expanding 
the transformation F about the source point, and for 
convenience it is simpler to assign the tilde to the target 
value of the transformation. This avoids having to carry 
tildes along in all our formulas. 

This is someHmes 
called the exponenHal 
map of Ψ.
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The group operator is 
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A func7on Ψ  is invariant (                   ) under the group F if and only if 

This is a much simpler invariance condition to apply as it just requires the solution of a first order linear PDE.  Equivalently one 
usually just solves the characteristic equations of the group, dxj/ds= 𝜉𝑗 [x], for up to n-1 invariants, Ψ𝑖, i = 1,.....,n-1 . When applied 
to PDEs and ODEs, the invariants become the similarity variables used to reduce the dimensionality or the order of an equation.

Solve the characteris7c equa7ons 

For integrals 

When this condi7on is sa7sfied, the right-hand side of the Lie series expansion is zero to all orders beyond the zeroeth.

Recall



5/5/25 Beihang University, Bejing China May 7, 2025 to June 4, 2025 10

The main thing to recognize when applying 
Lie theory to ODEs and PDEs  is that the 
function Ψ can be essentially any differential 
object. The mechanics of Lie theory gets 
complicated because in order to transform 
an ODE or PDE one needs to work out the 
transformations of derivatives to whatever 
order appears in the equations or system of 
equations under study.  
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What do we mean when we say a differen6al 
equa6on is invariant under a group?

Consider the PDE that governs the Blasius boundary layer streamfunction.

Test the invariance under a three-parameter dila/on group.
~

Subs/tute the group into the equa/on

For invariance the group must map the equa/on to itself. For this we must have

2c – a – 2b = c – 3b
The equa/on is invariant under a two parameter dila/on group

It is necessary to work out all 
the derivatives that appear in 
the equation. This is easy for 
dilation groups.
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Example – Flow induced by a heated vertical plate

Suggestion: use as the appropriate temperature variable. 

This is OK because of the invariance under translation of the temperature. 
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where
Dimensioned Governing Equa2ons

The parameters of the problem can be used to define length and 7me scales.

and dimensionless variables

Use this mapping to produce the dimensionless forms of the original PDEs. 
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Dimensionless Governing Equa2ons

where

is the Prandtl 
number

Use the Mathema7ca package IntroToSymmetry.m on my website hPps://web.stanford.edu/~cantwell/ 
to work out the invariant groups of the governing equa7ons. Screenshots of the notebook are provided 
aTer the Main References.
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The equations are invariant under a 5 parameter Lie group

Three transla7on groups in x, y, 𝜓 and 𝜃 (s is the group parameter)

and two dila7on (stretching) groups.

Note that transla7on and dila7on groups can usually be found by inspec7on.
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f(x) is an arbitrary 
transla7on of the y 
coordinate.
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The two finite dilation groups, their infinitesimals and group operators are as follows.

The fact that there are two dila7ons, a consequence of the algebraic structure of the equa7ons and the 
diffusive nature of the two coupled equa7ons is very significant. The reason is, that the equa7on is invariant 
under, not just the two specific dila7on groups Xa and Xb , but any linear combina7on of the two. 

Beihang University, Bejing China May 7, 2025 to June 4, 2025
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This means we are free to choose the linear combina7on that matches some boundary condi7on. In this 
case we need to generate similarity variables that preserve the constant temperature condi7on at the wall. 

The characteris7c equa7ons are

The three invariants of this group are

Choose

And so we seek solu7ons of the form

Finite Group
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Reduc6on to two ODEs in the similarity variables 𝛼, F  and 𝐺.
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When the (dimensionless) 𝜓 and 𝜃 are subs7tuted into the original PDEs the result is a pair of 
coupled ODEs in the similarity variables F, G and 𝛼.

With boundary condi7ons

In prac7ce the equa7ons are most easily solved as an ini7al value problem and for Pr=1 a good choice is
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Concluding Remarks

This chapter represents a brief introduction to the methods of Symmetry Analysis.

In the next lecture we will use Lie groups to develop general similarity rules for turbulent 
shear flows. 

Then in the third lecture we will we will focus on one case and use these methods to 
determine the nature of transition in an impulsively started viscous jet.
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