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Symmetries of the Navier Stokes Equations

Infinitesimal transformation
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Incompressible Flow
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The equations  are invariant  under a  9-parameter group of translations, rotations and dilations 
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One-parameter dilation group of the full viscous equations.

If the kinematic viscosity is set to zero, the resulting Euler 
equations are invariant under a two-parameter dilation group.
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The Euler 
equations are 
invariant for 
any value of k.



In addition, the equations are invariant under a group of arbitrary translations in space.

55/20/25 Beihang University, Beijing China May 7, 2025, to June 4, 2025



5/20/25 Beihang University, Beijing China May 7, 2025, to June 4, 2025 6

Instantaneous flow field in the wake of a circular cylinder as seen by two observers (again!).
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Reynolds Number Invariance

5/20/25 Beihang University, Beijing China May 7, 2025, to June 4, 2025

U1

U2

U0

𝛿



The Reynolds averaged Navier-Stokes equations 

Away from a wall

Rate-of-strain

For free shear flows the viscous stresses are often neglected 
compared to the Reynolds stresses.
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Integral length and velocity scales

95/20/25 Beihang University, Beijing China May 7, 2025, to June 4, 2025

Dissipation of TKE scales with production of TKE

Turbulent Kinetic Energy TKE

Viscous dissipation of TKE

U1

U2

U0

𝛿



Invariant group of the Euler equations
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One parameter flows
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"𝑀 = L3 / T2

"𝑀 = L4 / T

"   "units of"



Temporal similarity rules
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Reduced equations
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In these one-parameter flows all lengths scale with the same power of time enabling the basic 
time dependence of the flow to be incorporated into space-time similarity variables. 

The equations for particle paths,

Derivation of 13.25



Frames of reference
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The vector field of particle 
paths in similarity coordinates 
is independent of the observer.



Spatial similarity rules - jets

Spatial similarity rules - wakes
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All turbulent one-parameter jets spread linearly in space

2D wakes
!𝑀 = L2 / T,  k=1/2

3D wakes
!𝑀 = L3 / T,  k=1/3

Even flows where the initial region may be dominated 
by several length scales, as is the case with the 
origins of jets and wakes, the downstream region 
generally follows the scaling of a single governing 
parameter. 

If k > 1/2 the range of scales increases continuously. 

If k = 1/2 the range of scales is constant. 

If k < 1/2 the range of scales decreases, and viscosity 
eventually dominates the motion.

2D jets
!𝑀 = L3 / T2,  k=2/3

3D jets
!𝑀 = L4 / T2,  k=1/2



Reynolds number scaling

The idea of an eddy viscosity
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If k < ½, R𝛿 decreases with time – the flow relaminaries

If k > ½, R𝛿 increases with time – the ratio of large to small eddy length scales increases

If k = ½, R𝛿 is constant independent of space and time
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The governing parameter is the hydrodynamic impulse  !!" =
#"

$  ,  k = %&
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Growth of a turbulent vortex ring 

t



High and Low Reynolds number vortex rings
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Integral of the motion - the hydrodynamic impulse
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L4T-1 , k = 1/4



Experimentally Determined Streamlines and Particle Paths
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Recall that the incompressible Navier-Stokes equations are invariant 
under a group of arbitrary translations in space.
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Reduced equations

Particle paths

Frames of reference

235/20/25 Beihang University, Beijing China May 7, 2025, to June 4, 2025



Particle paths in similarity coordinates do not depend on the observer
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Streamlines and Particle Paths - again

The particle path plot 
shows how the vortex ring 
grows by entraining fluid.

Critical points are 3D 
centers and saddles

Critical points are 3D 
foci and saddles
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Boundary Layer Transition to Turbulence – Turbulent Spots



5/20/25 Beihang University, Beijing China May 7, 2025, to June 4, 2025 27

Growth of a Turbulent Spot, M = U∞ , k = 1

Critical points are two sets of foci and saddles one 
in the outer flow and one near the wall.



5/20/25 Beihang University, Beijing China May 7, 2025, to June 4, 2025 28

Turbulent Spot Critical Points in (P,Q) space

Q

P



What about fine scales?
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First some examples
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Instantaneous flow field in the wake of a circular cylinder with contours of TKE production
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U1

U2

U0

𝛿

Plane Mixing Layer - Recall integral length and velocity scales
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Wakes of Wind Turbines
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Spread of radioactive seawater from the Fukushima disaster



Turbulent kinetic energy spectrum 

345/20/25 Beihang University, Beijing China May 7, 2025, to June 4, 2025



Momentum and continuity equations 
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Kinetic energy equation - project the momentum equation onto the velocity vector 

The turbulent kinetic energy (TKE) equation
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Kinetic energy dissipation
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Project the mean momentum equation onto the mean velocity vector 

Decompose the flow into a mean and fluctuating part. 

Subtract B from A .
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TKE ≡



The turbulent kinetic energy (TKE) transport equation is 

Consider homogeneous shear flow 

u = ky,0,0( )
All gradients of correlations are zero 
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Dissipation of TKE equals production of TKE

Subtract B from A .

The important 
implication of all this 
is that the dissipation 
term is comparable 
to all the other terms 
in the kinetic energy 
balance despite the 
fact that is is 
multiplied by the 
kinematic viscosity 

TKE dissipation

Conclusion: 
fluctuating rates of 
strain are very large!

ε = 2ν s 'ij s 'ij
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TKE production



Fine scale motions - The Taylor Microscale
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Fine scale motions - The Kolmogorov Microscale

Note that k=3/2 would correspond to a flow 
where the velocity gradients do not vary in time, 
Very strong forcing!



Turbulent kinetic energy spectrum (again) 
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Scaling the inertial subrange 

The wavenumber of an eddy is essentially the inverse of its scale. 

Assume the governing parameter is 
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The TKE per unit wavenumber should scale as 

This is the scaling of TKE first postulated by Kolmogorov in 1941
and seems to agree with measurements in high Reynolds number flows. 
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Measurements of spectra carried out 
in the boundary layer on the roof of 
the large wind tunnel at NASA Ames
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Astronomers see Kolmogorov scaling in their data
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Concluding Remarks

The similarity rules developed in this lecture can 
be used to estimate length, velocity and time 
scales in a variety of basic flows. 

Even flows where the initial region may be dominated 
by several length scales, as is the case with the origins 
of jets and wakes, the downstream region often follows 
the scaling of a single governing parameter. If k>1/2 
the range of scales increases continuously. If k<1/2 
viscosity eventually dominates the motion.

The case k=1/2 is special in that the governing 
parameter has units commensurate with the kinematic 
viscosity. In this case, the Reynolds number is constant, 
and the problem is invariant under the basic dilation 
group of the Navier Stokes equations. Virtually all exact 
solutions of the NS equations fall into this class.

In the next lecture we will we will use these methods 
to determine the nature of transition in an 
impulsively started jet.
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