
Transition in the Jet Created by an Impulsive Point Force

15/22/25 Beihang University, Bejing China May 7, 2025, to June 4, 2025

Brian Cantwell
Stanford University

May 23, 2025



The jet created by an impulsively started point force
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The usual situation 
is one where the 
jet is created by 
the flow of viscous 
fluid from a tube.

That is not quite 
the problem we 
are looking at. Our 
focus is on the jet 
produced by a 
point (zero length 
scale) force.
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Governing equations

Equations of motion in spherical polar coordinates

Express the velocities in terms of the Stokes stream function

Equations for particle paths



Dilation symmetry group of the 3-D jet, k = 1/2

The natural definition of the Reynolds number is
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independent of space and time.

In spherical polar coordinates 
the transformation of the spatial 
coordinates is
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The characteristic equations of the group are

All the relevant similarity variables are generated as integrals of (11.84). 
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When recast in similarity coordinates, the 
particle path equations form an autonomous 
pair of 1st order ODEs with the jet Reynolds 
number as a parameter.
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Critical points in the vector field of particle paths
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Recall 3D critical points

3D Discriminant
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Typical steady jet streamline pattern

Boundary conditions for the impulsively started jet 



5/22/25 Beihang University, Bejing China May 7, 2025, to June 4, 2025 13

𝜉	 → 0

11.19 Chong, M. S., Perry, A. E., and Cantwell, B. J. 
1990. A general classification of three-dimensional 
flow fields. Phys. Fluids A 2(5):765–777. 
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𝜉	 → 	∞
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The Stokes flow limit  Re → 0. 

Stream Function Re = 4 Vorticity Re = 4
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Particle paths in the low Reynolds number jet
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Particle paths in the Stokes jet at 3 Reynolds numbers

Re = 2 Re = 8 Re = 20

Transition in the jet 
created by an impulsive 
point force is in the 
nature of a sequence of 
bifurcations in the phase 
portrait of particle paths 
in similarity coordinates.
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Transition in the space of invariants QM and RM 



The impulsively started round jet undergoes a bifurcation in the phase portrait of particle paths. For the Stokes solution, the first 
transition to an off-axis stable node occurs at  Re = 6.7806 and the onset of a starting occurs at Re=10.09089. 
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Another view of particle paths in the Stokes jet.

The nonlinear axisymmetric jet 
follows the same path in the 
space of QM and RM invariants. 



Streamlines, vorticity and particle paths for the nonlinear round jet
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Re=4 Re=6

Re=15

Re=25
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Invariance of the vector field of particle paths relative to a moving observer



For the numerically 
computed nonlinear 
solution, the first 
transition to an off-
axis stable node 
occurs at  Re = 5.5 
and the onset of a 
starting occurs at 
Re=7.545. 
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Transition in the impulsively started jet describes the onset of a starting vortex



Mixing of Material Lines at 3 Reynolds numbers
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Elliptic curves and 3-D flow patterns
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Use Q and R to study the local flow geometry of a temporally evolving mixing layer

vorticity

KE dissipation

This is an efficient quantitative way to investigate 
the 3D structure of a turbulent flow.
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Differentiate the NS equations to produce an equation for

Use the NS equations to analyze the dynamics of Q and R

If the discriminant is conserved 
on particle paths.



Elliptic curves and 3-D flow patterns
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Q

R
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All the various bifurcations in the topology of the impulsively started round 
jet occur at rational values of the invariants of the velocity gradient tensor 
as well as the acceleration gradient tensor. 
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Acceleration field in the round jet

1
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These results have interesting implications for the limiting behavior of the off-axis critical point, which, eventually closes on the DH = 0, RH < 0 line 
as Re → ∞. The signs of the discriminant of all three tensors are the same. Thus if M has complex eigenvalues, so have H and A. This means that the 
purely viscous, antisymmetric part of Hi

j remains important but diminishes compared to the symmetric pressure-dominated part as the Reynolds 
number increases. The viscous contribution to the forces at the critical point is never negligible. Finally, the invariants of the on-axis critical point 
have finite, rational values as the limit Re → ∞ is taken. Few such infinite-Reynolds-number limits are known in fluid mechanics. 

-
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Contours of constant discriminant of the acceleration tensor DH=QH
3 + (27/4) RH

2

What trajectory in (QM, RM) space would the critical point invariants of the 3D jet follow?
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Cantwell, B. J. 1993. On the 
behavior of velocity gradient 
tensor invariants in direct 
numerical simulations of 
turbulence. Phys. Fluids A 5 
(8):2008–2013. 

Invariants of the velocity 
gradient tensor are evaluated at 
every grid point and placed on a 
cross plot of Q and R.

Generalization  

f=0.22

For the round jet the negative slope  f = -1
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Allen, G. A. and Cantwell, B. J. 1986. Transition and mixing in axisymmetric jets and vortex rings. NASA Contractor Report 3893. 

Previous numerical computations

Finite difference computation on a 60x60 mesh on a CDC7600

S. K. Stanaway, B. J. Cantwell, P. R. Spalart 1988. A Numerical Study of Viscous Vortex Rings Using a Spectral Method. NASA Technical Memorandum 101041. 
Spectral computation of viscous interacting vortex rings using vector spherical harmonics
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What is the trajectory of the fully 3-D jet in the space of (QM, RM) invariants?

Presumably waves will form and associated with the waves will be 3D critical points, increasing in number as the Reynolds number is increased. What 
is the trajectory of the flow in the space of invariants, and can the infinite Reynolds number topological limit of the jet be inferred from a moderate 
Reynolds number computation? Can the onset of 3D flow be induced without permanently introducing a length scale to the flow?

This problem, and perhaps others with k = ½, presents us with a unique opportunity to learn about 
the fundamentally geometric nature of turbulent flow in the limit of infinite Reynolds number. 
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Concluding Remarks
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Acceleration field in the round jet

1
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This example of a temporally evolving mixing layer is similar to what I have in mind.

vorticity

KE dissipation

Local discriminant

This is a very useful and succinct 
way to investigate the 3D 
structure of a turbulent flow.


