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Turbulent boundary layer wall variables y+ and u+ and the friction Reynolds number R𝜏 
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Classical wall-wake formulation
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Spalding, B.D. 1961 A single formula for the ‘law of 
the wall’. Trans. ASME J. Appl. Mech. 0, 455–458. 

Von Kármán, T. 1931 Mechanical similitude and 
turbulence. NACA Tech. Memo. 611. 
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Coles (1956) recommends
W = 2sin! "
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𝜅 = 0.41, C = 5.5
for dPe/dx = 0, Π = 0.62



Laminar solution in wall variables
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Note

Integrate the governing equation once and apply the centerline boundary condition 
dU/dr = 0 at r = 0. Express the first order governing equation in terms of wall variables. 

Pipe Flow – wall variables



Mixing length model for the turbulent shear stress

Prandtl 1934

The first order governing equation becomes a quadratic equation in the derivative of the mean velocity 

Take the positive root
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Remove the singularity at 𝜆 = 0



Define a new mixing length function

k - essentially the Karman constant. 

a - wall damping length scale similar to the van Driest length.

m - exponent that, along with a, governs the shape and thickness of the near wall profile.

b - length scale proportional to the distance above the wall of the beginning of the outer layer.

n - exponent that, along with b, controls the transition of the profile to the wake function.
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Later we will see that, for 
boundary layers, b and n can 
be related through a modified 
Clauser parameter 𝛽*.

𝜆
𝑘𝑦!

≅ 𝑏

𝑖𝑛𝑐𝑟𝑒𝑎𝑠𝑖𝑛𝑔	𝑅0



The Universal Velocity Profile (UVP) - Integrate the velocity derivative from the wall

The velocity profile reduces to the laminar solution in the limit of zero Reynolds number independent of the choice of 𝜆.
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The velocity profile is uniformly 
valid from the wall to the pipe 
centerline at all Reynolds numbers.

The boundary layer friction law is generated by evaluating the UVP at y+ = R𝜏



The Princeton Superpipe (PSP) Facility
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Zagarola, M. V. & Smits, A. J. 1998 Mean-flow scaling 
of turbulent pipe flow. J. Fluid Mech. 373, 33–79. 

Pitot tube diameter = 0.9mm

Pitot tube diameter = 0.3mm

19639 < 𝑅" < 20,088,000

851 < 𝑅# < 530,000

23 < ⁄$1 $2 < 38

26 cases Re	=	
!/"
#



Flow conditions and optimal model parameters for all 26 velocity profiles

Determination of best fit model parameters

Minimize G with respect to k, a, m, b, n
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PSP dataUVP



Comparison between PSP data and the universal velocity profile
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Optimal parameter values 
are used for each profile.

Average rms error 
= 0.096, ~ 0.3% 



Optimal values of k and a
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𝑅0 = 2344

𝑅0 = 3327
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The minimization process is not convex. Alternate values of the model parameters can lead to the same 
accuracy. This seems to be the case at low and perhaps moderate Reynolds numbers but less so at 
Reynolds numbers above R𝜏 = 20,000 or so. Experience suggests that at high R𝜏 the minima may lie very 
close together in parameter space, but no analysis exists to show this.



Optimal values of ka, b, m and n
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Error 
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Average rms error 
= 0.096, ~ 0.3% 

𝑀𝑎𝑥	𝑜𝑟	𝑀𝑖𝑛	𝑒𝑟𝑟𝑜𝑟

𝑅𝑚𝑠	𝑒𝑟𝑟𝑜𝑟



Beijing Institute of Technology, Beijing China May 19, 2025 15

Log indicator function for the PSP data 

PSP 16
R𝜏 = 42,294
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Channel Flow
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Average parameter values are used for each profile on the right.

(𝑘, (𝑎, +𝑚, (𝑏, (𝑛 =(0.4086, 22.8673, 1.2569, 0.4649, 1.3972)

Channel Flow, 𝑅! = 550	𝑡𝑜	8016

Average rms error 
= 0.044, ~ 0.18% 

1.199
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Zero Pressure Gradient Turbulent Boundary Layer 
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ZPG Turbulent Boundary Layer experimental data, 𝑅! = 2109	𝑡𝑜	17207
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R. Baidya, J. Phillip, N. Hutchins, J.P. Monty & I. Marusic 2021 Spanwise velocity statistics in high-Reynolds-
number turbulent boundary layers. J. Fluid Mech. 913, A35. 
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Average parameter values are used for each profile on the right.

(𝑘, (𝑎, +𝑚, (𝑏, (𝑛 =(0.4233, 24.9583, 1.1473, 0.1752, 2.1707)

ZPG TBL computational data, 𝑅! = 1343	𝑡𝑜	2571

Average rms error 
= 0.033, ~ 0.13%
𝛿3=𝛿4.556- 𝛿4.557

Eitel-Amor et al.



= 0.98

= 0.994
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Turbulent Boundary Layer equivalent channel half height (overall thickness) 𝛿"

J. A. Sillero, J. Jimenez & R. D. Moser 2013 One-point statistics for turbulent wall-bounded flows at 
Reynolds numbers up to δ+ = 2000. Phys. Fluids 25 (10), 105102.

𝑅% = 2088

𝛿4 is defined as the thickness that minimizes the error between a specific data set and the UVP

𝛿%=𝛿&.(()DNS data is from



k = 0.4221
a = 25.1424
m = 1.1130
b = 0.1724
n = 2.3087

Error
𝑢&'() = 0.0587
𝑢'*+) = 0.1592
𝑢',-) = −0.0980

UVP Wall Damping Function

f= 𝑒8
./
0

1

= 𝑒8
./

25.1424
1.1130
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𝑅! = 2652	Velocity Profile Comparison	

Data
UVP
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Log Indicator Function y+dU+/dy+

𝑅! = 2652	Velocity Derivative Comparison	

Data
UVP

Velocity Derivative dU+/dy+

Data
UVP
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Average parameter values for pipe, channel and ZPG boundary layer flows
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Turbulent Boundary Layer Flow with 
Pressure Gradient
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Adverse pressure gradient Turbulent Boundary Layer experimental data, 𝑅$ = 2461	𝑡𝑜	3587
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Perry, A.E. & Marusic, I. 1995 A wall-wake model for the turbulence structure of boundary layers. Part 
1. Extension of the attached eddy hypothesis. J. Fluid Mech. 298, 361–388. 

Average rms error = 
0.148, ~ 0.46%
𝛿2=𝛿3.556 
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𝑢9=10 m/sec

𝑢9=30 m/sec

Changes in boundary layer wall parameters (k, a, m) in an adverse pressure gradient are small.
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Parameters for the adverse pressure gradient cases
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Favorable pressure gradient Turbulent Boundary Layer experimental data, 𝑅$ = 429	𝑡𝑜	1746.
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M. Jones, I. Marusic, and A. E. Perry, “Evolution and structure of sink-flow turbulent boundary layers,” Journal of 
Fluid Mechanics 428, 1 – 27 (2001). 

Average rms error 
= 0.075, ~ 0.36%
𝛿3=𝛿4.557 
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Changes in boundary layer wall parameters (k, a, m) in a favorable pressure gradient are modest.

𝑅:=1.9 ×107

𝑅:=2.8 ×107

𝑅:=3.7 ×107
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Parameters for the favorable pressure gradient cases
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A New Wall Damping Function for Pipe, Channel and Boundary Layer Flows.



k = 0.4221
a = 25.1424
m = 1.1130
b = 0.1724
n = 2.3087

Error
𝑢&'() = 0.0587
𝑢'*+) = 0.1592
𝑢',-) = −0.0980

UVP Wall Damping Function

f= 𝑒8
./
0

1

= 𝑒8
./

25.1424
1.1130
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𝑅! = 2652	Velocity Profile Comparison	

Data
UVP

The fit is very good, but 
close to the wall the fit 
could be improved.
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Log Indicator Function y+dU+/dy+

𝑅! = 2652	Velocity Derivative Comparison	

Data
UVP

Velocity Derivative dU+/dy+

Data
UVP

The fit is good, but close 
to the wall the fit could 
definitely be improved.
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Error in the 𝑅! = 2652 velocity derivative	

Data
UVP
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UVP damping function

Ask:
What damping function would enable the 

UVP to match the 𝑅$ = 2652 data exactly?



5/18/25 Beihang University, Beijing China May 7, 2025, to June 4, 2025 37

Consider a generalized Wall Damping Function σ(𝑦%/𝑎). In effect, replace the two 
parameters, a and m in the function, 𝑒& 'B/) C

, with just a damping length scale. The 
new damping length scale will still be designated a.

What should we use for σ(𝑦8/𝑎)? 
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k = 0.4221, b = 0.1724, n = 2.3087

𝑅0 = 2652	data

The result is an exact match between the UVP and the data

At each 𝑦;< 
solve for 𝜎;.  

At each 𝑦@
8 solve for the wall damping value, 𝜎@ , in the 

UVP that exactly matches the derivative given by the data. 

a=57.9

𝑅0 = 2652

What should we 
use for
σ(𝑦8/𝑎)? 

From data



5/18/25 Beihang University, Beijing China May 7, 2025, to June 4, 2025 39

Comparison of old and new wall damping functions

The new damping function decays faster than the van Driest-type 
exponential and it oscillates about zero several times.

f = 𝑒7
+,

25.1424
1.1130

𝜎
𝑦<

57.9

f = 𝑒7
+,

25.1424
1.1130

𝜎
𝑦<

57.9
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Normalize the individual damping functions of 11 cases and average. 
Assume the average is a Universal Wall Damping Function. 
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𝑅$ = 2652 wall damping function compared to the Universal Wall Damping Function.

𝑅0 = 2652
UWDF
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𝑅$ = 2652 reduction in the velocity derivative error using σ(𝑦%/𝑎).

Before
After
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New mixing length function, ⁄𝜆 𝑘𝑦% versus 𝑅$ using parameters from 𝑅$ = 2652 data 

The new ⁄𝜆 𝑘𝑢8 has a peak of 1.027 at y+ = 77.54 

≅ 𝑏

k = 0.4211
a = 57.6441
b = 0.1724
n = 2.2703

With exponential damping

64, 128, 256, 512, 1024, 2048, 4096, 8192, 16384, 32768, 65536, 131072, 262144, 524288, 1,048576𝑅A =
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Determination of best fit model parameters

Minimize G with respect to k, a, b, n

DNS dataUVP with new damping function

Finding the minimum is much easier with 4 parameters than with 5!
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𝑅$ = 2652 reduction in the velocity error using σ(𝑦%/𝑎).

Error
𝑢&'() = 0.0294
𝑢'*+) = 0.0865
𝑢',-) = −0.0218

k = 0.4211
a = 57.6441
b = 0.1724
n = 2.2703

Error
𝑢-./! = 0.0587
𝑢.01! = 0.1592
𝑢.23! = −0.0980

Previous error using 
the exponential 
damping function

k = 0.4221
a = 25.1424
m = 1.1130
b = 0.1724
n = 2.3087

Optimum values of k, 
b and n remain about 
the same.
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𝑅$ = 2652,  reduced error in the log indicator function.

With exponential damping
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At low Reynolds number, when the error is small, further reducing the error to 
reach a minimum might not produce the most accurate value of the friction. 

Channel
R𝜏 = 1995
k = 0.4267
a = 58.9181
b = 0.4247
n = 1.2588
urms = 0.0294
umax = 0.0885
umin = -0.0359

Channel
R𝜏 = 1995
k = 0.4005
a = 54.0905
b = 0.4782
n = 1.3605
urms = 0.0461
umax = 0.0672
umin = -0.0808

ue/u𝜏 = 24.3958
ue/u𝜏 calc = 24.4062

ue/u𝜏 = 24.3958
ue/u𝜏 calc = 24.4843error =0.0104 error =0.0885 

By not requiring the most extreme level of accuracy, a 'soft constraint' can be applied to k and a when minimizing 
the error. This may not be true at high Reynolds number, R𝜏 > 20,000. Experience suggests that for large R𝜏 the 
minima in parameter space may lie very close to one another.
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Channel

kmean =0.3994 ± 0.0030

bmean =0.4938 ± 0.0406
nmean =1.414 ± 0.095

amean =53.56 ± 1.53

kamean =21.39 ± 0.72
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Channel turbulence from simulations

544, 1001, 1995, 4079, 4179, 5186, 7996 𝑅A =
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PSP Pipe

kmean =0.4082 ± 0.0055

bmean =0.3315 ± 0.0245

nmean =1.564 ± 0.156

amean =54.47 ± 1.21

amean =22.24 ± 0.77
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ZPGTBL

kmean =0.42050 ± 0.00059

bmean =0.1760 ± 0.0050 nmean =2.217 ± 0.184

amean =58.17 ± 0.71

kamean =24.46 ± 0.31

For all boundary layer cases

This insures consistency 
when mean values of the 
parameters are used in 
applications.
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ZPGTBL turbulence from simulations

1383, 1517, 1661, 1806, 1955, 2104, 2652 𝑅A =
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AdvPGTBL

kmean =0.42094 ± 0.00133
amean =56.17 ± 0.66

amean =23.64 ± 0.32
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FavPGTBL

kmean =0.42084 ± 0.00049
amean =56.99 ± 0.44

kamean =23.98 ± 0.18
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The boundary layer wall parameters k and a are approximately  
independent of Reynolds number and pressure gradient.

Adverse pressure gradient

Zero pressure gradient

Favorable pressure gradient

kmean =0.42078 ± 0.00084
amean =57.07 ± 0.95

kamean =24.01 ± 0.40
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A modified Clauser pressure 
gradient parameter
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Begin with the von Kármán boundary layer integral equation

Assume potential 
flow about a body 
in  a free stream 
at a reference 
velocity  U∞.

And a Reynolds 
number based on 
the distance x 
from the origin of 
the flow.

The function ue(x) is the free stream velocity and the friction velocity is

The displacement thickness is defined as

The momentum thickness is
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Express the Kármán equation in terms of displacement and momentum thickness Reynolds numbers
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Define the following functions

The boundary layer friction law

Displacement thickness Reynolds number in wall units

Momentum thickness Reynolds number in wall units

Derivative of the momentum thickness Reynolds number in wall units
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Express the Kármán equation as an equation for the friction Reynolds 
number as a function of streamwise Reynolds number.

The logical choice for the modified Clauser parameter is
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Deconstruct the modified Clauser parameter

The usual definition is
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The boundary layer wake parameters b and n are approximately related through 𝛽1 

Perry and Marusic 30 m/sec
Perry and Marusic 10 m/sec

Jones, Marusic and Perry 5 m/sec
Jones, Marusic and Perry 7.5 m/sec
Jones, Marusic and Perry 10 m/sec

For 𝛽𝑐 = 0, the parameter b = 0.1760 which matches the correlaQon	 For 𝛽𝑐 = 0, the parameter n = 2.217 which lies above the correlaQon	

For all boundary 
layer cases
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High Reynolds number

5/18/25
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Recall the UVP  

Carry out a scaling - Multiply and divide the damping and wake terms by k
Modified wall-
wake mixing 
length function. 
The parameters k 
and a become one 
parameter ka. 

Scaled velocity profile

5/18/25
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Define the shape function

Note

where

5/18/25
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Plot Φ versus ⁄𝑦 𝛿* for various 𝑅$.

Above	𝑘𝑅A	≅ 2000,	 Φ	𝑖𝑠	𝑖𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡	𝑜𝑓	𝑅A	

For boundary layers, the wake parameters b and n are approximately related through 𝛽D 

= 	𝑅%256 128  64  32    16    8     4      2  x 103
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𝜙 versus ⁄𝑦 𝛿" for ZPGTBL, Pipe and Channel flow.

ZPG boundary layer

Pipe

Channel

Coles wake function

5/18/25



5/18/25 Beihang University, Beijing China May 7, 2025, to June 4, 2025 68

Average parameters before and after the introduction of the new wall damping function

Exponential 
damping

UWDF
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At Reynolds numbers larger than 𝑘𝑅A ≅ 2000	the boundary layer 
velocity profile above 𝑦8 = 132 is accurately approximated by 

Evaluate at the boundary layer edge to determine the friction law.  

Explicit	high	Reynolds	number	form	of	the	UVP

𝑦8 > 132

0	<	𝑦8 < 𝑅A

5/18/25
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The boundary layer shape function for various 𝛽+  

𝑦% > 132
kR𝜏	>	2000

𝛽: = 18.0

𝛽: = −1.0

𝛽: = −0.5

𝛽: = 0.0

𝛽: = 0.5

𝛽: = 1.0

5/18/25
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The UVP can be used to create a new integral method for solving 
the von Kármán boundary layer integral equation 

5/18/25
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Viscous drag coefficient of the J0012 and NACA0012 airfoils
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J0012 UVP
NACA0012 UVP
NACA0012 UVP explicit
NACA0012 SU2 with SA
NACA0012 Ladson data
NACA0012 McCroskey data
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The UVP can be applied to rough-wall pipe flow

5/18/25
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Rough-wall pipe velocity profile

The Clauser roughness velocity is

Where is the smooth-wall UVP.

r

Comparison of 
UVP roughness 
function (blue) 
with other 
commonly used 
functions: 
Nikuradse (red), 
White (green) 
and Grigson 
(magenta).

There is no roughness effect on 
pipe friction below h+ = 3.5 

The roughness fraction of the smooth-wall 
Princeton Super Pipe is 𝜀	= 6.96	×	10-6.
At the highest PSP Reynolds number, h+ = 3.69 
indicating that the entire data set is hydraulically 
smooth except possibly for a very small effect at 
the highest Reynolds number.
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UVP fit to Rough-wall Princeton Super Pipe experimental data, 𝑅$ = 28800	𝑡𝑜	361000
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Revised pipe flow Moody diagram
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Conclusions

1)The UVP provides a useful replacement of the classical wall-wake profile and can be applied to a wide range of wall-bounded 
flows. The profile is uniformly valid from the wall to the free stream at all Reynolds numbers. 

2) At Reynolds numbers larger than 𝑘𝑅0 ≅ 2000,	above the buffer layer (about y+ = 132), the UVP accurately approximates an 
explicit form.

  

3) The inherent dependence of the UVP on Reynolds number, extended to include the effect of pressure gradient, enables it to be 
used as the basis of a new method for integrating the Karman equation for a wide variety of attached, wall bounded flows.

4) The minimization process is not convex. Alternate values of the model parameters, particularly k and a can lead to the same 
degree of accuracy. This is the case at low and moderate Reynolds numbers but at high Reynolds numbers alternate minima 
appear to be close together.

5) Over the past year, a new wall damping function has been derived for the UVP that improves the agreement with data while reducing the 
number of parameters in the UVP model from 5 to 4 for pipes and channels and from 4 to 3 for boundary layers. The variation in optimal 
model parameter values from case to case is reduced, especially for boundary layer flows. 

6) The Kármán constant, k, and the wall length scale, a, cannot be thought of as independent parameters. They act together through the 
product, ka, that appears in the shape function. If ka is fixed, then changing the Karman constant applies a pure scaling to the velocity.
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