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The jet created by an impulsively started point force
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The usual situation
is one where the
jet is created by
the flow of viscous
fluid from a tube.

That is not quite
the problem we
are looking at. Our
focus is on the jet
produced by a
point (zero length
scale) force.
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Fig. 11.4. Schematic of the unsteady propagation of a started jet. The boundary
schematically delineates the regions of rotational and irrotational flow.
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Much of the material presented can
be found in my Text; Introduction to
Symmetry Analysis.
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d[x] 1s the Dirac delta function

J is the amplitude of the force

Impulse integral
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Equations of motion in spherical polar coordinates

1 9(ru 1 9(vsin®
19( )+ ( ):

0, tinuit ;
r or  sin0 90 \eonuniity)

a(rv) Odu e
= g =rw (vorticity),
orw) Jd(ruw) JI(vw) 10 1 9d(wsinbh) 3%(rw)
ot ' o ' a0 (?@(sme 90 )+ arz)
(momentum).

Express the velocities in terms of the Stokes stream function

Ly Ly

= : : V= — .
r2sinf 06 sinf dr

u

Equations for particle paths

dr 0] do vlr, 0.:1]
= r’ 9 9 . 9
dt . dt r
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The problem 1s invariant under the dilation group of the NS equations

X = e%x’t, i = e*t,
R P P
i = e aul’ Ll 2a_’

P P
& =e P w, U = eY.

The impulse integral is invariant

2(J\. 2(J
/ﬁdi:z—(—) :>62“/udx:e2“—(—)t
1% 3\p 1% 3\p

24 J
=>/udx=—(—)t.
1% 3\p

The natural definition of the Reynolds number i1s

In spherical polar coordinates
the transformation of the spatial
coordinates is

r=e%r 0=240

Only if the force that generates
the flow has no length scale, are
all boundaries of the flow
invariant. In other words, there
must be no jet tube.

1/2
Re — (J/p)

1%

independent of space and time.
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Characteristic equations

dr d9_dt_du

dv _d(p/p) do dy

r 0 2t —u —-v =2p/p 20 ¥

All the relevant similarity variables are generated as integrals of the characteristic equations.

§E =r/(vn)'/?,

i =1,
1/2
Ule, 01 ="+,
vt1/2
VIE 6] = — 7
P[] = (E)E,
poJv
Q[€,0] = wt,
14
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Substitute the similarity variables into the equations of motion

13(6U) 1 3(Vsinf)
£ 3 tene 90

0 (continuity),

8(5;) — (?3(6{ = £EQ (vorticity),
0 £ (V) li 1 0(R2sinb)
%((U - 5)59) T %0 " Eae (sine 30 )
()
562 (momentum),

and the self-similar velocities are

1y I L

~ £2sin6 90’ " sinf 9&
The particle path equations (11.83) become
0 do V&, 6; R
% _Ule 6:R -2, LV % Re]
dt 2 dt &

where T = In[?].

The particle path equations form an autonomous pair of 15t order ODEs
with the jet Reynolds number as a parameter.
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The geometry of 2D and 3D linear flows
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Instantaneous velocity vector field in the wake of a circular cylinder as seen by two observers.

Notice the critical points defining the geometry of the flow pattern
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The Particle Path Equations

The trajectory of a fluid particle in a three-dimensional unsteady flow is governed by the system of first order ODEs,

dz! drz? dz?

= = UYx,t) = =U%(xt) —— =U3x,t)

dt dt

At a given instant in time, t = t;, .4 the velocity field is frozen and instantaneous streamlines are determined by integrating the

autonomous system

dz!

— =U'(x,

ds

dz? dxz3

tfimed) E - U2(X, tfixed) = US(X’ tfia:ed)

ds

where s is a pseudotime along an instantaneous streamline. The solution trajectories are

' = f1(X,8,tfized) T° = f2(X,8,tfized) T = fO(X,8,tfized)

State-space analysis

Very often, the flow field can be completely understood without actually solving the particle path equations. Instead,
one looks at critical points, x, , in the flow field where

Uj(xcatfimed) =0 ,7 =1,2,3

Near a critical point the flow field can be expanded in a Taylor series

el .
d—xt = Alp(e® —z*) + O((e* — ")) +... §=1,2,3
where the matrix of constants is .
: ou’
A]k e —k:
ox X=X,

Beihang University, Bejing China May 7, 2025, to June 4, 2025

The geometry of the flow field, ie., the flow pattern
in the neighborhood of the critical point, is

determined by the eigenvalues of the matrix A{;.

10
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In two dimensions the eigenvalues of A,{ satisfy the quadratic
A+ Pr+0Q=0,
where P and Q are the matrix invariants

P=-A%,  Q=Det(4]).

The eigenvalues are

P 1
A=—— -

P2 —40Q,
272 Q

and the character of the local flow is determined by the quadratic discriminant

If D > 0, the eigenvalues are complex and a spiraling motion can be expected.
Depending on the sign of P, the spiral may be stable or unstable. If D < 0, the

eigenvalues are real and a predominantly straining flow can be expected. In this
case the directionality of the local flow is defined by the two eigenvectors of
AJ. The various possible flow patterns can be summarized on a crossplot of the

invariants shown in Figure 3.5.

6/1/25

0=P*/4

Unstable focus Stable focus

Saddle

L

Fig. 3.5. Classification of linear solution trajectories in two dimensions.
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In three dimensions the eigenvalues of A,{ satisfy the cubic
M +PA4+OA+R=0,
where the invariants are
P = —u[A] = —A/,
Q = L(P? —u[A%) = }(P? — AlAY),

R =1=P3+3PQ —t[A%]) = L (—P® +3PQ — A] AL AT).

Any cubic can be simplified as follows. Let

P
A=a— —.

Then « satisfies

where
0=0-1pP? R=R-1iPO+ %P3
Let
IQ 1 A ~An\1/2 b
a=|->+-—7(0+ZR :
=2 a@ T ER)
R l (53, 25 1/2> a
@m=(-5—-——7(0 +%R
PR WACI LY

The real solution is expressed as

o1 = a1 +a,

and the complex (or remaining real) solutions are

iv3
@ = —j3(a +a)+ T(al — @),

iv/3
a3 =—1(a1 +a) — T(al — ).

Solving for the eigenvalues leads to the cubic discriminant.

D=%ZR*+ (PP-3PQ)R+ Q*0Q - 1P?).

on P-Q plane (R=0)
Surface S 1a

=g

Intersection of constant-

P planes with equation (12) ‘

shows outline of .-
surface sl - .

<7
Constant-P planes 2 '
’ P
Complex solutions l
"l Surface 51p
Real solutions
"
R

~__ 7~

Fig. 3.8. The Cardano surface dividing real and complex eigenvalues in three dimen-
sions (from Reference [3.10]).
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3D Discriminant

D=%R+ (P~ 3PQO)R+ 0*(Q - ;P?)

27
IfP=0 D=0Q+-'R?
4
0
Stable focus Stable focus
Stretching Compressing

J S
s | =S
sl )

Qj + 277R2 =0
Stable node | ol Rt /
S NS
e R

Fig.3.9. Three-dimensional flow patterns in the plane P = 0 (from Reference [3.11]).
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The second invariant Q represents a balance between rotation and strain

- oxJ

ou’ 1 ou’
oxi 2

N ou? . 1 ou’ B ou?
ox? 2 \0zxi Ox
AL =8 +W;

1 . 1 . 1 . 1. . 1 .
Q= _§AiA§; = —§Si5f —}W— ~WEST — §W,§Wf

Q=Qs+Qw

1 .
Qs =515 <0

1 .
Qw =~ WiW; = Q>0

L m L m ] m
R= —gAgcAanj = —gsisfnsj — WIWES;
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Particle path field of the impulsively started jet

Peking University, Bejing China June 2, 2025
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The analysis of critical points in the jet uses the theory just developed and for this purpose it 1s
easier to work in Cartesian coordinates.
d xi . d I . i
1 l
—=ux,t)=> — =U'[§; Re] — —
dt dt ¢ 2

where £ = x'/ /vt

Expand the particle path field in a Taylor series about the critical point.

gt (1, o
2= (1-3%)| @ -9

Relationship between the gradient of the physical and the gradient of the self-similar velocity field

. ou’ 1 0U" | I
a;=—=—-——F = —A%[€]

Ioo9x) ot o0&l ot/
Note that the value of the dimensioned velocity gradient tensor does not depend
on J/p or v. Therefore an observer moving at a fixed £ can use the current value
of the velocity gradient as a local clock to determine the global age of the flow,

regardless of the flow Reynolds number.

6/1/25 Peking University, Bejing China June 2, 2025 15
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On P-Q plane (R=0)

P — ¢ —_— l i surface S -
Mj _ AJ 28j : 92-40
Pz-AQ Intersection of constant-
P planes with equation (12) ‘
First invariants 4 shovs outline of ‘
surface .
/ ' 3/2 [ =

\

— _ 0,
PM o PA N O. Constant-P planes L__V 74
'/ 0 1 {l P
’;' Complex solutions ' l’
Second invariants X 7y Surtace 5,
QA = _%A;(Af, Y » 0 Real solutions

|

. _—
_2_ln1tn1k
QM—8 e Sl

oo . |
Third invariants 2y -~
Ra = —Laiasal, !

Ru = — MMM} — 30,4 + 2 Discriminant of 4

=3
_— o Dy=Q,+ 3R,
Relationship between the invariants of A and 4

Ou=04+3, Discriminant of M

Ry =Rs+ 304+ ¢ — 3 27 p2 27 L __ —_ 9 N2
2 8 DM—QM+ 4RM+ 4RM(2 QM) 16QM
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The Limit s — O % - /On(u(u cosf — vsinfh) — (% cosf — SCOSG — %9 sine) The Limit E — 0

5 sin? 9 x 27t R? sin 6 do. v = 1 (Jt)smze
1/I=W(A[Re]—cost9> 2 ~ 4r P
Re* _ 4_1( A ) AZm(A+1)
167 2 A—1

r

r — E5/vt and J/p = Re*v?

v _ ke sin” 0
T 4n \ & )

\
" AN
N

Fig. 11.6. The constant A in the Landau—Squire solution.

Landau-Squire jet streamline pattern

~
Multiply and divide by (v£)!/2 e N ——

> N
7\{74 ¥y = g( 2sin” 9 ) %Zf/r f\'\‘@?ﬂ) )
A[Re] —cosf ) RN

Fig. 11.5. Control volume surrounding the steady round jet. / / { I \ \\\\’//'/ /)
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For the axisymmetric flow considered here, the velocity gradient tensor takes

the form

—oU 10U 'V 0 a
0 & 060 &
; oV 10V U

A= |70 2T

0 & 060 &

| %4 U

0 0 —cot @ + —

_ £ £ _

Given the velocity functions,  This equation is evaluated at the critical point
and the invariants are computed. Interestingly, it turns out that often the values
of the invariants can be determined without knowing the velocity functions ex-
plicitly. In general, Q, R, &, and 6, all depend on Re resulting in the possibility

of bifurcation in the phase space of particle paths.

Peking University, Bejing China June 2, 2025
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Particle paths of the Landau-Squire Jet, ¢ — 0

Particle path equations

de 2 A>—1 £ do 2sin 6

dt  E\(A—cos02 | 2’ dt ~ E2(A — cos6)

The critical point location depends
on the Reynolds number

23/2

(A—1)1/2’

(&, 0c) =

Gradients evaluated at the critical point
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Critical point invariants do not depend on Reynolds number
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(Py, Oum, Ru) = (3,
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Particle path equations 2 .
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Stream Function Re =4

In the limit Re — O. STREAM FUNCTION CONTOUR PLOT FOR Re= 4.0
60 X 60 MESH FOR ¢_=15.0

A = 167 /Ré®
Reé?
hm V[E, 0] = = (sin? 0)gl§]
167 /A
lim — 2 lim = — )
lim g[£]=2¢,  lim g[¢]
Solve for the vorticity
fl&] Vorticity Re = 4
dt ( £2 dg —£ (68 [S])) 8 VORTICITY CONTOUR PLOT FOR Re= 4.0
, =150
sts+2€<1+§)fs+(5 _9)f =0
Stokes stream function ¥
vVt |
lim (g, 0] = RO sin?0 (26 — et _ (26 = ) ext (g/21).
lim e sin ﬁe 5 er

= %
30 as 40
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Particle path equations
dé& Re* cosO [ & 1 _£2/4 & 1 &
ik I (2 ZYerfre/) = 2
it~ 2 & (2 N ) " g)etls) =5
dt ~ 4m & \2 " EJm. 2 &2 |

Zeros of the -equation occur at® = 0, 7 forall £ and at & = 1.7633 for all 6
and do not depend on the Reynolds number.

Zeros of the radial equation do depend on Reynolds number.

&3

(& — } e84 — (5 — e ) erf[£./2]) cos 6

6/1/25 Peking University, Bejing China June 2, 2025 22

Re? =




TANFORD

KeRoNAUTICS & Particle paths 1n the Stokes jet at 3 Reynolds numbers

S Rt e S

YA/ vt

LiLiI

6/1/25

srssicis

A s
~

LS L P 2

1-25 1-50 175
XA/t

e,

L
e g T

N
3 ST
AT s o e
kS 5 i /;’:’— L L L I e e e,
NN e e e e i
1 Rt Sl —
~

‘1~:,,_y,—«w,::;ﬁ;:x;:',/,:;:5;:;:;::,/:ﬁz/;ﬁ

:EEZ%:::::::“"”’” AT

e ‘

Peking University, Bejing China June 2, 2025

The nature of transition in the jet
created by an impulsive point
force is a sequence of
bifurcations in the phase portrait
of particle paths in similarity
coordinates.
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Transition 1n the space of imnvariants Q,, and R,,

‘- e

£=1.76

o
&
ul
[
'_‘ L
ul
N
N}
ul
w

Fig. 11.7. Critical-point locations at several Reynolds numbers for the Stokes jet. The

circle has radius 1.7633.
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<
N

(a)

Fig. 11.9. Particle paths for the impulsively started creeping jet at (a) Re = 4 and (b)

Re = 8.

Another view of particle paths in the Stokes jet.

(b)

3

Fig. 11.10. Particle paths for the impulsively started creeping jet at Re = 16.

The impulsively started round jet undergoes a bifurcation in the phase portrait of particle paths. For the Stokes solution, the first
transition to an off-axis stable node occurs at Re = 6.7806 and the onset of a starting occurs at Re=10.09089.

Re2 1

(0’%)\ d*

-0.25

Peking University, Bejing China June 2, 2025

The nonlinear axisymmetric jet
follows the same path in the
space of Oy, and R, invariants.
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https://web.mit.edu/hml/ncfmf.html
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Streamlines

, vorticity and particle paths for the nonlinear round jet

Re=4

STREAM FUNCTION CONTOUR PLOT FOR Re= 4.0 STREAM FUNCTION CONTOUR PLOT FOR Re= 6.0

60 X 60 MESH FOR ¢_=150

Re=6 STREAM FUNCTION CONTOUR PLOT FOR Re=15.0 VORTICITY CONTOUR PLOT FOR Re=150
60 X 80 MESH FOR £_=150 60 X 60 MESH FOR ¢_~150

60 X 60 MESH FOR ¢_=150 2

o

TH PLOT FOR Re=150
0 MESH FOR £_=150

VORTICITY CONTOUR PLOT FOR Re
60 X 60 MESH FOR ¢_=150

40 VORTICITY CONTOUR PLOT FOR Re- 6.0

60 X 60 MESH FOR ¢_=150

PARTICLE PATH PLOT FOR Re= 4.0
60 X 60 MESH FOR £_=150

Figure 5. Computed solution for the round jet at Re = 15.0. =/Vt
STREAM FUNCTION CONTOUR PLOT FOR Re=250 VORTICITY CONTOUR PLOT FOR Re=250
60 X 60 MESH FOR £_=150 60 X 60 MESH FOR £ _=150

Re=15

PARTICLE PATH PLOT FOR Re= 60 X
60 X 60 MESH FOR ¢_~150 R

o I T o T T o o 3

PARTICLE PATH PLOT FOR Re=250
60 X 60 MESH FOR ¢_=150

Figure 4. Computed solutions for the round jet at a) Re = 4.0

and b) Re =6

.0. Quantities displayed are self-similar

Figure 6. Computed solution for the round jet at Re = 25.0. z/Vvt

stream function, vorticity and particle paths.

Peking University, Bejing China June 2, 2025

Re=25
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Invariance of the vector field of particle paths relative to a moving observer

The Navier Stokes equations are invariant under a non-uniform translation group.

In the round jet all length scales vary in proportion to (vt)!/2
Consider an observer who translates according to this time scale.

# = x) +al(v)/?,
f=t,

i

i = ui+ O‘_vl/zt—l/z,
sum over k

’

k
Y N S Ve I T
0 4
where the a! determine the rate at which the observer moves in each direction.

In similarity coordinates, the position and velocity transformations become the following.

D |

&l =gl 4wl
~ . . ai
Ul — Ul + E
The right sides of the particle path equations are invariant. c;il =U'[¢] - Egi
~ 1. ol 1 . : A
Ui — 8 — [ U! i Y N=pU'—Z¢gl
Lo (04 %)L =L
28
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Transition in the impulsively started jet culminates in the onset of a starting vortex

Fig. 11.11. Numerically computed particle paths in the round jet at Reynolds numbers
(@) Re =4, (b) Re =6, (c) Re =15, (d) Re = 25.

Peking University, Bejing China June 2, 2025

For the numerically
computed nonlinear
solution, the first
transition to an off-
axis stable node
occurs at Re=5.5
and the onset of a
starting occurs at
Re=7.545.
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Mixing of Material Lines at 3 Reynolds numbers

7

Ficure 8. Distortion of timelines in physical coordinates under the action of the nonlinear
round jet at (a) Re = 4, (b) Re = 6, (¢) Re = 30. Time increases from left to right.

Peking University, Bejing China June 2, 2025
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Elliptic curves and 3-D flow patterns

Peking University, Bejing China June 2, 2025
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FSTAN FORD In this example, Q and R are used to study the local flow geometry of a temporally evolving mixing layer
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0
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/ /
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SF/S Stabte node, | e e
L. S0000
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Fig.3.9. Three-dimensional flow patterns in the plane P = 0 (from Reference [3.11]).
9. %0000

CJONTOUR LEVELS
0.00000
0. 02000
0.-0100(

-16 16
{ ] L ) R
;\ N
Color plate 2. 0=
Color plate 1. This is an efficient, quantitative way to investigate
FIG. 2. Number densit; t lot of velocit, dient t i i-
the 3D structure of a turbulent flow. ants from direot numerical simulation of a plane fixing layer by Moser

and Rogers.® Dimensionless time 1Uy/6=29.8 where § is the initial vor-
ticity thickness and Uy, is one-half the velocity difference across the layer.
For further details see Ref. 5.
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reronavtics « | [Jse the NS equations to analyze the dynamics of QO and R /1// 3 /J//

ASTRONAUTICS

i

3 27,2
"+ 2R =0
.I o + 4/(

Differentiate the NS equations to produce an equation for a

le nod.

9 /ou qui 19 92y St rode, | S s /
k
+ — = 0.

(11.130) % %

Fig.3.9. Three-dimensional flow patterns in the plane P = 0 (from Reference [3.11]).

1, . 1

0x/

ar " axk p 0x! Y oxk oxk

Carrying out the differentiation and applying the continuity equation for in-

compressible flow, a; = 0, leads to Q= —§afc B R = —gaiafna;"’
da’ da’. . 1 3%p 9%a’ dQ . dR 2 .
J k~"J i k J N 2 T, .Mn 1m
— — i = - = (. 11.131 — = — . — - —Q° = - .
ar U g AT p dxi dxJ Y axk axk ( ) dt 3R ah; dt 3Q A m e
Now take the trace of (11.131) to generate the Poisson equation for the pressure: If h;'_ — 0 the discriminant is conserved
1 92p , on particle paths.
— e = —ajal. (11.132) o7
x' ox!
Equation (11.132) is subtracted from (11.131) to make the pressure term trace- -
free. The final result is the transport equation for the velocity gradient tensor,
D=1
D aj. ik Lo m aye i : “ — T
o, T — 5(ara,)s; = hj, (11.133) =1 o
where r=(%7)
-1
. 1 32p 1 32p - aZai. /
W, =—| —— - s =9 L 11.134
d p(ax‘ dx/ 3 axkaxk ’)+v3xk dxk ( ) P

6/1/25 Pek|ng University’ Be”ng China June 2, 2025 Fig. 6.6. Lines of constant normalized discriminant. 33
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Elliptic curves and 3-D flow patterns

0

1

Fig. 6.6. Lines of constant normalized discriminant.

2
D:Q3+Z7R2
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0
\
Kl (R, 01
-1 1 R
N (Ro, Qo)

Fig. 6.7. Construction to find rational roots on a curve of constant D.

The cubic discriminant has the same value at both points of intersection in
Figure 6.7,

27 27
03 + ZR% = Q)+ ZR2, (6.132)

and the straight line is of the form
R+aQ+b=0. (6.133)

At (Ro, Qo) the straight line and line of constant D have the same slope as well
as the same coordinates. This is used to evaluate a and b, and the equation of
the straight line is determined to be

%Q_ﬁ) (_%Q_S_ )_
R+<9RO 0+ 5 ke Ry ) =0. (6.134)

Now evaluate (6.134) at (R, Q1), and use it to replace R in (6.132). The result

Peking University, Bejing China June 2, 2025
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1s a cubic equation for Q, which can be factored as

1 4
(Q1 — Qo) (Q1 + 5% + 2Qo> = 0. (6.135)
0

Two of the roots coincide with the tangent point. The third root, combined with
(6.134), leads to the parameterization

1 0;
Ql—_3R(2) - QO,
6 3 (6.136)
2 Q5 205
Rl=—=04 2204 R
LT 2TR 3R O

It is clear that if Oy and R, are rational numbers, then so are Q; and R;.
Repeating the chord—tangent construction at the new root leads to a third rational
root, and so on.

All the various bifurcations in the topology of the impulsively started round jet
occur at rational values of the invariants of the velocity gradient tensor as well
as the acceleration gradient tensor.

Peking University, Bejing China June 2, 2025
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Acceleration field in the impulsively started jet

When (11.133) is transformed to similarity variables for the round jet, the
result is
—AL+ | Uy — ls —3'+AfAk - l(AmA")ai = H!, (11.135)
J kzkagk kj3nmj_j’ :
where H is the same as (11.134) but expressed in terms of (U, P, £'). At

a critical point, the convective term in (11.135) is zero, and A and H are
algebraically related by

i i Ak m An\Si i
—A% + A A% — S(ATAL)S = H.. (11.136)

Squaring (11.136) and taking the trace produces
On =—30%+ 04 —3Ra. (11.137)
Cubing (11.136) and taking the trace produces
Ry=—R5—Ra+ QaRa—%0%— 203. (11.138)

Now switch over, and square (11.138) and cube (11.137) to form the discrimi-
nant of the acceleration gradient tensor H: The result is

1
Q%+ R% = (@5 + ZR3)(1+ Q4 — Ra). (11.139)

A remarkably simple result! A generalization of this procedure is described in
[11.27]. Peking University, Bejing China June 2, 2025

37



F STANFORD

AERONAUTICS &
ASTRONAUTICS

6/1/25

We can express the invariants of H in terms of the invariants of M . The
result is

On =30w —3Ru—30% - %,
Ry =—Rj; — 7Ry +20uRy — %03 — 305 +70u — 3.

O + ¥Ry = (O3 + TRy + T Ru (5 — Qn) = 150%) (Ru — 30m)”

(11.140)

Note that the terms of sixth order in Q4 or Q, that would be expected when
the discriminant of H is formed in (11.139) and (11.140) have canceled. At the

off-axis critical point in Figure 11.11, where Ry, = 0 we find,

O =30m —30% — &,
Re=-%203,—-30%+20u— 3, (11.141)
w+ TRy =303(0m — 7).
The trajectory of the critical points of the round jet in the (Ry, Qy) plane,

with the off-axis point parameterized by Qs as in (11.141), is depicted in
Figure 11.12. Four significant points are labeled in these plots:

Peking University, Bejing China June 2, 2025
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Pointa. This corresponds to the zero-Reynolds-number (Stokes flow) limit

of the jet, where there is a single stable node on the jet axis. The invariants

of this critical point are

(Ra, Qa) = (35, —7
(Ru» Om) = (35 15)» (11.142)
(R, On) = (— 3% —3¢)-

Point b.  Let the Reynolds number increase. At a critical Reynolds number
of 5.5 the jet undergoes a bifurcation to a saddle on the jet axis and a stable
node off the axis. The invariants at the bifurcation point are

(RA5 QA) = (}p _43_1)’
(Rm, Om) = (0, 0)
27
(}?II$ (2}1) ( 32a TE)'
Pointc. Asthejet Reynolds number increases to infinity, the on-axis critical

point moves to infinity and the invariants asymptote to the values given
atc:

(11.143)

(Ra, 04) = (3.-2),
1
8’

(Ru, Q) = (3. —8), (11.144)

_ (_9261 _ 1323
(Ru, On) = (_2048’ 256 )

Pointd. Above the first bifurcation Reynolds number, the invariants of the
off-axis critical point move upward along a straight line until, at a second
critical Reynolds number of 7.545, the off-axis critical point turns into a
stable node. Thus a starting vortex from the jet is born. The invariants of
the off-axis point at this Reynolds number are

(Ra, Q1) = (—35. — )
(Ru» Om) = (0, &) (11.145)
(RH5QH)=(M5_225_76 .

6/1/25
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Fig. 11.8. Ciritical-point trajectories in the round jet: (a) the trajectory in (Qa, Ra)

coordinates at various Re; (b) the same trajectory in (Qy, Ry).

-0.1 -0.05 { 0.05 0.1

-0.3
-0.4
-0.5

Fig. 11.12. Trajectory of the critical points of the round jet in the (Qn, Ry) plane
at three levels of magnification. Dots indicate several rational roots on the Dy = 0
boundary (on-axis critical point) and on the trajectory of the off-axis critical point. The
labels a, b, ¢, and d coincide with the same labels in Figure 11.8.

which, eventually closes on the D,

These results have interesting implications for the limiting behavior of the off-axis critical point,
=0, R,; <0 line as Re - o=. The signs of the discriminant of
all three tensors are the same. Thus, if M has complex eigenvalues, so have H and 4. This
means that the purely viscous, antisymmetric part of /', remains important but diminishes
compared to the symmetric pressure-dominated part as the Reynolds number increases. The
viscous contribution to the forces at the critical point is never negligible. Finally, the invariants
of the on-axis critical point have finite, rational values as the limit Re - o< is taken. Few such
infinite-Reynolds-number limits are known in fluid mechanics.

Peking University, Bejing China June 2, 2025
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Contours of constant discriminant of the acceleration tensor D=0, + (27/4) R,/

What trajectory in (Qy, Ry) space would the critical point invariants of the 3D jet follow?

2

0% +ZRY = (03 + 2Ry + ZRu(} — Ou) — 20%) (Ru — 30un)°

Peking University, Bejing China June 2, 2025 40
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What is the trajectory of the fully 3-D jet in the space of (O, Ry,) invariants?

Presumably waves will form and associated with the waves will be 3D critical points, increasing in number as the Reynolds number is increased. What
is the trajectory of the flow in the space of invariants, and can the infinite Reynolds number topological limit of the jet be inferred from a moderate
Reynolds number computation? Can the onset of 3D flow be induced without permanently introducing a length scale to the flow?

1.5

9 R
(i6 15 M

-0.25 0.25

(&> =) On

Fig. 11.8. Critical-point trajectories in the round jet: (a) the trajectory in (Q4, Ra)
coordinates at various Re; (b) the same trajectory in (Qp, Ry)-

-15

02  -01 0.0 0.1 02

This problem, and perhaps others with k =5, presents us with a unique opportunity to learn about
the fundamentally geometric nature of turbulent flow in the limit of infinite Reynolds number.
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Invariants of the velocity
gradient tensor are evaluated at
every grid point and placed on a
cross plot of Q and R.

.16 -

FIG. 2. Number density contour plot of velocity gradient tensor invari-
ants from direct numerical simulation of a plane mixing layer by Moser
and Rogers.® Dimensionless time tUy/86=29.8 where § is the initial vor-
ticity thickness and U, is one-half the velocity difference across the layer.
For further details see Ref. 5.
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Generalization

dA;
A;;(2) =Mijeff(t)dt,, ‘B;Z=f1ijf(l‘)

JAjj+ApArj—1/3(AppApym) 8;=H;j

For the round jet the negative slope f'= -1

O +ERY,= (P +3ERY) (R+ fQ+ 1*)?

Ve

R4+£Q+f3=0

Dy = + 6000
DY = + 6000

.16 1
DH = - 6000

FIG. 3. Contours of constant D= Q%+5R% with f(#)=0.22 [see Eq.
(16)].
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Cantwell, B. J. 1993. On the
behavior of velocity gradient
Q tensor invariants in direct
numerical simulations of
turbulence. Phys. Fluids A 5
(8):2008-2013.

J R

FIG. 4. Data from Fig. 2 superimposed on maximum, minimum, and
zero contours of Fig. 3.
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Allen, G. A. and Cantwell, B. J. 1986. Transition and mixing in axisymmetric jets and vortex rings. NASA Contractor Report 3893.

Finite difference computation on a 60x60 mesh on a CDC7600

NAVIER-STOKES ROUND JET
RE =
TIME =

z/\/vt

S. K. Stanaway, B. J. Cantwell, P. R. Spalart 1988. A Numerical Study of Viscous Vortex Rings Using a Spectral Method. NASA Technical Memorandum 101041.

Spectral computation of viscous interacting vortex rings using vector spherical harmonics

¢=0 plane
ran

=y
\/
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