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The jet created by an impulsively started point force
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The usual situation 
is one where the 
jet is created by 
the flow of viscous 
fluid from a tube.

That is not quite 
the problem we 
are looking at. Our 
focus is on the jet 
produced by a 
point (zero length 
scale) force.
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Much of the material presented can 
be found in my Text; Introduction to 
Symmetry Analysis.

Impulse integral

Problem definition
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Governing equations

Equations of motion in spherical polar coordinates

Express the velocities in terms of the Stokes stream function

Equations for particle paths



The natural definition of the Reynolds number is
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independent of space and time.

In spherical polar coordinates 
the transformation of the spatial 
coordinates is
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Only if the force that generates 
the flow has no length scale, are 
all boundaries of the flow 
invariant. In other words, there 
must be no jet tube.

The problem is invariant under the dilation group of the NS equations

The impulse integral is invariant
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Characteristic equations

All the relevant similarity variables are generated as integrals of the characteristic equations. 
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The particle path equations form an autonomous pair of 1st order ODEs 
with the jet Reynolds number as a parameter.

Substitute the similarity variables into the equations of motion 
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The geometry of 2D and 3D linear flows
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Instantaneous velocity vector field in the wake of a circular cylinder as seen by two observers.

Notice the critical points defining the geometry of the flow pattern

saddle centers

saddle

half-saddle, separation point
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The trajectory of a fluid particle in a three-dimensional unsteady flow is governed by the system of first order ODEs,

The Particle Path Equations

At a given instant in time, t = tfixed the velocity field is frozen and instantaneous streamlines are determined by integrating the 
autonomous system 

where s is a pseudotime along an instantaneous streamline. The solution trajectories are 

State-space analysis

Very often, the flow field can be completely understood without actually solving the particle path equations. Instead, 
one looks at critical points, xc  , in the flow field where

where the matrix of constants is The geometry of the flow field, ie., the flow pattern 
in the neighborhood of the critical point, is 
determined by the eigenvalues of the matrix 𝐴"

# .   

Near a critical point the flow field can be expanded in a Taylor series
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Linear Flows in 2-Dimensions

Q=P2/4
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Linear Flows in 3 - Dimensions The real solution is expressed as

Solving for the eigenvalues leads to the cubic discriminant.
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Incompressible critical points

3D Discriminant

If P = 0

The second invariant Q represents a balance between rotation and strain 
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Particle path field of the impulsively started jet
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Critical points in the vector field of particle paths

The analysis of critical points in the jet uses the theory just developed and for this purpose it is 
easier to work in Cartesian coordinates. 

Expand the particle path field in a Taylor series about the critical point.

Relationship between the gradient of the physical and the gradient of the self-similar velocity field 
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Velocity field gradient and particle path field gradient

First invariants

Second invariants

Third invariants

Relationship between the invariants of M and A

0
Discriminant of A

Discriminant of M
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Landau-Squire jet streamline pattern

Boundary conditions for the impulsively started jet 

Multiply and divide by 
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This equation
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Particle paths of the Landau-Squire Jet, 𝜉	 → 0

Particle path equations

The critical point location depends 
on the Reynolds number

Gradients evaluated at the critical point

Critical point invariants do not depend on Reynolds number
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Particle paths of the unsteady dipole, 𝜉	 → 	∞

Particle path equations

Gradients evaluated at the critical point

Critical point invariants do not depend on Reynolds number

The critical point location depends 
on the Reynolds number
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The Stokes flow limit  Re → 0. 
Stream Function Re = 4

Vorticity Re = 4

In the limit  Re → 0. 

Solve for the vorticity

Stokes stream function
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Particle paths in the low Reynolds number jet

Particle path equations

Zeros of the 
and do not depend on the Reynolds number.

Zeros of the radial equation do depend on Reynolds number.
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Particle paths in the Stokes jet at 3 Reynolds numbers

Re = 2 Re = 8 Re = 20

The nature of transition in the jet 
created by an impulsive point 
force is a sequence of 
bifurcations in the phase portrait 
of particle paths in similarity 
coordinates.
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Transition in the space of invariants QM and RM 



The impulsively started round jet undergoes a bifurcation in the phase portrait of particle paths. For the Stokes solution, the first 
transition to an off-axis stable node occurs at  Re = 6.7806 and the onset of a starting occurs at Re=10.09089. 
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Another view of particle paths in the Stokes jet.

The nonlinear axisymmetric jet 
follows the same path in the 
space of QM and RM invariants. 
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https://web.mit.edu/hml/ncfmf.html



Streamlines, vorticity and particle paths for the nonlinear round jet
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Re=4 Re=6

Re=15

Re=25
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Invariance of the vector field of particle paths relative to a moving observer

The Navier Stokes equations are invariant under a non-uniform translation group.

Consider an observer who translates according to this time scale.
.

where the 𝛼! determine the rate at which the observer moves in each direction. 
In similarity coordinates, the position and velocity transformations become the following.

The right sides of the particle path equations are invariant.



For the numerically 
computed nonlinear 
solution, the first 
transition to an off-
axis stable node 
occurs at  Re = 5.5 
and the onset of a 
starting occurs at 
Re=7.545. 
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Transition in the impulsively started jet culminates in the onset of a starting vortex



Mixing of Material Lines at 3 Reynolds numbers
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Elliptic curves and 3-D flow patterns
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In this example, Q and R are used to study the local flow geometry of a temporally evolving mixing layer

vorticity

KE dissipation

This is an efficient, quantitative way to investigate 
the 3D structure of a turbulent flow.
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Differentiate the NS equations to produce an equation for

Use the NS equations to analyze the dynamics of Q and R

If the discriminant is conserved 
on particle paths.



Elliptic curves and 3-D flow patterns

346/1/25 Peking University, Bejing China June 2, 2025

Q

R
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All the various bifurcations in the topology of the impulsively started round jet 
occur at rational values of the invariants of the velocity gradient tensor as well 
as the acceleration gradient tensor. 
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Acceleration field in the impulsively started jet

1
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These results have interesting implications for the limiting behavior of the off-axis critical point, 
which, eventually closes on the DH = 0, RH < 0 line as Re → ∞. The signs of the discriminant of 
all three tensors are the same. Thus, if M has complex eigenvalues, so have H and A. This 
means that the purely viscous, antisymmetric part of Hi

j remains important but diminishes 
compared to the symmetric pressure-dominated part as the Reynolds number increases. The 
viscous contribution to the forces at the critical point is never negligible. Finally, the invariants 
of the on-axis critical point have finite, rational values as the limit Re → ∞ is taken. Few such 
infinite-Reynolds-number limits are known in fluid mechanics. 

-

1
8 ,
3
4
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Contours of constant discriminant of the acceleration tensor DH=QH
3 + (27/4) RH2

What trajectory in (QM, RM) space would the critical point invariants of the 3D jet follow?
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What is the trajectory of the fully 3-D jet in the space of (QM, RM) invariants?

Presumably waves will form and associated with the waves will be 3D critical points, increasing in number as the Reynolds number is increased. What 
is the trajectory of the flow in the space of invariants, and can the infinite Reynolds number topological limit of the jet be inferred from a moderate 
Reynolds number computation? Can the onset of 3D flow be induced without permanently introducing a length scale to the flow?

This problem, and perhaps others with k = ½, presents us with a unique opportunity to learn about 
the fundamentally geometric nature of turbulent flow in the limit of infinite Reynolds number. 

Concluding Remarks

1
8 ,
3
4
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Invariants of the velocity 
gradient tensor are evaluated at 
every grid point and placed on a 
cross plot of Q and R.

Generalization  

f=0.22

For the round jet the negative slope  f = -1
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Previous numerical computations

Finite difference computation on a 60x60 mesh on a CDC7600

S. K. Stanaway, B. J. Cantwell, P. R. Spalart 1988. A Numerical Study of Viscous Vortex Rings Using a Spectral Method. NASA Technical Memorandum 101041. 
Spectral computation of viscous interacting vortex rings using vector spherical harmonics


